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Transport properties of disordered carbon nanotubes with long-range Coulomb interaction
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Transport properties of disordered carbon nanotubes are investigated including long-range Coulomb inter-
action. The resistivity and optical conductivity are calculated by using the memory functional method. In
addition, the effect of localization is taken into account by use of the renormalization-group analysis, and it is
shown that the backward scattering of the intravalley and that of the intervalley cannot coexist in the localized
regime. Differences between the transport properties for the metallic state with two valleys and those with one
valley are discussed.
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Single wall carbon nanotubes~SWNT’s! are the new ma-
terials that are an experimental realization of on
dimensional ~1D! electron systems.1 Since the SWNT is
made by rolling up a graphite sheet, it is expected that
cinating properties different from the conventional quant
wires made from semiconductor heterostructures will be
served. From this point of view, transport properties of d
ordered SWNT’s have been discussed in Refs. 2 and 3. It
been predicted that the backward scattering due to the im
rities vanishes when the range of the impurity potentia
much larger than the lattice constant, but that the backw
scattering reappears when applying a magnetic field per
dicular to the tube axis. It should be noted that the absenc
the backward scattering holds for the graphite sheet as
as any SWNT’s.

In the above studies, electron correlations have been
glected. The 1D nature together with the electron-elect
interaction has been known to result in a variety of corre
tion effects in SWNT’s in case of short range interactions4–6

and of the long-range Coulomb interaction.7–10 Effects of
electronic correlation in SWNT’s have been measured in
Coulomb blockade regime11 as well as for Ohmic contacts.12

In the latter experiment, power-law dependences of the c
ductance as a function of temperature and of the differen
conductance as a function of bias voltage have been
served and interpreted in terms of tunneling into cle
SWNT with the interaction.

Even when the Coulomb interaction is taken into accou
the conclusion of the absence of the backward scatterin
Refs. 2 and 3 is not changed. However, the effects of
Coulomb interaction on the transport in disordered SWN
should be observable in case of shorter range impurity
tentials. In the present paper, I will discuss the transp
properties of SWNT’s with short range impurity potentia
and the long-range Coulomb interaction. It is shown that
interaction gives rise to an enhanced resistivity compare
that without the interaction. In addition, the interaction lea
to a power-law dependence of the resistivity as a function
temperature and modifies the power of the frequency for
optical conductivity. In the localized regime, it is found th
intravalley and intervalley backward scattering cann
coexist.

The SWNT has metallic bands when the wrapping vec
wW 5N1aW 11N2aW 2 , satisfies the condition,N12N250
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mod 3, whereaW 65(61,))a/2 with a being the lattice con-
stant. The Hamiltonian of the metallic SWNT with the lon
range Coulomb interaction is written by the slowly varyin
Fermi field,cpas , of the sublatticep56, the spins56 and
the valleya56, as follows:10

H052 iv0(
pas

ae2 ipaxE dxcpas
† ]xc2pas

1
V̄~0!

2 E dxr~x!2, ~1!

where r(x)5(pascpas
† cpas , v0.83105 m/s, and V̄(0)

52e2/k ln(Rs/R) with k.1.4, Rs andR being the cutoff of
long range of the Coulomb interaction and the radius of
tube, respectively. In Eq.~1!, x5tan21@(N12N2)/)(N1

1N2)# is the chiral angle (x50 corresponds to an armcha
nanotube!. In the above expression, I disregard the mat
elements of the interaction of the order ofa/R, which lead to
energy gaps.7–10 Therefore, the present theory is valid whe
the temperatureT, or the frequencyv, are larger than the
gaps induced by the Coulomb interaction.

The impurity potential introduced as disorder of th
atomic potential is given by the following Hamiltonian2

Himp5(paa8s*dxVaa8
p (x)cpas

† cpa8s , whereVaa8
p (x) is the

impurity potential at the sublattice,p, by which the elec-
tron on the valley,a8, is scattered into the valley,a.13

Here I diagonalize the kinetic term in Eq.~1! and move
to the basis of the right-moving (r 51) and the left-moving
(r 52) electrons by the unitary transformation,cpas
5(e2 ipax/2/&)( r(ar )(12p)/2c ras . Then,Himp is written as
follows:

Himp5(
ras

1

2 E dx$@Vaa
1 ~x!1Vaa

2 ~x!#c ras
† c ras

1@eiaxVa2a
1 ~x!2e2 iaxVa2a

2 ~x!#c ras
† c r 2as

1@Vaa
1 ~x!2Vaa

2 ~x!#c ras
† c2ras1@eiaxVa2a

1 ~x!

1e2 iaxVa2a
2 ~x!#c ras

† c2r 2as%. ~2!

Here, the first~second! term expresses the intravalley~inter-
valley! forward scattering, and the third~fourth! one is the
7316 ©2000 The American Physical Society



e
n

.
g

tri

o

s,
tie
do
de

ar
bi

,
s

th

e

ct

d

-

lf
il

y-

the
ud-
by

-

PRB 61 7317BRIEF REPORTS
intravalley~intervalley! backward scattering. When the rang
of the impurity potential is much larger than the lattice co
stant,Vaa

1 5Vaa
2 and Va2a

1 5Va2a
2 50, which leads to van-

ishing of the third and fourth terms in Eq.~2!, i.e., the ab-
sence of backward scattering, in agreement with Ref
Here, I consider the case of an impurity potential with ran
shorter than the lattice constant by retaining finite ma
elements of the backward scattering in Eq.~2!. I disregard
forward scattering because it does not contribute to transp

As was pointed out by Abrikosov and Ryzhkin,14 in 1D
systems and in the limit of weak impurity potential
the interaction between the electrons and the impuri
can be parameterized by uncorrelated Gaussian ran
fields. Here, I extend this method to the present mo
and introduce two kinds of the random fields,h(x) andj(x),
expressing the intravalley and the intervalley backw
scattering, respectively. The fields have the proba
ity distributions, Ph5exp$2(2D1)

21*dxh2(x)% and Pj

5exp$2(D2)
21*dxj(x)j* (x)% whereD1 and D2 are given

by v0 /t1 andv0 /t2 with t1 (t2) being the scattering time
due to the intravalley~intervalley! backward scattering. The
Hamiltonian of the impurity potential is given by

Himp5E dxh~x! (
ras

c ras
† c2ras

1E dxH j~x!(
rs

c r 1s
† c2r 2s1H.c.J . ~3!

Note that the intravalley~intervalley! backward scattering
where the momentum transfer in the scattering proces
small ~large!, is parameterized by a real~complex! field.

Here, I utilize the bosonization method and introduce
phase variables expressing the symmetric (d51) and anti-
symmetric (d52) modes of the charge (j 5r) and spin (j
5s) excitations,u j d and f j d . The phase fields satisfy th
commutation relation, @u j d(x),f j 8d8(x8)#5 i(p/2)sign(x
2x8)d j j 8ddd8 . The Fermi field,c ras , is expressed as

c ras5
h ras

A2pã
expF irq Fx1

ir

2
$uas1rfas%G , ~4!

where uas5ur11sus11aur21asus2 , fas5fr1

1sfs11afr21asfs2 , and ã21 is a large momentum
cutoff.15 Klein factorsh ras are introduced to ensure corre
anticommutation rules for different speciesr ,a,s, and sat-
isfy @h ras ,h r 8a8s8#152d rr 8daa8dss8 . The spin-conserving
productsh rash r 8a8s in the Hamiltonian can be represente
as,7 A11(r ,a,s)5h rash ras51, A12(r ,a,s)5h rash r 2as
5 iasx , A21(r ,a,s)5h rash2ras5 ir asz, and A22

(r ,a,s)5h rash2r 2as52 irsy with the standard Pauli ma
trices s i ( i 5x,y,z). The quantityqF5pn/4 is related to
the deviationn of the average electron density from ha
filling and can be controlled by the gate voltage. The Ham
tonian, H0 and Himp5( i 51,2H imp

i , is expressed by the
phase variables as follows:

H05 (
j 5r,s

(
d56

v j d

2p E dx$K j d
21~]xu j d!21K j d~]xf j d!2%,

~5!
-

2.
e
x

rt.

s
m
l

d
l-
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e

-

H imp
1 5

isz

2pã E dxh~x!(
ras

ra exp~22irq Fx!

3exp$2 ir ~ur11sus11aur21asus2!%, ~6!

H imp
2 5

2 isy

2pã E dx(
rs

r exp$2 ir ~2qFx1ur11sus1!%

3@j~x!exp$2 i~fr21sfs2!%1H.c.#, ~7!

where Kr15(vr1 /v0)2151/A114V̄(0)/(pv0) and K j d

5v j d /v051 for the others. The Pauli matrices seen inH imp
i

are due to the product of Klein factors.
With the above phase Hamiltonian, I calculate the d

namical conductivity s(v), which is expressed by the
memory function,M (v), as follows:16

s~v!5
2 ix~0!

v1M ~v!
, ~8!

M ~v!5
~^F;F&v2^F;F&v50!/v

2x~0!
, ~9!

where ^A;A&v[2 i *dx*0
`dte( iv2h)t^@A(x,t),A(0,0)#& with

h→10, ^¯& denotes the thermal average with respect toH,
F5@ j ,H# with j being the current operator, andx(0)
5^ j ; j &v50 . Since the present Hamiltonian conserves
total particle number, there are no nonlinear terms incl
ing fr1 . Then the current operator is expressed
j 52vr1Kr1]xfr1 /p, which leads to x(0)5
24vr1Kr1 /p. To lowest order inD1 and D2 , M (v) is
calculated as

M ~v!5
2pvr1Kr1

v (
i 51,2

Di

~pã!2 sin
pKi

2 S 2pT

vF
D Ki 1

pT

3H BS Ki

2
2 i

v

2pT
,12Ki D2BS Ki

2
,12Ki D J ,

~10!

where K15(Kr11Ks11Kr21Ks2)/2, K25(Kr11Ks1

1Kr2
211Ks2

21)/2, vF is the cutoff energy given byv0 /ã and
B(x,y)5G(x)G(y)/G(x1y) with G(x) being the gamma
function.

For v→0, M (v) reduces to

M ~0!5 i2vr1Kr1 (
i 51,2

Di

v0
2 S 2pT

vF
D Ki22 G2~Ki /2!

G~Ki !
,

~11!

which leads to the resistivity,

r5s~0!215
p2

2ã (
i 51,2

Di S 2pT

vF
D Ki22 G2~Ki /2!

G~Ki !
, ~12!

where Di5Diã/(pv0
2)5ã/(p l i) with l i5v0t i being

the mean-free path. In the present case ofKi5(Kr113)/2,
the above expression results inr5rB0(2pT/
vF)(Kr121)/2G2((Kr113)/4)/G((Kr113)/2) where rB0

5p/2(l 1
211 l 2

21) is the resistivity for the noninteracting sys
tem in the Born approximation. It is remarkable thatr/rB0 is
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independent of the scattering strength. For typical nanotu
with Kr1.0.2, the resistivity is enhanced compared to t
without the Coulomb interaction and shows a temperat
dependence asr}T(Kr121)/2.T20.4.17 In the presence of the
long-range Coulomb interaction, the phase expressing
symmetric charge fluctuation,ur1 , becomes rigid compare
to the noninteracting case, which is expressed by the fac
Kr1 less than unity. Such a rigid phase is easily pinned
the impurity potential. Thus, the long-range Coulomb int
action enhances the resistivity. From the asymptotic beha
of Eq. ~10! for v@T, the optical conductivity for high fre-
quencies is calculated ass(v)}v (Kr125)/2;v22.4, which
decays faster than that for the noninteracting case,s(v)
}v22. I note that the above two results of the resistivity a
the optical conductivity do not depend on the filling,qF . The
umklapp scattering has been known to be another origin
resistivity. The umklapp scattering leads tor}T(2Kr121)

.T20.6, 8,9 for T@v0qF and s(v)}v (2Kr123).v22.6 for
v@v0qF . Though the powers due to the umklapp scatter
are similar to those given by the impurity scattering, it
possible to separate them by tuning the gate voltage.

Next I take into account of the effects of localization b
the renormalization-group~RG! method. Following Giamar-
chi and Schulz,18 averaging over the random fields,h(x) and
j(x), I obtain the action,Simp , corresponding to the impu
rity potential as follows:

Simp
1 52

D1

2 S 4

pãD 2E dxE
0

b

dt dt8

3$cos~2qFx1ur1!cosus1sinur2cosus2

3cos~2qFx1ur18 !cosus18 sinur28 cosus28

1sin~2qFx1ur1!sinus1cosur2sinus2

FIG. 1. Dependence on 2pT/vF of the resistivity,r, normalized
by rB0 , which is derived by the RG analysis for~1! D1(0)
51/300 and D2(0)51/600 and ~3! D1(0)51/300 and D2(0)
51/3000. The dotted lines express the resistivity given by the p
turbation theory for~2! D1(0)51/300 andD2(0)51/600 and~4!
D1(0)51/300 andD2(0)51/3000. Here,Kr150.2 is used and the
white circle shows the temperature corresponding toD1.1, below
which the perturbative RG analysis breaks down. Inset: The ra
r2 /r1 as a function of 2pT/vF . The numbers,~1!-~4!, express the
same cases as the main figure.
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3sin~2qFx1ur18 !sinus18 cosur28 sinus28

22 cos~2qFx1ur1!cosus1sinur2cosus2

3sin~2qFx1ur18 !sinus18 cosur28 sinus28 %, ~13!

Simp
2 52D2S 2

pãD 2E dxE
0

b

dt dt8e2 i (fr22fr28 )

3$sin~2qFx1ur1!cosus1cosfs2

3sin~2qFx1ur18 !cosus18 cosfs28

1cos~2qFx1ur1!sinus1sinfs2

3cos~2qFx1ur18 !sinus18 sinfs28

1 i @sin~2qFx1ur1!cosus1cosfs2

3cos~2qFx1ur18 !sinus18 sinfs28

2cos~2qFx1ur1!sinus1sinfs2

3sin~2qFx1ur18 !cosus18 cosfs28 #%, ~14!

whereu j d5u j d(x,t), u j d8 5u j d(x,t8), f j d5f j d(x,t), and
f j d8 5f j d(x,t8). It should be noted that the interaction pr
cesses generated from the equal-time component in Eqs.~13!
and ~14! are disregarded. The results given in the followi
do not qualitatively changed even when the such proce
are included because such operators are less divergent
Simp

i . By calculating the various correlation functions to th
lowest order ofD1 andD2 , we have the following RG equa
tions:

D185$32~Kr11Ks11Kr21Ks2!/2%D1 , ~15!

D285$32~Kr11Ks11Kr2
211Ks2

21 !/2%D2 , ~16!

K j 1852~D1 /X11D2 /X2!K j 1
2 uj 1 , ~17!

uj 1852~D1 /X11D2 /X2!K j 1uj 1
2 , ~18!

K j 2852~D1K j 2
2 /X12D2 /X2!uj 2 , ~19!

uj 2852~D1K j 2 /X11D2K j 2
21/X2!uj 2

2 , ~20!

where 8 denotesd/dl with dl5d ln(ã8/ã) (ã8 is the new
cutoff parameter!, X15ur1

Kr1/2us1

Ks1/2ur2

Kr2/2us2

Ks2/2 , X2

5ur1

Kr1/2us1

Ks1/2ur2

1/2Kr2us2

1/2Ks2, and j 5r or s. The initial
conditions for the above RG equations are as follow
Di(0)5Diã/(pv0

2), Kr1(0)5ur1
215Kr1 , and Ks1(0)

5Kr2(0)5Ks2(0)5us1(0)5ur2(0)5us2(0)51. The
above equations together with the initial conditions indic
that Kr25Ks2 and ur25us2 . In addition, the RG equa
tions are invariant under the transformation,D1↔D2 and
K j 2↔K j 2

21. Therefore, I can discuss the case ofD1(0)
.D2(0) without loss of generality.

By solving the RG equations numerically and using E
~12!, the resistivity is obtained as a function o
temperature.19 I show the results forD1(0)51/300 and
D2(0)51/600 and those forD1(0)51/300 and D2(0)
51/3000 in Fig. 1. Surely, the resistivity is enhanced by t
effects of the localization for low temperature. The ins
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shows the ratio,r2 /r1 , as a function of temperature, whe
r1 (r2) is the resistivity due to the intravalley~intervalley!
scattering. In the present case where the intravalley sca
ing is stronger than the intervalley one,r2 /r1 decreases with
decreasing temperature. For the opposite case,r1 /r2 de-
creases. The result is not obtained by the perturbation th
~dotted lines in the inset in Fig. 1!, and then characteristic fo
the localized regime. It indicates that the two kinds of t
backward scattering cannot coexist for this regime. As
seen in Eqs.~6! and~7!, the intravalley~intervalley! scatter-
ing pins the phases,ur1 , us1 , ur2 , and us2

(ur1 , us1 , fr2 , and fs2). Since the conjugate vari
ables,ur2 and fr2 , or us2 and fs2 cannot be pinned a
the same time, the localization due to the two kinds of
scattering cannot happen simultaneously. In the pre
analysis, the quantitative discussion on the localized reg
and crossover towards it have not been done. Theref
more detailed investigation are needed for understandin
disordered SWNT’s with the Coulomb interaction.

The above results of the metallic state with two valle
(2v state! are compared to the transport properties of
metallic state with one valley~1v state!, which is realized by
applying the parallel magnetic flux of (i 61/3)hc/e ~i:inte-
ger! to the insulating tube.20 In this case, the intervalley sca
tering is neglected. In addition, the exponent of the cha
mode is given byKr51/A112V̄(0)/(pv0). Note that the
difference in the coefficient ofV̄~0!/(pv0) betweenKr1 and
Kr results from that in the number of conducting bands.
the other hand,Ks51. The resistivityr and the optical con-
ductivity s~v! for high frequencies are, respectively, give
by r5rB0

1v (2pT/vF)Kr21G2@(Kr11)/2#/G(Kr11) and
s(v);vKr23, with rB0

1v 5p/ l 1 being the resistivity for the
1v state by the Born approxmation. Thus the behaviors
the 1v state are different from those in the 2v state. Since
tt
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G2@(Kr11)/2#/G(Kr11).G2@(Kr113)/4#/G@(Kr113)/
2#.1 andKr21,(Kr121)/2,0 as a function ofV̄(0),
the effects of the Coulomb interaction are stronger in thev
state than in the 2v state. From these results, it is expect
that the resistivity~optical conductivity! of multiwall carbon
nanotubes, in which both the metallic and insulating carb
nanotubes exist, shows different temperature~frequency! de-
pendence in cases without parallel magnetic flux and w
that of hc/(3e).

In conclusion, I investigated the transport properties
the disordered SWNT’s with Coulomb interaction. I foun
that the interaction enhances the resistivity, leads to a pow
law dependence of the resistivity as a function of tempe
ture, and modifies the power of the frequency of the opti
conductivity. In addition, it is shown that the intravalley an
the intervalley backward scattering cannot coexist in the
calized regime. Differences between the 2v and 1v state
were also discussed. For away from half-filling, the ga
induced by the Coulomb interaction,D, are given asD/vF
;e2c/u,7,8 with u;a/(2pR) and c;O(1), and thus very
small for typical SWNT’s. Therefore, the results obtained
this paper will be well observed for away from half fillin
with T!v0qF or v!v0qF . The increase of the resistanc
with decreasing temperature observed in SWNT’s~Ref. 21!
may be due to the impurity scattering because the differe
in the work function of the metallic electrode and the nan
tube results in a downward shift of Fermi level of the nan
tube by a few tenths of an eV.22
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