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Abstract

Several Geological Disposal Facilities rely on clay-rich formations as the host geological forma-
tion or engineered barrier. During the lifetime of a GDF, gasses may be generated primarily
due to the anaerobic corrosion of metal, triggering gas migration throughout the natural or engi-
neered barrier. If significant gas pressures build up, preferential dilatant pathways may develop.
Laboratory gas injection tests have shown that these pathways significantly affect gas migration
by locally increasing the porosity and decreasing the air entry value. Material heterogeneity is
one method that has been used to replicate these pathways in numerical modelling. The effect
of modelling material heterogeneity on gas transport properties of clay-rich materials has been
studied qualitatively, but no fully stochastic analyses have been performed thus far. As a result,
uncertainties remain about the quantitative effects of heterogeneity on transport properties of
clay. Furthermore, the role of the scale of fluctuation is unclear.

In this thesis, spatially correlated random fields of porosity were generated, and the Finite Ele-
ment software LAGAMINEwas used to model water permeability, gas diffusion and gas injection
tests. Results indicate that, in the absence of hydromechanical coupling, the time necessary to
reach a steady-state water or gas outflow is unaffected by heterogeneity. Monte Carlo analyses
of water permeability and gas diffusion tests showed that the variability of the effective perme-
ability is higher than that of the apparent diffusion coefficient due to the non-linear relation be-
tween the porosity and the permeability. In addition, the variability of the effective permeability
and apparent diffusion coefficient depends strongly on the ratio between the sample size and
the scale of fluctuation. With larger samples, the effects of the random field are averaged, nar-
rowing the distribution of results. The effective permeability and apparent diffusivity coefficient
correlate perfectly with the average porosity of the samples, implying that the average porosity
of a sample is a good predictor of these two properties.

In gas injection tests, water saturation profiles suggest that the onset of desaturation occurs
in zones of high porosity, reinforcing the hypothesis that preferential pathway development is
related to material heterogeneity. A Monte Carlo analysis of a gas injection test shows that
variability in the gas outflow and the degree of saturation not only depends on the scale of fluc-
tuation but also the injection pressure due to the non-linear dependency of the air entry pressure
on the porosity.

These results suggest that heterogeneity and the scale thereof are important aspects of gas mi-
gration in clay-rich materials. Specifically for laboratory testing of clay-rich materials, it appears
that an understanding of the approximate scale of the heterogeneity is essential for estimating
the minimum number of samples and the minimum size of those samples. Too small or too few
samples will not allow for a reliable estimate of parameters of interest.

Some limitations apply to the findings of this research. First, the sensitivity of the results to fac-
tors such as the standard deviation of the distribution underlying the random field and anisotropy
has not been addressed yet. Second, the dependency of the effects of the random field on the
injection pressure in gas injection tests is not fully understood yet. Ideally, additional simula-
tions are performed to separate these effects. Finally, hydromechanical coupling should be
introduced to replicate experimental findings more accurately.
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Effect of Material Heterogeneity on Gas
Transport in Clays: A Numerical Study

1. Introduction
Several concepts for a Geological Disposal Facility (GDF) rely on disposing of radioactive waste
in a deeply buried clay formation. The multi-barrier concept relies on multiple engineered and
natural barriers to delay the migration of radionuclides towards the human environment. Ini-
tially, metal canisters that house the waste, tunnel backfill material, and tunnel liner serve as
engineered barriers. Due to its low permeability, a host clay formation can serve as the final
barrier. During the lifetime of a GDF, gasses will be generated due to anaerobic corrosion of
metals, microbial activity, and radiolysis of water (Ortiz et al., 2002). A separate gas phase
may form if the gas generation rate is high relative to the transport rate. Elevated gas pres-
sures might create or develop micro- and macro-fractures in the engineered or natural barrier
(Cuss et al., 2014; Harrington & Horseman, 2003), which might impair the integrity of the GDF
by creating flow paths for the radionuclides migration. As such, understanding and accurately
modelling gas transport mechanisms in clay is highly important for designing a repository in
which pressure build-up does not impair the integrity of the GDF.
Marschall et al. (2005) suggested that four basic gas transport mechanisms can be distinguished
based on phenomenological considerations (Fig. 1): advective-diffusive transport of gas dis-
solved in the pore water, visco-capillary two-phase flow, dilatancy controlled gas flow, and de-
velopment of macroscopic tensile fractures, along which the majority of gas flow occurs.
The four transport mechanisms are illustrated in Fig. 1 for an initially saturated clay volume with
pore water pressure pw. The clay is considered saturated initially since the corrosion of metal
due to water is the main cause of gas generation. Gas is dissolved in the water at a concen-
tration determined by an equivalent gas phase pressure pg and Henry’s law. Gas is generated
or injected into the volume at a gas pressure pg, upon which the concentration of dissolved gas
increases and diffusion occurs according to Fick’s law (Fig. 1, i). If the capillary pressure (the
difference between the gas and water pressures) exceeds the pressure required for gas to dis-
place pore water (the air-entry pressure pev), a separate gas phase forms, and visco-capillary
flow occurs (Fig. 1, ii). This transport mechanism is controlled by the permeability of the clay,
the water retention properties and the relative permeability of the gas and water in the clay.
The desaturation of the clay changes the effective stresses in the clay and, thus, the structure
of the soil skeleton. If these changes are small, they do not significantly affect the transport
mechanism. However, gas pressures may induce localised consolidation and/or development
of microfractures, leading to an increase in porosity and permeability and a reduction of the
air-entry pressure (Cuss et al., 2014) (Fig. 1, iii). The injection pressure p�

g for the development
of dilatant pathways has not been determined yet.
The development of these dilatant pathways has been studied extensively over the past decade.
Experimental studies have focused on initially saturated natural clays (Harrington & Horseman,
1999; Romero et al., 2012; Senger et al., 2018; Tanai et al., 1996) and bentonite (Donohew
et al., 2000; Harrington & Horseman, 1999; Horseman & Harrington, 1994; Horseman et al.,
1999; Hume, 1999). Cuss et al. (2014), Harrington and Horseman (2003), and Harrington et al.
(2017) confirm the existence and development of preferential pathways in bentonite. Results
from Harrington et al. (2017) indicate that the development of such pathways results from ap-
plied gas pressures and is intrinsically linked to the stress field and pore water pressure.
Finally, macroscopic tensile fractures may develop if pg is greater than the sum of the tensile
strength ft and the minimum principal stress �3 of the material (Fig. 1, iv). Gas flow in such
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1. Introduction

Figure 1: Gas transport processes in clay as a function of the gas injection pressure pg, pore water pressure pw,
gas pressure pg, gas-entry pressure pev and tensile strength ft. �1 and �3 are the maximum and minimum

principle stresses. After Liaudat et al. (2023), (modified from Marschall et al. (2005))

fractures can be seen as a single-phase flow process (Marschall et al., 2005).
It has been hypothesised that the natural heterogeneity of material properties is related to the
development of these preferential pathways (Delahaye & Alonso, 2002). Heterogeneity of the
intrinsic permeability of a soil or rock has been shown to affect single-phase flow in hydrological
applications (Griffiths & Fenton, 2024) and reservoir engineering (Durlofsky, 1991; Guilleminot
et al., 2012; King, 1987). Masihi et al. (2016) conclude that the effective permeability of a
medium is affected by the permeability contrast between zones, the orientation and degree of
anisotropy of the permeability, and the connectivity of permeability zones. Typically, the effec-
tive permeability falls between the bounds set by the geometric and harmonic mean (Masihi
et al., 2016). As shown in Griffiths and Fenton (2024), geometric constraints can also affect the
effective permeability of a medium when zones of low porosity can form a bottleneck for flow.
Some researchers have also used heterogeneity in the context of gas migration in clay materials.
Delahaye and Alonso (2002) use random fields of permeability and the finite element method
(FEM) to explore the effects of natural soil variability on gas migration. They conclude that the
development of preferential pathways may result from natural soil heterogeneity. Olivella and
Alonso (2008) combine random fields of porosity with an implicit fracture model. In this ap-
proach, the hydraulic conductivity is controlled by the porosity and the local strain. Strains are
developed as a result of the increased gas pressure. More recently, Guo and Fall (2019) use
Gaussian random fields for hydraulic and mechanical properties and the phase field method
to model gas flow in saturated bentonite. They conclude that the gas pressure at the injection
boundary and the fracture pattern are highly dependent on the random field and the coefficient
of variation of the material distribution underlying the field.
So far, most studies involving random distributions of material properties have used fewer than
five realisations (i.e. fewer than five different random fields). As a result, conclusions about the
average quantitative effects of modelling material heterogeneity on gas transport in clay ma-
terials are associated with significant uncertainties. For example, the variability in gas outflow
that may be expected due to differences between samples has not been addressed. Further-
more, if heterogeneity affects the creation and/or development of preferential pathways and
these pathways significantly affect the transport properties, then the scale of the heterogeneity
(relative to the sample size) may be an important factor to consider in experimental testing. The
importance of the ratio between the scale of fluctuation (a parameter related to the distance
over which a material property is positively correlated) and the domain size has been shown in
other fields such as slope reliability (Hicks et al., 2014). However, its effect on gas transport
has not yet been appropriately addressed. Assessing its effects may provide insight into the
expected variability in results and have implications for the sample size and minimum number
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2. Modelling two-phase flow in heterogeneous porous media

of samples required for reliable testing. Finally, to the author’s knowledge, all studies except
Rodriguez-Dono et al. (2023) have chosen the random field parameters arbitrarily, exacerbating
the uncertainty of the scale of the heterogeneity and how it may affect experimental test setups.
Therefore, this article aims to present the quantitative and qualitative effects of heterogeneity on
the multi-phase flow behaviour of clay materials, focusing on the implications for experimental
(laboratory) testing. Section 2 provides an overview of the current literature and the concepts
used to model heterogeneity in clay materials. In Section 3, an experimental variogram for the
spatial correlation of porosity is derived from CT scan data of an Ypresian Clay core. Using this
variogram, random fields of porosity are created. Water permeability tests and gas diffusion
and tests are modelled to assess the effects of heterogeneity on the effective permeability and
apparent diffusion coefficient. Then, gas injection tests are modelled to assess the effects on
gas outflow. The results of these tests are presented in Section 4, as well as the implication of
these results for experimental testing.

2. Modelling two-phase flow in heterogeneous porous media
2.1. Governing equations
Mass balance
The mass balance equations of the water and gas species are given by:

@

@t
(�Sw�wl + �Sg�wg) + ∇ · ~fw = 0 (1)

@

@t

�
�Sg�gg + �Sw�gl

�
+ ∇ · ~fg = 0 (2)

where � is the porosity, ��� is the mass density of species � in fluid phase � [kg/m3], S� is the
saturation of fluid phase � [-] and ~f� is the mass flux of species � [kg/(m2 � s)]. In this paper,
water and H2 are considered for the liquid and gas species, respectively.

Equations of state
Both water vapour and the gas species are considered in the gas phase. Then, the density of
the gas phase is the sum of the densities of water vapour and H2 in the gas phase, see Eq. (3).
If both gases are assumed to follow the ideal gas law, the partial pressures of the gas species
also sum up to the total gas pressure according to Dalton’s Law (Eq. (4)). From this, it follows
that the density of each gas species can be calculated using Eq. (5).

�g = �gg + �v (3)
pg = pgg + pv (4)

�� =
M� � p�
R � T

; for � = w; g (5)

where M� is the molar mass of gas species � [kg/mol], R = 8:314 [m3Pa K-1 mol-1] is the ideal
gas constant, and T [K] is the temperature.
The mass of the dissolved gas species per unit volume of liquid (�gw) is calculated using Henry’s
equation:

�gw = H�g (6)

where H is the dimensionless solubility constant of the gas species dissolved in water. It is
assumed that the dissolution of the gas does not affect the density of the liquid phase, meaning
that �ww = �w. Then, the density of the liquid phase depends linearly on the liquid phase
pressure according to:
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2. Modelling two-phase flow in heterogeneous porous media

�w = �w;0

�
1 +

pw � pw;0
�w

�
(7)

where �w is the compressibility of water [Pa] at reference pressure pw;0. Kelvin’s equation
expresses the relation between the vapour pressure and the water density:

hr =
pv
pv;0

= exp
�
pc �Mw

R � T � �w

�
(8)

where hr is the relative humidity [-], pv;0 is the maximum vapour pressure [Pa], andMw = 0:018
is the molar mass of water [kg/mol].

Mass transport
The water and gas fluxes as presented in Eqs. (1) and (2) can be expanded to:

~fw = �wl~ql + �wg~qg +~iv (9)
~fg = �gg~qg + �gl~ql +~igw (10)

where ~q� is the volumetric flux [m/s] of fluid phase � and~iv and~igw are the diffusive mass fluxes
of water vapour and the dissolved gas phase, respectively [kg/(m2 � s)].
The volumetric flux is calculated with Darcy’s law:

~q� = �k�
��
� (rp� + g��rz) ; for � = w; g (11)

where � is the intrinsic permeability tensor of the porous medium [m2], �� is the dynamic viscos-
ity of fluid phase � [Pa � s], and k� is the relative permeability coefficient, which ranges between
0 and 1 as a function of Sr;w. The viscosities of the liquid and the gas phase are assumed to
be independent of pressure as a simplification. The permeability is coupled to the porosity with
the Kozeny-Carman formulation. If the porous medium is assumed to be isotropic, then the
intrinsic permeability can be represented by a scalar, and the coupling with the porosity follows
this expression:

K = C0
�3

(1 � �)2
(12)

where C0 depends on the reference porosity and permeability �0 and K0, respectively:

C0 = K0
(1 � �0)2

�3
0

(13)

The diffusive fluxes of the water vapour in the gas phase and the dissolved gas in the pore
water are determined with Fick’s law for a porous medium:

~iv = ��Sg�Dv�gr
�wg
�g

(14)

~igw = ��Sw�Dgw�wr
�gw
�w

(15)

where � is the tortuosity [-], D�� is the diffusion coefficient of species � in the bulk fluid phase �
[m2/s]. The product �D is also called the apparent diffusion coefficient Dapp.

4



2. Modelling two-phase flow in heterogeneous porous media

Water retention properties
The water retention of the porous medium is represented by a modified version of the van
Genuchten model (Van Genuchten, 1980). Gallipoli et al. (2003) modified the model to relate
the porosity to the water retention behaviour according to the following relationship:

Sr;w =

�
1

1 + (�e pc)n

�m

(16)

where pc is the suction [Pa], e is the void ratio [e], m and n are fit parameters related to the
shape of the water retention curve, with m = 1 � 1

n , and � [Pa-1] and  [-] are fit parameters
related to the development of the water retention curve with the void ratio. The relative water
and gas permeabilities, used in Eq. (11), are considered functions of the degree of saturation
according to:

kr;we =
p
Swe

�
1 �

�
1 � S1/m

we

�m�2
(17)

kr;ge = (1 � Sge)
3 (18)

where Sr;�e is the effective degree of saturation, defined as:

Sr;e =
Sr � Sres
Smax � Sres

(19)

where Sres and Smax are the residual and maximum degrees of saturation of the porous medium.

2.2. Geostatistics and random fields
Spatial correlation
Geostatistical methods have been used to describe uncertainty or spatial heterogeneity of geotech-
nical parameters in a wide range of applications (e.g. Fenton and Griffiths (2002), Hicks and
Spencer (2010), and Suchomel and Mašín (2011)). Geostatistical analysis can be used to
characterise the spatial correlation, while this characterisation can also be used for stochastic
simulations.
One way to describe the spatial correlation is the variogram, which represents the variance of
the data separated by a certain distance, called the lag (see Fig. 2 for a schematic representa-
tion of a variogram). If the data is sufficiently spatially correlated, the variance increases with
the lag. The scale of fluctuation is related to the lag distance at which the variogram stabilises.
If the variance at h = 0 is nonzero, this variance is called the nugget and can be attributed to
variance at a smaller resolution than the data. GSTools, a Python geostatistical toolbox, is used
to implement geostatistics in this research (Müller et al., 2022). Following their convention, the
internal representation of a variogram 
 is given by


(r) = �2 �
�

1 � cor(s � 2r

�
)

�
+ n (20)

where r is the isotropic lag distance, � is the scale of fluctuation, s is a rescaling factor to
adjust model representation, �2 is the variance of the data, n is the nugget, and cor(h) is the
normalised correlation function depending on the non-dimensional distance h = s � 2r

� .
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3. Core analysis

Figure 2: Schematic variogram

Other methods exist to characterise the spatial correlation of a dataset, such as the covari-
ance function and the (auto)correlation function, as given by Eqs. (21) and (22).

C(r) = �2 � cor(s � 2r

�
) (21)

�(r) = cor(s � 2r

�
) (22)

Several empirical correlation function models exist, such as the exponential and Gaussian
models. Based on the data, a model that best fits it can be selected. When a model is selected
and parameters are fitted to the data, it can be used to generate random fields with the same
statistical properties as the data on which the model is based.

Generating random fields
Several ways of generating random fields have found their way into geotechnical engineering.
The local average subdivision method (Fenton & Vanmarcke, 1990) is an early and efficient
algorithm for generating random fields. Various methods based on covariance matrix decompo-
sition have been used, including Cholesky decomposition (Green et al., 2015), Karhunen-Loève
decomposition (Huang et al., 2001) and EOLE (C. Li & Der Kiureghian, 1993). These methods
describe the random field as a linear function of one or more uncorrelated standard normal
variables. However, covariance matrix decomposition methods are increasingly inefficient with
increasing mesh size (D. Li et al., 2019). As such, the randomisation method, a variation of the
Fourier method, has been used for this article to generate random fields (Heße et al., 2014). It
relies on the discretisation of the spectral representation of a random field.

3. Core analysis
3.1. Deriving porosity variograms
Several approaches exist to characterise the heterogeneity of a soil or rock structure on the mm
to cm scale. Wu et al. (2004) use a Markov chain Monte Carlo method that generates porosity
images based on thin sections of soils. Variograms are derived from the generated images to
quantify the spatial heterogeneity. Information such as the tortuosity, pore network connectivity,
and pore size distribution can be obtained from images obtained with Focused Ion Beam (FIB),
Scanning Electron Microscopy (SEM) and Transmission Electron Microscopy (TEM) (Song et
al., 2015).
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3. Core analysis

In this paper, the method proposed by Vogel (2001) is used to obtain variograms from X-ray
Computed Tomography (CT) using a variogram family. The variogram family is an extension
of the variogram cloud concept to three dimensions. Variograms of every CT scan slice are
averaged to create a single composite variogram for all slices. The porosity can be inferred from
the Hounsfield Unit (HU) values obtained from the CT scan. Rogasik et al. (2003) proposed a
method that relates the HU value of a voxel to the dry bulk density �dry, assuming that the dry
bulk density and water content of the core are known:

�dry =
�s�w (HU + 1000)

�w (HUsolid + 1000) + 1000w�s
(23)

where �s is the density of the solid particles of the material, �w is the density of water, w is
the water content, HU is the HU value of the voxel, and HUsolid is the HU value of the solid
particles. The latter can be calculated using the following expressions:

HUsolid = (HUcore + 1000AVcore) SVcore (24)

SVcore =
�core;dry
�s

(25)

WVcore =
�core;drywcore

�w
(26)

AVcore = 1 � SVcore �WVcore (27)

where HUcore is the average HU value of the core, and SV ,WV , and AV are the solid, air and
water volume fractions of the core, respectively. These can be estimated based on the water
content and average bulk density of the core. The dry density can be easily transformed into the
porosity if the solid particle density is assumed constant (i.e., all changes in dry density result
from changes in porosity).

Sample description
A 1-m long vertically drilled core was taken from the DAPGEO-02 borehole (Vardon et al., 2022).
The core contains the Ieper Member (Dongen Formation), a shallow marine clay from the Early
Eocene (Ypresian) (TNO-GDN, 2024) at a depth of 393 m. Inspection of the core shoe revealed
that the core consists of homogeneous silty clay to clayey silt. Afterwards, the core was scanned
by a CT scanner with a resolution of 0:23 � 0:23 � 0:6 mm (data from Vardon et al. (2023)). A
vertical and horizontal slice of the core can be found in Appendix A. TheHU values of the voxels
were transformed into porosity using Eqs. (23) to (26). The bulk density, solid particle density
and water content of Ypresian clay, required for Eqs. (23) to (27) were taken from literature
(Piña Díaz, 2011) and are shown in Table 1. Fig. 3 shows the porosity distribution of the section
of the core used for the analysis.
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3. Core analysis

0.20 0.25 0.30 0.35 0.40 0.45 0.50
Porosity (-)

0

2

4

6

8

10

12

14

Fr
eq

ue
nc

y

Histogram
Lognormal Fit

Figure 3: Distribution of the porosity in the core

Property Symbol Value Unit
Solid particle density �s 2.724 g/cm3

Bulk density �b 2.093 g/cm3

Water content w 0.179 -

Table 1: Calibration values used to determine porosity at the voxel level (taken from Piña Díaz (2011))

Fig. 4 shows the horizontal and vertical variograms based on Eq. (20). The exponential
model was selected to generate random fields because it fits the data best. Because the hor-
izontal and vertical variograms are very similar (�xy = 4:7mm, �z = 3:8mm) and in order to
simplify the effects of the random field, a single, isotropic scale of fluctuation is assumed for the
clay. The (geo)statistical parameters of the core are shown in Table 2.
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(a) Horizontal variogram (perpendicular to core axis)

� �� �� �� 	� 
�
��������

������

������

�����	

������

������

������

������

�����	

��
�
��
��
��
��

��
���


�������������������
�������� �������������������

(b) Vertical variogram (along core axis)

Figure 4: Variogram family perpendicular to (a) and along (b) the core axis. In (a), the dotted lines represent the
variograms of 20 mm intervals. The red line is the composite (or average) variogram of the core, and the black line

is the fitted exponential variogram. In (b), these are left out for readability purposes

Table 2: (Geo)statistical properties of the random field of porosity

Property Symbol Value Unit
Mean value � 0.322 -
Standard deviation � 0.030 -
Scale of fluctuation � 4.5 mm
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4. Numerical analysis

4. Numerical analysis
In this section, the modelling approach is applied to permeability, diffusion, and gas injection
tests in 2 dimensions. The finite element code LAGAMINE is used to model the problems.
Documentation of the implementation of random fields in LAGAMINE, an installation guide for
this tool and an overview of the simulations that were run can be found in Hoedemaker (2024).

4.1. Material properties
Following the results from Section 3, the average porosity of the soil is 0.322. The intrinsic
permeability and water retention behaviour are affected via Eq. (12) and Eq. (16). Because the
hydraulic properties of the core from DAPGEO-02 are unknown, the permeability of an Ypresian
clay core with similar porosity taken from Piña Díaz (2011) is used as the reference permeability.
Water retention properties of Ypresian Clay at different void ratios, needed to calibrate Eq. (16),
are absent. However, the water retention curve of natural Ypresian Clay is similar to that of
natural Boom Clay (see Fig. 5), so the water retention model was calibrated with data of the
Boom Clay instead. Under the same assumption, the tortuosity of Boom Clay was taken from
Jacops et al. (2013). The material properties of the clay and the fluids considered for all tests
are provided in Table 3. All tests were simulated at a temperature of 25 �C.

Table 3

Hydraulic properties of the clay
Property Symbol Value Unit
Mean porosity � 0.322 -
Reference permeability �ref 2.1 � 10-19 m2

n parameter n 1.346 -
m parameter m 0.257 -
� parameter � 3.05 MPa
 parameter  2.90 -
Tortuosity � 0.18 -

Fluid properties
Property Symbol Value Unit
Water density �w;0 997 kg/m3

Water compressibility �w 4.54 � 10-10 Pa-1
Water viscosity �w 8.9 � 10-4 Pa s
H2 molar mass Mg 1.008 g/m3

H2 viscosity �g 8.92 � 10-6 Pa s
Henry coefficient H 0.0193 -
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Figure 5: Fitted water retention model. Data of compacted Boom Clay from Romero et al. (2011). Data of natural
Boom and Ypresian Clay taken from Piña Díaz (2011)

4.2. Water permeability tests
Initial and boundary conditions
For the permeability test, rectangular samples are considered. Sample sizes range from 10
mm to 80 mm. Since there is no gas species involved and no hydromechanical coupling is
considered, the pressure level at which the test is performed does not affect the result. As such,
atmospheric conditions are assumed with a water pressure of 0.1 MPa. At time t0, the water
pressure at the bottom of the sample is increased to 1.0 MPa and the steady state outflow is
used to calculate the effective permeability of the sample. This analysis is performed on a ho-
mogeneous soil with an intrinsic permeability of 2:1 � 10�19 m2 and with heterogeneous samples
modelled with random fields. First, the homogeneous time-dependent outflow is compared to
that of three heterogeneous samples. Then, a Monte Carlo analysis is performed with 2000
realisations. For each realisation, a different random field of porosity is used. Only the steady-
state condition is evaluated in the Monte Carlo analysis. For details regarding the number of
samples, the reader is referred to Appendix B.1

Results and discussion
In Fig. 6, the effect of the element size on the outflow and effective permeability in a permeability
test is shown. To accurately capture the behaviour of the random field, the mesh cannot be too
coarse. Up to an element size equal to roughly half the scale of fluctuation, the outflow and
permeability converge to a stable value. Under this threshold, both high and low values in the
random field are mapped onto the integration points. Above this threshold, high and low values
in the random field may be overlooked from one integration point to the next, and the behaviour
of the random field is no longer accurately captured.
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Figure 6: Effect of mesh size on water outflow in a permeability test. Each realisation of the random field
(represented by different colours) is mapped onto different element sizes. �x is the element size and � is the scale

of fluctuation

In Fig. 8, the random field of permeability of a heterogeneous sample is shown next to the
water flux of that sample under steady-state conditions. Zones of high permeability do translate
to higher fluxes, and water fluxes throughout the sample differ by up to two orders of magnitude.
In Fig. 7, the water outflow at the top of the sample is shown for the homogeneous and three
heterogeneous samples. All four samples reach steady-state conditions around 20 minutes af-
ter the start of the test, and the presence of heterogeneities does not appear to affect this time
significantly.
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Figure 7: Water flux at the outflow boundary over time for a permeability test. The sample dimensions are 40x40
mm
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Figure 8: Random field of permeability (left) and the associated water fluxes in the sample (right). Sample
dimension is 40x40 mm

Using the steady-state outflow, the effective permeability was calculated for each Monte
Carlo realisation. The cumulative distribution functions (CDFs) of the effective permeability for
different sample sizes are shown in Fig. 9a. The median effective permeability is the same for
each sample size, but a wider distribution is recovered for smaller samples (i.e. there is more
variability). The variability in the effective permeability is larger for smaller samples due to the
lack of averaging of material properties. For a small sample, the presence of high or low perme-
ability zones significantly affects the effective permeability. However, in a larger sample, many
high and low permeability zones exist, and their respective contributions to the effective perme-
ability are essentially averaged out. Thus, for the larger samples, the effective permeability of
any sample is close to the mean of the material distributions, and the variation in the average
porosity of the sample and the effective permeability is relatively small. However, as the sample
size decreases and tends to the scale of fluctuation, the mean permeability of each realisation
of the random field can vary significantly from the mean of the distribution, resulting in a more
considerable variance in the effective permeability.
The variance can be quantified meaningfully by the coefficient of variation: the standard devia-
tion normalised by the mean of the distribution (COV = �/�). The coefficients of variation of
the effective permeability for different sample sizes are presented in Table 4. The CDFs are
slightly asymmetric, reflecting the underlying porosity distribution. This effect is more substan-
tial for smaller samples because material properties are averaged less. In other words, with
fewer elements, the resulting distribution of the effective permeability tends more and more to
the distribution of intrinsic permeability throughout a sample (which is obtained by transforming
the distribution in Fig. 3 with Eq. (12)).
The correlation between the effective permeability and the sample average porosity is shown
in Fig. 9b and compared with the Kozeny-Carman relationship. As can be seen, the Kozeny-
Carman relationship is recovered on the sample size, regardless of the sample size.
Given that the effective permeability and the average porosity correlate nearly perfectly, the
observation that the median effective permeability is equal to that of a homogeneous sample
is in line with the findings of Selvadurai and Selvadurai (2014), who found that the geometric
mean permeability of a sample is a good predictor of the effective permeability, provided that
the permeability is log-normally distributed (in that case, the median and the geometric mean
are equal).
Furthermore, King (1987) conclude that the geometric mean can be used to estimate the effec-
tive permeability if the scale of fluctuation is relatively small and the sample is isotropic. How-
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ever, if the sample is anisotropic, the geometric mean may no longer be a good estimator of the
effective permeability. Thus, the CDFs in Fig. 9a may shift to the left or right if anisotropies are
introduced in the samples.
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Figure 9: Cumulative distributions of the effective permeability for different sample sizes (a) and correlation
between the overall porosity of a heterogeneous sample and its effective permeability (b)

4.3. Gas diffusion test
Initial and boundary conditions
The second test scenario used to assess the effect of random fields is a gas diffusion test. Hy-
drogen is considered as the gas species. The samples are of the same size as in the water
permeability test. The initial water pressure is 4.0 MPa, which is roughly representative of the
conditions at the depth from which the core was taken. The initial gas pressure is 0.1 MPa. At
the bottom side of the sample, the gas pressure is increased to simulate an increased dissolved
gas concentration. The gas pressure is kept below the water pressure to maintain full saturation.
As a result, gas diffusion according to Henry’s law is the only gas transport mechanism. The
injection pressure for sample sizes 10, 20, 40, and 80 mm is 0.35, 0.6, 1.1, and 2,1 MPa. Thus,
the average concentration gradient is kept constant for all sample sizes.

Results and discussion
The dissolved gas outflow at the top of the sample for one homogeneous sample and three
heterogeneous samples are shown in Fig. 10a, using the same random field seeds used in the
permeability test. The CDFs of the apparent diffusion coefficients of all sample sizes are shown
in Fig. 10b. Similar to the water permeability test, the CDFs become narrower with increased
sample size. However, the variability of the diffusive gas outflow (and thus the apparent diffusion
coefficient) appears to be smaller than that of the effective permeability (see Fig. 9a). The COVs
ofDapp are indeed some four times smaller than those of keff (see Table 4). This is because the
apparent diffusion coefficient is directly and linearly affected by the random field of porosity (see
Eq. (14)), while the average intrinsic permeability depends on the random field of permeability.
Because the Kozeny-Carman formulation is nonlinear, the distribution of the random field of
permeability, and thus that of the effective permeability of the sample, is wider than that of the
porosity and the apparent diffusion coefficient.
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�S�R�U�R�V�L�W�\ �F�K�D�Q�J�H�V �I�U�R�P� = 0 :322�W�R �W�K�H �����W�K�S�H�U�F�H�Q�W�L�O�H� = 0 :40�� �W�K�H �Z�D�W�H�U �U�H�W�H�Q�W�L�R�Q �F�X�U�Y�H �V�K�L�I�W�V
�W�R �W�K�H �O�H�I�W�� �L���H�� �W�K�H �G�H�J�U�H�H �R�I �V�D�W�X�U�D�W�L�R�Q �G�H�F�U�H�D�V�H�V �I�R�U �W�K�H �V�D�P�H �V�X�F�W�L�R�Q �O�H�Y�H�O�� �7�K�L�V �F�K�D�Q�J�H �L�Q
�W�K�H �G�H�J�U�H�H �R�I �V�D�W�X�U�D�W�L�R�Q �F�R�P�S�D�U�H�G �W�R �W�K�H �Z�D�W�H�U �U�H�W�H�Q�W�L�R�Q �F�X�U�Y�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R� = 0 :322 �L�V
�V�K�R�Z�Q �L�Q�)�L�J�� �����E�I�R�U �Y�D�U�L�R�X�V �Y�D�O�X�H�V �R�I �W�K�H �S�R�U�R�V�L�W�\�� �)�U�R�P �W�K�H �I�L�J�X�U�H�� �L�W �F�D�Q �E�H �V�H�H�Q �W�K�D�W �D
�F�K�D�Q�J�H �I�U�R�P �W�K�H �P�H�G�L�D�Q �S�R�U�R�V�L�W�\ �W�R �W�K�H �����W�K�S�H�U�F�H�Q�W�L�O�H �U�H�V�X�O�W�V �L�Q �D �V�O�L�J�K�W�O�\ �P�R�U�H �S�U�R�Q�R�X�Q�F�H�G
�F�K�D�Q�J�H �L�Q �W�K�H �G�H�J�U�H�H �R�I �V�D�W�X�U�D�W�L�R�Q �W�K�D�Q �D �F�K�D�Q�J�H �I�U�R�P �W�K�H �P�H�G�L�D�Q �W�R �W�K�H �����W�K�S�H�U�F�H�Q�W�L�O�H �I�R�U �D�O�O
�O�H�Y�H�O�V �R�I �V�X�F�W�L�R�Q�� �7�K�L�V �D�V�\�P�P�H�W�U�\ �E�H�F�R�P�H�V �P�R�U�H �V�L�J�Q�L�I�L�F�D�Q�W �Z�L�W�K �H�[�W�U�H�P�H �S�R�U�R�V�L�W�\ �Y�D�O�X�H�V ���H���J��
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