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The critical current of a Josephson junction is an oscillatory function of the enclosed magnetic flux �,
because of quantum interference modulated with periodicity h/2e. We calculate these Fraunhofer oscillations
in a two-dimensional (2D) ballistic superconductor–normal-metal–superconductor (SNS) junction. For a Fermi
circle the amplitude of the oscillations decays as 1/� or faster. If the Fermi circle is strongly warped, as it is on a
square lattice near the band center, we find that the amplitude decays slower, ∝1/

√
�, when the magnetic length

lm = √
�/eB drops below the separation L of the NS interfaces. The crossover to the slow decay of the critical

current is accompanied by the appearance of a 2D array of current vortices and antivortices in the normal region,
which form a bipartite rectangular lattice with lattice constant �l2

m/L. The 2D lattice vanishes for a circular
Fermi surface, when only the usual single row of Josephson vortices remains.

DOI: 10.1103/PhysRevB.94.094514

I. INTRODUCTION

A junction between two superconductors responds to an
imposed magnetic flux � by producing a chain of circulating
current vortices, known as Josephson vortices [1]. The critical
current Ic(�) oscillates with period �0 = h/2e and amplitude
∝�0/�. These so-called Fraunhofer oscillations are a macro-
scopic quantum interference effect, first observed in 1963 in
a tunnel junction [2]. The effect is now used as a sensitive
probe of ballistic transport and edge currents in graphene and
topological insulators [3–8].

Since the self-field of the current vortices is typically
too weak to screen the imposed magnetic field B from
the junction area, the arrangement of Josephson vortices
is governed by quantum interference—unaffected by the
classical electrostatics that governs the two-dimensional (2D)
Abrikosov vortex lattice in the bulk superconductor [1]. The
fundamental question addressed here is whether quantum
interference by itself is capable of producing a 2D vortex lattice
in a Josephson junction. It is known that the linear arrangement
of the vortices along the superconducting interface is modified
by insulating boundaries [9–12], in a junction of lateral width
W comparable to the separation L of the interfaces. But in wide
junctions (W � L), when boundary effects are irrelevant, only
linear arrangements of Josephson vortices are known [13–17].

We have discovered that a 2D Josephson vortex lattice
appears when the circular Fermi surface acquires a square
or hexagonal distortion. Such a warped Fermi surface has flat-
tened facets that produce a nonisotropic velocity distribution of
the conduction electrons, peaked at velocity directions normal
to the facets. Analytical and numerical calculations of the
supercurrent distribution in the high-field regime (magnetic
length lm = √

�/eB less than L) reveal the appearance of
multiple rows of current vortex-antivortex pairs, forming a 2D
bipartite rectangular lattice in the normal region with lattice
constant

avortex = W�0

�
= πl2

m

L
. (1.1)

As shown in Fig. 1 (resulting from a numerical simulation
discussed in Sec. VII), in the weak-field regime lm � L there
is only a single row of W/avortex vortex-antivortex pairs.
However, when lm drops well below L multiple rows of
vortex-antivortex pairs appear. The appearance of this 2D
current vortex lattice is associated with a crossover from a
1/B to a 1/

√
B decay of the amplitude of the Fraunhofer

oscillations. In contrast, for a circular Fermi surface the

FIG. 1. Supercurrent density in an SNS (superconductor–normal-
metal–superconductor) Josephson junction, resulting from the nu-
merical simulation of Sec. VII on a square lattice with a half-filled
band and a square Fermi surface (lattice constant a0, normal region
of size W = 10L = 300 a0, band width 2E0, Fermi velocity vF ≡
E0a0/

√
2�, resulting in N = 282 transverse modes per spin direction

at the Fermi level, superconducting gap � = 2.5 × 10−3 E0 ⇒ ξ ≡
�vF/� = 283 a0, zero phase difference). The two panels are for
a weak and a strong perpendicular magnetic field, both at a low
temperature kBT/� = 10−2 in the short-junction regime L/ξ = 0.1.
The cyclotron radius lcycl remains large compared to L also for
the strongest fields considered, lcycl/L = (W/a0)(�0/�) � 10. A
bipartite square lattice of vortex-antivortex pairs in the normal region
(lattice constant avortex = πl2

m/L) forms in the lower panel. Notice
the edge reconstruction of the current vortex lattice, producing an
edge channel of width �lm large compared to avortex. This edge
channel results purely from magnetic interference; it is unrelated
to the skipping orbits along the edge that would form in higher fields
(when lcycl < L).
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amplitude crosses over to an accelerated 1/B2 decay when
lm < L [18].

The outline of this paper is as follows. In Secs. II and
III we formulate the problem of magnetic interference in
a ballistic Josephson junction and present the semiclassical
analytical solution for the current distribution. The resulting
current vortex lattice is described in Sec. IV, far from the
lateral boundaries. As shown in Sec. V, within a magnetic
length lm from the boundaries there is a lattice reconstruction
that produces an edge channel purely as a result of quantum
interference, at magnetic fields that are still so weak that
the curvature of the trajectories due to the Lorentz force can
be neglected. Because of the edge channel the amplitude of
the Fraunhofer oscillations decays as lm/W ∝ B−1/2 rather
than as l2

m/LW ∝ B−1; see Sec. VI. In Sec. VII we test the
semiclassical solution with a fully quantum mechanical one of
a tight-binding model. This numerical simulation also allows
us to assess the sensitivity of the results against the effects of
disorder and nonideal NS interfaces. The corresponding results
for the superconducting order parameter and local density of
states are given in Sec. VIII. We conclude in Sec. IX.

II. DESCRIPTION OF THE PROBLEM

We consider a two-dimensional (2D) normal metal (N) layer
in the x-y plane, covered by two superconducting electrodes
(S1 and S2) a distance L apart (see Fig. 2). The proximity effect
induces an excitation gap � in the S region |x| < W/2, |y| >

L/2, producing a discrete excitation spectrum in the N region
|x| < W/2, |y| < L/2.

We work in the short-junction regime L � ξ , with ξ =
�vF/� the superconducting coherence length induced by the
proximity effect. (The short-junction regime is chosen for
simplicity; we do not expect our qualitative findings to change
when L becomes longer than ξ .) The lateral width W of the
junction is �L; it may be comparable to ξ . The gap �0 in the

FIG. 2. Josephson junction formed by a normal metal (width W ,
length L) connecting two superconductors at a phase difference φ =
φ1 − φ2. A perpendicular magnetic field B is applied to the normal
region. Electron trajectories used in the semiclassical calculation of
the supercurrent density are indicated.

bulk superconductors is assumed to be much larger than �,
with a bulk coherence length ξ0 much smaller than ξ .

A perpendicular magnetic field B (magnetic length lm =√
�/eB) produces oscillations in the critical current of the

Josephson junction (Fraunhofer oscillations), periodic with
period �0 = h/2e in the enclosed flux � = BWL. We assume
that the magnetic field is screened from the S region by a
short screening length in the bulk superconductors, even in the
high-field regime lm � L.

In the analytical calculation we take the semiclassical
limit kFL � 1, in which bound states in the junction can be
associated with classical trajectories. The junction is ballistic
(no impurity scattering), so the trajectories are arcs of cyclotron
radius lcycl = �kF/eB. We assume that kFL is sufficiently
large that the ratio lcycl/L = kFL × (lm/L)2 remains �1 for
the largest fields considered, so we neglect the curvature of
the trajectories in the analytical calculation (but not in the
numerics). In particular, skipping orbits along the edge play
no role in our analysis.

The single-electron dispersion relation Ek has a non-
isotropic dependence on the 2D wave vector k = (kx,ky),
resulting in a nonisotropic distribution of the velocity vk =
�

−1∂Ek/∂k over the Fermi surface. Our analysis is general,
but for a specific example we consider the warping of the
Fermi surface on a square lattice (unit lattice constant), with
dispersion relation

Ek = E0 − 1

2
E0(cos kx + cos ky)

⇒ vk = E0

2�
(sin kx, sin ky). (2.1)

The Fermi surface is deformed from a circle to a square as
we raise the Fermi energy from the bottom of the band to the
band center. For later use we record the relation at the Fermi
energy EF ∈ (0,E0) between kx and the angle of incidence θ

on the NS interface:

tan θ = vx

vy

= sin kx√
1 − (cos kx + 2EF/E0 − 2)2

,

(2.2)
−kF < kx < kF, kF = arccos (1 − 2EF/E0).

III. SEMICLASSICAL CALCULATION OF
THE SUPERCURRENT

In the semiclassical (WKB) approximation [19] a bound
state at energy |ε| < � corresponds to a periodic classical
trajectory that traverses the junction, accumulating a phase
shift that is a multiple of 2π . We distinguish two types of
periodic trajectories: one in which an electron propagates from
superconductor S1 to S2, is Andreev reflected as a hole and
retraces its path to S1, and another in which a hole propagates
from S1 to S2 and retraces its path as an electron. The first path
is indicated by σeh = +1, the second path by σeh = −1.

For a given periodic trajectory the total phase shift is given
by

φtotal = −2 arccos (ε/�) + σeh(φ − γ ),
(3.1)

γ = 2e

�

∫ S2

S1

A · d l.
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The ε-dependent term, which has the same sign for σeh = ±1,
is the phase shift accumulated over a penetration depth in the
superconductor (in the Andreev approximation [20] � � EF).
The σeh-dependent terms consist of the contribution from the
pair potential in S1,S2 (phase difference φ = φ1 − φ2) and the
phase shift γ accumulated in the N region from the vector
potential A = (0,Bx,0).

In the short-junction regime L � ξ we may neglect the
phase shift in N arising from the energy difference 2ε of
electron and hole [21]. For 0 < φ − γ < π the (spin degener-
ate) bound state corresponding to this periodic trajectory is at
energy σehε with

ε = � cos(φ/2 − γ /2). (3.2)

A tube of width of the order of the Fermi wavelength,
extending along the trajectory that passes through the point
(x0,y0) at an angle θ with the y axis, can be thought of as a
single-mode waveguide connecting the two superconductors.
In thermal equilibrium at temperature T the single-mode
supercurrent is given by [22]

δI (x0,y0,θ ) = − tanh

(
ε

2kBT

)
2e

�

dε

dφ

= e�

�
sin(φ/2 − γ /2)

× tanh

(
� cos(φ/2 − γ /2)

2kBT

)
, (3.3)

including a factor of 2 from the spin degeneracy. The trajectory
dependence enters via the phase shift γ ≡ γ (x0,y0,θ ). Notice
that, notwithstanding the appearance of the half-phases φ/2,
the supercurrent is 2π periodic in φ, as it should be.

The total supercurrent I through the Josephson junction
follows upon integration of Eq. (3.3) over the phase space
of the propagating modes at the Fermi level, with measure
dx0 dkx/2π :

I =
∫

dkx

2π

∫
dx0 δI (x0,y0,θk). (3.4)

There is no dependence of I on y0 because of current
conservation.

In zero magnetic field B = 0 ⇒ γ = 0 the dependence of
δI on x0,y0,θ disappears, so we recover the familiar expression
[23]

I0 = kFW
e�

π�
sin(φ/2) tanh

(
� cos(φ/2)

2kBT

)
(3.5)

for the supercurrent in a ballistic Josephson junction. The zero-
temperature critical current, reached at φ = π − 0+, is

Ic,0 = kFW
e�

π�
. (3.6)

We also require the spatial distribution of the supercurrent
density. To avoid notational complexity we assume that
there is a one-to-one relation between kx ∈ (−kF,kF) and
θk ∈ (−π/2,π/2). This applies to a warping of the Fermi
circle that keeps it singly connected and convex. For a circular
Fermi surface the measure dkx 
→ kF cos θ dθ . Upon warping

we have instead

dkx

2π

→ kF

2π
ρ(θ ) cos θ dθ, (3.7)

with a nonuniform angular profile ρ(θ ). The current density
can then be written as(

jx

jy

)
= kF

2π

∫ π/2

−π/2
dθ ρ(θ )

(
sin θ

cos θ

)
δI (x0,y0,θ ), (3.8)

with (sin θ, cos θ ) a unit vector in the direction of motion (note
that θ is the angle with the y axis; see Fig. 2). This is an intuitive
expression, but for the calculations it is more convenient to
return to kx as integration variable,

jx(x0,y0) =
∫

dkx

2π
δI (x0,y0,θk) tan θk,

jy(x0,y0) =
∫

dkx

2π
δI (x0,y0,θk).

(3.9)

IV. SUPERCURRENT VORTEX LATTICE

To demonstrate the emergence of a supercurrent vortex
lattice we calculate the current density at a point (x0,y0) in
the normal region, in the limit W → ∞ that boundary effects
can be ignored. (These are considered in the next section.) At
a given angle θ with the y axis (see Fig. 2), the phase shift γ

in Eq. (3.1) equals

γ = 2L

l2
m

(x0 − y0 tan θ ). (4.1)

The resulting current density follows from Eq. (3.9) upon
integration, once we have specified the relation between kx

and θ . To be definite we take a square lattice dispersion, where
tan θ is given as a function of kx by Eq. (2.2). Results are
shown in Fig. 3.

If the angular distribution ρ(θ ) on the Fermi surface is
peaked at angles ±θ0, the phase shift (4.1) produces a bipartite
rectangular lattice of vortex-antivortex pairs. (Notice that the
superconducting phase difference φ simply shifts the lattice in
the x direction.) The lattice constants are a‖ = avortex parallel to
the NS interfaces and a⊥ = avortex/ tan θ0 in the perpendicular
direction, with avortex given by Eq. (1.1).

In the square lattice the Fermi surface has a square warping
near the center of the band, and if the NS interfaces are
oriented along a principal axis one has tan θ0 = 1, so the
vortex-antivortex lattice is a square lattice with lattice constant
avortex in both directions; see panels (c) in Fig. 3. The
two-dimensional lattice disappears—leaving only a single row
of vortices—if we move away from band center [see panels
(a)], as the angular distribution ρ(θ ) broadens around normal
incidence. Since a⊥ → ∞ for θ → 0 this broadening of ρ(θ )
produces a broad range of perpendicular lattice constants,
which smear out the structure of the current vortex lattice
in the direction perpendicular to the NS interface. Only the
θ -independent structure parallel to the NS interfaces remains.

At the elevated temperatures kBT � � of Fig. 3 the vortices
and antivortices are equivalent, but at lower temperatures
this symmetry between the two sublattices is broken; see
Fig. 4. Counterclockwise vortices and clockwise antivortices
are centered at points where φ − γ equals, respectively, π

094514-3
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(a) (b) (c)

FIG. 3. The six color scale plots show the supercurrent density in a wide Josephson junction, far from the lateral boundaries, for two
values of the magnetic field (first and second rows of panels at lm/L = 0.8 and 0.32, respectively) and for three values of the Fermi energy
(labeled a,b,c and corresponding to the square-lattice Fermi surfaces at EF/E0 = 0.2, 0.8, and 0.99, respectively). The plots are calculated from
Eqs. (2.2), (3.9), and (4.1), at temperature kBT = �. The bottom right panel shows the bipartite current vortex lattice (vortices and antivortices
indicated by red and blue dots, lattice constant avortex = πl2

m/L = 0.32 L at lm/L = 0.32) that develops for lm � L in a square-warped Fermi
surface.

or 0, modulo 2π . At elevated temperatures the current-phase
relationship (3.3) is nearly sinusoidal, with the same slope at
φ = 0,π (up to a sign difference). At low temperatures the
slope at φ = 0 is not much affected, so the antivortices retain
their circular shape, but the vortices at φ = π see a much
larger slope and contract in a square-like shape around the
lattice points.

FIG. 4. Same as Fig. 3(c) for lm/L = 0.32, at a much lower
temperature of kBT = 0.05 �. The vortex and antivortex sublattices
(red and blue dots) are no longer equivalent.

V. EDGE RECONSTRUCTION OF THE CURRENT
VORTEX LATTICE

The current vortex lattice is modified if we approach the
lateral boundaries at x = ±W/2. We still assume W � L, so
we can treat the boundaries separately. At each boundary we
impose a hard-wall confinement with specular reflection (see
Fig. 2).

A trajectory from superconductor S1 to S2 that passes
through the point (x0,y0) at an angle θ with the y axis is
affected by the boundary at x = W/2 if x0 is in the interval

1
2W − 1

2L| tan θ | + y0 tan θ < x0 < 1
2W. (5.1)

In this interval the boundary reflection replaces the expression
(4.1) for the phase shift γ by

γ = β − 1

2l2
m| tan θ | (W − 2x0 + 2y0 tan θ )2, (5.2a)

β = LW

l2
m

(
1 − L| tan θ |

2W

)
; (5.2b)

see Appendix A. The corresponding expression for the
boundary at x = −W/2 follows from the symmetry relation

γ (x0,y0,θ ) = −γ (−x0,y0, − θ ). (5.3)
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(a) (b) (c)

FIG. 5. Effect of a hard-wall lateral boundary on the supercurrent vortex lattice. The panels (a), (b), and (c) correspond to the three labeled
Fermi surfaces in Fig. 3, with the same color scale; the other parameters are lm/L = 0.32, W/L = 10.16, φ1 − φ2 ≡ φ = π/2, and kBT = �.

The resulting supercurrent distribution near the boundary
is shown in Fig. 5. For lm � L an edge channel appears when
the Fermi surface is strongly warped [see panel (c)], becoming
less pronounced as the Fermi surface becomes more and more
circular; see panels (b) and (a). The streamlines in the edge
channel inherit their periodicity from the current vortex lattice,
but the width wedge � lm of the edge channel is larger than
avortex � l2

m/L. The net current flowing along the edge channel
is sensitive to the phase difference φ between superconductors
S1 and S2; see Fig. 6.

To understand this edge reconstruction of the current vortex
lattice, we note that because the phase shift γ now depends
quadratically rather than linearly on x0, there is a point of
stationary phase: ∂γ /∂x0 = 0 at x0 = y0 tan θ + W/2. For a
warped Fermi surface with ρ(θ ) peaked at ±θ0 an edge channel
extends along the lines of stationary phase, of width

wedge ≡ 2
∣∣∂2γ

/
∂x2

0

∣∣−1/2 = lm
√

tan θ0. (5.4)

The edge channel carries a net current from S1 to S2 that
depends on the parameter β and the superconductor phase
difference φ: The edge current is minimal for φ − β = 0 and

FIG. 6. Streamlines corresponding to the current vortex lattice
in panel (c) of Fig. 5, for two values of the superconducting phase
difference φ = φ1 − φ2 (all other parameters are kept the same). The
left and right panels correspond, respectively, to minimal and maximal
currents flowing along the edge channel.

maximal for φ − β = π/2, modulo π . (In Fig. 6 we have
β ≈ 0 mod π , so minimal and maximal currents correspond
to φ = 0 and π/2, respectively.) As we will show in the next
section, this edge current produces a critical current of order
(wedge/W )Ic,0, with the anomalously slow decay ∝1/

√
B.

VI. HIGH-FIELD DECAY OF THE FRAUNHOFER
OSCILLATIONS

To obtain the critical current Ic = maxφ I (φ) of the
Josephson junction, we first need to calculate at a given
phase difference φ the total supercurrent I (φ) by integrating
jy(x0,y0) over x0 from −W/2 to W/2. From Eq. (3.8) we thus
have

I = kF

2π

∫ π/2

−π/2
ρ(θ ) cos θ dθ

∫ W/2

−W/2
dx0 δI (x0,y0,θ ). (6.1)

Analytical progress is simplest in the high-temperature
regime kBT � �, when the φ dependence of δI from Eq. (3.3)
becomes approximately sinusoidal,

δI ≈ e�2

4�kBT
sin(φ − γ ), γ = 2e

�

∫ S2

S1

A · d l. (6.2)

We assume that the velocity distribution on the Fermi surface is
symmetric around normal incidence, ρ(θ ) = ρ(−θ ). Because
of Eq. (5.3) we may then restrict the θ integration in Eq. (6.1)
to positive angles,

I = e�2kF

8π�kBT

∫ π/2

0
ρ(θ ) cos θ dθ

∫ W/2

−W/2
dx0

× [sin(φ − γ ) + sin(φ + γ )]. (6.3)

We thus find that the integrated supercurrent retains a sinu-
soidal φ dependence, with critical current

Ic = Ic,0

∣∣∣∣
∫ π/2

0
ρ(θ ) cos θ dθ

∫ W/2

−W/2

dx0

W
cos γ

∣∣∣∣,
(6.4)

Ic,0 = e�2kFW

4π�kBT
.
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In the interval 0 < θ < arctan (W/L) there is at most one
boundary collision. We restrict ourselves to this interval,
because the contributions to Ic near grazing incidence are
anyway suppressed exponentially at finite temperature. (All
contributions are included in the numerics.) Fixing the arbi-
trary y coordinate at y0 = −L/2, we have from Eqs. (4.1) and
(5.2) the expression for γ that we need:

γ = 2L

l2
m

(
x0 + 1

2
L tan θ

)
if x0 + L tan θ < W/2, (6.5a)

γ = β − (W − 2x0 − L tan θ )2

2l2
m tan θ

if x0 + L tan θ > W/2,

(6.5b)

with β defined in Eq. (5.2b).
The integral over x0 in Eq. (6.4) can be carried out

analytically:

Ic = Ic,0

∣∣∣∣
∫ π/2

0
ρ(θ )�(θ ) cos θ dθ

∣∣∣∣, (6.6)

�(θ ) ≡
∫ W/2

−W/2

dx0

W
cos γ = l2

m

LW
sin β ′ (6.7)

+ (lm/W )
√

π tan θ[FC(α) cos β + FS(α) sin β],

α = L
√

tan θ

lm
√

π
, β ′ = LW

l2
m

(
1 − L

W
tan θ

)
. (6.8)

The functions FC and FS are the Fresnel cosine and sine
integrals,

FC(α) =
∫ α

0
cos

(
π

2
t2

)
dt, FS(α) =

∫ α

0
sin

(
π

2
t2

)
dt.

(6.9)
Both FC(α) and FS(α) tend to 1/2 for α → ∞.

If the angular distribution ρ(θ ) is sharply peaked around
±θ0, we obtain from Eqs. (6.6) and (6.7) the high-field (lm �
L) critical current

Ic(high-field) = Ic,0
wedge

W

√
π/2

∣∣∣∣sin

(
π

4
+ LWeff

l2
m

)∣∣∣∣,
(6.10)

with effective junction width Weff = W − 1
2L tan θ0 and edge

channel width wedge = lm
√

tan θ0. Comparing with the low-
field (lm � L) Fraunhofer oscillations,

Ic(low-field) = Ic,0
l2
m

LW

∣∣ sin
(
LW

/
l2
m

)∣∣, (6.11)

we note three differences: the amplitude decays more slowly,
∝1/

√
B instead of ∝1/B; the flux periodicity is larger by a

factor W/Weff ; and the maxima are phase shifted by 1/4 flux
quantum. This qualitatively different behavior is illustrated in
Fig. 7; compare the blue and grey curves.

At the other extreme of an isotropic angular distribution, for
a circular Fermi surface, we obtain the opposite effect: instead
of a slower decay of the high-field Fraunhofer oscillations the
decay is faster, ∝1/B2 instead of ∝1/B; compare the red and
blue curves [24]. This accelerated decay is a known result [18].
What we have found here is that the switch from a circular to
a square Fermi surface slows down the decay by a fourth root,
from B−2 to B−1/2.

FIG. 7. Log-log plot of the critical current Ic versus the flux �

through the normal region (aspect ratio W/L = 10.16), calculated
from Eq. (6.6) for a circular Fermi surface [ρ(θ ) = 1, red curve de-
caying ∝1/�2], and for a square Fermi surface [ρ(θ ) = δ(θ − π/4),
blue curve decaying ∝1/

√
�]. The low-field Fraunhofer oscillations

(6.11) are included for comparison (grey curve decaying ∝1/�).

VII. NUMERICAL SIMULATIONS

To test the analytical semiclassical theory we have per-
formed numerical simulations of a tight-binding model. We
start from the Bogoliubov–de Gennes Hamiltonian,

H (k) =
(

E(k − eA) − EF �

�∗ EF − E(k + eA)

)
, (7.1)

with the single-particle dispersion E(k) on a square lattice
given by Eq. (2.1). The pair potential � and vector potential
A are chosen as in Fig. 2, with � = 0 for |y| < L/2 (no
pairing interaction in the normal region) and A = 0 for
|y| > L/2 (complete screening of the magnetic field from the
superconductor). The self-field of the currents in the normal
region is neglected, so A is entirely due to the externally
imposed field B. The orbital effect of the magnetic field is
fully included, but we neglect the coupling to the electron spin
[25] and can therefore omit the spin degree of freedom from
the Hamiltonian.

The 2 × 2 matrix Green’s function G(ε) = (ε − H )−1 is
calculated at imaginary energy ε = iω using the Kwant
toolbox for tight-binding models [26]. The expectation value
of the current density in thermal equilibrium,

j (r) = 2e

�
kBT Re

∞∑
p=0

Tr 〈r|G(iωp)|r〉〈r|∂H

∂k
|r〉, (7.2)

is then obtained from a (rapidly convering) sum over Matsub-
ara frequencies ωp = (2p + 1)πkBT [27]. (See Ref. [28] for
an alternative approach.)

The time-consuming step in this calculation is the calcula-
tion of the inverse operator (iω − H )−1, but once this is done
for one value of the superconducting phase difference φ, we
can use Dyson’s equation to obtain the result for other values
of φ without further inversions.

Results for the current vortex lattice in the case of a nearly
square Fermi surface (EF/E0 = 0.99) are shown in Figs. 1
and 8. The agreement with the semiclassical result is not fully
quantitative (see Fig. 9), but all the qualitative features of the
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FIG. 8. (a) Same as Fig. 1, zoomed in at the right boundary.
(b) At a higher temperature the current vortices and antivortices are
approximately equivalent.

vortex lattice coming out of the analytics are well reproduced
in the numerics. Also the 1/

√
B decay is recovered in the

simulation; see Fig. 10.
In both the analytics and numerics so far we took a ballistic

Josephson junction, without any disorder in the normal region,
and ideal (fully transparent) NS interfaces. The numerical
simulation provides a way to test for the effects of impurity
scattering and nonideal interfaces. Disorder was modeled by
adding a random component δU to the on-site electrostatic
potential, drawn uniformly from the interval [−U0,U0]. For
the tunnel barrier we reduced the hopping amplitude at the

FIG. 9. Current density profile along a cut through x = 0, for the
same parameters as Fig. 1. Since jy = 0 along this cut, the plotted jx

is the full current density. The red and blue dots identify the center
of a vortex or antivortex, which are distinct at this low temperature
of kBT = 0.01 �. The solid curves are the results of the numerical
simulation, the dashed curves are the semiclassical result (3.9) in the
short-junction regime.

FIG. 10. Plot of the critical current Ic versus the flux � through
the normal region, resulting from the numerical simulation with the
parameters of Figs. 1 and 8. The minima of the Fraunhofer oscillations
no longer go to zero at low temperatures (blue curves), because of the
skewed current-phase relationship. The upper panel shows a linear
scale, the lower panel a log-log scale with the �−1/2 decay indicated
(black dashed line). (The 1/� decay of the conventional Fraunhofer
oscillations is also included for comparison.)

two NS interfaces. As shown in Fig. 11, the slow 1/
√

B decay
persists even if the critical current is reduced substantially by
the tunnel barrier. Disorder provides a stronger perturbation,
in the form of random sample-specific fluctuations [18], but
averaged over series of peaks the slow decay persists.

VIII. 2D LATTICE STRUCTURE IN ORDER PARAMETER
AND DENSITY OF STATES

So far we have focused on the current distribution, as a read-
ily observable quantity, but we note that a 2D lattice structure
with the same periodicity appears also in the superconducting
order parameter F (r) (see Fig. 12 and Appendix B) and in
the local density of states ρ(r,E = 0) at the Fermi level (see
Fig. 13 and Appendix C).

At the center of a current vortex the absolute value of the
velocity field is zero, while the direction of the vector field
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FIG. 11. Effect on the Fraunhofer oscillations of a tunnel barrier
at the NS interfaces (a) or of disorder in the normal region (b). The
data results from the numerical simulation with the parameters of
Fig. 8(b). The disorder strength or tunnel barrier height is quantified
by the reduction of the normal state conductance G. The topmost
(red) curve corresponds to the ideal case without disorder or tunnel
barrier.

circulates around it. This definition of a “vortex” does not
carry over to the 2D modulation of the order parameter: while
the absolute value |F | reaches a local minimum, it remains
nonzero at the center of most of the current vortices, as one
can see from Fig. 12. The current vortices are therefore not
associated with a strictly normal core nor with a 2π winding
of the phase of F .

IX. DISCUSSION

Two-dimensional vortex lattices are well established for
Abrikosov vortices in a bulk superconductor [1], but Josephson
vortices in an SNS junction were only known to arrange
as a one-dimensional chain [13,14,16]. Our key conceptual
finding is that the 2D arrangement is hidden by angular
averaging over the Fermi surface. For a distribution of angles
of incidence peaked at ±θ , resulting from a strong square or

FIG. 12. Absolute value of the superconducting order parameter
F (r), calculated from Eq. (B13). Current vortices and antivortices in
Fig. 4 correspond to local minima of |F |.

hexagonal warping of the Fermi surface, a 2D current vortex
lattice develops when the magnetic length lm = √

�/eB drops
below the separation L of the NS interfaces. The lattice is
bipartite, with a vortex and antivortex in a rectangular unit
cell of size πl2

m/L parallel to the interface and πl2
m/(L tan θ )

perpendicular to the interface. For a circular Fermi surface the
2D lattice degrades to a 1D chain.

It would be interesting to search for this 2D current vortex
lattice in some of the quasi-two-dimensional systems that are
known to have a warped Fermi surface, such as the hexagonal

FIG. 13. Local density of states ρδ at the Fermi level (with a
Lorentzian broadening δ), calculated from Eq. (C3). Current vortices
and antivortices in Fig. 4 correspond to local maxima and minima
of ρδ .
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FIG. 14. Current vortex lattice for a Fermi surface having the
hexagonal warping of the Bi2Te3 dispersion relation (9.1) (parameters
λ ≈ 1 nm, E0 ≈ 260 meV, EF = 6−3/4

√
7 E0, kF = 6−1/4λ−1, other

parameters and color scale as in Fig. 4). The difference with square
warping is that the lattice is rectangular rather than square, with aspect
ratio a⊥/a‖ = 1/ tan(π/6) = √

3.

warping on the surface of a three-dimensional topological
insulator [29]. By way of illustration, Figure 14 shows the
current vortex lattice calculated for the [111] surface dispersion
of Bi2Te3 [30],

Ek = E0

√
λ2k2

x + λ2k2
y + λ6

(
k3
x − 3kxky2

)2
, (9.1)

with the x axis (the NS interface) oriented along the �K
direction in the Brillouin zone.

The vortices could be detected directly by a scanning
tunneling probe [31–33], or indirectly through the flux �-
dependent Fraunhofer oscillations [34,35]—we have found
that the transition from a 1D to a 2D arrangement of vortices
is accompanied by a slow-down of the decay of the oscillation
amplitude from 1/� to 1/

√
�.

A particularly intriguing feature of the current vortex lattice
is the reconstruction at the edge, resulting in an edge channel
of width �lm parametrically larger than the lattice constant.
It is this edge channel that effectively carries the supercurrent
when lm � L, resulting in the decay scaling as lm/W ∝ 1/

√
B.

Notice that the edge channel appears entirely as a result of
quantum interference—in contrast to the quantum Hall edge
channel any orbital effects of the magnetic field play no role
here.
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APPENDIX A: CALCULATION OF THE
AHARONOV-BOHM PHASE SHIFT

We calculate the Aharonov-Bohm phase shift

γ = 2e

�

∫ S2

S1

A · d l (A1)

accumulated along a trajectory across the Josephson junction,
from superconductor S1 at y = −L/2 to S2 at y = +L/2,
including the effects of multiple specular reflections at the
side walls x = ±W/2. The geometry is shown in Fig. 2.
Assume that the trajectory starts at t = 0 from the point
x = x(0), y = −L/2 at the lower NS interface, at an angle
θ (0) ∈ (−π/2,π/2) with the positive y axis. The opposite NS
interface at y = L/2 is reached at the time tL = L/vy , with
vy = vF cos θ (0) the velocity component in the y direction
(which does not change at a boundary reflection).

In the gauge A = (0,Bx,0) the line integral takes the form

γ = 2vy

l2
m

∫ tL

0
x(t)dt. (A2)

The time dependence of x(t) is given by

x(t) = (−1)νu(t) [u(t) − νu(t)W ],

u(t) = x(0) + vFt sin θ (0),
(A3)

where we have defined νu ∈ Z as the integer nearest to u/W .
The absolute value of ν counts the number of boundary
reflections up to time t . At time tL = L/[vF cos θ (0)] we have

x(tL) = (−1)νL[x(0) + L tan θ (0) − νLW ], (A4)

where νL ≡ νu(tL) is the integer nearest to [x(0) +
L tan θ (0)]/W .

Integration of Eq. (A2) results in

γ = 1

l2
m tan θ (0)

(
1

4
W 2 − x2(0) + (−1)νL

[
x2(tL) − 1

4
W 2

])
.

(A5)
This is sufficient to calculate the total current through the
Josephson junction, by integrating the current density through
the lower NS interface.

To obtain the current distribution within the junction,
say at the point (x0,y0), we need to find the corresponding
coordinates (x(0), − L/2) of the trajectory at the lower NS
interface. The angle θ at the point (x0,y0) equals ±θ (0). The
point (x0,y0) is reached at a time t0 = (y0 + L/2)/vy after

ν0 = νx0−vFt0 sin θ = νx0−(y0+L/2) tan θ (A6)

boundary reflections. Retracing back the trajectory, we find

x(0) = (−1)ν0 [x0 − (y0 + L/2) tan θ − ν0W ],

θ (0) = (−1)ν0θ.
(A7)

This calculation of the Aharonov-Bohm phase γ holds for
any number of boundary collisions at x = ±W/2. In the main
text we only need the result for a single boundary collision
at x = W/2. One readily checks that Eq. (A5) reduces to
Eq. (5.2) upon substitution of νL = 1, ν0 = 0 for tan θ > 0
or νL = 1, ν0 = 1 for tan θ < 0.

APPENDIX B: TWO-DIMENSIONAL LATTICE
STRUCTURE OF THE SUPERCONDUCTING

ORDER PARAMETER

The coherent superposition of electrons and holes in an
Andreev level produces a nonzero order parameter F (r) in the
normal region, in the absence of any pairing interaction [1]. In
this appendix we show that the amplitude |F | has a 2D lattice
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structure with the same periodicity as the current vortex lattice
studied in the main text.

An Andreev level in the SNS junction of Fig. 2, at the
positive energy

ε = � cos(ψ/2), ψ = φ1 − φ2 − γ ∈ (−π,π ), (B1)

has a wave function �(r) that penetrates into the supercon-
ducting regions |y| > L/2 over a distance

ξε = �vy(�2 − ε2)−1/2 = (�vy/�)| sin(ψ/2)|−1. (B2)

In the normal region |y| < L/2 the wave function has a
constant amplitude, given in the WKB approximation by [19]

�(r) =
(

u(r)
v(r)

)
= (2ξε)−1/2eik·r

(
eiη/2

e−iη/2

)
. (B3)

The electron and hole components u,v differ in phase by

η = 1

2
(φ1 + φ2 + γ ) − 2e

�

∫ r

S1

A · d l, (B4)

in accord with the Andreev reflection boundary condition at
the NS interfaces [22],

η =
{
φ1 − σ arccos (ε/�) at y = −L/2,

φ2 + σ arccos (ε/�) at y = +L/2.
(B5)

We have defined σ = sgn ψ , so that arccos (ε/�) = σψ/2 for
ψ ∈ (−π,π ).

The electron-hole mode (u,v) at energy ε contributes to the
superconducting order parameter an amount [1]

δF (r) = tanh

(
ε

2kBT

)
u∗(r)v(r). (B6)

Integration over the modes gives the full order parameter,

F (r) =
∫

dkx

2π
δF (r)

= kF

2π

∫ π/2

−π/2
dθ ρ(θ ) cos θ tanh

(
ε

2kBT

)
e−iη

2ξε

. (B7)

This expression has the proper 2π -periodicity in the supercon-
ducting phase, since η 
→ η + π and ε 
→ −ε if φ1 or φ2 is
incremented by 2π .

We evaluate F (r) in a wide SNS junction, at a point
r = (x0,y0) far from the lateral boundaries. A mode passing
through this point at an angle θ relative to the y axis has
Aharonov-Bohm phase

2e

�

∫ r

S1

A · d l = (y0 + L/2)

l2
m

[2x0 − (y0 + L/2) tan θ ],

(B8)

γ = 2e

�

∫ S2

S1

A · d l = 2L

l2
m

(x0 − y0 tan θ ),

so that the phase shift (B4) is given by

η = φ̄ − 2x0y0

l2
m

+ y2
0 + 1

4L2

l2
m

tan θ, φ̄ = 1

2
(φ1 + φ2).

(B9)

For the warped Fermi surface of a square lattice (unit lattice
constant; see Sec. II) we have

tan θ = sin kx

�
, vy = E0�

2�
, (B10)

ψ = φ1 − φ2 − 2L

l2
m

(
x0 − y0

�
sin kx

)
, (B11)

� =
√

1 − (cos kx + 2EF/E0 − 2)2. (B12)

The order parameter then results from the integral

F (r) = �

2πE0
e−iφ̄ exp

(
2ix0y0

/
l2
m

) ∫ kF

−kF

dkx

1

�
|sin(ψ/2)|

× tanh

(
� cos(ψ/2)

2kBT

)
exp

(
− i

(
y2

0 + 1
4L2

)
l2
m�

sin kx

)
,

(B13)

with kF = arccos (1 − 2EF/E0). The resulting 2D lattice struc-
ture is shown in Fig. 12, corresponding to the current vortex
lattice of Fig. 4.

APPENDIX C: TWO-DIMENSIONAL LATTICE
STRUCTURE OF THE DENSITY OF STATES

To complete the picture, we also demonstrate the devel-
opment of a 2D lattice structure in the density of states. The
states at ±ε contribute |�(r)|2[δ(E + ε) + δ(E − ε)] to the
local density of states ρ(r,E). The total contribution is

ρ(r,E) =
∫

dkx

2π
(|u(r)|2 + |v(r)|2)

∑
σ=±

δ(E − σε)

=
∫

dkx

2π

�

�vy

| sin(ψ/2)|
∑
σ=±

δ(E − σ� cos(ψ/2)).

(C1)

We regularize the delta function by introducing a Lorentzian
broadening δ,

ρδ(r,E) =
∫

dkx

2π

�

�vy

∑
σ=±

(δ/π )| sin(ψ/2)|
δ2 + (E − σ� cos(ψ/2))2

.

(C2)
At the Fermi level, E = 0, we evaluate

ρδ(r,0) = 2δ

π2E0�

∫ kF

−kF

dkx

�−1| sin(ψ/2)|
(δ/�)2 + cos2(ψ/2)

. (C3)

The resulting 2D lattice is shown in Fig. 13.
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[19] J. Bardeen, R. Kümmel, A. E. Jacobs, and L. Tewordt, Structure
of vortex lines in pure superconductors, Phys. Rev. 187, 556
(1969).

[20] A. F. Andreev, The thermal conductivity of the intermediate
state in superconductors, Sov. Phys. JETP 19, 1228 (1964).

[21] At grazing incidence angles |θ | → π/2 the short-junction
criterion is more stringent than L � ξ , we require L � ξ cos θ .
In the analytics we ignore this complication, but it is fully
incorporated in the numerics.

[22] C. W. J. Beenakker and H. van Houten, Josephson Current
Through a Superconducting Quantum Point Contact Shorter
Than the Coherence Length, Phys. Rev. Lett. 66, 3056 (1991).

[23] I. O. Kulik and A. N. Omel’yanchuk, Properties of supercon-
ducting microbridges in the pure limit, Sov. J. Low Temp. Phys.
3, 459 (1977).

[24] The 1/B2 decay of the critical current for a circular Fermi surface
follows upon numerical integration of Eq. (6.6) with ρ(θ ) = 1;
see Fig. 7. Unlike the 1/

√
B decay for a square Fermi surface,

we have not managed to derive the 1/B2 decay analytically.
[25] As explained in T. Yokoyama, M. Eto, and Y. V. Nazarov, Phys.

Rev. B 89, 195407 (2014), the influence of the Zeeman energy
on the Josephson effect is quantified by the phase shift θ =
gμBBL/�vF = 1

2 gL/lcycl. In the magnetic field regime where
the cyclotron radius lcycl = mvF/eB is large compared to the
separation L of the NS interfaces (which is the regime of interest
here), the condition θ � 1 is ensured provided the g factor is
not much larger than unity.

[26] C. W. Groth, M. Wimmer, A. R. Akhmerov, and X. Waintal,
Kwant: A software package for quantum transport, New J. Phys.
16, 063065 (2014).

[27] A. Furusaki, DC Josephson effect in dirty SNS junctions:
Numerical study, Physica B 203, 214 (1994).
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