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 A B S T R A C T

Electron beam energies in Transmission Electron Microscopes (TEMs) reach the relativistic realm constituting 
Quantum Electrodynamics (QED) the appropriate framework for the study of electron matter interaction in 
TEMs. We focus on the inelastic scattering of relativistic electrons from a generic oriented target. The inelastic 
differential cross section factorizes to the fast electron part which is calculated analytically, and the dynamic 
form factor of the target, which encodes the response of the medium to the interaction with the beam. The 
properties of the dynamic form factor of oriented targets are analyzed. We then derive the scattering cross 
section of electrons by magnetic targets where spin-flip transitions are induced. We comment on the kinematic 
regimes where the coefficient of the transverse magnetic interaction is amplified compared to the coulomb 
matrix element.
. Introduction

The relativistic nature of electron dynamics in a TEM has a signif-
cant influence on electron energy-loss spectra (EELS). In addition to 
he kinematic effects on scattering, the interaction mediated by virtual 
hoton exchange plays a central role in shaping the inelastic differential 
ross section (Schattschneider et al., 2005; Sorini et al., 2008; Iatrakis 
nd Brudanin, 2025). In particular, transverse photon exchange is also 
esponsible for enabling spin-flip excitations in magnetic materials.
We work out the differential cross section of an electron beam 

rom a generic target which interacts electromagnetically with the 
eam in the context of Quantum Electrodynamics (QED) to its full 
enerality. The differential cross section is expressed in terms of the 
elativistic dynamic form factor. The form factor is written as the 
ourier transform of the electromagnetic two-point function which is 
elated to the retarded Green function through the well-known dis-
ersion relations, (Weinberg, 1995; Lourenço-Martins et al., 2021). As 
 result, transport coefficients such as the conductivity and magnetic 
usceptibility can be connected to the measured current two-point 
unction using the fluctuation dissipation theorem.
We further focus on the study of the electron inelastic scattering 

rom an oriented target. It is well known that for anisotropic materi-
ls EELS results depend on the orientation of the sample, (Nelhiebel 
t al., 1999). We study how the longitudinal and transverse parts of 
he interaction depend on the orientation of the target in a generic 

I This article is part of a Special issue entitled: ‘EDGE 2024 Proceedings’ published in Micron.
∗ Corresponding author.
E-mail address: ioannis.iatrakis@thermofisher.com (I. Iatrakis).

fashion. Semi-relativistic corrections have been proven important on 
the explanation of the magic angle in EELS experiments in the past, 
(Schattschneider et al., 2005; Lourenço-Martins et al., 2021).

The framework of QED is applied to a detailed analysis of magnon 
excitations in the sample probed by the electron beam. Spin-flip transi-
tions have been studied in the context of resonant X-ray spectroscopy, 
(de Groot et al., 1998). EELS has been recently employed for the 
direct detection of magnon excitations, (Kepaptsoglou et al., 2025). The 
inelastic differential cross section of the electrons from a target contains 
contributions the longitudinal (Coulomb), the transverse electric and 
magnetic matrix elements corresponding to different interaction chan-
nels. The interaction which results in a spin-flip of the target is induced 
by the magnetic virtual photons of all possible angular momenta, with 
the magnetic dipole transitions being the dominant for low-momentum 
transfer. We derive the general result for the magnetic transitions 
and take the long wavelength limit corresponding to low momentum 
transfer to find the magnetic dipole transition matrix elements. We 
investigate how the experimental conditions impact the relative ampli-
tude of the longitudinal versus the transverse matrix elements, which 
may serve as a proposal for future experiments. Specifically, we pro-
pose measuring EELS excitations at constant momentum transfer while 
varying the scattering angle. The resulting shape of the differential 
cross section as a function of the scattering angle can determine the 
transverse or longitudinal nature of the excitation.
ttps://doi.org/10.1016/j.micron.2025.103929
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Fig. 1. Feynman diagram for the scattering of a high-energy electron from a 
heavy target.

2. Quantum electrodynamics

The description of electrons and their interactions in the context of 
quantum mechanics led to the development of quantum field theory. 
The existence of the massless photon as the mediator of the electromag-
netic interaction and its transformation properties under the Lorentz 
group leads to gauge invariance (Weinberg, 1995). The QED lagrangian 
contains the photon and Dirac spinor kinetic terms and their coupling 

𝑄𝐸𝐷 = −1
4
𝐹 𝜇𝜈 (𝑥)𝐹𝜇𝜈 (𝑥) − 𝛹 (𝑥)

(

[∕𝜕 + 𝑖𝑒 ∕𝐴(𝑥)] + 𝑚
)

𝛹 (𝑥) (1)

We use the mostly plus signature for the Minkowski metric, 𝜂𝜇𝜈 =
diag(−1, 1, 1, 1). The gamma matrices follow the Weyl notation, see C. 
The photon field strength in terms of the electromagnetic potential 
reads 𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈−𝜕𝑛𝐴𝜇 , and 𝛹 is the electron spinor field. The standard 
notation is adopted, ∕𝑆 = 𝛾𝜇𝑆𝜇 and 𝜕𝜇 = 𝜕

𝜕𝑥𝜇
. We adopt the natural units, 

where ℏ = 𝑐 = 1.
The above Lagrangian is invariant under the gauge transformation

𝛿𝛹 (𝑥) = 𝑖𝜖(𝑥) 𝑒𝛹 (𝑥)

𝛿𝐴𝜇(𝑥) = 𝜕𝜇𝜖(𝑥)

implies the conservation of the current 𝜕𝜇𝐽𝜇𝑒 (𝑥) = −𝑖𝑒𝜕𝜇
(

𝛹 (𝑥)𝛾𝜇𝛹 (𝑥)
)

= 0.
In TEMs, the scattering of a fast electron beam from a heavy target 

is probed. The interaction of the two is mediated by the photon, 
𝐴𝜇(𝑥), which couples to the target electromagnetic current through the 
standard minimal coupling 

 = 𝜇(𝑥)𝐴𝜇(𝑥) (2)

where  𝜇(𝑥) = (𝜌(𝑥), (𝑥)) is conserved 𝜕𝜇 𝜇 = 0. The external current 
operator represents the electromagnetic current of a heavy source, such 
as a charge and current distribution within a material, an atom, or a 
nucleus, whose dynamics can be described independently.

2.1. Inelastic electron scattering

We consider the inelastic scattering of a relativistic electron of 
four-momentum, 𝑝𝑖 = (𝐸𝑖,𝐩𝑖), being scattered from a target at initial 
many-body state |𝛼⟩ to final momentum, 𝑝𝑓 = (𝐸𝑓 ,𝒑𝑓 ), and final target 
state |𝛽⟩. The electromagnetic coupling constant, 𝛼 = 𝑒2

4𝜋 ≃ 1∕137, is 
small and the differential cross section can be calculated in the Born 
approximation. This corresponds to the tree level diagram, Fig.  1.

The differential cross section is written in terms of the S-matrix. 
A discussion of a formalism for systems involving bound states is 
2 
presented in Gell-Mann and Goldberger (1953). The ionization cross 
section has been calculated in Iatrakis and Brudanin (2025) 

𝑑𝜎(𝑝𝑓 , 𝛽; 𝑝𝑖, 𝛼) =
𝛼
2𝜋

|𝐩𝑓 |
|𝐩𝑖|

𝑑𝐸𝑓𝑑𝛺𝑓

𝑞4
𝐿𝜇𝜈𝑊

𝜇𝜈 , (3)

where 𝑞2 = −𝐸2 + 𝐪2. 𝐿𝜇𝜈 and 𝑊𝜇𝜈 are second rank tensors under 
Lorentz transformations and of course the differential cross section is 
invariant under Lorentz transformations.
𝐿𝜇𝜈 = 𝑝𝑖 𝜇 𝑝𝑓 𝜈 + 𝑝𝑖 𝜈 𝑝𝑓 𝜇 − (𝑝𝑖 ⋅ 𝑝𝑓 + 𝑚2)𝜂𝜇𝜈 (4)

𝑊𝜇𝜈 =
∑

𝛽
∫ 𝑑𝛽 𝛿(𝐸𝑖 − 𝐸𝑓 − 𝐸)⟨𝛼| †

𝜈 (𝐪)|𝛽⟩ ⟨𝛽|𝜇(𝐪)|𝛼⟩ . (5)

The free electron tensor, 𝐿𝜇𝜈 , is calculated from unpolarized Dirac 
plane wave solutions and describes the response of a relativistic elec-
tron beam to the interaction with the target. For different types of 
asymptotic states or a polarized beam, 𝐿𝜇𝜈 can be readily calculated, 
since they are solutions of the non-interacting Hamiltonian.

𝑊𝜇𝜈 is more interesting since it describes the response of the target 
to the electromagnetic interaction with the incoming beam electrons. 
This is the relativistic generalization of the dynamic structure or form 
factor, (Van Hove, 1954). Similar expression is derived in the context 
of scalar QED for EELS analysis in Lourenço-Martins et al. (2021). In 
Appendix  A.2, a detailed calculation of the cross section within scalar 
QED is shown and it is compared to the full answer, where the spin 
degrees of freedom are included.

Taking  (𝐪) in the Heisenberg picture and using the completeness 
of the final states |𝛽⟩, we can write the dynamic structure tensor as 

𝑊𝜇𝜈 = ∫
𝑑𝑡
2𝜋
𝑒𝑖𝐸𝑡⟨𝛼| †

𝜈 (𝐪, 𝑡)𝜇(𝐪, 0)|𝛼⟩ . (6)

The current two-point function is also related to the imaginary part of 
the retarded Green’s function, which is defined as the spectral function 
of the system. In case of positive energy loss 

𝑊𝜇𝜈 = − 1
𝜋
Im𝑊 𝑅

𝜇𝜈 = − 1
𝜋
Im

∑

𝛽

⟨𝛼| †
𝜇 (𝐪)|𝛽⟩⟨𝛽|𝜈 (𝐪)|𝛼⟩
𝐸 − 𝐸𝛽 + 𝐸𝛼 + 𝑖𝜖

, (7)

where the Lehmann representation of the spectral function is applied 
for positive frequencies. Its poles and their residue indicate the energy 
and strength of excited states in the spectrum revealing information 
about the electronic structure of the material, (de Groot et al., 2021).

The two-point function of the current operator is the central quan-
tity derived from inclusive inelastic scattering experiments of electrons 
by heavy targets. There has been extensive analysis of the current 
two-point function for different types of targets within quantum field 
theory, (Weinberg, 1995). In electron-nucleus scattering, 𝑊𝜇𝜈 is the 
well-known hadronic tensor. Eq. (3) constitutes a generic expression 
for the EELS inelastic differential cross section, which applies to a wide 
range of energy loss and momentum transfer values.

2.2. Classical electron beam

A common theoretical approach, especially for the analysis of low 
energy loss experiments, is to derive the spectral function of the target 
sample from the EELS spectrum, (García de Abajo, 2010). This limit 
is particularly interesting because the transport properties of materials 
are commonly studied by measuring the response of the material to 
an external classical perturbation, which is controlled by the spectral 
function, (Lourenço-Martins et al., 2021).

In the limit where the incoming electron beam is considered to be 
a classical current, one can study the transition rate of the target under 
the influence of the external field. This is not the most appropriate 
picture for calculating the inelastic differential cross section, which 
corresponds to the measured spectrum of the outgoing beam electrons. 
However, the cross section can be expressed in terms of the spectral 
function of the current operator of the target, which also appears in 
linear response theory. Hence, the EELS spectrum can be related to 
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Fig. 2. Feynman diagram for the excitation of heavy target by an external 
electromagnetic field.

measurements of the material conductivities that depict the response 
to an external electromagnetic field.

The assumption of a classical electron essentially means that the 
fermion field in the Lagrangian (1) is not dynamical, so 

𝑐𝑙 = −1
4
𝐹 𝜇𝜈 (𝑥)𝐹𝜇𝜈 (𝑥) + 𝐽

𝜇
(cl)𝐴𝜇(𝑥) +  . (8)

The 4-current of a classical beam electron in the limit of small momen-
tum transfer, where quantum effects are ignored, is 

𝐽𝜇(cl)(𝑥) = −𝑖𝑒⟨𝒑|𝛹 (𝑥)𝛾𝜇𝛹 (𝑥)|𝒑⟩ = − 𝑒
(2𝜋)3

𝑒−𝑖𝑞⋅𝑥
𝑝𝜇

𝑝0
, (9)

This obviously does not depend on spin. The initial and final momenta 
are much greater that the momentum transfer 𝒑 = 𝒑𝑖 ∼ 𝒑𝑓 ≫ 𝐪 and 
𝑝0 =

√

𝒑2 + 𝑚2. The last term in Eq. (9) is the coupling of the photon 
field to the atomic target, given by Eq. (2). Essentially, the dynamical 
field in this description is the photon field, which is sourced by two 
external operators: the classical electron-beam current, 𝐽𝜇(cl), and the 
target’s transition current,  𝜇 .

The ground-state configuration of the above Lagrangian can be 
found by solving the equations of motion for the electromagnetic field, 
which are simply the inhomogeneous Maxwell equations. The solution 
with causal boundary conditions is 

𝐴(𝑐𝑙)
𝜇 (𝑞) = ⟨𝐴𝜇(𝑞)⟩ = 𝛥(R)𝜇𝜈 (𝑞)𝐽

𝜈
(cl)(𝑞) (10)

where 𝛥(R) is the retarded photon propagator and 𝑞 = (𝐸,𝐪). The 
vacuum expectation value of the target current under the influence of 
𝐴(𝑐𝑙)
𝜇  can be calculated perturbatively to find the Kubo formula 

⟨𝜇(𝐪, 𝐸)⟩ = −𝑊 (R)
𝜇𝜈 (𝐪, 𝐸)𝐴𝜇 (𝑐𝑙)(𝐪, 𝐸) , (11)

where causal boundary conditions are imposed, hence the retarded 
Green function is applied, which is equivalent to the Feynman one in 
the low momentum transfer limit. The low energy limit of the retarded 
Green functions is related to the electromagnetic conductivity tensor, 
and it is determined by the dynamics of the material. The current ex-
pectation value includes information about the induced charge, current 
density and magnetization of the target.

In the limit of a classical electron beam, the inelastic scattering pro-
cess is simplified to the Feynman diagram in Fig.  2. The corresponding 
S-matrix element in coordinate space reads 

𝑆(cl)
𝑝𝑓 , 𝛽 ; 𝑝𝑖 , 𝛼

= ∫ 𝑑4𝑥1 ∫ 𝑑4𝑥2 ⟨𝒑𝑓 |𝐽
𝜇
(cl)(𝑥1)|𝒑𝑖⟩ 𝑖𝛥𝜇𝜈 (𝑥1 − 𝑥2)⟨𝛽|

𝜈 (𝑥2)|𝛼⟩ .

(12)

Replacing the photon propagator (A.10) and the classical current from 
Eq. (9) we calculate the cross section 

𝑑𝜎(𝑝𝑓 , 𝛽; 𝑝𝑖, 𝛼) =
𝛼 |𝐩𝑓 |𝐸𝑓 𝑑𝐸𝑓𝑑𝛺𝑓 𝐿(cl)𝑊 𝜇𝜈 . (13)

2𝜋 |𝐩𝑖|𝐸𝑖 𝑞4 𝜇𝜈

3 
The ratio of 𝐸𝑓∕𝐸𝑖 appears due to the fact that the classical beam 
current misses higher order 𝑞 corrections and depends on 𝐸𝑖 only. 
On the other hand, in the definition of the cross section the final 
asymptotic states are considered to have momentum 𝑝𝑓 . The classical 
electron-beam tensor reads 
𝐿(cl)
𝜇𝜈 = 2𝑝𝑖 𝜇𝑝𝑖 𝜈 , (14)

which essentially agrees with the result of scalar QED which is derived 
in Appendix  A.2. This is expected due to the omission of the spin 
degrees of freedom in both approximations. The dynamic form tensor 
is still given by Eq. (5).

3. Oriented target

Core loss Electron Energy Loss Spectra mainly probe atomic excita-
tions. The atomic states are well approximated by angular momentum 
eigenstates. As a result, it is appropriate to expand the current 2-
point function, 𝑊𝜇𝜈 , in a multipole series. The detailed derivation of 
the multipole expansion for unpolarized targets was recently presented 
in Iatrakis and Brudanin (2025). In that work, we considered the 
quantization axis and the direction of 𝐪 identical without any loss of 
generality, since the initial states are averaged considering an isotropic 
distribution. For a polarized target, this is no longer the case. However, 
we can calculate the transition matrix elements in a coordinate system 
defined by momentum transfer and then rotate the target orientation 
axis to an arbitrary direction. To achieve this, the current operator 
needs to be written in terms of the appropriate irreducible tensor 
operators.

Applying conservation of current to Eq. (3)
𝑑2𝜎

𝑑𝐸 𝑑𝛺𝑓
= 𝛼

2𝜋
|𝒑𝑓 |
|𝒑𝑖|

1
𝑞4

(

2 𝜇
𝛽𝛼𝑃𝜇

𝜈 †
𝛽𝛼 𝑃𝜈 +

𝑞2

2
 𝜇
𝛽𝛼

†
𝛽𝛼 𝜇

)

(15)

where 𝑃𝜇 = 𝑝𝑖+𝑝𝑓
2  and  𝜇

𝛽𝛼 = ⟨𝛽| 𝜇
|𝛼⟩. The charge and current density 

operators in terms of the momentum transfer are 

𝜌(𝐪) = ∫ 𝑑3𝑥 𝑒−𝑖𝐪⋅𝐱𝜌(𝐱) ,  (𝐪) = ∫ 𝑑3𝑥 𝑒−𝑖𝐪⋅𝐱 (𝐱) . (16)

It is natural to expand the vector current in a coordinate system where 
the 𝑧-axis aligns with the momentum transfer 𝐪

𝒆̂0 = 𝒆̂𝑧 =
𝐪
|𝐪|

, 𝒆̂±1 = ∓
(

𝒆̂𝑥 ± 𝑖𝒆̂𝑦
)

(17)

The conservation condition of the current, 𝑞𝜇 𝜇(𝐪) = 0, constrains the 
longitudinal component of the 4-current to |𝐪| 𝒆̂0 ⋅  (𝐪) = 𝑞0 𝜌(𝐪). The 
transverse component 
 ⟂(𝐪) =

∑

𝑀=±1
𝑀 (𝐪) 𝒆̂†𝑀 , (18)

where 𝑀  is the spherical component of the vector current. The 
Wigner–Eckart theorem is applied to the charge density matrix element, 
where we choose a coordinate system with 𝐱 collinear with 𝐪

⟨𝛽|𝜌(𝐪)|𝛼⟩ =
√

4𝜋
∑

𝐽
(−𝑖)𝐽

√

2𝐽 + 1(−1)𝐽𝛽−𝑀𝛽

(

𝐽𝛽 𝐽 𝐽𝛼
−𝑀𝛽 0 𝑀𝛼

)

⟨𝐽𝛽‖𝑇
(coul)
𝐽 ‖𝐽𝛼⟩

(19)

and similarly the components of the transverse current are

⟨𝛽|𝑀 (𝐪)|𝛼⟩ = −
√

2𝜋
∞
∑

𝐽=1
(−𝑖)𝐽

√

2𝐽 + 1(−1)𝐽𝛽−𝑀𝛽

(

𝐽𝛽 𝐽 𝐽𝛼
−𝑀𝛽 𝑀 𝑀𝛼

)

(

⟨𝐽𝛽‖𝑇
(el)
𝐽 ‖𝐽𝛼⟩ +𝑀⟨𝐽𝛽‖𝑇

(mag)
𝐽 ‖𝐽𝛼⟩

)

, (20)

where

𝑇𝑀 (coul)
𝐽 =∫ 𝑑3𝐱 𝑗𝐽 (|𝐪||𝐱|) 𝑌𝑀𝐽 (𝐱̂)𝜌(𝐱)

𝑇𝑀 (mag) = 𝑑3𝐱 𝑗𝐽 (|𝐪||𝐱|)𝐘𝑀 (𝐱̂) ⋅  (𝐱) (21)
𝐽 ∫ 𝐽𝐽
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𝑇𝑀 (el)
𝐽 =∫ 𝑑3𝐱

[

√

𝐽 + 1
2𝐽 + 1

𝑗𝐽−1 (|𝐪||𝐱|)𝐘𝑀𝐽 𝐽−1(𝐱̂) ⋅  (𝐱)

−
√

𝐽
2𝐽 + 1

𝑗𝐽+1 (|𝐪||𝐱|)𝐘𝑀𝐽 𝐽+1(𝐱̂) ⋅  (𝐱)
]

.

The detailed derivation of irreducible spherical tensor operators in 
Eq. (21) is shown in Iatrakis and Brudanin (2025). We explicitly derive 
the reduced magnetic matrix element for a relativistic target which 
is described by solutions of the Dirac equation, in Appendix  B. The 
spin-flip part of the magnetic matrix element is further explored in 
Section 4.

The matrix elements can now be rotated to the fixed coordinate 
system of the target atom, 𝑂′(𝑥′, 𝑦′, 𝑧′). The momentum transfer with 
respect to 𝑂′ is 𝐪̂ = cos𝜙′ cos 𝜃′𝒆̂𝑥′ +cos𝜙′ sin 𝜃′ 𝒆̂𝑦′ +cos 𝜃′𝒆̂𝑧′ . The target 
wavefunction can be rotated to the 𝑂′ system by the rotation operator 

𝐷(𝑅′) = 𝐷𝒆̂𝑧 (𝜙
′)𝐷𝒆̂𝑦 (𝜃

′)𝐷𝒆̂𝑧 (−𝜙
′) . (22)

where 𝐷𝒆̂(𝜙) = 𝑒𝑥𝑝(−𝑖𝑱 ⋅ 𝒆̂𝜙), and 𝐉 is the angular momentum operator. 
The rotation is parametrized by the Euler angles, 𝑅′ = {𝜙′, 𝜃′,−𝜙′} It 
is well known that a matrix element can be transformed to different 
coordinate systems by applying the transformation to the system states 
or the operator themselves. Since we wrote the current operator in 
terms of irreducible tensor operators of definite angular momentum, 
it is natural to rotate the operators appropriately from the coordinate 
system (17) to 𝑂′ using their defining property 

𝐷†(𝑅′)𝑇𝑀𝐽 𝐷(𝑅′) =
𝐽
∑

𝑀 ′=−𝐽
𝐷𝐽
𝑀𝑀 ′ (𝑅′)∗𝑇𝑀

′

𝐽 . (23)

Eqs. (19) and (20) become

⟨𝛽|𝜌(𝐪)|𝛼⟩ = 4𝜋
∞
∑

𝐽=0
(−𝑖)𝐽 (−1)𝐽𝛽−𝑀𝛽

(

𝐽𝛽 𝐽 𝐽𝛼
−𝑀𝛽 𝑀 ′ 𝑀𝛼

)

× 𝐷𝐽
0𝑀 ′ (𝑅′)∗⟨𝐽𝛽‖𝑇

(coul)
𝐽 ‖𝐽𝛼⟩ (24)

and the components of the transverse current are

⟨𝛽|𝑀 (𝐪)|𝛼⟩ = −
√

2𝜋
∞
∑

𝐽=1
(−𝑖)𝐽

√

2𝐽 + 1(−1)𝐽𝛽−𝑀𝛽

(

𝐽𝛽 𝐽 𝐽𝛼
−𝑀𝛽 𝑀 ′ 𝑀𝛼

)

×𝐷𝐽
𝑀𝑀 ′ (𝑅′)∗

(

⟨𝐽𝛽‖𝑇
(el)
𝐽 ‖𝐽𝛼⟩ +𝑀⟨𝐽𝛽‖𝑇

(mag)
𝐽 ‖𝐽𝛼⟩

)

. (25)

Those are the most general expressions for the transition matrix el-
ements in QED, for a target of definite orientation and any angular 
momentum. The transition operator obviously includes all the multi-
pole contributions and is not restricted to the dipole one. The EELS 
spectrum is given by the inelastic differential cross section which 
depends on the norm of the transition matrix elements. In the case of an 
oriented atom, the different matrix elements, i.e. Coulomb, transverse 
electric, and magnetic mix. The generic mixed product of two such 
matrix elements with the initial state ensemble described by a generic 
density matrix ⟨𝑀 ′

𝛼|𝜌𝑖|𝑀𝛼⟩ reads:

⟨𝛽|(i1)
𝑀1

|𝛼⟩∗⟨𝛽|(i2)
𝑀2

|𝛼⟩ =
∑

𝑀𝛼 ,𝑀 ′
𝛼

∑

𝐽 ,𝐽 ′

𝐶𝐽𝐶𝐽 ′ ⟨𝑀 ′
𝛼|𝜌𝑖|𝑀𝛼⟩𝐷

𝐽
𝑀1𝑀

(𝑅′)𝐷𝐽 ′

𝑀2𝑀 ′ (𝑅′)∗

(

𝐽𝛽 𝐽 𝐽𝛼
−𝑀𝛽 𝑀 𝑀 ′

𝛼

)(

𝐽𝛽 𝐽 ′ 𝐽𝛼
−𝑀𝛽 𝑀 ′ 𝑀𝛼

)

⟨𝐽𝛽‖𝑇
(i1)
𝐽 ‖𝐽𝛼⟩

∗
⟨𝐽𝛽‖𝑇

(i2)
𝐽 ′ ‖𝐽𝛼⟩ (26)

where i1, i2 = coul, el,mag, denote any of the above matrix elements. 
⟨𝑀 ′

𝑎|𝜌𝑖|𝑀𝑎⟩ is density operator of the initial target state. The product 
of the two rotation operators gives

𝐷𝐽
𝑀1𝑀

(𝑅′)𝐷𝐽 ′
𝑀2𝑀 ′ (𝑅′)∗ =

∑

𝑗,𝑚,𝑚′
(2𝑗 + 1)(−1)𝑀2−𝑀 ′

(

𝐽 𝐽 ′ 𝑗
𝑀1 −𝑀2 𝑚′

)

(

𝐽 𝐽 ′ 𝑗
𝑀 −𝑀 ′ 𝑚

)

𝐷𝑗
𝑚′𝑚(𝑅

′)∗ (27)
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leading to
⟨𝛽|(i1)

𝑀1
|𝛼⟩∗⟨𝛽|(i2)

𝑀2
|𝛼⟩ =

∑

𝑀𝛼 ,𝑀 ′
𝛼

∑

𝐽 ,𝐽 ′

𝐶̃𝐽 𝐶̃𝐽 ′ (−1)𝑀
′
𝛼
⟨𝑀 ′

𝛼 |𝜌𝑖|𝑀𝛼⟩(−1)−𝑀𝛽−𝑀 ′−𝑀

∑

𝑗,𝑚,𝑚′

𝐷𝑗
𝑚′𝑚(𝑅

′)∗
(

𝐽 𝐽 ′ 𝑗
𝑀1 −𝑀2 𝑚′

)(

𝐽 𝐽 ′ 𝑗
𝑀 −𝑀 ′ 𝑚

)

(

𝐽𝛽 𝐽 𝐽𝛼
−𝑀𝛽 𝑀 𝑀 ′

𝛼

)(

𝐽𝛽 𝐽 ′ 𝐽𝛼
−𝑀𝛽 𝑀 ′ 𝑀𝛼

)

⟨𝐽𝛽‖𝑇
(i1)
𝐽 ‖𝐽𝛼⟩

∗
⟨𝐽𝛽‖𝑇

(i2)
𝐽 ′ ‖𝐽𝛼⟩ (28)

The sum over the Wigner-3j symbols can be simplified by the defining 
property of the 6j symbols, (Edmonds, 1996),

∑

𝑀𝛽 ,𝑀 ′ ,𝑀
(−1)−𝑀𝛽−𝑀 ′−𝑀

(

𝐽𝛽 𝐽 𝐽𝛼
−𝑀𝛽 𝑀 𝑀 ′

𝛼

)

(

𝐽𝛽 𝐽 ′ 𝐽𝛼
−𝑀𝛽 𝑀 ′ 𝑀𝛼

)(

𝐽 𝐽 ′ 𝑗
𝑀 −𝑀 ′ 𝑚

)

=(−1)2𝐽
′+𝐽𝛽+2𝐽𝛼+𝑗

(

𝐽𝛼 𝑗 𝐽𝛼
𝑀 ′

𝛼 −𝑚 −𝑀𝛼

){

𝐽𝛼 𝑗 𝐽𝛼
𝐽 ′ 𝐽𝛽 𝐽

}

. (29)

As a result, the product of any pair of matrix elements (longitudinal, 
electric or magnetic) reads
⟨𝛽|(i1 )

𝑀1
|𝛼⟩∗⟨𝛽|(i2 )

𝑀2
|𝛼⟩ =

∑

𝑀𝛼 ,𝑀 ′
𝛼

∑

𝐽 ,𝐽 ′

𝐶̃𝐽 𝐶̃𝐽 ′ (−1)𝑀
′
𝛼
⟨𝑀 ′

𝛼 |𝜌𝑖|𝑀𝛼⟩

∑

𝑗,𝑚,𝑚′

𝐷𝑗
𝑚′𝑚(𝑅

′)∗
(

𝐽 𝐽 ′ 𝑗
𝑀1 −𝑀2 𝑚′

)(

𝐽𝛼 𝑗 𝐽𝛽
𝑀 ′

𝛼 −𝑚 −𝑀𝛼

)

{

𝐽𝛼 𝑗 𝐽𝛼
𝐽 ′ 𝐽𝛽 𝐽

}

⟨𝐽𝛽‖𝑇
(i1 )
𝐽 ‖𝐽𝛼⟩

∗
⟨𝐽𝛽‖𝑇

(i2 )
𝐽 ′ ‖𝐽𝛼⟩ (30)

The prefactors 𝐶̃ depend on 𝐽 and are straightforward to find, depend-
ing on the type of operator. We will show a concrete example where 
those are worked out later in this section. This is a generic expression 
for all the mixing terms appearing in the norm of the transition matrix 
element where the coulomb and transverse parts mix. The angular 
integrals calculated analytically in terms of the 6j symbols which are 
readily computed. The reduced matrix elements include only radial 
integrals which depend on the initial and final target states. Hence 
this is a generic result which can be used for any type of model of 
the material and either low loss or core loss excitations of any angular 
momentum.

In the low momentum transfer limit the cross section is dominated 
by the coulomb and electric dipole matrix element. The transverse 
electric part is proportional to the coulomb matrix element for low 
𝐪, (De Forest and Walecka, 1966), 

⟨𝛽‖𝑇 (𝑒)
𝐽 ‖𝛼⟩ ≃ 𝐸

|𝐪|

√

𝐽 + 1
𝐽

⟨𝛽‖𝑇 (coul)
𝐽 ‖𝛼⟩ (31)

It is then useful to show a concrete example of the ionization cross 
section in the limit of low q for an oriented target of a certain state 
|𝐽𝛼𝑀𝛼⟩. In this case the density matrix is ⟨𝑀 ′

𝛼|𝜌𝑖|𝑀𝛼⟩ = 𝛿𝑀 ′
𝛼𝑀𝛼

 and the 
norm of the charge density operator summed over all the possible final 
states |𝐽𝛽𝑀𝛽⟩ is
∑

𝑀𝛽

|⟨𝛽|𝜌(𝐪)|𝛼⟩|2 = 4𝜋
∑

𝐽 𝐽 ′ 𝑙
(−𝑖)𝐽−𝐽 ′

⟨𝛼‖𝑇 (coul) †
𝐽 ′ ‖𝛽⟩⟨𝛽‖𝑇 (coul)

𝐽 ‖𝛼⟩

× [𝐽 , 𝐽 ′]1∕2[𝑙](−1)𝐽 ′−𝐽+𝐽𝛽+2𝐽𝛼 (−1)𝑀𝛼

𝑃𝑙
(

𝐪̂ ⋅ 𝐞𝐳
)

(

𝐽𝛼 𝐽𝛼 𝑙
−𝑀𝛼 𝑀𝛼 0

)(

𝐽 𝐽 ′ 𝑙
0 0 0

){

𝐽𝛼 𝑙 𝐽𝛼
𝐽 ′ 𝐽𝛽 𝐽

}

(32)

where [𝑥, 𝑦,…] = (2𝑥+1)(2𝑦+1)…. The ionization cross section is then 
given by 
𝑑2𝜎

𝑑𝛺𝑓𝑑𝐸
= 𝑒2

2(2𝜋)2
|𝒑𝑓 |
|𝒑𝑖|

1
𝑞4
𝐶𝐿(𝑞)

∑

𝑀𝛽

|⟨𝛽|𝜌(𝐪)|𝛼⟩|2 . (33)
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In case of a fully isotropic target, we average over all initial states 
with a diagonal density matrix (⟨𝑀𝛼|𝜌𝑖|𝑀𝛼⟩ = 1

2𝐽𝛼+1
) and the norm 

of the charge density matrix operator is equal to the norm of the 
reduced matrix of 𝑇 (coul)

𝐽  up to a constant factor. The same is true for 
the transverse matrix elements, and the full cross section reduces to

𝑑2𝜎
𝑑𝛺𝑓𝑑𝐸

= 𝑒2

2𝜋
𝑝𝑓
𝑝𝑖

1
𝑞4

1
2𝐽𝛼 + 1

[

𝐶𝐿(𝑞)
∞
∑

𝐽=0

|

|

|

⟨𝛽‖𝑇 (coul)
𝐽 ‖𝛼⟩||

|

2

+𝐶𝑇 (𝑞)
∞
∑

𝐽=1

(

|

|

|

⟨𝛽‖𝑇 (el)
𝐽 ‖𝛼⟩||

|

2
+ |

|

|

⟨𝛽‖𝑇 (mag)
𝐽 ‖𝛼⟩||

|

2
)

]

. (34)

The detailed derivation for unoriented targets has been shown in Ia-
trakis and Brudanin (2025) . The coefficients 𝐶𝐿 and 𝐶𝑇  are defined in 
Eq. (47).

4. Magnetic transitions

The experimental quest for magnons in EELS has been an active 
field of research in the TEM community, (Kepaptsoglou et al., 2025). 
Magnon excitation by an electron beam has been theoretically studied 
in the low energy limit, (Mendis, 2022; do Nascimento et al., 2024). 
The interaction, which triggers spin-flip transitions, is due to the ex-
change of transverse photons between the incident electron and the 
material. This can be well described in the context of Quantum Electro-
dynamics. This interaction is already contained in the magnetic matrix 
element of the result (21). We will here show how it asymptotes to the 
known low energy interaction and derive the cross section due to the 
magnetic moment part of the electromagnetic current. We also explore 
how the electric and magnetic contributions depend on the kinematics 
of the experiment and suggest possible ways for amplification of the 
magnon excitations by direct interaction with an electron beam.

Applying the property of the vector spherical harmonic 

𝐘𝑀𝐽𝐽 (𝐱̂) =
1

√

𝐽 (𝐽 + 1)
𝑳𝑌𝑀𝐽 (𝐱̂) (35)

The magnetic part of the transition matrix, Eq. (21), is 

⟨𝛽|𝑇𝑀 (mag)
𝐽 |𝛼⟩ = − 𝑖

√

𝐽 (𝐽 + 1) ∫
𝑑3𝐱 (𝐱 ×  𝛽𝛼(𝐱)) ⋅ 𝛁

(

𝑗𝐽 (|𝐪||𝐱|)𝑌𝑀𝐽 (𝐱̂)
)

(36)

which is the relativistic expression for the transition from |𝛼⟩ to |𝛽⟩
through a magnetic photon.

The current of a distribution of charges is defined as the convection 
current plus the curl of the magnetic moment of the distribution 
⟨ (𝐱)⟩ = ⟨𝑱 (𝐱)⟩ + 𝛁 × ⟨𝝁(𝐱)⟩. In case of a system of particles, the two 
contributions can be mapped to the single particle states as in Eq. (A.7). 
The matrix element is then

⟨𝛽|𝑇𝑀 (mag)
𝐽 |𝛼⟩ = − 𝑖

√

𝐽 (𝐽 + 1) ∫
𝑑3𝐱

(

𝑓 †
𝛽 (𝐱)𝑳𝑓𝛼(𝐱) + 𝐱 × 𝛁 × 𝝁𝛽𝛼(𝐱)

)

⋅ 𝛁
(

𝑗𝐽 (|𝐪||𝐱|)𝑌𝑀𝐽 (𝐱̂)
)

(37)

In the low momentum transfer limit, the above expression reduces 
to the expected expression from non-relativistic quantum mechanics. 
The Bessel function is expanded as 

𝑗𝐽 (|𝐪||𝐱|) ≃
(|𝐪||𝐱|)𝐽

(2𝐽 + 1)!!
(38)

and the electromagnetic current operator is given by Eq. (A.6). Then 

⟨𝛽|𝑇𝑀 (mag)
𝐽=1 |𝛼⟩ = 𝑒

2𝑚
1
3
|𝐪|
√

2 ∫ 𝑑3𝐱 𝑓 †
𝛽 (𝐱)

(

𝐿𝑀 + 𝜎𝑀
)

𝑓𝛼(𝐱) (39)

The spin term coming from the magnetic moment operator can cause 
a spin-flip transition which generates a magnon in the sample.

We now derive the spin-flip differential cross section explicitly for 
states of any angular momentum in terms of the radial integrals of 
5 
the target state. The target wavefunctions are obviously natural to be 
written in the LS coupling scheme, since the spin must be a good quan-
tum number of the state. The magnetic moment of the electromagnetic 
current operator will act on the spin part of the target wavefunction. 
The relevant matrix element reads 
⟨𝛽|𝑇𝑀 (spin)

𝐽 |𝛼⟩ = ∫ 𝑑3𝐱 𝛁 ×
(

𝑗𝐽 (|𝐪||𝐱|)𝒀𝑀
𝐽𝐽 (𝐱̂)

)

⋅ 𝝁𝛽𝛼(𝐱) (40)

The identity (Edmonds, 1996)

𝛁 ×
(

𝑗𝐽 (|𝐪||𝐱|)𝒀𝑀
𝐽𝐽 (𝐱̂)

)

= 𝑖|𝐪|
(

√

𝐽
2𝐽 + 1

𝑗𝐽−1(|𝐪||𝐱|)𝒀𝑀
𝐽𝐽−1(𝐱̂)

−
√

𝐽 + 1
2𝐽 + 1

𝑗𝐽+1(|𝐪||𝐱|)𝒀𝑀
𝐽𝐽+1(𝐱̂)

)

(41)

leads to

⟨𝛽|𝑇𝑀 (spin)
𝐽 |𝛼⟩ = 𝑖|𝐪|

∑

𝐿=𝐽±1

√

𝐿
2𝐽 + 1 ∫ 𝑑3𝐱 𝑗𝐿(|𝐪||𝐱|)𝒀𝑀

𝐽𝐿(𝐱̂) ⋅ 𝝁𝛽𝛼(𝐱)

= 𝑖|𝐪|
∑

𝐿=𝐽±1

√

𝐿
2𝐽 + 1 ∫ 𝑑3𝐱 𝑗𝐿 (|𝐪||𝐱|) 𝑓 †

𝛽 (𝐱)𝒀
𝑀
𝐽𝐿 ⋅ 𝝈𝑓𝛼(𝐱)

(42)

Using the Wigner–Eckart theorem, the reduced matrix element is writ-
ten in terms of the target angular and radial wavefunction

⟨𝛽‖𝑇𝑀 (spin)
𝐽 ‖𝛼⟩ =𝑖|𝐪|

∑

𝐿=𝐽±1

√

𝐿
2𝐽 + 1

⟨𝐽𝛽 ;𝐿𝛽
1
2
‖𝒀𝑀

𝐽𝐿 ⋅ 𝝈‖𝐽𝛼 ;𝐿𝛼
1
2
⟩

× ∫ 𝑑𝑟 𝑟2𝑗𝐿 (|𝐪|𝑟)𝐹 †
𝛽 (𝑟)𝐹𝛼(𝑟) (43)

where the angular integral is computed by decoupling the spherical 
tensors

⟨𝐽𝛽 ;𝐿𝛽
1
2
‖𝒀𝑀

𝐽𝐿 ⋅ 𝝈‖𝐽𝛼 ;𝐿𝛼
1
2
⟩ =(−1)𝐿𝛽

√

6

√

[𝐿𝛽 , 𝐿𝛼 , 𝐿, 𝐽𝛽 , 𝐽𝛼 , 𝐽 ]
4𝜋

⎧

⎪

⎨

⎪

⎩

𝐿𝛽 𝐿𝛼 𝐿
1
2

1
2 1

𝐽𝛽 𝐽𝛼 𝐽

⎫

⎪

⎬

⎪

⎭

(

𝐿𝛽 𝐿 𝐿𝛼
0 0 0

)

. (44)

The differential cross section for the magnetic transitions due to the 
spin operator is 
(

𝑑2𝜎
𝑑𝐸 𝑑𝛺𝑓

)(𝑠𝑝𝑖𝑛)
= 𝑒2

2𝜋
|𝐩𝑓 |
|𝐩𝑖|

1
𝑞4
𝐶𝑇 (𝑞)

∑

𝛽
|⟨𝛽|𝑇𝑀 (spin)

𝐽 |𝛼⟩|
2

(45)

where 𝑞2 = −𝐸2 + |𝐪|2.

4.1. Kinematics of magnetic transitions and their detection

The magnetic part of the cross section is subleading with respect 
to the Coulomb and electric matrix elements by a factor proportional 
to the square of the fine structure constant ∼ (𝑍2𝛼2), at least in the 
long-wavelength limit. Moreover, the electric and magnetic transverse 
transitions have different values of parity. Our result for the inelastic 
scattering of the beam by magnetic excitations and, in particular, 
spin-flip transitions implies that it can be amplified based on the 
geometry of the kinematics of the scattering process. The longitudinal 
and transverse coefficients read

𝐶𝐿(𝑞) =
1
2

(

1 − 𝐸2

|𝐪|2

)2
(

4𝐸2
𝑖 − 4𝐸𝑖 𝐸 + 𝐸2 − |𝐪|2

)

(46)

𝐶𝑇 (𝑞) =
2|𝒑𝑖||𝒑𝑓 | sin2

𝜃
2

|𝐪|2
[

(

|𝒑𝑖| + |𝒑𝑓 |
)2 − 2|𝒑𝑖||𝒑𝑓 | cos2

𝜃
2

]

+
(|𝒑𝑖| − |𝒑𝑓 |)2 − 𝐸2

2
(47)

For low values of the scattering angles, the reader notices that 𝐶𝑇  is 
much smaller than 𝐶 , Figs.  4, 5. However, 𝐶  becomes significant 
𝐿 𝑇
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(a) 

  
(b) 

 

Fig. 3. The scattering coefficients as functions of the angle, for 𝑉𝑏𝑒𝑎𝑚 = 300 kV and 𝐸𝑙𝑜𝑠𝑠 = 0.1 eV. (a) 𝐶𝐿 and 𝐶𝑇 . (c) The ratio 𝐶𝑇 ∕𝐶𝐿. The shape of the plots 
does not depend strongly at the value of the energy loss.
 
(a) 

  
(b) 

 

Fig. 4. The scattering coefficients as a function of the angle in the area of the steepest slope (small angles ∼ 𝜇𝑟𝑎𝑑𝑠). For higher energy loss the steep curve 
extends to a few mrads. (a) 𝐶𝐿 and 𝐶𝑇 . (c) The ratio 𝐶𝑇 ∕𝐶𝐿. 𝑉𝑏𝑒𝑎𝑚 = 300 kV. 𝐸𝑙𝑜𝑠𝑠 = 0.1 eV.
for higher scattering angles and larger than 𝐶𝐿 at very large angles. 
This suggests that the excitations, which are probed by the transverse 
matrix elements only, are favored at extremely large scattering angles. 
Fig.  3, shows that 𝐶𝑇  crosses 𝐶𝐿 at about 2.15 rad and the ratio of the 
transverse to longitudinal coefficients becomes almost 1.5 for backward 
scattering. This is expected since scattering experiments with nuclear 
targets study transverse transitions at large scattering angles.

Fig.  6 shows the dependence of the ratio 𝐶𝑇 ∕𝐶𝐿 on the acceleration 
voltage in the low-energy-loss regime. As the beam voltage increases, 
the ratio grows and can exceed unity. This behavior is consistent with 
the expectation that, in the ultra-relativistic limit, magnetic transitions 
become observable in backscattered electrons.

The suppression of the magnetic transition amplitude relative to 
the electric one indicates that direct detection of magnons in forward 
6 
scattering experiments is challenging. Both the transition amplitude 
and the kinematic factor are significantly suppressed compared to the 
longitudinal channel, which dominates the scattering cross section. 
Our findings suggest two alternatives for detecting such signals. The 
straightforward detection of the magnetic energy loss signal can be 
enhanced in back-scattering events at high beam voltage, where rel-
ativistic effects become significant. Consequently, techniques such as 
reflection EELS can be effective, although the overall signal in the 
spectra at high beam voltage will be low, (Werner et al., 2010).

Since 𝐶𝐿 and 𝐶𝑇  both contribute to electric transitions, while mag-
netic ones involve only 𝐶𝑇 , a model-independent strategy is to measure 
the spectrum as a function of the scattering angle while adjusting the 
beam voltage to keep the momentum transfer fixed, (Weigert and Rose, 
1964). In this case, the contribution from the target’s current matrix 
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Fig. 5. The scattering coefficients as functions of energy loss and angle. (a) 𝐶𝐿. (b) 𝐶𝑇 . (c) The ratio 𝐶𝑇 ∕𝐶𝐿. 𝐸𝑏𝑒𝑎𝑚 = 300 keV.
elements (𝑇 coul, 𝑇 el and 𝑇mag) will be constant since they depend on 
|𝐪|. The variation in the measured EELS intensity as a function of the 
angle will be controlled by the coefficients 𝐶𝐿 and 𝐶𝑇 . By factoring 
out 𝐶𝐿 the shape of the relative intensity of a transverse transition in 
terms of the scattering angle will be controlled by 𝐶𝑇 ∕𝐶𝐿 when the 
momentum transfer is constant (see Fig.  7).

Alternative approaches to probing spin-flip transitions include res-
onant inelastic X-ray scattering at the core–shell edges of transition 
metals (de Groot et al., 1998). This technique enables high-precision 
access to intermediate states in which a spin flip is induced during the 
resonant process. In a transmission electron microscope, an analogous 
strategy may be realized by measuring the wavelength-dispersive X-ray 
spectrum excited by a resonant electron beam, potentially providing 
similar insights.

The development of vortex electron beams in TEMs has led to the 
study of magnetic effects using electron magnetic dichroism (EMCD). In 
this technique, the electron probe is prepared in an angular momentum 
eigenstate. Edström et al. (2016) investigates the elastic scattering of 
relativistic electron beams from ferromagnetic and antiferromagnetic 
7 
materials. The analysis compares beams with opposite angular momen-
tum projections and shows that, after diffraction by the crystal, their 
signals differ due to interaction with the material’s induced magnetic 
field. We expect that the contribution for the longitudinal part has 
largely canceled. Notably, the resulting magnetic signal is concentrated 
at small scattering angles—opposite to the trend expected from the rela-
tivistic elastic scattering cross section, which increases with angle. This 
behavior can possibly be explained by the combined effects of the crys-
tal geometry and the preparation of the initial vortex beam. Moreover, 
the magnetic signal can be further enhanced by employing beams with 
larger orbital angular momentum. The concept of electron magnetic 
dichroism in EELS was proposed in Hébert and Schattschneider (2003).

5. Summary and outlook

EELS data are generated by the inelastic scattering of the electron 
beam with the material. This process is analyzed in the framework of 
deep inelastic scattering in Quantum Field Theory for the general type 
of targets and a fully relativistic electron beam, (De Forest and Walecka, 
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Fig. 6. The ratio of scattering coefficients 𝐶𝑇 ∕𝐶𝐿 as a function of the incoming 
electrons energy. 𝐸𝑙𝑜𝑠𝑠 = 0.1 eV.

1966; Drell and Walecka, 1964; Weinberg, 1995). We emphasize how 
the relativistic form factor naturally appears from the inelastic cross 
section calculation in QED and comment on the relation to linear 
response theory and the calculation of transport properties from the 
electromagnetic current two-point functions. Our results are generic 
and do not depend on the model that is used to calculate the target ma-
trix elements. Similar construction using slightly different techniques 
and the model of scalar QED was presented in Lourenço-Martins et al. 
(2021).

We then bring our attention to the explicit calculation of the in-
elastic differential cross section for polarized targets with a specified 
angular momentum direction. In Iatrakis and Brudanin (2025), the 
ionization and excitation cross section was calculated for unpolarized 
atomic targets. The construction is now generalized without summing 
over all possible initial projections of the target angular momentum 
with equal weights. In this case, the cross section also depends on the 
quantization axis direction of the target atom. A concrete example for 
the Coulomb matrix element is shown for atomic states of any angular 
momentum, with the angular integrals being explicitly calculated in 
terms of the appropriate coupling coefficients.

Finally, the question of magnon excitations in EELS is investigated 
in the current theoretical framework. The Coulomb, electric, and mag-
netic contributions are all included in the current calculation and their 
respective contributions can be quantified on equal terms. We explicitly 
show that taking the long wavelength limit of the magnetic transition 
matrix element reproduces the known dipole magnetic moment matrix 
element of the target. We then calculate the differential cross section 
for a spin-flip transition which comes from the magnetic moment 
part of the electromagnetic transition current. The magnetic dipole 
transitions are known to have much lower intensity than the coulomb 
and electric dipole transitions. However, the coefficient of transverse 
transitions is shown to increase for large scattering angles. Our results 
suggest that experiments of high-energy beams at high scattering angles 
can show an amplification of the transverse versus the longitudinal 
transitions compared to their values at low scattering angles. Moreover, 
the coefficients 𝐶𝐿 and 𝐶𝑇 , Eq. (47), depend on the scattering angle 
differently, and this fact has been used in the past for the study of 
magnetic excitations in nuclear targets, (Weigert and Rose, 1964). 
Hence, EELS experiments with a varying scattering angle can be used 
to measure the dependence of transverse transitions on the angle of 
8 
constant energy loss and momentum transfer. This would require the 
beam voltage to be modified per scattering angle. The spectrum shape 
in terms of the scattering angle can then reveal different types of 
transitions. An interesting extension of the current work is the modeling 
of the magnetization, charge, and current density of realistic materials, 
and the calculation of their EELS spectrum using the current formalism. 
Another future investigation involves using the current formalism to 
calculate the EMCD EELS signal within the framework of QED.
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Appendix A. Non-relativistic limit

A.1. The target transition current

It is common for the momentum transfer from the relativistic beam 
electrons to the sample to be small in EELS experiments. In this case, 
non-relativistic target excitations are probed. The non-relativistic limit 
of the full QED inelastic cross section has been derived in Iatrakis and 
Brudanin (2025) for unpolarized targets.

Here we show how the non-relativistic expression of the transition 
current interacting with an external field is derived as a limit of the 
QED transition current.

An electron wavefunction is defined by the spinor field 𝛹 (𝑥) in (1), 
as 𝜓𝑛(𝑥) = ⟨0|𝛹 (𝑥)|𝑛⟩ where 𝑛 is the set of quantum numbers of the 
appropriate Hilbert space. The equation of motion of the wavefunction 
reads 
(

∕𝜕 + 𝑚 + 𝑖𝑒 ∕𝐴(𝑥)
)

𝜓𝑛(𝑥) = 0 (A.1)

Introducing the two-component spinor wavefunctions 

𝜓𝑛(𝐱) =
(

𝑓𝑛(𝐱) + 𝑖 𝑔𝑛(𝐱)
𝑓𝑛(𝐱) − 𝑖 𝑔𝑛(𝐱)

)

𝑒−𝑖𝐸𝑛𝑡 (A.2)

We follow the gamma matrix definition (C.3). The equations of motion 
read

𝝈 ⋅ (𝛁 + 𝑒𝑨) 𝑓𝑛(𝐱) = (𝐸𝑛 + 𝑒𝐴0 + 𝑚)𝑔𝑛(𝐱) (A.3)

𝝈 ⋅ (𝛁 + 𝑒𝑨) 𝑔𝑛(𝐱) = −(𝐸𝑛 + 𝑒𝐴0 − 𝑚)𝑓𝑛(𝐱) (A.4)

In the non-relativistic limit 𝐸𝑛 ≃ 𝑚+𝜖𝑛 where 𝜖𝑛 ≪ 𝑚. We also consider 
the static electric field to be small compared to the rest mass of the 
electron. This is a reasonable assumption for the majority of excitations, 
which are probed in EELS experiments. Eq. (A.3) gives 

𝑔 (𝐱) ≃ 1 𝝈 ⋅ (𝛁 + 𝑒𝑨) 𝑓 (𝐱) (A.5)
𝑛 2𝑚 𝑛
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Fig. 7. (a) The ratio of the scattering coefficients as a function of the angle for constant momentum transfer, |𝐪| = 2.6 in atomic units. (b) The beam voltage as 
a function of the angle for constant momentum transfer |𝐪| = 2.6, in atomic units.
The matrix element of the transition current operator in the non-
relativistic limit is derived
⟨𝑚| (𝐱)|𝑛⟩ = −𝑖𝑒𝜓𝑚(𝐱)𝛾𝜇𝜓𝑛(𝐱)

=𝑖𝑒
(

𝑓 †
𝑚(𝐱)𝝈𝑔𝑛(𝐱) + 𝑔

†
𝑚(𝐱)𝝈𝑓𝑛(𝐱)

)

= 𝑖 𝑒
2𝑚

(

𝑓𝑚(𝐱)𝛁𝑓 †
𝑛 (𝐱) − 𝑓

†
𝑚(𝐱)𝛁𝑓𝑛(𝐱) + 𝑖𝑨𝑓

†
𝑚(𝐱)𝑓𝑛(𝐱)

−𝑖𝛁 ×
(

𝑓𝑚(𝐱)𝝈𝑓𝑛(𝐱)
))

(A.6)

This is the expression for one-particle states which can be generalized 
to a multi-particle fermionic state, which is generically a linear super-
position of slater determinants. We notice that the spin contribution 
is of the same order as the convection current. This expression can be 
matched with the decomposition in terms of the convection current and 
magnetic moment
⟨𝑱𝑚𝑛(𝐱)⟩ =

𝑖 𝑒
2𝑚

(

𝑓𝑚(𝐱)𝛁𝑓 †
𝑛 (𝐱) − 𝑓

†
𝑚(𝐱)𝛁𝑓𝑛(𝐱) + 𝑖𝑨𝑓

†
𝑚(𝐱)𝑓𝑛(𝐱)

)

⟨𝝁𝑚𝑛(𝐱)⟩ =
𝑒
2𝑚

𝑓𝑚(𝐱)𝝈𝑓𝑛(𝐱) (A.7)

A.2. The semi-relativistic beam and the scalar QED case

For scattering events at low energy loss and small momentum trans-
fer, several more approximations are common in the literature. In this 
regime, the contribution from the spin degrees of freedom of the probe 
electrons is suppressed. As a toy model, scalar QED has sometimes been 
employed to describe the relativistic interaction between a spinless 
beam and the target. However, it should be emphasized that scalar 
QED is not a consistent reduction of the realistic spinor QED. The 
two theories coincide only in the non-relativistic limit, provided that 
spin degrees of freedom are neglected. The Pauli approximation is a 
controlled low-energy expansion derived consistently from spinor QED, 
as shown in Appendix  A.1.

We here calculate the cross section for scattering of a scalar beam 
from an external target. The scalar QED Lagrangian is 

𝑆𝑄𝐸𝐷 = −1
4
𝐹 𝜇𝜈 (𝑥)𝐹𝜇𝜈 (𝑥) −𝐷𝜇𝛷(𝑥)†𝐷𝜇𝛷(𝑥) − 𝑚2𝛷†𝛷 +  𝜇𝐴𝜇 . (A.8)

The scattering of a scalar electron from four-momentum 𝑝𝑖 to 𝑝𝑓  by 
a heavy target is described by the differential cross section which is 
given by 

𝑑2𝜎 = (2𝜋)4
|𝒑𝑓 |𝐸𝑖𝐸𝑓 |𝑇𝑝𝑓 , 𝛽 ; 𝑝𝑖 , 𝛼|

2𝛿(𝐸𝑖 − 𝐸𝑓 − 𝐸𝛽 − 𝐸𝛼)𝑑𝛽 . (A.9)

𝑑𝐸𝑓 𝑑𝛺𝑓 |𝒑𝑖|

9 
The transition matrix element is calculated by the Feynman diagram 
in Fig.  1, where the external lines of the left-hand side vertex now 
correspond to scalar electrons. The incoming/outgoing scalar electron 
plane waves contribute to the scattering amplitude a factor 𝑒±𝑖𝑝𝑥

(2𝜋)3∕2
√

2𝑝0
, 

where 𝑝0 =
√

𝒑2 + 𝑚2. The photon-fermion vertex is −𝑒(𝑝𝜇𝑓 + 𝑝𝜇𝑖 ), while 
the coupling with the external current results in a vertex −𝜇(𝑥). The 
photon propagator is 

𝛥𝜇𝜈 (𝑥1, 𝑥2) = ∫
𝑑4𝑞
(2𝜋)4

𝜂𝜇𝜈
𝑞2 − 𝑖𝜀

𝑒𝑖𝑞(𝑥1−𝑥2) . (A.10)

The Feynman diagram amplitude then reads 

𝑇𝑝𝑓 , 𝛽 ; 𝑝𝑖 , 𝛼 = − 𝑒
(2𝜋)3

𝑝𝜇𝑓 + 𝑝𝜇𝑖
√

4𝐸𝑓𝐸𝑖

1
𝑞2 − 𝑖𝜀 ∫ 𝑑3𝑥𝑒−𝑖𝐪⋅𝐱⟨𝛽|𝜇(𝐱)|𝛼⟩ . (A.11)

The cross section is calculated by the norm of 𝑇𝑝𝑓 , 𝛽 ; 𝑝𝑖 , 𝛼 and it is given 
by Eq. (3), where now 

𝐿𝑆𝑄𝐸𝐷𝜇𝜈 = 1
2
(𝑝𝑖 + 𝑝𝑓 )𝜇(𝑝𝑖 + 𝑝𝑓 )𝜈 (A.12)

which is different by the term of (𝑝𝑖 ⋅𝑝𝑓 +𝑚2)𝜂𝜇𝜈 from the QED case. The 
dynamic form tensor is still given by Eq. (5). Since 𝐿𝜇𝜈 is contracted 
with a conserved current, 𝑞𝜇 𝜇(𝐪) = 0, terms proportional to 𝑞𝜇 will 
not contribute to the amplitude and the SQED expression is the same 
as 𝐿cl

𝜇𝜈 in Eq. (14).
Considering the current conservation, we find the differential cross 

section in terms of the target’s transition current 
𝑑2𝜎

𝑑𝐸 𝑑𝛺𝑓
= 𝛼
𝜋
|𝒑𝑓 |
|𝒑𝑖|

1
𝑞4

 𝜇
𝛽𝛼𝑃𝜇

𝜈 †
𝛽𝛼 𝑃𝜈 , (A.13)

which is of the same form as Eq. (15) with the difference of the last 
term 𝐪22 | |

2.
It is straightforward to work out the differential cross section for 

angular momentum eigenstates of the target to find the coefficients 𝐶𝐿
and 𝐶𝑇

𝐶𝑆𝑄𝐸𝐷𝐿 (𝑞) = 1
2

(

1 − 𝐸2

|𝐪|2

)2
(

4𝐸2
𝑖 − 4𝐸𝑖 𝐸 + 𝐸2) (A.14)

𝐶𝑆𝑄𝐸𝐷𝑇 (𝑞) =
2|𝒑𝑖||𝒑𝑓 | sin2

𝜃
2

|𝐪|2
[

(

|𝒑𝑖| + |𝒑𝑓 |
)2 − 2|𝒑𝑖||𝒑𝑓 | cos2

𝜃
2

]

(A.15)

where we indeed verify that the SQED result agrees with the cross 
section to the lower order terms in |𝐪|. In Fig.  A.8, it is shown that the 
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Fig. A.8. The ratio of scattering coefficients 𝐶𝑇 ∕𝐶𝐿 as a function of the 
scattering angle. Solid line: QED, Dashed line: Scalar QED 𝐸𝑙𝑜𝑠𝑠 = 0.1 eV.

difference between the scalar QED and QED appears stronger at much 
higher scattering angles.

The ionization cross section has also been calculated within the 
framework of single-particle quantum mechanics, where the wave-
functions of the beam electrons are scattered by the electromagnetic 
field of the target. The corresponding effective one-particle potential 
can be obtained from the Fourier transform of the relevant Feynman 
diagram. The dominant contribution is the Coulomb interaction, while 
the leading relativistic correction, of order 1∕𝑐, is given by the Breit 
term. A detailed derivation can be found in Berestetskii et al. (1982).

Appendix B. The multipole expansion of the magnetic matrix ele-
ment

The multipole expansion of the dynamic form tensor was analyzed 
in Iatrakis and Brudanin (2025) by coupling the appropriate tensor 
operators in spherical coordinates. Here we provide an alternative 
derivation, (Johnson et al., 1988), based on the general properties of 
the vector spherical harmonics as (Edmonds, 1996)

𝐘𝑀𝐽 𝐽 (𝐱̂) =
1

𝐽 (𝐽 + 1)
𝐋𝑌𝑀𝐽 (𝐱̂)

𝝈 ⋅ 𝐋𝛺𝜅 𝑚(𝐱̂) = −(1 + 𝜅)𝛺𝜅 𝑚(𝐱̂) (B.1)

The magnetic transition matrix can then be calculated in terms 
of the radial integrals over the Dirac wavefunctions of the target. 
Those are defined from Eq. (A.2) as 𝑓𝑛(𝐱) = 𝛺𝜅 𝑚(𝐱̂)𝐹𝑛(𝑟) and 𝑔𝑛(𝐱) =
𝛺−𝜅 𝑚(𝐱̂)𝐺𝑛(𝑟)  where the spinor spherical harmonic is 

𝛺𝜅 𝑚(𝐱̂) =
⎛

⎜

⎜

⎜

⎝

𝐶𝑗∓ 1
2 ,

1
2
(𝑗, 𝑚 𝑚 − 1

2 ,
1
2 )𝑌

𝑚− 1
2

𝑗∓ 1
2

𝐶𝑗∓ 1
2 ,

1
2
(𝑗, 𝑚 𝑚 + 1

2 ,
1
2 )𝑌

𝑚+ 1
2

𝑗∓ 1
2

⎞

⎟

⎟

⎟

⎠

(B.2)

and 𝛺−𝜅 𝑚(𝐱̂) = (𝝈 ⋅ 𝐱)𝛺𝜅 𝑚(𝐱̂).
The magnetic matrix element then reads

⟨𝛽‖𝑇𝑀 (𝑚)
𝐽 ‖𝛼⟩ = 𝑖 𝑒 ∫ 𝑑3𝑥𝑗𝐽 (|𝐪|𝑟)

[

𝑓 †
𝛽 (𝐱)𝐘

𝑀
𝐽 𝐽 ⋅ 𝝈𝑔𝛼(𝐱) − 𝑔

†
𝛽 (𝐱)𝐘

𝑀
𝐽 𝐽 ⋅ 𝝈𝑓𝛼(𝐱)

]

= 𝑖 𝑒
[

⟨𝜅𝛽‖
[

𝐘𝑀 ⋅ 𝝈
]

‖ − 𝜅𝛼⟩ 𝑑𝑟 𝑟2 𝑗𝐽 (|𝐪|𝑟)𝐹
†(𝑟)𝐺𝛼(𝑟)
𝐽 𝐽 ∫ 𝛽

10 
− ⟨−𝜅𝛽‖
[

𝐘𝑀
𝐽 𝐽 ⋅ 𝝈

]

‖𝜅𝛼⟩∫ 𝑑𝑟 𝑟2 𝑗𝐽 (|𝐪|𝑟)𝐺
†
𝛽 (𝑟)𝐹𝛼(𝑟)

]

= −𝑖 𝑒
(𝜅𝛼 + 𝜅𝛽 )
√

𝐽 (𝐽 + 1)
⟨𝜅𝛽‖𝑌𝐽‖ − 𝜅𝛼⟩∫ 𝑑𝑟 𝑟2 𝑗𝐽 (|𝐪|𝑟)

×
(

𝐹 †
𝛽 (𝑟)𝐺𝛼(𝑟) + 𝐺

†
𝛽 (𝑟)𝐹𝛼(𝑟)

)

(B.3)

where we have defined 

⟨𝜅𝑚‖𝑌𝐽‖𝜅𝑛⟩ =
(−1)𝑗𝑚−

1
2

√

4𝜋

[

𝑗𝑚, 𝐽 , 𝑗𝑛
]
1
2

(

𝑗𝑚 𝐽 𝑗𝑛
1
2 0 − 1

2 .

)

(B.4)

Appendix C. 𝜸 matrix representation

The gamma matrices satisfy the Dirac algebra 

{𝛾𝜇 , 𝛾𝜈} = 2𝜂𝜇𝜈 . (C.1)

The Dirac representation is particularly convenient for investigating the 
non-relativistic limit. This reads 

𝛾0𝐷 = −𝑖
(

I 0
0 −I

)

, 𝛾 𝑖𝐷 = −𝑖
(

0 𝜎𝑖

−𝜎𝑖 0

)

(C.2)

The Weyl representation where the left and right handed spinors are 
more conveniently expressed is 

𝛾0𝐶 = −𝑖
(

0 I
I 0

)

, 𝛾 𝑖𝐶 = −𝑖
(

0 𝜎𝑖

−𝜎𝑖 0

)

, 𝛽 = 𝑖𝛾0 (C.3)

A similarity transformation connects the two representations 

𝑈 = 𝑈−1 = 1
√

2

(

I I
I −I

)

. (C.4)

Then 
𝛾𝜇𝐶 = 𝑈 𝛾𝜇𝑈−1 , 𝛹𝐶 = 𝑈𝛹𝐷 (C.5)

In both cases, we may define 
𝛽 = 𝑖𝛾0 . (C.6)

Originally, Dirac’s equation was written in terms of the 𝛼 matrices 
defined as 
𝛼4 = 𝛽 = 𝑖𝛾0 , 𝛼𝑖 = 𝑖𝛼4𝛾

𝑖 . (C.7)

Data availability

No data was used for the research described in the article.

References

Berestetskii, V., Lifshitz, E., Pitaevskii, L., 1982. Quantum electrodynamics: Volume 4. 
In: Course of Theoretical Physics. Elsevier Science, URL: https://books.google.nl/
books?id=URL5NKX8vbAC.

De Forest, Jr., T., Walecka, J.D., 1966. Electron scattering and nuclear structure. Adv. 
Phys. 15, 1–109. http://dx.doi.org/10.1080/00018736600101254.

de Groot, F.M., Elnaggar, H., Frati, F., pan Wang, R., Delgado-Jaime, M.U., van 
Veenendaal, M., Fernandez-Rodriguez, J., Haverkort, M.W., Green, R.J., van der 
Laan, G., Kvashnin, Y., Hariki, A., Ikeno, H., Ramanantoanina, H., Daul, C., 
et al., 2021. 2p x-ray absorption spectroscopy of 3d transition metal sys-
tems. J. Electron Spectrosc. Relat. Phenom. 249, 147061. http://dx.doi.org/10.
1016/j.elspec.2021.147061, URL: https://www.sciencedirect.com/science/article/
pii/S0368204821000190.

de Groot, F.M.F., Kuiper, P., Sawatzky, G.A., 1998. Local spin-flip spectral distribution 
obtained by resonant x-ray Raman scattering. Phys. Rev. B 57, 14584–14587. http:
//dx.doi.org/10.1103/PhysRevB.57.14584, URL: https://link.aps.org/doi/10.1103/
PhysRevB.57.14584.

Drell, S.D., Walecka, J.D., 1964. Electrodynamic processes with nuclear targets. Ann. 
Phys. 28, 18–33. http://dx.doi.org/10.1016/0003-4916(64)90141-1.

Edmonds, A., 1996. Angular momentum in quantum mechanics. In: Investigations in 
Physics Series. Princeton University Press, URL: https://books.google.nl/books?id=
0BSOg0oHhZ0C.

https://books.google.nl/books?id=URL5NKX8vbAC
https://books.google.nl/books?id=URL5NKX8vbAC
https://books.google.nl/books?id=URL5NKX8vbAC
http://dx.doi.org/10.1080/00018736600101254
http://dx.doi.org/10.1016/j.elspec.2021.147061
http://dx.doi.org/10.1016/j.elspec.2021.147061
http://dx.doi.org/10.1016/j.elspec.2021.147061
https://www.sciencedirect.com/science/article/pii/S0368204821000190
https://www.sciencedirect.com/science/article/pii/S0368204821000190
https://www.sciencedirect.com/science/article/pii/S0368204821000190
http://dx.doi.org/10.1103/PhysRevB.57.14584
http://dx.doi.org/10.1103/PhysRevB.57.14584
http://dx.doi.org/10.1103/PhysRevB.57.14584
https://link.aps.org/doi/10.1103/PhysRevB.57.14584
https://link.aps.org/doi/10.1103/PhysRevB.57.14584
https://link.aps.org/doi/10.1103/PhysRevB.57.14584
http://dx.doi.org/10.1016/0003-4916(64)90141-1
https://books.google.nl/books?id=0BSOg0oHhZ0C
https://books.google.nl/books?id=0BSOg0oHhZ0C
https://books.google.nl/books?id=0BSOg0oHhZ0C


I. Iatrakis and V. Brudanin Micron 201 (2026) 103929 
Edström, A., Lubk, A., Rusz, J., 2016. Magnetic effects in the paraxial regime of elastic 
electron scattering. Phys. Rev. B 94, 174414. http://dx.doi.org/10.1103/PhysRevB.
94.174414, URL: https://link.aps.org/doi/10.1103/PhysRevB.94.174414.

García de Abajo, F.J., 2010. Optical excitations in electron microscopy. Rev. Modern 
Phys. 82, 209–275. http://dx.doi.org/10.1103/RevModPhys.82.209, URL: https:
//link.aps.org/doi/10.1103/RevModPhys.82.209.

Gell-Mann, M., Goldberger, M.L., 1953. The formal theory of scattering. Phys. Rev. 91, 
398–408. http://dx.doi.org/10.1103/PhysRev.91.398.

Hébert, C., Schattschneider, P., 2003. A proposal for dichroic experiments in the 
electron microscope. Ultramicroscopy 96 (3), 463–468. http://dx.doi.org/10.1016/
S0304-3991(03)00108-6, URL: https://www.sciencedirect.com/science/article/pii/
S0304399103001086, Proceedings of the International Workshop on Strategies and 
Advances in Atomic Level Spectroscopy and Analysis.

Iatrakis, I., Brudanin, V., 2025. Many-body and QED effects in electron-atom inelastic 
scattering in EELS. URL: https://arxiv.org/abs/2502.12254, arXiv:2502.12254.

Johnson, W.R., Blundell, S.A., Sapirstein, J., 1988. Finite basis sets for the Dirac 
equation constructed from B splines. Phys. Rev. A 37, 307–315. http://dx.doi.
org/10.1103/PhysRevA.37.307, URL: https://link.aps.org/doi/10.1103/PhysRevA.
37.307.

Kepaptsoglou, D., Castellanos-Reyes, J.Á., Kerrigan, A., Nascimento, J.A.D., 
Zeiger, P.M., Hajraoui, K.E., Idrobo, J.C., Mendis, B.G., Bergman, A., Lazarov, V.K., 
Rusz, J., Ramasse, Q.M., 2025. Magnon spectroscopy in the electron microscope. 
URL: https://arxiv.org/abs/2410.02908, arXiv:2410.02908.

Lourenço-Martins, H., Lubk, A., Kociak, M., 2021. Bridging nano-optics and condensed 
matter formalisms in a unified description of inelastic scattering of relativistic 
electron beams. SciPost Phys. 10, 031. http://dx.doi.org/10.21468/SciPostPhys.10.
2.031, URL: https://scipost.org/10.21468/SciPostPhys.10.2.031.

Mendis, B.G., 2022. Quantum theory of magnon excitation by high energy 
electron beams. Ultramicroscopy 239, 113548. http://dx.doi.org/10.1016/j.
ultramic.2022.113548, URL: https://www.sciencedirect.com/science/article/pii/
S0304399122000808.
11 
do Nascimento, J.A., Hasnip, P.J., Cavill, S.A., Cossu, F., Kepaptsoglou, D., Ra-
masse, Q.M., Kerrigan, A., Lazarov, V.K., 2024. Theory of momentum-resolved 
magnon electron energy loss spectra: The case of yttrium iron garnet. URL: https:
//arxiv.org/abs/2401.12302, arXiv:2401.12302.

Nelhiebel, M., Louf, P.-H., Schattschneider, P., Blaha, P., Schwarz, K., Jouffrey, B., 1999. 
Theory of orientation-sensitive near-edge fine-structure core-level spectroscopy. 
Phys. Rev. B 59, 12807–12814. http://dx.doi.org/10.1103/PhysRevB.59.12807, 
URL: https://link.aps.org/doi/10.1103/PhysRevB.59.12807.

Schattschneider, P., Hébert, C., Franco, H., Jouffrey, B., 2005. Anisotropic relativistic 
cross sections for inelastic electron scattering, and the magic angle. Phys. Rev. 
B 72, 045142. http://dx.doi.org/10.1103/PhysRevB.72.045142, URL: https://link.
aps.org/doi/10.1103/PhysRevB.72.045142.

Sorini, A.P., Rehr, J.J., Levine, Z.H., 2008. Magic angle in electron energy loss 
spectra: Relativistic and dielectric corrections. Phys. Rev. B 77, 115126. http://
dx.doi.org/10.1103/PhysRevB.77.115126, URL: https://link.aps.org/doi/10.1103/
PhysRevB.77.115126.

Van Hove, L., 1954. Correlations in space and time and Born approximation scattering 
in systems of interacting particles. Phys. Rev. 95, 249–262. http://dx.doi.org/10.
1103/PhysRev.95.249, URL: https://link.aps.org/doi/10.1103/PhysRev.95.249.

Weigert, L., Rose, M., 1964. Effects of nuclear orientation and electron polarization in 
electro-excitation of nuclei. Nucl. Phys. 51, 529–552. http://dx.doi.org/10.1016/
0029-5582(64)90292-5, URL: https://www.sciencedirect.com/science/article/pii/
0029558264902925.

Weinberg, S., 1995. The Quantum Theory of Fields. Cambridge University Press.
Werner, W.S.M., Zemek, J., Jiricek, P., 2010. Distinguishing elastic and inelastic 

scattering effects in reflection electron energy loss spectroscopy. Phys. Rev. B 
82, 155422. http://dx.doi.org/10.1103/PhysRevB.82.155422, URL: https://link.
aps.org/doi/10.1103/PhysRevB.82.155422.

http://dx.doi.org/10.1103/PhysRevB.94.174414
http://dx.doi.org/10.1103/PhysRevB.94.174414
http://dx.doi.org/10.1103/PhysRevB.94.174414
https://link.aps.org/doi/10.1103/PhysRevB.94.174414
http://dx.doi.org/10.1103/RevModPhys.82.209
https://link.aps.org/doi/10.1103/RevModPhys.82.209
https://link.aps.org/doi/10.1103/RevModPhys.82.209
https://link.aps.org/doi/10.1103/RevModPhys.82.209
http://dx.doi.org/10.1103/PhysRev.91.398
http://dx.doi.org/10.1016/S0304-3991(03)00108-6
http://dx.doi.org/10.1016/S0304-3991(03)00108-6
http://dx.doi.org/10.1016/S0304-3991(03)00108-6
https://www.sciencedirect.com/science/article/pii/S0304399103001086
https://www.sciencedirect.com/science/article/pii/S0304399103001086
https://www.sciencedirect.com/science/article/pii/S0304399103001086
https://arxiv.org/abs/2502.12254
http://arxiv.org/abs/2502.12254
http://dx.doi.org/10.1103/PhysRevA.37.307
http://dx.doi.org/10.1103/PhysRevA.37.307
http://dx.doi.org/10.1103/PhysRevA.37.307
https://link.aps.org/doi/10.1103/PhysRevA.37.307
https://link.aps.org/doi/10.1103/PhysRevA.37.307
https://link.aps.org/doi/10.1103/PhysRevA.37.307
https://arxiv.org/abs/2410.02908
http://arxiv.org/abs/2410.02908
http://dx.doi.org/10.21468/SciPostPhys.10.2.031
http://dx.doi.org/10.21468/SciPostPhys.10.2.031
http://dx.doi.org/10.21468/SciPostPhys.10.2.031
https://scipost.org/10.21468/SciPostPhys.10.2.031
http://dx.doi.org/10.1016/j.ultramic.2022.113548
http://dx.doi.org/10.1016/j.ultramic.2022.113548
http://dx.doi.org/10.1016/j.ultramic.2022.113548
https://www.sciencedirect.com/science/article/pii/S0304399122000808
https://www.sciencedirect.com/science/article/pii/S0304399122000808
https://www.sciencedirect.com/science/article/pii/S0304399122000808
https://arxiv.org/abs/2401.12302
https://arxiv.org/abs/2401.12302
https://arxiv.org/abs/2401.12302
http://arxiv.org/abs/2401.12302
http://dx.doi.org/10.1103/PhysRevB.59.12807
https://link.aps.org/doi/10.1103/PhysRevB.59.12807
http://dx.doi.org/10.1103/PhysRevB.72.045142
https://link.aps.org/doi/10.1103/PhysRevB.72.045142
https://link.aps.org/doi/10.1103/PhysRevB.72.045142
https://link.aps.org/doi/10.1103/PhysRevB.72.045142
http://dx.doi.org/10.1103/PhysRevB.77.115126
http://dx.doi.org/10.1103/PhysRevB.77.115126
http://dx.doi.org/10.1103/PhysRevB.77.115126
https://link.aps.org/doi/10.1103/PhysRevB.77.115126
https://link.aps.org/doi/10.1103/PhysRevB.77.115126
https://link.aps.org/doi/10.1103/PhysRevB.77.115126
http://dx.doi.org/10.1103/PhysRev.95.249
http://dx.doi.org/10.1103/PhysRev.95.249
http://dx.doi.org/10.1103/PhysRev.95.249
https://link.aps.org/doi/10.1103/PhysRev.95.249
http://dx.doi.org/10.1016/0029-5582(64)90292-5
http://dx.doi.org/10.1016/0029-5582(64)90292-5
http://dx.doi.org/10.1016/0029-5582(64)90292-5
https://www.sciencedirect.com/science/article/pii/0029558264902925
https://www.sciencedirect.com/science/article/pii/0029558264902925
https://www.sciencedirect.com/science/article/pii/0029558264902925
http://refhub.elsevier.com/S0968-4328(25)00147-7/sb22
http://dx.doi.org/10.1103/PhysRevB.82.155422
https://link.aps.org/doi/10.1103/PhysRevB.82.155422
https://link.aps.org/doi/10.1103/PhysRevB.82.155422
https://link.aps.org/doi/10.1103/PhysRevB.82.155422

	Electron energy loss spectroscopy of oriented targets and magnetic transitions
	Introduction
	Quantum Electrodynamics
	Inelastic electron scattering
	Classical electron beam

	Oriented target
	Magnetic transitions
	Kinematics of magnetic transitions and their detection

	Summary and outlook
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgments
	Appendix A. Non-relativistic limit
	The target transition current
	The semi-relativistic beam and the scalar QED case

	Appendix B. The multipole expansion of the magnetic matrix element
	Appendix C. gamma matrix representation
	Data availability
	References


