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Abstract

We propose a new concept of codivergence, which quantifies the similarity between
two probability measures Pp, P> relative to a reference probability measure Py. In
the neighborhood of the reference measure Py, a codivergence behaves like an inner
product between the measures P — Pp and P, — Py. Codivergences of covariance-
type and correlation-type are introduced and studied with a focus on two specific
correlation-type codivergences, the x?-codivergence and the Hellinger codivergence.
We derive explicit expressions for several common parametric families of probability
distributions. For a codivergence, we introduce moreover the divergence matrix as an
analogue of the Gram matrix. It is shown that the x2-divergence matrix satisfies a
data-processing inequality.

Keywords Divergence - Chi-square divergence - Hellinger affinity - Gram matrix

Mathematics Subject Classification 62B11 - 46E27 - 15A63

1 Introduction

One of the objectives of information geometry is to measure distances or angles in
statistical spaces, usually for parametric models. This is often done by the use of a
divergence, generating a Riemannian manifold structure on the considered space of
distributions, see [1, 3, 19]. Divergences between probability measures quantify a cer-
tain notion of difference between them. Divergences are in general not symmetric, as
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opposed to distances. Famous examples of divergences include the Kullback—Leibler
divergence, the x2-divergence, and the Hellinger distance.

In this article, we are interested in defining a local notion of inner product between
two probability measures in the neighborhood of a given reference probability measure
Py. This allows us to identify different directions relative to Py, and to give some
meaning to the “angle” between these directions. Contrary to most of the previous
work on finite-dimensional Riemannian manifolds spanned by specific parametric
statistical models, we do not require any parametric restrictions on the considered
probability measures.

Motivation and application of our approach is the recently considered generic
framework to derive lower bounds for the trade-off between bias and variance in
nonparametric statistical models [9]. The key ingredient in this lower bound strategy
are so-called change of expectation inequalities that relate the change of the expected
value of a random variable with respect to different distributions to the variance and
also involve the divergence matrices examined in this work. Another possible area of
application are the lower bounds for statistical query algorithms, see e.g. [10, 11]

Regarding work on infinite-dimensional information geometry, [5, 20] studied the
manifold generated by all probability densities connected to a given probability density.
[21] reviews a more general theory on infinite-dimensional statistical manifolds given a
reference density. Another line of work [12, 16—18] seeks to define infinite-dimensional
manifolds, with applications to Bayesian estimation and the choice of priors. [24]
consider different possible structures on the set of probability densities on [0, 1].

The article is structured as follows. In Sect. 2, we introduce a general concept of
codivergence, study specific properties of codivergences on the space of probability
measures, and discuss specific (classes of) codivergences. Section 3 considers the con-
struction of divergence matrices from a given codivergence. Section 4 is devoted to the
data-processing inequality that holds for the x 2-divergence matrix introduced in Sect.
3, thereby generalizing the usual data-processing inequality for the x2-divergence.
Section 5 provides derivations of explicit expressions for a class of codivergences
applied to common parametric models. Elementary facts on ranks from linear algebra
are collected in Sect. 6.

Notation: If P is a probability measure and X a random vector, we write Ep[X]
and Covp (X) for the expectation vector and covariance matrix with respect to P,
respectively.

2 Codivergences

2.1 Abstract framework and definition

We start by recalling the definition of a divergence [1, Definition 1.1]. This definition
is situated within the framework of a d-dimensional differentiable manifold X with an
atlas (U;, ¢;). Formally, this means that the (U;) are an open cover of the topological

space X, and ¢; : U; — R are isomorphisms such that ¢; o <pl._1 is C! on ¢; (U; N
Uj) — ¢;(U;NUj) [14].
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Definition 2.1 A divergence D on a d-dimensional differentiable manifold X" is a
function X> — R satisfying

(i) VP,Q e X, D(P|Q) =0ifandonlyif P = Q.
(i) Forall P € X, for any chart (U, ¢) with P € U, there exists a matrix G = G(P)
such that for any Q € U,

1
D(P|Q) = = (¢(Q) —90(P))TG(§0(Q) —o(P)) + O(llo(Q) —(P)I?). (1)
2

The matrix G = G(P) may depend on the choice of coordinates ¢. For the most
common divergences, G is symmetric, positive-definite and thus defines a scalar
product on the tangent space at P. Whereas a divergence measures the similarity
between two elements P, Q € X, we want to define codivergences measuring the
angle <<P; Py P> of P, P, € X relative to Py € X.

Equation (1) states that the divergence D(P|Q) is a quadratic form in terms of
the local coordinates ¢(Q) € R?, whenever P and Q are close. Generalizing to
the infinite-dimensional case requires to work with bilinear forms instead. Moreover
for the infinite-dimensional setting, imposing an expansion of the form (1) in every
possible direction around P € X is restrictive. We therefore allow the quadratic
expansion to hold in a possibly smaller bilinear expansion domain. Furthermore, we
allow codivergences to attain the value +oo. This is inspired by existing statistical
divergences (such as x2- or Kullback-Leibler divergences) that can also take the
value 4-o00. Therefore, imposing an expansion of the form (1) globally may not be
possible as the codivergence on the left-hand side of (1) may take the value +o0 in
some directions away from P, while the right-hand side of (1) is always finite.

We now provide the definition of a codivergence if X is a subset of a real vector
space.

Definition 2.2 Let X and (E,),cx be a subset and a family of subspaces of a real
vector space E, respectively. A function (u, v, w) € X3 D(ulv, w) € RU {400}
defines a codivergence on X with bilinear expansion domain E, at u, if for any
u,v,w e X,

(i) D(ulv, w) = D(ujw, v);
(i) D(u|v, v) > 0, with equality if u = v;

(iii) there exists a bilinear map (-, -),, defined on E,,, such that, for any &, g € E,, and
for any scalars s, ¢ in some sufficiently small open neighborhood of (0, 0) (that
may depend on /4 and g) with respect to the Euclidean topology in R?, we have
(u+th, u+sg) € X2, D(u|u—|—th, u +sg) < 400, and D(u|u +th, u—i—sg) =
ts(h, g)u + o(t? +s%) as (s, 1) — (0, 0).

The last part of the definition imposes that, locally around each u, the codivergence
(v, w) — D(ulv, w) is finite and behaves like a bilinear form in the centered variables
(v —u,w — u). As a consequence, for a given u, the mapping (v, w) — D(ulv, w)
is Gateaux-differentiable on X2 at (u, u) with Gateaux derivative 0 in every direction
(h,g) € E,% Condition (iii) can moreover be understood as a second-order Taylor
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256 A. Derumigny, J. Schmidt-Hieber

expansion at (u, u) in the direction (%, g). The mapping (v, w) — D(u|v, w) needs,
however, not to be twice Gateaux-differentiable at (u, u) for (iii) to hold. This is analo-
gous to usual counter-examples in analysis where a function may admit a second-order
Taylor expansion at a given point without being twice differentiable. Nevertheless, if
D (u |u +th, u-+ sg) is twice differentiable in (¢, s) at (0, 0), then the partial derivative
82D(u|u +th,u+ sg)/atas at (0, 0) must be equal to (A, g),,. We refer to [2] for a
discussion on higher-order functional derivatives.

We also provide a definition of codivergence if X is a differentiable Banach man-
ifold, see [4, 14] for an introduction to Banach manifolds. Let B be a Banach space
and X be a Banach manifold modeled on B. This guarantees existence of a B-atlas
(Ui, ¢;) with U; an open cover of X and ¢; : U; — B such that ¢; o (pl._l is C! (with
respect to the norm on B).

This generalization can be useful in the case where the space X is not flat. Indeed,
part (iii) of Definition 2.2 imposes that for 1 € E,, we must have u + th € X for ¢
small enough. On the contrary, in the following definition we consider a more subtle
case where the point # may be approached on a smooth curve (not necessarily affine),
under the assumption that X is a B-manifold.

We first recall the construction of the tangent space via curves following [4, Defi-
nition 2.21] and [15, Section 2.1.1]: for a fixed u € X, leti be such that u € U; and let
%, be the set of smooth curves ¢ such that ¢ : [—1, 1] — U; and ¢(0) = u. We define
an equivalence relation ~ on %, by c¢; ~ c¢; if for all smooth real-valued functions f
on U;, we have (f o ¢1) (0) = (f o ¢3)'(0). We define the tangent space at u as the
quotient set T, := %, /~, which can be given a vector space structure isomorphic to
B.

We give a short outline of the main ideas to obtain this property. Let D denote the
Fréchet differential operator. For ¢ € T, and ¢ a representative of the equivalence class
¢, note that ¢; o ¢ : [—1, 1] — B is differentiable (by assumption on c); the mapping
D(¢; o ¢)(0) is linear from R to B and can therefore be identified with an element of
B itself; this element D(g; o ¢)(0) also does not depend on the representative c¢. This
defines a mapping 6, : T, — B by 6,(¢) := D(¢; o ¢)(0). It can be shown that 6, is
bijective. Through its inverse 6, ! one can transport the vector space structure of B on
T,, making it a real vector space too.

Definition 2.3 Let X’ be a B-manifold. A function (u, v, w) € X3 — D(ulv, w) €
R U {400} defines a codivergence on X with bilinear expansion domain E, at u, if
for any u, v, w € X,

1) D(ulv, w) = D(u|w, v);

(i) D(u|v, v) > 0, with equality if u = v;

(iii) E, is a subspace of the tangent space T, of X at u;

(iv) there exists a bilinear map (-, -),, defined on E,. For any g, h e E,, for any
representatives g and & of the respective equivalence classes g and %, and for
any scalars s, ¢t in some sufficiently small open neighborhood of (0, 0) with
respect to the Euclidean topology in R? (the neighborhood may depend on the
choice of the representatives g and /1), we have D(u|h (1), g(s)) < 400, and

D(ulh(t), g(s)) = ts(h, )u + o(t*> +5?) as (s, 1) — (0, 0).
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From a codivergence D(u|v, w) that takes finite values on a finite-dimensional
manifold and with bilinear expansions domains the tangent spaces, we can always
construct a divergence by setting v = w. Then D(u|v, v) behaves like a quadratic
form in v whenever v is close to u.

If X is a B-manifold and a closed subspace of a vector space E, then the notions
of codivergences in Definitions 2.2 and 2.3 coincide. This is because differentiable
curves are, in first order, linear functions in a small enough neighborhood of 0.

For both definitions, a given space X and a given family of bilinear expansion
domains (Ey),cx, the set of codivergences on & is a convex cone.

For an example covered by Definition 2.3 but not by Definition 2.2 assume that X’ is
the unit circle. No codivergence can exist in the sense of Definition 2.2 with non-trivial
bilinear expansion domains (£, ). An example of a codivergence on X = {e?,0 e R}
in the sense of Definition 2.3 is

e@1=00)02=00) _ 1 ify, w e Uy,
D(ulv, w) =
+00, else,

where u, v, w € X3, U, = {ue'?,0 € (—n/2,7/2)}, u = %, v = % and
w = €% for some 6y € R, 61,60, € [0y — 7,6y + 7). Such a representation of v
and w always exists and is unique since [0y — 7, 6y + ) is a half-open interval of
length 27. In this case, the tangent space T}, of the circle at any point u = ¢'% is
diffeomorphic to R and we will use this identification (denoted by the symbol “~").
Letg,h € T, ~ Rand assume s, r € R. Then g(s) = ue'ss e U, for s small enough.
Similarly, 4 (t) = ue'"" € U, for t small enough. So, D(u|h(t), g(s)) is finite for all
(s, t) in a small enough neighborhood of (0, 0), and, whenever this is the case, we
have

D(u|h(l), g(s)) = D(u|ueiht, ueigs) =M — 1 =t1s(h, g)u + o(t? + 57),

where (h, g),, = gh is the local bilinear form (which in this example is independent
of u) and the bilinear expansion domain can be taken tobe E, = T, ~ R.

2.2 Codivergences on the space of probability measures

For the application to statistics, E is the space of all finite signed measures on a
measurable space (A, &), and X is the space of all probability measures on (A, A).
Probability measures form a convex subset of all signed measures E. Since E is a
vector space, the natural definition of a codivergence on X is Definition 2.2. A visual
representation of such a codivergence is provided in Fig. 1.

In a next step, we characterize the bilinear expansion domains of a codivergence
for X' the space of probability measures. Given a probability measure Py € X, we
say that a function 7 : X — R is Py-essentially bounded by a constant C > 0
if Pp(fx € A : |h(x)] < C}) = 1 and define esssupp |h| = inf{C > 0 :
|h| is Py-essentially bounded by C}. We will show that
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Fig.1 The codivergence between P and P, at Py measures the position of P and P, relative to Py

Mp, = {pc eE:nux Po,/du =0, esssupp, |5

< —i—oo}

is the largest bilinear expansion domain that any codivergence on X’ can have at Py.
The rationale is that Py is otherwise not a probability measure. Indeed if © € M p,
has a density 4 with respect to Py, then the Py-density 1 4-th is non-negative for given
t > Oif and only if & is larger than —1/¢. Conversely, the density 1 —th is non-negative
for given ¢ < 0 if and only if £ is smaller than 1/¢. This gives a link between a bound
on h = dpu/d Py and the non-negativity of the probability measure Py + ¢ .

For every measurable set A,

(Po+t0)(A) = /

x€eA

d(Py + tj0)(x) =/ (14 th(x))d Py(x). )

xeA

The value of an integral is unchanged if the function to be integrated is modified on
a Pp-null set. Therefore we only need the function 1 4 ¢4 to be positive Py-almost
everywhere for Py + ¢ to be a positive measure.

Proposition 2.4 For any codivergence D on the space of probability measures X, the
bilinear expansion domain of D at any probability measure Py € X must be included
in Mp,. Furthermore, every . € M p, has a density d/d Py with respect to Py such
that esssupp |[du/d Pyl = 1/as with ay := supfa > 0 : Py +1tpn € Xforallt €
[—a, al} € (0, +o00] and the convention 1/ 4+ oo = 0.

Proof of Proposition 2.4 We begin by proving the first part. Let © be a finite signed
measure belonging to the bilinear expansion domain at Py of some codivergence D
on the space of probability measures X. For a > 0, we write © € R(a) if and only if
Py+tpn € X forall —a <t < a. Since u belongs to the bilinear expansion domain
of D at Py, Definition 2.2(iii) implies existence of an open neighborhood T of 0 such
that forany r € T, Py + tiu € X. Therefore, there exists a > 0 with u € R(a).

We now show that u € R(a), for some a > 0, implies u < Py. The proof relies
on the Jordan decomposition theorem for finite signed measures (e.g. Corollary 4.1.6
in [7]). It states that every finite signed measure p on a measurable space (A, %) can
be decomposed as

=0ty —a_pu_, withaoy,a_ >0, 3)
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and p_, w4 orthogonal probability measures on (A, &). By the Lebesgue decomposi-
tion theorem (see Theorem 4.3.2in [7]), i can always be decomposed as ;4 = s +pus,
where 1 4 is a signed measure that is absolutely continuous with respect to Py, i is a
signed measure thatis singular with respect to Py, and it 4 and u s are orthogonal. By the
Jordan decomposition (3), we decompose the signed measure (ts = o4 b+ —0_ s, —
into its positive and negative part us + and pus —. These two measures are orthog-
onal and a4, a— > 0. Then, Py + apn = Py + apa + acyps + — ac_pus, —
can be a probability measure only if «— = 0. This is because we can find a set
U such that Po(U) = pua(U) = ps+(U) = 0 and pug _(U) = 1. Therefore
(Pp +ap)(U) = —ac_ps,—(U) = —aa— < 0. In the same way, Pp — ap can
be a probability measure only if ¢y = 0. Therefore, if © € R(a) for some a > 0, then
ay =a_ =0, and u = 4 is absolutely continuous with respect to Py.
Let i be the density of p with respect to Py. Then

d (P t d
M:l+t—“=l+th.
dPy dPy

Note that Py +tu is a signed measure integrating to 1 if and only if [dp = [ hd Py =
0.

We now show that, for any a > 0, u € R(a) implies esssupp || < 1/a. If
W € R(a),thenforany A € &, (Pp+ap)(A) > 0and (Py—apn)(A) > 0.Letusdefine
thesets AL = {x € A: 14+ah(x) > 0}and A_ := {x € A: 1—ah(x) > 0}. Let A¢
denote the complement of a setA.Wehave(Po+au)(A$) = ng 1+ah(x)dPx(x) <

0 since this is the integral of a negative function. Therefore PO(AE) = 0 and then
Py(A;y) = 1. Similarly, (Py + ap)(AC) = ng 1 — ah(x)dPx(x) < 0. Hence,

Po(AS) =0 and Py(A_) = 1.

Therefore, Py(A+ N A_) = 1. This means that for Pp-almost every x € A, 1 +
ah(x) > 0and 1 — ah(x) > 0. Therefore, for Py-almost every x € A, |h(x)| < 1/a.
Therefore, h is Py-essentially bounded by C := 1/a. We have finally shown that
u € R(a) implies esssupp |h| < 1/a and n € Mp,, proving the first part of
Proposition 2.4.

Conversely, note that € Mp, is a sufficient condition for Py + 7/ to be a
probability measure for all 7 in a sufficiently small open neighborhood of 0.

We now show the second part of Proposition 2.4. Remember that a,. := sup{a >
0:pu € R(@a)} € (0,+00]. Let (an)nen be an increasing sequence of real numbers
strictly smaller than a, and converging to a,. For every positive integer n, we have
u € R(ay). Therefore, by the previous reasoning, ess supp, || < 1/a,, meaning that
Po({x € A : |h(x)| < 1/a,}) = 1. By a union bound, we obtain Py(N,>o{x € A :
|h(x)| < 1/a,}) = 1. Therefore Py({x € A : |h(x)| < 1/a4}) = 1, and by definition
esssupp, |h| < 1/a.

We now show the reverse version of this inequality. Let C > esssupp, |h|. Then
Po({x € A: |h(x)] < C} = 1. Hence, for any t € [—1/C, 1/C], and for Py-almost
every x, —1 < th(x) < 1. Consequently, forany t € [-1/C, 1/C], and for Py-almost
every x, | +th(x) > 0and 1 —th(x) > 0. Forany t € [-1/C, 1/C], Py +ti is a
finite signed measure with a density that is non-negative Pp-almost everywhere and
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260 A. Derumigny, J. Schmidt-Hieber

integrates to 1. These are sufficient conditions for Py 4 ¢4 to be a probability measure
on A, proving u € R(1/C). Therefore, 1/C < a, and thus 1/a, < C. This holds for
any C > 0 such that C > esssupp, ||, proving that 1/a, < esssupp |h|. Together
with the inequality esssupp, || < 1/ax, the claim 1/a, = esssupp, || follows. O

2.3 Examples of codivergences

For any real a > 0, set a/0 := +o0. For a non-negative function ¢ : [0, co) —
[0, 00), we can define two codivergences. The first one will be referred to as
covariance-type codivergence between three probability measures Py, Py, P> and is
defined by

dP dP: d dpP
Vo(Po|P1. P) :/‘f’(ﬁ)d’(cu;)d 0—/¢><dP )d 0/¢<dp )dPO,
@

and the second one will be called correlation-type codivergence and is defined by

Vs (Pol P, P2) _ f¢(f1i11;(1)) (Z?ﬁ)dp _
J(GR)aPy [ ¢(§7)dPo [ d(G5)dPo [ &(57)d Po

E)

Ry (Po| Py, Pp) :=
)

if P, P, < Py. Otherwise, we define both Vi (Py|P1, P2) and Rg(Py| Py, P2) to be
equal to +o0.

Obviously, both codivergences Vy, and Ry are symmetric in Py and P,. By Jensen’s
inequality we see that Vi (Po|P1, P1) = 0 and Ry (Po|P1, P1) = 0. If ¢(1) = 0, then
Ry (Pol Py, Py) = +00. For ¢ (1) > 0, the functions ¢ and 7¢ with positive scalar ¢
give the same codivergence Ry and simply rescale V. Without loss of generality, we
therefore can (and will) assume that ¢ (1) = 1.

We say that a function f admits a second order Taylor expansion around 1 if
f+y)= f()+yf/(1)+ y—;f”(l) + o(y?) for all y in an open neighborhood of
zero. The following proposition is proved in Section A.

Proposition 2.5 Assume that ¢ (1) = 1 and ¢ admit a second order Taylor expansion
around 1. Then the Vg and the Ry codivergences are codivergences in the sense of Def-
inition 2.2 with bilinear expansion domains M p, and bilinear maps &' (D%, ) Py
where

/ dit / hedPo. withh = M and g = Y-
—_— , 1 = ——an
=] rsare W P T dpy
If v is a measure dominating Py, the bilinear map can be written as
d di dP
{, ) p /—dv for the densities h = —'u, g = M po = =0 (6)
dv dv’ dv
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A consequence of Proposition 2.5 is the following: locally, all Vj and Ry codiver-
gences (that satisfies the regularity conditions) define the same structure. This scalar
product is the nonparametric Fisher information metric. The name originates from the
identity [12, Equation (8)]

(x| pi(x|6
1O));) = / %dvm, )

where [1(0)];; is the (i, j)-th entry of the Fisher information matrix for a parametric
model of v-densities p(-|0) indexed by a finite dimensional parameter 6 and p; (x|0) :=
ap(x]0)/06;. Egs. (7) and (6) have the same structure. One of the earliest reference
to the nonparametric Fisher information metric is [8]. The concept has been applied
in several frameworks, such as computer vision [24] or shape data analysis [25]. The
geometry of the nonparametric Fisher information metric has been studied by [6, 12]
in the context of Bayesian inference.

An interesting subclass of codivergences is obtained by choosing ¢, (x) = x*. To
ease the notation, we set

Vo :=Vy, and Ry := Rgy,. (8)

Although the resulting codivergences seem related to the well-known Rényi divergence
(1—a)! log(f p(x)%q(x)'~*dv(x)) between probability measures P and Q with
densities p and ¢ [23], the term [(p; (x) p2(x))* po(x)' 72*dv(x) occurring in the
definitions of V, and R, is of a different nature.

In the case @ = 1, that is, ¢ (x) = x, both notions of codivergence agree. Denoting
by po, p1, p2 therespective v-densities of Py, Py, P>, where v is a measure dominating
Py, the corresponding codivergence

dPp P1D2 .
—dP2—1=/ dv—1, if i < Ppand P, K Py,
x2(Po| Py, Pp) = d Py Do

+00, else,

will be called xz—codivergence. The (usual) xz—divergence is defined as x2(P, Q) :=
[dP/dQ — 1)2dQ = [(dP/dQ)*dQ — 1, if P is dominated by Q and +oo
otherwise. Therefore, the Xz—codivergence X2(P0|P1, Py) coincides with the usual
Xz-divergence XZ(Pl, Py) for any Py and Pj.

Another interesting codivergence is R, with « = 1/2. The resulting codivergence

/ d
p(Po| Py, P2) = J/Pipady ~1, )

[ /Pipodv [ /Papodv

is called Hellinger codivergence. We can (and will) define the Hellinger codivergence

as [ /pip2dv/([ /Pipodv [ /p2podv) whenever the denominator is positive. This
is considerably weaker than Py, P» < Py, as it is only required that the support of

po intersects with non-zero v-mass the support of p; and the support of p,. Note
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262 A. Derumigny, J. Schmidt-Hieber

that p(Pp| Py, P2) is independent of the choice of the dominating measure v (and
potentially +oo if the denominator is 0).
The name Hellinger codivergence is motivated by the representation

a(Pr, P) _
a(Py, Pr)a(Py, P2)

p(Po| P, Py) =

where a(P, Q) := [ /pqdv is the Hellinger affinity between two positive measures
P, O with densities p, g taken with respect to a common dominating measure.

The x2- and Hellinger codivergence are of interest as they can be used to control
changes of expectation between probability measures, see Section 2.2 of [9].

We always have

p(Pol P, P1) < x>(Po| Py, Py). (10)

To see this, observe that Holder’s inequality with p = 3/2 and ¢ = 3 gives for any
non-negative function f, 1 = [ p1 < ([ f*2p)?3(f f=3p1)'/3. The choice f =
(po/p1)'7? yields 1 < ([ /P1p0)* [ pi/po. Therefore 1/(f /P1po)* < [ pi/po.
Subtracting one on each side of this expression yields (10).

Proposition 2.5 implies that the x2-codivergence and the Hellinger codivergence
are codivergences with respective bilinear maps (i, jt) p, for the x 2_codivergence and
(u, i) p, /4 for the Hellinger codivergence.

For the Hellinger codivergence, the expansion in Proposition 2.5 can be generalized.
Assume that Py is dominated by some positive measure v. Define Supp(u) 1= {x €
A du/dv(x) # 0} for any signed measure p dominated by v. If x| and u, are
signed measures dominated by v such that (i) Supp(u;) N Supp(Pp) has a positive
v-measure, and (ii) their densities /; are positive on Supp(u;)\Supp(Pop), then

p(Pol Py +tpr, Po+ spa) = +/ts Vhihadv
Supp(Po)¢

hih
-i-ts/ 2o +5YH. (1D
Supp(Py) 2P0

Compared to Definition 2.2 (iii), there is thus an additional term for probability
measures that have mass outside of the support of Py. Consequently, this expan-
sion cannot be linked to one local bilinear form and the mapping (¢, s) € Ri —
p(Po|Po + tier, Po+ suo) is not differentiable at (0, 0). This is in line with Proposi-
tion 2.4: for perturbations p that do not belong to M p,, the measures Py + ¢4 cannot
be probability measures for all # in any open neighborhood of 0.

The R, codivergences admit convenient expressions for product measures and for
exponential families. The first proposition is proved in Sect. A.2.

Proposition 2.6 Let Pj; be probability measures for any j = 0, 1,2 and for any
L=1,...,d satisfying Pi¢, Pyy < Po¢. Then
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Table 1 Closed-form expressions for the Ry codivergence for some parametric distributions

Distribution Ra (Pl Py, Pp)

01 — 6y, 02 — 6
2 (01 — 6o, 02 0))71

Pj=./\/'(0/-,021d),0ieRd,o>O exp(a 5
: : -

— @ Pois(Lir). s 4, 1-2
Pj = ®y_ Pois(je). 2je >0 eXP(Zz=1 hop (M =25 (A5, — )“ge)) -1

ﬁ (Boe +«(Bie — Boe)) (Boe + a(Bae — Boe))

o1 Boe(Boe + a(Bre + Bae — 2Poe))
if all the involved quantities are positive, and +oo else

Pj =®?=1Exp(/3jg),ﬂj@ >0 -1,

d pl=20pa pa 12« o o
O; 208,05, + (1 — 6 1—610)%(1 -6
P; = ®{_, Ber(8;¢).0j¢ € (0, 1) [Tt (= 6op) ~ 71 = 1070 = 620)" _
' B k] r(oe, 010)r (Boe, 62¢)

r(B0,61) = 650 + (1 = 09)' = (1 — o)

1,

Proofs can be found in Sect. 5

d d d
® P”® P211) = l_[ <Ra(Poe|P1e, Pyy) + 1) - 1.

=1 =1 (=1

d
Ry (® Poe

=1

Proposition 2.7 Let ® be a subset of a real vector space and let (Py : 0 € ©®) be
an exponential family with v-densities pg(x) = h(x)exp(® T (x) — A(0)) for some
dominating measure v. Then, for any 6y, 01, 0> € © satisfying

6o + o (61 + 62 — 260). 60 + o (61 — 60). 60 + (62 — 6p) € O, (12)
we have

Ro(Pag) Poy Py) = exp ((A(60 + (61 + 62 — 260)) — A(60 + (61 — )

— A6 + (62 — 60)) + A(60) ) — 1.

This proposition is proved in Sect. A.3. (12) is satisfied if ® is a vector space or
if 0 < o < 1 and © is convex. In the case of the Gamma distribution the parameter
space is ® = (—1, +00) x (—R) and in this case the constraints in (12) are sufficient
and necessary for the statement of Proposition 2.7 to hold, see Sect. 5.4 for details.

For the most common families of distributions, closed-form expressions for the
R (Pgy| Py, , Pg,) codivergences are reported in Table 1. Derivations for these expres-
sions are given in Sect. 5. This section also contains expressions for the Gamma
distribution. As mentioned before, these codivergences quantify to which extent the
measures Py and P, represent different directions around Py. The explicit formulas
show this in terms of the parameters and reveal significant similarity between the dif-
ferent families. For the multivariate normal distribution the R, codivergence vanishes
if and only if the vectors 61 — 6y and 6, — 6 are orthogonal.
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3 Divergence matrices

Definition 3.1 Let M > 1. For a given codivergence D(-|-, -) on a space X C E and
u, v, ..., vy elements of X', we define the divergence matrix D(u|vy, ..., vy) as
the M x M matrix with (j, k)-th entry D(u|vy, ..., vpm)jx := D(ulv;, vg), for all
1<j, k<M.

If vy, ..., vy are all in a neighborhood of u, the divergence matrix D can be related

to the Gram matrix of the bilinear form (-, -),,. Formally, for t = (1, ..., ty) € RY
such that foranyi = 1,..., M,u +tih; € X, we have

D@lu+tihy, ..., u+ tyhy) = tG,t" +o(|t]?),

with Gram matrix G, := ((hi, hj)u)1<i,j<m-
Based on the codivergences Vi (PolP1, P2), Ry(Po|P1, P2), one can now define
corresponding M x M divergence matrices with (j, k)-th entry

Vo (Pol Pr, .. Pu)jk = Vo(PolPj, Pr)

= i di _ ap; d Py
_/¢<dpo)¢<dp )d 0 /¢<dpo>dP0/¢<dP )dpo, a3)

and
dp dp
f¢<dP(/)> (dpﬁ)dPO
R¢(P0|P1a---7PM)j,k = R¢(P()|PJ,P]()= o _1’
o
(14)
provided that Py, ..., Py < Py. The codivergence matrices are linked by the rela-
tionship
Ry(Po|P1, ..., Py) =D -Vy(PylPi,..., Py)- D, (15)

where D denotes the M x M diagonal matrix with j-th diagonalentry 1/ [ ¢ (j—g)d Py,

j=1..., M.

Similarly as Cov(X1, X») can denote either the covariance between the random
variables X and X, or the 2 x 2 covariance matrix of the random vector (X1, X»), the
expressions Vi (Py| Py, P) and Ry (Py| Py, P2) can also denote either codivergences
or 2 x 2 divergence matrices. Within the context, it is always clear which of the two
interpretations is meant.

The divergence matrices with function ¢, (x) := x“ are denoted by V,, (Po| Py, ...,
Py)and Ry (Po| Py, . .., Py).Similarly, the Xz-divergence matrix X2(P0|P1 s Py
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and the Hellinger affinity matrix p(Po|Pi, . .., Py) are the M x M divergence matri-
ces of the x2-codivergence and the Hellinger codivergence with (j, k)-th entry

2 dP;
X“(PolP1,..., Py)ji:= | —=dPr—1, and,
dPy

[ /Pjprdv _
JPipodv [ /pepodv

p(PolPr, ..., Py)jk = 7

for all 1 < j,k < M. As in the previous section, the condition for finiteness
of the Hellinger codivergence matrix is weaker than for general Ry and Vy codi-
vergences. Instead of domination Pi,..., Py <K Py, it is only required that the
integrals [ /Pjpodv are positive, for some dominating measure v and p; := d P;/dv.
By (6), the local Gram matrix of the x2-divergence matrix at a distribution Py is

Gp, = [ i %d v]l <ijeM’ and the local Gram matrix of the Hellinger divergence
matrix is Gp, /4.

Let ®(X) := (¢(dP1/d Py(X)), ..., qb(dPM/dPo(X)))T denote the random vec-
tor containing the likelihood ratios of the M measures. Since Cov(U, V) = E[UV]—

E[U]E[V], we have
Vo (PolP1, ..., Py) = Covp, (dD(X)), (16)

where the covariance is computed with respect to the distribution Py as indicated by
the subscript Py. Moreover, we have

VIVe(PolPy, ..., Py)v = Varp, (v @(X)).
Applying Eq. (15) yields moreover
Ry (Po| Py, ..., Py) = D Covpy (P(X))D. (17)

This shows that Vy (Po| Py, ..., Py) and Ry(Po| Py, ..., Py) can be interpreted as
covariance matrices and are therefore symmetric and positive semi-definite. Applying
the Taylor expansion to the likelihood ratios in the previous identities provides a
direct way of recovering the local Gram matrix associated to the nonparametric Fisher
information metric.

In a next step, we state a more specific identity for the x2-divergence matrix. To
do so, we first extend the usual notion of the x>-divergence to the case where the first
argument is a signed measure. Let u be a finite signed measure and P be a probability
measure defined on the same measurable space (2, A). We define the x >-divergence
of u and P by

dp ? .
X1, P) = /(ﬁ _M(Q)) dp, ifp <P, (18)

400 else.
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Here, du/d P denotes the Radon—Nikodym derivative of the signed measured o with
respect to P (defined e.g. in Theorem 4.2.4 in [7]). This definition of x2(u, P)
generalizes the case where u is a probability measure and allows us to rewrite the
x2-divergence matrix as

M rdp ’ U
T,2 J 2
v x (P0|P1,...,PM)V=/ Z(E - 1) vj | dPy=x Zvjpj,Po ,
j=1 j=1
(19)
with ZIIMZI v; P; the mixture (signed) measure of Py, ..., Py. Similarly, for the
Hellinger divergence matrix it can be checked that
2
M
T VPj
\4 ,0(P0|P1,--~,PM)V=/ ————— —/po | vj | dv. (20)
; [ J/Pipodv
Writing Rank (A) for the rank of a matrix A and Rank (x1, . .., x,) for the dimension
of the linear span of n elements x, . . ., x, in a vector space E, we will now derive an

identity for the rank of divergence matrices.

Proposition3.2 Let M > 1, and let Py, Py, ..., Py be (M + 1) probability distribu-
tions.

(i) Assume that Py, ..., Py < Po. Then for any non-negative function ¢ : [0, co) —
[0, 00) such that ¢ (1) = 1, we have

Rank(Ry(Po| Py, ..., Py)) = Rank(V4(Po| Py, ..., Py))

dP dP
—Rank (1,02, ... po—)_1,
dPy dPy

where functions are considered as elements of the vector space L' (A, A, Py), that
is, linear independence is considered Py-almost everywhere.

(ii) Let v be a common dominating measure of Py, ..., Py. Assume that Vj =
1,....M, [ pjpodv > O with pj := dPj/dv. Then we have

Rank(p(Py| Py, ..., Py)) = Rank(\/po, /P1,---,/PMm) — 1,

where functions are considered as elements of the vector space L' (A, B, v).

Statement (ii) is not a consequence of (i) with ¢ (x) = x /2 Indeed, (i) relies on like-
lihood ratios assuming that the measures Py, ..., Py are dominated by Py, while (ii)
only requires that each of the probability measures Py, ..., Py has acommon support
with Py of positive Pp-measure. The proof of (ii) exploits the specific property (20)
of the Hellinger divergence.
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Proposition 3.2 applied to ¢(x) = x shows that whenever Py is a linear com-
bination of P, ..., Py, then Rank(1,dP/dPy,...,dPy/dPy) < M 4+ 1 and
Rank(xz(P0|P], ..., Py)) < M, which means that the XZ(P0|P1, ..., Py) diver-
gence matrix is singular. Similarly, whenever ,/po is a linear combination of
/Pl -- ., «/Pum, the Hellinger divergence matrix is singular.

Proof of Proposition 3.2 'We first prove (i). Since D is an invertible matrix, a direct con-
sequence of Eq. (15) is Rank(Ry(PolP1, ..., Py)) = Rank(Vy(Pol Py, ..., Pu)).
Applying Eq. (16) and then Lemma 6.3, we obtain thatr := Rank (Vs (Py| Py, ..., Py))
= Rank(Covp,(Zy,...,Zy)) = Rank(Zy — Ep,Zy,...,Zy — EpyZy), where
Zj = ¢dPj/dPy(X)) for j = 1,..., M and Ep, denotes the expectation with
respect to Py. The random vectors Z; — Ep,Z1, ..., Zy — EpyZpy are centered
and therefore linearly independent of the (constant) random variable Zy = 1 =
¢(dPy/d Py(X)). Therefore,

r =Rank(Z\ — Ep,Z1,....Zm — EpyZnm)
= Rank(l, Z] — Epozl,..., ZM — EPOZM) —1
= Rank(Zy, Z1,...,Zy) — 1.

By Lemma 6.2, r is the highest integer such that there exists iy, ..., i, € {0, ..., M}
with (Z;,, ..., Z;,) linearly independent random variables Pp-almost surely.

Using the definition of the Z; and X ~ Py, the random variables {Z;,, ..., Z; } are
linearly independent Pp-almost surely if and only if Po( Z;:l ajp(dPp; f /dPy(X)) =
0) = 1 implies ag = ... = a, = 0. This is the case if and only if the functions
{podP;,/dPy,...,¢odP; [dPy} are linearly independent Py-almost everywhere,
proving Rank(Z;,, ..., Z; ) =Rank(¢ odP; /d Py, ..., odP; /dPy).

Before proving (ii) in full generality, we first show that Rank (o (Py| Py, . .., Py)) =
M if and only if all the M + 1 functions ,/po, ..., \/pu are linearly independent
v-almost everywhere. The matrix is singular if and only if there exists a non-null

M viJPi  _ NM } o
vector v such that ) 7 T/oreds = >_j=1Vj/Po v-almost everywhere. This is
the case if and only if there are numbers wy, ..., wy, that are not all equal to zero,

satisfying Zﬁylzo w;,/p; = 0, v-almost everywhere. To verify the more difficult
reverse direction of this equivalence, it is enough to observe that Z;W: owj /P =0
implies wog = — Z?’IZI w; [ /Pjpodv and thus, taking v; = w; [ . /p;jpodv yields
Mo VP _ N M
2= T piuds — 2=t Ui/ PO-
We now show the general case of (ii). For an n x n matrix A and index sets
I,J C{1,...,n}, the submatrix A; ; defines the submatrix consisting of the rows

and the columns J.If I = J, A j is called a principal submatrix of the matrix A. Let
r be an integer in {1, ..., M}. By Lemma 6.4,

r = Rank(p(Po| Py, ..., Py))
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if and only if
p(Po|P1, ..., Py) has an invertible principal submatrix of size r
and all principal submatrix of size r + 1 of p(Py| Py, ..., Py ) are singular
if and only if (using the fact that the principal submatrices of p(Py| Py, ..., Py) of
size k are exactly the matrices of the form p(Py|P;,, ..., P;) for some iy, ..., ik €
{1,...M})
r=max{k=1,..., M :3iy,...,ixe{l,..., M}, p(Po|P;, ..., P;,) is invertible}

if and only if (using the case of full rank that was proved before)
r=max{k= 1,...,M:3iy,...,ire{l,..., M},
A P0s A/ Piys - - -+ A/ Pi, are linearly independent}

if and only if » = Rank(\/po, /P1, .-+, /PM) — 1. |

4 Data processing inequality for the y>-divergence matrix

In a parametric statistical model (Qg)gco, it is assumed that the statistician observes
a random variable X following one of the distributions Qy for some 6 € ©. If we
transform X to obtain a new variable Y, then Y follows the distribution Py := K Qp
for some Markov kernel K. When 6 is unknown but the Markov kernel K is known
and independent of 6, this means that the new statistical model is (Py := K 0y, 60 €
®). As in the usual case for the x2-divergence, it is natural to think that such a
transformation cannot increase the amount of information present in the model. In
our more general framework, such an inequality still holds and is presented in the
following data processing inequality.

Theorem 4.1 (Data processing/entropy contraction) If K is a Markov kernel and
Qo, ..., Qm are probability measures such that Qo dominates Q1, ..., Qu, then,

x*(KQolKQ1,....,KQu) < x*(Q0lQ1, ..., On),

where < denotes the partial order on the set of positive semi-definite matrices.

In particular, the x?-divergence matrix is invariant under invertible transformations.
The rest of this section is devoted to the proof of Theorem 4.1. First, we generalize the
well-known data-processing inequality for the x2-divergence to the case (18), where
one measure is a finite signed measure and use afterwards Eq. (19).

The x2(u, P)-divergence with a signed measure can be computed from the usual
x2-divergence between probability measures by the following relationship
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Lemma 4.2 Assumethatju < P.Let i = a4 p+—a—u— bethe Jordan decomposition
) of u with oy, a— > 0 and 4, — orthogonal probability measures. Then

Xz(u, P) = aixz(u+, P) —}-Ol%)(z(ﬂ_, P) + 2040

Proof Observethataixz(/ur, P)-I-OlEXZ(M—, P)+2a+a_ = / <a+<%—l)—
dp-— T N 24P = 2
(0= [ (G @) ar :

Lemma4.3 If u is a finite signed measure, P is a probability measure and both
measures are defined on the same measurable space, then, for any Markov kernel K ,
the data-processing inequality

x> (K, KP) < x2%(u, P)

holds.

Proof We can assume that u < P, since otherwise the right-hand side of the inequal-
ity is 400 and the result holds. In particular, ©# < v for a positive measure v
implies that K < Kv. Indeed, if Kv(A) = 0 for a given measurable set A, then,
f K (A, x)dv(x) =0, implying K (A, -) = 0 v-almost everywhere. Since u < v, the
equality also holds p-almost everywhere and so K u(A) = f K(A, x)du(x) = 0,
proving Ku <« Kv. By the Jordan decomposition (3), there exist orthogonal
probability measures (4, w— and non-negative real numbers o4, @, such that
w=oypus —o_pu_ and u() = o4 —a—. Thus, Kpu = a4y Kpuy —a_Ku_.
Observe that

dK dKji_ dKus dKu—  dKup—  dK
/( “*—4)( ° —J)dKP::/( o et el M++4>dKP

dKP dKP dKP dKP _ dKP _ dKP
dK _
::/ wedRu- pep 15 1)
dKP dKP

Because 4 and p_ are orthogonal, we similarly find that

/(C%: - 1)(% - 1)dP = 1.

Using the data-processing inequality for the x? divergence of probability measures
twice, Ku = oy Kpuy —o_Kp_ and pu(Q2) = a4 — a—, we get

X (KM,KP)—/(—dKP M(Q)> dK P

2
dK dK p—
:/ ay M+—l —o_ i -1 dK P
dK P dK P
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= aixz<1<u+, KP) + a2X2<K;L, KP)

dK 4 dKu_
—2a.a_ 1 —1)dKP
o /(dKP )(dKP )

< aix2<u+, P) +a? x*(u—, P) + 200 = x*(1, P),

by Lemma 4.2. O

We can now complete the proof of Theorem 4.1.

Proofof Theorem 4.1 Let v = (vy,...,vy)" € RM. Then, Z;V:] v;Q; is a finite
signed measure dominated by Q. Using (18) and the previous lemma,

2
M
dK Q
VK QUK Q1. KQuw = [ Zvj(dKQ(j)—l) 4K Qo
j=1
M
=x* [k [D> vi0i|. kK00
j=1
M
< x? Zvaj,Qo
j=1
2
M
d .
:/ Z”J’(—dQJ—1> dQo
= Qo
=" x3(Qol Q1. ..., Om)v.
Since v was arbitrary, this completes the proof. O

A Markov kernel K implies by definition that for every fixed x, A — K(A, x)
is a probability measure. We now provide a simpler and more straightforward proof
for Theorem 4.1 without using Lemma 4.3, under the additional common domination
assumption:

There exists a measure , such thatVx € Q, K(x, 1) < u. 20

Simpler proof of Theorem 4.1 under the additional assumption (21) Because of the iden-
tity v"x%(Qol Q1. ... Qv = [, v;(dQ;/d Qo — 1)?d Qy. it is enough to

prove that for any arbitrary vector v = (vy,...,v w7,
2 2
M M
dKQ; f dQ;
; -1 dK Qg < == -1 dQy. 22
f Jz:;vj<dKQo ) Qo = ;v’ dQo Qo (22
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Let v be a dominating measure for Qg, ..., Oy and recall that by the additional
assumption (21), for any x, the measure p is a dominating measure for the proba-
bility measure A — K (A, x). Write ¢; for the v-density of Q;. Then, dK Q;(y) =
fx k(y,x)qj(x)dv(x)du(y) for j = 1,..., M and a suitable non-negative kernel
function k satisfying [ k(y, x)du(y) = 1 for all x. Applying the Cauchy-Schwarz
inequality, we obtain

2
ﬁ (ako; Sk 0L 0550 — go()1dv(x)
K (dKQ W) ) < Tk(y, x)go()dv(x') )

_ TR (S v ) o wdv )
- fk(y, ¥)go(x)dv(x') '

Inserting this in (22), rewritingd K Qo (y) = fX k(y, x)qo(x)dv(x)du(y), interchang-
ing the order of integration using Fubini’s theorem, and applying [ k(y, x)du(y)
= 1, yields

2

/iuj(jigé—l) dK Qo

Jj=1

2
//k(y,x) Z ](QJ(X; (Jgo(x)) qo(x)dv(x)du(y)
M ( ) 2
qj(x
2/ ;vj<q(])(x) _1> Go(X)dv(x)
2
-/ 2ui(gge =1 42

5 Derivations for explicit expressions for the R, codivergence
In this section we derive closed-form expressions for the R,, codivergences in Table 1.
We also obtain a closed-form formula for the case of Gamma distributions and discuss

a first order approximation of it.
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5.1 Multivariate normal distribution

Suppose P; = N(Qj, 021d) for j =0,1,2. Here 0; = (01, ..., de)T are vectors
in R? and I, denotes the d x d identity matrix. Then,
01 — 6o, 02 — O
Ru(Po|P1. Py) = exp (o2 =02 000y (23)
o

Proof The Lebesgue density of P; is

Lo Ix=oy 1 exp s exp RIS (] &
N p 202 T 27 202 o2/ 202 )’

with || - || the Euclidean norm. This is an exponential family 4 (x) exp((0, T (x)) —A(0))
with 7 (x) = 0 2x and A(9) = ||0]|>/(20?).

Applying Proposition 2.7 and quadratic expansion ||6y + b ||2 = |6 ||2 +2(69, b) +
15112 to all four terms yields

60 + @1 + 62 —200)[1> 1160 + (61 — 60)I?
Ry (Po| Py, P2) ZEXP( -

202 202
160 + (62 — 60)112 n 16011 1
202 202
(lla(91 + 6, —200)1* — [l (61 — ) 1> — llex (B2 — 90)||2)
= exp 3 -1
20
~ e a2(91—90,92—90> _q
f— p —02 .

5.2 Poisson distribution

If Pois(A) denotes the Poisson distribution with intensity A > 0, and Ag, A1, A2 > 0,
then,

Re(Pois(ho) | Pois(ir) , Pois(ia) = exp (12 (5 — 2) (13 — 45)) — 1.

Suppose P; = ®g:1 Pois(Aj¢) for j =0,..., M and A;¢ > O forall j, £. Then, as a
consequence of Proposition 2.6,

d
Ry (Po| Py, P2) = exp (Z Aé;“( ¢, - x3g> <A§‘Z - xg,z)> —1,

(=1
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with particular cases

d
Ae — Aoe) (A A
K2(Po|P1, P2) = exp (Z (e oe)( 20 — oz)) Y 24)

=1
and
d
p(Po| Py, P2) = exp (Z (x/)»le — vhoe) (VA2 — \//\oe>> - L (25)
(=1
Proof The density of the Poisson distribution with respect to the counting measure is

PR
p(x) = e_}‘; = ;e—“x log®) = p(x)yexp (07 T(x) — A®)),

with 6 = log(%), T (x) = x and A(6) = exp(§). Applying Proposition 2.7 gives
Ra(Pay| Pay. Poy) = exp (A(90 +a (61 + 02 — 2600)) — A6 + (61 — 60))
— A(60 + (62 — 60)) + A(@o)) — 1.
=exp (exp (log(ro) 4 r(log(r1) + log(ra) — 210g(ko)>>

— exp (log(ho) + a(log(r;) —log(ho)))

— exp (10g(?»0) + Ol(log()vz) - 10g()»0))) + ko) - L

=exp (A(‘)Z“A‘;‘Ag — TN — AT + ko) —1

= exp (,\(1)—2“ <A'j‘ - Ag) <A3‘ - Ag)) —1.

5.3 Bernoulli distribution

If Ber(0) denotes the Poisson distribution with parameter 6 € (0, 1), and 6y, 61,
6, € (0, 1), then,

Ry(Ber(69) | Ber(61), Ber(6,))
_ Oy 240208 + (1 — 00)! 72 (1 — 0% (1 — 6)°
(B3776% + (1 — ) 1=2(1 — 61)%) (6,65 + (1 — 6p) 1= (1 — 62)°)

3
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Suppose P; = ®Z:1 Ber(6j¢) for j =0,1,2and 6, € (0, 1) for all j, £. Then, as a
consequence of Proposition 2.6,

d 1—2a 1—2a o o
Oor 07005 + (1 — Oo¢) (I = 010)%(1 — 620)
Ra(Po|P1, Py) = [ [ HA—= —1,
i r(Goe, O10)r (Boe, O2¢)
where r(6p, 01) := 98_“9{)‘ + (1 —6p)!=*(1 — 6))*. In particular,
d (B1¢ — B0¢) (B2¢ — Bo¢)
5 _ _
x (Pl Py, P) = ( +1) -1, (26)
eljl Boe (1 — 6oe)
and
d 7(01¢, 620)
p(PolP1, P)= || = — -1, (27)
g 7 (01¢, Boe)r (B2¢, Boe)

with 7(0, 0") := V00’ + V1 — ) (1 — 7).

Proof The Bernoulli distributions Ber(6),6 € (0, 1) form an exponential family,
dominated by the counting measure on {0, 1} with density P(Ber(0) = k) = 91‘(1 —
)% = exp(klog(d) + (1 — k) log(1 — 0)) = exp(kB — log(1 + €?)), where g =
log(@/(1 — 0)) is the natural parameter and A(8) = log(1 + eP). Therefore, we can
apply Proposition 2.7 and obtain

Ry (Ppy| Pg,, Pp,) = exp (A(ﬂo + a(B1+ B2 — 2Bo)) — A(Bo + a(B1 — o))

— Ao+ (B2 — o)) + A(Bo) ) — 1.

Note that

0 0 O
et 2) o) (1 2)

b, 0
= log I—«a a |’
(1 —=6p)' (1 —61)

so that

) oo
A(,Bo +Ol(ﬂ1 - /30)) = log (1 + (1 —6p)t—2(1 — 491)‘1)

e B %0% + (1 — 6p)' = (1 — 6))®
(1 —60)! (1 —6y) '
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Similarly,

Bo +Ol<ﬂ1 + B2 — 2Bo)

6o 01 (0 6o
=1 _ I _ 1 — ) =21
og<1_90>+a(og<1_91)+og(l_ez) Og(1—90>>
o 40508
(1—=6p)' 7221 —6p)*(1 —6)* |’

so that

(070308 + (1 — 00)' 72 (1 — 0 (1 — 6)°
A(IBO + CV(,Bl + B2 — 2/30)) = log < (1- 90)1—201(1 —6)%(1 — )« ’

Combining all these results together yields

Oy 240305 + (1= 60)' ~2*(1 — 61)* (1 — 62)°
Ro(Pgy| Pg,, Pg,) = exp (log ( (1 — 60) =29 (1 — 6)%(1 — 6p)

(95—“91“ + (=61 - el)a)
—log

(1 —6o)! (1 — 61)

(1= 60)1=*(1 — 62)
Oy 40305 + (1= 60)' 2 (1 — 61)* (1 — 62)°
(67908 + (1 — 6p) 1= (1 — 01)) (6,465 + (1 — 6p) = (1 — 62)%)

Ol7%0% + (1 — Gp) 1= (1 — 6,)*
_10g<0 % 4 (1 — )= 2>>+10g(1_90)>_1

finishing the proof.

5.4 Gamma distribution

Let Py = I'(«, B) with & = (o — 1, —B) denote the Gamma distribution with shape
o > 0 and inverse scale 8 > 0. If wg, o1, @2, Bo, B1, B2, xo +a(a] + oy —2a), g +
a(o) — ap), ap + alay — ag), Bo + a(B1 + B2 — 2Bo), Bo + a(B1 — Po) > 0, and
Bo + a (B2 — Bo) are all positive, then we have

T(ao)T (0 + () + 02 — 2))
I (o + (o) — a0))T (g + (o2 — @)
 (Pot o ~ Bo)) T (B By — Bp)) P
B3 (Bo+ a(Br + By — 2p0)) T

Ry (P, | Po, , Poy) =

-1,
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otherwise Ry (Pg,|Ps,, Ps,) = —+oo. This can be checked by writing the explicit
expression of the integrals that appear in the definition of R,.

Proof The Gamma distributions I'(«, 8), ® > 0, 8 > 0 form an exponential family,
dominated by the Lebesgue measure with density

Bx* " exp(—Bx)I (@) ! = exp ((& — 1) log(x) — Bx + arlog(B) — log(I"(@))),
natural parameter
0 = (0a,0p) = (@ — 1, =P),
and
A@0) = log (T(0, + 1)) — (B + 1) log(—6p).

Therefore, we can apply Proposition 2.7 with ® = (—1, 400) x (—R). Combining the
assumed constraints on the parameters and the linearity of the mapping (o, 8) +— 6
ensures that 6 + a(@l — 90), 6o + a(91 — 90), 6o + a(@l + 6, — 290) € O. Therefore,
we obtain

Rec(Pay| Poy Pay) = exp (A (6 + (61 + 62 = 260)) = A6 + (61 — o))

— A6 + (62 = 60)) + A(00) ) - 1.

where

A(Go +a(o) - 90)) ~ log (r (eo,a + a<91,a - eo,a> + 1))
~ (0 (610 =t ) 1) 102 (0401 - 0) )
= tog ("0 + o1 ) )
- (ozo + a(oq - a())) log (ﬁo +a(pi - ﬁo))
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and

Af + (61 + 6, — 260) = log (I (w0 + (e + 2 — 2a0) ))

- (Oto +a(ar +az — 20!0)) log (ﬁo +a(B1+ B2 — 2/30)>-

Combining all these results, we obtain

F(ao)F(ao + oo +az — 20!0))
F(oto + oz(ozl - ao))F(oto + Ol(0t2 - 050))

L (Botach - B0)) T (B By — )T
ﬁg[’ (ﬂo +a(Br+ B — Zﬁo))ao+a(ﬂt1+a272ao)

R (Poy| Py, Po,) =

- 1.

O

A formula for the product of exponential distributions can be obtained as a special
case by setting aj, = 1 for all j, £ and applying Proposition 2.6. For the families of
distributions discussed above, the formulas for the correlation-type R, codivergences
encode an orthogonality relation on the parameter vectors. This is less visible in the
expressions for the Gamma distribution but can be made more explicit using the first
order approximation that we state next. It shows that even for the Gamma distribution
these matrix entries can be written in leading order as a term involving a weighted
inner product of 81 — Bp and B> — By, where B, denotes the vector (B,¢)1<r<d-

Lemma 5.1 Suppose P; = ®Z:1F(O{g,ﬂjg) for every j = 1,2,3 and for some

,,,,,

Denote by X the d x d diagonal matrix with entries /334 Jayg. Then,

Ra(Pol P1, P2) = exp (= o®(B1 = Bo) =" (B2 = fo) + 0(AAD)) — 1.

Proof Using that oy does not depend on j, the expression simplifies and a second
order Taylor expansion of the logarithm (the sum of the first order terms vanishes)
yields

Ry (Pyy | Py, Poy)
d

_ l—[ (Bre + Boe)* (Bae + Boe)™
(2Boe)*t (Bre + Bae)*e

=1

d
= Zl:[l exp <a4(log <1 + aﬂleﬁi ﬂoz) + log <1 + aﬂzeﬂ;@ﬂw)

0¢

g (1 _Hxﬁlz — Boe + Bae — ﬁoe)))
Boe
d 2 2 2
_ of  (Bie = Boo)”  (Bae — Boe) (Bie — Boe + Bae — Poe) 2
= exp ([z_; o ( Zﬂge 2/33( + 2’335 + o(A )))
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~ exp <a2 Xd: ag(Bre — Boe)(Bae — Boe) " 0(AA2)> ‘
=1

Bie
6 Facts about ranks

Definition 6.1 Let X1, ..., X, be n random variables defined on the same probability
space (2, A, P). We define the rank of {X1, ..., X,,}, denoted by Rank (X1, ..., X,)
as the dimension of the vector space Vect(Xy, ..., X,) generated by linear combi-
nations of {Xy, ..., X,}, where the equality is to be understood P-almost surely.
Moreover, we say that (X1, ..., X,) are linearly independent P-almost surely if for
any vector (ay, ..., dy),

n
P (ZaiX,- =0) =1 implies a1 =---=a, =0.

i=1

Lemma 6.2 Let X1, ..., X, be n random variables defined on the same probabil-
ity space (2, A, P). Rank (X1, ..., X,,) is the largest integer such that there exists
i, ....0 €{l,..., M} with (X;,, ..., X;,) linearly independent random variables
P-almost surely.

Proof Let r be the largest integer such that there exists iy, ..., i, € {1,..., M} with
(Xi,, ..., Xi,) linearly independent random variables P-almost surely. Then the space
generatedby X1, ..., X, isatleastof dimension r, and therefore Rank (X1, ..., X;;) >
r.If Rank(Xy, ..., X,) > r, then there exists (» + 1) linear combinations of the ran-
dom variables that are linearly independent, contradicting the definition of . Therefore
Rank (X1, ..., X,) <r, completing the proof. O

Lemma6.3 LetZ = (Z4, ..., ZM)T be a M -dimensional random vector with mean
zero and finite second moments. Then Rank(Covp(Z)) = Rank(Zy, ..., Zy), where
the covariance matrix is computed with respect to the distribution P and the rank of
a set of random variables is to be understood in the sense of Definition 6.1.

Proof Let A; > Ay > --- > Ay be the eigenvalues of Covp(Z), sorted in decreasing
order, and let e, ..., ey be a corresponding orthonormal basis of eigenvectors. Let
r be the rank of Covp(Z). We have 41 = Ayqp = --- = Ay = 0and A, > 0. Let
us define ¥; = eiTZ fori = 1,..., M. By usual results on principal components, e.g.
[13, Result 8.1], Var[Y;] = A; and Cov(Y;, Y;) = A;1(;—j;. Therefore,

Rank(Zy, ..., Zy) = dim(Vect(Zy, ..., Zy)) = dim(Vect(Yy, ..., Yy))
=dim(Vect(Yy,...,Y,)) =r,

where the first equality is the definition of the rank, the second equality is a consequence
of the fact that (eq, ..., ey) is a basis of RM, the third equality results from the fact
that Var[Y;] = O and E[Y;] = O for anyi > r and the last equality is a consequence of
the orthogonality of the (Y1, ..., ¥;) as elements of the Hilbert space L,(£2, A, P).
The proof is completed since by definition » = Rank(Covp (Z)). O
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Lemma 6.4 (see for example Exercise 3.3.11 in [22]) A symmetric and positive semi-
definite M x M matrix A is of rank r if and only if A has an invertible principal
submatrix of size r, and all principal submatrices of size r + 1 of A are singular.

7 Conclusion

We introduced the concept of codivergence as a notion of “angle” between three
probability distributions. Divergence matrices can be viewed as an analogue of the
Gram matrix for a finite sequence of probability distributions that are compared relative
to one distribution.

Locally around the reference probability measure Py, codivergences are bilinear
forms up to remainder terms. Two classes of codivergences emerge that resemble the
structure of the covariance and the correlation.

Natural follow-up questions relate to the spectral behavior of a divergence matrix
and the link between properties of the divergence matrix and properties of the under-
lying probability measures.

Appendix A Proofs

A.1 Proof of Proposition 2.5

Proof As mentioned already, the first and second part of Definition 2.2 are satisfied.
To check the third part of Definition 2.2 for ¢ (Po| P1, P2), let ¢, i € M p,. Then

d (P t d
M:l+t—“=l+th,
dPy dPy

is square-integrable with respect to Py for any real number ¢. Using ¢ (1) = 1, Taylor
expansion ¢ (1+y) = 1+ y¢'(1) + 3y?¢" (1) +o(y?), that [ hd Py = 0 and that  is
bounded Pyp-a.e. by the definition of M p,, we obtain that, for all sufficiently small 7,

d(Py+ tp) _ . t2 1" 2 2
/¢(d—PO)dPO = /¢(1 +ihdPy =1+ ¢ (1)/h dPy + o(t?).

Similarly /¢(%)d1)0 =1+ 1s2¢"(1) [ g%d Py + o(s?) and
d(Py + 1) d(Py + sj1)
/¢( dPy >¢< dPy )dPo
=/¢(1+th)¢(1+sg)dpo

" 1
=1+ L0} 2( ) /(;2;12 +52g2)d Py + st (1)? f ghd Py + o(1> + 52)

2 2
= (1 + %¢”(1)fh2dP0> (1 + %a&”(l)fgzdPo) +st¢’(1)2fghdpo +o(1% + 7).
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Taylor expansion yields 1 /(1 —y) = 14+ O(y) for all |y| < 1/2 and thus for (s, ) —
0,0,

Ry (Pyl Py + tpn, Py + SIL)
B st (1)? [ ghd Py + o(t* + s%)
(1+ 5¢"(1) [ h2d Py)(1 + 5¢"(1) [ g2d Py) + o(t? + 52)

= st/ (1)? / ghd Py + o(1> + s°).

By following the same arguments and replacing the definition of Ry (Po|Po+tu, Po+
s[1) by Vi (Po| Po+ e, Po+sn) in the last step, we also obtain Vi (Po|Po+1 e, Po+
si) = std'(1)? [ ghd Py + o(t* + 5%). o

A.2 Proof of Proposition 2.6

Proof By Fubini’s theorem,

d d
®Pw, ®P2€) +1
(=1 (=1
d@i_ P\ (d@L P\ (&
d d d ®P0’5
d ®j—1 Poc) \d &= Poc =1
o d o d
d®?:1P14 d ®P d®?:1p2€ d ®P
Q" P Y1) \a@L, P v
®/é=1 0¢ =1 ®e=1 0¢ =1
dPi\* (dPy\“
/ 1¢ ¢ d Poy
d Pye d Py,
dPiy o f d P>y «
(R ap 2220 ap
/ (dPoe) o d Py ot

Ry (Pog| Pre, Pag) + 1.

d
Ry ( ® Poe
=1

1
=

~
Il

I
1=

~
I

1

A.3 Proof of Proposition 2.7

Proof Write P; := Py, and p; for the corresponding v-densities. By assumption, we
have 0, := a(01 + 62) + (1 — 2a)6p € ® and

dPi\o/dP>\« N o
/ (d_P(])) (ﬁ) aby = / (P1(0)P2(x))” po(x)' ~**dv (x)
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/h(x) exp (0, T (x))dv(x)

cexp (— aA61) — aA62) + (1 —2a)A(6)))
= exp (A(@a) —aA0)) —aA) + (1 — 2a)A(t90)).

Setting P, = Py (or equivalently, 6> = 6p) in the previous identity gives
dP;
/ (dP ) dPy = exp (A(af) + (1 — @)f) — ¢ A@) + (1 — &) A(6)).

Interchanging the role of 6, and 6; provides moreover a closed-form expression for
S/ (dP 2)%d Py. Combining everything yields

(dio)“@%)“dpo
( )*apy [ (f”’Z) dPy

—exp (4(8.) = A(f0+a(6r =) ) = A (00 +a(o2 =) ) + a@)) 1.

O

Ry (Py| Py, P2) =
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