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Summary

This thesis report has explored the complex field of satellite formation flying, focusing on Guidance,
Navigation and Control (

 

 

GNC) strategies for maintaining formations of multiple satellites. The research
has been guided by a series of research questions aimed at improving the understanding and imple-
mentation of GNC systems for satellite formations.

The report begins by providing an overview of the background and context of satellite formation fly-
ing, highlighting its significance in modern space missions. It emphasizes the need for precise control
systems to maintain formations and addresses the challenges posed by various disturbances and con-
straints.

To address these challenges, the report presents a detailed methodology for developing an end-to-end
 

 

GNC system. This methodology involves the use of nonlinear dynamics models, including considera-
tions for Earth’s oblateness and drag effects, to describe the motion of satellites within the formation.
Additionally, the report explores the use of both absolute and relative dynamics models to enable the
control of large satellite formations.

Throughout the report, the performance of the
 

 

GNC system is analyzed through various simulations and
experiments. Different thruster models, including variable and fixed thrusters, are evaluated, shedding
light on their effectiveness in maintaining formations. The analysis also considers the impact of energy-
matching conditions on reducing the frequency of maneuvers.

The results of the simulations demonstrate the challenges and limitations of the Sliding Mode Controller
(

 

 

SMC) based control system, particularly in the context of real-world thruster implementations. Tracking
errors and drift in formations are observed, necessitating further research into mitigating these issues.

In the final chapters, the report explores potential areas for future research and improvements. These
include investigating alternative thruster models, optimizing control algorithms, and developing strate-
gies for reducing drift in formations.

In conclusion, this thesis report provides valuable insights into the complexities of satellite formation fly-
ing, and the challenges faced by

 

 

GNC systems. It offers a comprehensive methodology for developing
and analyzing these systems and highlights areas for future research. Ultimately, the report contributes
to the ongoing advancements in satellite formation flying, paving the way for more precise and efficient
space-based operations.
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1
Introduction

Since the early days of the space program, the study of spacecraft formation flying and its associated
challenges has been ongoing. Over time, spacecraft formation flying has emerged as a revolution-
ary technique for conducting space-based operations. This approach involves deploying two or more
spacecraft in a predetermined configuration.

One of the key applications of spacecraft formation flying is in Earth observation. It proves particularly
valuable when the goal is to observe a specific location on Earth using identical instruments placed at
different positions. Global Navigation Satellite System (

 

 

GNSS), for example, is a well-known application
that utilizes multiple satellites to acquire a precise location of a receiver, which would be challenging to
obtain with a single satellite.

A group of
 

 

GNSS satellites forms what is referred to as a constellation. These satellites function collec-
tively to serve a common purpose and are strategically positioned in various orbits to achieve specific
surface coverage objectives.

Royal Netherlands Air Force (
 

 

RNLAF) has expressed a growing interest in the concept of satellite
formation flying. This interest has given rise to actual missions that rely on satellites flying in formation.
Given the absence of suitable software within the organization, the primary goal has been to develop a
tool capable of utilizing

 

 

GNSS data in conjunction with a navigation system for the purposes of guidance
and control. This comprehensive end-to-end system is essential for the maintenance of a formation.

1.1. Research Questions, Tasks, and Scope
In this section, The outline of the primary research hypothesis and its related research questions is pre-
sented. Moreover, a clear overview presented of the specific tasks required to address these questions
and delineate the research scope.

1.1.1. Research Questions
Hypothesis: By applying nonlinear control to a system of absolute and relative dynamics including
Earth’s oblateness and atmospheric drag, a fast and fuel-efficient solution can be achieved, allowing
for high adaptability.

1. Problem A:Which methodology and software are required to enable the development of a com-
plete

 

 

GNC system suitable for satellite formation flying?
2. Problem B: How can the optimal control problem be formulated and solved for formation flying of

a reduced formation consisting of a chief and one deputy whilst including the major disturbances
such as Earth’s oblateness, drag effect and non-linearity?

3. Problem C:What is the impact on fuel cost by defining a target formation based on the orbital mo-
mentum and energy-matched conditions, instead of using well-known Clohessy-Wiltshire (

 

 

CW)
condition?

1
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4. Problem D: How can the optimal control problem be extended to include up to four satellites, and
which adaptations are necessary to guarantee safe operations?

1.1.2. Research Tasks
In order to address the research question related to the hypothesis, the following task will be under-
taken:

1. Use a navigation filter to achieve precise orbit determination which can be propagated in time.
Write the necessary software to enable the conversion from a batch of

 

 

GNSS data to achieve an
accurate orbit estimation.

2. Select and implement the dynamical equations of the simulation environment that fits with the
accuracy of the satellite formation flying problem at hand.

3. Use a
 

 

SMC to formulate and solve the optimal control problem.
4. Construct and assess

 

 

GNC performances and compare them with mission needs.

1.1.3. Research Scope
In the field of satellite formation flying, numerous efforts have been made to enhance the widely rec-
ognized

 

 

CW equations. These equations are linearized equations of motion and do not account for
external disturbances. In an endeavor to refine these equations, some have expanded the force model
to incorporate the effects of an oblate Earth. A comparative study, conducted by Wang et al. 2017,
highlighted the inaccuracies of linearized equations of motion. It can be deducted from their findings
that linear models may not adequately represent the mission scenarios under consideration.

Furthermore, in the extensive domain of formation flying, this discussion will primarily center on the
maintenance of nano-satellite formations. The analysis assumes that these satellites do not possess
inter-satellite communication capabilities and that the targeted formation size falls within the range of
5 to 30 kilometers. Additionally, it should be noted that the satellites under examination are equipped
with thrusters, which introduce specific constraints and considerations.

Regarding propagation schemes, one straightforward method for propagating amulti-satellite formation
involves individually propagating each satellite using an absolute nonlinear force model. This approach
offers the advantage of simplifying the implementation of a high-fidelity model. However, in most lit-
erature, the motion of a deputy (also referred to as a follower) is described using relative dynamics.
Expressing the deputy’s motion in terms of relative dynamics significantly reduces their force model
complexity, as it primarily accounts for differential effects. This approach is especially beneficial in an-
ticipation of future satellites equipped with inter-satellite communication capabilities, as it substantially
lowers the computational burden on the deputy. Additionally, employing relative dynamics simplifies
the formation flying problem expression, making it more convenient for a controller to generate maneu-
vers to achieve complex formations. Given these considerations, it was decided to adopt a suitable
relative model to describe the deputy’s motion.

Given the considerable size of the intended formation (5-30 km), several relative models are not applica-
ble. The most appropriate dynamical model has been introduced by Xu and Wang 2008. Furthermore,
an analysis conducted by Wang et al. 2017 demonstrated that this model remains valid even for larger
formation sizes exceeding 10 kilometers and for chief orbit eccentricity. While faster models do exist,
for the specified formation size, the model by Xu and Wang 2008 proves to be the most suitable option.

The above-mentioned model relies on nonlinear dynamics, necessitating the implementation of a non-
linear controller. The reference mission used in several simulations is a real formation mission, which
employs a low-thrust engine. Consequently, the controller must possess the capability to generate
low-thrust maneuvers for formation maintenance. This results in an optimal control problem, which
can be resolved through extensive optimization, consuming significant computational resources and
time. From a mission perspective, the maneuver ideally needs to be computed and scheduled within
a single orbit. Additionally, it is imperative that the controller demonstrates robustness, ensuring its
ability to consistently generate maneuvers for maintaining the formation. Optimization theory proves to
be a valuable tool for analyzing intricate targeting sequences or exploring the controller’s design space.
Ultimately, the controller should deliver a swift and dependable solution, facilitating a transition towards
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autonomous
 

 

GNC, therefore the
 

 

SMC is selected.

In summary, a combination of absolute and relative dynamics is employed to characterize the motion
of the chief and deputies, respectively. Utilizing nonlinear control with nonlinear dynamics facilitates
the maintenance of large formations. The forthcoming section will delve into the methodology used to
develop these

 

 

GNC systems.

1.2. Research Methodology
The aim of this section is to provide a comprehensive overview of the methodology employed through-
out the thesis. Building upon the previously mentioned hypothesis, software is developed to facilitate
the analysis of the selected

 

 

SMC with nonlinear dynamics. However, before the controller’s perfor-
mance can be assessed, various tools must be developed to reach this stage. This section outlines the
methodology used to bridge the gap from the real-world problem to the execution of an actual satellite
maneuver.

To enhance comprehension of the workflow, a graphical representation of the software methodology
has been created and is presented in Figure 1.1. This illustration delineates the process, beginning
with data acquisition and culminating in the calculation and transmission of maneuvers.

The software initiates by utilizing Global Positioning System (
 

 

GPS) data and employing a Extended
Kalman Filter (

 

 

EKF) for measurement fitting. Following the filtering of measurements, the resulting state
estimate is used to propagate the satellites for 1-3 orbits, accounting for the time required to generate
a maneuver while considering contact times of a single ground station. This propagation employs a
high-fidelity model to ensure optimal controller input accuracy. Furthermore, the propagation outcome
serves as input for the dynamical model, guidance system, and

 

 

SMC.

In Figure 1.1, these processes are color-coded to denote their dependencies and relationships. The
guidance solution is configured to generate guidance trajectories based on the desired formation type.
For formations derived using linear models, the guidance solution employs linear dynamics, while non-
linear dynamics are utilized for energy-matched formations. Further details regarding the setup of the
guidance solution can be found in section 3.3.

Ultimately, the software yields suggested maneuvers that can be simulated to assess their validity. This
architecture enables maneuver analysis before uploading to the ground station. Once accepted, the
final maneuvering sequence is transmitted to the designated satellite.
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Figure 1.1: This figure shows the overall set-up of the SFF software, illustrating the transition between the real world to the
SFF software.

1.3. Expected Contribution
The research discussed in this thesis contains four main contributions.

Development of a Navigation Solution Utilizing an
 

 

EKF with Authentic
 

 

GPS Data. As part of the
endeavor to complete the operational sequence, raw GPS measurements are processed using custom
filter settings within General Mission Analysis Tool (

 

 

GMAT) platform. This implementation provides
essential insights into the attainable accuracy of the initial state for formation flying. It is worth noting
that such a navigation system was absent from the toolkit available to the

 

 

RNLAF and has therefore
been developed as a crucial component within this thesis.

Modification of the
 

 

SMC Incorporating a Realistic Low-Thrust Engine. The
 

 

SMC implementation
examined in the research conducted by Liu and Hexi 2006 employed simulated controlled disturbances
to accommodate disturbances. The principal aim of this research was to demonstrate the validity and
applicability of utilizing low-thrust propulsion for formation flying. This was accomplished through the
utilization of an engine capable of thrusting in three dimensions and adjusting its thrust within the range
of 0 to 1 m/s2. In the scope of this research, the performance and constraints of a real thruster were
incorporated. Constraining the engine’s freedom poses challenges to the convergence behavior of the
controller.

Modification of the
 

 

SMC Incorporating a Nonlinear Dynamics Model Accounting for J2 and Drag.
The research conducted by Liu and Hexi 2006 showcased the controller’s capabilities in a nonlinear
environment. To enhance the real-world accuracy of the numerical model, significant disturbances such
as J2 and drag needed to be considered. Consequently, the

 

 

SMC was equipped with an alternative
dynamical model to enhance its fidelity.

Implementation of Diverse Multi-Satellite Guidance Strategies to Demonstrate Software Adapt-
ability for Various Formations. The software incorporates a formation design toolbox, enabling cus-
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tomized multi-satellite formation design. The impact of different guidance strategies on fuel consump-
tion is thoroughly examined.

1.4. Document Preview
In Chapter 2, the intricacies of formation flying are explored, commencing with an examination of various
formation types. Subsequently, existing knowledge in the field is reviewed to assess its relevance to
the selected reference mission. The insights gleaned from the literature are integrated to develop the
Satellite Formation Flying (

 

 

SFF) software, with the methodology detailed in Chapter 3.

Shifting focus to address the research questions derived from the inquiry, the outcomes of the navigation
system are presented in Chapter 4. Chapter 5 conducts multiple simulations to evaluate the controller’s
performance within real mission scenarios. Additionally, an optimal guidance solution is implemented
and scrutinized in Chapter 6.

Advancing further, Chapter 7 expands the simulations to contain a constellation of four satellites. The
code is validated, and the verification results are presented in Chapter 8.

Finally, Chapter 9 marks the conclusion of the research journey. Here, answers to the research ques-
tions are provided, along with insights and directions for future work.



2
Background

In this chapter, we delve into the intricacies of formation flying dynamics and control strategies. To
lay the foundation for our exploration of formation flying dynamics and associated models, the chap-
ter begins by providing a comprehensive understanding of what formation flying entails. This involves
defining formation flying, introducing the coordinate system used to define relative dynamics, and high-
lighting the most common formation types while shedding light on their key characteristics. Next, the
control laws employed for formation flying are introduced, featuring a selection of promising controllers.
Finally, the primary dynamical model and associated controller utilized throughout the majority of the
thesis are presented.

2.1. Satellite Formations
Before delving into the dynamics of formation flying and associated models, this section begins by
providing a definition of formation flying. It then introduces the coordinate system used to define relative
dynamics. Finally, it highlights the most common formation types and presents their key characteristics.

2.1.1. Definition
Satellite formation flying encompasses the synchronized and regulated coordination of multiple space-
craft, ensuring they uphold distinct relative positions and orientations in space while jointly executing
shared missions or tasks. This cooperative setup entails the meticulous preservation of accurate spa-
tial relationships between individual satellites, often with the goal of attaining amplified observational
capabilities, expanded coverage area, refined data collection, and other mission objectives that pose
challenges when pursued by a single satellite. Formation flying can manifest as the organized align-
ment of satellites in diverse configurations, including constellations, clusters, or alternate arrangements.
Achieving the intended formation mandates the implementation of sophisticated control strategies, ef-
fectively managing the intricacies of orbital dynamics and external disturbances.

2.1.2. Local Frame
Starting from the ECI J2000 reference frame, a conversion of the coordinate system can be executed
to facilitate the advancement of relative dynamics. This transformation yields what is known as Hill’s
frame, illustrated in Figure 2.1. Hill’s frame, also referred to as Local Hirzontal Local Vertical Frame
(

 

 

LVLH), originates at the center of mass of the chief satellite. In this frame, the x-axis aligns with the
chief’s radial direction, while the z-axis aligns with the orbital angular momentum vector. Completing
the right-hand reference frame, the y-axis is established. Hill’s frame finds primary application within
the domain of relative dynamical models.

The state elements used to describe the chief’s orbit can also be obtained in Figure 2.1. The chief’s
orbit uses Reference Satellite Variables (

 

 

RSV) containing a set of six state elements from which the
chief’s orbit can be fully defined. The

 

 

RSV representation has been derived by Xu and Wang 2008
and consist of r, ṙ, h,Ω, i, θ. These elements are used to describe the chief’s orbit and can be depicted

6
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in Figure 2.1. The radial position and velocity are represented by r and ṙ, and h is the magnitude of
the orbital momentum vector. Next, Ω is the Right Ascension of the Ascending Node (

 

 

RAAN), i the
inclination, and θ is the true latitude. The benefit of using the true latitude (θ) is that it can be used for
circular orbit, in contrast with the true anomaly (ν). Moreover, for very low eccentricity, the true anomaly
is ill-defined, Vallado 2013. The true latitude is defined by:

θ = ω + ν (2.1)

where ω and ν represent the argument of periapsis and true anomaly, respectively.

Figure 2.1: LVLH (Hill’s) frame expressed in ECI reference system, Wu et al. 2016.

2.1.3. Formation Configurations
The objective of this section is to provide a foundation and visual representation of relative motion
within formation flying. This involves discerning various formation types and their attributes. Due to
the constraints of orbital mechanics, practically only four types of formation orbits can be considered.
A pivotal aspect of formation flying is synchronizing the orbital period with that of the chief satellite.
Additionally, the initial conditions of both the deputy and chief satellite significantly impact the relative
motion of the formation. The four formation types are differentiated by Relative Orbital Elements (

 

 

ROE).
For enhanced visualization of the various formation flying types, Figure 2.2 illustrates the corresponding
differential orbital elements and crucial characteristics. In this representation, the x, y, and z coordinates
denote the position coordinates within Hill’s orbital frame. It is important to note that the depicted
trajectories in Figure 2.2 are generated under the assumption of an unperturbed spherical Earth.

Each of the formation types will now be elaborated upon, commencing with the Along-track Orbit (
 

 

ATO)
formation. This approach is generally regarded as a straightforward method for achieving substantial
(200 km) to moderate (5 km) satellite separation. In the

 

 

ATO formation, the orbital plane is aligned, and
only a discrepancy in the true latitude (θ) is introduced. This is why

 

 

ATO formations are sometimes
referred to as in-plane formations within the literature. Figure 2.2 provides insight into the key charac-
teristics of this formation type. A notable advantage of the

 

 

ATO formation lies in its suitability for large
formations, with a design that facilitates uncomplicated maneuvering for formation maintenance.

The In-track Orbit (
 

 

ITO) formation allows satellites to traverse the same ground track. However, due
to Earth’s rotation, the satellites’ orbital planes exhibit slight disparities. Achieving the necessary offset
for an ITO formation entails adjustments to both the argument of latitude (θ) and the right ascension
of the ascending node (Ω). Although

 

 

ITO formations enable interval point observations, their practical
application in real space missions remains limited.

The remaining two formation types, the General Circular Orbit (
 

 

GCO) and Projected Circular Orbit
(

 

 

PCO), share a common advantage. Both ATO and ITO formations are susceptible to substantial
satellite drift over time. While the satellite state and required control efforts closely align with the real
solution, the inherent model simplifications preclude achieving a zero-error solution. A substantial
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portion of this drift, stemming from these inaccuracies, can be understood by examining the linearized
model developed by Clohessy and Wiltshire 1960, which will be detailed in Chapter 3. By manipulating
the solutions derived from this model, a condition can be identified that mitigates the aforementioned
linear drift. This condition is tied to an optimal formation geometry, which effectively minimizes that drift.
Here, the term ”minimization” is used because while linear models cancels drift, nonlinear effects and
perturbations can still induce minor satellite drift. Implementing this geometry constraint gives rise to
the

 

 

GCO and
 

 

PCO formations. A GCO formation can be visualized as a formation constrained by a
fixed radius. Next, the PCO formation is constructed in a similar way to the GCO, but here the plane is
rotated so that the projected relative trajectory represents a circle with a constant radius. Although these
formations offer improved stability over the long term, their implementation demands a more precise
attitude and thruster control. These formations are typically chosen for small (100 m) to moderate (5
km) satellite separation. In specific Earth observationmissions, a circular projected ground track proves
to be advantageous. Achieving this requires meticulous geometry condition selection, resulting in the

 

 

PCO formation. Crucial characteristics of the
 

 

GCO and
 

 

PCO formations are outlined in Figure 2.2.

Figure 2.2: Formation flying configuration types.

2.2. Relative Dynamics
This assessment provides a comprehensive exploration of diverse implementations documented in
literature, highlighting the unique advantages inherent in each model. Nonlinear models offer a distinct
advantage in their increased accuracy when applied to expansive formations and extended-duration
simulations. Nevertheless, using nonlinear equations into controllers poses challenges compared to
the more straightforward integration of linear models.
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Kechichian 1998 formulated a nonlinear model encompassing both the J2 effect and atmospheric drag,
rendering it applicable to circular and elliptical orbits, . Nonetheless, a notable drawback of this imple-
mentation lies in the intricate nature of its equations, which omit certain components of the J2 effect.
Identifying this limitation, Xu andWang 2008 embarked on crafting their own nonlinear model. Leverag-
ing the principles of Newtonian mechanics, they streamlined Kechichian’s equations without sacrificing
accuracy, yet chose to exclude the influence of differential drag.

While the Xu and Wang model proved accurate and versatile for a multitude of formations, there was
room for refinement through the incorporation of differential drag. Building upon this foundation, Mor-
gan and Chung 2012 expanded the Xu and Wang model, enhancing its precision for Low Earth Orbit
(

 

 

LEO) formations due to increased atmospheric disturbances. Wu et al. 2016 further delved into the
nonlinear solution techniques for the described in Morgan and Chung 2012. Their study introduced
the practical implementation of nonlinear optimization for both low and high thrust propulsion systems.
The resultant control strategy and optimization approach demonstrated success, establishing a viable
nonlinear method for general use cases. However, the computationally intensive nature of obtaining
solutions relegated this model from being considered for autonomous on-board navigation.

In the absence of comprehensive insights into the implementation details, making an optimal choice
among dynamical models can prove to be a challenging endeavor. The precision of the model is
fundamentally intertwined with factors such as formation size, eccentricity, and orbital altitude. Given
the specific focus of this review on

 

 

LEO formations, the examination narrows down to the influence
of formation size and eccentricity. Through simulations conducted by Wang et al. 2017, discernible
disparities in model accuracy emerge, contingent on diverse formation characteristics.

Illustrating this, the impact of formation size on model accuracy is visually represented in Figure 2.3.
Within the framework presented by Wang et al. 2017, the model error index (σ) serves as an indicator
of the model’s deviation from the true solution. This index, which is directly proportional to the model
error, is appropriately referred to as the model error for simplicity. A noteworthy observation is that
augmenting formation size proportionately affects the accuracy of linear models as opposed to nonlin-
ear counterparts. This particular simulation assumes a nearly negligible eccentricity, elucidating the
proximity of error between the CW and TH models.

Figure 2.3 further reveals another facet, which is the role of Earth’s oblateness. Notably, the model
introduced by Xu and Wang 2008 exhibits a reduction in error compared to the unperturbed nonlinear
model, attributed to the incorporation of the J2 effect. This incorporation stands as the underlying
reason for the error reduction. Lastly, it becomes evident from the data presented in Figure 2.3 that the
influence of J2 looms larger than the impact of nonlinearity.

Figure 2.3: Model error versus formation size for linear and nonlinear models, Wang et al. 2017.
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Another factor wielding influence over themodel’s precision is eccentricity. Themajority of linear models
are formulated under the premise of a circular reference orbit, making it foreseeable that errors would
escalate with increased eccentricity. In Figure 2.4 a simulation performed by Wang et al. 2017, the
impacts of eccentricity across various dynamical models is depicted. Certainly, the consequences of
omitting eccentricity (as evident in the CW and SS models) within their framework are readily apparent.

Figure 2.4: Model error versus chief eccentricity for linear and nonlinear models, Wang et al. 2017.

Given that these simulations are conducted within a narrow radius (0.1 km), the solutions of the TH
model and the unperturbed nonlinear model align closely. For both nonlinear models, the influence of
heightened eccentricity becomes apparent, emphasizing why eccentricity holds paramount significance
in satellite formation design. The investigation performed by Wang et al. 2017 has delineated that
eccentricity, J2 perturbation, nonlinearity, and atmospheric drag each imprint distinct trajectories upon
model error.

For satellite formations orbiting below 300 km, the prevailing forces are primarily attributed to atmo-
spheric drag. However, beyond the threshold of 400 km, eccentricity takes the reins in governing
model error, followed by the consequential J2 effect and subsequently, nonlinear effects.

Presently, formation control predominantly relies on linear dynamical models, prized for their tractability,
often yielding solutions in closed-form. Nonetheless, the trade-off lies in their inherent precision limi-
tations. The usefulness of linearization diminishes in long-term forecasts (covering several days) and
significant spacecraft separations (exceeding 10 km). When dealing with proximity formations (ranging
from 1 m to 1 km), real-time, frequent (daily to weekly) control becomes indispensable for safety and
formation upkeep. Linear models hold the advantage of providing robust and real-time control. Yet,
the flip side is their inability to provide optimal solutions or accurate long-term predictions—a trade-off
inherent in deploying linear dynamics. In cases where ground-based maneuver generation drives the
mission, nonlinear dynamics come to the fore.

The preceding sections have outlined a collection of relative linear dynamical models, subject to scrutiny
and analysis. This segment will briefly underscore challenges and assumptions underpinning these
promising models. The fidelity of the control system hinges on the dynamics employed, leading to
instances where certain linear models might facilitate easy control implementation but produce less
accurate outcomes.

Beginning with the
 

 

CW equations, their user-friendliness fostered their application in early rendezvous
and docking scenarios. This model efficiently accommodates autonomous short-term control, partic-
ularly when referencing a satellite in a circular orbit, exhibiting robustness. However, without adapta-
tions accounting for the J2 effect, the

 

 

CW equations lack the precision necessary for formation flying.
Subsequent efforts to enhance these equations through J2 and differential drag integrations, while
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commendable, limited their applicability solely to circular orbits. By finally adapting these equations to
encompass eccentric orbits, a marked improvement over the original CW formulation was achieved.
However, linearization poses limitations on all these models, making them inappropriate for large satel-
lite separations. This challenge is also applicable to linearized State Transition Matrix (

 

 

STM) models.

A distinctive approach, as demonstrated by Koenig et al. 2017, addresses the pitfalls of linearization
while incorporating J2 and atmospheric drag effects. To sidestep any confusion, the Koenig model
employs

 

 

ROE, mitigating linearization inaccuracies in the deputy state. Among the array of linearized
models, the Koenig model stands out in terms of accuracy, albeit at the expense of increased imple-
mentation complexity.

2.3. Optimal Control and Solution Finding
This section will focus on implementing the majority of the controllers used in orbital mechanics. How-
ever, the scope is now slightly constrained, with a shift in focus towards control strategies in the realm
of formation management. It is important to note that innovative research endeavors aimed at refining
techniques for libration point formation flying are not encompassed within this discussion. Furthermore,
a pronounced emphasis will be placed on exploring novel control methodologies.

Before delving into novel control approaches, it is prudent to contemplate and assess both the poten-
tial benefits and drawbacks associated with Linear Quadratic Regulator (

 

 

LQR) controllers. From the
researching the

 

 

LQR control, it becomes evident that this particular control method is exclusively suited
for integration with linear dynamical systems. Numerous instances have emphasized the effectiveness
of LQR controllers in managing formation flying and enabling rendezvous and docking maneuvers.

Jin and Lifu 2011 devoted an entire study to the implementation of LQR control for formation flying,
a testament to the enduring relevance of this methodology. It is undeniable that LQR-based control
ensures precision and robustness in outcomes. Further exploration has extended into the realm of
formation flying without recourse to radial thrust maneuvers to conserve propellant. The applicability of

 

 

LQR in scenarios avoiding of radial thrust has been dissected in subsequent articles: Starin et al. 2001b
Starin et al. 2001a Chao and Bernstein 1994. Nonetheless, it is important to note that this method
is constrained to handling linear systems exclusively. While this limitation poses minimal hindrance
for close-range operations and compact formations necessitating frequent maneuvers, applying linear
dynamics over greater separation distances incurs significant additional fuel consumption due to model
inaccuracies. This rationale underscores the subsequent direction of control algorithms, which will pivot
towards the optimization of nonlinear systems.

The
 

 

SMC has undergone thorough analysis across various contexts, particularly within Earth-based
applications. Liu and Hexi 2006 undertook a comprehensive investigation into the potential of

 

 

SMC for
formation flying, revealing substantial promise. Their methodology is centered around controlling the
output to steer a deputy satellite onto a reference trajectory. This reference trajectory is established in
relation to the chief satellite and can be arbitrarily chosen. While

 

 

SMC controllers have not yet been
realized for formation control, a review of existing literature lends support to the notion that the process
of solution identification is both robust and accurate.

Another avenue for formation control has been pioneered by Wu et al. 2016, focusing on real-time opti-
mal control applicable to both linear and nonlinear models. The incorporation of J2 perturbations within
the linearized models offers a valid strategy for short-term control of small formations. To enhance
model accuracy, the use of nonlinear equations of motion developed by Morgan and Chung 2012 is ad-
visable. This approach pivots towards minimizing fuel consumption through the utilization of Legendre
Pseudospectral Methods (LPM). Beyond fuel optimization, this method is characterized by efficiency
and swiftness, attributed to the integration of Legendre Gauss Lobatto (LGL) points. The accuracy of
the algorithm is significantly influenced by the density of LGL points, with an increase in points leading
to enhanced precision. However, augmenting the number of points escalates computational demands.
While the use of the Legendre Pseudospectral Method stands as a viable candidate for addressing
the optimal control problem within formation contexts, it’s important to acknowledge that solving LPMs
entails complexity and may necessitate supplementary software.

Huang et al. 2012 delved into the application of a Particle Swarm Optimization (PSO)-based controller
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for deep space formation flying with low-thrust maneuvers. Their research outcomes showcased the
potential for generating energy-optimal trajectories. PSO’s strength lies in its rapid solution generation
capabilities and its ability to employ numerical integration to tackle nonlinear systems. It’s notewor-
thy, however, that Huang et al.’s methodology did not incorporate collision avoidance strategies. An
enhanced iteration of their model emerged by Huang and Zhuang 2015, wherein inter-swarm com-
munication was utilized to introduce collision avoidance measures. While Huang and Zhuang 2015.
centered their efforts on deep space formations, the work done by M. Pontani 2010 explored PSO’s
utility for

 

 

LEO formation flying. Reid et al. 2013 applied PSO for rendezvous and close operations,
employing a Hamiltonian approach. While the original methodology may be intricate, incorporation of
the initial and final states into the model can streamline implementation.

From the literature study, it is concluded that in order to build an adaptable and accuracy dynamical
model, the equations presented by Xu and Wang 2008 are the best candidate. As a result of using rela-
tive dynamics, the control logic for more complex formation become easier. Moreover, to enhance the
model’s capability to represent the real world, the added drag implementation by Morgan and Chung
2012 is used. The research presented by Liu and Hexi 2006 demonstrated that the real-time implemen-
tation of using a sliding mode controller was deemed successful. The control was able to guidance a
satellite using low-thrust in a controlled disturbed environment. The focus of the next chapter is the
methodology and implementation of this model and controller.

Based on the literature study, it is concluded that the equations proposed in Xu and Wang 2008 are the
most suitable for constructing an adaptable and accurate dynamical model. Utilizing relative dynamics,
this choice simplifies the control logic for more complex formations. Additionally, to improve the model’s
representation of real-world conditions, the drag implementation by Morgan and Chung 2012 is incor-
porated. The research by Liu and Hexi 2006 demonstrated the successful real-time implementation of
a sliding mode controller for guiding a satellite using low-thrust in a controlled disturbed environment.



3
Methodology

In this chapter, we delve into the methodology used to set up the
 

 

SFF software. The objective of
this chapter is to present the chosen models and dynamics to translate the real world problem to the
numerical problem, offering a comprehensive understanding of its relevance within the broader scope of
the thesis. The developed software consist of two separate modules, the first module is the navigation
system which is responsible for generating the state estimate of the satellites. This state estimate is
then used in the guidance and control module to observe the satellite formation and come up with the
required maneuvers. After presenting the methodology for the navigation system, the second module
is extensively described, including the set-up of the guidance system and associate dynamical models.
By the end of this chapter, the methodology of the navigation, guidance, and control systems should
be clear.

3.1. Software Architecture
The construction of the

 

 

SFF software involves various processes and subsystems, as illustrated in
Figure 3.1. This overview will provide insights into the upcoming methodology.

Figure 3.1: Overview of the general code architecture, including the interaction between the GNC system, and command and
control.
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The navigation system operates as a distinct entity, utilizing GPS measurements for precise orbit deter-
mination. The current navigation system implementation encompasses satellite propagation until the
point of maneuver uploading. While it may be optimized to reduce turnaround time, it is expected to
remain within the range of 1-3 orbits. The resultant position estimate is then transmitted to the guidance
and control system, responsible for determining the need for maneuvers and generating them accord-
ingly. Finally, the command and control system is tasked with the conversion of prescribed maneuvers
into actual commands that can be received by the satellites.

A dedicated chapter is allocated for software verification, as indicated in Figure 3.1. The verification
phase necessitates data from all three subsystems. For further details on individual test cases and
verification processes, please refer to Chapter 8.

3.2. Navigation
In this section, the methodology of the navigation solutions will be explained. To carry out precise orbit
estimation, an

 

 

EKF is employed, enabling the estimation of position and velocity at each measurement
epoch. Emphasizing the utmost significance is the accuracy of the final state estimate, as it serves as
the primary input for the high-fidelity orbit propagator. The task of the navigation filter is disjoint from
the guidance and control and uses a different propagator.

Reaching the final state estimate involves a sequence of actions, including several coordinate trans-
formations. An outline of these steps is illustrated in Figure 3.2 for reference. Initially, a Python tool is
employed to convert raw

 

 

GPS data into the necessary
 

 

GMATMeasurement Data format. Subsequently,
the GMD file is linked to a

 

 

GMAT tracking file set. Once the estimator is executed, both residuals and
the final state estimate are extracted. Lastly, the final state is propagated to attain a precise state
estimate upon activation of guidance and control.

Figure 3.2: Overview set up of navigation system, including the pre- and post-processing steps.

 

 

GMAT Navigation Solution The standard implementation of the
 

 

EKF in
 

 

GMAT is used for orbit de-
termination (OD). The choice for using

 

 

GMAT is based on the proven accuracy and possibility to use a
high-fidelity model, The GMATDevelopment Team 2022. Furthermore, the filter’s configuration enables
the simulation of a satellite GPS receiver, facilitating in-depth analysis of the algorithm’s performance.
Finally, real GPS data is used to perform orbit determination and analyze the accuracy of the filter.
Moreover, adopting a UKF (Unscented Kalman Filter) enhances the solution’s accuracy, a finding sup-
ported by Alfriend et al. 2010. In their simulation, the position error was assessed using both an

 

 

EKF
and Uncended Kalman Filter (

 

 

UKF) for a 10 km baseline formation. The results revealed a position
accuracy improvement of 0.005 meters after just 1 minute of integration. This enhanced accuracy con-
tinues to improve over time, making the

 

 

UKF a promising choice for the navigation system. However, it
is important to note that the development of such a filter, when coupled with a high-fidelity model, was
considered an extensive undertaking and was not pursued further.
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In order to use the estimator algorithm from
 

 

GMAT, several tasks must be completed. First, the GPS
data should be converted to the right format.

 

 

GMAT uses a set of tracking file as an input to the
filter. Tracking file consist of a timestamp in TAI-MJD (International Atomic Time-Modified Julian Data)
and the position expressing in Earth Centered Earth Fixed (

 

 

ECEF). It is important to know that the
conversion from JD (Julian Data) to MJD in

 

 

GMAT is different from the standard conversion, The GMAT
Development Team 2022. Before sampling the data in the filter, the GPS data is pre-processed to fit
the standards used by

 

 

GMAT. This included time and coordinates transformations.

Force Model The EKF’s performance hinges on various parameters, and in this section, the most
critical ones will be discussed. Whilst the EKF filter provides an update of the solution, the nominal
trajectory is propagated. The force model used for the propagation plays a major role on the outcome
of the orbit determination. The nominal model implemented for the navigation filter is:

• Integrator: PD78 with fixed step size of 10 seconds.
• Earth: Spherical harmonics up to degree and order 64, from the JGM-2 gravity model.
• Drag: MSISE90 for a general spherical object.
• Space Weather: SRP (Solar Radiation Pressure), using latest space weather data.
• Third body: Sun, Moon
• Solid and Ocean Tides

The estimation and subsequent propagation of the navigation solution will be executed employing the
aforementioned force model. A significant portion of computational resources is devoted to evaluat-
ing the gravity model. This selection is underpinned by empirical data from the International Space
Station (ISS) and Japan Earth Resources Satellite (JERS-1) taken from Vallado 2010. In the analysis
performed by Vallado 2010, the objective was to provide a clear depiction of the implications associ-
ated with the utilization of different force models. It is important to note that although both the ISS and
JERS-1 are larger and heavier than the SmallSat under investigation, this comparative analysis yields
valuable insights and guides several decision-making processes. The data acquired from the JERS-1
spacecraft indisputably demonstrates the imperative need for a high-fidelity model to achieve a precise
navigation solution and subsequent propagation. The primary aim of this propagation endeavor is to
provide a solution with an accuracy margin of merely 10 meters after approximately 3 to 4 orbits. In pur-
suit of this level of precision, the insights gleaned from Vallado’s data make it abundantly clear that the
force model described earlier is an essential prerequisite. With this model in place, it is anticipated that
the limiting factors will likely revolve around drag modeling and the accuracy of GPS measurements,
Reid et al. 2013.

In addition to the previous analysis, a custom simulation was conducted to assess the selection of the
force model. This simulation aimed to provide insights into how the chosen model influences the prop-
agated position of the nanosatellite. The simulation was configured using the satellite and orbit data
detailed in Chapter 5. For this analysis, only the primary disturbances were considered, encompass-
ing various third-body influences, Solar Radiation Pressure (

 

 

SRP), drag, and gravity. The results of
the 24-hour propagation are presented in Figure 3.3 and Figure 3.4. To gauge the effect of excluding
a disturbance, a benchmark was employed for comparison. The benchmark solution comprised the
complete model, encompassing all third-body accelerations, drag,

 

 

SRP, and a gravity model with a de-
gree and order of 100. From Figure 3.3, it can be seen that the accelerations from Jupiter and Venus
are of such a low scale, which leads to their exclusion. Next, no

 

 

SRP acceleration was activated for
the nanosatellite and its effect on the final position with respect to the benchmark was zero. However,

 

 

GMAT simulation showed that the SRP can influence the position in the order of the meter level after a
day. Therefore, it is included in the model. In Figure 3.3, the influence of the Sun and Moon result to a
meter-level difference and are thus taken into the model. As expected, for a 24-hour long propagated,
the effect of the atmosphere can not be neglected. From Figure 3.3, it is evident that the accelerations
from Jupiter and Venus are negligible, justifying their exclusion from the model. Additionally, the acti-
vation of

 

 

SRP acceleration had no discernible effect on the final position compared to the benchmark.
However,

 

 

GMAT simulations demonstrated that
 

 

SRP can influence the position at the meter level after
a day, hence it is included in the model. In Figure 3.3, the influence of the Sun and Moon is seen
to result in a meter-level difference and is thus retained in the model. As anticipated, for a 24-hour
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propagation, the influence of the atmosphere cannot be neglected. Finally, the results presented in
Figure 3.4 illustrate that the degree and order of the gravity field significantly impact model fidelity. The
incremental accuracy gained by transitioning from J64 to J100 is less than a meter. Given that GPS
measurements are accurate at scales above the meter, pursuing a higher order than J64 is deemed
unnecessary. For more details regarding the integrator settings, please read section 8.1.

Figure 3.3: The position difference as consequence of
selecting different models, namely drag, third body

acceleration,
 

 

SRP.

Figure 3.4: The position difference as consequence of
selecting different models, namely gravity model.

GPS standard deviation In addition, the
 

 

EKF uses Kalman noise to avoid filter saturation. The
standard value for the filter noise used for the simulation is 10−9. The accuracy and sensitivity of
number will be investigated in Chapter 4. Next, the expected standard deviation of

 

 

GPS (σgps) has
been used to discard invalid or unrealistic measurement. To closely matched the possible accuracy of
the sensor, a nominal value of 10 meter is used. Since raw

 

 

GPS data will be used in Chapter 4, the
σgps avoids use of bad

 

 

GPS measurement in the filter.

Measurement Noise The initial orbit error covariance is set to be [4.0 · 10−5, 1.7 · 10−5, 1.9 · 10−5, 5.7 ·
10−7, 2.4 · 10−7, 2.6 · 10−7], which is calculated using data from the BRIK2 satellite. After the measure-
ment update, the estimation error covariance consistently diminishes compared to its pre-update state.
Regardless of the quality of the observation, the inclusion of any measurement consistently decreases
the orbit error covariance. Conversely, introducing process noise perpetually elevates the state uncer-
tainty. Hence, achieving a balance is crucial: integrating a measurement reduces state uncertainty,
while process noise amplifies it. The convergence of the filter and its long-term performance are inher-
ently tied to maintaining this equilibrium. It is important to note that if measurement or process noise
values are excessively low, the orbit error covariance could become overly minimized, leading to the
potential rejection of valuable measurements by the filter.

3.3. Guidance Formulation
In the context of formation flying, guidance serves as a crucial element in ensuring the stability and
effectiveness of maneuvers. This chapter delves deep into the diverse range of guidance strategies
employed within formation flying. The primary objective of this section is to elucidate the distinctions be-
tween these guidance solutions and emphasize the pivotal assumptions that underlie their functionality.
By the conclusion of this chapter, readers will have a clear understanding of the appropriate scenarios
for each guidance solution and the advantages they offer in achieving mission objectives.
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3.3.1. Clohessy Wiltshire Condition
In this section, the historical

 

 

CW equations are presented and discussed, since they will be the founda-
tion of several guidance strategies. The main goal of this section is to demonstrate the application of
the

 

 

CW equations as a form of guidance. The
 

 

CW equations are given by:

ẍ = 3n2x+ 2nẏ (3.1)
ÿ = −2nẋ (3.2)
z̈ = −n2z (3.3)

In this coordinate system, the x-axis aligns with the radius vector of the target spacecraft, the z-axis
aligns with the angular momentum vector of the target spacecraft, and the y-axis completes the right-
handed framework. In this setup, the central body is situated in the negative x-direction, and the y-axis
aligns with the velocity vector of the target spacecraft. Movement along the y-axis is referred to as
’along-track,’ while motion along the positive and negative z-axes is termed ’out-of-plane’ motion. The
closed form solutions are given by:

x(t) = (4− 3 cosnt)x0 +
sinnt

n
ẋ0 +

2

n
(1− cosnt)ẏ0 (3.4)

y(t) = 6(sinnt− nt)x0 + y0 −
2

n
(1− cosnt)ẋ0 +

4 sinnt− 3nt

n
ẏ0 (3.5)

z(t) = z0 cosnt+
ż0
n

sinnt (3.6)

with the mean motion being:

n =

√
µ

a3
≈

√
µ

r3
(3.7)

The relative
 

 

CW dynamics have been developed under the assumption that the chief’s orbit is near
circular. This is the reason the above equation is valid, but it will constrain the use of the

 

 

CW guidance
to limited eccentricity. For higher eccentricity values (>0.05), targeting the guidance solution leads to
discrepancies between the model and reality, Wang et al. 2017. Wang et al. have performed numerical
simulations using the most promising relative models.

To achieve the guidance solution, the position along the trajectory is not important. In other words,
the phase angle of the deputy in the formation (represented by nt) is not important because the set of
equation is only used to describe the guidance relative orbit. By further developing the

 

 

CW equation,
the following state and state derivative were obtained:

x(0) = x0 (3.8)
y(0) = y0 (3.9)
z(0) = z0 (3.10)

A closed-form solution can be obtained that is solely depending on the initial condition and the chief’s
mean motion. This equation do not require integration assuming the chief’s mean motion remain con-
stant. The closed-form solution is given by:

ẋ(t) = 3nx0 sinnt+ ẋ0 cosnt+ 2ẏ0 sinnt (3.11)
ẏ(t) = −6nx0(1− cosnt)− 2ẋ0 sinnt+ ẏ0(4 cosnt− 3) (3.12)
ż(t) = −nz0 sinnt+ ż0 cosnt (3.13)

The acceleration for the linearized
 

 

CW equation are straightforward and are presented below:

ẍ(t) = 3n2 + 2ny (3.14)
ÿ(t) = −2nx (3.15)
z̈(t) = −n2 (3.16)

Note, the mean motion ”n” is often denoted as the ω. To avoid confusion with the rotation rate of
coordinates, frames ”n” is used here.
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General Circular Orbit The
 

 

GCO formation is a relative trajectory where a deputy follows a circle
with respect to the chief. This can be achieved by settings the following constraint on the orbit. The
relative orbit must be bounded by a constant radius, as seen below.

x2 + y2 + z2 = r2 (3.17)

The implementation of the aforementioned constraint in the
 

 

CW equation results in a set of initial con-
ditions that satisfy the requirements for a

 

 

GCO formation. The initial conditions are as follows:

y0 = 2ẋ0/n (3.18)

z0 = ±
√
3x0 (3.19)

ẏ0 = −2nx0 (3.20)

ż0 = ±
√
3ẋ0 (3.21)

By settings the along-track drift and formation offset to zero, the first two initial conditions were derived.
There are two possible planes that intersect the cross-track/along-track plane along the along-track
direction at an angle of ±30 deg, respectively. In this case, x0 and ẋ0 are free variables and used to
design the formation. These parameters have been expressed in terms of the design radius and phase
of the formation.

x0 = (rd/2) cosϕ (3.22)
ẋ0 = −(rdn/2) ∗ sinϕ (3.23)

Where ϕ is the initial phase angle and rd is the desired radius of the
 

 

GCO formation. The
 

 

GCO formation
can be achieved by differences in the right ascension of the ascending node, argument of perigee
and true anomaly. The circular formation possesses two compelling attributes: (1) spacecraft within
it maintain a consistent spacing, and (2) unlike in-plane and in-track formations, the circular formation
evolves in both the along-track and cross-track planes.

Projected Circular Formation The projected circular formation closely resembles the circular forma-
tion, with the key distinction being that the circular relative motion occurs in the along-track/cross-track
(y-z) plane rather than the ±30-degree inclined plane. In simpler terms, with the projected circular for-
mation, the ellipse of relative motion, when projected onto the along-track/cross-track plane, takes on
a circular shape. To adhere to this configuration, the following constraint must be met:

x2 + y2 + z2 = r2 (3.24)

Just like with the circular formation, the initial conditions need to be configured to

y0 = 2ẋ0/n (3.25)
z0 = ±2x0 (3.26)
ẏ0 = −2nx0 (3.27)
ż0 = ±2ẋ0 (3.28)

The first two conditions are applied to eliminate along-track drift and offset, while the last two conditions
define the plane in which the elliptical formation evolves. This plane of relative motion intersects the
cross-track/along-track plane along the along-track axis at an angle of ±26.565 degrees, ensuring that
its projection forms a circle in the along-track/cross-track (y - z) plane. The two parameters, x0 and
ẋ0, which remain free, determine the radius and phasing of the projected circular motion, as outlined
below:

x0 = (rd/2) cosϕ (3.29)
ẋ0 = −(rdn/2) ∗ sinϕ (3.30)

Similar to the circular formation, the differences in orbital elements are observed in inclination, right
ascension of the ascending node, argument of perigee, and true anomaly. The notable advantage of
the

 

 

PCO, when compared to the
 

 

GCO, is that the spacecraft maintain a fixed separation distance when
projected onto the along-track/cross-track (y - z) plane. This particular feature has various valuable
applications in Earth observation.
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3.3.2. Energy Matching Condition
The influence of the J2 potential introduces the risk of spacecraft either drifting apart or colliding. To
maintain a desired separation, Morgan and Chung 2012 introduced an energy matching condition that
accounts for both the J2 potential’s impact on cross-track motion and the gravity gradient’s effect on
relative motion. In an unperturbed orbit, cross-track motion remains decoupled from in-plane motion.
However, the J2 potential induces coupling of spacecraft motion in all three directions. This leads to
a gradual drift of spacecraft in the along-track direction, Morgan and Chung 2012. Similarly, when
considering a spherical Earth, the gravity gradient vector solely acts in the radial direction. However,
the gravity gradient, which incorporates the J2 potential, influences motion in all three directions, Xu
and Wang 2008. This divergence in gravity gradient behavior results in significant relative drift among
the spacecraft. To mitigate these sources of drift, Morgan and Chung 2012 employed energy matching,
ensuring that the deputy spacecraft possesses the same energy as the chief spacecraft. This matching
process minimizes the drift and helps maintain the desired formation.

The energy matching condition is formulated by equating the energy difference between the chief and
deputy spacecraft to zero, as depicted by

• δĒj = 0

The first of the energy matching condition can be derived by using δHj = Hj = H = 0, which results
to:

vjx

(
zjcθsi − yjci

)
+ vjy

(
(xj + r)ci − zjsθsi

)
+ vjz

(
yjsθ − (xj + r)cθ

)
si = hci (3.31)

With θ, i, h being the orbital oscillation orbital elements of the chief. Here, xj , yj , zj indicate the position
of the ith deputy in the LVLH frame. Here ci and si denote cos i and sin i for ease of reading Equa-
tion 3.31. Next, the secondary condition can be developed by setting the total energy of the system
equal to each other, K + U = Kj + Uj , as seen below

U = −µ

r
− kJ2

3r3
+

kJ2 sin
2 θ sin2 i

r3
(3.32)

Uj = − µ

rj
− kJ2

3r3j
+

kJ2
r2jZ
r3j

(3.33)

with:

r =
√
(r + xj)2 + y2j + z2j (3.34)

rj = (r + xj) sin i sin θ + yj sin i cos θ + zj cos i (3.35)

Continuing from the derivation outlined in Xu et al. 2009, the second condition can be established.

v2jx + v2jy + v2jz = v2x +
h2

r2
+ 2µ(

1

rj
− 1

r
) + 2kJ2(

1

3r3j
− 1

3r3
−

r2jZ
r5j

+
sin2 θ sin2 i

r3
) (3.36)

Finally, several clarifications are made for correct implementation of the equations. First, it is important
to note that vx is the time derivative of the radial vector and not the time derivative of the 3D velocity
vector. Secondly, the velocity referred to in Equation 3.36 pertains to the velocity within the

 

 

LVLH
reference frame. However, it is important to note that this velocity is measured at the center of the
Earth, rather than at the location of the chief satellite. To transition from velocity to the appropriate
frame, the following transformation is employed:

ẋ = vjx − vx + yjωz (3.37)
ẏ = vjy − (r + xj)ωz + zjωx (3.38)
ż = vjz − yjωz (3.39)
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with

ωx = −kJ2
sin 2i sin θ

hr3
, ωz =

h

r2
(3.40)

Much like Xu et al. 2009, Morgan and Chung 2012 also devised a quasi-periodic energy matching
condition through nonlinear dynamics. This energy matching condition, uses a less straight forwards
implementation than the condition proposed by Xu et al. 2009. What sets this energymatching condition
apart is its versatility, it can be applied to various formation types, including the notably stable in-plane
formation, Xu et al. 2009. The outcome of this energy matching condition is the synchronization of the
orbital periods between the chief and deputy spacecraft, effectively minimizing relative drift. To attain
the energy matching condition, Equation 3.31 and Equation 3.36 are solved using a Scipy’s ’Solve’
module. Due to the inherent dynamics of the problem, one of the velocities must be held constant in
order to calculate the remaining two. The default value chosen for vx in this context is 0.02 m/s, which
allow the movement in the x-axis. Selected a non-zero value, aids the convergence of the controller
due to coupling of the radial and along-track dynamics.

3.3.3. Guidance Dynamics
This section will focus on the construction of the guidance solution. So far, the initial conditions have
been developed based on the desired geometry of the formation. Moreover, here the initial condition for
a

 

 

GCO,
 

 

PCO and energy-matched formation are presented. The goal of this subsection is to connect
these initial conditions to the desired formation type. Additionally, the methodology of the guidance
solution is further explained. This includes propagation of the guidance dynamics to obtain a guide
solution describing a circle or ellipse.

The formations that have been addressed in Chapter 2 are the
 

 

ATO,
 

 

ITO,
 

 

GCO and
 

 

PCO formation.
For the

 

 

ATO and
 

 

ITO formation, the guidance solution is obtained by the initial condition only as no
perpetual motion is present. However, both the

 

 

GCO and
 

 

PCO describe a sphere or ellipse, which
can be achieved by propagating the earlier presented initial condition with a dynamical model. Lastly,
the energy-matched condition describes an ellipse with a varying radius which is also propagated. An
overview of the guidance aspects for each of the formation can be found below:

Formation Type Propagation EOM
ATO/ITO None None
GCO Active CW dynamics
PCO Active CW dynamics
Energy-Matched Active Perturbed dynamics

Table 3.1: An overview of the dynamics used for the guidance solution per formation type.

3.4. Equation of Motion
The objective of this section is to outline the fundamental equations governing the motion. These
dynamics can be segregated into two distinct components: the chief dynamics, often referred to as ab-
solute dynamics, and the deputy dynamics, denoted as relative dynamics. First, the absolute dynamics
are presented, which use a set of

 

 

RSV to describe the chief’s orbit. Next, by utilizing a combination of
state and state derivatives of the chief, the relative dynamics are described.

3.4.1. Absolute Dynamics
The basis of the chief dynamics have been developed by Xu and Wang 2008 in the form of

 

 

RSV.
This formulation excels in the ease at which the state derivative can be calculated. The RSV can be
constructed for a reference (chief) satellite in an arbitrary orbit in the presence of spherical and oblate
gravitational potential. The concerning equation is

r̈ = −∇U (3.41)

where
U = −µ

r
− 3J2µR

2
e

2r3

(1
3
− sin2 ϕ

)
(3.42)
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The
 

 

RSV defined by Xu and Wang (2008) is presented below Xu and Wang 2008:

r = vx (3.43)

v̇x = − µ

r2
+

h2

r3
− kJ2

r4
(1− 3 sin2 i sin2 θ) (3.44)

ḣ = −kJ2 sin
2 i sin 2θ

r3
(3.45)

Ω̇ = −2kJ2 cos i sin
2 θ

hr3
(3.46)

i̇ = −kJ2 sin 2i sin 2θ

2hr3
(3.47)

θ̇ =
h

r2
+

2kJ2 cos
2 i sin2 θ

hr3
(3.48)

This model was extended by Morgan and Chung 2012 to include atmospheric drag.

r = vx (3.49)

v̇x = − µ

r2
+

h2

r3
− kJ2

r4
(1− 3 sin2 i sin2 θ)− C||V a||vx (3.50)

ḣ = −kJ2 sin
2 i sin 2θ

r3
− C||V a||(h− ωer

2 cos i) (3.51)

Ω̇ = −2kJ2 cos i sin
2 θ

hr3
− C||V a||ωer

2 sin 2θ

2h
(3.52)

i̇ = −kJ2 sin 2i sin 2θ

2hr3
− C||Va||ωer

2 sin i cos2 θ

h
(3.53)

θ̇ =
h

r2
+

2kJ2 cos
2 i sin2 θ

hr3
+

C||Va||ωer
2 cos i sin 2θ

2h
(3.54)

These equations can be extended further to include maneuvering of the chief. The state derivatives
will be used in the expression for relative dynamics, thus, the thrust acceleration of the chief should
be included in the derivation of the absolute model. Since all thrust acceleration are expressed in the

 

 

LVLH frame, a conversion is made to obtain the acceleration in the perifocal coordinate frame. This
results in the following equation of motion:

r = vx (3.55)

v̇x = − µ

r2
+

h2

r3
− kJ2

r4
(1− 3 sin2 i sin2 θ)− C||V a||vx + ul,x (3.56)

ḣ = −kJ2 sin
2 i sin 2θ

r3
− C||V a||(h− ωer

2 cos i) + ul,yr (3.57)

Ω̇ = −2kJ2 cos i sin
2 θ

hr3
− C||V a||ωer

2 sin 2θ

2h
+ ul,z

r sin θ

h sin(i)
(3.58)

i̇ = −kJ2 sin 2i sin 2θ

2hr3
− C||Va||ωer

2 sin i cos2 θ

h
+ ul,z

r

h
cos θ (3.59)

θ̇ =
h

r2
+

2kJ2 cos
2 i sin2 θ

hr3
+

C||Va||ωer
2 cos i sin 2θ

2h
− ul,z

r

h
sin θ cot i (3.60)

In order to simulate the atmosphere from Earth on the satellite, Earth’s rotation is used, and the atmo-
sphere is fixed with respect to Earth’s surface, Morgan and Chung 2012. The rotation rate of the Earth
is expressed in the

 

 

LVLH frame by:

ωe = ωeẐ = ωe(sin θ sin ix̂+ cos θ sin iŷ + cos iẑ) (3.61)

To simplify reading of the above equations, the following drag constant is used:

C =
1

2
Cd

A

m
ρ (3.62)
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In Equation 3.62, Cd is the drag coefficient, A is the drag area, m is the mass and ρ is the density
of the atmosphere. During simulation, both the drag area and drag coefficient will remain constant.
It is important to note that this assumption leads to underestimation of drag, since the simulation is
performed using the low-drag orientation whereas as a consequence of the maneuvering, the attitude
will vary over time. Nevertheless, this conservative approach will be used for this version of the software
and the associate unaccounted error is accepted for now.

Another constant used in the state derivative of the
 

 

RSV is the kJ2 which is defined by:

kJ2
=

3J2µR
2
e

2
(3.63)

where J2 is the spherical harmonic term, µ is the gravitational parameter of Earth, and Re is the equa-
torial radius of Earth.

3.4.2. Relative Dynamics
Following from the derivation of the

 

 

RSV chief dynamics, Xu and Wang 2008 derived a set of nonlinear
equations that describe the motion of an arbitrary deputy j with respect to the chief. The equations were
derived using the Lagrangian expression of kinetic and potential energy. The Lagrangian formation for
a satellite with respect to another satellite can be constructed by

d

dt

(δKj

δq̇j

)
− δKj

δqj

+
δUj

δqj

= aj (3.64)

where qj and q̇j represent the position and velocity of the satellite, respectively. By using the expressing
for relative kinetic energy and differential potential due to J2, Xu and Wang 2008 developed a set of
exact nonlinear equations for relative dynamics. The model was extended to include drag by Morgan
and Chung 2012. This final implementation is used here to describe a deputy satellite with respect to
a chief. The exact nonlinear equations of relative motion are

ẍj = 2ẏjωz − xj(η
2
j − ω2

2) + yjαz − zjωxωz

− (ζj − ζ) sin i sin θ − r(η2j − η2)

− Cj ||V aj ||(ẋj − yjωz)

− (Cj ||V aj || − C||V a||)vx + aj,x

(3.65)

ÿj = −2ẋjωz + 2żjωx − xjαz − yj(η
2
j − ω2

z − ω2
x)

+ zjαx − (ζj − ζ) sin i cos θ

− Cj ||V aj ||(ẏj + xjωz − zjωx)

− (Cj ||V aj || − C||V a||)
(h
r
− ωer cos i

)
+ aj,y

(3.66)

z̈j = −2ẏjωx − xjωxωz − yjαx

− zj(η
2
j − ω2

x)− ζj − ζ) cos i

Cj ||V aj ||(żj + yjω)

− (Cj ||V aj || − C||V a||)ωer cos θ sin i+ aj,z

(3.67)

In order to simplify the notation of the equations, several variables were defined. These include the
nonlinear terms ζ, ζj , η, ηj and their definition can be seen below:
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ζ =
2kJ2 sin i cos θ

r4
(3.68)

ζj =
2kJ2rjZ

r5j
(3.69)

η2 =
µ

r3
+

kJ2
r5

− 5kJ2

sin2 i sin2 θ
(3.70)

η2j =
µ

r3j
+

kJ2
r5j

−
5kJ2r

2
jZ

r7j
(3.71)

Note, a discrepancy was found in the definition of η2. The model presented by Morgan and Chung
2012 has been inspired by the work done by Xu and Wang 2008, however, regarding Morgan the
denominator of the last term states r5 instead of r7. By performing detailed analysis, the mistake was
found in the model presented by Morgan, so r7 is used throughout the construction of the algorithms.
This analysis included the implementation of both model and visualizing their stability, which clearly
showed the incorrectness using r5. Next, rj represents the position vector of the deputy, the rjZ term
is used to denote the projection of rj on the Z-axis of the Earth Centered Interial (

 

 

ECI) coordinate
system. These variable can be easily obtained by using the following equations:

rj =
√

(r + xj)2 + y2j + z2j (3.72)

rjZ = (r + xj) sin i sin θ + yj sin i cos θ + zj cos i (3.73)

The value of Cj pertains to the j-th deputy spacecraft, with distinct values assigned to each deputy (Cj).
Generally, the drag coefficient (Cd,j), cross-sectional area (Aj), and mass (mj) may vary among indi-
vidual spacecraft. However, for the sake of simplification in simulations, all spacecraft are considered
to possess the same shape and mass. The function describing the deputy drag constant can be seen
below:

Cj =
1

2
Cd,j

Aj

mj
ρj (3.74)

The rotation rate of the
 

 

LVLH frame in the radial, along-track and cross-track are defined by:

ωx = −kJ2 sin 2i sin θ

hr3
− C||V a||ωer

2 cos θ sin i

h
(3.75)

ωy = −i̇ sin θ + Ω̇ cos θ sin i = 0 (3.76)

ωz = θ̇ + Ω̇ cos i =
h

r2
(3.77)

Resulting from the definition of the
 

 

LVLH frame, the rotation rate in the y (along-track) direction is zero.
Using the

 

 

RSV elements to describe the rotation rates, the influence of J2, drag and maneuver is in-
cluded. Next, the steering acceleration (αx) and orbital acceleration (αz) can be obtained by performing
the time derivative of the rotation rates and can be seen below:

αx = ω̇x =− kJ2

(2 cos 2i sin θ
hr3

i̇+
sin 2i cos θ

hr3
θ̇ − sin 2i sin θ

h2r3
ḣ+

3 sin 2i sin θ

hr4
ṙ
)

(3.78)

− C||V a||ωe

(r2 cos θ cos i
h

i̇− r2 sin θ sin i

h
θ̇ − r2 cos θ sin i

h2
ḣ+

2r cos θ sin i

h2
ḣ+

2r cos θ sin i

h
ṙ

(3.79)

+
ul,z

h
− ul,zr

h2
ḣ (3.80)

αy = ω̇y = 0 (3.81)

αz = ω̇z =
ḣ

r2
− 2h

r3
ṙ (3.82)
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As a consequence of the rotation rate in the y-direction, it is evident that the angular acceleration in
the y-direction is likewise zero. Equation 3.78 has been derived with the assumption that the thruster
acceleration provided by the chief is constant and does not vary over time, which is a valid assumption
since the chief will occasionally perform orbit raising maneuvers with constant thrust.

The implementation of differences in the ballistic properties between satellite has been included by the
equations presented by Morgan and Chung 2012. The velocity vector perceived by the deputy with
respect to the atmosphere is represented by:

V aj = V a + l̇j + ω × lj (3.83)

Where lj and l̇j are the relative position and velocity vectors from the deputy to the chief, respectively.
ω represents the rotation rate vector in x,y,z direction.

3.5. Controller
The

 

 

SMC represents a nonlinear control approach that calculates the optimal control input for guiding
the deputy satellite to its intended orbit, denoted by the subscript ”d”. Employing a Lyapunov-based
controller along with the Lyapunov stability analysis technique, this approach establishes a closed-loop
system characterized by global asymptotic stability, Liu and Hexi 2006. Thier study focussed on the
implementation of a sliding mode controller for low thrust control of a formation flying. Following a
coordinated control schemed based on a leader-follower approach, formation keeping was achieved
using nonlinear equations of relative motion. A

 

 

SMC with nonlinear dynamics was used to achieve
formation keeping. The original implementation of the

 

 

SMC presented by Liu and Hexi 2006 is as
follows:

uf = C(·)ρ̇+N(·)+ ρ̈d − λ(ρ̇ − ρ̇d)− ksat(S, ϵ) (3.84)

The
 

 

SMC as originally presented by Liu and Hexi 2006 is followed with several adaptations to better
simulate a real mission scenario. To begin with, we focus on how disturbances are formulated within
the controller. Instead of using a simulated bounded function with noise, the adaptation incorporates
the effect of J2 and is a consequence of using the dynamics model presented by Xu and Wang 2008.
While calculating unforced acceleration and desired acceleration, drag effects are deliberately omitted
to enhance control convergence. In this phase of the analysis, excluding drag was considered appro-
priate. Incorporating atmospheric drag is feasible, but necessitates incorporating drag into both actual
and desired dynamics. Nevertheless, developing a sophisticated formation that considers both J2 and
drag has not been extensively explored, as the primary focus of the software lies in analyzing complex
formations. Introducing drag would amplify the complexity of the guidance solution for such formations.
Secondly, whereas the original implementation returned a thrust magnitude and direction, several adap-
tations are made to incorporate various thrusters and will be explained in the thruster implementation
paragraph.

After including the above describe adaptation, the main controller law of the nonlinear sliding mode
controller is defined by

uf = ρ̈d − ρ̈nf − λ(ρ̇ − ρ̇d)− ksat(S, ϵ) (3.85)

The desired trajectory is often partly fixed by the mission or maneuvering capability. The initial desired
state is a result of the formation design and is propagated using unperturbed or perturbed motion, which
depends on the type of formation. For example, an ordinary

 

 

GCO formation is derived using the CW
equation and are thus propagated using unperturbed dynamics. In contrary, EM matched formation
are propagated using J2 perturbation. To clarify, unperturbed dynamics include nonlinear equations for
a spherical Earth, whereas perturbed dynamics include nonlinear equations with an oblate Earth.

The objective of the sliding mode is to reduce the tracking error to zero. In order to achieve this, the
controller requires a combination of the relative position, velocity, and acceleration. Tracking error are
defined by

e =ρ− ρd (3.86)
ė =ρ̇− ρ̇d (3.87)
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The function sat(S, ϵ) represents a continuous saturation function, designed to mitigate chattering, as
introduced by, Liu and Hexi 2006. Here, the design parameter ϵ signifies the width of the boundary
layer.

sat(S, ϵ) =

{
S/ϵ if |S| < ϵ

sgn(S) if |S| ≥ ϵ
(3.88)

In Equation 3.85 the signum function is defined by:

sgn(S) :=


−1 if S < 0

0 if S = 0

1 if S > 0

(3.89)

The parameters k,λ and ϵ are design parameter for used for the optimization are :

k = 0.96 (3.90)
λ = [10−3, 10−3, 10−3] (3.91)
ϵ = 10 (3.92)

The utilization of these specific values for k,λ and ϵ serve two crucial purposes: firstly, it streamlines the
optimization process by reducing the number of parameters that require fine-tuning. Secondly, these
values have already undergone optimization to address chatter in the controller Yeh et al. 2002.

Chatter, in this context, refers to the unwanted vibrations within the system. These vibrations result
in fluctuations and oscillations occurring at higher frequencies within the controller’s operation. For
instance, if the controller commands a thrust level of zero, the presence of chatter can cause the
output to exhibit slight oscillations around the zero point instead of remaining steady. This behavior is
undesirable, which is why the pre-optimized parameters are implemented to mitigate it effectively.

For the original implementation of the
 

 

SMC by Liu and Hexi 2006, it has been demonstrated that an
accuracy of 12 meter was reached after 1 orbit. This simulation analyzed a reconfiguration maneuver
going from a 1.49 km

 

 

GCO to a 1 km
 

 

GCO. In the end, this controller was able to converge to a tracking
error 0 to 1 meter. This is deemed sufficient, following from the expected accuracy of the navigation
solution. Following the control scheme presented in Chapter 1, the navigation solution is propagated
and then used as the initial condition for the guidance and control system. At this stage, the position
error with respect to the real position is expected to have reached a value of 10 meters. The ability of
the controller convergence and final position error will be discussed in Chapter 5 as this is dependent
on the initial condition, formation design and thruster implementation.

Thrust Implementation As has been previously mentioned, the output of the
 

 

SMC returns the thrust
magnitude and direction. In Chapter 5, different types of thruster will be analyzed. First, the control
acceleration and direction given by the

 

 

SMC are used directly. As can be seen in the simulation per-
formed by Liu et al., the thruster acceleration magnitude is able to reach up to 1 m/s2. Nowadays,
thruster have improved significantly to allow throttling, but a thrust acceleration between 0 and 1 m/s2

is not realistic. Therefor, the constraints and performance of a thruster currently used in the
 

 

RNLAF
is implemented. The thruster is used for the reference mission is able to produce a thrust of up to
330µN . Two additional thruster implementation are thus considered. First, the thruster is allowed to
continuously vary its thrust between 50µN and 330µN .

aj =


uf

||uf || ·
Tmax

m if ||T || < Tmax

uf if |T | > Tmin and ||T || > Tmax

0 if ||T || < Tmin

(3.93)

wherem is the instantaneousmass of the satellite, Tmin is theminimum thrust and Tmax is themaximum
thrust, fixed by the thruster selection. In the final scenario, the assumption is made that the thruster
is configured with a fixed thruster setting. Consequently, the output generated by the SMC provides



3.5. Controller 26

us solely with information about the thruster’s direction and an activation signal, aimed at preventing
excessive satellite rotation. To translate the control acceleration derived from the

 

 

SMC into a useful
directive, a normalization process is necessary. This leads to the subsequent correction:

aj =
uf

||uf ||
· Tmax

mj
(3.94)

∆V Implementation An effective metric for comparing the efficiency of maneuvers is to compute
the delta-V (change in velocity), which is derived at each step of the integration process using the
Tsiolkovsky rocket equation Vallado 2013. Given that the impact of drag is minimal, it is reasonable
to employ this equation to determine the delta-V accurately. The definition of the rocket equation is
presented below:

∆V = Isp · g0 · ln
m0

mf
(3.95)

where Isp is the specific impulse, g0 the gravity acceleration at sea-level, and m0

mf
the mass ratio. The

mass ratio can be easily computed by dividing the initial mass by the final mass. The instantaneous
mass is calculated at each step of the integration and depends on the thrust acceleration and activation.
The mass for a new time step is determined as follows:

mt+1,j =

{
mt,j + ṁt,j ·∆t if ||aj || > 0

mt,j if ||aj || = 0
(3.96)

with
ṁt,j = − Tj

g0Isp
(3.97)

Constraints The critical aspect of constraints within the context of satellite formation optimization will
now be discussed. Constraints play a pivotal role in shaping the trajectory and final configuration of
satellite formations. By understanding the role of constraints, valuable insights into the intricacies of
achieving precise and efficient satellite formations in space can be gained.

Following from the normalization, a trivial constraint had already been presented. The thruster direction
for the ranging and fixed thruster are constraint such that the norm does is away one, as presented by

u2
j,x(t) + u2

j,y(t) + u2
j,z(t) = 1, ∀ t ∈ [t0, tf ] (3.98)

Although the simulation will not address the full mission duration, a final mass constraint is imposed to
prevent fuel expenditure beyond the fuel capacity.

mj(t) ≥ mj,dry, ∀ t ∈ [t0, tf ] (3.99)

A limited number of published works have delved into the domain of optimizing the final conditions for
satellite formation trajectories. However, it is worth noting that many of these works typically establish
the final states of satellites as predefined fixed points. For instance, Richards et al. 2002 took an
approach where they defined various subsets of final states and meticulously evaluated each subset
during the trajectory optimization process. Eventually, the subset that incurred the least fuel cost overall
was chosen.

Huntington and Rao 2005 formulated the final configuration constraints specifically for tetrahedral for-
mations. Different convergence conditions are presented depending on the design of the formation.

In the first method, the condition presumes fixed final relative states, which are determined in advance
using an analytic formation designmethod, as proposed by Sabol et al. 2001. For upcoming simulations
the final condition constraint is defined by∣∣∣√x2

j + y2j + z2j − rd

∣∣∣ ≤ ϵ1 (3.100)
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which describes the difference between the actual radius and the desired radius. This condition only
applies for circular formations such as the

 

 

GCO and
 

 

PCO.

In the second method, the final relative states are treated as variables within the optimization process.
These states are then subjected to constraints related to the final geometric configuration and an energy-
matching condition. This approach allows for the derivation of a desired final formation that is bounded
within these constraints, as seen below.∣∣∣1

2

[
(ẋj − ωzyj + ṙ)2 + [ẏj + ωz(xj + r)]2 + ż2j

]
− µ/

√
(r + xj)2 + y2j + z2j + µ/2a

∣∣∣ ≤ ϵ2 (3.101)

The constants ϵ1 and ϵ2 are used to select an acceptance level for the final formation.



4
Problem A: Navigation

In the pursuit of developing a comprehensive end-to-end guidance solution, it became evident that a
navigation system was a requisite component for calculating the state vector essential for guidance
and control. The data used for construction and verification of the navigation filter has been taken from
a real satellite, named BRIK2 1. Utilizing real GPS data offers the advantage of incorporating all real
environmental effects, facilitating the verification and validation of the navigation filter. The available
GPS data from BRIK2 solely offered position estimates, necessitating the construction of a navigation
system. This section aims to reinforce the mission’s requirement for a navigation filter and assess its
performance quantitatively. Through an analysis of the filter’s capacity to provide a state estimate and
enable sequential propagation, valuable insights will be gleaned for the guidance and control processes.
Ultimately, this chapter will provide an overview of the simulation and the associate accuracy analysis.

4.1. Problem A: Mission Needs
Following from the scope presented in Chapter 1, an end-to-end GNC system is required with the
capability to be used for various missions. The goal of this section is to lay out the needs for the
navigation filter, reviewing the primary objectives, and present a general mission case. In the end,
various practical constraints will be address. Recent advancements within the

 

 

RNLAF have sparked
an increased interest in formation flying missions. Depending on the mission’s objectives, there may
arise a demand for diverse formation configurations. Therefore, a strong need to develop software that
is able to generate maneuvering for multiple satellites while staying in formation. The software shall be
able to determine an accurate position estimate of the satellites such that a sufficiently accurate solution
is fetched into the guidance and control. In the absence of an existing navigation filter, determining the
needed accuracy for the guidance and control system becomes a challenging task. Consequently, the
software has been enhanced with the incorporation of a navigation filter, which utilizes several hours
of GPS data to formulate an accurate state estimate.

4.2. Navigation Filter
This section will touch upon the navigation system, explaining the need for a filter together with the
reasoning for the selected algorithm and force model. The primary purpose of the navigation system
is to determine the precise geographic position and velocity of a satellite. Generally, the geodetic coor-
dinates are used to express the position a

 

 

GNSS receiver. Here, the
 

 

GNSS data is taken from the first
satellite of the

 

 

RNLAF, called BRIK2. The satellite is able to store and return the position and standard
deviation of the navigation solution. BRIK2 is equipped with a

 

 

GPS receiver able to generate a position
estimate of around 8 m 3D RMS. The dataset used for the fitting and simulation had been retrieved in
the months February, March, and April of the year 2023.

In the majority of the formation flying literature, the main focus is formation guidance and control and
1https://www.defensie.nl/actueel/nieuws/2021/01/25/nederland-lanceert-1e-militaire-nanosatelliet
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the guidance solution often left out. The reviewed analyses often start by setting up the chief state
by a target orbit and the deputy at an initial offset with respect to the desired guidance solution. The
benefit of this implementation is that the sensitivity of the deputy controller can be analyzed without
adapting the absolute state of the deputy. But, in order to use the formation flying control software,
the navigation system is required to generate an estimation of the position and velocity. Other than
providing a position and velocity, the navigation filter smooths out measurements, taking out outliers
and increase overall accuracy. In the end, the final estimate of the state will be propagated over 1 to 3
orbit, during which the guidance and control software calculates the maneuver. Thus, the accuracy of
final state estimate is important as error will be propagated over time.

A navigation solution is generated by fitting a batch of GPS measurements with the goal of increasing
reliability and accuracy. Several methods for fitting exist, but only the Batch Least Squares (

 

 

BLS) and
 

 

EKF algorithm have been implemented in the GMAT 2022 build. As mentioned in section 3.2, the open
source NASA software GMAT is used to generate an estimate of the orbit and to propagate the solution
after orbit determination, which limit the choices to the

 

 

BLS and
 

 

EKF algorithm. Both algorithms have
been widely used for orbit determination of spacecraft and generally show similar ability to perform
orbit determination, Biswas and Dempster 2023. From preliminary tests, it was observed that the
residuals of the final time for a BLS and EKF were within 1 meter. This simulation used the high-fidelity
model described in section 3.2. Based on accuracy alone, the

 

 

EKF algorithm was the best candidate
in providing an estimation of the final state vector. Additionally, the current BLS implementation from
GMAT does not allow for fixed time step integration, which was preferred for data analysis and post-
processing. In the end, the choice was made to use an EKF over the BLS, but it must be said that the

 

 

BLS is also a valid choice.

Atmosphere Model The atmospheric density is estimated using the MSISE90 model. This choice is
primarily based on its pre-existing implementation in GMAT, which uses the most recent space weather
data, including determined and predicted coefficients, is sourced from ’Celestrak’ 2. While the NRLM-
SISE00 model offers improved accuracy, incorporating it into GMAT as a custom implementation is
not within the scope of this thesis. According to Picone et al. 2002, the NRLMSISE00 model incorpo-
rates various enhancements, such as total mass density from satellite accelerometers, temperature
from incoherent scatter radar, and molecular oxygen number density, resulting in improved accuracy.
However, research conducted by Park et al. 2008 has shown that the differences between these atmo-
sphere models lead to only marginal improvements in model accuracy when using the NRLMSISE00
model. Therefore, the MSISE90 model is currently utilized, acknowledging the existence of a superior
model, but due to time constraints, a transition to the NRLMSISE00 model is not feasible at this point.

4.3. Reference Case
This section will briefly describe the reference case used for the presented navigation solution. Sev-
eral preliminary tests were performed using variants of the reference case, but those results will not
be presented here. The main simulation was set up using the GMAT with the settings described in
section 3.2. The

 

 

GPS data used in the reference case was acquired by BRIK2 at the end of February,
to be specific the 24th and 25th of February. At the that time, the solar activity was elevated to a 10%
level of a minor solar storm, according to the data provided by ’SpaceWeatherLive’3.

The simulation is set up using the following settings:
2https://celestrak.org/spacedata/
3https://www.spaceweatherlive.com/

https://celestrak.org/spacedata/
https://www.spaceweatherlive.com/


4.4. Implementation 30

Filter Parameters Value
GPS data fitting duration [hrs] 12
GPS sampling time [s] 5
Propagation time [hrs] 24
Dry mass [hrs] 8
Cd [-] 2.2
Cr [-] 1.8
Drag area [m2] 0.02
SRP area [m2] 0.02

Table 4.1: Simulation settings used for the EKF.

During the acquisition of the
 

 

GPS data, the satellite remained in a fixed orientation with respect to
Earth, leading to a constant drag area. The least atmospheric drag attitude was chosen, which for a
6U SmallSat is 0.02 m2. Additionally, both the drag and SRP coefficient had been set to the default a
value of 2.2 and 1.8, respectively. The primary source of error in a navigation solution are related to
atmospheric modelling, however, no extensive analysis has been performed to atmospheric modelling
to improve the accuracy of the whole estimation arc since the accuracy of the final state is important.
The primary focus of the analysis performed here is to attain an accurate final state such that the later
propagation errors are reduced, and fuel expenditure due to modelling is minimized.

4.4. Implementation
The main core of the navigation filter has been constructed around

 

 

GMAT, which is an excellent tool for
fast and high-fidelity orbit propagation by using an intuitive combination of a GUI and custom scripts.
The

 

 

GMAT 2022 release enables the use of an
 

 

EKF with a fixed time step integration. The benefit
of using a fixed step size is that data analysis and verification does not require interpolation. Next to
the

 

 

GMAT code, a pre- and post-processing python tool have been developed. The pre-pocessing tool
select the right data range and convert the selected data to the right format. On the other hand, the post-
processing tool is primarily used for determination the performance of the algorithm. For a real mission,
the post-processing tool is not needed, since the output of the

 

 

GMAT filter will be fed directly into the
formation guidance and control system. The goal of this section is to briefly describe the developed
tools and discuss the choice made for the filter. Finally, the practical use of the navigation system for a
real mission is discussed.

Propagation The propagation settings are a combination of the force model and integrator settings.
The integrator used for the navigation filter and subsequent propagation of the solution is the PD78
(Prince Dormand 78). The current implementation of the PD78 integrator uses a fixed step size of
10 seconds to integrate the solution of time. The choice for the PD78 integrator was based on the
combination of efficiency and accuracy. Figure 4.1 is retrieved from the GMAT manual and displays
the accuracy and runtime of several mission scenarios for different integrators. It can be seen that
for a LEO without propulsion the RKN68 is fastest and the PD45 is the most accuracy. However, the
navigation solution must be generated for multiple satellites and must be attained within less than half
of the orbit time. Therefore, an integrator was chosen that which is accurate whilst keeping the run
time low. Following this reasoning, the best candidate for the integration was the PD78. The associate
integration error is 0.006 meter, which is four orders lower than the physical input data of around 10
meter. So, this is integration error is excepted and will not lead to significant problem for the guidance
and control system.
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Figure 4.1: Table taken from the GMAT User Guide which shows the accuracy and best use-case for each of the available
integrators, The GMAT Development Team 2022. The results have been obtained by propagating a high-fidelity model for one

day.

4.5. Results
In the following section, the navigation system will be discussed, highlighting the potential and con-
strains. By calculated the residuals between the propagated final state and raw GPS measurement, a
recommendation will be made on the data input size and filter settings. Moreover, three datasets have
been used to check the solution’s robustness. Prior to the robustness analysis, the filter parameters,
presented in section 3.2, were adjusted with the goal of optimizing the solution. This section will mostly
cover the output and resulting accuracy as function of time. It is important to note that the residuals
can give an indication of the error, but do not equal the error. The standard deviation of the raw GPS
is still significant, including several outliers. Nevertheless, this analysis will give a critical indication of
the achievable accuracy, which is an important parameter for subsequent guidance and control.

The initial simulation utilized 12 hours of GPS fitting data and 24 hours of propagation. As
 

 

GPS data
is typically presented in a

 

 

ECEF coordinate frame, the residuals were computed using Earth-fixed
coordinates. Looking ahead, there are plans to employ Satellite Laser Ranging (SLR) for validation of
the navigation system. To enable a satellite to be tracked by laser, it necessitates providing a solution
with an accuracy of 40 meters, Degnan 2019. This position estimate should be provided in the form
of an ephemeris file. Additionally, the ephemeris must be generated and sent to the tracking service,
a process that consumes time. Consequently, the 40-meter requirement must remain valid for at least
12 hours, which justifies the SLR requirement in the subsequent figures.

When discussing the upcoming results, the primary emphasis will be placed on the residuals when
the filter is active and the trends and scale of the residuals after fitting. Smaller residuals are known
to directly improve propagation accuracy, as they should consistently represent the GPS noise. The
results obtained from 12 hours of GPS fitting and 24 hours of propagation are presented in Figure 4.2.
It can be concluded from the data that the average residuals closely align with the uncertainty inherent
in the GPS measurements. The stability and accuracy of the force model and final state estimate
can be assessed by examining the propagated solution. In general, a stable solution was achieved,
with the Root Mean Square Error (

 

 

RMSE) staying below the 40-meter requirement for at least 9 hours.
To delve into the cause of the oscillations depicted in Figure 4.2, it becomes clear that in all three
axes, oscillations are gaining momentum. To gain a better understanding of the reasons behind these
oscillations, the following figures are presented in the local VNB frame.



4.5. Results 32

Figure 4.2: Residuals of 12 hrs EKF fitting and 24 hrs propagation in ECEF coordinates.

Upon converting the coordinate frame from
 

 

ECEF to VNB, a significant observation comes to light. In
Figure 4.3, it becomes evident that the propagated solution exhibits drift in the along-track direction.
This drift is primarily attributed to the errors in drag modeling. While the radial and cross-track errors
exhibit relatively constant oscillations, typically in the range of 10-20 meters, the along-track drift leads
to a substantial deviation of approximately 150 meters when compared to the raw GPS measurements.

Numerous tests, including model adjustments and filter parameter variations, have been conducted to
pinpoint the source of this drift. The findings consistently indicate a strong correlation between the drift
and the estimation of atmospheric density. The challenge of accurately estimating atmospheric condi-
tions is a well-known hurdle in precise orbit propagation. Tests involving different density scaling and
filter configurations have demonstrated that the accuracy of the

 

 

EKF filter and subsequent propagation
is predominantly contingent on drag estimation. This adaptability allows the filter to provide a robust
solution for the given dataset, closely matching the provided GPS points. However, it comes at the
expense of reduced long-term accuracy.

The navigation solution strives to strike a balance between robustness and error control within specified
limits. For the mission scenario outlined in Chapter 1, the system is capable of delivering accurate orbit
determination for 1-3 hours, as evident from the data analysis.
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Figure 4.3: Residuals of 12 hrs EKF fitting and 24 hrs propagation in VNB coordinates.

Efforts to enhance computational efficiency and reduce the demand for GPS data prompted an inves-
tigation into decreasing the filter duration. This analysis involved fitting periods ranging from 3 to 12
hours. The primary goal of reducing the estimation duration was to enhance the overall efficiency of the
navigation filter. A shorter orbit determination duration results in a reduced requirement for GPS data,
facilitating faster data retrieval from the satellite. Furthermore, the

 

 

EKF is fitted with a smaller volume
of data during this reduced timeframe, leading to a decrease in computation time. This reduction in
computation time was examined alongside considerations of accuracy and stability.

The impact of reducing the GPS fitting duration was immediately evident when analyzing the reference
dataset, as depicted in Figure 4.4. A 3-hour fitted solution demonstrated a long-term stable trajectory
while achieving the required accuracy. This result was unexpected, as the dataset with only 3 hours of
GPS fitting exhibited remarkable long-term accuracy.

Furthermore, reducing the fitting duration from 12 to 3 hours, reduced the navigation computation time,
from 96.637 seconds to 75.210 seconds. These findings suggest that reducing the duration of GPS
fittings can lead to a more efficient solution that is accurate enough for certain scenarios.

However, it is crucial to note that the solution generated using 3 hours of fitting is not robust for the
other two datasets. In these cases, the residuals at the end of the 24-hour propagation exceeded 1
km, and in the worst-case scenario, the required accuracy was exceeded after only 1 hour of propaga-
tion. In conclusion, while reducing the GPS fitting duration can enhance efficiency, it results in a less
robust navigation solution, offering a maximum reduction of 22%. Given that the entire GNC process
should ideally fit within one orbit, a reduction of 21.43 seconds in computation time does not justify the
decreased solution robustness.
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Figure 4.4: Residuals of 3 hrs EKF fitting and 24 hrs propagation in VNB coordinates.



5
Problem B: Formation with Two

Satellites

In the coming simulations, the dynamics of a chief and deputy are propagated using non-linear dynam-
ics described in Chapter 3. RSV are used to propagate the solution of the chief and the position and
velocity of the deputy are propagated in the LVLH frame. These simulations account for J2 and atmo-
spheric drag and focussed on formation maintenance of the deputy in a

 

 

GCO using a nonlinear
 

 

SMC.
The stability and efficiency of the controller will be analyzed within this chapter.

5.1. Large GCO Maneuver
In the following section, the ability of different thruster implementations for reconfiguring a formation
are analyzed. Three different thruster implementation will be discussed; a variable thruster, a bounded
variable thruster and a thruster with constant thrust. The reconfiguration of the formation requires the
deputy to change from a 1.49 km

 

 

GCO to a 1 km
 

 

GCO formation and is matched with the research
done on the SMC by Liu and Hexi 2006. In their paper, it was demonstrated that a

 

 

SMC was able to
reconfigure a formation using nonlinear dynamics and a nonlinear SMC. The initial conditions for this
simulation have been matched with the condition mentioned in the paper. However, the actual thruster
characteristics have not been mentioned, therefore, an estimation was made using the plotted thrust
acceleration. The goal of this simulation is to check the performance of the

 

 

SMC for large maneuvers
using different thruster implementations.

To ensure sufficient data points for the controller, a propagation step size of 1 second is used. For a
1-second step size, a 1-meter model error after 24hr of propagation is introduced with respect to GMAT
simulations. This error is obtained in the relative coordinate system. The error for the chief dynamics
are one order of magnitude lower. Since the primary focus of the current simulation is the investigation
of formation stability of different thruster implementation, the 1-meter model error is accepted. Addi-
tionally, this simulation did not include atmospheric drag for the reason that excluding drag reduced
the computational effort and its effect to final controller input is changed by only a few µm. All large
maneuver simulation were termination by a time constraint. Matching the simulation presented by Liu
and Hexi 2006, a termination time of 6000 seconds was implemented.

5.1.1. GCO with Variable Thrust
The first simulation was performed using a variable thruster with a maximum thrust acceleration of
0.06859m/s2. This number was attained by using the controller input presented by Liu and Hexi 2006.
Since the simulation closely represents the simulation from Liu and Hexi 2006, it is expected that the
SMC is able to generate a control profile resulting in a stable formation with a tracking error in the meter
level. The benefits of performing this simulation are that it will show both the validity of the controller
implementation, and it can be used to explore the limitations of the controller.

The results from the maneuver can be obtained in Figure 5.3, Figure 5.2, and Figure 5.1. Firstly, the

35
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control acceleration seen in Figure 5.1 shows a peak acceleration at the start, after which the control
damps the motion, matching the position and velocity of the guided formation. From analysis of the
control input, it had become clear this peak acceleration was initiated to match the acceleration of the
guided formation. The guidance solution used is a

 

 

GCO formation that spans three axes, therefore
the controller output seen in Figure 5.1 is active for three axis in the LVLH frame. From the tracking
error seen in Figure 5.2 it can be seen that the stable convergence of the error is possible and that
the reconfiguration reaches a tracking error of around 1-2 meters. As the errors decrease, the control
acceleration reduces which allows for fine correction leading to an ideally zero tracking error. In the
next section, the satellite is equipped with a real thruster.

From the tracking error depicted in Figure 5.2, it becomes evident that stable convergence of the error
is reached. The reconfiguration process leads to a tracking error of approximately 1-2 meters. As the
errors decrease, the control acceleration decreases, enabling fine corrections that ideally result in a
tracking error of zero. In the subsequent section, the satellite is equipped with an actual thruster and
the ability of the SMC to converge to zero is discussed.

Figure 5.1: Controller input acceleration for a large
reconfiguration maneuver with variable thruster.

Figure 5.2: Tracking error for a large reconfiguration maneuver
with variable thruster.

Figure 5.3: Deputy Trajectory for a large reconfiguration maneuver with variable thruster.

5.1.2. GCO with Thrust Range Settings
In an attempt to simulate a more realistic thruster behavior, this section assesses the controller’s ca-
pability to execute a substantial reconfiguration maneuver. As mentioned earlier, the chosen engine
allows for continuous thrust variation within a defined range. Specifically, the low-thrust engine can con-
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tinuously adjust its thruster within the range of 50µN to 330µN . Following the thruster implementation
methodology outlined for a variable thruster in Chapter 3, the subsequent results were obtained.

For comprehensive analysis, this section includes the control input, tracking errors, and trajectory. As
depicted in Figure 5.5, it is evident that the controller struggled to reduce the tracking errors. Sur-
prisingly, the controller input, as shown in Figure 5.4, does not exhibit any anomalies, yet convergence
remains elusive. This lack of convergence may be attributed to the reduction in control effort, potentially
leading to instability in the controller. The drift observed in the along-track direction could be caused by
the coupling between radial and along-track motion. Throughout the simulation, various settings were
adjusted to assess the controller’s convergence capabilities. Unfortunately, these adjustments failed
to yield a stable solution.

Following the analysis of the ranging thruster, it is evident that the SMC coupled with the chosen relative
dynamics was ineffective for large reconfiguration maneuvers. The optimization of the algorithm and
the maximum allowable controller error for convergence are discussed in section 5.3. Additionally, the
trajectory, illustrated in Figure 5.3, indicates that the deputy remains within a stable relative orbit, but
the controller’s contribution falls short of achieving the desired formation.

Figure 5.4: Control input acceleration for a large
reconfiguration maneuver with ranging thrust.

Figure 5.5: Tracking error for a large reconfiguration maneuver
with ranging thrust.

Figure 5.6: Deputy Trajectory for a large reconfiguration maneuver with ranging thrust.
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5.1.3. GCO with Constant Thrust
In this section, an analysis of the SMC’s performance with a constant thruster setting will be conducted.
From a mission perspective, the ability to adjust the thrust levels during an ongoing maneuver may
not always be feasible. Therefore, the evaluation focuses on the current controller implementation
using a fixed low-thrust of 330 µN . Employing a similar strategy as discussed in the previous section,
the limitations of the controller are explored. It is anticipated that using a fixed thruster will yield less
favorable results compared to a ranging thruster. Considering the methodology used to integrate the
thruster into the SMC, the controller follows a direct approach to minimize tracking errors. As the
deputy approaches the target condition, the fixed thruster may lead to an unstable maneuver or initiate
oscillations around the desired state.

Commencing the analysis with the controller acceleration, as depicted in Figure 5.7, the outcomes
indicate that the implementation of the fixed thruster is accurate, maintaining a control input magnitude
of 330 µN . However, no oscillatory motion is evident in Figure 5.7, indicating that the controller did not
achieve convergence towards the desired state. This assertion is substantiated by the observation of
tracking errors in Figure 5.8. Once again, an along-track drift persists, preventing the controller from
achieving convergence. In reflection of the initial expectations, the results exhibit similar behavior to
those obtained with a ranging thruster, as illustrated in Figure 5.9. This similarity can be attributed to
the tracking error remaining too high for the thruster to throttle down to a lower setting.

In summary, the existing implementation of the SMC did not yield a stable maneuver for large reconfig-
uration, whether employing a ranging or fixed thruster. Adjustments to different controller parameters
failed to produce a maneuver that effectively reduced tracking errors. Furthermore, the advantages
of employing a ranging thruster were not evident in the data due to the controller’s inability to achieve
convergence. The subsequent section will delve into the examination of the SMC’s behavior during
small maintenance maneuvers.

Figure 5.7: Control input acceleration for a large
reconfiguration maneuver with constant thrust

Figure 5.8: Tracking error for a large reconfiguration maneuver
with constant thrust
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Figure 5.9: Deputy trajectory for a large reconfiguration maneuver with constant thrust

5.2. Corrective Maneuver for GCO Formation
As demonstrated in the previous section, it is evident that the SMC could not establish a stable solution
when confronted with the actual engine implementation. In both cases, whether employing a ranging
or fixed thrust, the tracking error remained unresolved. In this section, the aim is to explore the SMC’s
capacity for maintaining a formation by presenting the outcomes of small maintenance maneuvers. The
forthcoming simulation is initialized with a deputy positioned 1 meter offset in all axes of the position vec-
tor. Currently, there is no inclusion of a mission planner or a first-level control law. Consequently, the
controller is initiated from the offset and remains active throughout the maneuver. The primary objec-
tives of this section are to showcase the controller’s maintenance capabilities and provide insights into
its convergence, which is crucial for defining the termination condition. Nonetheless, the termination
condition will be addressed in the subsequent section.

Thruster with Thrust Range Implementation To start, the performance of the SMC using a ranging
thruster is analyzed. The simulation matches the conditions in subsection 5.1.2, the only difference
being the initial offset. By looking at the tracking error of the deputy, it is evident that the controller
is able to reduce the error over time. The end condition displayed in Figure 5.11 converges around
0.1 meter and show no instability within the algorithm. By inspecting the controller acceleration, seen
in Figure 5.10, two district phases can be identified. The initial smooth phase at the beginning is a
result of the interplay between acceleration and velocity matching. The second phase illustrates input
acceleration that is primarily related to position and velocity matching. These insights were derived
from an analysis of the individual contributions of the SMC.
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Figure 5.10: Control input accelerations for a corrective
maneuver with ranging thrust

Figure 5.11: Tracking errors for a corrective maneuver with
ranging thrust

Thruster with Constant Thrust To end controller analysis for different thrust implementation, the
case with constant thrust is analyzed. By using an on and off switching condition, a fixed thrust of
330µN is applied. For further details on the implementation, read Equation 3.5. From Figure 5.12, it
is evident that the transition of the directional flipping happens earlier than for the ranging thruster. It
can be concluded that the flipping action starts at the point at which the thrust acceleration, seen in
Figure 5.10, drops under the maximum thruster acceleration. Furthermore, the convergence of the
tracking error does not reach the values reached by the ranging thruster. Here, a 0.3 meter radial error
remains at the end of the simulation, as seen in Figure 5.13.

Figure 5.12: Control input acceleration for a corrective
maneuver with constant thrust

Figure 5.13: Tracking error for a corrective maneuver with
constant thrust

The objective of this section was to showcase the performance of various thruster models. In sum-
mary, the variable thruster employed in the research by Liu and Hexi 2006 yielded the best results,
although it is worth noting that such a thruster is not practical.. Consequently, two different thruster
implementations were explored, among which the ranging thruster demonstrated the ability to achieve
lower tracking errors. In the subsequent section, the simulation will be extended to encompass a more
mission-like environment, incorporating the ranging thruster model.

5.3. Real Formation Mission Scenario
The reference case for the satellite formation follows a real formation mission. The chosen mission
consists of two satellites that fly in formation with the aid of low-thrust propulsion. Following from the
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general mission description, the satellite properties have been retrieved and are being as the reference
for this simulation. It is assumed that the two satellites are identical and be tasked individually. In
Chapter 4, the navigation system has been presented and discussed. For a real-mission scenario, the
outcome of the navigation filter would be used as the input of the guidance and control software. This
is however not the case for this part of the analysis. The goal of this simulation is to check the validity
of using a

 

 

SMC for a satellite formation consisting of two satellites. This will be achieved by analyzing
the ability for the SMC to keep the deputy within the bounds of the guidance solutions. The reference
satellites are constructed using the following variables:

Parameter symbol Value Unit
Dry mass M0 10 kg
Fuel mass M 500 g
Drag surface A 0.04 m2

Coefficient of drag Cd 2.2 -
Minimum thrust Tmin 10 µN
Maximum thrust Tmax 330 µN
Specific impulse Isp 3000 s

Table 5.1: The satellite properties used for the simulation.

As seen in Table 5.1, the thruster has been implemented to allow for continuous variable in the thruster
magnitude within the specified range. This assumption is made to reduce the controller adaptions and
ease the convergence of the SMC. Without adaptations to the SMC controller, an unbounded variable
thrust magnitude and direction is calculated. For avoid excessive thrust, the thrust magnitude is limited
by using normalization.

Parameter Chief
SMA 6895.45 km
ECC 0.0005 -
INC 97.48 deg
RAAN 271.06 deg
AOP 155.67 deg
TA 6.279 deg

Table 5.2: The initial conditions of the chief, expressed in classical orbital elements.

The initial conditions of the chief, seen in Table 5.2, have been calculated using the latest Two Line
Element (

 

 

TLE) to simulate the mission scenario. Additionally, the deputy is placed away from the chief
by a custom offset. The desired and initial state of the deputy can be seen in Table 5.3.

Parameter Desired LVLH state Initial Error in LVLH state
xj 10 km 400 m
yj 20 km 1 m
zj 0 km 1 m
ẋj -3.782 km/s 0.01 m/s
ẏj -0.318 km/s 0.01 m/s
żj 6.279 km/s 0.01 m/s

Table 5.3: The initial conditions of the Deputy 1, expressed in LVLH coordinates.

Formation The formation chosen for this simulation is the GCO which is discussed in Chapter 2. The
 

 

GCO formation can be graphically visualized by an arbitrary relative orbit with a fixed radius. Both the
formation radius and phase angle are design parameters. The phase angle of the deputy is measured
counterclockwise from the cross-track direction, z, in the inclined plane of relative motion. A more



5.3. Real Formation Mission Scenario 42

extensive explanation has been presented in section 3.3. The design parameters used during the
simulation are given below:

Parameter symbol GCO specifics
radius ρd 20.0 km
phase angle ϕ 0.0◦
offset reference x xoffset 0.0 km
offset reference y yoffset 0.0 km
offset reference z zoffset 0.0 km

Table 5.4: The details of the GCO formation used by the guidance system.

The offset parameters allow the formation to be shifted away from the reference position, which is the
position of the chief as can be seen in Figure 5.14. For now, the position of the reference point is kept
at the chief’s location.

Figure 5.14: A 2D representation of the formation design parameters with a deputy in an arbitrary relative orbit.

Guidance The guidance system is responsible for providing the desired position and velocity to the
controller. The current implementation of the guidance system is inspired by the set of equation pro-
vided by Clohessy and Wiltshire Clohessy and Wiltshire 1960. The

 

 

CW equations have been derived
by using linearized unperturbed relative motion. As a consequence of cancelling the drift in the y-axis,
a set of initial conditions can be determined. Further details on the derivation can be reviewed in sec-
tion 3.3. The result of this derivation can be seen below:

x0 = (rd/2) cosϕ (5.1)
y0 = 2ẋ0/n (5.2)

z0 = ±
√
3x0 (5.3)

ẋ0 = −(rdn/2) · sinϕ (5.4)
ẏ0 = −2nx0 (5.5)

ż0 = ±
√
3ẋ0 (5.6)

The desired initial state can be retrieved from the above set of equations by selecting a desired radius
and phase angle. Furthermore, these states are then propagated in time by using the state space
model of the CW equation.

Termination condition To assess the controller convergence without incurring extra fuel consump-
tion for maintaining the desired position, a termination condition is established. This condition aims
to attain a highly accurate position while avoiding fuel usage due to minimal thrust settings. Although
achieving a zero tracking error is desirable for formation stability, initial analyses indicate that this is
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unattainable with the current thruster. As part of the result analysis, a graph illustrating the improve-
ment in control accuracy relative to fuel expenditure is generated to determine the desired termination
condition. Throughout the subsequent simulations, the termination condition remains fixed, and all
simulation will be stopped according to the same criteria.

5.4. Results
Simulation Considerations The simulation set up for the real formation mission scenario uses the
same settings used for the large reconfiguration and maintenance simulation. This includes the RK4
integrator with a step size of 1 second. Decreasing the time steps more did not lead to additional
accuracy of the model or controller, as has been identified during the verification phase of the software.
Furthermore, the guidance solution used by the controller is based on the

 

 

CWequation and is linearized.
The advancements in guidance dynamics will be the topic of the Chapter 5 but for now the linearized

 

 

CW equation will be used to construct the guidance solution.

Nominal SMC for GCO Here, the results of a nominal SMC are presented, using the initial conditions
presented in Table 5.2 and Table 5.3. The goal of the simulation is to get insight in the convergence of
the tracking errors and associate thrusting angles. The controller is activated at the start epoch and is
tasked to reduce the tracking errors to zero. Looking at the behavior of the SMC for a ranging thruster,
it had become clear that the standard SMC with the selected ranging thruster was not capable of recon-
figuring a large formation. Therefore, analyzing has been done in the cause of this inability, resulting in
the following adaptations. For large formation reconfiguration maneuvers(>50 m), the control authority
of the cross-track direction has been set to zero. During the analysis, it had been observed that the
activation of the cross-track control authority led to an unstable control output. Thus, in order to get a
stable control output, along-track drift correction has been separated from the 3D control maneuvers.
In the end, the modification significantly increases the control stability.

Using the above described adaptations, the SFF software was used to propagate the dynamical system
for four hours. During the full duration of the simulation, the control was active, and the deputy was
tasked tomaneuver itself to the desired state. The outcome of this simulation can be seen in Figure 5.15
and Figure 5.16.

Figure 5.15: Tracking error for a reconfiguration maneuver with
ranging thrust.

Figure 5.16: Control input for a reconfiguration maneuver with
ranging thrust.

The ability to reduce the tracking errors under 1-meter is demonstrated in Figure 5.15. As a conse-
quence of the coupling between the along-track and radial dynamics, it can be observed that the radial
error increased first, after which it decreases to under the meter level. To avoid excessive fuel expendi-
ture, it may be useful to look at the control input. From Figure 5.16, it is evident that the thrust direction
become oscillatory to further reduce the errors. The data showed that by using 0.373 g of propellant,
the final tracking error of 0.312 meter can be achieved. This would, however, come at the expense of a
long-duration phase where the satellite has to continuously change its orientation. This is not desirable
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as it would lead to reaction wheel saturation. To mitigate the reaction wheel saturation together with
the excessive fuel expenditure, an additional analysis is set up that focuses on the fuel expenditure
versus the added tracking performance, seen in Figure 5.17.

The capability to diminish tracking errors to less than 1 meter is aptly demonstrated in Figure 5.15.
Due to the interplay between along-track and radial dynamics, it is noticeable that the radial error ini-
tially increases before subsequently decreasing to below the meter level. To prevent an excessive
consumption of propellant, a closer look at the control input is warranted. Figure 5.16 reveals that the
thrust direction becomes oscillatory as it endeavors to further reduce errors. The data elucidates that
by expending 0.373 g of propellant, a final tracking error of 0.312 meters can be attained. However, this
would entail an extended phase where the satellite continually adjusts its orientation, potentially leading
to reaction wheel saturation. In light of the potential reaction wheel saturation and the associated exces-
sive fuel consumption, an additional analysis is conducted, primarily focusing on the trade-off between
fuel expenditure and the resultant enhancement in tracking performance, as depicted in Figure 5.17.

Figure 5.17: Fuel used as a function of the tracking error for a GCO
reconfiguration maneuver. Figure 5.18: Fuel used as a function of the

tracking error for a GCO reconfiguration maneuver,
focussing on final tracking error regime.

Analyzing the data provided in Figure 5.17, it becomes evident that there is a point where the increase in
accuracy plateaus while incurring additional fuel consumption. To determine the termination condition
for the SMC, Figure 5.17 is zoomed in to focus specifically on the tracking error below 5 meters, as
depicted in Figure 5.18. As indicated in Figure 5.18, diminishing the tracking error from 1 meter to
the final 0.312 meter requires an additional 27% more fuel. Therefore, to reduce the demands on
the Attitude Determination and Control System (

 

 

ADCS) and mitigate excessive fuel consumption, the
control action is terminated once a tracking error of 1 meter is achieved.

Mission Analysis By integrating the convergence criteria into the control methodology, a scenario
more representative of an actual mission is constructed. Prior to conducting this simulation, an analysis
was conducted to explore the controller’s capability to correct along-track drift. The outcomes of this
analysis demonstrated that the SMC, coupled with the selected thruster, effectively executed stable
maintenance maneuvers for up to a 400-meter along-track error. To assess the controller’s sensitivity
in the vicinity of this point, a range of initial conditions was randomly chosen. These initial conditions
were distributed within a 20-meter 3D error range, aligning with the minimum accuracy specified by the
navigation filter, as detailed in Chapter 4. These accuracy requirements were derived from the BRIK2
GPS data. It is anticipated that the upcoming mission will yield a significantly enhanced navigation
solution accuracy. While the 20-meter deviation may seem substantial, it contributes to the overall
robustness of the system.

Over a 7-day duration, the tracking error was charted, as displayed in Figure 5.19. It becomes evident
that the frequency of maneuvers is high, with the need for a maneuver arising every few hours. Two
potential explanations can be proposed for this behavior. Firstly, it is possible that the GCO conditions
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targeted by the SMC result in drift when propagated in a perturbed environment. Specifically, for a
formation of this scale, previous research has shown that GCO formation guidance can introduce addi-
tional uncertainty, Alfriend et al. 2010. Secondly, as mentioned earlier, the SMC is terminated once a
1-meter tracking error is achieved. Consequently, a residual error remains, contributing to the overall
state uncertainty.

From a mission perspective, minimizing the number of maneuvers is essential to maximize payload
operation time. Figure 5.19 provides insight into the controller activation frequency during a week-long
simulation, revealing that the controller is activated four times in a single day. It is important to note
that the relatively high maneuvering frequency leads to the total fuel usage of 38.242 gr, meaning the
formation can only be maintained for 13-weeks.

Figure 5.19: Mission analysis of a deputy in GCO with a ranging thruster. The guidance solution is generated by numerically
integrating the CW equations.

To reduce the frequency of maneuvers, an alternative approach involves propagating the GCO guid-
ance solution using perturbed nonlinear dynamics. In this scenario, the guidance solution moves along
with the satellite’s drift, and periodically, it is reinitialized at the center of the desired formation. This
adjustment significantly reduces the number of required maneuvers. The outcomes of this simulation
are presented in Figure 5.20.
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Figure 5.20: Mission analysis of a deputy in GCO with a ranging thruster. The guidance solution is generated by numerically
integrating the nonlinear EOM.

This adaptation has resulted in a decrease in maneuvering frequency, but several critical notes have
to be made. First, as a consequence of propagating the linearized guidance solution with a nonlinear
perturbed model, the guidance solution will drift in the along-track direction and warp in the radial and
cross-track direction. Additionally, the tracking errors presented in Figure 5.20 defined with respect to
the perturbed guidance tracking, which results in significantly reduced error. In the end, this approach
is generally unfavorable because the added guidance reconfiguration and maneuvering will eventually
outreach the fuel consumption of the linearized guidance solution.

To better understand why the results from Figure 5.20 require fewer maneuvers, the guidance solution
of the both simulation has been plotted in Figure 5.21 and Figure 5.22. In Figure 5.22, it becomes
clear that the guidance solution is not showing drift. On the contrary, the guidance solution obtained
by nonlinear perturbed dynamics does show significant drift. As has been previously said, the desired
formation deviates from the actual initial desired conditions, and this has to be corrected by a larger
maneuver every 2 weeks. This analysis is purely done to get insight in the problem and to get a better
understanding why the GCO formation requires frequent maneuvering. In conclusion, the linearized
GCO guidance solution requires frequent maneuvers when using perturbed nonlinear dynamics. To
compensate for a drifting guidance solution, energy matching can be used, which is the topic of Chap-
ter 6.
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Figure 5.21: Overview of the deputy formation and guidance solution used in Figure 5.19.

Figure 5.22: Overview of the deputy formation and guidance solution used in Figure 5.20.

In summary, the utility of a linearized guidance solution is primarily evident when utilizing linear Equa-
tions of Motion (

 

 

EOM). Initially, the focus was on assessing the SMC’s convergence to determine the
termination condition. By combining this condition with the activation criteria, it was observed that a
GCO formation could be established and maintained, while requiring maneuvers every few hours. Inte-
grating the linearized CW approach with a nonlinear perturbed model led to a reduction in maneuvering
frequency. However, it also introduced drift in the guidance solution concerning the initial GCO forma-
tion. Consequently, the conventional representation of a GCO leads to deputy drift as a consequence
of linearization. Hence, new strategies need to be explored to mitigate this effect, which forms the
subject of the next chapter.



6
Problem C: Guidance Exploration

Building upon the formation of two satellites discussed previously, this chapter aims to explore the
guidance system within the same simulation context presented in Chapter 5. In an effort to enhance the
guidance solution, energy matching is applied to the formation design, which is expected to minimize
drift. This chapter will highlight the distinctions between a standard GCO and an energy-matched
GCO. Subsequently, two distinct mission analyses are constructed to gain insights into the advantages
of employing energy matching for various formations.

6.1. General Circular Orbit Formation
In literature, formation flying is often analyzed using GCO or PCO formations for ease of guidance
implementation and constant radius, Liu and Hexi 2006 Xu and Wang 2008. The goal of this chapter is
to explore a more optimal guidance strategy for formation flying. Before alternative guidance strategies
can be analyzed, the GCO formation is first presented and discussed in this section. The simulation is
set up using the first reference case, described in Chapter 5, which uses the initial conditions presented
by Liu and Hexi 2006.

The guidance solution is derived by propagating the initial desired state vector. By configuring the
formation’s size and determining the desired state’s position and velocity, you can obtain the specifics
of the GCO formation. For amore comprehensive understanding of the implementation process, please
refer to the guidance section in Chapter 3.

The GCO formation is derived from the well-established linearized
 

 

CWequations, achieved by nullifying
the drift in the along-track direction. However, it is worth noting that while the drift is canceled in the
model, the linearization introduces errors in the desired state, ultimately causing its own form of drift.
In essence, even if a satellite is initially perfectly positioned in a GCO formation, it will gradually start
drifting in space due to these model-induced errors.

To illustrate this phenomenon, a simulation set-up featuring a deputy satellite positioned in a 1 km GCO
formation within a perturbed environment that accounts for factors such as drag, J2 perturbations, and
nonlinearities. The simulation results can be found in Figure 6.1 and Figure 6.2.

48
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Figure 6.1: 3D trajectory of deputy deployed in a GCO formation with a 1 km radius.

Figure 6.2: Formation as a function of time. The deployed formation is a GCO with a 1 km radius.

The deputy’s 3D trajectory over time is depicted in Figure 6.1. In general, the formation remains stable
in both the radial and cross-track directions. However, as previously noted, a notable drift is evident
in the along-track direction. This drift becomes even more apparent when examining the formation’s
behavior along each of the three axes, as illustrated in Figure 6.2. It is observed that utilizing the GCO
initial conditions results in a 2 km error after just 4 days of propagation. Additionally, correcting this drift
would necessitate the expenditure of extra fuel resources. To minimize fuel consumption and mitigate
drift, an alternative guidance strategy is explored in the following section, focusing on energy matching.

6.2. Energy Matched Formation
In an attempt to reduce fuel consumption and increase formations stability, the simulation performed in
section 6.1 is repeated with the energy matching conditions. The methodology of employing an energy-
matched guidance solution has been presented in subsection 3.3.2. In essence, this approach entails
matching orbital momentum and energy, leading to an initial condition that encapsulates the influence
of nonlinearities and J2. The objective of this simulation is to underscore the advantages of aiming for
an energy-matched GCO guidance trajectory.

From the 3D trajectory shown in Figure 6.3, it is immediately clear that the guidance solution does
not show drift when propagated in a nonlinear perturbed environment. During the 4-day simulation,
the formation showed stable behavior in all three axis, as seen in Figure 6.4. Whereas in Figure 6.2
showed significant 2 kilometer drift in the along-track direction and warping in the other two axes, the
results in Figure 6.4 demonstrate the power of using energy matching. The use of energy matching
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will be further analyzed in the following section. To conclude, the implementation of energy matching
showed a stable guidance solution with minimal drift, targeting the energy-matched condition should
decrease fuel consumption and control frequency.

Figure 6.3 provides a 3D trajectory that vividly illustrates the clear difference between the guidance so-
lutions when propagated in a nonlinear perturbed environment. Notably, the guidance solution exhibits
minimal drift during the 4-day simulation, contrasting with the significant 2-kilometer drift observed in Fig-
ure 6.2 for the GCO guidance solution. This stability becomes more evident when looking at Figure 6.4,
which displays the formation’s behavior in all three axes, showing no warping or erratic behavior, unlike
the GCO solution.

The effectivity of energy matching will be explored in the subsequent section. In summary, the imple-
mentation of energy matching demonstrates a stable guidance solution with minimal drift. Targeting
the energy-matched condition holds the promise of reducing fuel consumption and the frequency of
control maneuvers.

Figure 6.3: 3D trajectory of deputy deployed in a GCO formation with a 1 km radius.

Figure 6.4: Formation as a function of time. The deployed formation is a GCO with a 1 km radius.

6.3. Mission Scenario using Energy Matching
Building upon the showcased advantages of energy matching, this section conducts a mission analysis
to assess the formation’s stability in a scenario that mimics an actual mission. The analysis adheres
to the reference case outlined in Chapter 5. Specifically, it evaluates the performance of the guidance
and control system when employing energy-matched guidance under mission-specific constraints. The
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primary objective here is to gain insights into the maneuvering requirements for a system subject to
mission constraints.

The findings from section 6.2 vividly illustrate the advantages of incorporating energy matching into the
guidance system. These benefits become evident when using perfect initial conditions, where both
the initial position is precisely known, and the thruster, along with the controller, can converge to a
zero tracking error. However, it is crucial to acknowledge that the real-world scenario deviates from
this assumption. As elucidated in Chapter 4, the initial position estimate at the commencement of the
controller sequence is assumed to be within a 10-meter range, which is demonstrated in Chapter 8.
While advancements in GPS accuracy might reduce this to 1 meter, even this marginal disparity from
the true position will lead to deviations in the maneuver calculations.

Furthermore, after the simulation initiation, the controller is activated to bring down the tracking error
below the 1-meter threshold. Consequently, the final state at the termination of the controller will contain
a maximum error of 1 meter. Accordingly, the forthcoming simulation data is anticipated to exhibit
significant drift when compared to the results portrayed in Figure 6.4.

In the forthcoming analysis, two energy-matched formations are examined: one based on GCO and
the other on ATO. To begin, the results of a one-week simulation involving a deputy satellite positioned
within an energy-matched GCO are presented. Similar to the simulation conducted in Chapter 5, the
deputy was initially offset and controlled using a higher-order control law, as elaborated in section 5.4.
Further details of these results can be found in section 5.4. The outcomes of this one-week propagation
are visually represented in Figure 6.5.

Figure 6.5: Tracking errors of an GCO formation using energy matching.

By examining the tracking error, the controller’s performance in achieving an energy-matched
 

 

GCO
formation can be evaluated. As seen in Figure 6.5, it is evident that the state at the end of the control
sequence is not zero, indicated by the noticeable drift. The blue lines in Figure 6.5 represent the se-
quences of maneuvers. In total, a series of 7 maneuvers were required to sustain the energy-matched
GCO formation. The majority of these maneuvers were initiated due to errors in the along-track direc-
tion.

It is important to note that the controller’s ability to reduce tracking errors to zero is closely tied to the
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choice of the controller and thruster. However, altering the thruster is beyond the scope of this thesis,
and complex optimization is not within its purview. Over the course of one week, a total of 3.184 gr
propellant was consumed to achieve a delta-V of 9.369 m/s and maintain the GCO formation. This is
significantly lower than the 38.242 gr used for the CW guided GCO, from Chapter 5.

Next, the maneuvering sequence is analyzed for an ATO formation, highlighting the behavior of the
tracking error after the corrective maneuvers. In Figure 6.6, the tracking errors of the controller for a
mission-like scenario are presented. When compared to the GCO it becomes clear that the number of
maneuvers is similar to the GCO formation.

Reducing the frequency of maneuvers is advantageous in terms of payload operation and satellite
control. When inspecting Figure 6.6, it is clear that the radial and cross-track drift are negligible in
comparison to the along-track drift. This observation aligns with what is observed in Figure 6.5, where
most maneuvers were triggered by exceeding the along-track constraint of 400 meters. The total delta-
V needed during the 7-day simulation was 12.058 m/s while using 4.098 gram of propellant. Despite
the higher fuel expenditure for the ATO compared to the GCO, it is still significantly less than the fuel
required to maintain a CW-guided GCO, which uses 38.242 grams.

Figure 6.6: Tracking errors of an ATO formation using energy matching.

In conclusion, the energy matching condition has proven effective in reducing the number of maneuvers
required for formation maintenance. Additionally, upon analyzing the behavior of the energy matching
condition applied to both a GCO-inspired formation and an ATO formation, it becomes evident that
the current implementation of the SMC favors the GCO formation in terms of maneuvering frequency
and overall delta-V. The choice between a GCO and an ATO formation depends on the mission con-
cept. If the specific geometric characteristics are a necessity, opting for an GCO formation with energy
matching may be the best choice.



7
Problem D: Formation with Four

Satellites

To address the final research question, the simulation is expanded to include four satellites, all of which
will utilize energy-matched states as the foundation for their guidance solutions. To provide clarity, this
chapter begins with a description of the simulation setup, followed by an exploration of the various
results obtained. The primary objective of this chapter is to demonstrate the software’s capability to
manage a formation of four satellites and to present the maneuvering schedule for such a configuration.
This chapter will end the simulation phase and is followed by the verification chapter.

7.1. Reference Case
To configure the simulation for a multi-satellite formation, the reference case outlined in section 5.3
was adopted. This reference case aligns with the real formation mission, which serves as the basis
for the coming simulations 1. Specifically, the simulation scenario involves four satellites operating in
formation, propelled by the same low-thrust propulsion system.

Based on the comprehensive mission description, satellite properties have been derived, forming the
fundamental basis for this simulation. It is assumed that all four satellites are identical and can each
perform individual tasks. It is important to note that in a real mission scenario, the output of the navi-
gation filter would typically be used as input for the guidance and control software. However, for the
purposes of this analysis, this standard procedure has not been followed.

The primary objective of this simulation is to assess the performance of a multi-satellite formation under
the control of a

 

 

SMC. This evaluation will involve an analysis of the SMC to maintain the specified
guidance constraints. The reference satellites are characterized by the following variables:

Parameter symbol Value Unit
Dry mass M0 10 kg
Fuel mass M 500 g
Drag surface A 0.04 m2

Coefficient of drag Cd 2.2 -
Minimum thrust Tmin 10 µN
Maximum thrust Tmax 330 µN
Specific impulse Isp 3000 s

Table 7.1: The satellite properties used for the simulation.

As illustrated in Table 7.1, the thruster system has been incorporated to enable continuous variation in
1https://www.defensie.nl/actueel/nieuws/2021/01/25/nederland-lanceert-1e-militaire-nanosatelliet
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thruster magnitude within the defined range. This decision has been made to minimize adjustments to
the SMC controller and facilitate its convergence. Without modifications to the SMC controller, concil-
iatory variations in thrust magnitude and direction without gain in control accuracy would be observed.

The chief satellite is placed in a polar orbit described in Table 7.2. The initial conditions of the chief
have been calculated using the latest

 

 

TLE to simulate the mission scenario. It is important to note that
maneuvering is limited to the deputy only.

Parameter Chief
SMA 6895.45 km
ECC 0.0005 -
INC 97.48 deg
RAAN 271.06 deg
AOP 155.67 deg
TA 6.279 deg

Table 7.2: The initial conditions of the chief, expressed in classical orbital elements.

Depending on the formation under analysis, the deputies are positioned with varying initial conditions.
These initial conditions are determined by applying an offset relative to the desired state, which is
provided by the guidance system. It is worth noting that the offset, denoted as ∆ϵ, remains consistent
for all deputies, as illustrated in Table 7.3.

Parameter ∆ϵ0,1 ∆ϵ0,2 ∆ϵ0,3
xj 400 m 400 m 400 m
yj 1 m 1 m 1 m
zj 1 m 1 m 1 m
ẋj 0.01 m/s 0.01 m/s 0.01 m/s
ẏj 0.01 m/s 0.01 m/s 0.01 m/s
żj 0.01 m/s 0.01 m/s 0.01 m/s

Table 7.3: The initial conditions expressed in LVLH coordinates of the deputy 1,2 and 3.

Formation This chapter delves into the performance and implementation of the SMC for controlling
three deputies. The formations subjected to analysis are the GCO and ATO formations, with adapta-
tions to create energy-matched solutions. These formations are chosen for their distinct relative motion
characteristics. The methodology for these formations has been previously outlined in Chapter 3, and
single deputy simulations have been covered in Chapter 5. Additional details about the formation layout
will be provided in the upcoming sections.

Constraints Apart from the constraints outlined in the methodology chapter, the addition of two satel-
lites introduces several other safety considerations for smooth operations. Depending on the guided
formation, it is imperative to maintain an inter-satellite separation of at least 5 kilometers. The ma-
neuvering scheduler is designed to ensure that multiple satellites can operate simultaneously without
encroaching into each other’s safety zones. To guarantee safety, the guided paths are planned to keep
a minimum 1-kilometer buffer between the predicted paths of a guided satellite and other satellites.

In the current setup, the system holds off on activating amaneuver unless it is entirely safe to do so. The
simulation results demonstrate that the satellites were appropriately activated and guided throughout
the mission, with no instances of collision risk. It is important to note that the constraint box is limited to
a 400-meter along-track separation, which is notably small for an along-track formation. Consequently,
this necessitates frequent maintenance maneuvers, but it effectively eliminates any collision risks in
the process.
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7.2. Results
The aim of this section is to showcase the proficiency of the guidance and control systemwhen handling
a multi-satellite formation. The chosen formation involves four satellites, with each satellite retaining its
role throughout the simulation without alterations. The simulation settings remain consistent with those
employed in the previous simulations conducted in section 5.3. The aim is to assess the software’s
capabilities by analyzing two distinct formation strategies. Please note that this section will focus on a
first-order mission analysis, intended to sufficiently highlight the software’s effectiveness and reliability.

7.2.1. Energy-Matched GCO - Multi-Satellite Formation
To facilitate a clear understanding of the selected formation, refer to Figure 7.1, which illustrates the
layout of an energy-matched GCO consisting of four satellites. These satellites are divided into two
groups: one satellite occupies the central position and acts as the chief, while the remaining satellites
function as deputies. Starting with the satellite located farthest from the chief, which is designated as
deputy 1, and the satellite with the smallest radius is set to be deputy 3. The initial radius for the deputy
1,2 and 3 are 20, 10 and 5 km, respectively. Due to the energy-matching condition, it is important to
note that the relative orbit does not form a perfect circle. As revealed in the analysis conducted in
Chapter 6, it is anticipated that the controller will maintain the multi-satellite formation in its predefined
geometry through frequent maneuvers.

Figure 7.1: Graphical layout of the desired GCO formation. This formation has been set up using energy matching. It is
important to note that the actual size of the relative trajectory is not to scale.

The simulation results are presented in Figure 7.2, and by analyzing the maneuvering frequency and
tracking error, the major trends were observed. Firstly, it was expected that the maneuvering frequency
would be dependent on the formation size and initial offset. While this holds true from a modeling
accuracy perspective, the data depicted in Figure 7.2 reveals an interesting observation. Specifically,
themiddle formation, represented by deputy 2, can bemaintained with the lowest amount of maneuvers.
This could potentially be attributed to the manner in which the SMC is terminated, as elucidated in
Chapter 5. The controller terminates when the tracking error falls below 1 meter due to the smallest
thruster bit, resulting in a residual state after termination. The subsequent drift is determined by this
final state. Additionally, it is evident that the largest formation, embodied by deputy 1, necessitates
the highest number of maintenance maneuvers. In conclusion, the multi-satellite GCO with energy-
matched conditions was successfully maintained using the nonlinear SMC.
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Figure 7.2: Maneuvering sequence of for a multi-satellite GCO formation that has been adopted with energy matching.

An overview of the data provided by the maneuvering scheduler are presented in Table 7.4. To sum-
marize, the software was able to maintain an energy-matched GCO by frequent maneuvers and the
tracking error did not exceed the previously mentioned constraint.

Parameter Deputy 1 Deputy 2 Deputy 3
No. maneuvers LVLH 7 2 4
Fuel used [gr] 3.177 0.898 1.789
Delta-V needed [m/s] 9.349 2.641 5.265

Table 7.4: Maneuvering scheduler results for multi-satellite GCO formation.

7.2.2. Energy-Matched ATO - Multi-Satellite Formation
Following the analysis on the GCO, here the last simulation will be discussed. The formation used for
the simulation is an

 

 

ATO formation with four satellites, for which the guidance system has been adapted
with energy matching. The four satellite are placed behind each other in an along track formation.
Simulation performed by Alfriend et al. 2010 showed that increasing the along-track separation often
leads to increased model error. As a consequence of increased differential disturbance and modelling
inaccuracies, the overall numerical and modelling error grows. Therefore, it was chosen to place the
deputies at an along-track distance of 20, 10, -10 km from the chief. A visual representation of the ATO
can be seen obtained in Figure 7.3.
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Figure 7.3: Graphical layout of the desired ATO formation. This formation has been set up using energy matching. It is
important to note that the actual size of the relative trajectory is not to scale

The results of the 7-day simulation can be seen in Figure 7.4. For clarity, only the tracking error have
been plotted for the individual deputies. From a first glance, it is evident that the SMC was able to
maintain the formation using frequent corrections. Depending on the desired along-track separation, a
difference in the number of maneuvers can be observed. For deputy 2, only 3 maneuvers were required
during the 7-day simulation. Moreover, the current initial condition result towards the desired condition,
which is the reason the first maneuver of deputy 2 is only needed after 78 hours from the start of the
simulation. Additionally, the maintenance maneuvers take up to 3 hours and are mostly initiated due
to the along-track constraint.

Figure 7.4: Maneuvering sequence of for a multi-satellite ATO formation that has been adopted with energy matching.
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The simulation results show that the SMC was successful and was capable of maintaining the ATO
formation within the mission constraint. Furthermore, the details of the maneuvering sequence can be
obtained in the following table:

Parameter Deputy 1 Deputy 2 Deputy 3
No. maneuvers LVLH 6 3 5
Fuel used [gr] 2.74 1.35 2.22
Delta-V needed [m/s] 8.053 3.965 6.626

Table 7.5: Maneuvering scheduler results for multi-satellite ATO formation.

7.2.3. Final Remarks
In this chapter, two formations have undergone analysis regarding their capability to sustain a multi-
satellite configuration. It can be observed that the frequency of maintenance maneuvers varies de-
pending on the formation type and initial conditions. However, establishing a direct correlation between
formation design and maneuver frequency has proven elusive. Future research endeavors could delve
into further analysis and optimization to reduce maneuver frequency and minimize fuel consumption.

Ultimately, the total required delta-V was 17.255 grams for the GCO formation and 18.644 grams for
the ATO formation. The time needed to generate the 7-day simulation of 24.87 and 28.42 minutes
for the GCO and ATO respectively, which is well under the calculation requirement. It is worth noting
that making a definitive judgment on whether the GCO formation is more fuel-efficient than the ATO
formation is contingent on several variables, including the initial offset, thruster model, and controller
termination conditions. Nevertheless, it can be concluded that the current implementation of the SMC
has performed commendably for both GCO and ATO formations.

For the sake of comparison, a similar formation employing different dynamics and a distinct controller
resulted in a delta-V of 78 m/s, Alfriend et al. 2010. It is important to highlight that this study employed
a smaller error box of only 40 meters, which necessitated more frequent maneuvers. While a direct
comparison may pose challenges, this serves to underscore the potential of our current software.

In summary, while several adaptations and enhancements may be untouched, the present implemen-
tation has demonstrated itself as a reliable and versatile software solution for formation flying.



8
Verification

In the pursuit of precision and dependability within propagation of dynamics, the verification of propa-
gators stands as an essential undertaking. Within this framework, a verification procedure is initiated,
specifically focusing on a propagator operating under the influence of point mass acceleration, J2 and
drag. This thorough examination is undertaken with the primary objective of confirming the reliability
and precision of the implemented dynamics. Through this rigorous verification process, the aim is to
establish the solid foundation upon which accurate and dependable orbital predictions can be made.

8.1. Navigation System Verification
This verification process is a test of the filter strength. The verification of a space navigation filter
involves subjecting it to rigorous examination and testing under various conditions and scenarios. The
aim is to ascertain its ability to consistently produce accurate navigation solutions, regardless of the
challenges posed by external factors such as gravitational perturbations, sensor noise, or atmospheric
density variations. This section focuses on the verification of the one reference case. For more details
on the sensitivity analysis, in Chapter 4 the effect of changing the filter variables is presented.

Through this systematic evaluation, the aim is to highlight the stability and long term accuracy of the
navigation solution by using a large set of GPS measurement. This involves utilizing a substantial
dataset of GPS measurements, which is then divided into two distinct sets: the first part serves as
input or fitting data, while the second functions as verification data. The subsequent step involves the
propagation of the final estimated state employing a high-fidelity model. This not only quantifies the
accuracy of the solution but also confirms the system’s robustness. The analysis of residuals between
the propagated data and the rawGPSmeasurements plays a vital role in assessing the enduring validity
of the filtered solution over an extended timeframe. This ultimate phase holds great significance as it
outlines the boundaries of the navigation filter’s capabilities, providing insights into achievable control
accuracy and ensuring the long-term reliability of the system.

The reference case utilized for verification is detailed in Chapter 4. From a mathematical perspective,
it proves more convenient to represent the residuals within the VNB frame. This conversion facilitates
the separation of errors into radial, along-track, and cross-track directions. Figure 8.1 illustrates the
results obtained from the reference case discussed in Chapter 4.
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Figure 8.1: Outcome of the verification analysis for 12 hr fitting of raw GPS data, using an EKF. The first parts present the
residuals obtained from fitting, whereas the residuals of the second parts are calculated by comparing the raw GPS

measurement with the propagated state.

To provide context, a 10-meter requirement is displayed, is a consequence of the first-order data anal-
ysis. By observing different datasets, it was observed that the practical accuracy of the navigation filter
was limited by the lack of model realness and sensor accuracy. Therefore, a custom requirement was
set to be 10 meters, which is conservative. In the end, the navigation solution must be improved to
further reduce the position error, but for now, the 10-meter requirement is used.

Upon examining Figure 8.1, it becomes evident that, at times during the fitting process, the residuals
exceed the 10-meter threshold, indicating the presence of outliers in the GPS measurements. These
outliers are also observable when inspecting the propagated data, where several peaks emerge.

However, focusing on the results presented in Figure 8.1, the 3D residuals demonstrate a stable solu-
tion within six hours following the final state estimate. This suggests that the position estimation and
subsequent propagation remain valid for the required duration of 1-3 orbits. Nevertheless, it is impor-
tant to acknowledge that the mean residual could not be reduced beyond 10 meters. This limitation
arises from both the model itself and the characteristics of the input data, rather than any shortcomings
in the EKF implementation. In summary, the navigation system is confirmed to be functional, though
with a significant limitation: the attainable accuracy is restricted by factors like atmospheric modeling
and GPS precision.

8.2. Software Testing
In the dynamic domain of software development, where complexity and innovation often converge, the
topmost priority is to ensure the unwavering reliability and flawless functionality of a program. This is
precisely where the indispensable practice of unit testing takes center stage. Unit testing is a critical
methodology that involves the meticulous scrutiny of individual code components or units in isolation.
It entails a methodical assessment of their accuracy and the verification of their intended functionality.
The rationale behind the imperative need for unit testing is rooted in the inherent intricacies of software
development, driven by the unwavering commitment to deliver robust, error-free applications.
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During the development phase, a variety of unit tests were incorporated to address multiple aspects,
including data input formats, coordinate transformations, and general output observations. Addition-
ally, three verification test files were generated to rigorously validate the software’s correctness under
reference conditions. This meticulous testing significantly reduces the likelihood of encountering un-
expected glitches, crashes, or malfunctions, thereby enhancing user satisfaction and fostering trust in
the software product.

These three reference scenarios were meticulously established for testing purposes. Firstly, a scenario
involving two satellites was designed to assess the propagation’s performance across various existing
models, such as GMAT and Tudat. This reference case allowed us to analyze the dynamics transition
from a point mass gravity model to a spherical Earth.

Subsequently, a distinct scenario was formulated to validate the implementation of drag. Furthermore,
we scrutinized the stability of relative dynamics and guidance by observing the formation’s drift over a
96-hour period.

Lastly, the controller underwent testing in a different test case, closely resembling the original imple-
mentation. This allowed for the validation of the control strategy’s effectiveness and reliability.

8.3. Propagation Test
This purpose of this section is to verify the implementation of the coordinate transformation of the initial
states, propagation of the chief dynamics, transformation of the relative state, and propagation of the
relative dynamics. In order to verify the chief initial state transformation and propagation, simulation
data from GMAT and Tudat have been used. In order to verify the implementation of the methodology,
the settings (force model and propagator) have been matched. To verify the dynamics and transforma-
tion of the deputy, only GMAT was used because the relative coordinates can be easily extracted when
setting up a local frame. Note, however, the numerical accuracy between model is tested and verified
and not the model accuracy as a whole. A next step in the verification can be to use a high fidelity
model to quantify the effect of using a reduced force model, but this has not been analyzed within the
thesis.

For the verification processing of the absolute and relative dynamics, the initial conditions presented
by Xu et al. 2009 are used. Using these parameters ensures that small-scaled verification test can be
performed, such as the coordinate transformation needed to get the initial state for the guidance and
control system. Additionally, the energy matched conditions have been derived using this reference
orbit, allowing direct comparison of the validity and stability of the energymatching implementation. The
initial simulation involved utilizing the reference orbit as outlined by Xu et al. 2009. In this simulation, a
deputy orbit was employed, featuring minor deviations in both Inclination (

 

 

INC) and True Anomaly (
 

 

TA)
seen in Table 8.1 and Table 8.2.

Parameter Symbol Orbit
SMA a 8000 km
ECC e 0.1
INC i 63.4349◦
RAAN Ω 1.0◦
AOP ω 45◦
TA ν 1.0◦

Table 8.1: The reference case used for verification of the
relative dynamics. The parameters have been matched with

the simulation performed by Xu et al. 2009

Parameter Symbol Orbit
SMA a 8000 km
ECC e 0.1
INC i 63.4345◦
RAAN Ω 1.0◦
AOP ω 45◦
TA ν 1.01◦

Table 8.2: The deputy’s orbit used for verification of the relative
dynamics. The parameters have been set by adapting the

chief’s orbital parameters given by Xu et al. 2009

The subsequent propagation verification is employed to validate the accuracy of the dynamics imple-
mentation. By using this strategy, the implementation of the equation, integrator settings, and propaga-
tion set up can be verified. To achieve a fully verified system, the following steps are taken. First, the
dynamics are reduced to represent a two-body problem. With the error of chief and deputy dynamics
within the selected margin, the dynamics are upgraded to included J2. Following up, the drag is intro-
duced in the simulation to increase its fidelity. In the end, the goal of this section is to identify mistakes
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in the model implementation and quantify the final deviation with respect to high-fidelity software such
as GMAT and Tudat.

8.3.1. SFF Software with Point Mass Acceleration
Simplifying the model into a two-body problem with point mass offers enhanced opportunities to identify
implementation errors and verify various facets of the integrator and propagation implementation. To
achieve this, a comparative analysis is conducted using the same reference case, as presented in
Table 8.1 and Table 8.1. This analysis encompassed the use of GMAT, Tudat, and our custom

 

 

SFF
software. The results of the relative dynamics analysis are depicted in Figure 8.2.

Upon initial observations, it becomes evident that the overall motion and trends closely align across
the platforms. The plot distinctly illustrates the absence of any noticeable drift, as expected, given the
absence of perturbations beyond point mass acceleration. It is worth noting that the differences are
barely discernible in Figure 8.2, primarily due to the orbital elements’ scale being considerably larger
than the level of accuracy required.

To better visualize the deviations across the selected models, the differences have been calculated
and plotted in Figure 8.3. Overall, the deviation between GMAT and the SFF software are small. For
example, the max radial deviation is around 9 · 10−7 meter, which is accepted since the navigation
solution is required to be accurate to 10-meter. From Figure 8.3, the deviation between Tudat and the
SFF software is significantly smaller than the deviation with GMAT. This can be the cause of coordinates
transformation and since the error are of this order of magnitude this is not analyzed further. In the end,
it can be concluded that the deviation across the different models are not showing any problems or
significant error in the model implementation and propagation.
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Figure 8.2: Results verification process for the absolute dynamics expressed in RSV, using the results from GMAT, Satellite
Formation Flying (SFF) software, and Tudat. All simulations have been performed for a two-body problem with a fixed 1 second

RK4 integrator.

Figure 8.3: Results verification process for the absolute dynamics expressed as the difference between simulation, using the
results from GMAT, Satellite Formation Flying (SFF) software, and Tudat. All simulations have been performed for a two-body

problem with a fixed 1 second RK4 integrator.
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Figure 8.4: Results verification process for the relative dynamics expressed in the LVLH frame, using the results from GMAT
and Satellite Formation Flying (SFF) software. All simulations have been performed for a two-body problem with a fixed 1

second RK4 integrator.

Figure 8.5: Results verification process for the absolute dynamics expressed as the difference between simulation, using the
results from GMAT and Satellite Formation Flying (SFF) software. All simulations have been performed for a two-body problem

with a fixed 1 second RK4 integrator.

8.3.2. SFF Software with J2
The subsequent phase involves introducing an oblate Earth instead of a spherical Earth. It is antici-
pated that this adjustment will result in more noticeable deviations between the models. It is crucial
to emphasize that the primary objective of this verification process is not to inspect every discrepancy
between the models, but rather to affirm the proper implementation of the model, ensuring that any
deviations fall within the specified requirements.

Similar to the two-body verification, this verification case is set up using the formation presented in
Table 8.1 and Table 8.1. In order to better match and compare the implementation of the model, the
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SFF software was tasked to use the following GMAT constants: µ,Re, ωe, C20, J2. The extracted
 

 

RSV
elements from GMAT, Tudat and the SFF software can be depicted in Figure 8.6.

Analyzing the behavior of the elements in Figure 8.6 reveals several noteworthy observations. Firstly,
all results exhibit identical movements and trends. It is essential to highlight that the observed devia-
tion in inclination remains within a narrow range. Specifically, the disparity between GMAT and SFF
amounts to a mere 0.015 degrees. To gain a more tangible perspective of this discrepancy, a Cartesian
coordinates deviation is calculated using the orbit radius. Using this approach, the calculated Carte-
sian discrepancy is found to be 1.8 km. While quantifying these deviations is imperative for subsequent
control verification, it is crucial to emphasize that this deviation do not stem from errors within the im-
plementation. Conversely, the propagation conducted in Tudat appears to align more closely with the
solution derived from the SFF software. Additionally, the introduction of J2 perturbation is anticipated
to introduce a secular drift in the

 

 

RAAN, a phenomenon evident in Figure 8.6. A more precise quantifi-
cation can be achieved by examining the differences between the models, as illustrated in Figure 8.7.

The outcome of different software can become clear by looking at Figure 8.7. For all RSV elements,
it is observed that the deviation between Tudat and the SFF is significantly smaller than the deviation
between GMAT and SFF. The major difference between GMAT, Tudat and the SFF software is the
propagation scheme. While GMAT and Tudat propagate Cartesian element, the SFF software uses
the presented RSV variables for the integration. Moreover, to convert the Cartesian element to the
RSV, coordinate transformations are used. It is expected that GMAT and Tudat use a different set
of coordinate transformations. Following the same methodology previously used for the inclination,
the maximum Cartesian deviation can be calculated for the RSV state with respect GMAT and Tudat,
respectively. For GMAT, the maximum Cartesian deviation is calculated to be 4.8 km and for Tudat this
values reduces to 0.19 m. GMAT and Tudat, with the coordinate transformations utilized in the SFF
software closely resembling the Tudat implementation. It is noteworthy that the utilization of GMAT
constants within the SFF software rules out the possibility of the discrepancies originating from the
constants themselves.
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Figure 8.6: Results verification process for the absolute dynamics expressed in RSV, using the results from GMAT, Satellite
Formation Flying (SFF) software, and Tudat. All simulations have been performed for a spherical Earth with a fixed 1 second

RK4 integrator.

Figure 8.7: Results verification process for the absolute dynamics expressed as the difference between simulation, using the
results from GMAT, Satellite Formation Flying (SFF) software, and Tudat. All simulations have been performed for a spherical

Earth with a fixed 1 second RK4 integrator.

Moreover, the analysis can be expanded by mapping the relative coordinates between GMAT and the
SFF software in the LVLH frame. The results depicted in Figure 8.8 are derived from the identical
simulation employed for the absolute dynamics assessment. With the exception of the position and
velocity in the z-direction, the data closely aligns with the simulation conducted in GMAT. The observed
divergence in the z-direction may potentially be attributed to the exceedingly minute oscillations in the
formation (on the order of micrometers), which could potentially magnify rounding errors or coordinate
transformations. However, for the purposes of model verification, the scale of this deviation is such that
further analysis of this discrepancy is deemed unnecessary.
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Next, the differences have been calculated and can be seen in Figure 8.9. What becomes immediately
clear from Figure 8.9 is that the along-track (y) position is shown a steady drift. The observed drift is
anticipated to stem from the initial conditions set in GMAT. GMAT permits the import of initial states in
the form of orbital elements, but it undergoes a conversion process to transform these elements into
Cartesian elements as part of its propagation scheme. During this conversion, deviations in the initial
state may arise, potentially serving as the source of the observed drift. Nonetheless, it is crucial to note
that an overall deviation of 0.03 meters after 24 hours of propagation remains minor when contrasted
with the model’s accuracy in relation to actual dynamics.

Figure 8.8: Results verification process for the relative dynamics expressed in the LVLH frame, using the results from GMAT
and Satellite Formation Flying (SFF) software. All simulations have been performed for a spherical Earth with a fixed 1 second

RK4 integrator.

Figure 8.9: Results verification process for the relative dynamics expressed as the difference between simulation, using the
results from GMAT and Satellite Formation Flying (SFF) software. All simulations have been performed for a spherical Earth

with a fixed 1 second RK4 integrator.
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8.3.3. SFF Software with J2 and Drag (MSISE90)
Finally, a test case has been set up to verify the implementation of drag into the SFF software. For this
simulation, GMAT is equipped with the MSISE90 atmosphere model and the density provided by GMAT
is used as an input for the SFF software. The outcome of this part of the verification can be obtained
in Figure 8.10. As expected, a reduction is the along track direction can be observed because the
y-axis is most effected by drag acceleration. In general, the both GMAT and SFF show similar results.
For better inspection, the difference is calculated and shown in Figure 8.11. Here, a position deviation
around 0.15 meter is seen, which denotes the correct implementation of the drag acceleration. Again,
the effect of the initial state transformation by GMAT can be observed. The initial velocity in y and
z-direction contain an offset with respect to the expected velocity. For the scale of accuracy needed for
this simulation, these deviations are accepted.

Figure 8.10: Results verification process for the relative dynamics expressed in the LVLH frame, using the results from GMAT
and Satellite Formation Flying (SFF) software. All simulations have been performed for a spherical Earth including drag

(MSISE90) with a fixed 1 second RK4 integrator.
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Figure 8.11: Results verification process for the relative dynamics expressed as the difference between simulation, using the
results from GMAT and Satellite Formation Flying (SFF) software. All simulations have been performed for a spherical Earth

including drag (MSISE90) with a fixed 1 second RK4 integrator.

In conclusion, the objective of this section was to illustrate the verification process for the dynami-
cal model. To ensure accuracy and avoid erroneous statements, additional software called Tudat was
employed. By comparing the discrepancies between different software, it was determined that the devi-
ations within the SFF software were of a similar order of magnitude as those between GMAT and Tudat.
Ultimately, the implementation of both absolute and relative dynamics was considered successful. For
more comprehensive information on the verification process, please refer to Appendix A.

8.4. Formation Stability Analysis
One of the formation being analyzed is the energy-matched formation presented by Xu et al. 2009. The
paper demonstrated that guidance formations derived from the standard CW equations lack to account
for nonlinearity or J2. Xu et al. 2009 executed a simulation to demonstrate the long term drifts while
using a GCO formation for guidance. The goal of their research was to show the effect of using GCO
or PCO initial condition for guidance and derive a guidance solution that reduces formation drift.

The simulation performed by Xu et al. 2009 have been used to partially verify the relative dynamics.
This section will touch upon the verification overall relative dynamics, by comparing the formation drift
observed by Xu et al. 2009. and the SFF software. For this simulation, the satellite parameters used
by Xu et al. 2009 have been inserted into the SFF software to closely match the initial conditions. The
parameters used for this simulation are:

Parameter Symbol Orbit
SMA a 8000 km
ECC e 0.1
INC i 63.43◦
RAAN Ω 0.0◦
AOP ω 45◦
TA ν 0.0◦

Table 8.3: The reference case used for verification of the
relative dynamics. The parameters have been matched with

the simulation performed by Xu et al. 2009

Parameter Symbol Formation
x LVLH x 0.5 km
y LVLH y 0.0 km
z LVLH z 1.0 km
ẋ LVLH ẋ 0.0 km/s
ẏ LVLH ẏ -1.03415 km/s
ż LVLH ż 0.0 km/s

Table 8.4: The formation used for verification of the relative
dynamics. The parameters have been matched with the

simulation performed by Xu et al. 2009
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The formation described in Table 8.3 is design around a radius of 1 km with ẋ and ẏ being calculated
by using the energy-matching condition described in subsection 3.3.2. The purpose of this section is
to verify the implementation of the guidance of the GCO and the GCO with energy matching. Whilst
demonstrating the effectiveness of using energy matching, Xu et al. 2009 showed that the drift as a con-
sequence of using the GCO formation resulted to be 2 km in 96 hr as seen in Figure 8.12. The custom
implementation of the GCO formation is depicted in Figure 8.13. Notably, the radial and cross-track
components exhibit slight variations, whereas the along-track drift aligns with the previously presented
2 km measurement. This simulation demonstrates that the implementation and propagation of the
closely resembles the reference case, however, since exact details of the reference spacecraft were
not presented, it can not be analyzed further.

Figure 8.12: Formation as a function of time using linearly derived GCO initial conditions. Note this figure is taken from
simulation performed by Xu et al. 2009

Figure 8.13: Formation as a function of time using linearly derived GCO initial conditions. These results have been acquired
from the SFF software.

Another case that has been analyzed in the paper from Xu et al. 2009, is the stability of the energy-
matched PCO formation. Energymatching can provide an initial condition that does not show significant
drift over a short time (up to 8 days), Xu et al. 2009. For more detail on the guidance implementation,
read subsection 3.3.2. Furthermore, the benefits of using an energy matched condition for formation
flying is discussed in Chapter 6. So, by looking at the simulation performed by Xu et al. 2009 shown
in Figure 8.14, it can be clear that the formation does not suffer from a constant drift in the along-track
direction. Again, the simulation settings have been replicated to visualize the stability of the energy-
matched GCO. The results of the SFF software can be seen in Figure 8.15. For all axis, it can be
concluded that the energy-matched GCO is stable for the 96hr time frame and that the outcome of the
SFF software closely resembles the simulation performed by Xu et al. 2009. While the figures provided
may not achieve meter-level accuracy, it does serve as evidence to support the conclusion that the
guidance algorithm implementation yields a stable formation propagation.
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Figure 8.14: Formation as a function of time using energy-matched GCO initial conditions. Note, this figure is taken from
simulation performed by Xu et al. 2009

Figure 8.15: Formation as a function of time using energy-matched GCO initial conditions. These results have been acquired
from the SFF software.

8.5. Controller Verification
The objective of this section is to conduct a preliminary assessment of the controller based on the
findings presented in the research conducted by Liu and Hexi 2006. While specific details about the
satellites are not provided, valuable insights into the characteristics of the

 

 

SMC implementation can be
gathered by examining the results produced by the SFF software in comparison to the figures presented
by Liu and Hexi 2006. The reference orbit and initial conditions of the formation have been matched
and are presented below:

Parameter Symbol Orbit
SMA a 7171 km
ECC e 0.0001
INC i 0◦
RAAN Ω 0◦
AOP ω 0◦
TA ν 0◦

Table 8.5: The reference case used for verification
of the relative dynamics. The parameters have

been matched with the simulation performed by Xu
et al. 2009

Parameter Value Parameter Value
r0 1.49 km rd 1.0 km
x0 0.745 km xd 0.5 km
y0 0.0 km xd 0.0 km
z0 -1.2904 km xd -0.86603 km
ẋ0 0.0 km/s xd 0.0 km/s
ẏ0 -0.0015 km/s yd -0.0010 km/s
ż0 0.0 km/s zd 0.0 km/s

Table 8.6: The formation used for verification of the relative dynamics. The
parameters have been matched with the simulation performed by Xu et al.

2009

The initial and desired condition, presented in Table 8.6, have been calculated using the GCO guidance
methodology presented in Chapter 3. The controller is tasked to reduce the formation size from a radius
of 1.49 km to 1 km by applying thrust is all axis. Before, the results of the SFF software are presented,
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it is import to note that the dynamics model used in the reference case does not represent the model
used in the SFF software. To be specific, the model used in the reference case simulated the external
disturbance by a sin function with a certain noise added, whereas the SFF software included the effect
of J2 and drag. Having said that, the results are expected to be different, however, the differences
in force model are not expected to result in the SMC to be instable. Therefore, this verification step
is taken and used to get insight in the performance and stability of the SMC to an extended force
model. Another deviation between the two simulation lays in the implementation of the dynamics, Both
simulations use different equation of motion to describe the nonlinear relative dynamics. And here
again, although different in fuel consumption and controller accuracy are expected, the effect over 1
orbit propagation should be minimal.

Liu and Hexi 2006 presented results indicating that a reconfirmation maneuver has the capability to
achieve convergence after 70 percent of the orbital period. The resulting trajectory is illustrated in
Figure 8.16. Furthermore, their simulation demonstrated a substantial reduction in tracking error, de-
creasing it from 500 meters to less than 15 meters after one orbit. The time-dependent tracking error
is depicted in Figure 8.17. When comparing the reference case to the results obtained from the SFF
software, several notable observations can be drawn. The deputy trajectory and tracking error from the
SFF software can be seen in Figure 8.18 and Figure 8.19. overall, the chosen guidance trajectory is
similar across the models, and not abnormality is observed. With respect to the tracking error, it seems
like the slower with its converge to zero. In the end, these figures are useful to get an impression of
the SMC for a different dynamical system, but note that this is purely based on overall pattern recog-
nition. To get in more detail, the delta-V expenditure after one orbit for the reference case is given to
be 2.39 m/s, while achieving a tracking error of 12.0 meter, Liu and Hexi 2006. This closely resembles
the controller output of the SFF software, with only 1.85 m/s and 1.31 m error. So, the controller is
able to converge for the reference case with a similar satellite and different dynamics model. It is too
early to conclude that the new implementation results in a more fuel-optimum solution, because a lot
is still unknown of the reference case’s simulation settings and satellite properties. However, it can be
concluded that the implementation has shown stable result for an unbounded thruster in a perturbed
environment.

Figure 8.16: 3D trajectory of large reconfiguration maneuver
taken from the research performed by Liu and Hexi 2006.

Figure 8.17: tracking error of large reconfiguration maneuver
taken from the research performed by Liu and Hexi 2006.
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Figure 8.18: 3D trajectory of large reconfiguration maneuver
obtained by using the SFF software.

Figure 8.19: tracking error of large reconfiguration maneuver
obtained by using the SFF software.



9
Conclusion

In this thesis, we embarked on a journey to explore the intricate world of satellite formation flying and
develop a comprehensive end-to-end Guidance, Navigation and Control (

 

 

GNC) solution. Through a
systematic and rigorous approach, we have addressed key research questions and made significant
contributions to the field of formation flying.

Firstly, we delved into the fundamental concepts of satellite formation flying, elucidating the various
formation types and their applicability to a real-world mission. This foundational knowledge laid the
groundwork for our subsequent endeavors. We developed a robust navigation system, utilizing Ex-
tended Kalman Filter (

 

 

EKF) techniques to process real GPS data. This system allowed us to accurately
estimate the initial state of our satellite formation, a critical component for precise control. Our investi-
gations into the modification of the Sliding Mode Controller (

 

 

SMC) to accommodate realistic low-thrust
engines and nonlinear dynamics expanded the applicability of this control method. We demonstrated
its effectiveness in maintaining formation integrity, even in the presence of major disturbances like
Earth’s oblateness and atmospheric drag. Furthermore, we explored various multi-satellite guidance
strategies, highlighting the software’s adaptability for diverse formation types. The consequences of
different guidance approaches on fuel consumption were meticulously analyzed, providing valuable
insights for mission planning.

The research questions have been thoroughly addressed and answered in a dedicated chapter of the
report. Here, concise answers with corresponding references are provided.

Problem A: Which methodology and software are required to enable the development of a complete
 

 

GNC system suitable for satellite formation flying? Developing the guidance and control system as a
separate task is essential to avoidmakingmisleading and overly optimistic decisions about the accuracy
of input data. Furthermore, establishing a clear operational workflow to obtain an accurate navigation
solution is crucial for achieving a realistic guidance and control system. Due to the lack of an accurate
navigation system for the current missions, the navigation system was developed. This required solu-
tion was obtained using a combination of Python and the

 

 

GMAT. For a comprehensive assessment of
the algorithm’s performance, please refer to Chapter 4. The system’s verification was conducted using
a large set of

 

 

GPS measurements, and the detailed analysis can be found in section 8.1.

Problem B: How can the optimal control problem be formulated and solved for formation flying of a
reduced formation consisting of a chief and one deputy whilst including the major disturbances such
as Earth’s oblateness, drag effect and non-linearity? The dynamics for both the chief and deputy were
based on the model presented by Morgan and Chung 2012. This model extended the work of Xu and
Wang 2008 by incorporating the effects of drag. It was noted that the update by Morgan and Chung
2012 contained a typo, which is discussed in detail in Equation 3.4.2. The deputy’s guidance was
determined using the

 

 

CW equations within a
 

 

GCO formation. To solve the optimal control problem,
a

 

 

SMC was employed. Notably, the implementation of a real thruster revealed challenges related
to convergence, which are extensively discussed in section 5.1 and section 5.2. In summary, the
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simulations demonstrated that frequent maneuvers (every few hours) were necessary, with significant
drift primarily attributed to the linearized guidance solution.

Problem C: What is the impact on fuel cost by defining a target formation based on the orbital mo-
mentum and energy-matched conditions, instead of using well-known

 

 

CW condition? In a study by
Xu et al. 2009, it was demonstrated that employing energy matching could greatly enhance formation
stability and reduce fuel consumption. The investigation into different formations utilizing the energy
matching method is presented in Chapter 6. The findings revealed that in a nonlinear environment,
there was no observable drift in the guidance solution. Consequently, the number of maneuvers re-
quired over a 7-day period was reduced from 36 to just 7. For a comprehensive understanding of the
simulation setup and outcomes, please refer to Chapter 6. Ultimately, both the energy-matched

 

 

GCO
and

 

 

ATO formations consume significantly less fuel than the CW-guided formation. For more details
on fuel expenditure, please refer to section 6.3 in the document.

Problem D: How can the optimal control problem be extended to include up to four satellites, and
which adaptations are necessary to guarantee safe operations? The final step was to extend the
software to four satellite. The current implementation of the SFF software allowed for a straight forward
extension of the number of satellites. Following the same algorithm and control law, no difficulties were
encountered. Nevertheless, the control and operation of four satellite did require several save zones, to
ensure safe operations. The simulation for a GCO formation revealed that fuel usage among satellites
significantly depends on the controller’s ability to achieve convergence to the final state. Furthermore,
safe operations were maintained through the 400-meter constraint, which kept the satellites within
proximity of their intended formation. From the results of the ATO formation, it was seen that the
capability of the

 

 

SMC influenced the drift rate of the satellite more than the formation size. Overall, the
software was able to control three deputies whilst meeting the constraints.

In practical terms, our software framework was rigorously tested and verified through extensive simu-
lations, whose results can be obtained in Chapter 8. We successfully handled formations ranging from
two to four satellites, showcasing the versatility and reliability of our end-to-end GNC system.

As we reflect on our journey, it becomes evident that the pursuit of excellence in satellite formation
flying demands a multidisciplinary approach. Our work bridges the gap between theoretical research
and real-world mission execution, offering a practical tool set for future endeavors in this domain.

While this thesis marks the culmination of our current efforts, it also opens the door to further exploration.
The challenges of satellite formation flying are dynamic, and new missions will continually demand
innovative solutions. As such, this work is not an endpoint, but a stepping stone for future research
and development in the exciting realm of satellite formation flying.

In conclusion, we have strived to provide a holistic understanding of the processes, methodologies,
and tools required to achieve successful satellite formation flying missions. Our journey has been one
of learning, discovery, and innovation, and we hope that the knowledge and insights gained will inspire
and empower future generations of researchers and engineers in this captivating field.

9.1. Contributions
The research discussed in this thesis contains four main contributions.

• Processing of actual satellite data for the development and verification of the navigation system.
• Development of a navigation Solution utilizing an EKF with authentic GPS data.
• Modification of the SMC incorporating a realistic low-thrust engine.
• Modification of the SMC incorporating a nonlinear dynamics model accounting for J2 and drag.
• Implementation of diverse multi-satellite guidance strategies to demonstrate software adaptability
for various formations.
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9.2. Future Work
• AdvancedNavigation SystemExploration: The comprehensivemission scenario encompasses
four satellites, necessitating the generation of a navigation solution. Throughout this thesis, we
have discussed the suitability of both Batch Least Squares (

 

 

BLS) and Uncended Kalman Filter
(

 

 

UKF) as viable options for this task. Looking ahead, future satellites may possess inter-satellite
communication capabilities, enabling direct data exchange between satellites. Consequently, an
exciting avenue for future research lies in the development of multi-satellite navigation systems.

• Enhancing GNC System Validation: In the verification section, we successfully highlighted
variations between models within different software platforms. To deepen our understanding, it is
imperative to quantify the impact of these model inaccuracies in relation to real-world scenarios.
This involves a meticulous analysis of errors inherent in the dynamical model, ultimately shedding
light on the attainable control accuracy. Such insights are of paramount importance, as they
enhance our grasp of the system’s precision in addressing real-world challenges.

• Enhancing Efficiency through Burn/Coast/Burn Optimization: Currently, the control method-
ology relies on activation and deactivation conditions, circumventing the need for extensive opti-
mization. However, it is essential to note that this approach, due to the inherent coupling of radial
and along-track motion, might not yield the most fuel-efficient maneuvers. In pursuit of minimiz-
ing fuel consumption, an optimization problem has been devised, employing a burn/coast/burn
strategy. The advantages of this strategy have been aptly demonstrated by Wang et al. 2017 and
can be viewed as a prospective advancement in the evolution of the SFF software.

• Differential drag control for along-track drift compensation From the results presented in the
thesis, it is clear the majority of the formation maintenance maneuvers are initiated by exceeding
the along-track constraint. The along-track drift is around 2 orders of magnitude higher than the
cross-track drift. In an attempt to reduce fuel operations, differential drag can be implemented.
By altering the satellite orientation, a drift can be initiated or cancelled. To correct out-of-plane
drift, the current implementation of the SFF software would be used.

• Mitigating Along-Track Drift with Differential Drag Control: The thesis findings highlight that a
significant portion of formation maintenance maneuvers are prompted by surpassing along-track
constraints, with along-track drift being approximately two orders of magnitude greater than cross-
track drift. To optimize fuel consumption, the application of differential drag control emerges as
a potential solution. This entails adjusting satellite orientation to either induce or counteract drift.
Out-of-plane drift would still be corrected by the existing SFF software implementation.

• Addition of attitude to drag calculation The current drag model employs a fixed drag area,
which is unrealistic when dealing with maneuvering satellites using a single thruster as the satellite
needs to slew and alter its attitude during maneuvers. However, since the required slew is known,
implementing dynamic drag area adjustment should not be excessively complex.
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A
Verification Data Absolute and

Relative Dynamics

A.1. Deviation of Initial States
RSV SFF vs GMAT SFF vs Tudat GMAT vs Tudat
r[km] 0.00000000e+00 3.63797881e-12 3.63797881e-12
vx[km/s] 1.24242793e-17 -5.54569411e-17 -6.78812204e-17
h[km2/s] 0.00000000e+00 2.91038305e-11 2.91038305e-11
Ω[deg] 3.64486219e-13 -3.64571080e-13 0.00000000e+00
i[deg] 0.00000000e+00 -3.64372296e-13 -3.64486219e-13
θ[deg] 3.65041330e-13 3.64173511e-13 7.29416527e-13

Table A.1: The RSV deviations at the initial epoch with respect to GMAT and Tudat.

LVLH SFF vs GMAT
x[km] -2.66984785e-18
y[km]] -2.22044605e-16
z[km] 3.46944695e-18
ẋ[km/s] -2.64697796e-23
ẏ[km/s] 5.05030160e-19
ż[km/s] 2.77516051e-17

Table A.2: The LVLH deviations at the initial epoch with respect to GMAT and Tudat.

A.2. Maximum Model Deviation under the Influence of PM, J2 and
J2+MSISE90

RSV SFF vs GMAT SFF vs Tudat GMAT vs Tudat
r[km] 0.00000000e+00 3.46517481e-10 4.83851181e-10
vx[km/s] 1.24242793e-17 7.34844256e-12 6.99059636e-10
h[km2/s] 0.00000000e+00 2.40106601e-10 6.33008312e-10
Ω[deg] 3.64486219e-13 -3.64571080e-13 -3.64486219e-13
i[deg] 0.00000000e+00 0.06571080e-13 7.29194483e-13
θ[deg] 3.65041330e-13 2.87247576e-11 1.39922222e-12

Table A.3: The maximum RSV deviations with respect to GMAT and Tudat. This simulation has been conducted using only the
point mass acceleration of the Earth.
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RSV SFF vs GMAT SFF vs Tudat GMAT vs Tudat
r[km] 5.72296433e-04 1.55240636e-04 6.96449385e-04
vx[km/s] 1.05831087e-05 -8.70969147e-06 -1.74487122e-05
h[km2/s] 3.03074795e-03 4.72595275e-07 3.03082994e-03
Ω[deg] -5.08129611e-02 5.94855316e-05 -5.07534807e-02
i[deg] 0.00000000e+00 8.79545309e-07 -0.08486219e-13
θ[deg] 3.95720718e-04 -7.57559927e-05 3.94393578e-04

Table A.4: The maximum RSV deviations with respect to GMAT and Tudat. This simulation has been conducted using an
oblate Earth.

RSV SFF vs GMAT
r[km] 5.51590777e-01
vx[km/s] 4.41640825e-04
h[km2/s] 2.49803629e-01
Ω[deg] -4.07108029e-05
i[deg] 1.42108547e-14
θ[deg] -0.03552321e+00

Table A.5: The maximum RSV deviations with respect to GMAT and Tudat. This simulation has been conducted using an
oblate Earth and MSISE90 atmosphere model.

LVLH SFF vs GMAT (PM) SFF vs GMAT (J2) SFF vsGMAT (J2+MSISE90)
x[km] 9.54694670e-10 4.25028540e-07 3.83858254e-05
y[km] 2.23115371e-09 7.98326294e-09 1.47559345e-04
z[km] 5.14941619e-12 7.10532423e-06 3.63210460e-05
ẋ[km/s] -5.42574568e-13 1.02385530e-10 5.15647821e-08
ẏ[km/s] -3.73009523e-13 -5.48011122e-10 -1.15609616e-08
ż[km/s] -3.12504540e-15 -4.55153735e-08 -7.64795006e-07

Table A.6: The maximum LVLH deviations with respect to GMAT. This simulation has been conducted using different
dynamical models.
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