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Summary

This thesis centers around two topics: graphene nanoribbons (GNRs) and superconductors.
The aim of this thesis is to work towards combining these two topics, in order to study
how superconducting correlations interact with magnetic correlations within graphene
nanoribbons, such as the magnetic edge states present in the zigzag edges of graphene
nanoribbons. To introduce superconducting correlations into a graphene nanoribbon, it
is important that there is a highly electrically transparent interface between a supercon-
ductor and the graphene nanoribbon. This is the main focus of this thesis. In chapter 1,
I introduce a vision for the interaction of superconductivity with magnetism in graphene
nanoribbons. At the basis is the concept of Yu-Shiba-Rusinov (YSR) states, which form
when a local magnetic moment interacts with superconductivity. The idea of creating a
chain of coupled YSR states is elaborated, which could potentially be created and studied in
graphene nanoribbons produced through bottom-up chemical synthesis. After this, more
global discussion of graphene nanoribbons, electrical contacts to graphene nanoribbons,
superconductivity and the superconducting diode effect (relevant to chapter 7) are given.

In chapter 2, the electronic structure and properties of graphene nanoribbons are dis-
cussed. A comparison is made with trans-polyacetylene and graphene. A transfer matrix
approach is introduced for analytically obtaining the eigenvalues of finite-size graphene
nanoribbons, which demonstrates that the tight-binding band structure of graphene nanorib-
bons can be understood through the Su-Schrieffer-Heeger model. After this, a basic de-
scription of different transport mechanisms is given. After this, superconductivity in and
out of equilibrium is discussed, with a special focus on the superconducting proximity
effect. Finally, the effect of a Meissner current on Andreev reflections at NS interfaces is
calculated, which modifies the behavior found by Blonder, Tinkham and Klapwijk (BTK)
by introducing nonreciprocity, allowing for different electrical conduction in the forward
and backward transport directions.

In chapter 3, the fabrication of two types of electrical contacts with nanoscale electrode
separations is discussed; so-called nanogap electrodes. Wide nanogap electrodes, with a
width of 2 µm and electrode separations of ∼ 30 nm are discussed first, after which the
fabrication of needle-like nanogap electrodes, with a width of ∼ 10 nm and electrode sep-
arations of ∼ 6 nm is discussed. After the discussion of lithographically defined nanogap
electrodes, a fabrication method for electromigration break junctions by means of shadow-
mask evaporation in a single vacuum chamber is discussed; This recipe, which requires
only a single electron beam write step, enables the production of electromigration break
junctions with superconducting niobium patches that introduce superconductivity in the
normal metal wire (made of Au or Pd in this thesis). In addition, a list of other fabrication
recipes used in this thesis is included. Finally, flaws in fabrication recipes are discussed and
a recipe for the substrate transfer of graphene nanoribbons using a Poly(methyl methacry-
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late) (PMMA) membrane on a glass slide is introduced.

In chapter 4, the electrical contacts between graphene nanoribbons and electrodes made
of the superconducting alloy Mo0.62Re0.38 are studied in nanogap devices. Devices were
found to have a resistance of the order of 1 GΩ at room temperature. The temperature
dependence of the electrical current versus bias voltage is studied to investigate the trans-
port mechanism. The current at a constant voltage is suppressed as the temperature is
decreased, which can be fitted to an activation energy of 60 to 500 meV, depending on
the device and electrode geometry. A comparison of MoRe and Pd contacted graphene
nanoribbon devices shows that devices made with Pd electrodes can conduct currents
that are 104 larger at the same bias voltage.

In chapter 5, the electrical interfaces between MoRe electrodes and aerosol-deposited
ligand-free gold nanoparticles are studied by electrical characterization. Interpreting re-
sults through the BTK formalism, it is found that MoRe electrodes make electrically trans-
parent interfaces to gold nanoparticles, also confirming the presence of superconductivity
in the MoRe nanogap electrodes.

In chapter 6, the superconducting proximity effect is studied in electromigrated break
junctions with superconducting banks/patches. The wire/constriction part of the break
junction is made of Pd, as a contact metal for GNRs, or Au, as a more optimal choice
for the proximity effect. Initial devices were made with Al as the superconductor and
were found not to be superconducting. Later devices were made with Nb as the super-
conductor. Several iterations of devices are discussed, leading to a final recipe in which
a superconducting gap of 250 µeV was achieved in a broken constriction. In early itera-
tions, a superconducting diode effect, an asymmetry between the positive and negative
critical current, was discovered upon application of an in-plane perpendicular magnetic
field. This phenomenon is further studied and explored in chapter 7. By investigating
the current versus voltage characteristic, it was furthermore found that the superconduct-
ing gap in the electromigrated/broken junctions could be estimated from the behavior of
unbroken or partially broken junctions.

In chapter 7, the superconducting diode effect is studied in Pd electromigration break
junctions with Nb patches. Going beyond the paradigm of the diode effect, which consid-
ers the asymmetry in the dissipationless/critical current, the finite bias differential con-
ductance asymmetry and the related excess current/deficit voltage asymmetry are inves-
tigated. The deficit voltage and its asymmetry with respect to bias voltage, magnetic field
strength andmagnetic field directionwas studied in the same junction at different junction
resistances. It was found that the deficit voltage and its bias and field asymmetry does not
depend strongly on junction resistance. An explanation of the asymmetric conductance
is given in which the Meissner screening current affects the Andreev reflections at the NS
interfaces.

Finally, in chapter chapter 8 an outlook and the conclusions of this thesis are given.
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Samenvatting

Deze scriptie draait om twee onderwerpen: grafeen-nanoribbons (GNRs) en supergelei-
ders. Het doel van deze scriptie is om naar de combinatie van deze twee onderwerpen
toe te werken, om te bestuderen hoe supergeleidende correlaties interageren met magne-
tische correlaties binnen grafeen-nanoribbons, zoals de magnetische eindtoestanden aan-
wezig in de zigzagranden van grafeen-nanoribbons. Om supergeleidende correlaties in
een grafeen-nanoribbon te introduceren, is het belangrijk dat er een zeer elektrisch trans-
parante interface is tussen een supergeleider en het grafeen-nanoribbon. Dit is het belang-
rijkste focuspunt van deze scriptie. In hoofdstuk 1 introduceer ik een visie op de inter-
actie van supergeleiding met magnetisme in grafeen-nanoribbons. Aan de basis ligt het
concept van Yu-Shiba-Rusinov (YSR) toestanden, die ontstaan wanneer een lokaal magne-
tisch moment interageert met supergeleiding. Het idee van het creëren van een keten van
gekoppelde YSR-toestanden wordt uitgewerkt, wat potentieel gerealiseerd en bestudeerd
kan worden in grafeen-nanoribbons die zijn geproduceerd door bottom-up chemische syn-
these. Hierna volgt een meer algemene bespreking van grafeen-nanoribbons, elektrische
contacten met grafeen-nanoribbons, supergeleiding en het supergeleidende diode-effect
(relevant voor hoofdstuk 7).

Inhoofdstuk 2worden de elektronische structuur en eigenschappen van grafeen-nanoribbons
besproken. Er wordt een vergelijking gemaakt met trans-polyacetyleen en grafeen. Een
overdrachtsmatrixbenadering wordt geïntroduceerd om de eigenwaarden van grafeen-
nanoribbons van eindige grootte analytisch te verkrijgen, wat aantoont dat de tight-binding
bandstructuur van grafeen-nanoribbons begrepen kanworden via het Su-Schrieffer-Heeger-
model. Hierna volgt een basisbeschrijving van verschillende transportmechanismen. Ver-
volgens wordt supergeleiding in en buiten evenwicht besproken, met een speciale focus
op het supergeleidende nabijheidseffect. Ten slotte wordt de invloed van een Meissner-
stroom opAndreev-reflecties bij NS-raakvlakken berekend, wat het gedrag gevonden door
Blonder, Tinkham en Klapwijk (BTK) wijzigt door nonreciprociteit te introduceren, waar-
door verschillende elektrische geleiding in de voorwaartse en achterwaartse transportrich-
tingen mogelijk wordt.

In hoofdstuk 3 wordt de fabricage van twee soorten elektrische contacten met nano-
schaal elektrode-afstanden besproken, zogenaamde nanogap-elektroden. Eerst worden
brede nanogap-elektroden besproken, met een breedte van 2 µm en elektrode-afstanden
van ∼ 30 nm, waarna de fabricage van naaldachtige nanogap-elektroden wordt besproken,
met een breedte van ∼ 10 nm en elektrode-afstanden van ∼ 6 nm. Na de bespreking van
lithografisch gedefinieerde nanogap-elektroden wordt een fabricatiemethode voor elek-
tromigratiebreukverbindingen door middel van schaduwmaskerverdamping in een enkele
vacuümruimte besproken; Dit recept, dat slechts één elektronenbundel-schrijfstap vereist,
maakt de productie van elektromigratiebreukverbindingen met nabije supergeleidende ni-
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obiumreservoirs mogelijk die supergeleiding introduceren in de normale metalen draad
(gemaakt van Au of Pd in deze scriptie). Bovendien is een lijst van andere fabricagere-
cepten die in deze scriptie zijn gebruikt, opgenomen. Tot slot worden gebreken in fabri-
cagerecepten besproken en een recept voor de overdracht van substraten van grafeen-
nanoribbons met behulp van een Poly(methyl methacrylaat) (PMMA) membraan op een
glasplaatje geïntroduceerd.

In hoofdstuk 4 worden de elektrische contacten tussen grafeen-nanoribbons en elek-
troden gemaakt van de supergeleidende legering Mo0.62Re0.38 bestudeerd in nanogap-
apparaten. Apparaten bleken een weerstand van de orde van 1 GΩ bij kamertemperatuur
te hebben. De temperatuurafhankelijkheid van de elektrische stroom versus de toegepaste
spanning wordt bestudeerd om het transportmechanisme te onderzoeken. De stroom bij
een constante spanning wordt neemt sterk af naarmate de temperatuur wordt verlaagd,
waraan een activeringsenergie van 60 tot 500 meV kan worden gefit, afhankelijk van het
apparaat en de elektrodegeometrie. Een vergelijking van MoRe- en Pd-gecontacteerde
grafeen-nanoribbon-apparaten laat zien dat apparaten gemaakt met Pd-elektroden stro-
men kunnen geleiden die 104 keer groter zijn bij dezelfde toegepaste spanning.

In hoofdstuk 5worden de elektrische interfaces tussen MoRe-elektroden en met aerosol-
gedeponeerde ligandvrije goudnanodeeltjes bestudeerd door elektrische karakterisering.
Door resultaten te interpreteren met het BTK-formalisme, wordt gevonden dat MoRe-
elektroden elektrisch transparante raakpunten vormen met goudnanodeeltjes. Hiermee
wordt ook de aanwezigheid van supergeleiding in de MoRe-nanogap-elektroden beves-
tigd.

In hoofdstuk 6 wordt het supergeleidende nabijheidseffect bestudeerd in elektromigra-
tiebreukverbindingen met nabije supergeleidende lagen. Het draad/vernauwingsgedeelte
van de breukverbinding is gemaakt van Pd, als contactmetaal voor GNRs, of Au, als een
meer optimale keuze voor het supergeleidende nabijheidseffect. Initieel werden apparaten
gemaakt met Al als supergeleider; Deze bleken niet supergeleidend te zijn. Latere appa-
raten werden gemaakt met Nb als supergeleider. Verschillende iteraties van apparaten
worden besproken, resulterend in een definitief recept waarbij een supergeleidende ener-
giekloof van 250µeV werd bereikt in een gebroken vernauwing. In vroege iteraties werd
een supergeleidend diode-effect, een asymmetrie tussen de positieve en negatieve kritische
stroom, ontdekt bij toepassing van een in-vlak loodrechtemagnetische veld. Dit fenomeen
wordt verder bestudeerd en verkend in hoofdstuk7. Door de stroom versus spanning ka-
rakteristiek te onderzoeken, werd bovendien gevonden dat de supergeleidende kloof in de
volledig gebroken elektromigratiebreukverbindingen kan worden geschat uit het gedrag
van ongebroken of gedeeltelijk gebroken verbindingen.

In hoofdstuk 7 wordt het supergeleidende diode-effect bestudeerd in Pd-elektromigratie
breukverbindingen met Nb-reservoirs. Verder gaand dan het paradigma van het superge-
leidende diode-effect, dat de asymmetrie in de dissiperende/kritische stroom overweegt,
worden de asymmetrie in de differentiële geleidbaarheid en de daarmee samenhangende
overschotstroom/tekortschieting in spanning onderzocht. De tekortschieting in spanning
en diens asymmetrie ten opzichte van de toegepaste spanning, magnetische veldsterkte
en magnetische veldrichting werden bestudeerd in dezelfde verbinding bij verschillende
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verbindingweerstanden. Het werd gevonden dat de tekortschietende spanning en de bij-
behorende asymmetrie ten opzichte van de teogepaste spanning en het magnetisch veld
niet sterk afhankelijk zijn van de verbindingweerstand. Een verklaring van de asymmetri-
sche geleidbaarheid wordt gegeven waarin de Meissner-afschermingsstroom de Andreev-
reflecties bij de NS-interfaces beïnvloedt.

Ten slotte worden in hoofdstuk hoofdstuk 8 een vooruitblik en de conclusies van deze
scriptie gegeven.
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1

1
Introduction

In this chapter, the context and motivation behind studying graphene nanoribbons with su-
perconducting contact electrodes will be introduced. After this, the relevant background infor-
mation and theory behind graphene nanoribbons, metal contacts to graphene nanoribbons,
superconductivity and superconducting hybrid junctions will be introduced. Finally, the main
chapters of the thesis are introduced.
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1.1 Graphene nanoribbons and superconductivity: Why
combine them

Amajor motivation behind this thesis was to enable the study of the interaction between a
chain of magnetic moments (a spin chain) and superconductivity. The interplay between
these two concepts is interesting, as single magnetic moments are known to form localized
bound states[1–4] in superconductors and multiple of these bound states could couple to
form a band structure[5, 6]. Bottom-up synthesized graphene nanoribbons (GNRs), on the
other hand, are produced with atomically precise control over their structure and composi-
tion, which allows formaking regular spin chains in a conductivematerial[7]. To study the
interaction between these spin chains and superconductivity, electronically transparent
electrical contacts to the graphene nanoribbons and superconductivity in the electrical
contacts are required. For this reason, this thesis contains studies aimed at making ad-
vancements toward highly transparent/conductive superconducting contacts to graphene
nanoribbons.

1.2 Context and theoretical background
1.2.1 Motivation and scope of the thesis
Superconductivity and magnetism are two competing phases of the electronic and mag-
netic state of matter. On a macroscopic scale, the presence of a magnetic field larger than
the critical field (𝐻𝑐 ) of a superconductor brings the superconductor to the normal state,
making it resistive. For magnetic fields smaller than the critical field, a bulk supercon-
ductor will instead expel the magnetic field, which is known as the Meissner effect[8].
Above the critical field, superconductivity is suppressed. Thus, the conductive properties
of superconductors can be tuned by external (electro)magnetic fields and superconducting
circuits can be used as sensitive sensors for magnetic fields.

Recent progress has enabled the study of the interplay of superconductivity and mag-
netism on the nanoscale. For example, using scanning tunneling microscopy (STM), single
magnetic atoms can be placed and probed on superconducting substrates to study the inter-
action between them and the substrate[9]. In many cases, Yu-Shiba-Rusinov (YSR) bound
states are observed in the superconductor, spin polarized electronic excitations that are
spatially and energetically localized[1–3]. On these superconducting surfaces, YSR states
can be made to interact by moving the magnetic atoms in proximity to each other, creating
spin chains. In these spin chains, the YSR states hybridize into bands, with a dispersion re-
lation that depends sensitively on the spacing between magnetic ad-atoms and the Fermi
wavelength in the superconducting substrate through the magnetic exchange coupling.
Importantly, the electronic degrees of freedom, the YSR states, couple to the magnetic
order in the spin chain.

Though such spin chains coupled to superconductors can be realized on surfaces and stud-
ied by STM, their properties have not yet been exploited in electronic devices. Potential
applications can arise in combinations with field effect transistor (FET) devices, in which it
is possible to tune the charge density by an external electric field for a back-gate electrode.
A change in charge density slightly changes the Fermi wavelength at the same time, which
should change the exchange interaction between the magnetic moments and modulates
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the interaction between the YSR states.

As an illustrative example, in the 1D infinite square well of length 𝐿, the allowed wave-
length of all eigenstates labeled by indices 𝑛 ≥ 0 is given by 𝜆𝑛 = 2𝐿

𝑛 . These states are filled
up to some maximum 𝑛max Adding an extra charge carrier is equivalent to increasing the
maximum index to 𝑛max + 1. As a result, the Fermi wavelength has decreased such that
an extra half-wavelength fits in the length 𝐿. At the ends of the chain, the wavefunction
at the Fermi energy does not change much, but at the center of the infinite square well,
antinodes in the wavefunction change into nodes and vice versa. So, why does this matter
for the exchange interactions? The reason why this changes the exchange interactions in
the 1D infinite square well is because the carrier electrons, the electrons at the Fermi en-
ergy, are responsible for the electronically-mediated exchange interaction. By changing
nodes into antinodes or vice versa, the exchange interaction between magnetic moments
at the edge and the bulk can be turned on or off. Thus, the exchange interaction changes
over the length-scale of the square well.

Neglecting the Fermi wavelength for the moment, dimensionality matters for magnetic
order due to electronically-mediated exchange interactions. As opposed to 2D and 3D
structures, where inverse area-laws reduce exchange interactions over distance, in 1D the
long-distance exchange interaction is significant. In 1D, the exchange interaction decays
as 1

𝑟 , where 𝑟 is the distance between the spins. Thus, when considering a spin chain, the
interaction of 1 spin with 𝑁 other spins diverges in a logarithmic manner (divergent) as
a function of chain length, 𝐸0 = ∑𝑁

𝑖=1 𝐽0𝑖𝑆0𝑆𝑖 ∼ 𝐽 ∫𝑁1
1
𝑟 𝑑𝑟 ∝ 𝑙𝑛(𝑁 ). The total energy of all

interactions scales as 𝐸tot ∝ 𝐽𝑁 𝑙𝑛(𝑁 ), which can be compared to the entropy term 𝑇𝑆 =
𝑘b𝑇 𝑙𝑛(2𝑁 ) = 𝑁𝑘b𝑇 𝑙𝑛(2). The energy term grows faster as 𝑁 grows than the entropy term.
This suggests that long-range magnetic order can be thermodynamically stable in spin
chains in infinitely long ideal 1D conductors for arbitrarily weak exchange interactions.

The interaction of spin chains with long-range magnetic order and superconductivity goes
beyond what has so far been studied in STM, as most STM studies are done on surfaces
that behave as 3D or 2D conductors, such as Re, Pb and NbSe2. To realize this combi-
nation experimentally, several approaches are possible. The minimum requirements are
the presence of superconductivity and a 1D conductor with localized magnetic sites. The
combination of all these properties in a single material would be optimal, but practically
difficult to achieve. Thus, another option is to bring a superconductor in contact with a 1D
conductor with a built-in spin texture. Such 1D systems can be made in a bottom-up fash-
ion by on-surface chemical synthesis of nano-materials frommolecular precursors[10]. In
this technique, precursor molecules are polymerized and can be cyclodehydrogenated to
form graphene nanostructures. Examples of 1D conductors with built-in spin textures
are found in zigzag graphene nanoribbons[11] (ZGNRs), triangulene chains[12] and more
generally in zigzag edges and dopants (B,N) in graphene nanoribbons[13, 14]. These are
all promising candidates that should be tunable in a field effect transistor, as many are
based on graphene-like sp2 hybridized carbon. With the vision of integrating such nanos-
tructures into field effect transistor devices in the future, this thesis focuses on coupling
armchair graphene nanoribbons (AGNRs) made by on-surface bottom-up chemical syn-
thesis to superconducting electrodes.



1

4 1 Introduction

1.2.2 Graphene nanoribbons
Graphene nanoribbons are quasi-1D materials that can be viewed as an intermediate be-
tween 1D organic semiconductors (polymers) such as polyacetylene and the 2D material
graphene, with edges that look like cis-polyacetylene (armchair edge) or trans-polyacetylene
(zigzag edge) and the same bulk structure to that of graphene. The structural analogy can
be taken to the point that cis-polyacetylene can be labeled a 2-armchair GNR and trans-
polyacetylene a 1-zigzag GNR. The expected properties of graphene nanoribbons thus lie
somewhere in-between these two extremes. As such, I briefly introduce the electronic
properties of polyacetylene and graphene, starting with their electronic structures and
then discussing their electrical properties.

The electronic structure of polyacetylene depends on the atomic structure. In both cis- and
trans-polyacetylene, the bond lengths are disproportionate, alternating in length. This al-
ternating bond length makes the Su-Schrieffer-Heeger (SSH) model[15], a tight-binding
model with alternating hopping integrals, the simplest model with predictive power for
polyacetylene. The main prediction of this model is the presence of a band-gap. Further-
more, if there is a longer bond (smaller hopping integral) at the ends, a localized state
is expected to show up there. There is also a difference between the two structures. In
trans-polyacetylene moving all bond lengths over by 1 bond results in the same struc-
ture (ignoring the ends). Meanwhile, in cis-polyacetylene, the two configurations are not
the same and there is an energy cost associated with moving the bonds. This difference
means that in undoped trans-polyacetylene it is expected that charges can move much
more easily. Experimentally, this is reflected by the electrical conductivities of undoped
cis- (𝜎 = 1.7 ⋅ 10−9 S cm−1) and trans-poyacetylene (𝜎 = 4.4 ⋅ 10−5 S cm−1)[16].

The electronic structure of graphene is intimately related to its structure. The simplest
tight-binding band structure of graphene is a honeycomb lattice with equal hopping in-
tegrals, with two atoms per primitive unit cell. The honeycomb lattice (and graphene) is
famous for exhibiting two Dirac-points. These are points in the band-structure where the
dispersion relation becomes linear and particles can behave as-though they are massless
Dirac fermions[17]. This also has the consequence that the density of states (DOS) can
be zero without the presence of a finite band-gap, at the so-called Dirac points. In the
charge-neutral scenario, the chemical potential sits at the energy of the Dirac points, mak-
ing graphene a semimetal[18]. The electrical conductivity of graphene depends on the
mean free path, but it can be as large as 𝜎 = 7.1 ⋅ 103 S cm−1[19].

The absence of a band gap in graphene limits its use for field-effect transistors (FETs), as it
will remain conductive regardless of the induced charge density[18]. Graphene nanorib-
bons exhibit an electronic band-structure that can be understood from the band-structure
of graphene by making cuts[20]. In the simplest tight-binding scheme, there are 3 families
of armchair graphene nanoribbons. Labeling their widths by integers 𝑝, the three families
are the small (3𝑝 + 2), intermediate (3𝑝) and large (3𝑝 + 1) band-gap families. In the sim-
plest approximation, the small band-gap family does not exhibit a band-gap, as a line cuts
through the Dirac-point, resulting in a finite density of states at zero energy. Taking into
account charging effects and edge reconstructions (similar to the bonds in polyacetylene)
significantly modifies the band-gaps, while the shape of the band-structure remains sim-
ilar. Zigzag graphene nanoribbons, in contrast, exhibit zero-energy flat bands related to
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a particular cut through the two Dirac cones. These flat bands are related to edge modes.
They are topological in nature and have been related to the end states in the SSH model.
In more involved calculations using density functional theory[21, 22] and quantumMonte
Carlo[23, 24] approaches, it can be shown that the edges of zigzag GNRs can be spin po-
larized/ferromagnetic, with an antiferromagnetic exchange interaction between the two
edges and a small band-gap in the electronic density of states. The edge states of ZGNRs
are of interest for electronics, though because of limited chemical stability of their edges,
only STM studies[25] of them have been performed thus far. This is not the case for arm-
chair graphene nanoribbons.

The electrical conductivity of both polyacetylene and graphene has been found to be de-
pendent on doping, with cis-polyacetylene showing an increase by up to 11 orders of
magnitude[26], a response that is orders of magnitude larger than that of graphene, which
shows up to 3 order of magnitude response [19]. Armchair graphene nanoribbons fit in
the middle, with a field-effect-tunable conductance changing over 6 orders of magnitude
demonstrated in 9-armchair GNRs[27].

1.2.3 Electrical contact to armchair graphene nanoribbons
Since armchair graphene nanoribbons exhibit a band gap in energy, with the chemical
potential sitting at the center of the band gap, their intrinsic low-bias conductivity is ex-
clusively related to thermally excited charge carriers. The probability for such a thermal

excitation to occur is proportional to the Boltzmann factor 𝑒−
𝐸gap
𝑘B𝑇 . At room temperature,

this factor is roughly 𝑒−40 for a band gap of 1 eV, growing rapidly when the temperature is
decreased. When injection happens from the chemical potential, this is 𝑒−20 ≈ 10−9. Assum-
ing a single channel model for GNRs with a resonant conductance of 1𝐺0, this amounts to
a room temperature conductance of 0.31 pS per GNR. Evidently, undoped armchair GNRs
are poor conductors. Cooling such graphene nanoribbons down to a temperature of a few
K, at which superconductivity starts to play a role, will result in an increase in resistance,
to the point where it is no longer possible to measure any current through them at low
bias voltages.

To improve the electrical conductance of GNRs, it is important that valence and conduction
band positions in the GNR can be tuned with respect to the chemical potential, preferably
to the point of degenerate doping, where the chemical potential enters the band. Doping
can either be achieved by substitution in the precursor or by exposure to alkali metals or
halogens, such as K or I2. Furthermore, the field effect has been exploited for this purpose.
The field effect has the drawback that the metal electrodes used to contact GNRs will also
screen the electric field. Thus, while GNRs may be degenerately doped far from the metal,
screening will effectively pin the valence and conduction bands close to the metal.

Because of electrostatic screening in FET devices, it is important that the contact metal
aligns well to the conduction or valence band. For this purpose, high and low work func-
tion, Φ , metals can be used to contact the valence and conduction band respectively, as
has been shown for carbon nanotubes[28]. Low work function metals are generally prone
to oxidation, while high work-function metals[29, 30] tend to be noble metals such as Au
(Φ = 5.31 eV), Pd (Φ = 5.22 eV) and Pt (Φ = 5.64 eV) and are preferred due to their chemical
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stability. While Pt has a largerwork function, Pd is known to result inmore charge transfer
to graphene and CNTs[31]. This results in larger doping, as a result of which it has become
the preferred contact metal for CNT electronics and a promising candidate for GNR-based
devices. As for intrinsically superconducting contact metals, Mo (Φ = 4.3 − 4.9 eV), Re
(Φ = 4.72 eV), MoRe andW (Φ = 4.55 eV) are known to make good contacts to CNTs. These
metals are known to make strong chemical bonds to CNTs, resulting in the formation of
metal-carbides at the interfaces.

1.2.4 Superconductivity
Superconductivity is an electronic state of matter in which a material loses all electrical re-
sistance below a certain temperature (𝑇𝑐 ). Furthermore, it exhibits an effect that is known
as the Meissner effect, the complete expulsion of magnetic field/perfect diamagnetism[8].
On a microscopic level, conventional superconductors can be microscopically understood
on the basis of the Bardeen-Cooper-Schrieffer theory (BCS). In this theory, electrons with
equal spin scatter repulsively at the Fermi surface through phonons. Due to these in-
teractions, an effective attractive interaction results, which results in a phase transition
with a complex order parameter Δ(𝑟) (in a mean-field treatment. In a many-body treat-
ment Δ̂ is a bosonic quantum field operator.). Associated with this order parameter is
a binding energy |Δ| per electron. This binding energy results in an energy gap in the
quasiparticle excitations, which suppresses thermally excited quasiparticle occupancies

by a factor 𝑒−
|Δ|
𝑘B𝑇 compared to a normal metal. Furthermore, a U(1) (electromagnetic)

gauge-covariant phase can be associated with the order parameter. While the global phase
is not an observable quantity, phase gradients are associated with superconducting/pair
currents and are also responsible for the Meissner effect. Though BCS theory does not
accurately describe all superconductors, it makes accurate predictions for conventional
superconductors and the observation of a pairing mechanism with a binding energy is
nearly universal (although gapless superconducting states do exist[3, 32]). In this thesis,
thin films of the conventional superconductors MoRe and Nb are considered. Because of
this, a notable deviation from standard BCS theory is that these superconducting films are
typically so-called ’dirty’ superconducting films. This means that they have a mean elec-
tronic free path 𝑙 that is smaller than the BCS superconducting coherence length (’clean’
limit) 𝜉c,clean = ℏ𝑣𝐹

𝜋|Δ| , the length-scale associated with the pairing interaction. As a result,
the coherence length is smaller, with the dirty coherence length given by the geometric

mean 𝜉c,dirty = √
𝜉c,clean𝑙

3 [33].

1.2.5 Superconducting proximity effect and SNS junctions
When a normal (non-superconducting) conductor is brought into electrical contact with
a superconductor, pair correlations can delocalize into the normal conductor. This effect,
called the superconducting proximity effect, can make the normal metal behave as if it
was superconducting itself[34, 35]. This means that the superconducting proximity ef-
fect has the potential to be used as a tool to make an optimal contact metal to graphene
nanoribbons into a superconducting contact metal. To also induce significant supercon-
ducting correlations in GNRs, high interface transparencies are required (> 10% electrical
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interface transparency), which may only be achievable with certain normal metals, such
as Pd. Besides the proximity effect, the opposite effect occurs as well, which is fittingly
called the inverse proximity effect. In this effect, electrons from the normal conductor can
enter the superconductor and reduce the pair correlations in the superconductor, which
reduces and broadens the superconducting gap close (up to a few coherence lengths) to
the normal conductor. This also reduces the critical temperature of the superconductor.

The superconducting proximity effect and the inverse effect depend critically on what
happens at the interface. If the interface is poorly transparent, quasiparticles will not mix
and the effect is small. When the interface is fully transparent, the ratio of charge carri-
ers in the superconductor to the number of charge carriers in the normal metal becomes
relevant. If there are significantly more quasiparticles in the normal metal, the proximity
effect is weak (and the inverse proximity effect is strong). Vice versa, if there are more
superconducting carriers in the mixing region, the proximity effect is strong. The num-
ber of carriers crossing the interface also depends on the rate at which electrons move in
the material. In thin films, this is described by the electronic diffusion coefficient 𝐷 = 𝑣F𝑙

3 ,
where 𝑣F is the Fermi velocity. Due to the diffusive nature of carriers, electrons delocalize
over a distance Δ𝑥2 = 𝐷Δ𝑡 in a time span Δ𝑡 . In a superconductor a with characteristic
timescale Δ𝑡 = ℏ

|Δ| , this leads to a characteristic length-scale equal to the coherence length

for dirty films 𝜉c,dirty = √
ℏ𝐷
|Δ| . More generally, in the normal metal at an energy 𝐸, the

characteristic length scale is 𝜉 (𝐸) = √
ℏ𝐷
𝐸 . This means that correlations at lower energies

will delocalize further into the normal metal. As a result of this, at a distance L that is far
from the interface(in terms of √

ℏ𝐷
|Δ| ), the energy gap is proportional to the Thouless en-

ergy 𝐸Th = ℏ𝐷
𝐿2 [36]. At the interface a proximity parameter can be defined by the ratio of

resistance-area products (or just resistances) within the coherence lengths in the normal

and superconducting material 𝛾 = 𝜌𝑆𝜉𝑆
𝜌𝑁 𝜉𝑁

= 𝐷
1
2𝑁 𝑁𝑁

𝐷
1
2𝑆 𝑁𝑆

, with 𝜉𝑁 = 𝜉 (|Δ|). This shows the large

influence of carrier density (material dependent), as well as the effect of diffusion/grain
size (as 𝐷 = 𝑣F𝑙

3 is proportional to 𝑙). If the normal metal film thickness 𝑡 is smaller than the
coherence length, the proximity parameter is smaller by a factor 𝑡

𝜉𝑁
. In a similar vein to

the proximity parameter, a parameter related to the interface transparency can be defined
by the boundary parameter 𝛾𝐵 = 𝑅𝐵

𝜌𝑁 𝜉𝑁
, where 𝑅𝐵 is the boundary resistance-area product.

To gain a better understanding of the proximity effect from a practical point of view, it is
instructive to compare literature values of metals. In table 1.1, the electronic density of
states 𝑁(𝐸F) (at the Fermi energy) and typical Fermi velocity for electrons in bulk Au, Pd,
Al, Mo, Re and Nb are listed¹. As the mean free path depends on the film structure and
deposition method, a single value can not be listed. Typical mean-free paths in evaporated

¹The density of states values in this table are extracted from the electronic specific heat[37, 38] and the expression
𝐶𝑉 = 𝜋2

3 𝑘2b𝑇𝑁(𝐸F)[39]
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Parameters
Element Density of states

(states nm−3eV−1)
Fermi Velocity (106
m s−1

Al 34.4 2.03
Au 17.2 1.40
Mo 49.8 -
Nb 222.6 -
Pd 232.4 -
Re 65.9 -

Table 1.1: Density of states and Fermi velocity of selected metals.

thin films are of the order of the grain size (∼ 10 nm). Also, the (free electron) Fermi veloc-
ities of Mo, Nb, Pd and Re are not well-defined, as the Fermi surface is fairly anisotropic
and consists of multiple electron and hole pockets with different velocities. However, the
part of the Fermi surface that is associated with the more localized d orbitals should have a
lower Fermi velocity (∼ 2.8 ⋅105m s−1[40]). The Fermi velocity of parts of the Fermi surface
that are dominated by the s orbitals, on the other hand, should be similar to the value in
gold (∼ 1.4 ⋅ 106m s−1). From this table it is apparent that there is a large variation in the
density of states. Au and Al are the twometals with the smallest DOS and the largest grain
size, while the transition metals Pd and Nb have the largest DOS in the table. Combining a
metal such as Au with Nb is thus expected to result in a relatively small inverse proximity
effect, while combining Pd and Al results in a large inverse proximity effect, which should
significantly reduce 𝑇c. This also indicates that it is significantly more difficult to induce
superconducting correlations in Pd than in Au. To efficiently proximitize Pd, a high car-
rier density superconductor or a thick film of low carrier density superconductor with a
large mean-free path is needed. In this thesis, the choice to use e-beam evaporated Nb as
a superconductor was made.

The superconducting proximity effect manifests itself in devices in which a small normal
metal wire is placed in between superconducting wires, in so-called superconductor - nor-
mal metal - superconductor (SNS) junctions. SNS junctions are more generally considered
a sub-type of Josephson junctions. These are weak superconducting links that have a
smaller critical current than a bulk superconducting wire and can thus act as local super-
conducting switches. The critical current in SNS junctions depends on their length and
resistance. A measure of the quality of a junction at low temperature can be given by the
ratio of the product of the critical current and resistance 𝐼𝑐𝑅𝑁 with respect to the char-
acteristic voltage |Δ|

𝑒 . In ’long’ junctions, where the superconducting coherence length
in the normal metal is smaller than the length of the normal metal, the Thouless energy
largely determines the 𝐼𝑐𝑅𝑁 product of the junction, together with the wire resistance. In
the opposite ’short’ junction limit, where the coherence length is larger, only the super-
conducting gap and the interface parameters determine the 𝐼𝑐𝑅𝑁 product. Importantly,
the fact that 𝐼𝑐𝑅𝑁 depends on the Thouless energy and interface parameters means that
the degree to which the metal is proximitized can be studied in an SNS junction geometry.
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To summarize this section, for SNS junctions the parameters that are important are:

• The proximity parameter 𝛾 , through the diffusion coefficients and densities of states.

• The boundary parameter 𝛾𝐵 , through 𝑅𝐵
• The Thouless energy in the normal metal, or 𝐿.
• The film thicknesses 𝑡𝑁 and 𝑡𝑆 , if they are smaller than the coherence length. A
thinner normal metal film is better proximitized.

• The critical temperature 𝑇𝑐 of the superconductor, through Δ.
The proximity and boundary parameters, as well as the critical temperature are material
and fabrication-related parameters, such as thin film structure and the cleanliness and dis-
order at the interfaces. These are either fixed by the choice of materials or can be improved
by modifying the fabrication procedure of devices. In particular, the diffusion coefficient
could be improved by increasing grain sizes and thus the mean-free path, while the bound-
ary resistance could potentially be improved by reducing contamination coming from out-
gassing of polymer masks[41], understanding alloy formation at thin film interfaces[42]
and potentially by using epitaxial growth strategies to reduce disorder. The length and
film thicknesses of the normal metal can in principle be controlled precisely by modifying
the patterning and metal deposition steps.

In combination with the electromigration technique, I will demonstrate that studying the
SNS junction allows for pre-characterizing the proximity effect before breaking the normal
metal wire (Au or Pd) to create superconducting contact electrodes for nanoscale objects
such as graphene nanoribbons.

1.2.6 Nonreciprocity in SNS junctions
A coincidental finding during the study of SNS junctions that will be discussed in this
thesis is the discovery of nonreciprocity upon applying a magnetic field on the order of
100 mT in the in-plane direction perpendicular to the current. That is, the critical current
in the forward direction 𝐼𝑐+ differs from the critical current in the backward direction 𝐼𝑐−.
Such effects have been observed in the 70s and 80s in Josephson junctions (primarily in
tunnel junctions), where they were found to be caused by the magnetic field that is created
by the bias current itself. This so-called ’self-field effect’ is strongly related to the geometry
of the device. Another possible origin behind this symmetry breaking is the presence of
asymmetry in the resistance, which is possible in tunnel barriers[43]. If 𝐼𝑐𝑅𝑁 is conserved,
then 𝐼𝑐+ = 𝐼𝑐− 𝑅𝑁−

𝑅𝑁+
.

Recently, however, studies have observed nonreciprocal superconducting effects that do
not match with a self-field effect or an asymmetric barrier effect, such as the supercon-
ducting diode effect[44] and the Josephson diode effect[45]. At this point in time, multiple
microscopic explanations have been proposed for these effects, some relying on the in-
troduction of finite cooper pair momentum[46], while others rely on a combination of
spin/the Zeeman effect and spin-orbit coupling[47–49]. Regardless of the exact mecha-
nism, a common feature across most experiments and theory is the combination of inver-
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sion symmetry breaking and time-reversal symmetry breaking. In most experiments, this
results in skew-symmetry, such that 𝐼𝑐+(𝐵) = 𝐼𝑐−(−𝐵). In some special cases, it has recently
been found that 𝐼𝑐+(0) ≠ 𝐼𝑐−(0) [50], meaning that there is a Josephson diode effect at zero
magnetic field.

In the theory section of this thesis, the finite momentum explanation will be explored a
bit more in-depth. In particular, a focus will be placed on the different components that
contribute to Cooper pair momentum in current biased SNS junctions with an applied
in-plane magnetic field. Furthermore, the relationship between this explanation and the
Meissner effect that occurs at the surface of superconductors will be elucidated.

1.3 Dissertation outline
The dissertation is divided into 4 main chapters, with supplementary theory, fabrication
and conclusion and outlook chapters for the whole thesis. In chapter 2, a more detailed
mathematical account of the theory behind graphene nanoribbons electronics as well as
superconductivity, the proximity effect and the Josephson diode effect will be given. In
chapter 3, the lithographic fabrication of the superconducting nanogap contact electrodes
is described, as well as the GNR substrate transfer method onto those devices. Chapter
4 discusses the electrical measurements of 9-AGNRs on MoRe contact electrodes, with
a focus on temperature dependence. In chapter 5, the same type of MoRe contact elec-
trodes are characterized by aerosol deposition of ligand-free Au nanoparticles created by
spark ablation, demonstrating electrically transparent interfaces by Andreev reflection
spectroscopy. Next, in chapter 6, the use of Pd as a superconducting contact metal will be
discussed. Measurements of 9-AGNRs on 6 nm Pd nanogap electrodes versus temperature
are shown, which show significantly reduced temperature dependence compared to the
MoRe devices. Furthermore, the proximity effect in Pd is studied in a constricted variable
thickness SNS junction that can be electromigrated to form nanogap electrodes. Finally,
in chapter 7, the electrical characteristics of SNS junctions with Au or Pd as the normal
metal in the electromigration geometry are studied as a function of magnetic field, which
reveals the presence of nonreciprocal superconducting effects, such as the Josephson diode
effect. After this there is a discussion of the significance of the results in this thesis and a
conclusion.
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2
Theory

In this chapter, a theoretical account will be given of graphene nanoribbons and supercon-
ductivity. The band structure of graphene nanoribbons is explained with an emphasis on its
relation to the Su-Schrieffer-Heeger model for cis-polyacetylene. A novel analytical calcula-
tion, based on the transfer matrix method, is performed for the characteristic polynomial of
a graphene nanoribbon, which justifies the Su-Schrieffer-Heeger model picture. A select few
transport models for graphene nanoribbons are also elaborated on. For superconductivity, a
basic account of Bardeen-Cooper-Schrieffer theory is given, after which Andreev reflections at
normal metal-superconductor interfaces, the superconducting proximity effect, and supercon-
ductor - normal metal - superconductor Josephson junctions are discussed. Finally, the effect
of a non-equilibrium quasiparticle occupancy and momentum resolved effects are discussed.
A tight binding model is presented for normal metal -superconductor interfaces in which a
Meissner screening current runs parallel to the normal metal - superconductor interface.

2.1 Graphene nanoribbons
2.1.1 Electronic structure
The electronic structure of a material is the very basis for understanding its conductive
properties. For this reason, in this section the electronic structure of graphene nanorib-
bons will be discussed.

The electronic structure of graphene nanoribbons is closely related to two ’parent’ struc-
tures, namely the electronic structure of polyacetylene and that of graphene. In this sec-
tion the tight-binding structure will be considered. To understand the graphene nanorib-
bon better, I will first discuss these two structures, before discussing the nanoribbon case.
Then for the nanoribbon case, I will introduce the transfer matrix method for finding
their electronic band structure. Notably, this method does not rely on a plane wave
ansatz[20, 51]. In this approach the electronic structure is found by obtaining a recur-
sion relation for the characteristic polynomial 𝜉 (𝐸) = det(𝐻̂ −𝐸 ̂𝐼 ), parameterizing and then
solving for its zeros.
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Figure 2.1: a) Schematic structure of trans-polyacetylene and a schematic representation of the related SSH tight
binding model. The primitive unit cell is indicated by the dashed red box. b) Band structure of the SSH model
for 𝑡2 = 1.1𝑡1 = 1.1𝑡 .

Polyacetylene
Polyacetylene is a structurewith alternating single and double bondswith different lengths.
Electrical conduction happens through the 𝜋 bonds. The 𝑝 orbitals related to conduction
can be most simply described by the SSH model, which is illustrated in Figure 2.1a. The
electronic structure of this model can be fully described by a hopping energy 𝑡1 and a hop-
ping energy 𝑡2. One can also include an on-site energy/chemical potential, but this does
not affect the dispersion apart from shifting energies. The SSH model is a periodic 1D
model with 2 atoms in the primitive unit cell. By Bloch’s theorem/translation symmetry,
this means that the single particle eigenfunctions are separable and of the form:

|𝜓 ⟩ =∑
𝑗
𝑐𝑗 |𝑗⟩∑

𝑛
𝑒𝑖𝑘𝑎𝑛 |𝑛⟩ (2.1)

Where 𝑗 denotes the atom in the unit cell, 𝑛 denotes the index of the unit cell, 𝑐𝑗 is the
probability amplitude in the unit cell and 𝑎 is the spacing between the unit cells.

The Hamiltonian is of the form:

𝐻̂ =∑
𝑛
𝑡1(|0,𝑛⟩⟨1,𝑛| + |1,𝑛⟩⟨0,𝑛|) + 𝑡2(|0,𝑛 −1⟩⟨1,𝑛| + |1,𝑛⟩⟨0,𝑛 −1|) (2.2)

Applying the Hamiltonian to the wavefunction, we get:

𝐻̂ |𝜓 ⟩ = (𝑡1(|0⟩ ⟨1| + |1⟩ ⟨0|) + 𝑡2(𝑒𝑖𝑘𝑎 |0⟩ ⟨1| + 𝑒−𝑖𝑘𝑎 |1⟩ ⟨0|)) |𝜓 ⟩ (2.3)
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Where the summation over the index 𝑛 has been taken. The resulting Hamiltonian only
describes the degrees of freedom within the unit cell and has a 2 x 2 matrix representation.

𝐻̂ = [ 0 𝑡1 + 𝑡2𝑒𝑖𝑘𝑎
𝑡1 + 𝑡2𝑒−𝑖𝑘𝑎 0 ] (2.4)

The eigenenergies can be found by solving 𝑑𝑒𝑡(𝐻̂ −𝐸 ̂𝐼 ) = 0. This produces the characteristic
equation 𝐸2 = (𝑡1 + 𝑡2𝑒𝑖𝑘𝑎)(𝑡1 + 𝑡2𝑒−𝑖𝑘𝑎) = 𝑡21 + 𝑡22 +2𝑡1𝑡2 cos(𝑘𝑎). This yields two bands:

𝐸±,𝑘 = ±√𝑡21 + 𝑡22 +2𝑡1𝑡2 cos(𝑘𝑎) (2.5)

These bands are centered around 𝑘 = 0. Furthermore, the minimum value of 𝐸2 is (𝑡1−𝑡2)2,
which results in a band gap of 2|𝑡1 − 𝑡2| at 𝑘 = ±𝜋

𝑎 . The resulting dispersion relations are
plotted in Figure 2.1b.

Although the dispersion relation does not change by interchanging 𝑡1 and 𝑡2, the wave-
function amplitude does. For 𝑘 = 𝜋

𝑎 , interchanging 𝑡1 and 𝑡2 results in a sign-change in
⟨0|𝜓 ⟩⟨𝜓 |1⟩ + ⟨1|𝜓 ⟩⟨𝜓 |0⟩ = ⟨𝜓 | 𝑋̂ |𝜓 ⟩, as the hopping element changes sign. The representa-
tion of this quantity by the Pauli matrix 𝑋̂ indicates that it can be considered as a kind of
pseudospin.

In the next section it will be shown that the band structure that can be found for the
SSH model is fundamental to not just polyacetylene, but also to graphene and graphene
nanoribbons.

Graphene
C

C

C

C

C

C

Figure 2.2: Schematic structure of graphene and a schematic representation of the related tight binding model.
The primitive unit cell is indicated by the dashed red box.
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Graphene has a 2-D lattice, which means it has more electronic degrees of freedom than
polyacetylene. Graphene shares the two atoms per primitive unit cell, as illustrated in
Figure 2.2. All bonds have equal strength/hopping integral 𝑡 , however. Furthermore,
graphene is periodic in 2 directions. As has been shown for polyacetylene, this periodicity
means that the wavefunction is separable in the form of equation (2.1). The only differ-
ence being that in two dimensions, there is periodicity in two spatial dimensions, meaning
that the variable 𝑘𝑎 becomes 𝑘1𝑎1 +𝑘2𝑎2. In graphene, 𝑎1 = 𝑎2 = 𝑎, 𝑘1 = 1

2 (−𝑘𝑥 + √3𝑘𝑦) and
𝑘2 = 1

2 (𝑘𝑥 + √3𝑘𝑦), as defined in the coordinate system in Figure 2.2. The 2 x 2 Hamiltonian
that is now found is:

𝐻̂ = [ 0 𝑡(1+ 𝑒𝑖𝑘1𝑎 +𝑒𝑖𝑘2𝑎)
𝑡(1+ 𝑒−𝑖𝑘1𝑎 +𝑒−𝑖𝑘2𝑎) 0 ] (2.6)

At this point, writing the Hamiltonian in 𝑘𝑥 and 𝑘𝑦 can be done to illustrate that the
electronic structure of graphene can be considered to be SSH-like in the 𝑘𝑦 direction, with
differing ratios of 𝑡1 to 𝑡2.

𝐻̂ = [ 0 𝑡 +2𝑡 cos( 𝑘𝑥𝑎2 )𝑒𝑖𝑘𝑦
√3
2 𝑎

𝑡 + 2𝑡 cos( 𝑘𝑥𝑎2 )𝑒−𝑖𝑘𝑦
√3
2 𝑎 0

] (2.7)

Where we may identify 𝑡1 = 𝑡 and 𝑡2 = 2𝑡 cos( 𝑘𝑥𝑎2 ). Thus, the SSH-like band structure in
the y-direction depends on the value of 𝑘𝑥 . When |𝑡1| = |𝑡2|, the dispersion relation goes
to zero energy. This happens at 𝑘𝑥 = 2𝜋

3𝑎 and 𝑘𝑦 = ± 2𝜋𝑎
√3 . These are the two unique Dirac

points of graphene. Crossing the Dirac point in graphene by varying 𝑘𝑥 is equivalent to
flipping the pseudospin defined in the SSH model.

Using the previously obtained solution for the SSH model given by equation (2.5), we find
the solution

𝐸±,𝑘𝑥 ,𝑘𝑦 = ±|𝑡|√1+4cos(𝑘𝑥𝑎2 )2 +4cos(𝑘𝑥𝑎2 )cos(𝑘𝑦
√3
2 𝑎). (2.8)

The positive solution is plotted in Figure 2.3, which shows the hexagonal symmetry of the
electronic band structure of graphene. The band approaches zero energy in cones at the
Dirac points.

Graphene nanoribbons
The electronic structure of graphene nanoribbons can be understood in simple terms by
considering the previously found band structure for graphene. Since a graphene nanorib-
bon can theoretically be obtained by cutting out a strip of graphene, the band structure
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Figure 2.3: Band structure of graphene. For ease of viewing, only the positive energy band is shown.

of graphene nanoribbons can be obtained by transforming this cutting procedure to mo-
mentum space. Electronically, this is similar to confining free electrons in 1D to an infi-
nite square well, which yields 𝑘 = 𝜋𝑙

𝐿 , with 𝑙 = 1,2, ..... In the same fashion, a cut in the
𝑥-direction which incorporates 𝐿 unit cells in the 𝑦-direction quantizes 𝑘𝑦 into values
𝑘𝑦 = 𝜋𝑙

𝑎(𝐿+1) , with 𝑙 = 1,2, ....,𝐿 [20]. This is the case of the armchair graphene nanoribbons.
These are nanoribbons with edges matching the edge shown in Figure 2.2. The line-cuts
in the band structure of graphene yielding the band structure of a 9-atom-wide armchair-
edge graphene nanoribbon (9-AGNR) are shown in Figure 2.4a. Note that every atom in
the width contributes only half a line-cut. As a result, any armchair graphene nanorib-
bon with an odd width has a ’half-cut’. The resulting bands from these cuts, plotted in
Figure 2.4b, match the tight-binding band structure of a 9-armchair graphene nanoribbon.

Although intuitively correct, making such cuts in the band structure of graphene is not
trivial. From the point of view of the SSH model, cutting can make the number of bonds
with hopping 𝑡1 unequal to the number of bonds with hopping 𝑡2. This turns out to always
be the case for zigzag-edge graphene nanoribbons, which have a multiple of 2 atoms in the
𝑦 direction. As a consequence of this symmetry breaking, the SSH model has ’topological’
solutions that appear when cutting the edges. These states only reveal themselves for
finite length chains. In the following section a discussion of the finite length SSH model
will be given. The solutions can be found by means of an expansion of the characteristic
polynomial[52, 53].

SSH model of finite length
Again, consider the SSH chain, but now with a finite length. In this case, the plane wave
solution ansatz no longer holds and the problem in no longer fully separable. Although
a solution can still be found by a wave-like ansatz[20], a more direct method of solving
will be demonstrated here. To solve for the energies in the tight binding model, the full
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Figure 2.4: Band structure of graphene and GNRs: a) Color map of the band structure of graphene, matching
Figure 2.3. The lines represent the locations of the 1D bands of 9-AGNRS. b) Band structure of 9-AGNRs. The
colors of the bands match Figure 2.4b

Hamiltonian matrix is considered. Here, I will consider the case where the outer bonds
are the same, taken to be 𝑡1, which is relevant to zigzag edges in graphene nanoribbons.
The full Hamiltonian matrix is given by:

𝐻̂ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

0 𝑡1 0 0 ... 0 0 0 0
𝑡1 0 𝑡2 0 ... 0 0 0 0
0 𝑡2 0 𝑡1 ... 0 0 0 0
0 0 𝑡1 0 ... 0 0 0 0
... ... ... ... ... ... ... ... ...
0 0 0 0 ... 0 𝑡1 0 0
0 0 0 0 ... 𝑡1 0 𝑡2 0
0 0 0 0 ... 0 𝑡2 0 𝑡1
0 0 0 0 ... 0 0 𝑡1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

(2.9)

This matrix is tridiagonal in form and the model is still periodic/regular in the interior.
To solve this model, one can not assume that the wavefunction is separable though, as
the boundary sites are missing neighbors. Nevertheless, the regularity of the bulk can be
exploited. One way to do this is by using a recursion relation to find an expression for
the characteristic polynomial 𝜒(𝐸) = 𝑑𝑒𝑡(𝐻̂ −𝜆𝐸)[53]. To do so, consider the characteristic
polynomial of a submatrix 𝜒𝑛(𝐸) = 𝑑𝑒𝑡(𝐻̂1∶𝑛,1∶𝑛 −𝐸 ̂𝐼 ), with 𝐻̂1∶𝑛,1∶𝑛 the square submatrix
with indices 1 to n. In this case, let index 1 represent the bottom row and the right-most

column. Then 𝜒1 = 𝑑𝑒𝑡(0−𝐸) = 𝐸 and 𝜒2 = 𝑑𝑒𝑡([−𝐸 𝑡1
𝑡1 −𝐸]) = 𝐸2 − 𝑡21 .

The characteristic polynomials are related by the Laplace expansion, which results in re-
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currence relations when performed in the interior of the SSH Hamiltonian matrix. Taking
𝑛 to be an even index, one can find a recurrence relation at an even index,

𝜒𝑛 = 𝐸𝜒𝑛−1 − 𝑡21𝜒𝑛−2,

or at an odd index, giving
𝜒𝑛+1 = 𝐸𝜒𝑛 − 𝑡22𝜒𝑛−1.

These expressions hold all the way up to 𝑛 = 𝐿, the length of the full SSH model. Moreover,
we can also see that it is possible to include the lower boundary condition by defining 𝜒0 = 1
and 𝜒−1 = 0.
To obtain the characteristic polynomial for the full chain, only the even length components
are necessary. To obtain a recursion relation for these, we expand up to 𝜒𝑛+2.

𝜒𝑛+2 = 𝐸𝜒𝑛+1 − 𝑡21𝜒𝑛 .

Filling in the expression for 𝜒𝑛+1 into this equation and using the first equation to express
𝜒𝑛−1 = 𝜒𝑛+𝑡21𝜒𝑛−2

𝐸 , it is found that:

𝜒𝑛+2 = (𝐸2 − (𝑡21 + 𝑡22 ))𝜒𝑛 − 𝑡21 𝑡22𝜒𝑛−2. (2.10)

Redefining 𝜁𝑛 = 1
(𝑡1𝑡2)𝑛

𝜒2𝑛 , this expression can be written as:

𝜁𝑛+1 =
(𝐸2 − (𝑡21 + 𝑡22 ))

𝑡1𝑡2
𝜁𝑛 −𝜁𝑛−1 (2.11)

The new variable 𝜁𝑛 can be seen as a normalized dimensionless version of the characteristic
polynomial. The normalization has no impact on the zeros (eigenenergies). The found
recursion relation has one parameter, which we call 𝜆 = (𝐸2−(𝑡21+𝑡22 ))

2𝑡1𝑡2
With this parameter

defined, the recursion relation takes the form of the generating equation for Chebyshev
polynomials:

𝜁𝑛+1 = 2𝜆(𝐸)𝜁𝑛 −𝜁𝑛−1 (2.12)

The boundary/initial condition 𝜁0 can be found by computing 𝜁1 and 𝜁2:

𝜁1 =
𝜒2
𝑡1𝑡2

= 𝐸2 − 𝑡21
𝑡1𝑡2

= 2𝜆 + 𝑡2
𝑡1

(2.13)

and

𝜁2 =
𝜒4

(𝑡1𝑡2)2
= (𝐸2 − 𝑡21 )𝜒2 − 𝑡22 (𝐸2)

(𝑡1𝑡2)2
= (𝐸2 − 𝑡21 − 𝑡22 )𝜒2 − 𝑡22 (𝐸2 −𝜒2)

(𝑡1𝑡2)2
= 2𝜆𝜁1 −𝜁0 (2.14)
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From which it follows that it suffices to take:

𝜁0 = 1 (2.15)

The initial conditions can be implemented by considering 𝜁𝑛 to be a linear combination of
the Chebyshev polynomials of first 𝑇𝑛 and second order 𝑈𝑛:

𝜁𝑛 = 𝐴𝑇𝑛 +𝐵𝑈𝑛 . (2.16)

Then the boundary conditions are:
1 = 𝐴+𝐵, (2.17)

2𝜆 + 𝑡2
𝑡1

= (𝐴+2𝐵)𝜆. (2.18)

The solution of this linear system of equations is:

𝐴 = − 𝑡2
𝑡1𝜆

, (2.19)

𝐵 = 1−𝐴 = 𝑡1𝜆 + 𝑡2
𝑡1𝜆

. (2.20)

This gives the solution for the characteristic polynomial of the SSH model. To find the
band structure, note that the Chebyshev polynomials can be expressed more elegantly by
taking 𝜆 = cos(𝑘)
This results in:

𝑇𝑛(cos(𝑘)) = cos(𝑛𝑘) (2.21)

𝑈𝑛(cos(𝑘)) =
sin((𝑛 +1)𝑘)

sin(𝑘) (2.22)

Thus the full expression for the characteristic polynomial is:

𝜁𝑛(cos(𝑘)) = −𝑡2 cos(𝑛𝑘)𝑡1 cos(𝑘)
+ 𝑡1 cos(𝑘)+ 𝑡2

𝑡1 cos(𝑘)
sin((𝑛 +1)𝑘)

sin(𝑘) (2.23)

Now, using 𝑠𝑖𝑛((𝑛 +1)𝑘) = 𝑠𝑖𝑛(𝑘)𝑐𝑜𝑠(𝑛𝑘)+ 𝑠𝑖𝑛(𝑛𝑘)𝑐𝑜𝑠(𝑘), we get:

𝜁𝑛(cos(𝑘)) = cos(𝑛𝑘)+ (cos(𝑘)+ 𝑡2
𝑡1
) sin(𝑛𝑘)
sin(𝑘) (2.24)

Multiplying by sin(𝑘), the zeros of this function are given by:

0 = sin((𝑛 +1)𝑘)+ 𝑡2
𝑡1

sin(𝑛𝑘) (2.25)
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or equivalently:
𝑈𝑛+1(𝑘)
𝑈𝑛𝑘

= −𝑡2𝑡1
(2.26)

Where we note that sin(𝑘) = 0 (e.g. 𝑘 = 0) is not a zero of the characteristic polynomial, as
this zero was introduced by a prior multiplication. In general, the solutions can be found
by graphical/numerical means. For 𝑡2 = 0, the solution 𝑘 = 𝜋𝑙

𝑛+1 with 𝑙 = 1,2,3, ...,𝑛 can be

found. Likewise, for 𝑡1 → 0 we find 𝑘 = 𝜋𝑙
𝑛 , with 𝑙 = 1,2,3, ...,𝑛 − 1 results. In the latter

limit, only 𝑛−1 solutions are found (which actually means that two energies are missing).
The missing solution can be found by extending 𝑘 to the complex plane. In this case, the
equation to solve is:

(𝑒𝑖𝑘(𝑛+1) −𝑒−𝑖𝑘(𝑛+1)) = −𝑡2𝑡1
(𝑒𝑖𝑘𝑛 −𝑒−𝑖𝑘𝑛) (2.27)

In the large 𝑛 limit, for 𝑘 = 𝜋 + 𝑖𝜅, approximate solutions are

𝑒±𝜅 = 𝑡2
𝑡1

(2.28)

Meaning 𝜅 = ±𝑙𝑛( 𝑡2𝑡1 ).

In the special limit that 𝑡2 = 𝑡1, the solution 𝑘 = 𝜋𝑙
𝑛+ 1

2
, for 𝑙 = 1,2,3, ...𝑛 holds.

For any solution, we have:
𝐸2 = 𝑡21 + 𝑡22 +2𝑡1𝑡2 cos(𝑘) (2.29)

Which results in
𝐸±,𝑘 = ±√𝑡21 + 𝑡22 +2𝑡1𝑡2 cos(𝑘) (2.30)

Exactly as was found before, but with a slightly different meaning for the variable 𝑘, which
is not explicitly derived from a plane wave approach in this case. Within the plane wave
approach, the complex solutions that were found correspond to exponentially growing
and decaying waves (with a wave vector of 𝑘 = 𝑖𝜋 ± 𝑙𝑛( 𝑡2𝑡1 )). In the finite-length chain, the
normalized states are thus localized at the ends. The energy of these states are:

𝐸2 = 𝑡21 + 𝑡22 −2𝑡1𝑡2 cosh(±𝑙𝑛(
𝑡2
𝑡1
)) = 𝑡21 + 𝑡22 −2𝑡1𝑡2

( 𝑡2𝑡1 ) + (
𝑡1
𝑡2
)

2 = 0 (2.31)

This reveals that the two states have the same value of 𝜆 and are a pair of zero-energy
end-states. For small-lengths, the same dispersion relation holds and the eigenvalues can
be found numerically/graphically.



2

20 2 Theory

Summarizing, the solutions of the finite-length SSH model have been found by an expan-
sion of the characteristic polynomial through a recurrence relation. The result is quanti-
zation of 𝑘𝑦 , with the same dispersion relation 𝐸(𝑘). In the case that 𝑡1<𝑡2, there are 2
solutions for 𝑘𝑎 = 𝑖𝜋 ± 𝑙𝑛( 𝑡2𝑡1 ), which are localized at the ends, decaying at a rate of 𝑡1

𝑡2
.

Armchair/zigzag graphene nanoribbon from the bottom up
The same approach for the SSH model can be applied to a whole graphene nanoribbon of
finite length and width. Consider again the sketch in Figure 2.2. In this model, we can
label the atoms by indices 𝑥 (zigzag direction) and 𝑦 (armchair direction). Then, in this
coordinate system, the tight binding model has the form:

𝐻 = 𝐻𝑥 +𝐻𝑦,𝑥odd +𝐻𝑦,𝑥even (2.32)

It can also be seen that any rectangular lattice represents a finite-size graphene nanorib-
bon.

The Hamiltonian is periodic/regular and has a block-tridiagonal form:

As a result, it can be written in the form:

𝐻̂ = 𝑡

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

𝐻1 −𝐼 0 0 ... 0 0 0 0
−𝐼 𝐻2 −𝐼 0 ... 0 0 0 0
0 −𝐼 𝐻1 −𝐼 ... 0 0 0 0
0 0 −𝐼 𝐻2 ... 0 0 0 0
... ... ... ... ... ... ... ... ...
0 0 0 0 ... 𝐻2 −𝐼 0 0
0 0 0 0 ... −𝐼 𝐻1 −𝐼 0
0 0 0 0 ... 0 −𝐼 𝐻2 −𝐼
0 0 0 0 ... 0 0 −𝐼 𝐻1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

(2.33)

Where 𝐻1 = 𝐻𝑦,𝑥odd is the Hamiltonian in 𝑦 on the odd rows and is 𝐻2 = 𝐻𝑦,𝑥odd is the
Hamiltonian in 𝑦 on the even rows.

Furthermore, the odd and even hamiltonians are expressed as:

𝐻̂1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

0 −1 0 0 ... 0 0 0 0
−1 0 0 0 ... 0 0 0 0
0 0 0 −1 ... 0 0 0 0
0 0 −1 0 ... 0 0 0 0
... ... ... ... ... ... ... ... ...
0 0 0 0 ... 0 −1 0 0
0 0 0 0 ... −1 0 0 0
0 0 0 0 ... 0 0 0 −1
0 0 0 0 ... 0 0 −1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

(2.34)
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𝐻̂2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

0 0 0 0 ... 0 0 0 0
0 0 −1 0 ... 0 0 0 0
0 −1 0 0 ... 0 0 0 0
0 0 0 0 ... 0 0 0 0
... ... ... ... ... ... ... ... ...
0 0 0 0 ... 0 0 0 0
0 0 0 0 ... 0 0 −1 0
0 0 0 0 ... 0 −1 0 0
0 0 0 0 ... 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

(2.35)

After division by 𝑡 , the normalized characteristic polynomial can be expressed as:

𝜒(𝜆) = 𝑑𝑒𝑡((𝜆𝐼 − 1
𝑡 𝐻)) = 𝑑𝑒𝑡(𝑀(𝜆)) = 𝑑𝑒𝑡(

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

𝐴1 𝐼 0 0 ... 0 0 0 0
𝐼 𝐴2 𝐼 0 ... 0 0 0 0
0 𝐼 𝐴1 𝐼 ... 0 0 0 0
0 0 𝐼 𝐴2 ... 0 0 0 0
... ... ... ... ... ... ... ... ...
0 0 0 0 ... 𝐴2 𝐼 0 0
0 0 0 0 ... 𝐼 𝐴1 𝐼 0
0 0 0 0 ... 0 𝐼 𝐴2 𝐼
0 0 0 0 ... 0 0 𝐼 𝐴1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

)

(2.36)

Where we define the matrix𝑀(𝜆) for simplicity in notation. Furthermore, 𝐴1 = 𝜆𝐼 −𝐻1 and
𝐴2 = 𝜆𝐼 −𝐻2 and the eigenenergies can be expressed as 𝐸 = 𝜆𝑡 . In this form, the transfer
matrixmethod [52] can be used to calculate the determinant (using 𝐵𝑖 =𝐶𝑖 = 𝐼 and applying
the sign change) as:

𝜒(𝐸) = 𝑑𝑒𝑡(𝑇 (𝑛)11)𝑑𝑒𝑡((𝐵1....𝐵𝑛−1)−1) = 𝑑𝑒𝑡(𝑇11) (2.37)

The transfer matrix 𝑇(𝑛) in this equation is the 2 x 2 matrix defined by:

[𝑐𝑛+1𝑐𝑛 ] = 𝑇 (𝑛)[𝑐1𝑐0] (2.38)

The 11 element of 𝑇(𝑛) thus denotes transfer from block 1 to block 𝑛+1. Given the bound-
ary conditions 𝑐0 = 𝑐𝑛+1 = 0, this must mean that all valid eigenvectors have 𝑇(𝑛)11𝑐1 = 0.
This implies that 𝑑𝑒𝑡(𝑇 (𝑛)11) = 0 for eigenvectors. It can be seen bymultiplying𝑀(𝜆)with

the coefficient vector 𝑐 =
⎡⎢⎢⎢⎢
⎣

𝑐1
𝑐2
...

𝑐𝑛−1
𝑐𝑛

⎤⎥⎥⎥⎥
⎦

: that
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𝐴1𝑐1 +𝑐2 = 0 (2.39)

𝑐1 +𝐴2𝑐2 +𝑐3 = 0 (2.40)

𝑐2 +𝐴1𝑐3 +𝑐4 = 0 (2.41)

etc.

From this, we find:
(𝑇 (−1)11 +𝐴1𝑇(0)11 +𝑇(1)11)𝑐1 = 0 (2.42)

(𝑇 (0)11 +𝐴2𝑇(1)11 +𝑇(2)11)𝑐1 = 0 (2.43)

(𝑇 (1)11 +𝐴1𝑇(2)11 +𝑇(3)11)𝑐1 = 0 (2.44)

Wherewe have used 𝑇(0)11 = 𝐼 and 𝑇(−1)11 = 0, which hold by the definition of the transfer
matrix.

In general, we can deduce that for odd 𝑛:
𝑇(𝑛 +2)11 = −𝐴1𝑇(𝑛 +1)11 −𝑇(𝑛)11 (2.45)

𝑇(𝑛 +3)11 = −𝐴2𝑇(𝑛 +2)11 −𝑇(𝑛 +1)11 (2.46)

𝑇(𝑛 +4)11 = −𝐴1𝑇(𝑛 +3)11 −𝑇(𝑛 +2)11 (2.47)

Filling the first two equations into the last one, we get:

𝑇(𝑛 +4)11 = −𝐴1(−𝐴2𝑇(𝑛 +2)11 −𝑇(𝑛 +1)11) −𝑇 (𝑛 +2)11 = (𝐴1𝐴2 −2𝐼 )𝑇 (𝑛 +2)11 −𝑇(𝑛)11
(2.48)

Defining Ξ𝑘(Λ) ≡ 𝑇 (−1 + 2𝑘)11, this defines an equation for a Chebyshev polynomial of
Λ ≡ (𝐴1𝐴2

2 − 𝐼 ):
Ξ𝑘+1(Λ) = 2ΛΞ𝑘(Λ)−Ξ𝑘−1(𝜆) (2.49)

The initial conditions are Ξ0(Λ) = 𝑇 (−1)11 = 0 and Ξ1(Λ) = 𝑇 (1)11 = −𝐴1
The solution is:

Ξ𝑘(Λ) = −(𝑈𝑘(Λ)−𝑇𝑘(Λ))Λ−1𝐴1 (2.50)

To solve this, we consider Λ to be nonsingular. Then Λ can be expressed in terms of its
eigendecomposition Λ = 𝑃𝐷𝑃−1, where 𝑃 is a matrix containing the eigenvectors and 𝐷
is a diagonal matrix containing the eigenvalues 𝜆𝑖 . For any polynomial function 𝑓 (𝑥), it
then holds that:

𝑓 (Λ) = 𝑃𝑓 (𝐷)𝑃−1 (2.51)

And 𝑓 (𝐷) is the diagonal matrix containing the elements 𝑓 (𝜆𝑖)



2.1 Graphene nanoribbons

2

23

Thus, we calculate 1
𝑥 (𝑈𝑘(𝑥)−𝑇𝑘(𝑥)) and fill in 𝑥 = Λ in post. Consider 𝑥 = cos(𝜃), with 𝑒𝜃 a

complex value confined to the top half of the complex plane to obtain a bijective mapping.
Then:

𝑓 (𝑥) = 1
𝑥 (𝑈𝑘(𝑥)−𝑇𝑘(𝑥)) =

1
cos(𝜃) (

sin((𝑘 +1)𝜃)
sin(𝜃) − cos(𝑘𝜃)) = sin(𝑘𝜃)

sin(𝜃) (2.52)

The zeros can be found at 𝜃 = 𝑙𝜋
𝑘 , 𝑙 = 1, ..., 𝑘 − 1.

Thus the polynomial in 𝑥 is:

𝑓 (𝑥) =
𝑘−1
∏
𝑙=1

(𝑥 − cos( 𝑙𝜋𝑘 )) (2.53)

Generalizing the expression to the matrix Λ, it follows that:

Ξ𝑘(Λ) = −
𝑘−1
∏
𝑙=1

(Λ− 𝐼 cos( 𝑙𝜋𝑘 ))𝐴1 (2.54)

This effectively solves the Hamiltonian in the zigzag direction, yielding𝑊 effective Hamil-
tonians for bands in the armchair direction. The objective is to find the eigenvalues, which
are found through:

𝑑𝑒𝑡(Ξ𝑘) = 0 (2.55)

Since the transfer matrix is defined as a product, solutions can be found for each 𝑙 sepa-
rately and for 𝐴1. The solutions for 𝐴1 are simple, as the Hamiltonian 𝐻1 consists of 𝐿/2
pairs of sites coupled by a hopping element 𝑡 . This yields two flat bands, one at 𝐸 = +𝑡 and
one at 𝐸 = −𝑡 . Note that the amount of sites in𝐴1 is half the amount of sites inΛ−𝐼 cos( 𝑙𝜋𝑘 ).
Thus, this results in half the number of states, in agreement with the band cutting picture
in Figure 2.4.

The effective determinant for each 𝑙 is:

𝑑𝑒𝑡(Λ− 𝐼 cos( 𝑙𝜋𝑘 )) = 𝑑𝑒𝑡(𝐴1𝐴2
2 − 𝐼𝜆𝑙) =

1
2𝑑𝑒𝑡(𝐴1𝐴2 −2𝜆𝑙 𝐼 ). (2.56)

This is the determinant for two chains with Hamiltonians 𝐻1 and 𝐻2 coupled by a hopping
element 𝑡21 = 𝜆𝑙 𝑡2, with 𝜆𝑙 = 2(1+ cos( 𝑙𝜋𝑘 )). The derived SSH chain is schematically shown
in Figure 2.5.

The result is an effective SSH hamiltonian with 𝑡1 = ±√𝜆𝑙 𝑡 and 𝑡2 = 𝑡 . The solution of this
Hamiltonian was given in section 2.1.1.4. To get the usual dispersion for graphene, we set
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Figure 2.5: Schematic representation of the finite-length SSH chain in an armchair GNR of finite length. The
values of the hopping elements are 𝑡1 = √𝜆𝑙 𝑡 (which depends on the band index 𝑙) and 𝑡2 = 𝑡 .

𝑡1 = 2cos( 𝑙𝜋2𝑘 ). This avoids the discontinuity in √𝜆𝑙 = |cos( 𝑙𝜋2𝑘 )| as 𝜆𝑙 goes through 0 as a
function of the index 𝑙.
When 𝜆𝑙 < 1, topological solutions exist, which happens for:

cos( 𝑙𝜋𝑘 ) < −12 , (2.57)

which is equivalent to 𝑙𝜋
𝑊 = 𝑘𝑥𝑎 > 2𝜋

3 .

Thus, in general, the solutions for the eigenvalues/dispersion relation is of the SSH form:

𝐸±(𝑘𝑥𝑎,𝑘𝑦𝑎) = ±𝑡 √1+4cos2(𝑘𝑥𝑎2 )+4cos(𝑘𝑥𝑎2 )cos(𝑘𝑦
√3
2 𝑎), (2.58)

which is exactly the dispersion relation of graphene. The zero energy edge states at zigzag
edges are the result of complex solutions of 𝑘𝑦 (the wavevector in the armchair direction).

This concludes the section on the electronic structure of GNRs. In this section, a simple
intuitive understanding of the band structure of graphene was given, based on the SSH
model. The band structure of armchair and zigzag GNRs can be obtained by. Finally, an
analytical calculation of the characteristic polynomial of the tight binding Hamiltonian
for an armchair/zigzag graphene nanoribbon was performed using the transfer matrix
method, which allows for calculating the eigenenergies (dispersion relations) of GNRs of
arbitrary width and length. The results of this calculation are in agreement with analytical
calculations based on a wave-based ansatz with boundary conditions[51]. The analytical
calculation justifies the simple SSH picture for armchair graphene nanoribbons and also
includes the end-states at the zigzag ends of finite-length armchair graphene nanoribbons.
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Edge states in finite size graphene nanoribbons
At this point, the edge states in the zigzag ends can be understood. Since the graphene
lattice behaves as a collection of separate finite-length SSH chains with different 𝑡2

𝑡1
in the

armchair direction, edge states form when the effective hopping integrals at the ends are
smaller. For an infinite length GNR, this corresponds to:

2|𝑡 cos( 𝑘𝑥𝑎2 )| < |𝑡|, which occurs when |cos( 𝑘𝑥𝑎2 )| ≤ 1
2 , 𝑘𝑥 ≥

2𝜋
3𝑎 , which is exactly the condition

that 𝑘𝑥 is beyond the Dirac point. This means in the zigzag direction of graphene nanorib-
bons there is a dispersive band that becomes flat at zero energy. Just past the Dirac point,
𝑡2
𝑡1
≈ 1 and the zero energy state is most delocalized, as opposed to when 𝑘𝑥 → 𝜋

𝑎 , where
the zero energy state strongly localizes at the edges. In all cases, there is a sign change
from unit-cell to unit-cell in the armchair direction.

2.1.2 Magnetism at zigzag edges
The presence of spatially localized zero-energy flat bands at zigzag edges of nanoribbons
opens up the possibility of studying the effect of interactions. The absence of curvature in
a flat dispersion implies an infinite effective mass. As such, kinetic effects are negligible
compared to interactions, such as the Coulomb interaction. An expected result of this is
the occurrence of correlations, which can manifest in the form of magnetism or charge
density waves[54].

2.1.3 Electronic transport properties of semiconducting graphenenanorib-
bons

The previous sections on the electronic structure of armchair graphene nanoribbons re-
veal that their band structure can be mapped to the SSH model. Through this analogy, it
is seen that GNRs are semiconducting, unless the criterion |𝑡1| = |𝑡2| is met for some band.
Although the exact band gap is related to the width and edge structure, the global trend
is for GNRs to exhibit a band gap that is inversely proportional to their width. As a result
of this, the on-surface synthesized 9-armchair graphene nanoribbons considered in this
thesis are semiconducting in nature, with a predicted band gap of roughly 1 eV. When the
GNRs are neutral (meaning not doped), their Fermi energy is predicted to be in the middle
of the band gap. Thus, according to this picture, neutral 9-AGNRs should behave as poten-
tial/energy barriers to electron and hole excitations, with a barrier size of roughly 0.5 eV.
To understand charge transport through them, the conduction mechanisms into the GNRs
and through the GNRs needs to be understood. In this section, we will start with trans-
port through the GNRs, assuming no contact effects. Rough estimates will be given for
transport through tunneling and through thermally excited carriers. After these consider-
ations, additional charge transport models (Environmental Coulomb blockade/Luttinger
liquid/Wigner crystal, Fluctuation induced tunneling) will be presented that have been
proven to be useful to describe charge transport in GNRs, CNTs and polyacetylene. In
the section following this one, contact limited transport through GNRs will be discussed,
which becomes relevant in cases where the barriers at the contacts exceed the channel bar-
rier height. This last case is relevant for GNRs that are back-gated in a field-effect transistor
geometry, such that the valence band (or conduction band) is close to the electrochemical
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potential.

Tunneling conduction

To understand conduction through tunneling, we will consider a conductance of 1 𝐺0
through a band if the band is at the Fermi energy. Thus, without the barrier, it would
conduct as a perfect single channel conductor. Now, if we include a barrier of width 𝑊
and height 𝑉0 = 0.5 V, the tunneling conductance would be

𝐺 = 𝐺0𝑒−2𝜅𝑊 , (2.59)

with 𝜅 = √
2𝑚𝑉0
ℏ2 ≈ 5.01 nm−1.

From this, one can extract that the tunneling conductance of 9-AGNRS is expected to decay
(multiplicatively) at a rate of 𝑒−10 ≈ 4.5 ⋅ 10−5 per nanometer.

For a device with a length exceeding a few nanometers, this is a negligible contribution.
In reality, the barrier height might be locally reduced by image charge effects close to the
metal surface and thus few-nanometer-length GNR channels could still conduct through
tunneling. For larger channel lengths, this is not to be expected. Instead, a thermally
driven transport mechanism is much more likely.

Thermally activated charge transport As was considered for tunneling, the GNR va-
lence and conduction bandwill be taken to be perfect 1D channels. For thermally activated
processes, the carriers can be considered as classical particles. Thermally excited carriers
can only enter this channel when their energy exceeds the energy barrier. The amount
of electrons at energy 𝐸 above the barrier is given by the Boltzmann factor 𝑁thermal =
∫∞𝜇+𝑒𝑉0

𝜈(𝐸)𝑒
𝜇−𝐸
𝑘b𝑇 𝑑𝐸 = 𝜈𝑘b𝑇𝑒

− 𝑒𝑉0
𝑘b𝑇 .

Where we have introduced the density of states 𝜈(𝐸), which is assumed to be energy inde-
pendent. The validity of this assumption is dubious over energy scales of eV. Metals such
as Pd, Pt and Au have d-bands below the Fermi energy, which may lead to excess holes
compared to electrons. When a bias voltage is applied, the chemical potential shifts up
with respect to the barrier height. Then, as a result, the net imbalance between the two
electrodes is:

𝜈𝑘b𝑇𝑒
− 𝑒𝑉0
𝑘b𝑇 (𝑒

𝑒𝑉
𝑘b𝑇 −1). (2.60)

Assuming a low bias 𝑒𝑉
𝑘𝑏𝑇

<< 1 and that all states couple to the channel with equal proba-

bility 1
𝜈 , the low bias conductance is:

𝐺 = 𝑒−
𝑒𝑉0
𝑘b𝑇 𝐺0. (2.61)

For 𝑉0 = 0.5 V and 𝑘𝑏𝑇 = 25 meV, this results in 𝐺 = 2 ⋅ 10−9𝐺0 ≈ 0.1 pS. Thus, we may
predict that for a density of 2 ribbons per nm, the conductance of a 20 nm wide contact is
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1 pS. For a 2 μm wide contact, the expected conductance (assuming an undoped 9-AGNR)
is 100 pS.

High-bias transport When the applied bias voltage is large, deviations from the picture
sketched above may occur. The barrier energy may be effectively lowered by the bias
voltage. Furthermore, the potential landscape is tilted, which can result in a thinner energy
barrier. As a result, both tunneling conductance and thermally excited carrier conductance
is enhanced. A way to take this into account is through

Fluctuation induced tunneling A model that combines the tunneling approach with
thermal fluctuations is the fluctuation induced tunneling (FIT) model[55]. This model was
introduced to explain the conductance properties of highly doped poly-acetylene, but has
also seen success in describing other 1D conductors with disorder[56]. At the core of this
model is the idea that the material consists of large conductive regions separated by small
tunnel barriers. These small tunnel barriers have a small capacitance that can exhibit a
relatively large noise voltage, according to

1
2𝐶𝑉

2 = 𝑘𝑏𝑇 . (2.62)

As a result of the small size of the junction, the voltage across it fluctuates. For a capaci-
tance of 1 fF, one obtains a noise voltage of 2mVat room temperature. Themain prediction
of this model is a temperature dependent conductance:

𝐺 = 𝐺0𝑒
− 𝑇1
𝑇+𝑇0

(1−𝛼|𝑉 |)2 . (2.63)

0.00 0.02 0.04 0.06 0.08 0.10

1/(T ) (K−1)

10−4

10−3

10−2

10−1

100

G
(n

or
m

al
iz

ed
)

FIT: T0 = 0 K, T1 = 700 K

FIT: T0 = 100 K, T1 = 700 K

Figure 2.6: Zero-bias conductance versus temperature behavior of the FIT model compared to a simple thermally
activated behavior.

At high temperatures, the behavior is thermal, with a temperature scale 𝑇1, saturating to
a value of 𝜎0. The ratio 𝑇1

𝑇0
is equal to the exponent for the tunneling probability 2𝜅𝑤
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(multiplied by a correction factor for the barrier shape). When the temperature is low-
ered below 𝑇0, a transition happens to the tunneling regime and the behavior flattens off.
This transition is smooth, rather than abrupt. A plot of the zero bias conductance ver-
sus inverse temperature in Figure 2.6 illustrates the effect of the parameter 𝑇0. 𝑇0 = 0 K
and 𝑇1 = 700 K results in normal thermally activated behavior. Taking 𝑇0 = 100 K instead
results in a smooth transition to a temperature-independent tunneling regime. Further-
more, the bias voltage behavior is exponential for low bias, but flattens off at high bias
until 𝛼𝑉 = 1. In this limit, the validity of the model becomes questionable. An impor-
tant feature of this model is a product between the temperature dependence and the bias
voltage dependence. As a result, the effective activation energy for high bias voltages is
reduced. This also has the consequence of increasing the non-linearity of the IV curves
when decreasing the temperature. To perform an analysis with this model as a starting
point, it makes sense to consider the logarithm of conductance, which is:

𝑙𝑛(𝐺) = 𝑙𝑛(𝐺0) −
𝑇1

𝑇 +𝑇0
(1−𝛼𝑉 )2. (2.64)

If 𝐺0 is known, the temperature dependence can be extracted by plotting: 1
𝑙𝑛(𝐺)−𝑙𝑛(𝐺0)

=
1

(1−𝛼𝑉 )2 (
𝑇0
𝑇1 +

𝑇
𝑇1 ) versus 𝑇 for low bias voltages. A simple linear fit at low bias yields 𝑇0

𝑇1
as the intercept and 1

𝑇1
as the slope.

The FIT model provides a simple expression for transitioning between thermally activated
transport and electron transport through tunneling. The assumption that the material of
interest consists of large conductive regions with small barriers is, however, against expec-
tations for undoped GNRs with band gaps on the order of 1 eV. Nevertheless, regardless
of the validity of the FIT model and its assumptions, the exponent for the temperature
scaling 𝑇1

𝑇+𝑇0
that it provides gives a simple extension of the thermally excited 𝑇1

𝑇 scaling,
where the tunneling contribution can be interpreted as an offset temperature.

An interesting consequence of this scaling is that the temperature dependence at low tem-
peratures 𝑇 < 𝑇0 can be well approximated by an exponential temperature dependence,
with a quadratic correction term. By Taylor expanding the exponent to second order, it is
found that:

𝐺(𝑇) ≈ 𝑒𝑙𝑛(𝐺0)𝑒−
𝑇1
𝑇0 𝑒

𝑇1
𝑇20

𝑇 𝑒−
𝑇1
𝑇30

𝑇 2
. (2.65)

A fit of 𝑙𝑛(𝐺) to a quadratic equation yields 𝑙𝑛(𝐺0) + 𝑇1
𝑇0

, 𝑇1
𝑇 20

and 𝑇1
𝑇 30

, from which 𝑇0, 𝑇1
and 𝐺0 can be obtained. If the quadratic contribution is not (clearly) observed, it is still
possible to fit, but not possible to extract 𝑇0, 𝑇1 or 𝐺0 independently from the temperature
dependence.

Considerations for matching models with experiments

As the data in chapter 4 will show, the current-voltage characteristic of GNRs possesses
two features. Any model that aims to accurately describe transport in GNRs has to at least
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match these features. The twomain features that any description of GNR transport should
match are as follows:

• The current-voltage characteristic is nonlinear and not saturating (up to the high
bias voltages (4 V) measured) and becomes increasingly nonlinear as the tempera-
ture is decreased.

• The temperature dependence of the conductance flattens off at low temperature at
moderate bias voltages. (Measured for V > 0.3 V)

The first feature indicates that any description of transport must include a linear combi-
nation of terms which are a function of 𝑉 𝑎𝑇 𝑏 , where 𝑎 and 𝑏 are not equal to 0 for some
terms. If this were not the case, the nonlinearity of the IV characteristic can not change
with temperature.

The second feature suggests that purely thermally activated transport is insufficient to
describe the measured characteristic. Any model that scales as 𝐼 ∝ 1

𝑇 𝑏 , with 𝑏 > 0 at low
temperature fails to completely describe the data.

2.1.4 Interfaces of graphene nanoribbons and metals
When the ’bulk’ of the GNR can be doped, the valence band edge or conduction band edge
can lie close to the chemical potential or even cross it. Such doping can potentially be
applied by chemicals, such as I2, or, as we will consider here, by applying a gate voltage
in a field-effect transistor. When a back-gate voltage pulls the bands in the channel down,
the GNRs are unaffected at the metal-GNR interface due to electrostatic screening by the
metal. As a result of this, the valence band in the channel may cross the electrochemical
potential and the transistor reaches the so-called ’on-state’, while a barrier for hole trans-
port remains at the interface. This barrier at the metal-GNR interface is called a Schottky
barrier, and it limits the on-state conductance. In this section, the properties of Schottky
barriers will be discussed. Estimates of Schottky barrier heights will be given to illustrate
possible design choices for GNR transistors. Lastly, it will be discussed how Schottky bar-
riers can limit the conductance through the GNR by limiting the injection and extraction
probability at the interface.

The height of a Schottky barrier at a metal-GNR interface depends on the degree to which
the contact metal dopes the GNRs. The spatial extent, on the other hand, also depends
on the local dielectric environment[57]. For a high-𝜅 gate dielectric, the spatial extent is
reduced compared to low-𝜅 gate dielectric. To obtain a GNR FET with a high on-state
conductance, equivalent to transparent electrical interfaces, the height and width of the
Schottky barrier should be minimized. In an ideal scenario, the Schottky barrier is zero or
negative (meaning that the contact is Ohmic). To achieve such a scenario in a device, an
estimate of the barrier height needs to be made.

The simplest way to approximate the size of the Schottky barrier is through the Schottky-
Mott rule, which states that the Schottky barrier height should be the difference between
the metal work function and the electron-affinity of the GNRs for n-type devices, while
the Schottky barrier height for p-type devices is the difference between the metal work
function and the vacuum ionization energy. In table 2.1, we estimate the band gaps ob-
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Table 2.1: Schottky barrier heights calculated using the Schottky-Mott rule for possible metal-GNR combinations.
Metals were selected based on their usage with CNTs.

Metal, W 9-AGNR 5-AGNR 17-AGNR
Band gap of GNRs 1.35 eV 2.8 eV 0.19 eV

Au(p), 5.10 eV 0.28 1 -0.30
Pd(p), 5.12 eV 0.26 0.98 -0.32
Pt(p), 5.12 eV 0.26 0.98 -0.32
Mo(p), 4.7 eV 0.68 1.4 0.10
Re(p), 4.72 eV 0.66 1.38 0.10
Ti(n), 4.33 eV 0.31 0.03 -0.27
Al(n), 4.26 eV 0.24 0.96 -0.34
Sc(n), 3.5 eV - 0.52 0.2 -1.11

tained by the Schottky-Mott rule for a range of contact metals[29, 58]. Here it is assumed
that the work function of graphene / mid-gap energy of GNRs is 4.7 eV[59, 60]. Based on
this table, it can be seen that 9-AGNRs[61] can only be contacted transparently (with a
negative Schottky barrier) by using an n-type contact with Sc. p-type metals, which tend
to be noble metals, can form contacts with small, yet non-zero, Schottky barriers. Mo and
Re, which are two metals that are known for making good contact to CNTs have remark-
ably large Schottky barriers according to the Schottky-Mott rule. Furthermore, according
to this table, Ti and Al should be competitive with the p-type contacts. For 5-AGNRs[62],
the band gap is too large to make an Ohmic contact according to the Schottky-Mott rule.
For 17-AGNRs[63], the picture is quite different. Nearly all selected metals do not have a
Schottky barrier for these GNRs. OnlyMo and Rewill exhibit a relatively small (∼ 100meV)
Schottky barrier according to these estimates. Given the fact that different surface termi-
nations of Mo and Re can have different work functions, with a variation of ∼ 300 meV, it
is likely that Mo and Re can also make an Ohmic contact to 17-AGNRs.

Adding to the previous discussion, it should be noted that when the Schottky barrier is
negative, ideally it should not be too far into the negative, as this also implies a large
band-bending from the contact to the channel when the band edge in the channel crosses
the electrochemical potential. The best contacts have small band bending at resonance
without a Schottky barrier. Taking into account the fact that these are rough estimates,
this situation could potentially be realized by Pd or Pt for p-type contacts to 9-AGNRs. For
n-type contacts to 9-AGNRs, this could potentially be realized by Ti or Al contacts. For
17-AGNRs (and other small band-gap GNRs) a contact electrode made out of Mo, Re or
MoRe should be near optimal to realize an on-state situation with little band bending.

The prior discussion around Schottky barriers neglects the fact that doping of the GNRs
at the contact relies on a good electrical contact of the GNR to the metal in the first place.
If the metal and the GNR are not touching, no band bending is to be expected. Thus,
the distance of the GNR 𝜋-bond orbitals to the metal orbitals matters. For CNTs, there
is an understanding that some metals are weakly interacting (physisorbtion) and other
metals are strongly interacting (chemisorbtion) with these orbitals. Metals that weakly
interact (i.e. Au and Pt) tend to disturb the band structure of CNTs less and have larger
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contact length scales. Strongly-interacting contact metals instead significantly hybridize
and may result in abrupt contacts, as is the case with Ti-C and Mo-C and Ni-C end bonds
for CNTs. In between these two limits are the moderately-interacting metals, of which
Pd is an example. Pd is a noble metal that is more chemically reactive than Pt, but less
chemically reactive than Ni. As a result, it has been the preferred contact metal for CNTs
over the weakly-interacting Pt and the strongly-interacting (but oxidation-sensitive) Ni.

2.1.5 Electronic transport through Schottky barriers
For Schottky barriers, the same transport mechanisms (tunneling, thermally excited carri-
ers) as for GNR channels are relevant. However, the relative importance of the different
mechanisms differs. Schottky barriers are more localized and, as such, tunneling is more
important. We can distinguish different regimes:

High temperature, low bias voltage In the limit of barrier limited transport at high
temperature and low bias voltages, transport is expected to be dominated by thermal ex-
citations above the barrier energy, called thermionic emission. A characteristic feature of

this mechanism is an exponential temperature dependence, as 𝐼 ∝ 𝑇 𝑑−1𝑒−
𝐸a
𝑘b𝑇 , where 𝑑 is

the dimensionality of the channel material.

Low temperature, low bias voltage In the limit of a low temperature and a low bias
voltage, the carriers can pass through the Schottky barrier by quantum tunneling.

Low temperature, high bias When the bias voltage is significantly large, the barrier is
deformed and shrinks in size with increasing bias voltages. This leads to Fowler-Nordheim

tunneling, also called field emission. A characteristic feature of this is a 𝐼 ∝ 𝑉 2𝑒−
Φ
𝑉 depen-

dence.

High temperature, moderate to high bias When both the temperature is high and the
bias voltage is moderate to high, a combination of thermionic emission and field emis-
sion occurs, which is sometimes called thermionic-field emission. In this regime, either
thermionic emission or field emission dominates.

2.2 Superconductivity
Superconductivity is a phenomenon in which an electrical conductor loses all electrical
resistance below a certain temperature, called the critical temperature[64]. Superconduc-
tivity was discovered in mercury by Kamerlingh Onnes[65, 66], who pioneered the lique-
faction of helium. Besides the loss of all electrical resistance, it was found by Meissner[8]
that superconductors can completely expel the magnetic field, displaying perfect diamag-
netism. This effect has been named the Meissner effect. An excellent reference to under-
standing superconducting phenomena was written by Tinkham[67]. Here, I will give a
brief overview of the most important background theory before discussing advanced con-
cepts relating to interfaces between normal metals and superconductors and phenomena
relating to superconductivity out of equilibrium.

Motivated by the Meissner effect, the electrodynamics of superconductors is captured by
the London theory of superconductivity in a classical manner[68]. The introduction of a
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relation between the current density 𝐽S and the vector potential 𝐴, given by:

𝐽S = −𝑒
2

𝑚𝑛S𝐴, (2.66)

and the London gauge:

∇⃗ ⋅𝐴 = 0, (2.67)

𝐴 ⋅ 𝑛̂ = 0 at the boundary of the superconductor and (2.68)

𝐴 = 0 in the bulk of the superconductor, (2.69)
(2.70)

reproduces the perfect diamagnetism observed in the Meissner effect. Here 𝑒 is the ele-
mentary charge, 𝑚 is the electron mass, 𝑛S is the density of superconducting carriers and
𝑛̂ denotes the unit normal vector at the superconducting interface. The first and second
equation of the London gauge ensure conservation of charge density in the bulk and on the
surface, while the third equation explicitly makes the magnetic field in the superconductor
equal to zero. By filling this into Ampere’s law an equation describing the screening of
magnetic fields by a superconductor can be obtained:

∇⃗ ×𝐵 = ∇⃗× ∇⃗×𝐴 = −∇2𝐴 = 𝜇0𝑗 = −𝑒
2𝜇0𝑛𝑠
𝑚 𝐴 = − 1

𝜆2𝐴. (2.71)

Here, the London penetration depth 𝜆 = √
𝑚

𝑒2𝜇0𝑛𝑠
was introduced as the characteristic

length scale over which magnetic fields are screened by surface Meissner currents. The
presence of the electron density in the expression for the London penetration depth in-
dicates that superconductors with a larger electron density screen magnetic fields over a
smaller length scale. The response to an electric field 𝐸 is given by:

𝑣S ⋅ ∇⃗𝐽S +
𝜕𝐽S
𝜕𝑡 = 𝑛𝑆𝑒2

𝑚 𝐸 (2.72)

Here 𝑣S is the supercurrent velocity, defined as 𝑣S = 𝐽S
𝑛S𝑒

. The equation shows that electric
fields can be present in superconductors if the left-hand side is finite. The first term on
the left-hand side of the equation is a convective derivative of the current[69]. It is often
neglected in literature, as uniform superconductors are usually considered. This term can
be finite when currents pass through constrictions (Venturi effect)[70] or curved conduc-
tors/trajectories (Bernoulli effect)[71], which exist in nanostructures. In a superconductor,
this kinetic term can be seen as the equivalent of a Bernoulli term, scaling as ∇(𝑛S𝑒 𝑣

2
S
2 ). A

spatial variation in the density 𝑛S at constant 𝑣S will also result in an electric field. If there
is no convection term, an electric field will increase the supercurrent until 𝐸 = 0.
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Though the electromagnetism and hydrodynamics of superconductors on a large scale is
well described by the London theory, the fact that superconductors are only supercon-
ducting below a certain temperature, 𝑇c, magnetic field, 𝐻c, and current density, 𝐽c, is not
described by the London theory. This can be described by the Ginzburg-Landau theory
for superconductivity[67]. This phenomenological theory introduces constants 𝛼 , 𝛽 and
a complex order parameter 𝜓 ; the latter of which is similar to the wave function in the
Schrödinger equation. The addition of the term 𝐹𝑠𝑢𝑝𝑒𝑟 = 𝛼|𝜓 |2 + 𝛽

2 |𝜓 |
4 to the free energy of

the normal metal is enough to phenomenologically explain the appearance of supercon-
ductivity in the absence of a magnetic field. The Ginzburg-Landau theory also predicts the
appearance of a characteristic length over which the superconducting order parameter re-
acts to a perturbation, called the coherence length, 𝜉 . In the Ginzburg-Landau theory, it
takes on the value:

𝜉 =
√

ℏ2
4𝑚|𝛼| . (2.73)

In addition, upon taking into account the effect of a magnetic field on the order parameter,
the penetration depth also appears in the Ginzburg-landau theory as:

𝜆 =
√

𝑚𝛽
𝜇0𝑒2|𝛼|

. (2.74)

Comparison with the London theory allows one to interpret |𝛼 |
𝛽 as the superfluid density

in the Ginzburg-Landau theory. The Ginzburg-landau theory also predicts the existence
of two different types of behavior with magnetic field. If 𝜅 = 𝜆

𝜉 < 1
√2 , the superconduct-

ing order parameter will be perturbed on a length scale that is longer than the magnetic
penetration depth. As a result, when the penetration of magnetism into the bulk becomes
favorable, it will occur all at once. If on the other hand 𝜅 > 1

√2 , it becomes possible for the
magnetic field to penetrate the superconductor only locally, without destroying the order
parameter across the entire superconductor, resulting in so-called vortices[].

With the Bardeen-Cooper-Schrieffer (BCS) theory[72] came the first proposedmicroscopic
mechanism for superconductivity. The BCS theory proposes that repulsive interaction be-
tween electrons with opposite spins and momenta by lattice phonons results in a pair
potential Δ and a corresponding energy gap, 𝐸gap = 2|Δ|, for single quasiparticles that re-
duces scattering/dissipation. The energy gap decreases with increasing temperature and
magnetic field. In the mean-field approach, Δ = ⟨∑𝑘⃗,𝜎 𝑉𝑘⃗,𝜎 ̂𝑐−𝑘⃗,−𝜎 ̂𝑐𝑘⃗,𝜎 ⟩, where 𝑉𝑘⃗,𝜎 is the
interaction potential and ̂𝑐𝑘⃗,𝜎 is the annihilation operator of an electron with wavevector

𝑘⃗ and spin 𝜎 . The resulting BCS term in the Hamiltonian is then ∑𝑘⃗,𝜎 Δ ̂𝑐†𝑘⃗,𝜎 ̂𝑐†−𝑘⃗,−𝜎 +ℎ.𝑐.,
where ℎ.𝑐. represents the hermitian conjugate. This term can be interpreted as a term for
creation/annihilation of a pair, but also as a single particle scattering term annihilating
holes at (−𝑘⃗,−𝜎) and creating electrons at (𝑘⃗,𝜎). This motivates the definition of a 2 x 2
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particle-hole (Nambu) space of electron and hole states. The single quasiparticle annihila-
tion operators correspond to Bogoliubov quasiparticles[73]. They are of the form:

̂𝛾+ = 𝑢𝑘⃗,𝜎 ̂𝑐𝑘⃗,𝜎 +𝑣𝑘⃗,𝜎 ̂𝑐†−𝑘⃗,−𝜎 , (2.75)

̂𝛾− = 𝑣∗𝑘⃗,𝜎 ̂𝑐𝑘⃗,𝜎 −𝑢∗𝑘⃗,𝜎 ̂𝑐†−𝑘⃗,−𝜎 . (2.76)

These are the electron- and hole-like quasiparticleswith eigenenergy 𝐸± = ±sign(𝜖𝑘⃗) √𝜖
2
𝑘⃗ + |Δ|

2,
where 𝜖𝑘⃗ is the energy of the electrons in the absence of the pair potential. The electron-
like component, 𝑢, and the hole-like component, 𝑣 , are given by:

𝑢(𝐸) = 1
2(1+

√𝐸2 −Δ2

𝐸 ), (2.77)

𝑣(𝐸) = 1
2(1−

√𝐸2 −Δ2

𝐸 ), (2.78)
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Figure 2.7: a) Quasiparticle dispersion relation versus rescaled wavevector. The color of the line represents the
quasiparticle charge, with electrons (𝑞 = −𝑒) in red and holes (𝑞 = 𝑒) in blue. b) Quasiparticle charge versus the
rescaled wavevector. c) Electronic density of states versus energy.

where the index 𝑘⃗ was suppressed for simplicity. Using these components, the charge of
electron-like quasiparticles can be defined as 𝑞(𝐸) = −𝑒(𝑢(𝐸)2−𝑣(𝐸)2) = −𝑒 √𝐸2−Δ2

𝐸 . The dis-
persion relation of electron and hole-like quasiparticle excitations is plotted in Figure 2.7a.
The momentum is rescaled to 2𝜋

𝜉 = |Δ|
ℏ𝑣F

. The dispersion relation is colored to show the
quasiparticle charge. Note that the electron-like branch smoothly transitions into the hole-
like branch at the Fermi wavevector 𝑘⃗𝐹 . To better illustrate the charge versus energy, the
quasiparticle charge at positive energy versus momentum at the fermi surface is also plot-
ted in Figure 2.7b. Since the electron and hole-like branches are related by electron-hole
symmetry, the 𝐸 > 0 excitations suffice to describe superconductivity in the BCS theory.

Finally, the spectral density of states in the BCS theory is given by:
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DOS(𝐸) = 𝜈(𝐸) 𝐸
√𝐸2 −Δ2 , (2.79)

where 𝜈(𝐸) is the normal state density of states, which is usually well approximated by a
constant at the Fermi energy. This is illustrated in Figure 2.7c. The density of states shows
an energy gap of size 2|Δ|, with sharp diverging quasiparticle peaks at the edge. This shape
is characteristic of BCS superconductors and can be probed by tunneling spectroscopy of
a superconductor.

2.2.1 Critical field of superconductors
All currently known superconductors exhibit a critical current and a critical field. Early
explorations by Silsbee and KamerlinghOnnes[74] demonstrated that these two properties
are related. According to Silsbee’s rule, the relation between critical field and critical
current in a macroscopic wire of radius 𝑟 is:

𝐽c =
2𝐻c
𝑟 (2.80)

This statement can be derived through the London equations. At the critical current den-
sity, the magnetic field at the surface of the wire is equal to 𝐻c.

The origin of a critical current or field can be explained by the BCS theory. When the
kinetic energy associated with the magnetic field exceeds the potential energy (energy
gap) due to the pairing interaction, scattering processes between electrons and holes can
occur. The criterion for scattering of quasiparticles from positive velocity 𝑣F + 𝑣drift to
negative velocity −𝑣F +𝑣drift can be written as:

𝑚((𝑣F +𝑣drift)2 − (𝑣F −𝑣drift)2)
2 = 2𝑚𝑣F𝑣drift = 2|Δ|. (2.81)

This scattering randomizes momentum and results in pair-breaking. The so-called depair-
ing velocity is:

𝑣depairing =
|Δ|
𝑚𝑣F

, (2.82)

Which implies a critical current density of:

𝐽c = 𝑛𝑒𝑣depairing =
𝑛𝑒|Δ|
𝑚𝑣F

. (2.83)

For most metals, the free electron density is on the order of 1028 to 1029 m−3 and the
Fermi velocity is on the order of 106 m/s. Assuming |Δ| is on the order of 1 meV, and
𝑚 = 9.11 ⋅ 10−31 is the mass of free electrons (no large effective mass), this implies 𝐽c to be
on the order of 1011 to 1012 A/m2. The associated depairing velocity is on the order of 100
m/s.
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Parallel critical field in a thin film

In a thin film that is thinner than the London penetration depth, the Meissner effect will
only partially screen the magnetic field. Here, we describe a thin film centered at 𝑧 = 0,
with a film thickness, 𝑑 , and normal direction oriented in the ̂𝑧 direction. Upon applying
a magnetic field in the 𝑦̂ direction, a Meissner current will run in the 𝑥̂ direction. An
approximate solution for the vector potential in the London gauge in this case is:

𝐴(𝑥,𝑦,𝑧) = 𝐵y𝑧𝑥̂. (2.84)

The magnetic vector potential at the surface is given by 𝐴(𝑥,𝑦,𝑧 = 𝑑
2 ) =

𝑑
2𝐵y𝑥̂ . To this

vector potential a velocity can be associated with:

𝑣field =
−𝑒𝐴
𝑚 = −𝑒𝐵y𝑑

2𝑚 𝑥̂. (2.85)

Equating the velocity at the surface to the depairing velocity, a thin superconducting film
has a parallel critical field scale equal to:

𝐵y =
2|Δ|
𝑒𝑣F𝑑

. (2.86)

For a thin film of thickness 13 nm, a Fermi velocity of 1.4 ⋅ 106 m/s (value for niobium and
gold) andΔ = 1.3meV (value for niobium) this value is 143mT.The critical field scale found
here is related to the depairing at the surface. If the coherence length is smaller than the
film thickness, this does not destroy superconductivity in the whole thin film. The critical
field will be approximately equal to 2|Δ|

𝑒𝑣F𝜉
.

Second critical field in type II superconductors

In so-called type II superconductors, 𝜆 > 𝜉
√2 holds. As a result, the magnetic field can

locally penetrate the superconducting thin film through vortices above the first critical
field 𝐻𝑐1. In this case, the critical field necessary to completely destroy superconductivity
is larger and a second critical field, 𝐻𝑐2, exists, which is associated with the complete loss
of superconductivity in the film. The Landau-Ginzburg result for the second critical field
is:

𝐻c2 =
Φ0
2𝜋𝜉 2 . (2.87)

In dirty superconducting thin films, where the coherence length, 𝜉 , is smaller than the
mean free path, 𝑙, the scattering length changes to: 𝜉 2 = 𝑙

3 𝜉0. Thus, the second critical
field can be used as a measure of the mean free path if the coherence length of the clean
film is known. For a typical sample in this thesis with a critical field of 2 to 3 T, this
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results in an estimated coherence length of 12.8 to 10.5 nm. For niobium with a clean BCS
coherence length of 𝜉0 = 38 nm, an electronic mean free path of 𝑙 = 13 to 𝑙 = 8.6 nm is
found.

2.2.2 BTKTheory
The conductance of NS interfaces is well-described by Blonder-Tinkham-Klapwijk (BTK)
theory[75]. This theory considers scattering of quasiparticles at NS interfaces, which may
be transmitted, reflected or Andreev reflected. An Andreev reflection is a process in which
two electrons from the normal metal enter the superconductor, forming a Cooper pair[76].
Due to the coherence of the pair, this process can also be considered as a single electron
excitation retro-reflecting as a hole excitation in the normal metal. Remarkably, the re-
flected hole travels along the same trajectory as the incident electron. As a result of this
process, the conductance of an NS interface in the superconducting state can exceed its
normal state conductance.
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Figure 2.8: a) Schematic representation of scattering processes in BTK theory. I represents incident electrons, A
represents the fraction of Andreev reflected holes, B represents the fraction of reflected electrons, C represents
the fraction of transmitted electron-like quasiparticles and D represents the fraction on transmitted hole-like
quasiparticles. b) NS interface conductance G(E) versus 𝑍 for 𝑍 = 0, 0.5, 1.0, 2.0.

The BTK theory defines parameters 𝐴(𝐸) and 𝐵(𝐸) as the probability of Andreev and nor-
mal reflection as a function of energy, in terms of which the transmission of the interface
can be written as 𝑇(𝐸) = 1 +𝐴(𝐸) − 𝐵(𝐸). In calculations, parameters 𝐶(𝐸) and 𝐷(𝐸) for
electron- and hole-like transmission are also defined, which are related to 𝐴 and 𝐵. In Fig-
ure 2.8a these processes are illustrated graphically. The interface in BTK theory is a delta
function with dimensionless barrier strength 𝑍 , such that the normal state transparency
is 1

1+𝑍 2 . The expressions for 𝐴(𝐸) and 𝐵(𝐸) are:
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𝐴(𝐸) = Δ2

𝐸2 + (Δ2 −𝐸2)(1+𝑍 2)2 , 𝐸 < Δ (2.88)

𝐵(𝐸) = 1−𝐴(𝐸), 𝐸 < Δ (2.89)

𝐴(𝐸) = 𝑢20𝑣20
(𝑢20 +𝑍 2(𝑢20 −𝑣20 ))2

, 𝐸 > Δ (2.90)

𝐵(𝐸) = (𝑢20 −𝑣20 )2𝑍 2(1+𝑍 2)
(𝑢20 +𝑍 2(𝑢20 −𝑣20 ))2

, 𝐸 > Δ (2.91)

(2.92)

where 𝑢0 and 𝑣0 are the electron and hole probability amplitudes of the quasiparticles. The
differential conductance versus energy is plotted in Figure 2.8b. For a perfectly transparent
barrier, Andreev reflections result in a zero-energy differential conductance that is two
times larger than the normal state conductance. As the barrier strength is increased, the
zero-bias conductance decreases and a peak in the differential conductance is formed at
𝐸 = |Δ|. For a perfectly transparent barrier, the resulting conductance simplifies to:

𝐺(𝐸) = 2𝐺NS, 𝐸 < Δ, (2.93)

𝐺(𝐸) = 𝐺NS(1+
𝑣20
𝑢20

) = 𝐺N
1− √1− (Δ𝐸 )

2

1+ √1− (Δ𝐸 )2
, 𝐸 > Δ, (2.94)

(2.95)

where 𝐺NS = lim𝐸→inf
𝐺(𝐸) is the normal state interface conductance. At zero temperature,

this can be integrated to yield:

𝐼 (𝑉 ) = 2𝐺NS𝑉 , |𝑉 | ≤ Δ
𝑒 , (2.96)

𝐼 (𝑉 ) = 𝐺NS(𝑉 + 4
3
Δ
𝑒
𝑉
|𝑉 | + (

2
3(

𝑒𝑉
Δ )3 − 2

3(1− (
Δ
𝑒𝑉 )2)

3
2 ( 𝑒𝑉Δ )3 − 𝑒𝑉

Δ )), |𝑉 | > Δ
𝑒 . (2.97)

(2.98)

This shows that a perfectly transparent NS interface has an excess conductance at low bias
and a maximum excess current, 𝐼exc,max = 4

3
𝐺NSΔ
𝑒 , remains at high bias. The excess current

can also be considered as a deficit (or insufficent) voltage, 𝑉def,max = 4
3
Δ
𝑒 . This property is

generally independent of the resistance of the NS interface, only depending on the barrier
strength.
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In the high-temperature limit (𝑘b𝑇 >> |Δ|
𝑒 ), a similar result can be derived. In this case, the

excess current is:

𝐼exc(𝑉 ) =
4Δ

3𝑒𝑅NS
tanh( 𝑒𝑉

2𝑘b𝑇
), (2.99)

with 𝑅NS = 1
𝐺NS

This function has the same amplitude and a similar shape, but has a voltage
scale of 2𝑘b𝑇 instead of |Δ|. The maximum excess current is the same. In Figure 2.9, the
zero temperature and high temperature deficit voltage 𝑉def = 𝐼exc𝑅𝑁𝑆 are plotted together.
To compare the shape, the high temperature result is plotted for 𝑘b𝑇 = |Δ|

2 .
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Figure 2.9: Deficit voltage 𝐼exc𝑅NS versus bias voltage 𝑉 . Comparison between the finite temperature (orange
curve) and zero temperature (blue curve) predictions.

With the addition of a finite barrier strength, the low-bias (𝑒𝑉 < Δ) junction transmission
and, by extension, the differential conductance of NS junctions decreases as Andreev re-
flection becomes less probable. The differential conductance converges to the BCS density
of states with increasing 𝑍 at zero temperature. The deficit voltage approximately scales
with junction transparency as 𝑉def ≈ Δ

2𝑒(1+𝑍 2) . For an atomic point contact with 1
1+𝑍 2 =

𝑅Q

𝑅NS
,

where 𝑅Q = ℎ
2𝑒2 ≈ 12.9 kΩ, this expression results in 𝑉def ≈ Δ

2𝑒
𝑅Q

𝑅NS
.

The BTK theory can be used to understand the contacting properties of superconductors,
as the deficit voltage in particular is a measure of the junction transparency. Also, in
superconductor-normal metal-superconductor (SNS) junctions, Andreev reflections play
a key role and the deficit voltage profile is related. In SNS junctions, however, multiple
Andreev reflections (MAR) can happen sequentially, resulting in a sub-gap structure in the
current-voltage relation[77]. This is taken into account by the OTBK theory[78]. As a re-
sult of MAR, current-voltage relations have additional features at voltages 𝑉𝑛 = 2|Δ|

𝑛𝑒 , 𝑛 =
1,2,3, ..., corresponding to 𝑛 Andreev reflections transferring 𝑛 + 1 electrons. Additional
peaks can result if the superconducting gaps of the two superconductors are not equal[79].
Finally, at zero bias voltage, confined cavity modes develop. This process can be viewed as
the limit 𝑛→∞, transferring infinite charge (with a speed limit set by the Fermi velocity)
without any voltage. The maximum current (for fully transparent NS interfaces) is equal
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to 𝐼 = 𝑛 𝑉𝑛
𝑅N

= 2|Δ|
𝑒𝑅N

, where 𝑅N is the normal state resistance. The SNS junction can thus carry
a supercurrent, also known as a Josephson current for weak superconducting links[80].

Finally, from a conceptual point of view, a question that arises from the presence of a
deficit voltage is where this voltage drop is localized. The authors of the BTK theory give
an answer to this question. In their paper, they discuss that quasiparticles that are in-
jected from N to S are not instantaneously converted to a pair. Instead, a two-step process
occurs. The Andreev quasiparticle current (𝐸 < Δ) is converted over a coherence length
𝜉 into the superconductor, with corresponding wavefunctions behaving as evanescent
waves. Quasiparticles injected above the gap instead introduce a charge imbalance, 𝑄∗,
into the superconductor[81]. This imbalance decays into a supercurrent over a timescale
of the charge relaxation time, 𝜏𝑄∗ . The introduced quasiparticle charge is balanced by pairs
that flow in response. As a result, charge neutrality in the superconductor is maintained.
Thus, both subgap Andreev reflections and injected quasiparticles can introduce a deficit
voltage. In the following parts of the theory, the spatial extent of Andreev processes will
be discussed further in terms of the quasi-classical diffusive Usadel theory of supercon-
ductivity to describe NS interfaces and SNS junctions. Following this, charge imbalance
and non-equilibrium superconducting effects will be elaborated further.

2.2.3 Diffusive electronic transport
To understand superconducting transport in diffusive structures, it is instructive to first
consider normal electronic transport in diffusive structures at low temperatures. In a poly-
crystalline material, such as a thin film, at low temperature, transport is often limited by
elastic scattering at grain boundaries and surfaces. On average, the thin film structure
results in a mean free path, 𝑙, which is independent of energy. Using this scattering length
and the Fermi velocity, 𝑣F, the diffusion coefficient due to scattering can be defined as:

𝐷 = 𝑣F𝑙
3 . (2.100)

This diffusion constant is relevant for understanding the transport properties of conduc-
tors and, in particular, superconducting thin films. The conductivity, 𝜎 , of disordered
conductors can be expressed in terms of the diffusion coefficient and the volumetric elec-
tronic density of states at the Fermi energy, 𝑁(𝐸F), using the Einstein relation (which can
be derived from combining Ohm’s law and Fick’s law)

𝜎 = 2𝑒2𝐷𝑁(𝐸F) = 𝐺02𝜋ℏ𝐷𝑁(𝐸F), (2.101)

where 𝐺0 = 2𝑒2
ℎ is the conductance quantum and the factor 2 accounts for spin degeneracy.

From this, the dimensionless conductance can be written in terms of the Thouless energy
𝐸Th = ℏ𝐷

𝐿2 as:

𝐺
𝐺0

= 2𝜋ℏ𝐷𝑁(𝐸F)
𝐴
𝐿 = 2𝜋𝑁 (𝐸F)𝑉

ℏ𝐷
𝐿2 = 2𝜋𝑁(𝐸F)𝑉𝐸Th = 2𝜋 𝐸Th𝛿 . (2.102)
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The Thouless energy is the effective energy scale for diffusion across the film and 𝛿 =
1

𝑁 (𝐸F)𝑉
is the average level spacing. Given a material and a geometry, 𝑁(𝐸F), 𝑣F, 𝑉 and 𝐿

are fixed. Thus, the conductance of a sample with a given geometry only depends on the
Thouless energy through the mean free path.

2.2.4 Diffusive superconductivity: Proximity effect
When a superconductor is interfaced with another conductor, the superconducting order
parameter can delocalize into the normal metal. This effect is known as the proximity
effect. The Josephson effect in SNS junctions discussed in the context ofMAR in subsection
2.2.2 on BTK theory is a manifestation of this. The leakage of the superconducting order
parameter into the normal metal can be understood as a result of the minimization of the
total energy of the quasiparticles. The inverse effect, pair breaking in the superconductor,
also occurs. This can locally result in a pair potential condensate in the superconductor and
a reduced Tc. This problem was originally discussed by de Gennes using the Bogoliubov-
de Gennes formalism[82]. This formalism works quite well for ballistic/clean samples.

A formalism that is simpler for diffusive transport is the Green’s function formalism by
Gor’kov[83]. This formalism considers a 2 x 2 matrix Green’s function in Nambu space,
where the diagonal elements 𝐺ee and 𝐺hh are electron- and hole-like and the off-diagonal
elements (called the anomalous Green’s function 𝐹eh = 𝐹 ∗he) corresponds to electron-hole
coherence. A full description using the Gor’kov theory is, however, impractical, as it
considers interactions between all quasiparticles at positions 𝑟1 and 𝑟2 and times 𝑡1 and
𝑡2. A significant simplification occurs by considering the quasiclassical limit, where 𝐸F >
|Δ|, which results in the Eilenberger equations[84]. This limit is nearly always valid and
eliminates spatial dependence at the length-scale, 𝜆F, which is on the order of the radius
of an atom in metal thin films. In the quasiclassical limit, only the excitations at the Fermi
surface contribute and superconductivity has an intrinsic length-scale 𝜉 . The equilibrium
Eilenberger Green’s functions depend only on the center of mass coordinate 𝑟 , the time
difference, Δ𝑡 = 𝑡2 −𝑡1, (or energy 𝐸) and the momentum direction, ̂𝑣 , on the Fermi surface.

A further simplification can be made based on the scattering in the thin film. The films is
considered clean if 𝑙 >> 𝜉 and dirty if 𝑙 << 𝜉 . One can define effective coherence lengths

𝜉clean ≈ 𝜉 and 𝜉dirty ≈ √
𝑙𝜉
3 . In the dirty limit, the Usadel equation[35] describes the proxim-

ity effect well. In this limit, the Green’s function can be taken to be nearly isotropic over
the Fermi surface and the dependence is only on the position 𝑟 and time difference Δ𝑡 /
energy 𝐸. In the coming discussion, the Usadel equation will be considered. To simplify
the equations, the 2 x 2 Nambu Green’s function can be parametrized by the polar angle
𝜃 and the azimuthal angle 𝜙 on a Bloch sphere. Then it can be expressed as:

𝐺𝑅(𝐸) = [ cos(𝜃(𝐸)) sin(𝜃(𝐸))𝑒−𝑖𝜙(𝐸)
sin(𝜃(𝐸))𝑒𝑖𝜙(𝐸) −cos(𝜃(𝐸)) ] , (2.103)

which is a unitary matrix. Here, it should be noted that the pairing angle 𝜃 can be a
complex function of energy, with 0 < Re(𝜃) < 𝜋

2 . The latter constraint is necessary to obtain
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a positive value for the density of states. 𝜙 is a real number, representing the phase of the
superconducting pairing. In 1D, the Usadel equations for longitudinal (𝜃) and latitudinal
(𝜙) changes on the Bloch sphere can then be expressed as:

ℏ𝐷
2

𝑑2𝜃
𝑑𝑥2 = −𝑖𝐸 sin(𝜃)−Δcos(𝜃)− ( ℏ

𝜏𝑆𝐹
+ ℏ𝐷

2 (𝑑𝜙𝑑𝑥 + 2𝑒
ℏ 𝐴𝑥 )2)𝑠𝑖𝑛(𝜃)𝑐𝑜𝑠(𝜃), (2.104)

𝑑
𝑑𝑥 ((

𝑑𝜙
𝑑𝑥 + 2𝑒

ℏ 𝐴𝑥 )sin2(𝜃)) = 0, (2.105)

where 𝜏SF is the spin-flip scattering time and 𝐴𝑥 is the x component of the vector potential
𝐴. The second equilibrium Usadel equation is equivalent to conservation of supercurrent.
The first equation, which we will focus on, describes the diffusion of the pairing angle 𝜃 .
This angle is driven to 𝜃 = 0 by the energy term −𝑖𝐸 sin(𝜃) and driven to 𝜃 = 𝜋

2 by the pairing
term −Δcos(𝜃). The final term, related to spin-flip scattering and supercurrent density is
called the pair-breaking term, which is largest at the pairing angle 𝜃 = 𝜋

4 , representing
states that behave 50/50 as superconducting (|𝑢| = |𝑣|) and normal quasiparticles (|𝑢| = 1 or
|𝑣| = 1).
In the absence of phase gradients (currents), magnetic fields and spin flip scattering, the
Usadel equation reads:

ℏ𝐷 𝑑2𝜃
𝑑𝑥2 = −2𝑖𝐸 sin(𝜃)−2Δcos(𝜃), (2.106)

In the bulk of a superconductor, the condition 𝑑𝜃
𝑑𝑥 = 0 holds and 𝜃 = arctan(𝑖 Δ𝐸 ), which is

approximately 𝜋
2 for 𝐸 << |Δ|. In the bulk of a normal metal, the proximity effect can be

studied by taking Δ = 0 and assuming 𝜃 is small. Then the following equation results:

ℏ𝐷 𝑑2𝜃
𝑑𝑥2 = −2𝑖𝐸𝜃. (2.107)

The natural length scale in this case is 𝐿𝑁 = √
ℏ𝐷
2𝐸 , which diverges to infinity as 𝐸 → 0. In

this case the solution can be expressed as:

𝜃 = 𝐴𝑒
1−𝑖
√2

𝑥
𝐿𝑁 +𝐵𝑒−

1−𝑖
√2

𝑥
𝐿𝑁 . (2.108)

These are exponentially decaying, oscillating solutions, indicating decay towards the nor-
mal state accompanied by spatial oscillations in the density and pairing interaction. Going
away from a superconducting interface 𝜃 can only decrease to zero, unless it approaches
another superconducting interface. At the middle of an SNS junction |𝐴| = |𝐵| should be
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taken, as 𝑑𝜃
𝑑𝑥 = 0 should hold by inversion symmetry. Considering a length 𝐿, the theta

parameter at the center scales as 𝑒−
𝐿

2 √2𝐿𝑁 = 𝑒−
1
2 √

𝐸𝐿2
ℏ𝐷 = 𝑒−

1
2 √

𝐸
𝐸Th .

In the center of the wire, the normal metal is most weakly proximitized. For this reason,
the maximum Josephson current (the switching current) of an SNS junction is determined
by the Thouless energy as 𝐼sw𝑅N = 𝛼(𝐸ThΔ )𝐸Th𝑒 [85, 86], where 𝛼 is a function that interpo-
lates between the short junction limit (𝐿 ≪ 𝜉 ), where 𝑒𝐼sw𝑅N ∝ Δ and the long junction
limit (𝐿 >> 𝜉 ), where 𝑒𝐼sw𝑅N ∝ 𝐸Th and 𝛼 ≈ 10.
The local density of states in the center of the wire also exhibits a so-called minigap. For
wire lengths on the order of one to two times the coherence length and a transparent NS
interface, the energy gap at the center of this wire roughly scales as 𝐸gap ≈ 𝐿

𝜉 𝐸Th =
ℏ𝐷
𝐿𝜉 [87].

At long lengths, the energy gap is approximately equal to 𝐸gap ≈ 3.1𝐸Th.
3D/2D structures

In most of the experiments done in this thesis, the relevant case is not one dimensional, but
rather a 3D structure. These structures are made of layered metal thin films. In Figure 2.10
a realistic 2D cross-section of an SNS junction is illustrated, consisting of a normal metal
bottom layer with two superconducting layers on top, one on the left and one on the right.
This SNS structure will be the focus of the coming subsections. There are two distinct
regions in this structure, the NS bilayer part and the single N layer bridge, which forms
a constriction. The structure can thus be considered as an SN-N-NS structure. In the
coming sections it will be assumed that the inverse proximity effect of the N bridge on
the NS bilayer is negligible. Thus, the NS bilayer is considered to be a boundary condition
for the bridge. The geometrical effect of the constriction on diffusion will be neglected in
the discussion. The geometric effect on diffusion would yield a correction factor for the
Thouless energy. The constriction does have a large effect on the current density. Since
the current density scales as the inverse of the cross-sectional area 1

𝐴 , current densities in
constricted geometries are largest at the narrowest point. This results in pair-breaking at
the center of the constriction becoming more dominant compared to the pair-breaking in
a wire of constant area.

NS bilayer

TheNS bilayer can be considered as a 1D system, as the superconducting properties should
be independent of the in-plane dimensions. In the NS bilayer, the relevant parameters are
film parameters (densities of states and diffusion constants/conductivity), film thicknesses
and the interface parameters. Boundary conditions must be implemented for the Usadel
equation at the NS interface, which is beyond the scope of this thesis. Nevertheless, the
extreme cases of perfect and poor transparency can be discussed. In the case of perfect
transparency, 𝜃 and 𝜙 are expected to be continuous across the interface. In this case, the
normal metal can also display a Meissner current. In the poorly transparent case, however,
𝜃 is not continuous.

The static properties of the NS bilayers are determined by the film thicknesses 𝑑𝑁 , 𝑑S,
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Figure 2.10: Top and side view schematic of a variable thickness constriction SNS junction.

densities of states 𝑛N, 𝑛S, mean free paths 𝑙N, 𝑙S and interface transparency ̃𝑡 . The 𝑇c has
been given by Martinis[88] for thin bilayer NS films. It was found that:

𝑇c = 𝑇c0(
𝑑S
𝑑0

1
1.13(1+ 1

𝛼 )
1
̃𝑡 )
𝛼 (2.109)

with 𝑇c0 the critical temperature of the bulk superconductor, 1
𝑑0

= 𝜋
2 𝑘B𝑇c0𝜆

2
F𝑛S the inverse

of the coherence length and 𝛼 = 𝑑N𝑛N
𝑑S𝑛S

a measure for the number of carriers in the films
that are mixing. Martinis discussed that this formula could be extended to thicker films
by taking:

1
̃𝑡eff

= 1
̃𝑡 +𝐴

𝑑N
𝜎N

+𝐵 𝑑S𝜎S
(2.110)

Where 𝐴 and 𝐵 are constant. This indicates that for thick films, the interface transparency
is effectively reduced, with the effective transparency being ̃𝑡eff =

̃𝑡 ̃𝑡proximity
̃𝑡+ ̃𝑡proximity

, where ̃𝑡proximity

is the correction due to the inverse proximity effect. This value tends towards the smallest
of the two values. Thus, the interface transparency sets an upper bound for the effective
transparency. From the point of view of the proximity effect in the normal metal, the
energy gap in the N part of the NS bilayer is expected to be proportional to ̃𝑡eff.
The bilayer 𝑇c is a meaningful quantity that can be measured, as it gives insight into the
effective interface transparency. For poor transparency, this value tends to 𝑇c0 and is
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independent of normal metal thickness. A similar situation occurs if the density of states
is small (𝛼 small) or the normal metal is poorly conductive. If the normal metal has more
charge carriers or is more conductive in comparison to the superconductor, a reduction of
𝑇c is expected. Thus, the dependence of 𝑇c on film thickness can be used to characterize
the combination of interface and material properties.

N bridge

In the normal metal bridge, the static properties of the Usadel equation can be described
by just the diffusion constant and the length. As a result, the only relevant parameter for
the bridge is the Thouless energy 𝐸Th = ℏ𝐷

𝐿2 . Due to the presence of the NS bilayer, the
effective length of the bridge can be longer than the geometric length. A limited interface
transparency at the NS interface will scale the effective Thouless energy and reduce the
energy gap in the junction. In the highly transparent case, the inverse proximity effect
from the bridge, which was neglected until now, can also increase the effective length by
approximately one coherence length.

Estimate of the energy gap at the center of the bridge in an SN-N-NS structure

In the previous two sections, it was found that the pair coherence decays at the NS bilay-
ers and in the bridge. Since the boundary conditions of the bridge for the Usadel equa-
tion should be given by the NS bilayer, an effective Thouless energy can be defined for
the structure, which is roughly min(𝑡effΔ,𝐸Th). For a realistic/clean disordered interface
transparency of 𝑡 = 0.46 was found for Pd and Nb[89]. The energy gap in the normal
metal is 𝐸gap = |Δ|

2 at best in this scenario. With Nb as the superconductor, this means

𝐸gap = 1.3 meV
2 ≈ 650 µeV in the center of the junction is a reasonable upper bound. On

top of this optimal behavior comes the length scaling as ( 𝜉𝑁𝐿 ). For most junctions in this
thesis, the geometric bridge length is 50 or 60 nm and the coherence length in the nor-
mal metal is roughly 20 nm (for gold as N and niobium as S). Following Hammer[87], the
geometric length results in energy gaps of 𝐸gap = 2.5𝐸Th ≈ 2.5 𝜉

2

𝐿2Δ = 2.5
9 1.3 meV ≈ 360 µeV

with ideal interfaces. An energy gap of 250 µeV, corresponding to the observed gaps in
this thesis, corresponds to an effective length of roughly 72 nm. This is in good agreement
with predictions, exceeding the geometric length by roughly a coherence length.

The smallest spacings achieved with aluminium as the superconductor during fabrication
of SNS junctions were 30 nm, which would give a gap of roughly 𝜉

𝐿Δ ≈ 860 µeV if done
with niobium and gold. Realistically, the effective length is longer by at least 6 nm per side
(coherence length in dirty niobium found in this thesis), resulting in a gap of 610 µeV.

With this, the equilibrium proximity effect is described. The next section will briefly fo-
cus on the physics of Josephson junctions, after which non-equilibrium effects will be
discussed.
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2.2.5 RCSJ model for SNS junctions
A common model for describing Josephson junctions in circuits is the resistive and capac-
itive shunted junction (RCSJ) model. This model considers a Josephson junction that is
shunted by a parallel resistor 𝑅 and capacitor 𝐶 . The Josephson junction has a characteris-
tic energy scale that is called the Josephson energy. The Josephson energy is proportional
to the critical current and given by:

𝐸J =
Φ0
2𝜋 𝐼𝑐 =

ℏ
2𝑒 𝐼c. (2.111)

In SNS junctions, the resistive shunt is made by the normal metal bridge, whereas the geo-
metric capacitance tends to be negligible. As a result, the capacitance, 𝐶 , can be neglected
and the SNS junction can be described by the simpler Resistive Shunted Junction (RSJ)
model. Besides the Josephson energy, another measure for the quality of SNS junctions
is the characteristic Thouless energy. The Josephson energy can be expressed in terms of
the Thouless energy. The relation between the Josephson and Thouless energies is:

𝐸J =
ℏ
2𝑒2

𝛼𝐸Th
𝑅N

= 𝐺N
𝐺0

𝛼𝐸Th (2.112)

Whereas 𝐸J is related to the kinetic impedance of the Josephson junction.

In the RCSJ model approach, the total current across the junction can thus be written as:

𝐼 = 𝑉
𝑅N

+ 𝐼c sin(𝜙)+𝐶
𝑑𝑉
𝑑𝑡 . (2.113)

Including the relationship 𝑑𝜙
𝑑𝑡 =

2𝑒𝑉
ℏ , this equation is a differential equation that resembles

the equation of motion of particle on a tilted washboard potential, where the position of
the particle is 𝜙, the washboard potential is −𝐼c cos(𝜙), the mass is ℏ𝐶

2𝑒 and the friction

parameter is ℏ
2𝑒𝑅N

. When the tilting of the washboard potential is sufficient (i.e. when
the critical current is reached), the particle will run the potential landscape, resulting in
a finite voltage. In the case of an SNS junction, the mass term is insignificant and thus
the resistance/friction term dominates. Multiplying equation (2.113) by the normal state
resistance and neglecting the capacitance, the RSJ model equation can be rewritten in
terms of the Thouless energy:

𝐼 𝑅N = 𝑉 + 𝛼𝐸Th
𝑒 sin(𝜙). (2.114)

In this equation, the driving term is the normal state voltage 𝐼 𝑅N. In a current-biased
measurement, one measures the average voltage ⟨𝑉 ⟩ = 𝐼𝑅N− 𝛼𝐸Th

𝑒 ⟨sin(𝜙)⟩. Importantly, in

this formulation, the RSJ model is expressed in terms of a critical voltage 𝛼𝐸Th
𝑒 = 𝑉c ≈ 10𝑉Th.

This critical voltage is independent of the junction resistance.
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According to the RSJ model, SNS junctions should be in an overdamped regime. Below
the critical current, the phase is constant and there is no voltage across the junction. In
this case, the Josephson current-voltage relation is not hysteretic and follows the relation:

𝐼 (𝑉 )𝑅N = sign(𝑉 ) √𝑉 2c +𝑉 2 (2.115)

In experiments, however, SNS junctions can be hysteretic, having a critical current 𝐼c upon
sweeping the current from the S to N state and a retrapping current 𝐼r for sweeping from
N to S.

The ideal RCSJ Josephson junction model presented above ignores two important experi-
mental details. The first being the experimental temperature, which introduces a Johnson
noise current and thermally excited quasiparticles. As a result of this, the transition from
S to N happens at a current below the ideal critical current, called the switching current
𝐼sw, which is random and can depend on the measurement speed. When the junction is
in the normal state, dissipation can also lead to heating, which results in an elevated elec-
tronic temperature. As a result, the retrapping current 𝐼r can be significantly lower than
𝐼sw. Second, the external circuitry can play a role. Noise in this circuitry plays a similar
role as temperature does. The impedance of the current source can also significantly in-
fluence the junction dynamics[90]. While the source impedance is usually much larger
than the junction impedance at low frequency, the same does not hold true at the Joseph-
son and Thouless frequencies, which are on the order of GHz. At these frequencies, the
impedance of the external circuitry can be reduced to the characteristic impedance of free
space (377 Ω), which increases damping in the junction.

By relating the thermal energy and the Josephson energy, the current-scale related to ther-
mal fluctuations can be calculated. This current-scale only depends on the temperature.
The thermal current fluctuations in a Josephson junction at 𝑇 = 100 mK are of magnitude
2𝑒𝑘b𝑇
ℏ ≈ 4 nA.

In the event that the thermal energy 𝑘b𝑇 becomes comparable to the Josephson energy
ℏ
2𝑒 𝐼c, the phase 𝜙 significantly diffuses due to temperature and the regime of thermally ac-
tivated phase diffusion is reached. This regime is described by the Ivanchenko-Zilberman
(IZ) model[91]. Important features of this model are the appearance of a finite resistance
at zero bias current and the reduction of the switching current by 𝐸J

𝑘b𝑇
. In the limit that

𝑘b𝑇 >> 𝐸J, the IZ model predicts

𝐼 (𝑉 ) = 𝐼c
𝐼c𝑅N𝑉

𝑉 2 +𝑉 2
c,IZ

, (2.116)

with 𝑉c,IZ = 2𝑒𝑘b𝑇𝑅N
ℏ .
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2.2.6 Nonequilibrium superconductivity: charge and branch imbal-
ance

When normal quasiparticles are injected into a superconductor, the quasiparticle occu-
pancy in the superconductor changes. An example of this can be found in tunnel junctions
between superconductors and normal metals. Injection of electrons under application of
a finite bias voltage results in an excess of electron-like quasiparticles in the superconduc-
tor. An excess positive or negative charge is also called a charge imbalance 𝑄∗ [81, 92].
This results in a measurable voltage and an electrochemical potential difference between
the injected quasiparticles and extracted cooper pairs in an SN contact. In response to the
injected charge imbalance, pairs will flow to make the superconductor charge neutral.

There are two kinds of processes that result in relaxation of charge imbalance relaxation.
A quasiparticle can either scatter inelastically, which decreases its energy, 𝐸, and charge,
𝑞, or recombine with another quasiparticle to form a Cooper pair. Both processes transfer
charge from the quasiparticle to the condensate. The timescale for these processes is called
the charge imbalance relaxation time 𝜏𝑄∗ , which roughly scales as the inelastic scattering
time 𝑘B𝑇

Δ 𝜏E in the limit |Δ| << 𝑘B𝑇 . More generally, it has been demonstrated that charge
imbalance relaxation rates are equal to pair breaking rates[93]. In the low temperature
limit, this is reduced, and elastic scattering can also dominate charge imbalance relax-
ation in the presence of gap anisotropy[94], magnetic impurities[95], supercurrents[96]
and magnetic fields[81]. Charge imbalance relaxation explains how an injected normal
current can be converted into a dissipationless superconducting current.

k

E

|Δ|

kFkF

h eh e

Charge imbalance Branch imbalance

Q < 0,  Q* = 0 Q = 0,  Q* = +1

Figure 2.11: Diagram showing charge and branch imbalance. On the left, charge imbalance without branch
imbalance is illustrated. There are an equal number of electron and hole-like excitations, but the net charge is
negative. On the right, branch imbalance without charge imbalance is illustrated. Thetwo hole-like excitations
balance on electron-like excitation in charge.
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Even more fundamentally linked to pair-breaking than the concept of charge imbalance
is branch imbalance. Branch imbalance (or number imbalance) 𝑄 is a difference between
the number of electron-like and hole-like quasiparticles. Because of the energy depen-
dent charge of quasiparticles in superconductors, a charge imbalance does not need to
produce branch imbalance and vice versa. To understand this, consider the diagram in
Figure 2.11. On the left side, one hole-like quasiparticles with charge 𝑞 = +0.6𝑒 and one
electron-like quasiparticle with charge 𝑞 = −𝑒 result in a charge imbalance of 𝑄∗ = −0.4𝑒
without branch imbalance. This excitation can be considered a combination of a charge
mode (In the context of non-equilibrium superconductivity, this is a transverse mode[97])
and an energy/thermal mode (Longitudinal mode) and results in a measurable voltage. On
the right side, an additional hole-like quasiparticle with a charge of 𝑞 = +0.4𝑒 was added.
In this case there is no charge imbalance and a branch imbalance of𝑄 = +1. This excitation
is a non-equilibrium energy mode (Longitudinal mode).

As noted in subsection 2.2.2 on BTK theory, the charge imbalance relaxation induced po-
tential difference results in an observable excess current. Branch imbalance relaxation,
on the other hand, is related to pair breaking and local heating. In most transport experi-
ments, a combination of charge and branch imbalance is induced in the superconductor.

Related to charge and branch imbalance are the longitudinal and transverse occupancy
functions 𝑓 𝐿(𝐸) and 𝑓 𝑇 (𝐸), which are generally odd and even in energy respectively.

Dynamics of the occupancy functions are driven by terms of the form[97]:

̂𝜕 = ̂𝐼 ∇⃗ + 𝑖 ̂𝜏3𝑚𝑣S
𝜕
𝜕𝐸 (2.117)

The longitudinal and transverse modes couple together only in the presence of superfluid
velocity 𝑣S, as the partial derivative to energy makes odd functions of energy even and
vice versa.

For time independent problems, terms of the form 𝑓 𝑇 ∝ 𝐷𝑚𝑣𝑆 ⋅∇𝑓 𝐿
Δ are added.

2.2.7 Nonequilibrium: Finite lifetime effects
Quasiparticles in superconductors experience not only a pairing interaction, but also in-
elastic pair-breaking mechanisms. In contrast to single particle theories, quasiparticles in
many-body theories have a lifetime 𝜏𝐸 . One way to account for inelastic effects in a single-
particle picture is by incorporating a Dynes parameter[98] Γ = ℏ

𝜏𝐸
. The Dynes parameter

is added to the energy as 𝐸→𝐸+𝑖Γ, as a result of which the quasiparticles amplitudes get

a time dependence 𝑒−Γ
Γ
ℏ 𝑡 = 𝑒−

𝑡
𝜏𝐸 . In a normal metal, quasiparticle excitations simply decay

to other quasiparticle excitations and, as such, the density of states is minimally affected.
For a superconductor however, pair coherence is broken as correlated particles become
uncorrelated. Thus, the quasiparticle peaks in the density of states broaden and the en-
ergy gap can reduce or fill up. Thus, if inelastic effects are taken into account consistently,
|Δ| will also decrease due to the reduction in coherence.
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Figure 2.12: Effect of a finite quasiparticle lifetime/Dynes parameter Γ on the a) Electronic density of states versus
energy b) Current versus voltage curve of a superconducting tunnel junction c) Differential conductance versus
voltage curve of a superconducting-insulator-superconductor tunnel junction.

In the tight binding simulations made using Kwant[99] of NS contacts in the following
sections, the Dynes parameter has been added to tight binding simulations by adding
−𝑖Γ𝜎0 to the on-site energy, where 𝜎0 is the identity matrix.

2.2.8 Effect of a Meissner current on SNS junctions
Besides the phase difference, supercurrent can also be driven by magnetic fields through
the Meissner effect. In SNS junctions, the Meissner current flows at the NS interface and
can potentially be transmitted into the normal metal. When a magnetic field is applied in
the in-plane 𝑦̂ direction, theMeissner current runs in the 𝑥̂ direction along theNS interface.
Assuming zero current bias and finite supercurrent density at the NS interface due to the
Meissner effect, a finite current could thus flow across the SNS junction. The flow of a
current through the normal metal, however, contradicts a steady-state. If the device were
to be left floating, a continuously increasing electric field would establish across the SNS
junction due to the movement of charge. This can be resolved in at least two ways:

1. A phase difference develops to counteract the Meissner effect, resulting in no super-
current.

2. A supercurrent does flow through the junction. To compensate the supercurrent, a
dissipative current flows in the opposite direction that is driven by a voltage.

In the first scenario, no supercurrent flow through the junction at all, but the junction
is phase-biased. As a result, the junction can behave as a Josephson diode, exhibiting a
different critical current for forward and backward currents. This possibility is calculated
by Davydova et al.[100]. In the second scenario, supercurrent does flow into the junction,
but is converted to a dissipative quasiparticle current. Thus, a finite voltage develops
across the normal metal bridge, which is compensated by the charge imbalance relaxation
in the superconductor such that there is a net-zero voltage and current across the entire
junction.

In equilibrium, in a dissipationless state, only the first proposedmechanism can be present,
as the second one is dissipative. Out of equilibrium, however, the story is different. With-
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out external damping, a well-defined phase bias is no longer possible at finite voltages,
as 𝑑𝜙

𝑑𝑡 = 𝑉 = 2𝑒
ℏ . Nevertheless, there is a directional Meissner current at the NS interface

due to the magnetic field, which would produce a current in the N layer if transmitted
at the interface. Thus, the latter mechanism, which leads to a magnetic field dependent
voltage offset should be relevant to Josephson diodes above the switching current. As a
result, the current-voltage characteristic becomes non-reciprocal, meaning the differential
conductance ( 𝑑𝐼𝑑𝑉 ) of the SNS junction becomes asymmetric.

To calculate the effect of finite momentum at finite bias voltages, a modification of the
BTK theory will be presented in subsection 2.2.10. Before this, however, the effect of a
momentum bias on the density of states will be illustrated using the Eilenberger theory.

2.2.9 Eilenberger quasiclassical theory of superconductivity: Finite
momentum

The Eilenberger equation is useful in the clean limit, when scattering times are large com-
pared to the coherence time. The Eilenberger equation is written as:

(−2𝑖𝐸 +𝑣𝐹 ̂𝑣 ⋅ Π̂)𝑓 = 2Δ𝑔 + 1
𝜏 (𝑔 ⟨𝑓 ⟩− 𝑓 ⟨𝑔⟩), (2.118)

with the normalization condition
𝑔2 +𝑓 𝑓 † = 1 (2.119)

Here 𝜏 = 𝑙
𝑣𝐹

is the scattering time, 𝑙𝐸 is the mean free path and 𝑣𝐹 is the Fermi velocity.

The braket ⟨⟩ denotes an average over the Fermi surface (thus over ̂𝑣). The operator Π̂ is
equal to ∇+ 𝑖 𝑒ℏ𝐴. In the absence of gradients in 𝑓 , scattering and a vector potential, the
equation is:

−2𝑖𝐸𝑓 = 2Δ𝑔, (2.120)
which can be written out for 𝑓 .

𝑓 = − Δ
𝑖𝐸 𝑔 (2.121)

The normalization condition then reads:

𝑔2(1− Δ2

𝐸2 ) = 1 (2.122)

Resulting in:

𝑔 = ± 𝐸
√𝐸2 −Δ2 (2.123)

This expression does not depend on velocity or position. This is the normal BCS Green’s
function, as expected. In the presence of finite momentum 𝑝𝑆 , the energy term is modified
to 𝐸′ = 𝐸 + 𝑣𝐹𝑝𝑆 cos(𝜈), with cos(𝜈) = ̂𝑣 ⋅ ̂𝑝𝑆 . The result is a velocity direction dependent
energy shift in the density of states.
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𝑔 = ± 𝐸 +𝑣𝐹𝑝𝑆 cos(𝜈)
√(𝐸 +𝑣𝐹𝑝𝑆 cos(𝜈))2 −Δ2 (2.124)

This shifts the energy gap up in the momentum direction and down in the anti-parallel
direction. Here it should be noted that since electrons are negatively charged, the direction
of charge current is opposite to the defined momentum direction. As such, the pairs of
a momentum-biased superconductor can be considered finite-energy pairs. This should
be contrasted with the Fulde-Ferrel and Larkin-Ovchinnikov (FF-LO) states, for which the
pairing symmetry acquires finite momentum[101, 102]. These states are only stable at
large magnetic fields. In both the finite-energy and FFLO cases, however, finite-energy
pairs are expected, which are related to odd-frequency pairing[103, 104].

In the presence of scattering, the solution becomes complicated by the self-consistency
condition. Since ⟨𝑓 ⟩ is proportional to Δ and ⟨𝑔⟩ is proportional to −𝑖𝐸, the additions are
roughly 1

𝜏 (
Δ𝑔+𝑖𝐸𝑓
√𝐸2−Δ2 ). This addition is proportional to the velocity independent part of the

Eilenberger equation with a factor 1
𝜏 √𝐸2−Δ2 . Thus, disorder tends to increase the isotropic

part of the Green’s function in the Eilenberger equation. To first order, the energy scale
at which velocity effects take place thus reduces by a factor proportional to 1

𝜏Δ . At larger

scattering rates, the dispersion becomes isotropic with broadening Γ = 2
3 (𝑝F𝑣S)

2𝜏 [94].
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Figure 2.13: Diagram illustrating the low-energy dispersion relation of a normal BCS superconductor (blue) and
a finite momentum superconductor in the momentum direction (red). Electron and hole quasiparticle branches
are indicated. The dashed blue and red lines indicate the normal electron dispersion with zero momentum and
finite momentum. Note that the minimum excitation energy is reduced in the forward direction.
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2.2.10 Finite momentum BTK theory
The current-voltage relationship of an NS contact is well-described by the BTK theory.
Here, a modified BTK theory will be presented where a finite momentum is introduced.
Simulations using Kwant will be presented. Before this, the phenomenology will be dis-
cussed. The main contribution of finite momentum is an energy shift in the Andreev
reflections. As a result of this, the maximum current at which Andreev reflections can
occur differs for the forward and backward directions. Naively, this means that for fully
transparent interfaces (𝑍 = 0) the deficit voltage difference at high bias and momentum 𝑞
is equal to 2𝑣𝐹 |𝑞|. This deficit voltage difference saturates at large momentum scales, as
for 𝑣𝐹 |𝑞| > |Δ|, the superconductor becomes gapless at the Fermi energy. This means that
either the amount of Andreev reflections is constant or scattering processes start to domi-
nate and |𝑞| can not exceed |Δ|

𝑣𝐹
. At smaller momenta general, one expects to see gap edges

at |Δ| ± 𝑣𝐹 |𝑞|, dispersing linearly with magnetic field down to zero voltage. At low bias
voltages compared to |Δ|

𝑒 and small momenta |𝑞| ≤ |Δ|
𝑒 , Andreev reflections can happen for

positive and negative bias voltages and thus the current-voltage relationship is symmetric
in this regime.
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Figure 2.14: Diagram illustrating the scattering processes at an interface between a normal metal (N) and a finite
momentum superconductor (S) at three different quasiparticle energies (shades of gray). The different scattering
modes indicated are I : incident, A : Andreev reflected, B : normally reflected, C : transmitted into the electron-
like branch, D : transmitted into the hole-like branch.

In what follows, it will be assumed that |𝑞| = |Δ|
𝑣𝐹

. Since |𝐽S| = 𝑛S𝑒|𝑣S|, we expect that an

NS junction can see a gradual change from 𝑞 = 0 to 𝑞 = |Δ|
𝑣𝐹

if |𝐽𝑆 | is conserved and 𝑛S is
decreasing, which happens in a proximity junction.

In the tight-bindingmodel, we simulate a 1D chain of sites (single channel). A finite region
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is divided into a normal part, a barrier(2 sites) and a superconducting part. The kinetic
energy is included as a hopping term −𝑡𝜎̂𝑧 to nearest neighbor sites, where 𝑡 is the hopping
integral and 𝜎̂𝑧 denotes the Pauli Z matrix in electron-hole space. At equilibrium, the on-
site energy is (2𝑡 − 𝜇)𝜎̂𝑧 = 0. Superconductivity is included using an on-site term Δ𝜎̂𝑥 .
An on-site Dynes parameter is introduced in the superconductor as −1𝑖Γ ̂𝐼 to incorporate
relaxation processes in the superconductor. Finite momentum is introduced by adding a
(forward) hopping term −𝑖𝑞S ̂𝐼 , which is a discretized version of −𝑖ℏ 𝑑

𝑑𝑥 . Here we note that
different dispersions (not finite momentum, but rather different diffusion coefficients) for
electrons and holes could be simulated by instead adding a term −𝑞S ̂𝐼 .
Finally, the barrier is introduced using two sites in series. The first site is shifted up in on-
site energy by an energy |𝐻 |𝜎̂𝑧 and the second site down in energy by −|𝐻 |𝜎̂𝑧 to maintain
electron-hole symmetry.

N and S leads are connected on the left and right side of the 1D wire. The N lead has the
same properties as the N part of the finite system. The S lead has the same properties as
the S part of the finite system, except for the Dynes parameter, which is taken to be 0 in
the extended part of the superconductor.

The system is solved by numerically computing the scattering matrix and taking the con-
ductance through the usual BTK relation 𝑇 = 1 +𝐴−𝐵, where 𝐴 and 𝐵 are the Andreev
(e-h) and normal (e-e) reflection coefficients. Resulting plots for the normalized zero-
temperature differential conductance at 𝑝S = 0 and 𝑝S = Δ

𝑣F
for Δ = 0.1𝑡 , Γ = 0.033𝑡 and

𝐻 = 0.3𝑡 using 9 N-sites and 9 S sites are shown in Figure 2.15a. Normalization was per-
formed by dividing by the differential conductance at high bias. The differential conduc-
tance at 𝑝S = 0 is symmetric, as expected, while the differential conductance at 𝑝S = Δ

𝑣F
is

highly asymmetric, with Andreev reflections primarily happening for 𝑉 > 0. For 𝑉 < 0,
the differential conductance decays to its normal state value slower than for 𝑉 > 0, where
a slight dip in the normalized differential conductance below 1 is observed.

The corresponding product of excess current and the normal state resistance is plotted in
Figure 2.15𝑏 for 𝑝S = − Δ

𝑣F
, 0, Δ

𝑣F
This shows that a finite momentum superconducting state

in an NS junction results in an asymmetric excess current and deficit voltage versus bias
voltage. The asymmetric component of the deficit voltage can be extracted by subtracting
the two curves, which we will call Δ𝐼excess,𝑝S𝑅N. This is plotted in Figure 2.15c. This
function is parabolic at low bias voltages, becoming V-shaped at higher bias voltages. At
|𝑉 | > 2Δ

𝑒 , the asymmetry saturates and slightly decreases. At |𝑉 | > 4Δ
𝑒 , the asymmetric

component is roughly constant.

We define the diode efficiency as 𝜂 = Δ𝐼excess,𝑝S
Σ𝐼𝑝S

, where Σ𝐼𝑝S denotes the field-symmetric part
of the current. This is plotted in Figure 2.15d. The efficiency increases linearly around zero
bias voltage until saturation at 𝑉 = 2Δ

𝑒 . Since the excess current saturates at this point, the

resulting efficiency then decays roughly as 1
𝑉 . For the chosen simulation parameters, the

defined diode efficiency is 8%.
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In Figure 2.16, the plots of Figure 2.15 are repeated for the fully transparent case, with Γ = 0
and 𝐻 = 0. Here, the shift in the differential conductance is again visible and asymmetric
deficit voltages result with a larger magnitude. In the positive momentum biased case, the
maximum excess voltage observed is 2Δ𝑒 and the minimum excess voltage is roughly − 4

5
Δ
𝑒 ,

resulting in an efficiency of 20.5%
Finally, we note that in an SNS junction, MAR processes are also possible. According to
the analysis by Zazunov[105], this could lead to Doppler shifts in the MAR signal. As a
result, there are two sets of MAR peaks relating to forward and backward conduction at
𝑒𝑉 = 2(|Δ|±𝑣𝐹 𝑝𝑆)

𝑛𝑒 . Zazunov suggests that while the Josephson diode efficiency is limited to
roughly 40%, the SNS diode efficiency in the voltage biased state can approach the ideal
value of 𝜂 = 1, in contrast to what was found for NS junctions in this section, which appear
to saturate at 20%. If the average of the positive and negative excess currents is taken, the
efficiency 𝜂′ = Δ𝐼exc,𝑝S

Σ𝐼exc,𝑝S
can be calculated. This quantity saturates at roughly 40%.

2.2.11 Linear response kinetic theory of superconductors
Another way to understand asymmetric charge transport in superconducting junctions at
finite bias is through a thermodynamic approach.

In superconductors out of equilibrium, one can consider small perturbations, as was done
by A. Schmid[106]. In order to describe non-equilibrium dynamics, a description using
a grand-canonical ensemble is taken. In an ordinary conductor, the macrostate can be
described by only the electrochemical potential 𝜇 and the temperature 𝑇 . In a supercon-
ductor, however, there can also be a finite supercurrent density 𝑗𝑆 in equilibrium. Changes
in internal energy density can be described by

𝑑𝜖 = 𝑇𝑑𝑠 +𝜇𝑑𝑛 + 1
𝑒 𝑗𝑆 ⋅ 𝑑𝑝𝑆 , (2.125)

where 1
𝑒 𝑗𝑆𝑑𝑝𝑆 = 𝑛𝑚𝑣𝑆𝑑𝑣𝑆 is the change in the volumetric density of kinetic energy in the

supercurrent. This equation can be rewritten to express changes in entropy density in
terms of thermodynamic quantities and generalized forces:

𝑑𝑆 = ( 1𝑇 )𝑑𝜖 + (−𝜇𝑇 )𝑑𝑛 + (−𝑗𝑆𝑒𝑇 ) ⋅ 𝑑𝑝𝑆 . (2.126)

Thus, in a superconducting junction, the presence of a supercurrent density results in
a generalized potential proportional to 𝑗𝑆

𝑇 . The potentials can be related to generalized
forces, which drive non-equilibrium currents. In the linear regime, Onsager’s relations de-
scribe how the generalized forces drive the currents. Next, a derivation of these relation-
ships will be given. It will be shown that the addition of a divergence in the supercurrent
density results in a deviation from Ohm’s law.
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Using the continuity relation 𝜕𝑢
𝜕𝑡 +∇ ⋅ (𝑗 +

̂⃗𝑗) = 0, where 𝑢 denotes the quantity, 𝑗 denotes

the equilibrium flow and ̂⃗𝑗 denotes the non-equilibrium perturbation, it can be shown that

the entropy production is of the form 𝜎 = 𝐹 ⋅ ̂⃗𝑗, with 𝐹 =
⎡⎢⎢⎢
⎣

∇ 1
𝑇

∇−𝜇
𝑇

∇ ⋅ −𝑗𝑆𝑒𝑇

⎤⎥⎥⎥
⎦
and 𝑗 = [

̂𝑗𝜖̂𝑗𝑛
𝜇̂
]

Where the last relation holds due to the equation of motion 𝜕𝑝𝑆
𝜕𝑡 +∇(𝜇 + 𝜇̂) = 0. This is the

flow equation for the superconducting phase gradient, since 𝑝𝑆 = 𝑚𝑣𝑠 = 𝑚∇𝜙).
The important takeaway at this point is that the divergence of the supercurrent density
provides a thermodynamic force, which acts on the energy flow, the particle flow and, most
of all, on the electrochemical potential. A divergence of the supercurrent can only happen
if the supercurrent is converted to a normal/quasiparticle current. As already seen in the
last sections, the process of generating non-equilibrium quasiparticles and shifting the
chemical potential results in charge and branch imbalance and the observation of excess
currents.

In irreversible systems close to equilibrium, the linear response relation 𝑗 = 𝐿𝐹 is assumed
to hold, where 𝐿 is a positive definite (To ensure 𝑑𝑠 > 0) matrix of coefficients. As long
as there is no magnetic field, the Onsager reciprocity relations hold. 𝜖 and 𝑛 are even
functions under time reversal, whereas 𝑝𝑆 is odd. As a result, 𝐿12(𝑝𝑆) = 𝐿21(−𝑝𝑆) and
𝐿13(𝑝𝑆) = −𝐿31(−𝑝𝑆) (and the same holds for 𝐿23). However, since 𝐿12 is scalar and 𝐿13 and
𝐿23 are vectors parallel to 𝑝𝑆 , the first should be an even function of 𝑝𝑆 and the latter two
should odd. Thus the matrix 𝐿 has the property that 𝐿𝛼𝛽 (𝑝𝑆) = 𝐿𝛽𝛼 (𝑝𝑆).
This allows for expressing energy, particle and momentum flow in terms of generalized
forces. It can be more convenient two rewrite this such that the force is expressed as

̃𝑓 = −∇[
𝑇
𝜇
𝑗𝑆
].

Such a transformation can be performed by noting that ∇ 1
𝑇 = − 1

𝑇 2∇𝑇 , ∇(−𝜇𝑇 ) = − 1
𝑇 ∇𝜇 +

𝜇
𝑇 2∇𝑇 and ∇ ⋅ (−𝑗𝑆𝑒𝑇 ) = − 1

𝑒𝑇 ∇ ⋅ 𝑗𝑆 +
𝑗𝑆
𝑒𝑇 2 ⋅ ∇𝑇

In this case, the thermodynamic current can be expressed as:

̃̂⃗𝑗 =
⎡⎢⎢
⎣

𝑞
−𝑇
𝑒

̂⃗𝑗𝑛
−𝑇
𝑒 𝜇̂

⎤⎥⎥
⎦
, (2.127)

with 𝑞 = ̂⃗𝑗𝜖 +
𝜇
𝑒
̂⃗𝑗𝑛 +

𝜇̂
𝑒 𝑗𝑆 denoting the heat current.

Introducing ̃𝑗 = 𝑀 ̃𝑓 with the same properties as 𝐿, the matrix can be expressed as:
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𝑀 = [
𝜅 𝜎𝛼 𝛽𝑝𝑆
𝜎𝛼 𝜎 𝛾𝑝𝑆
𝛽𝑝𝑆 𝛾𝑝𝑆 𝜁

] (2.128)

Using 𝐸𝑁 = − 1
𝑒∇𝜇, we can now express the main result:

𝑞 = 𝜅(−∇𝑇)+𝜎𝛼𝑇(𝑒𝐸𝑁 ) + 𝛽
𝑇
𝑒 𝑝𝑆∇ ⋅ (−𝑗𝑆), (2.129)

̂⃗𝑗𝑛 = 𝜎𝛼(−∇𝑇)+𝜎𝐸 +𝛾𝑝𝑠∇ ⋅ 𝑗𝑆 , (2.130)

𝜇̂ = 𝛽𝑝𝑆 ⋅ (−∇𝑇)+ 𝑒𝛾𝑝𝑆 ⋅ 𝐸 + 𝜁
1
𝑒 ∇ ⋅ 𝑗𝑆 . (2.131)

The interpretation of these equations is as follows. The first equation describes heat trans-
port through thermal conductivity 𝜅, thermoelectric coefficient 𝛼 and thermal branch im-
balance generation coefficient 𝛽 . Heat flows from high to low temperatures, in the direc-
tion of electric fields and in the direction of conversion of supercurrent to quasiparticle
current. The second equation describes the flow of quasiparticle charges due to thermo-
electric coefficient 𝛼 , electrical conductivity 𝜎 and field-driven branch imbalance gener-
ation coefficient 𝛾 . Finally, the non-equilibrium chemical potential can be changed by
branch imbalance generation by thermal gradients, branch imbalance generation by elec-
tric fields parallel to supercurrent (related to supercurrent to quasiparticle current conver-
sion) and due to the second viscosity 𝜁 , which is related to charge imbalance generation
and relaxation by the pairing mechanism.

This phenomenological linear response kinetic theory byA. Schmid highlights the possible
transport mechanism close to equilibrium in superconducting systems. Notably, excluding
thermal effects, there are three non-equilibrium effects. The first is normal Ohmic conduc-
tion. The second is the creation of a voltage by supercurrent to quasiparticle conversion
(as occurs in BTK theory). The third effect, which, as far as I am aware, has not been
observed or recognized yet, is the creation of voltages and currents at NS interfaces when
electric fields and superfluid momentum are large. The non-equilibrium theory reveals an
interplay between the driven condensate and driven quasiparticles without resorting to a
particular geometry.

As seen in the extended BTK formalism, a finite momentum state created by a magnetic
field might produce asymmetric current versus voltage characteristics. The analysis based
on Onsager reciprocity does not necessarily hold when a magnetic field is present. In
these situations it is expected that the applied vector potential 𝐴 adds to the condensate
momentum. An analysis of Onsager’s relations for electrical conduction with magnetic
fields results in 𝑀𝛼𝛽 (𝐵) = 𝑀𝛽𝛼 (−𝐵), which implies that the symmetric part of the gener-
alized force matrix is even, and the antisymmetric part is odd in 𝐵[107]. Anticipating an
effect that is linear in 𝐵 (which is the first order term), we obtain
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̂⃗𝑗𝑛 = 𝜎𝐸 −𝑒𝛿𝐴∇ ⋅ 𝑗𝑆 , (2.132)

𝜇̂ = 𝑒2𝛿𝐴 ⋅ 𝐸 + 𝜁 1𝑒 ∇ ⋅ 𝑗𝑆 , (2.133)

where a new constant 𝛿 (which should be similar to 𝛾 ) was introduced for the antisymmet-
ric part. The result is an additional current that is proportional to the applied magnetic
field, with |𝐵| = |𝐴|𝑡 , where 𝑡 is a thickness/length scale. It is also proportional to the
normal excess current/voltage term ∇ ⋅ 𝑗S.
As a final note, we mention that technically, the kinetic energy contribution to the super-
current 𝑛𝑆 𝑚𝑣2𝑆

2 is:

𝑑𝜖 = 𝑛𝑆𝑚𝑣𝑆 ⋅ 𝑑𝑣𝑆 +
𝑚
2 𝑣𝑆 ⋅ 𝑣𝑆𝑑𝑛𝑆 (2.134)

The first term is the term investigated by Schmid and relates to the velocity of the su-
perfluid, while the second term relates to changes in the pair density. This term can be
accounted for by replacing 𝜇𝑑𝑛→ 𝜇𝑑𝑛𝑁 + (𝜇 + 𝑚𝑣2𝑆

2 )𝑑𝑛𝑆 . Further theoretical work on this
term is necessary to understand how it would modify the kinetic equations.

2.2.12 Self-field effects
The self-field effect in Josephson junctions arises from the magnetic field produced by the
bias current. In order for this effect to be significant, the magnetic flux produced needs to
be comparable to the applied magnetic field. Qualitatively, one may understand the self-
field effect by considering an SNS sandwich Josephson junction. In such a sandwich, the
direction of the return path with respect to the incident path can be chosen. For simplicity,
we consider here parallel and anti-parallel current paths.

In the case of a parallel path, the magnetic flux generated by the two superconducting
wires adds up to 0. Hence, we expect no self-field effect in this geometry.

On the other hand, for anti-parallel currents, a net magnetic field results in the SNS junc-
tion. Hence, we may say that there is an effective magnetic field equal to 𝐵eff = 𝐵+𝛼𝐼 . For
a loop of current with radius 𝑟 = 50 nm, the magnetic field scale is roughly 𝛼 = 𝜇0

𝑟 ≈ 25 T
A .

For a current on the order of 1 µA, this is on the order of 25 µT.

Most samples studied in this thesis are planar and could be considered parallel, but can
be considered to have a radius of curvature on the order of 50 nm. As such, self-field
effects can not be excluded on the basis of geometrical arguments. A way to distinguish
self-field effects from the finite momentum explanation caused by the Meissner effect is
still possible, however. Self-field effects scale with current, as 𝐵self = 𝛼𝐼 and thus tend to
result in a constant skewing as a function of current. As a function of voltage, however,
the self-field effect should scale as 1

𝑅 . Thus measurements at constant voltage in a device
where 𝑅 can be varied (For example, by electromigration of SNS junctions, as presented
in chapters 6 and 7 of this thesis) allow for determining whether asymmetric conductance
can potentially be attributed to self-field effects or not.
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Figure 2.15: Finite momentum BTK simulations run with parameters Δ = 0.1𝑡 , Γ = 0.033𝑡 , 𝐻 = 0.3𝑡 , 9 N-sites and
9 S sites. Voltages and currents were re-scaled such that Δ = 250 µeV. a) Normalized differential conductance
versus bias voltage at 𝑝S = Δ

𝑣F
and 𝑝S = 0. Normalization is performed at the maximum bias voltage. b) Deficit

voltage 𝐼exc𝑅N versus bias voltage at 𝑝S = Δ
𝑣F
, 0, − Δ

𝑣F
c) Difference between the deficit voltage at 𝑝S = Δ

𝑣F
and

𝑝S = − Δ
𝑣F

plotted as a function of bias voltage. d) Asymmetry of the excess current divided by the average bias
current plotted as a function of voltage.
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Figure 2.16: Finite momentum BTK simulations run with parameters Δ = 0.1𝑡 , Γ = 0,𝐻 = 0, 9 N-sites and 9 S sites.
Voltages and currents were rescaled such that Δ = 250 µeV. a) Normalized differential conductance versus bias
voltage at 𝑝S = Δ

𝑣F
and 𝑝S = 0. Normalization is performed at the maximum bias voltage. b) Deficit voltage 𝐼exc𝑅N

versus bias voltage at 𝑝S = Δ
𝑣F
, 0, − Δ

𝑣F
c) Difference between the deficit voltage at 𝑝S = Δ

𝑣F
and 𝑝S = − Δ

𝑣F
plotted

as a function of bias voltage. d) Asymmetry of the bias current divided by the average bias current plotted as a
function of voltage.
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3
Fabrication

In this chapter, the cleanroom fabrication of the nanogap devices and SNS junctions found in
this thesis will be discussed. First, a general discussion will be presented regarding the design
considerations for each type of device. After this, a formulaic recipe will be given. Next, a few
experimental procedures will be elaborated, such as the transfer of graphene nanoribbons.
Lastly, I will discuss symptoms related to imperfections and limitations of the cleanroom
recipes.

3.1 Design considerations for nanogap electrodes for graphene
nanoribbons

The integration of bottom-up surface synthesized graphene nanoribbons into electrically
conductive devices presents amajor nanofabrication challenge. There aremultiple reasons
for this, which are listed below:

• The graphene nanoribbons produced by the atomically precise on surface synthesis
method typically have a length of 50 nm or shorter, often being shorter than 20 nm.
These length scales are close to the limit of what is possible by e-beam lithography.

• Graphene nanoribbons made on atomically flat surfaces are almost always grown
on gold. Because of this, conventional graphene nanoribbon transfer methods use
gold etchants, which are harmful to many metal electrodes.

• Atomically precise graphene nanoribbons are limited in width by the synthesis
method. For this reason, they generally have band gaps on the order of 1 eV or
larger. In devices with metal electrodes, the semiconducting behavior of graphene
nanoribbons is expected to result in Schottky barrier limited injection at the metal-
GNR interface.

The first two points listed present necessary conditions for the production of any GNR de-
vice. Devices should survive the GNR transfer method and the source and drain electrodes
should ideally have a separation that is smaller than the average GNR length.
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The third point, on the other hand, is important for the improvement of the electronic
injection. This is especially important at low temperatures, as a large injection barrier at
the metal-GNR interface prevents direct tunneling into or through the GNRs.

A gate electrode and dielectric are also necessary, as GNRs are semiconductors. For effi-
cient electric conduction, the valence or conduction band of the GNR must align with the
electrochemical potential of the metal, while the chemical potential of undoped GNRs is
expected to lie in the middle of the band gap. Thus, a voltage on the gate electrode needs
to be applied to tune bands in the energy of the bands in the GNR to resonance.

In practice, this means that atomically precise graphene nanoribbon devices require elec-
trodes with nanometer-scale separation, which will be referred to as nanogap electrodes.
These electrodes should be compatible with GNR transfer protocols.

3.2 Design considerations for nanogap electrodes
To contact nanoscale objects electrically, metallic probes separated by only several nanome-
ters to tens of nanometers are required. Here, the fabrication of nanogap electrodes
through direct writing by e-beam lithography and lift-off is described.

Nanogap electrodes are electrodes with a separation, 𝑑 , called the gap size, of only several
nanometers. Besides the gap size, the geometry and material of nanogaps can be varied.
Also, the gap width, 𝑊 , can be varied. Depending on the ratio between the gap size
and width, a classification between wide nanogaps, with 𝑊 ≫ 𝑑 , and narrow/needlelike
nanogaps, with𝑊 ≤ 𝑑 , can be made. There are benefits and drawbacks to both geometries.
The wide nanogaps have a larger probability of making electrical contact with nanoscale
objects by virtue of the large contact area. Hence, even a disperse coverage with nanoscale
objects could result in some nanoscale objects being trapped. Needle-like nanogaps, on the
other hand, require significantly higher coverage of the surface to obtain the same yield
of devices. For GNRs, this means the following: Since GNR growth results in a relatively
large coverage, needle-like nanogaps have a larger probability of trapping single ribbons,
while wide nanogaps instead are likely to trap multiple in parallel. A minor point to make
is that needlelike nanogaps also have favorable electrostatics. Their narrow width results
in less screening of the electric field applied by a gate electrode, as the electric field can also
wrap around[108]. This improves the gate coupling, making this source-drain electrode
geometry more useful for nanoscale field effect transistor (FET) devices.

For the practice of e-beam lithography, a needlelike gap can be made with a significantly
smaller separation than a wide gap. For needlelike gaps, the minimum reproducible gap
size is on the order of 6 to 10 nm. Meanwhile, for wide nanogaps, this is approximately
20 to 30 nm. But why is this? While the needlelike nanogaps are limited by the e-beam
exposure and film structure of the resist, wide nanogaps are instead limited by collapse of
the resist mask[109, 110]. Since the gap separation 𝑑 is small, the developed resist mask at
the gap forms a narrow wall, with width 𝑑 and height ℎ. During drying after development,
the resist mask is exposed to a liquid-gas interface. In this process, the surface tension
pulls on the resist mask with a force proportional to ℎ, inducing bending proportional to
ℎ2. The restorative force/tension in the resist is proportional to 𝑑 . For a typical resist film
thickness of 60 to 80 nm, this limits the separation to approximately 20 to 30 nm. Dilution
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of the resist might allow for a thinner resist film of 30 nm. This could help to resolve this,
but should make lift-off trickier. For both the wide and needlelike nanogaps, a thin resist
(thickness of 60 to 80 nm) was used.

The distinction between the failure mechanisms determines the strategy which is best to
utilize tominimize the gap size. For the needlelike nanogaps, the contrast, how sharply the
e-beam dose defines height variations of the resist, is the most important factor. For wide
nanogaps, however, while contrast is still important, the strength of the resist (the yield
strength for plastic deformation or the elastic modulus if the resist bends and then sticks
to the wafer surface) and adhesion of the resist to the substrate could be more important
than the contrast. For all nanogap devices in this thesis, the high-resolution/high-contrast
and high-sensitivity (low-dose) resist CSAR-62was used. However, as indicated above, the
recipe for the wide nanogaps differs from the recipe for the needlelike gaps.

For needlelike gaps, a cold development strategy was used. By developing at a lower tem-
perature, the contrast of the resist recipe can be enhanced. The development process is
the process of dissolving polymer chains that have been cut down by e-beam exposure.
The kinetics of this (non-equilibrium) process are temperature (𝑇 ) dependent, approxi-

mately scaling with a Boltzmann factor 𝑒−
𝐸A
𝑘b

𝑇
[111, 112]. 𝐸A in this formula is an activa-

tion energy, which depends on the length distribution of the polymer chains. 𝑘b is the
Boltzmann constant. When the activation energy is positive and the temperature is re-
duced, the Boltzmann factor decreases. However, the dependence of the Boltzmann factor
on the activation energy and hence on size/dose dependence increases. As a result, the
development can now only remove smaller polymer chains more selectively. Hence, the
contrast is enhanced. For this reason, the developer used for CSAR-62, pentyl acetate,
was cooled down to −16 ∘C in a freezer. The beaker into which the developer is poured
was also pre-cooled in the freezer and the full development process was executed in less
than 90 seconds to avoid heating of the developer. The temperature of the developer over
time was characterized using a thermometer. After 90 seconds, the developer reached a
temperature of approximately −6 ∘C. After development, great care should be taken not
to let the sample dry. When the sample dries, water vapor may condense and freeze onto
the silicon oxide and resist mask, which will deform the resist mask. For this purpose, the
sample was sprayed with isopropyl alcohol during removal of the sample from the cold
pentyl acetate. It was found that the cold strategy approximately doubles the required
doses in e-beam exposure, compared to the conventional development of CSAR-62 with
pentyl acetate in standard cleanroom conditions.

The writing strategy for the needlelike nanogaps revolves around creating optimal con-
trast at the gap region. For this purpose, an overdose-undersize (ODUS, with a dose factor
of 2.0) procedure was used with a shape proximity effect correction (shape PEC). The aim
behind this is to optimize the exposure such that the dose profile matches the point spread
function (PSF) of the beam as closely as possible, which should result in an optimal expo-
sure. The gap size was also slightly increased in the pattern over the desired size and the
structure was slightly overexposed.

The wide nanogaps were made using the conventional development process in pentyl
acetate, defining the gaps with a distance of 30 nm. The reason for this choice over cold
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development, which has better contrast, is that excess e-beam exposure results in more
scission, which could hurt the structural integrity of the resist.

3.3 Superconductor - normalmetal - superconductor junc-
tions

The superconductor - normal metal - superconductor (SNS) junctions in this thesis were
designed with two objectives in mind. Firstly, the proximity effect should be optimized.
That is, the induced proximity gap in the normal metal should be maximized. Secondly,
it should be possible to break the normal metal in the junction through electromigration.
Hence, we will refer to these as SNS electromigrated break junction (SNS-EMBJ) devices.
Below, I will discuss how the design choice was made in this thesis.

In order to optimize the proximity effect, it is important to optimize three things. Firstly,
the superconductor should be ’strong’ enough to proximitize the normalmetal. The ’strength’
of the proximity effect can be viewed as the dilution of superconducting correlations in the
boundary region between the superconductor and the normal metal. Beyond the bound-
ary region, the correlations decay into the normal metal. The extent of the boundary
region into the superconductor is on the order of the coherence length 𝜉S, which for a
dirty film (a film with a mean free path below the BCS coherence length without scatter-
ing) scales with the diffusion coefficient (conductivity) of the metal. Within the boundary
region, there is a density of superconducting carriers, 𝑛S. The ideal superconductor has a
large boundary region, with many carriers. In this thesis, devices were made with Al and
Nb (MoRe and NbTiN are also candidate superconductors). Al has a large BCS coherence
length of 1600 nm[39]. Thus, in principle, it could be an ideal superconductor. In practice,
however, thin films of Al are in the dirty limit and can have a coherence length that is
orders of magnitude smaller, less than 100 nm[113]. Al also has a low carrier density and
critical temperature, 𝑇c,Al ≈ 1.2 K. SNS junctions made with Al as the superconductor and
Pd as the normal metal were not found to be superconducting in this thesis. Thus, in this
thesis, Nb was used with a coherence length on the order of 10 nm and a relatively large
carrier density due its d-orbitals.

Although Au and Pd are chosen in this thesis, the design choice of the normal metal for an
optimal SNS junction should follow the same logic as that for the superconductors. Ideally,
the normalmetal has a low carrier density. This is the case for Au, but not for Pd, which has
a carrier density exceeding that of both Al and Nb. Given thin films of Au and Pd with the
same mean free path, the proximity effect into the Pd film is expected to be significantly
weaker. Following the design logic for the superconductors, the coherence length in the
normal metal should be chosen to be small for optimal mixing. Although this is true
for the mixing, the decay of correlations into the normal metal is also determined by the
coherence length. For this reason, a large coherence length is instead desirable. Improving
the propagation of correlations into the normal metal thus always worsens the mixing by
increasing the volume of normal metal included in the boundary layer. This problem can
be solved by minimizing the volume of the normal metal within a coherence length from
the boundary. For a thin film, this implies that the thickness of the normal metal should
not be chosen too thick. Since the electronic mean free path of the thin film also depends
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on the thickness, there is likely an optimal thickness. In this thesis, a thickness of 13 nm
was used for Pd and a thickness of 13 to 15 nm for Au. For Au in particular, a thicker
film could improve the diffusivity considerably. Finally, the length-scale of the normal
metal, 𝐿, should be chosen as small as possible. Ideally, the length-scale is smaller than
the coherence length to minimize the decay. In this thesis, 𝐿 = 50 nm is chosen, though
𝐿 = 30 nm was found to be achievable.

Finally, the interface between the superconductor and the normal metal should be electri-
cally transparent in order to allow for efficient mixing of carriers with the normal metal.
This motivated using a single step recipe, in which minimal oxidation or contamination
would be present at the interface. A double-layer resist mask, consisting of a thin layer
of Poly(methyl methacrylate) with a molecular weight of 950K (PMMA-950K) on top of a
thicker layer of Poly(methyl methacrylate - methacrylic acid) (p(MMA-MAA)) co-polymer
was used, as shown in Figure 3.1a. The more sensitive p(MMA-MAA) layer is fully devel-
oped at a lower exposure dose than the PMMA layer. This results in an undercut profile, in
which the PMMA forms an overhang where the bottom co-polymer layer is removed. By
evaporating at an angle, metal can be deposited below this overhang, in a process known
as shadow-mask evaporation, which is illustrated in Figure 3.1b. A full SNS junction can be
made by defining a pattern with two closely spaced regions, such that the p(MMA-MAA)
fully develops between them, but the PMMA layer does not, as shown in Figure 3.1c. Then,
an SNS junction can be made on an SiO2 surface by first evaporating an adhesion layer (Ti
here) without an angle. Next, the normal metal (Pd here) can be evaporated at an angle 𝜃
into the undercut. To complete the normal metal layer, the normal metal is next deposited
at an angle −𝜃 . By finally depositing the superconductor (Nb here) without an angle, a full
SNS junction is made. The resulting device is shown schematically in Figure 3.1d. It con-
sists of a constriction in the normal metal (Au/Pd here) and Ti + Au/Pd + Nb banks. Due
to the double angle shadow evaporation step, the thickness of the normal metal doubles
in the Ti + Au/Pd + Nb banks doubles further into the banks.

For the optimization of electromigration, it is desirable that the junction breaks at a specific
point in the normal metal. Since electromigration happens through scattering processes
of electrons on atoms in combination with heat, ideally the current density should be
large at this point in the normal metal. Furthermore, there should be no other place in
the device which dominates the heating. In terms of the design, this leads to the choice
of a constricted geometry for the normal metal, where the current ideally converges to a
single point. For the shadow evaporation technique described above, this means that the
chosen pattern consists of two triangles with vertices facing each other. The evaporation
angle and spacing between the triangular patches should be tuned in order to define the
constriction as sharp as possible.

Finally, a few final remarks regarding the design choices. Although evaporation in the
same step should optimize interfaces, the choice to evaporate Nb on top of the normal
metal could lead to implantation of the Nb into the normal metal. This could, as seen in
the PhD thesis of Sophie Guéron[42], lead to an energy gap in the normal metal that differs
from the expected shape for a normal diffusive NS interface. In addition, alloying of the
three deposited layers could locally introduce more scattering. For electromigration, this
could lead to electromigration of the normal metal close to the NS interface. An optimal
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process should aim to avoid this.
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Figure 3.1: a) Schematic of the vertical cross-section of a developed PMMA/P(MMA-MAA) double-layer resist
mask. The PMMA (green) top layer defines an overhang (hatched area). Underneath this, the P(MMA-MAA)
(orange) is developed away, defining the undercut resist profile. In this region, the substrate (gray) is only
shadowed by the PMMA overhang. b) Diagram illustrating the shadow mask angular evaporation technique. By
tilting the substrate, the metal thin film (gold/yellow) can be evaporated into the undercut regions. c) Schematic
of the top view of the resist prior to evaporation. In the hatched green area, the P(MMA-MAA) co-polymer
resist is developed, leaving the substrate shadowed by the PMMA overhang. d) Schematic of the top view of the
resulting SNS EMBJ device after lift-off of the resist. The normal metal, Au or Pd, that has been evaporated two
times, once at a positive angle and once at a negative angle, is shown in gold color. In the blue regions, a Ti
sticking layer is covered by a single layer of Au/Pd, which in turn is covered by a layer of superconductor, Nb.
Further away, in the gold-shaded blue areas, the Au/Pd is deposited twice, resulting in a Ti+Au/Pd + Nb layer
where the Au/Pd thin film is twice as thick.
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3.4 Recipes
In this section, formulaic recipes are given for the recipes used in this thesis to fabricate
the various devices. The e-beam exposure doses indicated in these recipes are to be used
as guidelines. For fine patterns, performing a dose test is recommended.

3.4.1 Cleaning of SiO2 chips prior to processing
For the pre-fabrication cleaning of silicon oxide wafers, cleaning with red fuming nitric
acid was performed. This was preferred over solvent cleaning, which might leave polymer
residues on the oxide surface. No special care was taken to minimize inorganic residues,
such as iron (oxide). Prior to spin coating, stored samples were exposed to an𝑂2 plasma to
clean off organic contamination and improve wetting of the resist during the spin-coating
process.

1. Cleaning:

• Fuming nitric acid cleaning for 5 minutes

2. Cleaning (prior to spin coating):

(a) O2 plasma cleaning in a barrel etcher (Tepla 2) for 5 minutes

• Power: 600 W

• Flow: 600 sccm

• Pressure: 1660 µbar

3.4.2 Wide nanogap electrodes

Figure 3.2: SEM image of wide nanogap MoRe electrodes.
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The recipe for producing the wide nanogap MoRe electrodes, shown in Figure 3.2, is as
follows:

1. Spin coating of resist CSAR-62/AR-P 6200.04:

• Spin speed: 4000 rpm (approximately 80 nm)

• Bake temperature and time: 185 ∘C for 3 minutes

2. E-beam exposure with Raith EBPG-5200 with an acceleration voltage of 100 kV:

(a) Coarse pattern:

• Aperture: 400 µm

• Beam current: As large as possible ∼ 100 nA

• Dose: 300 µC/cm2

(b) Fine pattern:

• Aperture: 200 µm

• Beam current: ∼ 1 nA (spot size of ∼ 5 nm)

• Dose: 300-350 µC/cm2

3. Development:

• 1 minute in Pentyl acetate

• 5 seconds in Xylene (Descum with a stronger developer. methyl isobutyl
ketone (MIBK) could also work); spray with isopropyl alcohol (IPA) while
removing the chip.

• Soak in IPA for 30 seconds; spray with IPA while removing the chip

• Blow-dry with an N2 gun

4. Metal deposition (either sputtering or e-beam evaporation):

(a) Sputtering of MoRe in Alliance Metal 2

• Power: 100 W

• Pressure: 15 µbar (Pressure can be lowered to 2 µbar)

• Time: 1 minute and 20 seconds; The time was varied to obtain a thick-
ness of 25 nm

5. Lift off:

• Soak sample in N-Methyl-2-pyrrolidone (NMP) at 70 ∘C for approximately
30 minutes (Until the mask and metal on top is removed)

– Use a holder to place the sample vertically
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– Usemild ultrasonication (power 1-4) or blowwith a pipette to remove
the metal film

– Alternative lift-off solvent to NMP: AR 600.71 at 40 ∘C

• Let the beaker with NMP cool in room temperature water for ∼ 5minutes

• Move the sample to a second beaker of NMP for cleaning: 15 minutes at
70 ∘C

• Let the beaker with NMP cool in room temperature water for ∼ 5minutes

• Remove the sample from the NMP while spraying IPA; move the sample
to a beaker of IPA

• Remove samples from IPA, spray with IPA upon removal.

• Blow-dry with an N2 gun

3.4.3 Cold developmentCSAR-62 recipe for needlelike nanogap elec-
trodes

Figure 3.3: SEM image of needlelike MoRe nanogap electrodes.

The recipe for the needlelike nanogaps follows the recipe for the wide nanogaps, with
the exception of the cold development step. Here, the recipe that yields the needlelike
nanogap MoRe electrodes, shown in Figure 3.3, is detailed.

1. Spin coating of resist CSAR-62/AR-P 6200.04:

• See wide nanogap recipe
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2. E-beam exposure with Raith EBPG-5200 with an acceleration voltage of 100 kV:

(a) Coarse pattern:

• Aperture: 400 µm

• Beam current: As large as possible ∼ 100 nA

• Dose: 600 µC/cm2

(b) Fine pattern:

• Aperture: 200 µm

• Beam current: ∼ 1 nA (spot size of ∼ 5 nm)

• Dose: 1000-2000 µC/cm2 (increasing the dose shrinks the gap size)

3. Development:

• Put a labeled beaker in a −16 ∘C freezer at least 30 minutes prior to devel-
opment, ideally before e-beam exposure

• Prepare the wet bench closest to the fridge for the development process

• Take the beaker and cold pentyl acetate from the freezer and fill the beaker
with pentyl acetate

• Develop the pattern for 1 minute in the cold pentyl acetate; spray with
IPA while removing the chip

• Soak in a beaker of IPA for 30 seconds; Spray with IPA while removing
the chip

• Blow-dry with an N2 gun

4. Metal deposition:

• See wide nanogap recipe

5. Lift off:

• See wide nanogap recipe

3.4.4 TiPt gate electrodes with HfO2 gate dielectric
The fabrication of the gate electrodes follows the recipe for the wide nanogaps. The only
deviation from the recipe is that 5 nm Ti and 10 nm Pt are e-beam evaporated in the AJA
MB evaporator. The chosen evaporation rate is 0.5 Å/s for both layers. The gate electrodes
in this thesis are considered coarse patterns.

A 12 nm thick HfO2 gate oxide is deposited by atomic layer deposition (ALD). Prior to this
deposition, the TiPt gate electrodes were exposed to oxygen plasma cleaning in a barrel
etcher (Tepla 1).
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Figure 3.4: a) SEM image of needlelike TiPd (dark) nanogap electrodes on top of TiPt bottom gate electrode
(bright) covered by 12 nm HfO2 gate dielectric. b) SEM image of the spot where the TiPd electrode (dark) begins
to run on top of the TiPt gate electrode (bright). No abrupt topographic feature is observed in the TiPd electrode,
which indicates a smooth height variation from the SiO2 onto the TiPt gate. c) SEM image of the needlelike
nanogap in the TiPd electrodes on top of the TiPt gate electrode.

An example SEM image of a Ti+Pt gate electrode is shown in Figure 3.4a. In this SEM
image, the gate electrode shows up bright, while the Ti+Pd needlelike nanogap device
shows up as a dark region. At the edge of the gate electrode, a height variation of the
substrate is expected. The Ti+Pd layer has to be electrically connected over this height
variation. In Figure 3.4b, this region of the sample is shown. No abrupt topographic
feature (bright or dark spots in the SEM image) is seen in the Ti+Pd electrode as it crosses
the edge of the gate electrode. This is an indication that the height profile after the ALD
HfO2 deposition is smooth and the Ti+Pd electrode is properly connected over the edge
of the gate electrode. The needlelike Ti+Pd nanogap electrode on top of the Ti+Pt gate
electrode is shown in Figure 3.4c. Below, we detail the ALD recipe used for depositing the
HfO2 gate dielectric.

1. ALD of HfO2 films in Oxford FlexAL at a temperature of 110 ∘C:

• 100 cycles of TDMAH + H2O pulse and purge

– TDMAH pulse time: 400 milliseconds

– TDMAH purge time: 59 seconds

– H2O pulse time: 100 milliseconds

– H2O purge time: 59 seconds

3.4.5 SNS EMBJ devices: Double angle evaporation
The recipe presented here is inspired by the recipe presented by Alvaro Garcia Corral[114]
for superconducting aluminium EMBJ devices. An example SNS-EMBJ device, made with
100 nm thick Al evaporated at 5 Å/s as the superconductor and Pd as the normal metal, is
shown in Figure 3.5. While devices with Al and Pd were simpler to make, they were not
found to be superconducting in this work. Instead, Nb was used for devices in chapters 6
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Figure 3.5: SEM image of an SNS EMBJ made with Pd as the normal metal and Al as the superconductor.

and 7. Below, I detail the recipe used when Nb is used as the superconductor:

1. Spin coating of p(MMA-MAA) co-polymer + PMMA 950K double layer resist:

(a) Bottom layer of p(MMA-MAA) co-polymer: MMA-MAA EL8

• Spin speed 2000 rpm (∼ 340 nm)

• Bake temperature and time: 180 ∘C for 5 minutes

(b) Top layer of PMMA 950K A2 (nota bene: PMMA 950K in ethyl lactate
instead of anisole might result in less mixing between the layers)

• Spin speed 2000 rpm (∼ 80 nm)

• Bake temperature and time: 180 ∘C for 5 minutes

2. E-beam exposure with Raith EBPG-5200 with an acceleration voltage of 100 kV:

(a) Coarse pattern:

• Aperture: 400 µm

• Beam current: As large as possible ∼ 100 nA

• Dose: 800 µC/cm2

(b) Fine pattern:

• Aperture: 200 µm

• Beam current: ∼ 1 nA (spot size of ∼ 5 nm)
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• Dose: 1500-2000 µC/cm2 (Increasing the dose increases the undercut)

3. Development in MIBK:IPA 1:3 :

• Use three beakers and a graduated cylinder to make a 3:1 volumetric mix-
ture of MIBK and IPA

• Develop the chip in the MIBK:IPA mixture for 1 minute and 30 seconds;
spray with IPA while removing

• Soak in IPA for 30 seconds; spray with IPA while removing

• Blow-dry with an N2 gun

4. O2 plasma descum in Sentech Etchlab 200 (F2) reactive ion etcher:

• Power: 10 W

• Pressure: 70 µBar

• Flow: 45 sccm

• Time: 20 seconds

5. Metal deposition For 60 nm electrode spacing:

(a) E-beam evaporation in QT AJA (Only if Au is used instead of Pd):

• Align the pattern with the holder

• Vertical evaporation of 5 nm Ti at 0.5 Å/s

• Use the tilt controller to modify the tilt angle to +6∘; note that the tilt
angle depends on electrode spacing and resist thickness; 1∘ per 10 nm
works for these resist layers

• Evaporation of 13 nm Au at 0.5 Å/s at an angle of +6∘
• Close the shutter and adjust the tilt to −6∘ after the previous step;
open the shutter and evaporate 13 nm Au

• Finish by vertical evaporation of 50 nm Nb in Plassys

(b) E-beam evaporation in Plassys MEB 550S:

• Put the chip on the holder and identify and write down the angle that
the pattern makes with respect to the holder by optical microscopy;
For evaporation steps where the holder is tilted, correct the rotation
angle in the computer program by the measured angle

• Gettering step: Evaporate 20 nm Ti with the shutter closed to reduce
the oxygen content in the vacuum chamber

• Vertical evaporation of 5 nm Ti at 0.5 Å/s
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• Evaporation of 13 nm Pd at 1.0 Å/s at a tilt angle of +6∘
• Evaporation of 13 nm Pd at 1.0 Å/s at a tilt angle of +6∘ and a rotation
angle of 180∘ (effectively −6∘)

• Vertical evaporation of 50 nm Nb at 5.0 Å/s

6. Lift off:

• See wide nanogap recipe

3.5 Limitations and flaws of fabrication recipes
Although the detailed recipes in the last section produce working devices, a discussion of
the limitations and flaws of the recipes is warranted. Understanding the limitations of a
recipe is important in order to design better recipes. Similarly, the recipes presented above
have flaws that may potentially be removed given proper understanding of the underlying
causes. In this section the most important limitations and defects observed during sample
fabrication will be briefly discussed. Most of these relate to lift-off processes, as these were
primarily used in this thesis.

3.5.1 Large area gaps: Dog-ears and resist collapse

Figure 3.6: a)WideMoRe nanogapwith ’dog-ears’. The use of a 200 nm thick CSAR-62 layer results in large metal
fences around the electrodes. b) Wide MoRe nanogap showing resist collapse. An asymmetric metal connection
is formed between the MoRe electrodes due to sputtering on top of a collapsed resist wall.

When metal is deposited on the sidewalls of a single layer resist, metal flaps/fences can
stay connected to the metal electrode structure after lift-off, sometimes referred to as ’dog-
ears’. An example of this is shown in Figure 3.6a, which shows a nanogap electrode made
using a 200 nm thick film of MoRe. This is particularly a problem for sputtered MoRe
thin films in this thesis. If the dog-ears are thin enough, they may break off during lift-off.
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If they only partially tear off, they can potentially short the nanogap electrodes. Worse
still, when the dog-ears stay intact, they form a non-ideal surface for contacting graphene
nanoribbons and may still break off and short the nanogap electrodes during the GNR
transfer. Thus, dog-ears can form a problem. For contacting nanoparticles, such dog-
ears may not necessarily be problematic, as long as they fold inwards, away from the
opposing electrode. For large-area gaps with sputtered MoRe depositions less than 30 nm
in thickness and 30 nm gap sizes, it was observed that dog-ears in the nanogap region
often completely tear off during the lift-off.

Resist collapse is the main failure mode that was observed for wide nanogaps. After metal
lift-off, the resulting electrodes are electrically shorted. In scanning electron microscopy
(SEM) inspection, a metallic connection is seen all across the nanogap, as shown in Fig-
ure 3.6b. A telltale sign of resist collapse is a metal connection, which is asymmetric to-
wards one of the two electrodes. Often, the ends of the nanogap pattern are intact, while
the parts with the smallest electrode separation are connected. Judging from the SEM
image, it looks as though the resist wall has fallen over prior to metal deposition. Such
failures have been found before and have been associated with a mechanical collapse of
the polymer mask due to capillary forces during rinsing and drying[109]. It is believed
that the resist collapse observed in our samples is also of this nature. As resist collapse de-
pends on the mechanical properties of the resist wall, reducing the height of the resist wall
reduces the critical gap size at which collapse occurs. Since the first patterns were written
in 200 nm thick CSAR-62, a switch to 80 nm thick CSAR-62 was made. This resulted in
resist collapse at 25 nm spacings only, comparable to state of the art [110]. Interestingly,
cold development recipes with pentyl acetate tended to show resist collapse at 30 nm spac-
ings already, suggesting that the mechanical properties of the resist could be affected by
e-beam exposure.

3.5.2 Oxides on sputtered MoRe after exposure to (humid) air

Figure 3.7: a) Optical microscopy image of oxides on the sputtered MoRe surface after overnight exposure to air.
b) Optical microscopy image of a single oxide clump/crystallite on MoRe
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Immediately after deposition of MoRe films and after lift off of MoRe structures, it was
observed in dark field microscopy that there are bright spots on the surface of the metal
that appear to grow over time. These have been observed before[115] and are known to
be rich in rhenium and oxygen, suggesting the presence of mobile Re2O7 on the surface,
which grows oxide crystallites on the thin film.

Here, I report on a few observations regarding these crystallites. In an experiment, two
films of MoRe were left in atmospheric conditions during X-ray diffraction (XRD) charac-
terization. While the aim of the experiment was to investigate the poly-crystalline struc-
ture, instead something unexpected happened. One of the MoRe films was left in a gelpak
box and the other in the XRD machine. Upon finishing the XRD characterization, the
MoRe film that underwent XRD characterization was covered in speckles, as if it had col-
lected a lot of dust. The sample in the gelpak box, on the other hand, was still reflective and
shiny. Initially, an attempt was made to remove this ’dust’ with a MiraSWAB microfiber
swab, without any success. Upon inspection of the MoRe film in the optical microscope
it was observed that the surface was completely covered in large crystallites, shown in
Figure 3.7a, suggesting that the film in the XRD machine underwent accelerated oxida-
tion compared to the MoRe film in the gelpak box. This could perhaps be explained by a
difference in temperature or humidity. A single oxide crystallite is shown in Figure 3.7b.

Finally, an attempt was made to remove these oxide crystals. If they are indeed made of
Re2O7, they should be volatile and should be fully removed through sublimation above
350 ∘C[116]. To test this, the oxidized MoRe film was put in a rapid thermal process-
ing machine and annealed at 400 ∘C in nitrogen gas for 10 minutes. After the annealing
process, no more speckles were seen on the MoRe film in optical microscope images, con-
sistent with the idea of sublimation of Re2O7. Furthermore, over the next two weeks, no
significant oxidation was observed in optical microscope images.

3.5.3 Heating effects during evaporation

Figure 3.8: a) Large-area secondary electron (SE) SEM image of TiPd nanogaps. The pattern is surrounded by
dark lines and areas. b) SE SEM image of a TiPd nanogap with mixed organic-inorganic residue. c) High-angle
back-scattered electron (HA-BSE) SEM image of a TiPd nanogap taken together with the SE image in b). Bright
areas indicate the presence of metal.

After evaporation and lift-off of palladium and platinum metal structures on 80 nm thick
CSAR-62 masks, dark residues were often seen around the electrodes in SEM, shown in
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Figure 3.8a. These dark residues are composed of dark lines that tend to follow the pattern.
On the nanoscale, a spotty, sometimesweb-like, structure can be seen on the surface. There
are significantly more residues around the most critical region, the nanogap between the
electrodes, which is shown in the SEM image in Figure 3.8b. The high resolution secondary
electron (SE) image here mostly shows the topography. While darker regions tend to be
associated with light elements, such as carbon in polymer residues, bright regions can
be related to edges. To get a better idea of the atomic composition of the residues, a
high-angle back-scattered electron (HA-BSE) image was also taken, which is shown in
Figure 3.8c. The contrast in this image has been enhanced, and the image was filtered
by smart blurring in Adobe Photoshop. Heavier elements, such as metals, result in more
backscattered electrons and hence show up brighter. Polymer residues, on the other hand,
are mostly made of lighter elements than the Si substrate and hence provide hardly any
HA-BSE signal. The residues around the nanogap electrode show up as brighter regions
in this image, which clearly indicates the presence of metal.

Notably, the problems described here were observedwhen evaporating using the Temescal
evaporator in the cleanroom in particular, but also sometimes when using the Plassys
evaporator. When evaporation was performed using the AJA QT and AJA MB systems,
these problems were not experienced. The difference between the two evaporators could
potentially be attributed to better heat sinking/thermal management. It was experienced
that the stage in the Temescal evaporator can be hot to the touch (60 ∘C - 80 ∘C) after
evaporation, especially after evaporating thicker (∼ 50 nm) layers of Pt or Pd. Using a
thick copper stage and thermal paste somewhat mitigated this problem, but not enough
to prevent residue formation. When evaporation was instead done in the AJA systems,
the stage was never hot to the touch upon unloading. A difference in the lift-off was
also observed, with TiPd and TiPt films from the Temescal evaporator lifting off on a
timescale of seconds in the remover AR-600.71 at room temperature, while films from the
AJA evaporator systems took 15 to 30minutes to fully lift-off in AR-600.71 (or NMP) at 70
∘C.

As suggested by the previous paragraph, a speculative cause of these residues is the high
deposition temperature of Pd and Pt, which leads to heating of the sample and stage by
infrared radiation. Heating and the related film stress could lead to the formation of cracks
and voids in the resist layer starting from weak spots. Pattern edges, corners and exposed
resist areas can all be local weak spots in the resist. If the temperature is high enough, the
glass transition temperature of the resist could also be reached, which is locally lower in
regions that were exposed to back-scattered electrons during the e-beam writing step. A
difference in film stress and/or the presence of voids in the resist could also explain the
observed difference in the lift-off time. After evaporation into cracks and voids, mixing of
the metal and polymer layers results in residues that could not be lifted off using organic
solvents.

Although the origin of the residues was not studied further, it was found that, contrary
to 80 nm thick CSAR-62 films, 200 nm thick CSAR-62 that were exposed by lower doses
(∼ 300 μC

cm2 ) did not show residues. Furthermore, the observed different sample outcomes
between the two evaporators led to the choice to avoid the use of the Temescal evaporator
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in favor of the AJA evaporators for the nanogap patterns.

3.5.4 Resist residue
To achieve a high contrast, the developers used in the processing here are ’weak’ devel-
opers/solvents. Furthermore, the adhesion of the resist to the surface must be good to
avoid delamination. As a result, some residue of resist always remains on the surface of
the substrate after development. These residues can potentially be problematic, as they
could reduce adhesion of subsequently deposited metal thin films. This could make wire
bonding of chips difficult, causing them to delaminate[117, 118]. In the case of weak ad-
hesion of a metal thin film, delamination of the metal can also occur in the presence of
film stress. Thus, it makes sense to remove resist residues on the surface before deposition,
called ’descumming’.

Descumming can be done with a strong developer or with a ’gentle’, low-power oxygen
plasma. For devices made with CSAR-62 with room temperature development, the first
option was chosen, as it had been reported that the loss in contrast was smaller with
a descum in xylene[119]. The use of a stronger developer to descum the surface of the
substrate will only reduce the amount of residues to a certain extent. For the double-
layer PMMA-P(MMA-MAA) recipes an O2 plasma was instead chosen. Both descumming
steps recipes could be further improved. CSAR-62 recipes could be further improved by
using MIBK to descum the surface. For the PMMA-P(MMA-MAA) recipe, the time and
parameters for the oxygen plasma could be improved. For the CSAR-62 recipes that use
cold development, it was found that the solvent descumwas not necessary to obtain decent
adhesion. This may perhaps be explained by the reduced length of residual polymer chains
resulting from the roughly two times larger exposure dose.

3.5.5 Metal particles around patterns

Figure 3.9: SEM image of the edge of a contact pad of an Nb/Au/Nb SNS EMBJ. A halo of gold nanoparticles is
seen around the contact pad.
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When using double layer resist recipes, it was observed in SEM that the deposited metal
layers showed a grainy halo around their edges. These metal grains are deposited outside
the intended pattern and possibly mixed with polymer residues. Such metal grains are a
problem for defining clean metal nanogaps by e-beam lithography with double layer resist
masks. These grains can possibly act as single electron transistors (SETs) in series or in
parallel to the nanoscale object of interest. Worse yet, they could be trapped instead of
the deposited nanoparticles. Furthermore, they could couple capacitively to other parti-
cles, potentially resulting in jumps in offset charges/potentials in SET devices. The metal
nanoparticles were found on the SiO2 in regions that should have been covered by the top
resist layer. There are a few possible explanations for this.

Considering the mean free path of atoms in the high vacuum systems used, which is on
the order of 6 km for a pressure of 2 ⋅10−8 mbar, it is unlikely that scattering in the vacuum
chamber could produce large metal grains. The metal may simply have scattered on the
resist mask. In that case, the question arises why metal grains are not found further away
from the metal structures. The resist mask could also have pinholes inside it, resulting
from the development and random exposure mechanism. If this is the cause, a single layer
resist mask should also show such particles, which is usually not the case. The most likely
explanation is that the metal particles are evaporated into the undercut due to the fact that
the crucibles in the evaporators have a finite diameter, which is typically about 25 mm to
50 mm. Since the distance from the crucible to the sample is typically around 600 mm
for all evaporators in the Kavli Nanolab cleanroom, there can be a considerable angle of
around 2.4∘. For an undercut of 340 nm, this results in a spread of 25 mm

600 mm ⋅ 340 nm ≈ 14 nm,
which is comparable to the observed width of the metal grain halos.

The metal halos could perhaps be removed by a short dip in gold etchants, although this
may significantly alter the gold electrodes too. Alternatively, a thin sacrificial layer of
Al2O3 could be deposited underneath the pattern by ALD, which can be partially removed
by a wet etchant, such as Transene A or Transene D. Controlled etching should result in
lift-off of only the residues, while preserving the device features. The latter technique is
not simply compatible with a local bottom gate, unless another protective layer of HfO2
is used underneath the Al2O3.

3.5.6 Importance of rinsing procedure after development
Rinsing and drying are universal in the fabrication process. Thus, understanding the prob-
lems that can arise in this process is important. In room temperature development and
lift-off/cleaning processes, rinsing should ideally be done while taking samples out of sol-
vents. If this is not done, the developer may dry, depositing polymer residue on the surface
of the substrate. It should be mentioned that for cold development processes this proce-
dure is also important for another reason. Since the sample comes out of the developer
at a temperature below 0 ∘C, care should be taken to avoid drying before the sample has
warmed up, as water may condense on the sample and freeze, collapsing or distorting
the pattern. Rinsing with room temperature isopropyl alcohol for at least 30 seconds and
prolonged blow-drying with N2 can be used to minimize condensation of water on the
sample.
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3.6 PMMAmembrane-assisted graphenenanoribbon trans-
fer

APMMA-membrane assisted substrate transfermethodwas developed for graphene nanorib-
bons. In this process, graphene nanoribbons are picked up from the growth substrate using
a Polydimethylsiloxane (PDMS)-supported PMMAmembrane. The PMMAmembrane can
then be deposited onto pre-fabricated electrodes in an aligned manner on a dry-transfer
stage with a ∼ 1 μm precise placement. Crucially, this avoids the contact of more frag-
ile electrodes, such as MoRe, with the liquids that are used in most GNR transfer pro-
cesses, such as hydrochloric acid, gold etchant and deionized water. Furthermore, since
the PMMA membrane is stretched over the PDMS and clamped, wrinkling and folding
of the PMMA is likely reduced. Here, we describe the procedure for making the PMMA
membranes and the transfer process.

3.6.1 Fabrication of PMMAmembranes
The procedure for suspension and transfer of the PMMA membranes, based on the tech-
nique by Kaverzin et al.[121], is as follows: We start with spin coating a thick layer of a
water-soluble polymer, in this case, Elektra 92, onto silicon oxide wafers. Next, a 1000 µm
thick layer of PMMA 950K was spin-coated onto the Elektra 92 layer in two steps, baked
at 180 ∘C for 1minute after each step. A rectangular hole was cut in a piece of scotch tape,
which was subsequently pressed against the PMMAmembrane on silicon. The scotch tape
was suspended over a beaker filled with deionized water with the silicon piece submerged
to dissolve the Elektra 92. After the silicon piece detached from the PMMAmembrane, the
membrane was rinsed and left to dry in ambient conditions. The dry PMMA membrane
was next stretched over a piece of PDMS, placed on a glass slide.¹

3.6.2 GNR transfer using PMMAmembranes
The developed transfer procedure will be described, following the steps illustrated in Fig-
ure. 3.10. In the first step, the PMMA-PDMS stamp held on a glass slide (ii) is brought
in contact with the GNR film, grown on a Au-mica substrate (i), using micromanipula-
tors of a transfer stage, shown in (iii). After the contact of the PMMA membrane and
the GNR film, the stage is heated to 130 ∘C to promote stronger adhesion. The stack of
PDMS-PMMA-GNR-Au(111)-mica held on the glass slide is then put into 30% HCl until the
mica is delaminated from the Au film, depicted in (iv). The glass slide is then rinsed and
soaked in DI water three times, before leaving it to dry in ambient conditions. As shown
in (v), KI/I2 gold etchant is next drop-casted onto the Au film with a pipette and left for 10
minutes to fully etch the 200 nm Au film. The GNR-PMMA-PDMS stack is then rinsed and
soaked in DI water overnight to remove residual iodine stains. After drying in ambient
conditions(vi), the PMMA membrane is perforated around the PDMS using a needle to
allow for its easier detachment from the PDMS stamp in the next step. The PMMA-GNR
film is brought into contact with the pre-fabricated electrodes at the transfer stage, heated
up to 150 ∘C to improve adhesion (vii). In the final step, the glass slide-PDMS stamp is

This section is partly based on D. Bouwmeester et al., MoRe Electrodes with 10 nm Nanogaps for Electrical Contact
to Atomically Precise Graphene Nanoribbons, ACS Applied Nano Materials 2023 [120].
¹Credits for this subsection and Figure 3.10: Talieh Ghiasi
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(i) (iv)(iii)(ii)

(v)(vii) (vi)(viii)

MoRe

Figure 3.10: PMMAmembrane-assisted GNR transfer method. (i) Au(111) on the mica 9-AGNR growth substrate.
(ii) PMMA membrane on PDMS placed on a glass slide. (iii) Aligned placement of the PMMA membrane onto
the GNR growth substrate. The stage is heated to 130 ∘C to promote stronger adhesion of the PMMA membrane
to the GNR growth substrate. (iv) Delamination of the mica layer in 30% HCl. (v) Gold etching in KI/I2 for 5 to
10 min followed by rinsing and soaking overnight in DI water. (vi) GNRs on the PMMA membrane after drying
in ambient conditions (vii) Stamping of the PMMA membrane onto the target substrate, followed by annealing
at 150 ∘C. (viii) Target substrate with PMMA-covered GNRs after GNR transfer.

retracted, leaving the PMMA-covered GNR film on the electrodes (viii). After the transfer,
the devices were post-annealed for 30 minutes at 150 ∘C to reflow the PMMA layer which
would increase the chance of making better contact with the GNR film.
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Atomically precise graphene nanoribbons (GNRs) are predicted to exhibit exceptional edge-
related properties, such as localized edge states, spin polarization, and half-metallicity. How-
ever, the absence of low-resistance nanoscale electrical contacts to the GNRs hinders harness-
ing their properties in field-effect transistors. In this paper, we make electrical contact with
nine-atom-wide armchair GNRs using superconducting alloy MoRe as well as Pd (as a refer-
ence), which are two of the metals providing low-resistance contacts to carbon nanotubes. We
take a step toward contacting a single GNR by fabricating electrodes with a needlelike geome-
try, with about 20 nm tip diameter and 10 nm separation. To preserve the nanoscale geometry
of the contacts, we develop a PMMA-assisted technique to transfer the GNRs onto the prepat-
terned electrodes. Our device characterizations as a function of bias voltage and temperature
show thermally activated gate-tunable conductance in GNR-MoRe-based transistors.

This chapter is based on D. Bouwmeester et al., MoRe Electrodes with 10 nm Nanogaps for Electrical Contact to
Atomically Precise Graphene Nanoribbons, ACS Applied Nano Materials 2023 [120].
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(i) (iv)(iii)(ii)

(v)(vii) (vi)(viii)

MoRe

Figure 4.1: PMMA membrane GNR transfer method. (i) Au(111) on the mica 9-AGNR growth substrate. (ii)
PMMA membrane on PDMS placed on a glass slide. (iii) Aligned placement of the PMMA membrane onto the
GNR growth substrate. The stage is heated to 130 ∘C to promote stronger adhesion of the PMMA membrane to
the GNR growth substrate. (iv) Delamination of the mica layer in 30% HCl. (v) Gold etching in KI/I2 for 5 to 10
minutes followed by rinsing and soaking overnight in DI water. (vi) GNRs on the PMMAmembrane after drying
in ambient conditions (vii) Stamping of the PMMA membrane onto the target substrate, followed by annealing
at 150 ∘C. (viii) Target substrate with PMMA-covered GNRs after GNR transfer.

4.1 Introduction
Graphene nanoribbons (GNRs) are quasi-1D analogues of graphene. Although graphene
is classified as a 2D semimetal, a combination of quantum confinement and electron-
electron interaction make GNRs semiconducting [21, 22, 122]. The electronic band gap
of GNRs scales inversely with their width and depends on their edge structure [21]. This
tunable band gap is a property of interest for field-effect transistors (FETs)[27, 123] and
optoelectronics [124]. Moreover, GNRs exhibit edges and ends that can host localized spin-
polarized states[122, 125, 126], which is interesting for spintronic applications. Since the
electronic properties of GNRs are sensitive to their width and edge structure, edge disorder
and width variation at the atomic level result in hopping transport within the ribbon[127],
which significantly suppresses their intrinsic electronic/spintronic properties[128].

On-surface, bottom-up chemical approaches have enabled the synthesis of a variety of
GNRs from molecular precursors with structural precision at the atomic level[10], such
as armchair [10], zigzag [25], chevron[10], staggered/topological [129, 130], metallic[131],
and doped GNRs [132]. The electronic properties of these GNRs have mostly been studied
by scanning tunneling microscopy. Characterization of the intrinsic electronic proper-
ties of the GNRs in electronic circuits has been comparatively limited by high contact
resistances, limited chemical stability of the edges, and shorter GNR lengths than typical
source-drain contact distances.

Low-resistance Ohmic electrical contacts are important for obtaining large on-state cur-
rents in FET devices and for studying the intrinsic transport properties of GNRs. However,
making consistent, low-resistance electrical contact to on-surface synthesized atomically
precise GNRs is challenging due to their typical 1-nm width scale that leads to large band
gaps (of the order of 1 eV). Their typical length scale also results in a small contact area, on
the order of 10 nm2. Recently, there have been considerable efforts to electrically contact
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atomically precise armchair-edge GNRs by electrodes made of graphene[133–136], carbon
nanotubes (CNTs)[137], palladium[27, 138–140], and gold[141]. These studies, however,
are still limited compared to the detailed characterization of a large variety of contacts to
CNTs[28, 142]. Even though CNTs structurally differ from GNRs in the absence of edges,
small-diameter (less than 1.0 nm) CNTs are the closest system to atomically precise GNRs
due to their similar band structure and considerable band gap (larger than 0.8 eV)[143].

For the case of semiconducting CNTs, Schottky barriers are formed at the metal-CNT
interfaces, the size of which depends on the chosen contact metal and the diameter of the
nanotube. The presence of Schottky barriers results in a contact resistance that increases as
the temperature is decreased. For CNTs, a distinction is oftenmade between physisorption
and chemisorption[144, 145] and between p-type (high work function) and n-type (low
work function) electrical contacts [28]. Typically, n-type contacts form with metals that
are prone to oxidation (Al, Sc, Y, Ti), while p-type contacts can be made with noble metals
(Au, Pt, Pd) and Ni, Co, Mo, and W.

Two of the metals that stand out for making low-resistance electrical contacts with small
or absent Schottky barriers to CNTs are Pd[146, 147] and Mo [148]/MoRe alloy[149, 150].
Pd contacts to 9- and 13-atom-wide armchair GNRs (9-AGNRs and 13-AGNRs) have al-
ready been studied in a short-channel FET geometry by Llinas et al.[27], who found that
transport in their devices was limited by tunneling through a Schottky barrier at the con-
tacts. Nevertheless, their Pd-contacted 9-AGNR FETs with a high-κ HfO2 gate dielectric
have a large on-state current (> 1 μA) and an on-off ratio of 105. Mo/MoRe, on the other
hand, is of interest as it is a superconductingmetal, whichmay be used to induce supercon-
ductivity in GNRs by the superconducting proximity effect[34] at cryogenic temperatures.
In a weakly transparent electrical contact, the superconducting energy gap can be used to
perform tunneling spectroscopy of the GNRs, while a highly transparent contact would
allow for utilizing GNRs in Josephson junctions.

Here, we further explore MoRe and Pd contacts to 9-AGNRs by studying their current-
voltage characteristics at various temperatures. In particular, we compare two distinct
electrode geometries that have the potential to respectively address many GNRs in paral-
lel and single GNRs. With the aim of contacting single 9-AGNRs, an electrode design is
made that minimizes gap width. Here we fabricate needlelike MoRe and Pd nanogap elec-
trodes with a minimumwidth of ∼ 20 nm and spacing of 6-15 nm. The smaller gap spacing
achieved by this geometry could also enable addressing shorter GNRs. The polymer-free
transfer method is attempted on this geometry, resulting in broken MoRe nanowires due
to etching. In order to preserve the more fragile needlelike nanogaps and the contact
geometry from etchants used in polymer-free GNR-transfer recipes, here we develop a
PMMA-membrane-assisted technique for the transfer of the 9-AGNR films based on the
PMMA fishing transfer technique introduced by Martini et al.[133]. This technique keeps
the electrodes intact by preventing direct contact with any liquid and allows for controlled
handling and ∼ 1 μm precise placement of the GNRs onto the electrical contacts using mi-
cromanipulators. Our transfer method offers the additional advantage of using a stretched
and clamped PMMA film, which could reduce wrinkling and folding. With this technique,
we fabricate 10 nm nanogap MoRe and Pd devices and investigate and compare their per-
formance. We show that the 10 nm Pd nanogap devices have a few orders of magnitude
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higher conductance, which suggests that a Pd/MoRe bilayer thin film would be a better
contact material for the realization of functional superconducting GNR devices.

Results
The 9-AGNRs were grown by on-surface synthesis[151], discussed in detail in the methods
section. The average length of the 9-AGNRs used in this work is 45 nm.

The two distinct electrode geometries used here to address the GNRs are the wide-nanogap
and needle-like geometries. The wide-nanogap geometry consists of a pair of 2 μm long
parallel wires, separated by approximately 30 nm. This geometry was made to address
transport through many GNRs in parallel. The needle-like nanogap geometry consists of
two opposing nanowires that are cuspated at a 30∘ angle, separated by less than 15 nm. This
geometry minimizes the contact area and thus, increases the chance of making contact
with a single GNR. The fabrication of these two electrode geometries is discussed in detail
in the methods section.

Prior to the GNR transfer, the nanogap electrodes were characterized by recording the
current versus bias voltage (𝐼𝑉 characteristic) in the bias range of -1 to 1 V. Only devices
that were found to be electrically open (resistance ≥ 1 TΩ at 1 V) were used in this study.
The transfer of the GNRs onto wide MoRe nanogaps was performed by a polymer-free
method[152]. For the needle-like MoRe and Pd nanogap devices, we resorted to a poly-
methylmethacrylate (PMMA) membrane-based transfer method, because the gold etchant
destroys the MoRe and Pd nanowires. The procedure for making the PMMA membrane
for the GNR transfer is detailed in the methods section.

As this PMMA-membrane transfer method has not yet been applied to GNRs, we discuss
it in detail, following the steps illustrated in Figure 4.1. In the first step, the PMMA-PDMS
stamp held on a glass slide (ii) is brought in contact with the GNR film, grown on a Au-
mica substrate (i), using micromanipulators of a transfer stage, shown in (iii). After the
contact of the PMMAmembrane and the GNR film, the stage is heated to 130 ∘C to promote
stronger adhesion. The stack of PDMS-PMMA-GNR-Au(111)-mica held on the glass slide
is then put into 30% HCl until the mica is delaminated from the Au film, depicted in (iv).
The glass slide is then rinsed and soaked in DI water three times, before leaving it to dry
in ambient conditions. As shown in (v), KI/I2 gold etchant is next drop-casted onto the
Au film with a pipette and left for 10 minutes to fully etch the 200 nm Au film. The GNR-
PMMA-PDMS stack is then rinsed and soaked in DI water overnight to remove residual
iodine stains. After drying in ambient conditions(vi), the PMMA membrane is perforated
around the PDMS using a needle to allow for its easier detachment from the PDMS stamp
in the next step. The PMMA-GNR film is brought into contact with the pre-fabricated
electrodes at the transfer stage, heated up to 150 ∘C to improve adhesion (vii). In the final
step, the glass slide-PDMS stamp is retracted, leaving the PMMA-covered GNR film on the
electrodes (viii). After the transfer, the devices were post-annealed for 30minutes at 150 ∘C
to reflow the PMMA layer which would increase the chance of making better contact with
the GNR film.

We first discuss the measurements of wide MoRe nanogap 9-AGNR devices at room tem-
perature in vacuum. In Figure 4.2a we show a representative SEM image of the wide MoRe
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Figure 4.2: Room temperature characterization. a) SEM image of a 2 μm wide MoRe nanogap contact electrodes;
The electrode separation is 30 nm and the scale bar is 400 nm. b) 𝐼𝑉 curves of wide MoRe nanogap 9-AGNR
devices. Each color corresponds to ameasurement performed on a different device. c) Histogram of conductances
of wideMoRe nanogap 9-AGNR devices. d) Map of current versus bias voltage and temperature of a selected wide
MoRe nanogap 9-AGNR device. e) Corresponding temperature dependence of the 𝐼𝑉 characteristic extracted
from d) for 𝑇 = 5, 50, 100, 150, 200, and 250 K. f) Corresponding temperature dependence of the current at 𝑉 =
1 V extracted from d). The inset shows the rescaled curve with a guide to the eye based on the nuclear tunneling
model.

nanogap electrodes. For all devices, 𝐼𝑉 curves were recorded in the bias range from -20 to
20 mV, which we show together in Figure 4.2b. Out of the 22 devices onto which the GNR
transfer was performed, 21 were found to be conductive. All 𝐼𝑉 curves are linear within
the applied bias range, with varying slopes. The electrical conductance (𝐺) of the devices
was extracted by fitting the slope with a linear fit, resulting in the histogram of Figure 4.2c.
The majority of the devices show conductance in the range of 0.5-8 nS, with a median of
1.3 nS. The standard deviation of log(𝐺) is 0.95, equivalent to a standard deviation in the
conductance of ∼1 order of magnitude. There are, however, also devices with a conduc-
tance smaller than 10 pS or larger than 10 nS, spanning over four orders of magnitude in
total.

The temperature dependence of the 𝐼𝑉 characteristics of one of the wide MoRe nanogaps-
GNR junctions is shown in Figure 4.2d on a logarithmic scale (see Appendix, section 4.4
for measurements of another device. Furthermore, an 𝐼𝑉 curve up to 4 V taken at 100 mK
can be found in the Appendix, section 4.4). The measured current at a fixed bias voltage
decreases with decreasing temperature, with a kink observed at 80 K. In Figure 4.2e, the
𝐼𝑉 curves plotted for various temperatures highlight the plateau-like feature at 𝑇 < 100 K,
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Figure 4.3: a) SEM image of a representative needle-like MoRe 10 nm nanogap electrodes with a separation of
roughly 10 nm; The scale bar is 100 nm. b) 𝐼𝑉 curves of three MoRe 10 nm nanogap 9-AGNR devices. Each color
corresponds to a measurement performed on a different device. c) Gate voltage dependence of the current at 𝑉
= 1 V of a selected MoRe 10 nm nanogap 9-AGNR device. The arrows indicate the sweep direction of the gate
voltage. d) Map of the current versus bias voltage and temperature of the same device as in c) at a fixed gate
voltage of -2 V. e) Corresponding temperature dependence of the 𝐼𝑉 characteristic extracted from d), shown for
𝑇 = 170, 200, 230, 260, 290, 320 and 350 K. f) Corresponding temperature dependence of the current at 𝑉 = 1 V
extracted from d). The inset shows the rescaled curve with a guide to the eye based on the nuclear tunneling
model.

together with an increase in the slope of the logarithm of the 𝐼𝑉 curve with decreasing
temperature. In Figure 4.2f, the current at a bias voltage of 1 V is plotted versus inverse
temperature. In the high-temperature regime, an exponential decay is found, which can
be described by:

𝐼 = 𝐶 𝑒−
𝐸a
𝑘B𝑇 , (4.1)

where 𝐶 is a constant, 𝑘B is the Boltzmann constant and 𝐸a is an activation energy. Be-
low 1

𝑘B𝑇
= 0.1 (meV)−1, equivalent to 𝑇 > 80 K, the temperature-dependence fit yields

𝐸a = 17.8 meV.

At lower temperatures, the log(current)-voltage curve does not follow the exponential de-
cay and instead flattens off. For this part, the scaling analysis done by Richter et al. [141]
for charge transport in 9-AGNR networks was followed, which is based on a nuclear tun-
neling [153–155] model. We note that an analysis based on the Richardson-Schottky and
Simmons model was also attempted. The bias voltage dependence could be fit, but we
could not simultaneously reproduce the temperature scaling. The nuclear tunnelingmodel
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Figure 4.4: a) Temperature dependence of the 𝐼𝑉 characteristic of a 10 nm Pd nanogap 9-AGNR device. b)
Comparison of the 𝐼𝑉 curve of the most conductive 10 nm MoRe nanogap, shown as the blue 𝐼𝑉 curve in
figure 4.3b, and the 𝐼𝑉 curve of the 10 nm Pd nanogap in Figure 4a at room temperature.

instead gives an efficient description of the current versus bias voltage and temperature.
The equation describing the 𝐼𝑉 characteristic in this model is:

𝐼 = 𝐼0 𝑇 𝛼+1 sinh( 𝛾𝑒𝑉2𝑘B𝑇
) |Γ(1+ 𝛼

2 + 𝑖 𝛾𝑒𝑉
2𝜋𝑘B𝑇

)|2, (4.2)

where 𝐼0 is a constant, 𝛼 is a dimensionless dissipation coefficient, 𝛾 < 1 is the inverse of
the number of hopping sites/voltage divisions and Γ is the gamma function. In the inset
of Figure 4.2f, a rescaling of the data in Figure 4.2d has been made by plotting 𝐼

𝑇 𝛼+1 versus
𝑒𝑉
𝑘B𝑇

on a log-log scale. 𝛼 = 9 was taken as a fixed parameter in the model to compare
with the results from Richter et al [141]. When 𝛼 is fixed, 𝛾 determines the transition
from a thermally-activated regime, where 𝐼

𝑇 𝛼+1 is proportional to 𝑒𝑉
𝑘B𝑇

, to a bias-driven

regime, where 𝐼
𝑇 α+1 scales as ( 𝑒𝑉

𝑘B𝑇
)𝛼+1. A guide to the eye is plotted for 𝛾 = 0.378, which

shows reasonable agreement with the data. This corresponds to a voltage division over an
average of roughly 3 segments within a distance of 30 nm.

9-AGNR devices with needle-like 10 nm MoRe nanogaps are also characterized at room
temperature in vacuum. In Figure 4.3a we show a representative SEM image of the needle-
like MoRe electrodes. The GNR film was transferred onto 32 pre-fabricated nanogaps. The
current is measured versus the applied bias voltage up to 1 V. 𝐼𝑉 curves of the conduc-
tive devices are shown together in Figure 4.3b. Three devices are found to have a current
above the noise level within this range. The 𝐼𝑉 curves are nonlinear with a maximum cur-
rent of 1 to 5 pA. The electrical characteristics of the two devices shown by the blue and
orange curves display an asymmetry in current versus the bias-voltage which is mostly
independent of the polarity of the source-drain contacts and can be explained by a capac-
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itive coupling of the source and drain electrodes to the GNRs (see Appendix, section 4.4).
The current through the junctions was also characterized versus local bottom-gate voltage
(𝑉gate) at a fixed bias voltage of 𝑉 = 1 V. This is shown in Figure 4.3c for the device repre-
sented by the green 𝐼𝑉 curve in Figure 4.3b. The sweep directions of the gate voltage are
indicated by the arrows. The observed hysteresis (additional results on time dependence
in Appendix, section 4.4) in the trace and retrace gate-sweeps is similar to what has been
reported for 7-AGNR devices at room temperature in air[156], as well as in vacuum for
5-AGNR and 9-AGNR devices for temperatures between 5 and 262 K[157]. Furthermore,
the current is the largest at negative gate voltages, which is indicative of p-type behavior
of the 9-AGNR FETs.

Similar to the measurements on the wide-nanogap geometry, the 𝐼𝑉 characteristic of the
10 nm nanogaps is measured versus temperature (measurements of another device in Ap-
pendix, section 4.4). At a fixed 𝑉gate = −2 𝑉 , 𝐼𝑉 curves were first measured cooling
down from 290 K to 160 K, below which the current gets smaller than the noise floor of
100 fA. To obtain additional information, 𝐼𝑉 curves are also measured warming up from
290 K to 350 K. The resulting curves are shown in Figure 4.3d as a colormap, with a few
individual traces in Figure 4.3e. As observed in the wide-nanogap MoRe GNR devices, the
current decreases by orders of magnitude as the temperature is lowered. In the needle-
like MoRe devices, the asymmetry of the current with bias voltage also increases as the
temperature is decreased. In contrast to what was observed in the wide-nanogap geom-
etry in Figure 4.2e, the slope of the log(current)-voltage characteristic is smaller in the
10 nm nanogap devices. The temperature dependence of the current at a bias voltage of
1 V versus inverse temperature is plotted in Figure 4.3f. Activation energies are once again
extracted by fitting the current versus temperature at 𝑉 = 1 V using equation 4.1, which
results in 𝐸a = 138 meV for 𝑇 < 290 K and 𝐸a = 454 meV for 𝑇 > 290 K. The obtained 𝐸a for
the MoRe 9-AGNR devices are an order of magnitude larger in 10 nm nanogap than those
found for the wide-nanogap geometry.

Finally, we measured the 𝐼𝑉 characteristic of 9-AGNR devices with 10 nm nanogap geom-
etry made of the larger work function noble metal Pd as a function of temperature. Pd
is well-known for making low-resistance Ohmic electrical contacts to CNTs, as well as
GNRs [27], which makes it an excellent metal to compare with MoRe as a reference. Out
of the 32 devices onto which 9-AGNRs were transferred, 2 were found to be electrically
conductive. The 𝐼𝑉 curves at various temperatures for one device are shown in Figure 4.4a
(measurements of another device in Appendix, section 4.4. Furthermore, a nuclear tunnel-
ing scaling analysis can be found in the Appendix, section 4.4). The 𝐼𝑉 characteristic of
the selected Pd device is bias symmetric. The slope of the log(I)-V characteristic is small,
but larger than that measured for the MoRe 10 nm nanogaps. The devices with Pd con-
tacts show a weaker temperature dependence of the 𝐼𝑉 characteristics than those with
MoRe contacts (shown in Figure 4.3e). At 𝑇 = 10 K, the current is still orders of magnitude
above the noise level, with currents up to 300 pA at 1 V bias voltage. In Figure 4.4b the
𝐼𝑉 characteristic of the 10 nm Pd nanogap 9-AGNR device is compared with that of the
most conductive MoRe nanogap of the same geometry, at room temperature. The conduc-
tance of the MoRe devices is four orders of magnitude smaller than the Pd devices at a
bias voltage of 1 V.
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4.2 Discussion
In the 𝐼𝑉 characteristics of wide-nanogapMoRe 9-AGNR devices, one thing that stands out
is the variation in conductance by 4 orders of magnitude. Some variation is expected due
to inherent uncertainty in the transfermethod. TheGNRs are not globally aligned andmay
have lost local alignment during the transfer. The numbers of GNRs present in the different
devices varies due to the inherent randomness of GNR film growth and positioning on
the devices. Improvements can be made with regard to the effect of GNR alignment by
growing and transferring globally aligned GNRs on Au (788) surfaces onto devices. In
this case, the alignment can be also be monitored by polarized Raman spectroscopy[158].
For 5-AGNR devices, aligned growth on Au (788) has been shown to significantly improve
the device yield and conductance[139]. The variation in device conductance over orders
of magnitude, however, points toward large variation in GNR conductance. This could
possibly be explained by oxidation or inhomogeneity of the sputtered MoRe alloy contact,
which would result in additional tunnel barriers and spatially varying work functions.
Another possible explanation is that the gold etchant introduces a spatially non-uniform
doping profile over the devices, resulting in variable band alignment.

Another peculiarity is the kink at 80 K in Figure 4.2d, which is suggestive of a change in
the transport regime. The kink occurs at a voltage of approximately ±200 mV, for which
𝑒𝑉 /𝑘b𝑇 ≈ 200 meV / 6.6 meV ≈ 30. This corresponds to the kink in the nuclear tunneling
scaling plot in the inset of Figure 4.2f. In the context of the nuclear tunneling model, this
suggests that the kink may be a transition from a thermally dominated regime to a bias
voltage-driven regime.

The fact that the temperature and voltage dependence of the wide-nanogapMoRe 9-AGNR
devices can be described using a nuclear tunnelingmodel is surprising, considering the fact
that the contact spacing is smaller than the average length of the GNRs. The earlier study
by Richter et al. [141] described a possible hopping process from ribbon to ribbon. This
suggests that either the dominant transport path is through roughly 3 GNRs or that the
hopping process occurs within single GNRs with a length scale between 30 nm / 3 = 10 nm
and 45 nm / 3 = 15 nm. The hopping sites may be local trap states, in which case the
subsections in the GNR itself act as the charge transport barrier. Such trap states could
be present due to a multitude of possible causes, such as overlapping of the GNRs due to
rearrangement during substrate transfer, iodine doping after the conventional wet transfer
technique used for the wide-nanogaps, as well as adsorbates or charge puddles [159, 160].
If the transport through our wide-nanogap MoRe devices is dominated by trap sites, that
may also explain the large variability in resistances. A sparse trap density with random
placement/barrier widths could result in a large variation in conductance.

For the needle-like devices, the expected device yield, based on random angular alignment
only, is 30∘/180∘ = 1/6 ≈ 16%. This is significantly larger than the observed yield, which sug-
gests that there is a mechanism that decreases the observed device yield. We identify two
possible mechanisms that could reduce device yield. Firstly, the probability of a GNR to
bridge the electrodes could be reduced by rearrangements of the GNR film. Clustering/s-
tacking of GNRs, variations in GNR density or the dissolution of GNRs into the PMMA
layer and contact defects such as surface oxidation could reduce the device yield (See Ap-



4

92
4 MoRe Electrodes with 10 nm Nanogaps for Electrical Contact to Atomically Precise Graphene

Nanoribbons

pendix, section 4.4, for the Raman spectra on MoRe). Secondly, the observed device yield
can be lower than the number of devices containing GNRs. We suspect the latter could be
the case as the measured devices are close to the lower limit of measurable conductances
in our setup (∼ 0.1 pS).

The 𝐼𝑉 characteristic of the needle-like MoRe nanogap 9-AGNR devices display a signif-
icantly smaller slope of the log(current)-voltage characteristic. The most likely explana-
tion for this is the gate voltage of −2 V, applied to improve the signal-to-noise ratio. In
Appendix section 4.4, we show that the normalized 𝐼𝑉 curves get increasingly more lin-
ear as the gate voltage goes from 0 to −4 V. Another possible reason for the difference
in linearity is that the dominant transport mechanism for these junctions is different, as
transport can occur over a source-drain distance of only 6 nm. This distance is smaller
than the segment length found for the wide-nanogap MoRe devices.

From the temperature dependence of the 𝐼𝑉 characteristic at 1 V, the extracted 𝐸a can be
related to the band alignment of the contact metal with the valence band of the GNR at
p-type contacts. A lower 𝐸a implies better band alignment and a smaller Schottky barrier.
The 𝐸a extracted for the MoRe-based 9-AGNR devices are an order of magnitude larger in
10 nm nanogaps compared with that in wide nanogaps. Note that for these devices, the
used geometry, gate dielectric, and transfer methods are different.

We believe it is unlikely that the geometry itself plays a significant role in the band align-
ment on the metal surface. It is possible that the high-κ HfO2 and Pt local gate influence
the band alignment if the GNR-metal contact is close to the oxide interface. The effective
vacuum (ϵ𝑟 = 1) distance between the Pt and the GNR is about 0.5 - 1 nm. For CNTs em-
bedded in Pt, an expected p-doping of 0.75 eV was found by ab-initio calculations using
a density functional theory + non-equilibrium Green’s function simulation [161]. Assum-
ing a similar doping effect for GNRs over a larger distance than the van der Waals gap of
0.33 nm [162], the expected doping is of the order of 0.33 nm / 1 nm×(0.75 eV) = 240meV,
which is in magnitude comparable to the observed mismatch in activation energies. This
would, however, result in a better valence band alignment of the GNRs in the 10 nm
nanogap devices and lower activation energies, which is the opposite of what was ob-
served. Thus, this explanation based on geometry can not explain our observations.

The transfer method may also influence the MoRe/GNR contact by means of doping. In
particular, the gold etchant step, which produces iodine complexes, is known to result in p-
type doping of graphene [163]. Nanoparticle gold residues can also potentially introduce
n-doping[164]. In the PMMA-membrane-based transfer technique, no contact of the gold
etchant with the electrode was made and a considerably longer rinse and soak time, 8 to
24 hours versus 5 minutes, was used after the gold etchant step. This could have resulted
in a lower doping level of the GNRs when compared to the conventional polymer-free
wet transfer (used for wide nanogaps) and consequently worsen the band-alignment with
MoRe. Besides, the GNRs are covered by PMMA after the membrane-transfer, which may
by itself influence the doping of the GNRs.

To get a better understanding of the quality of the MoRe-GNR contact, a comparison with
other contactmetals is desirable. Activation energies are not aswidely reported in the liter-
ature as room temperature resistances [27, 133, 135, 141, 165]. Thus, to compare with other
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devices, we use the room-temperature resistance per unit of contact width as a benchmark,
similar to what is done for 2D materials [166]. The conductance of needle-like MoRe de-
vices with 10 nm nanogaps is around 1 pS for a contact width of around 20 nm, while for
the 2 μm wide MoRe contacts an average conductance of approximately 1 nS was found.
This translates to a conductance per unit width of 0.05 pS/nm and 0.5 pS/nm, respectively.

For comparison, our Pd 10 nm nanogaps exhibit a current of 1 nA at 0.1 V, resulting
in a conductance of 10 nS over the contact width of around 20 nm, which translates to
500 pS/nm. With the sample contact geometry and PMMA-assisted GNR transfer tech-
nique, the reference Pd nanogaps show significantly lower resistances than the MoRe
ones. Together with the reduced temperature dependence, this suggests that the band
alignment of the Pd work function with the 9-AGNR valence band is better. This could
have been partially expected based on the fact that the work function of Pd (5.12 eV [29])
is larger than the work function of MoRe (4.6 - 4.96 eV [167, 168]) (See Appendix, section
4.4, for a schematic of the estimated band alignment). Another possible explanation for a
larger contact resistance for MoRe contacts is the presence of a thin insulating layer on
the MoRe surface. Although MoRe alloys are known to have noble-metal-like properties,
surface oxidation is still possible [169].

Recently, 9-AGNR devices with Pt wide-nanogap contacts have been studied at room
temperature[165]. It was found that the devices made by PMMA-based GNR transfer have
a larger contact resistance than those made by polymer-free GNR transfer. This result sug-
gests that it is well possible that the difference observed between the average conductance
of the two types of MoRe devices could similarly in part be an effect of the two different
transfer methods. For 1-μm wide Pt contacts with 50 nm spacing, the reported average
conductance for the devices made with PMMA-based GNR transfer and with polymer-free
GNR transfer is 1.0 pS/nm and 100 pS/nm, respectively.

As a final remark, we note that ourMoRe contacts to GNRs show larger contact resistances
than expected based on studies onMoRe-CNT junctions, in which resistances smaller than
1 MΩ per nanotube were obtained[149, 150]. A possible explanation for this difference
could be that in studies with CNTs, nanotubes were grown or annealed at temperatures
higher than 850 ∘C on top of the MoRe contacts, resulting in molybdenum-carbon end
bonds. Since no such annealing step was performed for our GNR devices, we do not
expect chemical bonds between the MoRe and the GNRs. Another possible explanation
for the high resistance of our 9-AGNR devicesmadewithMoRe is that the work function of
MoRe is too low to achieve a good p-type contact, while it is closer to the work function of
graphene (4.62 - 4.7 eV[59, 60]). This explanation is supported by the ambipolar response in
the gate dependence of ourMoRe devices, whichwe show in Figure 4.A.10 in the Appendix.
This suggests that MoRe could still be a good contact metal for GNRs with smaller band-
gaps, such as 17-AGNRs [63], while larger band-gap GNRs are better contacted by high
work function metals such as Pd and Pt.

For 9-AGNR devices with superconducting contacts, further advances could be made by
doping the 9-AGNRs or modifying the metal/9-AGNR interface by thermal annealing. To
reduce the contact resistance with MoRe, GNRs with smaller band gaps could also be
considered. In addition, the effective work function of superconductors such as MoRe, Nb
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or NbTiN could be increased, and thus brought into better alignment with valence band
of GNRs, by applying a thin coating of Pd or Pt to their surface, e.g. in a hybrid Pd/MoRe
heterostructure.

4.3 Conclusion
9-atom-wide armchair GNRs were transferred onto pre-fabricated wide and 10 nm MoRe
nanogap contacts, as well as onto Pd electrodes with 10 nm nanogaps. To facilitate GNR
transfer onto chemically fragile electrodes, we introduce a PMMA-membrane assisted
transfer technique for the 10 nm MoRe nanogap contacts, which allows for controlled
handling and micron-precise placement of the GNR film without exposing the electrodes
to any liquid. We characterized the conductance of the devices as a function of bias voltage
and temperature. In the devices, the electrical resistance increases with decreasing tem-
perature. The 𝑇 -dependence of the 𝐼𝑉 characteristics of the wide MoRe nanogap devices
can be described by a nuclear tunneling model with a dimensionless dissipation coefficient
𝛼 = 9 and 𝑛 = 3 hopping sites. This is despite the average GNR size of 45 nm exceeding
the electrode separation of 30 nm. In comparison, the needle-like MoRe 10 nm nanogaps
show a stronger 𝑇 -dependence of conductance with an order of magnitude larger activa-
tion energies. The 10 nm MoRe nanogaps also show field-effect response to the local gate,
indicating a p-type metal-semiconductor contact. Pd nanogaps show four orders of mag-
nitude higher conductance for the same bias voltage at room temperature with smaller
activation energies than MoRe nanogaps. That suggests the possibility of using Pd/MoRe
bilayer thin film electrodes for obtaining low-resistance electrical contacts to GNRs for
the realization of superconducting metallic electrodes with a nano-scale geometry down
to the limit of addressing a single GNR.
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4.4 Appendix
Temperature dependence of other devices
In this sectionwe show the 𝐼𝑉 curves of devices whichweremeasured versus temperature,
but were not shown in the main text. Figure 4.A.1a shows the 𝐼𝑉 characteristic of a wide
MoRe nanogap 9-AGNR device versus temperature as a colormap. Individual 𝐼𝑉 curves
from this map are plotted in Figure 4.A.1b. In Figure 4.A.1c, the same 𝐸a and nuclear
tunneling scaling analysis that was done in the main text is performed on this dataset.
The resulting activation energy is 𝐸a = 55.8 meV, which is larger than the value found
in the main text, but in the same order of magnitude. The scaling curve with the same
parameters, α = 9 and 𝛾 = 3, shows reasonable agreement.
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Figure 4.A.1: a) Map of current versus bias voltage and temperature of a selected wide MoRe nanogap 9-AGNR
device. b) Corresponding temperature dependence of the current-voltage characteristic extracted from a). c)
Corresponding temperature dependence of the current at 𝑉 = 1 V extracted from a). The inset shows a scaling
analysis with a guide to the eye based on the nuclear tunneling model.

𝐼𝑉 curves for another 10 nm nanogapMoRe 9-AGNR device (represented by the blue curve
in Figure 4.3b in the main text) were taken in the temperature range of 280 K to 170 K at
a bottom-gate voltage of −2 V. The data is shown as a colormap in Figure 4.A.2a. The
current-voltage curves from this colormap are plotted in Figure 4.A.2b, alongside an 𝐼𝑉
curve that was taken at 𝑇 = 350 K. In Figure 4.A.2c the current at 1 V bias voltage and -2 V
gate voltage is plotted versus inverse temperature 1

kb𝑇
. The activation energy fits from

Figure 3f are overlaid onto this plot, showing reasonable agreement with the data.

The 𝐼𝑉 curve of the other 10 nm nanogap Pd 9-AGNR device was taken at temperatures
T = 12, 72, 100, 150, 200, 220, 290 K. The resulting curves are shown in Figure 4.A.3.

𝐼𝑉 to 4 V
In Figure 4.A.4, we show the 𝐼𝑉 curve of a wide nanogap MoRe 9-AGNR device up taken
up to 4 V bias voltage, taken at a base temperature of 100mK.The 𝐼𝑉 characteristic remains
highly nonlinear at higher bias voltages, reaching approximately 1 μA at a bias voltage of
4 V.
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Figure 4.A.2: a) Map of current versus bias voltage and temperature of a selected 10 nm nanogap MoRe 9-AGNR
device. b) Corresponding temperature dependence of the current-voltage characteristic extracted from b). c)
Corresponding temperature dependence of the current at 𝑉 = 1 V extracted from b). The inset shows a scaling
analysis with a guide to the eye based on the nuclear tunneling model.

Asymmetry of the 𝐼𝑉 characteristic of 10 nmnanogapMoRe 9-AGNR
devices
The asymmetry of the 𝐼𝑉 curves of the 10 nm nanogap MoRe nanogap 9-AGNR device
discussed in the main text in Figure 3c-f was further studied. The source and drain con-
nections are interchanged (which we denote by ‘Flipped pins’), which reverses the bias
direction while preserving the average of the source and drain voltage with respect to the
gate voltage. The 𝐼𝑉 curve with flipped pins was taken at a gate voltage of −2 V, shown
in Figure 4.A.5 together with the 𝐼𝑉 curve without the interchanged connections. Both
𝐼𝑉 curves are asymmetric, with a larger current at positive bias voltage. This suggests
that not just 𝑉source−𝑉drain, but also (𝑉source+𝑉drain)/2 affects the 𝐼𝑉 characteristic of the
device. A possible explanation for this could be an effective field effect from the voltage
bias on the source and drain electrodes. By applying a positive source or drain voltage, the
effective back gate voltage 𝑉𝑔𝑎𝑡𝑒 −𝛼(𝑉source +𝑉drain)/2, where 𝛼 is a constant proportional
to the ratio of source and drain capacitance to gate capacitance, becomes more negative.
This effectively p-dopes (n-dopes) the GNR channel for positive (negative) bias voltages.
Since this effect does not depend on the bias direction, it is unaffected by interchanging
the source and drain pins. A small asymmetry remains upon flipping the pins, which
could be due to a small asymmetry between source and drain capacitance or possibly due
to asymmetry in the electronic coupling.

Time dependence of hysteresis effect
To investigate the time-dependence of the hysteresis effect, two additional types of mea-
surement were done on the 10 nm nanogap MoRe 9-AGNR device characterized in the
main text.

In the first measurement, the current was measured versus gate voltage at a fixed bias
voltage of 1 V.Themeasurement was performed at two different gate voltage ramp speeds;
0.5 V/min and 0.05 V/min. The resulting curves are shown in Figure 4.A.6a. Both curves
display hysteresis, with a larger current loop for the faster sweep. The dependence on the
sweep rate indicates that the hysteresis loop is time-dependent.
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Figure 4.A.3: Current versus bias voltage and temperature of a selected 10 nm nanogap Pd 9-AGNR device at
temperatures 10, 70, 100, 150, 200, 220 and 290 K.

A second type ofmeasurementwas performed to further characterize this time-dependence.
The current was measured versus time during - and after - the ramping of the gate volt-
age to −2 V at a rate of 1 V/min. The resulting data is shown in Figure 4.A.6b. The blue
curve in this figure shows the current versus time, while the orange curve shows the gate
voltage versus time. The dotted black curve is a guide to the eye, which shows an ex-
ponential dependence 𝐼 = 𝐼0 + 𝐼1𝑒−

𝑡
𝜏 with 𝜏 = 1 min. As the gate voltage is ramped, the

current increases without a delay. From the end of the gate voltage ramp at 2 minutes on-
ward, the current is well-described by an exponential decay with a timescale of roughly 1
minute. The time-effect thus counteracts the field effect from the back-gate. This suggests
a charge-transfer mechanism[170], which may originate from electrochemical reactions
with adsorbates, such as water[171, 172], in which silanol groups at the SiO2 substrate ter-
mination are known to play a role. The hysteresis is opposite to the previously reported
hysteresis observed in GNR devices attributed to charge traps in SiO2[157]. Hysteresis
due to adsorbates has previously been reduced by passivation of devices with HMDS[156]
to make the substrate hydrophobic. For a more detailed discussion on hysteresis effects
in graphene nanostructures, we refer to the review article by Lu et al.[173].

Nuclear tunneling analysis of the 10 nmnanogap Pd 9-AGNR device
In Figure 4.A.7, we show a nuclear tunneling scaling analysis of the data in Figure 4a. By
eye, the rescaled 𝐼𝑉 curves all fall onto a single curve for 𝛼 = 5. A fit was done for 𝛾 ,
which resulted in 𝛾 = 0.145, which corresponds to roughly 7 hopping sites. We note that
the curve does not fit well for 𝑒𝑉

𝑘b𝑇
< 10. Furthermore, the number of hopping sites is large

given the 6 nm contact spacing. This suggests that the nuclear tunneling model is not a
satisfactory description of the electronic transport characteristics in this device.
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Figure 4.A.4: 𝐼𝑉 curve up to a bias voltage of 4 V of a wide MoRe nanogap 9-AGNR device at a temperature of
100 mK

Raman Spectroscopy of GNR devices
To confirm the presence and structural integrity of the GNRs, Raman spectroscopy (𝜆
= 514 nm) was performed on the GNRs for the wide MoRe nanogap electrodes and the
needle-like MoRe nanogap electrodes. In the case of the wide MoRe nanogap electrodes,
characterization was performed of GNRs on the 285 nm thick SiO2. For the needle-like
MoRe electrodes, the characterization was performed on the 15 nm HfO2 covered TiPt
bottomgate, which acts as a Raman optimized substrate[158]. The resulting Raman spectra
are shown in Figure 4.A.8. The energies of the characteristic G, D and CH peaks for the
polymer-free transferred method are 1595 cm−1, 1337 cm−1 and 1230 cm−1 respectively.
For the PMMA transfer, the G, D and CH peaks are found at 1593 cm−1, 1337 cm−1 and
1234 cm−1. This is similar to the spectra that have been measured before for 9-AGNRs[152,
158]. The presence of the G peak around 1595 cm−1 in both spectra suggests a limited
degree of doping in the transferred GNRs and no significant difference between the two
substrate transfer methods. Beside the G, D and CH peaks, a sharp peak at 313 cm−1 for the
wide nanogap GNR devices and a broad peak at 311 cm−1 for the needle-like GNR devices
can be indicative of the radial breathing-like mode (RBLM), which is related to the width
of the 9-AGNRs, expected at 311 cm−1. Although the observed wavenumber matches the
expected RBLM wavenumber, it should be noted that Si also has a Raman active vibration
TA mode at 301 cm−1[174]. Thus, we can not with certainty identify the broad peak in
the needle-like GNR devices as the RBLM peak. If we suppose that it is the RBLM peak, a
possible explanation for the broadening of the RBLM peak could be increased damping of
large wavelength vibrations in the GNRs transferred by the PMMA-assisted method. The
peaks at 520 cm−1 and 950 cm−1 are related to vibrational modes of the silicon substrate.

To investigate the properties of GNRs on MoRe as well, Raman spectra were taken on the
MoRe part of the devices. In Figure 4.A.9, we show Raman spectra on the contact pads
of the wide MoRe nanogap devices and the needle-like MoRe nanogap devices. The C-H,
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Figure 4.A.5: Current-voltage curve of the 10 nm nanogap MoRe 9-AGNR device studied in the main text. The
blue curve is the blue 𝐼𝑉 curve shown in Fig. 3b) in the main text. The 𝐼𝑉 curve upon interchanging source and
drain connections (’Flipped pins’) is plotted in orange.

D and G peaks show the presence of the GNRs on the MoRe. The Raman peaks between
800 cm−1 and 1000 cm−1 are characteristic for the vibrational modes of Mo=O bonds[175]
and Re=O bonds[176]. In addition, we observe an additional peak below the G peak of the
GNRs, at a Raman shift of 1556 cm−1.

To investigate the new peak on MoRe close to the G-peak, a Raman spectrum was taken
on an MoRe contact pad without GNRs. This spectrum is shown in Figure 4.A.9c. In
this spectrum, we still observe the presence of the vibrational peak at 1556 cm−1, which
suggests that it should not be attributed to interaction of MoRe and GNRs, but rather
to a vibrational mode related to MoRe itself. The peak is rather sharp and appears to
correspond to molecular O2[177], suggesting adsorption of O2 gas onto the MoRe film or
release of O2 gas by the MoRe film during the Raman spectroscopy. By comparing the
spectrum on bare MoRe to the spectrum with GNRs, we do not observe any obvious peaks
that might be related to the formation of Mo-C bonds, which are expected to be found at
231 and 656 cm−1[178]. We do, however, see that the broad peak around 300 cm−1 changes
shape between the spectra with and without GNRs, again suggesting the presence of the
RBLM mode.

Gate voltage dependence at 𝑇 = 350 K
For the 10 nm nanogap MoRe devices, we also studied the gate dependence at a temper-
ature of 350 K. This temperature was chosen because the measured conductance of the
devices was larger at this temperature. We measured the current through the devices ver-
sus gate and bias voltage. In an attempt to reduce the effect of hysteresis observed in the
main text, the data was first taken from a gate voltage of 0 V to a gate voltage of −4 V
and subsequently ramped back to 0 V. After waiting for 10 minutes at 0 V, another map
was taken from 0 V to 4 V. The data is plotted in Figure 4.A.10a as a single color map. The
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Figure 4.A.6: a) Current versus gate voltage for the 10 nm nanogap MoRe 9-AGNR device in the main text. The
curve was taken at two different ramping speeds, 0.5 V/min and 0.05 V/min. The arrows indicate the sweep
direction of the gate voltage. b) Measurement of the current versus time during and after ramping the gate-
voltage to −2 V at a rate of 1 V/min. The bias voltage was fixed at 1 V. The current (gate voltage) is plotted in
blue (orange). As a guide to the eye, an offset exponential decay with time constant 𝜏 = 1 min is plotted (dotted
black).

color map does show a discontinuity at zero gate voltage. The device has a much larger
current for negative gate voltages than for positive gate voltages. To further illustrate this,
in Figure 4.A.10b, we plot a trace at a bias voltage of 1 V, which shows that going from
0 V gate voltage to −4 V, the current increases by 3 orders of magnitude, while an increase
of at most 1 order of magnitude is seen going from 𝑉gate = 0 V to 𝑉gate = 4 V. This is in
line with the idea that the contact is p-type in nature. At gate voltages lower than −3 V,
the increase in log(𝐼 ) starts to flatten off. The shape of the 𝐼𝑉 characteristic of the devices
also changes as a function of the applied gate voltage.

In Figure 4.A.10c we plot the 𝐼𝑉 characteristic at gate voltages of 0 V, −2 V and −4 V. The
curves are normalized to max(|𝐼 |) to illuminate the change in shape. The 𝐼𝑉 characteristic
becomesmore linear as the gate voltage is swept to negative values. At 0V gate voltage the
𝐼𝑉 characteristic is highly non-linear, while at −4 V a nearly linear curve is obtained. In
the transition region, the 𝐼𝑉 characteristic is more bias voltage asymmetric, with a larger
current for positive bias voltages. The increase in linearity could tentatively be explained
by a change in the contact to a near-ohmic-regime. A current of only 1 nA at 1 V is,
however, orders of magnitude below the conductance of the order of 𝐺0 ≃ 77 μS observed
for devices with ohmic contacts to carbon nanotubes [146]. In combination with the large
activation energies for 10 nm nanogap MoRe devices, this highlights that the nature of the
contact to the GNRs can not be determined solely by the linearity of the current-voltage
characteristic.
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Figure 4.A.7: Nuclear tunneling scaling analysis for the selected 10 nm nanogap Pd 9-AGNR device.

Band alignment of 9-AGNRs with MoRe
In order to better understand the band alignment of 9-AGNRs with MoRe and Pd, we here
illustrate the alignment of the conduction and valence band of 9-AGNRs with the electro-
chemical potential on MoRe, Pd and SiO2, assuming an electronic band gap of 1.4 eV[61]
for metal adsorbed GNRs and a chemical potential of 4.6 eV for 9-AGNRs in vacuum. The
resulting band alignment is shown in Figure 4.A.11. Following the main text, for MoRe,
we take a chemical potential of 4.8 eV and for Pd, we take a chemical potential of 5.1 eV.
We apply the Schottky-Mott rule to estimate the band alignment[28], which is known to
be valid for 9-AGNRs on Au[61] For the SiO2, we assume no doping here. It should be
noted that the actual band alignments could differ due to doping effects at the interfaces.
Furthermore, the band gap of GNRs on an insulating substrate such as SiO2 could differ
from the band gap on a metal due to the lack of image charge effects on SiO2[61].

Optical microscopy images of the devices
For completeness, we here add optical microscopy images of the wide MoRe nanogap
devices and the needle-like MoRe nanogap devices, which we show in Figure 4.A.12. In
the wideMoRe nanogap devices, the 9-AGNR film can be seen as a discoloration on 285 nm
thick SiO2 on Si by optical microscopy images taken with an increased exposure time. The
PMMA covered needle-like nanogap 9-AGNR devices, on the other hand, show no clearly
visible GNR film.
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Figure 4.A.8: Raman spectrum taken with a 514 nm laser a) on the SiO2 near the wide MoRe nanogap 9-AGNR
devices. b) on the 15 nm HfO2 covered TiPt bottom gate near the needle-like MoRe nanogap 9-AGNR devices.
The G, D and CH modes are indicated by the red dotted lines.

0 250 500 750 1000 1250 1500 1750 2000

Raman shi� (cm−1)

3000

4000

5000

6000

7000

8000

co
un

ts
(a

.u
.)

G

D

CH

a)

0 250 500 750 1000 1250 1500 1750 2000

Raman shi� (cm−1)

1500

2000

2500

3000

3500

4000

co
un

ts
(a

.u
.) G

D

CH

b)

0 250 500 750 1000 1250 1500 1750 2000

Raman shi� (cm−1)

1500

1750

2000

2250

2500

2750

3000

3250

3500

co
un

ts
(a

.u
.)

G

D

CH

c)

Figure 4.A.9: Raman spectrum taken with a 514 nm laser a) on the contact pad of a wide MoRe nanogap 9-AGNR
device b) on the contact pad of a needle-like MoRe nanogap 9-AGNR device. c) on the contact pad of a needle-like
MoRe nanogap device that was not covered by GNRs. The identified G, D and CH modes are indicated by the
red dotted lines.
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Figure 4.A.10: a) Logarithmic color map of the current versus bias voltage and gate voltage for a 10 nm nanogap
MoRe 9-AGNR device at a temperature of 350 K. b) Current versus gate voltage curve at a fixed bias voltage of
1 V; extracted from a). c) Normalized 𝐼𝑉 curves of a 10 nm nanogap MoRe 9-AGNR at a temperature of 350 K
and gate voltages of 0, −2, and −4 V.
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Figure 4.A.11: Graphical representation of the band-alignment between 9-AGNR valence and conduction bands
with respect to the chemical potential on MoRe, Pd and SiO2 estimated by the Schottky-Mott rule.
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4 MoRe Electrodes with 10 nm Nanogaps for Electrical Contact to Atomically Precise Graphene

Nanoribbons

Figure 4.A.12: Optical microscopy image of the 9-AGNR devices. a) Wide nanogap 9-AGNR MoRe devices with
wirebonds. The GNR film is visible as a color change in the purposely oversaturated image. b) PMMA covered
needle-like MoRe nanogap devices post PMMA-membrane assisted 9-AGNR transfer.
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5
Study of MoRe Interfaces to

Ligand-Free Gold Nanoparticles
Deposited by Aerosol

In this chapter, ligand-free gold nanoparticles were created by spark ablation in aerosol and
deposited by impaction from aerosol onto nanogap electrodes made of the superconducting al-
loy Mo62Re38 with a needlelike geometry. To investigate the contact resistance and electrical
interface transparency between the MoRe electrode and the Au nanoparticles, two-terminal
electrical measurements were performed to characterize the resistance at room temperature
and the differential conductance features at a temperature of 40 mK. At room temperature,
the resistance of most devices lies in the range of 1 and 100 kΩ. The low-temperature re-
sults are compared to the Blonder-Tinkham-Klapwijk (BTK) model for ballistic normal metal-
superconductor interfaces. Comparison to the BTK model suggests a high interface trans-
parency 𝒯 > 0.5 at the interface between the MoRe electrode and the Au nanoparticles in
low-resistance devices, but also reveals the presence of a series resistance and peaks in the
differential conductance that can not be explained by the BTK theory. It is shown that these
peaks can be qualitatively understood by a critical current effect and an additional contri-
bution from the diffusive Maxwell resistance. The results demonstrate that the contact re-
sistance of prepatterned MoRe nanogap electrodes to ligand-free gold nanoparticles is not
significantly limited by tunnel barriers (i.e., due to oxidation or contamination). Based on
this, it is concluded that other nanoparticles or nanostructures could be contacted by MoRe
(nanogap) electrodes without a significant contribution of transport barriers originating from
the MoRe surface.

I would like to thank VSPARTICLE for their time and effort in providing me with the gold nanoparticles. I also
want to thank Thomas Pijls for his contribution during his bachelor thesis project.
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5.1 Introduction
The surface properties of metals are of key importance for making electrical contacts to
nanoscale objects. Any poorly conductive component, such as surface oxides, molecular
adsorbates and polymer residues can significantly affect the quality of such interfaces. To
gain control over the electrical properties of such interfaces, various techniques can be
used to treat the surfaces, such as reactive ion etching, plasma cleaning, ion milling of
surfaces and thermal annealing of metal interfaces. Most approaches can be divided into
the following three categories:

1. Modification of the surface of the nanoscale object on interest prior to deposition of
metal electrodes.

2. Modification of the surface of prefabricated metal electrodes prior to deposition of
the nanoscale object.

3. Modification of the interface between the metal and the nanoscale object of interest
in a completed device.

The modification of the surface of the object of study can be acceptable when the surface
makes up a small portion of the volume. For nanoscale to atomic scale objects, on the
other hand, this is often not desirable. Out of the listed options, only the modification of
prefabricated electrodes guarantees that the nanoscale object of interest is intact. However,
as the surface of most metals rapidly oxidizes in air, the use of prefabricated electrodes
is limited to noble metals, unless deposition of the nanoscale object can be performed
without breaking the vacuum after surface cleaning. For noble metals, on the other hand,
surface cleaning is often not necessary if devices are properly made, since oxidation is not
a problem at all.

For the purpose of making interfaces between a nanoscale object and a superconductor,
clean interfaces are crucial. For example, the quality of Josephson junctions, junctions in
which the nanoscale object can be incorporated as a ’weak link’ between two supercon-
ducting electrodes, is strongly dependent on the electrical interface transparency. Unfortu-
nately, nearly all commonly used superconductors such as Al, Sn, Pb and Nb are known to
oxidize, which complicates making superconducting-hybrid structures with nanoscale ob-
jects. Rhenium is a superconducting element that is close to being a noble metal and some-
times classified as one[179]. It has a positive standard electrode potential of 0.3 V[180],
which is close to the standard electrode potential of water 0.41 eV. While this means that
rhenium normally oxidizes in water with a pH of 7, it does not corrode in acidic environ-
ments below a pH of 5. In air, the oxides that form have been suggested to be hydrates,
particularly volatile Re2O7(H2O)2[181] crystallites. As a result of this, oxidation depends
on humidity and can be kept minimal below 30% humidity.

The superconducting MoRe alloys incorporate both Mo and Re. At a 62:38 ratio, the alloy
has a bulk critical temperature of approximately 9 K, which is significantly larger than
the critical temperature of the individual elements (0.92 K for Mo[64], 2.4 K for Re[64]).
While prefabricated contacts made of MoRe alloy have been successfully used to contact
carbon nanotubes[149, 150], annealing above 800 ∘C was necessary to improve interface
transparency. Interestingly, the studies with CNTs do not mention surface oxides, nor
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report a change in device performance upon annealing above 300-400 ∘C, which suggests
that the interfaces made with MoRe are not limited by surface oxidation.

To further investigate the surface properties of MoRe, here we study the interfaces be-
tween MoRe devices and aerosol deposited ligand-free gold nanoparticles (AuNP). The
MoRe devices consist of a pair of 25 nm thick needlelike nanowires separated by a spac-
ing of approximately 10 nm. In the 10 nm gap, nanoparticles can be trapped by chance.
The devices have been exposed to approximately 50% relative humidity for approximately
3 hours prior to deposition of gold nanoparticles by impaction. The gold nanoparticles
are produced by an early version of the VSP-P1 nanoparticle printer. Importantly, the
entire nanoparticle production and deposition process was done in aerosol, resulting in a
contaminant-free deposition of gold nanoparticles without an insulating shell.

The electronic interfaces between MoRe and Au nanoparticles are studied in this chapter
by means of Andreev reflection spectroscopy. Making use of the fact that normal metal-
superconductor interfaces and Josephson junctions display excess conductance in the su-
perconducting state at low bias voltages (<1.3mV), measurements of the low-temperature
current versus voltage (𝐼𝑉 ) characteristic will be used to estimate the interface scatter-
ing parameter, 𝑍 , and the corresponding interface transparency, 𝒯 = 1

1+𝑍 2 , through the
Blonder-Tinkham-Klapwijk (BTK) theory[75].

5.2 Room temperature characterization
Gold nanoparticles were deposited onto needlelikeMoRe nanogap electrodes, with an elec-
trode separation of 10 nm. The deposition was performed by the VSParticle nanoparticle
printer by spark ablation of gold electrodes in a flow of argon gas. Spark ablation results
in a range of charged metal nanoparticles that grow by agglomeration in aerosol. The cre-
ated gold nanoparticles in aerosol were selected by mass to have the mass of a spherical
gold nanoparticle with a diameter of 12 nm. The gold nanoparticles were ejected out of an
exhaust nozzle, which is shown retracted from the sample in Figure 5.1a. The sample was
mounted onto a motorized stage in a low-vacuum (< 1 mbar) chamber. Driven by the pres-
sure difference between the inside of the nozzle and the vacuum chamber, deposition of
nanoparticles occured by impaction onto the sample. The devices were angularly aligned
with respect to the motor axes by optical inspection. To produce similar nanoparticle cov-
erages on a row of devices, the stage was moved back an forth at a constant velocity along
a line for a set number of times. The nanoparticle coverage was varied by changing the
number of times that the exhaust nozzle was scanned across the devices.

A high coverage deposition and a low coverage deposition were performed, targeting 10%
and 1% nanoparticle coverage respectively. Optical microscopy images of these deposi-
tions are shown in Figures 5.1b and 5.1c. The high coverage deposition resulted in clearly
visible green lines with a redish center on the Si/SiO2 substrate. The low coverage deposi-
tion, on the other hand, resulted in shaded blue/purple lines on the substrate.

Since the nanoparticles were made by spark ablation, the larger particles form due to the
agglomeration of smaller charged gold nanoparticles in aerosol[182]. Thus, the larger
nanoparticles are not spherical and instead often form chain-like structures. This can be
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seen in SEM images after electrical characterization of a separate sample with a coverage
of 0.1%, which is shown in Figure 5.1d. Note that the shape and size of the nanoparticles
is not well controlled. Most deposited nanoparticles have lengths over 20 nm. For the
samples for which electrical characterization is reported in this chapter, it was discovered
after electrical characterization that the gold nanoparticle depositions were denser than
expected. SEM imaging of the high-coverage deposition resulted in a connected network
of clustered Au nanoparticles, forming a nanoporous gold film, shown in Figure 5.1e. The
actual coverage exceeded the intended 10% coverage. The 1% low-coverage also showed
the formation of clusters of gold nanoparticles, but as opposed to the 10% coverage sample,
these clusters are limited in size and do not formmicrometer-scale networks. In Figure 5.1f,
an SEM image of such gold nanoparticle clusters on an MoRe nanogap is shown. The gold
nanoparticles connect the two sides of the nanogap device.

Figure 5.1: a) Photo camera image of the exhaust nozzle of the VSParticle nanoparticle printer and sample after
deposition. b) Optical microscopy image of a set of devices with a high coverage of gold nanoparticles deposited.
c) Optical microscopy image of a set of devices with a low coverage (∼ 1%) of gold nanoparticles deposited. d)
SEM image of individual gold nanoparticles created by spark ablation with 12 nm size selection. e) SEM image
of a nanoporous gold network created by deposition of nanoparticles, corresponding to a high coverage. f) SEM
image of a nanogap junction with a low density of gold nanoparticles. At low particle density, the deposited
gold nanoparticles aggregate and form clusters.

Electrical characterization was performed on the MoRe nanogaps prior to deposition of
the nanoparticles to ensure that the nanogap electrodes were not electrically connected.
First, MoRe nanogap devices were quickly checked using a Beep-R box (QT designed in-
strumentation) sample tester that outputs an approximate resistance value. Devices with
a resistance larger than 10 GΩ (electrically open) at a bias voltage of 10 mV were further
characterized by a two-terminal measurement of the electrical current versus the applied
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bias voltage (𝐼𝑉 characteristic). For this measurement, a bias voltage range of −1 to 1 V
was applied. Devices for which the current exceeded 1 pA at 1 V were excluded from
further characterization. The MoRe nanogaps that were found to have a resistance below
10 GΩ (electrically shorted) were also electrically characterized by 𝐼𝑉 measurements. All
shorted devices were found to have a resistance of 42 ± 1 kΩ. An example 𝐼𝑉 curve of a
shorted nanogap device is shown in Figure 5.2a. The 𝐼𝑉 curve is completely linear, which
suggests a fully conductive/metallic connection in these devices. This resistance will be
referred to and used as the series resistance 𝑅series of the MoRe nanogap devices.

After the deposition of ligand-free gold nanoparticles, the deviceswere first pre-characterized
with a BEEP-R box. The nanogaps onto which a high-coverage deposition was performed
were all electrically shorted, with resistances on the order of 1 kΩ as reported by the BEEP-
R box. 𝐼𝑉 characterization of these devices indicated a resistance of approximately 7.7 kΩ.
In addition, by connecting the BEEP-R box to contact pads of separate devices, it was found
that all devices in a row onto which nanoparticles were deposited were electrically con-
nected. Because of the electrical connection between different devices, low-temperature
characterization of these devices was not performed.

Characterization of the low-coverage devices by BEEP-R box measurements showed that
42 out of 53 open nanogap devices onto which nanoparticles were deposited were elec-
trically connected after gold nanoparticle deposition. All devices were also characterized
by 𝐼𝑉 measurements, with a bias voltage range of −50 to 50 mV, which resulted in the
discovery of one additional connected junction, resulting in a yield of 43 electrically con-
nected junctions post nanoparticle deposition out of 53 junctions that were open prior to
nanoparticle deposition. In Figure 5.2b, an example of the 𝐼𝑉 curves prior to deposition
(blue line) and after nanoparticle deposition (orange line) is given for device A8. Prior to
nanoparticle deposition, the 𝐼𝑉 curve has a negligible slope and is dominated by noise on
the order of 1 pA peak to peak with a resistance larger than 1 TΩ. After nanoparticle depo-
sition, the 𝐼𝑉 curve has a maximum current on the order of 1 µA at 50 mV and resembles
the 𝐼𝑉 curve of the shorted MoRe nanogap device in 5.2a. This implies that the majority
of the electrical resistance in this representative device originates from the MoRe leads,
rather than from the nanoparticle or the electrode-nanoparticle interfaces.

The resistance, 𝑅, of the 43 devices was extracted by fitting the 𝐼𝑉 curve to a linear func-
tion, 𝐼 = 𝐼0 + 𝑉

𝑅 , taking into account a small offset current, 𝐼0. The resulting resistance
values are compiled into a histogram in Figure 5.2c. Since this histogram does not take
into account the series resistance of the electrodes, a second histogram can be made to
account for this. Assuming that the electrical resistance of devices can be modeled by two
resistances in series, relating to the nanoparticles in the nanogap and the series resistance
of 42 kΩ, a histogram of the MoRe-AuNP-MoRe junction at the nanogap can be extracted
by subtracting 42 kΩ. This is plotted in Figure 5.2d. Note that this implicitly assumes that
the resistances of the MoRe nanowires leading up to the nanogap are not significantly
modified/reduced by parallel conduction paths through the deposited gold nanoparticles.
The resulting histogram shows that most devices have resistance between 1 and 100 kΩ,
while a few devices with a resistance of 1 MΩ to 1 GΩ were also found. The histogram
shows a large peak at a resistance of 10 kΩ, where 10 out of 43 devices were found. The
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room temperature measurements thus confirm that the surfaces of MoRe are clean enough
to make low-resistance (1-100 kΩ) electrical contacts to the deposited nanoparticles. This,
however, does not necessarily imply highly electrically transparent interfaces. To investi-
gate whether the electrical interface transparency between the MoRe electrodes and the
Au nanoparticles is also high, low-temperature electrical characterization was performed
next.
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Figure 5.2: a) 𝐼𝑉 curve of a shorted needlelike MoRe nanogap device with a resistance of 42 kΩ. b) 𝐼𝑉 curve
prior to deposition (in blue) and after gold nanoparticle deposition for device A8. c) Histogram of the device
resistances. d) Histogram of the device resistances with a series resistance of 42 kΩ subtracted.

5.3 Low-temperature characterization
The devices were wire bonded and loaded into a He-3/He-4 dilution fridge. After cool-
ing the devices down to a base temperature of 40 mK (∼ 100 mK electronic temperature),
electrical 𝐼𝑉 characterization was performed. Two distinct types of devices were bonded,
namely high-resistance devices, with 𝑅N ∼ 1MΩ for all bonded devices, and low resistance
devices, with 𝑅N ≤ 20 kΩ. High-resistance devices point towards the presence of tunnel
barriers and should reflect the superconducting gap of MoRe in transport. Low resistance
devices, on the other hand, could either be explained by low transparency interfaces, with
many transport channels in parallel, or by a few highly transparent transport channels
at the NS interface. The BTK model will be used to extract the effective interface trans-
parency.
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5.3.1 High-resistance devices
Devices with a large resistance (on the order of 1 MΩ) were measured by applying a volt-
age bias of −10 to 10 mV. The 𝐼𝑉 curve of such a device, labeled device A4, is shown in
Figure 5.3a. The 𝐼𝑉 curve of this device is mostly linear, with a region of reduced slope at
zero bias voltage. By taking a numerical derivative of the current, the differential conduc-
tance, d𝐼 /d𝑉 , can be obtained. This is plotted versus bias voltage in Figure 5.3b. Notably,
the d𝐼 /d𝑉 curve is not flat, as would be expected for an ideal resistor, but instead displays
several peaks and dips and is slightly larger for positive bias voltages. The flat region in
the 𝐼𝑉 curve produces a dip in the d𝐼 /d𝑉 at zero bias voltage. In figure 5.3c, a zoomed-
in plot of the gap in the differential conductance this peak is shown. At bias voltages
of ±1.18 mV, indicated by the red lines, peaks that are symmetric in bias voltage can be
seen. The observed bias voltage location of these peaks matches the expected voltage
scale (± |Δ|

𝑒 ≈ ±1.3 mV, where 2|Δ| is the energy scale of the gap in the superconducting
density of states) for superconductivity in MoRe, which has a critical temperature of ap-
proximately 8-9 K, in agreement with the expected presence of superconductivity in the
MoRe nanogap electrode. A gap in the d𝐼 /d𝑉 was observed in all four high-resistance
junctions that were measured. Interpreting such a gap through the BTK theory suggests
that at least one of the two NS interfaces between the Au NPs and the MoRe electrodes has
a low interface transparency. Here I will assume that a single NS contact dominates the
device resistance. Given a differential conductance suppression 𝑑𝐼

𝑑𝑉 (𝑉 = 0)/ 𝑑𝐼𝑑𝑉 (𝑉 >> |Δ|
𝑒 )

by a factor of approximately 10, the interface transparency can be calculated using the fol-
lowing expression by Beenakker[183]: 𝑑𝐼

𝑑𝑉 (𝑉 = 0)/ 𝑑𝐼𝑑𝑉 (𝑉 >> |Δ|
𝑒 ) =

2𝒯 2

(2−𝒯 )2 ≈
𝒯
2 , where the

last equality holds at low transparency. This results in a transparency 𝒯 ≈ 0.05. Assum-
ing a single conduction channel, this is in disagreement with the observed conductance,
which is an order of magnitude lower than𝒯 𝐺0 ≈ 0.05𝐺0 ≈ 4 µS. Assuming the presence of
more conduction channels will only increase this conductance. Thus, simple BTK theory
is not in agreement with the observed differential conductance curve.

By implementing a finite quasiparticle lifetime, using a Dynes parameter Γ, both the con-
ductance suppression and the conductance can bematched. TheDynes parametermodifies
the zero-bias density of states, which results in a transparency-independent contribution
that is related to the presence of normal quasiparticles below the superconducting gap in
the superconductor. Matching the zero-bias conductance, the observed peak locations and
the normal state conductance, the parameters Δ = 1.10 meV, 𝑍 = 15 (𝒯 = 1

1+𝑍 2 = 0.0044),
Γ ≈ 0.10|Δ| ≈ 0.10 meV were taken. The resulting curve is plotted in orange in Figure 5.3c.
Even when a finite quasiparticle lifetime, which results in broadening, is included in the
BTK model, the model produces a differential conductance curve which overshoots the
peaks and undershoots in the gap region. Although the model reproduces the width
of the measured peaks, the height and extended tails that the BTK model produces are
not observed in the data. In the low bias voltage/sub-gap region, the differential conduc-
tance of the sample shows shoulder-like features at 𝑉 ≈ ±0.55mV, which are absent in the
BTK model. Tentatively, these might be explained by multiple Andreev reflections (MAR)
across the superconducting electrodes. Theoretically, these should have an amplitude on
the order of 𝒯 = 0.0044 smaller than the normal state conductance, resulting in expected
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features on the order of 0.001 µS. This is significantly smaller than the size of the observed
shoulder-like features (∼ 0.01 µS).

A zero-bias conductance suppression of the same magnitude was observed in three highly
resistive devices. One device instead displayed a much larger conductance suppression.
This device showed gate voltage tunable Coulomb-blockade features, which will not be
explored in this thesis. The 𝐼𝑉 characteristics of the highly resistive MoRe-Au NP junc-
tions show the qualitative signatures of a superconducting gap in the differential conduc-
tance, thus revealing the presence of poorly transparent NS interfaces. The results from
the highly resistive junctions can be used as a baseline for understanding the characteris-
tics of the low-resistance junctions. In the next section, low-temperature measurements of
these devices will be analyzed. If the low-resistance junctions also exhibit a low interface
transparency, similar behavior is expected.
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Figure 5.3: a) 𝐼𝑉 curve of device A4. b) Differential conductance versus bias voltage curve of device A4. c)
Zoomed in differential conductance versus bias voltage curve of device A4 (blue). The orange curve is a BTK
curve with |Δ| = 1.10 meV, 𝑍 = 15, Γ = 0.10 meV. The red vertical lines indicate the gap voltage scale ± |Δ|

𝑒 . d)
Differential conductance versus bias voltage curve of device H4. A BTK curve was fitted by eye (orange line,
parameters are indicated in the plot). e) Differential conductance versus bias voltage curve of device H8. A BTK
curve was fitted by eye (orange line, parameters are indicated in the plot). f) Differential conductance versus
bias voltage curve of device A12.

5.3.2 Low-resistance devices
Besides the high-resistance devices, also low-resistance devices (𝑅 < 13 kΩ) were bonded.
In these devices, the voltage across the junction was measured upon applying a current
bias. The current bias was taken such that the maximum applied bias voltage at least
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exceeds 2 mV≈ 2Δ
𝑒 . In this category of devices, three different types of 𝐼𝑉 curves were

found. In Figures 5.3d, 5.3e and 5.3f, the corresponding differential conductance curves
for devices H4, H8 and A12 are shown. These function as examples of each type of the
differential conductance curve.

The differential conductance curve of device H4 shows a V-shaped dip surrounded by
two rounded peaks at zero bias voltages, similar to the highly resistive devices. This is
one of two devices that show this behavior. To match this to the BTK theory, a gap of
|Δ| = 0.25 meV, a Dynes parameter of Γ = 0.24 meV and 𝑍 = 0.8 were taken. This is shown
as the orange dotted line in Figure 5.3d. The barrier parameter 𝑍 = 0.8 implies an interface
transparency of 𝒯 = 1

1+𝑍 2 ≈ 0.61. Notably, this can be considered a high interface trans-
parency. The reduced value of |Δ| = 0.25 meV is unexpected, given the measurements of
the highly resistive devices. This, in combination with the Dynes parameter Γ = 0.24 meV,
might indicate the presence of a strong pair-breaking mechanism.

Device H8 instead shows a large differential conductance peak at zero bias voltage sur-
rounded by two dips. Again, this is one of two devices that show this behavior. At zero
bias voltage, the large peak has a small local minimum. In the context of BTK theory, an
enhanced zero bias conductance with a small local minimum can be explained by a high
interface transparency (𝑍 < 0.55, 𝒯 > 0.75). The two dips at finite bias, surrounding the
peak, however, can not be explained in the context of BTK theory. Since this is the case, a
fit by eye was attempted to the zero bias features only, ignoring the dips. This resulted in
|Δ| = 0.22 meV, 𝑍 = 0.3 (𝒯 ≈ 0.92) and Γ = 0.14 meV, which again implies a reduced energy
gap, with relaxation and high interface transparency. As shown by Daghero et al.[184],
within the BTK approach, the dips could potentially be explained if the critical current den-
sity of the MoRe is taken into account. This explanation would also explain the absence
of extended tails in the d𝐼 /d𝑉 curves. Similarly, it could be possible that the NS interface
resistances are not dominant in the transport in this device. Additional resistances in the
junctions can shift the Andreev reflection features towards higher bias voltages[185]. In
this case, the zero bias feature does not need to be related to the interface transparency
and might be related to the Josephson effect between the superconducting electrodes. The
reduced energy gap |Δ| could then correspond to the minigap in the normal metal due to
the superconducting proximity effect. We will come back to these issues in the discussion
section.

Finally, two devices behaved like device A12 (See Figure 5.3f). These show a V-shaped dip
in the differential conductance. A V-shaped dip can not be explained by the conventional
BTK theory, which models the tunnel barrier as a delta function potential. Instead, a V-
shaped dip could result from a normal tunneling model, such as the Simmons model, an
extended potential barrier of small (∼ 1 meV) height. In such models, an increase in the
applied bias voltage reduces the effective barrier height, which increases the conductance
until the bias voltage exceeds the characteristic potential barrier height.

In the previous discussion, it has been made evident that the majority of highly conduc-
tive junctions show an increased differential conductance around zero bias voltage and no
deep dips, as the highly resistive devices show. Within the BTK framework, this could be
interpreted as a sign of high interface transparency. From the previous discussion, it is,
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however, not clear whether the measured properties are characteristic of the interfaces,
as the BTK theory assumes, or result from highly resistive gold nanoparticles. In what fol-
lows, the most conductive device that was wire bonded and cooled downwill be discussed,
in which a spherical gold nanoparticle was found in SEM inspection after measurement,
shown in figure 5.4a. The presence of a spherical nanoparticle in only one junction indi-
cates that the junction was modified after deposition. It is suspected that this device was
subjected to electrostatic discharge during the room-temperature characterization, melt-
ing the gold nanoparticles at the MoRe nanogap into a spherical gold nanoparticle (See
the SEM image shown in Figure 5.4a).

The 𝐼𝑉 characteristic of the junction with a spherical nanoparticle, plotted in Figure 5.4b,
was measured through a two-terminal measurement. Notably, the conductance in this
device is enhanced close to zero-bias. At high bias voltages, the junction conducts more
current than a normal/linear resistor with the same differential resistance. At a bias volt-
age of 4 mV, the differential resistance, d𝑉

d𝐼 , is approximately 𝑅N = 1023 Ω. For illustrative
purposes, the 𝐼𝑉 curve of a resistor with the same resistance is plotted as the dotted or-
ange line. The difference between the two curves motivates defining the deficit voltage,
𝑉def = 𝐼𝑅N − 𝑉 , the voltage difference between the resistor and the measured junction.
This quantity is plotted in Figure 5.4c versus the voltage, 𝑉 , across the junction. It can
be compared to several voltage scales. Firstly, the gap voltage, |Δ|

𝑒 , which we take to be
1.3 mV here, indicated by the red line in Figure 5.4c, is clearly exceeded. The maximum
deficit voltage for NS interfaces is 4

3
|Δ|
𝑒 ≈ 1.73 mV[75], which is also exceeded. This sug-

gests that transport at a single NS interface alone can not explain the full 𝐼𝑉 characteristic.
In order to explain the deficit voltage, the device can be considered as an SNS/Josephson
junction. This can be a diffusive or a ballistic one. The theoretical upper limit for diffusive
SNS junctions is given by (𝜋

2

4 − 1) |Δ|𝑒 ≈ 1.91 mV. The measured maximum deficit voltage
exceeds both these limits, which suggests that the junction could be closer to the clean,
ballistic limit. For these junctions, the maximum deficit voltage is given by the Octavio-
Tinkham-Blonder-Klapwijk model[78, 186], with an upper limit of 8|Δ|

3𝑒 ≈ 3.46mV, which is
not exceeded. Within the OTBK framework, the observed deficit voltage can be explained
with barrier parameters 𝑍1 = 𝑍2 ≈ 0.4 for the two NS interfaces.

As before, the differential conductance curve can be used to obtain more understanding
about the conduction mechanism of the junction. The differential conductance of device
H9 is plotted in Figure 5.4d. Since this data has a sharp peak, the corresponding differen-
tial resistance is also plotted in Figure 5.4e. The differential conductance is prominently
peaked at zero bias, with small local minima surrounding the peak. As the bias voltage
is further increased away from zero bias voltage, the differential conductance decreases,
showing a change in slope at 𝑉 ≈ 0.65 meV, below which the differential conductance
nearly linearly drops to ≈ 1 mS. Notably, the minimum differential resistance is approxi-
mately 167 Ω, about 6 times lower than the normal state resistance. Simple BTK theory can
only explain a maximum differential conductance enhancement of a factor 2. Hence, BTK
theory can not explain the junction behavior at low bias voltages. At bias voltages larger
than |Δ|

𝑒 ≈ 1.3 mV, this is not necessarily the case, as the Josephson effect and multiple
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Andreev reflections are only expected to be important at voltages lower than |Δ|
𝑒 .

Thus, the BTK model was fitted by eye to the high bias features, which is shown as the
orange curve in Figure 5.4d. The parameters taken are |Δ| = 1.3 meV, Γ = 0.15 meV and
𝑍 = 0. Notably, this fit by eye does not match the shape of the data well. Although the
amplitude of the orange curve matches the conductance enhancement at 𝑉 = 1.3 mV, the
slope of the differential conductance data above 1mV is lower than that of the BTK model
curve. As a result, the model undershoots in this regime. Increasing Γ will correct for
this, but results in a reduction in the height of the signal. Better agreement between the
model and the data can be obtained by accounting for an extra environmental resistance
that is unaffected by Andreev processes, called 𝑅E, and a corresponding resistance ratio,
𝑟E = 𝑅E

𝑅N
[185]. This is shown by the green curve, labeled BTK + 𝑟𝐸 , in Figure 5.4d. Here

𝑅E = 250 Ω and 𝑅N = 1024 Ω were chosen. At high bias voltages, this model still slightly
overshoots the data above 𝑉 = 3 mV, similar to the behavior observed in junction H4. To
interpret this fit by eye, it is important to note that 𝑅E can not be interpreted as the series
resistance to an NS contact. Notably, a part of 𝑅E can also originate at the NS contact of
interest. Assuming one NS interface is dominant in the resistance, 𝑅E can be composed
of the wiring of the setup (≈ 33 Ω), the resistance of the other NS interface (which may be
bias voltage dependent), the resistance of the gold nanoparticle, a series resistance in the
MoRe due to critical current effects (which are expected to be bias voltage dependent) and
partially from the NS interface itself.

In order to gain more insight into the observed differential conductance/resistance fea-
tures, dips 1, 2 and 3 are indicated in Figure 5.4e. In the following section, their dependence
on an externally applied magnetic field will be measured and discussed.

5.3.3 Magnetic field dependence of device H9
The 𝐼𝑉 measurements of device H9 demonstrate the presence of a region of high differ-
ential conductance at zero bias voltage. In order to better understand what is happening
in this region, the magnetic field dependence on an out of plane field, 𝐵𝑧 , was measured.
If the junction is indeed superconducting, it is expected that features in the differential
conductance related to |Δ| decrease in magnitude. Furthermore, these features should also
shift to lower bias voltages.

𝐼𝑉 measurements were taken at increasing externally applied magnetic fields. The mag-
netic field was ramped up in steps of 0.5 T from 0 to 6 T and a current biased 𝐼𝑉 curve was
taken at every magnetic field set-point. In addition, a lock-in amplifier was connected,
which applied a sine wave with a root-mean-square output signal of d𝐼 = 10 nA at a fre-
quency of 178 Hz. At each current set-point, the resulting signal d𝑉 was measured, from
which the differential resistance d𝑉

d𝐼 was calculated. Rather than plotting the differential
conductance, the differential resistance will be plotted, as this leads to a clearer color map.
The color map of the differential resistance versus bias current andmagnetic field is shown
in Figure 5.5a. The trace at 0 T corresponds to the same curve as the curve shown in Fig-
ure 5.4e, with dips 1, 2 and 3 indicated. Only the sharp differential conductance dip, dip
1, at zero bias current/voltage completely disappears from the color map as the magnetic
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Figure 5.4: Device H9 characterization a) SEM image of device H9. A spherical nanoparticle was found between
the needlelike MoRe electrodes. b) 𝐼𝑉 curve of device H9. The orange dotted curve is a linear curve with
𝑅 = 1023 Ω, matching the differential resistance of the junction at 𝑉 = 4 mV. c) Plot of the deficit voltage versus
voltage. The deficit voltage is defined as the voltage difference between the blue and orange dotted curve in
b). The red lines indicate characteristic voltage scales for NS and SNS junctions in terms of the gap voltage
|Δ|
𝑒 . d) Differential conductance versus voltage curve. The orange dotted curve is a fit by eye to the BTK model
(|Δ| = 1.3 meV, Γ = 0.15 meV and 𝑍 = 0), while the green dotted curve adds an extra resistance 𝑅E = 250 Ω. e)
Differential resistance versus voltage curve. The edges of three dips are indicated, labeled as 1, 2 and 3.

field is increased. This is contrasted by dip 2, which does not visibly shrink or grow with
magnetic field. Dip 3, on the other hand, remains approximately constant in size until 1 T.
Above 1 T, the current scale of the dip decreases approximately linearly with increasing
magnetic field. After the onset of this decrease, several peaks in the differential resistance
can be seen above dip 3 and the magnitude of the differential resistance peak at the edge
of dip 3 increases. These peak appear at seemingly random locations in the color map
above dip 3. Finally, at high field (∼ 6 T) and high current (∼ 10 µA) in the color map, the
differential resistance increases rapidly and the measured voltage saturates. This onset of
a large resistance is likely explained by the critical current in the MoRe thin film, which
reduces with increasing magnetic field.

In order to investigate the magnetic field dependence of the observed, seemingly random,
peaks, a higher resolution measurement was performed. The current range was increased
to −15 to 15 µA with a step size of 1 nA. The lock-in amplifier was disconnected to avoid
smoothing the curve due to an applied AC current. The magnetic field was swept from 0
to 2 T in steps of 10 mT. A color map of the numerically calculated differential resistance
is plotted versus the applied magnetic field and bias current in Figure 5.5b. From this color
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map, it can be seen that the differential resistance peaks are not random and, in fact, are
approximately equally spaced in current at 1.0 to 1.5 T. Their position shifts with the gap
edge of dip 3, suggesting a similar origin.

The differential resistance data was measured versus bias current and, hence, also the color
maps are most conveniently plotted versus current. A BTK-like analysis, however, is most
easily performed as a function of voltage. Hence, in Figure 5.5c, the differential resistance
from Figure 5.5a is plotted versus voltage at magnetic fields of 0, 2, 4 and 6 T. From these
plots, the disappearance of dip 1 is clearly visible. Furthermore, dip 2 slightly increases in
size with increasing magnetic field, as does the differential resistance at high bias voltages
(𝑉 > 5 mV). As seen from the color map, the voltage-scale of dip 3 decreases and, at the
edges of dip 3, peaks develop in the differential resistance. The resistance-scale of dip 3,
on the other hand, increases.

5.3.4 High-bias measurements at 1 T magnetic field
Finally, the low-resistance junctions H4, H8 and A12 are revisited. The measurements of
device H9 hinted at the possibility of a large effective resistance 𝑅E, which shifts features
related to Andreev reflections at the NS interface up in voltage. Hence, the 𝐼𝑉 charac-
teristic of these junctions was measured again with a larger current bias. Measurements
were performed with an externally applied magnetic field of 1 T. The differential resis-
tance curves are plotted versus voltage in Figures 5.6a, 5.6b and 5.6c. Junctions H4 and
H9 indeed show a suppression in the differential resistance, with a larger voltage scale of
approximately 15 mV. To compare these with the BTK model with an effective resistance
𝑅E, the parameter 𝑅𝐸 was varied such that the voltage scale approximately matches. Fix-
ing the parameters |Δ| = 1.3 meV, Γ = 0.6 meV and 𝑍 = 0 to ensure a broadened density
of states and high interface transparency, a reasonable fit it found for H4 for parameters
𝑅N = 4800 Ω and 𝑅𝐸 = 3800 Ω. This extended BTK fit, if to be trusted, implies that most
of the resistance is not due to Andreev reflections at the NS interface. For device H8, the
same parameters were taken, except for 𝑅N = 3350 Ω and 𝑅E = 2600 Ω.
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Figure 5.5: a) Color map of the differential resistance (measured by a lock-in amplifier) of device H9 versus
externally applied out of plane magnetic field 𝐵𝑧 and bias current 𝐼 . A decrease in the field-scale of dips 1 and
3 in the differential resistance can be seen with increasing magnetic field. At bias currents larger than the edge
of dip 3, several seemingly random peaks were observed at finite magnetic field (∼ 1 T). b) Color map of the
differential resistance (numerically calculated from 𝐼𝑉 curves taken at different magnetic field set-points) versus
applied out of plane magnetic field 𝐵𝑧 and bias current 𝐼 . A higher resolution measurement in magnetic field
and bias current was taken to study the random peaks above dip 3 observed in a). The peaks above dip 3 disperse
with magnetic field and do not appear at random voltages. c) Differential conductance versus bias voltage curves
extracted from the dataset of Figure a). The curves, taken at 0, 2, 4 and 6 T magnetic field show a decrease in the
voltage-scale of dips 2 and 3. Dip 1 is only clearly present in the curve at 0 T. The gap edge of dip 3 develops a
differential resistance peak with increasing magnetic field. At a magnetic field of 2 T, the dispersing peaks in a)
and b) are visible as smooth oscillations in the differential resistance.
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Figure 5.6: Differential conductance versus bias voltage curves at a magnetic field of 1 T. a) High-bias differential
conductance versus voltage curve of device H4. The orange dotted curve is a fit by eye to the BTK + 𝑟𝐸 model
(|Δ| = 1.3 meV, Γ = 0.6 meV, 𝑍 = 0, 𝑅N = 4800 Ω and 𝑅E = 3800 Ω). b) High-bias differential conductance versus
voltage curve of deviceH8. The orange dotted curve is a fit by eye to the BTK+ 𝑟𝐸 model (|Δ| = 1.3meV, Γ = 0.6meV,
𝑍 = 0, 𝑅N = 3350 Ω and 𝑅E = 2600 Ω). c) High-bias differential conductance versus voltage curve of device A12.
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5.4 Discussion
5.4.1 Morphology and density of the nanoparticle film
The SEM images of low density deposition, of which an example is given in Figure 5.1d,
show that the studied Au nanoparticles are, although similar in mass, irregular in shape.
This is a downside for a systematic study of their properties, as every nanoparticle is
different. Although the absence of ligands on the nanoparticle surface is necessary for
this study, spark ablation with size selection does not result in gold nanoparticles with the
same regularity as ligand-stabilized gold nanoparticle suspensions in solvents. Follow-up
studies can improve by incorporating a local heater/oven in the gas flow line to melt the
nanoparticles into a spherical shape.

The density of nanoparticles on the junctions was optimized with the aim of having a sur-
face nanoparticle coverage of 1 − 10%. Such low-coverage coatings can be identified by
color contrast in optical microscopy, as shown in Figure 5.1c. The observed color contrast
can thus also be used in future measurements as a guide to produce an optimal nanopar-
ticle coverage. However, with the present coverage, many of the deposited nanoparticles
are still connected together, as seen in Figure 5.1f. Thus, although in many junctions only
a single or few conduction paths are made between the MoRe electrodes, no junction,
except for maybe device H9, shows a measurement of a single nanoparticle. The nanopar-
ticles instead tend to form clusters and high coverage nanoparticle depositions result in
nanoporous gold films, as seen in Figure 5.1e. It was not anticipated that at low coverage,
this clustering would result from an individually independent deposition of nanoparticles.
Whether this effect is related to the elongated and irregular shape of the nanoparticles
could be investigated theoretically. Additionally, the clustering could perhaps be caused
by the charge on the nanoparticles upon deposition. If this is the case, elongated clusters
would be preferentially formed over round ones, as the electric field (and thus the resulting
force) at the charged particles is largest at sharp, elongated, points. The effect of nanopar-
ticle charge could potentially also explain the relatively large yield of bridged junctions,
as the charged particles should be more strongly attracted to the sharp, needlelike tips
of the MoRe electrodes. While the presence of nanoparticle clusters does not hinder the
BTK analysis done in this study, it should be addressed in order to study single particles
in future studies. In combination with the production of spherical nanoparticles, it can be
investigated whether the nanoparticles cluster due to their shape.

5.4.2 Room temperature measurements
The measurements at room temperature show that the majority of junctions exhibit a
resistance between 1 kΩ and 100 kΩ. Although some junctions were found to have a
higher resistance, the majority of devices show that a low resistance could be obtained
between the nanoparticles and the MoRe electrodes. Thus, for studying nanoscale objects
with a resistance larger than 1 MΩ with MoRe, it is likely that the interface resistance is
not dominant.

5.4.3 BTK analysis
For most of the presented junction characteristics, a fit was made based on the BTKmodel.
However, although some of qualitative features of the data, such as the presence of peaks
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and dips with a voltage scale on the order of 1.3 meV, can be matched with this model,
several features of the data were found to be in disagreement with the simple BTK model.
The following discrepancies between the data and the model were found:

1. Significantly reduced amplitude of quasiparticle peaks in the differential conduc-
tance at 𝑉 = |Δ| for the high-resistance devices;

2. Absence of extended tails in the differential conductance for high voltages (𝑉 > |Δ|);
3. The presence of dips in the differential conductance at finite bias voltages (H4, H7,

H8, H9) in low-resistance devices;

4. A significantly reduced value of |Δ| ≈ 0.25 mV for the low-bias features in the low-
resistance devices;

5. The presence of additional dips in the differential resistance (peaks in the differential
conductance) at bias voltages exceeding 1.3 mV, which can be fitted by an extended
BTK theory with an additional resistance 𝑅E;

Furthermore, perhaps related to the points above, a significant Dynes parameter was
needed to find good correspondence to the data.

Points 1-3, and potentially point 4, can tentatively be explained by considering the effects
of a critical current or local heating in the point contact structures. The presence of heating
can result in a loss of superconductivity in theMoRe electrode close to the Au nanoparticle.
As a result of this, there is an increase in the differential resistance as the bias current is
increased, which, through suppression of |Δ|, translates to a dip in the differential conduc-
tance (3)[187]. If this is the case, then the validity of the BTK theory at high bias current
voltage can not be justified and, rather than an extended tail, the differential conductance
will become flat (2). Such heating should also reduce the size of quasiparticle peaks (1). If
the critical current is significantly small, the observed voltage scale will be dominated by
the critical current of the superconducting electrode, rather than by the gap |Δ| (4). The
presence of pair-breaking and the associated Dynes parameter Γ might thus be related
to the critical current density of the electrode. This raises another interesting question:
”How does the heat in these SNS devices flow at low temperatures?” Since the thermal
conductivity of a superconductor tends towards zero as 𝑇 → 0, it appears inevitable that
heating in the gold nanoparticle or the MoRe close to the needlelike contact leads to a
significant increase in the local electronic temperature. An estimate of the temperature
increase can be made assuming an electronic temperature of 100 mK and molybdenum in
the normal state as the thermally conductive material. The thermal conductivity of Mo
can be estimated from the value at 3 K, which is 45.6 W/mK[188]. Molybdenum is taken
as a worst-case scenario for the thermal conductivity of the MoRe alloy. It is worthwhile
to mention that the thermal conductivity of rhenium is significantly larger, 1940 W/mK
at 3 K. Deposited gold nanoparticles similarly could increase the thermal conductance of
the MoRe wires. Assuming a linear temperature dependence of the thermal conductivity,
the thermal conductivity at 100 mK is 1.52 W/mK = 1.52 nW/nmK. For a molybdenum
wire that is 25 nm x 200 nm x 100 µm in dimensions, this results in heating of the order
of 13 K/nW. The dissipated power can be estimated by considering that a typical low-
resistance junction has a resistance of 1 kΩ and measurements are taken at voltages of the
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order of 1 mV. This results in approximately 1 nW of heating power. Ignoring the temper-
ature dependence of the thermal conductivity, this results in 13 K of heating. In reality,
the thermal conductivity is temperature dependent, linearly at low temperature, and the
substrate can also contribute to cooling. Thus, the actual temperature increase at 1 nW of
input power is likely of the order of 1 K. Extrapolating from this, at larger bias voltages
the dissipated power can significantly heat up the device to a point where the supercon-
ducting wire enters the normal/resistive state. If this is true, future studies could aim to
decrease the heating by providing an additional normal metallic connection in proximity
to the point contact as a heat sink. The role of local heating by the bias current could also
be investigated by means of local thermometry[189].

Finally, point 5, on the other hand, is to be expected, given a series resistance. Since the
device contains at least five different conductive components, being the two superconduct-
ing MoRe needlelike electrodes, the two NS interfaces and the gold nanoparticles, there
are several potentially resistive regions. Thus, the NS interfaces do not necessarily need
to be the dominant resistance in the sample and one NS interface can act as a series re-
sistance to another NS interface. The reasonable fits with relatively high values of the
extra resistance 𝑅E suggest that at least one NS interface is highly transparent and not the
dominant resistance in the junction. Since the device with the spherical nanoparticle, H9,
shows the lowest value of 𝑅E, it is plausible that the dominant resistance in the other junc-
tions is related to the resistance of the relatively narrower and more irregularly shaped
gold nanoparticles.

5.4.4 Sharvin and Maxwell resistance, critical current effects from
the MoRe thin film

The previous discussion on the mismatch of the data can be understood by examining
what happens at the point contact regions. In particular, the question of where the re-
sistance of the junction arises is of importance for understanding the data. To do this,
we discuss the data from the perspective of point-contact spectroscopy. Typically, three
regimes are indicated for both homocontacts and heterocontacts between two metals. The
first regime is the classical Maxwell/diffusive limit[190], in which the mean free path, 𝑙, is
much large than the contact diameter, 𝑎. In this case, the resistance scales with the contact
area 𝑅 ∝ 1

𝑎2 . In the opposite regime, the contact diameter is much smaller than the mean

free path, meaning 𝐾𝑛 ≡ 𝑙
𝑎 ≫ 1, where 𝐾𝑛 is the Knudsen number. This regime is called

the Sharvin regime [191] for point contacts, also sometimes referred to as the ballistic
or Knudsen regime[192]. Here, the resistance scales with 𝑅 ∝ 1

𝑎 . For arbitrary values of
𝐾𝑛 , it was found by Wexler[193] that an interpolation between the Sharvin and Maxwell
resistance gives an adequate description of the contact resistance. Finally, a distinction
can be made in the diffusive regime based on the inelastic scattering length, 𝑙in. Maxwell
contacts with 𝑙in << 𝑎 dissipate heat in the contact region, while Maxwell contacts with
𝑙in >> 𝑎 do not. An ideal point-contact spectroscopymeasurement is in the Sharvin regime,
where the BTK theory is valid, with minimal series resistance. The voltage scale of conduc-
tance enhancement observed in this chapter suggests that the Maxwell resistance could
be relevant, however. In what follows, the contribution of the Maxwell resistance will be
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examined in a phenomenological manner.

The deposition of nanoparticles onto MoRe nanogaps effectively creates multiple contacts
with contact diameters on the order of 𝑎 ∼ 1−10 nm. The mean free path in the MoRe film
on the other hand is presumably small compared to that in the gold nanoparticles. This can
be argued based on the resistivity of the MoRe layer. An estimate for the resistivity can be
found based on the normal state resistance of the MoRe nanowires, 𝑅 ≈ 42 kΩ, the length,
𝐿 = 200 µm, the width ,𝑤 = 200 nm, and thickness, 𝑡 = 20 nm. The resistivity is 𝜌 = 𝑅𝑤𝑡

𝐿 =≈
840 Ω⋅nm. An estimate of the mean free path can be extracted from the characteristic 𝜌𝑙
product of molybdenum, 𝜌𝑙 = 599 Ωnm2[194]. Dividing this by the resistivity of the MoRe
thin film results in a mean free path of the order of 0.71 nm. This small mean free path
could explain the absence of visible grains in SEM images of MoRe thin films. The mean
free path can also be estimated from the high upper critical field of the MoRe alloy, which
was above the maximum applied field of 9 T. A critical field of this magnitude implies
a coherence length that is smaller than 5 nm and the mean free path is on the order of
∼ 1 nm. Thus, the Maxwell resistance related to the MoRe thin film is not necessarily small
compared to the Sharvin resistance of the contact. Depending on the MoRe-Au contact
area of the studied junction, the ratio of the Sharvin and Maxwell resistance can be quite
different.

When the Maxwell resistance is significant, the critical current in the MoRe becomes rel-
evant. To understand the effect of the critical current in superconducting contacts, a
phenomenological model was made by Daghero[184], which introduces the differential
resistance corresponding to the Maxwell resistance:

𝑑𝑉M
𝑑𝐼 (𝐼 ) = 1

𝐴(( 𝐼c𝐼 )2𝑛 − (
𝐼c
𝐼 )𝑛) +𝐵

+𝐶∫
𝐼

0
1

1+ 𝑒−𝑘(1−
𝐼 ′
𝐼cut

)
𝑑𝐼 ′ (5.1)

Here, 𝐴 and 𝐵 are constants that determine the flux creep regime[195, 196]. 1
𝐵 determines

the normal-state resistance and the amplitude of the critical current resistance peak at a
fixed value of 𝐵 is determined by the combination of 𝐴 and 𝑛. 𝐼c is the critical current and
𝑛 determines the width of the critical current peak. The constant 𝐶 , on the other hand,
adds a contribution that describes thermally assisted flux flow at low bias currents. The
parameters 𝑘 and 𝐼cut determine the shape of this curve.

In the following paragraphs, we aim to demonstrate that this expression as a series resis-
tance provides a qualitative explanation for the observed features. 𝐶 = 0 will be assumed
to simplify the analysis. We aim to simulate the 𝐼𝑉 curve of NS interface as a combina-
tion of a Sharvin point contact, which is modeled through the BTK model, in series with
a Maxwell point contact, which behaves according to equation 5.1. In order to simulate
𝐼𝑉 curves, the BTK model is first solved for the differential conductance at a voltage, 𝑉S,
across the ballistic part of the NS interface. The differential conductance is numerically
integrated to the voltage 𝑉S to find the current 𝐼 across the junction. This current is filled
into equation 5.1 to obtain 𝑑𝑉M

𝑑𝐼 (𝐼 ). Numerically integrating the differential resistance
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𝑑𝑉M
𝑑𝐼 (𝐼 ) to the current 𝐼 results in the voltage 𝑉M. Finally, the voltages across the Sharvin

and Maxwell resistances (i.e., across the Au-MoRe interface and the Maxwell resistance of
the MoRe electrode) can be added at a fixed current 𝐼 to obtain the total voltage, 𝑉 . Sim-
ilarly, the differential resistances of the Maxwell and Sharvin resistance are added. This
results in a simulated 𝑑𝑉

𝑑𝐼 versus 𝑉 curve. The differential conductance can be obtained by
𝑑𝐼
𝑑𝑉 (𝑉 ) ≈

1
𝑑𝑉
𝑑𝐼 (𝑉 )

.

The final model contains four parameters: the normal-state resistance of the Sharvin con-
tact, 𝑅S, the superconducting gap, |Δ|, the interface scattering parameter, 𝑍 , and the Dynes
parameter, Γ, are used to describe the BTK theory. Five more parameters describe the
Maxwell resistance of the superconductor, namely 𝐴, 𝐵, 𝑛 and 𝐼c. An additional constant
series resistance can be added trivially to 𝑑𝑉M

𝑑𝐼 (𝐼 ) in 5.1. The use of this many parameters
can make a model sufficiently flexible that it can fit many curves. Although the choice of
this model can be motivated by the small electronic mean free path in the MoRe films, it
could be argued that other models with a similar or smaller number of parameters could
potentially also explain the data. Although there are nine free parameters in the model,
the degree of freedom in the resulting curve shape is limited. The BTK model (with low
values of 𝑍 ) and the phenomenological critical current model are each constrained to a
single type of curve. The BTK model only produces a dip in the differential resistivity and
the critical current model produces a dip surrounded by peaks. The free parameters in
these models only modify the voltage/current scale(Δ, 𝐼c), magnitude (𝑅S, Γ, 𝑍 , 𝐴, 𝐵, 𝑛)
and sharpness (Γ, 𝑍 , 𝑛) of dips and peaks.

In Figure 5.7a, the differential resistance versus bias voltage resulting from such a simula-
tion is plotted as an orange dotted line. An attempt was made to match the model to the
differential resistance of device H8 at a magnetic field of 1 T, in blue. The corresponding
BTK and Maxwell differential resistances are shown in Figures 5.7b and 5.7c. For the BTK
model, the parameters 𝑅S = 700 Ω, |Δ| = 1.3 meV, 𝑍 = 0.0, Γ = 0.6 meV were taken. For
the Maxwell resistance, 𝑅M = 1

𝐵 = 480 Ω, 𝐴 = 𝐵, 𝑛 = 4 and 𝐼c = 163 nA are taken as the
parameters. The critical current scale and the Maxwell resistance 𝑅M can be multiplied
to yield an 𝐼c𝑅N product of 𝐼c𝑅M ≈ 0.06 |Δ|𝑒 ≈ 78 µV. Finally, a constant series resistance of
𝑅series = 2170 Ω was added. As discussed for the simpler BTK + 𝑟𝐸 model, this series resis-
tance is necessary to describe the observed dip that is wider than |Δ|

𝑒 in voltage. The BTK
curve with an added Maxwell resistance with a critical current provides a more accurate
description of the sharp differential resistance and voltage peaks in this junction than the
BTK + 𝑟𝐸 fit in Figure 5.6b. This fit suggests that also in the BTK fit performed in Fig-
ure 5.3𝑒, the critical current effect should be considered. Since there are two NS interfaces,
the series resistance in Figure 5.7a could be related to resistance of the other NS interface.
A barrier value of 𝑍 ≈ 0.55 might explain the small dip observed at zero bias voltage in
Figure 5.3𝑒.
To conclude the discussion of critical current effects, we note that the critical current
effect described here could also describe the Josephson effect through theAu nanoparticles,
which could potentially explain the presence of dip 1 in junction H9. However, this device
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has a finite differential resistance at zero bias voltage, which seems to contradict this idea.
We will discuss this in the next section.
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Figure 5.7: a) Differential resistance versus voltage resulting from a BTK model with a superconducting Maxwell
resistance in series. The differential resistance versus versus voltage for the BTK model is shown in b) and the
differential resistance versus voltage for the Maxwell resistance is shown in c). The parameters for the BTK
model are the normal-state resistance 𝑅S = 700 Ω, |Δ| = 1.3 meV, 𝑍 = 0.0, Γ = 0.2 meV. The parameters for the
Maxwell resistance model are the normal state resistance 𝑅M = 1

𝐵 = 480 Ω, 𝐴 = 𝐵, 𝑛 = 4 and 𝐼c = 163 nA with an
additional series resistance 𝑅series = 2170 Ω.

5.4.5 Absence of a dissipation-less Josephson current
In device H9, a large zero bias dip, dip 1, in the differential conductance was discovered,
which disappears at a magnetic field of 2 T. This, taken together with the large deficit
voltage, predicts the presence of a Josephson current in the short SNS junction. Given
𝑅N ≈ 1 kΩ and |Δ| ≈ 1.3 meV, a critical current on the order of 2 µA or lower would be
expected for a short/ballistic SNS junction with highly transparent interfaces. The side-
peaks of dip 1 are found at 0.4 µA, making this feature potentially consistent. However,
even with a measurement resolution of 2 nA in Figure 5.5b, the minimum observed resis-
tance is approximately 166 Ω, of which only 33 Ω can be attributed to the wiring of the
measurement setup. This implies that the effective critical current of the junction is either
very low or, perhaps, the junction is affected by external high-frequency noise. This may
limit the minimum observable critical current. Since the used measurement setup lacks
the necessary filters, such as copper powder filters and RC filters, interference from an
external high-frequency signal could suppress the Josephson current. In order to verify
this, future samples should be investigated in a dilution fridge with high-frequency filters.

5.5 Conclusion
The measurements of ligand-free Au nanoparticles in MoRe nanogaps performed in this
chapter were performed to better understand the surface properties of MoRe. The mea-
surements in this chapter show that a significant fraction of junctions is highly conductive
(𝑅 < 1 MΩ) at room temperature. At a temperature of 40 mK, features in the differential
conductance were observed, which can be understood through the BTK model as a conse-
quence of Andreev reflections on highly electrically transparent (𝑍 < 0.55) NS interfaces.
In a significant fraction of the measured junctions, the MoRe electrodes are effectively
free from significant transport barriers to the gold nanoparticles, as no large dips in the
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differential conductance were identified in highly conductive junctions, which should be
visible in tunneling spectroscopy measurements with superconductors. To better describe
the differential conductance features in the junctions, the effect of critical currents on
the MoRe electrodes or the Josephson current through the nanoparticle was considered,
as well as an additional series resistance. The results highlight the potential for mak-
ing highly-transparent electrical interfaces to other nanoscale objects, such as graphene
nanoribbons, by deposition onto prefabricated superconducting MoRe electrodes.
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6
Superconducting Proximity Effect
in Constricted Variable Thickness

SNS Junctions

In this chapter, the superconducting properties of superconductor-normalmetal-superconductor
(SNS) junctions with a constriction geometry are investigated. In SNS junctions, superconduct-
ing correlations and an energy gap in the density of states are induced in the normal metal. As
a result, SNS junctions can carry a dissipationless electrical current and exhibit excess current
at high bias voltages (an offset current compared to a resistor with the same resistance). To
characterize this and compare different devices, the equivalent deficit voltage is investigated.
Additionally, the bias voltage dependence of features in the differential conductance is stud-
ied. The constricted geometry in these SNS junctions enables the controlled electromigration
of the normal metal, which narrows the normal metal connection (Au or Pd) and increases
the junction resistance. By gradually narrowing the metal connection, the current-voltage
characteristic is studied in the same device at different normal metal resistances. This way,
the deficit voltage of the junctions is studied from their initial state to a final state, where the
normal metal is broken into two nanometer-spaced electrical contacts; These contacts can be
used for studying the electrical conductance of nanoscale objects. In particular, Pd contacts
can be promising for the study of graphene nanoribbons. In the broken state, the minigap in
the density of states is extracted, which is compared to the voltage scale of features (peaks
and bumps) in the differential conductance and the deficit voltage of intact junctions. From
this, it is found that the energy gap of the broken junction can be estimated prior to the elec-
tromigration.

I want to thank Abel Hutten for his contribution to the work in this chapter during his master thesis project. I
also want to thank Serhii Volosheniuk for fabricating the last batch of Nb/Pd/Nb SNS junctions
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6.1 Introduction
The superconducting proximity effect allows metals that are not intrinsically supercon-
ducting to exhibit superconducting properties, such as a spectral energy gap and pair
coherence. For the purpose of making Josephson junctions with nanostructures such as
molecules, nanoparticles, carbon nanotubes and graphene nanoribbons, the superconduct-
ing proximity effect can be exploited to make a good contact metal superconducting[34].
For example, while the surfaces of superconductors such as Al and Nb are prone to surface
oxidation, noble metals such as Au, Pt and Pd are far less sensitive. Another aspect where
this is beneficial is in contacting semiconducting nanostructures, which may require low
or high work function metals to make n- or p-type contacts.

In order to optimize the superconducting properties in the normal metal, a few conditions
should be satisfied[197, 198]. Firstly, the superconductor and the normal metal should
be in good electrical contact. This requires a high interface transparency, characterized
by the parameter 𝑍 in Blonder-Tinkham-Klapwijk(BTK) theory[75], at the boundary be-
tween the two metals and sufficiently large interfaces. Second, the suppression parameter,
𝛾 = 𝜌S𝜉S

𝜌N𝜉N
, should be small. Here 𝜌S, 𝜌N, 𝜉S and 𝜉N are the resistivity of the superconduc-

tor, the resistivity of the normal metal, the coherence length of the superconductor and
the coherence length of the normal metal respectively. The requirement that 𝛾 should
be small intuitively means that the amount of superconducting/correlated charge carriers
moving from the superconductor into the normal metal should exceed the number of un-
correlated charge carriers going from the normal metal to the superconductor. Thus, this
characterizes the (inverse) proximity effect within a distance scale of a coherence length
of the interface. In order to achieve a low suppression parameter, the conductivity of the
superconductor should ideally exceed the conductivity of the normal metal. Third, the
distance-scale 𝐿 from the superconductor to the relevant part of the normal metal should
be as small as possible, as the superconducting properties in a diffusive normal metal scale
as ( 𝜉N𝐿 )

2. Finally, the film structure in the normal metal influences the coherence length
in the normal metal. Metals with larger electronic diffusion coefficients (larger Fermi ve-
locities and mean-free paths) have a larger Thouless energy, 𝐸Th = ℏ𝐷

𝐿2 , and hence a larger
proximity gap at the same length, 𝐿. A large diffusivity, however, also increases the sup-
pression parameter. Thus, unless the length scale of the normal metal is smaller than
the coherence length, the simultaneous increase in both Thouless energy and suppression
coefficient reduces the scaling with electron diffusivity.

In this chapter, to study the proximity effect in Pd and Au (as a reference metal), the
current-voltage (𝐼𝑉 ) characteristic of electromigrated break junction (EMBJ) SNS junc-
tions with superconducting patches will be studied in various devices. EMBJ devices can
be broken in a feedback-controlled, step-wise manner by applying a large bias voltage
across. When the temperature in the wire exceeds the Hüttig temperature (∼ 128 ∘C for
Au, ∼ 275 ∘C for Pd)[199], surface atoms can diffuse and rearrange. The combination of
thermal diffusion and forces exerted by the electric field and scattering of the current on
the surface atoms is known to break metal wires[200] In their unbroken form, these de-
vices are SNS junctions, where the normal metal forms a nanoscale constriction. When
the junction is broken, a few-atom to a few-nm nanogap results that can be used as a



6.2 Al/Pd/Al

6

129

pair of (superconducting) contact electrodes for nanometer-sized objects. The use of the
EMBJ technique offers the advantage of allowing the study of the 𝐼𝑉 characteristics at
SNS junction resistances between several ohms to kilo-ohms, where only a few atoms re-
main connected. When the resistance (approximately) exceeds the resistance quantum,
𝑅Q ≈ 12.9 kOhms, the junction breaks completely. In this limit, transport is limited by
tunneling through vacuum and the spectroscopic energy gap in the normal metal can be
probed in the differential conductance versus bias voltage.

Al/Pd/Al,Nb/Pd/Nb andNb/Au/Nb SNS EMBJs are studiedwith the aim of obtaining a large
proximity gap in the middle of the Pd and Au devices. The junctions are made within a
single lithography step using double-angle evaporation, shadow-mask lithography, which
is explained in detail in subsection 3.4.5 of the fabrication chapter. The lengths of the SNS
junctions studied are relatively small to optimize the Thouless energy, ranging from 30
to 60 nm. With the aim of optimizing the superconducting proximity effect at the NS
interfaces, all Pd-based devices were made in a single evaporator (Plassys MEB550S) with
a base pressure of 10−8 mbar. For Au-based junctions, another evaporator (AJA QT) was
used to deposit the normal metal layer.

Besides developing a potentially useful device structure for making superconducting con-
tacts with nanoscale objects, this chapter aims to answer the following question: ”Can
the 𝐼𝑉 characteristic of intact or partially electromigrated EMBJ SNS junctions be used to
extract or estimate the superconducting proximity gap of broken EMBJ SNS junctions?”
In order to answer this, the 𝐼𝑉 characteristic of SNS EMBJ junctions will be measured
to verify the presence of superconductivity (switching current and critical temperature),
after which experiments follow that aim to establish a link between features (peaks and
bumps/slope changes) in the differential conductance and the voltage deviation of the 𝐼𝑉
characteristic from linearity, called the deficit voltage, at several junction resistances. In
what follows, measurements on these samples will be discussed in chronological order.

6.2 Al/Pd/Al
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Figure 6.1: a) SEM image of an Al/Pd/Al SNS junction. b) Two-terminal IV curve at 33 mK. c) Differential
resistance calculated from b). Taking into account a 33 Ω series resistance, the junction has a resistance of
approximately 20 Ω.

The first attempt was made using Al as a superconductor and Pd as the normal metal. In
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Figure 6.1a an SEM image of such a junction is shown. In these junctions, 100 nm thick Al
patches were spaced apart by 30 nm on top of the 13 nm thick Pd constriction evaporated
at an angle of 4∘. These junctions were cooled down to a base temperature of 33 mK in
a 3-He/4-He dilution fridge. All but one junction were broken by feedback-controlled
electromigration in vacuum prior to cooldown.

The junction that was not broken was monitored during cooldown by applying a current
bias and measuring the voltage across the junction in a two-terminal measurement with
approximately 33 Ω series resistance. An example measurement with a current resolution
of 100 nA at 33 mK is shown in Figure 6.1b. The differential resistance is plotted in Fig-
ure 6.1c. After subtracting the series resistance from the differential resistance curve, the
obtained junction resistance is approximately 20 Ω. No clear critical current or reduction
in low-bias differential resistance was observed in this junction.
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Figure 6.2: a) SEM image of an electromigrated Al/Pd/Al SNS junction. b) Two-terminal IV curve at 33 mK. The
𝐼𝑉 curve of the broken junction is nonlinear. c) Differential conductance calculated from b). In contrast to intact
junctions, the differential conductance of the broken junction shows features and voltage dependent current
fluctuations. There are no clear peaks or dips related to superconductivity.

The broken junctions, of which an SEM image is shown in Figure 6.2a, were measured by
applying a voltage bias and measuring the current. In Figure 6.2b an 𝐼𝑉 curve taken at
33mKwith a voltage resolution of 10 µV is plotted. The differential conductance is plotted
in Figure 6.2c. There are no gaps or peaks in the differential conductance visible related
to superconductivity.

In one junction, an AlSi (1% Si) wirebond was accidentally bonded on top of a constriction.
Surprisingly, this junction could be electromigrated to a resistance of 50 kΩ. The 𝐼𝑉 curve
and differential conductance of this junction are plotted in Figures 6.3a and 6.3b. The differ-
ential conductance of this junction shows a region of suppressed conductance surrounded
by peaks at 𝑉 = ±0.56 mV, which corresponds well to double the superconducting gap of
nanostructured aluminium[201].

By applying a gate voltage to the p++ doped silicon of the Si/285 nm SiO2 substrate, the
IV characteristic of this junction could be tuned. The gate voltage was swept from −18 to
−14 V, taking IV curves at each gate voltage. The corresponding differential conductance
is plotted as a colormap in Figure 6.3c. At a gate voltage of −15.8 V, the colormap shows a
peak below 𝑉 = ±0.56mV that disperses with gate voltage. This sub-gap peak disperses in
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an asymmetric manner as a function of gate voltage, displaying a weaker gate dependence
at negative gate voltages. In Figure 6.3d a linecut from the color map is taken at a gate
voltage of −15.8 V, which shows that the sub-gap peaks are bias asymmetric, while the
peaks at the gap edge are symmetric in amplitude. The presence of asymmetric peaks
in the superconducting gap hints at an imbalance in the amount of electron or hole-like
excitations in one of the two sides of the broken junction. For a sub-gap peak to appear,
a degree of pair breaking must be present, which could be due to a magnetic moment, as
is the case for Yu-Shiba-Rusinov bound states[1–3]. There is a tendency for such states to
be localized spatially and in energy, which reduces the probablity for thermal excitations
to other states. This makes the presence of such subgap states potentially interesting for
quantum information purposes. Since superconductivity was only found in the junction
onto which an AlSi wirebond was accidentally bonded, it could be of further interest to
investigate the presence and nature of gate-tunable sub-gap states in electromigrated AlSi
(or Al).
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Figure 6.3: Measurements of the electromigrated Al/Pd/Al junction with an AlSi wire bond on top of the con-
striction a) Two-terminal 𝐼𝑉 curve at 33 mK. The 𝐼𝑉 curve is nonlinear and flattens at zero bias voltage. b)
Differential conductance calculated from a). There is a gap at zero bias voltage, which is surrounded by peaks at
±0.56 mV. c) Colormap of the differential conductance versus bias voltage and gate voltage. Two peaks disperse
versus gate voltage around −15.8 V in the gap region. d) Linecut of the colormap indicated by the dashed line
in c). While the peaks at ±0.56 mV are symmetric in magnitude, the in-gap peak at positive bias has a larger
amplitude than the in-gap peak at negative bias voltage.
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6.3 First Nb/Pd/Nb devices
As devices with a 200 nm thick Al layer as a superconductor were found not to successfully
induce superconducting properties in 13 nm thick Pd layers, the decision was made to
replace e-beam evaporated aluminium by a 100 nm thick thin film of e-beam evaporated
Nb. The resulting SEM images of two different devices (A and B) are shown in Figure 6.4.
Figure 6.4a and 6.4b show a top and 45∘ side-view SEM image of device A. While device A
is a properly defined SNS junction, the niobium layer clearly exceeds the intended pattern
boundaries that the Al layer in Al-based SNS junction devices does follow. Figure 6.4c
shows a top view SEM image of device B, in which the Nb layer is connected, which
highlights a fabrication issue in these devices.

Despite the fabrication issues, this batch of sampleswas characterized to investigatewhether
they do show superconducting properties, such as a critical temperature, a switching cur-
rent and excess current.

6.3.1 𝐼𝑉 characteristic

Figure 6.4: a) SEM image of an Nb/Pd/Nb SNS junction (device A). The niobium patches exceed the intended
pattern boundaries of the device. b) SEM image at a 45∘ angle showing a well-defined height profile (device
A). c) SEM image of a different Nb/Pd/Nb SNS junction (device B). The poorly defined niobium patches are
unintentionally connected.

Several junctions were bonded and loaded into a dilution fridge insert. The junctions were
cooled down to a base temperature of 600 mK. The two-terminal 𝐼𝑉 characteristic of the
junctions was measured by sourcing current and measuring voltage. The current was
swept from −30 to 30 µA. The 𝐼𝑉 characteristic of junction A is shown in Figure 6.5a. A
change in slope is seen at a current of 16.5 µA, which corresponds to the switching current,
𝐼sw, of the junction. To investigate the junction 𝐼𝑉 characteristic, the series resistance is
extracted as the zero-bias differential resistance. The voltage over the junction is calculated
by subtracting 𝐼 𝑅series ≈ 34 Ω. The resulting IV characteristic is plotted as the blue curve
in Figure 6.5b. In this plot, the sharp voltage jumps between the superconducting and
dissipative branches are more visible. The voltage jump at negative bias current is at a
slightly smaller current than the voltage jump at positive bias current. When the sweep
direction is reversed, the opposite behavior was seen. The junctions are hysteretic, with
a switching current from the superconducting to the dissipative state and a retrapping
current from the dissipative state to the superconducting state. The orange dotted curve
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plotted in this figure is the 𝐼𝑉 characteristic of a resistor with the same resistance as
the average differential resistance (d𝑉 /d𝐼 ) at high bias current. Here, the average d𝑉 /d𝐼
between 28 and 30 µA was taken. A comparison of the blue and orange dotted lines shows
that the voltage across the junction is smaller than the voltage across a resistor with the
same high-bias differential resistance. Thus, there is a deficit in voltage, 𝑉def. Plotting the
deficit voltage versus the voltage across the junction results in Figure 6.5c. In this junction,
the voltage deficit at zero voltage reaches 91.5 µV at the switching current, which is an
approximation of the characteristic 𝐼sw𝑅N-product of the SNS junction (also called the
characteristic voltage 𝑉c). At a bias voltage of 200 µV, the deficit voltage is 30 µV.
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Figure 6.5: a) Two-terminal 𝐼𝑉 curve of an Nb/Pd/Nb SNS junction (junction A). b) Two-terminal 𝐼𝑉 curve with
series resistance of 33 Ω subtracted (blue). The orange dotted line is a linear 𝐼𝑉 curve with a resistance that
matches the high-bias differential resistance of the junction. c) Deficit voltage versus the voltage across the
junction. d) Differential resistance of the junction versus bias voltage (blue). The differential resistance shows
a dip below 5 mV bias voltage, with another dip at zero bias voltage. Furthermore, above 5 mV, the differential
resistance can be well-described by a parabola, which is plotted in orange. e) Deficit voltage versus bias voltage
calculated from the differential conductance in d). The parabolic background is subtracted and the resistance of
48 Ω (≈ 15 Ω junction resistance + 33 Ω series resistance). The maximum deficit voltage is close to |Δ|

𝑒 , plotted as
an orange dotted line for comparison.

In order to investigate the voltage deficit with respect to the normal state resistance, the
maximum bias voltage applied should be on the order of 2Δ

𝑒 ≈ 2.6mV for niobium or larger.
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For this purpose, the 𝐼𝑉 characteristic was taken up to a bias current of 2 mA. The differ-
ential resistance versus bias voltage for this measurement is shown in Figure 6.5d in blue.
The switching current is seen as a sharp dip at zero bias voltage. The differential con-
ductance further increases going to higher bias voltages, with a peak at 3 mV. At higher
bias voltages, the differential resistance can be described by d𝑉 /d𝐼 ≈ 𝑅0 + 𝛼𝑉 2, which is
plotted in orange, with 𝑅0 = 48 Ω and 𝛼 = 2.06 ⋅ 106 ΩV−2. By subtracting the 𝐼𝑉 curve
corresponding to this background from the measured IV curve, the deficit voltage is ob-
tained, shown in Figure 6.5e. The maximum deficit voltage is 1.23 mV, at a bias voltage
of 2.6 mV. This deficit voltage is only slightly smaller than the voltage corresponding to
the superconducting gap of niobium, Δ𝑒 ≈ 1.3 mV. In the context of the Octavio-Tinkham-
Blonder-Klapwijk (OTBK) theory[78], this matches with an SNS junction with 𝑍 ≈ 0.5−0.6,
which is to be expected for a typical disordered NS contact[78, 186, 202–205]. The 𝐼sw𝑅N-
product, on the other hand, is on the order of 180 µV, which is comparatively low. A
peculiarity of the deficit voltage versus bias voltage is the local maximum, which con-
trasts the expectations from BTK theory[75] for highly transparent NS interfaces, which
predicts a hyperbolic-tangent-like monotonically increasing deficit voltage curve. While
the low-bias and high-bias regions do fit with such a curve, understanding the origin of
such local maxima requires further theoretical or experimental investigation. A possible
explanation for the shape of the curve could be a reduction in heating at low bias voltages.
As the bias voltage is increased, Andreev reflections become less important and the resis-
tance increases. Simultaneously, the heating 𝐼 2𝑅 should then increase, which could result
in an overshoot in the differential resistance.

6.3.2 Temperature dependence
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Figure 6.6: 𝐼𝑉 characteristic versus temperature while warming up junction B. a) Colormap of differential resis-
tance versus bias current and temperature. b) Switching current versus temperature. c) Zero bias differential
resistance versus temperature.

To obtain more information about the superconducting state, the temperature dependence
of the 𝐼𝑉 characteristic was measured while slowly warming up the sample. The 𝐼𝑉
characteristic of a different junction (junction B) versus temperature was measured from
600mK to 8.0K.The corresponding differential conductance is plotted as a colormap in Fig-
ure 6.6a. This measurement was performed using a RuO2 thermometer, which has been
calibrated below 4.2 K. The high temperature values might therefore deviate from their
true value. From the colormap, it can be seen that the critical current decreases mono-
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tonically. Furthermore, a transition is seen at 6.25 K, above which the Nb superconductor
becomes resistive. By taking the maximum of the differential resistance for each trace, the
switching current was extracted for each temperature between 600 mK and 5 K, which is
plotted in Figure 6.6b versus temperature. A few spikes at 𝑇 = 1 K can be seen, which
are related to rapid temperature fluctuations. From the slope of the 𝐼sw versus 𝑇 curve at
600 mK, the switching current is expected to further increase upon cooling the junctions
down to 30mK, which could not be done with this sample due to failure of the mixture cir-
cuit. Besides the switching current, the zero-bias differential resistance can also be used to
characterize the SNS junctions. Figure 6.6c shows two steps in the differential resistance
versus temperature: One at approximately 5 K, with a width of 1.0 K and another at 6.25 K,
with a width of approximately 0.1 K. Comparing to the colormap, these can be interpreted
as a 𝑇c for the SNS junction and a 𝑇c for superconductivity in the Nb/Pd thin film.

6.3.3 Magnetic field dependence
Next, the junctions were characterized versus magnetic field. In Figure 6.7a, the external
magnetic field dependence of the differential resistance of junction B is plotted versus the
magnetic field in the 𝑧 direction, 𝐵z, swept from −0.5 T to 0.5 T and bias current. From the
color map, it can be seen that the switching current is asymmetric with respect to mag-
netic field. Furthermore, the negative and positive switching current show a mirrored
behavior. The entire colormap is skew-symmetric (symmetric under flipping 𝐵z and 𝐼 ).
The switching current decreases in a monotonic manner as a function of magnetic field,
without clear local minima. This is in contrast to the Fraunhofer-like patterns that are ex-
pected in larger SNS junctions. An explanation for this could be that the narrow (∼ 20 nm)
and constricted shape of the SNS junction produces an energy barrier for trapping Joseph-
son vortices in the center[206], where the current density is largest. This is in contrast
to wide SNS junctions. This lack of local minima persists when measuring from 0 to 8 T,
as seen in Figure 6.7b. The switching current of the junction decreases more rapidly at
low magnetic fields than it does at high magnetic fields. The transition in magnetic field
lies at approximately 0.6 to 0.9 T, at which point the critical current is approximately 7 µA,
47% of the maximum switching current. Comparing to the predictions for constricted SNS
junctions[206], this suggests that the mean-free path is larger than the junction width.

Beside the switching current of the junction, an increase in differential resistance can be
seen between 3 and 4 T. At zero bias current, the middle of this increase is at approxi-
mately 𝐵z,c = 4.3 T. Using equation 2.87, this yields a coherence length of approximately
8.7 nm. Remarkably, the switching current of the junction persists beyond this transition.
This was observed in a subset of all junctions, with many junctions exhibiting a smaller
critical field. Above the switching current, peaks in the differential resistance can be seen,
which are potentially related to hotspots in the NS bilayer[207], locations where the film
locally heats up and loses superconductivity. At a magnetic field of 5.3 T, the switching
current appears to split into two peaks, one that decreases more rapidly with magnetic
field and one that increases rapidly with magnetic field, before decreasing above 5.7 T.
While a possible explanation for the increased critical field of the junction can be sought
in increased disorder at the center of the junction, no qualitative explanation has yet been
found for the transition at 5.3 T.
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Finally, the asymmetry of the switching current was investigated as a function of in-plane
magnetic field. The asymmetry as a function of the azimuthal angle of an in-plane mag-
netic field of 0.2 T is shown in Figure 6.7d. In this plot, the differential resistance is shown
as a colormap as a function of the positive bias current and the azimuthal angle, which
shows a distinct upside down ”angel-like” shape. Here, an azimuthal angle of 0∘ denotes
the magnetic field direction parallel to the current direction in the wire. Furthermore, the
vector magnet used is ’left-handed’, meaning that the field rotates clockwise. The switch-
ing current is asymmetric in the 90∘ (y) direction. The colormap for negative current is
plotted in Figure 6.7d. The negative switching current is similar to the positive switching
current rotated by 180∘ (or mirrored about the origin).

The 𝐼𝑉 measurements of these initial Nb/Pd/Nb devices thus confirm the presence of su-
perconductivity in the junctions through the presence of a switching current and excess
current/deficit voltage. Furthermore, the critical field was found to be 4.3 T. To allow
proper electromigration and use for contacting GNRs or molecules, the fabrication had to
be further optimized to properly define the superconducting patches.



6

138 6 Superconducting Proximity Effect in Constricted Variable Thickness SNS Junctions

−0.50 −0.25 0.00 0.25 0.50

Bz (T)

−15

−10

−5

0

5

10

15

I
(µ

A)

−2

0

2

4

6

8

10

12

14

d
V

/d
I

(Ω
)

a)

0 2 4 6 8

Bz (T)

−15

−10

−5

0

5

10

15

I
(µ

A)

0

5

10

15

20

25

30

d
V

/d
I

(Ω
)

b)

0°

45°

90°

135°

180°

225°

270°

315°

φ (◦)

0

5

10

15

I
(µ

A)

−2

0

2

4

6

8

10

12

14

d
V

/d
I

(Ω
)

c)

0°

45°

90°

135°

180°

225°

270°

315°

φ (◦)

0

5

10

15

I
(µ

A)

−2

0

2

4

6

8

10

12

14

d
V

/d
I

(Ω
)

d)

Figure 6.7: Magnetic field dependence of junction B. a) Color map of differential resistance versus magnetic field
from -0.5 T to 0.5 T and bias current. b) Color map of differential resistance versus magnetic field from 0 T to
8 T and bias current. c) Polar plot color map of the differential resistance versus in-plane magnetic field angle
and positive bias current. The applied magnetic field is 0.2 T. 0∘ is the direction parallel to the junctions. d) Polar
plot color map of the differential resistance versus in-plane magnetic field angle and negative bias current. The
applied magnetic field is 0.2 T. 0∘ is the direction parallel to the junctions.
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6.4 First Nb/Au/Nb devices
As Nb/Pd/Nb junctions were found to be superconducting, but no clear superconducting
gap was yet found in broken junctions, it was decided to change Pd for Au at this stage,
since Au has a larger electron diffusion coefficient and has fewer charge carriers[208]. The
larger electron diffusivity increases the coherence length in the normal metal but could
also increase the importance of the inverse proximity effect. The reduction in the number
of charge carriers, on the other hand, reduces the inverse proximity effect. Furthermore,
EMBJ devices with Au are a well-characterized device geometry in literature[209] and SNS
EMBJ devices with Au as the normal metal have been made before[210, 211], which makes
Au a good comparison and testing ground for studying the superconducting proximity
effect in break junctions.

Figure 6.8: a) SEM image of an Nb/Au/Nb junction with 100 nm thick niobium patches. This image was taken by
Abel Hutten. b) SEM image of an Nb/Au/Nb junction with 50 nm thick niobium patches. This image was taken
by Abel Hutten.

The first Nb/Au/Nb junctions were made using the same recipe as the Pd-based junctions,
but with a 50 nm spacing and an evaporation angle of 6∘. These again showed connected or
nearly connected Nb patches, as shown in Figure 6.8a. It was hypothesized that the cause
of the extended Nb patches was due to deformation of the polymer mask during evapo-
ration of the niobium, since Al/Pd junctions did not show this, while Nb/Pd and Nb/Au
junctions did. The high melting point of Nb, 2468 K[212], compared to the substrate tem-
perature, means that Nb is an element with a particularly low atomic diffusion coefficient,
which results in increasing tensile stress with thickness[213, 214]. With the intention of
reducing film stress, the thickness of the Nb layer was reduced to 50 nm in the next batch of
junctions, which resulted in Nb patches that were approximately in the correct positions,
as seen in Figure 6.8b. It is suspected that tensile stress from the deposition of niobium
is responsible for the pattern failure. This can be qualitatively understood by considering
that deposited niobium cools on the polymer mask and contracts due to its thermal expan-
sion coefficient. As a result, the edges of the mask pull inwards and upwards, potentially
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pulling apart the 30/50 nm wide PMMA strip separating the two niobium patches, thus
resulting in the deposition of Nb outside the defined pattern.
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Figure 6.9: a) Sample A: Two-terminal 𝐼𝑉 curve with series resistance of 23 Ω subtracted. b) Sample A: Deficit
voltage versus the voltage across the junction. c) Sample A: Zero bias differential resistance versus temperature.
d) Sample B: Deficit voltage versus the voltage across the junction. e) Sample B: 𝐼𝑉 curve of an electromigrated
junction. f) Sample B: differential conductance versus bias voltage calculated from e). A gap in the differential
conductance can be seen.

As was done for Pd-based devices, the 𝐼𝑉 characteristic of the Au SNS junctions was char-
acterized in order to extract the switching current, junction resistance and deficit voltage.
These measurements were performed in a cryogenic dipstick in liquid He-4 at a base tem-
perature of approximately 1.8 K. In Figure 6.9a, the series-resistance (24 Ω) corrected 𝐼𝑉
characteristic of an SNS junction with a 100 nm thick Nb layer is shown. The current is
swept from −200 to 200 µA. The junction displays a switching current of 20 µA. The cor-
responding deficit voltage is plotted in Figure 6.9b. The 𝐼sw𝑅N-product is approximately
500 µV, which is approximately Δ

3 . This indicates that the Au SNS junction can be consid-
ered to be a relatively high quality Josephson junction compared to its Pd variant. Con-
sidering that this measurement was performed at 1.8 K, the zero temperature 𝐼c𝑅N can
be expected to be even larger. The maximum deficit voltage observed is approximately
1.2 mV, which is similar to the Pd junctions and close to |Δ|

𝑒 .

Since the dipstick in use was calibrated above 4.2 K, 𝐼𝑉 curves were also taken as a func-
tion of temperature, from 1.8 K to 9 K. In Figure 6.9c, the zero-bias differential resistance
resulting from this measurement is plotted versus temperature. An increase in resistance
appears at 4.5 K and a much sharper increase at 8.8 K, which can be interpreted as the 𝑇c
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of the junction and the 𝑇c of the NS bilayer film respectively. A 𝑇c of 8.8 K for the film is
expected for Nb (𝑇c,bulk ≈ 9 K) and suggests that the deposited Nb films are of comparable
quality to other films in literature[215].

For the junctions with a 50 nm thick Nb layer, 𝐼𝑉 curves were taken as well. As can be
seen in Figure 6.9d, the deficit voltage is similar to the junction with 100 nm Nb, while the
𝐼sw𝑅N-product of 190 µV is reduced compared to that of the 100 nm junction. This is in line
with the expectation of a reduced Thouless energy due to the increased junction length.
The 50 nm junctions were electromigrated at cryogenic temperature until resistances ex-
ceeded 13 kΩ with the intention of investigating the resulting superconducting gaps by
tunneling spectroscopy. Nearly all junctions did not show a clear gap in the differential
conductance. An 𝐼𝑉 curve of a junction that did show such a gap is plotted in Figure 6.9e.
For this junction, the current was measured as a function of bias voltage. The correspond-
ing differential conductance is plotted in Figure 6.9f. The differential conductance shows
broad peaks at approximately ±600 µV, which indicates a proximity gap of 300 µV at the
center of the junction, assuming a symmetrically broken junction. The observed peaks
form a ”soft” gap-like structure, with a differential conductance at zero bias that is of com-
parable size to the differential conductance above the gap voltage (> 1 mV). Furthermore,
the differential conductance of this junction showed large peaks and dips related to fluc-
tuations in the junction conductance and the resulting finite-bias current. This is unusual
for Au break-junctions and suggests that the junction might not have broken properly.
This could be due to the junction breaking at the Ti of the Ti/Au/Nb layer, alloying with
Ti or Nb, or contamination of the gold film.

6.5 Final Nb/Au/Nb devices
To improve the electromigration, the spacing between the superconducting patches was
increased to 60 nm. As a result, the overlap between the evaporated Au layers decreased
and the constriction became more resistive. Current densities and heating were expected
to become more localized to the narrower center of the junction, increasing the likelihood
of breaking the junction at the center. An example SEM image of the resulting junctions
is shown in Figure 6.10. The Nb patches for this particular sample are slightly shifted due
to an offset in the mounting between the two evaporators (QT-AJA for Ti+Au, Plassys
MEB550S for Nb).

The junctions were measured in a He-3/He-4 dilution fridge, at a base temperature of
33 mK (electronic temperature of approximately 100 mK). Junctions were first measured
in their intact state to confirm the presence of a switching current, before breaking them
in a step-wise manner to higher resistances. At each resistance, the 𝐼𝑉 characteristic was
measured to investigate the evolution of the deficit voltage while breaking the junction.
In Figure 6.11, the 𝐼𝑉 characteristic, deficit voltage and differential conductance of three
junctions at resistances of 200 Ω, 12.7 kΩ and 67 kΩ are shown. These are representative
curves for a slightly broken junction, a junction broken to an atomic point contact and a
tunnel junction. Figures 6.11a, 6.11b and 6.11c show that the 𝐼𝑉 characteristic changes
from an S shape due to supercurrent and excess current, to an inverted S shape due to a
superconducting gap upon breaking the junctions further.
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Figure 6.10: a) SEM image of an Nb/Au/Nb SNS junction with a 60 nm defined spacing and a 50 nm thick Nb
layer. The Nb layer is shifted with respect to the Ti/Au layer underneath due to a different placement in the
two evaporators. The overlap between the two evaporated Au layers in the bridge area is reduced, resulting in
a narrower constriction. This image was taken by Abel Hutten.

Thedeficit voltage versus bias voltage curves in Figures 6.11d, 6.11e and 6.11f show that the
shape of the deficit voltage curve does not drastically change until the junction is broken.
A small reduction, approximately a factor 2

3 , is observed upon breaking the junction to
an atomic point contact. Upon breaking, a negative deficit voltage (or excess voltage) is
seen at bias voltages below 0.5 mV. A small positive deficit voltage remains above 1.3 mV
bias voltage. The maximum deficit voltages for junctions that are not completely broken
appear to coincide with features in the differential conductance, plotted in Figures 6.11g,
6.11h and 6.11i versus the bias voltage.

For the intact junction, Figure 6.11g, a bump/change in the slope of the differential con-
ductance is seen at the maximum deficit voltage, which is marked as 𝑉gap ≈ 340 µV. This
coincides with the maximum deficit voltage. The differential conductance also shows a
zero-bias peak. Notably, the amplitude of this peak, the slope of the 𝐼𝑉 characteristic in
Figure 6.11a, is finite, which means that the 200 Ω junction does not conduct a dissipa-
tionless current. This was not expected, as the thermal noise current should be on the
order of 4 nA at most, considerably smaller than the expected switching current-scale of
1 µA. As the bias voltage is increased, the peak is followed by symmetrical dips and peaks
before decreasing to a constant value above ∼ 1 mV. The symmetrical peaks at finite bias
could be related to multiple Andreev reflections (MAR). MAR are to be expected in SNS
junctions and lead to an enhanced conductance. However, MAR should lead to peaks
(or peak-dip structures) in the differential conductance at voltages 𝑉𝑛 =

2𝐸gap
𝑒𝑛 , with 𝑛 and

integer. These peaks are not observed in the differential conductance. Considering the
lack of a dissipationless current, a possible explanation could be that the MAR signal is
smoothed out in voltage by a lack of filtering of GHz frequency interference[216], which
excites quasiparticles and induces pair-breaking.

In the differential conductance of the atomic point contact, two sets of peaks are seen.
The outer peaks are again marked as 𝑉gap ≈ 390 µV, which corresponds to approximately
2 times the maximum deficit voltage. The inner peaks are slightly asymmetrical towards
low bias voltages and located below 𝑉gap

2 in voltage. These peaks are similar to the low-bias
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peaks in the 200 Ω junction, which shift outwards as the junction resistance is increased.
No peak was observed at zero-bias voltage peak for the atomic point contact junction.

Finally, the differential conductance of the tunnel junction shows a dip in the differential
conductance, surrounded by peaks, which are at approximately the same voltage as in the
atomic point contact. Again, these peaks are labeled with 𝑉gap ≈ 430 µV. Since the gap
voltage scale in the differential conductance corresponds to 2𝐸gap𝑒 , the superconducting
gap in the Nb/Au/Nb contacts is approximately 215 µeV. In the tunnel junction regime,
humps can be seen in the differential conductance at approximately 𝑉gap

2 . These humps
could be related to Andreev reflections. However, an alternate explanation can be made
based on the presence of a soft gap in the density of states in the normal metal.

A soft gap in the density of states in the normal metal results in a tunneling differential
conductance that can be approximately described as d𝐼

d𝑉 (𝑉 ) = 𝐺SS(𝑉 )+𝐺NS(𝑉 )+𝐺SN(𝑉 )+
𝐺NN(𝑉 ). Here 𝐺SS denotes the differential conductance of a superconductor to supercon-
ductor tunnel junction. This tunneling process results in peaks at a voltage 𝑉 = 2 |Δ|𝑒 . The
cross-terms 𝐺NS and 𝐺SN are the differential conductance related to a normal metal to
superconductor tunnel junction, which result in voltage peaks at 𝑉 = ± |Δ|

𝑒 . 𝐺NN is the
differential conductance of a normal metal to normal metal tunnel junction, which is ap-
proximately constant and results in a finite differential conductance at zero bias voltage.
When these components are added, the result is an IV curve with peaks at 𝑉 = ±2 |Δ|𝑒 and

peaks or humps at 𝑉 = ± |Δ|
𝑒 , similar to the structure of the data. This alternate expla-

nation shows that only a careful analysis can attribute differential conductance peaks at
𝑉 = ± |Δ|

𝑒 to Andreev reflections. This argument can not explainMAR conductance features

at 𝑉 = ± 2|Δ|
𝑛𝑒 , with 𝑛 > 2.
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Figure 6.11: a), b), c) Two-terminal 𝐼𝑉 curve of 200 Ω, 12.7 kΩ, 67 kΩ Nb/Au/Nb SNS junctions. d), e), f) Deficit
voltage versus bias voltage curves of 200 Ω, 12.7 kΩ, 67 kΩ Nb/Au/Nb SNS junctions. The red horizontal lines
indicate the maximum deficit voltage. g), h), i) Differential conductance versus bias voltage curves of 200 Ω,
12.7 kΩ, 67 kΩ Nb/Au/Nb SNS junctions. The vertical line in g) is plotted at the maximum deficit voltage. The
two red vertical lines in h) are plotter at one and two times the maximum deficit voltage. The red vertical lines in
h) are plotted at the voltage corresponding to the peak in the differential conductance (𝑉gap) and half the voltage
𝑉gap/2.
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6.6 Final Nb/Pd/Nb devices
The evidence of a gap in the differential conductance of Au-based junctions motivated
studying the same geometry with Pd. Matching the changes to the Au-based devices, the
Pd devices were changed to have a spacing of 60 nm between superconducting Nb patches
of 50 nm thickness. An SEM image of a device is shown in Figure 6.12a. The Nb patches in
these devices were again slightly outside the defined pattern. This suggests that the evap-
oration of Pd instead of Au potentially worsens this fabrication issue, potentially due to
increased film stress. Nevertheless, these junctions are SNS junctions that are not shorted
through the superconductor. The constriction in these junctions are narrower, with less
overlap area between the two Pd evaporation steps that make the bridge, compared to the
first Pd devices.

Figure 6.12: a) SEM image of an Nb/Pd/Nb SNS junction with a 60 nm spacing and a 50 nm thick Nb layer.

The junctions were loaded in a He-3/He-4 dilution fridge and measured at a base tempera-
ture of 33mK.Here, the current-voltage characteristic of a single junctionwill be discussed
before and after electromigration. The four-terminal 𝐼𝑉 characteristic of the unbroken
junction with a resistance of 142 Ω is shown in Figure 6.13a. It shows a small region of
increased differential conductance at low-bias voltages. The corresponding current-scale
is 200 nA. As was the case with the broken Au-based junctions, no dissipationless switch-
ing current is observed. The deficit voltage versus bias voltage is shown in Figure 6.13b.
The 𝐼sw𝑅N-product is 20 µV and the maximum deficit voltage is 40 µV, labeled as 𝑉gap

2 . The
differential conductance versus bias voltage, plotted in Figure 6.13c, shows peaks at 40
and 80 µV, indicated by the red lines. In contrast to what was observed for the Au junc-
tions, the inner peaks match with the maximum deficit voltage. This could indicate that
only single Andreev reflections dominate in these SNS junctions, as MAR would result in
a shift to lower bias voltages.

Upon electromigration of the junction, a tunnel junction was made with a resistance of
63 kΩ. The 𝐼𝑉 characteristic of this junction is plotted in Figure 6.13d. The zero-bias
conductance of the 𝐼𝑉 characteristic is reduced with respect to the conductance above
50 µV, similar to the gold tunnel junction. The differential conductance, plotted in Fig-
ure 6.13e also shows a gap, with peaks at bias voltages of ±76 µV, indicated as 𝑉gap. The
corresponding superconducting energy gap, assuming a symmetric junction, is 38µV.
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Figure 6.13: Measurements on 60 nm spacing Nb/Pd/Nb SNS junctions with 50 nm thick Nb patches. a) Four-
terminal 𝐼𝑉 curve of an intact junction. b) Deficit voltage versus bias voltage calculated from a). c) differential
conductance versus bias voltage calculated from a). d) Four-terminal 𝐼𝑉 curve of an electromigrated junctions
(62 kΩ). e) Differential conductance calculated from d).

6.7 Discussion and Conclusion
In this chapter, the current-voltage characteristic of SNS junctions was investigated with
the intent of identifying the superconducting gap through the deficit voltage (excess cur-
rent). The constricted junction geometry allows for electromigration of the SNS junctions.

The deficit voltage of all junctions approximately follows an S shape, matching the ex-
pected behavior for NS interface from BTK theory (equations 2.98 and 2.99). On top of
this S shape, a region of increased differential conductance is seen at zero bias voltage,
which can be related to the Josephson effect. Furthermore, small deviations are observed
at finite bias, which can be related to Andreev reflections. Notably, we have shown that in
these junctions, the maximum deficit voltage often coincides with bumps or peaks in the
differential conductance. These peaks are expected to be found at the voltage correspond-
ing to the energy gap (or two times the energy gap) in the normal metal. Furthermore,
the deficit voltage of junctions and the locations of peaks in the differential conductance
do not change by more than a factor 2 as the junctions are electromigrated. Hence, the
energy gap of the broken junctions can be reasonably estimated from the properties of
unbroken or partially electromigrated SNS junctions.

One aspect that has not been characterized yet is the effect of asymmetry on the junc-
tions. Efforts were made to make the junctions break as close to the center between the
two niobium patches as possible. It would be of interest to study how the features in the
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differential conductance and the deficit voltage change as a function of the position of
the breaking point in the junction. In this case, it is expected that the energy gap differs
between the source and drain of a tunnel junction. In particular, for the partially broken
junctions, it would be of interest to investigate if the differential conductance shows fea-
tures that reveal the junction asymmetry. Finding a relationship between the differential
conductance and the geometrical asymmetry would be useful for tracking whether SNS
junctions are breaking symmetrically without post-inspection.

In the broken junctions, a superconducting gap of 215 µeV was extracted from the differ-
ential conductance of the Au junctions and a superconducting gap of 40 µV in Pd junctions
with Nb patches. While the induced spectral gap in 60 nm Au devices exceeds the super-
conducting energy gap of aluminium (176 µeV) and can be translated in an effective BCS
𝑇c of 1.36 K, the gap of the Pd devices implies a BCS critical temperature of only 270 mK.
Furthermore, the superconducting gap in Pd devices is ”soft”. The ratio of the minimum
differential conductance in this device is 5.52 µS/16.18 µS ≈ 34%. The gap differential con-
ductance gap in the Au device is an order of magnitude ”harder”. The conductance ratio
is approximately 0.5 µS/15 µS ≈ 3.3%. Thus, for purposes such as spectroscopy or to prox-
imitize another material, the spectral gap in the Au devices is both larger and ”harder”.
Further work is necessary to increase the spectral gap in Pd for making useful supercon-
ducting contacts to graphene nanoribbons, either by reducing the length-scale of the Pd
bridge or by increasing the mean free path in the Pd films, perhaps through annealing or
changes to the deposition rate or thickness. Another possibility is to deposit gold under-
neath the Pd layer to improve carrier diffusivity.

For both Au- and Pd-based devices, the temperature dependence of the 𝐼𝑉 characteristic
was taken. This revealed that two 𝑇c values, 𝑇c1 ≈ 4.5 − 5 K and 𝑇c2 ≈ 8.8 K. While the
first appears when the switching current of the SNS junction disappears and can thus be
related to the junction, the second 𝑇c is likely related to the NS bilayer film. Since these
measurements were performed on junctions where the Nb patches were connected, the
effective normal metal length is 𝐿 ≈ 0 nm. Thus, the value of 𝑇c1 could be considered as
the maximum achievable junction 𝑇c. The BCS gap related to this critical temperature is
approximately 650 µeV. This energy scale can be considered the upper limit for the energy
gap in the SNS junctions made in this chapter (with the defined N and S film thicknesses
and properties).

Finally, an asymmetry of the switching current, a Josephson diode effect, was discovered in
the first Pd junctions as a function of the externally applied magnetic field. A particularly
strong effect was seen when the magnetic field was applied in the in-plane perpendicular
direction. Although not explicitly shown here, this effect was also present in all other Au
and Pd junctions that were investigated with an in-plane perpendicular magnetic field in
the dilution fridge. This will be further studied in chapter 7.

In conclusion, the deficit voltage and differential conductance of constricted SNS junc-
tions can be used to estimate the superconducting gap in the center. The maximum deficit
voltage stays approximately constant, reducing by a factor of 2/3 at most, in the studied
junctions as they are electromigrated to an atomic point contact. The energy gap in the
normal metal in broken junctions can be estimated from the properties of intact or par-
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tially electromigrated junctions. An energy gap of 215 µeV was achieved in Au-based SNS
junctions and energy gap of 38 µeV in Pd-based SNS junctions. Further work should be
performed to optimize the proximity effect in Nb/Pd devices to obtain larger energy gaps
for hybrid devices incorporating graphene nanoribbons or nanoparticles.
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7
Josephson Diode Effect and

Nonreciprocal Charge Transport in
SNS Junctions

The investigation discussed in this chapter started as an unexpected result when studying
SNS junctions with the purpose of optimizing the proximity effect in an electromigrated break
junction, as discussed in the previous chapter. It was found that samples with fabrication flaws
caused by deformation or collapse of the resist mask during the evaporation of a 100 nm thick
niobium layer caused the spacing between the superconducting patches to be significantly
reduced. In some cases, the Nb patches almost connected, resulting in samples that could
effectively be either considered as Dayem bridges or short SNS junctions. These junctions
exhibited peculiar features, such as asymmetry in the critical current when a magnetic field
was applied in the direction perpendicular to the current in the plane of the sample, as well as
critical fields exceeding the critical field of the NS bilayer. In this chapter, further investigation
of the critical current asymmetry in well-defined (with a 50 nm thick niobium layer) SNS
junctions is presented. The asymmetry of the critical current and excess current/deficit voltage
is studied as a function of magnetic field for both Au and Pd SNS junction. An asymmetry
in the deficit voltage is found that matches the asymmetry in critical current. Using the
feedback-controlled electromigration method, it is found that for a given junction, the effect
has a characteristic magnitude, voltage andmagnetic field scale that does not show significant
dependence on the junction resistance.

7.1 Introduction
A diode is a circuit element that has a different electrical current for a positive bias volt-
age than for a negative bias voltage of the same magnitude. This asymmetrical electrical
conductance has several applications, such as the rectification of alternating current (AC)

I want to thank Abel Hutten for his contribution to the work in this chapter during his master thesis project. I
also want to thank Serhii Volosheniuk for fabricating the last batch of Nb/Pd/Nb SNS junctions
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to direct current (DC). In recent years, it has been discovered that such asymmetrical con-
ductance can also be realized in devices with superconductors, such as bilayer and trilayer
thin films involving normal metals[44, 217], and superconducting weak-links/Josephson
junctions[46, 50]. In these devices, the critical/switching current above which the devices
become resistive is different in the forward and backward directions. This so-called su-
perconducting diode effect, or Josephson diode effect, thus allows for rectification of AC
current to DC voltage pulses.

So far, several mechanisms have been put forward to explain the superconducting and
Josephson diode effect, such as finite momentum superconductivity and the Meissner
effect[100, 218], magnetochiral anisotropy (MCA) in noncentrosymmetric materials[219,
220], asymmetric vortex barriers[217, 221, 222], the Zeeman effect and Rashba or Dressel-
haus spin-orbit interaction[47–49], dissipation and breaking of electron-hole symmetry[223]
or an electrical polarization in a superconductor-insulator-superconductor (SIS) junction[50].
On the level of the devices studied, there are also differences. Some devices show diode
behavior with parallel applied magnetic field, whereas other devices show diode behavior
with perpendicular applied magnetic field. This suggests the presence of multiple mech-
anisms at play. In the case of Josephson junctions made of NbSe2/Nb3Br8/NbSe2 van
der Waals heterostructures, a Josephson diode effect in the absence of magnetic field was
found[50]. In addition tomechanisms, general symmetry arguments have been formulated[43,
224]. These theoretical studies highlight the importance of spatial symmetries. In partic-
ular, the inversion symmetry (symmetry upon reflection of coordinates with respect to a
point, ℐ ), mirror symmetry (symmetry upon reflection of coordinates with respect to a
plane,ℳ𝑥 ,ℳ𝑦 , andℳ𝑧 ), twofold rotation symmetries (𝒞2𝑥 ,𝒞2𝑦 and𝒞2𝑧 ), and time rever-
sal symmetry (symmetry upon reversing the time coordinate, 𝒯 ), can all have an impact
on the symmetry behavior of the critical current. Depending on the broken coordinate
symmetries, Josephson junctions can be categorized based on the resulting symmetry be-
tween the positive and negative critical current, 𝐼c+(𝐵) and 𝐼c−(𝐵), where 𝐵 is the magnetic
field. The possible symmetries are the current-reversion symmetry (JR, 𝐼c+(𝐵) = −𝐼c−(𝐵)),
field-reversion symmetry (BR, 𝐼c+(𝐵) = 𝐼c+(−𝐵) and 𝐼c−(𝐵) = 𝐼c−(−𝐵)) and field-current re-
version symmetry (BJR, 𝐼c+(𝐵) = −𝐼c−(−𝐵)). Any Josephson diode has to break JR symmetry.
Thus, Josephson diodes are of BR type (these can be field-free Josephson diodes), of BJR
type or without any critical current symmetry.

To date, most experimental studies of the Josephson diode effect have used materials with
strong Rashba spin orbit coupling or a noncentrosymmetric lattice stucture. In this chapter,
the presence of a Josephson diode effect of the BJR type with perpendicular (to the current)
in-plane magnetic field will be investigated in a variable thickness SNS junction made
from evaporated metal thin films, with Nb as the superconductor and Au or Pd as the
normal metal. The normal metal layer in these SNS junctions is shaped in the form of
a constriction, which has the advantage of allowing control over the resistance of the
wire using feedback-controlled electromigration. In this way, the scaling of the diode
effect with junction resistance (or Josephson energy/critical current) is investigated. As
the resistance of junctions increases, it was observed that the critical current disappears
in current versus voltage (𝐼𝑉 ) measurements. Thus, a Josephson diode effect could not be
observed at all junction resistances. A related asymmetry in the finite bias conductance is
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characterized instead.

At finite bias voltages, rather than the Josephson current, it is the excess current, 𝐼exc =
𝐼 − 𝑉

𝑅N
, where 𝑅N is the normal state resistance, that is of importance. To compare trans-

port at different resistances, the deficit voltage, 𝑉def = 𝐼exc𝑅N = 𝐼𝑅N −𝑉 , is defined. Here,
with the aim of answering the question: ”How does the deficit voltage asymmetry scale
with the junction resistance”, we investigate the deficit voltage versus bias voltage and
magnetic field for various increasing junction resistances. It is found that neither the
deficit voltage, nor the asymmetry in deficit voltage, changes significantly as the junction
resistance is increased, until the normal metal is broken. In the tunneling regime, both
quantities reduce in magnitude.

7.2 Methods
The SNS junctions are made within a single lithography step using angular shadow mask
evaporation. The fabrication is further explained in chapter 3. The superconducting banks
of the SNS junction consist of a 5 nm thick Ti adhesion layer underneath a 13 nm thick Pd
(15 nm thick Au for the gold junctions) layer On top of this, 50 nmNbwas evaporated. The
superconducting banks were designed with a spacing of 60 nm. In the N region of the SNS
junctions, only Pd (or Au) was evaporated. The Pd-based SNS junctions were made within
the same evaporator (Plassys MEB 550¹) without breaking the vacuum, whereas the Au
junctions were made by first evaporating Ti + Au in another evaporator (AJA-QT²). Care
was taken to align the junctions as well as possible in both cases. For the Pd junctions, an
optical microscope was used to obtain angular alignment with an accuracy of 0.1∘. In order
to perform four-terminal measurements of the devices, extra connections and contact pads
were made on the Pd chips.

7.3 Results
We first discuss the Pd-based junctions. In Figure 7.1a, an SEM image of a Pd-based SNS
junction is shown. The bright areas in this image are the regions where Nbwas evaporated.
At the center of the junction, another brighter region is seen, which corresponds to a
thicker Pd region due to the small overlap between the two evaporated Pd layers.

7.3.1 Basic characterization
The junctions were measured in a Helium-3/Helium-4 dilution refrigerator with a vector
magnet (1/3/9 T in X/Y/Z) at a base temperature of 30 mK. In order to characterize the
junctions, a bias current was applied to them using the symmetrical bias mode of an S4c
current source module³. The voltage across the junction is measured using a low-noise
M2i voltage measurement module (<2 nV noise ⁴). In Figure 7.1b, we show the voltage

¹https://www.tudelft.nl/tnw/over-faculteit/afdelingen/quantum-nanoscience/kavli-nanolab-
delft/equipment/deposition/plassys
²https://www.tudelft.nl/tnw/over-faculteit/afdelingen/quantum-nanoscience/kavli-nanolab-
delft/equipment/deposition/aja-qt
³QT designed instrumentation: https://qtwork.tudelft.nl/ schouten/ivvi/doc-mod/docs4c.htm
⁴QT designed instrumentation: https://qtwork.tudelft.nl/ schouten/ivvi/doc-mod/docm2i.htm
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Figure 7.1: Basic characterization of SNS junctions. a) SEM image of a variable thickness Nb/Pd/Nb SNS con-
striction made by the shadow-mask evaporation technique. b) 𝐼𝑉 curves of a device with an initial resistance
of 22 Ω. Measurements were taken by measuring voltage versus bias current in a four-terminal geometry. c)
Excess current and voltage 𝐼exc𝑅N versus voltage (green curve). The orange dotted curves represent RCSJ model
and a hyperbolic tangent (tanh) curve. The black dotted line is the sum of the RCSJ and tanh curves. d) Differen-
tial conductance of a sample with an initial resistance of 144 Ω (green curve). The orange dotted line is a fit to
an empirical fit function. e) Evolution of the two-terminal resistance during the electromigration process. The
green and red dots indicate the initial and final state, for which the four-terminal d𝐼 /d𝑉 curves are plotted in
Figure 7.1d and Figure 7.1f respectively. f) Differential conductance of a sample after electromigration to a final
state resistance of 375 Ω (red curve). The orange dotted line is a fit to an empirical fit function.

versus bias current curve (𝐼𝑉 curve) of a device with a resistance of 22 Ω (Junction A) in
blue. In order to also record potential hysteresis effects, the voltage was recorded while
the current was ramped from 0 to +20 to −20 to 0 µA. Since no such effects were found,
in the following measurements data points were only taken during sweeps up from 0
to +20 µA and from 0 to −20 µA. For comparison, a linear 𝐼𝑉 curve for a 22 Ω resistor
is plotted (dashed orange line). The SNS junction conducts more current than a normal
resistor with the same high-bias differential resistancewould at all voltages. The difference
between the curves in current at constant voltage is called the excess current (𝐼exc), while
the deviation in voltage at constant current is the deficit voltage (𝑉def). In addition, the
current at which the junction switches from superconducting to resistive is denoted as 𝐼sw.
Below the switching current, the measured voltage is zero (with ∼ 1 nV noise).

In Figure 7.1c the deficit voltage is plotted versus the measured voltage in green. Since no
hysteresis was observed, the low bias behavior was fitted by eye using the overdamped
resistively capacitance shunted junction (RCSJ) model expression, 𝑉def = 𝑉

|𝑉 | √𝑉 2sw +𝑉 2−𝑉 .
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A switching voltage 𝑉𝑠𝑤 of 43 µVwas found by comparison to the data. The corresponding
curve is plotted as a dotted orange curve. Above approximately 100 µV, the excess current
begins to flatten off. In this regime, the deficit voltage was fitted by eye to the empirical
formula:

𝑉def = 𝑉0 tanh(
𝑉
𝑉1

), (7.1)

where 𝑉0 and 𝑉1 are fit parameters. This empirical fit can be related to the typical ex-
cess current of high transparency NS interfaces in the Blonder-Tinkham-Klapwijk (BTK)
model[75]. The found parameters are 𝑉0 = 41.4 µV and 𝑉1 = 180 µV. This curve is plotted
as an orange dotted curve in Figure 7.1c, labeled as ’tanh’. The sum of the RCSJ model
curve and the empirical tanh curve is plotted as the black dotted curve labeled ’RCSJ +
tanh’. This curve matches the deficit voltage at zero bias and at high bias, overshooting by
5 µV below bias voltages of 100 µV.

To illustrate the behavior of the deficit voltage better, the differential conductance is plot-
ted. The differential conductance is related to the excess current by 𝑑𝐼

𝑑𝑉 = 𝐺𝑁 + 𝑑𝐼exc
𝑑𝑉 . The

excess conductance from the normal state conductance 𝐺𝑁 = 1
𝑅𝑁

is the derivative of the
excess current. In Figure 7.1d, the differential conductance of a junction with an initial
resistance of 144 Ω (Junction B) is plotted. The empirical tanh formula is again used to
fit the high-bias behavior, with 𝑉0 = 64.6 µV and 𝑉1 = 63.9 µV. This junction did not show
a clear switching current; A finite resistance remained at zero bias current. Instead of
carrying a supercurrent, the junction shows a large enhancement of the differential con-
ductance at zero bias voltage. This could be consistent with a phase-diffusive conductance
described by Ivanchenko-Zilberman (IZ) theory[91], as described in chapter 2, or by 𝑃(𝐸)
theory[225].

This junctionwas electromigrated using the feedback controlled electromigration described
by O’Neill[209]. The bias voltage was repeatedly ramped up from 100 mV until a user-
defined maximum voltage was reached or the two-terminal resistance across the junction
changes by more than a certain percentage (∼ 1%), monitored every 1 µs. After this condi-
tion is reached, the voltage is ramped down to 100mV. Each ramp up and down constitutes
a cycle. The two-terminal resistance versus the cycle number is shown in Figure 7.1e. In
the regimewhere the wire has a low resistance compared to the conductance quantum, the
desired sample resistance can be accurately achieved by electromigration. The initial point
(green) corresponds to the initial state for which the differential conductance is shown in
Figure 7.1d. The differential conductance versus voltage at the final point (red) is plotted
in Figure 7.1f. The four-terminal junction resistance at this point is 375 Ω. A fit to 7.1 was
again performed, which gives 𝑉0 = 78 µV and 𝑉1 = 43 µV. While the fit parameters of the
dissipative tanh component are similar, the excess zero-bias differential conductance peak
is significantly reduced in amplitude relative to the normal-state conductance.

7.3.2 Josephson diode effect in a magnetic field
In order to characterize the symmetry properties of the switching current of the SNS junc-
tions, a magnetic field was applied. First, the 𝐼𝑉 characteristic of sample A was recorded
versus magnetic field in the 𝑧 direction. The measured voltage is plotted as a color map
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Figure 7.2: Josephson diode effect in a 22 Ω junction (junction A). a) Color map of the measured voltage versus
bias current and applied magnetic field in the z direction. b) Differential resistance map calculated from a). The
color map is slightly asymmetric as a function of applied magnetic field, but symmetric as a function of current.
c) 𝐼𝑉 curves at increasing applied magnetic field. The critical current and excess current are suppressed as the
magnetic field is increased. d) Color map of the differential resistance versus bias current and the azimuthal
angle, 𝜙, of the in-plane magnetic field (100 mT). e) Color map of the differential resistance versus bias current
and parallel in-plane applied magnetic field. f) Color map of the differential resistance versus bias current and
perpendicular in-plane appliedmagnetic field. The colormap for thismagnetic field direction shows an additional
asymmetry versus current, with a skew-symmetric dependence, such that d𝑉 (𝐼 ,𝐵)/d𝐼 ≈d𝑉 (−𝐼 ,−𝐵)/d𝐼 .

in Figure 7.2a. In this color map, a region with zero resistance and a resistive region can
be seen. To highlight the transition to the resistive state, the corresponding differential
resistance is plotted in Figure 7.2b. This map shows a small asymmetry in magnetic field,
with a symmetric behavior in current. Individual 𝐼𝑉 traces at magnetic fields of 0.0 to 1.0 T
in steps of 0.1 T are plotted in Figure 7.2c. As the magnetic field increases, the 𝐼𝑉 char-
acteristic becomes increasingly linear and both the switching current and excess current
decrease.

After this, the azimuthal angle of the sample with respect to the vector magnet axes was
determined. This is necessary for accurate characterization of diode effects, as the mount-
ing of samples in a chip carrier and insertion into the dilution fridge results in an offset
angle of the sample with respect to the vector magnet axes (this value is typically of the
order of 40∘ ± 10∘ in the dilution fridge measurement setup). To characterize the offset
angle, the in-plane magnetic field was kept at 100 mT and the azimuthal angle, 𝜙, was
swept. For each angle, an 𝐼𝑉 curve was taken. The differential resistance versus the az-
imuthal angle and bias current is shown in Figure 7.2d. This shows a roughly sinusoidal
dependence of the switching current on magnetic field. In addition, it can be seen that
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the positive and negative switching currents 𝐼sw+ and 𝐼sw− at 𝜙 = 30∘ are not equal to
their values at 𝜙 = 210∘. Instead, the data follows 𝐼sw+(𝜙) = 𝐼sw−(𝜙 + 180∘). The angular
dependence of this measurement was compared to a camera image of the sample. From
this it was determined that the azimuthal angle of 30∘ corresponds to the perpendicular
in-plane direction to the SNS junction, as indicated in Figure 7.1a.

After the offset angle was determined, the response of the 𝐼𝑉 characteristic to a magnetic
field in the perpendicular (30∘) and parallel (120∘) in-plane directions were recorded. The
color map of the differential resistance versus bias current and magnetic field in the par-
allel direction is plotted in Figure 7.2e. The dependence of the differential resistance on
parallel in-plane field is similar to the dependence on the field in the z direction, but ap-
pears to be more symmetric. Furthermore, the switching current initially increases as the
magnitude of the magnetic field is increased from zero field, which is not expected for
an ordinary SNS junction. There is no visible asymmetry in the switching current. The
color map of the differential resistance versus bias current and magnetic field in the per-
pendicular direction is plotted in Figure 7.2f. Again, the switching currents are not at
their maximum at a magnetic field 0 T. The dependence on perpendicular in-plane field,
however, differs from the parallel field dependence. 𝐼sw+ increases as the magnetic field
is increased, while 𝐼sw− increases as the magnetic field is decreased. The differential resis-
tance becomes more asymmetric as the magnetic field is increased and has an apparent
skew symmetric component such that d𝑉 (𝐼 ,𝐵)/d𝐼 ≈d𝑉 (−𝐼 ,−𝐵)/d𝐼 . A positive magnetic
field biases the junction towards conducting in the forward direction and, vice versa, a
negative magnetic field biases the junction in the backward direction. The junction be-
haves as a Josephson diode that is tunable by the perpendicular in-plane magnetic field.

The properties of a more highly resistive SNS junction, junction B at 375 Ω, was investi-
gated in more detail as well. In Figure 7.3a, a color map of the differential resistance is plot-
ted versus magnetic field in the z direction. This map is symmetric in current andmagnetic
field. In Figure 7.3b, the differential conductance corresponding to line cuts at magnetic
fields from 0.0 T with steps of 0.1 T to 1.0 T are shown. These show that the magnetic field
in the z direction gradually suppresses the differential conductance, without introducing
significant asymmetry in the differential conductance versus voltage curve, similar to the
behavior of Junction A. The color map of the differential resistance versus perpendicular
in-plane magnetic field in Figure 7.3c shows a distinctly different behavior. Matching the
behavior of the switching current in junction A, the differential resistance map is skewed,
showing skew symmetry such that d𝑉 (𝐼 ,𝐵)/d𝐼 ≈d𝑉 (−𝐼 ,−𝐵)/d𝐼 . To illustrate the extent of
the skewing, the differential conductance at −0.08, 0.02 and 0.12 T are plotted in Figure 7.3d
in green, blue and red respectively. An offset magnetic field shift of +0.02 T was found
and taken into account. From the curves, it can be seen that a positive magnetic field
changes the differential conductance to be larger at positive voltages and smaller at nega-
tive voltages. Vice versa, a negative field biases the differential conductance to be larger at
negative voltages. Moreover, the differential conductance at 0.12 T (−0.08 T) exceeds the
differential conductance at zero magnetic field at positive (negative) bias voltages. This is
in contrast to the behavior observed for an applied magnetic field in the z direction, for
which the differential conductance decreases uniformly with increasing magnetic field.

So far, it has been shown that an asymmetry in the electrical conductance with magnetic
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field exists in the switching current of a low-resistance junction (20 Ω, junction A) and in
the differential conductance of a high-resistance junction (375 Ω, junction B). To investi-
gate whether the effect persists as the junction resistance is further increased, junction B
was electromigrated in a step-wise manner, aiming to double the resistance with each step.
This was continued until the junction reached 11 kΩ, close to the resistance quantum. This
is an indication that the normal metal in the SNS junction has been broken down to a few-
atom point contact [226]. Attempting to electromigrate further, the resistance increased
to 60 kΩ and displayed signatures of tunneling between (proximitized) superconductors
(shown in the appendix, Figure 7.A.1).

7.3.3 Conductance asymmetry in an atomic point contact
In Figure 7.4a, the magnetic field dependence of the junction at 11 kΩ is shown. In contrast
to the junction at 375 Ω, this junction shows a relative increase, rather than a decrease
of the differential resistance at zero bias. In the differential conductance traces from 0.0
to 1.0 T in 0.1 T steps in Figure 7.4b, this appears as a small zero-bias dip. Similar to
the behavior at 375 Ω, the peaks in the differential conductance are suppressed as the
magnetic field is increased. In contrast, however, the differential resistance curves are
slightly asymmetric at all magnetic fields. The curve at 1.0 T is also not flat as a function
of voltage, instead showing residual asymmetry with voltage. Since excess conductance
due to superconductivity is suppressed at 1.0 T, this residual asymmetry is to be attributed
to the presence of the atomic point contact. The color map of differential resistance as
a function of magnetic field in the perpendicular in-plane direction in Figure 7.4d again
shows skewing that is visually similar in magnetic field scale and symmetry to the color
map for the 375 Ω junction. This demonstrates that the nonreciprocal conductance as a
function of 𝐵⟂ remains even when the junction is broken to an atomic point contact. The
differential conductance traces at −0.08 T, 0.02 T and 0.12 T in Figure 7.4d highlight this
fact, showing asymmetry similar to the junction at 375 Ω.

7.3.4 Resistance dependence
Since junction B shows a similar asymmetry at different resistances, a comparative anal-
ysis of the nonreciprocal conductance is of interest. For this purpose, the differential con-
ductance was normalized by the differential conductance at the largest measured positive
bias current for each resistance. Differential conductance curves at resistances of 144, 700,
3 kΩ and 11 kΩ are shown in Figure 7.5a, offset by 0.1. These show that the differential
conductance features change significantly at voltages below 100 mV, but are similar for
the region between 100 to 200mV. This makes a comparison based on differential conduc-
tance features difficult. Instead, it was found that the deficit voltage for the junction at
different resistances is comparable. The deficit voltage is plotted as a function of the mea-
sured voltage in Figure 7.5b. The deficit voltage shows a hyperbolic tangent-like profile
for all resistances. The voltage scale in measured voltage (∼ 100 µV) and in deficit voltage
(∼ 40 µV) is of similar magnitude at all plotted resistances.

In order to compare the nonreciprocal conductance effect in the deficit voltage for dif-
ferent junction resistances, two quantities will be introduced to quantify the asymmetry.
These are the asymmetry with respect to magnetic field and the asymmetry with respect
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to current. To illustrate the nonreciprocal conductance effect with respect to the magnetic
field, the deficit voltage is plotted as a function of bias voltage at magnetic fields of −0.08,
0.02 and 0.12 T in Figure 7.5c. The curves at finite field also qualitatively follow equation
7.1 as a function of bias voltage, but with a smaller amplitude and shifted in 𝑉 and 𝑉def.
Notably, the deficit voltage increases uniformly with increasing magnetic field for all volt-
ages. Close to zero bias voltage, the deficit voltage curves overlap. The difference between
the deficit voltage at 0.12 T and −0.08 T is indicated by an orange arrow as Δ𝑉𝑑𝑒𝑓 ,𝐵 , which
will be used as a measure of the asymmetry of the deficit voltage with respect to magnetic
field.

The dependence of the deficit voltage onmagnetic field is shown in Figure 7.5d, for themax-
imum positive and negative applied bias currents. The deficit voltages are not symmetric
under flipping the sign of the current ormagnetic field individually, but are (anti)symmetric
upon flipping the sign of both current and magnetic field. The asymmetric part of the
deficit voltage with respect to current can be obtained by adding the curves at positive
and negative current (adding the red and green curves), which will be called Σ𝑉def,I.

The response of the deficit voltage to magnetic field at different junction resistances was
analyzed next. Δ𝑉𝑑𝑒𝑓 ,𝐵 is plotted versus the measured voltage in Figure. 7.5e. The ex-
cess voltage difference is zero at zero bias voltage and grows with increasing bias voltage
until 100 µV, above which the deficit voltage difference starts to plateau. The response
versus bias voltage is even. At low bias voltages, the deficit voltage asymmetry is roughly
quadratic with voltage. From the plot, it can be extracted that a magnetic field of 100 mT
results in an induced deficit voltage of Δ𝑉def,𝐵

2 ≈ 13 μV
2 = 6.5 µV at 200 µV; This is an effect

of approximately 3.5% of the bias voltage. Since the excess voltage difference plateaus at
high measured voltage (bias current), the scaling of the measured effect with magnetic
field is most easily investigated in this regime.

In Figure 7.5f, Σ𝑉def,I is plotted as a function of applied magnetic field in the perpendicular
in-plane direction. Remarkably, the low-field behavior of the deficit voltage asymmetry
versus current at all different resistances has the same slope around zero bias voltage of
roughly 150 µV/T. The curve saturates at roughly 15 µV and 200 mT and can be described
empirically by the formula Δ𝑉 = 𝑐𝑏

1+|𝑏|3 , with 𝑏 = 𝐵⟂
𝐵0

, plotted as the dotted blue line in
Figure 7.5f. Here, the voltage scale 𝑐 = 30µV and the field scale, 𝐵0, is equal to 200 mT.
Based on the magnetic field dependence, the maximum effect compared to the voltage
scale is: Δ𝑉def

𝑉++𝑉−
≈ 15μV

400μV ≈ 3.75%. If the asymmetry in deficit voltage is instead compared to

the average deficit voltage, the effect scale is roughly Δ𝑉def
𝑉def++𝑉def−

≈ 15μV
60μV ≈ 25%.

7.3.5 Asymmetry in Au-based SNS junctions
Finally, to investigate whether the found effect is specific to Pd-based SNS junctions, the
non-reciprocity in deficit voltage was investigated in gold-based SNS junctions, for which
the same measurements were performed in the same dilution fridge. Here, we discuss the
behavior of a gold junction which was electromigrated to a resistance of 12.2 kΩ, which
is close to the conductance of a single atom gold contact[227]. A two terminal 𝐼𝑉 mea-
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surement was performed for perpendicular magnetic fields for every 10 mT from −400 to
400 mT. The differential resistance, which was numerically calculated from the bias cur-
rent and measured voltage, versus perpendicular magnetic field and bias current is plotted
as a color map in the appendix, Figure 7.A.2a. Rather than discussing the differential resis-
tance map, here the deficit voltage at constant bias current versus perpendicular in-plane
magnetic field will be focused on to allow for comparison with the analysis of the Pd
junctions.

The deficit voltage of this junction as a function of perpendicular in-planemagnetic field at
various bias currents (−190, −95, 0, 95, 190 nA) is plotted in Figure 7.6a. The excess voltage
saturates already at ±95 nA. The deficit voltage shows similar asymmetry as a function of
magnetic field to the results for Nb/Pd/Nb junctions. This asymmetric contribution again
depends on the direction of the current. In order to illustrate this, the sum and difference
with respect to the bias current (even and odd parts in 𝐼 ) are calculated by subtracting and
adding the deficit voltage at 95 nA and −95 nA and dividing by 2, plotted in Figure 7.6b.
The odd part in 𝐼 is even in 𝐵⟂ and the even part in 𝐼 is odd in 𝐵⟂. The shape of the even
part in 𝐼 matches that of the Pd junction studied, but the deficit voltage scale is larger,
reaching a maximum of 50 µV at 0.16 T. Dividing the even part in 𝐼 by the odd part in 𝐼 ,
the asymmetry of the excess voltage is obtained, shown in Figure 7.6c. This maxes out at
roughly 40% at ±180 mT.

The deficit voltage versus the measured voltage across the junction is plotted in Figure 7.6d
for constant applied perpendicular in-planemagnetic fields of 0.02T (blue), 0.19T (red) and
−0.15 T (green). These magnetic field set-points were chosen as they maximize the diode
signal, given by the odd part of Δ𝑉def,I plotted in 7.6b. Again, an offset field on the order
of 20 mT is found. As was found for the Pd-based junction, the zero-field curve (at 0.02 T
appliedmagnetic field) is symmetric and follows a hyperbolic-tangent-like shape. At finite
field, the difference between the maximum andminimum excess voltage decreases and the
deficit voltage becomesmore asymmetric. As was found for the Pd junctions, a positive ap-
plied perpendicular in-planemagnetic field results in a larger deficit voltage in the forward
current direction and a negative applied perpendicular in-plane magnetic field results in a
larger deficit voltage in the backward current direction. By subtracting the negative field
curve (green) from the positive field curve (red), the asymmetric component with respect
to magnetic field, Δ𝑉def,B, was obtained. This is plotted in Figure 7.6e versus bias voltage,
which shows a V-shaped curve that saturates at a deficit voltage of approximately 90 μV.
Finally, dividing this by the average of the measured voltage at 0.19 T and −0.15 T results
in a measure of the efficiency, which is plotted in Figure 7.6f. This efficiency shows that
the voltage signal from changing the magnetic field has a local maximum and maxes out
at approximately 9% of the average applied voltage.
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Figure 7.3: Nonreciprocal conductance in a 375Ω junction (junction B). a) Color map of the differential resistance
versus bias current and magnetic field in the z direction. b) Differential conductance versus bias current curves
corresponding to a) for increasing applied magnetic field in the z direction. The excess conductance is suppressed
as the magnetic field is increased. c) Color map of the differential resistance versus bias current and applied
magnetic field in the perpendicular in-plane direction. The differential resistance profile is skew-symmetric
again. d) Differential conductance curves versus perpendicular in-plane applied magnetic field. Curves for net
negative, zero and positive magnetic field are shown. An offset field of 0.02 T was determined by the symmetry
of the d𝑉 /d𝐼 map.
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Figure 7.4: Nonreciprocal conductance in a 11 kΩ junction device a) Color map of the differential resistance
versus bias current and magnetic field in the z direction. b) Differential conductance versus bias current curves
corresponding to a) for increasing applied magnetic field in the z direction. The excess conductance is suppressed
as the magnetic field is increased. c) Color map of the differential resistance versus bias current and applied
magnetic field in the perpendicular in-plane direction. The differential resistance profile is skew-symmetric
again. d) Differential conductance curves versus perpendicular in-plane applied magnetic field. Curves for net
negative, zero and positive magnetic field are shown. An offset field of 0.02 T was determined by the symmetry
of the d𝑉 /d𝐼 map.
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Figure 7.5: Non-reciprocity as a function of device resistance for junction B. a) Differential conductance (nor-
malized to high-bias resistance) versus bias voltage at zero magnetic field. The different curves correspond
to different resistance values of the same junction created by feedback-controlled electromigration. b) Deficit
voltage difference versus bias voltage. c) Deficit voltage at a junction resistance of 700 Ω versus bias voltages
for perpendicular in-plane magnetic fields of −0.08, 0.02 and 0.12 T. d) The deficit voltage versus perpendicu-
lar in-plane magnetic field at a junction resistance of 700 Ω at maximum positive and negative bias currents.
e) Normalized differential conductance difference between −0.08 and 0.12 T versus bias voltage. f) Sum of the
deficit voltage at the maximum and minimum applied current versus in-plane magnetic field. The dashed blue
line corresponds to a fit by eye to the formula Δ𝑉 = 𝑐𝑏

1+|𝑏|3 , with 𝑏 = 𝐵⟂
𝐵0

.
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Figure 7.6: Nonreciprocal conductivity in a Nb/Au/Nb SNS junction electromigrated to 12.2 kΩ. a) Deficit voltage
versus perpendicular in-plane magnetic field for several bias currents. b) Even and odd components of the deficit
voltage with respect to bias current as a function of perpendicular in-plane magnetic field. The even part (blue
curve) in bias current is odd with respect to magnetic field and the odd part (green curve) in bias current is even
with respect to magnetic field. c) Ratio of the even and odd parts of the deficit voltage with respect to bias current
as a function of magnetic field. d) Deficit voltage as a function of bias current for several net -170mT , 0mT and
+170 mT applied magnetic field. e) Deficit voltage difference between +170 mT and -170 mT applied magnetic
field as a function of bias current. f) Asymmetry of the 𝐼𝑉 curve as a function of bias current, calculated by
taking the ratio of deficit voltage difference to the average voltage.
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7.4 Discussion
7.4.1 Current symmetries and coordinate symmetries
The first finding in this chapter is the presence of an asymmetry in the critical current at
finite magnetic field in Nb/Pd/Nb and Nb/Au/Nb SNS junctions. An asymmetry in the crit-
ical current is also known as the Josephson diode effect. In order for this to occur, it has
been posited that certain symmetries must be broken[224]. According to the theoretical
classification, the behavior of the critical current and deficit voltage of the devices is of the
BJR type. This translates into breaking inversion symmetry (ℐ ), mirror symmetry in the
𝑧 direction (ℳ𝑧 ), twofold rotation symmetry about the 𝑥 axis (𝐶2𝑥 ), and twofold rotation
symmetry about the y axis (𝐶2𝑦 ). Furthermore, at least one symmetry must be obeyed. In
the Nb/Pd/Nb and Nb/Au/Nb junctions studied in this chapter, ℐ , ℳ𝑧 , 𝐶2𝑥 and 𝐶2𝑦 are
broken by the height variation in the layered (vertically U-shaped) geometry. Meanwhile,
devices obey mirror symmetry in the 𝑥 direction, ℳ𝑥 . Thus, the broken coordinate sym-
metries match the symmetry requirements for the BJR-type Josephson diode effect. As
seen in Figure 7.2, in order for the magnetic field to produce a Josephson diode effect, the
external magnetic field must be applied in the direction perpendicular to the current path
and the 𝑧 direction, which is the direction in which the mirror symmetry is broken. This
way, the rotation of the magnetic vector potential, 𝐴, occurs in the plane of the current
path and the broken symmetry.

7.4.2 Theoretical explanation for diode effects in SNS junctions
The fact that the SNS junctions that were studied are made of only elemental superconduc-
tors and noble metals favors a simple explanation. We will here consider three different
scenarios that can explain the diode effect.

Momentum from Meissner screening current: The observed effect aligns with the theory
proposed by Davydova[100]. In this theory, the Meissner current at the surface of the
superconductor, which arises when a perpendicular magnetic field is applied, can modify
the current-phase relation of a Josephson junction. This mechanism does not depend on
specific properties of the superconductor or normal metal and should thus be universal
for all Josephson junctions. In this theory, it is the momentum-scale 𝑒|𝐴| of the Meissner
current that results in a finite-energy, odd frequency component of the pairing[104]. For
a uniform magnetic field and no screening, this can be expressed as a momentum boost by
𝑒|𝐴| = 𝑒|𝐵|𝑤 , where 𝑤 is half the thickness of the superconductor. The momentum boost
affects the kinetic energy. When electrons at the Fermi velocity are shifted by a velocity,

𝑣 = 𝑒𝐴
𝑚 = 𝑒|𝐵|𝑤

𝑚 , their energy changes to

𝐸 = 𝑚(𝑣 +𝑣F)2
2 = 𝐸F +𝑚𝑣F𝑣 +

𝑚𝑣2
2 ≈ 𝐸F +𝑒𝐵𝑤𝑣F. (7.2)

The last equality holds because 𝑣F ≫ 𝑣 . When the velocity term exceeds the gap energy Δ,
depairing will occur due to the velocity boost. The depairing velocity can be expressed as
𝑣dep = |Δ|

𝑚𝑣F
≈ 163m/s and the related depairing magnetic field scale is |𝐵dep| = |Δ|

𝑒𝑣F𝑤
≈ 37mT,

taking |Δ| = 1.3 meV, 𝑣F = 1.37 ⋅ 106 m/s (Estimate for the Fermi velocity of s-orbital elec-
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trons in niobium) and𝑤 = 25 nm. The value obtained here is lower than the experimentally
observed magnetic field scale of approximately 170 mT. This could be due to overestima-
tion of the Fermi velocity, as niobium contains both s and d orbitals. In order to achieve
better agreement, the magnetic screening by the superconductor should also be taken into
account properly, rather than assuming 𝐴 = 𝐵𝑤 , as is the case for a uniform magnetic field
inside the superconductor. This matters only when the London penetration depth (∼ 39 nm
for niobium[228]) of the superconductor is on the order of 𝑤 or smaller.

Self-field effect: Aside from the Josephson diode explanation, tentative explanations can
be sought in the self-field of the device. The self-field of the device is the magnetic field
that is produced by the current in the device itself. Since this adds up with the externally
applied magnetic field, the total magnetic field at positive and negative bias current and
finite magnetic field will differ. The self-field can be estimated by assuming the device is
half a loop of wire with a radius of 𝑟 = 25 nm. Then, the magnetic field at the center of
half a loop is approximately 𝜇0𝐼

4𝑟 by the Biot-Savart law, where 𝜇0 = 1.256 ⋅ 10−6 N/A2 is
the vacuum magnetic permeability. At a bias current of 2 µA, this results in a magnetic
field of 25 mT. This is not negligible. The simplified estimate of the self-field, however,
does assume that the current runs in a single loop-like path. In a more realistic picture,
the current is distributed across the thin film, mostly flowing in the regions of highest
conductivity. Thus, the calculation above is an overestimate of the self-field.

The experiments in which the normal metal in the junction was electromigrated allow for
testing the self-field hypothesis. Rather than a Josephson diode effect in the switching
current, in these experiments, an asymmetry was found in the deficit voltage versus mag-
netic field when the resistance of the wire increases, as was shown in Figures 7.3 and 7.4.
Since the deficit voltage relates to the presence of a supercurrent (or excess current) in the
junctions in non-equilibrium conditions, I will refer to this as the non-equilibrium Joseph-
son diode effect. If the Josephson diode effect results due to the self-field effect, it would
be expected that the total field is 𝐵total = 𝐵external +𝑐0𝐼c ≈ 𝐵external +𝑐0 𝑉c

𝑅 , where 𝑐0 is a con-
stant that defines the magnitude of the self-field effect. Assuming that the critical voltage
scale 𝑉c is constant, when the resistance is increased, this implies that the critical current
will decrease as 1

𝑅 . Hence, the Josephson diode effect would scale as 1
𝑅 if the effect arises

due to the self-field. In Figure 7.4, the deficit voltage scale and the critical voltage scale
were both found to be approximately constant as a function of the junction resistance, in
contrast with the expected behavior for a self-field effect. Hence, the self-field effect can
not explain the observed diode effect.

Vortices: Next, we consider the effect of vortices, which have been proposed to explain
the supercurrent diode effect in thin films[217]. This explanation also involves screening
current, but instead suggests that because the barrier to vortex entry (or vortex pinning) in
the superconductor is different at the two edges, the critical current becomes asymmetric
at finite field[229, 230]. In the devices fabricated, the top surface is oxidized niobium,
while the bottom surface is niobium in contact with palladium or gold. The barrier to
vortex entry is likely reduced on the normal metal side due to the inverse proximity effect
compared to the niobium side. While for the supercurrent diode effect, the effect has
been shown to exist due to a difference in the vortex barrier at the two edges, in the SNS
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junctions, the switching current is coupled to one edge (the bottom of the superconducting
Nb film in contact with the normal metal). At a finite externally applied magnetic field,
this means that a diode effect is to be expected due the addition of the bias current to the
Meissner screening current at the NS interface. In terms of current densities 𝑗, this can
be expressed as: 𝑗 = 𝑗Meissner + 𝑗bias. If the currents are in the same direction, the vortex
barrier will be broken earlier. Notably, this effect again relies on the magnitude of the bias
current with respect to the Meissner current. This implies that if the diode effect arises
due to the vortex barrier, it should be suppressed as the resistance of the normal metal
wire increases due to electromigration. Since this is not the case, we exclude the vortex
surface barrier.

7.4.3 Non-reciprocity at finite bias voltages
Although the Josephson diode effect can potentially be explained by the theory of Davy-
dova, the non-equilibrium version of the effect in SNS junctions is not captured by the
theory. The extension to the non-equilibrium case has been performed by Zazunov[105].
In SNS junctions, it is proposed that the multiple Andreev reflection (MAR) signal splits
into a red-shifted and blue-shifted variant in the case of helical superconductors, with fi-
nite Cooper pair momentum. This approach assumes that the pairing order parameter
oscillates in space as Δ = Δ𝑒𝑖𝑞⋅𝑟 , where 𝑞 is the Cooper pair momentum. For NS junctions,
they report that this approach results in no non-reciprocity. However, there are reasons
to assume that the analysis by Zazunov does not accurately describe the situation of the
samples. The assumption that the superconductor enters a finite momentum state, such as
the Fulde-Ferrel state[101], should not hold at small magnetic fields. The finite momentum
order parameter should only be the ground state/stable close to the depairing field [231].
Rather than finite momentum pairing, in the Meissner state, Cooper pairs are composed of
momentum-shifted quasiparticles that pair up with equal and opposite momentum[104].
As a result, the electron and hole quasiparticles that form the Cooper pairs no longer have
equal energies, resulting in finite energy Cooper pairs. Only when the energy shift ap-
proaches |Δ|, a finite momentum order parameter could be justified.

Here, I will calculate the non-reciprocity related to the presence of a finite energy Meiss-
ner state. Assuming only BCS-like pairing and a momentum (vector potential) term in
the Hamiltonian, a 1D tight binding simulation in Kwant[99] was performed to investi-
gate the 𝐼𝑉 characteristic of an NS junction where a Meissner current flows in the super-
conductor. In the absence of a momentum term, this simulation produces the expected
BTK model results. The momentum was implemented as an imaginary hopping term by
discretizing the momentum operator ̂𝑝 |𝜓 ⟩ (𝑥) = −𝑖ℏ 𝑑

𝑑𝑥 |𝜓 ⟩ (𝑥)→ −𝑖ℏ 1
2𝑎 (|𝜓 ⟩𝑘+1 − |𝜓⟩𝑘−1) =

−𝑖𝑚𝑣F
2 (|𝜓 ⟩𝑘+1 − |𝜓⟩𝑘−1), where 𝑎 is the lattice spacing and 𝑘 is the site index. The added

momentum boost term is 𝑝S
𝑚 ̂𝑝. The calculation was performed in Nambu space, using a

hopping-scale −𝑡 , on-site pairing term Δ = 0.1𝑡 , a Dynes parameter Γ = 0.033𝑡 and a two-
site potential barrier between the normal metal and the superconductor of size 𝐻 = 0.3𝑡
(𝑍 ≈ 0.15). 𝐼𝑉 curves were calculated for momenta 𝑝S = − |Δ|

𝑣F
, 0, |Δ|𝑣F

. The resulting 𝐼exc𝑅N
(equivalent to deficit voltage) curves for different momenta are plotted in Figure 7.7a. No-
tably, the finite momentum term results in a diode effect, with positive momentum en-
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hancing forward conduction and negative momentum enhancing backward conduction.
The deficit voltage curve for positive momentum follows the zero momentum deficit volt-
age curve between 0 mV and 0.25 mV, but not between −0.25 mV and 0 mV. Similarly, the
curve for negative momentum follows the curve for negative voltages, but not for posi-
tive voltages. This is in agreement with the data in Figure 7.6d. One disagreement that
can be found between the data from the Au SNS junctions and the simulations is that for
finite momentum the deficit voltage in the simulations exceeds the deficit voltage at zero
momentum. In the measurement, this is not the case. Part of the reason for this could
be that |Δ| is suppressed as |𝐵| is increased in the experiment, which was not taken into
account in the simulation. A few other points that could be improved in the simulation
are the inclusion of elastic scattering, a 2D sample geometry and the inverse proximity
effect. Nevertheless, with the addition of only a momentum/vector potential term, the
model produces a qualitatively good explanation of the data. This confirms that a Meiss-
ner current running on the NS interface can produce an asymmetry in the excess current.
The asymmetry in this model arises due to quasiparticle momentum (a Doppler shift). The
Doppler shift in quasiparticle momentum results in a momentum resolved energy shift
of the superconducting gap. As an example, a constant shift of the quasiparticle branch
in momentum 𝑘 results in the energy gap shifting down at the Fermi momentum 𝑘F and
up at −𝑘F. The energy shift produces an asymmetry in the Andreev reflection of carri-
ers at kF and −kF. This effectively shifts the conductance enhancement in voltage. It is
noteworthy that this explanation can not be captured by the Usadel formalism, which is
conventionally used to describe the proximity effect at diffusive NS interfaces, as this ef-
fect relies on a momentum-resolved dispersion at the NS interface. The Usadel formalism
instead assumes the superconductor to be isotropic due to scattering. This also suggests
that the effect should scale with the dimensions of the junction, becoming more prevalent
for shorter (or cleaner) junctions.
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Figure 7.7: Finite momentum simulations of an NS interface with parameters Δ = 250 µeV, 𝑡 = 10Δ Γ = 0.33Δ,
𝐻 = 0.3𝑡 , 9 N-sites and 9 S sites. The voltage 𝐼exc𝑅N is plotted versus bias voltage 𝑉 for different momentum
values 𝑝S = − Δ

𝑣F
, 0, Δ

𝑣F
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The non-equilibrium Josephson diode effect that was discovered here allows for the con-
version of an applied magnetic field to a voltage on the order of 50 µV per 200 mT in
Nb/Au/Nb SNS junctions. Furthermore, the effect is almost linear at low magnetic fields.
Hence, the devices made can find a potential use as magnetic field sensors with a sen-
sitivity of 250 µV/T. With a voltage measurement accuracy of approximately 2 nV, this
device could thus read magnetic fields on the order of 10 µT. This resolution could poten-
tially be improved by making multiple Josephson junctions in series, or by increasing the
maximum deficit voltage of the junctions through improvements in the fabrication.

Finally, we discuss a peculiarity in the data. That is, the enhancement of the switching
current in the Pd junctions around zeromagnetic field. This could indicate that the amount
of pair breaking reduces with increasing magnetic field in this regime. An enhancement
was only observed for in-plane magnetic field, and was most clearly seen for the parallel
field direction. This was not observed for all Pd-based devices, but only for this particular
batch of junctions. A possible explanation could be the presence of localized magnetic
moments in the Pd film. If these are oriented in random orientations or in the out of plane
direction, they effectively provide a field in the z direction. Applying a magnetic field in
the parallel direction will then align these moments to the parallel direction, in which the
superconducting film is less sensitive to magnetic field.

7.5 Conclusion
In conclusion, a Josephson diode effect was discovered in variable thickness SNS junctions
made with Nb as the superconductor and Pd or Au as the normal metal. By applying an in-
planemagnetic field on the order of 100mT perpendicular to the bias current direction, the
switching current was biased in the forward or backward direction. Additionally, when
the normal metal wire was gradually slimmed down by feedback controlled electromigra-
tion, an asymmetry in the deficit voltage (equivalently, the excess current) was revealed.
The deficit voltage asymmetry is related to the perpendicular in-plane magnetic field and,
similarly to the Josephson diode effect, has a characteristic magnetic field scale on the or-
der of 100mT. Neither the deficit voltage scale nor the deficit voltage asymmetry changed
significantly upon increasing the resistance of the normal wire by electromigration of the
SNS junctions below 12 kΩ.

Both the Josephson diode effect and deficit voltage asymmetry can both be classified as
nonreciprocal charge transport mechanisms in SNS junctions. The independence of these
effects on the current scale allows us to exclude self-inductance as a trivial mechanism
by which this could occur. Instead, an explanation based on the Meissner effect at the
NS interface gives a satisfactory description of both the Josephson diode effect and the
observed deficit voltage asymmetry. In this explanation, the asymmetry results from a
Doppler shift of the electron quasiparticle momentum. As a result, Cooper pairs and Bo-
goliubov quasiparticles are formed by electron and hole excitations with unequal energies.
Electrons going in the forward direction are shifted down in energy and electrons going
in the backward direction are shifted up in energy. Due to this, zero momentum Cooper
pairs have finite energy and the Bogoliubov quasiparticle energies shift with respect to the
Fermi energy. As a result, Andreev reflections at the NS interface are direction dependent.
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The Josephson diode and deficit voltage asymmetry discovered in these conventional SNS
junctions motivates further investigation. In particular, it is of interest to understand
what determines the magnitude of the asymmetry. The proposed explanation for the non-
reciprocity in these junctions relies on the Doppler shift of Andreev reflections. This is
a momentum-based effect, which is largest in the ballistic case and decreases with an in-
crease in elastic scattering. Junctions with a shorter length should show a larger diode
efficiency and a larger deficit voltage asymmetry with respect to the maximum deficit
voltage. Studies of the nonreciprocal effect as a function of the spacing between the su-
perconducting electrodes should be done to verify this.
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7.6 Appendix
Magnetic field dependence of a tunnel junction
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Figure 7.A.1: Nonreciprocal conductance in a 60 kΩ junction device a) Color map of the differential resistance
versus magnetic field in the 𝑧 direction. b) Differential conductance versus voltage curve for magnetic fields
ranging from 0 T to 1 T in steps of 0.1T. c) Color map of the differential resistance versus magnetic field in
the perpendicular in-plane direction d) Normalized differential conductance versus voltage curves for −0.08 and
0.12 T (−0.1 and 0.1 T effective) magnetic field in the perpendicular in-plane direction. Normalization was per-
formed by dividing the differential resistance curves by the differential resistance curve at 0.02 T

Junction B was further electromigrated to a resistance of 60 kΩ. At this resistance, the
dependence of the 𝐼𝑉 characteristic was measured versus out of plane and perpendicular
in-planemagnetic field. The colormap of the differential resistance versus bias current and
magnetic field in the 𝑧 direction is shown in Figure 7.A.1a. Corresponding differential con-
ductance versus voltage curves from 0 to 1 Twith steps of 0.1 T are shown in Figure 7.A.1b.
The differential conductance curves show a gap structure at zero voltage, surrounded by
peaks at low magnetic field. This is the expected behavior of a superconducting tunnel
contact; the gap in the quasiparticle density of states appears in the differential conduc-
tance. As the magnetic field is increased, the gap in the differential conductance gradually
disappears. The color map of the differential resistance versus current and perpendicu-
lar in-plane magnetic field is shown in Figure 7.A.1c. In contrast to the behavior of the
junction at lower resistances, there is no clear skewing of the differential resistance in the
color map. To see the effect of the magnetic field, I examine the normalized differential
conductance versus voltage curves at −0.08 T and 0.12 T, shown in Figure 7.A.1d. Here
normalization was performed by dividing the differential resistance curves by the curve
at 0.02 T. This however reveals that the differential conductance curves are still skewed.
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The normalized curves show that at 0.12 T, the junction is relatively more conductive in
the forward bias direction and at −0.08 T, the junction is relatively more conductive in
the backward bias direction. This shows that even in the tunnel junction, a diode effect
remains.

Colormapof themagnetic field dependence of the 12.7 kΩNb/Au/Nb
SNS junction
In Figure 7.A.2, the color map of the differential resistance versus bias current and perpen-
dicular in-planemagnetic field is shown for the Nb/Au/Nb SNS junction electromigrated to
a resistance of 12.7 kΩ in the main text. ⁵ This color map shows skew symmetry (BJR-type
behavior) and an approximately constant background differential resistance.
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Figure 7.A.2: Nonreciprocal conductance in a 12.7 kΩ Nb/Au/Nb SNS junction. Color map of the differential
conductance versus bias current and perpendicular in-plane magnetic field.

⁵This color map was used as the cover image for this thesis
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8
Conclusion and outlook

The core focus of this thesis is making superconducting contacts to graphene nanorib-
bons. Thus, this thesis started out with making such contacts out of MoRe. However,
it was found that such devices made with 9-atom-wide armchair graphene nanoribbons
contacted by electrodes made out of molybdenum-rhenium alloy in fact do not conduct
electricity at low temperatures and low bias voltages. It was initially not known whether
this issue was due to the surface quality ofMoRe or due to the inherent Schottky barriers at
the metal-semiconductor interfaces; hence studies were performed with ligand-free gold
nanoparticles to characterize the surface of the MoRe contacts. Here, it was found that
the electrical interface between the MoRe electrodes and the Au nanoparticles appeared
to be highly transparent. Since the surface of MoRe was found to make good contacts to
Au nanoparticles and thus sufficiently clean from oxides and contaminants, the focus for
graphene nanoribbons shifted towards making optimal electrical interfaces, rather than
just making superconducting contacts.

As a strategy toward making transparent electrical contacts to narrow armchair graphene
nanoribbons, a focus was put on palladium contacts. Palladium is known to be an excellent
(p-type) contact metal for carbon nanotubes. By utilizing the superconducting proximity
effect, superconducting correlations could be induced in this material, provided that it is in
good electrical contact with a superconductor. This motivated the study of Nb/Pd/Nb (and
Nb/Au/Nb) SNS junctions, with the aim of studying the proximity effect. These junctions
were made in a constriction, such that they can be gradually narrowed down and eventu-
ally broken by feedback-controlled electromigration. By breaking the Pd or Au wire, the
induced energy gap in the normal metal could be characterized. A superconducting gap
of 50 µV could be induced in the Pd constrictions, significantly smaller than the gap of
250 µV in Au. Unexpectedly, a Josephson diode effect and nonreciprocal Andreev conduc-
tance was identified in the SNS junction upon applying an external magnetic field in the
direction perpendicular to the current direction and parallel to the NS interface. Such an
effect could be qualitatively understood within the Blonder-Tinkham-Klapwijk theory by
considering the contribution of the Meissner screening current in the superconductor on
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the quasiparticle dispersion relations. Within the next few paragraphs, a brief overview
of the conclusions and outlook is given per chapter.

Chapter 4 describes a series of measurements done to characterize the electrical inter-
faces of electrodes made out of MoRe alloy to 9-atom-wide armchair graphene nanorib-
bons. This is done with the express purpose of making GNR devices that are electrically
conductive at cryogenic temperatures and low bias voltages, where the MoRe alloy is su-
perconducting. Although MoRe had been shown to make excellent contacts to carbon
nanotubes[149, 150] at low temperature, the measurements with graphene nanoribbons
showed current on the order of 1 pA at voltage of 500 mV at a temperature of approxi-
mately 100 mK. A bit more success was found with Pd electrodes, which exhibited a 104
better conductance at room temperature. Yet, all devices continued to show thermally ac-
tivated behavior and consequently high electrical resistance at low temperatures. In this
regard, the behavior of the GNR devices studied thus deviates from the carbon nanotubes
devices studied before. Most likely, the band gap of the GNRs studied here is significantly
larger than the band gap of the carbon nanotubes for which highly conductive interfaces
were found. This could be explained if the width of the GNRs (∼ 1 nm) is presumably quite
narrow compared to the circumference (or diameter) of the carbon nanotubes. Assum-
ing this is true, a massive improvement on the current devices can be made by replacing
the 9-atom-wide armchair GNRs with a band gap of 1.4 eV by 17-atom-wide armchair
GNRs, which have a theoretically predicted band gap of only 660 µeV[63] and a measured
band gap of only 190meV in scanning tunneling spectroscopy. The theoretically predicted
band gap makes the 17-AGNRs comparable to carbon nanotubes with a 1.3 nm diameter
(instead of an 0.6 nm diameter for 9-AGNRs). For a carbon nanotube of this diameter, a
significantly smaller Schottky barrier to Pd is to be anticipated[142]. If experience with
carbon nanotubes translates to GNRs, wider GNRs could be necessary to make Josephson
junctions with GNRs. Indeed, while further engineering of the contacts to improve the
interface resistance is, in principle, possible by using metals with very high or very low
work functions, i.e., by making n-type contacts with scandium, device fabrication with
such metals is impractical due to oxidation of n-type contacts or impossible due to a lack
of high enough work function for p-type contacts. For the purpose of making supercon-
ducting circuits with GNRs, I expect that engineering of the GNRs to produce smaller band
gaps, rather than engineering of the contact area, is necessary to produce a breakthrough.

In chapter 5, it was revealed by Andreev spectroscopy that the interfaces of MoRe with
ligand-free gold nanoparticles have a high electrical interface transparency. This is an
important conclusion, as it shows the potential to use prepatterned MoRe electrodes as
superconducting electrodes for making superconducting contacts with a material of in-
terest without directly sputtering or evaporating on top. For the purpose of studying
graphene nanoribbons, this confirms that the interfaces of MoRe are likely not limited by
barriers inherent to the MoRe electrodes. Although studies of MoRe - carbon nanotube -
MoRe devices performed by Kaikkönen et al.[150] suggested that prepatterned MoRe elec-
trodes canmake highly transparent electrical interfaces to carbon nanotubes, the interface
transparency of prepatterned MoRe electrodes to nanostructures was never characterized
before. To my knowledge, this study thus provides the first experimental confirmation
of the highly transparent interface properties of MoRe. Future experiments could utilize
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this special property of MoRe alloys to study nanoparticles or 2D materials, as has already
been done with monolayer MoS2[232], with superconducting contacts.

Furthermore, for studying individual nanoparticles, there are a few possible directions to
take. An improvement on the current study should aim to study ligand-free nanoparticle
with a defined shape and size, rather than just a defined mass. In order to achieve this for
nanoparticles created by spark ablation, a heater could be installed in the gas line. Heating
the particles prior to size selection should melt the nanoparticles, which, by minimization
of surface energy, is expected to lead to a spherical shape. Another direction that could
be taken is the study of different nanoparticles made out of different metals or perhaps
alloys. Since the spark ablation technique used in this thesis allows for the production
of nanoparticles out of arbitrary metals and can even make thermodynamically unstable
alloys (”impossible” alloys)[233], this technique could be used to investigate unique mate-
rials. In the context of Josephson junctions with (anti)ferromagnetic nanoparticles, i.e., by
mixing a noble metal such as Au with Cr, Mn, Fe, Co or Ni, would be of interest.

Beyond studying individual nanoparticles, it could be of interest to study the properties of
the nanoporous films created by the thicker nanoparticle depositions. The gold nanopar-
ticles studied in this thesis have a typical diameter of approximately 5 nm, which is sig-
nificantly smaller than the mean-free path in bulk gold (∼ 38 nm [194]). This is smaller
than the thinnest conductive film that can be created by e-beam evaporation (∼ 13 nm)
and comparable to the smallest filament diameter of nanoporous gold structures[234]. It
is to be expected that boundary scattering is dominant in such nanostructures and domi-
nates the electronic transport properties. As the particles forming the film get smaller, the
surface area to volume ratio also changes. Thus, the influence of electronic states related
to the surface of the gold should be much more important in such nanoporous films. If
the nanoparticle diameter or the degree of porosity can be controlled by tuning deposi-
tion parameters, this might allow for an investigation of the contribution of the predicted
topological surface states in gold[235, 236] on the transport characteristics.

In chapter 6, SNS junction made using the superconductor Nb and the normal metals Au
and Pd were studied. With the purpose of creating junctions that could be electromigrated
to form superconducting contacts with nanoparticles or GNRs, a constricted geometry
was chosen. This, ideally, makes the normal metal the most resistive element. Through
tuning the deposition of Nb and the pattern, such that the constrictionwas narrow enough,
junctions were successfully electromigrated in a symmetric manner. Such devices could
be used to study nanoparticles or GNRs. The observed proximity effect in Pd was small,
with an induced gap of ∼ 50 µV. Although this can be improved by further scaling down
the junction length, the significant thickness of the Nb layer would make deposition of
GNRs into the nanogap difficult. Thus, for Pd, an N/S bilayer with Pd, or AuPd on top of
Nb might provide a better device structure, provided the interface between the Pd and the
Nb can be made and kept clean.

In chapter 7, the observation of a Josephson diode effect and a non-reciprocal Andreev con-
ductance was observed in the SNS junctions made in chapter 6. Through electromigration
of the junctions, it was found that the observed deficit voltage scale and its non-reciprocity
do not scale with the resistance of the normal metal. A qualitative model was made, which
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explains the effect on the basis of quasiparticle momentum due to a Meissner current at
a highly transparent NS interface. Various characterizations can still be done in order to
better understand the behavior of such a junction. The theory by Davydova[100] for the
Josephson diode effect, for example, suggests that the effect is quasi-ballistic, decreasing
with an increase in scattering. This can be characterized by studying the maximum deficit
voltage as a function of the length of the normal metal bridge (the spacing between the
niobium patches). Furthermore, it is still not fully understood how the thickness of the
superconductor and the normal metal affects the diode effect in these junctions. Another
idea is to investigate whether the diode effect is also present when the normal metal is
replaced by a (highly conductive) superconductor, such as aluminium. Since the critical
field of aluminium (𝐻c = 10mT[237]) is small, such measurements should be done at a low
magnetic field.

Finally, I will make a remark on a pervasive technical issue within this thesis, which
was found in the MoRe devices with gold nanoparticles, but also in the Nb/Pd/Nb and
Nb/Au/Nb SNS junctions: The absence of an observable critical current in SNS junctions
below approximately 1 µA. Since the gold nanoparticle SNS junctions had resistances
larger than 1 kΩ, their critical current was expected to be below 1 µA. Indeed, for such
junctions, a critical current-like effect was observed, but not without dissipation/resis-
tance. For the SNS junctions, on the other hand, a dissipationless current was observed,
but only for 𝑅 ∼ 10 Ω. Upon electromigration of the normal metal constriction, the junc-
tion became resistive at all bias currents, while a partially resistive critical current feature
remained. The approximate critical current scale of 1 µA is alarming, since the associated
Josephson energy, 𝐸J = 𝑒𝐼c

2𝜋𝐺0
, where 𝐺0 is the conductance quantum and 𝐼c is the critical

current, is approximately 2 meV. This is orders of magnitude above the thermal energy at
100mK, (𝑘b𝑇 ∼ 10µV)! It is suspected that a lack of (high frequency) filtering at milli-Kelvin
cryogenic temperatures in the dilution fridge is to blame for this. Careful consideration
of filtering should be performed in order to observe a dissipationless Josephson current in
more resistive devices (𝑅N ≥ 1 kΩ).
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