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Abstract

Mechanical computing systems have historically faced challenges in efficiently integrating computation
and memory functions, often leading to complex designs and limited scalability in applications ranging from
micro-electromechanical systems (MEMS) to programmable matter. This study aims to address this issue
by introducing a mechanical system based on cellular automata (CA) principles, utilizing a bi-threshold
tristable mechanism for implementing nonlinear Boolean functions. The system’s design translates Elemen-
tary Cellular Automata (ECA) rules, such as Rule 110, into mechanical motion using compliant multistable
mechanisms.

Finite Element Analysis (FEA) and pseudo-rigid body simulations validate the operational feasibility
of this approach. The results confirm the system’s capability to process complex computational tasks
by mechanically embodying specific ECA rules. This development marks a step forward in mechanical
computing, offering a more integrated approach to computational material design.

The research establishes a methodical design approach, enabling the embodiment of a wide range of
Elementary Cellular Automata (ECA) rules within the mechanical framework. This approach extends
beyond linearly separable Boolean functions, illustrating a significant advancement in mechanical computing
capabilities. The findings provide a basis for future work in scaling the system and exploring its applicability
in fields such as programmable matter and intelligent mechanical systems.
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1 Introduction

The pursuit of integrating computational capabilities into materials has garnered significant interest, partic-
ularly in the development of intelligent mechanical systems. These systems, which encompass soft devices[1],
MEMS]|2], and robotic materials[3], stand to benefit from the incorporation of sensing, actuation, computation,
and communication functionalities within their very substrate[4, 5, 6, 7]. The field of mechanical computation,
wherein data storage and computation are executed through deformation and mechanical motion, has seen a
resurgence in interest, with applications in programmable matter[8, 9|, programmable mechanical metamateri-
als[10, 11, 12, 13], and development of intelligent mechanical structures|[14].

Mechanical computation, distinct from its electronic counterpart, presents unique challenges and opportunities.
The seminal works of Roukes[15] and Reif[16] have demonstrated that mechanical systems can indeed process
information, and recent advancements have led to the realisation of mechanical logic gates through innovative
approaches such as origami[l7, 18] and buckled beams[19]. These gates, the fundamental building blocks of
computation, are typically interconnected through mechanical|[20], mechano-electronic[13], or mechanical-fluidic
interfaces[1], propagating signals across the computational system. However, one of the primary limitations in
mechanical computing—and Von Neumann computational architectures in general—is the inefficiency in the data
exchange between memory and computing modules. This bottleneck has prompted the exploration of in-memory
mechanical computation, though such solutions often necessitate complex peripheral systems or intricate energy
landscapes to function effectively[21].

Mechanical memory plays a pivotal role in these systems, with the purpose of encoding, storing, and retrieving
data. The creation of non-volatile mechanical memory has been a significant step forward, using mechanisms like
multistable structures, origami-based metamaterials, and buckled beam configurations|21, 22, 23, 24]. Despite
these advances, the challenge of signal transmission|[25, 26] and data exchange between memory and processing
elements persists, leading to a search for more efficient computational architectures|[27].

In light of these challenges, this paper investigates the application of cellular automata (CA) as an alternative
computational architecture. Cellular automata are discrete, grid-based models where each cell’s state evolves
based on the states of its neighbours, governed by simple rules[28]. They offer a rich domain for exploring
computational phenomena and have been shown to be capable of universal computation[29, 30, 31|, and have
been investigated as a potential computer[32] and neural network architecture[33]. The study of CA in the
context of mechanical systems presents an opportunity to address the data exchange bottleneck, with the
potential to harness the natural dynamics of CA for efficient information processing[34]. To date, a direct
mechanical implementation of such a system has not been developed.

This paper posits a novel approach to mechanical computing by utilising multistable compliant mechanisms
as bi-threshold perceptron gates. These gates can enable the implementation of various Elementary Cellular
Automata (ECA) rules within a single mechanical system. The exploration of such a system could lead to a
new class of intelligent metamaterials that can perform computation in memory, reducing the need for separate
data storage and processing modules[27, 22, 23].

Firstly, we investigate the potential of using cellular automata as a template for mechanical computation.
Cellular automata operate on the premise of local interactions and state transitions governed by a set of rules.
Translating this concept into a mechanical medium involves designing elements that can change state based on
the configuration of their neighboring elements|29].

Secondly, we introduce the concept of bi-threshold gates within the mechanical domain. These gates are inspired
by the bi-threshold perceptron, a type of neural node that can implement a wide range of nonlinear Boolean
functions[35, 36, 37]. These gates weigh and aggregate input signals and compare the result to an upper and
lower threshold, outputting a binary signal. These gates have shown improved density for implementation
of a given logical function over a single threshold perceptron, or traditional logic gate implementations|38,
39, 40]. In mechanical terms, these thresholds are manifested through the force thresholds in a multistable
mechanism, wherein the state of equilibrium changes only when the applied force exceeds certain values|[23].
These equilibrium states are analogous to the states in cellular automaton, and the transitions between these
states, induced by mechanical forces, correspond to the rule-based evolution of cellular automata.

This paper aims to explore the viability of these bi-threshold gates as fundamental units of a novel mechanical
computing system, seeking to answer whether they can effectively emulate the behaviour of cellular automata
and overcome the challenges of data exchange inefficiency in mechanical computing systems.

Section 2 of the paper delves into the theoretical framework of Elementary Cellular Automata (ECA), outlining
their mathematical formalism and how these rules can be represented and implemented in a mechanical context
through bi-threshold gates and geometric modelling. Next, the core innovation of this study is introduced:
the detailed design and functionality of a mechanical system’s unit cell, serving as the building block for our
computational architecture. Section 3, presents the results of pseudo-rigid body model simulations, showcasing



the dynamic computational capabilities of the system and its adherence to specified ECA rules. Lastly, the
practicality and potential applications of the system are discussed. The constraints on the range of ECA rules
it can implement, design and manufacturing limitations, scalability challenges, and the implications in various
technological domains are explicated.

2 Method

2.1 Theoretical Foundations
2.1.1 Elementary Cellular Automata Formalism

Cellular automata (CA) are grid-based computational models where each cell evolves over time according to
a rule set R. In Elementary Cellular Automata (ECA), the domain is one-dimensional and the state space
is binary, S = {0,1}. Each cell’s future state is determined by its current state and those of its immediate
neighbours.

Mathematically, for cell i at time ¢, the next state u!™!

i

is governed by a rule function f:S% — S:
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With a binary state and 3-cell neighbourhood, The rule set R has 2% = 256 unique ECA rules. These are
indexed from 0 to 255, following Wolfram’s convention, which assigns a number to each rule based on the binary
outcomes of the eight possible neighborhood states, read in reverse order. Starting from the neighborhood
configuration 111 down to 000, the binary sequence formed by the resulting states is converted into a decimal
number. This decimal number is the Wolfram rule number, providing a unique identifier for each possible set
of cellular automaton behaviours based on local interactions. For example, Rule 110 is defined explicitly as:

f110 : (0,0,0) — 0, (0, ,1)
(1,0,0) — 0, (1,0,1)

If we list these outputs in order, from (1,1,1) to (0,0,0), we get the binary sequence 01101110. Converting this
binary sequence to a decimal number, where 011011104 is equivalent to 11019, we get the Wolfram rule number
110. This rule number effectively summarises the state-transition logic of the cellular automaton and is a part
of a broader system known as Wolfram’s classification. We will take Rule 110 as a case study for the remainder
of this paper, as it is amongst the most widely studied ECA rules and is known to be Turing complete[30].
Consult Figure 1A for a graphical depiction of Rule 110’s eight possible neighbourhoods and their respective
output states. Also shown is the time evolution of the rule, starting from a single ’on’ cell at the left edge of
the domain.
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2.1.2 Hypercube Representation of Cellular Automata Rules

Consider a cube in R? as the domain D, with each vertex representing a unique neighbourhood configuration
N = (N_1,Ng, N1), where N_1, Ng, N1 € {0,1}. The cube’s vertices are colored based on a rule function f :
{0,1}® — {0,1}, thereby geometrically realising the Boolean truth table of an Elementary Cellular Automaton

(ECA).
To introduce the concept of linear separability, consider separating parallel hyperplanes P defined by a normal
vector n and offsets {dy,ds,...,d,}. These hyperplanes partition D into regions where the vertices share the

same output state as determined by f.

We define a domain classification function A : D — {0,1,...,n} as A(z) = Y./, H(n-x — d;), where H(z) is
the Heaviside step function. Each value of A(x) corresponds to one of the n + 1 regions formed by P.

Finally, a mapping function M : {0,1,...,n} — {0, 1} translates the region identifier A(z) into the ’on’ or ’off’
state for each neighbourhood configuration. Refer to Figure 1B for a graphical representation of the cube and
separating planes for Rule 110.

2.2 Design Methodology

One consequence of formulating 3-input Boolean functions as linearly separable regions in a hypercube in input
space is the observation that most 3-input Boolean functions can be represented by a pair of parallel planes.
This means we can translate a potentially complex Boolean algebraic expression composed of several AND, OR,
XNOR, etc., gates into a single bi-threshold perceptron gate.

The bi-threshold perceptron for this ECA context can be formally represented as:
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Figure 1: A. The transition rule and time evolution of the Rule 110 cellular automata, showing emergent
complexity from simple initial state. B. Cube representation Rule 110 with separating planes defined by normal
vector 7 and offset constants di and da. The red, green and blue colouring corresponds to left neighbour,
middle, and right neighbour cells of the neighbourhood respectively. C. Proposed Bi-threshold gate circuit
representation of an ECA architecture. Each cell consists of a decision element and a memory element, and
transmits and receives its state information with its neigbours.

0 if 23:71 w; - N; > T
FIN) =41 T <Y, qw N, <T (1)
0 if Z/}:—l wj -+ Nl < TQ

Where N = (N_1, Ny, N1) is the neighbourhood configuration, w; are the weights, and T} and T are the two
thresholds. The two thresholds 77 and T5 define the three regions of the cube, which correspond to the different
output states of the ECA rule. The weights w; are the coefficients of the neighbourhood configuration N in
the linear equation 23271 w; - N;. The weights and thresholds are the parameters of the perceptron, and their
values determine the behaviour of the rule.

In light of the mathematical formalism presented, we introduce a conceptual mechanical metamaterial designed
to embody the logic and behaviour of Elementary Cellular Automata (ECAs). This metamaterial is constructed
from an array of interconnected unit cells, each serving as a mechanical analog to the bi-threshold pergeptron
gate.

The core of each unit cell is a tristable element, functioning as the decision-making component. The tristable
element has three stable states, akin to the three regions separated by the two parallel planes in the cube of
our geometric representation. This element is responsible for holding the output state of the cell, dictated by
the weighted sum of its inputs.

Each unit cell is interconnected via coupling springs, which transmit mechanical signals between adjacent cells.
The stiffness values of the coupling springs k; act as the weights w; in the bi-threshold perceptron equation.
These values determine the force interactions and state transitions between adjacent unit cells. The tristable



elements have multiple stable states, analogous to the regions separated by planes in the cube of our geometric
ECA representation.

An input clock signal introduces a temporal dimension to the mechanical system, enabling dynamic state
evolution similar to time-stepping in ECAs. This clock signal sets the computational cycle and synchronises
the unit cells.

Thus, the mechanical properties of the springs and tristable elements correspond directly to the mathematical
constructs of the bi-threshold perceptron, providing a means to implement ECA rules in a mechanical system.
The specific embodiment of this concept is detailed in the following section.

2.3 Detailed Implementation
2.3.1 Unit Cell Architecture
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Figure 2: A. Pseudo-rigid body model of unit cell. B. Bifurcation element displacement under actuation for
each possible starting state configuration.

The unit cell is designed to be planar and monolithic for scalability, operate under a single shared clock signal for
synchronisation, transmit forces between adjacent cells, hold state in the absence of input, and transition states
according to neighboring conditions. Figure 2A depicts the unit cell and its key components in schematic form:
the tristable element, the bistable element, and the signal transmission connecting it to the input bifurcation
element. Coupling springs, coloured in red, green, and blue, link the tristable element out-of-plane to the
bifurcation elements of adjacent unit cells and the cell itself. The configuration of each unit cell is fully defined
by two displacements: d in the é; direction for the tristable element and d” in the é; direction for the bifurcation
element due to the parallel links constraining rotational degrees of freedom, as shown in the compliant schematic
representation in Figure 3. The input bifurcation element is so named because under actuation by an input
clock signal e, its shuttle block will displace a distance § in one of two directions, pushing or pulling on the
coupling springs according to the state of the unit cell, "on" or "off" respectively. In order for the the bifurcation
element to bifurcate only due to the configuration of the bistable element and not the tristable element, the
operation of the unit cell requires the coupling springs to be tension-only (Figure 2B). The details of this feature
is elaborated in the next section.

The bistable element acts as a mechanical binary memory element for the unit cell, while the tristable element’s
two snap-through force thresholds act as decision boundaries corresponding to the thresholds of the threshold
gate, or the separating planes of the boolean function. The signal transmission and bifurcation elements facilitate
the temporal clocking and informational interconnection of the unit cells.

A simplified pseudo-rigid body model of the unit cell is depicted in Figure 2A. In this model, the contribu-
tions of numerous short-length flexure joints are aggregated into four torsional springs with angular stiffnesses



(ka, kg, kv, ko). These springs are subject to characteristic angular displacements (¢, 3,7, ), which represent
the angles of the tristable, bistable, signal transmission, and bifurcation links, respectively. The angles «, 3,
and +y are part of a single-degree-of-freedom kinematic chain, while § and the input displacement e form another
single-degree-of-freedom kinematic chain. The bistable element is simplified using symmetry and modeled as
a single-link slider with torsional stiffness kg and a reaction/support stiffness k.. The transmission element is
represented as a single link connecting the bistable element’s shuttle block to a horizontal slider block. This
link has a torsional stiffness k, and is guided by flexures with a support stiffness k,. The signal transmission
block is connected to the bifurcation element via a spring with stiffness ks;. This spring is attached at a point
located a distance h from the anchor pivot of the bifurcation element.

Figure 2B shows the effect of the position of the tristable element on the behaviour of the bifurcation element
under actuation. For each possible starting state configuration, the bifurcation element buckles accordingly to
the left or right, depending on the position of the tristable element. This behaviour is analogous to the decision
boundaries of the bi-threshold perceptron, where the tristable element’s position determines the state of the
unit cell, and the bifurcation element’s displacement determines the output state of the cell.

2.3.2 Compliant Embodiment and FEA Modelling

A . B

L,

Input Clock Signal +

Figure 3: A. Schematic representation of compliant embodiment unit cell with tristable (teal), bistable (ma-
genta), signal (orange) and bifurcation (blue) elements highlighted. Dashed configurations show extent of
bifurcation deflection under actuation B. Actual compliant representation of single unit cell, showing tension
only springs as thin buckling lamina. Also shown is bistable support, which can be tuned to affect bistable
force thresholds. C. 3D CAD representation of periodic arrangement of the prototype. The coloured bifurcation
elements of the neighbourhood all connect to the central cell. The coupling springs of the neighbours are not
shown for clarity.

As the previous section showed, the force displacement behaviour of the tristable mechanism is crucial to the
performance of the unit cell as a logical element. Gou et al. [23] developed a methodical design approach for
monolithic compliant multistable structures. The approach employs a single bistable element with additional
end effectors in series—which act effectively as frequency multipliers—to add extra stable points. In this paper,
we use the same approach, selecting the architecture with a single additional end effector, which can result in
a mechanism with 1, 2, 3, or 4 stable states, depending on the design parameters. First, a suitable bistable
mechanism is selected and characterised. In our case, this is modelled as a single link-slider, with initial angle
Bo, link length L;, bending stiffness kg, and compressive reaction-support stiffness k.. To convert the model to
a compliant embodiment, these values are then converted to dimensional parameters of flexures and reinforced
sections, based on the Young’s modulus and flexural strength of the material to be used, as well as the constraints
of the manufacturing method and the desired scale of the mechanism. Appropriate values for these parameters



can be found in literature. We then fine-tuned the values with parameter sweeps in FEA and PRBM simulations.
The values used in this study are shown in Table 1.

The end-effector compliant embodiment comprises of two pairs of parallel, lumped-compliance links and a
moving end-effector block. The submechanism is parameterised by an initial link angle «yg, link length L, and
combined flexural stiffness k.. These are calculated to satisfy the following conditions:

e The bistable element is at its second equilibrium position when the end effector is in the central configu-
ration, i.e. a = 0°.

e The retaining force of the bistable element in its second equilibrium position is greater than the peak
reaction force generated by the end effector flexures in the central configuration.

e The snap-through force of the bistable element is greater than the peak reaction force generated by the
end effector flexures in the right-most configuration.

e The buckling load of the end effector flexures is greater than the peak reaction force of the bistable element.

These conditions impose upper and lower bounds on the design parameters, which can be used to determine the
appropriate values for the end effector parameters. The full design process can be found in the cited paper[23].
The tension-only coupling springs are modelled as linear springs with stiffness k;. The stiffness values are
calculated using the parametric design strategy outlined in the previous section. The springs are designed to
be tension-only, i.e. they are slack when the bifurcation mechanism buckles to the left, signalling "off". This
can be achieved in embodiment by several methods, such as a contact-based latch system [41], or by using a
buckling flexure with a negligible buckling load. The latter approach is assumed in this paper, for simplicity
and reducing contact effects. The buckling force of a leaf flexure can be calculated by F = ’TQL?I , where F is
the Young’s modulus of the material, I is the second moment of area of the flexure cross-section, and L is the
length of the flexure. The buckling force can be arbitrarily reduced by increasing the length of the flexure and
keeping I sufficiently small.

The coupling springs were designed as serpentine springs with a single buckling flexure. The spring is defined
by the following parameters: spring leg length L,, number of legs N, and the moment of inertia of the spring
leg cross section I The spring must be designed such that at maximum extension A, the stress does not exceed

the yield stress of the material omax, which can be calculated by omax = £ fILt. Rearranging this gives an upper

bound on the length of each leg: Ly.x = %Xu. The total stiffness of the spring is given by k; = :LLQSEA{ , as the
legs act as springs in series. This formula gives a lower bound on N to satisfy the range of motion constraint

using N = LleI Together these allow the selection of a suitable spring design, that satisfies any form factor

axki’
constraints. Ly = ¢/ % The table below shows the calculated parameters for one possible embodiment of the
tristable element and coupling springs to implement Rule 110:
Parameter w t1 t2 t3 | BL1 | BL2 ks k, TL1 | TL2 | By | ag
Value 5 04 | 25 | 25 4 24 0.0146 | 407.7 6 35 8 | 22

[e]
o

Units (mm or °) | mm | mm | mm | mm | mm | mm | Nm/rad | kN/m | mm | mm

Table 1: Design parameters for tristable element and coupling springs

2.3.3 FEA Validation of Tristable Element & Coupling Spring

Ansys APDL was used to validate the design of the tristable element and coupling springs determined by the
PRB model. The sub-mechanisms were modelled using BEAM188 elements with linear elastic material to
represent the flexures. Fixed boundary conditions were imposed where the mechanism would be anchored to
the substrate. The coupling springs stiffness was validated by applying a fixed extension to the spring and
measuring the reaction force. The tristable element was validated using a displacement boundary condition
on the tristable shuttle, and measuring the reaction force, as the snap-through behaviour prevents convergence
when a force boundary condition is applied. The snap-through and bi-threshold behaviour was validated by
applying a displacement boundary condition to all combinations of coupling springs using arc-length loading
method and determining the equilibrium states. The bifurcation and signal transmission components were also
validated to demonstrate the state-dependent buckling behaviour of the input mechanism. Additionally, the
complete unit cell was modelled and simulated to validate the dependence of deflection of the bifurcation element
under actuation on the state of the tristable element. This was done by initialising the tristable element in each
of its stable states and applying a displacement boundary condition to the input mechanism. The results of the
FEA validation are shown later in Figure 8.



2.3.4 Pseudo-Rigid Body Modelling

The culmination and main result of the theoretical framework and concept mechanism developed thus far is
a pseudo-rigid body model simulation of the unit cell and complete system, implemented in a custom Python
script. The simulation implements the kinematics and kinetics of the simplified unit cell in Figure 2B, and
models the nonlinear interaction between cells, and the simultanoeous actuation of the bifurcation mechanisms.
The simulation’s objectives are twofold:

1. To produce the force-displacement graphs that enable the parametric design strategy for implementing a
specific ECA rule.

2. To provide a computational testing ground for the system’s time evolution, thereby serving as a preliminary
validation of the parametric design strategy for embodying a specific ECA rule.

The simulation considers each cell having two degrees of freedom corresponding to the displacements of the
tristable shuttle d* and the bifurcation shuttle d’, modelled as link angles o and @ respectively. Intermediate
angular and linear displacements of the spring elements are calculated using the forward kinematics of the
PRBM. The total energy of each unit cell and the coupling springs, as well as the reaction torques on the degrees
of freedon are calculated using the pseudo-rigid body model, using dimensions derived from the analysis and
FEA in the preceding section. The energy of each spring is calculated using the linear spring force-displacement
relationship. A triangular wave function represents the clock signal varepsilon, with amplitude derived from
the bifurcation element’s maximum displacement ¢ as per the chosen ECA rule. The simulation advances in
1000 timesteps per actuation cycle. Equilibrium states are resolved at each timestep by minimising the system’s
total energy. This is achieved using Sequential Least Squares Programming with derivative information, with
each new timestep initialised to the previous state’s equilibrium.

The comprehensive codebase for the simulation can be found in Appendix C.

2.3.5 Force-Displacement Characterisation of Unit Cell

Figure 4A shows the theoretical force-displacement behaviour of the tristable element, graphing the reaction
force on the tristable shuttle as a function of its horizontal displacement d*. The three stable equilibria and
corresponding configuration of the mechanism are shown. The specific behaviour is a function of all the joint
stiffnesses and the chosen geometric dimensions and proportions of the mechanism. These design parameters
must be precisely calculated and calibrated to achieve the precise desired behaviour, as variation can lead to
mono-stable, bi-stable, or quad-stable behaviour. The specific derivation of the force-displacement response is
detailed in Appendix

The theoretical force-displacement behaviour of the coupling tension-only springs is depicted in Figure 4B.
Specifically, the spring behaves as a linear element with stiffness k; when its elongation is positive. For negative
elongation, the spring is slack, resulting in zero force. The stiffness k; serves as a design parameter for selecting
the specific ECA rule to be implemented.

Figure 4C illustrates a free-body diagram detailing the forces acting upon the tristable shuttle element. Here,
F,. represents the total reaction force exerted by the tristable mechanism on the shuttle, while F denotes the
cumulative force from all non-slack coupling springs. Equilibrium is achieved when the reaction and spring
forces balance: F,.(d') = F,(d*,d").

In Figure 5, the force-displacement behaviour of the unit cell is depicted under varying conditions of coupling
spring activations. When the bifurcation shuttle is fixed at a displacement ¢, denoted as d” = 6, the cumulative
force from the activated coupling springs is plotted alongside the force-displacement curve of the tristable
element, F,.(d*). b Equilibrium points emerge where these two force-displacement curves intersect and are
represented as red dots on the difference plot. The equilibrium points correspond to the configurations where
the cumulative force F from the coupling springs is equal to the reaction force F;. of the tristable element:
F,.(d") = F,(d*, db).

An equilibrium point "disappears" when the force-displacement line of the activated coupling springs no longer
intersects with specific regions of the F. curve—specifically, the regions around its local maxima. This occurs
when the slope of the force-displacement curve for the activated springs, pivoting about the point d” = §, not
only fails to intersect but actually surpasses these local maxima regions of F.(d").

In this context, snap-through events happen as follows: the tristable element transitions from its current
equilibrium state to an adjacent one depending on whether F,. < Fy or F, > Fs. This transition is triggered
when the equilibrium state corresponding to the current F,. and Fs values no longer exists. This mechanical
action serves as the physical embodiment of the decision boundaries in the bi-threshold perceptron.
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Figure 4: A. Force-displacement response of the three stable equilibria and corresponding configurations of the
state element. B. Force-displacement response of the tension only spring
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Figure 5: Force-displacement behaviour with varying coupling spring activations. Equilibrium points, shown as
red dots, emerge where the tristable element’s reaction force F). intersects with the cumulative spring force Fj.
Equilibria disappear when the spring force curve, anchored at d” = §, surpasses F}.’s local maxima, triggering a
snap-through event. This models the decision boundaries of a bi-threshold perceptron.

Recalling the mathematical formalism of ECA rules as bi-threshold perceptrons, we can now establish a direct
correspondence between the mechanical and computational domains. In the bi-threshold perceptron model,
the output state is determined by evaluating a weighted sum of inputs and comparing it against two threshold



values 17 and T5:

Here, w; are the weights, and x; are the input states from the neighborhood.

In the mechanical system, these weights w; are analogous to the stiffness k; of the coupling springs. The input
states x; correspond to the displacements d” of the neighboring cells, a function of the states of their bistable
elements. The thresholds 77 and 15 correspond to the critical effective stiffnesses of the cumulative active
coupling springs at which the tristable element undergoes snap-through transitions. These critical effective
stiffnesses are determined by the slopes of the lines that are tangent to the specific maxima regions on the
F,(d") force-displacement curve. These tangent lines are anchored at the point where d® = § on the d* axis.

2.3.6 Parametric Strategy for ECA Rule Embodiment

Here we outline a parametric strategy for physically embodying a specific ECA rule, leveraging its geometric
representation as parallel planes. The aim is to precisely calibrate the stiffness values k; of the coupling springs
and the maximum displacement § of the bifurcation element to manifest the desired ECA rule.

A pivotal insight is that modifying the bifurcation element’s maximum displacement ¢ alters the slopes of the
lines tangent to the F.(d") curve, as shown in Figure 6. These tangent lines are anchored at the point d® = § on
the d’ axis. This adjustment effectively varies the ratio between the bi-threshold perceptron’s T} and T5 values.
Therefore, by selecting a specific 6, we can control the orientation of the separating planes, aligning them with
the desired ECA rule.

Subsequently, we can determine the coupling spring stiffnesses k;, which correspond to the slopes, which in turn
correspond to the separating plane orientations, thereby completing the physical embodiment of the selected
ECA rule.

However, the curve describing the critical stiffness ratio Z—f as a function of § depends on the specific force
displacement curve of the tristable element.

1000 A
K2
750 A
500 A1

250 A

Critical Stiffness (Nm™?)

Force (N)

0.000 0.00 0.010 0.015 0.020 0.025 .030 0.035
dt (m) oy 0,

Stiffness Ratio

29 30 31 32 33 34 35
o (mm)

Figure 6: A. Force-displacement curve of the tristable with two different bifurcation element displacements 61,
02 showing the change in the slope of the tangent lines at the local maxima. B. Curves showing the critical
stiffnesses k1 and ko as a function of the bifurcation element displacement §. C. Curve showing the critical
stiffness ratio Z—f as a function of the bifurcation element displacement §

2.4 Case Study: Implementation of Rule 110

To demonstrate the efficacy of this parametric design strategy, we implement Rule 110 in a physical prototype.
The design process is as follows:

Define Rule Characteristics Each Elementary Cellular Automata (ECA) rule can be geometrically charac-
terised by a normal vector n = [n1,ng,n3] and threshold values 77 and T». For example, for Rule 110,
n=1[1,2,2] and T} = 1.5,T5 = 4.5.

Compute Critical Stiffness Ratio The ratio of the threshold values, %, serves as a critical parameter in
the design. For Rule 110, % =



Determine Bifurcation Displacement The bifurcation displacement § corresponding to the critical stiffness
ratio is determined by consulting Figure 6C. In the case of Rule 110, § ~ 31 mm.

Calculate Critical Stiffnesses The critical effective stiffnesses k1 and ks are obtained from Figure 6B, based
on the selected bifurcation displacement ¢.

Compute Coupling Spring Stiffness The stiffness k; of each coupling spring is then derived using:

n; X K1

ki =
T

The bifurcation displacement is bounded below by the 2L, cos(ayg), in order for the input to fully actuate the
tristable element. It is bounded above by the stress limits of the flexures on the bifurcation element.
The final mechanical parameters for a given ECA rule, such as Rule 110, are summarised in Table 2.

K1 K2 k1 ko ks K
Value | 171.81 | 515.39 | 114.54 | 229.08 | 229.08 | 31
Units | N/m | N/m | N/m | N/m | N/m | mm

Table 2: Summary of Parametric Design Values for Rule 110

Figure 7 demonstrates the one-to-one correspondence between the tristable element’s equilibrium configurations
and the cube representation of Rule 110. Each equilibrium state is directly tied to a specific combination of
activated coupling springs. The relative effective stiffness of these springs, when compared to two critical
stiffness thresholds, serves as the mapping M that locates each vertex relative to the separating planes in the
cube representation.

COmm | W | | [ ] ]

d' d'

e ....__‘_‘;. .

d' d' d'

Figure 7: Equilibria of the tristable element corresponding to Rule 110. Each equilibrium state is directly tied
to a specific combination of activated coupling springs. The relative effective stiffness of these springs, when
compared to two critical stiffness thresholds, serves as the mapping M that locates each vertex relative to the
separating planes in the cube representation.
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3 Results & Discussion

3.1 FEA Validation of Tristable Element & Coupling Spring

Figure 8A shows the snap-through behaviour of the tristable element under four different equivalent stiffness
configurations in the Ansys APDL FEA model. It shows that under a displacement boundary condition on a
subset of the springs corresponding to a certain configuration of states of the neighbouring cells, the tristable
element will snap-through to the corresponding equilibrium state. The tristable element will not snap-through
if the input springs are slack. This result validates the ECA behaviour of the tristable element and coupling
springs.

0 5 10 15 20 25 30 35
dt (mm)

Figure 8: A. Ansys APDL FEA validation of snap-through behaviour of the tristable element under with
resultant input force a) below Ti, b) above T} but below T5 and ¢) above T5B. Validation of the bifurcation
state dependent behaviour. Input buckles to "ON" position only if state element is "ON" C. FEA Validation
of the derived force displacement behaviour of the tristable element shows close agreement.

3.2 Pseudo-Rigid Body Model Simulation

Figure 9A shows a representation of the initial states and final of a a 10-unit cell system at ¢y and t19. The
system is initialised with a single 'on’ cell at the rightmost edge of the domain Figure 9B portrays a time series
simulation of the system. The states of the cells evolve in accordance with transition Rule 110. The clock signal
€ is represented in orange. Each unit cell’s bifurcation element orientation is indicative of its state—positive
angle 6 equates to ’off’, while negative 6 signifies 'on’, as a negative angle implies pulling on the tension only
spring.

Figure 9C shows the total potential energy E of the system over time, and the reaction force F' calculated
as the derivative of the potential energy with respect to the clock signal displacement €. The energy graph
is discontinuous due to the non-conservative snap-through events of the tristable elements. The magnitudes
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of both the energy and reaction force are proportional to the number of unit cells in the system, as well as a
funciton of the number of "on" cells, as this determines the number of active coupling springs. The reaction force
is also proportional to the stiffness of the coupling springs, which depends on the ECA rule being implemented.
In timestep 8, when the maximum number of cells are "on", the reaction force is at its maximum value, and
the peak energy also occurs due to the energy stored in the bistable elements.
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Figure 9: A. Rendering of pseudo-rigid body model at ¢g and ¢19 showing arrangement of unit cells and in-
terconnecting springs, and the input actuation force F, B.Time series simulation of the system with 10 unit
cells. Positive angle 6 correspons to the "off" state of the unit cell, while negative angle 8 corresponds to the
"on" state. The clock signal ¢ is shown in orange. The system evolves from a single "on" cell at the right edge
of the domain according to Rule 110. C. The total energy of the system and reaction force felt by the input
displacement boundary condition ¢.

While this paper has shown the calculation procedure for the implementation of Rule 100, the design strategy
presented here can be applied to any ECA rule that is either linearly or bi-linearly separable, with some addi-
tional constraints. The normal vector of the separating planes must must have only non-negative components
as the weights represent the physical property of spring stiffness, which cannot be negative. Additionally, with
the current mechanism design, the rule must also satisfy the condition of null quiescence, it must output ’off’
for an entirely ’off’ neighbourhood i.e. f(0,0,0) = 0. Figure 10 shows the hypercubes of 10 bi-threshold ECA
rules that satisfy these conditions. Not shown are rules with only a single threshold, as they are trivially linearly
separable, and the rules which are equivalent to those shown under permutation of the inputs. The complete
set of possible rules is tabulated in Appendix
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Rule 72 Rule 22 Rule 126 Rule 30 Rule 6
n=[2,1,2]T=(25,3.5) n=[1,1,1]T = (0.5, 1.5) n=[1,1,1]T=(08, 2.2) n=[2,1,1]1T = (075, 2.4) n=[2,1,1]T= (0.5, 1.5)

Rule 62
n=[2,2,1]T= (0.5, 3.5)

Figure 10: Cube representation of representative rules from the equivalence classes of bi-threshold ECA rules
that can be implemented using the proposed design strategy. This is not exhaustive of all rules that can be
implemented.

Potential applications of this research include the design of passive computing devices that operate without
electricity, such as mechanical sensors that respond to environmental stimuli through changes in their structure.
In soft robotics, these mechanisms could lead to the development of actuators that autonomously adjust to
different loads based on pre-programmed mechanical responses. In materials science, the principles could be
applied to create self-assembling structures that change configuration under specific physical conditions, serving
functions similar to those of shape-memory alloys but with programmable mechanical properties.

The current embodiment of mechanical cellular automata presents several limitations that warrant attention.
The complexity of the system is notable, as the intricate design and interaction of mechanical parts can lead
to challenges in manufacturing and maintenance. The reliance on tension-only spring elements necessitates a
mechanism for resetting, which adds to the system’s complexity and may impact its reliability over time.
Additionally, as observed in Figure 9 the force requirements in the system are state-dependent, which could
lead to scalability issues as larger arrays of unit cells might demand higher input forces for state transitions.
This could also influence the system’s energy efficiency and response times. Additionally, the computational
capacity in its current form is limited; while Rule 110 has been shown to be computationally universal, the
system by which this is implemented would be dramatically larger than the scale of the prototype presented
here, requiring thousands of unit cells to perform basic computations. Nevertheless, the system’s potential for
scalability is promising.

4 Conclusion

In this research, we developed a mechanical system to implement Elementary Cellular Automata (ECA) rules,
using interconnected unit cells with bi-threshold perceptron gates. This approach transforms the conceptual
framework of CA into a mechanical format, focusing on the practical aspects of state transition and stability.
Through finite element analysis and pseudo-rigid body simulations, we validated the mechanical system’s ability
to replicate the designated ECA rules. The results confirm the system’s potential for mechanical computation,
particularly in applications where traditional electronic components are impractical. This study contributes
a methodological foundation for further investigation into mechanical systems capable of basic computational
functions.
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Supplementary Material
A Complete Set of Bi-threshold ECA Rules

The complete set of bi-threshold ECA rules is shown in Figure 11. The rules are numbered according to the
Wolfram numbering scheme.
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Figure 11: Complete set of implementable bi-threshold ECA rules.

B Compliant Mechanism Kinematics and Kinetics Derivation

Below is the derivation for the kinematics and kinetics of the pseudo rigid-body model used in the implementation
of the simulation.

B.1 Kinematics

The kinematics are derived by calculating a series of intermediate displacements and angles. The equations are
derived by considering the geometry of the mechanism and the constraints imposed by the rigid links and slider
elements in the mechanism according to Figure 2A. The intermediate displacements and angles are defined as
follows:

The horizontal displacement of the tristable element end effector is defined as dy and is given by:

do = L1 (sin g — sin )

where L is the length of one leg of the tristable element, g is the angle of the tristable element in the initial
state, and « is the angle of the tristable element in the current state. The vertical displacement of the tristable
element bistable shuttle is defined as d; and is given by:

dy = 2L (cosa — cosap)
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The angle of the bistable shuttle with respect to the horizontal axis is defined as S, which depends on the
vertical displacement of the bistable shuttle d; and is given by:

Lo si —
5:sin*1 (2smLﬂ20 dl)

where Lo is the length of the bistable link and [y is the angle of the bistable shuttle in the initial state. The
horizontal displacement of the bistable support is defined as ds and is given by:

- L2 Sinﬁo — d1

d
2 tan 8

— L2 COS ﬂ()
The angle of the signal router with respect to the horizontal axis is defined as -, which depends on the vertical
displacement of the bistable shuttle d; and is given by:

_ sin71 L3 sin Yo — dl
Y T,

where L3 is the length of the signal router link and ~q is the angle of the signal router in the initial state. The
resulting horizontal displacement of the signal router end point is defined as ds and is given by:

o L3 sinvo — d1

ds — L3 cosyg

tan -y
The lever arm of the signal on the bifurcation element is defined as Ls and is given by:

I Lycosby — (Ly cosag + Lz sin~yp)
5 =

cos by

where L, is the length of the bifurcation element, 6 is the angle of the bifurcation element in the initial state,
and 6 is the angle of the bifurcation element in the current state. This is derived from the assumption that the
end effector of the tristable element and the signal router mid point are at the same height. The horizontal
displacement of the point of connection of the signal on the bifurcation element is defined as d4 and is given by:

dy = L5(sinfy — sin )
The input displacement of the bifurcation element is defined as ds and is given by:
ds = 2L4(cos — cos by)

The horizontal displacement of the bifurcation element end effector of unit cell i is defined as dj and is given
by: ‘
dg = L4(sinfy — sin 6)

As the unit cells are interconnected, and affected by the horzontal displacement of the bifurcation element end
effector of the neighboring unit cells, the horizontal displacement of the bifurcation element end effector of the
previous unit cell is defined as défl and the horizontal displacement of the bifurcation element end effector of
the next unit cell is defined as d5".

Kinetics

The total mechanical energy of the system is composed of the individual energies of the flexures and tension only
springs. Each angular stiffness is modelled as a torsional spring with stiffness Ky and each linear displacement is
modelled as a compression only spring with stiffness C'. The equivalent stiffness of the torsional spring consists
of a number flexures, the equivalent stiffness of which is given by:

Ebt3
I 121,
where E is the Young’s modulus of the material, b is the width of the flexure, t is the thickness of the flexure,
and Ly is the length of the flexure. As there may be various flexures, they are referred to as K1, K2, K3, and
K4 for the flexures in the tristable element, bistable shuttle, signal router, and bifurcation element respectively.
The bistable support stiffness is modelled as a fixed-fixed beam with stiffness given by:

_ Ebt?
= 3

S

Cy
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where t; is the thickness of the bistable support and L, is the length of the bistable support. The signal router
connecting stiffness is modelled as a serpentine spring with 6 legs, the equivalent stiffness of which is given by:

Ebt3

Cs=
6Lsignal

where ¢ is the thickness of the serpentine flexure and Lg;gna is the length of the serpentine flexure. A small
guiding stiffness of the signal router was also modelled as a pair of leaf flexures in parallel with stiffness given
by:

_ 2Ebt?

73
Lguide

Cy

where t is the thickness of the leaf flexure and Lgyqe is the length of the leaf flexure. Additionally, the input
displacement boundary condition is modelled as a compression only spring with a very high stiffness C;to act as
a rigid constraint. The coupling springs between unit cells are modelled as tension only springs, with stiffness
determined by the rule being implemented, and referred to as K7, Ko, and K3 for the coupling springs between
unit cells ¢ — 1, 4, and 7 + 1 respectively. The tension-only and compression-only springs are modelled using a
Heaviside step function to ensure that the springs only exert force in the correct direction. The total energy of
the system is the summation of the energies of the individual components and is given by:

1

E=3 (SKfl(a —ao)® +8K2(8 — Bo)? + 2K s3(v — 70)?

+ 8K 4(0 — 00)? + Cyd3 + Cod? + Cy(dy — ds)?
+ CiH(ds +¢)(ds +¢)* + K1 H(dg " — do)(d " — do)?

+ Ko H(dly — do)(d§ — do)? + Kz H(ds™ — do)(ds™ — d0)2>

where ¢ is the input displacement boundary condition, H is the Heaviside step function, and déﬁl, di, and dé“
are the horizontal displacements of the bifurcation element end effector of the previous, current, and next unit
cells respectively.

The force/moment displacement responses of the unit cell can be derived by taking the derivative of the energy
with respect to the any of the displacements.

C Python Script for Pseudo-Rigid Body Simulation

The simulation models the kinematics of the rigid bodies using the forward kinematics of the mechanism. Each
unit cell has two degrees of freedom corresponding to the displacements d* and d®, modelled as link angles o
and 6 respectively. The energy of the system is calculated using the pseudo-rigid body model, with the energy
of each spring calculated using the linear spring force-displacement relationship. The input is modelled as the
triangular wave function of the clock signal € with amplitude calculated from the maximum displacement of
the bifurcation element 0 according to the selected ECA rule with 1000 timesteps per actuation cycle. This
boundary condition is modeled as a compression only spring with sufficiently high stiffness to act as a rigid
constraint. The equilibrium of the system is determined each timestep by minimizing the total energy of the
system using Sequential Least Squares Programming with derivative information with initial state being the
state of the previous time step.

import sympy as sm

import numpy as np

import matplotlib.pyplot as plt

import scipy.optimize as opt

import scipy.signal as sig

from mpl_toolkits import mplot3d

from mpl_toolkits.mplot3d.art3d import Line3DCollection

from matplotlib.collections import LineCollection
import prbm_helper_functions as phf

class UnitCell:

A class representing a unit cell in the system.
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Attributes:
alpha (float):
theta (float):

params

(dict

) 8

the angle of the left leg with respect to the vertical axis
the angle of the right leg with respect to the vertical axis
a dictionary containing the mechanism parameters

i (int): the index of the unit cell in the system

- left_neighbor (UnitCell): the left neighbor of the unit cell

- right_neighbor (UnitCell): the right neighbor of the unit cell

- F_d_func (function): a function that computes the force residual in the left leg

def __init__(self, alpha_init, theta_init, params,i):
self .alpha = alpha_init
self.theta = theta_init
self .params = params
self.i = i
self.left_neighbor: UnitCell = None
self .right_neighbor: UnitCell = None
self.define_symbols_and_parameters ()
self .expressions = self.define_symbolic_functions ()
self.create_lambda_functions ()

def define_symbols_and_parameters (self):

F_b_func (function): a function that computes the force residual in the right leg

self

.alpha_sym, self.theta_sym, self.u_sym,

sm.symbols (’alpha, theta, u, theta_prev,

self

}

.params_symbols = {

>alpha0’: sm.symbols(’alpha0’),
’betal’: sm.symbols(’betal’),
’>gammaO’: sm.symbols (’gammal’),
>thetal’: sm.symbols(’theta0l’),
’L1’: sm.symbols(’L1°),

’L27: sm.symbols(’L27),

’L3%: sm.symbols(’L3’),

’L4°: sm.symbols(’L4’),

’C1’: sm.symbols(’C1°’),

’C2’: sm.symbols(’C2°),

’C3’: sm.symbols(’C3’),

’C4’: sm.symbols(’C4’),

’Kf1’: sm.symbols(’Kf1’),
’Kf2’: sm.symbols(’Kf2’),
’Kf3’: sm.symbols (’Kf3’),
>Kf4’: sm.symbols(’Kf4’),

’K1’: sm.symbols(’K1°’),

’K2’: sm.symbols(’K2’),

’K3?: sm.symbols(’K3’),

’tog_offset’: sm.symbols(’tog_offset’),

def define_symbolic_functions(self):

# Extract symbols
alpha = self.alpha_sym
theta = self.theta_sym

u =

self.u_sym

theta_prev = self.theta_prev_sym
theta_next = self.theta_next_sym
params = self.params_symbols.copy()

params .update (self.params) # Merge with numerical parameters

alpha0 = params[’alpha0’]
beta0 = params[’betal’]

gammaO = params[’gamma0’]
theta0 = params[’theta0’]

L1 = params[’L1’]
L2 params [’L27]
23 params [’L3°]
L4 = params[’L4’]
C1 = params[’C1°]
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96

98
99
100
101

102

106

108

109

110

133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148

149

C2 = params[’C2°]
c3 params [’C3°]
c4 params [’C4°]
Kfl = params[’Kf1’]
Kf2 = params[’Kf2’]
Kf3 params [’Kf3’]
Kf4 = params[’Kf4’]
K1 params [’K1’]
K2 params [’K2°]
K3 = params[’K3’]
tog_offset = params[’tog_offset’]

d0 = Li*(sm.sin(alphaO) - sm.sin(alpha)) #horizontal displacement of the decision
element end effector

dl = 2*L1x*(sm.cos(alpha) - sm.cos(alpha0O)) #vertical displacement of the decision
element bistable shuttle

beta = sm.asin((L2*sm.sin(beta0)-d1)/L2) #angle of bistable shuttle with respect to
the horizontal axis

d2 = (L2*sm.sin(beta0)-d1l)/(sm.tan(beta))-L2*sm.cos(betal) #horizontal displacement of
the bistable support

gamma = sm.asin((L3*sm.sin(gamma0)-d1)/L3) #angle of the signal router with respect to
the horizontal axis
d3 = (L3*sm.sin(gammaO)-d1)/(sm.tan(gamma))-L3*sm.cos(gamma0) #horizontal

displacement of the signal router
L5 = (L4*sm.cos(theta0O)-(Ll*sm.cos(alphaO) + #lever arm of the signal on the
bifurcation element
L3*sm.sin(gamma0)))/sm.cos (thetal)
d4 = L5*(sm.sin(theta0)-sm.sin(theta)) #horizontal displacement of the signal on the
bifurcation element

d5 = 2*L4*(sm.cos(theta) - sm.cos(thetaO))+u #vertical displacement of the bifurcation
element input point
d6 = L4*(sm.sin(theta0) - sm.sin(theta)) #horizontal displacement of the bifurcation

element end effector

d6_prev = L4*(sm.sin(theta0) - sm.sin(theta_prev)) #horizontal displacement of the
bifurcation element end effector of the previous cell

d6_next = L4*(sm.sin(theta0) - sm.sin(theta_next)) #horizontal displacement of the
bifurcation element end effector of the next cell

self .L6 = L5

#define offset to introduce slack in the system
K1_tog = sm.Heaviside(d6_prev-d0 - tog_offset)

K2_tog = sm.Heaviside(d6-d0 - tog_offset)
K3_tog = sm.Heaviside(d6_next-d0 - tog_offset)
C4_tog = sm.Heaviside (d5)

# define the energy of the system
E = 0.5*%(8xKfl*(alpha-alphaO) **2
+ 8*Kf2x(beta-betal) **2
+ 2*xKf3*x(gamma - gammaO) **2
+ 8*Kf4x(theta-thetal) **2
+ C1%(d2) *%2
+ C2x(d3) *x*2
+ C3%(d4-d3) x*2
+ C4%C4_tog=*(db) **2
+ K1*K1_tog*(d6_prev-dO-tog_offset) *xx*2
+ K2*K2_tog*(d6-d0-tog_offset) *x*2
+ K3*K3_tog+*(d6_next-dO-tog_offset) **2
)

# define the reaction moments of the system

= sm.diff (E, alpha)
= sm.diff (E, theta)

M_b_prev = sm.diff (E, theta_prev)
M_b_next = sm.diff(E, theta_next)
#put all expressions in a dictionary to return including intermediate expressions
expressions = {
’E’: E,
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150 M_d’: M_4d,

151 M_b’: M_b,

152 ’M_b_prev’: M_b_prev,
153 M_b_next’: M_b_next,
154 ’beta’: beta,

155 ’gamma’: gamma,

156 ’do’: do,

157 ’d1’: di,

158 ’d2’: d2,

159 ’d3’: d3,

160 ’d4’: d4 >

161 ’d5’: db,

162 ’dé’: d6,

163 ’d6_prev’: d6_prev,
164 ’d6_next’: d6_next,

165 ’K1_tog’: Kil_tog,
166 ’K2_tog’: K2_tog,
167 ’K3_tog’: K3_tog,
168 ’C4_tog’: C4_tog,
169 }

171 return expressions

173 def create_lambda_functions(self):

174 #Define the symbolic expression for the dirac delta function so that it evaluates to
zero for physical reasons

175 dirac_delta_zero = lambda x: O

176

177 self .num_funcs = {}

178 for key, expression in self.expressions.items():

179 self .num_funcs[key] = sm.lambdify (

180 (self.alpha_sym, self.theta_sym, self.u_sym,self.theta_prev_sym, self.
theta_next_sym), expression, {"DiracDelta": dirac_delta_zerol})

181

182 def update_state(self, alpha, theta):

183 self .alpha = alpha

184 self.theta = theta

185

186 def update_neighbors_state(self):

187 self.left_neighbor_theta = self.left_neighbor.theta if self.left_neighbor is not None
else self.params[’theta0’]

188 self .right_neighbor_theta = self.right_neighbor.theta if self.right_neighbor is not

None else self.params[’theta0’]

190 def compute_cell_energy(self, u):

191 self .update_neighbors_state ()

192 # Evaluate the lambdified functions

193 E = self.num_funcs[’E’](self.alpha, self.theta, u,self.left_neighbor_theta,bself.
right_neighbor_theta)

194 return E

196 def compute_force_residuals(self, u):
198 self .update_neighbors_state ()

200 M_d = self.num_funcs[’M_d’](self.alpha, self.theta, u,self.left_neighbor_theta,bself.
right_neighbor_theta)

201 M_b = self.num_funcs[’M_b’](self.alpha, self.theta, u,self.left_neighbor_theta,bself.
right_neighbor_theta)

202 M_b_prev = self.num_funcs[’M_b_prev’](self.alpha, self.theta, u,self.
left_neighbor_theta,self.right_neighbor_theta)

203 M_b_next = self.num_funcs[’M_b_next’](self.alpha, self.theta, u,self.
left_neighbor_theta,self.right_neighbor_theta)

205 return M_d, M_b, M_b_prev, M_b_next

207 def compute_quantities(self, u):

208 self .update_neighbors_state ()
209 quantities = {}
210 for key, _ in self.expressions.items():

211 quantities[key] = self.num_funcs[key](self.alpha, self.theta, u,self.
left_neighbor_theta,self.right_neighbor_theta)
212 return quantities
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def compute_points(self):
BE_DE_gap = self.params[’L4’]

beta = self.num_funcs[’beta’](self.alpha, self.theta, 0,self.left_neighbor_theta,self.
right_neighbor_theta)

gamma = self.num_funcs[’gamma’](self.alpha, self.theta, O,self.left_neighbor_theta,
self . right_neighbor_theta)

end_effector = np.array([-self.params[’L1’]*np.sin(self.alpha), self.params[’L1’]#*np.
cos(self.alpha)l)

bistable_shuttle = np.array([0,2*self.params[’L1’]*np.cos(self.alpha)]l)

bistable_anchor = bistable_shuttle + np.array([self.params[’L2’]*np.cos(beta),self.
params [’L2’]*np.sin(beta)])

bistable_anchor2 = bistable_shuttle + np.array([-self.params[’L2’]*np.cos(beta),self.
params [’L2’]*np.sin(beta)])

signal_router = bistable_shuttle + np.array([self.params[’L3’]*np.cos(gamma),self.
params [’L3’]*np.sin(gamma)])

signal_router2 = signal_router + np.array([BE_DE_gap/4,0])

bifurcation_anchor = np.array([BE_DE_gap, self.params[’L1’]*np.cos(self.params[’alpha0
>]1)+self .params[’L4’]1*np.cos(self.params[’theta0’]1)])

bifurcation_shuttle = bifurcation_anchor + np.array([-self.params[’L4’]*np.sin(self.
theta),-self.params[’L4’]*np.cos(self.theta)])

bifurcation_signal = bifurcation_anchor+np.array([-self.L5*np.sin(self.theta),-self.L5
*np.cos (self.theta)])

bifurcation_input = bifurcation_anchor+np.array ([0, -2*self.params[’L4’]*np.cos(self.
theta)])

points = np.array ([

np.array ([0, 0]), #origin
end_effector, #end effector
bistable_shuttle, #bistable shuttle
bistable_anchor, #right bistable anchor
bistable_anchor2, #left bistable anchor
signal_router, #signal router
signal_router2, #signal router 2
bifurcation_signal, #bifurcation signal
bifurcation_anchor , #bifurcation anchor
bifurcation_shuttle, #bifurcation shuttle
bifurcation_input, #bifurcation input

D

#convert points to dtype float

points = points.astype(float)

return points

def compute_lines(self):
points = self.compute_points ()
tristable_lines = [
[points [0], points[1]], #origin to end effector
[points[1], points[2]], #end effector to bistable shuttle
[points [2], points[3]], #bistable shuttle to right bistable anchor
[points [2], points[4]], #bistable shuttle to left bistable anchor

]
signal_router_lines = [
[points [2], points[5]], #bistable shuttle to signal router
[points [6], points[6]], #signal router to signal router 2
]
bifurcation_lines = [
[points[8], points[9]], #bifurcation anchor to bifurcation shuttle
[points [9], points[10]], #bifurcation shuttle to bifurcation input
]

spring_length = np.linalg.norm(points[7]-points[6])

signal_spring = Spring(ne=4, a=spring_length, r0=3e-3)

Ss_xs, ss_ys= signal_spring.compute (¥points[7], *points[6])

#compute the lines of the signal spring,

signal_spring_lines = [[(ss_xs[il,ss_ys[il),(ss_xs[i+1],ss_ys[i+1])] for i in range(
len(ss_xs)-1)]
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return tristable_lines, signal_router_lines, bifurcation_lines, signal_spring_lines

class System:

def

cell

def

def

def

__init__(self, init_config, params):
self.n = len(init_config)

self .u_init = -1e-3

self .u = self.u_init

self.cell_spacing = 10e-3
self.threshold = 1le-3
self .params = params

# Initialize unit cells
alpha_init = params[’alpha0’]

theta_init = params[’theta0’]
self .unit_cells = [UnitCell (alpha_init
self.state_vector = np.zeros(2xself.n)

# Connect unit cells

, theta_init, params,i) for i in range(self.n)]

for i,cell in enumerate(self.unit_cells):

if i > 0:

cell.left_neighbor = self.unit_cells[i - 1]

if i < self.n - 1:

cell.right_neighbor = self.unit_cells[i + 1]

self.state_vector [2¥i] = cell.alpha

self.state_vector [2xi+1] = cell.theta

self .alphaub = np.deg2rad(30)
self.alphalb = np.deg2rad(-30)

self.thetaub = np.deg2rad(60)
self.thetalb = np.deg2rad(-60)

#define lower and upper bounds by repeating the upper and lower bounds for each unit

self.1lb = np.array([self.alphalb,self.thetalb]l*self.n)
self .ub = np.array([self.alphaub,self.thetaub]l*self.n)

self .bounds = opt.Bounds(self.lb,self.
self .set_configuration(init_config)
set_bounds (self, alb, aub, tlb, tub):
self.1lb = np.array([alb, tlbl#*self.n)
self .ub = np.array([aub, tubl*self.n)
self.bounds.lb = self.lb

self .bounds.ub = self.ub

update_state (self, state_vector):

Updates the state of the system given

Args:

ub)

the current state vector.

state_vector (numpy.ndarray): The current state vector.

nun

self .state_vector = state_vector
for cell in self.unit_cells:

cell.update_state(state_vector [2*cell.i], state_vector [2*xcell.i+1])

compute_energy (self, state_vector=None):

Computes the energy of the system given the current state vector.

Args:

state_vector (numpy.ndarray): The current

Returns:
energy (float): The energy of the syst

# Update state in each cell

em.
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def

def

if state_vector is not None:

self .update_state(state_vector)
else:

state_vector = self.state_vector

# Compute energy
energy = 0
for cell in self.unit_cells:
energy += cell.compute_cell_energy(self.u)

return energy

compute_residuals(self, state_vector=None):

Computes the residuals of the system given the current state vector.

Args:
state_vector (numpy.ndarray): The current state vector.

Returns:
residuals (numpy.ndarray): The residuals of the system.
nmnn
# Update state in each cell
if state_vector is not None:
self .update_state(state_vector)

else:

state_vector = self.state_vector
# Compute residuals
moment_residuals = np.zeros (2xself.n)
force_residuals = np.zeros(2*self.n)

for cell in self.unit_cells:
M_d, M_b,M_b_prev,M_b_next = cell.compute_force_residuals(self.u)
moment_residuals [2*xcell.i] = M_d
moment_residuals [2*%cell.i+1] = M_b

if cell.left_neighbor is not None:
moment_residuals [2*cell.i-1] += M_b_prev
if cell.right_neighbor is not None:
moment_residuals [2*%cell.i+3] += M_b_next
return moment_residuals

compute_force_residuals(self, state_vector=None):
# Update state in each cell
if state_vector is not None:
self .update_state(state_vector)
else:
state_vector = self.state_vector

force_residuals = np.zeros(2*self.n)
for cell in self.unit_cells:
M_d, M_b,M_b_prev,M_b_next = cell.compute_force_residuals(self.u)
force_residuals [2*cell.i] = M_d/(self.params[’L1’]*np.cos(cell.alpha))
force_residuals [2*cell.i+1] = M_b/(self.params[’L4’]*np.cos(cell.theta))
if cell.left_neighbor is not None:
force_residuals [2%cell.i-1] += M_b_prev/(self.params[’L4’]#*np.cos(cell.

left_neighbor.theta))

if cell.right_neighbor is not None:
force_residuals [2*cell.i+3] += M_b_next/(self.params[’L4’]*np.cos(cell.

right_neighbor.theta))

def

return force_residuals
get_quantity (self, quantity, state_vector=Nomne):

# Update state in each cell
if state_vector is not None:

self .update_state(state_vector)
else:

state_vector = self.state_vector

# Compute quantity

result = np.zeros(self.n)
for cell in self.unit_cells:
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result[cell.i] = cell.num_funcs[quantity] (cell.alpha,

cell.theta, self.u,cell.

1eft_neighbor_theta,cell.right_neighbor_theta)

return result
def get_intermediate_quantities (self,

# Update state in each cell
if state_vector is not None:

state_vector=None) :

self .update_state(state_vector)

else:
state_vector =

# Compute quantities
results = {key:

self .state_vector

[cell.compute_quantities (self.u) [key] for cell in self.unit_cells]

for key in self.unit_cells[0].expressions.keys()}

return results

def solve_equilibrium(self):

Solves the system of equations to find the equilibrium state of the unit cell.
This method collects all force residuals and solves the system of equations using a

suitable numerical method.

# Collect all force residuals

equilibria = opt.minimize(self.compute_energy,

method=’SLSQP’,

return equilibria.x

def simulate_actuation(self,

self.state_vector ,bounds=self.bounds,
jac=self.compute_residuals, options={’ftol’: le-12, ’>disp’: Falsel)
# Solve the system of equations here using a suitable numerical method
démax = 33e-3,n_cycles = 1,frames_per_cycle = 1000):

umax = 2*(self.params[’L4’]-np.sqrt(self.params[’L4’]**2-d6max**2))

t = np.linspace (0,
u_range =

n_cycles,

(sig.sawtooth (2*np.pi*t,

int (frames_per_cycle*n_cycles))

width=0.5)+1) /2* (umax-self.u_init)+self.u_init

#initialize the states and quantities

states = np.zeros((len(u_range),
quantities = {key:
expressions.keys ()}

for i,u in enumerate(u_range):
prev_u = self.u
self.u = u

#resetting mechanism

2xself.n))

np.ndarray ((self.n,len(u_range))) for key in self.unit_cells[O0].

if prev_u<self.threshold and u>self.threshold:

self .set_bounds (self.params[’alpha0’],self.params[’alpha0’],self.thetalb,self.

thetaub)
else:

self.set_bounds (self.alphalb,self.alphaub,self.thetalb,self.thetaub)

self.state_vector =

current_quantities =
for key in quantities.keys():
quantities [key][:,1i] =

return states, quantities, t

def get_force_response(self, n=250):

Computes the force response of the system for a given range of angles of the left leg.

self.solve_equilibrium()
states[i] = self.state_vector

self.get_intermediate_quantities ()

current_quantities [key]

25



186 alpha0 = self.params[’alpha0’]

187 alpha_range = np.linspace(alpha0O, -alphaO, n)
188 force_residuals = np.zeros((len(alpha_range), 2))
189 d0 = self.params[’L1’]*(np.sin(self.params[’alpha0’])-np.sin(alpha_range))

190 bub = np.copy(self.bounds.ub)
191 blb = np.copy(self.bounds.1lb)
192 original_ub = np.copy(self.bounds.ub)
193 original_lb = np.copy(self.bounds.1lb)

195 for i, alpha in enumerate (alpha_range):
196 # update the bounds

197 blb[::2] = alpha

198 bub[::2] = alpha

500 self .bounds.ub = bub

501 self.bounds.1lb = blb

502 # solve for the equilivrium state
503 self.solve_equilibrium()

505 # get the force residuals
506 force_residuals[i] = self.compute_force_residuals () [0]
507 force_response = -force_residuals[:, 0]

509 #restore the bounds
510 self .bounds.ub = original_ub
511 self .bounds.1lb = original_1lb

513 return force_response, dO

515 def get_threshold_stiffnesses(self, d6max = 33e-3):
516 force_response, d0 = self.get_force_response ()

518 results = phf.find_tangent_lines(np.vstack((d0,force_response)).T,[d6max,0])
519 return results

521 def plot_system(self, fig = None, ax = None, plot_indicators = False):
522 if fig is None:

523 fig = plt.figure ()

524 if ax is None:

525 ax = plt.axes(projection=’3d’)

527 x1lim = [-0.025, 0.1]

528 ylim = [-0.05, self.cell_spacing#*self.n+0.05]
529 zlim = [-0.03, 0.1]

530 ax.set_x1im3d (xlim)

531 ax.set_ylim3d (ylim)

5 ax.set_zlim3d(zlim)

ax.set_box_aspect ((x1im[1]-x1im[0], ylim[1]-ylim[0], zlim([1]-z1lim[0]))
534 ax.set_axis_off ()

535 ax.set_xticks ([])

536 ax.set_yticks ([])

537 ax.set_zticks ([])

538 ax.view_init (0, -90)

539 ax.set_proj_type(’ortho’)

542 self.tristable_lines = []

543 self.tristable_joints = []

544 self .signal_router_lines = []
545 self.signal_router_joints = []
546 self.bifurcation_lines = []
547 self .bifurcation_joints = []
548 self .signal_spring_lines = []
549 self.self_spring_lines = []
550 self.left_spring_lines = []
551 self .right_spring_lines = []
552 self.indicators = []

554 for cell in self.unit_cells:

555 points = cell.compute_points ()

556 tristable_lines, signal_router_lines, bifurcation_lines, signal_spring_lines =
cell.compute_lines ()
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609

z_loc = cell.i*self.cell_spacing

tristable_mech = ax.add_collection3d(LineCollection(tristable_lines,color=’k’), zs
=z_loc, zdir=’y’)

self.tristable_lines.append(tristable_mech)

signal_router_mech = ax.add_collection3d(LineCollection(signal_router_lines,color=
’k’), zs=z_loc, zdir=’y’)

self.signal_router_lines.append(signal_router_mech)

bifurcation_mech = ax.add_collection3d(LineCollection(bifurcation_lines,color=’k’)
, zs=z_loc, zdir=’y?’)

self .bifurcation_lines.append(bifurcation_mech)

signal_spring_mech = ax.add_collection3d(LineCollection(signal_spring_lines,color=
’k?), zs=z_loc, zdir=’y’)

self .signal_spring_lines.append(signal_spring_mech)

z_locs = np.array([z_locl*points.shape[0])

tristable_joints = ax.scatter(points[:5, 0], z_locs[:5], points[:5, 1], c=’w’,
marker=’0’,depthshade=False,edgecolors=’k’)

self .tristable_joints.append(tristable_joints)

signal_router_joints = ax.scatter(points[5:8, 0], z_locs[5:8], points[6:8, 1], c=’
w’, marker=’o0’,depthshade=False,edgecolors=’k’)

self.signal_router_joints.append(signal_router_joints)

bifurcation_joints = ax.scatter(points[8:, 0], z_locs[8:], points[8:, 1], c=’w’,
marker=’0’,depthshade=False,edgecolors=’k’)

self .bifurcation_joints.append(bifurcation_joints)

cell.self_spring = Spring(ne=10, a=0.05, r0=3e-3)
cell.self_spring.initialize_leads (*points[9],z_loc, *points[1],z_loc)

ss_xs, ss_zs, ss_ys = cell.self_spring.compute_with_leads (*points[9],z_loc, *
points[1],z_loc)

self_spring_lines = [[(ss_xs[il,ss_ys[il,ss_zs[i]),(ss_xs[i+1],ss_ys[i+1],ss_zs[i
+1]1)] for i in range(len(ss_xs)-1)]

self_spring_mech = ax.add_collectionSd(LineBDCollection(self_spring_lines,color=’g

7))

self.self_spring_lines.append(self_spring_mech)

if cell.left_neighbor is not None:
cell.left_spring = Spring(ne=10, a=0.05, r0=3e-3)
left_points = cell.left_neighbor.compute_points ()
cell.left_spring.initialize_leads (xpoints[1],z_loc, *left_points[9],z_loc-self
.cell_spacing)

ss_xs, ss_zs, ss_ys = cell.left_spring.compute_with_leads (*points[1],z_loc, *
left_points[9],z_loc-self.cell_spacing)
left_spring_lines = [[(ss_xs[il],ss_ys[i],ss_zs[i]),(ss_xs[i+1],ss_ys[i+1],

ss_zs[i+1])] for i in range(len(ss_xs)-1)]
left_spring_mech = ax.add_collection3d(Line3DCollection(left_spring_lines,
color=’b’))
self.left_spring_lines.append(left_spring_mech)
else:
self .left_spring_lines.append(None)
if cell.right_neighbor is not None:
cell.right_spring = Spring(ne=10, a=0.05, r0=3e-3)
right_points = cell.right_neighbor.compute_points ()
cell.right_spring.initialize_leads (*points[1],z_loc, *right_points[9],z_loc+
self.cell_spacing)

SS_Xs, SsS_Zs, SS_ys = cell.right_spring.compute_with_leads(*points[1],z_loc, *
right_points[9],z_loc+self.cell_spacing)
right_spring_lines = [[(ss_xs[i],ss_ys[i],ss_zs[i]) ,(ss_xs[i+1],ss_ys[i+1],

ss_zs[i+1])] for i in range(len(ss_xs)-1)]
right_spring_mech = ax.add_collection3d(Line3DCollection(right_spring_lines,
color=’r’))
self .right_spring_lines.append(right_spring_mech)
else:
self .right_spring_lines.append(None)

#plot a point above the bifurcation element with a box marker
indicator = ax.scatter(points[7,0], z_loc, points[7,1]1+30e-3, marker=’s’, s=100,
edgecolors=’k’, zorder=100,color=’k’)
self.indicators.append(indicator)
# color the box marker white if the bifurcation element is in the off state, which
is when theta is positive
if cell.theta > O:

27



610 plt.setp(indicator, color=[1,1,1],edgecolors=’k’)
611 if not plot_indicators:

612 #hide the indicator

613 plt.setp(indicator, visible=False)

615 ax.set_x1im3d(-0.025, 0.1)

616 ax.set_ylim3d (-0.05, self.cell_spacing*self.n+0.05)
617 ax.set_z1im3d(-0.03, 0.1)

618 ax.set_position((0,0,1,1))

620 return fig, ax

622 def update_plot(self, frame, states):
623 self .update_state(states[framel)

625 def update_lines(lines):
626 return [[(x[0][0], z_loc, x[0]J[1]), (x[1]1[0], z_loc, x[1]1[11)1]
627 for x in 1lines

628 ]

629

630

631 for i, cell in enumerate(self.unit_cells):

632 z_loc = cell.i * self.cell_spacing

633 points = cell.compute_points ()

634 tristable_lines, signal_router_lines, bifurcation_lines, signal_spring_lines =
cell.compute_lines ()

635 tristable_lines = update_lines(tristable_lines)

636 signal_router_lines = update_lines(signal_router_lines)

637 bifurcation_lines = update_lines(bifurcation_lines)

638 signal_spring_lines = update_lines(signal_spring_lines)

639

640 # Update tristable mechanism lines

641 self.tristable_lines[i].set_segments(tristable_lines)

643 # Update signal router mechanism lines

644 self.signal_router_lines[i].set_segments(signal_router_lines)
645

646 # Update bifurcation mechanism lines

647 self .bifurcation_lines[i].set_segments(bifurcation_lines)

648

649 # Update signal spring mechanism lines

650 self.signal_spring_lines[i].set_segments(signal_spring_lines)

652 # Update joints (scatter points)

653 # Update tristable joints

654 self.tristable_joints[i]. _offsets3d = (points[:5, 0], z_loc * np.ones(5), points
[:5, 11)

656 # Update signal router joints
657 self .signal_router_joints[i]._offsets3d = (points[5:8, 0], z_loc * np.ones(3),
points [5:8, 1])

659 # Update bifurcation joints

660 self .bifurcation_joints[i]._offsets3d = (points[8:, 0], z_loc * np.ones(points.
shape [0] -8), points[8:, 1])

661 # Update self spring mechanism

662

663 sSs_xs, ss_zs, ss_ys = cell.self_spring.compute_with_leads (*points([9], z_loc, *
points[1], z_loc)

664 self_spring_lines = [[(ss_xs[jl, ss_ys[jl, ss_zs[jl), (ss_xs[j+1], ss_ys[j+1],
ss_zs[j+1]1)] for j in range(len(ss_xs)-1)]

665 self.self_spring_lines[i].set_segments(self_spring_lines)

666

667 # Update left spring mechanism

668 if cell.left_neighbor is not None:
669 left_points = cell.left_neighbor.compute_points ()
670 l1s_xs, ls_zs, ls_ys = cell.left_spring.compute_with_leads (*points[1], z_loc, *

left_points[9], z_loc-self.cell_spacing)

671 left_spring_lines = [[(1ls_xs[jl, 1s_ys[jl, 1ls_zs[jl), (1s_xs[j+1], 1ls_ys[j+1],
1s_zs[j+1]1)] for j in range(len(ls_xs)-1)]

672 self.left_spring_lines[i].set_segments(left_spring_lines)

674 # Update right spring mechanism
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if cell.right_neighbor is not None:
right_points = cell.right_neighbor.compute_points ()
rs_xs, rs_zs, rs_ys = cell.right_spring.compute_with_leads (*points[1], z_loc,
*right_points[9], z_loc+self.cell_spacing)
right_spring_lines = [[(rs_xs[j]l, rs_ys[jl, rs_zs[jl), (rs_xs[j+1], rs_ysl[j
+1], rs_zs[j+1])] for j in range(len(rs_xs)-1)]
self .right_spring_lines[i].set_segments(right_spring_lines)

# Update indicator colour
if cell.theta>0:
plt.setp(self.indicators[i], color=’w’)
else:
plt.setp(self.indicators[i], color=’k’)

return self.tristable_lines + self.signal_router_lines + self.bifurcation_lines + self
.signal_spring_lines + self.tristable_joints + self.signal_router_joints + self.
bifurcation_joints + self.self_spring_lines + self.left_spring_lines + self.
right_spring_lines + self.indicators

def get_configuration(self):
thetas = [cell.theta for cell in self.unit_cells]

return [1 if theta<0 else O for theta in thetas]

def set_configuration(self, configuration):

#check that configuration is valid

assert len(configuration) == self.n, "Configuration must be a list of length n"

assert all([c==0 or c==1 for c¢ in configuration]), "Configuration must be a list of Os
and 1s"

# print ("Setting configuration to {}".format(configuration))
for i in range(self.n):

self.state_vector [2*i] = 0 if configuration[i] else self.params[’alpha0’]
self.solve_equilibrium()

class Spring:

A class representing a spring.

Attributes:
ne : int
Number of elements in the spring.
a : float
Length of the spring.
r0 : float
Natural radius of the spring.
Li_2 : float
Square of the length of each element of the spring.

ei : numpy.ndarray
vector of longitudinal coordinates of the spring elements.
b : numpy.ndarray

vector of transverse coordinates of the spring elements.
nnn

def __init__(self, ne=None, a=None, rO=None):
self .ne = ne
self.a = a
self . r0 = r0
self .Li_2 = None
self.ei = None

self .b = None
if all([ne, a, r0]):
self._initialize ()

def _initialize(self):

Initializes the spring parameters.

self.Li_2 = (self.a / (4 * self.ne))**x2 + self.r0*x2
self.ei = np.arange(2 * self.ne + 2)
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def

j = np.arange (2 * self.ne)
self.b = np.concatenate (([0], (-1)%**j,

compute (self, xa, ya, xb, yb):

nnn

Computes the position of the spring.

Parameters:

xa : float

[01))

x-coordinate of the starting point of the spring.

ya : float

y-coordinate of the starting point of the spring.

xb : float

x-coordinate of the ending point of the spring.

yb : float

y-coordinate of the ending point of the spring.

Returns:

XS : numpy.ndarray

Array of x-coordinates of the spring elements.

ys : numpy.ndarray

Array of y-coordinates of the spring elements.

nnn

if self.ne is None or self.a is None or self.r0 is None:

raise ValueError ("Spring parameters
R = np.array([xb, ybl]) - np.array([xa,
mod_R = np.linalg.norm(R)
L_2 = (mod_R / (4 * self.ne))**2

if L_2 > self.Li_2:

raise ValueError("Initial conditions cause pulling the spring beyond its maximum

large. Try reducing these conditions.")

def

else:
r = np.sqrt(self.Li_2 - L_2)

c =r *x self.b
ul = R / mod_R
u2 = np.array ([-ul[1], u1[0]1])

xa + ul[0] * (mod_R / (2 * self.ne
ya + ul[1] * (mod_R / (2 * self.ne

Xs
ys

return XxXs, ys

compute3d(self, xa, ya, za, xb, yb, zb):

if self.ne is None or self.a is None or
raise ValueError ("Spring parameters

not

yal)

+ 1)) * self.ei + u2[0]
+ 1)) * self.ei + u2[1]

initialized!")

self.r0 is None:

not

initialized!")

R = np.array([xb, yb, zbl) - np.array([xa, ya, zal)

mod_R = np.linalg.norm(R)
L_2 = (mod_R / (4 * self.ne))**2

if L_2 > self.Li_2:

raise ValueError("Initial conditions cause pulling the spring beyond its maximum

length. Try reducing these conditions.")

else:
r = np.sqrt(self.Li_2 - L_2)

ul = R / mod_R

# Define the yv vector perpendicular to the xz-plane

yv = np.array ([0,1,0])

u3 = np.cross(yv, ul)

# Compute the u3 vector which is the cross product of yv and u2

u2 = np.cross(ul, u3)

xs = xa + ul[0] * (mod_R / (2 * self.ne + 1)) * self.ei + u2[0]
ys = ya + ul[1] * (mod_R / (2 * self.ne + 1)) * self.ei + u2[1]
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813 zs = za + ul[2] * (mod_R / (2 * self.ne + 1)) * self.ei + u2[2] * r * self.b

815 return Xxs, ys, zZs

816

817 def initialize_leads(self, xa, ya, za, xb, yb, zb):

818 # Calculate the total distance between points A and B
819 R = np.array([xb, yb, zbl) - np.array([xa, ya, zal)
820 mod_R = np.linalg.norm(R)

821

822 # Calculate lead length (buffer on each side)

823 self.lead_length = (mod_R - self.a) / 2

824

825 # Calculate the direction vector between points A and B
26 self.ul_lead = R / mod_R

828 def compute_with_leads(self, xa, ya, za, xb, yb, zb):

829 R = np.array([xb, yb, zb]l) - np.array([xa, ya, zal)

830 mod_R = np.linalg.norm(R)

831 self.ul_lead = R / mod_R

832 # Calculate the new start and end points for the spring using lead lengths
833 spring_start = np.array([xa, ya, zal) + self.ul_lead * self.lead_length

834 spring_end = np.array([xb, yb, zb]l]) - self.ul_lead * self.lead_length

835

836 # Get spring points using the 3D compute method

837 xs, ys, zs = self.compute3d(spring_start[0], spring_start[1], spring_start([2],
838 spring_end [0], spring_end[1], spring_end[2])

839

840 # Add the lead sections to the spring points

841 xs = np.concatenate (([xal], xs, [xb]l))

842 ys = np.concatenate (([yal, ys, [ybl))

843 zs = np.concatenate (([zal, zs, [zbl))

844

845 return xs, ys, zs
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Abstract

This literature review and project proposal explores the emerging field of intelligent metamaterials, focus-
ing on recent advancements in the design and fabrication of mechanical metamaterials with computational
functionality. The review provides an overview of the state-of-the-art in this rapidly evolving field, including
various design strategies and material systems. It also identifies gaps in the literature and proposes future
research directions, such as the use of cellular automata as a basis for mechanical metamaterials.

The proposed project aims to develop a new class of intelligent metamaterials that can perform complex
computations and information processing tasks in a parallel and distributed manner. The approach involves
using networked multistable mechanisms interconnected logical responses to cyclic actuation, enabling the
storage and manipulation of information. The proposed research will investigate the design, fabrication,
and characterisation of these cellular automata-based metamaterials, by the use of bi-threshold elements to
embody the logical functions. The project has the potential to significantly advance the field of intelligent
metamaterials and open up new avenues for the development of advanced materials with unprecedented
functionality.
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1 Introduction

Metamaterials are architected periodic structures that exhibit unusual or unnatural material properties|1, 2],
such as negative Poisson’s ratio, negative refractive indices and more. The field of flexible mechanical metama-
terials uses deformation and motion of mechanisms to create functional materials beyond the capabilities of a
homogeneous continuous material[3].

Intelligent metamaterials have garnered renewed interest in recent times, with the blue-sky goal of developing
materials that couple sensing, actuation, computation and communication[4]. When the material itself has
information processing as a material property, truly distributed cognition and computation becomes possible.
Such materials have numerous potential applications, such as morphing wing structures for aircraft that can
change their shape mid-flight[5], robust robotic materials resilient to electromagnetic interference for aerospace,
buildings with self-healing capabilities, or medical implants that can monitor and respond to changes in the
body. Learning materials that can recognise patterns and adapt to novel situations[6] or materials congruent
with the structure of the human brain are being pursued in the fields of neuromorphic metamaterials and
morphological computing|7].

This literature review and project proposal explores the emerging field of intelligent metamaterials, focusing on
recent advancements in the design and fabrication of mechanical metamaterials with computational functionality.
A new approach of taking insights from the fields of cellular automata and threshold gates and a feasibility
study in the embodiment of such a device as a research demonstrator is presented.

1.1 Problem Statement

In order to satisfy the description of an Intelligent Mechanical Metamaterial as we define them, such as system
would need to fulfil the following requirements:

Tessellated Structure In order to be considered as a material and not a differentiated and integrated system
of components, the metamaterial must tessellate and be complete in its tiled form. Boundary structures
may be necessary but a material must be mostly homogeneous and consisting of a tiled unit cell structure.

State Information or Memory The metamaterial must be capable of encoding and storing information in a
state element. This may be volatile or nonvolatile, but some aspect of the structure of the unit cell must
function to remember the information it is processing.

Processing Capability To consider a metamaterial "intelligent" we require some sort of meaningful processing
of the state information. Simple linear elastic deformation in response to stimulus from the environment
would not suffice. Some meaningful, specifiable computation or logical 'decision making’ must be granted
by the structure of the unit cell.

Information Transmission Information that is processed by a single unit cell is very limited by the processing
power of a single unit cell. Networking the cells to connect and process information collectively in parallel
is necessary to transcend the power of a single unit cell. The processing capability of a single unit cell
must be simple enough to scale down to make a macro scale material feasible. As such, the intelligence
must be emergent from the complex connections of simple processing unit cells.

Mechanical While the overall field of metamaterials uses geometrical structure to define unusual, mechanical
metamaterials specifically exploit motion, deformation, instabilities and elastic non-linearities to embody
more exotic properties. As such, the scope of this project will be limited to this branch of metamaterials.



2 State of the Art

2.1 Search Approach & Strategy

Based on the requirements of a feasible intelligent metamaterial outlined in 1.1, a search strategy was developed.
Each requirement has a area of literature that maps naturally to it. The literature search in each of these areas
was seeded by widely cited review papers in each of those fields. From these seed papers, two strategies were
taken to explore the literature further.

Keywords Keywords that were widely used and relevant to the goals of the project were documented and used
to perform systematic searches on Google Scholar, ResearchGate and ScienceDirect.

Citation Network The online citation network visualiser CitationGecko[8] was used to explore and analyze
citation networks based on the seed papers and subsequent bibliography. It works by importing a bibli-
ography in BibTeX format and then retrieving citation data from Google Scholar. Once the citation data
is retrieved, Citation Gecko constructs and visualises the citation network, where papers are represented
as nodes and citations as directed edges between the nodes, as shown in

Figure 1: Citation Gecko example bibliography network. Yellow nodes are seed papers and grey nodes are
citations. Larger grey nodes are cited by more seed papers.

2.2 Adaptable Mechanical Metamaterials

The tessellation requirement of course maps naturally to the field of flexible mechanical metamaterials. A
recent comprehensive review of this area of the literature was conducted by Bertoldi et al[3]. A key insight
from this paper that defines the fundamental reason that architecting materials leads to new properties is
that the heterogeneity of the structure breaks down the affine assumption. In other words, designing geometric
non-linearity into the structure of each component unit cell leads to non-linear elastic behaviour of the overall
metamaterial. They also emphasise the potential of elastic instabilities (e.g. buckling or snapping) and large
deformations for creating highly nonlinear behaviour. The outlook presented by this review concludes with
several encouraging recommendations:

Complex Energy Landscapes Exploration of complex energy landscapes and frustrated materials and their
rational design could allow for information storage and retrieval, and could be used to create truly useful
robotic structures.

Actuation Strategies "The deep integration of actuation and the amplification of mechanical information are
crucial to overcome the inevitable dissipative processes, and if combined with information processing (for
example, using logic gates) would open the door to truly smart metamaterials"

Rational Design Challenges The review ends with a comment and challenge: "the rational design of meta-
materials with a target property or functionality remains fiendishly difficult, and many designs so far
have relied on luck and intuition." It lists many serendipitous discoveries that can be leveraged to create
intelligent metamaterials, such as origami, but that rational first principles design is an unsolved problem
and novel approaches are needed.



2.2.1 Rational Design

One example of such a "lucky" or intuitive framework for the rational creation of mechanical metamaterials
that has recently been the focus of a section of the field is the ancient art of origami. Origami, and its less well
known counterpart kirigami (which permits cutting of the sheet) are particularly interesting as they promise
lamina-emergent structures[9]. Lamina emergent mechanisms are inherently easy to manufacture as they are
2D and non-subtractive. They are therefore easy to scale down in size (graphene kirigami[10]) and scale up in
production volume.

Particularly the Miura-Ori pleat fold offers many avenues for exploration due to its multistable unit cells[11,
12]. However, I believe the lack of simple models of these structures and complexity of the lamina mechanics
involved makes designing functional intelligent metamaterials with this approach intractable in the near future.
The closest attempt has been in the recent work of Liu et al. with the exploitation of stacked Miura-ori sheets
non-linear transition between stable states for the realisation of mechanical logic[13]. By designating a unique
state to a permutation of states of three elements within each unit cell, and designing the transition map
between those states by changing design parameters. This resulted in the ability to create simple logic gates,
though through a fairly convoluted encoding-decoding procedure, as shown in Figure 2. Origami, while overall
promising, does not seem to be a viable or pragmatic approach given the scope of this project.
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Figure 2: Architecture of logic gates (A) with and (B) without transition procedures. (C) Comparison to
electronic logic circuits and (D) the completeness of the approach to embodying all of the 28 3-input Boolean
functions.

2.2.2 Actuation Strategies

Different authors have taken different approaches to the external actuation of adaptable metamaterials. For
the sake of cost and complexity, it is often desirable to have fewer and simpler actuators if possible. The
actuators may also serve different roles in the functional control of the metamaterial. One approach was to
embed piezoelectric actuators at the connection points of the unit cells[14]. In this work the metamaterial
exhibits controllable shape morphing capabilities my the mechanical amplification of piezo-actuators. This
allowed active tuning of the shape and properties of the material. One potential downside of this approach is
the need for many individual actuators, and a bus and centralised controller, power supply and other auxiliary
electronics.

Similarly, active locking and unlocking of electromagnetic latches was used as an actuation strategy[15]. This
allowed granular control over the overall stiffness and Poisson’s ratio of the metamaterial. While this strategy
allowed more dramatic control over the materials properties, it also required dramatically more power, as well
as an inability to scale down, as the power and efficiency of electromagnetic actuators diminishes rapidly as the
dimensions decrease.

Other authors used active electromagnetic actuators at the links of the metamaterials to determine the stiffness
of each joint such that it would have a programmable deformation shape[16]. They combined this with offline
machine learning to find the stiffness network that would produce a desired shape morphing behaviour. However,
all of these approaches of active actuators show promise for reprogrammable metamaterials, they do not do
anything to imbue inherent intelligence or informational processing properties to metamaterials, as they all
require external electronic computers to provide the intelligence.

A more global actuation approach was taken in the work of Van Hecke et al. on the effect of lateral confinement



on "holey sheet" metamaterials. In this approach, an elastomeric sheet with an architected periodic pattern
of circular holes. They show that the lateral confinement of these sheets determines their nonlinear uniaxial
compression response due to unstable collapse of the holes. They show that hysteretic behaviour can be
generated in this manner. Hysteresis and multistability are necessary requirements of an inherently logical
metamaterial. They develop so called hysterons that had transition pathways that could modify based on a
skew in the loading[17, 18]. The "holey sheet" hysteron is shown in Figure 3b. This approach is similar to
the work of Liu et al. in subsubsection 2.2.1, and aims to create logic systems in elastomeric metamaterials.
Likewise, this approach is promising but intractable in the scope of this project.
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Figure 3: (a) electromagnetic locks that restructure the material by their configuratio (b) hysterons in holey
elastomeric sheet metamaterial

2.2.3 Energy Landscaping

Intentional design of complex, highly nonlinear, and multistable energy landscapes could lead to useful, dense
mechanical information storage and processing capabilities. Local minima in the landscape could represent
states, and the directed transition flow between these states could be used to implement logical and computa-
tional processes. The majority of researchers have focused on the energy storage (or trapping) capabilities of
multistable metamaterials[19, 20| without acknowledging the potential applicability of these arrays of bistable
elements to intelligent metamaterials. Th They are primarily focused on energy disspation applications, observ-
able by a sawtooth force-displacement response as in Figure 4a. However, Restrepo et al. introduce the concept
of "Phase transforming cellular material" (Figure 4) and suggest that programmable structures where each
phase of the material had a distinct property could be used for wave guiding, filtering and shape morphing[21].
There has also been work done to vary the geometric parameters of the bistable elements in the material to
ensure the deformation sequence of the layers of the material is deterministic. Nevertheless, this approach taken
by many in the field is, in my view, insufficiently developed to be fruitful within the scope of the project.
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2.3 Mechanical Computing

The requirement of information processing for an intelligent metamaterial requires the exploration of another
area of literature: mechanical computing. A 2021 perspective on the field[22] was the seed paper for the
literature search. Mechanical computers are an ancient technology, from the Antikythera mechanism that
made astronomical predictions in ancient Greece, to the designs of Charles Babbage’s first automatic computer.
According to the authors there has been a resurgence and renewed interest in mechanical computation since
the domination of silicon semiconductor microelectronics and the Von Neumann architecture. They owe this
emergence to advances in additive manufacturing, materials sciences, and the approaching limits of the current
paradigm. They say that this problem poses challenges that require new theoretical and practical tools in
various fields, including materials science, information theory, computer science, additive manufacturing, and
robotics. They suggest that solutions to these challenges are likely to be found at the intersections of these
fields.

Roukes[23] suggests that opportunity lies at the nanoscale, and that nanoelectromechanical systems (NEMS)
may form a new paradigm once the limits of electronic devices is reached. He proposes that any realistic form of
mechanical computing must use ultra-low dissipative connections between elements, i.e. compliant joints. Any
losses to friction would be unacceptable at the nanoscale. To overcome the fan-out problem, the interconnection
should ideally have the possibility of "gain" in the sense that external energy reservoirs, such as the elastic energy
of springs, can be used to continually recharge the system by external sources. However, he does not provide
concrete recommendations for implementing these systems, just that these are the requirements of a realistic,
feasible system.

The inventor of public key encryption, Merkle, proposes two systems by which mechanical computing can not
only be low power, but actually reversible[24]. A fundamental limitation of electronic computing is that logic
gates creates entropy when information is destroyed by an irreversible logic operation. He proposes two systems:
rod logic and buckled beam logic as shown in Figure 13a, for methods of computation that do not require inherent
dissipation. These two proposed schemes show up in almost every subsequent paper on mechanical computation,
regardless if their goal is to be reversible. Merkle himself published a study developing mechanical computing
using only mechanical links and rotary joints[25]. In it they develop a theoretically Turing-complete computer
using combinatorial logic, an example of the device is shown in Figure 13b. According to the authors, it is to
date the simplest Turing complete mechanical computer. However, its architecture of combinatorial logic and
sequential programming are incompatible with the requirements set out to embody an intelligent metamaterial,
though its principles and base mechanisms could be used as constitutive elements. The following section goes
into detail on current state of the art of development of mechanical Boolean elements
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Figure 5: (a) buckled beam majority voter concept (b) bit-shift register embodied with links and rotary joints

2.3.1 Boolean Logic

Many researchers have explored the implementation of Boolean logic in mechanical metamaterials. Boolean
logic is a fundamental approach to computation, describing the operations of logical AND, OR, and NOT on
binary values of 0 and 1. One concrete attempt to construct a mechanical metamaterial with the rod logic from
Merkle[24] used 3-D printed bistable "bit cells" to propagate information by mechanical wave propagation. Rod
logic elements implemented a simple AND gate that locked or unlocked a compliant door lock as a demonstration.
Their approach focused on the mechanical signal transmission, and did not go very far into the logical function
embodiment. Additionally, their approach also required resetting every time the signal fired, as energy is
dissipated each time. And while their resultant device is cellular, it is specifically designed for a single purpose,
so would more accurately be classified as a machine than a material, a classification that the authors themselves
prefer, despite the title of the paper. Other works have done similar studies into signal propagation and
simple linear logic functions[26, 27|, addressing many issues with stable propagation and managing the energy
landscape. However, the logical functionality seems like an afterthought in most papers and the low density of
processing capability with this approach makes it unfeasible for intellegent metamaterials.

Mei et al. focused on creating a reprogrammable mechanical metamaterial (ReMM) capable of universal combi-
natorial and sequential logic, which has a multifunctional, programmable structure that can realise both NOR
and NAND gates (necessary for more complex logical architectures. The ReMM can be reset and reprogrammed,
and can also show signal transmission and bifurcation, and storage of information. The paper also demonstrates
more complex logical functionality, such as a half-adder, crossover and S-R latch. According to the authors:

the ReMM is expected to serve as a platform for constructing reusable, multi-functional, and repro-
grammable robotic material with robust sensing-analyzing-response function, which can benefit the
development of mechanical systems with embedded intelligence.

The authors accomplish this with simple bistable beams, and contact based logic. It is a very recent paper
and further research is needed to show the scalability of this approach. As will be further discussed later, this
architecture can be viewed as a type of cellular automata, where the state of each buckled beam is a function
of the states of its predecessors, subject to sequential excitation, or "clocking". This idea is explored more fully
in section 3.
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Figure 6: (a)NOR gate implemented with bistable beams with revolute joint and contact based system. (b)
Planar compliant mechanical logic gates

Several other authors have designed similarly complex logical functionality with different approaches. Song et
al. designed a planar system that enables micro-mechanical logic gates to be manufactures with micro-additive
technologies[28]. NOT, AND, OR, NOR and NAND gates were made using a system of planar buckled multi-
stable mechanisms as shown in Figure 6b. The proposed benefits of this approach is that they can be integrated
scaled down into micro-architected metamaterials. The compliant nature of the elements eliminates friction and
allows for scalability. The paper only goes as far as constructing the gates and does not demonstrate integration
into an interconnected system. I believe this approach has merit and should be expanded into a periodic system
that can exhibit complex computation. Another work that takes another approach altogether is the doctoral
thesis of M. Waheed|[29], which gives a very comprehensive overview of the field of functional metamaterials.
Logical building blocks are here build using 3-dimensional building blocks, as an effort to remove the limits of
planar mechanisms, and create true 3-D materials. He also uses the rod logic system of Merkle, and creates
some basic building blocks for logical systems using biased Von Mises trusses, basic bi-stable elements. However,
this work leans on multi-material additive manufacturing technologies and does not seem scalable for microscale
applications.

This review of mechanical computation strategies shows that multi-stability is one key aspect to generating
both the nonlinear response necessary for embodying most logical functions, but also the storage and memory
of state information. The next section reviews the state of the art and literature on compliant multi-stable
mechanisms.

2.4 Multi-stable Compliant Mechanisms

This section aims to review the current literature on multi-stable compliant mechanisms, discussing the various
design approaches, modelling techniques, and applications of these mechanisms.

Overview A 2008 doctoral thesis by Y. Oh gives a great overview of the field and foundational mathematics
and mechanics necessary to synthesise multistable compliant mechanisms[30]. Two main approaches are covered,
taking advantage of the instability of buckled configurations and of the bi-stability of a clamped-pinned beam.
A particularly useful insight provided by this work is the canonical forms of the energy landscape and force-
displacement graph of a tristable mechanism, as shown below in 7. The feasibility study in section 4 shows how
this profile was achieved with a new tristable mechanism design.

Contact-based approaches Another approach to bi-stability is by use of contact-based approaches|31]. This
design used a latch-lock mechanism to store the state information. Many MEMS devices use this approach but
it is not practical for large periodic metamaterials. Contact based mechanisms exhibit fundamental energy loss
and wear, as they rely on friction and sliding contact. Other works use magnetic systems instead of elastic
materials to create multistable structures[32]. This approach suffers from the same scaling laws that make the
electromagnetic active metamaterials did in the previous section. Contact also remains a problem, and the
construction of such a unit cell would require assembly, impractical for large scale metamaterials.
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Environment Reactive While most of the literature in this area focuses on purely mechanically triggered
bi-stability, one work developed a bistable unit element whose bistability was dependent on external chemical
factors[33]. They used an absorbent polymer to create a buckled beam element that loses bistability once a
sufficient quantity of liquid is absorbed from the environment. While the mechanics in this paper are fairly
rudimentary, it does highlight the potential of metamaterials to be actuated and adapted to more than simple
mechanical stimulus.

Binary Mechanical Properties Translating the displacement of a bi-stable element into tangible properties
of the metamaterial has not been fully addressed in most works so far. Most papers are satisfied that the
information can be "encoded" in the states of bi-stable elements, without regard for the "decoding" of utilisation
of the state for realisation of novel properties. The work of Kuppens et al. develops an element wherein the
stiffness is toggled between stiff and near-zero stiffness[34]. It does this by a balanced parallel arrangement of
positive and negative stiffness elements. The negative stiffness element is toggled by the buckling of a beam.
Recent work [35] used these elements to create a rudimentary metamaterial that learns. It learns a specific
arrangement of lattice stiffnesses to attain a desired deformation under a given load. This work is still in early
stages but is very promising outlook. Currently offline learning is used to determine the stiffnesses, but if
onboard mechanical learning and information processing is built in, this would be a good first step towards
realising functional intelligent metamaterials.

Pre-curved Beams The planar logic gates mentioned previously[28] and many other multistable elements
that rely on buckling, require external actuation after manufacture. While this is unavoidable if a symmetric
energy landscape is required, a relaxation of this requirement allows for the use of pre-curved beams[36] which
are an inherently much more manufacturable and scalable solution. They do suffer the drawback of reduced
bi-stability, and range of motion.

2.4.1 Tri-stable and multistable mechanisms

While this review has thus far focused on bistable elements, similar logical capabilities are also found in higher
orders of multi-stability. A recent work by Zhang et al. that used kirigami techniques to make a highly non-
linear spring created a tristable metamaterial structure capable of ternary logic operations, signal filtering and
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more[37]. The work, illustrated in Figure 8 is recent and shows promise, as the metamaterial is programmable
and capable of relatively complex computation, with a large number of possible states. However, the manufac-
turing techniques used are not inherently scalable at they use multimaterial 3-D printing, and kirigami- contact
based nonlinear springs. This approach adapted to overcome these shortcomings would show great promise in
accomplishing an intelligent metamaterial.
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Figure 8: Schematic representaion of the kirigami based tri-stable mechanism and resultant metamaterial.

Orthogonal beam tri-stable mechanism The approach proposed by G. Chen et al. is a promising solu-
tion for achieving higher orders of multistability using a single bistable beam. By adding orthogonal bistable
mechanisms in series with the original beam, a higher number of stable positions can be achieved, as shown in
Figure 9. Importantly, this technique is both compact and does not require contact, making it highly desirable
for many applications. Chen et al. demonstrated the feasibility of this approach for manufacturing at several
length scales, suggesting that it has broad potential for use in a variety of settings. Notably, this approach also
allows for the creation of multistable mechanisms with a desired number of stable positions, depending on the
design requirements.
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Figure 9: Multistability achieved by single bistable beam chained with successive orthogonal mechanisms.

Parallel Interconnected Bistable Mechanisms One of the most promising architectures for intelligent
metamaterials takes the approach of simply arraying bistable beams in parallel[38]. This recent work by Kwak-
ernaak et al. accomplishes counting and sequential information processing by architecting the structure and
interconnections to create an irreversible response to cyclic actuation, as shown in Figure 10. They store infor-
mation in the orientation of the buckled beams and create logical sequences by having beams transition states
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depending on its neghbours on each clocking cycle. They conclude the paper with the insight that this approach
when expanded opens up

"routes to create systems that are Turing-complete, such as ’rule 110’or Conway’s game of life. Such
‘cellular automata materials’ would allow massively parallel computations in materia."

. This approach I believe is very promising, and addresses issues faced by many of the works presented in this
review. In the following sections I will present an introduction and exploration into cellular automata as a basis
for mechanical metamaterials, and the necessary elements to embody them.
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Figure 10: Evolution of the unit cell of counting metamaterial using simple cellular automata rules.

2.5 Gap of knowledge/ Research Question

Based on the literature review, a research question that arises is: How can the principles of cellular automata
be used to design mechanical metamaterials with massively parallel computation capabilities?

This question aims to explore the potential of using cellular automata as a basis for mechanical metamaterials
and how this approach could lead to the development of systems that are Turing-complete, such as rule 110 or
Conway’s Game of Life, allowing for massively parallel computations in materia. This approach could address
the limitations of traditional logical and system architectures and open up new routes for the design of intelligent
metamaterials and programmable matter[39]. These topics are further explored in the following sections.
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3 Cellular Automata

This section introduces and explores the concept of cellular automata, for the purposes of exploring a new
approach to the development of intelligent metamaterials. As mentioned in subsection 2.3,this approach has
been suggested in literature before, though not explored in detail. Most of the information in this section has
been adapted from the textbook Cellular Automata: A Discrete Universe[40].

3.1 Introduction to Cellular Automata

Cellular automata (CA) are mathematical models for simulating complex systems using a grid of discrete spatial
cells that are updated in discrete time steps according to a set of rules that determine the state of each cell
based on the states of its neighbouring cells.

The grid of cells is usually arranged in a regular lattice, such as a two-dimensional square or hexagonal grid,
but can also be in just one or more dimensions. Each cell in the grid can be in one of a finite number of states,
though most commonly a binary set such as "on" or "off", "alive" or "dead", or "black" or "white". The state
of each cell is updated at each time step based on the states of its neighbouring cells, which can be defined using
a neighborhood function that specifies which cells are considered neighbors of a given cell. The update rule for
each cell is typically a deterministic function that maps the states of its neighboring cells to a new state for the
cell itself. In summary, the key characteristics of a CA are as follows:

Discrete lattice of cells: The system substrate is composed of a one-, two- or three-dimensional lattice of
cells.

Homogeneity: All cells within the lattice are equivalent.
Discrete states: Each cell is capable of taking on one of a finite number of possible discrete states.
Local interactions: Each cell is only able to interact with cells that are located within its local neighborhood.

Discrete dynamics: At each discrete unit time, each cell updates its current state according to a transition
rule that takes into account the states of cells in its neighborhood.

It is clear that these characteristics map very clearly onto the requirements laid out in 1.1 and explored in
Section 2.

Below, two examples of different types of CAs are detailed as examples. They are then explored as potential
models for novel implementations of intelligent metamaterials.

3.2 Conway’s Game of Life

John Conway’s Game of Life is the most famous example of a cellular automaton. it was published in 1970 as
an attempt to simplify Von Neumann’s CA. It consists of a two-dimensional grid of cells, where each cell can
be in one of two states, either alive or dead.

3.2.1 Rules of Life

The game begins with an initial configuration of living cells on the grid. At each time step of the game, the
state of each cell is updated based on the states of its eight neighbouring cells. The update rules are based on
a simple set of three conditions:

e Any live cell with fewer than two live neighbours dies, as if by underpopulation.

e Any live cell with two or three live neighbours lives on to the next generation.

e Any live cell with more than three live neighbours dies, as if by overpopulation.

e Any dead cell with exactly three live neighbours becomes a live cell, as if by reproduction.

The Game of Life, or just Life, is an example of an emergent complex and self-organising system. From an
initial state of random noise, many patterns and structures emerge over time. Unchanging static patterns (also
called "still lifes"), and periodically repeating structures are the simplest terminating configurations of game.
However, even given the simplest of rules it is impossible to determine whether any given initial configuration
will grow indefinitely or eventually terminate without directly simulating it.
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3.3 Elementary Cellular Automata
3.3.1 Introduction to Elementary Cellular Automata

Elementary Cellular Automata (ECA) are a class of one-dimensional cellular automata where each cell can have
only two possible states, usually labelled 0 and 1, and the updating state of each cell depends only on its own
state and the state of its immediate neighbours. ECAs have been extensively studied since the 1980s, especially
by Stephen Wolfram. They have proven to be a rich source of complex and interesting behavior, despite their
simple rules. In his book "A New Kind of Science,"[41] Wolfram argues that ECAs are a fundamental model of
computation and that they can be used to explain many natural phenomena.

3.3.2 Overview of 1D Cellular Automata

The cells are arranged in a line or lattice, and each cell has a finite number of possible states. At each time step,
the state of each cell is updated based on a fixed rule, which is defined as a 3-input Boolean function. The rules
are often given in the form of a lookup table or transition function, which specifies the next state of a cell based
on its current state and the states of its neighbours. 1D CA have been used to model a wide variety of physical,
biological, and social phenomena, and they have been studied extensively in the fields of mathematics, physics,
and computer science. They are particularly useful for modelling systems that exhibit self-organisation, pattern
formation, and emergent behaviour.

3.3.3 Explanation of the Wolfram Code

The Wolfram code is a method of encoding the rules for an ECA using a binary number. Each of the 256
possible rules for an ECA is assigned a unique code, which corresponds to a binary number between 0 and
255. The code is obtained by interpreting the eight possible configurations of a cell and its two neighbours as
binary digits, and then converting the resulting binary number to decimal. The digits are ordered from left
to right, with the first digit representing the neighbourhood where all three cells are alive, and the last digit
representing the neighbourhood where all three cells are dead. The resulting binary number corresponds to one
of 256 possible ECA rules, each with its own distinct behaviour and pattern formation. The Wolfram code has
the advantage of being simple and compact, and it allows for easy comparison and analysis of different ECAs.
It also highlights the fact that even though ECAs have simple rules, they can exhibit a wide variety of complex
and interesting behaviours, as shown in Figure 11.
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Figure 11: Various ECAs and their evolution after a single point is turned on. Complex emergent patterns and
chaos can be observed from very simple rules

The properties and behaviour of ECAs depend on the specific rule that is being used. Some ECAs exhibit
regular and repetitive behaviour, such as simple alternating patterns or periodic structures, while others exhibit
complex and unpredictable behaviour, such as chaotic patterns or complex structures that evolve over time.

3.3.4 Mapping of ECAs to Boolean functions

The mapping of the transition function of an ECA to a 3-input Boolean function can be done by considering
the state of each cell and its two neighbouring cells as the three inputs to the Boolean function. The output of
the function corresponds to the state of the cell in the next generation of the ECA.

3.4 Computation in CA

Cellular automata and related architectures have been extensively studied in natural sciences, mathematics, and
computer science because they have the potential to perform complex computations efficiently and robustly, as
well as model the behaviour of complex systems in nature. They have been used as models of physical and
biological phenomena, such as fluid flow, galaxy formation, earthquakes, and biological pattern formation. They
have also been studied as mathematical objects with formal properties that can be proven, and used as parallel
computing devices for the high-speed simulation of scientific models and computational tasks such as image
processing. Additionally, cellular automata have been used as abstract models to study emergent cooperative
or collective behaviour in complex systems|[42]. During the 1980s and 1990s, there was a concerted effort to
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implement large scale supercomputers built on massively parallel cellular automata hardware architectures[43].
The aim was to implement "programmable matter" that could be used to simulate an arbitrary 3-D material
that could be modelled as simple interactions between cells, such as a lattice gas model[39]. The result was the
CAM-8 computer, in the authors words the:

"product of over a decade of Cellular Automata (CA) machine and modelling research by the In-
formation Mechanics group at the MIT Lab for Computer Science. CAMS is a parallel, uniform,
scalable architecture offering unprecedented performance in the fine-grained modelling of spatially-
extended systems. It provides a general-purpose instrument for the systematic exploration of a new
band of the computational spectrum."

Unfortunately, the work on CAM-8 ended in 2001 due to setbacks, but showed great promise and the concept
of programmable matter has since been picked up by researchers in many fields, from synthetic biology to
metamaterials.

Both the Game of Life and ECAs have been shown to be capable of universal computation, meaning they both
can theoretically compute anything that a Turing machine can compute. Rule 110 has long been shown to be
capable of universal computation, by the use of an architecture called the cyclic tag system[44, 45]. John Conway
proved in 1982 that the Game of Life can implement a universal computer and a universal constructor. In the
meantime there has been a a lot of work done by enthusiasts to develop more and more advanced computers
within life itself. Most recently in 2021, an improved, scalable version of an 8-bit programmable computer
pattern was announced[46]. However, in some ways the goal of reproducing universal serial computation from
a massively parallel architecture is a flawed approach from the start. It is a strong but flawed instinct to
use a novel architecture to simply implement an already well known system. Others have tried to implement
a unique method of computation using elementary cellular automata directly. A particle model was used to
represent bits and processing instructions, which collide and output the result as more particles. This allowed
for massively parallel arithmetic to be implemented directly in one-dimensional cellular automata.[47]. In this
case, the single dimension was a constraint on the system that could be circumvented by higher dimensionality
for greater functionality.Nevertheless, this work demonstrated the potential of very simple systems with clever
use of their emergent properties.

More recently the focus has moved past the direct implementation of CAs to neuromorphic computing mor-
phologies and cellular neural networks (CNNs). CNNs are similar to CAs, with the same spatial structures
and connectivity, but operate as first-order dynamical systems, instead of discrete time "clocked" systems. One
work demonstrates the capacity of these systems to implement arbitrary Boolean functions by the tuning of the
weights of the transition function and connectivities[48].More modern trends in this field include memristor-
based neuromorphic architectures for Cellular Neural Networks[49].However, this topic branches away from
metamaterial implementations and is thus beyond the scope of this project, but it does demonstrate the future
potential of this architecture in materials.

3.5 ECA as Boolean functions

This section has elucidated the potential of the cellular automata architechture for useful computational systems
that also fulfil the requirements set out in Section 1.1. The question remains; what type of logical element could
be implemented mechanically in order to embody a cellular automata into a metamaterial? To answer this
question it is useful to make the observation that the transition rules for ECAs are simply 3-input, or "ternary"
Boolean functions, one input for the state of each neighbour and the state of the cell itself. As we have shown
in Section 2.4, tristable mechanisms have previously been used to implement ternary logic[37, 13| using origami
and kirigami principles.
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Figure 12: Caption
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3.5.1 Ternary Boolean functions as unit cubes

While ternary Boolean functions can be represented as truth table, a more visual and useful representation is
as a mapping from the unit cube in 3-dimensional space (where each axis represents an input variable) to the
set 0, 1, which corresponds to the output of the function. The unit cube has eight corners, each corresponding
to a unique combination of inputs, and each of these corners can be assigned a value of 0 or 1, depending on
the output of the ternary Boolean function for that particular combination of inputs.

By assigning a colour (e.g. black for 1 and white for 0) to each corner of the cube, a visual representation of
the Boolean function can be obtained. Each point within the cube corresponds to a unique combination of
input variables, and the value of the Boolean function for that combination can be determined by looking at
the colour of the corresponding corner.

Rule = 110: 01110110 Rule = 110: 01110110
Omm
oom .
o«
. .
N -0
3 S EOm L
-
om0
—-""—“
oog; -
oy :
N e
N e [ [ [m]
x1 \0—""_’
mOoO 2
(a)

Figure 13: (a) hypercube representation of Rule 110 ternary function (b)corresponding bi-threshold represen-
tation of the function.

3.5.2 Linear Separation

The benefit of this abstraction is that we can see visually that certain Boolean functions have the property
known as linear separability. This means a single hyperplane defined by an orientation and offset can be used
to separate the regions where the output is true or false. This plane actually represents a so called "threshold
function", or "majority decision function", where the orientation of the plane represents the "weights" of the
input variables, and the offset is a threshold on the weighted sum of the inputs beyond which the output is true.
In fact, 104 of the 256 ternary Boolean functions are linearly separable by so called "threshold functions"[50]. It
is possible to capture 230 out of the 256 functions if we allow two thresholds, corresponding to a second parallel
plane. This fact is illustrated later in Figure 17. The next section will go into more detail on the theory of
these majority decision/threshold functions, their applications and prospects for a valid approach to building
logic and intelligence into mechanical metamaterials.

3.5.3 Game of Life Rules as Bi-threshold

Additionally, the rules of Game of Life can also be seen as a weighted sum with two thresholds. If all of the states
of the neighbourhood of a central cell are weighted with a value of 1, and the central cell’s state is weighted 0.5,
then any sum between 2.5 and 3.5 will result in a cell being alive the next generation. This representation is
shown in Figure 14.
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Figure 14: The game of Life can be represented as a bi-threshold system as shown
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3.6 Threshold gates
3.6.1 Introduction

Threshold gates or elements are devices that can output either 0 or 1 depending on whether their weighted sum
of inputs exceeds a certain threshold value. They are an alternative approach to conventional logic gates such
as AND, OR and NOT gates. They are used in artificial neural networks, logic design and signal processing,
though they remain a niche research area despite their utility. The theory of threshold elements was pioneered by
Saburo Muroga, who published several papers on their properties, transformations and applications[51]. In this
section, I will introduce the theory and discuss how it relates to the goal of developing intelligent metamaterials.
I introduce the generalisation of threshold gates with multiple thresholds. As introduced in the previous section
on One of the key components of this project is a bi-threshold gate that has two threshold values instead of
one. A bi-threshold gate can cross two thresholds and has three regions in its input-output characteristic curve.

3.6.2 Threshold Logic

Threshold logic is a branch of logic that studies how to represent and manipulate Boolean functions using
threshold elements. A Boolean function is any function that takes a finite number n of binary inputs (0 or 1)
and produces a binary output. A threshold element or majority decision element is defined as an element whose
output value is

i=1
0, if iwlmz <T
1=1

where w; is the weighting factor for the input x; and T is the threshold value for that element. For our purposes,
we are most interested in ternary (3-input) Boolean functions, in order to implement ECAs in metamaterials,
particularly the ones with the most interesting and powerful properties such as Rule 110.

It has been shown that only 104 out of the 256 possible ternary Boolean functions can be represented by a
threshold gate[50], the linearly separable functions. The linearity of these functions limits their potential for
computation.

3.6.3 Multi- and Bi-threshold gates

Multi-threshold threshold elements are a generalisation of the threshold element, in which k thresholds k =
(1,2,3,...) are used instead of one. Each threshold crossed alternates the output between 0 and 1. The benefit
is that any arbitrary Boolean function can be realised with a single threshold element with a sufficiently large
k[52]. Of course, a higher k implies a higher complexity of the element itself, so it is desirable to minimise the
required number of thresholds for a given application. The special case where k = 2 are known as bi-threshold
elements and have particular relevance to this project. As shown previously, almost all (230/256) ECAs can be
implemented with bi-threshold logic, as can Conway’s Game of Life. The emergent computational properties
of these systems implies in my view that a system of cellularly networked bi-threshold elements could have
sufficient complexity to imbue a metamaterial with information processing capabilities. As shown previously,
these systems behave vastly differently depending on their initial states[47], so could also be "programmed" to
an arbitrary functionality and also respond to external stimulus after manufacture. Multi-threshold systems
have also been shown to have significant space improvements over traditional logic gates. The area of a given
Boolean function of n bits has an exponential (unbounded) size O(exp™) when made with AND, OR and NOT
gates. It is shown that bi-threshold elements reduce this requirement to O(n?) and multi-threshold elements
reduce it further to O(n)[53, 54].

3.6.4 Application and implementation

Physical implementations of these elements, called Multi-Threshold Threshold Gates, has been accomplished
through the negative differential resistance devices, which operate in a monostable to bistable regime. They
essentially act as an electronic bi-stable element, allowing for the implementation of these thresholds using
voltages and resistances[55, 56].

Theoretical uses for bi-threshold elements specifically are currently being explored, though there are challenges
to their general utility. Bi-threshold activation functions for neural networks has been shown to decrease the
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number of layers, though the difficulty in optimising the element has been a barrier. This is because the optimi-
sation of a bi-threshold activation has been shown to be an NP-complete problem, meing no efficient algorithm
has been found to compute it. Despite this, the utility has still motivated researchers to find applications and
other approaches to apply them to solve problems[57, 58, 59].

Despite this difficulty in applying the theory at large scale in computer science, mechanisms researchers have
serendipitously designed a schema for making multi-threshold gates in compliant mechanisms[60]. This approach
uses a single bistable unit as the output, and sequentially adds more orthogonal buckled beams to add more
stable points.
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4 Research Plan

4.1 Research Questions

This thesis project aims to propose a novel approach for intelligent metamaterials, departing from the current
design paradigm of derived from electronic computing. A compliant bi-threshold element will be developed as
a building block for an elementary cellular automata, to demonstrate the feasibility of this approach. The goal
is to embody Rule 110 ECA and determine a general design schema to enable the embodiment of any ECA.

4.2 System Concept

This project proposes a mechanism concept based on Merkle buckled beam logic[24], which is extended with
multi-stable compliant mechanisms[60] to embody bi-threshold logic. The system’s constitutive elements are
designed to include the decision element, which has a nonlinear response that encodes the threshold function,
the storage or encoding of the output of the decision element, the interconnection and self-connection of the
elements to tessellate the structure into an elementary cellular automaton (ECA) structure, the parametric
design of the threshold element weights, such as the coupling springs between units, and the update clocking
mechanism, which supplies energy to update the metamaterial state based on the transition rule.
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Figure 15: The proposed architecture of the metamaterial, where each unit cell has a bi-threshold decision
element, a memory element and interconnections to its neighbours
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Figure 16: The proposed decision element (a) in the ground state (b) when the first threshold has been crossed
and (c) in the saturated state.

4.3 Equivalence classes of 3 input Boolean functions

The primary aim of this project is to implement Rule 110 cellular automata, with the overarching goal of
generalizing this approach to embody any of the 230 realizable ECAs. To achieve this, we aim to show that a
subset of the ternary Boolean functions can be implemented, which all other functions are equivalent to. We
define equivalent functions as those that can be obtained by permuting input variables, complementing one or
more input variables, or complementing the output. Complementation refers to negation, where 1 becomes 0
and vice versa. It is shown in Figure 17 that all but two of these equivalence classes can be represented by
single or bi-threshold gates. The
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Figure 17: The 12 base functions of the equivalent classes, with the thresholds represented. Only the 26 functions
associated rules 27 and 105 require three thresholds to represent.

4.4 Pseudo-Rigid body model of tristable element

As part of a feasibility study, a psuedo rigid body model was derived of the concept threshold gate in order
to understand its mechanics. As can be seen in Figure 18, the PRBM consists of a crank slider mechanism
with an additional compressive spring element to model the bistable beam element. The models geometry is
parameterised by four lengths, Hy. Lq,Hs, Ly. The compliance of the mechanism is parameterised by three
stiffnesses, two torsional kg, and k4, and one linear stiffness kz,. The mechanism takes the force F' as input and
the resultant state is the output displacements d; and 5. The potential energy of the system is calculated by:

1 1
PE = kq(00 — 0)* + 57%(% —¢)? + §kL(L0 —- L) (1)
The input force F' can be found by
dPE
F= 2
s, (2)

The nonlinear kinematics of the mechanism have been derived as follows:

5y =2 <\/L§+H12 “(Hy -6, —L1> 3)
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Figure 18: The proposed decision element (a) psuedorigid body model parameterisation (b) Input displacement
and stiffness parameterisation as constructed in MATLAB

The PRBM gives a useful analytical model to show the principle of operation of the mechanism. Preliminary
results are shown in Figure 19. The tunable tri-stability of the mechanism agree with the results of Chen|[60],
partially validating the PRBM approach.

Force-Displacement Response of Threshold Function

i T T T
| |
s -
| \ /
o -
L 0 \ | — _ﬁh\\ /
=] e
<) \
|
5t ’l | i
|
- 1 D I i i i i i i i
-0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Iﬁ‘1
(a)
215 Activation Function of Threshold Gate
5 —
8 21k ‘| m.._\l J
] | |
[=% | |
w | |
a . I‘|
5205+ ( '. i
o \ ‘
= f |
@] - '.‘
2 e I 1 1 1 L B B—
0 0.1 2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Cumulative Force Input

(b)

Figure 19: (a)Example force displacement plot generated by the PRBM. The three stable equilibria show
disred multistability (b) Resultant output displacement over cumulative force input shows desired bi-threshold
behaviour.

4.5 Research Plan

Based on the feasibility studies conducted so far, the plan for the next steps of the project is as follows:
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1. Analysing the pseudo rigid body model to understand its properties and behaviour, and converting those
insights to a detailed mechanical design.

2. Performing design and simulation steps to parameterize the properties of the unit cell in terms of its design
parameters and the logical function we wish to embody.

3. Designing and developing the interconnection and tessellation systems needed to build a functional ele-
mentary cellular automaton for Rule 110.

4. Building and demonstrating the capabilities of the tessellated unit cell with Rule 110 ECA.

5. Quantifying approach performance and analysing the results.

4.6 Evaluation Criteria

The success of this project will be evaluated on several quantifiable metrics.

Threshold Design Freedom The degree of control we have over threshold values within the design space
depends on the physical parameters of the design, which limits the values we can select for the thresholds.
This limits the types of functions that can be created using this approach.

Interconnection Design Freedom The design freedom we have over the input weighting and interconnection
system determines the complexity of the system that can be modelled. For example, in Figure 17, only
weights of 1 and 2 were needed, but to account for negation, a NOT gate on some inputs will be required,
and some other ratios of input weighting may be necessary. This is a design problem that must be solved
to generalise this approach. The number of realisable systems (x/256) is a metric for the potential of this
system.

Stability The robustness of the integrated system should be quantified by measuring the error rate during oper-
ation. The design should minimise errors, and ideally, the system should have a margin for manufacturing
errors to ensure robustness.
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