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ON THE ¢°*-BOUNDEDNESS OF A FAMILY OF INTEGRAL
OPERATORS

CHIARA GALLARATI, EMIEL LORIST, AND MARK VERAAR

ABSTRACT. In this paper we prove an ¢°-boundedness result for integral op-
erators with operator-valued kernels. The proofs are based on extrapolation
techniques with weights due to Rubio de Francia. The results will be applied
by the first and third author in a subsequent paper where a new approach to
maximal LP-regularity for parabolic problems with time-dependent generator
is developed.

1. INTRODUCTION

In the influential work [34] [35], Weis has found a characterization of maximal
LP-regularity in terms of R-sectoriality, which stands for R-boundedness of a family
of resolvents on a sector. The definition of R-boundedness is given in Definition
It is a random boundedness condition on a family of operators which is a
strengthening of uniform boundedness. Maximal regularity of solution to PDEs is
important to know as it provides a tool to solve nonlinear PDEs using linearization
techniques (see [4] 23] 25]). An overview on recent developments on maximal LP-
regularity can be found in [7, 2I]. Maximal LP-regularity means that for all f €
L?(0,T; X), where X is a Banach space, the solution u of the evolution problem

w(t) =Au(t)+ f(t), te(0,7)

(1.1) w0y =0

has the “maximal” regularity in the sense that v, Au are both in L?(0,T; X). Using
a mild formulation one sees that to prove maximal LP-regularity one needs to bound
a singular integral with operator-valued kernel Ae(t=)4,

In [I1] the first and third author have developed a new approach to maximal LP-
regularity for the case that the operator A in (ILT]) depends on time in a measurable
way. In this new approach R-boundedness plays a central role again. Namely, the
R-boundedness of the family of integral operators {I; : k € K} C LP(R; X) is
required in the proofs. Here I} is defined by

(1.2) 1)) = [ k=70 (5 s
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where T'(t,s) € L(X) is a two-parameter evolution family and K is the class of
kernels which satisfy |k|+ f < M f for f : R — R, simple and where M is the Hardy-
Littlewood maximal operator. For evolution families one usually sets T'(¢,s) = 0 if
t<s.

In this paper we give a class of examples for which we can prove the R-boundedness
of {I : k € K}. We now state a special case of our main result. It is valid for
general families of operators {T'(t,s) : —oo < s <t < oo} C L(LI(Q,w)). We will
not use any regularity conditions for (¢, s) — T'(t, s) below.

Theorem 1.1. Let Q C R? be an open set. Let p,q € (1,00). Assume that for all
Agq-weights w,

(13) ||T(t7 S)”L(Lq(ﬂ,w)) < 07 S7t € R7

where C' depends on the Ag-constant of w in a consistent way. Then the family of
integral operators {I, : k € K} C L(LP(R; LY())) as defined in (L2) is R-bounded.

In the setting where T'(t, s) = e(t=%)4 where A is as in (I, the condition (L3
also appears in [10] and [I7, 18] in order to obtain R-sectoriality of A. There (3]
is checked by using Calderén-Zygmund and Fourier multiplier theory. Examples of
such results for two-parameter evolution families will be given in [I1].

As a consequence of the Kahane-Khintchine inequality (see Remark [B10) one
can see that in standard spaces such as LP-spaces, R-boundedness is equivalent
to so-called /2-boundedness. The latter is a special case of £*-boundedness (see
Definition BI)). In LP-spaces this boils down to classical LP(£%)-estimates from
harmonic analysis (see [14} [15], [I2l Chapter V] and [5, Chapter 3]). It follows from
the work of Rubio de Francia (see [26] 27, 28] and [12]) that LP(¢®)-estimates are
strongly connected to estimates in weighted LP-spaces.

To prove Theorem [Tl we apply weighted techniques of Rubio de Francia. With-
out additional effort we actually prove the more general Corollary B.14] which
states that the family of integral operators on LP(v, L?(w)) is ¢°*-bounded for all
P, q,s € (1,00) and for arbitrary A,-weights v and A,-weights w. Both the modern
extrapolation methods with Ag-weights as explained in the book of Cruz-Uribe,
Martell and Pérez [5] and the factorization techniques of Rubio de Francia (see
[12, Theorem VI.5.2] or [15, Theorem 9.5.8]), play a crucial rdle in our work. It
is unclear how to apply the extrapolation techniques of [5] to the inner space L¢
directly, but it does play a role in our proofs for the outer space LP. The factoriza-
tion methods of Rubio de Francia enable us to deal with the inner spaces (see the
proof of Proposition B.13)).

In the literature there are many more R-boundedness results for integral opera-
tors (e.g. [0, Section 6], [7, Proposition 3.3 and Theorem 4.12], [13], [16, Section 3],
[19, Section 4], 21, Chapter 2]). However, it seems they are of a different nature
and cannot be used to prove Theorems [[T] and Corollary B.14

Throughout this paper we will write B(X) for the space of all bounded operators
on a Banach space X and denote the corresponding norm as ||| 5. Let £(X) C
B(X) denote the subspace of all bounded linear operators. For p € [1,00] we let
p’ € [1,00] be such that %—i— ﬁ =1

Acknowledgement The authors thank the referees for helpful comments.
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2. EXTRAPOLATION AND WEIGHTS

2.1. Preliminaries on weights. First we will introduce Muckenhoupt weights
and state some of their properties. Details can be found in [I5, Chapter 9] and [31],
Chapter V.

A weight is a locally integrable function on R¢ with w(z) € (0,00) for almost
every x € R%. The space LP(R? w) is defined as all measurable functions f with

1

P
llncesr = ([ Pwan)” <o
R4

With this notion of weights and weighted LP-spaces we can define the class of
Muckenhoupt weights A, for all p € (1,00) for a fixed dimension d € N. Let
fo= ﬁ Jo- For p € (1,00) a weight w is said to be an Aj-weight if

wla, = sup f wie)ao( f w7 d) <o,

where the supremum is taken over all cubes @ C R? with axes parallel to the

coordinate axes. The extended real number [w], is called the A,-constant.
Recall that w € A, if and only if the Hardy-Littlewood maximal operator M is

bounded on LP(R% w). The Hardy-Littlewood maximal operator is defined as

M) = s £ [F)ldy. S e LR w)
Q3zJQ
with Q ranging over all cubes in R? with axes parallel to the coordinate axes.
Next we will summarize a few basic properties of weights which we will need.
The proofs can be found in [I5] Theorems 9.1.9 and 9.2.5], [15, Theorem 9.2.5 and
Exercise 9.2.4], [I5, Proposition 9.1.5].

Proposition 2.1. Let w € A, for some p € [1,00). Then we have

1

(1) If p € (1,00) then W € Ay with [wiﬁ]Ap/ _ [w];";l
(2) For every p € (1,00) and k > 1 there is a constant 0 = op..a € (1,p)
and a constant Cp g, > 1 such that [w]a, < Cpea whenever [wja, < k.

Moreover, k +— 0pc.qd and K — Cp . q can be chosen to be decreasing and
increasing, respectively.
(3) Ap € Ag and [w]a, < [w]a, if ¢>p.
(4) Forp € (1,00), there exists a constant Cp, q such that
_1
1M 5o a0y < Cpoa - (WA,
2.2. Extrapolation. The celebrated result of Rubio de Francia (see [26, 27| 28],
[12] Chapter IV]) allows one to extrapolate from weighted LP-estimates for a single p
to weighted L%-estimates for all ¢. The proofs and statement have been considerably
simplified and clarified in [5] and can be formulated as follows (see [5, Theorem 3.9]).

Theorem 2.2. Let f,g: R — R, be a pair of nonnegative, measurable functions
and suppose that for some py € (1,00) there exists an increasing function o on Ry
such that for all wg € Ay,

||f||Lpo(1Rd,wo) < a([wO]Apo)HQHLPO(]Rd,wg)'
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Then for all p € (1,00) there is a constant ¢, q s.t. for all w € Ap,
Polig
(TP T (It i 1 1]
Note that for certain weights the above LP-norms are allowed to be infinite.
Estimates as in the above result with increasing function « will appear frequently.
In this situation we say that

£l oo (e,wo) < CllgllLro e wo)

with an Ay, -consistent constant C'. This means that for two weights wo,w, € A, we
have C'([wo]a,) < C([wi]a,) whenever [wo]a, < [wi]a,. Note that the LP-estimate
obtained in Theorem [Z2]is again A,-consistent for all p € (1, c0).

Take n € N and let for ¢ = 1,--- ,n the triple (Q;,%;, ;) be a o-finite measure
space. Define the product measure space

(Q,E,M) = (Ql Xoeee XQnazl X X EnaMI Xoeee XMn)
Then of course (£, X, i) is also o-finite. For g € (1,00)™ we write
(2.1) LYQ) = LT (Qq,- - LI (€2,)).

Next we extend Theorem to values in the above mixed L7(f2) spaces. For
the case © = N this was already done in [5, Corollary 3.12].

Theorem 2.3. Let f,g : RY x Q — R, be a pair of nonnegative, measurable
functions and suppose that for some pg € (1,00) there exists an increasing function
a on Ry such that for all wy € Ay,

(2.2) 1702 8) Lo .y < (0], M9 ) it ey

for all s € Q. Then for all p € (1,00) and § € (1,00)" there exist cpg,4 > 0 and
Bpo,p,g > 0 such that for all w € A,,
n Bro.p.7

(2.3) Hf”Lp(Rd,w;LE(Q)) <4 O‘(Cp@d[w]A: q)||9||Lp(Rd,w;Lﬁ(Q))-
Proof. We will prove this theorem by induction. The base case n = 0 is just
weighted extrapolation, as covered in Theorem

Now take n € NU{0} arbitrary and assume that the assertion holds for all pairs
f,9:R% x Q — R, of nonnegative, measurable functions. Let (£, X, f10) be a o-

finite measure space and take nonnegative, measurable functions f, g : R¥xQxQ —
R4 . Assume that ([Z:2)) holds for po, all w € A, and all s € 2y x Q.

Now take (so,$1, " ,8,) € Qo x Q arbitrary. Let § € (1,00)"™ be given and
take r € (1,00) arbitrary. Define ¥ = (r,q1, -+ ,¢qn) and the pair of functions
F,G:R? — [0,00] as

F@) = 1@ Mraenn  G@) =196 ) renn

By our induction hypothesis we know for all p € (1, 00) there exist ¢y 5.4 and Bp, p.g
such that for all w € A4,

n Brg.p.a
[£(+, 0, ')”LP(]Rd,w;LE(Q)) <4 a(cp@d[w]Apo Mg(+, so, ')”Lp(Rd,w;LH(Q))

Now taking p = r we obtain

1
¥y = ([ 18G50, ) may (o) do )
Qo JRE
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1
n 517 ,Tq r r
< 4" afergalul ") ( /Q [ o0, ) moyeo() de d
0

n ﬂ W q
=4 OZ(Cr,q,d[w]Aio q)”GHLr(Rd,w)

using Fubini’s theorem in the first and third step. So with Theorem 2 2using pg = r
we obtain for all p € (1,00) that there exist ¢, p g4 > 0 and B, 7 > 0 such that
for all w € A,

HfHLp(Rd,w;L?(Qon)) = ||FHLP(Rd,w)
< 4Ha (e p.alw) 2 ) IG] o,y
= 4" a((enpaalwl 2" D9l o et usro )
This proves (23) for n + 1. m

Remark 2.4. Note that in the application of Theorem [2.3]it will often be necessary
to use an approximation by simple functions to check the requirements, since point
evaluations in ([22)) are not possible in general. Furthermore note that in the case
that f = T'g with T a bounded linear operator on LP(R¢ w) for all w € A, this
theorem holds for all UMD Banach function spaces, which is one of the deep results
of Rubio de Francia and can be found in [29] Theorem 5.

As an application of Theorem[2.3]we will present a short proof of the boundedness
of the Hardy-Littlewood maximal operator on mixed LZ-spaces.

Definition 2.5. Letp € (1,00) andw € A,. For f € LP(R?,w; X) with X = L(Q)
we define the mazximal function M as

W) = s ][Q 1F(y.9)] dy

with Q all cubes in R as before.

We can see that M is measurable, as the value of the supremum in the definition
stays the same if we only consider rational cubes. We will show that the maximal
function is bounded on the space X = L4(Q). Note that if = N, the result below
reduces to the weighted version of the Fefferman-Stein theorem [IJ.

Theorem 2.6. M is bounded on LP(R?, w; LI(2)) for all p € (1,00) and w € Ap.

Proof. Let M be the Hardy-Littlewood maximal operator and assume that f &€
LP(RY,w; L7(RY)) is simple. By Proposition Bl and the definition of the Hardy-
Littlewood maximal operator we know that
— 1
||Mf(.;s)||Lp(Rd)w) = ||Mf(.;s)||Lp(Rd)w) <Chpa- [w]ﬁ;l ||f(‘75)||Lp(Rd,w)
Then by Theorem 23] we get that

HMfHLp(Rd,w;LH(Q)) < O‘p,a,d([w]Ap)Hf”Lp(Rd,w;m(Q))

with oy 4,4 an increasing function on R;. With a density argument we then get
that M is bounded on LP(R?, w; L7(Q)). "
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Remark 2.7. Using deep connections between harmonic analysis with weights and
martingale theory, Theorem 2.6 was obtained in [2] and [29, Theorem 3] for UMD
Banach function spaces in the case w = 1. It has been extended to the weighted
setting in [32]. As our main result Theorem B.I0 is formulated for iterated LI(£2)-
spaces we prefer the above more elementary treatment.

3. MAIN RESULT

In this section we present the proofs of Theorems [[LT] and B.10] and Corollary
BI4 which are our main results. In Subsection Bl we will first obtain a preliminary
result which is one of the ingredients in the proofs.

3.1. (*-boundedness. In this section we will introduce £°-boundedness and present
some simple examples. For this we will use the notion of a Banach lattice (see [22]).
An example of a Banach lattice is LP or any Banach function space (see [36, Section
63]). In our main results only iterated LP-spaces will be needed.

Although /¢%-boundedness is used implicitly in the literature for operators on
LP-spaces, on Banach functions spaces it was introduced in [34] under the name
Rs-boundedness. An extensive study can be found in [20] [33].

Definition 3.1. Let X and Y be Banach lattices and let s € [1,00]. Then we call a
family of operators 7 C B(X,Y) £5-bounded if there exists a constant C such that
for all integers N, for all sequences (Tp,)N_y in 7 and (z,)N_, in X,

1
B

(o) 1, =l (S50) 1,

with the obvious modification for s = co. The least possible constant C' is called the
¢*-bound of T and is denoted by R' (F) and often abbreviated as R*(T).

Ezample 3.2. Take p € (1,00) and let 7 C B(LP(R?)) be uniformly bounded by a
constant C. Then .7 is (P-bounded with RP(J) < C.

The following basic properties will be needed later on.

Proposition 3.3. Let F C L(X,Y), where X andY are Banach function spaces.
(1) Let 1 < sp < s1 < 00 and assume that X and Y have an order continuous
norm. If 7 C L(X,Y) is €% -bounded for j = 0,1, then J is £*-bounded

for all s € [so, s1] and with 0 = 2= the following estimate holds:

R(T) < RO(T)IRM(T) < max{R™(T),R*(T)}
(2) If T is £°-bounded, then the adjoint family T* = {T* € L(Y*, X*): T €
T} is 05 -bounded and R (T*) = R*(7).

Proof. () follows from Calder6n’s theory of complex interpolation of vector-valued
function spaces (see [3] and |20, Proposition 2.14]). For (@) we refer to [20, Propo-
sition 2.17] and |24, Proposition 3.4]. m

Remark 3.4. Below we will only need Proposition B3]in the case X =Y = L1(Q).
To give the details of the proof of Proposition in this situation one first needs
to know that X* = L7 (Q) which can be obtained by elementary arguments (see
Proposition[Ad]below). As a second step one needs to show that X (£%,)* = X*(£%)
and this is done in Lemma
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Ezample 3.5. Let 1 < 50 < g <1 <o00. Let X = L9(Q) and let T C L(X) be £%-
bounded for j € {0,1}. Then for s € [so, q], R*(F) < R**(T) and for s € [q, s1],
R*(T) < R* (7). Indeed, note that by Example 3.2]

RUT) = sup [[T| <R¥(7), je{0,1}.
TeT

Now the estimates follow from Proposition [3.3] by interpolating with exponents
(505 q) and (Qa Sl)'

In particular, it follows that the function s — R*(7), is decreasing on [sg, q]
and increasing on [g, $1].

3.2. Convolution operators. Let K be the following class of kernels
K = {k € L*(R?) : for all simple f: R? — R, one has |k| * f < Mf a.e.}.

There are many examples of classes of functions k with this property (see [I4,
Chapter 2] and [24] Proposition 4.5 and 4.6]). It follows from [24] Lemma 4.3] that
every k € K satisfies ||| 1 ga) < 1.

To keep the presentation as simple as possible we only consider the iterated space
X = L7(Q) with § € (1,00)" below (see ([2))). For a kernel k € L'(R%), p € (1, 00)
and w € A, define the convolution operator T}, on LP(R?, w; X) as Ty, f = k= f. Of
course by the definition of M we also have |k * f| < M f almost everywhere for all
simple f: R% = X.

Proposition 3.6. Let g € (1,00)" and X = Li(Q). For all s € [1,00] and p €
(1,00) and w € Ay, the family of convolution operators T = {T} : k € K} on
LP(R, w; X) is £5-bounded and there is an increasing function aypzs.a such that

R(T) < oapgs,a(w]a,).

Proof. Let 1 < s < oo. Assume that fi,---, fy are simple. Take ¢t € Q and
i € {1,---,N} arbitrary. Note that we have f;(+,t) € LP(R% w). Then since
Ty, fi(w,t)| < M fi(x,t) for almost all x € R?, the result follows from Theorem 2.6
using the vector (¢1,- -, qn, s) and the measure space

(Qx{1,--- ,N}LEXP({1l,--- ,N}),ux )

with A the counting measure. Now the result follows by the density of the simple
functions in LP(R?, w; L(9)).

The proof of the cases s = 1 and s = oo follow the lines of |24, Theorem 4.7],
where the unweighted setting is considered. In the case s = 0o also assume that
f1,+++, fn are simple. With the boundedness of M from Theorem 2.6 we have

~ P
/ sup |Tknfn(:1c)|‘p_ w(x) dacg/ sup M fn(x) w(z) dz
rRd 1 1<n<N La() Rd[[1<n<N L3(Q)
_ p
< [ s n)@)  w@a
R 1<n<N L7()
P
<apgalula,? [ | sw 5)@)|  wi)ao
R || \1<n<N L)

with o, 7,4 an increasing function on R;. The claim now follows by the density of
the simple functions in LP(R?, w; L9(Q)).
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For s = 1 we use duality. For f € L?(R?,w; X) and g € L (R, w'; X*), let
(19) = [ (7@ g(a))xx- do
R

It follows from Proposition A1l that in this way LP(R? w; X)* = L' (R, w'; X*).
Moreover, one has T} = T} with k(z) = k(—z). Now since k € K if and only if
k € K we know by the second case that the adjoint family .7* = {T* : T € T} is
¢>-bounded on L*' (R, w'; X*). Now the result follows from Proposition 33l  m

Remark 3.7. Proposition B0l is an extension of [24, Theorem 4.7] to the weighted
setting. The result remains true for UMD Banach function spaces X and can be
proved using the same techniques of [24] where one needs to apply the weighted
extension of [29, Theorem 3] which is obtained in [32].

The endpoint case s = 1 of Proposition [3.6] plays a crucial réle in the proof of
Theorems [I.1] and Quite surprisingly the case s = 1 plays a central role in
the proof of [24) Theorem 7.2] as well, where it is used to prove R-boundedness of
a family of stochastic convolution operators.

3.3. Integral operators with operator valued kernel. In this section (€2, %, 1)
is a o-finite measure space such that L7(2) is separable for some (for all) ¢ € (1, c0).

Definition 3.8. Let J be an index set. For each j € J, let T; : R? x R —
L(LI(Q)) be such that for all ¢ € LI(Q), (z,y) — Tj(z,y)¢ is measurable and
|T;(z,y)|| < 1. For k € K define the operator Iz, on LP(R?, v; L9(Q)) as

(31) T F@) = [ k@ = )Ty o)) dy
and denote the family of all such operators by L.

In the above definition we consider a slight generalization of the setting of The-
orem [[LTF We allow different operators 7} for j € J in the ¢*-boundedness result
of Theorem

We first prove that the family of operators Zr is uniformly bounded.

Lemma 3.9. Let 1 < p,q < oo and write X = L4(). Assume that for all p € X
and j € T, (x,y) — T;(z,y)¢ is measurable and ||T;(x,y)| < 1. Then there exists
an increasing function oy g on Ry such that for all I, 1, € Ir,

HIk,Tj HL(LT’(Rd,v;X)) <opa(lv]a,), veA.

Proof. Let f € LP(R%,v; X) arbitrary. Then by Minkowski’s inequality for integrals
in (i), the properties of k € K in (ii) and boundedness of M on LP(R? v) in (i),
we get

p P

I flassco = [ | [ e =om @@ ]| o)

-) </ (/ k@ = )T, 9) 1 )] x dy>pv(3:) dx>
(L ([ e =i dy)pvm i) %

B =

INS

IN
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< </R (M| 1l ) () v () dx) " a1 1 s

with oy, 4 an increasing function on Ry. This proves the lemma. [

Theorem 3.10. Let 1 < p,q < oo and write X = L1(Q). Assume the following
conditions

(1) Forallp € X and j € J, (z,y) — T;(x,y)¢ is measurable.

(2) Forall s € (1,00), 7 = {Tj(z,y) : z,y € R j € T} is £5-bounded,

Then for allv € Ay and all s € (1,00), the family of operators Ir C LP(R?, v; X) as
defined in [3.1), is £°-bounded with R*(Zr) < C where C depends on p,q,d, s, [v]a,
and on R7(T) for o € (1,00) and is Ap-consistent.

Ezample 3.11. When Q = R® with p the Lebesgue measure and ¢g € (1,00), then
the weighted boundedness of each of the operators T} (z, y) on L% (R, w) for all A, -
weights w in an A4 -consistent way, is a sufficient condition for the £*-boundedness
which is assumed in Theorem Indeed, this follows from [5l Corollary 3.12]
(also see Theorem 23)).

Usually, the weighted boundedness is simple to check with [12, Theorem IV.3.9]
or [I5, Theorem 9.4.6], because often for each z,y € R? and j € 7, Tj(z,y) is given
by a Fourier multiplier operator in R€.

Ezample 3.12. Let ¢ € (1,00). Let T(t) = e*2 for t > 0 be the heat semigroup,
where A is the Laplace operator on R¢. Then it follows from the weighted Mihlin
multiplier theorem [12, Theorem IV.3.9]) that for allw € Ay, [|T(t)||£(ra(re,w)) < C,
where C' is Ag-consistent. Therefore, as in Example BIIl {T'(t) : t € Ry} is £°-
bounded on L4(R% w) by an A,-consistent R*-bound.

In order to give an example of an operator I, 7 as in 1)), we could let T'(x,y) =
T(¢(z,y)), where ¢ : R? x R? — R, is measurable. Other examples can be given
if one replaces the heat semigroup by a two parameter evolution family T'(¢, s). As
explained in the introduction, this is the setting of [I1] (see Theorem [LT]).

To prove Theorem B.I0 we will first show a result assuming ¢°-boundedness for
a fixed s € (1,00). Here we can also include s = 1.

Proposition 3.13. Let 1 < s < ¢ < oo and write X = LI(Q). Assume the
following conditions

(1) Forall¢p € X and all j € T, (x,y) — T;(x,y)¢ is measurable.
(2) T ={Tj(z,y) : x,y € RL j € T} is £°-bounded.
Then for all p € (s,00) and all v € Av the family of operators Ip C LP(R?, v; X)
defined as in [B1), is (*-bounded and there exist an increasing function o p q.4 Such
that

R*(Zr) < R T )aspg.al[v]az)-

Proof. Without loss of generality we can assume R*(7) = 1. We start with a
preliminary observation. By [12, Theorem VI.5.2] or [I5], Theorem 9.5.8], the ¢°-
boundedness is equivalent to the following: for every u > 0 in L7+ () there exists
alUeL7s () such that

101 g2 g = 0l g2 g
(3.2)

/Q T (e, )bl ds < /Q 6 Udn, yeQ, jed éeLiQ).
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Forn=1,---,N take Iy, v, € Zr and let I, = I, r, where ji,...,jn € J.
Take f1,---, fv € LP(R%, v; X) and note that

N % N
H(Zunm) S ful
n=1 n=1

Let 7 € (1,00) be such that X + c=landfixz e R As L"(Q) = L+ (Q)*, we can
find a function u € L"(§2), which will depend on z, with v > 0 and ||ul|.) =1
such that

Lr (R ,v;X)

%
L (ks t @)

N

Zunfn(xﬂs

n=1

(3.3)

L

N
=3 [ fula)ue
Q) n=1 Q

By the observation in the beginning of the proof, there is a function U > 0 in L"(2)
(which depends on x again) such that [.2) holds. Since |[kn| 11 ey < 1, Holder’s
inequality yields

(3-4) | In fo(@)]” < /Rd [k (2 = 9)I|T5, (2, 9) fa ()] dy.

Applying B4) in (¢), estimate (B2) in (i7), and Holder’s inequality in (4i7), we get:

. o) &
Z/ﬂllnfn(x”SUdM < Z/Q/Rd |k (2 _y)||T‘n(w,y)fn(y)|s dyudu
n=1 n=1
N

=3 [ ate o)l [Tl wandy

(i) X .

£Y [ el [ andy

N
= [ 2 [ et - oot gt

(i)
<

L@

N
3 [ fate = 0l ay

Combining ([B3) with the above estimate and applying the ¢!-boundedness result
of Proposition B8 to |f,|" € L¥ (R?,v; L#(Q2)) (here we use v € Az ), we get

H(iunfnf)i}

N
< kn'_ n Sd
RN ) o BCACRITATIES

N 1
oIl
n=1 L

](ﬁ;w)

with oy, 45,4 an increasing function on R4. This proves the £*-boundedness. [

1
Ls (Rd,v;L%(Q))

< ap,q,s,d([U]Ag) P

(Rd,v;L%(Qﬁ,w))

1
B

= ap,q,s,d([U]Ag )

Lr (R4 v;X)
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Next we prove Theorem [B.I0l For a constant ¢ depending on a parameter ¢ €
I C R, we write ¢ < t if ¢; < ¢ps whenever t < s and s,t € I.

Proof of Theorem[3104 Fix q € (1,00), p = q, v € Ay and k = 2[v]4, > 2. The
case p # ¢ will be considered at the end of the proof.

Step 1. First we prove the theorem for very small s € (1,¢). Proposition 2]
gives 01 = 0g.,qa € (1,q) and Cy x4 such that for all s € (1,01] and all weights
u € Ay with [u]a, < &,

[U]A% < [U]Ag < Oq,rc,d-

Moreover, o1 o< £~ ! and C k.

By Proposition B3], Zr C £(L(R%, v; X)) is £*-bounded for all s € (1,01) and
(3.5) R*(Ir) < Rs(y)as,q,d([v]fl%) < R¥T)Bg,s.dws

with 8y s.ax = @g,5,4(Cqr.d). Note that S o k and 8 x §'.
Step 2. Now we use a duality argument to prove the theorem for large s €
1
(g,00). By Proposition 2T} v" € Ay and & = 2[v]4, = 2[1}]2;1 = 2(&711).
Note that we can identify X* = L7 () and LY(R%, v; X)* = LY (R%,v/; X*) by
Proposition [Adl Define Zj = {I* : I € Ir}.
It is standard to check that for Iy 7, € Zr the adjoint I,;Tj satisfies

I r,9(x) = /Rd k(y — 2)Ty(z,y)g(y) dy = I 7,9(x)

with I;(x) = k(—2z) and Tj(x,y) = TJT“(y,x). As already noted before we have
k € K. Furthermore, by Proposition B3 the adjoint family .7* is R* -bounded
with R¥ (7*) = R%(.7). Therefore, it follows from Step 1 that there is a oy =
oy 7a € (1,¢") such that for all s' € (1,0], Z5 is £* -bounded on LY (R4, v/; X*)
and using Proposition 3.3 again, we obtain Zr is £*-bounded and
(3.6) R*(Tr) = R* (T3) < R (T ")y i = RO (T )By o v
Therefore, Proposition yields that Zr is ¢*-bounded on L4(R% v; X) for all
s € [0}, 00).

Step 3. We can now finish the proof in the case p = ¢ by an interpolation

argument. In the previous steps 1 and 2 we have found 1 < 01 < ¢ < 0}, < 0o such
that Z, is £°-bounded for all s € (1,01] U [0h, 00) with

(3.7) R*(Zr) < R*(T )Vqs,di-

where Ygs.ax = Bgsdr if 8 < o1 and Yys,ax = By.s.dr if s > b Clearly,
vV 1= Ygs.dr Satisfies v o« k, v x ¢ for s € (1,01] and v x s for s € [0h,0).
Moreover, o1 o + and o} o k.

Now Proposition [3.3] yields the £*-boundedness and the required estimates for
the remaining s € [o1,05] and by B1) we find

R¥(Zr) < max{R% (Ir), R°2(Zr)}
< max{R7(T),R%(T)}y.

where v = max{"7y.0,.d.x> Vg’ .00.d. }- By Example BB R (7)) o k and R72(T)
k. Also v o< K in the above. Therefore, the obtained R*-bound is Ag-consistent.
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Step 4. Next let p,q € (1,00). Fix s € (1,00). Forn =1,--- N take Iy, 1, €
Ir and let I, = I, 1, . Take f1,---, fn € LP(R%, v; X) N LY(RY, v; X) and let

N 1 N
F=||(Y 1ful?) . and a=[(1mk)
n=1 n=1
By the previous step we know that for all v € A,
IF]|Lara,wy < CIGI La@a,v)s

where C' depends on d, s, ¢, and [v]4, and is A,-consistent. Therefore, by Theorem
22 we can extrapolate to obtain for all p € (1,00) and v € A,

1F'] Lo (e ) < é|\G||LP(Rd,v)7

1
B

x .

where C depends on C, p and [v] 4, and is again Ap-consistent. This implies the
required R*-boundedness for all p,q € (1, 00) with constant C. [

Corollary 3.14. Let Q C R? be an open set. Let 1 < p,q,qo < co. Assume the
following conditions
(1) Forall ¢ € L9(Q) and j € T, (x,y) — T;(z,y)¢ is measurable.

(2) Forallw e Ay, sup || Tj(z,y)llz(ao 0wy < C, where C is Ay, -consistent.
JET ,x,yeN

Then for all v € A, all w € Ay and all s € (1,00), the family of operators Iy C
LP(RY, v; LY(Q,w)) as defined in @), is £°-bounded with R*(Zr) < C where C
depends on p,q,d, s, [v]a,,[w]a, and on R7(T) for o € (1,00) and is Ap- and
Ag-consistent.

Proof. In the case = R¢, note that Example B11] yields that for each g € (1, 0)
and each w € A, and s € (1,00), 7 considered on L?(2, w) is £*-bounded. More-
over, R*(7) < K, where K depends on ¢, s, e and [w]4, in an A,-consistent way.
Therefore, the result follows from Theorem

In the case 2 C R¢, we reduce to the case R® by a restriction-extension argument.
For convenience we sketch the details. Let E : L4(Q,w) — LIY(R® w) be the
extension by zero and let R : LY(R®, w) — L(Q,w) be the restriction to Q. For
every z,y € R? and j € J, let Tj(z,y) = ETj(z,y)R € L(LI(R®,w)) and let
T ={Tj(x,y) : 7,y € R} Since || Tj(z, y)ll c(pa(re,wy) < 1T5(@,9) | c(pa@,w)) < C,
it follows from the case Q = R® that Z; C LP(R? v; LY(R w)) is ¢*-bounded
with R*(Z7) < C. Now it remains to observe that the restriction of I, k7, O
LP(R?, v; LY(Q, w)) is equal to I 7, and hence R*(Zr) < R*(Z;) < C. L]

Next we will prove Theorem [[LTl In order to do so we recall the definition of
R-boundedness.

Definition 3.15. Let X and Y be Banach spaces and let (e,)n>1 be a Rademacher
sequence on a probability space (A, o/, P). A family of operators . C B(X,Y) is
said to be R-bounded if there exists a constant C' such that for all integers N, for
all sequences (Sy,)N_, in .7 and (x,)N_; in X,

N N
H E EnSnTn SCH E Enln
L2(A;Y)
n=1 n=1

The least possible constant C' is called the R-bound of . and is denoted by R(7).

L2(A;Y)
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Remark 3.16. For X =Y = L9(Q) with q € (1,00)", the notions £*.-boundedness
and R-boundedness of any family .# C B(X,Y) coincide and C~1R?(.¥) < R() <
CR?(Z), where C is a constant which only depends on g. This assertion follows
from the Kahane-Khintchine inequalities (see [8, 1.10 and 11.1]).

Proof of Theorem [l The result follows directly from Corollary B.I4] and Remark
BI6 with X = LP(R; L1(Q2)). ]

APPENDIX A. DUALITY OF ITERATED L7-SPACES

Let (24,3, ;) for @ = 1,...n be o-finite measure spaces. The dual of the
iterated space L(2) as defined in ([21J), is exactly what one would expect. In
a general setting one can prove that LP(Q; X)* = L¥' (Q, X*) for reflexive Banach
function spaces X from which the duality for L7(£2) follows, as is done in [9, Chapter
IV] using the so-called Radon-Nikodym property of Banach spaces. Here we present
an elementary proof just for L7(£2).

Proposition A.1. Let ¢ € (1,00)". For every bounded linear functional ® on
LI(Q) there exists a unique g € LT (Q) such that:

(A1) o(f) = 5 fgdu

for all f € LT and ||| = ||gll (), i-e- LT(Q)* = LT ().

Proof. We follow the strategy of proof from [30, Theorem 6.16]. The uniqueness
proof is as in [30, Theorem 6.16]. Also by repeatedly applying Holder’s inequality
we have for any g satisfying (A]) that

(A.2) @] < HQHLE’(Q)'

So it remains to prove that g exists and that equality holds in (A2). As in [30]
Theorem 6.16] one can reduce to the case u(2) < co. Define A(E) = ®(xg) for
E € 3. Then one can check that A\ is a complex measure which is absolutely
continuous with respect to u. So by the Radon-Nikodym Theorem [30, Theorem
6.10] we can find a g € L'(Q2) such that for all measurable £ C

(I)(XE):/ng:/XEQdM
E Q

and from this we get by linearity ®(f) = [, fg du for all simple functions f. Now
take a f € L°°(Q) arbitrary and let f; be simple functions such that || fi— f| e ) =
0 for i — co. Then since (§2) < oo we have |[fi — f|z(q) — 0 for i — co. Hence

(A.3) ®(f) = lim ‘1>(fi)=ilggo/9figdu=/gfgdu-

i—00

We will now prove that g € L7 (2) and that equality holds in (A2). Take k € N
arbitrary. Let B} = {s € Q: § <|g(s)| < k} and define for i = 2,--- ,n

i 1
E; = {s €Q:|lgn(se, -, 81, .)”L"é(szi,...Lq%(Qn)) > E}
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Now take g, = g[]\, Xg; and let a be its complex sign function, i.e. |a] =1 and
algi| = gr. Take

‘q'/i—l_q'/i
L9 (9, L% ()

1
f( )_ a|g/€ |qn H”gk S1,° 0, Si—1, °)

where we define 0- 0o = 0. Then f € L*>(€2) and one readily checks that

(A4) / fgk d,u - HngLal(Q and Hf”L? ||gk||L§’(Q

So from (A4) we obtain

9018 0y = [ Fo1 e =00 < 1121 = Il o 191

which means ||gi[| o ) < [[®]|. Since this holds for all k € N we obtain by Fatou’s
lemma that [|g[| o) < [|®]|, which proves that g € L7 () and 9/l () = [1®]]-
From this we also get (A3) for all f € L7 (Q) by Holders inequality and the
dominated convergence theorem. This proves the required result. [

To obtain the duality result in Proposition B3] for s = 1 and s = oo, one also
needs the following end-point duality result. Let X (¢%;) be the space of all N-tuples
(fu)M_, € XV with

Ny o) = H(i'fnis)l/st

with the usual modification if s = co.

Lemma A.2. Define X = LY(QY). Take s € [1,00] and N € N. Then for every
bounded linear functional ® on X (€3) there exists a unique g € X*(£%) such that
N

O(f) = Z<fi,9i>x,x*

i=1
for all f € X(€x) and | @] = lgllx-(pyy, i-e. X(63)" = X" (L)

Also this result can be proved with elementary arguments. Indeed, for r1,ro €
[1,00] we have X ({y) = X (£}}) as sets and the following inequalities hold for all
feX(ly) and r € [1,00]

_1

£ xceny < M lxqeny < N7 1 lxen,)
1

Hf”x(e;y) < ||f||X(z;\,) < N7 Hf”x(z]o\?)'

Now the lemma readily follows from X (¢3,)* = X*(¢%) for r € (1,00) and letting
rl 1andr 7T oco.

(A.5)
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