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ABSTRACT

From the integer quantum Hall effect to swimming at a low Reynolds number, geometric phases arise in the description of many different
physical systems. In many of these systems, the temporal evolution prescribed by the geometric phase can be directly measured by an external
observer. By definition, geometric phases rely on the history of the system’s internal dynamics, and so their measurement is directly related
to the temporal correlations in the system. They, thus, provide a sensitive tool for studying chaotic Hamiltonian systems. In this work, we
present a toy model consisting of an autonomous, low-dimensional, chaotic Hamiltonian system designed to have a simple planar internal
state space and a single geometric phase. The diffusive phase dynamics in the highly chaotic regime is, thus, governed by the loop statistics
of planar random walks. We show that the naïve loop statistics result in ballistic behavior of the phase and recover the diffusive behavior by
considering a bounded shape space or a quadratic confining potential.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0271479

A non-holonomic constraint relates the dynamics of a constrained
variable to the values and evolution of the remaining variables
in a path dependent fashion. Consequently, the value of the non-
holonomically constrained variable depends explicitly on the path
history of the remaining degrees of freedom; it is often referred
to as a geometric phase. Such path dependence between vari-
ables is shared by many seemingly distinct physical systems, from
the integer quantum Hall effect to the cat righting maneuver.
We employ path integral formulation to describe the dynami-
cal behavior of the non-holonomically constrained variable in
the highly chaotic regime. We begin by constructing a simplified
toy model representing a mixed Hamiltonian system (capable of
both regular and chaotic behavior). The model is designed to dis-
play a single geometric phase, expressible as planar area elements.
By appropriately modifying the well known results for random
walks and identifying mathematical analogs in the path integral
description of a particle in a magnetic field bounded by a har-
monic potential, we are able to recover both the ballistic short
time evolution of the geometric phase and its diffusive long time
statistics.

I. INTRODUCTION

When in a system the dynamics of a dependent variable is
expressed in terms of the independent degrees of freedom in a
non-integrable way, we say that the dependent variable is non-
holonomically constrained.1,2 In such cases, following a cyclic defor-
mation, the return of the independent variables to their initial states
does not imply the restoration of the dependent variables to their
original values. This difference is captured and quantified by a geo-
metric phase.3–6 The term geometric arises because the acquired
phase depends solely on the properties of the path traced by the
cyclic evolution, and not, for instance, on how fast the path is
transversed.5

Examples of such phenomena are abundant in physics and
are often treated in the context of gauge theories,7,8 with, per-
haps, the most well known one being the Berry phase.4,9 Classical
analogs include the motion of a swimmer through a fluid at low
Reynolds number,3 the cyclic change in the state of polarization of
a beam of light,10 and the cat righting maneuver that allows cats
dropped from rest to reorient their bodies in mid-air to land on their
feet.7,11
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The last example illustrates the capacity of isolated deformable
bodies to undergo zero angular momentum rotations. The key to
allowing such rotations, despite the vanishing of angular momen-
tum, lays in the ambiguity in determining the relative orientation
of two dissimilar realizations of a deformable body.5 Unless the two
shapes are congruent, the relative orientation of the two depends
on a gauge choice prescribing, for each, a specific “upright” orienta-
tion. This allows us to explain the cat righting maneuver through a
gauge field approach.7 Mathematically, this ambiguity in determin-
ing orientations arises through the non-holonomicity of the angular
momentum conservation equation.7,12 The toy model we present
and study here also belongs to the class of isolated deformable
systems and, thus, can reorient itself with no angular momentum.

A holonomic constraint on the dynamical variables of a sys-
tem relates its velocities and position coordinates in an integrable
fashion, i.e., allowing to integrate the constraint into a relation con-
taining only the coordinates and independent of the velocities.2

A non-holonomic constraint is non-integrable, i.e., cannot be inte-
grated to yield a relation that solely depends on the position
coordinates. The angular momentum conservation condition in
deformable systems is non-holonomic. Therefore, for a deformable
system with vanishing angular momentum, while the angular veloc-
ity is completely determined by the dynamics of the independent
variables, integrating the angular velocity to obtain the angle itself
is path dependent; i.e., the angle depends on the history of the sys-
tem. While the integral prescribing the angle is not independent of
the path in phase space, it is independent of the rate at which this
path is traversed, depending only on the precise sequence of shape
deformations and, thus, can be interpreted as a geometric phase.5,6

The isolated harmonic three body system is comprised of
three identical masses, connected by three identical springs with
a nonvanishing rest length, and laying on a frictionless plane.
A recent study of this system discovered its underlying chaotic
dynamics for moderate energy excitations.13,14 The statistics of the
non-holonomically constrained orientation of the three mass sys-
tem showed three distinct regimes: (i) a low energy regime in which
most trajectories are regular and quasi-periodic, (ii) a moderate
energy regime in which the system is highly chaotic and the ori-
entation variable displays a diffusive-like behavior 〈1φ2〉 ∝ t, and
(iii) an intermediate energy regime exhibiting a mixed phase space
and fractional angular random walk, 〈1φ2〉 ∝ tα , where 1 < α < 2
connecting the two.13,14 In its highly chaotic phase, the harmonic
three body system becomes an example for deterministic Brown-
ian motion,15–18 i.e., it showcases how a system of few degrees of
freedom can give rise to stochastic motion, as a consequence of its
internal chaotic dynamics. In the more traditional descriptions of
diffusion-like motion, the phenomenon is modeled as a random
process from the outset. In the Langevin equations, a stochastic
force term is introduced to the equations of motion, while the
Fokker–Planck equation directly adopts the perspective of describ-
ing the motion through the time evolution of a probability distribu-
tion function. In contrast, deterministic Brownian motion provides
a microscopic origin for the apparent observed stochastic behav-
ior of the system.16 One approach in this framework is to model
the time evolution of the degree of freedom of interest by a rate
equation, using a deterministic force instead of a random force. This
force encodes the chaotic dynamics of the remaining microscopic

degrees of freedom and is known as the booster process.16,18 In a
recent work,18 the deterministic models were compared to the tradi-
tional stochastic approaches to Brownian motion. Both approaches
have been shown to have broadly comparable statistical proper-
ties, making deterministic models alternative routes to gain further
understanding of Brownian-like motion. The present work fur-
ther advances this approach by examining a Brownian variable that
is non-holonomically constrained to the internal chaotic degrees
of freedom of a Hamiltonian system. The dynamics of the non-
holonomically constrained variables is expressed in terms of areas
enclosed by the trajectories of the internal variables and studied by
means of path integrals.

The Hamiltonian of the harmonic three mass system could
be dimensionally reduced to depend only on the three shape vari-
ables determining the side-lengths of the mass triangle and their
respective momenta. When these coordinates are appropriately
chosen,7,12,19 the evolution of the orientation can be interpreted as
summing the solid angles resulting from the projection of trajecto-
ries from a three-dimensional shape space onto a normalized section
of it called the shape sphere. The theoretical study of the statis-
tics of the angular variable is made difficult both by the projection
from three dimensions to the surface of the shape sphere and by the
non-trivial geometric structure of this surface.

In this work, we propose and study a variant of this system
whose shape space has reduced dimensionality, requires no further
projection, and is naturally planar. Consequently, the corresponding
geometric phase can be reduced to an area integral of planar ran-
dom walks, which has been extensively studied20–24 and be subject
to further analysis. An additional advantage of the lower dimen-
sionality is the ability to efficiently construct Poincaré sections.
These allow us to further study the structure of phase space as the
energy is increased and visualize the gradual destruction of reg-
ular regions, along with the growth of chaotic regions overtaking
increasing portions of phase space.

For isolated chaotic Hamiltonian systems, we expect the phase
space variables to always be bounded, constrained by the total energy
of the system from obtaining arbitrarily large values. Consequently,
the statistics displayed by non-holonimically constrained variables
in the chaotic regime are expected to follow the diffusive behavior
described here and explained through the appropriately bounded
path integrals.25

II. A TOY MODEL

The toy model consists of a triangular shaped system com-
prised of two identical masses m connected to each other and to a
frictionless hinge with two harmonic springs and one rigid rod, as
depicted in Fig. 1. The hinge is fixed at the origin of an inertial frame
and joins one of the masses with a rigid rod and the other mass
with a harmonic spring. A second spring connects the two masses
to each other. The entire system is constrained to move in the two-
dimensional (2D) plane. The rod is free to rotate about its hinge but
conserves it length, while the springs are also free to rotate, yet can
also change their length.

We take the rod’s length to be fixed and equal to b. The springs
are assumed to have the identical rest lengths L and spring constants
k1 = k2 = k, as indicated in Fig. 1. This defines m, k1, k2, L, and b to
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FIG. 1. The system is made of two equal masses, two springs and a massless
rod. The springs have the same rest length L, with spring constants, k1 and k2,
respectively. The rod has a fixed length b and connects, along with the spring with
constant k1, to a hinge. The system has a triangular shape, characterized by the
dynamical angle θ and the length a. The configuration of the system is defined
with respect to the inertial frame with origin at the hinge and the orientation is
measured by angle φ in the figure.

be the set of constant parameters describing the system. The posi-
tions of the two masses in the plane yield four degrees of freedom.
The fixed length of the rod reduces these to only three degrees of
freedom. At each instance of time, the exact triangular shape can
be specified by knowing the internal angle between the rod and the
spring k1, θ(t), and the dynamical length of that spring, which we
denote by a(t) (see Fig. 1). Thus, the set (a, θ) constitutes the set of
shape variables, uniquely defining the shape of the triangle. To fully
describe the system, we supplement these variables with one orien-
tation variable φ that determines the orientation of the system in
space by prescribing the angle the k1 spring forms with the x axis
(see Fig. 1).

At each instant of time, the dynamical state of the system is
then fully specified by the shape and orientational variables, i.e., the
set (a, θ , φ). We note that choosing to measure the orientation with
respect to the inertial frame’s x axis is a gauge choice. This makes the
value of the orientational variable φ(t) gauge dependent. Neverthe-
less, any changes in orientation measured between equally shaped
configurations of the system yield the same difference in orienta-
tion, regardless of our particular gauge choice. This ambiguity in
prescribing the orientation naturally leads to a gauge structure over
the space of shapes.5,7,8 In what follows, we adopt the equivalent, but
somewhat simpler formulation of the rotation as a geometric phase.

A. The geometric phase

Writing the Lagrangian with respect to the variables a, θ , and φ

yields

L =
m

2

(

ȧ2 + (a + L)2φ̇2 + b2(θ̇ + φ̇)
2
)

+ V12(a) + V23(a, θ).

(1)

The spring potentials V12(a) and V23(a, θ) are given by

V23(a, θ) =
k2

2

(

√

b2 + (L + a)2 − 2b(L + a) cos(θ) − L
)2

,

V12(a) =
k1

2

(

|a + L| − L
)2

.

(2)

The system conserves angular momentum (Lz), as can be easily
proved by observing that φ is a cyclic coordinate in the Lagrangian.
Expressing the conserved angular momentum in terms of φ̇ and θ̇

results in an equation that restricts the co-variation of these vari-
ables. In what follows, we will further restrict our attention to the
class of systems of vanishing angular momentum, which yield the
following relation between rotations and shape deformations:

Lz = 0 ⇔ φ̇ = −
b2

b2 + (L + a)2
θ̇

=⇒ 1φ = −
∫

b2

b2 + (a + L)2
dθ . (3)

It is clear from Eq. (3) that 1φ depends on the path followed in
shape space, yet it is independent of the time parameterization, thus
rendering it a geometric phase.5 When 1φ represents the change in
orientation between two configurations that have the same shape,
the path integrated in Eq. (3) forms a closed loop in shape space.
In that case, Stokes’ theorem allows us to write

1φ =
∫∫

2(a + L)b2

(

(a + L)2 + b2
)2

dadθ . (4)

We note that under the transformation

ã = −b2/
(

b2 + (a + L)2
)

, θ̃ = θ ,

the equation for the change in orientation takes the form

1φ =
∫∫

dãdθ̃ ,

i.e., the phase 1φ accumulated by a cyclic deformation is given with

the area enclosed by the corresponding path in the (ã, θ̃ ) plane. This
interpretation will become important later on, when studying the

angular mean square displacement 〈
(

φ(T) − φ(0)
)2〉, by means of

the loop area statistics.

B. The reduced Hamiltonian and its dynamics

The Hamiltonian of the system in Fig. 1 associated with the
Lagrangian (1) is given by

H=
1

2m

(

p2
a +

p2
θ

b2
+

(pθ − pφ)2

(L + a)2
+

pθpφ

(L + a)2

)

+ V12(a) + V23(a, θ),

(5)

with V12(a) and V23(a, θ) given as in Eq. (2) and pa, pθ , and pφ repre-
senting the conjugate momenta of the length a, the dynamical angle
θ , and the orientation angle φ, respectively. It is clear that pφ is a
conserved quantity, which is nothing more than the conservation
of angular momentum Lz. Using Eq. (3), the Hamiltonian can be
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re-written solely in terms of the shape variables (a, θ) (and the cor-
responding conjugate momenta). For the case of vanishing angular
momentum, the Hamiltonian reads

Hred =
1

2m

(

p2
a +

p2
θ

f(a)

)

+ V12(a) + V23(a, θ), (6)

with f(a) ≡ b2(L+a)2

b2+(L+a)2
. We refer to this as the reduced Hamiltonian.26

The reduced Hamiltonian is autonomous and, thus, conserves
energy, reducing its four-dimensional dynamical phase space
(a, θ , pa, pθ ) to three dimensions. While the springs’ potentials are
harmonic, the geometric non-linearities in the system suffice to
generate chaos, assuring no other integrals of motion exist27,28 (see
Appendix A). We note that chaos in three dynamical dimensions is
qualitatively different compared with chaos in higher dimensions, as
will be evident soon when visualizing the Poincaré sections.

Choosing the system’s parameters to read m = 1, k1 = k2

= k = 1, and L = b = 1, a natural reference energy scale emerges
Ec = 1

2
kL2 = 1

2
. This is the energy required to simultaneously super-

impose the two masses to a single point and collapse the triangle
into a straight line (or equivalently, the energy required to induce
a 100% strain in the spring k2). Collinear configurations can be
reached whenever θ = 0 or θ = ±π . With the previous choice
of parameters, the minimal energy E required to reach collinear-

ity is Ecol = kL2

4
= 1

4
. Considering energy values smaller than Ecol,

the three mass triangles cannot undergo orientation reversals. For
energy values much smaller than Ecol, the system’s Hamiltonian
may be expanded about the equilibrium equilateral configuration
(amin = 0, θmin = π/3), and the obtained quasiperiodic motion is
associated with two non-commensurate frequencies. We note that
the system’s parameters may be fine-tuned to yield resonance, yet
this is not the generic case.

Figure 2 shows a few Poincaré sections corresponding to dif-
ferent energies and assuming our particular choice of parameters.
The sections are defined as plane θ = 1, supplemented by a posi-
tive value of pθ . This makes (a, pa) the coordinate system for any
of the sections. Each figure is built from a set of initial conditions
belonging to the desired section, i.e., they are represented by the

vector (a(0), p(0)
a , 1, p(0)

θ ), with p(0)
θ > 0. In particular, the values of

(a(0), p(0)
a ) were chosen at random, while p(0)

θ was determined by the
condition that the system has the chosen energy value E. Given then
the set of initial conditions, the equations of motion were solved
numerically using an explicit, symplectic time-reversible second-
order integrator29 and were evaluated for a long time (up to ∼106

typical oscillation times). We note that while the Hamiltonian we
treat is non-separable, the hierarchical structure of its kinetic term
allows us to use an integrator developed to solve many-body systems
in uniformly curved spaces.29

Whenever the trajectories returned to the plane θ = 1 with
pθ > 0, the corresponding values (a, pa) were recorded. Thus, each
point in Fig. 2 represents one of such intersections. All figures were
generated from a set of 200 initial conditions.

At low energies, almost all of the phase space is foliated by tori
representing quasiperiodic trajectories, with no exceptions visible.
As each trajectory is restricted to a torus, its crossings of the Poincaré
section form filamentous structures. As the energy increases, as pre-
dicted by Koimogorov-Arnol’d-Moser (KAM) theorem, the most

unstable tori are destroyed and trajectories that occupied these
tori and their immediate vicinity are no longer restricted to evolve
quasiperiodically along the surface of the tori. Consequently, the
crossings of the Poincaré section of a single trajectory occupy a finite
area, rather than concentrate along a line. These chaotic regimes are
clearly visible already in Fig. 2(c). Note that the effective dynamical
phase space of the system is three-dimensional and is well known
in three dimensions tori separate space; i.e., two chaotic domains
bounded by invariant tori remain disconnected until all separating
tori are destroyed. This is clearly visible in Figs. 2(d) and 2(e) where
some chaotic domains grow and merge, while others, separated by
invariant tori, remain disjoint.

C. Calculating the angular mean squared

displacement in the chaotic regime using loop

statistics

We now examine the angular mean squared displacement

(MSD),
〈(

φ(T) − φ(0)
)2〉

, in the region where the chaotic behav-
ior prevails. We seek to characterize the statistical behavior of the
MSD and provide an analytical approach that recovers the observed
statistics. The mean square displacement is a commonly used statis-
tical quantity to study diffusion.13,30 For Brownian-like motion, the
MSD grows linearly with time, while a non-linear time dependence
indicates the presence of anomalous diffusion and the departure
from an underlying Gaussian process.13,30 Therefore, to investigate
whether the orientation variable φ is capable of random rotations,
it makes sense to examine the behavior of its angular mean square
displacement. We do so in Secs. II C 1 and II C 2.

1. Numerical analysis of the angular mean squared

displacement

The non-holonomically constrained orientational variable φ,
as defined above, can be directly measured as the system evolves in
time. As the evolution of φ depends on the cumulative sequence of
shape deformations undergone by the system, it provides a sensi-
tive tool for assessing temporal correlations in the system’s internal
dynamics and is capable of manifesting exotic power laws.13,14 Note,
however, that different choices can be made to measure the orienta-
tion of the system. Moreover, the equations that relate the temporal
evolution of the orientation of the system to the dynamics of its
internal independent degrees of freedom would be different for dif-
ferent choices of the orientation variable. This gauge freedom is
not unique to the system at hand and plagues all non-holonomic
systems.5,13 While, in general, two distinct states of the system would
be associated with different amounts of rotations by different gauge
choices, in some cases, all gauge choices must agree. Examining the
rotation of the system, resulting from a cyclic deformation that starts
and ends at the same state of the internal independent variables,
leads to such a gauge independent amount of rotation. The existence
of such gauge independent measurements allows deducing general
conclusions by examining the behavior of particular gauge choices.
In what follows, we will discuss solely the temporal evolution of φ as
described above.

In Fig. 3, we show the numerical evaluation of the angular
MSD, 〈1φ2(T)〉 for the fixed set of parameters {m, k, b, L} as noted
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FIG. 2. Poincaré sections for various energies E, with the system’s parameters chosen to be m = 1, k1 = k2 = k = 1, and L = b = 1. (a) E = 0.014 132 8, (b) E = 0.1,
(c) E = 0.16, (d) E = 0.18, (e) E = 0.21, (f) E = 0.23, (g) E = 0.25, (h) E = 0.26, (i) E = 0.27, (j) E = 0.28, (k) E = 0.29, and (l) E = 0.3.
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FIG. 3. Angular mean square displacement (MSD) vs time, T , represented in
a log–log plot. The displayed MSD was constructed according to Eq. (7), using
an ensemble of 100 initial conditions (ICs), all with the same energy E = 0.3.
The green dotted lines serve as a guide to the eye, indicating the best fit exponent
for the power law 〈1φ2(T)〉 ∝ Tα . The linear trend occurs when T is well above
the typical oscillation time (T ∼ 1), while for T < 1, we obtain 〈1φ2(T)〉 ∝ T2.

above, at an energy value of E = 0.3. The angular MSD is calculated
through the following average procedure:13

〈1φ2(T)〉 =
1

pv

p
∑

i=1

v
∑

m=1

(

φi,m(T) − φi,m(0)
)2

. (7)

The sum over p runs over different initial conditions, each sliced
temporally to v different time domains. More precisely,

φi,m(T) = φi(T + (m − 1)τ ),

where φi is the trajectory that starts from the ith initial condition and
is integrated until tmax = 107. A total of 122 initial conditions were
randomly generated. This procedure relied on sampling the values
of a(0), p(0)

a , θ (0), and φ(0) at random, from a uniform distribution,
with a(0) and p(0)

a sampled over the interval [−0.8, 0.8[, while θ (0)

and φ(0) were drawn from the interval [−π , π[. The choice for p(0)
θ

was fixed accordingly to guarantee that the generated set of phase
space coordinates corresponded to the desired energy (E = 0.3). Out
of the 122 initial conditions, four gave rise to regular trajectories and
were excluded from the set. From the remaining 118 trajectories, the
first 100 were selected to define our energy ensemble. Each trajectory
was then split temporally to v = tmax

τ
different slices, within each

T ∈ [0, τ ]. The choice for τ was set to τ = 104. Viewing each tem-
poral slice as a different trajectory, the total number of trajectories
collected in the double sum, Eq. (7), is then pv = 102 × 103 = 105.
Figure 3 shows the angular MSD for the energy ensemble E = 0.3.
The numerical integration is carried out using a time-reversible,
second-order, symplectic solver with a constant time step of
1t = 0.01.29

Initially, the numerically evaluated angular MSD shows ballis-
tic propagation, i.e., 〈1φ2(T)〉 ∝ T2 (see Fig. 6). This quadratic

growth with time persists until about T ∼ 1, which is the typical
oscillation time in the system. For times T � 1, the evolution of
the angular MSD slows down and is well described by the rela-
tion 〈1φ2(T)〉 = 2DT, with D ≈ 0.139. This linear temporal evo-
lution of the MSD was also observed for other energies, namely,
0.27 ≤ E ≤ 0.31 (see Appendix B). The best fitting curves, for both
T < 1 and T � 1, can be found in Appendix B. We next come
to discuss the ballistic initial evolution as well as the late time
Brownian-like evolution of the angular MSD in the context of the
statistical behavior of enclosed areas, traced by Brownian paths.

2. Calculating the angular mean squared

displacement through loop statistics of planar

Brownian paths

Recall that the geometric phase can be identified with the area
enclosed by the path traced in the planar reparameterized shape
space. Consequently, the statistical temporal behavior of the MSD
should follow that of the corresponding areas enclosed by the paths.
We note that the persisting island of regular trajectories in phase
space imply that even for the chaotic trajectories, some correlations
may persist. This is particularly noticeable in systems of low dimen-
sionality as the one considered here. Higher moment calculations
indeed show some deviations from the predicted statistics for a true
uncorrelated Brownian path (see Appendix B). Nonetheless, as most
of the trajectories for E = 0.3 show a positive Lyapunov exponent
(see Fig. 4) and a linear variance, we next come to approximate them
as Wiener processes, bearing in mind that some deviations are to be
expected due to the underlying long time correlations in the physical
trajectories.

Assuming that the phase space trajectories are Brownian
curves, then the problem has a well known solution. The prob-
ability distribution of the area enclosed by a planar Brownian
curve was first studied by Paul Lévy20 and by now has appeared
in the description of a variety of seemingly different physical
systems,21,22,31–33 where the result is often re-derived using the path
integral formulation.22–24,33,34 For closed Brownian paths, the proba-
bility distribution for the enclosed algebraic area reads25

P(A) =
π

T cosh2
(2πA/T)

. (8)

The probability distribution allows the straightforward calcula-
tion of the area second-order moment, 〈A2〉, which yields a result
that is proportional to T2. The direct link between 〈A2〉 and the
angular MSD would lead us to conclude that the time dependence
of the angular MSD should always be proportional to T2, in contra-
diction with our numerical results. This discrepancy arises from a
fundamental difference between the trajectories traced by our sys-
tem in phase space and those generated by a naïve planar random
walk. In the latter, as time progresses, loops grow in size indefinitely.
This gives rise to Lévy’s original result. However, in our system, the
motion in phase space is subjected to a restoring potential and, thus,
at a given energy level, only loops of finite maximal distance from
the origin can be obtained. We, thus, need to analyze what effects are
introduced in the temporal behavior of 〈A2〉 by a confining potential.

The path traced by a particle undergoing Brownian motion
produces a Brownian curve. In order to take into account the effect
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introduced by a confining potential, we consider that this particle
moves in the external field of an isotropic quadratic potential. While
the quadratic potential we use is much simpler than the one that
enters the Hamiltonian in Eq. (6), it similarly serves to confine the
motion in phase space, and preclude, for a given energy scale, loops
of arbitrarily large area.

If instead of moving freely, the particle moves in the external
field of a quadratic potential, the probability of tracing a closed loop,
that starts and ends at r0, after a time τ = T can be written as the
path integral (in the large friction limit),35

P(r0, T) =
∫ r(T)=r0

r(0)=r0

d[r(τ )] e−S , (9)

where

S =
∫ T

0

dτ

[

1

4D

(

dr

dτ

)2

+ V(r)

]

and

V(r) =
F2

4f 2D
+

∇ · F

2f
= −

α

f
+

α2

4Df 2

(

x2 + y2
)

.

The coefficients f and D are, respectively, the friction and the dif-
fusion coefficients associated to the Brownian trajectory, and F
is the force field generated by the isotropic quadratic potential,
i.e., F = −α r. Thus, α can be seen as the spring constant of the
corresponding harmonic potential.

Our task is to determine the second-order moment 〈A2〉. In
probability theory, the characteristic function, CA(B), not only com-
pletely defines the corresponding probability distribution function
but also allows for the direct computation of any of the nth order
statistical moments through the relation36

〈An〉 = (−i)n ∂n

∂Bn
CA(0),

whenever these are finite. Thus, to obtain 〈A2〉, it suffices to derive
the characteristic function CA(B). By definition, CA(B) = 〈eiBA〉,
where A is a functional of the underlying Brownian paths and the
expectation value is evaluated over Brownian trajectories.23,25,33,34

The algebraic area enclosed by the path depends on the particle’s
trajectory through the integral,

A =
1

2

∮

(x dy − y dx) =
1

2

∮ (

x
dy

dτ
− y

dx

dτ

)

dτ . (10)

The above formulas employ the symmetric gauge for the vector
potential associated with the area elements. For closed trajectories,
A will necessarily be gauge independent, while for open trajectories,
different gauges can give rise to different results for A. However, as
we show in Appendix C, the angular MSD’s diffusive behavior in the
limit T � 1 is also present for open paths.

For the time being, B is a real-valued parameter with units
of (length)

−2, whose interpretation will become clear later on. The
characteristic function, then, reads as the normalized average of the
path functional eiBA, over all possible closed Brownian paths defined

through Eq. (9), namely,

CA(B) =
∫

dr0

∫ r(T)=r0

r(0)=r0
d[r(τ )] eiBA e−S(τ )

∫

dr0

∫ r(T)=r0

r(0)=r0
d[r(τ )] e−S(τ )

=
∫

dr0

∫ r(T)=r0

r(0)=r0
d[r(τ )] e−S̃(τ )

∫

dr0

∫ r(T)=r0

r(0)=r0
d[r(τ )] e−S(τ )

, (11)

with S and S̃ given by

S =
∫ T

0

dτL, L =
1

4D

(

dr

dτ

)2

−
α

f
+

α2

4Df 2
(x2 + y2),

S̃ =
∫ T

0

dτ L̃, L̃ = L + i
B

2

(

x
dy

dτ
− y

dx

dτ

)

.

(12)

The resulting path integrals in Eq. (11) share close resemblance with
the quantum mechanical path integrals for a harmonically bounded
charged particle in a uniform magnetic field (in the numerator),
and for the isotropic harmonic oscillator (in the denominator),
under the transformation to imaginary time (t = −i~β). This trans-
formation is the typical approach used in relating the quantum
mechanical propagator to the corresponding density matrix in sta-
tistical physics.37,38 The density matrices for a harmonically bounded
charged particle, subjected to a uniform magnetic field, and for the
isotropic harmonic oscillator are given by

ρHO(r, r0, β) =
∫ r(~β)=r

r(0)=r0

d[r(τ )] e− 1
~

SHO(r(τ )),

with SHO(r(τ )) =
∫

~β

0

dτ

{

m

2

(

dr

dτ

)2

+
m

2
�2r2

}

.

(13)

ρB(r, r0, β) =
∫ r(~β)=r

r(0)=r0

d[r(τ )] e− 1
~

SB(r(τ )),

with SB(r(τ )) =
∫

~β

0

dτ

{

m

2

(

dr

dτ

)2

+
m

2
�2r2

− imw

(

x
dy

dτ
− y

dx

dτ

)

}

.

Neglecting for a moment the constant term α/f in Eq. (12), we can
recover the remaining terms in Eq. (12) from Eq. (13) by setting

m =
~

2D
, � =

α

f
, w = −BD, T = ~β . (14)

The term (−α)/f corresponds to adding a constant term to the
potential and, consequently, its effect is to shift all energy eigen-
values by a constant factor. Therefore, it changes the propagator
by multiplying it by an overall constant phase factor. This constant
shift in the energies will be the same for both propagators and, thus,
the extra phase factor drops out when considering their ratio in
Eq. (11). Furthermore, since CA(B) is only evaluated for closed paths,
the analogy with the density matrices in Eq. (13) tells us that the
characteristic function we seek is given by the ratio of the partition
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functions ZB/ZHO. These are well known,37,38 which allow us to write

CA(B) =
ZB(T)

ZHO(T)
=

∫

dr0 ρB(r0, r0, T)
∫

dr0 ρHO(r0, r0, T)

=
sinh2

(

T�

2

)

sinh
(

Tw1(B)

2

)

sinh
(

Tw2(B)

2

) , (15)

with wj(B) = (−1)j BD +
√

B2D2 + �2 and j = {1, 2}. It then fol-
lows that the area second moment 〈A2〉 is given by

〈A2〉 = D
2 Tf

α

(

sinh(Tα/f) − Tα/f

cosh(Tα/f) − 1

)

. (16)

We then have all the required information to analyze how
〈

A2
〉

behaves as a function of time, in particular, in the small (T � 1) and
large time (T � 1) limits. For the small time limit, we may expand
the hyperbolic functions in Taylor series and retain only the lowest
order terms. This allows us to conclude that

〈A2〉|T�1 →
1

3
D

2T2, (17)

which agrees with the quadratic behavior predicted by Lévy.20

Indeed, for short times, the particle does not yet feel the confinement
that arises from its finite energy. However, for longer time scales,
Eq. (16) reduces to

〈A2〉|T�1 →
D2f

α
T, (18)

predicting a linear dependence on time. Both of these limits are in
qualitative agreement with the numeric results for the MSD in Figs. 3
and 6. Note that while 〈A2〉 has units of (length)

4, the angular MSD
computed in Eq. (7) is dimensionless. The diffusion coefficient asso-
ciated with the large time behavior of 〈φ2(T)〉 in Fig. 3 should then
be interpreted as the effective diffusion coefficient emerging from
the underlying Brownian paths and not the diffusion coefficient D
of the phase space trajectories themselves. Additionally, while for
a given energy value the actual phase space trajectories of our sys-
tem are strictly bound and cannot pass through points arbitrarily far
from the origin, the calculated paths that contribute to Eq. (15) have
an exponentially small, yet finite, probability of visiting such points.
One could argue that instead of using an external quadratic poten-
tial, the Brownian particle should be confined to a finite region by
applying an infinite potential at the boundaries. Following a per-
turbative approach, the corresponding statistics was calculated in
Ref. 25 recovering the linear long time behavior described above.
This suggests that the observed long time behavior of 〈A2〉 is, indeed,
a result of paths being traced over a bounded region, rather than
an effect induced by the microscopic details of the bounding poten-
tial. On the other hand, the short time limit can be understood as
the result of the particle having mostly the chance of covering small
areas and, therefore, the existence of a bounded region does not play
a significant role there. For this reason, the statistics of the enclosed
area in this limit should not depart too much from Lévy’s result, as
is evident by Eq. (17).

Thus, we expect that, whenever Brownian paths are traced over
a bounded region, regardless of the type of the confining poten-
tial used, 〈A2〉 will grow linearly with time, when probed over long

enough time scales. Since the angular MSD has a direct relation with
the path enclosed area, this result has immediate consequences for
the behavior of the angular MSD, when the Hamiltonian dynamics
becomes chaotic.

III. SUMMARY

The three degrees of freedom describing the toy model pre-
sented here can be separated into two groups: two shape variables
that uniquely determine the conformation of the system and one
additional variable that determines the system’s orientation in space.
The conservation of angular momentum yields a non-holonomic
constraint for the angular variable, relating its evolution to the his-
tory of shape deformations. Such deformation-induced-rotations
have been discussed in the context of the cat righting maneuver,7

rotations induced by molecular vibrations,39 and various three mass
systems.8,11–13 The shape-spaces in these systems are defined as quo-
tient spaces identifying all configurations of the systems that dif-
fer by rigid motions with each other. A cyclic sequence of shape
deformations corresponds to a closed path in shape space, and
the reorientation associated with it, in the case of two-dimensional
Hamiltonians that take the form of a geometric phase,

1φ =
∫∫

f
(

x1, x2
)

dx1dx2.

It is straightforward to show that one could always find a system of
coordinates for shape space (x̃1, x̃2) on some small neighborhood of
any given point with respect to which the integral above assumes the
form of a Cartesian area element,40

1φ =
∫∫

dx̃1dx̃2.

Moser41 demonstrated that this could be done globally. Thus, focus-
ing on the evolution of a single phase, it suffices to study the behavior
of planar paths, as done in the present work.

In all the systems described above displaying deformation-
induced-rotations, the orientation of the systems can be directly
measured by an observer. However, as the orientation depends on
the full history of areas enclosed by the path in shape space, it is
highly sensitive to correlations in the system’s dynamics. Such cor-
relations, for example, were shown to lead to fractional statistics and
super-diffusion in the harmonic three mass system.13,14 Even when
these temporal correlations in the system’s shape dynamics are lost,
as is the case of developed chaos, the statistical moments of the geo-
metric phase carry information on the structure and boundedness
of these trajectories, as seen here.

By interpreting the geometric phase as the path enclosed area,
in a suitable shape space, we benefit from Lévy’s seemingly unre-
lated study of areas traced by closed Brownian paths. We have seen
that the direct application of Lévy’s area law leads to a squared
angular displacement that grows quadratically in time. We identi-
fied the source for the seeming ballistic rotation with the unbounded
increase of the typical area element with time. This behavior is only
followed in the initial stages of evolution in our system. After a finite
time, we observe that the squared angular displacement follows a
linear scaling with time associated with the saturation of the magni-
tude of the typical area element to a finite average value. This should
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always be the case for systems whose phase space trajectories explore
only a bounded region in phase space. In our case, the restoring elas-
tic potential bounds the possible strains for any given total energy.
We approximated this confinement by considering a random walker
subjected to a harmonic potential centered at the origin. This ren-
ders far excursions in phase space exponentially improbable and
restores the diffusive scaling for the evolution of the orientation.
Replacing the restoring harmonic elastic potential with an infinite
potential well also recovered the diffusive behavior.25 We expect the
resulting statistics to not depend on the details for the confining
potential, provided that it is relatively isotropic, convex, and strong
enough to preclude that arbitrary far excursions form the origin.
We believe that the mechanism presented here may be responsi-
ble for the diffusive-like statistics of non-holonomically constrained
variables in a wide variety of chaotic Hamiltonian systems.
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APPENDIX A: LARGEST LYAPUNOV EXPONENT

The dynamics of the triangular shaped system with two identi-
cal masses m was described via the reduced Hamiltonian in Eq. (6).
To study the qualitative behavior of the resulting trajectories, we
obtained the Poincaré sections for different energy values (E) of the
system and for the set of fixed parameters m = 1, k1 = k2 = 1, and
b = L = 1. The corresponding Poincaré section at E = 0.3 showed a
collection of randomly scattered points covering a finite area in the
plane (a, pa), a result consistent with the presence of chaotic dynam-
ics. This supported our claim that our system exhibits both regular
and chaotic dynamical regimes. To further corroborate this obser-
vation, we numerically obtained the largest Lyapunov exponent as
a function of the system’s energy E (see Fig. 4) for different ini-
tial conditions. The Lyapunov exponents measure the rate at which
initially the close-by trajectories diverge from one another along dif-
ferent directions, as time progresses.42,43 The symplectic structure of

FIG. 4. Estimate of the largest Lyapunov exponent for the system described in
the main text, as a function of its energy. The data points were obtained by running
the code 12 times, with random initial conditions that match the correspond-
ing energy, and by tacking the energy to be incremented in steps 1E = 0.001.
At E = 0.3, the largest Lyapunov exponent assumes its largest positive value,
within this energy range.

autonomous Hamiltonian systems gives rise to a set of Lyapunov
exponents that come in pairs of opposite signs, and thus their sum
is constrained to be zero.42 For regular motion, initially, the tra-
jectories remain nearby, and so all the Lyapunov exponents are
zero. In contrast, chaotic motion gives rise to at least one direc-
tion for which the initially close-by trajectories will exponentially
diverge in time, implying at least one positive Lyapunov exponent.
Thus, a commonly used method to evaluate the presence of chaotic
motion is to numerically probe when the largest Lyapunov exponent
is positive.42,44

The numerical computation of the largest Lyapunov expo-
nent was based on the standard method described in Refs. 44, 42,
and 45, which requires solving, simultaneously, both the equations
of motion and the variational equations (i.e., the linearized ver-
sions of the equations of motion). The resulting system of coupled
equations was solved using a second-order symplectic integrator.29

In Fig. 4, the energy domain was restricted to the interval E
∈ [0.014, 0.3] and sampled in steps 1E = 0.001. Note that the choice
of energy domain coincides with the energy range at which the
Poincaré sections were studied. For each energy value, a randomly
chosen initial condition was generated. A random sampling of the
initial conditions was performed in the same fashion as the method
described for the Poincaré sections. In particular, the initial values
of a(0) and p(0)

a were chosen uniformly at random, while θ (0) was

set to one and p(0)
θ was determined by the condition that the system

has the chosen energy E. The choice θ (0) = 1 was made so that we
may relate the behavior of the largest Lyapunov exponent as a func-
tion of energy with the patterns obtained in the Poincaré sections in
Fig. 2. This process yields one value of the largest Lyapunov expo-
nent per energy. However, to better identify trends, for each energy

Chaos 35, 063121 (2025); doi: 10.1063/5.0271479 35, 063121-9

Published under an exclusive license by AIP Publishing

 25 N
ovem

ber 2025 15:31:20

https://pubs.aip.org/aip/cha


Chaos ARTICLE pubs.aip.org/aip/cha

value, the evaluation of the largest Lyapunov exponent was repeated
12 times, each time randomly selecting a different initial condition
as described above. For this reason, for the same energy, Fig. 4 con-
tains several values of the largest Lyapunov exponent. The reason for
repeating this process lies in the mixed phase space of the system.
We see from Fig. 2 that even at E = 0.3, regular islands remain vis-
ible. While the measure in phase space occupied by regular islands
diminishes considerably as a function of energy, their presence man-
ifests in the growth of the largest Lyapunov exponent. On the one
hand, we may randomly select an initial condition leading to a reg-
ular trajectory, in which case the largest Lyapunov will be zero. At
the same time, while the definition of the largest Lyapunov expo-
nent involves taking the infinite time limit, in practice, its numerical
evaluation will always be performed at finite time44 (here, up to ∼107

typical oscillation times). This poses challenges for mixed Hamil-
tonian systems because when trajectories approach regular islands,
they can remain in their vicinity for a finite, yet arbitrarily long time.
During this period, trajectories will appear regular, until escaping
back into the chaotic sea. This phenomenon is known as stickiness
and is known to decrease the value and slow the convergence of
the largest Lyapunov exponent to its infinite time limit.46 We note
from Fig. 2 that regular islands occupy a non-negligible portion of
the sections, even at E = 0.25. It is then not surprising that, within
the energy range ]0.15, 0.25[, we find that some initial conditions
yield very small values for the largest Lyapunov exponent, despite
some other initial conditions providing a clear non-zero value for
the largest Lyapunov exponent. Nevertheless, the portion of the ini-
tial conditions yielding vanishing Lyapunov exponents diminishes
after E = 0.25, which is consistent both with Figs. 2 and 5.

In Fig. 4, we see that the first instances where the largest Lya-
punov exponent becomes positive start around E ∼ 0.15. Addition-
ally, its value tends to increase with energy within the energy range
examined. In particular, the exponent attains its maximum value of
0.14 at energy E = 0.3 for which the chaotic Poincaré section was
obtained.

Hence, Fig. 4 shows a clear trend: in the low energy regime, the
largest Lyapunov exponent tends to zero, implying regular dynam-
ics, while for the larger energy values, the same Lyapunov exponent
is predominantly positive, indicative of chaotic trajectories. The
behavior of the largest Lyapunov exponent in Fig. 4 agrees with the
expected behavior for mixed chaotic systems and is in agreement
with the characteristic behavior that emerged from the Poincaré
sections for the selected few energy values examined.

In the vicinity of E ∼ 0.15, where the first positive Lyapunov
exponents appear, most of the trajectories examined exhibited reg-
ular behavior. As the energy increased, the fraction of regular
trajectories decreased, until for high energy, almost all initial con-
ditions yield chaotic trajectories. To further examine this transition,
we computed the probability of finding a regular trajectory for
each energy value (see Fig. 5). For this aim, we divided the energy
interval E ∈ [0.014, 0.3] into N = 22 different subintervals, which
we call energy shells. Each energy shell, 1En, is defined as the
energy interval 1En = [E0 + 1E(n − 1)imax, E0 + 1E(n imax − 1)],
with E0 = 0.014, 1E = 0.001, n = {1, 2, . . . , N} and imax = 13 (the
total number of distinct energy values in each 1En). For a given
1En, we compute what proportion of the corresponding trajecto-
ries can be classified as regular. Each energy shell includes 13 distinct

FIG. 5. Probability of finding a regular trajectory (PRegular) in a given energy

shell (1En). The horizontal axis E represents the average energy value asso-
ciated to each energy shell 1En. Note that there are, in total, 22 distinct 1En.
An energy shell is defined as the energy interval: 1En = [E0 + 1E(n − 1)imax,
E0 + 1E(n imax − 1)], with E0 = 0.014, 1E = 0.001, and imax = 13. In the
figure, the blue dots represent our estimate of PRegular. The orange curve is

the logistic function (1 + eβ(Ē−µ))
−1
, evaluated for the best fit parameters:

β ' 54.56 and µ ' 0.18.

energy values, for each of which 12 initial conditions were examined.
Figure 5 displays the fraction of the 12 × 13 data points for each
energy shell that produce a vanishing largest Lyapunov exponent,
indicative of regular dynamics.

The classification of the dynamics as regular occurs when
the largest Lyapunov exponent is effectively zero. More precisely,
numerical evaluation of the largest Lyapunov exponent provides
only an estimate, and even the numerical computation of the Lya-
punov exponents for genuine integrable systems can render non-
zero values, albeit always small.47 Thus, we need to set an upper
limit to the value of the largest Lyapunov exponent, above which we
no longer deem the dynamics regular. All values below this upper
limit are considered effectively zero, and the dynamics is said to
be regular. Hence, whenever the Lyapunov exponent was < 0.001,
the dynamics was classified as regular. Even though the threshold
value of 0.001 is somewhat arbitrary, we note that it is still reason-
ably small and 2 orders of magnitude smaller, as compared to the
maximum value attained by the largest Lyapunov exponent over the
energy range E ∈ [0.014, 0.3].

In Fig. 5, we show the probability of finding a regular trajec-
tory for each energy shell 1En as a function of the average energy in
the shell. The blue dots represent the obtained probability, while the

orange curve is given by the logistic function
(

1 + eβ(1Ē−µ)
)−1

with
β ≈ 57.56 and µ ≈ 0.18. The value of the logistic function parame-
ters, β and µ, was fixed at the best fit found for the numerical data
(blue dots). The fit was attained using Python’s open-source scien-
tific computing library Scipy, namely, the built-in function curve_fit.
Parameter β controls the steepness of the orange curve: the higher it
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is, the faster the probability decays toward zero. On the other hand,
the value of µ defines for which energy shell 1En the probability
PRegular becomes exactly 1/2. The obtained value for µ indicates that
PRegular would be 1/2 in an energy shell, whose average energy value
would be around 0.18. Indeed, in Fig. 4, the rise of the largest Lya-
punov exponent starts to become apparent around E ∈]0.15; 0.2[, in
agreement with the previous prediction set by the value of µ.

Inspection of Fig. 5 reveals that for low energy, almost all ini-
tial conditions result in regular trajectories, in agreement with the
identification of the non-linear term in the potential energy as the
cause for the loss of integrability. For small enough energies, this
term can be truncated to a finite order in its Taylor series. The
resulting truncated Hamiltonian is integrable, but as the energy
increases, more terms of expansion need to be included. Eventually,
the non-linearities pull the Hamiltonian further and further away
from its integrable low energy limit. In this sense, we may under-
stand these results in the framework of KAM’s theorem, with the
energy functioning, effectively, as the perturbation parameter.13,14 As
the dynamical system is three-dimensional, the tori separate space,
trapping between them the chaotic regions. As a result, Arnold dif-
fusion is suppressed and the deviation of the chaotic trajectories
from their integrable counterparts is bounded. Hence, larger chaotic
domains in phase space are expected to take place only for relatively
high energy values.

APPENDIX B: FITTING THE NUMERICAL ANGULAR

MSD TO A POWER LAW

The angular MSD exhibits two distinct power laws, namely, a
ballistic trend for T < 1 and diffusive behavior for T � 1. These
trends were obtained by fitting the numerical data to the corre-
sponding power laws,

〈

φ2(T)
〉

= c T2 for T < 1,
〈

φ2(T)
〉

= 2D Tα for T � 1.
(B1)

Figures 6 and 7 show the power laws attained for the best fit param-
eters vs the numerical evaluated angular MSD. The best fits were
obtained using Python’s open-source scientific computing library
Scipy, more precisely, its curve_fit function. The same linear trend
was observed for other energies above E = 0.25, for T > 102. In
Fig. 8, we show the angular MSD and the corresponding best fit
for energies E ∈ {0.27, 0.28, 0.29, 0.31}, for T well above the typical
oscillation time (T ≈ 1). Despite the alignment between the grow-
ing chaotic sea observed for the corresponding Poincaré sections
in Fig. 2, alongside with the growth trend of the largest Lyapunov
exponent (Fig. 4) for energies above E = 0.25 and up until around
E = 0.3, as well as the diffusive trend of the angular MSD for T � 1,
the system still retains non-trivial correlations. This can be made
more transparent by evaluating higher order moments. Here, we
restricted ourselves to the computation of the fourth order moment
〈φ4(T)〉, for E = 0.3. The resulting outcome can be found in Fig. 9.
Its computation follows the same strategy as the one introduced for

FIG. 6. When T is small enough, the MSD (blue dots) follows well the power
law 〈1φ2(T)〉 ∝ Tα , with α = 2. The orange line is produced by fitting the
low time limit, T ≤ 1, to the line c T2. The best fit was obtained with c ≈ 0.136.
Each data point (blue dotes) in the figure was obtained using an ensemble of 100
initial conditions (ICs), as described in the main text.

the angular MSD in the main text, i.e.,

〈

1φ4(T)
〉

=
1

pv

p
∑

i=1

v
∑

m=1

(

φi

(

T + (m − 1)τ
)

− φi

(

(m − 1)τ
)

)4

,

(B2)

FIG. 7. The orange line is produced by fitting the angular MSD (blue dots) in
the large time limit, T ∈ [10, 104], to the power law 2D Tα . The best fit was
obtained with D ≈ 0.139 and α ≈ 1. Each data point (blue dotes) in the figure
was obtained using an ensemble of 100 initial conditions (ICs), as described in the
main text. In the main figure, both axes are show in the logarithmic scale. The inset
shows the angular MSD vs best fit, with both axes in linear scale.
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FIG. 8. The orange line in each figure is produced by fitting the angular MSD (blue
dots) in the large time limit, T ∈ [10, 104], to the power law 2D Tα . Each data point
(blue dotes) in the figure was obtained using an ensemble of 100 initial conditions
(ICs), as described in the main text. The fits yield an exponent α close to one,
consistent with the typical power law observed for regular diffusion. In all figures,
both axes are in logarithmic scale.

with p = 100 denoting the total number of equal energy initial
conditions used to produce the trajectories. This set of initial
conditions evolves in time, up until tmax = 107. Each resulting tra-
jectory is then sliced into smaller temporal blocks of length τ = 104.
The total number of blocks is given by v = tmax

τ
= 103. Treating each

FIG. 9. The resulting higher order moment 〈1φ4(T)〉 for E=0.3, as a function of
time T . The dashed lines are given by 12D2Tα , with different values of the expo-
nent α: the gray dashed line corresponds to α = 2, while the black dashed line
has α = 2.3. Around the range T ∈ [50, 3000], the fourth order moment 〈φ4(T)〉
approaches the line with α = 2.3. Only within this range do we get a closer match
with the resulting fourth-order moment for Brownian paths but, even then, the
discrepancy is still evident by the mismatch in α.

block as a new trajectory, the final ensemble consists of a total of
pv = 105 trajectories. If the underlying paths would exactly match
the behavior of Brownian curves, then we would expect the proba-
bility distribution of enclosed areas to converge to Gaussian statistics
in the large time limit.25 Under this assumption, fitting the result-
ing 〈1φ4(T)〉 with the power law c Tα would give rise to 〈1φ4(T)〉
→ 3(2DT)2. Equivalently, from Eq. (15), the computation of the
fourth order moment, in the large time limit, yields

〈

A4
〉

→
T�1

3
D4

�2
T2 = 3

(

〈A2〉T�1

)2
. (B3)

In Fig. 9, only the region where T ∈ [50, 3000] comes closer to
this expectation, with the best fit given by c ≈ 12D2 − 0.0319, but
α ≈ 2.3, instead of α = 2. The discrepancy between 〈1φ4(T)〉 and
its Brownian counterpart implies that the underlying paths do
not map entirely to Brownian curves and, instead, retain some
correlations.

APPENDIX C: CALCULATING THE BEHAVIOR OF
〈

A2
〉

FOR OPEN PATHS

The geometric phase 1φ is a gauge independent quantity only
for closed paths in shape space. From a practical standpoint, how-
ever, numerical evaluation of the angular MSD, 〈1φ2(T)〉, is less
time consuming if the average can be performed without requir-
ing specific demands on the paths. In the numeric evaluation of
the angular MSD, 1φ will always be zero at T = 0. While the MSD
for open paths is independent of the initial orientation φ(0) of the
system, we observe a weak dependence on the initial condition in
shape space. This is because the confining potential breaks the trans-
lational symmetry of the shape space trajectory as a random motion
in free space. Consequently, if the system is initiated at an arbitrary
point in phase space (a distorted conformation containing a lot of
strain), a fast motion, down the gradient of the confining poten-
tial leads to an additive term in the MSD. We can simply avoid this
sensitivity by considering in our calculations paths that start at the
origin, which correspond to the undistorted shape. Note that in the
spring mass system, the total energy of the system strongly limits
the possible strains at the initial condition and, thus, this issue does
not arise. Thus, in our calculations, we now examine what happens
to the area’s second-order moment 〈A2〉 for paths starting at the ori-
gin of a reference frame, but ending at possible distinct points in
space, thus allowing the paths that contribute to the area statistics to
also form open paths.

We again consider that these paths are traced by a Brownian
particle that moves in the external field of a quadratic potential. It
is known that for spatially unbounded Brownian paths, the behav-
ior of 〈A2〉 follows the same T2 scaling predicted by Lévy for both
closed and open paths, with the origin fixed at the starting point.
Their temporal power laws will yet be weighted by different multi-
plicative pre-factors, even if they have the same temporal scaling.48

In what follows, we verify that the same temporal scaling observed
for 〈A2〉 in the main text remains unchanged, even when the closure
of the paths is not enforced.

In order to evaluate 〈A2〉 for open paths, it suffices to con-
struct the characteristic function CA(B) = 〈eiBA〉, where the signed
area A is a functional of the Brownian paths.24,33,34,48,49 Therefore, the
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expectation value 〈eiBA〉 needs to be evaluated as an average over all
Brownian paths,

CA(B) =
∫

dr e
β
2

∫ r
0 F(r′′).dr′′

∫ r(T)=r

r(0)=0
d[r(τ )] eiBAe−S

∫

dr e
β
2

∫ r
0 F(r′′).dr′′

∫ r(T)=r

r(0)=0
d[r(τ )] e−S

, (C1)

where as before

S =
∫ T

0

dτ L0(ṙ, r, τ) =
∫ T

0

dτ

(

ṙ2

4D
−

α

f
+

α2

4Df 2

(

x2 + y2
)

)

,

(C2)

with f and D being the friction and diffusion coefficients associated
to the Brownian trajectories and, α, a positive constant. We note that
in contrast with the main text, the propagators now exhibit an extra
phase factor proportional to the inverse temperature β , namely,

e
β
2

∫ r
r′ F(r′′)·dr′′ .35 For closed paths, this phase factor evaluates to zero,

since the harmonic force under which the Brownian motion occurs
is a conservative force. Its presence remains for open paths. As out-
lined in the main text, a closely related set of propagators are those
representing the density matrix of a harmonically bounded charge
particle, subjected to a constant magnetic field perpendicular to the
plane of motion, ρB, and the density matrix for the two-dimensional
isotropic harmonic oscillator, ρHO,

ρHO(r, r0, β) =
∫ r(~β)=r

r(0)=r0

d[r(τ )] e− 1
~

SHO(r(τ )),

with SHO(r(τ )) =
∫

~β

0

dτ

{

m

2

(

dr

dτ

)2

+
m

2
�2r2

}

.

(C3)

ρB(r, r0, β) =
∫ r(~β)=r

r(0)=r0

d[r(τ )] e− 1
~

SB(r(τ )),

with SB(r(τ )) =
∫

~β

0

dτ

{

m

2

(

dr

dτ

)2

+
m

2
�2r2

− imw

(

x
dy

dτ
− y

dx

dτ

)

}

,

which, using polar coordinates, evaluate to37

ρB(r, r0, β) =
m�̃

2π~ sinh(�̃~β)
exp

(

−g(r, r0)
)

,

ρHO(r, r0, β) = lim
w=0

ρB(r, r0, β),

(C4)

with g(r, r0) =
m�̃

2~ sinh(�̃~β)

(

(

r2 + r2
0

)

cosh(~β�̃)

− 2r0r cos(θ − θ0 + i~βw)

)

and �̃ =
√

�2 + w2.

Maintaining the same gauge choice for the algebraic area as in the
case of closed paths, the term eiBA in Eq. (C1) reads

eiBA = exp

[

i
B

2

∫ T

0

dτ

(

x
dy

dτ
− y

dx

dτ

)]

.

We may then relate the path integrals in Eq. (C3) with those in
Eq. (C1) by setting, as in the main text,

m =
~

2D
, ~β = T, � =

α

f
, w = −BD. (C5)

The characteristic function can then be expressed as

CA(B) =
∫ +∞

0
dr r e

− r2

4

(

αβ+ �̃
D

coth(�̃T)
)

∫ +∞
0

dr r e
− r2

4

(

αβ+ �
D

coth(�T)

)

= �̃
sinh(�T) + cosh(�T)

� sinh(�̃T) + �̃ cosh(�̃T)
, (C6)

where we have made use of Eq. (C4), and set r0 = 0. Additionally,
we have used the Einstein relation to express the inverse tempera-
ture β in terms of the diffusion and friction coefficients associated
to the Brownian trajectories.35 The second-order statistical moment
〈

A2
〉

can now be evaluated directly from the characteristic function,

〈

A2
〉

= − lim
B=0

∂2CA(B)

∂B2
=

D2

�2

(

T� − e−T� sinh(T�)
)

. (C7)

At small time scales,
〈

A2
〉

may be expanded in Taylor series, which,
to the lowest order, yields a quadratic scaling with time,

〈

A2
〉

→
T�1

D
2T2. (C8)

At large time scales,
〈

A2
〉

recovers the linear scaling in time,

〈

A2
〉

→
T�1

D2

�
T. (C9)

Thus, we see that the quadratic behavior predicted for
〈

A2
〉

, in the
short time limit, and the linear behavior, in the long time limit, are
not exclusive features of closed paths. They also emerge when the
path closure constraint is relaxed.

APPENDIX D: THE REDUCED HAMILTONIAN IN (ã , θ)

COORDINATES

We recall that relating the change in orientation with the area
enclosed by trajectories, i.e., those that start and end at the same
triangular shape, relied on a change of coordinates to (ã,θ). We
now re-write the reduced Hamiltonian in the main text [Eq. (6)] in
terms of the new set (ã, θ). For the sake of clarity, we start from the
Lagrangian defined in Eq. (1), namely,

L =
m

2

(

ȧ2 + (a + L)2φ̇2 + b2(θ̇ + φ̇)
2
)

+ V12(a) + V23(a, θ),

with the spring potentials V12(a) and V23(a, θ) given by

V23(a, θ) =
k2

2

(

√

b2 + (L + a)2 − 2b(L + a) cos(θ) − L
)2

,

V12(a) =
k1

2

(

|a + L| − L
)2

.

The conservation of angular momentum represents the non-
holonomic constraint in this system and couples φ̇ to its internal
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degrees of freedom ã and θ , through the relation

φ̇ = −
b2

b2 + (L + a)2
θ̇ = ã θ̇ .

This equation can be used to re-express the Lagrangian L solely

in terms of (ã, θ , ˙̃a, θ̇ ). Note that variable a represents the displace-
ments of spring k1 away from its rest length. This has motivated us
to constrain the allowed values of a to a ∈ ] − L, L[. Consequently, ã
is bounded to the range ã ∈ ] − 1, −1/(1 + 4L2/b2)[. Hence, for the
choice of parameters, L = b, ã can only take values over the finite
domain ã ∈ ] − 1, −1/5[.

Proceeding in terms of the new variable ã, the reduced
Lagrangian reads

Lred =
mb2

2

(

˙̃a2

4|ã|3(1 − |ã|)
+ θ̇ 2(1 − |ã|)

)

+ V12(ã) + V23(ã, θ),

(D1)

with

V12(ã) =
k1b

2

2

(
√

1 − |ã|
|ã|

−
L

b2

)2

,

(D2)

V23(ã, θ) =
k2b

2

2







√

√

√

√

1

|ã|
− 2 cos(θ)

√

1 − |ã|
|ã|

−
L

b







2

.

In Eq. (D1), we have used the fact that ã is always negative to
replace −ã by its modulus, |ã|. The Hamiltonian can then be defined
through the usual Legendre transformation,2

Hred(q, p) =
2
∑

i=1

piq̇i − Lred(q, q̇),

pi =
∂Lred

∂qi

, q = (q1, q2) = (ã, θ), (D3)

p = (p1, p2) = (pã, pθ ),

which yields

Hred =
1

2mb2

(

4ã2(1 − |ã|)p2
ã +

p2
θ

1 − |ã|

)

+ V12(ã) + V23(ã, θ).

(D4)
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