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Preface

I am always interested in the optimal control theorem as | was told that scientists and engineers have
actually implemented the optimal control into the rocket and sent it to the moon in the 20th century. The
evolving mathematics behind optimal control is both fascinating and frightening. It is just math, but it is all
about math.

Writing this thesis, | have fully delved into the theory behind the nonlinear model predictive control. The
complexities of stability, feasibility, and optimality at times felt overwhelming. | still have not fully mastered
the intricacies of robust stability, but | feel confident in my understanding of nominal stability scenarios.
The implementation of the control algorithm made me realize that the soundness of a well-established
control theorem does not necessarily guarantee ease of implementation.

| would like to thank my supervisor, Sherry Wang, for her introduction to these captivating subjects and
for her steadfast support throughout my research. Our weekly discussions were a continuous source of
inspiration, motivating me to delve deeper into my work. My appreciation also extends to Sihao Sun for his
invaluable insights into control and simulations.

Tingyu Zhang
Oct. 2023
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Introduction

1.1. Motivation

Underactuated Mechanical Systems (UMS) are a class of mechanical models with fewer control inputs
than their controlled states. The causes for underactuation can be attributed to i) the inherent dynamics of
the system, ii) specific design choices, iii) actuator failures, and iv) the use of artificial low-order nonlinear
models to gain insights into the control of higher-order UMS [1]. While simpler UMS, such as the inverse
pendulum and the beam-and-ball system, have been thoroughly investigated in literature [2], this research
focuses on more complex, naturally occurring nonlinear UMS. Their profound impact and applications
in fields like robotics and aerospace underscore their significance. Examples of these systems include
aeroelastic systems, aircraft, cranes, underwater vehicles and unmanned air vehicles.

Controlling nonlinear UMS necessitates an in-depth understanding of various aspects such as their
inherent nonlinearities, built-in underactuation, stability characteristics, as well as input and state saturations.
Additionally, to enhance the robustness of control, it is crucial to reduce reliance on the precise system model.
Though a plethora of traditional nonlinear control strategies for UMS has been developed, they often fall short
of comprehensively addressing the facets emphasised above. For instance, the Nonlinear Backstepping
(NBS) has been applied to the vertical take-off aircraft [3], and the Nonlinear Dynamic Inversion (NDI)
was introduced as a control mechanism for UMS in [4]. As both NBS and NDI are categorised under
feedback linearisation techniques, they require specific dynamic prerequisites for effective implementation.
However, the existing feedback linearisation coordinates transformation approaches [5][1] tend to either
complicate the controller design — by intertwining linear and nonlinear subsystems with a new control input
— or are limited in their applications to UMS where the number of controlled inputs is at least as many
as that of unactuated states. When one achieves the desired feedback linearisation form, the efficacy
of either NBS or NDI becomes contingent upon the stability of the internal dynamics containing all the
unobservable states. Consequently, supplementary controllers become indispensable to stabilise these
internal dynamics. Beyond these structural and stability challenges brought by underactuation, both NBS
and NDI exhibit a strong model dependency and lack provisions to handle input and state constraints.

In contrast, Sliding Mode Control (SMC) has earned acclaim due to its adeptness at handling minor
and unstructured uncertainties, highlighted by its application in contexts like underactuated satellites [6]
and helicopters [7]. However, it is noteworthy that in low model dependent SMC, higher gains are often
preferred. These elevated gains might lead to the onset of input and state saturations and generate
high-frequency oscillations known as ’chattering’.

While the aforementioned methods can adequately address nonlinearities, another approach to mod-
elling nonlinear systems is through the Linear Parameter Varing (LPV) paradigm. LPV models, charac-
terised by linear state-space representations with state and time-dependent matrices, render conventional
linear control strategies viable. Notably, while effective against state-dependent nonlinearities, LPV models
cannot capture hard nonlinearities such as saturation and nonlinearly coupled modes [8]. The stability
criteria for controlling LPV models are still in the early stage, with the majority of stability and performance
assessments being validated through empirical experiments and high-fidelity simulations. Moreover, the
literature on modelling and control of UMS via the LPV approach remains sparse, with only a handful of
studies [9] [10].



1.2. Aim and Research Questions 2

Recent innovations in control methodologies have sought to minimize the pronounced model depen-
dencies seen in conventional techniques. The novel incremental approaches, Incremental Nonlinear
Dynamic Inversion (INDI), Incremental Nonlinear Backstepping (INBS), and Incremental Sliding Mode
Control (ISMC), are significant examples. They utilise additional measurements to supplant part of the
model information. The successful applications of these methods demonstrate superior performance
and robustness [11, 12, 13, 14, 15]. Notably, the ISMC method, as elaborated upon in [15], showcases
diminished control gains. For those keen on stability evaluations, INDI has been discussed in [16], while
INBS is covered in [17] and [14]. Despite being more robust and less model-dependent compared to
traditional nonlinear control methods, controllers solely based on a single incremental control approach
have limitations. Specifically, both INBS and INDI are intrinsically unable to stabilise the internal dynamics
introduced by underactuation. Moreover, these methods offer limited capability in addressing states and
input constraints.

Optimal control offers a distinct advantage in its versatility, capable of addressing both underactuation
and nonlinearities without restriction by system type and structure. In cases where a longer tracking
horizon is required, the concept of Nonlinear Model Predictive Control (NMPC) arises. A salient merit
of NMPC lies in its intrinsic capacity to manage input and state constraints as encompassed within the
NMPC problem formulation. Its stability conditions are detailed in [18][19][20][21]. However, being a model-
based approach, NMPC exhibits strong model dependency and is sensitive to noise. Fortuitously, the
advent of Robust NMPC with tightened constraints presents a promising avenue to bolster its robustness.
Specifically, nominal NMPC with tightened constraints, as explored in [22], assures the robust satisfaction
of state and input constraints. The efficacy of this robust NMPC has been validated in experimental
settings [23]. However, this approach employs the upper disturbance bounds for constraint tightening,
potentially resulting in a conservative or infeasible solution. To mitigate conservativeness, two different
approaches [24] and [25] have been proposed. Their primary objectives are to lower uncertainties and
relax the conservativeness of robust NMPC solutions. However, the sliding manifold in [24] heavily depends
on model accuracy and a disturbance estimation error dynamics is required in [25]. Furthermore, only
input-matched disturbances are compensated in these approaches, leaving the orthogonal complement
disturbances untouched. Consequently, there is an urgent need for a less model-dependent approach that
can effectively address both matched and unmatched uncertainties and disturbances.

Among the design aspects, namely nonlinearity, stability, underactuation, states and input constraints,
robustness, and model dependency, the robust NMPC shows promising potential in addressing most of
the problem but has limitations regarding heavy reliance on the model. On the other hand, the nonlinear
incremental control offers a notable advantage of lower model dependency. Can these strengths be
synergistically combined?

A recent study hinted at this possibility, presenting a loosely coupled NMPC with INDI [26]. However,
its reliance on a nominal NMPC model lacks robustness considerations. This raises the question: Is it
feasible to integrate incremental nonlinear control into the robust NMPC framework, paralleling techniques
from [24] and [25], to encapsulate disturbances more effectively?

In light of these considerations, this research proposes a tightly coupled robust NMPC with an incremen-
tal nonlinear control approach. By utilising online sensor-based observations, we aim to curtail uncertainties
and estimate the disturbance residues. These residues are then managed by the constraint-tightening
mechanism to ensure robustness. We will validate the proposed control strategy’s proficiency across
diverse UMS under varying simulated conditions.

1.2. Aim and Research Questions

While many UMS have been investigated on a case-by-case basis, the input-affine UMS emerges as a
pivotal model for stability and control research. This model is particularly relevant given its applicability to
prevalent aerospace systems, including the aeroelastic wing and quadrotor. The primary objective of this
research is to develop an incremental optimal nonlinear control for input-affine UMS. This control seeks to
comprehensively address the system’s inherent challenges, such as nonlinearity, underactuation, stability
concerns, robustness, and constraints on states and inputs. The research goal is framed as:

"Development of nonlinear incremental optimal control for underactuated me-
chanical systems."



Building on this research aim and the preceding discussions on control prerequisites, the primary research
question and its related sub-questions are articulated as:

"How can robust NMPC and incremental nonlinear control be hybridised in a
new control scheme that effectively controls input affine UMS, while ensuring
Lyapunov stability, minimizing model dependency, adhering to states and input
constraints, and reinforcing robustness."

What types of disturbances should be considered and included?

How can a stable cost function be constructed for the robust NMPC?

What types of incremental nonlinear control are to be synchronised with robust NMPC?

How can the selected incremental nonlinear control be utilised to filter out disturbances and improve
robustness?

5. How to formulate tightened constraints to ensure robustness?

oD~

1.3. Report Outline

The body of this report is organised into four parts. Part | commences with a scientific paper that presents
the research methodologies, results and discussion of the main research phase of this thesis. Thereby, the
scientific paper presents a deeply coupled robust NMPC with INDI for underactuated mechanical systems.
The scientific paper is followed by part Il, which includes a literature review and a preliminary analysis. Part
Il ends with a preliminary analysis of the proposed controller applied to a quadrotor. Then, part Il follows
with additional results on the proposed robust NMPC controller with different terminal conditions. Finally,
part IV wraps up the report by revisiting and addressing the research questions delineated in section 1.2
and providing recommendations for further research.
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1A part of this article has been submitted to The 41st IEEE Conference on Robotics and Automation (ICRA 2024). A part of this
article also presents initial results for The International Forum on Aeroelasticity and Structural Dynamics (IFASD) 2024



Robust Tightly-Coupled NMPC and INDI applied
to Underactuated Mechanical Systems

Tingyu Zhang

Abstract—Underactuated mechanical systems (UMS) feature
prominently in robotics and aerospace, with aircraft, unmanned
air vehicles, and aeroelastic wings as prime examples. These
systems present multifaceted control challenges, ranging from
inherent underactuation and stability concerns to state and
control saturation and an overarching need for robustness. Cru-
cially, reducing model dependency is a key strategy to enhance
control robustness. Nonlinear Model Predictive Control (NMPC)
is valued for addressing underactuation and constraints within
complex nonlinear dynamics while considering future stages for
immediate decision-making. However, implementing NMPC in
UMS can pose challenges due to model uncertainties and external
disturbances. To enhance NMPC’s robustness in UMS control,
we introduce a disturbance rejection NMPC strategy, which is
tightly coupled with the incremental nonlinear dynamic inversion
(INDI), a sensor-based adaptive control approach. The INDI is
expected to reject most of the disturbances. Any disturbance
residues are managed within a robust NMPC framework through
constraint tightening. The efficacy of our method is exemplified
through its application to two distinct UMS models. The pro-
posed controller is first customized for a nonlinear aeroelastic
system. Compared to the nominal NMPC, the simulation studies
demonstrate up to 37.60% and 40.00% error reductions in plunge
and pitch motions. Subsequently, we adapt this controller for
quadrotor trajectory tracking tasks and compare the results with
a benchmark control strategy that loosely coupled the NMPC
with INDI. Extensive simulation validations have been performed
to track agile trajectories, showing up to a 79.58% reduction in
position error and up to a 44.08% reduction in heading error.

Index Terms—nonlinear model predictive control (NMPC),
incremental nonlinear dynamic inversion (INDI), aeroelastic
system, quadrotor, robust control.

1. INTRODUCTION

Underactuated mechanical systems (UMS) are a class of
mechanical models with fewer control inputs than their con-
trolled states. Examples of inherent UMS include aeroelastic
systems, aircraft, cranes, underwater vehicles and unmanned
air vehicles. Conventional nonlinear control on UMS faces
many challenges. These challenges include managing under-
actuation, handling coupled dynamics, mitigating nonlinear-
ities, preventing constraint violation and control saturation,
and establishing robustness against external disturbances and
uncertainties.

Robust nonlinear model predictive control (NMPC) with
tightened constraints has emerged as an effective remedy
for these challenges. In contrast to the min-max NMPC
approaches [1], [2], which first maximize the cost function
with respect to the worst-case disturbance scenarios and
then minimize the maximized cost in relation to control
inputs—resulting in high computational complexity—the open
loop nominal NMPC with tightened constraints [3] demands

fewer computational resources. Under the bounded distur-
bances, by tightening state and input constraints, robustness
in constraint satisfaction is achieved. The efficacy of robust
NMPC has been demonstrated through experiments [4]. How-
ever, this approach employs the upper bound of disturbances
for constraint tightening, potentially resulting in conservative
or even infeasible solutions.

The issue of conservativeness was addressed by integrat-
ing an integral sliding mode-based disturbance observer into
the robust NMPC framework [5]. Additionally, reference [6]
introduced a unified disturbance rejection NMPC framework
for input-affine UMS. While these innovations aim to reduce
uncertainties and conservativeness, they come with their own
set of limitations. The sliding manifold in [5] heavily relies
on model accuracy, and an estimated disturbance error dy-
namics is required in [6]. Furthermore, only input-matched
disturbances are compensated in these approaches, leaving the
orthogonal complement disturbances untouched. This calls for
an approach that is less anchored in model dependency and
can effectively address both types of disturbances.

Unlike the prevailing model-based controllers and ob-
servers, a novel sensor-based approach has drawn attention
to controller design. This approach, named Incremental Non-
linear Dynamic Inversion (INDI), can capture both matched
and unmatched disturbances. Furthermore, INDI has found
widespread applications in the control of quadrotors [7]-[9]
and aircraft [11]. However, controller design solely based
on INDI cannot address the stability of internal dynamics
arising from underactuation, nor can it handle input and state
constraints. Consequently, a new approach is desired to explore
and integrate the merits of both robust NMPC and INDI.

Recently, a loosely coupled approach combining NMPC
with INDI was introduced in [9] for quadrotor trajectory
tracking tasks. Within this framework, the inner-loop INDI
control improved tracking accuracy beyond the capabilities
of the standalone NMPC. Nevertheless, the integrated scheme
operates based on a nominal NMPC model, lacking robustness
considerations. Notably, INDI is leveraged for only a subset of
the dynamics, with no compensatory measures for disturbances
in the remaining dynamics. Furthermore, while serving as a
control mechanism, INDI does not leverage or disclose distur-
bances information to NMPC. As a consequence, the system
lacks robustness provisions to ensure constraint satisfaction.

This paper has three major contributions. First, we pro-
pose a generalized new control approach that tightly couples
NMPC with INDI to address disturbances. Such tight coupling
exploits the online observation of the sensor-based INDI to



reduce uncertainties in dynamic models utilized by the NMPC.
Second, the proposed method is tailored for the control of an
aeroelastic system and a quadrotor. For the quadrotor control,
to solve the undesired thrust vector tracking challenge, we pro-
pose a thrust-direction-aware INDI inner-loop attitude control
to correct the thrust direction mismatch. Third, we leverage the
uncertainty residues observed from INDI in a robust NMPC
framework to tighten the input and state constraints, which
effectively avoids violating the original constraints. We have
performed extensive simulation validations to demonstrate the
advantage of the proposed framework over the pure NMPC
method in aeroelastic wing applications. Additionally, our
approach outperforms a state-of-the-art controller that loosely
coupled NMPC with INDI in quadrotor applications.

II. PRELIMINARY
A. NMPC stability conditions

Most NMPC schemes use a Lyapunov terminal cost and
constraints to establish stability [10]. However, constructing
such terminal conditions can be challenging, particularly for
complex nonlinear systems and time-varying reference trajec-
tories. As a result, in practical applications, it is often preferred
to remove the terminal conditions to simplify the controller
design and enhance computational efficiency.

For a typical receding horizon optimal control problem
without stabilizing terminal conditions, the setup is demon-
strated as follows

x(k+1) :f(x(k:),u(k)), (1)
Vn(z,u) = i lz(k),u(k)). ()
k=0

Equation (1) is the sampled system with sampling time T'/N,
and (2) is the cost function where I(z(-),u(-)) is the stage
cost, (k) € X and u(k) € U for all k& > 0. Let u}; be the
optimal control sequence and V) be the optimal cost. Only the
first control action from the optimal control solution y (z) =
u?,(1) is applied to the system.

The stability results for the problem above rely on construct-
ing a relaxed descent condition of the optimal cost,

Vy(z) > al(z, sy () + Vy(f(z, kn(z))), Yz €X  (3)

where a € (0,1]. Moreover, the optimal cost and the stage
cost are bounded by K., functions, a;(-), as(-), and az(+)
ensuring the following inequalities:

ai(lz]) < Vy(2) < as(|a]) (4)

Uz, kn () = as(|z]). (5)

Consequently, the optimal cost serves as a Lyapunov function.
According to the Lyapunov stability theorem, the origin is
asymptotically stable for x € X with respect to the system.

The main assumptions for stabilising NMPC without termi-
nal conditions are summarized from [16].

Assumption 2.1 (Bounds on the stage cost and infinite
horizon cost [16]):

1) There are functions a;(-),a2(-) € Ko such that
I*(x) := minyeul(x, u) satisfies

ar(lz]) < 17(z) < aa(|z]) (6)

2) There exists a function ag € K, such that the optimal
infinite horizon cost,

Voo (2) < as (=), o

holds for all x € X

Assumption 2.2 (Bounds on V]E} [16]): There exists v, > 0
such that the inequality

V(x) < yil*(x) (8)

holds for £k =2, 3,..., N —1, N, all x € X. [* is defined
in Assumption 2.1.

Theorem 2.1 (Stability without terminal conditions [16]):
Consider the NMPC without terminal conditions satisfies
Assumptions 2.1 and 2.2. Let the performance index ajn
governed by

_ N _
an >1— (ZN 1)Hk;1(’7k 1) .
oy — I (v — 1)

If ay € (0, 1]. Then, the nominal NMPC closed-loop system
with NMPC-feedback law x(x) is asymptotically stable in
X.

The first criterion in Assumption 2.1 is automatically satisfied
when the stage cost has the form 7 Qx + u” Pu. The second
criterion is typically presumed valid. This is based on the
general consideration that there always exist input sequences
resulting in a bounded cost. In simpler terms, we inherently
assume the system to be controllable. Assumption 2.2 can be
verified via simulations.

Under the conditions specified in Assumption 2.1 and 2.2,
the existence of the performance index, as proposed in Theo-
rem 2.1, guarantees the stability of the closed-loop system.
For the proof of Theorem 2.1, see [16]. To interpret the
meaning of ay from Theorem 2.1, let us assume that, for
a particular number of stages N, ax from (9) equals 0.95.
Since 1/0.95 ~ 1.053, we can conclude that for the number
of stages equals to IV, the performance of the NMPC controller
is about 5.3% worse than the performance of infinite horizon
controller [16].

C))

III. METHODOLOGIES

This section introduces the proposed generalized robust
NMPC scheme with tightened constraints relaxed by the
uncertainty reduction using the inner-loop INDI controllers.
The diagram of the proposed control scheme is illustrated in
Fig. 1, where the constraint-tightening block establishes the
connection between NMPC and inner loop INDI controllers.
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Fig. 1. The control diagram of the proposed robust NMPC with inner loop
INDI controller.

A. Constraint-tightened robust NMPC for input-affine systems

We consider a class of nonlinear input affine systems formed
by:
i(t) = f(x(t) + g(z(t))u(z(t)) + d,

where d is an additive perturbation covering modelling and
numerical errors, external disturbances, uncertain parameters,
etc. We assume that both f(-) and wu(-) are continuous.
Therefore, the model measurement error can be expressed
in the one additive perturbation and be included by d [13].
Furthermore, x and w are in some vector spaces X and U
constraint by their subspace X and U. The nominal model is
given as:

(10)

z(t) = f(2(t) + g(z(t))u(@(t)). (11)

For (11), we have assumed that the dynamics are Lipschitz
continuous for z € X and v € U.

Assumption 3.1 (Lipschitz continuous in x): Let the nominal

dynamics be denoted as = F(Z,u). There exists a Lipschitz
constant L > 0, such that for any %1, o € X and any u € U,
\F(il,u) — F(i‘g,u)b S L‘fl — jg‘g.
To perform numerical optimisation, the states and inputs are
sampled in N equal time intervals spanning the time horizon
T. The constrained optimization problem at any time step k,
with state 2:(k) = xo, is formulated in (12). The initial time
index k is omitted for simplicity reasons.

N-1
Uop(7) = argmin > (|[z; — zivllq, + |lui — uirllg,)
“ i=0
subject to #(t) = £(5(t)) + 9(z(t) u(a(t),
(12)

In the above optimal control problem, the symbol ~ is the
Pontryagin set difference, i.e., Given two sets A C R™ and
BCR'A~B2{zcR"z+yc Ayc B}. Sets B,(i)
and B, (¢) hold tightened constraint conditions.

Upon solving the optimal control problem defined in (12),
the optimal control action, wug, for the first time step is
extracted from u,y. The state disturbance residue . is given
by

Tres(s) = [|d(s) + g(@g(s))uc — g(as(s))uol2-  (13)

where x; is the low-pass filtered state from sensor measure-
ment. The command input u, and the estimation of additive

disturbance d will be introduced later in Section III-B. The
state disturbance residue represents the norm of the difference
between the optimal nominal state and the actual state. Fur-
thermore, the input disturbance residue u,s is defined as

(14)

urcs(s) = ||uc(5) - UO(S)”Q?

which is the norm of the difference between commanded and
optimal inputs.

By the Lipschitz condition in Assumption 3.1, the difference
between the real and the predicted optimal nominal states, z(t)
and z°(t), under the initial conditions x(tg) = z°(ty) = o,
can be formulated as

t

12°() = 2(®)]l2 S/ L||z°(s) = x(s)]|2 + res(s)ds.  (15)
to

The Grownwall-Bellman inequality gives the upper bound of

the constraint state error

12°(t) ~ a(®)]l2 < TP ~1),a6)
SUD Zres(s). Motivated by [4]-[6], the state

s€[0,00]

and input constraints are tightened by sets

where Tps =

Bok) = {o € Xllzll < (" FF -1}, a7
By = {u € U||ullz < tres}, (18)

SUpP Ures(s). Therefore, the robust satisfaction
s€[0,00]
of nominal constraints is guaranteed when the tightened con-

straints bound the predicted states and inputs. During imple-
mentation, the suprema of s and u,s are determined from the
previous sampled data using a sliding window approach with
a time interval smaller than the one over the cut-off frequency
of the low-pass filter for the dynamics. This selection is valid
as we assume that the disturbances change slower than the
low-pass filtered dynamics.

where Ups =

B. Couple with INDI control

This section introduces INDI-based control to reduce un-
certainties. The INDI controller functions as a disturbance ob-
server in the proposed controller framework. The instantaneous
additive disturbances can be estimated using the inverse of the
dynamics and low-pass filtered states [7]:

d=dy— f(xy) —glzs)uy (19)

This external disturbance expression holds true under the as-
sumption that external disturbances are slow-changing relative

to the low-pass filtered dynamics. With the optimal control
action ug, the desired state derivative &4 is given by

iq = f(zy) + g(zy)uo. (20)

Then, by substituting the estimated disturbances (19) back into
the dynamic equations (10), and replacing @ with %4, we obtain
the following incremental expression for the command input:

g(xp)ue =g — a5y + g(xs)uy

=g(zf)uo — d. @1



The explicit solution for u. from (21) may not exist as g(x ) is
not always in full rank. Therefore, a control allocation strategy
is required to obtain wu.. For different models, the control
allocation strategies are uniquely defined. The overall goal is
to minimize the difference between g(z ¢)u. and g(zf)uo —d.
In addition, inequality |g(x;)u. — g(zs)uo + d| < |d| should
be satisfied such that the command input after INDI and
control allocation results in a smaller state disturbance residue
compared to the pure NMPC optimal input.

Remark: In Fig. 1, the NMPC is defined by (12), and the
tightened constraints are derived in (17) and (18). The com-
mand inputs obtained from control allocation aim to minimize
state disturbance residues. Because of the disturbance rejection
INDI framework, the proposed method will be more robust
and less conservative as compared to the robust NMPC in
[5]. Additionally, as the state constraints are tightened, our
method ensures robustness in constraint satisfaction, which is
a challenge unaddressed by INDI.

IV. APPLICATION TO AN AEROELASTIC SYSTEM

A. Aeroelestic model

Fig. 2. An underactuated aeroelastic system with two states and one control
surface [15].

Figure 2 is taken from [15] and shows a typical aeroelastic
wing section with two degrees of freedom and one control
input. Its dynamic equation is demonstrated in (22). The states
are the plunge displacement h and the pitch angle 6. The

control input is the flap angle 5.
my My Tab h n cp, O h
My Tab 1, o} 0 cqo 16"
(22)

kn(h) 0 h | | —L
+ { 0 ko () a |~ M| T d,
The additive disturbance is denoted as d. The aerodynamic

force L and moment M have the forms:

3 )
L = pU?bcpo(a+ — + Ecbg) + pU2bcL5,8

U U @3)

il .
M = pU?b?cppa(a + il + c‘zb%) + pUQbQCm/;B.

From (22), m; is the total mass of the wing and flap, and m,,
is the mass of the wing alone. The wing semichord is denoted

(24)

as b, and the nondimensional distance from the midchord to
the elastic axis is represented by a. x, is the nondimensional
distance between the elastic axis and the centre of mass, and
I, is the moment of inertia. We use ¢, ¢q, kn(h) and k()
to represent the damping and stiffness of plunge and pitch.
Furthermore, in (23) and (24), p is the air density. ¢z, and
crp are the lift coefficients, and ¢, and ¢,z are the moment
coefficients. We define a as 0.5 — a. The freestream velocity
is denoted by U. For the detailed setup of the parameters, see
[15]. The actuator dynamics is modelled as a first-order lag
system given by

88 + B = Be

where 73 = 30 ms and /3, is the command input. The complete

(25)

. T .
state vector has the form [h a h o B} . We consider
the surface deflection limitations. Hence, the constraints are
applied to the command input.

B. Constraint-tightened NMPC for the aeroelastic wing

For the aeroelastic wing model, since the constraints only
applied to the control input, the state-tightened procedure x €
X ~ B, (k) in (12) is dropped. The goal is to steel all states to
zero. With state vector xz = [h o h @ B]T and control
input w = [, the constrained optimization problem started
at arbitrary sampling time with initial state x( is formulated
below

N-1
Uop () = argmin Z (1zillq, + lluillg.)

=0 (26)
subject to Z(i) = f(Z;,u;) z(0) = zo

u; € {u € RY|u| < up} ~ By(i)

In the above optimal control problem, the variable Z is the state
of the nominal system, f(Z;, u;), which takes the form of (22)
but excludes external disturbances d. The input disturbance
residue wu.s is defined precisely as (14), with the optimal
control action ug solved from (26).
C. Inner loop INDI and Control Allocation

The instantaneous external disturbances d are estimated
using the filtered sensor measured states and (22):

d(l) :mtﬁf + mwmabdf -+ Chhf + kh(hf)hf
' (27

i .
+ pUbera(oy + 7+ ab%f) + pU2ber 38y

d(2) :mwxabhf + Iadf + Ca(jzf + ka(ozf)af
i .
— pUszcma(af NN - db%) — pUQbZCmﬁﬂf.
U U
(28)

The desired linear and angular accelerations, hq and Gy, are
given by

- e (B Sl
dd o mwxab Ia 0 Cq df (29)

[0 o] o]+ [38])



where the optimal lift Ly and moment M, are computed from
(23) and (24) using the filtered state measurements and the
optimal deflection 3. This deflection angle is derived from
the discretized actuator dynamics (30) where £ is the current
sampling step, and c¢; and cp are the coefficients after the
discretization.

Bo = c1Bf,k + c2uo i (30)

According to (21), the desired deflection angle [y for the
aeroelastic wing has the incremental form of

—pUQbCLB o }.ld N .f.Lf —pU2bCL3
{pUszcmﬁ Ba=g.| = las] T | pU2tPenms | P GD

Note that directly solving (31) for 34 is not possible as it has
only one variable and two equations. An alternative approach
involves minimising the state disturbance residue as discussed
in Section III-B. Consequently, a quadratic cost function is
desiged to determine fSg.

. —pU2bCL3 _ }id flf . *pUQbCLﬂ
F = |:pU2b26m[3 ﬂ dd + df ,0U2620m[77 ﬂf
Bq = argr;lin FTkpF + kg(Bo — B)?

B —ci1Bfk
st. [F| < |d], |——2F0k
C2

< |ub|7
(32)

In (32), F' is the remaining disturbance. The normalized F'
by [—pU?bcrp pUQbQCm@]T is indicated as F'. The weight
matrices are labelled by kr and kg. This control allocation
strategy ensures that the remaining disturbance never exceeds
the actual disturbance. The second inequality constraint guar-
antees the satisfaction of input constraint from (26), as the
final input command is given by

Ba — 185,k

C2

Bek = (33)

V. NUMERICAL VALIDATION — AEROELASTIC WING

A. Simulation setup

Simulations are conducted in MATLAB 2022b [17]. The
receding horizon optimal control problem is solved using the
embedded ACADOS toolbox [18], which employs a sequential
quadratic programming (SQP) algorithm. The control alloca-
tion described in (32) is accomplished by the MATLAB built-
in SQP solver. The NMPC algorithm operates at a frequency
of 33.33 Hz with prediction horizon T' = 1 s and prediction
stage N = 20. Both the INDI and the control allocation
algorithm sample at 100 Hz, which aligns with the sensor
frequency. The system dynamics are propagated at a rate of
1000 Hz, and the total simulation time is 8 seconds. All
state measurements are filtered by a second-order Butterworth
low-pass filter with a 30 Hz cut-off frequency. We have set
the sliding window length for identifying the maximum input
disturbances residues to 0.03 s, which is marginally less than
1/30 s. The aeroelastic wing specifications are sourced from
[15], and additional controller parameters are listed in Table I.
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TABLE I
CONTROL PARAMETERS FOR THE AEROELASTIC WING

Parameter Value
Q. in (26) | diag([1, 1, 1, 1,1])
Qu in (26) 1
up in (26) 10 deg
kp in (32) diag([2, 2])
Kg in (32) 1

B. Nominal case tests

The system’s initial state is given by
T .
[—0.02 m 10° 0 O O] . For a freestream velocity

of 12 m/s, the system exhibits limit cycle oscillation (LCO),
depicted in Fig. 3. The outcomes of our proposed controller
are also illustrated in the figure. Using our controller, both
pitch and plunge motions stabilize to zero. To highlight the
nominal stability, performance indexes for N < 20 have
been computed and are presented in Table II. For N > 18,
we find that ay > 0, thus assuring nominal stability as per
Theorem 2.1. Furthermore, for N = 20, we have oy = 0.583.
The closed-loop system is stable, and the performance of the
proposed robust NMPC controller is about 151.3% worse
than that of the infinite horizon controller.

‘"”Wilhout control —OUR O Start point X Without control end point < OUR end point

h [m]

Fig. 3. Phase portrait from the nominal condition at U = 12 m/s.

TABLE II
PERFORMANCE INDEX FOR N < 20

N 18 19 20
ay | 2.07e-1  3.17e-1  3.98e-1

C. Robustness tests

For the robustness test, a sinusoidal disturbance, represented
by Acos(4nt + 0.37), was introduced to the freestream ve-
locity, external lift, and external moment separately. In this
expression, A denotes the amplitude. Given these disturbances,
we simulated the proposed controller’s performances under
freestream velocities at 12 m/s and 27 m/s. During these tests,
the inequalities outlined in (26) related to disturbances, d, were
relaxed. This adjustment was made because when one form of
disturbance is excited, other forms of disturbance may not be
present. In other words, either the lift or moment disturbances



could be small or even zero, rendering the inequality infeasi-
ble. To evaluate the effectiveness of the proposed controller,
the pure NMPC method was employed as a reference. The
root mean square errors for plunge and pitch states can be
found in Table III. For most of the simulation cases, our
method mitigates the disturbances, yielding reduced errors in
both plunge and pitch displacements. Specifically, the error
is reduced up to 37.60% for plunge motions and 40.00% for
pitch motions.
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Fig. 4. Magnitudes of moment disturbances and disturbance residuals for
U = 27 m/s subject to sinusoidal moment disturbances

Figure 4 demonstrates the external moment magnitude using
(28) when the wing is subjected to sinusoidal moment distur-
bances at a speed of 27 m/s. Alongside this, the magnitude of
the disturbance residue is shown, indicating a 40% disturbance
rejection. The evolution of plunge and pitch trajectories are
plotted in Figs. 5 and 6. Figure 7 presents the corresponding
command input and real deflection of control surfaces. Owing
to the INDI and control allocation strategies detailed in (31)
and (32), a significant portion of the disturbances are rejected.
In comparison to the results from the nominal NMPC, both
the pitch and plunge-related states show smoother fluctuations.
Our method has enhanced the accuracy of the plunge displace-
ment and pitch angle by 37.60% and 40.00%. Errors in the rate
changes of these states have also been improved by 37.44%
and 36.56%. Furthermore, both the command input and the
real deflection of the control surfaces remain within control
limits and display smoother transitions compared to NMPC
outcomes.

D. Limitations

When gust disturbances are introduced, the additive dis-
turbances estimated using (27) and (28) at 12 m/s exhibit
more intense fluctuations than those estimated at a speed of 27
m/s, as depicted in Fig. 8. The magnitude of the disturbance
residues is illustrated in Fig. 9. Despite these substantial
disturbances, the resultant command input manages to keep
the disturbance residues relatively low. However, as evidenced
in our robustness results under gust disturbances in Table III,
a low disturbance residue does not always equate to superior
performance.

Compensation for aggressive disturbances leads to more
volatile control actions, as seen in Fig. 10. Although such
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Fig. 5. Evolution of plunge states for U = 27 m/s subject to sinusoidal
moment disturbances.
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Fig. 6. Evolution of pitch states for U = 27 m/s subject to sinusoidal moment
disturbances.

actions do not exacerbate the error in plunge displacement,
they amplify the errors associated with plunge velocity and
pitch states. Detailed insights from Fig. 11 demonstrate that
our controller produces a larger plunge velocity. From Fig. 12,
both the pitch angle and pitch rate exhibit a greater overshoot
compared to the NMPC method. Therefore, It is crucial to
consider the rate of change in the control inputs. Aggressive
control commands that are able to reject disturbances might
impair system performance. Addressing this nuanced balance
will be vital for the next phases of research.

Overall, the proposed controller showcases robust perfor-
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(b) Command input.

Fig. 7. Command and real deflection of the control surface for U = 27 m/s
subject to sinusoidal moment disturbances.



TABLE III
ROBUSTNESS TESTS ON THE AEROELASTIC WING

RMSE
. . h [m] a [deg] h [m/s] & [deg/s]
U [m/s] - Type of Disturbance | —5rp——Rypc [ OUR ~ NMPC | OUR  NMPC | OUR _ NMPC
0.5 [m/s] 4.05e-3 4.05e-3 1.08e0 9.96e-1 1.89e-2  1.74e-2 | 2.21lel 1.99¢1
12 5[N] 4.87e-3  491e-3 | 9.62e-1 9.87e-2 | 7.21e-2 7.27e-2 | 1.94el 1.96e1
0.5 [Nm] 5.64e-3  6.17e-3 1.45¢0 2.01e0 7.81e-2  8.89¢-2 | 2.78el 2.82el
0.5 [m/s] 2.90e-3  2.94e-3 | 8.24e-1  8.32e-1 | 3.38e-2 3.44e-2 | 9.95¢0  9.93e0
27 5[N] 3.94e-3  4.00e-3 | 7.93e-1  8.35e-1 4.82e-2  4.84e-2 1.01el 1.01el
0.5 [Nm] 6.49¢03 1.04e-2 | 8.94e-1 1.49¢0 8.07¢-2  1.29¢-1 1.18el 1.86el
[ ust2mis 0.02 \ \ \
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Fig. 8. Gust-induced disturbances under different freestream velocities. (a)
contains lift disturbances, and (b) shows moment disturbances.
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Fig. 9. Disturbances and residues at U = 12 m/s with 0.5 m/s sinusoidal
wind gust. (a) Magnitudes of lift disturbance and residue. (b) Magnitudes of
moment disturbance and residue.
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Fig. 10. Control command generated by two controllers at U = 12 m/s with
0.5 m/s sinusoidal wind gust.

Fig. 11. Evolution of the plunge states by two controllers at U = 12 m/s
under 0.5 m/s sinusoidal wind gust.
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Fig. 12. Evolution of the pitch states by two controllers at U = 12 m/s under
0.5 m/s sinusoidal wind gust.

mance against isolated force or moment disturbances as well as
gust disturbances at higher speeds. While the results presented
in this paper are promising, there are avenues for both practical
and theoretical enhancements. In the demonstrated cases, the
focus remained solely on input constraints. Yet, given the
inherent stall angle and structural constraints of an aeroelastic
wing, it is important to integrate these as state constraints
for future research. Utilizing (17) will then serve to ensure
robustness concerning these state constraints.

VI. APPLICATION TO QUADROTOR

A. Quadrotor models

To describe the quadrotor dynamics, two right-handed co-
ordinate frames are utilized. The body frame Fp with axes
xp, yp and zpg, has its x-axis pointing forward and the z-axis



aligning with the collective thrust direction. The inertial frame
Fr, with axes xy, y; and zj, has its x-axis pointing towards
North and the z-axis oppositing to the gravity. With these two
frames, the quadrotor translational dynamics are defined as

{=v (34)

b= TZB(Q) + fext
m

+g9, (35)

where ( and v are position and velocity in the inertial
frame, 7" is the magnitude of the collective thrust and ¢ =
[qo Q1 Q2 Q3}T € 53 is the unit quaternion. The grav-
itational acceleration and quadrotor mass are denoted by g
and m. The external force vector, fe, includes aerodynamic
drags, possible wind gusts and other force disturbances. The
rotational dynamics are given by

1 0
q_§q® |:QB:|7

I’UQB = *QB X I'UQB + T+ Teat,

(36)

(37

where ® represents the quaternion multiplication and Q0 =
[Qw Q, QZ]T is the body frame angular velocity. In
equation (37), I, is the quadrotor inertia matrix and 7 =
[TT Ty TZ] r is the total torques generated from four rotors.

Lastly, the collective thrust and total torques can be repre-
sented by a function of rotor speed w = [w1  wz w3 Wy T,

{ﬂ = Giu+ Gow + G3(Qp)w, (38)

u = cw°?, (39)

where u represents the thrust from each rotor, ¢; is the thrust
coefficient, and ° is the Hadamard power. The last two terms
from (38), Gow and G3(2p)w, account for the torque gen-
erated from rotor angular acceleration and gyroscopic effects

[9].
B. Constraint-Tightened Robust NMPC Scheme

The state vector for a quadrotor is denoted as = =
¢ v ¢ Q B]T. To perform numerical optimisation, the
states and inputs again are sampled in N equal time intervals
spanning the time horizon 7. The constrained optimization is
formulated in (40).

N—-1
Uop(2) = argmin Z Nzi — zir

“ i=0

lQ. + lJui — uirllq,)

+1Zn — onrlloy
subject to Z(z) = f(Z;,u;) zZ(0) =z
QB € {2 € R’ — Qnax < Q< O} ~ Ba(d)
w; € {u € R tumin < u < Umax} ~ Bu (i)

(40)

In the above optimal control problem, (., is the reference
state. The variable Z is the state of the nominal system,
f(&;,u;), which includes (34) to (39) but excludes external

disturbances fey and 7ex. Furthermore, the nominal model

only takes the thrust-generated torques into account, namely
the G; related term in (38). The G4 related torques will only
be incorporated into the inner loop controller design, following
a similar approach as in [9]. Torques related to G5 are omitted
due to their negligible effects as documented in [8]. For this
nominal system, we have the Lipschitz-continuous assumption
on the constraint states, as presented in Assumption 6.1 widely
adopted in robust NMPC [3]-[6]. Sets Bq (i) and B, (i) hold
tightened constraint conditions. The quaternion error is defined
as q¢q—¢q¢ = q®gq, 1, representing the required rotation to
transform from the current quaternion state g to the reference
quaternion state ¢,..

Assumption 6.1 (Lipschitz continuous in §1): Let the nom-
inal rotational dynamics be denoted as Qp = fo(Qp,u).
There exists a Lipschitz constant L > 0, such that for
any QB,l: QB,2 € L*Qmaxanax] anfi any u € [uminaumax]s
| fa(QB,1,u) — fa(Qp2,u)|l2 < L2, — QB2

The optimal control action, ug, obtained from (40) will be
used to derive the required thrust and torques, Tnmpc and
Tnmpe, following (38). The state disturbance residue 75 is
given by

Tres(5) = |11, (Text(5) + 7(we(s)) — mmee(s)) |2 (41)

This represents the norm of the difference between the optimal
nominal and the actual angular accelerations. The external
torque disturbance is estimated using (53). Furthermore, the
input disturbance residue s is defined as

Ures(8) = |[uc(we(s)) — uo(s)][2, (42)

which is the norm of the difference between commanded and
optimal rotor thrust inputs, u.(w.) and ug. The rotor speed,
we, Will be derived at the end of Section VI-C in (56).

By the Lipschitz condition in Assumption 6.1, the difference
between the real and the predicted optimal nominal angu-
lar velocity, Qp(t) and Q%(t), under the initial conditions
Qp(to) = Q% (to) = Qp 0, can be formulated as

t
195 (1) — Qs()ll2 S/ L||925(s) — Q5(5)|l2 + Tres(5)ds.
to
(43)

The Grownwall-Bellman inequality gives the upper bound of
the angular speed error

125) - Qe < T 1), @)

where Tres = SUD Tres(s). Following (17) and (17), the state
s€[0,00]

and input constraints are tightened by sets

Ba(k) = {2 € B*||Qfz < (" FF — 1)}, @)
B, = {Au € RY||Aullz < Gres (46)

SUpP Ures($). Therefore, the robust satisfaction
s€[0,00]
of nominal angular rate constraints and thrust limitation is

guaranteed when the tightened constraints bound the predicted
angular rate and optimal control action. The same sliding

where Ups =



window method is utilized to find the maximum of 7 and

ul’CS .

C. Inner-loop position and attitude control

This section introduces INDI-based position control and tilt-
prioritized INDI attitude control. The former addresses force
disturbances by generating a collective thrust command, while
the latter focuses on tracking the commanded thrust vector and
yaw angle.

The instantaneous force and torque disturbances can be
estimated using the inverse of the dynamics and low-pass
filtered flight states [7]:

(47)
(48)

Texe =m(vy — g) — Trzp(ay),
Text = IUQB’f — 75+ QB,f X IUQB,f,

where Ty and 7y are the collective thrust and total torques
derived from (49) using filtered rotor speed w;y:

|:ij::| = le;2 + GQAt_l(UJfJC — wf’kxfl). (49)
The filtered linear and angular accelerations, vy and Q B.f»
come from the accelerometer and IMU. These external distur-
bance expressions hold true under the assumption that external
disturbances are slow-changing relative to the low-pass filtered
dynamics. The rotor angular acceleration is approximated
using the finite difference method where At is the INDI
sampling time and subscript £ — 1 is the last sampled variable.
With Tympe and 7nmpe provided in the previous section, the
desired linear and angular accelerations, ©4 and O B,d are given
by
_ Tamrecza(qy)
Vg—=—""—
m

+ 9, (50)

Qpa= I, (mawre — QB 5 X (1,Q55)). (51)

Then, by substituting the estimated disturbances (47) and
(48) back into the dynamic equations (35) and (37), and re-
placing © by ¥4 from (50), we obtain the following expressions
for the command thrust and torques:

(52)
(33)

Tezp(ge) = m(ba — vf) + Tyzp(qy),

Qf),

where Qp . is the command angular acceleration and will be
given in the latter part of this section. The thrust command 7
is then obtained using

T, = |Tez5(qc) | 2-

A tilt-prioritized attitude control strategy is employed to
track the direction of the commanded thrust and the yaw angle
[14]. The quaternion error between commanded and current
orientations is defined as ¢. = qc®q;1, where the components

Te =Tf + IU(QB,C -

(54)

of the quaternion error are ¢, = [q&o Qe 1l Qe qe73}T
Subsequently, the reduced quaternion error g req and the yaw
EITOr ( yaw are formed based on ¢, as detailed in [14, eq.(18),
eq.(20)]. The reduced quaternion error corresponds to the

shortest rotation to align the current thrust direction to the
desired one, while the yaw error is the required rotation to
align the current x and y-axis to the desired coordinate frame.
Finally, the command angular acceleration is generated by the
tilt-prioritized attitude control [14]:

QB,C = ri(je,red
+ 2kyny8ign(qe,0)6?e,yaw + KQQB,E + QB,d (55)

where k., k, are positive constants, Kq is a diagonal pos-
itive definite matrix, and Qp . is the angular velocity error
expressed in the body frame. The feed-forward angular ac-
celeration, 0 B,d» 18 derived from (51). Vectors, denoted as
Ge,red and e yaw, correspond to the last three elements of the
quaternion errors ge red and ge yaw-

From (49), (53), and (54), the rotor speed control is obtained
by solving a quadratic cost function,

we = argmin ||
We, k

S.t. We g € W,

T, _
[T } — Gwer — GoStHwe g — wer—1)|lw

Cc

(56)

where W is the rotor speed constraint and W is a positive-
definite diagonal weight matrix. Each diagonal entry denotes
the weight for thrust, pitch, roll and yaw channels. The weight
for the yaw channel is set to be smaller than the weights
for the other channels. This strategy is employed to mitigate
control saturation by sacrificing yaw performance, given that
the yaw angle has a lesser impact on the quadrotor’s stability.
The control diagram customized to the quadrotor is plotted in
Fig. 13

X,w
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Fig. 13. Control diagram of the proposed controller tailored for a quadrotor.
The title-prioritized control block aims to track both the desired thrust vector
and desired yaw angle.

VII. NUMERICAL VALIDATION — QUADROTOR
A. Simulation setup

Most of the setups are similar to the one explained in Sec-
tion V-A. For the quadrotor simulations, the NMPC algorithm
operates at a frequency of 100 Hz with 7' =1 s and N = 20.
The INDI algorithm samples at 250 Hz, the same as the sensor
frequency. The system dynamics are propagated at a rate of
500 Hz. The simulation spans 20 seconds. We use the same
aerodynamic drag model as in [9] and treat it as an unknown
external disturbance. All state measurements are filtered by a
second-order Butterworth low-pass filter with a 30 Hz cut-off



frequency [7]. The actuator dynamics is modelled as a first-
order low pass filter with a 20 ms time constant. Quadrotor
specifics are taken from [9], and other controller parameters
are listed in Table IV.

TABLE IV
PARAMETER SETUP
Parameter Value
Qz in (40) diag([200, 200, 500, 1,1,1,0,5,5,200,1,1,17])
Q.. in (40) diag([6,6,6,6])
kr, ky in (55) 3,22

Kq in (55) diag([0.3, 0.3, 0.3])
W in (56) diag([5,5,5,1])

Umin> Umax [N] in (40) 0, 8.5

Qmax [rad/s] in (40) 15

The Lipschitz constant L is determined through the Monte
Carlo simulation and has been determined to be 17. In these
simulations, we randomly generate control inputs and states
that satisfy the input and state constraints and compute the
corresponding system dynamics. The Lipschitz constant is
computed for each pair of inputs and states, and we utilize the
maximum Lipschitz constant obtained from a total of 10,000
simulations.

B. Nominal stability

The nominal stability for the closed-loop system is verified
through the performance index from Theorem 2.1. Table VII-B

TABLE V
PERFORMANCE INDEX UNDER DIFFERENT SAMPLING STEPS
N 11 12 13 14 15
any | 6.22e-2  1.76e-1  1.46e-1 2.23e-1  3.43e-1
N 16 17 18 19 20
any | 4.54e-1  5.09e-1 5.27e-1 5.45e-1  5.6le-1

presents values for oy for the number of prediction stages up
to N = 20. A crucial observation is that positive values of
ay, indicative of system stability, commence from N = 11
onwards. In our design choice, we have opted for N = 20,
corresponding to an oy of 0.561. With this performance index.
Under the current system parameters and in nominal operating
conditions, we can conclude that the proposed robust NMPC
controller ensures stability. However, when compared to an
ideal infinite horizon controller, our controller exhibits a 78.3%
worsen in performance. This suggests that while the controller
is stable and reliable for the chosen parameters, there exists
room for optimization to bring its performance closer to that of
an infinite horizon controller, such as increasing the prediction
length and the number of prediction stages.

C. Tracking agile trajectories

Three sets of pre-planned race tracks (RACE1, RACE2 and
RACE3) at speeds up to 20 m/s from [9], [12] were subject to
simulation. The simulation results are presented in Table VI,
including average position and average heading errors. Both
the SOTA method and our approach successfully track all
three tracks. Our method outperforms the SOTA in all cases,
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TABLE VI
AVERAGE POSITION AND HEADING ERRORS FOR TRACKING AGILE
TRAJECTORIES

Average Position Error [m] | Average Heading Error [°]

OUR SOTA OUR SOTA
RACE1 | 0.071 0.087 5.57 6.62
RACE2 | 0.070 0.10 8.12 8.16
RACE3 | 0.074 0.11 10.24 11.53

achieving superior position and angular tracking accuracy.
Remarkably, the position-tracking error of our method did
not increase as the agility of the race track escalated. The
consistency of position tracking error and enhanced angular
tracking accuracy highlight the effectiveness of our INDI
position control and tilt-prioritized INDI attitude control.
Figure 14 demonstrates the simulation results for the most
agile track, RACE3. On the left side of the figure, we
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Fig. 14. Tracking performance of RACE3 with a maximum speed up to
20 m/s.

have plotted the simulated trajectories from both approaches
alongside the reference trajectory. On the right side, we
present the sequential plots for position error, flight speed,
and aerodynamic drag forces. Regarding average drag forces,
our method and the SOTA approach yield values of 3.62 N
and 3.51 N. The maximum drag force reached 7.80 N for
our method and 7.65 N for the SOTA. Despite the persistent
perturbations caused by drag forces, our approach consistently
demonstrates reduced positional error throughout the majority
of the simulation duration compared to the SOTA results.

D. Tracking agile trajectory with an unknown Slung load

The race tracks were also employed to assess unknown
slung load carrying tasks. The slung load dynamics was
modelled as a unilateral mass-spring-damper system featuring
a 3 N weight, 1000 N/m linear stiffness, and a 50 Ns/m damp-
ing coefficient. In this scenario, the unknown disturbances
included drag forces and forces exerted by the slung load.

Table VII summarises the simulation results, where both
approaches fail to track RACE3 in this context. Regarding
RACE!1 and RACE2, our method has improved position track-
ing performance by 81.25% and 60.00%, respectively. The
heading tracking performance is comparable.



TABLE VII
AVERAGE POSITION AND HEADING ERRORS FOR TRACKING AGILE
TRAJECTORIES WITH AN UNKNOWN SLUNG LOAD

Average Position Error [m] | Average Heading Error [°]

OUR SOTA OUR SOTA
RACE1 | 0.045 0.24 7.14 12.73
RACE2 0.14 0.35 15.32 14.44

Comparing results from Table VI and Table VII, in the least
agile RACE]1 case, our method exhibited minimal sensitivity
to the slung load with unknown weight. On the contrary, the
SOTA method has a significant drop in performance when the
slung load is applied. The average heading error has increased
by 92.30% for the SOTA approach, while it is only 28.19%
for our approach. In the case of RACE2, after applying the
slung load, the average position error for our method increased
by 100.00%, while the SOTA method exhibited a 250.00%
worsening in position tracking. While our method did result in
a slightly larger average heading error (6.09%), its superiority
in position tracking still makes it favourable for tracking agile
trajectories with unknown disturbances.
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Fig. 15. Tracking performance for RACE2 with unknown slung load attached.
The bottom right figure shows the external force disturbance from the
aerodynamic drag and the slung load respectively.

Figure 15 displays the simulated trajectories for RACE2 on
the left side. The solid lines and the dashed lines represent
the trajectories of the quadrotor and the slung load. On the
right side, we have plotted the position error, speed, and force
disturbances. It’s important to highlight that the maximum
force disturbance generated by the slung load reached 20 N,
yet our method maintained a low position tracking error
throughout the entire simulation.

E. Robustness analysis

A total of 40 horizontal and 36 vertical feasible ellipsoidal
reference trajectories, as adopted from [9], were utilized to
evaluate the robustness of constraint satisfaction under external
disturbances. These disturbances are characterized by the form
1 — cos, as required by aerospace certification criteria [19].
Distinct tests were conducted to assess robustness against force
and torque disturbances. The external force is applied along the
x and -z-axis in the inertia frame, while the external torque is
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exerted in the body frame’s x and y directions. The constraint
violation criterion triggers if angular velocities exceed the
nominal thresholds.

Simulation results for the robustness tests are summarized
in Table VIII. The maximum angular velocities observed in
these robustness tests are 18.76 rad/s and 19.24 rad/s from
our approach and the SOTA method, exceeding 25.07% and
28.33% of the nominal state constraints. Our method con-
sistently showcases improved position tracking performance
across all types and all levels of disturbances compared to
the SOTA results. As the magnitudes of disturbances increase,
both methods exhibit an increase in the average heading error.
The SOTA results in smaller heading errors for 0.2 and 0.3 Nm
external torques cases. The decline in heading angle tracking
performances for our method can be attributed to the tilt-
prioritized control strategy employed in the attitude control.
Equation (57) are the result after substituting (53) and (55)
into (37),

I, = —Qp x [,Qg + Tavee + Tan. (57)

Tiiie = Lo (Qk'rLje,red + 2kyny5ign(QE,0)qu,yaw + KQQB,6)7 (58)

where 7, consists of first three terms of (55). From (57),
the proposed controller eliminates 7. but induces an artificial
term 7gy. In scenarios with larger disturbances, a larger torque
command may be generated from (58) to align the current and
desired thrust. This larger torque command will further shrink
the size of the tightened state constraint and compromise yaw
angle tracking accuracy. In essence, this outcome suggests
that the robust thrust control aspect of our method effectively
ensures position tracking, albeit at the expense of yaw angle
tracking accuracy when facing substantial disturbances.

In our approach, the number of constraint violation cases
has decreased when external torques are applied, as compared
to the SOTA results. However, when external forces are
introduced, we have observed an increase in the instances of
constraint violations. This phenomenon can be attributed to
two potential factors.

The first factor is analogous to the decline in yaw angle
tracking accuracy. The presence of external force disturbances,
particularly perpendicular to the thrust direction, induces a
larger direction mismatch between the commanded thrust
direction and the actual thrust direction. Consequently, the
control equation (55) generates a larger command angular
acceleration, pushing the angular speed beyond its permissible
bounds. Additionally, a larger command angular acceleration
is equivalent to a larger ||7gy|l2 from (58), and the control
allocation strategy outlined in (56) may fail to yield an exact
zero cost. These two conditions will lead to a larger state
disturbance residue defined in (41) and a consequent reduction
in the size of the tightened state constraints.

The second contributing factor is linked to the magnitude of
the external force disturbance. When a larger force disturbance
is presented, it gives rise to a larger input error set 53,, defined
in (46). This leads to a reduction in the size of the tightened
input constraints. Consequently, the predictive capabilities of



TABLE VIII

ROBUSTNESS TEST RESULTS UNDER EXTERNAL TORQUES AND FORCES

T B o
POSIEﬁgﬁEX;ﬁ (m] Heaz;i;zfn}ir;?dr)[ 1 Constraint Violation Cases
OUR SOTA OUR SOTA OUR SOTA
Baseline | 0.144+0.076  0.17+£0.080 | 1.90+£2.26 2.30+3.04 6 6
0.1 Nm | 0.14+£0.076 0.17+0.080 | 2.84+2.24 3.06%2.95 6 7
0.2 Nm | 0.14+£0.076 0.17+0.080 | 3.99+3.66  3.66+3.39 6 7
0.3 Nm | 0.14+£0.076 0.17+0.080 | 6.78+6.71  5.67+5.72 8 9
5N 0.16+0.063  0.18+0.066 | 2.90+3.17  3.15+3.69 8 8
10N 0.194+0.050 0.22+0.049 | 3.71+4.24 4.17+4.89 11 12
I5N 0.40+1.37 0.504+1.50 | 5.54+7.57 6.55+8.54 14 12

the control framework deteriorate when the tightened state and
input constraints become excessively conservative.

To mitigate constraint violations arising from excessively
conservative tightened constraints, a potential solution could
involve employing the nominal input constraints. This ap-
proach can be effective since the control allocation in (56)
also ensures satisfaction of input constraints.

VIII. CONCLUSIONS

This work proposed a general framework that deeply cou-
ples robust NMPC and INDI controllers. Simulations were
conducted on distinct models to evaluate the performance
of the proposed method, and the outcomes were compared
to other methods from the literature. The effectiveness was
tested in two primary scenarios: controlling an aeroelastic
wing under diverse disturbances and manoeuvring a quadrotor
to trace agile trajectories while subject with an unknown slung
payload. The robust state constraint satisfaction is evaluated
using extensive simulations. Results show that our method
outperforms the selected SOTA and benchmark approaches. In
the aeroelastic wing case, both plunge and pitch state errors are
reduced. As for the quadrotor case, our approach achieves su-
perior position-tracking performance while maintaining com-
parable heading angle tracking accuracy. Furthermore, our
method exhibits strong robustness when faced with external
disturbances and uncertainties.
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Literature Review

3.1. Overview on UMS Control

UMS are systems that have fewer independent control actuators than degrees of freedom to be controlled.
For linear UMS, the principles of observability and controllability are aptly encapsulated within their
respective matrices. As articulated by Kalman [27], if a linear system is completely controllable for any
initial state, there exists a control signal that steers the system to any desired final state. Alternatively,
if the system is completely observable, the initial state can be constructed from observing the output.
While research on linear UMS is extensive, studies on nonlinear UMS often require a more meticulous,
case-by-case analysis, owed largely to their inherent intricacy and variability. An overview of the UMS
controller design is listed in Table 3.1.

19



3.1. Overview on UMS Control

20

Table 3.1: Summary of the UMS control

Source Key Findings Relation to this study

Olfati-Saber | The author presents an explicit coordinate | The application of the method is limited

[1 transformation technique for UMS and pro- | because it linearizes the dynamics of the
poses a control method for the transformed | unactuated states only when the number
UMS. of controlled inputs is greater than or equal

to the number of unactuated states.
Hauser, In their study, an approximate input-output | The approximate nonlinear system does
Sastry, and | linearization-based control law is proposed | not capture all nonlinearities of the original

Kokotovic [2]

for the beam-and-ball system to achieve
approximate output tracking. The tradi-
tional input-output linearization fails be-
cause the beam-and-ball system does not
possess a well-defined relative degree.

system.

Olfati-Saber | The author develops a controller for a | The coordinate transformation method is
[3] VTOL aircraft, a UMS with strong input cou- | limited to certain types of UMS. Meanwhile,
pling. To address this, the author adopts | backstepping does not consider state con-
a coordinate transformation proposed in | straints.
[1] and applies it to the original system.
Backstepping is utilized for the controller
design.
Ashrafiuon The paper proposes a stable attitude con- | The controller is specifically designed for
and Erwin [6] | trol method for an underactuated satellite | the model of a satellite system. It is not
using its appendages. applicable to other UMS.
Rios et al. [7] | Sliding mode techniques are employed for | The proposed sliding mode control gen-
the control of an underactuated helicopter. | erates high-frequency input signals and
causes chattering.
Kalman [27] | The paper introduces the fundamental con- | Linear control theory cannot address high

cepts of controllability and observability in
linear systems.

nonlinearity problems.
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3.2. Modelling and Control of a Quadrotor

The quadrotor stands as a quintessential representation of input-affine UMS. lts versatility is showcased in
a myriad of aerial applications, ranging from aerial photography and videography to more critical roles in
search and rescue operations and object tracking. Given our intention to first implement the proposed
controller on this platform, a profound understanding of quadrotor dynamics and pertinent topics becomes
imperative.

A typical quadrotor model based on Euler angles has twelve states: position vector (¢), velocity
vector (v), Euler angle vector (n) and rate of change of the orientation angles in the inertial frame (©2) where
¢, v, n, Q € R3. For this model, the control input is the rotor angualr speed (w), where w € R*. This model
was developed through successive work in papers [28, 29].

However, when using a Yaw-Pitch-Roll Euler sequence for controller design, singularities can arise
when the pitch angle (9) is at 90° or 270°, leading to infinite solutions for roll angle (¢) and yaw angle ().
Moreover, the associated trigonometric calculations can be computationally intensive. To overcome these
issues, Fresk and Nikolakopoulos [30] proposed a full quaternion-based quadrotor attitude control. In their
approach, Euler angles are replaced with unit quaternion (q), ¢ € R*, which results in thirteen states and
four inputs. Simulations and experimental results demonstrated that quaternion-based controllers avoid
singularity problems and improve the control scheme’s efficiency during tracking tasks. The high efficiency
in quaternion computations prompted the proposal of various stable quaternion-based attitude controllers
in papers [31, 32, 33], all of which are computationally lightweight. As a result, the quaternion-based
quadrotor model is selected for simulations in this study.

The quaternion-based quadrotor model, as synthesized from the literature [30, 31, 32, 33], employs
two right-hand coordinate frames: the inertial frame () and body frame (Fz). Within the inertial frame,
the positive z; axis points opposite of gravity. In the body frame, x5 represents the forward direction of the
quadrotor, while z is the direction of the collective thrust. Given these frames, the quadrotor translational
dynamics are stated as follows,

(=, (3.1)
T
o= 122 o (3.2)
m
where m represents the quadrotor’'s mass, g denotes the gravitational constant, and 7" signifies the collective
thrust.

The rotational kinematic in the quaternion expression is

1o
q72q

. (3.3)

where Qg is the angular velocity expressed in the body frame, and ® is the quaternion multiplication
operator. Lastly, the rotational dynamic equation is

I,Og = —Qp x [,Og + 7, (3.4)

where I, is the inertia matrix and 7 is the resultant torque from four rotors. The collective thrust and torque
generated by rotors are functions of rotor angualr speed (w) and accelerations (w), and they are shown in
Eq. (3.5).

T

T

= Giu+ Gaw + G3(QB)W (35)

In Eq. (3.5), u = c;w°? depicts the thurst from each rotor, and ° is the Hadamard power. G+, G» and G5 are
four by four matrices. The terms Gyw and G3(€2p)w account for the torque generated from rotor angular
acceleration and gyroscopic effects. Notably, these two terms are omitted in the nominal model as the
angular acceleration-related torque will be compensated by the controller design, and the torques due to
gyroscopic effects are often negligible.

Given a disturbance-free environment and a second-order continuous reference trajectory function
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denoted as ( = Fr(t), alongside a specified yaw angle ¢r(t), one can compute the nominal control as:

Ay ! 0
B a4 | == ol (3.6)
m
a,+g T
CyCy S Co Sy
Rf = RwRyRZ = S¢SQC¢ — C¢S¢ C¢C¢ + S¢S§S¢ S¢C{-} s (37)

S¢S¢ + C¢S@C¢ C¢S@S¢ - S¢C¢ C¢C@

T
where R? is the rotational matrix defined in Eq. (3.7) and [aw ay az} is the desired linear acceleration

calculated from the second derivative of the reference trajectory. Simplifications C. and S. denote cos(-)
and sin(-) respectively. Following algebraic manipulations, the closed-form solution for pitch (9) and roll (¢)
angles are

0, = atan2 (“”COSWF“) Ty Si”(wref)) , (3.8)
a:+g

64 = atan2 (cos(ed)(agﬂ Sin(Yref) — ay cos(wref))> . (3.9)
az+g

Should the first and second-order derivatives of the Euler angles be accessible, we can directly compute
desired angular velocities and accelerations. As a result, desired collective thrust (7') and torque (7) emerge
from the amalgamation of desired linear accelerations, angular velocities, and angular accelerations.

To evaluate the robustness of the developed controller, simulations often introduce external disturbances.
These disturbances may encompass aerodynamic drag forces induced by air resistance, as well as additive
forces and moments resulting from wind gusts. As detailed in [26], an effective linear aerodynamic drag
model is employed. In alignment with aerospace certification standards [34], these additive disturbances
are typically characterized using the 1 — cos formulation. In addition to external disturbances, model
uncertainties are also considered during robustness testing. These uncertainties typically arise in the G,
G- and I, matrices from Eq. (3.4) and Eq. (3.5). Model uncertainties can also include measurement errors
in the quadrotor’'s mass.

This subsection delves into an in-depth review of quadrotor models, both based on Euler angles
and quaternions. Notably, quaternion-based controllers are deemed superior in terms of computational
efficiency and are exempt from the singularity problems inherent to Euler angles [30, 31, 32, 33]. Given
these advantages, our research will adopt the quaternion-based quadrotor model. Additionally, we discuss
disturbance models with the intention of incorporating them into our simulations, ensuring a thorough
evaluation of controller robustness. These disturbances account for factors such as aerodynamic drag
forces caused by air resistance, model uncertainties, and external forces and moments due to wind gusts.
The papers discussed herein are summarized in Table 3.2 for easy reference and a better understanding
of the related literature.
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Table 3.2: Summary of quadrotor models and control methods

Source Key Findings Relation to this study

Sun et al.| The authors conduct a performance com- | The robustness in state satisfaction is not

[26] parison between two quadrotor control | considered. The robustness in position
schemes. The disturbances considered | tracking is not addressed as the INDI is
in the study encompass constant external | only implemented for attitude control.
forces and moments, model uncertainties,
and aerodynamic drags. The INDI inner
loop attitude control enhances the robust-
ness.

Bouabdallah, | A quadrotor model based on Euler angles | Euler angle has a singularity problem.

Murrieri, and | is developed in the reviewed paper. Stabi- | The linearization method for height control

Siegwart [28] | lizable attitude control based on the control | does not capture the model’s nonlineari-
Lyapunov function is proposed, and a sta- | ties.
ble height control is established using the
linearization method.

Bouabdallah | Inthe reviewed paper, the quadrotor model | The sliding mode technique introduces

and Siegwart | introduced in [28] is extended to incorpo- | high frequency, low amplitude vibrations

[29] rate rotor dynamics, including the propeller | and leads to sensor drift. The backstep-
and gearbox models. To control the pro- | ping control does not address the zero dy-
posed quadrotor model effectively, back- | namic problem. Singularity due to the use
stepping and sliding-mode techniques are | of Euler angle is not avoided.
applied.

Fresk and | The translational and Rotational dynamics | Quaternion-based quadrotor model and at-

Nikolakopou- | in quaternion forms are derived from the | titude control avoid singularity and require

los [30] Euler Newton equations. To achieve atti- | less computational power compared to us-
tude control, A quaternion-based nonlinear | ing the Euler angles. However, this paper
proportional squared control is proposed. | only designed an attitude controller, which

can not address the coupled dynamics of
the quadrotor.

Brescianini, | The paper presents a unit quaternion- | The stability of the proposed controller is

Hehn, and | based attitude controller and proposes a | not derived.

D’Andrea method to prioritize the tilt control.

[31]

Mueller [32] | The author provides a comprehensive re- | One attitude control does not address the
view of the current state-of-the-art quadro- | coupled dynamics between rotation and
tor attitude controllers and proposes a | translation. Integrating a position control
high-performance quaternion-based atti- | is urgent.
tude control law.

Brescianini The authors extend the quaternion-based | To achieve both position and attitude con-

and D’An- | tilt priority controller proposed in [31] by | trol, it requires an integration with the state-

drea [33] incorporating a control allocation strategy. | of-the-art position control method.
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3.3. Linear Control

In this section, traditional linear control methods will be reviewed, as they are widely favoured in the
aerospace industry due to the comprehensive linear system theory. The first step in controller design is
often to linearize the nonlinear system around an operating point, followed by applying linear controller
design approaches. However, this approach is only practical for a limited operating range, and linear
controller design based on local approximations may be invalid for a wide range of operating conditions.
More critically, neglecting nonlinear terms in the system’s dynamics after linearization fails to ensure global
stability.

One advanced linear control method that addresses part of the model's nonlinearity is the linear
parameter varying (LPV) model. LPV models are linear state-space models with state and time-dependent
matrices, facilitating the utilization of linear control strategies. These models incorporate an unknown state
and time-dependent parameter known as a scheduling signal, which can be measured or designed based
on physical insight or engineering experience. By properly selecting scheduling variables, the performance
of linear controllers can be improved. While LPV models handle state-dependent nonlinearity adeptly, they
struggle with hard nonlinearities such as stiction, hysteresis, saturation and nonlinearly coupled modes
[8]. The stability of LPV relies on the stability theory of the Linear Time-varying (LTV) system [35]. Most
stability and performance analyses were proven through experiments and high-fidelity simulations. Only a
few papers have implemented LPV to control UMS, such as an underactuated ship [9] and a robot uUARM
[10].

In conclusion, the LPV approach tackles state-oriented nonlinearities but fails to address state and input
constraints. While the advantages inherent to LPV are palpable, its stability conditions require the existence
of specific Lyapunov functions [36], which can be computationally complex. Furthermore, its capability to
solve underactuation challenges remains nascent. Table 3.3 summarizes the papers discussed in this
subsection.

Table 3.3: Summary of the linear control

Source

Key Findings

Relation to this study

Hoffmann
and Werner

[8]

Tha paper is a survey that highlights the
application results of LPV control. LPV
control is favoured when there is known
physical insight or engineering experience.

In the context of our study, the LPV model
is not suitable because it cannot accu-
rately capture or handle state and input
constraints.

Knospe [35]

time-delayed systems.

Liu, Guo, | The authors propose an integrated LPV | LPV is more of a modelling technique and

and Yuan [9] | control tailored for an underactuated ship. | cannot capture all nonlinearities.

Siqueira and | The authors propose a robust control | The stability conditions for this quasi-LPV

Terra [10] scheme for an underactuated wheeled mo- | representation using the H infinity ap-
bile robot based on the quasi-LPV repre- | proach are not addressed in the paper.
sentation and game theory.

Zhang, Tsio- | The authors propose computationally | Stability tests are cast as solvable LMI con-

tras, and | tractable stability criteria designed for LPV | vex optimization problems. However, the

computational complexity of solving the
LMls is a challenge.

Shamma
[36]

The author provides a comprehensive re-
view of various concepts and analytical
approaches for LPV systems.

The stability of an arbitrary time variation
LPV system has high computational com-
plexity. The theoretical stability analysis
of LPV control can be challenging and elu-
sive.
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3.4. Nonlinear Control

Relative to linear control, nonlinear control has natural advantages in addressing nonlinearity. However, it
also comes with its own drawbacks. Conventional nonlinear control methods often fall short in solving
global or semi-global stabilization challenges stemming from underactuation, known as zero-dynamics.
The zero-dynamics is a concept associated with a feedback linearization technique to nonlinear controller
design. This technique can transform nonlinear systems with well-defined relative degrees into controllable
canonical forms. However, after the transformation, a part of the dynamics loses its relationship with
the input and becomes unobservable. These unobserved states are called internal states, and the zero-
dynamics is defined as the system’s internal dynamics when the system outputs are kept at zero. The
efficacy of controller designs utilizing nonlinear dynamics inversion (NDI) or nonlinear backstepping (NBS)
hinges on the internal dynamics’ stability. Ensuring global stability for the internal dynamics is challenging,
and in many cases, only local stability is guaranteed, even if the zero-dynamics is globally exponentially
stable. Few attempts have been made to stabilize the internal dynamics. Getz [4] designed an internal
equilibrium controller under the nonlinear dynamic inversion framework, and Bencsik, Kovacs, and Zelei
[37] proposed using periodic servo-constraints to overcome stability problems and enhance dynamic
behaviour.

Applying traditional nonlinear control strategies to UMS requires obtaining specific dynamic structures.
Two coordinate transformation methods, known as Collocated partial feedback linearization [5] and
Noncollocated partial feedback linearization [1], can transform the UMS into cascade normal forms.
However, the first method highly complicated the controller design by coupling linear and nonlinear
subsystems with a new control input. The second method linearizes the dynamics of the unactuated states
only when the number of the controlled inputs is greater or equal to the number of unactuated states.
Additionally, a notable limitation of traditional nonlinear controls, such as NDI and NBS, is their high model
dependency, making them susceptible to model inaccuracies and external perturbations. A summary of
the mentioned nonlinear control techniques is provided in Table 3.4.

Table 3.4: Summary of the nonlinear control

Source Key Findings Relation to this study
Getz [4] In this paper, the author proposes an in- | Only approximate tracking is achieved,
ternal equilibrium controller that maintains | and error does not converge to zero
internal stability. The proposed controller | asymptotically.
approximately tracks the reference trajec-
tory and keeps the internal dynamic stable.
Spong [5] The author introduces the concept of col- | The proposed method may highly compli-
located partial feedback linearization. cate the controller design by coupling lin-
ear and nonlinear subsystems with a new
control input.
Bencsik, Periodic servo constraints are presented | The proposed method is highly model-
Kovacs, and | to stabilize the internal dynamics. based. The robustness of the proposed
Zelei [37] controller needs to be validated.
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3.5. Sliding Mode Control

Control techniques for UMS remain a frontier of exploration, especially in unpredictable and intricate
environments. As industries demand high resilience against unpredictable factors such as noise and
disturbances, the race to devise superior control tools intensifies. In this landscape, sliding mode control
(SMC) emerges as a promising contender, lauded for its resilience against minor, unstructured uncertainties
and its unwavering performance amidst parameter variations and external disturbances. SMC has varied
applications, from manoeuvring underactuated satellites [6] and helicopters [7] to the precision control
of tower cranes [38]. Yet, no solution is without its drawbacks. Determining the most effective sliding
mode control surface can be difficult. Moreover, SMC induces high-frequency oscillations around the state
trajectories, known as "chattering” [39]. To address this issue, innovations like reaching law-based SMC [40]
are emerging as solutions. There’s also a suite of alternative strategies, such as quasi-sliding-mode control
strategies [41, 42], higher order SMC [43], and fuzzy SMC [44, 45], all designed to attenuate chattering.
But innovation comes with its challenges. These new solutions add additional complexity to controller
designs and are limited by the control objectives. For example, the higher-order SMC is not suitable in the
context of finite-time convergence [46]. In essence, while the designed control surface ensures stability
and robustness, perfecting its implementation, especially in minimising chattering, increases the complexity
of SMC design. An overview of the referenced papers is provided in Table 3.5.

Table 3.5: Summary of the sliding mode control

Source Key Findings Relation to this study
Van Trieu et | A fault-tolerant SMC is proposed and im- | The major problem for SMC is the high-
al. [38] and | plemented on an underactuated tower | frequency oscillation.
Utkin [39] crane system [38] . The paper explores
the applications of SMC in a manipulator
control system [39]. SMC design offers a
simpler design approach and is less reliant
on detailed system knowledge
Mija and | A reaching law approach for SMC is pro- | Most chattering reduction techniques do
Thomas posed to reduce chattering [40]. Re- | not consider state constraints.
[40], Bar- | searchers introduce Quasi-Sliding Mode
toszewicz Control (SMC) strategies as a means to
[41], and | mitigate chattering [41, 42].
Adamiak
[42],

Kachroo [43]

The authors propose the incorporation of
a boundary layer and a continuous control
scheme within the boundary layer into the
Sliding Mode Control (SMC) framework.
The SMC with a boundary layer results in
chattering-free systems.

This is a different approach using a bound-
ary layer in SMC for chattering reduction.
Still, other controller design considerations,
such as state constraints, are not consid-
ered.

with conventional SMC with respect to fi-
nite time convergence, chattering suppres-
sion, relative degree, and other fields. The
conventional SMC is simpler and has simi-
lar performances as the higher-order SMC
in finite-time convergence.

Wai [44] and | Both papers develop fuzzy SMC systems, | The fuzzy SMC may require larger control
Ha et al. [45] | in which a fuzzy hitting control law is em- | gains, causing control saturation.

bedded into the conventional SMC system

to remove the control chattering.
Utkin [46] The author compares higher order SMC | Higher order SMC can be used for chatter-

ing reduction but has higher design com-
plexity.
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3.6. Incremental Nonlinear Control

Incremental nonlinear control approaches are potential solutions to the high model dependency prevalent
in traditional control methods. State-of-the-art methods include Incremental nonlinear dynamic inversion
(INDI), incremental nonlinear backstepping (INBS) and incremental sliding mode control (ISMC). All utilize
additional measurements to replace part of the model information.

Incremental nonlinear control involves taking the first-order Taylor expansion of a nonlinear dynamic
system. Under the time-scale separation assumption, which assumes the state-related first-order term
is negligible, the physical control input can be computed using the previous input and the incremental
input. INDI, for instance, has demonstrated its robustness and stability in control for aircraft, as supported
by simulations and in-depth theories outlined in [16]. Its efficacy is further illustrated in quadrotor control
scenarios. Smeur, Croon, and Chu [11] employed INDI controllers for both attitude and position control on
a quadrotor, achieving remarkable improvements over traditional Proportional Integral Derivative (PID)
controllers. Moreover, Tal and Karaman [12] explored the integration of INDI controllers with differential
flatness techniques for quadrotor aggressive trajectory tracking. Unlike INDI, the studies of closed-loop
effect of uncertainty for INBS have been confined to simulations and experiments [13, 14]. Nonetheless,
recent work by Jeon et al. [17] offers theoretical interpretations on the impacts of the one degree of freedom
uncertainty for INBS. The study by Wang et al. [15] is notable for introducing an ISMC framework optimized
for fault-tolerant flight control, marking an improvement in robustness and reduced model dependence.

Yet, these incremental controllers are not without challenges. Both INDI and INBS grapple with
stability concerns tied to the zero-dynamics, an issue brought by underactuation. Specifically, the matrix
inversion required by INDI may not have full rank due to underactuation. INBS often mandates a system
transformation into a chain structure — a process not always feasible, especially for UMS like flexible
aircraft. Also, a common limitation is the disregard of state constraints by these incremental controls.

In summary, while incremental nonlinear control is promising in curtailing model dependency and
bolstering robustness, it doesn’t comprehensively address the challenges of underactuated systems and
state constraints. The cited papers are summarized in Table 3.6.
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Table 3.6: Summary of the incremental nonlinear control
Source Key Findings Relation to this study
Smeur, The INDI controllers are proposed for both | The cascade INDI framework proposed in
Croon, and | attitude and position control of a micro air | the paper demonstrates a systematic ap-
Chu [11] vehicle. proach to incorporating INDI into the con-
trol of UMS. However, the instability can
be triggered by control saturation.
Tal and Kara- | The authors proposed a control law that | The incremental forms used in position and
man [12] combines INDI with the differential flatness | attitude control do not address the coupled
technique to achieve quadrotor trajectory | dynamics.
tracking.
Acquatella, The authors propose an incremental back- | The incremental nonlinear control ap-
Kampen, stepping strategy for flight control. proach exhibits high robustness and re-
Chu, et al duced model dependencies, making it an
[13] attractive choice for our study, especially
under the assumption of low sensor error.
Wang and | A synchronization of Incremental Back- | This study demonstrates the application

Van Kampen
[14]

stepping and Sliding Mode Control is pro-
posed for nonlinear strict-feedback sys-
tems

of INBS on UMS due to actuator failure.
However, it requires the system to have a
strict-feedback form and does not consider
the state constraints.

Wang et al.
[15]

An incremental sliding-mode control frame-
work is introduced for fault-tolerant control.

This study demonstrates the application
of ISMC on UMS. There is still a research
gap on the robustness of constraint satis-
faction.

Wang et al.
[16]

The stability and robustness criteria of INDI
control are presented in the literature. The
closed loop system under INDI control is
ultimately bounded by a K, function of
perturbation bounds. Furthermore, INDI
has better robustness compared to NDI.

INDI has less model dependency and
higher robustness, but it cannot stabilize
the zero dynamics.

Jeon et al.
[17]

A closed-loop analysis using incremental
backstepping is given in this paper.

Only the impacts of one degree of freedom
uncertainty are analyzed.
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3.7. Optimal Control

Recent research spotlighting optimal control for nonlinear UMS stems from its advanced prediction ca-
pabilities and adeptness at handling constraints. At its core, the optimal control takes a control system
(plant) and creates a cost function with each possible behaviour. The control law/action is determined
by minimising the designed cost function, wherein the underactuation problem, which involves assigning
control of many states to a few controllers, is automatically addressed during the minimisation procedure.
Dynamic Programming (DP) is a common approach to solving the optimal control problem. However,
DP often turns out to be computationally expensive and, for nonlinear systems, might not always yield
explicit solutions. Nonetheless, DP solutions provide valuable insights into the control of complex systems,
including the formulation of stability and convergence criteria.

One special exemplar in optimal control is the Linear Quadratic Regulator (LQR), which is characterized
by linear systems and a quadratic cost function. The optimal feedback control law for LQR, derived
through iterative DP, can be discerned either from the Riccati differential equation (for finite-horizon LQR)
or its algebraic counterpart (for infinite-horizon LQR). Moreover, under the assumption that the system is
observable, the DP solutions for infinite-horizon LQR asymptotically stabilize the origin for the closed-loop
system [47]. Infinite-horizon LQR demonstrates excellent stability margins when input weight is a scalar
multiplying the identity matrix [48]. Despite its merits, the real-time application of infinite-horizon LQR hits
computational barriers due to its inherent infinite steps. From a practical standpoint, finite-horizon LQR
is often preferred for implementation. The finite-horizon LQR solution for a controllable system is stable
and converges to the infinite-horizon LQR solution as the horizon time limits to infinity [49]. In scenarios
demanding an extended tracking horizon, optimizing the actions for the entire time horizon becomes heavy,
and thus, Model Predictive Control (MPC) comes into play. MPC predicts the future states within a fixed
horizon, which is smaller than the horizon that needs to be optimized. Only the input from the first step
is applied to the real plant. This process is repeated at each time step, allowing the total horizon under
consideration to move forward in time. Linear MPC is a generalization of LQR, and its DP solution is
equivalent to the solution obtained from the finite-horizon LQR version when disturbances are absent.

Methods such as finite horizon LQR and linear MPC only stabilize the local trajectory of the nonlinear
UMS. This is where Nonlinear MPC (NMPC) stands out, particularly in managing nonlinearity. Although
applying DP directly to the NMPC problems can be computationally complex, researchers have derived
sufficient stability conditions for NMPC using the principle of DP. NMPC can be categorized into four
distinct models: NMPC with terminal cost and constraints, NMPC with terminal equality constraints, NMPC
with only terminal cost, and NMPC without stabilizing terminal conditions. Before delving into the specifics
of each model, it is important to address the concept of the domain of attraction, which refers to the set of
states that can reach the terminal region with steps equal to or less than the predicted horizon.

The first model confines the domain of attraction within the feasible set by using a predefined terminal
cost and constraint set. Its stability has been reviewed by Mayne et al. [18] through two approaches from
the literature. The first approach, known as the direct approach, employs the cost function as a Lyapunov
function, while the second approach utilizes the monotonicity property of the cost function. Gilbert and
Tan [50] have designed an algorithm to approximate a maximal invariant control admissible set used for
the terminal constraint set through the linearized model. The NMPC with equality terminal constraint can
be viewed as a special case of the first model, and its stability conditions have been analysed in [19].
Although predefined terminal cost and constraints confine the domain of attraction to the feasible set and
guarantee recursive feasibility, ensuring that the online optimization problem has a feasible solution, in
real-time implementation, terminal constraints are often omitted for ease in design purposes.

Constructing the Lyapunov function as a terminal cost is challenging for higher-order nonlinear systems.
Limon et al. [20] demonstrated that for NMPC with terminal cost but without terminal constraint, a sufficiently
large weight of the terminal cost could enlarge the unconstrained region of attraction to the same size
as the terminal constraint NMPC. Furthermore, they presented a practical procedure for calculating the
stabilizing weighting factor of the terminal cost.

The last NMPC model simplifies controller design and is readily applicable without precomputation,
such as constructing terminal costs or constraints. Its sufficient stability conditions can be verified after
simulations and are detailed in [21]. However, this model may require a larger horizon to ensure asymptotic
stability. When comparing all four NMPC models regarding design difficulty and stability, the NMPC model
without stabilization terminal conditions emerges as the preferred choice, largely due to its diminished
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terminal costs and constraints. The remaining three models can serve as backup plans when feasibility
and stability are not guaranteed.

To encapsulate, the use of optimal control methods, particularly NMPC, provides promising avenues
for addressing the complexities of nonlinear UMS and offers stability and control insights that are valuable
in practical implementations. The drawbacks are its higher computational costs and model dependency.
The literature mentioned in this section is summarized in Table 3.7.

Table 3.7: Summary of the optimal control

Source Key Findings Relation to this study

Mayne et al. | This paper serves as a comprehensive sur- | The positive invariant terminal constraints

[18] vey on model predictive control, with a par- | are difficult to construct and require a high
ticular focus on analyzing stability and op- | computational cost. The nominal stability
timality aspects. does not ensure robust stability.

Magni and | Under specific assumptions, optimal con- | The inverse optimal property demon-

Sepulchre trol laws derived from the nonlinear reced- | strates that certain forms of receding

[19] ing horizon optimal control problem are | horizon control possess stability margins.
optimal with respect to a modified infinite | Computing such margins is still an open
horizon optimal control problem. question.

Limon et al. | The paper defines stability criteria for | The design of NMPC without terminal con-

[20] model predictive control in the absence of | straints significantly reduces the overall
terminal constraints. The domain of attrac- | complexity of the controller. The computa-
tion of the NMPC can be enlarged using a | tion of terminal cost weight requires knowl-
stabilizing terminal weight factor. edge of the terminal constraints.

L. Grine and | Stability criteria for MPC without terminal | The MPC without terminal conditions fur-

J.  Pannek | conditions are proposed. ther reduce the complexity of the con-

[21] troller design because no prior knowledge

is needed. However, the stability is not
guaranteed during the runtime and can
only be verified after.

Liberzon [47]

The author discusses the topics of
finite-horizon and infinite-horizon linear
quadratic regulators. The finite and infinite
linear quadratic regulator problems can be
solved through the Riccati differential equa-
tion and the algebraic Riccati equation.

Although linear optimal control offers
closed-form solutions, it falls short in ad-
dressing nonlinearity and exhibits a high
model dependency.

Ci [48]

The author assesses the stability margin
of the linear quadratic regulator when sub-
jected to various types of perturbations.

The stability margin for NMPC has not
been well studied yet.

Tedrake [49]

Topics about underactuated nonlinear dy-
namics and optimal controls are included
in this book.

Linear quadratic regulators provide a local
approximation of the optimal control so-
lution for the nonlinear system. However,
not all nonlinearities can be captured using
LQR approximation.

Gilbert and
Tan [50]

The authors introduce a method to obtain
the maximal output admissible sets for con-
trol systems.

Computational effort for the proposed al-
gorithm is reasonable for a linear system
but is still heavy for a nonlinear system.
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3.8. Stability Conditions for NMPC

Here is an overview of the prevailing stability proofs for both NMPC and robust NMPC. To set the foundation,
we will begin by introducing the definitions of comparison functions.

Definition 3.8.1 (K — Function) K := {a(-) : Rf — R{| a(-) is continuous & strictly increasing with
a(0) = 0}

Definition 3.8.2 (K., — Function) . Koo := {a(-) : Rf — R | a(-) € K & with a(-) is unbounded}
Definition 3.8.3 (L — Function) £ = {5(-) : R — R{| () is continuous & strictly decreasing with
lim d(t) =0

t—o00

Definition 3.8.4 (KL — Function) KL := {B(:) : Ry x Ry — RJ| () is continuous, B(-,t) € K, B(r,-) €
L}

Consider a continuous autonomous nonlinear system represented by:
T = F(x). (3.10)
This system has a discrete counterpart, characterized by a sampling frequency h, as:

z(k+1) = f(x(k)), (3.11)

where z lies with the state constraint set (X), and it includes the origin. Assuming that an asymptotically
stabilizing feedback control law for the sampled system (3.11) remains uniformly bounded over the sampling
period 1/h when applied to the continuous model (3.10), we can conclude that the controller derived from
the sampled system remains asymptotically stable in the continuous time system as well [21]. This
assumption is crucial in ensuring that the stability properties observed in the sampled system also hold
true to its continuous-time counterpart.

Utilizing comparison functions and the given sampled system (3.11), we can proceed to define "asymp-
totic stability” and "Lyapunov stability”.

Definition 3.8.5 (Asymptotically stable (AS) and Global asymptotically stable (GAS)) Suppose X is
positive invariant for the sampling system in (3.11). The origin is asymptotically stable in X if there exists a
KL function §(-) such that, for each x € X

o(k;z) < B(|z|, k) Yk > 0. (3.12)

If X = R", the origin is GAS for z+ = f(z)

Definition 3.8.6 (Lyapunove function) Suppose that X is positive invariant for the system in Eq. (3.11).
A function V : R™ — R is said to be a Lyapunov function in X for for the system if there exist functions
a1, ag € Ko, and as € K such that for any x € X

Viz) = aa(]z]) (3.13)
V(z) < as(|z]) (3.14)
V(F(z)) = V(z) < —as(|z]) (3.15)

Theorem 3.8.1 (Lyapunov stability theorem) Suppose X € R" is positive invariant for the system in
Eq. (3.11). If a Lyapunov function exists in X for such a system, then the origin is asymptotically stable in
X for the system. If x = R™, the origin is globally asymptotically stable.
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3.8.1. Recursive Feasibility and Stability Conditions for NMPC with Terminal Con-
ditions

For a typical receding horizon optimal control problem using stabilizing terminal conditions, the cost function

for NV prediction horizon (Vy(-)) is defined below

2k +1) = F((k), u(k)), (3.16)

2

Vn(z,u) == l(z(k),u(k)) + Vi(x(N)). (3.17)

Equation (3.16) is the sampled system with sampling frequency h. The cost function is formed by stage
cost (I(-)) and a terminal cost (V;(-)). z(k) € X, u(k) € U for all £ > 0. z(N) is contained in the terminal
constraint (X ;) where X; C X. u € Un(x). The control constraint set /y () is the set of control sequences

u = (ugp(x), ug(x),...,un_1(x)). (3.18)

=~
I

Let u° be the optimal control sequence and V) (z) be the optimal cost. Only the first control action from the
optimal control solution v (z)= u(z) is applied to the system, and the optimal control problem is solved
again in the next sampling step. Moreover, the domain of attraction (X ) is defined as Xy = {z € X|u # 0}.
The detailed definition can be found in Definition 3.8.7. The existence of the solution to the above optimal
control problem relies on the following two assumptions from [51].

Assumption 3.8.1 (Continuity of system and cost[51]) The functions f : Z — R", | : Z — R>q and
Vi : Xy = Rxq are continuous, f(0,0) =0, 1(0,0) = 0 and V;(0) = 0.

Assumption 3.8.2 (Properties of constraint sets [51]) The set Z is closed. If there are control con-
straints, the set U(x) is compact and is uniformly bounded in X (i.e., | f(z,u)| < C, foru € U, for all ).
The set X; C X is compact (closed and bounded). Each set contains the origin. If there are no control
constraints, the function v — Vy(x,u) is coercive, i.e., Vy(x,u) — oo as |u| — oo forall x € X

A basic stability assumption relies on the specific properties of the terminal cost (V;(-)), terminal
constraint (X ;) and stage cost (I(-)),

Assumption 3.8.3 (Stability assumption for NMPC with terminal conditions [51])

1. Forallz € Xy, Xy = {z € X: Vy(x) < a, a > 0}, there exists a u, such that x € X, u € U, satisfying
flz,u) € Xy (3.19)
Vi(f () = Vi() < —l(w,u) (3.20)

2. There exist Ko, functions a1 (-) and ay(-) satisfying
l(xz,u) > a1(|z|), Vo € Xy, (z,u) € Z (3.21)
Vi(z) < ap(|z|), Yo e Xy (3.22)

Under the Assumption 3.8.1, 3.8.2 and 3.8.3, the optimal cost (VJ(z)) satisfies Definition 3.8.6 and is a
Lyapunov function. The detailed proof can be found in [51]. In short, the lower bound for VJ(-) is satisfied
by the design of

1
l(z,u) = §(xTQx +u” Ru).
Thus, V3 (z) > l(z, kn(z)) > a1 (|z|), where a; € K. Moreover, the upper bound for V(-) is bounded by
VR(2) S VR (0) <,.... < V(@) < Vi) < ag(la]), Y € Xy,

from (3.22). These inequalities are known as the monotonicity of the value function. The upper bound in
set X implies a similar upper bound ax(|z|) € Ko in the set X . Therefore, a;(|z|) < Vi (z) < as(|z]).

A weak controllability assumption is proposed for the terminal constraint that only contains the origin.
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Assumption 3.8.4 (Weak controllability[51]) There exists a K., function a(-) such that

Vi(z) < a(jz|) Vo € Xy (3.23)

The descent property, VY (f(z, kn(x)) — VI(x) < —l(z, kn(x)), Vo € Xy, can be established from the
monotonicity property and (3.20).

Theorem 3.8.2 (Asymptotic stability of the origin for NMPC with terminal conditions[51]) Suppose
Assumptions 3.8.2, 3.8.1, 3.8.3 and 3.8.4 are satisfied. Then

1. There exists K, functions o () and axy(-) such that

V() < as(J2])

—aq(|z)

ay(|z[)

IN A

forall z € Xy.
2. The origin is asymptotically stable in X for x(k + 1) = f(z(k), kn (x(k))).
For the proof of Theorem 3.8.2, see [51].

Definition 3.8.7 (viability kernel and recursive feasibility [52]) Let a constraint set X and an optimiza-
tion horizon N € N, for the NMPC algorithm given in Equations 3.16 and 3.17.

1. A point x € X is called feasible for X and N if Uy (z) # 0.
2. The domain of attraction (feasible set) for X and N is defined as

Xy = {z € X|z is feasible for X and N}.

The set X, is called the viability kernel.

3. A set A C X is called recursively feasible for optimization horizon N € N if A C Xy and it is forward
invariant for the NMPC feedback law kx(z), i.e., if f(x,kn(z)) € A holds for all x € A.

From Definition 3.8.7, recursive feasibility ensures that the optimal control problem can always be solved
if the initial optimal control problem is solvable and the viability kernel is the largest possible recursively
feasible subset inside X. Theorem 3.8.2 concludes the stability conditions for NMPC with terminal cost
and constraint. The recursive feasibility from Definition 3.8.7 is also guaranteed through tailored terminal
conditions. However, constructing the terminal cost as a Lyapunov function can be challenging, particularly
for complex nonlinear systems and time-varying reference trajectories. As a result, in practical applications,
it is often preferred to remove the terminal constraint to simplify the controller design. The computational
burden is reduced by removing the terminal constraint, making the implementation more feasible in
industrial settings.
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3.8.2. Recursive Feasibility and Stability Conditions for NMPC Without Terminal
Conditions

Removing the terminal constraint may come at a cost. The stability and feasibility of the control system
could be lost, and the domain of attraction may be reduced. A study by Parisini and Zoppoli [53] explores
the stability of NMPC with terminal cost but without terminal constraint, where the terminal cost function
is defined as V¢ (z) = ax™ Pz, with « > 0 and P being a positive definite matrix. It is proven that for any
stabilizable initial state, a triplet (a, P, and N) exists in which N is the prediction horizon, ensuring the
stability of the controlled system. However, there is no indication of how to determine the appropriate
triplet. The authors suggest trial-and-error procedures, which may not be practical for all systems.

To reestablish the stability and feasibility when the terminal constraint is removed, Limon et al. [20]
proposed a weighted terminal scheme based on the work of Parisini and Zoppoli [53]. The main idea is to
increase the terminal cost weight, which penalizes the system for not steering to the origin after N steps.
The optical solution is forced to approach the terminal point more aggressively by introducing a larger
penalty weight, thus potentially enlarging the domain of attraction. However, this comes at the expense
of tracking ability, as the controller may prioritize reaching the terminal point over accurately tracking
the reference trajectory. The study by Limon et al. [20] provides an approach to determine a suitable
terminal cost weight that strikes an appropriate balance between stability and tracking performance and is
summarized below. Starting with the assumption on stage cost (I(-)):

Assumption 3.8.5 (lower bound for [(x,u) [20]) Let d be a positive constant such that

z,u) >d, Ve ¢ Xy, VuelU

Let Pn(z, X) be the optimal control problem in (3.17) without terminal constraint (X;). With Assumptions
3.8.3 and 3.8.5, there exists a set I'y C X, such that for any = € I", the solutions from the optimal control
problem Py (z,X) asymptotically stables the system as described by Theorem 3.8.3.

Theorem 3.8.3 (asymptotically stability [20]) Consider V;(z) and X; = {z € X : Vy(x) < a} such that
satisfy Assumption 3.8.3; let d be a constant such that Assumption 3.8.5 holds, then the optimal NMPC
controller with N > 1 derived from Py (z,X) stabilizes asymptotically the system for any initial state in

Iy ={zcR":VY(z) <l(x, Kn(x)) + (N —1)d + a} (3.24)

From the above theorem, one can easily be shown that the set
v ={z €R": Vy(z) < Nd+a} (3.25)
is also a domain of attraction of the system controlled by the proposed controller, and it is contained in I' .
Now, adding the weight A > 1 to the cost and define

Tx(\) = {z € R : V(z) < i(z, Kn(2)) + (N — 1)d + Ma} (3.26)

NN = {z € R": V(z) < Nd + M} (3.27)
The enlargement of the domain of attraction using weighting factors is established in Theorem 3.8.4.
Theorem 3.8.4 (Enlarge the domain of attraction using Weighting factors [20]) Consider V;(x) and

Xy = {z € X : Vy(z) < a} such that satisfies assumption 3.8.3. Consider the NMPC controller with
N > 1 derived from Py(z,X) using a weighted termianl cost V¢ (\, x), with A > 1. Then for all \y < A4,

v (Ao) € v (A1)
The stability of the system using a weighted factor is stated as follows:

Theorem 3.8.5 (Stabilizing using weighted factor [20]) Let Xf denote the interior of X;. For any o €
Xn(Xy), N -

XN(Xf) = {330 eX, xy € Xf|u 75 (Z)},
there exists a finite constant \ such that xo € yx(\), and hence, the system can be stabilized using the
NMPC without terminal constraint.
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For the proof of Theorem 3.8.3, 3.8.4 and 3.8.5, see [20]. Furthermore, the weighted factor can be
calculated using
5= N(D —d)
(I—=pa
where p € (0,1] is a constant such that 2y € Xn(Xy ,), where Xy , = {z|V;(x) < pa}. D is defined as a
constant such that for all x € Xand v € U, I(z,u) < D.

(3.28)

The NMPC scheme without terminal constraints shows promise. However, the stability results presented
in Theorem 3.8.5 rely on the Assumption 3.8.3, which assumes that the region for the local Lyapunov
terminal cost function, denoted as V;(z) < a with a > 0, is known. Determining such a region can be
challenging and introduces additional design complexity. Moreover, the constant d from Assumption 3.8.5
also requires prior computations and must be found using Monte Carlo simulations before implementation.

The dependency on these assumptions and prior information may limit the practicality and applicability
of the NMPC scheme without terminal constraints [20]. However, there are exceptions to this limitation. For
instance, if the reference trajectory is well-defined and C'* continuous, a closed-form continuous control
solution exists. In this scenario, when the initial condition aligns with the reference trajectory, the optimal
cost V) is zero, and the optimal control solution is equivalent to the sequence of the closed-form control
solution. Since V) = 0, this initial condition belongs to Iy from Eq. (3.25), guaranteeing stability.

However, for cases where the initial condition does not align with the reference trajectory, prior knowl-
edge of the terminal set and constant d from Assumption 3.8.5 is required. To alleviate these prerequisites
and reduce design complexity, we introduce the NMPC scheme without terminal conditions next. This
approach is a ready-to-use method with minimal design complexity, and the stability results rely on
constructing a relaxed descent condition of the optimal cost,

Vy(z) > al(z, kn(x)) + VI(f(z, kn(z))), Vo e X (3.29)

where « € (0, 1]. Furthermore, the optimal cost and the stage cost should be bounded by K, functions,
a1(+), az(+), and a3(+) such that the following inequalities hold.

ai(lz]) < Vy(z) < as(lz)) (3.30)

and
Iz, kv (2)) > as(]z]) (3.31)

The main assumptions for stabilising NMPC without terminal conditions are summarized from [21].

Assumption 3.8.6 (Bounds on the stage cost and infinite horizon cost [21])

1. There are functions a1 (+), az(-) € Koo such that I*(x) := minyecul(z, u) satisfies

ay(|z]) < I*(z) < as(|z) (3.32)

2. There exist a function a3 € K., such that the optimal infinite horizon cost,
Voo () < as(|z]), (3.33)
holds for all x € X
Assumption 3.8.7 (Bounds on V) [21]) There exists ;. > 0 such that the inequality
V() <l (z) (3.34)

or
V2(x) < Bi(I*(z)), Br, € Koo (3.35)
holds for all k > 2, all x € X and [* is defined in assumption 3.8.6.

Theorem 3.8.6 (Stability without terminal conditions [21]) Consider the NMPC without terminal con-
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ditions satisfies Assumptions 3.8.6 and 3.8.7. Let the performance index «x governed by

— D -1
oy > 1 (ZN ) kﬁl(vk )
Lok — Mo (e — 1)

(3.36)

Ifan € (0,1], then the nominal NMPC closed-loop system with NMPC-feedback law k y (x) is asymptotically
stable in X.

Under the assumptions stated in Assumption 3.8.6 and 3.8.7, the existence of the performance index,
as proposed in Theorem 3.8.6, guarantees the stability of the closed-loop system. For the proof of Theorem
3.8.6, see [21]. Under the same assumptions, another interesting result regarding the prediction horizon,
N, can also be concluded. The result suggests that the optimal NMPC closed-loop system, operating
without terminal conditions, achieves asymptotic stability in X provided N is sufficiently large.

The recursive feasibility of NMPC without terminal conditions can be established under the optimality
and stability properties of the solutions, along with additional assumptions on the viability kernel and a
sufficient large prediction horizon. For the stabilizing condition, Assumption 3.8.8 is proposed to ensure
Assumption 3.8.7 utilizing the class of K Ly-functions.

Definition 3.8.8 (K Lo-functions [21]) KLy := {B() : R x R{ — R{|B(-) is continuous, B(-,t) €
,Coo Orﬂ('7t) = Oa ﬂ(rv') € ‘c}

Assumption 3.8.8 (Asymptotic controllability wrt. [ [21]) Consider the optimal control problem. We
assume that the system is asymptotically controllable with respect to | with rate 5 € KL, i.e., for each
x € X and each N € N there exist an admissible control sequence u € Uy (x) satisfying

wu(k, x),u(k)) < B(I" (), k)
forallk € {0,...,N —1}.

If the KL, function is linear to its first argument, 3(r, k) = cxr, with ¢, > 0 and ¢, = 0 for all k > ko,
then, the K, function from Assumption 3.8.7 has the from

min{ko,k—1}
Bi(r) =Cprwith Cp = Y ¢

Jj=1

Assumptions 3.8.7 or 3.8.8 holds true for all z € X if the state constraint set X is viable, i.e., all the
subsequent states are inside X. Assumption 3.8.9 generalizes Assumption 3.8.8 for initial values inside
the viability kernel, X..

Assumption 3.8.9 (Asymptotic controllability [52]) Consider the optimal control problem with a not
necessatrily viable state constraint. We assume that on the viability kernel X, the system is asymptotically
controllable with respect to | with rate 8 € KLy, i.e., for each x € X, and each N € N there exist an
admissible control sequence u € Uy (x) satisfying x,(k,z),u(k)) € X, forallk =1,..., N and

Uzu(k, ), u(k)) < B(I"(x), k)
forallk € {0,...,N —1}.
Assumption 3.8.10 ([52]) There exist oy, as, asz, ay € Ko, and Ny > 2 such that the inequalities
ay(|z]) < Vy(z) < as(|z))

and

holds for all N > Nj,.

Assumption 3.8.10 helps apply the stability results of the NMPC scheme without terminal conditions.
The last assumption ensures the existence of feedback solution around the origin under the given state
constraints X.
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Assumption 3.8.11 ([52]) There exists a ball Bs such that B; N X C X.

With three Assumptions listed, the feasibility theorem for the NMPC without terminal conditions can finally
be formulated.

Theorem 3.8.7 (Recursive feasibility for NMPC without terminal conditions [52]) . Let Assump-
tions 3.8.9-3.8.11 hold, let N > 2 and assume that the performance index «y from theorem 3.8.6 with 3,
linear to its first argument, from Assumption 3.8.9 satisfies ay € (0,1]. Then the set

A={r X |V¥(x) < Nagoay'oaz(d)}

with as, as € K from Assumption 3.8.10 is recursively feasible for the NMPC feedback « n (x) from the
NMPC scheme without terminal conditions. Furthermore, the NMPC closed loop is asymptotically stable
on A.

In summary, the NMPC scheme with terminal conditions offers the advantage of guaranteed stability
and recursive feasibility. However, the complexity of designing the terminal cost can be a drawback for
practical implementation. On the other hand, the NMPC scheme without terminal conditions is simpler to
implement, but ensuring recursive feasibility may require additional assumptions and computational efforts,
particularly when dealing with non-viable state constraint sets.
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3.9. Robust Nonlinear Model Predictive Control

The effectiveness of NMPC relies on plant accuracy, making it susceptible to disturbances that can
significantly impact system performance. Two types of disturbances commonly considered in NMPC
designs are stochastic and bounded disturbances. To address the impact of stochastic disturbances,
stochastic NMPC is designed to optimize the expected value of NMPC’s output. On the other hand, robust
NMPC is developed to mitigate the effects of bounded disturbances. For the purpose of this study, because
we consider the state constraints as an important controller design factor, the focus will be solely on
bounded disturbances. As in stochastic cases, the disturbance is not necessarily assumed to be bounded
and possibly results in constraint violations.

Achieving nominal robustness for state-constrained NMPC is a challenging task, as even a small
disturbance can significantly alter the plant’s behaviour. This limitation has been highlighted by Teel [54],
who pointed out that a globally asymptotically stable state constraint NMPC has no robustness. With state
constraints, arbitrary small perturbations can push states near the boundary to go out of bounds, thus
destroying the recursive feasibility of a nominally recursively feasible set [52].

One approach to address the robustness of NMPC is rooted in game theory. Chen, Scherer, and
Allgower [55] proposed a min-max NMPC formulation that first maximizes the cost function concerning
worst-case disturbance realizations and then minimises the maximized cost function with respect to the
control input. However, this formulation may lead to overly conservative solutions due to the open-loop
nature of the approach. To tackle the conservativeness brought by the open-loop solution, a closed-loop
min-max NMPC has been proposed in [56]. This closed-loop min-max NMPC accounts for the effect of
uncertainty in predictions, thus mitigating conservativeness. Nevertheless, including the control law as a
decision variable in the optimization problem increases the computational complexity, posing challenges in
solving the optimization problem. The primary disadvantages of both open-loop and closed-loop min-max
NMPC lie in the existence of feasible solutions and the high computational complexity they entail.

An alternative approach to achieve nominal robustness in state-constrained NMPC is proposed in [22].
This approach, known as open-loop nominal NMPC with tightened constraints, utilizes an upper bound
on the disturbance to tighten the state and input constraints. The tightened constraints ensure that the
predicted states remain within a region containing the desired equilibrium point. Using the nominal system
offers the advantage of reducing computational costs during optimization. However, this method may
lead to a conservative solution due to considering the worst effect of the disturbance when computing the
tightened constraints.

Building upon the work of Marruedo, Alamo, and Camacho [22], Rubagotti et al. [24] introduced the
use of ISMC to enhance the robustness of the NMPC algorithm. In the paper, ISMC generates an auxiliary
control action that minimises the difference between the nominal predicted dynamics and the actual
dynamics, thereby reducing the uncertainty. The reduced uncertainty is then used for constraint tightening
in the robust NMPC algorithm, resulting in improved robustness. The final controller design combines
both ISMC and NMPC control actions, as the former mitigates the effects of disturbance while the latter
achieves desirable performance. Similarly, Xie et al. [25] proposed a Disturbance Observer (DOB) based
NMPC algorithm. The DOB estimates the disturbance based on a known disturbance model and generates
a control action to compensate for the matched disturbance. The effects of residue disturbance are
addressed by the robust NMPC through constraint tightening. The ISMC and DOB-based robust NMPC
algorithms ensure robustness by alleviating the effect of the disturbance. However, it is essential to note
that both approaches heavily rely on the accuracy of the model. The DOB-based algorithm even requires
additional prior knowledge of the disturbance model.

In conclusion, existing robust NMPC algorithms ensure stability, account for nonlinearity, have high
robustness and deal with underactuation, but their performance highly relies on nominal model accuracy.
Efforts to reduce the model dependency of robust NMPC remain important and are still under research.
Please refer to Table 3.8 for a summarized list of the papers mentioned in this section.
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Table 3.8: Summary of the robust NMPC

Source Key Findings Relation to this study

Teel [54] Robustness of asymptotic stability in dis- | Robustness is not always guaranteed in
crete receding horizon optimal control is | the nominal NMPC solution. Additional
discussed. Additionally, The author pro- | state constraints or assumptions must be
poses a robust receding horizon optimal | incorporated into the NMPC design to en-
control scheme to address and enhance | sure robustness.
the system’s robustness.

Grine and | Recursive feasibility and robustness of the | The listed definitions of recursive feasi-

Pannek [52]

closed-loop system subjected to additive
disturbance and measurement errors are
investigated.

bility and robustness can serve as valu-
able tools to establish and demonstrate
our controller’s recursive feasibility and ro-
bustness.

Chen,
Scherer,

and Allgower
[59]

The proposed robust NMPC combines
NMPC with H,, control and includes a spe-
cific terminal penalty.

Min-max NMPC considers all possible re-
alizations of disturbances and requires
heavy computing.

Magni et al. | A closed-loop min-max NMPC is proposed. | min-max NMPC requires heavy computing.
[56] The future control policies are involved in | Adding a closed-loop policy would further

the closed-loop strategy, and two differ- | increase runtime

ent horizons are used. A longer horizon is

used to optimize system performance, and

a shorter horizon optimizes control poli-

cies.
Marruedo, A robust NMPC for bounded additive distur- | This method utilizes a nominal plant to
Alamo, and | bance is proposed. The state constraints | make predictions, requires less compu-
Camacho and terminal region are reformulated to get | tational power and establishes a founda-
[22] recursive feasibility. tion for robust NMPC using tightened con-

straints. However, as the upper bound of
disturbances is directly used, the tightened
constraints could result in a null space.

Rubagotti et

Extending the robust NMPC scheme from

The chattering phenomenon is not ad-

al. [24] [22], the authors use integral Sliding Mode | dressed, and only the input aligned dis-
to reduce the impact of bounded uncer- | turbances can be compensated.
tainty in state and input variables. The
concept of input-to-state practical stability
in continuous time is introduced.
Xie et al. [25] | A disturbance rejection NMPC framework | This method can only compensate for

is proposed. This framework is particularly
designed for the input-affine system.

input-aligned disturbances.
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3.9.1. Recursive Feasibility and Robust Stability Conditions for Robust NMPC

To ensure robustness in state-constrained NMPC, two approaches are summarized from papers [25]
and [52]. Both approaches utilize time-dependent state constraint sets. The following assumptions and
definitions are presented to demonstrate the results from [25].

Consider a nonlinear input affine system
&(t) = F(a(t), u(t)) + Buw(z)w(t), (3.37)

where the input-affine component F(z(t), u(t)) = f(z) + B(x)u(t), and z € X, u € U.

Assumption 3.9.1 (Bounded disturbance) The disturbance and its derivative are assumed to be
bounded by
w(t) € W& {w®)[lw®)]| < 91, ()] < n2} (3.38)

where 71, 1o > 0 are known constants. The disturbance input matrix B,, () is bounded by || B, (z)|| < B,
for all z € X. We denote the solution to system 3.37 as ¢(t, xo, to, w) Where t is the sampling instance, z
is the initial state, ¢, is the initial time and w is the disturbance sequence.

Definition 3.9.1 (Robust Positive Invariant set) A set ® C R" is called a robust positively invariant for
system 3.37 if, for all xq € ®, it holds that ¢(t, xg,to, w) € ®, for all w(r) € W, where 7 € [tg, t].

Definition 3.9.2 (Regional ISpS in ®) Given a closed set ® € R", including the origin as an interior point,
system 3.37 is said to be ISpS (Input-to-State practical Stable) in ® with respect to w if ® is robust positively
invariant for system 3.37 and if there exist a KL function (-), a K function ~(-) and a constant ¢ > 0 such
that

¢(t, zo, to, w)l| < B(llzoll, ¢ —to) + y(llwl]) + ¢ (3.39)

for all xg € ® and t > tg. When ¢ = 0, system 3.37 is said to be ISS (Input-to-State Stable) in ® with
respect to w. For discrete sampling, definitions for ISS and ISpS are defined similarly to the continuous
case.

Definition 3.9.3 (ISpS Lyapunov function in ®) . A function V : R" — Rx is called an ISpS-Lyapunov
function in ©,, for system 3.37 with respect to w If:

1. ® is a closed robust positively invariant set including the origin as an interior point

2. There exist K, functions a4 (-), as(+) and as(+), a K function ~(+), constants ¢, c¢o > 0 and a compact
setQ C @, {0} C Q such that, for any z(t) € ® and almost all t

V(zt) = a(f=@®)]) (3.40)
Vie@®) < ax(llz@)l) +a (3.41)
Viz(t) < —as(lz@)l) +~(lwl) + c2 (3.42)
For any point t; of V (z(t4)), if the inequality for V (xz(t4)) does not hold, it is replaced by
V(a(t])) < V(a(ty)) (3.43)

where t; and t; are the left and right limits of time instant t,.

3. There exist suitable K, functions «.(-) and ~.(-) with (Id —~.)(-) being a K, function and a compact
set
Ou = {z(t)|V (2(t) < &Vt > 1o} (3.44)

where Id(-) is the identity function, ¢ £ b(y(n) + ¢3), b(-) £ a;t o (Id — v.)~'(-), au(:) £ az o
6[2_1(-),059, £ min{as(s/2),a.(s/2)} and as £ ao(+) 4+ Id(+), c3 = ca + ac(cr).
A function V : R™ — Rxis called an ISS-Lyapunov function in € & if it is an ISpS Lyapunov function in ®
with ¢; = co = 0.

Other papers have also explored the same definitions, as observed in Rubagotti et al. [24] and Raimondo
et al. [57], where they have applied these concepts to nonlinear control affine systems. It is important



3.9. Robust Nonlinear Model Predictive Control 41

to mention that while Raimondo et al. [57] concentrates on the discrete-time case, Rubagotti et al. [24]
studies continuous-time systems. Consequently, the equivalent discrete-time ISpS related definitions can
be found in [57]. A sufficient condition to establish the regional ISpS is the existence of an ISpS Lyapunov
function.

Theorem 3.9.1 If system (3.37) admits an ISpS Lyapunov function associated with set ©,, and ®, the
system is input-to-state practical stable in ® and lim;_,«|é(t, zo, to, w|e, = 0.

The robust NMPC framework proposed by Xie et al. [25] adopts the NMPC with terminal conditions
approach. To reduce the impact of disturbances, an auxiliary control is designed based on a disturbance
observer. The remaining disturbances are handled by time-dependent state constraint sets. The weight
matrices in the stage cost and terminal cost are carefully selected to ensure recursive feasibility. The
proposed cost function also satisfies the second criterion of ISpS Lyapunov function (Definition 3.9.3).

However, for the first and third criteria in Definition 3.9.3, which pertain to the existence of a robust
positively invariant set ® and a compact set 0,, € ®, these conditions were assumed to be satisfied due to
computational difficulties.

Next, the second approach from [52] will be presented. The state constraint sets are denoted by
Xk k=N, N-—1, ..., 0with X=X". The admissible control sequence is modified as follows.

Definition 3.9.4 For K € X and N € N with K < N and an initial value x, € X¥ we call a control
sequence u € U* and the corresponding trajectory x,(k, zo) admissible for z, and K, if

u(k) € Uzy(k,z0)) and z,(k + 1, 2¢) € XK (+D

holds forall k = 0, ..., K — 1. The respect set of admissible control sequences for x is denoted by UK ().

Recall that the NMPC without terminal conditions has the form

w(k+1) = f(z(k),uk)),

—1
minimise Vy (z,u) := l(z(k), u(k)).
k=0
The perturbed closed-loop model is

it =f(@,en(@+e)+d

where d is an additive perturbation and e is the measurement error. The robust stability property is defined
in Definition 3.9.5.

Definition 3.9.5 (Practical stability with respect to perturbations [52]) Given a set A € X such that
the optimal control problem defining xy is feasible for all xo € A, we say that origin is semiglobally
practically asymptotically stable on A with respect to the perturbations d and e if there exists 8 € KL such
that the following property holds:

for each § > 0 and A > § there exists d, & > 0, such that each solutions z;; (-, z¢) € S(a,z), where

S(ae)(@o) = {Zny (-, zo)||d(K)|| < d. ||e(k)|| < & for all k € No},
with xg € A and |zg| < A satisfies %, (k, zo) € A and
T n (K; 20)| < maz{B(|zol, k), 0}
for all k € Ny, provided the initial measurement error e(0) satisfies xo + e(0) € A.

The next definition implies that the feasible set Xy is recursively feasible for the closed loop NMPC.

Definition 3.9.6 (Robust-optimal feasibility [52]) For given optimization horizon N € N, the NMPC
without terminal condition is said to be robust-optimal feasible, if for each closed ball B, around the origin
there exists n > 0 such that the following holds:

Foreach x € B, N Xy, each z € B,(f(z,xn(z))) and the optimal control u* with zo = x we have

Ty (41)(k,2) € Xy_y forall k € {0,...,N —1}.
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A suitable controllability condition under the disturbance is proposed. This time, the recursive feasibility
does not rely on the viability kernel but on the finite feasible set X _.

Assumption 3.9.2 ([52]) Consider the optimal control problem with a not necessarily viable state constraint
set X. We assume that on the feasible sets Xy _, k =0, ..., N —1 the system is asymptotically controllable
with respect to | with rate 8 € KLy, i.e., for each x € Xy_y, there exists an admissible control sequence
u € UN=F(X) satisfying

Wz (k, z),u(k)) < B(I*(x), k)
forallk € {0,...,N —k —1}.

The practical stability for the perturbed closed-loop system can be established using the definition of
robust-optimal feasibility with additional assumptions on the system’s dynamics and Assumption 3.9.2.

The designs of robust NMPC indeed involve theoretical developments. However, it becomes challenging
in practical applications to fully verify all the assumptions proposed in these algorithms, especially when
dealing with complex systems. For example, in the case of Xie et al. [25], specifying the exact domain
of attraction and determining the recursive feasible sets can be difficult. Similarly, in the context of [52],
constructing the constraint sets X'* to satisfy the robust-optimal feasibility may not be straightforward.
In practice, verifying robustness through theoretical proof alone can be a daunting task. Due to the
complexity and uncertainties present in many real-world systems, robustness tests through simulations
and experiments are often preferred.
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3.10. Literature Synthesis

The design aspects previously mentioned, such as nonlinearity, stability, underactuation, robustness, state
and input constraints, and model dependency, present multifaceted challenges in control UMS. While
robust NMPC displays potential in addressing many of these issues, its major drawback lies in its substantial
model reliance. In contrast, nonlinear incremental control stands out for its minimal model dependency,
with the INDI technique showcasing sophisticated stability studies grounded in the Lyapunov stability
theorem. The possibility of merging these two methods is of significant interest. Such a hybridization could
potentially leverage the strengths of both approaches.

Recently, a loosely coupled approach combining NMPC with INDI was introduced in [26]. Within this
framework, the inner loop control using INDI for part of the states has shown a marked enhancement
in performance over standalone NMPC. Nevertheless, the integrated scheme operates based on a
nominal NMPC model, lacking robustness considerations. Furthermore, no measurements have been
utilized to compensate for other states. Hence, the coupled nonlinearities and robustness of these
undressed states are not fully resolved. While serving as a control mechanism, INDI does not leverage or
disclose disturbances information to NMPC. Overall, this loosely coupled approach does not guarantee the
robustness of constraint satisfaction and is sensitive to disturbances that are not compensated by the INDI.
To address limitations from [26] and to enhance robustness, a potential alternative is to use robust NMPC
and incorporate information from INDI in a feedback loop. This would allow for a more comprehensive
handling of disturbances.



Preliminary Work

This thesis is centred around the creation of a nonlinear incremental optimal control for input-affine
Underactuated Mechanical Systems (UMS). Primarily, the designed control strategy will be implemented
on a quadrotor to assess its performance during trajectory tasks. Additionally, we intend to broaden its
application by testing it on other UMS systems, such as the aeroelastic systems.

Optimal control inherently demands the execution of computationally intensive routines. To facilitate
this, we rely on two prominent simulation platforms: MATLAB [58] and the MATLAB embedded ACADOS
toolbox [59]. MATLAB is a high-level programming language and provides several ready-to-use NMPC
optimizers. The NMPC solver in MATLAB allows customization of cost functions and state constraints,
making it ideal for implementing tightened constraints. On the other hand, the ACADOS toolbox offers
faster optimal control solvers and a wider range of numerical analysis options. Notably, the default optimal
control solvers in both platforms employ the sequential quadratic programming method. As for the system
dynamics’ numerical propagation, we’ve selected the fifth-order Runge-Kutta method.

Our assessment criteria for the controller’s stability and robustness encompass both theoretical analysis
and comprehensive simulations. For the preliminary test, the proposed controller will be deployed for
quadrotor trajectory tracking. To this end, a spectrum of reference trajectories will be devised, and a set
of distinct disturbances will be introduced. Simulations may not capture the entire dynamics and the full
spectrum of potential disturbances. Therefore, future work will involve experimental tests.

44
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4.1. Quadrotor Dynamics

To describe the quadrotor dynamics, two right-handed coordinate frames are utilized. The body frame Fgp
with axis zg, yg and zpg, has its x-axis points forward and z-axis aligns with the collective thrust direction.
The inertial frame F7, with axis z;, y; and z;, has its x-axis points towards North and z-axis opposites to
the gravity. With these two frames, the quadrotor translational dynamics are defined as

{=v 4.1)

b= TZB(qn)ﬂL+ feXtJrg, (42)

where ¢ and v are position and velocity in the inertial frame, T is the magnitude of the collective thrust and

T
q= {qo g Qo CI3:| € S3 is the unit quaternion. The gravitational acceleration and quadrotor mass are
denoted by g and m. The z-axis in the body frame 25 can be derived from the quaternion,

2(q1q3 + qoq2)
ZB = 2((12113 - QOlh)
1—2(¢} +43)
The external force vector, fe, includes aerodynamic drags, possible wind gusts and other force distur-
bances. The rotational dynamics are given by

1 0
' — — ® s 4.3
1=399 g (4.3)
I’uQB = _QB X I’UQB + T+ Teat, (44)

T
where ® represents the quaternion multiplication and Q1 = [Qw Q, QZ] is the body frame angular
T
velocity. In Eq. (4.4), I, is the quadrotor inertia matrix and = = |:TI Ty TZ:| is the total torques generated
from four rotors.

Lastly, the collective thrust and total torques can be represented by a function of rotor speed w =

T
T
T
u = w2, (4.6)

w1 Wy W3 W4 ,
where u represents the thrust from each rotor, ¢; is the thrust coefficient and ° is the Hadamard power.
The last two terms from Eq. (4.5), Gaw and G5(§25)w, account for the torque generated from rotor angular
acceleration and gyroscopic effects [26]. G1, G2 and G5 are given by

= G1u+G2w+G3(QB)w, (45)

1 1 1 1
Gy = Isin8 —Ising —Ising Ising 4.7)
—lcospB —lcospB lcosB lcosp
cq/ct —cq/ct cqfcr —cq/ct
0 0 0 0
0 0 0 0
Gy = 4.8
“lo o 0o o0 (4.8)
Ip _[p Ip _[p
0 0 0 0
G3 — Ipr _Ipr Ipr _Ipr (4.9)

0 0 0 0
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where [ is the length of quadrotor arm (from the centre to the tip), g is the angle between x5 and the
quadrotor arm measured counterclockwise from the top view. ¢, is the torque coefficient. I, is the inertia
of a single rotor around zp and is estimated from

1
Ip = Nbgmblg

where N, is the number of blades on one rotor, m; is the blade mass and [, is the blade length. All
parameters are summarized in Table 4.1 taken from [26].

Table 4.1: Quadrotor configurations [26].

Parameter Value
m [kg] 0.75
I [m] 0.14
f [deg] 56
I, [gm"2] diag(2.5, 2.1, 4.3)
¢q [Nm*2] 2.37e—8
¢t [NA2] 1.51e—6
I, [gm*2] 0.0107
kaz,kay, ka- [kg/m] | (0.26 0.28, 0.42)
kn, [kg/m] 0.01
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4.2. State-of-the-art (SOTA) Approach

The State-Of-The-Art (SOTA) approach employed in [26] serves as a comparative basis for our controller,
as the SOTA couples NMPC with INDI and has demonstrated its effectiveness in both simulations and
experiments. The control diagram is shown in Fig. 4.1. This control strategy operates on a nominal NMPC
model with nhominal constraints. The external torque disturbances are reduced by an inner loop INDI
attitude controller. Nevertheless, force disturbances are not explicitly handled, and the desired optimal
thrust from the nominal NMPC model, denoted as Tyupc, is directly used as the command thrust. In ideal
cases, the INDI attitude controller filters out all external torque disturbances. However, due to actuator
dynamics and control allocations, discrepancies between commanded and actual rotor-generated thrust
and torques can exist, potentially leading to state constraint violations. Overall, the SOTA approach lacks
robust satisfaction of state constraints and does not guarantee robustness in position control.

X
x,(7), (1)
Telt, ++7] ug, TnmpC, TNMPC We
—— »{ Nonlinear MPC »Control Allocation > Plant
5| Atitude Te >

INDI

Figure 4.1: The control diagram of SOTA [26]. The attitude INDI follows Eq. (4.16), and the control
allocation is solved by Eq. (4.23).
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4.3. Methodology

This section proposes a robust NMPC scheme with tightened constraints relaxed by uncertainty reduction
using the inner-loop INDI controllers. Furthermore, a tilt-prioritized INDI attitude controller is specifically
tailored for the quadrotor model to reject the external torque and external force residues, mainly the thrust
direction mismatch. The diagram of the proposed control scheme is illustrated in Fig. 4.2, where the
constraint-tightening block establishes the connection between NMPC and inner loop INDI controllers.

X, w
A 4
XTSZ[); :;](T) ug, TNMPC INMPC T ‘ w
’ Nonlinear ’ ? « |Position v . Cy
—> MPG > ND | e i Control Allocation > Plant
Tit |
A 5| prioritized [ 51 Attitute |
d INDI
\ 4
BU(T), BQ(T) Tighten P Text
Constraint|

A T(w.), 7(we)

Figure 4.2: The control diagram of the proposed robust NMPC with inner loop INDI controllers tailored for
quadrotor control.

4.3.1. Inner-Loop Position and Attitude Control

This section introduces INDI-based position control and tilt-prioritized INDI attitude control. The former
addresses force disturbances by generating a collective thrust command, while the latter focuses on
tracking the commanded thrust vector and yaw angle.

The INDI controller functions as a disturbance observer in the proposed controller framework. The
instantaneous external disturbances can be estimated using the inverse of the dynamics and low-pass
filtered flight states [12]:

Text = m(i)f — g) — TfZB((]f), (410)
TeXtZIUQB,f—Tf—‘rQB,fXIUQB’f, (411)

where T’y and 7 are the collective thrust and total torques derived from Eq. (4.12) using filtered rotor speed
wr:
Ty

Tf

= le;z + GQAt_l(WfJg — wﬁk_l). (4.12)

The filtered linear and angular accelerations, o and Qp, ¢, come from the accelerometer and IMU. These
external disturbance expressions hold true under the assumption that external disturbances are slow-
changing relative to the low-pass filtered dynamics. The rotor angular acceleration is approximated using
the finite difference method where At is the INDI sampling time and subscript & — 1 is the last sampled
variable. With Tyvwpc and mnuwpc provided by the scheme from the next section, the desired linear and
angular accelerations, v4 and QB@ are given by

T
o — %B(qug, (4.13)

QB,d = Iv_l(TNMpC — QB,f X (IUQB’f)). (4.14)

Then, by substituting the estimated disturbances Eq. (4.10) and Eq. (4.11) back into the dynamic
equations Eq. (4.2) and Eq. (4.4), and replacing © by v, from Eq. (4.13), we obtain the following expressions
for the command thrust and torques:



4.3. Methodology 49

T(:ZB(QC) = m(vd - vf) + TfZB(Qf>7 (415)
TC:Tf-‘r-IU(QB_’C—Qf), (416)

where QB,C is the command angular acceleration and will be given in the latter part of this section. The
thrust command T. is then obtained using

Te = | TezB(ge)|2- (4.17)

In Equation 4.15, the commanded thrust vector is coupled with the commanded quaternion q., which is
different from the reference quaternion. To ensure the direction of the collective thrust, the quadrotor is
required to rotate from its current attitude ¢ to the commanded attitude ¢.. Since the yaw angle has a
lesser effect on the stability of the quadrotor, a tilt-prioritized attitude control approach [33] is utilized to
achieve this rotation. This approach consists of two steps, and the first step is to align the z-axis in the
body frame with the commanded thrust vector. The second step involves performing a yaw rotation to
achieve the desired yaw angle.

The attitude error between ¢, and ¢; is defined as
Qe = qc X q;l, (418)

T
where the components of the quaternion error are ¢, = {qao del  Ge2 qe73:| . To achieve the first
rotation, a reduced quaternion error is introduced

Qo+ qg,:a
1 Gde,0qe,1 — Ge,24e,3

Qe red = ﬁ
\/m Ge,09e,2 + Ge,19e,3

0

(4.19)

where ¢. ,.q is defined as the shortest rotation to align the current thrust direction to the desired one. When
420+ 423 = 0, the reduced quaternion error is not well defined because there are infinite rotational options
to rotate z-axis 180°. Under this circumstance, an arbitrary rotational direction is picked. The yaw error for
the second rotation is defined as
Ge,0
1 0

Qeyaw = 77—
\/ @Cot+as 0

Ge,3

(4.20)

which is the required rotation to align the current x and y-axis to the desired coordinate frame. The gc yquw
is further relaxed to achieve improved tilt tracking. This modification is achieved through a relaxation
procedure introduced in [31], which involves the use of a tunable parameter p € (0, 1]. The expression of

T
de,yaw DY vector rotation using the rotational axis n, = [O 0 1} and rotational angle «, is expressed in
Eq. (4.21).

Ge,0 cos(pay /2)
1 0 0
Ge,yaw = — = , forp =1. (421)
Y 2 2 0 0
\/9e0 T 9,3 _
Ge,3 sin(pay, /2)

By making p < 1, the yaw error is only corrected by p-fraction. The tilt-prioritized control law for the
commanded angular acceleration is adopted from [32] but with extra tuning parameter p € (0, 1] to relax
the yaw rotation,

QB,C = 2k7‘

o O O
o O =
S = O

0
0] Gered + Qkynysin(%) + KoQp.e + Qpa (4.22)
1
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where k,, k, are positive constants, K, is a diagonal positive definite matrix, and Q. is the angular
velocity error expressed in the body frame. The desired angular acceleration QB,d is from Eq. (4.14).
When p = 1, the controller above is equivalent to the one proposed in [33] and the one reviewed in [32].
The theoretical stability was also given in [33]. This tilt-prioritized control law gives an almost globally
asymptotically convergence in the reduced attitude error. The yaw error almost globally converges to zero.
In addition, this attitude control law has stable equilibriums. However, experimental results have shown
that setting p = 1 does not lead to favourable tracking performance [31]. Instead, by adjusting p < 1, the
controller can achieve better attitude tracking.

From Eq. (4.12), Eq. (4.16), and Eq. (4.17), the rotor speed control is obtained by solving a quadratic
cost function,

. T _
we = argmin H l °l = lec,k — GQAt 1(wc,k — qu_l)HW

We, k

(4.23)

c

st wer €W,

where W is the rotor speed constraint and W is a positive-definite diagonal weight matrix. Each diagonal
entry denotes the weight for thrust, pitch, roll and yaw channels. The weight for the yaw channel is set to
be smaller than the weights for the other channels. This strategy is employed to mitigate control saturation
by sacrificing yaw performance, given that the yaw angle has a lesser impact on the quadrotor’s stability.

4.3.2. Constraint-Tightened Robust NMPC Scheme

The constraint-tightened robust NMPC ensures that future states and inputs remain within the nominal
constraints even when subjected to bounded disturbances, thereby ensuring robustness. Concurrently,
the reduced uncertainty relaxes the tightened constraint and alleviates the conservatives associated with
this robust NMPC approach.

T
The state vector for a quadrotoris denotedasz = |( v ¢ QB} . To perform numerical optimization,

the states and inputs are sampled in N equal time intervals spanning the time horizon T'. The constrained
optimization problem at any time step k, with state z(k) = x¢, is formulated in Eq. (4.24). The initial time
index k is omitted for simplicity.

N—-1
Uopt(z) = argmin > (||Z; — i p|lq., + ||ui — i,

w i=0

lQ.)

+1ZN —znrllQn (4.24)

subject to z(i) = f(T;, u;) z(0) = xo
QB,i S {Q € R3| = OQmax <02 < Qmax} ~ BQ(Z)
u; € {u € R4|Umin < u < umax} ~ Bul(i)

In the above optimal control problem, ., is the reference state. The variable z is the state of the
nominal system, f(Z;,u;), which includes Eq. (4.1) to Eq. (4.6) but excludes external disturbances fext
and 7. Furthermore, the nominal model only takes the thrust-generated torques into account, namely
the G, related term in Eq. (4.5). The G- related torques will only be incorporated into the inner loop
controller design, following a similar approach as in [26]. Torques related to G5 are omitted due to their
negligible effects. The symbol ~ is the Pontryagin set difference, i.e., Given two sets A C R™ and B C R",
A~B2{zeR"z+yc Ay c B}. The sets Bq(i) and B,(i) hold tightened constraint conditions. The
quaternion error is defined through the multiplicative inverse as ¢ — ¢ = ¢ ® ¢;”1, representing the required
rotation to transform from the current quaternion state ¢ to the reference quaternion state ;..

For this nominal system, we have the Lipschitz-continuous assumption on the constraint states, as
presented in Assumption 4.3.1 widely adopted in robust NMPC [22, 23, 24, 25].

Assumption 4.3.1 (Lipschitz continuous in 2) Let the nominal rotational dynamics be denoted as Q B =
fa(Qp,u). There exist a Lipschitz constant L > 0, such that for any Qp 1, Q5 2 € [~Qmax, QUmax] and any
u e [Umina Umax]; ”fQ(QB,laU) - fQ(QB,2, U)HQ < LHQB,l - QB,Q”Q-
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Upon solving the optimal control problem defined in Eq. (4.24), the optimal control action, g, for the
first time step is extracted from ugpt. The required thrust and torques, Tympc and mwvpc, are then derived
using the nominal form of Eq. (4.5). The state disturbance residue s is given by

Tres(s) = [|1, " (Text(s) + T(we(s)) — mpc(s))l2- (4.25)

This represents the norm of the difference between the optimal nominal and the actual angular accelerations.
The external torque disturbance is estimated using Eq. (4.16). Furthermore, the input disturbance residue
ures 1S defined as

ures(s) = [luc(we(s)) — uo(s)ll2, (4.26)

which is the norm of the difference between commanded and optimal rotor thrust inputs, u.(w.) and .
The command rotor speed w. is derived at the end of Section 4.3.1 in Eq. (4.23).

By the Lipschitz condition in Assumption 4.3.1, the difference between the real and the predicted
optimal nominal angular velocity, Q5(¢) and Q%(t), under the initial conditions Q5 (tg) = Q% (t0) = Qp.0,
can be formulated as

10%(6) — Qs (t)]2 < / L% (s) — Qs(5)]l2 + Tres (). (4.27)

t

The Grownwall-Bellman inequality gives the upper bound of the angular speed error

1250 - 2a(B)]le < T2 (01 1), (4.28)

where Tres = SUP Tres(s). Motivated by [23, 24, 25], the state and input constraints are tightened by sets
s€[0,00]

Ba(k) = {2 € B[22 < T2 (" FF — 1)}, (4.29)

Bu = {Au € R4|”Au”2 S ﬂres}; (430)

where @es = SUp ures(s). Therefore, the robust satisfaction of nominal constraints is guaranteed when
s€[0,00]

the tightened constraints bound the predicted states and inputs. During implementation, the suprema
of 7res and uyes are determined from the previous sampled data using a sliding window approach with a
time interval smaller than the one over the cut-off frequency of the low-pass filter for the dynamics. This
selection is valid as we assume that the disturbances change slower than the low-pass filtered dynamics.

4.4. Numerical Validation

4.4.1. Simulation setup

The simulations are conducted in MATLAB 2022b [58]. The receding horizon optimal control problem is
solved by the embedded ACADOS toolbox [59], employing a sequential quadratic programming (SQP)
algorithm. The rotor speed control in Eq. (4.23) is accomplished by the MATLAB built-in SQP solver. The
NMPC algorithm operates at a frequency of 100 Hz with prediction horizon T"=1 s and N = 20. The INDI
algorithm samples at 250 Hz, matching the sensor frequency. The system dynamics are propagated at a
rate of 500 Hz. The simulation spans 20 seconds. We use the same aerodynamic drag model as in [26]
and treat it as an unknown external disturbance. All state measurements are filtered by a second-order
Butterworth low-pass filter with a 30 Hz cut-off frequency [12]. The actuator dynamics is modelled as a
first-order low pass filter with a 20 ms time constant. All controller parameters are listed in Table 4.2.

As the low-pass filtered dynamics have a cut-off frequency 30 Hz, the sliding window for finding the
supremum of state and input disturbance residues is set as 0.03 s, slightly smaller than 1/30 s. The
Lipschitz constant L is determined through the Monte Carlo simulations and has been determined to be
17. In these simulations, we randomly generate control inputs and states that satisfy the input and state
constraints and compute the corresponding system dynamics. The Lipschitz constant is computed for
each pair of inputs and states, and we utilize the maximum Lipschitz constant obtained from a total of
10,000 simulations.
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Table 4.2: Parameter setup

Parameter Value
Q. = Qn in Eq. (4.24) diag([200, 200, 500, 1,1,1,0,5,5,200,1,1,1])
Q. in Eq. (4.24) diag([6,6,6,6])
k., ky, pin Eq. (4.22) 3,2.2,1
Kq in Eq. (4.22) diag([0.3, 0.3, 0.3])
Win Eq. (4.23) diag([5,5,5,1])
Umin> Umax [N] N Eq. (4.24) 0,8.5
Qmax [rad/s] in Eq. (4.24) 15

Notably, the state-tightened constraint set is defined as

Bo(k) = 7 (¥ — 1),

Equation Eq. (4.31) are the result after substituting Eq. (4.16) and Eq. (4.22) into Eq. (4.4),

IO = —Qp x I[,Qp + T™numpc + Tt (4.31)
0100
. QL
T =I,(2k, [0 0 1 0 qe,,-ed+2kynysln(p7y)+KQQB,6) (4.32)
000 1

where 7 consists of first three tunable terms of Eq. (4.22).

To ensure the feasibility of the tightened angular velocity constraint set, it is important to keep 7es @
small value. If control allocation is executed perfectly, no compromise in yaw performance occurs. In
such a scenario, the disturbance residue 75 becomes exactly zero due to the inherent nature of the INDI
formulation. On the contrary, with the implementation of the tilt-priority controller, 7.5 roughly equates
to ||, '7||. Consequently, the feasibility of the constraint set hinges primarily on the design of gains in
the tilt-priority controller. This prompts questions concerning the necessity of using tilt-prioritized attitude
control. In this context, opting for smaller gains in the tilt-prioritized control is preferred to ensure appropriate
feasibility. For this simulation, the control gains in the tilt-prioritized controller are normalized by % at
every sampling step if the original gains lead to |rt|2 > |7ext|2- As a result, with normalized gains, the norm
of actual m; will always be smaller than the norm of 7¢y;.

To mitigate the potential issue of overly aggressive manoeuvres caused by the tilt-prioritized controller,
a trigger is employed. For instance, when the quadrotor is at the top of a vertical trajectory, the commanded
thrust vector might point in the opposite direction of the current position. Attempting to execute a 180-
degree flip within the brief INDI sampling interval of 1/250 seconds would be excessively aggressive.
Therefore, a trigger is added to deactivate the tilt-prioritized controller when the reduced quaternion error in
Equation 4.19 has an angle of more than 90 degrees. In such case, the commanded thrust will be directly
taken from the NMPC control action Tywvpc.

4.4.2. Reference Trajectories

The study presented in [26] used two types of reference trajectories which are in the form of horizontal and
vertical ellipsoids to assess tracking performance. Evaluating the performance on these simpler trajectories
can provide insights into the controller’'s behaviour on complex trajectory shapes. The trajectories, given
by Eq. (4.33) and Eq. (4.34), were directly adopted from [26].

T
G(t) = [rmaxsin(kt) Frmin COS(kt) 5} (4.33)

T
Cro(t) = [Tmax sin(kt) 0 5+ rmincos(kt) } (4.34)
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where v
Fax = Zax (4.35)
Fiin = (4.36)
Amax
E=—"— 4.37
Vmax ( )

Vimax @nd amax are maximum velocity and acceleration, and n is the ellipticity.

For the horizontal trajectory Eq. (4.33), the desired yaw angle ¢, is given by —7/2 — kt. The following
derivations provide the reference states and commands for the horizontal trajectory. The linear velocity
and acceleration are derived first:

. T
& = [rmax 008 (k) —rminsin(kt)k: 0] (4.38)

. T T
& = |~rmaxSin(EOR®  —rmincos(k? 0] = oz a0y a.] (4.39)

Next, the desired Euler angles are calculated, and the reference quaternion can be computed from these
Euler angles:

6, = atan2( (ax COS(¢r) + ay SiN(¢r))

, 4.40
TR (449
by = atanz(cos(ér)(ax sin(yr) — ay cos(r)) ) (4.41)
a: +9g
The time derivatives of yaw, pitch and roll angles are listed below.
= —k (4.42)
. a, —|— q . i .
0, = 5 (az cos(3) — ag Sin(v,. )1,

(a, cos(v,) + Qy sin(yr))? + (a- +g)
+ a, coS(¢, )ty + ay sin(y,))  (4.43)

(az""g) Y 2 a : —a
(cos(@,-)(awsin(w,.)—aycos(¢,,)))2+(az+g)2( sin(0,.)0.,-(a, sin(¢,.) — a, cos(1,))

+ cos(0,)(d, sin(vr) + ax COS(%WT — ay cos(ty) + Qy Si”(%)%)) (4.44)

Finally, the reference Body-axis rates Q1 , are given by Eq. (4.45). Obtaining the explicit form of reference
body-axis accelerations Q5 , is computationally complex. Therefore, the finite difference method is
employed to approximate the angular accelerations.

Qgr:

1 0 —sin(6,) by
Qp.,= |0 cos(¢,) sin(¢,)cos(d,) | |6, (4.45)
0 —sin(¢,) cos(¢,)cos(d,)]| |,

Recall that the nominal quadrotor dynamics are described by:

m

and .
1,0 = —-Qp x [,Ap + 7.

By inverse these dynamics, the reference input u,- can be expressed as:

a; + ay + (az + 9)*

u, = Gyt . .
! I’UQB,T + QB,T X I’UQB,T

(4.46)
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Table 4.3: Horizontaol trajectories [26].

n=1 n=2 n=5
Umaz[M/S°]$ Vinaz [m/5] Vinaw [m/5] Vinaz [m/s]
5 10 15 20| 5 10 15 20| 5 10 15 20
10 v v v VvV v v VIV v v Vv
20 v v v VIV v v VvV ix v v Vv
30 v v v VviI|ix v v Vv |x x v Vv
40 v v v vVIix v v VvV |ix x x V

The tested trajectories are outlined in Tables 4.3 and 4.4 with x marking the infeasible trajectories due
to the maximum acceleration limits. A total of 40 horizontal trajectories and 36 vertical trajectories are
subjected to testing.

Table 4.4: Vertical trajectories [26].

n=1 n=2 n=5
Amaz[M/s"2] Vinaz [m/$] Vinaz [m/$] Vinaz [m/s]
5 10 15 20| 5 10 15 20| 5 10 15 20
10 v v v VvV v v VIV v v Y
20 v v v VvV v v VIV v v v
30 v v v vV v v VIV v v V

4.4.3. Testing Cases

Reference trajectories in the previous section are subjected to both disturbance-free and disturbances
cases. These disturbances are characterized by the form 1 — cos, as required by aerospace certification
criteria [34] and will be applied at the first 5 seconds. Distinct tests were conducted to assess robustness
against force and torque disturbances. The external force is applied along the x and -z-axis in the inertia
frame, while the external torque is exerted in the body frame’s x and y directions. The constraint violation
criterion triggers if angular velocities exceed the nominal thresholds.
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4.5. Results

Simulation results for the robustness tests are summarized in Table 4.5. The maximum angular velocities
observed in these robustness tests are 18.76 rad/s and 19.24 rad/s from our approach and the SOTA
method, exceeding 25.07% and 28.33% of the nominal state constraints. Our method consistently
showcases improved position tracking performance across all types and all levels of disturbances compared
to the SOTA results. As the magnitudes of disturbances increase, both methods exhibit an increase in the
average heading error. The SOTA results in smaller heading errors for 0.2 and 0.3 Nm external torque
cases. In essence, this outcome suggests that the robust thrust control aspect of our method effectively
ensures position tracking, albeit at the expense of yaw angle tracking accuracy when facing substantial
disturbances.

In terms of robustly satisfying state constraints, our methodology demonstrates improvements. Specifi-
cally, when external torques are exerted, the frequency of constraint violation incidents in our approach
is reduced compared to the state-of-the-art (SOTA) findings. Conversely, the introduction of external
forces led to a rise in constraint violation instances, especially evident under the 5 and 10 N test scenarios.
We postulate that this uptick in constraint violations is primarily due to the tilt-prioritized controller. This
controller may introduce artificial torque disturbances, culminating in abrupt spikes in angular velocity.

Table 4.5: Robustness test results under external torques and forces.

Posz::]oenar?rsstcljz) (] He(anziler;g:]irsrtc;r) "] Constraint Violation Cases
OUR SOTA OUR SOTA OUR SOTA
Baseline | 0.14+0.075 0.17+0.081 | 1.72+1.96 2.04+2.51 6 6
0.1 Nm | 0.14+0.075 0.17+0.081 | 2.63£1.95 2.73+2.46 6 8
0.2Nm | 0.14+0.075 0.16+0.080 | 3.87+3.77 3.45+3.20 6 7
0.3Nm | 0.14+0.075 0.17+0.078 | 6.65+6.84 5.48+5.69 8 9
5N 0.16+0.062 0.18+£0.066 | 2.70+3.06 2.93+3.43 8 7
10N 0.19+0.050 0.22+0.049 | 3.58+4.27 4.12+5.00 1 13
15N 0.37+1.05 0.44+£1.17 | 5.23+7.60 6.10+7.92 15 13
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Figure 4.3: Horizontal trajectory tracking performance for case amax = 10, Vinax = 10, and n = 2 with 15 N
force disturbances.

Figures 4.3 and 4.6 depict the tracking performance of both controllers when subjected to 15N distur-
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Figure 4.4: Vertical trajectory tracking performance for case amax = 10, Vimax = 10, and n = 2 with 15 N
force disturbances.

bances across two trajectories. Disturbance-induced spikes are evident in both horizontal and vertical
trajectories between 0 to 5s of the simulation. However, the proposed method adeptly mitigates these
spikes, ensuring consistently low position errors throughout the simulation.

In some cases, both methods exhibit comparable performance. For instance, the horizontal trajectory
subjected to a 0.3Nm disturbance, as depicted in Fig. 4.5, reveals position errors over time that are notably
similar for both methods. However, when the same trajectory shape is adapted vertically under an identical
disturbance, our method distinctly outperforms the alternative, as illustrated in Fig. 4.6.

The average results presented in Table 4.5, along with detailed case studies depicted in Figures 4.3,
4.4,4.5, and 4.6, convincingly demonstrate that our approach offers superior state constraint robustness
under torque disturbances. Furthermore, it excels in position tracking despite uncertainties stemming from
actuator dynamics and additive disturbances.

4.6. Stability Analysis

In all simulation trials, our controller exhibited stable behaviour. Nevertheless, from a theoretical standpoint,
the omission of the terminal constraint in Eq. (4.24) during the controller design phase implies that analytical
stability cannot be assured.

4.7. Future Works

The robust NMPC scheme presented in Eq. (4.24) does not guarantee stability due to its lack of terminal
constraints. To address this, our final analysis will consider the NMPC scheme without terminal conditions,
allowing us to evaluate the performance quantitatively using the performance index, denoted as a from
Theorem 3.8.6. This index serves as an indicator of the stability of the undisturbed NMPC.

While extending the prediction horizon and increasing the number of prediction stages is a potential
method to ensure stability, it is computationally demanding. Such extensions could lengthen the runtime.
Empirical studies have shown that by keeping angular velocities below 15 rad/s, we can enhance the
tracking performance. Since the primary objective of the quadrotor is position tracking, integrating position
constraints might further optimize its performance.

A potential but computationally intensive approach to ensure stability is to extend the prediction horizon
and increase the number of prediction stages. However, this may come at the cost of increased runtime.
An angular velocity constraint imposition stems from empirical findings suggesting that maintaining angular
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Figure 4.5: Horizontal trajectory tracking performance for case amax = 10, Vimax = 10, and n = 2 with
0.3 Nm torque disturbances.
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velocities below 15 rad/s yields improved performance. Given that the quadrotor’s primary objective is
position tracking, the inclusion of position constraints might yield further enhancements. However, it's
important to note that adding more constraints might further increase the Lipschitz constant, rendering
tightened constraints infeasible.

Within MATLAB, a 20-second simulation takes roughly 60 seconds to execute, largely attributed to
the use of a slower sequential quadratic programming solver. The runtime could be diminished by using
the real-time sequential quadratic programming solver in the Acodos toolbox and transitioning to more
efficient, lower-level programming languages like C++ or C, which better optimize computational memory.
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Simulations from two NMPC Setups

This Chapter provides additional simulations, building upon the foundation established in quadrotor control
methodology from Section 2.6 and 2.7 and preliminary studies from Section 4.3 and 4.4. Our primary
objective is to investigate the performances of two distinct NMPC schemes: one that incorporates a terminal
cost and another that omits it.

While the simulation setups and test cases for the quadrotor applications are drawn directly from the
configurations delineated in the scientific article Section 2.7, a notable modification has been made: the
introduction of a terminal cost. Therefore, at its core, this chapter offers a comparative analysis between
(5.1) (without terminal cost) and (5.2) (with terminal cost). It's pertinent to mention that throughout these
comparisons, the INDI structure remains consistent and unaltered.

N-—1
Uopt(2) = argmin > (||Z; — zirllq, + i — uirll.)
ot =0 (5.1)
subject to z(t) = f(z(t)) + g(z(t))u(z(?)),
T, € X~ BT(Z), u; € U~ Bu(i)

N-—1
Uopt () = argmin > (|[z; — zirllq, + ||ui — uirllQ,)
w i=0
+lZn — 2Nyl (5.2)

subject to (1) = f(#(1)) + g(z(1))u(z (1)),
T, € X~ BQE(L)7 u; € U~ Bu(é)

According to [20], introducing a terminal cost can potentially expand the domain of attraction. Moreover,
this terminal cost may cause the NMPC feedback loop to guide the system towards the terminal equilibrium
or a designated reference with greater speed, as suggested by [52]. Through our simulations, we aim to
corroborate these assertions from the literature.

5.1. Tracking Agile Trajectories

Simulation results for quadrotor race track tracking tasks are presented in Table 5.1. The race tracks used
are identical to those described in Section 2.7. The findings indicate only a marginal variance between
the controllers: up to 6% differences in position error and 2% differences in heading error across all three
testing cases. Figures 5.1 to 5.3 compare results between the proposed controllers with and without
a terminal cost. Upon closer examination of these results, the controller without terminal cost displays
enhanced precision in position tracking across all three race tracks.

On the other hand, introducing a terminal cost improves heading angle tracking. As the race track’s
agility increases, with RACES reaching speeds of up to 20 m/s, the heading tracking precision of the
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Table 5.1: Average position and heading errors for tracking race tracks

Average Position Error [m] Average Heading Error [°]
No Terminal Cost Terminal Cost | No Terminal Cost Terminal Cost
RACE1 0.071 0.075 5.57 5.55
RACE2 0.070 0.074 8.12 7.97
RACE3 0.074 0.074 10.24 10.29
E
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Figure 5.1: RACE1 results: comparing controllers with and without a terminal cost. The figure on the left
shows the 3D trajectories, and the figures on the right have the evolutions of position error, flight speed,
and drag force.



5.1. Tracking Agile Trajectories 62
E
----Reference Soot
——With Terminal Cost |
——No Terminal Cost £01r
35 3°
3 8 O L L L
o 0 5 10 15 20
2.5 2 Time [s]
2 £ |
= k]
.§. 8 10+ i
N 15 o
n
1 =
2 0 : : :
0.5 T o 5 10 15 20
Time [s]
Z T
5 Q 5r 4
10 :§
(@]
g
_5 O D O L L L
y [m] 5 x [m] 0 5 10 15
Time [s]

Figure 5.2: RACEZ2 results: comparing controllers with and without a terminal cost. The figure on the left
shows the 3D trajectories, and the figures on the right have the evolutions of position error, flight speed,

and drag force.
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Figure 5.3: RACES results: comparing controllers with and without a terminal cost. The figure on the left
shows the 3D trajectories, and the figures on the right have the evolutions of position error, flight speed,

and drag force.
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controller without the terminal cost emerges as superior. This suggests that, given the parameters employed
and in disturbance-free scenarios, incorporating a terminal cost doesn’t significantly alter the system’s
closed-loop performance.

5.2. Tracking Agile Trajectory with an Unknown Slung Load

Table 5.2: Average position and heading errors for tracking agile trajectories with an unknown slung load.

Average Position Error [m] Average Heading Error [°]

No Terminal Cost Terminal Cost | No Terminal Cost Terminal Cost
RACE1 0.045 0.049 7.14 713
RACE2 0.14 0.14 15.32 14.39

After examining the nominal cases, we tested both controllers under the condition where the quadrotor
carried an unknown slung load, as detailed in Section 2.7. Notably, neither controller could track RACES3,
as the quadrotor couldn’t generate sufficient thrust to counteract disturbances. The results of the feasible
cases are summarized in Table 5.2. The largest difference in position error between the two controllers is
within 9%, and the maximum heading error difference is within 7%.

Visualizations of the trajectories, position errors, speeds and disturbances throughout the simulation
are provided in Figs. 5.4 and 5.5. For the RACE1 case, the controller without a terminal cost exhibits
minor position errors across the entire simulation. In contrast, for the RACE2 case, the position errors
from both controllers overlap, with the implementation of a terminal cost improving the heading error by
6.46%. Overall, the subtle differences between the results suggest comparable robustness between the
two controllers.

----Reference ——With Terminal Cost ——No Terminal Cost With Terminal Cost (Slung load) - No Terminal Cost (Slung load) ‘
E
— 015 N
e
O 0.1f i
c
35 £ 0.05
[%]
3 8 0 Il Il Il Il Il Il Il Il Il
0 2 4 6 8 10 12 14 16 18 20
25 Time [s]
. 7 ‘
€ 101 i
—_ 2 ;. 10
~ g
N
1.5 (% 5 4
=
1 =
— 0 Il Il Il Il Il Il Il Il Il
(V8
05 0 2 4 6 8 10 12 14 16 18 20
’ Time [s]
: : : : :
stk ‘—Aerodynamic drag — Slung load ‘ 4
5 z
10 ) 6 J
24 B
o
L2
_5 0 0 Il Il Il Il Il Il Il Il Il
y [m] 5 x [m] 2 4 6 g8 10 12 14 16 18 20
Time [s]

Figure 5.4: RACE1 results with an unknown slung load: comparing controllers with and without a terminal
cost. The figure on the left shows the 3D trajectories. The figures on the right have the evolutions of
position error, flight speed, drag force, and slung load induced force.

5.3. Robustness Analysis

We conducted comprehensive robustness tests on both controllers under various disturbances. A total of
76 ellipsoidal trajectory sets were tested, as detailed in Section 4.4.2. Results related to position error,
heading error, and instances of constraint violations are summarized in Table 5.3.
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Figure 5.5: RACEZ2 results with an unknown slung load: comparing controllers with and without a terminal
cost. The figure on the left shows the 3D trajectories. The figures on the right have the evolution of
position error, flight speed, drag force and slung load induced force.

In terms of heading tracking, the controller with the terminal cost demonstrated superior precision,
although the enhancement is subtle. Both controllers performed similarly in position tracking. Their
robustness in constraint satisfaction was also comparable when exposed to the same disturbances, with
one exception. Under 15 N disturbances, the controller without a terminal cost exhibited one less instance
of constraint violation.

In summary, the difference in performance between the two proposed controllers—both with and without
terminal cost—is minimal, with both showing comparable tracking accuracy and robustness.

Table 5.3: Robustness test results under external torques and forces.

Terminal Cost POS(I:LOenaErsSt(E) [ He(?;jle";gnirsrg)[ ] Constraint Violation Cases

No Yes No Yes No Yes
Baseline 0.14+0.076 0.14+0.075 | 1.904+2.26 1.72+1.96 | 6 6
0.1 Nm 0.14+0.076 0.14+0.075 | 2.84+2.24 2.63+1.95 | 6 6
0.2 Nm 0.14+0.076 0.14+0.075 | 3.994+3.66 3.87+3.77 | 6 6
0.3 Nm 0.14+0.076 0.14+0.075 | 6.78+6.71 6.65+6.84 | 8 8
5N 0.16+0.063 0.16+0.062 | 2.90+3.17 2.70+3.06 | 8 8
10N 0.19+0.050 0.19+0.050 | 3.71+4.24 3.58+4.27 | 11 11
15N 0.40+1.37  0.37£1.05 | 5.544+7.57 5.23+7.60 | 14 15
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Conclusions

In this concluding section, we return to the research questions posed in Section 1.2, providing comprehen-
sive answers based on the evidence and analyses presented throughout the study.

1. What types of disturbances should be considered and included?

In this thesis, the systems under consideration are assumed to have continuous dynamics
and inputs. Such continuity allows most disturbances, such as numerical errors, external
disturbances, uncertain parameters, and model measurement errors, to be represented as
additive disturbances. A counterpoint might suggest that command input does not necessarily
have to be continuous. While it is accurate that our optimal control approach generates discrete
control actions, we have addressed this by integrating actuator dynamics, framed as a first-order
lag system, during state propagation. As such, when the command input is filtered through the
actuator dynamics, the resulting real input is rendered continuous.

In the context of an aeroelastic wing, the predominant disturbances stem from wind gusts. To
emulate this, we’ve incorporated horizon wind gusts represented by sinusoidal velocities. To
further our robustness tests, vertical gust load disturbances and pitch moment disturbances are
also added, both characterized by sinusoidal signals.

In the quadrotor applications, actuator dynamics are interpreted as disturbances arising from
model uncertainties, primarily due to the precise actuator models. In real-world experiments, a
quadrotor inevitably experiences the impacts of aerodynamic drag. This drag force becomes
significant during agile flights. While we have modelled the aerodynamic drag based on empirical
data from the literature, our nominal model does not include this model. As a result, the
aerodynamic drag is regarded as an additive force disturbance. To test the robustness of our
controller, we subjected the quadrotor to external force and torque disturbances, described by a
1 — cos form and of varying amplitudes. The comprehensive inclusion of these disturbances
guarantees that our simulations are of high fidelity.

2. How can a stable cost function be constructed for the robust NMPC?

To convert the optimal cost function into a Lyapunov function and thereby ensure stability, there
are two prevalent methods.

The first method employs a terminal cost and positive invariant terminal constraints. By doing
so, the terminal cost is designed to be a local Lyapunov function within the terminal constraints.
Such conditions intrinsically guarantee that the optimal cost becomes a Lyapunov function and
that nominal stability is achieved. To further ensure robust stability, the terminal constraints are
designed again to be positively invariant even when subject to disturbances. Overall, with pre-
designed terminal conditions, the system is input-to-state practical stable. However, formulating
these terminal costs and constraints for nonlinear systems poses significant challenges. Often,
the validation of stability assumptions is relegated to simulations.

The second method drops the terminal conditions, and the nominal stability relies on the inherent
boundedness of infinite horizon optimal costs, optimal stage costs and optimal costs. If all
assumptions are satisfied, there exists a performance index ay. If ax € (0,1], the closed-loop

66



67

system is asymptotically stable. When fortified with additional assumptions concerning bounded
disturbances, this methodology paves the way for the establishment of robust stability in the
sense of semiglobally practically asymptotically stable.

The current implementation follows the second method using NMPC without terminal constraints.
Nominal stability is achieved by designing a quadratic stage cost function that intrinsically meets
the boundedness criteria of the optimal stage cost. Further, the stability of the NMPC without
terminal conditions is quantified using the performance index. However, the robust stability is
only validated via simulations by comparing results with state-of-the-art methods in the literature.

3. What types of incremental nonlinear control are to be synchronized with robust NMPC?

With the consideration of low model dependency and the capability of capturing both matched and
unmatched disturbances, several candidates of increment control have been selected. These
included the incremental sliding mode control (ISMC), the incremental nonlinear backstepping
(INBS), and the incremental nonlinear dynamic inversion (INDI).

While ISMC offers the advantage of low model dependency, it is not without its drawbacks. A
significant issue with ISMC is the chattering phenomenon. Moreover, its low model dependency
is achieved at the expense of utilizing high control gain. As such, ISMC may not be the most
suitable choice. INBS is hindered by a scarcity of literature regarding its stability and limited
documented applications. Conversely, INDI stands out with its comprehensive theoretical
foundation. lIts efficacy has been demonstrated through its widespread use in aerospace
applications. Notably, when INDI is loosely integrated with NMPC, there is already a marked
enhancement in performance. Given INDI's sophisticated theoretical development and proven
effectiveness in disturbance rejection, it is one of the most suitable choices for integration with
robust NMPC.

4. How can the selected incremental nonlinear control be utilized to filter out disturbances and
improve robustness?

As a sensor-based method, INDI is adept at online disturbance approximation using the nominal
dynamics and real-time state measurements. The incremental control law formed by INDI
effectively filters out these estimated disturbances. For underactuated systems, control allocation
strategies are implemented with the objective of minimizing disturbance residue. While complete
disturbance rejection might be elusive due to the underactuation and coupled dynamics, the
control mechanism ensures a significant reduction in disturbance. Given that the disturbance
residue is invariably smaller than the actual disturbance, this approach enhances system
robustness.

5. How to formulate tightened constraints to ensure robustness?

The constraint states are assumed to be Lipschitz continuous. Leveraging the disturbance
residue combined with this continuity assumption allows us to establish an upper bound on the
disturbance effects impacting the constraint states. This is achieved through the application of
the Gronwall-Bellman inequality. Subsequently, the Pontryagin set difference can be employed
to subtract the disturbance effects from the nominal constraints. The states that are confined in
the tightened state constraints will never exceed nominal constraints, even if disturbances are
presented. Therefore, robustness in constraint satisfaction is achieved.

Research objectives
The research objectives posed in Chapter 1 are repeated below for convenience.

"Development of nonlinear incremental optimal control for underactu-
ated mechanical systems."

During the work described in this thesis, a tightly coupled robust NMPC with INDI controller
has been developed and evaluated. The proposed control framework was customized for two
distinct underactuated mechanical systems: the aeroelastic wing and the quadrotor.

For the aeroelastic wing application, simulation studies highlighted its efficiency compared to
the nominal NMPC, achieving a reduction of 37.60% in plunge motion errors and 40.00% in
pitch motion errors, when a sinusoidal wind gust was presented.
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Shifting the focus to the quadrotor, the controller was fine-tuned for trajectory tracking tasks.
The outcomes were then compared with a benchmark control that loosely coupled NMPC with
INDI. Extensive simulations were conducted, where the quadrotor was tasked to track agile
trajectories under various disturbances. The results showed up to 79.58% reduction in position
error and up to 44.08% reduction in heading error.



Recommendations

Recommendations for further research include the following. The constraint tightening procedure hinges
on the assumption of Lipschitz continuity. However, there’s a potential that the Lipschitz constant can be
prohibitively large for practical implementation. In light of this, it's important to derive a less conservative
estimation that more accurately bounds the impact of disturbances on the states. Regarding the command
input, a control allocation strategy is requisite. Given that this method inherently accounts for the input
constraints, there is potential to relax the tightened input constraints within the robust NMPC framework.
However, before making any adjustments, further investigations are essential to understand the implications
of removing the input constraint tightening procedure.

When discussing the control allocation strategy, particularly in the context of the quadrotor application,
it's noteworthy that the dimension reduction from a 6 x 1 control input, which encompasses both thrust
and torque vectors, to a 4 x 1 control input, containing only thrust magnitude and a torque vector, results
in the omission of the coupling effects between translational and rotational dynamics. Our innovatively
proposed tilt-prioritized INDI attitude control regains this coupling effect by allowing the attitude controller
to track both the force vector and the desired attitude. This approach comprehensively addresses the
challenges associated with underactuation. The mapping of thrust magnitude and toque vector to actual
rotor speed is in full rank, and most of the time, disturbances can be rejected precisely. However, for the
two states and one input aeroelastic wing model, addressing the coupling between lift and moment within
the controller design remains a significant challenge. A notable concern is that any effort to reject force
disturbances could inadvertently introduce artificial moment disturbances, further complicating the control
process. Currently, the reliance is on the control allocation to navigate the coupling problem raised by the
underactuation. Therefore, we recommend future research focus on the development of a novel controller
that tackles the coupling problem as the tilt-prioritized controller does. On the other hand, a more refined
control allocation strategy could also be a viable solution.

The sensor noise was not simulated in our study. While the inclusion of a Butterworth filter can
effectively mitigate sensor noise, incorporating this noise directly into the system is recommended. This
addition would further enhance the fidelity of the simulations. One of the inherent limitations of the NMPC
is its comparatively slower runtime, attributed to its computational demands. In our study, the algorithm’s
execution time was not incorporated into the controller design considerations. Yet, when transitioning from
simulations to real-world applications, ensuring the speed of the control algorithm becomes paramount.
We recommend that future research should emphasize finding the optimal prediction stages and horizons
to strike a balance between performance and speed. For the simulation setup, it is our assertion that
forthcoming research should prioritize the utilization of the ACADOS toolbox over the SQP solver provided
by MATLAB. This recommendation stems from our observation that solvers in ACADOS exhibit superior
computational efficiency compared to the aforementioned MATLAB solver.

Lastly, the robust stability of the proposed method remains partially unaddressed, given the inherent
theoretical complexities. Users are granted discretion in their choice to incorporate terminal conditions
within the NMPC framework or not. In scenarios where NMPC is deployed with terminal conditions, there’s
an explicit need to formulate a solution that identifies positive invariant terminal constraints. Alternatively,
when employing NMPC without terminal conditions, we suggest that the robust stability of our controller
could be built upon the concepts of practical stability and robust-optimal feasibility.
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