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Abstract: To address the limitations imposed by Bode’s gain-phase relationship in linear
controllers, a reset-based filter called the Constant in gain- Lead in phase (CgLp) filter has
been introduced. This filter consists of a reset element and a linear lead filter. However, the
sequencing of these two components has been a topic of debate. Positioning the lead filter before
the reset element in the loop leads to noise amplification in the reset signal, whereas placing
the lead filter after the reset element results in the magnification of higher-order harmonics.
This study introduces a tunable lead CgLp structure in which the lead filter is divided into two
segments, enabling a balance between noise reduction and higher-order harmonics mitigation.
Additionally, a filtering technique is proposed, employing a target-frequency-based approach to
mitigate nonlinearity in reset control systems in the presence of noise. The effectiveness of the
proposed methods in reducing nonlinearity is demonstrated through both frequency domain and
time-domain analyses using a simulated precision positioning system as a case study.

Keywords: Nonlinear control, Reset control, Frequency domain analysis, Linear control
limitations, Describing functions, Motion control.

1. INTRODUCTION

Reset elements are nonlinear filters used to overcome
the fundamental performance limitations of linear time-
invariant (LTI) control systems Zhao et al. (2019). The
concept of reset control was initially introduced in Clegg
(1958) as a nonlinear integrator, later known as the Clegg
integrator (CI). It demonstrated promising behavior in
overcoming the limitations inherent in linear feedback
control caused by Bode’s gain-phase relationship Guo et al.
(2009). Over time, more advanced reset components were
created, including the generalized first-order reset element
(GFORE) Guo et al. (2009) and the second-order reset
element (SORE) Hazeleger et al. (2016).

In Guo et al. (2009), the reset element is presented in the
frequency domain using the describing function method.
In Saikumar et al. (2021), the extension of the frequency
domain tool ‘Higher Order Sinusoidal-Input Describing
Functions (HOSIDFs)’ for reset controllers is introduced,
enabling deeper open-loop analysis. Additionally, in Saiku-
mar et al. (2021), a method for translating open-loop
behavior to closed-loop in the frequency domain is pro-
posed, which corresponds to the HOSIDF-based sensitivity
functions for reset control systems (RCS).

In Saikumar et al. (2019), the Constant in gain, Lead in
phase (CgLp) element, a reset-based filter, is introduced
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as a remedy for Bode’s gain-phase relationship. CgLp
element is able to produce a positive phase while having
constant gain at its first-order Sinusoidal Input Describing
Function (SIDF). This filter consists of a GFORE and a
lead element. In Cai et al. (2020), it is shown that having
a lead action before the reset element results in a smaller
magnitude of HOSIDFs. Thus, employing a Lead-GFORE
sequence for the CgLp can reduce nonlinearity. However, in
the presence of noise in the system, a lead action before the
reset element amplifies the noise in the reset action signal,
leading to unwanted resets. Therefore, in this study, by
dividing a lead filter into two parts, we introduce:

• Tunable Lead CgLp, a method to compromise the
effects of noise and HOSIDFs on RCSs performance.

This method can reduce nonlinearity to the extent permit-
ted by the noise.

In Karbasizadeh and HosseinNia (2022), a pre- and post-
filtering technique using lead and lag filters is introduced
to reduce HOSIDFs and improve transient response. How-
ever, its effectiveness is limited by noise, as the lead filter
precedes the reset element and operates across a broad
frequency range despite HOSIDFs being confined to a
specific band. To address nonlinearity within a targeted
frequency range, this study proposes the following method:
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Fig. 1. Block diagram of the closed-loop system.

• Notch-based filtering of the CgLp element, a direct
closed-loop approach for shaping nonlinearity in the
presence of noise.

In this paper, first, we introduce the reset element in both
the time and frequency domains in Section 2. Since our
objective is to shape the nonlinearity using the closed-
loop frequency domain characteristics of the RCS, Section
3 introduces the case study along with the linear and reset
controllers utilized in this paper. Then in Section 4, the
methodology of the Tunable Lead CgLp and the Filtered
CgLp are presented and in Section 5 we validated the
results in both time and frequency domains.

2. PRELIMINARIES

2.1 System description

Consider a closed-loop control system as Fig. 1, where G
is the plant, C1 and C2 are LTI filters and R is the reset
element describes as follows

R :



ẋr(t) = Arxr(t) +Brer(t), (xr(t), er(t)) /∈ F ,

xr(t
+) = Aρxr(t), (xr(t), er(t)) ∈ F ,

ur(t) = Crxr(t) +Drer(t),
(1)

with
F := {er = 0 ∧ (Aρ − I)xr(t) ̸= 0}, (2)

where Ar ∈ Rnr . nr , Br ∈ Rnr . 1, Cr ∈ R1 . nr , and
Dr ∈ R represent the state-space matrices of the reset
element, and the reset value matrix is denoted by Aρ =
diag(γ1, ..., γnr

). xr(t) ∈ Rnr . 1 is the state of the reset
element, xr(t

+) ∈ Rnr . 1 is the after-reset state, and
er(t) ∈ R and ur(t) ∈ R represent the input and output of
the reset element, respectively. By defining the base linear
system of the reset element as the case when there is no
reset, its transfer function is calculated as follows:

R(s) = Cr(s−Ar)
−1Br +Dr, (3)

where s ∈ C is the Laplace variable.

2.2 Open-loop and Closed-loop Frequency Domain Analysis

Theorem 1. (Saikumar et al., 2021, Theorem 3.1), Con-
sidering er(t) = sin (ωt) as the input of the reset element,
then for its output, we have

ur(t) =

∞
n=1

|Hn(ω)| sin (nωt+ ∠Hn(ω)), (4)

where Hn(ω) is the HOSIDF of the reset element in (1)
as follows

Hn(ω) =




Cr (jωI −Ar)
−1

(I + jΘD(ω))Br +Dr, for n = 1,

Cr (jnωI −Ar)
−1

jΘD(ω)Br, for odd n ≥ 2,

0, for even n ≥ 2,

(5)

with
Λ(ω) = ω2I +A2

r, ∆(ω) = I + e
π
ωAr ,

∆r(ω) = I +Aρe
π
ωAr , Γr(ω) = ∆−1

r (ω)Aρ∆(ω)Λ−1(ω),

ΘD(ω) = −2ω2

π
∆(ω)


Γr(ω)− Λ−1(ω)


.

(6)

From Theorem 1 and (Caporale et al., 2024, Theorem 2),
the open-loop HOSIDF of the system in Fig. 1 is as follows:

Ln(ω) = G(jnω)C2(jnω)Hn(ω)C1(jω)e
j(n−1)∠C1(jω).

(7)

Despite LTI systems, there is no direct link between
the open-loop and closed-loop frequency domain response
for nonlinear controllers, especially in the case of the
reset control system. Therefore, predicting the actual
closed-loop performance is desirable using only frequency
domain analysis. In Theorem 2, a frequency domain-based
performance prediction for RCSs is presented (Saikumar
et al. (2021)) under the following assumption.
Assumption 1. We assume that only the first-order har-
monic of er contributes to resets, as in the closed-loop, it
consists of a fundamental harmonic with a frequency of ω,
along with higher-order harmonics. Additionally, the RCS
is input-to-state convergent (see Hosseini and HosseinNia
(2025) for frequency domain stability analysis).
Theorem 2. (Saikumar et al., 2021, Theorem 4.1) Con-
sidering r(t) = sin (ωt) and that Assumption 1 holds, the
closed-loop steady-state error ess(t) can be written as

ess(t) =

∞
n=1

en(t), (8)

where
en(t) = |Sn(ω)| sin (nωt+ ∠Sn(ω)), (9)

with higher-order sensitivity function Sn(ω) as

Sn(ω) =




1

1 + L1(ω)
, for n = 1,

−Ln(ω)Sbl(jnω)

|S1(ω)|ejn∠S1(ω)


, for odd n ≥ 2,

0, for even n ≥ 2,

(10)
where Sbl(jnω) = 1

1+Lbl(jnω) which Lbl(jω) is the base

linear transfer function of the open-loop.

3. CASE STUDY

In this paper, we address the vibration and disturbance
rejection problem for a precision positioning stage (see Fig.
2). The plant is modeled using its measured frequency
response function, which can be approximated by the
following transfer function:

G(s) =
9836e−0.00027

s2 + 8.737s+ 7376
. (11)

In this study, we use the above model of the actual system
to be able to investigate its behavior under varying con-
ditions, including the presence and absence of inputs such
as noise and disturbances. A PID controller is designed to
achieve a 30-degree phase margin while ensuring high low-
frequency loop gain for improved disturbance rejection.
However, due to time delay, the controller’s ability to
increase low-frequency gain is limited, as doing so requires
either widening the bandwidth or raising the integral fre-
quency, both of which reduce phase margin.
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Fig. 1. Block diagram of the closed-loop system.

• Notch-based filtering of the CgLp element, a direct
closed-loop approach for shaping nonlinearity in the
presence of noise.

In this paper, first, we introduce the reset element in both
the time and frequency domains in Section 2. Since our
objective is to shape the nonlinearity using the closed-
loop frequency domain characteristics of the RCS, Section
3 introduces the case study along with the linear and reset
controllers utilized in this paper. Then in Section 4, the
methodology of the Tunable Lead CgLp and the Filtered
CgLp are presented and in Section 5 we validated the
results in both time and frequency domains.

2. PRELIMINARIES

2.1 System description

Consider a closed-loop control system as Fig. 1, where G
is the plant, C1 and C2 are LTI filters and R is the reset
element describes as follows

R :



ẋr(t) = Arxr(t) +Brer(t), (xr(t), er(t)) /∈ F ,

xr(t
+) = Aρxr(t), (xr(t), er(t)) ∈ F ,

ur(t) = Crxr(t) +Drer(t),
(1)

with
F := {er = 0 ∧ (Aρ − I)xr(t) ̸= 0}, (2)

where Ar ∈ Rnr . nr , Br ∈ Rnr . 1, Cr ∈ R1 . nr , and
Dr ∈ R represent the state-space matrices of the reset
element, and the reset value matrix is denoted by Aρ =
diag(γ1, ..., γnr

). xr(t) ∈ Rnr . 1 is the state of the reset
element, xr(t

+) ∈ Rnr . 1 is the after-reset state, and
er(t) ∈ R and ur(t) ∈ R represent the input and output of
the reset element, respectively. By defining the base linear
system of the reset element as the case when there is no
reset, its transfer function is calculated as follows:

R(s) = Cr(s−Ar)
−1Br +Dr, (3)

where s ∈ C is the Laplace variable.

2.2 Open-loop and Closed-loop Frequency Domain Analysis

Theorem 1. (Saikumar et al., 2021, Theorem 3.1), Con-
sidering er(t) = sin (ωt) as the input of the reset element,
then for its output, we have

ur(t) =

∞
n=1

|Hn(ω)| sin (nωt+ ∠Hn(ω)), (4)

where Hn(ω) is the HOSIDF of the reset element in (1)
as follows

Hn(ω) =




Cr (jωI −Ar)
−1

(I + jΘD(ω))Br +Dr, for n = 1,

Cr (jnωI −Ar)
−1

jΘD(ω)Br, for odd n ≥ 2,

0, for even n ≥ 2,

(5)

with
Λ(ω) = ω2I +A2

r, ∆(ω) = I + e
π
ωAr ,

∆r(ω) = I +Aρe
π
ωAr , Γr(ω) = ∆−1

r (ω)Aρ∆(ω)Λ−1(ω),

ΘD(ω) = −2ω2

π
∆(ω)


Γr(ω)− Λ−1(ω)


.

(6)

From Theorem 1 and (Caporale et al., 2024, Theorem 2),
the open-loop HOSIDF of the system in Fig. 1 is as follows:

Ln(ω) = G(jnω)C2(jnω)Hn(ω)C1(jω)e
j(n−1)∠C1(jω).

(7)

Despite LTI systems, there is no direct link between
the open-loop and closed-loop frequency domain response
for nonlinear controllers, especially in the case of the
reset control system. Therefore, predicting the actual
closed-loop performance is desirable using only frequency
domain analysis. In Theorem 2, a frequency domain-based
performance prediction for RCSs is presented (Saikumar
et al. (2021)) under the following assumption.
Assumption 1. We assume that only the first-order har-
monic of er contributes to resets, as in the closed-loop, it
consists of a fundamental harmonic with a frequency of ω,
along with higher-order harmonics. Additionally, the RCS
is input-to-state convergent (see Hosseini and HosseinNia
(2025) for frequency domain stability analysis).
Theorem 2. (Saikumar et al., 2021, Theorem 4.1) Con-
sidering r(t) = sin (ωt) and that Assumption 1 holds, the
closed-loop steady-state error ess(t) can be written as

ess(t) =

∞
n=1

en(t), (8)

where
en(t) = |Sn(ω)| sin (nωt+ ∠Sn(ω)), (9)

with higher-order sensitivity function Sn(ω) as

Sn(ω) =




1

1 + L1(ω)
, for n = 1,

−Ln(ω)Sbl(jnω)

|S1(ω)|ejn∠S1(ω)


, for odd n ≥ 2,

0, for even n ≥ 2,

(10)
where Sbl(jnω) = 1

1+Lbl(jnω) which Lbl(jω) is the base

linear transfer function of the open-loop.

3. CASE STUDY

In this paper, we address the vibration and disturbance
rejection problem for a precision positioning stage (see Fig.
2). The plant is modeled using its measured frequency
response function, which can be approximated by the
following transfer function:

G(s) =
9836e−0.00027

s2 + 8.737s+ 7376
. (11)

In this study, we use the above model of the actual system
to be able to investigate its behavior under varying con-
ditions, including the presence and absence of inputs such
as noise and disturbances. A PID controller is designed to
achieve a 30-degree phase margin while ensuring high low-
frequency loop gain for improved disturbance rejection.
However, due to time delay, the controller’s ability to
increase low-frequency gain is limited, as doing so requires
either widening the bandwidth or raising the integral fre-
quency, both of which reduce phase margin.

Fig. 2. Planar precision positioning ‘Spider’ stage with
voice coil actuator denoted as A1, controlling the mass
indicated as M1 and constrained by leaf flexure.

To overcome the mentioned limitations of PID controllers,
we use the reset element to design a CgLp element (Saiku-
mar et al. (2019)) that provides phase lead around the
frequency range of interest without affecting the gain be-
havior. We consider,

CCgLp = R . Clead, (12)

where

Clead(s) =
1 + s

ωr

1 + s
ωf

, (13)

with ωf >> ωr (in this study ωf = 20ωr). The lead
element (Clead) is placed after the reset component to
prevent the amplification of noise in the reset action
signal er(t) when the error signal e(t) is noisy. In many
applications, the lead element is positioned either after the
reset element or in parallel to it, helping to mitigate noise
amplification in the reset signal Caporale et al. (2024).

The reset element R is designed such that its gain cancels
the gain effect of the lead filter while providing less phase
lag in its SIDF (H1(ω)) compared to the phase of C−1

lead(s).
Considering R as GFORE element (Ar = −ωα, Br = 1,
Cr = ωα, D1 = 0, −1 < Aρ < 1) with the base linear
transfer function

R(s) =
1

1 + s
ωα

, (14)

where ωα is the corner frequency of the base linear trans-
fer function of the GFORE element. To have the same
magnitude of describing function as a linear low-pass filter(
1 + s

ωr

)−1

in both high frequencies (ω → ∞) and low

frequencies (ω → 0), we set

ωα =
ωr√

1 + Θ2
D,∞

, (15)

where ΘD,∞ := limω→∞ ΘD(ω) =
4(1−Aρ)
π(1+Aρ)

. See (van Eijk

et al., 2024, Section 3) for more information.

Having the plant in (11), we compare two controllers as

CL = CPID .
1

1 + s
ωf

, (16)

and
CNL = CPID . CCgLp, (17)

where CPID is defined as follows

CPID(s) = kp

(
1 +

ωi

s

)(
1 + s

ωd

1 + s
ωt

)
, (18)

Table 1. Controller parameters

kp ωi [Hz] ωd [Hz] ωt [Hz] ωf [Hz] ωr [Hz] ωα [Hz] Aρ

CL 29.74 15 50 450 3000 − − −
CNL 29.85 50 50 450 3000 150 114.5 0.2

-40

-20

0

20

10
0

10
2

10
4

-40

-20

0

20

40

60

Fig. 3. The SIDF of the CgLp element.

where kp ∈ R represents the PID gain, ensuring zero dB
gain at crossover frequency ωc (defined as bandwidth),
ωi = ωc/10 is the frequency at which integral action is
stopped, differentiating action is started at ωd = ωc/3 and
terminated at ωt = 3ωc. In this work, we set the bandwidth
as the maximum achievable one for the linear controller,
CL, to ωc = 150Hz with a 30-degree phase margin.
The corresponding PID controller parameters are derived
using the rules-of-thumb method Schmidt et al. (2020), as
shown in Table. 1. For the nonlinear controller, CNL, we
aim to achieve a 10-degree phase lead at the bandwidth
frequency from the CgLp element, while maintaining only
a 20-degree phase contribution from the PID controller.
This configuration permits the use of a higher integral
frequency, ωi = 50Hz (instead of 15Hz in CL), which, in
turn, results in a higher loop gain at lower frequencies. The
PID and CgLp parameters for CNL are also provided in
Table. 1. The SIDF of CCgLp for the specified parameters
is illustrated in Fig. 3. Notably, the gain of this filter
remains near unity (0 dB) even one decade beyond the
bandwidth frequency, while providing a positive phase at
the bandwidth frequency. Fig. 4 illustrates the open-loop
frequency response of the linear system as

L(s) = CL(s)G(s), (19)

and the SIDF of the nonlinear control system as

L1(ω) = CPID(jω)Clead(jω)H1(ω)G(jω). (20)

It is evident that, in the case of nonlinear control, the
incorporation of the reset element facilitates an increase
in loop gain at low frequencies while maintaining the
bandwidth and phase margin consistent with those of the
linear control system.

However, thus far in this section, only the first-order SIDF
characteristics of the reset element have been presented.
In the subsequent sections, we will analyze the nonlinear
control case based on the closed-loop higher-order SIDFs,
aiming to minimize their impact on system performance.

4. SHAPING THE CLOSED-LOOP HOSIDFS

In this section, we analyze the closed-loop HOSIDFs of
the designed nonlinear controller. According to Theorem
2, the steady-state error comprises contributions from
both the fundamental harmonic S1(ω) and higher-order
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Fig. 4. Open-loop frequency response of the plant with
linear and nonlinear controller.

harmonics Sn(ω). Our focus is on S3, as it exhibits the
largest magnitude among the HOSIDFs. From (10), we
derive the following relationship:

|S3(ω)| = |L3(ω)||Sbl(j3ω)||S1(ω)|, (21)

where |S3(ω)| and its components are illustrated in Fig. 5,
assuming C1 = 1 and C2 = Clead · CPID.

It is evident that max (|S1(ω)|) occurs at or near the band-
width frequency ωc, while the peak of |Sbl(j3ω)| appears
around ωc/3. Consequently, the third-order sensitivity
function |S3(ω)| has a relatively large magnitude around
these peaks, which is not desired. To effectively reduce
|S3(ω)| in these regions, it is crucial to shape |L3(ω)| while
preserving |Sbl(j3ω)| and |S1(ω)| unchanged.
Based on existing literature, shaping open-loop HOSIDFs
while preserving the first-order harmonic characteristics
unchanged can be achieved in two ways: first, by altering
the sequence of elements within the loop Cai et al. (2020);
and second, by applying pre- and post-filtering to the
reset element using two filters that are inverses of each
other Karbasizadeh and HosseinNia (2022). In this work,
we propose a remedy to address the trade-off in the
sequencing of CgLp elements to target HOSIDFs around
the bandwidth frequency ωc. Subsequently, we introduce
a novel filtering method designed to specifically target
HOSIDFs around ωc/3.

4.1 Tunable Lead CgLp Element

Regarding the equation in (7), the HOSIDFs of the open-
loop (Ln(ω)) can be varied by changing the sequence of
C1 and C2 in the loop. The effect of element sequencing
on the open-loop HOSIDFs was first examined in Cai
et al. (2020). Based on the findings in Cai et al. (2020),
minimizing open-loop nonlinearity (Ln(jω)) requires po-
sitioning the lead action before the reset element in the
control loop. Consequently, for the CgLp element, the
Clead filter should precede the GFORE element. However,
as we explained in the previous section, having lead action
before the reset element can easily magnify the noise in
error e(t) and transfer it to the reset signal er(t) and cause
many unwanted reset actions. On the other hand, we still
want to use the benefit of having lead action before the
reset element to reduce the higher-order harmonics based
on the result in Cai et al. (2020). Thus, we introduce the
tunable lead CgLp element as illustrated in Fig. 6, where
Clead = L1 . L2, with
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Fig. 5. The third-order closed-loop sensitivity function and
its components.
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Fig. 6. Tunable lead CgLp.

L1(s) =
1 + s

ωr

1 + s
ωx

, (22)

and

L2(s) =
1 + s

ωx

1 + s
ωf

, (23)

where ωr ≤ ωx ≤ ωf . With this architecture, we
can adjust the placement of a partial lead component
relative to the reset element, to achieve an optimal balance
between noise amplification and the reduction of higher-
order harmonics. Since ωr is established at the bandwidth
frequency, and given that ωr ≤ ωx ≤ ωf , we anticipate
improvements in the HOSIDFs around or beyond the
bandwidth frequency. To determine the optimal value for
ωx, we vary ωx within the range of [ωr, ωf ]. This approach
allows us to identify the ωx value that minimizes error,
depending on the system’s signal-to-noise ratio (SNR), by
balancing noise reduction with suppression of higher-order
harmonics. This process is detailed in the Section. 5.1.

However, since the CgLp is primarily active around
the bandwidth frequency (here, ωr = ωc), this tunable
lead method is not effective in adequately targeting the
HOSIDFs below ωc. Additionally, as the peak of |Sbl(j3ω)|
leads to an increase in |S3(ω)| around ωc/3, the next
section discusses an approach to target these frequencies
separately.

4.2 Filtered CgLp Element

In Karbasizadeh and HosseinNia (2022), a novel reset
control system architecture is proposed, employing a lead
filter before, and a lag filter after the reset element to
mitigate nonlinearity, forming the ”continuous reset ele-
ment.” However, to limit noise amplification in the reset
signal, this study seeks to minimize the use of lead filters
before the reset element. Thus, we directly examine the
closed-loop HOSIDFs and analyze the impact of filtering
on them.

Consider the closed-loop block diagram in Fig. 1, where
a filter N is implemented in C1, and the inverse of this
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harmonics Sn(ω). Our focus is on S3, as it exhibits the
largest magnitude among the HOSIDFs. From (10), we
derive the following relationship:

|S3(ω)| = |L3(ω)||Sbl(j3ω)||S1(ω)|, (21)

where |S3(ω)| and its components are illustrated in Fig. 5,
assuming C1 = 1 and C2 = Clead · CPID.

It is evident that max (|S1(ω)|) occurs at or near the band-
width frequency ωc, while the peak of |Sbl(j3ω)| appears
around ωc/3. Consequently, the third-order sensitivity
function |S3(ω)| has a relatively large magnitude around
these peaks, which is not desired. To effectively reduce
|S3(ω)| in these regions, it is crucial to shape |L3(ω)| while
preserving |Sbl(j3ω)| and |S1(ω)| unchanged.
Based on existing literature, shaping open-loop HOSIDFs
while preserving the first-order harmonic characteristics
unchanged can be achieved in two ways: first, by altering
the sequence of elements within the loop Cai et al. (2020);
and second, by applying pre- and post-filtering to the
reset element using two filters that are inverses of each
other Karbasizadeh and HosseinNia (2022). In this work,
we propose a remedy to address the trade-off in the
sequencing of CgLp elements to target HOSIDFs around
the bandwidth frequency ωc. Subsequently, we introduce
a novel filtering method designed to specifically target
HOSIDFs around ωc/3.

4.1 Tunable Lead CgLp Element

Regarding the equation in (7), the HOSIDFs of the open-
loop (Ln(ω)) can be varied by changing the sequence of
C1 and C2 in the loop. The effect of element sequencing
on the open-loop HOSIDFs was first examined in Cai
et al. (2020). Based on the findings in Cai et al. (2020),
minimizing open-loop nonlinearity (Ln(jω)) requires po-
sitioning the lead action before the reset element in the
control loop. Consequently, for the CgLp element, the
Clead filter should precede the GFORE element. However,
as we explained in the previous section, having lead action
before the reset element can easily magnify the noise in
error e(t) and transfer it to the reset signal er(t) and cause
many unwanted reset actions. On the other hand, we still
want to use the benefit of having lead action before the
reset element to reduce the higher-order harmonics based
on the result in Cai et al. (2020). Thus, we introduce the
tunable lead CgLp element as illustrated in Fig. 6, where
Clead = L1 . L2, with
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L1(s) =
1 + s

ωr

1 + s
ωx

, (22)

and

L2(s) =
1 + s

ωx

1 + s
ωf

, (23)

where ωr ≤ ωx ≤ ωf . With this architecture, we
can adjust the placement of a partial lead component
relative to the reset element, to achieve an optimal balance
between noise amplification and the reduction of higher-
order harmonics. Since ωr is established at the bandwidth
frequency, and given that ωr ≤ ωx ≤ ωf , we anticipate
improvements in the HOSIDFs around or beyond the
bandwidth frequency. To determine the optimal value for
ωx, we vary ωx within the range of [ωr, ωf ]. This approach
allows us to identify the ωx value that minimizes error,
depending on the system’s signal-to-noise ratio (SNR), by
balancing noise reduction with suppression of higher-order
harmonics. This process is detailed in the Section. 5.1.

However, since the CgLp is primarily active around
the bandwidth frequency (here, ωr = ωc), this tunable
lead method is not effective in adequately targeting the
HOSIDFs below ωc. Additionally, as the peak of |Sbl(j3ω)|
leads to an increase in |S3(ω)| around ωc/3, the next
section discusses an approach to target these frequencies
separately.

4.2 Filtered CgLp Element

In Karbasizadeh and HosseinNia (2022), a novel reset
control system architecture is proposed, employing a lead
filter before, and a lag filter after the reset element to
mitigate nonlinearity, forming the ”continuous reset ele-
ment.” However, to limit noise amplification in the reset
signal, this study seeks to minimize the use of lead filters
before the reset element. Thus, we directly examine the
closed-loop HOSIDFs and analyze the impact of filtering
on them.

Consider the closed-loop block diagram in Fig. 1, where
a filter N is implemented in C1, and the inverse of this

exact filter, N−1, is implemented in C2. Accordingly, if
we denote S

′

n as the higher-order sensitivity function in
presence of N and N−1, we have:

S
′

n(ω)

Sn(ω)
=

−L′

n(ω)S
′

bl(jnω)|S
′

1(ω)|ejn∠S
′
1(ω)

−Ln(ω)Sbl(jnω)|S1(ω)|ejn∠S1(ω)
, (24)

where

L
′

n(ω) = G(jnω)C
′

2(jnω)Hn(ω)C
′

1(jω)e
j(n−1)∠C

′
1(jω).

(25)

With C
′

1(jω) = C1(jω)N(jω) and C
′

2(jω) = C2(jω)
N−1(jω), we arrive at∣∣∣S′

n(ω)
∣∣∣

|Sn(ω)|
= |N(jω)|

∣∣N−1(jnω)
∣∣ . (26)

Thus, if the filter N can be designed such that around the
frequencies of interest |N(jω)|

∣∣N−1(jnω)
∣∣ < 1, then the

magnitude of S
′

n(ω) can be reduced within that range.

5. ILLUSTRATIVE EXAMPLE

Here, we address a disturbance rejection problem, focusing
on minimizing the error caused by a 40 Hz sinusoidal
disturbance, d = 0.25 sin (2π · 40 t), in the presence of
white noise, while assuming no error arises from the ref-
erence r(t) due to an ideal feedforward controller ensuring
perfect tracking. As shown in Fig. 4, CNL is expected
to outperform CL in disturbance suppression due to its
higher gain at the disturbance frequency. However, Fig.
5 reveals that CNL introduces additional error due to its
nonlinear characteristics. Our objective is to minimize this
error using two proposed methods: the tunable lead CgLp
and the filtered CgLp.

5.1 Frequency Domain Validation

To tune ωx in (22) and (23), the signal-to-noise ratio must
be known. For an SNR of 47.1 dB, ωx = 360Hz minimizes
the root mean square (RMS) error compared to ωx = ωr

and ωx = ωf . See Appendix A for details on ωx tuning.

To design the filter N , we aim to attenuate the magnitude
of S3(ω) around ωc/3 = 50 Hz, where it exhibits a
relatively high peak, which is related to the peak of
|Sbl(j3ω)|. Since N is placed before the reset element
and N−1 is placed after it, it is essential to ensure
that |N(jω)| ≤ 1 for all ω ∈ R to prevent any noise
amplification. Therefore, we define N as a notch filter,
expressed as follows:

N(s) =
s2/ω2

n + s/(Q1ωn) + 1

s2/ω2
n + s/(Q2ωn) + 1

, (27)

where ωn, Q1, Q2 ∈ R. At the target frequency ωn we have:

|N(jω)|ω=ωn =
Q2

Q1
, (28)

where from (26), approximately we have

∣∣S′
3(ω)

∣∣
ω=ωn

|S3(ω)|ω=ωn

≈
Q2

Q1
. In this study, we selected ωn = 50 Hz, Q1 = 1,

and Q2 = 0.4 to reduce |S3(ω)| by more than half
at 50 Hz. Fig. 7 shows the plot of |N(jω)|

∣∣N−1(j3ω)
∣∣

where the filter is able to effectively reduce |S3(ω)| at
the target frequency, with an amplitude increase at lower
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Fig. 8. The first- and third-order closed-loop SIDFs for
normal, tunable lead, and filtered tunable lead CgLp.

frequencies. This increase is negligible, as S1 and S3

have very small magnitudes in this range, making further
harmonic suppression unnecessary.

Having designed both the Tunable Lead, and Filtered
CgLp, we calculate |S3(ω)| for C1 = L1 . N and C2 =
L2 . N

−1 . CPID, comparing it with the case in Fig. 5. As
shown in Fig. 8, the Tunable Lead architecture reduces
the magnitude of S3 around the bandwidth (150 Hz).
Additionally, applying the notch filter and its inverse
before and after the GFORE, effectively attenuates the
peak of |S3(ω)| near one-third of the bandwidth (50 Hz).

5.2 Time Domain Validation

We implement the linear controller (CL) from (16) and four
CgLp cases, whose closed-loop frequency responses are
shown in Fig. 8. As mentioned, we consider a zero-reference
tracking case with a disturbance d = 0.25 sin (2π · 40 t) and
white noise. Fig. 9 presents the cumulative power spectral
density (CPSD) of the error for each controller, measured
after allowing sufficient time for transient behavior to fully
dampen. The improvement of the nonlinear controller over
the linear controller is evident from these results. Specif-
ically, the peak of the CPSD of the error, proportional
to the RMS value, is reduced for all nonlinear controllers.
Among them, the Clead-GFORE case (ωx = ωf ) shows the
highest error. This aligns with prior findings that applying
lead action before the reset element in the presence of
noise leads to a noisy reset trigger signal, er. However,
it is also evident that in the GFORE-Clead configuration
(ωx = ωr), further refinement is necessary to mitigate the
nonlinearity introduced by the controller. Consequently,
cases that incorporate the tunable lead CgLp, the filtered
CgLp, or a combination of both show a marked reduction
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in higher-order harmonics. These results align with the
frequency domain responses of the third-order closed-loop
SIDFs across the different controllers, as they share the
same magnitude of |S1(ω)| but exhibit distinct |S3(ω)|.

6. CONCLUSION

In conclusion, this paper has addressed the challenges
posed by nonlinearity in RCSs and presented methods to
mitigate these effects within the context of the CgLp filter.
By decomposing the lead action in the CgLp filter into two
components and introducing an additional parameter, this
work offers a novel approach to balancing the trade-offs
between noise amplification and nonlinearity introduced
by reset elements. Additionally, a filtering technique has
been proposed that targets specific frequencies, providing
a promising solution for reducing nonlinearity in RCSs,
especially in the presence of noise. The simulation results
in both the frequency and time domains validate the effec-
tiveness of these methods, highlighting their potential to
enhance the performance of RCSs in practical applications.

A more sophisticated tuning design for the notch filter in
this study, incorporating all the HOSIDFs rather than just
the third, would further enhance the performance of RCSs.
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Appendix A. OPTIMAL VALUE FOR ωx

Consider the closed-loop system shown in Fig. 1, with
C1 = L1 and C2 = L2 . CPID, and corresponding pa-
rameters listed in Table 1. For the disturbance rejection
scenario discussed in Section 5.2, where r(t) = 0 and
d = 0.25 sin (2π · 40 t), we analyze the system’s response
in the presence of white noises with different power levels,
resulting in different SNRs. In Fig. A.1, by varying ωx

within the range of [ωr, ωf ], it is observed that there
exists a specific value ωr ≤ ωx ≤ ωf that minimizes
the root mean square (RMS) error in the system. Note
that previously, in the presence of noise, the CgLp was
implemented using the GFORE-Clead structure. However,
as shown in Fig. A.1, there exists a point where this new
approach results in reduced error compared to the original
GFORE-Clead implementation.


