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High-throughput characterization often requires estimating parameters and
model dimension from experimental data of limited quantity and quality. Such
data may result in an ill-posed inverse problem, where multiple sets of pa-
rameters and model dimensions are consistent with available data. This ill-
posed regime may render traditional machine learning and deterministic meth-
ods unreliable or intractable, particularly in high-dimensional, nonlinear, and
mixed continuous and discrete parameter spaces. To address these challenges,
we present a Bayesian framework that hybridizes several Markov chain Monte
Carlo (MCMC) sampling techniques to estimate both parameters and model
dimension from sparse, noisy data. By integrating sampling for mixed continu-
ous and discrete parameter spaces, reversible-jump MCMC to estimate model
dimension, and parallel tempering to accelerate exploration of complex posteri-
ors, our approach enables principled parameter estimation and model selection
in data-limited regimes. We apply our framework to a specific ill-posed prob-
lem in quantum information science: recovering the locations and hyperfine
couplings of nuclear spins surrounding a spin-defect in a semiconductor from
sparse, noisy coherence data. We show that a hybridized MCMC method can
recover meaningful posterior distributions over physical parameters using an or-
der of magnitude less data than existing approaches, and we validate our results
on experimental measurements. More generally, our work provides a flexible,
extensible strategy for solving a broad class of ill-posed inverse problems under
realistic experimental constraints.

1 Introduction
Estimation problems from sparse and noisy data are often ill-posed inverse problems, where
multiple sets of parameters or models may be consistent with observed data, making unique
reconstruction of ground-truth quantities nearly impossible. In such cases, the goal is not
to recover a single “true" parameter set, but to produce a posterior distribution of probable
models and parameters, given a set of data.
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The central motivating example for this work arises in the characterization of local spin
environments in optically active spin defects in solid-state systems, such as divacancies in
silicon carbide [1] and nitrogen-vacancy (NV) centers in diamond [2]. These defects are key
candidates for quantum information technologies due to their long coherence times [3, 4]
and ability to couple coherently to nearby nuclear spins [5, 6]. The surrounding nuclear spin
bath plays a dual role: it is both the primary source of decoherence and a potential quantum
resource for memory or register applications, depending on the ability to accurately resolve
hyperfine couplings and spatial configurations [7, 8, 9, 10, 11]. As scalable fabrication
techniques allow for the creation of billions of such spin defects [12, 13], high-throughput,
data-efficient methods to characterize the nuclear spin environment of each defect are a
prerequisite for the practical deployment of spin-defect-based quantum devices. Beyond
characterizing the intrinsic spin environment of defects, related techniques are increasingly
being applied to image external spin systems, including molecules or materials placed
near a spin-defect based quantum sensor, as part of a broader effort to achieve nanoscale
magnetic resonance imaging [14].

Current approaches to estimating the parameters of the Hamiltonian describing the
interaction between a central spin and neighboring nuclear spins, such as correlation spec-
troscopy, offer high-resolution insights but require long acquisition times and extensive
manual tuning [15, 16], making them infeasible at scale. Recently proposed machine learn-
ing methods offer some automation [17, 18], but rely on experimental datasets that are
expensive to obtain and rely on a large amount of computing resources. Hence, a framework
that can operate in the sparse, noisy data regime and still extract physically meaningful
Hamiltonian parameters is desirable. Furthermore, since the number of nuclear spins inter-
acting with the spin-defect is unknown a priori and is itself a quantity to be estimated, the
inverse problem at hand is a model dimension selection problem in addition to a Hamilto-
nian parameter estimation problem.

Existing approaches to similar inverse problems aim to design experimental protocols
or to optimize measurement strategies to escape the ill-posed regime by collecting more
informative data [19, 20, 21, 22]. In contrast, here we assume a fixed, potentially sparse
dataset, and we focus on robust inference under these constraints. Bayesian estimation
techniques provide a natural language for this setting, allowing one to incorporate prior
knowledge, account for measurement uncertainty, and explore the full posterior landscape
of plausible models. However, performing this kind of inference efficiently—particularly in
the presence of both discrete and continuous parameters, unknown model dimensionality,
and high-dimensional loss landscapes riddled with local minima—remains a significant
technical challenge.

To address these challenges simultaneously, we present a hybridized Markov chain
Monte Carlo (MCMC) framework that combines several specialized techniques to address
separately the mathematical challenges that arise. Discrete and continuous random-walk
Metropolis-Hastings (RWMH) samplers are used to explore parameter spaces with both
continuous and discrete parameters. Trans-dimensional model selection is handled through
the reversible-jump MCMC (RJMCMC) algorithm [23], which allows for sampling over
models with differing numbers of parameters, a necessity in problems where the model
dimension (e.g., the number of nuclear spins) is itself unknown. To better sample from
complex and multimodal posteriors in high-dimensional spaces, we incorporate parallel
tempering (PT) [24], which improves convergence and avoids trapping in local minima.
Together, these methods form a generalized, flexible, and extensible framework to solve
inverse problems that can operate robustly in the data-scarce regime. We demonstrate
that our hybridized MCMC framework produces posterior distributions that describe sim-
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hybrid MCMC algorithm
data:

Hamiltonians:

likelihood model:

forward model:

��������� data
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Figure 1: Schematic of workflow. The input (left) to the hybrid MCMC algorithm is a fixed set of
data dd ∈ Rd, a family of candidate Hamiltonians {Hk1 ,Hk2 , . . . ,Hkj

} which are parameterized by aki

where the number of parameters for different Hamiltonians Hki
and Hkj

can be different. We also take
in a forward model fk(Hk(ak), b, c) that generates a set of data from candidate Hamiltonian Hk, and a
likelihood model L(dd|fk(Hk(ak), b, c)) that quantifies the probability of observing the data dd given
a set of model parameters, and any priors, which may come in the form of ab initio data. The output
for the hybrid MCMC algorithm is a probability distribution over the different Hamiltonian models, and
for each Hamiltonian model we have a posterior distribution over the values of the parameters.

ulated nuclear spin baths in the sparse, noisy data regime, and we validate our approach
with experimental data to demonstrate that it achieves an accuracy comparable to much
more computationally and experimentally intensive procedures, including direct machine
learning approaches [17, 18], but using an order of magnitude fewer data points.

The remainder of this paper is organized as follows. In Sec. 2, we formalize the class
of inverse problems we target and discuss the key challenges. In Sec. 3, we describe the
MCMC algorithms and how they are hybridized to form a cohesive inference engine. In
Sec. 4, we apply the method to a specific example: recovering the structure and parameters
of a spin environment from sparse coherence data. In Sec. 5, we assess performance on
both simulated and experimental data. Finally, in Sec. 6, we reflect on the capabilities
and limitations of this framework and suggest directions for future work.

2 Inverse Problem
2.1 General formulation
We consider some physical process that is governed by a family of Hamiltonians H ∈
{Hk1(ak1),Hk2(ak2), . . . ,Hkj

(akj
)}, where each Hamiltonian Hki

is parametrized by ki

variables given by aki
= (ak1 , ak2 , . . . , aki

). We consider a sparse set of data dd ∈ Rd

that is generated by a forward model dd = f(Hk(ak), b, c) + ϵd where the forward model
f(·) depends on the parameterized Hamiltonian Hk(ak), unknown parameters b, known
parameters c, and ϵd is a noise model. Examples of unknown parameters represented by
b include parameters that are not directly captured by Hamiltonian terms but are nev-
ertheless crucial to reproduced experimental data, such as experimental setup-dependent
calibration and sensitivity effects or emergent effects that may not be directly accounted for
in the Hamiltonian. Examples of known parameters modeled by c may include known ex-
perimental settings, such as magnetic field or temperature. Formally, the inverse problem
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we seek to resolve is:

arg min
k,ak,b

||f(Hk(ak)), b, c)− dd||N(ϵd). (1)

That is, we seek to find the candidate model Hk, indexed by k, and the parameters ak and
b that minimize the norm of the residual between some forward model f applied to the
Hamiltonian of dimension k with parameters ak and b and some d-dimensional data, where
the norm N(ϵd) depends on underlying assumptions on the noise model ϵd. The assump-
tions on the noise model impact the appropriate likelihood function L = P(d|Hk(ak), b, c),
which is the probability of observing data d given Hk(ak), b, and c. Without loss of gen-
erality, we assume that the dimension of ak is variable and the dimension of b is fixed, but
we note that the same strategies that are applied to account for the variable number of
dimensions of ak may be applied to b.

Furthermore, we acknowledge that “sparse" and “noisy" are quantities that are context-
dependent, and we generally consider data dd to be “sparse" and “noisy" if there are
multiple parameterizations ki, kj and (aki

, bi), (akj
, bj) such that

min
ki,aki

||f(Hki
(aki

), bi, c)− dd||N(ϵd) ≈ min
kj ,akj

||f(Hkj
(akj

), bj , c)− dd||N(ϵd) (2)

for a fixed set of data dd. That is, the sparsity and noise regimes we consider here are with
respect to the ill-posedness of a specific inverse problem.

Since we will focus on the regime where the inverse problem is ill-posed, we take a
Bayesian approach, as we know that we will not be able to exactly recover k, ak, and b,
but we will instead recover posterior distributions over k, ak, and b. That is, instead of a
single k and ak, we will recover a set of {kl, km, . . . , kn} with corresponding probabilities
{pkl

, pkm , . . . , pkn} (where
∑

j pkj
= 1), with the interpretation the data dd is generated

by Hki
with probability pi. For each model class ki, we will also obtain posterior distribu-

tions over the parameters {aki1
, aki2

, . . . akip
} with probabilities {pki1

, pki2
, . . . , pkip

} and∑
j pkij

= 1, and likewise for b (see Fig. 1).

2.2 Hybridized MCMC-based Hamiltonian model selection and parameter estimation
Markov chain Monte Carlo (MCMC) algorithms provide a robust framework for exploring
complex, high-dimensional parameter spaces by generating a sequence of samples that
approximate a target probability distribution. In general, these algorithms initialize a set
of walkers across the domain of a parameter space and propose updates to the parameters
based on a specified transition rule. The acceptance or rejection of a proposed move is
governed by whether the likelihood (i.e., the probability of observing some data given a set
of parameters) increases for an updated set of parameters. After an initial burn-in period,
the sequence of walker positions represents samples from the posterior distribution, which
provides the most probable parameter values given the observed data.

As shown in Fig. 1, the hybridized MCMC algorithm takes as input a fixed dataset dd ∈
Rd, a set of candidate Hamiltonian models {Hk1 ,Hk2 , . . . ,Hkj

}, each parameterized by a
potentially different number of parameters aki

, and a forward model fk(Hk(ak), b, c) that
simulates data for a given Hamiltonian. The algorithm also requires a likelihood function
L(dd | fk(Hk(ak), b, c)) to quantify how well the simulated data from a candidate model
match the measured data, as well as any available prior information, such as constraints
from ab initio calculations. The algorithm produces as outputs posterior distributions over
the candidate Hamiltonian models and, for each model, a posterior distribution over its
associated parameter values.

Accepted in Quantum 2026-03-13, click title to verify. Published under CC-BY 4.0. 4



domain current state

proposal stateprevious state

proposal state (birth)

proposal spin (death)

reverse jump Markov 
Chain Monte Carlo

(c)random walk Metropolis
Hastings (discrete)

(b) parallel tempering(d)random walk Metropolis
Hastings (continuous)

(a)

Figure 2: Schematic of algorithms (a) random walk Metropolis Hastings in over a continuous domain
(Alg. 1), (b) random walk Metropolis Hastings over a discrete domain (Alg. 1), (c) reverse jump
Markov chain Monte Carlo (Alg. 2), and (d) parallel tempering (Alg. 3).

We address the challenge of recovering parameters that may be drawn from different
domains (i.e., the set or distribution from which parameters are sampled) by partition-
ing the parameter space into subsets, (ak, b) = (a1, . . . , ai|ai+1, . . . , ak|b1, . . . , bj), where
different partitions can follow either discrete distributions based on precomputed or ex-
perimental datasets or continuous distributions suited for a broader search, and subsets
of variables can also have constant or varying dimensions. This partitioning enables effi-
cient sampling by tailoring MCMC strategies to different types of parameters. The hybrid
algorithm includes different MCMC strategies appropriate for each subset of parameters.
Since the approach accommodates arbitrary likelihood functions and arbitrary forward
models (see Fig. 1), our framework is designed for extensibility across a variety of physical
systems and experimental setups; although a few key MCMC algorithms for dealing with
varying dimensionality and efficient exploration of non-linear, non-convex landscapes have
already been implemented, additional MCMC-based algorithms to evolve subsets of given
parameters may be combined and implemented.

3 Algorithms
In this section, we elaborate on details of the implementation of the hybrid algorithm and
provide pseudocode for the sub-algorithms of the hybridized MCMC procedure (Fig. 2).
For details on these Monte-Carlo based methods, we refer the reader to [25, 26]. While
many of these algorithms are standard within the MCMC literature, we present them here
with consistent notation to demonstrate how they can be hybridized with each other for
different types of continuous and discrete parameters and how they can be used for specific
sampling tasks.

3.1 Random walk Metropolis-Hastings (RWMH) for continuous and discrete domains
We employ a random walk Metropolis-Hastings (RWMH) algorithm to sample a subset
of unknown parameters with fixed dimension, allowing for both continuous and discrete
domains (see Alg. 1). Specifically, we partition the set of unknown parameters into p =
{p1, . . . , pm}, which are updated during the sampling, and q = {q1, . . . , qs}, which remain
fixed. At each iteration, a single parameter p∗

l is proposed from a domain-aware proposal
distribution rR,D(p(n)

l , ·), where the domain D and the radius R define the step size and
allowable transitions. The proposal mechanism is flexible, permitting updates in either
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Algorithm 1 Random walk Metropolis Hastings (RWMH)
Input: Data dd, partition of a fixed-length set of parameters to update p =
{p1, . . . , pm} and fixed parameters q = {q1, . . . , qs}, with p∪q = {a1, . . . , ak, b1, . . . , bj}
and p ∩ q = ∅ and their initial values p(0) = (p(0)

1 , p
(0)
2 , . . . , p

(0)
m ) and q(0) =

(q(0)
1 , q

(0)
2 , . . . , q

(0)
s ), known parameters c, fixed Hamiltonian model Hk(ak) indexed

by k, forward model fk(Hk(ak), b, c) = fk(p, q, c), likelihood model L(dd|fk(p, q, c)),
domain D, proposal kernel rR,D(x, z), radius R, number of steps Nstep

1: for n = 0, . . . Nstep − 1 do
2: for l = 1, . . . , m do
3: Proposal step: Sample p∗

l ∼ rR,D(p(n)
l , ·);

p∗ = {p(n)
1 , . . . , p

(n)
l−1, p∗

l , p
(n)
l+1, . . . , p

(n)
m }

4: Accept/reject step: Update

p(n+1) =

p∗ with probability α(p(n), p∗) = min{1, L(dd|fk(p∗,q,c))
L(dd|fk(p(n),q,c))

rR,D(p∗
l ,p

(n)
l

)
rR,D(p(n)

l
,p∗

l
)
}

p(n) with probability 1− α(p(n), p∗)

q(n+1) = q(n)

Output: Sequence of updated parameters: {p(n)}Nstep
n=1 = (p(1), p(2), . . . p(Nstep))

and sequence of fixed parameters: {q(n)}Nstep
n=1 = (q(1), q(2), . . . q(Nstep)) =

(q(0), q(0), . . . , q(0))

a discrete or continuous setting, depending on the nature of the domain D from which
the parameters are sampled (see Fig. 2a & b). For continuous variables, this can be
a closed set over a fixed interval, in which case there is a standard interpretation of a
random walk. For a discrete domain D, there may be cases, such as selecting different
configurations of spins over lattice sites that have real-space coordinates, where there is
still a standard interpretation of a random walk in real space. For discrete sets without
parameters that have a natural mapping to real space, such as possible energy transitions
or interaction strengths, one may need a problem-specific interpretation of a random walk
to use RWMH. The proposed state p∗ (containing p∗

l ) is then accepted or rejected based on
the Metropolis criterion, ensuring detailed balance. The likelihood function L governs the
acceptance probability, leveraging a forward model f(p, q, c) to compare simulated and
observed data. Although this is a standard MCMC algorithm, we emphasize the practical
importance of the built-in partitioning of parameters in the implementation described in
Alg. 1; such partitioning is particularly relevant in a Bayesian approach to Hamiltonian
parameter estimation problems for which prior information on certain parameters may be
available from ab initio calculations or experimental data.

3.2 Reverse Jump Markov Chain Monte Carlo (RJMCMC)
In the previous algorithm (RWMH), the parameters are partitioned into a set to be updated
and a set to remain fixed, but the dimensions of the updated set are fixed. To account
for scenarios in which the number of parameters must be estimated in addition to the
parameters themselves, we use a MCMC-based technique known as “reverse jump" Markov
chain Monte Carlo, which is a method for trans-dimensional Bayesian model selection (see
Alg. 2) [27]. The RJMCMC method for trans-dimensional model selection has been applied
to inverse problems across the physical and biological sciences, including estimating and
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studying the number of black holes from gravitational wave data [28, 29], seismic inversion
problems that arise in geophysics [30, 31], and inferring phylogenetic trees from genomic
data [32, 33]. This approach enables simultaneous trans-dimensional model selection and
parameter estimation, allowing for a systematic exploration of the parameter space in
cases where standard regularization techniques, such as sparsity-inducing regularization,
may not be physically meaningful.

When using RJMCMC, we partition the set of parameters in p and q, where p is a
set of parameters to be estimated using RJMCMC where the number of parameters p is
unknown, and q is a set of unknown parameters that remains fixed. RJMCMC extends
traditional MCMC by allowing proposals between models of different dimensionality, en-
abling the simultaneous exploration of both parameter values and model structures through
dimension-changing proposal moves that ensure detailed balance and reversibility. In the
discrete case, RJMCMC operates as a birth-death process where new parameters (e.g.,
additional particles or interactions) are “born" into the model or “die" based on proba-
bilistic moves that maintain detailed balance (see Fig. 2c) [25]. In the continuous case,
dimension matching is ensured by introducing auxiliary variables that transform proposals
between parameter spaces of different dimensions, preserving reversibility by maintaining
a one-to-one mapping with a Jacobian determinant correction [23].

3.3 Parallel Tempering (PT)
Parallel tempering, also known as replica exchange Monte Carlo, is a computational tech-
nique used to efficiently sample complex energy landscapes, particularly in systems with
many local minima. The method involves running multiple copies (replicas) of the sys-
tem in parallel, each at a different temperature. Higher temperature replicas explore the
energy landscape more freely, overcoming barriers between local minima, while lower tem-
perature replicas focus on finding the global minimum. At regular intervals, configurations
between replicas are exchanged with a probability determined by the Metropolis criterion
(see Fig. 2d). This exchange allows for low-temperature replicas to escape local minima
by occasionally adopting the high-temperature configuration. The exchanges are designed
to maintain detailed balance, ensuring that the sampling process correctly represents the
equilibrium distribution at each temperature. By allowing configurations to move between
different temperature levels, parallel tempering enhances the ability to explore the energy
landscape, reducing the risk of getting trapped in local minima. This leads to more efficient
and accurate sampling, particularly for systems with rugged energy landscapes. PT is an
acceleration technique for a fixed number of parameters in highly non-linear non-convex
energy landscapes.

3.4 Hybrid algorithm
Hybridizing Markov chain Monte Carlo (MCMC) algorithms can enhance sampling effi-
ciency and model selection for complex inverse problems. A robust approach combines the
random walk Metropolis-Hastings (RWMH) algorithm for exploring continuous parameter
spaces with reversible jump MCMC (RJMCMC) for trans-dimensional moves that enable
discrete model selection. To improve within-model fits, particularly in highly non-linear
and non-convex likelihood landscapes, parallel tempering (PT) based on RWMH can be
incorporated for a fixed number of discrete parameters, allowing for enhanced exploration
of local minima and better posterior sampling. This multi-tiered strategy balances global
model selection with efficient local exploration, mitigating issues like poor mixing and mode
trapping, which are common in high-dimensional and multi-modal inverse problems.
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Algorithm 2 Reverse Jump Markov Chain Monte Carlo (RJMCMC) for discrete param-
eters

Input: Data dd, partition of variable parameters with variable length p =
{p1, . . . , pm} and fixed parameters with fixed length q = {q1, . . . , qs} and p ∪ q =
{a1, . . . , ak, b1, . . . , bj} and p ∩ q = ∅, known parameters c, family of Hamiltonians
{Hk}kmax

k=1 , family of forward models {fk(Hk(ak), b, c)}kmax
k=1 , with fk(Hk(ak), b, c) =

fk(p, q, c), initial values p(0) = (p(0)
1 , p

(0)
2 , . . . , p

(0)
m ), q(0) = (q(0)

1 , q
(0)
2 , . . . , q

(0)
s ), k(0),

likelihood model L(dd|fk(p, q, c)), domain D, number of steps Nstep, dimension-
changing kernel γ(k, ·)

1: for n = 0, . . . Nstep − 1 do
2: Proposal step: sample k∗ ∼ γ(k(n), ·)
3: if k∗ > k(n) then

k∗ = k(n) + 1
p∗

k+1 ∼ D

p∗ = (p(n)
1 , p

(n)
2 , . . . , p

(n)
k , p∗

k+1)
4: else

k∗ = k(n) − 1
l ∼ {1, 2, . . . , k(n)}

p∗ = (p(n)
1 , . . . , p

(n)
l−1, p

(n)
l+1, . . . , p

(n)
k )

5: Accept/reject step: Update

kn+1, p(n+1) =
{

k∗, p∗ with probability α(k(n), p(n); k∗, p∗)
k(n), p(n) with probability 1− α(k(n), p(n); k∗, p∗)

q(n+1) = q(n)

α(k(n), p(n); k∗, p∗) = min{1,
L(dd|fk∗(p∗, q, c)
L(dd|fk(n)(p(n), q, c)

γ(k∗, k(n))
γ(k(n), k∗)

}

Output: {k(n)}Nstep
n=1 , {p(n)}Nstep

n=1 , {q(n)}Nstep
n=1

4 Example application: Recovering hyperfine coupling parameters of a
nuclear spin bath of defects in semiconductors from coherence data

While the trans-dimensional Hamiltonian model selection and parameter estimation prob-
lem in the sparse, noisy regime is general, we validate our implementation and illustrate
the utility of a hybrid MCMC-based approach on a specific characterization problem of
interest to the quantum information community: the recovery of hyperfine couplings of a
nuclear spin bath of a single spin defect in a semiconductor from sparse, noisy coherence
data. This example problem is a trans-dimensional Hamiltonian selection problem, since
the number of nuclear spins in the bath is not known a priori ; in addition, it is a problem
for which there is interest in accelerating recovery of spin environments for purposes of de-
vice scale-up when using spin defects in seminconductors as units of quantum information
processing, with nuclear spins as auxiliary qubits for quantum algorithms and memory.
This problem further illustrates the ability of a hybrid MCMC approach to deal with pa-
rameters for which strong priors via ab initio calculations can be incorporated, as well as
parameters that are drawn from a continuous distribution.
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Algorithm 3 Parallel tempering (PT)
Input: Number of strands J , inverse temperatures β1 = 1 > · · · > βJ , data dd, parti-
tion of a fixed-length set of parameters to update p = {p1, . . . , pm} and fixed parame-
ters q = {q1, . . . , qs}, with p∪q = {a1, . . . , ak, b1, . . . , bj} and p∩q = ∅ and their initial
values p(0) = (p(0)

1 , p
(0)
2 , . . . , p

(0)
m ) and q(0) = (q(0)

1 , q
(0)
2 , . . . , q

(0)
s ), known parameters c,

fixed Hamiltonian model Hk(ak) indexed by k, likelihood model L(dd|fk(ak, b, c)),
domain D, number of steps Nstep

1: for n = 0, . . . Nstep − 1 do
2: Within-strand step: Generate p̃(n+1)

j from p(n+1)
j by one step of (Alg. 1) for

each strand j ∈ [1, . . . , J ] using the corresponding likelihood model

Lj(dd|fk(p, q, c)) = (L(dd|fk(p, q, c)))βj

3: Draw strands to attempt swap: Sample a, b ∼ {1, . . . J} with a ̸= b uniformly
at random

4: Evolve non-swapped chains forward: For j /∈ {a, b}, set

p(n+1)
j , q(n+1)

j = p̃(n+1)
j , q(n)

j

5: Swap proposal step: Attempt a swap of states between strands a and b:

(p(n+1)
a , p(n+1)

b ) =

(p̃(n+1)
b , p̃(n+1)

a ) with probability αPT(a, b)
(p̃(n+1)

a , p̃(n+1)
b ) with probability 1− αPT(a, b)

q(n+1)
a , q(n+1)

b = q(n)
a , q(n)

b

αPT = min{1,
La(dd|p̃(n+1

b , q, c)
La(dd|p̃(n+1

a , q, c)
Lb(dd|p̃(n+1)

a , q, c)
Lb(dd|p̃(n+1)

b , q, c)
}

Output: Sequences corresponding to the j = 1, βj = 1 chain: {p(n)
j=1}

Nstep
n=1 , {q(n)

j=1}
Nstep
n=1

4.1 Hamiltonian and forward models
We consider a nuclear spin bath consisting of 13C surrounding a nitrogen vacancy (NV)
center in diamond. We seek to characterize the number of spins in the 13C nuclear spin bath
and the strength of each spin’s hyperfine coupling (A⊥, A∥). We consider the Hamiltonians
indexed by the variable of the number of nuclear spins k with the Hamiltonian given by:

Hk = DS2
z + γeBzSz +

k∑
i=1

γnBzIz,i +
k∑

i=1
Sz(A∥,iIz,i + A⊥,iIx,i) (3)

where the known quantities are D = 2π × 2.87 GHz, Bz is the strength of an externally
applied magnetic field along the axis of the NV center, γe is the gyromagnetic ratio of
an electron, γn is the nuclear gyromagnetic ratio of the nuclei, and S = (Sx,Sy,Sz) and
I = (Ix, Iy, Iz) are the spin operators for the electronic and nuclear spins, respectively. We
neglect nuclear–nuclear interactions in the Hamiltonian, as we expect these interactions
to be negligible for the relatively short τ (< 10 µs) and relatively low pulse number (≤
32 CP pulses) in the experiments we consider for high-throughput characterization. We
seek to recover the number of spins k, which determines the dimension of the Hamiltonian,
and for each spin, we aim to recover the parallel and perpendicular components (A∥, A⊥)
of the hyperfine coupling tensor, which characterizes the coupling strength between the
nuclei and the NV center.
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The forward model fk(Hk(ak), b, c) for a set of k nuclear spins with hyperfine com-
ponents A∥, A⊥ under dynamical decoupling experiment with N CP-pulses measured at
inter-pulse spacing τj in external applied magnetic field Bz is:

fk(Hk(A∥, A⊥, Bz), λ, N, τj) = (1
2(1 +

k∏
i=1

Mi(A∥,i, A⊥,i, N, Bz, τj)))−
τj
λ (4)

Mi(A∥,i, A⊥,i, N, Bz, τ) = (1−m2
i,x

(1− cos αi)(1− cos β)
1 + cos αi cos β −mi,z sin αi sin β

sin Nϕi

2

2
) (5)

cos ϕi = cos αi cos β −mi,z sin αi sin β (6)

mi,z =
A∥,i + ωL

ω̃i
(7)

mi,x = A⊥,i

ω̃i
(8)

ω̃i =
√

(A∥,i + ωL)2 + A2
⊥,i (9)

αi = ω̃iτj (10)
β = ωLτj (11)

ωL = −γnBz, (12)

where we can consider our partition of parameters to be ak = {A∥, A⊥}, b = {λ}, and
c = {N, Bz, τj} [10].

4.2 Likelihood model and priors
Given that coherence signals are measured with photon counts on the order of thousands to
tens of thousands, we approximate the noise as Gaussian rather than Poisson-distributed.
Accordingly, we define the likelihood function as:

L(dd|fk(Hk(ak), b, c)) = exp
(
− 1

2σ2

d∑
i=1

(di − fk(Hk(A∥, A⊥, Bz), λ, N, τi))2
)

, (13)

where σ2 is a hyperparameter that relates to assumptions on the variance of the noise.
The partition of parameters is ak = (A∥,1, A⊥,1, A∥,2, A⊥,2, . . . , A∥,k, A⊥,k), b = (λ), and
c = (N, τj , Bz). The set ak corresponds to the hyperfine parameters of the nuclear spins
in the bath; since we do not know a priori how many nuclear spins are present, we do
not know a priori how many hyperfine parameters (A∥, A⊥) we need to recover. The
continuous parameter b = (λ) that we restrict to the interval [0, 1] accounts for relative
decoherence effects. This parameter is crucial for experimental consistency and likely
reflects interactions between the NV center and unaccounted lattice impurities, such as
nitrogen substitutional defects, and the broader, distant spin bath, which causes and overall
decoherence decay. The known parameters c = (N, Bz, τj) are the externally applied
magnetic field Bz, the number of laser pulses N required in the experimental protocol to
obtain a coherence signal, and the amount of time τj in between sequential laser pulses.

To enhance the efficiency of parameter estimation and model selection, we integrate
data from ab initio calculations as physical constraints. Specifically, we restrict possible
nuclear positions to specific lattice sites of diamond, leveraging computational predictions
of hyperfine couplings at these sites based on the Fermi contact and point-dipole approx-
imations [34]. By using lattice site constraints, we address two main issues. First, in
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high-dimensional spaces, random walks are inefficient, so by mapping the possible values
of the parameters of interest to a discrete set, we can sample from such a discrete set via
a random walk rather than allowing the unknown parameters to take on any value in a
specified closed domain. Second, because lattice position determines the strength of the
hyperfine coupling, and there are lattice sites that, by symmetry, have identical hyper-
fine couplings, we have further constraints on the number of allowable nuclear spins with
identical hyperfine couplings, provided that two walkers are not allowed to simultaneously
occupy the same lattice site.

5 Results
5.1 Results from simulations
Experimentally, the coherence signals are obtained by applying a series of N Carr-Purcell
(CP) pulses separated by varying inter-pulse spacings τj . Hence, to obtain each additional
data point at a new τj , the CP experiment must be repeated many times and the results
averaged to mitigate noise from photon detection, and each experiment for each data point
takes ∝ 2τjN . We assume we are working with data in a noise and sparsity regime where
the inverse problem is ill-posed, and we seek to understand how sparsity and noise impact
the accuracy of the recovery procedure by studying the accuracy on simulated data.

5.2 Computational details
For each simulation, we generate coherence signals based on a set of simulated 13C that
determine the number of spins and the hyperfine couplings for specified experimental pa-
rameters and relative decoherence values. We hybridize the algorithms discussed in Sec. 3
as outlined in Alg. 4, and we initialize 5 ensembles and let each ensemble evolve for 25,000
steps, and we consider the first 10,000 steps to be burn-in time. We cycle between 50 steps
of RJMCMC to determine the number of spins in the system, 100 steps of PT to obtain
a better fit of the hyperfine coupling Hamiltonian parameters for a fixed number of spins,
and 25 steps of RWMH for the relative decoherence parameter λ. For more details and
practical strategies to choose and tune hyperparameters, see Appendix A.

For the lattice sites and sets of hyperfine parameters computed at each lattice site, we
use data from [34] and define a cutoff of lattice sites by considering only lattice sites with
hyperfine couplings with either component of A∥ or A⊥ greater than 5 kHz. For RJMCMC,
we consider a maximum of kmax = 50 nuclear spins to be recovered. For PT, we use J = 10
strands and inverse temperatures βj = 2−j . The discrete random walk over lattice sites
uses a walker radius of R = 5 Å, and the continuous RWMH for D over [0, 1] with reflected
boundary conditions uses a walker radius of R = 0.01. Unless stated otherwise, the default
values for the simulated experiments are 250 uniformly sampled τj values between 0 and
8 µs, N = 16 dynamical decoupling pulses, an external applied magnetic field of 311 G,
and ϵ ∼ N (0, 0.001) noise added to each data point of the simulated coherence signal. For
details on how hyperparameters are chosen and how they impact the performance of the
hybrid algorithm, see Appendix A.

We measure the recovery rate of hyperfine parameters by examining the fraction of
simulated spins that appeared in the posterior distribution across the entire spin config-
uration space. A recovery rate of 1 indicates that a given spin appears in every spin
configuration, while a rate of 0 signifies that the spin does not appear in any posterior
configuration, and we properly account for duplicate and triplicate hyperfine couplings.
In the simulations, where both lattice positions and hyperfine couplings are known, we
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impose a maximum allowed mismatch of |∆A∥|, |∆A⊥| ≤ 0.1 kHz for a nuclear spin to
be detected. This tolerance is not intended to relax the hyperfine constraint, but rather
to account for small numerical errors in the DFT-computed hyperfine couplings between
symmetry-related lattice sites. More precisely, let B(j) denote the j-th posterior spin-bath
sample, with j = 1, . . . , M , and define an indicator function I(j)

i for the presence of a given
simulated (or experimentally-confirmed) spin si ∈ S posterior sample B(j), where I(j)

i is
1 if si ∈ B(j) and 0 otherwise. Here, spin identity is determined by matching hyperfine
parameters within the mismatch tolerance. The detection rate for an individual spin si is
defined as

Ri = 1
M

M∑
j=1

I(j)
i , (14)

and the overall detection rate for a given simulated (or experimentally-confirmed) spin-bath
S of size n is

R = 1
n

n∑
i=1

Ri. (15)

We then define the overall recovery rate by averaging these individual rates across all spins
in the bath. When multiple simulated baths are considered (e.g., with different bath sizes),
the reported values are further averaged across all simulated baths.

Additionally, we assess the accuracy of recovering the number of spins by comparing the
modes of the posterior distribution with the number of simulated spins in each hyperfine
coupling grouping. We report the discrepancy in the number of selected spins as |(mode of
posterior distribution of k)− (# of simulated spins)|, so a discrepancy of 0 indicates that
the mode of the posterior distribution matches the number of spins that are simulated, and
a discrepancy greater than 0 indicates that the Hamiltonian model dimension produced by
the hybrid MCMC procedure is different from the number of simulated spins. We quantify
false positive rate by considering the modal spin distribution corresponding to the modal
model dimension of the posterior distribution. Let S∗ denote the set of spins in the modal
spin-bath configuration of size n, and let B(j) denote the j-th posterior spin-bath, with
j = 1, . . . , M . We define a sample-averaged false absence rate as

FP = 1
nM

∑
s∈S∗

M∑
j=1

Is/∈B(j) (16)

where Is/∈B(j) is a non-occurrence indicator function for the presence of a spin s in nuclear
spin bath B(j). This sampled-averaged false absence rate measures the fraction of posterior
samples in which spins belonging to the modal configuration are absent. We note that
this is a sample-averaged measure rather than a strict false-positive rate in the classical
classification sense. All results are grouped by hyperfine coupling magnitude, which we
define as

√
A2

∥ + A2
⊥, and we average across 16 different simulated spin-bath configurations

containing between 5 and 20 simulated spins.

5.2.1 Performance in sparse data limit

To evaluate the performance of our recovery method in the limit of sparse data, we vary
the number of τj sampled from the coherence signals from a simulated spin bath of ten
nuclear spins (Fig. 3a). We then assess whether the posterior distributions of the spin
configurations (Fig. 3b) and relative decoherence (Fig. 3c) obtained from the hybrid algo-
rithm described in Sec. 3.4 successfully capture the simulated nuclear spin configurations
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Algorithm 4 Hybridized MCMC algorithm for recovering local nuclear spin environment
Input: Data dd, total number of steps Ntot, number of RWMH steps NRWMH, number
of RJMCMC steps NRJMCMC, number of PT steps NPT, discrete parameter corre-
sponding to nuclear spins ak = {pd1 , . . . , pdk

, k}, continuous parameters corresponding
to relative decoherence b = {λ}, fixed parameters in the forward model c = {N, τ, Bz},
family of Hamiltonians {Hk}kmax

k=1 , likelihood model L(dd|fk(ak, b, c)), and hyperpa-
rameters for the individual MCMC algorithms

1: for n = 0, . . . Ntot − 1 do
2: nRWMH ← 0
3: nRJMCMC ← 0
4: nPT ← 0
5: for nRWMH = 0, . . . , NRWMH − 1 do
6: RWMH (Alg. 1) with

Input: p = {λ}, q = {ak, k}, p(0) = {λn+nRWMH−1}, q(0) =
{an+nRWMH−1

k , kn+nRWMH−1}
Output: {pn}n+NRWMH

n=n = {λn}n+NRWMH
n=n , {qn}n+NRWMH

n=n = {an
k , kn}n+NRWMH

n=n

7: n← n + nRWMH
8: for nRJMCMC = 0, . . . , NRJMCMC − 1 do
9: RJMCMC (Alg. 2) with

Input: p = {ak}, q = {λ}, p(0) = {an+nRJMCMC−1
k }, q(0) = {λn+nRJMCMC−1}

Output: {pn}n+NRJMCMC
n=n = {an

k}n+NRJMCMC
n=n , {qn}n+NRJMCMC

n=n =
{λn}n+NRJMCMC

n=n , {kn}n+NRJMCMC
n=n

10: n← n + nRJMCMC
11: for nPT = 0, . . . , NPT − 1 do
12: PT (Alg. 3) with

Input: p = {ak}, q = {λ, k}, p(0) = {an+nPT−1
k }, q(0) = {λn+nPT−1, kn+nPT−1}

Output: {pn}n+NPT
n=n = {an

k}n+NPT
n=n , {qn}n+NPT

n=n = {λn, kn}n+NPT
n=n

13: n← n + nPT
Output: Append all ak, λ, and k to obtain {an

k}
Ntot
n=0 , {λn}Ntot

n=0 , and {kn}Ntot
n=0

and relative decoherence parameter λ. To ensure these results generalize across spin con-
figurations, we analyze the recovery rate for the hyperfine couplings, the detection rate
for the number of spins, and the false positive rate for nuclear detection for 16 different
simulated spin baths containing 5 to 20 spins, with a hyperfine magnitude greater than 5
kHz (Fig. 3d).

For the sample bath consisting of 10 nuclear spins and varying number of τj , we observe,
as expected, that the fidelity of the recovered signal improves with an increased number
of sampled τj (Fig. 3a). However, we are not necessarily interested in reconstructing the
coherence signal, but rather we seek to recover the underlying nuclear spin bath configura-
tion that gives rise to the observed coherence signal. We find that even for signals sampled
as sparsely as 50 τj , the posterior distribution of hyperfine couplings of spins contains all
ten of the simulated spins (Fig. 3b), and the signal sampled as sparsely as 25 τj recovers
the nuclear spins with the strongest hyperfine magnitudes. As expected, the more sparsely
sampled signals result in more fictitious spins in the posterior compared to more densely
sampled spins. The density of the time-point sampling is related to the ill-posedness of the
inverse problem; from this sample bath, we also observe that the ability to resolve hyperfine
couplings from sparse signals is highly correlated with the strength of the hyperfine magni-
tude. That is, the strongly coupled spins are clearly resolved in the posterior distributions
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Figure 3: Recovery in sparse data limit. (a) We simulate a system of ten 13C surrounding a nitrogen
vacancy (NV) center in diamond, and plot the resulting coherence signal for a 16-pulse dynamical
decoupling experiment in an external magnetic field of 311 G. We sample a varying number of data
points with noise ϵ ∼ N (0, 0.001), and we plot the coherence signal from the nuclear spin parameters
recovered from the specified number of sampled data points. Posterior distribution of the hyperfine
components of the nuclear spins (b) and relative decoherence parameter (λ) (c) recovered from the
coherence signal with varying number of data points sampled corresponding to the coherence signal in
(a). In (d), (e), and (f), we plot the average results for detection rate of hyperfine couplings, the
discrepancy the number of recovered spins in the bath with the number of spins that were simulated,
and false positive rate for 16 simulated nuclear spin configurations containing between 5-20 nuclear
spins, with the rates plotted by hyperfine magnitude (

√
A2

⊥ + A2
∥) of the spins.

in Fig. 3b, whereas we are unable to clearly resolve the more weakly coupled spins, even at
relatively dense samplings of the signals. We emphasize that the failure to resolve weakly
coupled spins is related to the inherence ill-posedness of the inverse problems. Weakly
coupled spins lead to smaller dips in the fringes of the coherence signal; as a result, many
different combinations of weakly coupled spins can give rise to identical patterns of peaks
in the coherence signal, making it impossible to resolve individual weakly coupled spins
from a single sparse coherence signal originating from a dynamical decoupling experiment.

While we are able to recover the stronger nuclear spin hyperfine couplings, even from
sparse time-point samplings, we observe that relatively higher resolutions of data are re-
quired to recover the relative decoherence parameter, λ, as seen in Fig. 3c. For samplings
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below 250 τ , we obtain a relatively uniform posterior distribution of λ, whereas for sim-
ulated data with more than 250 τ , the recovered value of λ (that is, the mode of the
posterior distribution) matches the simulated value. Since λ is a decay parameter, ex-
tremal peak values of the coherence signal are required to capture the decay accurately.
For sparsely sampled data, there is a lower probability that extremal peak values will be
sampled, resulting in a relatively uniform distribution of relative decoherence values (Fig.
3c). In contrast, dense samplings of the data will result in many extremal peak values,
resulting in a non-uniform posterior distribution of relative decoherence values centered on
the simulated value.

To generalize the results beyond a single spin bath, we look at average values of de-
tection rate (Fig. 3d), discrepancy in the number of recovered spins (Fig. 3e), and false
positive rates (Fig. 3f). We find that the recovery rate of hyperfine couplings improves
with increasing τ , but plateaus beyond approximately 100 sampled time points. Additional
sampling beyond this threshold does not significantly enhance the recovered information,
indicating a limit on the impact of increasing the rate of sampling in terms of improving the
recoverable information content from specific experimental parameters. That is, beyond
around 100 sampled τj , the ability to recover hyperfine couplings from this coherence signal
is limited not by the data resolution but by the experimental values itself, such as the num-
ber of CP pulses N , the external magnetic field Bz, or the maximum τj sampled. When
considering the discrepancy in the number of spins, we observe a similar trend: recovery
rates increase with the number of sampled time points, eventually saturating beyond 500
time points.

The accuracy of recovery rates is notably lower for weakly coupled nuclei (< 25 kHz)
across multiple metrics, including detection rate, number of recovered spins, and false pos-
itive rate, as seen in Fig. 3d-f. This behavior arises from the inherent ill-posedness of the
problem in the sparse data regime: distinct configurations of weakly coupled spins can gen-
erate identical coherence signals with comparable likelihoods, limiting the ability to resolve
individual weakly-coupled nuclear spins. This limitation is a fundamental consequence of
the ill-posedness of this inverse problem in the sparse data regime rather than a failure of
the hybrid algorithm to accurately resolve the simulated nuclear spin configuration.

In contrast, for nuclear spins with hyperfine couplings exceeding 150 kHz, the hybrid
MCMC recovery method exhibits consistently high accuracy. For spins with intermediate
coupling strengths, accuracy improves with increased sampling, particularly in the range
of 25 to 100 sampled time points (Fig. 3d-f). However, beyond 100 sampled points, the
performance of the hybrid algorithm is stable, with detection rates, recovered spin counts,
and false positive rates remaining largely unchanged up to 1000 sampled points. This
hybrid recovery algorithm is robust even when applied to coherence signals sampled as
sparsely as 100 time points.

5.2.2 Performance in noisy data limit

Since experimentally, coherence signals are measured by averaging photon counts across
repeats of a single given CP experimental pulse, the shot noise per data point can be de-
creased by a quadratically longer time average (i.e., reducing shot noise by half requires
repeating an experiment four times as many repeats). Since averaging takes time, we are
interested in how the accuracy of the recover procedure is impacted by the amount of noise.
Remarkably, our approach demonstrated high robustness to shot noise across various mag-
nitudes of hyperfine couplings. In an example simulated bath containing seventeen nuclear
spins with varying amounts of noise added to each data point, we observe that even for
significant amounts of noise (ϵ ∼ N (0, 0.25)), we are able to recover both the coherence
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Figure 4: Recovery in noisy data limit. (a) We simulate a system of seventeen 13C surrounding a
nitrogen vacancy (NV) center in diamond, and plot the resulting coherence signal sampled uniformly
for 250 τj for a 16-pulse dynamical decoupling experiment in an external magnetic field of 311 G. We
add varying amounts of noise to each data point, and we plot the coherence signal from the nuclear
spin parameters recovered from the specified number of sampled data points. We plot the posterior
distribution of the hyperfine components of the nuclear spins (b) and relative decoherence parameter
(λ) (c) recovered from the coherence signal with varying number of data points sampled corresponding
to the coherence signal in (a). In (d), (e), and (f), we plot the average results for detection rate
of hyperfine couplings, the discrepancy the number of recovered spins in the bath with the number of
spins that were simulated, and false positive rate for 16 simulated nuclear spin configurations containing
between 5-20 nuclear spins, with the rates plotted by hyperfine magnitude (

√
A2

⊥ + A2
∥) of the spins.

signal (Fig. 4a) and the strongly coupled nuclear spins are well-resolved in the posterior
distribution of the recovered hyperfine couplings (Fig. 4b). Recovery performance only
showed significant degradation when the average shot noise per data point exceeded 0.25,
which is substantial given that the coherence signal is bounded between -1 and 1. Even
with average noise per data point up to 0.1 , the algorithm was able to recover hyperfine
couplings and spin numbers, especially for spins with stronger hyperfine couplings. Fur-
thermore, we find that, similar to decreasing the number of sampled time points, adding
an increasing amount of noise results in a more uniform distribution of the posterior distri-
bution of the relative decoherence parameter, λ (Fig. 4c). Since the relative decoherence
relies on accurate values of the coherence at its peaks, adding an increasing amount of

Accepted in Quantum 2026-03-13, click title to verify. Published under CC-BY 4.0. 16



noise results in inaccurate peak values, leading to an inability to recover λ.
Over a range of simulated nuclear spin baths, we find that this hybrid recovery approach

is remarkably stable to noise added to the simulated coherence data up to ϵ ∼ N (0, 0.1)
in terms of multiple metrics, including the detection rate of the hyperfine couplings (Fig.
4d), discrepancy in number of spins recovered (Fig. 4e), and false positive rate (Fig.
4f). These results suggest that our method is well-suited for noisy data and does not
require a separate de-noising step, which is a common requirement in machine learning-
based approaches [17]. Furthermore, the algorithm’s ability to recover nuclear spins across
different magnitudes for average shot noise per data point ranging from 10−6 to 10−1

indicates that the ability to recover nuclear spins is limited by the information inherent
in short, sparsely sampled dynamical decoupling experiments, rather than by shot noise
obscuring the hyperfine coupling information present in the coherence signal.

5.3 Validation on experimental data
We validate the hybrid MCMC approach by applying it to coherence data collected from
a single NV center at a temperature of 3.7 K using a 32-pulse CPMG pulse sequence,
with τ ranging from 6 to 8 µs. For more details on experimental procedure, see App.
C. This NV center has well-characterized hyperfine interactions and lattice positions of
surrounding nuclear spins, determined from high-resolution multidimensional spectroscopy
and correlated sensing experiments [16, 35]. These experimentally determined values serve
as reference values.

We use the hyperfine couplings and lattice positions calculated in [34] as theoretical
reference values. The alignment procedure between these theoretical values and the ex-
perimentally determined values is described in Appendix F. The hybrid MCMC algorithm
(Alg. 4) is initialized with five independent ensembles, each comprising 25,000 MCMC
steps. All ensembles converged to the same error regime within 5,000 steps (Fig. 5a),
and the initial 10,000 steps were discarded as burn-in. The posterior distribution was
constructed from the remaining 15,000 steps.

To incorporate additional geometric information from the experimental coherence decay
data, we modified the likelihood function from a standard squared-error form (Eq. 13) to a
weighted likelihood function that balances point-wise residuals with global shape differences
in the signal. Specifically, we introduce a regularized form that incorporates the squared 2-
Wasserstein distance between the normalized empirical data distribution and the predicted
signal distribution:

Lmod(dd|θ) = (1− ζ) · exp
(
− 1

2σ2

d∑
i=1

(di − fk(Hk(θ), τi))2
)
− ζ ·W 2

2 (fk(Hk(θ)), d)

(17)

where W 2
2 denotes the squared 2-Wasserstein distance between the empirical data distri-

bution d and the predicted model distribution fk(Hk(θ)), and ζ is a weighting parameter.
This hybrid formulation enables the inference algorithm to capture both local pointwise

agreement and global distributional similarity. The squared-error term ensures that the
model fits the observed decay values at each delay time τi, while the Wasserstein term
penalizes global mismatches in the overall structure of the coherence decay curve—an im-
portant feature when dealing with noisy, underdetermined, or aliased experimental data
[36]. This additional regularization is not required when testing our hybrid MCMC ap-
proach on simulated data generated from known hyperfine parameters. In the simulation
case, the model is sampled from the same distribution as the simulated data, and there is

Accepted in Quantum 2026-03-13, click title to verify. Published under CC-BY 4.0. 17
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Figure 5: Validation of hybrid MCMC approach on experimental data: (a) Average error per
data point as a function of the number of MCMC steps, with five random ensembles initialized for
25,000 steps each; the first 10,000 steps are treated as burn-in, and the remaining 15,000 steps are the
posterior spin configurations. (b) Experimental coherence data (250 data points from 6 µs to 8 µs of
a 32-pulse CPMG sequence) to which we applied the hybrid MCMC algorithm, and the reconstructed
signal using the best-fit spin configuration from the posterior distribution. (c) Posterior distribution of
the total number of spins in the recovered spin configurations. (d) Posterior distribution of hyperfine
couplings, with the 50 reported nuclear spin hyperfine couplings from the reference study overlaid. (e)
Posterior distribution of the number of spins by spin magnitude (

√
A2

⊥ + A2
∥), with the mode displayed

and the reference value reported in parentheses.

no error due to mismatches between the model and physical reality. Therefore, a standard
likelihood based on squared residuals is sufficient for an accurate reconstruction, in the
case of the simulated data. In contrast, when analyzing experimental data, we know that
the true hyperfine couplings differ systematically from the theoretical values used to define
the sampling space [34]. As a result, directly comparing the predicted and experimental
signals point-wise can lead to overfitting or biased inference. Incorporating the Wasserstein
distance allows the inference process to remain robust to such mismatches by focusing on
the agreement in the shape and distribution of the coherence signal, rather than on the
exact point-wise correspondence. The weight ζ = 0.5 was selected after benchmarking
several values, as detailed in Appendix E, where we show that this value of ζ balances
local fit and global structure matching.

The reconstructed coherence signal (Fig. 5b) captures many of the experimentally
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observed features, particularly the smaller peaks, but underestimates the depths of the
strongest peaks. This is consistent with the known limitations in the accuracy of theoretical
hyperfine calculations, particularly for strongly coupled nuclear spins. For more details and
a discussion on the accuracy dependence of the hybrid MCMC approach on the accuracy
of the input hyperfine couplings computed with DFT, see App. D.

The posterior distribution of the total number of nuclear spins (Fig. 5c), with a modal
value of 46, shows excellent agreement with the experimental reference value of 50. We fur-
ther evaluated the posterior distribution of hyperfine couplings (Fig. 5d). A total of 45 out
of the 48 experimentally identified nuclear spins are detected in the posterior distribution,
with 22 of these spins exhibiting detection rates exceeding their baseline probabilities (Ta-
ble 2). The calculation of detection rates and baseline probabilities is detailed in Appendix
F. One strongly coupled spin (labeled C36 in Table 2 with (A∥, A⊥) = (84.52, 114.42) kHz)
is not detected in the posterior distribution (see Fig. 5d). This illustrates the combined
effects of sparse experimental data and known discrepancies between DFT-computed and
experimentally measured hyperfine couplings: when the theoretical hyperfine values devi-
ate from experiment, the posterior detection probability can be reduced even for otherwise
well-resolved spins. Appendix D provides a detailed analysis showing that recovery rates
for both spin number and hyperfine couplings remain high when the input couplings are
accurate to within ∼ 1 kHz, while larger discrepancies between the DFT-computed and
experimentally-measured hyperfine couplings, as in the case of C36, lead to decreased
detection.

Our approach offers significant advantages over prior methods in terms of data effi-
ciency, computational cost, and adaptability. A machine learning method proposed in Ref.
[17] identified 23 nuclear spins in the same experimental dataset but required 14 hours of
computation using both CPU and GPU resources (an Intel Core i9-9920X with 12 cores
and 2× NVIDIA RTX 2080 Ti), along with 11,000 data points for a 32-pulse experiment
(and 7,500 for a 256-pulse one). Another ML-based method for this same inverse problem
[18], which to the best of our knowledge has not yet been experimentally validated, uses
3.6 million synthetic training samples, each of which requires a forward model evaluation of
the spin coherence model. Although they do not report computational time, training data
generation alone involves significantly more model evaluations than our hybrid approach,
which requires approximately 750,000 forward evaluations in total (25,000 MCMC walker
steps per ensemble with an additional approximately 125,000 evaluations per ensemble
during parallel tempering, with 5 ensembles run in total). Furthermore, their model must
be retrained when experimental conditions, such as magnetic field or pulse sequences, are
changed.

In contrast, our method achieves comparable performance using only 250 data points
from a single 32-pulse experiment and runs in approximately 8 hours using only 5-cores of
a single CPU node (Intel Xeon E5-2680 v4), without requiring pre-training or additional
tuning when experimental conditions are changed. The experimental dataset used here was
originally acquired for different studies [16, 35]; we sub-sampled the available time points
to test the inference framework in a regime currently inaccessible to prior inverse-problem
techniques, demonstrating that accurate spin detection can be achieved with substantially
fewer measurements. Typical acquisition of a single 32-pulse coherence signal with 250
time points requires roughly 5–10 hours under standard laboratory conditions, including
NV selection, alignment, and calibration, making the measurement time comparable to
the runtime of the inference algorithm. Compared to another non-ML approach proposed
in Ref. [37], which identified 14 experimental spins using high-resolution data (around
10,000 time points of the coherence signal) across multiple 13C Larmor periods, our method
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identifies more spins using a much sparser dataset. The tradeoff of working with sparse
data is the persistence of ill-posedness; however, our Bayesian inference framework reduces
the number of plausible lattice sites from 3,518 to 230 by leveraging posterior detection
probabilities.

Finally, the hybrid MCMC method accurately characterizes the distribution of nuclear
spins across different hyperfine magnitude regimes (Fig. 5e). Specifically, the modes of the
posterior distributions for weakly coupled spins (<100 kHz) align exactly with reference
values, while the number of strongly coupled spins is slightly underestimated. This outcome
is consistent with the known limitations of the theoretical hyperfine values (see Appendix
D).

6 Discussion
Hybridized Markov Chain Monte Carlo (MCMC) methods offer a flexible and powerful
framework for addressing trans-dimensional inverse problems, particularly under ill-posed
conditions. Although such hybrid approaches, where different MCMC strategies are com-
bined to enhance sampling efficiency, have found broad utility in fields such as ecology [38],
evolutionary biology [39], and geophysics [40, 41], their application to quantum systems
presents unique advantages. This is largely due to the discrete nature of quantum states
and the hierarchical structure of prior knowledge that often accompanies physical parame-
ters, whether derived from experimental measurements or from first-principles calculations.
When prior knowledge strongly constrains the possible values of certain parameters, such
as nuclear spin quantum numbers or symmetry-allowed configurations, it is advantageous
to represent these parameters as discrete, thereby restricting the search space to physically
admissible values and reducing computational cost. Conversely, for parameters where the
uncertainty is significant, a continuous representation may be more appropriate, allowing
the model to explore a broader and less constrained space informed by physically motivated
probability distributions. This dual treatment of model parameters—as either discrete or
continuous depending on the level of prior information—provides a systematic means of in-
tegrating a priori knowledge into the sampling process, balancing computational efficiency
with physical rigor.

Crucially, the hybrid MCMC framework does not depend on the availability of DFT-
derived hyperfine tensors and remains fully operational even in their absence. When
the crystal lattice is known but detailed electronic-structure information is unavailable,
the same hybrid sampling strategy can be applied over discrete lattice sites using mag-
netic dipolar hyperfine interactions computed analytically and directly from the fixed lat-
tice geometry. This lattice-constrained formulation captures the dominant distance- and
orientation-dependent physics governing the nuclear–electron interaction while substan-
tially reducing the dimensionality of the inference problem. A continuous RWMH scheme
can then relax the hyperfine coupling parameters associated with each lattice site around
their approximate dipolar values, without relaxing the underlying lattice positions them-
selves. This hybrid inference strategy establishes the approach as a broadly applicable
and practical technique for reconstructing nuclear spin environments across a wide class
of spin-defect systems, including semiconductors for which reliable DFT hyperfine cal-
culations are unavailable or impractical to compute. More generally, in systems where
even lattice-resolved prior information is unavailable, the same Bayesian framework can be
implemented in a fully continuous trans-dimensional setting using a continuous formula-
tion of RJMCMC [27] or continuous RWMH sampling over both the number and spatial
coordinates of nuclear spins without requiring any discrete lattice constraints.

Accepted in Quantum 2026-03-13, click title to verify. Published under CC-BY 4.0. 20



A central challenge in applying Markov Chain Monte Carlo (MCMC) methods to quan-
tum systems lies in the high computational cost associated with forward models, which map
parameters of interest to observable quantities. In quantum materials and molecular sys-
tems, such forward models are often based on ab initio electronic structure methods, such
as density functional theory (DFT), whose computational cost typically scales as O(N3)
with system size N . For certain physical properties that require even more computation-
ally expensive methods, such as coupled-cluster or multireference methods, the scaling
becomes substantially worse—up to O(N6) or beyond—rendering them impractical for
large systems or for problems requiring extensive sampling. In trans-dimensional Bayesian
inference, MCMC algorithms often require tens of thousands of likelihood evaluations to
adequately sample posterior distributions. If each of these evaluations involves a costly first
principles calculation, the cumulative computational burden becomes prohibitive. Thus,
the development of surrogate models, reduced-order methods, or data-driven approxima-
tions that retain quantum mechanical fidelity while significantly lowering computational
overhead is essential for enabling scalable inference of the properties of quantum systems.

One promising strategy to address the computational bottleneck is the use of machine
learning (ML) to construct surrogate models for forward simulations. Rather than attempt-
ing to learn the inverse map from observables to model parameters—which is fundamentally
ill-posed and highly sensitive to noise—ML approaches can be employed to approximate
the forward model itself, which is well-posed and grounded in the underlying physics. Sur-
rogate models trained on a limited set of high-fidelity quantum mechanical calculations
can reproduce system observables with sufficient accuracy while drastically reducing the
computational cost of individual likelihood evaluations. This approach enables efficient
sampling within MCMC frameworks, without compromising the interpretability or uncer-
tainty quantification inherent to Bayesian inference. Recent studies have demonstrated
the effectiveness of surrogate ML models in capturing structure–property relationships in
a range of quantum systems, including the prediction of spectroscopic signatures, electronic
properties, and energy landscapes [42, 43, 44, 45, 46, 47]. The integration of such models
into inference workflows provides a scalable path forward for the characterization of the
properties of quantum materials and molecular systems, especially in regimes where direct
simulation remains computationally prohibitive.

A notable strength of the Bayesian framework, and hybridized MCMC approaches in
particular, lies in their systematic improvability and conceptual flexibility. Enhancements
in the accuracy or efficiency of forward models—whether through advances in numerical
algorithms or the introduction of machine-learned surrogates—translate directly into im-
proved sampling performance and more accurate inference, without requiring fundamental
changes to the underlying methodology. Moreover, physical constraints, conservation laws,
and symmetries can be naturally and rigorously incorporated into the likelihood function,
allowing the inference process to remain firmly grounded in the physics of the problem.
Modifying the forward model or refining the likelihood to reflect improved understanding or
additional experimental input incurs minimal overhead, enabling a modular and extensible
workflow. This stands in contrast to direct machine learning approaches, which typically
require retraining on new datasets and often involve nontrivial engineering of loss functions
to enforce physical consistency. In this sense, Bayesian inference provides a transparent
and adaptable framework for the characterization of many properties of quantum systems,
capable of evolving alongside theoretical and computational advances.

A potential limitation of the hybrid MCMC approach arises when the true Hamiltonian
does not lie within the predefined class of candidate models. However, the framework is nat-
urally compatible with established techniques for model selection and averaging, which can
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mitigate issues related to model misspecification. Bayesian model averaging [48], mixture
models [49], and ensemble strategies [50] such as bagging offer systematic approaches to
incorporate uncertainty over model structure. In particular, bagging methods—originally
developed in the context of machine learning—construct ensembles by training models on
bootstrapped subsets of the data and combining their predictions through voting, aver-
aging, or regularized aggregation to improve robustness; such procedures are adopted in
sparse data regimes where small variations in the dataset may lead to significant shifts in
the inferred posterior [51]. By enabling principled treatment of both parameter and model
uncertainty, such extensions could preserve the interpretability and physical grounding of
the Bayesian approach while enhancing its stability and generalizability. Nonetheless, if
the true model lies far outside the chosen candidate set, the current framework cannot
generate a fully data-driven model; some choice of forward model or candidate class is
always required. This feature distinguishes our approach from purely data-driven or ma-
chine learning–based methods. At the same time, leveraging substantial prior information
about the physical system, such as Hamiltonian structure and DFT-based priors, is pre-
cisely what allows us to extract meaningful information from this highly ill-posed inverse
problem.

Another potential limitation of MCMC-based strategies is their computational cost,
which can become significant for high-dimensional models. This is an inherent feature
of sampling-based approaches: the walkers require a burn-in period to explore the poste-
rior distribution before producing reliable samples, and each likelihood evaluation can be
expensive, particularly when forward models involve complex physics or first-principles cal-
culations. While surrogate models [52] and reduced-order approximations [53] can mitigate
the computational burden, the fundamental requirement for a sufficiently long burn-in and
adequate sampling cannot be eliminated. High-dimensional problems require more com-
putational resources, and careful attention must be paid to balancing model complexity,
sampling efficiency, and available computational power.

Future developments of hybrid MCMC methods for ill-posed inverse problems will ben-
efit from several complementary advances. Adaptive hybridization schemes that dynami-
cally toggle between discrete and continuous parameter spaces in response to data quality
and uncertainty could significantly enhance sampling efficiency and robustness. The in-
tegration of surrogate models—potentially guided by active learning protocols—promises
not only to accelerate convergence but also to enable real-time Bayesian updating, lay-
ing the foundation for autonomous, data-driven experimental design and continuous data
assimilation. Moreover, realizing the full potential of these approaches will require effi-
cient, scalable implementations of parallel and distributed MCMC algorithms capable of
exploiting modern high-performance computing architectures. Coupled with user-friendly
software frameworks that facilitate hybridization across diverse MCMC strategies, such ad-
vances will be crucial to the widespread adoption of hybrid MCMC for rapid and scalable
quantum characterization across a broad range of physical quantum systems.

Data and code availability
Data and supporting code that support this study will be made available through github:
https://github.com/pabigail/rjmcmc-hyperfine-recovery.
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A Hyperparameter dependence

Figure 6: Error trajectories of 5 ensembles as a function of walker steps for varying σ2. The
recovery algorithm was applied to the same coherence signal generated using N = 16 CP pulses,
ε = 0.001 shot noise, hyperfine perturbation 0.001, τmax = 0.008 ms, and 250 interpulse times sampled
from 15 simulated spins with Rspin = 5 Å.

There are a variety of hyperparameters in the hybrid algorithm, including the walker
radius of the lattice sites (Rspin), the walker radius over λ values (RT2), the number of
strands for parallel tempering, the inverse temperatures used for parallel tempering, and
the noise variance parameter in the likelihood function (Eq. 3 in the main text) σ2.
While we do not tune every hyperparameter for optimal performance (and we make no
claim that the hyperparameters selected for this work are optimal), we note that we get
sufficient performance even without having to go through the computationally intensive
steps to systematically and exhaustively tune the hyperparameters.

We find that the hybrid algorithm presented is highly robust to Rspin, but the perfor-
mance of the hybrid algorithm is sensitive to σ2. In Fig. 7, we find that the variance,
mean, and convergence properties of the error trajectories are uncorrelated with the size
of the walker radius over the lattice sites Rspin. That is, the probabilistic selection rules
introduced by the hybrid algorithm bias the walkers toward the same solution, regardless
of the size of the neighborhood by which each lattice walker is constrained. Notably, there
is a physical limit on how small the walker radius can be, which is the distance of nearest
neighbors between lattice sites. For diamond, the distance between nearest neighbors is
around 1.54 Å. Unless otherwise stated, all simulations and experimental data recovery
were performed with Rspin = 5 Å.

In contrast, the performance of the hybrid algorithm is highly sensitive to the value
of σ2 in the likelihood. We find that for values of σ2 that are too small, even though the
variance in the error is small and the mean errors tend to be low, ensembles are highly
likely to be trapped in local minima, whereas for values of σ2 that are too large, the mean
error and variance both increase (see Fig. 6). Unless stated otherwise, we use σ2 = 0.1,
which represents the best tradeoff between low variance, low mean, and minimal trapping
in local minima.

We note that hyperparameters need not be strictly optimal: beyond a certain point,
further optimization yields diminishing returns, and the cost of hyperparameter optimiza-
tion should not exceed the cost of the inference itself. Our primary requirement for hy-
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Figure 7: Error trajectories of 5 ensembles as a function of walker steps for varying Rspin.
The recovery algorithm was applied to the same coherence signal generated using N = 16 CP pulses,
ε = 0.001 shot noise, hyperfine perturbation 0.001, τmax = 0.008 ms, and 250 interpulse times sampled
from 15 simulated spins with σ2 = 0.1.

perparameter values is reliable convergence of the MCMC walkers to the posterior dis-
tribution on an accessible timescale given available computational resources. In practice,
tuning the hybrid algorithm involves balancing exploration and convergence across both
discrete and continuous parameter spaces, although one should also account for the trade-
off between optimizing hyperparameters, which can lead to faster convergence, versus the
time-consuming and computationally intensive process of optimizing the hyperparameters.

For continuous parameters, adjusting proposal step sizes or covariance matrices can help
achieve an acceptance rate that promotes efficient mixing while avoiding local trapping.
For discrete parameters, such as lattice site selection, the choice of neighborhood radius
should respect physical constraints (e.g., nearest-neighbor distances) but can otherwise
be broad without degrading convergence. Parallel tempering parameters, including the
number of strands and inverse temperatures, can be selected to ensure sufficient exchange
between chains, particularly in multimodal or rugged likelihood landscapes. Finally, the
noise variance σ2 in the likelihood should be tuned to balance model flexibility against
overconfidence: too small values risk trapping the walkers in local minima, whereas too
large values reduce the algorithm’s ability to accurately recover underlying parameters.
In many cases, adaptive strategies provide a practical approach to systematically improve
performance without requiring exhaustive hyperparameter searches [54]; such as moni-
toring acceptance rates and effective sample sizes during burn-in and adjusting proposal
distributions or tempering schedules accordingly.

B Performance of hybrid algorithm in dense, low noise limit
We demonstrate that the proposed method achieves high accuracy, even for weakly coupled
spins, with over 80% accuracy for spins in the 0-25 kHz frequency range when applied
to coherence data simulated in the large data limit commonly used in machine learning
approaches. When the method is applied to experimental coherence signals that are in the
resolution limit of the data used in recent machine learning studies (e.g., [17, 18]), as shown
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(a) (b) (c)

Figure 8: Recovery method on data with experimental parameters in machine learning regime.
(a) Detection rate for hyperfine couplings of the posterior distribution, (b) detection rate for the number
of spins in the modal configurations of the posterior distribution, and (c) false positive rate for hyperfine
couplings for spins in the modal spin configuration over the posterior distribution for data generated
with 15,000 time points for N=32 and N=256 CP pulses at 404 G magnetic field.

in Figure 8, it achieves low false positive rates and near-perfect accuracy for recovering the
number of spins when the coupling frequencies exceed 25 kHz.

Despite these favorable trends, performance in the 0–25 kHz regime remains substan-
tially degraded in terms of accuracy of the number of spins detected (3̃0%) and false positive
rate (4̃0%) as seen in Figure 8, even in the limit of long dynamical decoupling sequences,
large numbers of dynamical decoupling pulses, and dense samplings of interpulse spacings.
This behavior should not be interpreted as an algorithmic failure, but rather as a manifes-
tation of the fundamentally ill-posed nature of the inverse problem associated with weakly
coupled nuclear spins. In this regime, individual spins induce only minimal modulations
of the NV coherence signal, and the resulting signal variations are often comparable in
magnitude to experimental noise [55]. Thus, many distinct spin configurations, differing
in both number and hyperfine couplings, produce coherence signals that are effectively
indistinguishable within the accessible measurement resolution.

The ill-posedness is further exacerbated by the large number of nuclear spins at small
hyperfine couplings, which leads to a combinatorial proliferation of nearly degenerate so-
lutions in parameter space. Even with extensive data, including large numbers of sampled
time points and high pulse numbers, the available measurements do not uniquely constrain
the underlying spin configuration. In this setting, additional data primarily reinforce exist-
ing ambiguities rather than resolve them, reflecting a saturation of the information content
of the coherence signal under fixed experimental parameters.

Within our Bayesian framework, this intrinsic non-identifiability is made explicit through
the structure of the posterior distribution, which exhibits broad, multi-modal support in
the weak-coupling regime. The strict detection criteria employed here, requiring consis-
tency between detected spins and lattice-resolved hyperfine couplings, favor conservative
reconstructions at the expense of reduced apparent detection rates for extremely weakly
coupled spins. Importantly, this trade-off reflects a principled response to an underdeter-
mined inverse problem rather than a limitation of the inference procedure itself.

These observations indicate that improving performance in the 0–25 kHz regime cannot
be achieved solely through algorithmic refinement or increased data density under other-
wise fixed experimental conditions. Instead, resolving such weakly coupled spins requires
additional, complementary experimental information that alters the structure of the in-
verse problem itself, for example by combining measurements performed under different
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magnetic fields. Hence, the reduced performance in the weak-coupling regime reflects a
fundamental information limit of the measurement setting, rather than a deficiency of the
Bayesian inference framework.

C Experimental procedure
CPMG data were measured on a single, naturally occurring NV center in a high-purity
chemical-vapor-deposition homoepitaxial diamond (type IIa, 1.1% natural abundance of
13C) with ⟨111⟩ crystal orientation. A solid immersion lens with an aluminum-oxide anti-
reflection coating (atomic-layer deposition) was used for enhanced photon collection. Mi-
crowave fields for electron spin manipulation were delivered via on-chip lithographically-
defined strip lines, and a static magnetic field of Bz ≈ 403 G was applied along the NV-
axis using a room-temperature neodymium magnet, with stability < 3 mG and alignment
within 0.07◦ (thermal echo calibration). The electron spin Rabi frequency was 14.31(3)
MHz, with Hermite pulse shapes for efficient MW pulses, and phase alternation of π-pulses
was performed using the XY-8 scheme. Experiments were conducted at 3.7 K in a com-
mercial closed-cycle cryostat (Montana Cryostation), achieving single-shot NV spin-state
readout fidelity of 94.5% via spin-selective resonant excitation. The electron spin relax-
ation time was T1 > 1 h, natural dephasing time T2 = 4.9(2) µs, spin-echo coherence time
T2 = 1.182(5) ms, and multipulse dynamical decoupling coherence time T2,DD > 1 s with
optimized inter-pulse delay 2τ .

D Dependence on hyperfine couplings
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Figure 9: Recovery method accuracy versus hyperfine coupling perturbations. (a) Detection
rate for hyperfine couplings of the posterior distribution, (b) discrepancy between the number of spins
recovered and the number of spins simulated, and (c) false positive rate for hyperfine coupling per-
turbations of different magnitudes. The recovery algorithm was applied to the same coherence signal
generated using N = 16 CP pulses, ε = 0.001 shot noise, τmax = 0.008 ms, and 250 interpulse times
and σ2 = 0.1 averaged over simulated nuclear spin baths ranging from 6 to 20 spins.

Because our model currently constrains the possible hyperfine couplings to those com-
puted from ab initio density functional theory for each lattice site, it is essential to un-
derstand how the recovery method performs when these input couplings are inaccurate.
We investigated the hybrid algorithm’s robustness to perturbations in hyperfine couplings,
focusing on the ability to recover the hyperfine parameters A⊥ and A∥ from noisy input
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hyperfine data associated with each lattice site. Simulated inaccuracies in hyperfine cou-
plings, introduced by perturbations A⊥ ± δ and A∥ ± δ, were considered, where we varied
the perturbation (denoted as δ) to assess recovery accuracy. We applied our hybrid recov-
ery method to simulations with a 0.001 shot noise per data point, 250 τ sampled, a 0.008
ms longest τ , 16 CP pulses, and 311 G magnetic field.

Our results indicate that the algorithm remains robust to hyperfine perturbations up
to approximately 1 kHz. When the input hyperfine couplings were accurate to the closest
kHz, the algorithm performed well, with recovery rates close to 1 for the highest magnitude
of hyperfine couplings (> 150 kHz). However, when the perturbations exceed 1 kHz, the
recovery rates for both hyperfine couplings and number of spins decreases, suggesting
that the method is less effective when hyperfine couplings are known with low precision
(Fig. 9). This threshold suggests that the method is particularly suited for systems where
hyperfine couplings can be known to within a kilohertz. Given that state-of-the-art ab
initio calculations based on density functional theory can achieve relative mean errors of
around 1% for hyperfine couplings at all distances for an NV center in diamond [34], and
that we seek to detect nuclear spins in the weakly coupled regime (up to 200 kHz), with
the majority of spins considered here (over 99%) below 100 kHz, this level of accuracy falls
within the algorithm’s robustness threshold and is promising for practical applications.

However, based on these results for more strongly coupled spins (between 100-500 kHz),
we expect a large drop off in accuracy for detection rates for individual spins, since the
relative mean error results in a much larger absolute error for more strongly coupled spins.
A 1% mean absolute error for a 250 kHz results in a 2.5 kHz hyperfine perturbation, which
is in the regime where the detection rate is much lower than for hyperfine perturbations
below 1 kHz and smaller. Nevertheless, the discrepancy between the number of spins
for simulated groups of strongly coupled nuclear spins and the recovered number of spins
remains relatively low and constant, even for simulations with highly perturbed hyperfine
couplings. Taken together, these simulations indicate that this hybrid MCMC approach
remains a powerful tool for screening individual samples based on the number of spins
of varying magnitudes, even as we expect a decrease in detection accuracy when using
theoretical values for nuclear spins with more strongly coupled hyperfine couplings.

E Validation of Wasserstein Weighting Parameter ζ

To assess the effect of including a Wasserstein distance penalty in the likelihood, we val-
idated the performance of the hybrid MCMC algorithm on experimental data across a
range of values for the weighting parameter ζ in the modified likelihood:

Lmod(dd|θ) = (1− ζ) · exp
(
− 1

2σ2

d∑
i=1

(di − fk(Hk(θ), τi))2
)
− ζ ·W (fk(Hk(θ)), d) (18)

where W (·, ·) denotes the Wasserstein distance between the predicted signal and observed
data, and θ = (A∥, A⊥, Bz, λ, N) are the inferred parameters. In practice, we use the log
likelihood to mitigate numerical instability.

As shown in Table 1, the value ζ = 0.5 yielded the best balance between signal fidelity
and structural regularization, resulting in the recovery of the most physically plausible
number of spins (22). At ζ = 0, the inference relies purely on the pointwise squared error,
which can overfit noise and result in over-detection. Conversely, large values of ζ (e.g.,
ζ = 1) heavily penalize small-scale mismatch and underfit the data, suppressing recovery.

This weighting is not needed for simulations using ground-truth hyperfine parameters,
since both data generation and inference use consistent models (i.e., are drawn from the
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Table 1: Validation of Wasserstein weighting parameter ζ on experimental data. The number of nuclear
spins detected from the posterior distribution is shown for various values of ζ.

ζ Number of detected spins

0 20
0.25 18
0.5 22
0.75 12
1.0 2

same distribution). For experimental data, however, uncertainties in measured hyperfine
couplings necessitate a regularization term to improve robustness and mitigate overfitting
to systematic discrepancies.

F Detection rates for hyperfine couplings extracted from experimental
data

We present the detection rates for hyperfine couplings (Table 2) and spatial positions
(Table 3) of nuclear spins, computed from the posterior distribution sampled using the
hybrid MCMC algorithm applied to 250 data points from an N = 32 CPMG experiment
with τ ranging from 6 to 8 µs. These results are compared with experimentally reported
values in Refs. [16, 35]. We align the computed lattice sites and hyperfine couplings, which
were computed in Ref. [34], using the HSE06 functional with a supercell containing 1728
atoms, with the experimentally reported values in Ref. [35]. If an experimental nuclear
spin position is reported with low precision, meaning that multiple lattice sites fall within
the range defined by the standard deviation, we identify the “recovered" lattice site as
the single lattice position within this range with the effective spin frequency (A−

rec) that
most closely matches the experimentally determined effective spin frequency (A−

exp). There
are two nuclear spins, C37 and C49, for which we could not find a good match between
the experimentally reported positions and effective spin frequencies with the computed
positions and effective spin frequencies. Similarly, while the posterior distribution contains
additional hyperfine values corresponding to lattice sites not matched to experimental
spins, only the subset of posterior hyperfines that can be associated with experimentally
observed spins are reported in Table 2.

As noted in Ref. [34], there is a known sign inconsistency between the experimentally
reported parallel components of hyperfine values and the values computed theoretically. To
maintain consistency, we use the sign convention of the experimental data. The hyperfine
components computed with the HSE06 hybrid functional in Ref. [34], which we also use in
this work, were validated against three separate experimental datasets: Refs. [56, 10, 35].
One of these datasets is the same as the one we use for validation here. Because the
HSE06 functional was tested on multiple datasets, we consider it a reliable choice for this
study and are not overly concerned about overfitting to a single dataset. In Fig. 5(d),
the yellow points correspond to all posterior hyperfines sampled by the MCMC algorithm,
whereas the crosses indicate experimentally observed spins. The crosses plotted in Fig.
5(d) correspond to columns 7 and 8 (rather than columns 4 and 5) in Table 2, which
was chosen to better visualize the correspondence between spins that could be recovered
and the posterior hyperfine distribution. That is, all plotted crosses correspond to DFT-
computed hyperfines, and in Tables 2 and 3 we provide the subset of spins for which

Accepted in Quantum 2026-03-13, click title to verify. Published under CC-BY 4.0. 33



we consider the DFT-computed hyperfines and experimentally measured hyperfines to be
equivalent. The matching criterion uses both lattice positions and hyperfine couplings to
identify corresponding spins.

We note that the 50 spins associated with this NV center were characterized using
different types of experimental measurements, and therefore different amounts of hyperfine
information are available across the set. All spins have reconstructed lattice coordinates
(Table 3), which we use as the primary criterion to associate experimentally observed spins
with DFT lattice sites for hyperfine comparison. For spins 1–27, both ms = ±1 transition
frequencies were measured, allowing direct extraction of A∥ and A⊥ (Table 2). For more
information on the experimental procedures for spins 1-27, see [16]. For spins 28–50, only
partial spectroscopic data are available (the ms = −1 frequency and, for some spins, a
local shift ∆i), which provides information for A∥ based on the local shift (∆i ≈ A∥), but
not for A⊥. For more information on the experimental procedures for spins 28-50, see
[35], and see the caption of Table 2 for more details on which approximations were used
to compute hyperfine couplings for specific spins. This variation in available experimental
data highlights the practical motivation for inference methods that reduce the need for
time-consuming full hyperfine characterization measurements.

We calculate the baseline probabilities of nuclear spins appearing in a random selection
of 50 spins using the hypergeometric probability distribution. Specifically, we determine
the probability that a spin from the set of 3,518 considered lattice sites is included in a
random group of 50 spins without replacement, while taking into account the number of
symmetrically equivalent lattice sites for each spin with respect to its hyperfine couplings.
This approach allows us to compare the observed detection rate of each spin in the posterior
distribution with the probability of its random occurrence.

Using the hypergeometric distribution, we determine baseline probabilities of 0.0420
for a site with three symmetrically equivalent sites, 0.0824 for six, 0.1210 for nine, and
0.1581 for twelve. For nuclear spins with identical hyperfine couplings (C8 and C50, C17
and C27, and C42 and C45), we calculate the baseline probability for a second spin based
on the probability of a spin appearing at least twice. This results in probabilities of 0.0029
for a site with six symmetrically equivalent sites and 0.0119 for a site with twelve. Using
these baseline thresholds, we find that 22 of the nuclear spins reported in [35] appear in
the posterior distributions sampled by the hybrid MCMC method more frequently than
expected by chance.

Some recovered spins have detection rates of zero (see Table 2), meaning they are absent
in all posterior samples. This occurs in the presence of sparse, noisy experimental data and
inaccurate priors, highlighting the ill-posedness of the inverse problem: certain spin con-
figurations cannot be reliably resolved given the limited information content. Importantly,
the goal of this Bayesian inference approach is not exact, high-precision reconstruction but
rather to provide informative posterior distributions that quantify uncertainty and identify
plausible nuclear spin configurations. Hence, the method is particularly useful for rapid,
high-throughput screening of spin environments, guiding experimental focus and helping
prioritize spins for further investigation, rather than producing perfect reconstructions from
limited data.

We do not provide explicit guidelines for a minimum detection rate required to consider
a prediction “reliable,” because this threshold is highly context dependent. It can vary
based on the specific experimental system, the quality and quantity of available data, and
the application or target observable of interest. For example, in regimes with sparse or
noisy data, even a moderate detection rate may provide useful information for screening or
identifying likely spin candidates, whereas in high-precision applications, only spins with
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very high detection rates may be considered reliable. Similarly, the acceptable threshold
may depend on whether one is interested in qualitative identification of spin presence,
quantitative recovery of hyperfine parameters, or downstream tasks such as simulating
spin-bath dynamics. In practice, the detection rate should be interpreted alongside other
metrics, such as the baseline probability, posterior uncertainty, and consistency with prior
knowledge, to assess the confidence in a given prediction.

A−
exp A−

rec A∥,exp A⊥,exp A∥,rec A⊥,rec detection
(kHz) (kHz) (kHz) (kHz) (kHz) (kHz) rate

C1 452.83(2) 452.34 -20.72(1) 12(1) -20.65 11.18 0.0797
C2* 455.37(2) 455.01 -23.22(1) 13(1) -23.27 13.16 0.8760
C3* 463.27(2) 462.73 -31.25(2) 8(2) -31.14 6.38 0.0498
C4* 446.23(4) 445.73 -14.07(2) 13(1) -14.01 12.42 0.0564
C5 447.234(1) 446.31 -11.346(2) 59.21(3) -10.81 59.27 0.0583
C6 480.625(1) 480.08 -48.58(2) 9(2) -48.39 11.51 0.0383
C7 440.288(6) 439.88 -8.32(1) 3(5) -8.33 1.08 0.0163
C8 441.77(1) 441.37 -9.79(2) 5(4) -9.79 4.51 0.0683
C9 218.828(1) 207.39 213.154(1) 3.0(4) 224.18 3.06 0.0603
C10 414.407(1) 413.76 17.643(1) 8.6(2) 17.88 8.75 0.0679
C11* 417.523(4) 416.54 14.548(3) 10(1) 15.13 9.85 0.1585
C12 413.477(1) 412.07 20.569(1) 41.51(3) 21.57 41.50 0.0036
C13 424.499(1) 424.15 8.029(1) 21.0(4) 7.92 21.04 0.0
C14 451.802(1) 451.38 -19.815(3) 5.3(5) -19.79 6.19 0.0593
C15* 446.01(5) 445.71 -13.961(3) 9(1) -14.07 9.43 0.1108
C16* 436.67(5) 436.26 -4.66(3) 7(4) -4.65 7.44 0.1025
C17* 437.61(1) 437.24 -5.62(1) 5(2) -5.68 1.33 0.0991
C18 469.02(1) 468.14 -36.308(1) 26.62(4) -35.83 26.69 0.0
C19 408.317(1) 407.58 24.399(1) 24.81(4) 24.57 22.12 0.0035
C20 429.403(4) 429.02 2.690(4) 11(1) 2.67 10.96 0.0462
C21* 430.937(3) 430.58 1.212(5) 13(1) 1.16 12.82 0.0966
C22* 424.289(3) 423.83 7.683(4) 4(3) 7.75 5.37 0.1092
C23 435.143(7) 436.19 -3.177(5) 2(4) -4.61 5.23 0.1276
C24* 436.183(3) 436.84 -4.225(4) 0(6) -5.29 1.04 0.1256
C25 435.829(5) 436.89 -3.873(5) 0(4) -5.33 1.66 0.1519
C26 435.547(2) 435.23 -3.618(5) 0(2) -3.58 9.59 0.0982
C27* 435.99(3) 437.24 -4.039(5) 0(3) -5.68 1.33 0.0035
C28 440.9(1) 440.51 -8.91547(3)† 4.65† -8.48 5.90 0.0287
C29* 434.3(1) 433.83 -2.1857(1)† 14.86† -2.09 13.13 0.0890
C30 427.1(1) 426.64 4.87111(4)† 3.08† 4.94 5.43 0.1100
C31 428.3(1) 423.09 -3.66‡ 0‡ 8.48 4.32 0.0538
C32* 431.6(1) 415.60 -0.36‡ 0‡ 15.96 2.36 0.0835
C33* 439.0(1) 438.58 7.04‡ 0‡ -7.00 4.76 0.1137
C34 437.3(1) 436.88 5.34‡ 0‡ -5.32 3.12 0.0703
C35 427.4(1) 424.82 4.59133(4)† 5.17† 6.74 3.33 0.1213
C36 434.4(1) 365.41 -2.2142(8)† 14.00† 84.52 114.42 0.0
C37 429.1(1) - -2.86‡ 0‡ - - -
C38* 434.0(1) 433.44 2.04‡ 0‡ -1.83 7.03 0.0996
C39 432.5(1) 431.38 -0.450(5)† 8.82† 0.20 5.15 0.0267
C40* 433.3(1) 433.24 -1.173(5)† 12.03† -1.66 5.75 0.0979
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C41* 434.1(1) 430.69 -2.1893(6)† 0† 0.90 6.15 0.1749
C42 434.8(1) 437.08 2.84‡ 0‡ -5.52 3.58 0.1462
C43* 432.2(1) 427.83 -0.2701(6)† 0† 3.94 13.63 0.0904
C44 433.9(1) 435.32 -1.8828(6)† 7.05† -3.74 5.46 0.0903
C45* 436.2(1) 437.08 -4.174(1)† 7.59† -5.52 3.58 0.0176
C46 434.8(1) 430.43 2.84‡ 0‡ 1.15 5.31 0.0332
C47* 429.4(1) 423.98 2.5878(3)† 4.89† 7.51 2.56 0.1065
C48* 431.0(1) 394.41 -0.96‡ 0‡ 37.51 17.04 0.9588
C49 428.3(1) - -3.66‡ 0‡ - - -
C50 436.2(1) 207.39 -4.2270(4)† 3.37† 224.19 3.06 0.0026

Table 2: Comparison of Experimentally Measured and Recovered Hyperfine Interaction Values.
This table compares experimentally measured and recovered hyperfine interaction values for nuclear
spins, following the nuclear spin labeling convention in [16, 35]. The experimental data in this Table
combines data from two different kinds of experimental measurements. The data for nuclear spins C1-
C27 is from [16], in which the hyperfine components (A∥,exp, A⊥,exp) are fit from direct measurements
of the 13C spin precession frequencies for the ms = ±1 electron spin projections (see Sec. I of the SI
of [16] for more information about the experimental measurements and the fitting procedures). The
data for nuclear spins C28-C50 is from [35], in which only the spin frequencies (A−

exp) corresponding to
the ms = −1 electron projection are measured, and for a subset of these nuclear spins (denoted by †),
a hyperfine shift ∆i is measured (see Supplementary Note I of [35] for more details on experimental
measurements and a derivation of the following approximations). For the nuclear spins denoted by †,
we approximate A∥,exp ≈ ∆i, and we recover A⊥,exp based on A−

exp =
√

(ωL −A∥,exp)2 + A2
⊥,exp, and

any imaginary numbers are reported as 0†. For the spins (denoted with ‡) where ∆i was not measured
(due to low polarization, coherence, or readout contrast), we approximate A∥,exp ≈ ωL − A−

exp, where
we have assumed that A∥,exp is small and A⊥,exp ≈ 0. These experimental values are compared with
the hyperfine components (A∥,rec, A⊥,rec) recovered using a hybrid MCMC algorithm (see Sec. 5.3).
We report A−

rec as A−
rec =

√
(ωL −A∥,rec)2 + A2

⊥,rec. Detection rates of individual nuclear spins are
determined based on the frequency of their appearance in spin configurations sampled from the posterior
distribution. Spins can only be identified up to a degree of symmetry determined by the number of
lattice sites with identical hyperfine couplings; however, we properly account for the multiplicity of spins
with identical hyperfine couplings but different lattice sites when computing detection rates. Spins with
detection rates above their baseline probabilities are marked with an asterisk (*).

Experimental values Recovered values # of
x y z x y z symmetric

(Å) (Å) (Å) (Å) (Å) (Å) spins
C1 0.0 0.0 0.0 0.0 0.0 0.0 6
C2* 2.52 2.91 -0.51 2.52 2.91 -0.52 6
C3* 3.78 0.73 -0.51 3.78 0.73 -0.52 3
C4* -1.26 2.18 0.0 -1.26 2.18 -0.01 3
C5 0.0 4.37 -6.18 0.0 4.36 -6.18 6
C6 5.04 -1.46 -2.06 5.04 -1.46 -2.06 3
C7 5.04 -1.46 5.66 5.04 -1.46 5.66 3
C8 7.57 1.46 3.6 7.56 1.45 3.60 6
C9 7.57 -4.37 -10.81 7.56 -4.37 -10.82 6
C10 0.0 8.74 -12.36 0.0 8.73 -12.36 6
C11* 6.31 9.46 -12.87 6.30 9.46 -12.88 6
C12 11.35 0.73 -14.42 11.35 0.73 -14.42 6
C13 12.61 2.91 -6.69 12.61 2.91 -6.70 6
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C14 5.04 -2.91 -22.65 5.04 -2.91 -22.66 6
C15* 1.26 3.64 -22.65 1.26 3.64 -22.66 6
C16* 2.52 8.74 -23.17 2.52 8.74 -23.17 6
C17* 6.31 -2.18 -29.34 6.30 -2.19 -29.35 6
C18 0.0 -1.46 -19.05 0.0 -1.46 -19.06 6
C19 3.78 -9.46 -8.75 3.78 -9.46 -8.76 3
C20* 3.78 10.92 -4.63 3.78 10.92 -4.64 3
C21* -5.04 5.82 -4.12 -5.05 5.82 -4.12 6
C22* 16.39 -3.64 -8.24 16.39 -3.64 -8.24 6
C23 13.88 0.73 5.66 12.61 1.45 3.60 12
C24* 1.26 -0.73 9.78 1.26 -0.73 8.23 6
C25 7.57 1.46 9.78 6.30 2.18 7.72 12
C26 12.61 -5.82 -0.51 12.61 -5.83 -0.52 9
C27* 1.26 3.64 -31.4 1.26 2.18 -29.35 6
C28 -1.26 2.18 -24.71 -1.26 2.18 -24.72 3
C29* -6.31 0.72 -19.05 -6.31 0.73 -19.05 6
C30 12.62 10.19 -14.93 12.61 10.19 -10.30 12
C31 11(4) 15(4) -11(4) 7.56 11.65 -12.88 6
C32* 6(3) 12(2) -3(9) 5.04 10.19 -14.94 6
C33* -2.52 -1.46 4.12 -2.53 -1.46 4.11 6
C34 -2.52 0.0 6.18 -2.53 0.0 6.17 6
C35 20(3) -1(7) -8(1) 17.65 1.45 -8.76 12
C36 -8(7) -0(7) -23(9) -1.26 0.73 -14.42 6
C37 13(2) -12(1) -18(1) - - - -
C38* 12.61 -8.73 0.0 12.61 -8.74 -0.01 6
C39 16(5) -8(5) -24(4) 16.39 -8.01 20.60 3
C40* 11(3) -14(3) -26(4) 10.09 -11.65 -22.66 6
C41* 8(4) -12(4) 2(6) 8.82 -13.84 -2.58 12
C42 10.09 -7.28 -28.83 8.82 -5.10 -27.29 12
C43* 11(3) 7(3) -19(3) 12.61 5.82 -16.48 6
C44 0.0 11.65 -26.77 0.0 8.74 -24.72 9
C45* 6.3 6.56 -29.35 5.04 5.82 -27.29 12
C46 14(4) -5(4) -24(5) 17.65 -5.83 -19.05 6
C47* 21(4) -7(7) -14(7) 17.65 0.0 -12.36 6
C48* 16(4) -4(4) -21(9) 12.61 0.0 -12.36 6
C49 23(4) -4(8) -12(3) - - - -
C50 11(7) 5(7) -2(9) 5.04 4.36 -10.82 6

Table 3: Comparison of experimentally measured and recovered nuclear spin positions. We
present the spatial coordinates (x, y, z) of nuclear spins determined experimentally [16, 35] alongside
the recovered coordinates obtained using a hybrid MCMC algorithm. The lattice used in the hybrid
MCMC algorithm was aligned to be consistent with the experimentally reported nuclear lattice positions
and the experimental values of effective nuclear spin frequencies and hyperfine couplings. The column
labeled "# of symmetric spins" indicates the number of lattice sites with identical hyperfine couplings.
Of these symmetric lattice sites, the position closest to the experimentally reported value is shown.
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