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Abstract

Normalizing flows are a probabilistic method to estimate the underlying density of data samples. The method
is flow based and non-parametric, with the aim of being flexible, but still computationally manageable. This
report aims to explain the process of normalizing flows by the underlying principles of this probabilistic
method. Both the method itself and the underlying principles are explained and reduced. An example of
a normalizing flow is then implemented to showcase the method and support the underlying principles.

W.H. van den Bos
Delft, June 2024
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introduction

Normalizing flows are a probabilistic models to approximate the underlying density function from sample
data. Approximating distributions from data samples is known as the density estimation problem. This prob-
lem is faced in many fields. Environmental scientists encounter it when estimating the distribution of pol-
lutant concentrations in air or water samples for the identification of contamination hotspots and informing
regulatory actions [5]. In medical imaging, density estimation in segmenting MRI scans by estimating the
distribution of pixel intensities helps differentiate between healthy and diseased tissues, improving diagnos-
tic accuracy and treatment planning [9]. Normalizing flows are a probabilistic method for density estimation.
Normalizing flows are particularly an increasingly active area of machine learning research. This is because
normalizing flows are commonly implemented for the training of deep neural networks because of their com-
putationally simple architecture [10].

These are just some of many examples of the use of probabilistic models that showcase the importance of
them in various fields. One of the issues probabilistic models face when estimating densities from data sam-
ples is data sparsity. Data sparsity refers to the situation where the available data points are insufficient or
unevenly distributed across the space being analyzed. This lack of data density can lead to several significant
issues. The model may struggle to identify true patterns and may instead capture noise, leading to unreliable
estimations. This is called overfitting on the data. Conversely, data sparsity can also lead to underfitting,
where the model is too simplistic and fails to capture the complexity of the data. Another challenge for prob-
abilistic models is overcoming the curse of dimensionality: As dimensions increase, the data volume grows
exponentially, requiring more data, more complex models and more computational resources to produce
reliable underlying densities. A related issue is that of computational efficiency. To produce reasonable esti-
mates of underlying densities, probabilistic models can require a large amounts of data. The model needs to
efficiently compute with these large amounts of data.

Many probabilistic models have been developed for the density estimation problem, often specified for a par-
ticular application. Depending on the application, there is for example a choice between parametric meth-
ods, which assume a specific form for the distribution of the sample data, and non-parametric methods,
which make minimal assumptions about the distribution shape. Normalizing flows are non-parametric, flow
based models. The term flow based describes the algorithmic approach of this probabilistic method. The
model starts with a simple estimation of the data samples. When the data samples follow a complex distribu-
tion, this simple density estimation might not be a reasonable estimate of the real density function. The goal
of this flow based model is to push this estimation through a flow of many small and simple transformations
to produce a density function that better describes the underlying distribution.

This paper aims to provide an overview of the probabilistic model called normalizing flows and the underly-
ing principles of this method. This is done based on the structure of normalizing flows as explained in [13],
[10] and [12]. Principles underlying this probabilistic method provide an understanding of why normaliz-
ing flows work and are useful for density estimation of data samples. Additionally, the underlying principles
of normalizing flows are widely used in many other probabilistic models [3]. Explaining normalizing flows
will be done by dividing this paper into two parts. In chapter 2, Underlying principles, the focus is on the
underlying principles of normalizing flows. In chapter 3, Applying a linear normalizing flow, to showcase
the underlying principles of normalizing flows indeed result in a working probabilistic model, the model is
executed on real sample data.



2 1. introduction

Chapter 2 provide a general overview of the normalizing flow probabilistic model. In section 2.1 the normal-
izing flow algorithm is introduced by first demonstrating that the goal of the model is to estimate the map
y(x) from the samples of random variable x to samples of random variable y with a flow function. In section
2.2 we then focus on how we can use the log-likelihood to produce the flow functions. To showcase how this is
done, in chapter 2.3 we look at the continuous case. For this case we can derive expressions for the evolution
of the flow function that increases the log-likelihood. Finally in section 2.3.4, two examples of normalizing
flows in the continuous case are provided in figures 2.8 and 2.9.

After showing the basic principles of normalizing flows in the continuous case, in section 2.4 the Kullback-
Leibler divergence is used to prove that normalizing flows can be used to estimate probability density func-
tions from samples that follow arbitrary distribution. The final part of chapter 2 is about individual flow
requirements that are proposed for better results of the normalizing flow algorithm.

Chapter 3 serves to support the knowledge gained about the underlying principles of normalizing flows in
chapter 2. This is done by applying a normalizing flow based on linear flow functions. Section 3.1 introduces
the framework of the normalizing flow algorithm as described in 2.1 in the context of linear flow functions. To
understand the effect of the linear flow we first introduce a parametric procedure, where we impose that the
samples are made from a distribution with a linear relation to the standard Gaussian distribution. Then we
introduce a flow based approach, where each of the flows is the result of a linear parametric procedure. Sec-
tion 3.2 uses a 5 parameter flow function to illustrate a normalizing flow model based on linear flow functions.
The examples showcase the statements from previous sections on real data samples.



Underlying principles

In this chapter we will explain the underlying principles of normalizing flows. normalizing flows are proba-
bilistic models to approximate the underlying density of data samples. We will introduce normalizing flows
by first explaining the process and the goal, which is to approximate a function that maps the data samples
of an unknown distribution into a new random variable with a relative simple and known density. In practice
a normally distributed random variable is chosen for the known density, hence the name normalizing flows.
This map is approximated using flow functions that together form a flow. From this flow we can then retrieve
an estimation of the density underlying the data and generate new samples of the data. We will explain how
to construct a flow function that increases the log-likelihood. Finally we will explain why the normalizing
flow process works as a probabilistic model based on the Kullback-Leibler divergence and individual flow re-
quirements.

2.1. The normalizing flow process

We have observations x/ with j = 1...m of continuous random variable x in R”. The goal is to find the un-
known probability density function p(x), or generate new samples of the data. This section will introduce the
process of a normalizing flow to estimate this unknown probability density function. We will first show how
this can be done when we know a function y(x) mapping the samples to samples of random variable y with
known density function, such as the standard normal density function p(y). We will then demonstrate this
with an example. We will then introduce how flow based models estimate this function y(x), and explain how
this estimation can be used to estimate the underlying density p(x) of the samples.

2.1.1. The idea behind normalizing flows

Let y(x) be a function that maps data x/ into a new set of variables y/ of random variable y with known density
1(y). In practice, u(y) is taken to be a simple density. For example,[13] gives a motivation for choosing the
isotropic Gaussian. One defining property of flow-based models is that y(x) is invertible and differentiable
and y~!(x) is invertible and differentiable. A consequence of the change of variables (appendix A.2) is that we
can compute the density p(x):

Proposition 2.1.1. Let x € A< R". Now suppose y(x) maps random variable x to random variable y. When
y(x) is differentiable and invective, then

p(x) = Jy(x) u(y(x)). 2.1

In this equation J, (x) is the Jacobian determinant of the map y(x) that maps random variable x to y. For
the definition of the Jacobian matrix, see appendix A.1. Notice that the Jacobean determinant, J,(x), can be
computed since y(x) is differentiable. In figure 2.1 the goal of the normalizing flow is visualized.

Proof. Notice that the function y(x) is injective since it in invertible. This means we can apply the change of
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2. Underlying principles

variables formula from appendix A.2 to find that for all Ac R”: [4]:

P(xeA)=f p(x) dx:lP(yey(A))=f L) dy=fu(y(x))]y(x) dx.
A y(4) A

Since it holds for all A, we must have that p(x) = J,, (x) u(y(x)).

Data

les of x

> y(x) »/ Data samples of y

Density of x

p(x)

S

Density of y
H(y)

Figure 2.1: The normalizing flow algorithm constructs y(x).

{ p(x) = Ty (X)u(y(x))

(2.2)

The function y(x) allows both sampling from the model, and evaluating the model’s density. Sampling
from the model means generating a sample of variable y via the distribution p(y) and calculating from it a
new sample of variable x using the map y(x)~!. For this application of the flow we make the restriction on
y(x) that it has to be invertible. The second operation is evaluating the model’s density. This can be done
from equation (2.1), and therefore requires the calculation of the Jacobian determinant of y(x). Therefore we
have that y(x) must be differentiable.The application of the flow will determine which of these operations
will be used. For sampling via y it is beneficial to have y~!(x) to be efficient. Evaluating the density would
focus more on efficiently computing J, (x). However, the function y(x) is unknown. We want to estimate the
function y(x) based on the data x. This will be done by introducing a flow ¢ (x).

2.1.2. Example of the idea of normalizing flows
We will now showcase the idea behind normalizing flows with an example in R!. In this example, 100 samples
x/, j=1,2,..,100 are generated from random variable x which is distributed according to a normal distribu-
tion with mean 2 and standard deviation 1. This is visualized in figure 2.2.

Histogram of 100 Samples from N(2,1)

Plot of 100 Samples from N(2,1)
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Figure 2.2: 100 samples from N(0,2).
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Suppose that we do not know that the samples x/ follow this distribution. However, we do know a function
y(x) from random variable x towards random variable y, where y has known probability density function
(). In this example p(y) is the density function of the standard normal:

u(y) =

1 2
2

e
V2

(2.3)
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Histogram of 100 Samples from N(2,1) transformed Plot of 100 Samples from N(2,1) transformed
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Figure 2.3: 100 samples from N(0,2) transformed by y(x).

We know the function y(x) = x — 2. This function is applied to the data to get the resulting data of figure 2.3.

The density p(x) can be computed with (2.1). When we do not know the function y, an an estimate of p(x)
would be made by choosing y(x) as the identity map. In other words, the best guess at p(x) is saying it is
the standard normal density function. Now we will proceed with computing the density of x when we do
know the function y. The Jacobian determinant in R! is just the derivative. Therefore, the Jacobian of the

transformation y(x), j,(x) = % = 1. This means equation (2.1) becomes

1 w2
() =Jyu(yx) = —=e 2 . (2.4)
P y XUy o
This is exactly the density function belonging to the normal distribution with standard deviation - 1 and mean
2. This was the indeed the distribution the 100 samples where generated from. Figure 2.4 is the plot of this

density function p(x).

Probability Density Function of a Standard Normal Distribution

0.40 1 —— rho(x)

Figure 2.4: p(x) computed with y(x) = x—2.

We can use the result to generate new samples in two ways:

* y(x) = x—2 has inverse function y~!(x). We can generate samples by generating a sample of random
variable y and computing the inverse x = y + 2.

* We can sample directly from the computed p(x) we computed with equation (2.1).

In this simple example we made the assumption that the function y(x) was known to illustrate that we can
use this function to evaluate the density of the samples p(x), and generate new samples of random variable
x. Normalizing flows are used to construct an approximation of this function y(x). In the next section we will
introduce the flow based structure of a normalizing flow.

2.1.3. Introducing density estimation via flow functions
In practice, a function y(x) is unknown. Also, function y(x) can be very complex. This is because we want
apply the model to samples from random variable x with arbitrary density function p(x). For example, there
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might not exist a linear function y(x) to map the samples from random variable x to samples from random
variable y. To construct an approximation of unknown function y(x) for arbitrary density function p(x), we
can view this function as an infinite composition of infinitesimal transformations [13]. For this, we introduce
the flow z = ¢p;(x) such that for ¢ = 0 this is the identity map. Additionally, the flow will evolve in the direction
of a real y(x) that maps x to y. This is done by evolving ¢,(x) in a way that increases the Log-likelihood,
which will be discussed in section 2.2. Since ¢, evolves in the direction of a real y(x), the infinite composition
of infinitesimal transformations maps the observations x to a variable y with known probability density p(y).
For individual transformations we use ¢;(x). The composition of these smaller transformations together
form the current flow ¢ (x). Therefore we introduce the following notation:

box)=x,  pi(X) = (@roopzoproprope(x)),  y(x)= M di(x) = (.opzopropiopo(x). (2.5

The flow based model must allow two operations: sampling from the model, and evaluating the model’s
density. Sampling from the model means generating a sample of variable y via the distribution u(y) and
calculating from it a new sample of variable x using a map y(x)~!. For this application of the flow we made the
restriction on y(x) that it has to be invertible. Since the composition of invertible functions is again invertible,
the flow functions ¢, (x) are all invertible. Suppose for example that the current flow is ¢ (X) = ¢ (x). We will
evolve the flow function by using the composition with a new flow ¢ to construct:

P2(x) = p2(x) o p1(x) (2.6)

We can then compute the inverse as follows:

(P20p1) ' =1 o3 2.7)

The second operation that the normalizing flow algorithm will allow is evaluating the model’s density. This
can be done from equation (2.1). This means that we need to compute the Jacobian determinant of y(x).
Since the composition of differentiable functions is again differentiable, the flow functions ¢,(x) that are
used are differentiable. We can compute the Jacobian determinant of the composition with the chain rule for
the Jacobian and using that the determinant is a multiplicative image [1].

T () = J o (X) = Ty (01 () T, () 2.8)

This means that invertible and differentiable transformations have the property that they are composable:
given ¢ and ¢, their composition ¢, o ¢, is also invertible and differentiable. This is useful since "in conse-
quence we can built complex transformations by composing multiple instances of simpler transformations,
without compromising the requirements of invertibility and differentiability" [10]. The application of the
flow will determine which of these operations will be used. For sampling via y it is beneficial to have y~!(x)
to be efficient. Evaluating the density would focus more on efficiently computing J,(x). Depending on the
application, certain constrains can be made on the maps ¢;(x) [10]. This composition of flow functions is
incorporated to the diagram of figure 2.1 in figure 2.5.

) =hmy oo gi(x) = (. c@z e @ae@re@o(x)), (X)) =x ’

{ Data samples of x / ——-Iv y(X) k( Data ples of y /
Density of y

Density of x H(y)
p(x)

p(x) = Jy(x)p(y(x))

—

Figure 2.5: y(x) is approximated by the flow ¢ (x). The red dotted arrow shows that the flow will evolve in the direction of the real y(x).
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2.1.4. Density estimation for flow based models

The flow based structure is used to construct y(x) for arbitrary densities p (x). Next, we will look at how to use a
flow based construction of y(x) for estimating the density p(x). Introduce p;(x) as the density approximation
of the random variable x when using the current approximation of y(x), with flow ¢;(x). This current density
estimation of the density of random variable x, ;(x), is given by:

Pt (x) = Jp, (x)pu(p¢(x)). (2.9
This formula can be derived from change of variables in a similar way as equation (2.1). We will use (2.5) and

that the Jacobian determinant of the identity map Jy,(x) = 1 to find the expression for the estimated density
after no time step and after infinite time steps:

Po(x) = Jpo (X) o (x)) = u(x), and (2.10)
. ~ 2.1)
}Lrg.gpt(x)=]y(X)u(y(x)) =" p). (2.11)

The estimated density of x after no time steps is p(y). We will show later that (by choosing the flow func-
tions such that the log-likelihood increases) the estimated density, p(x) evolves into the direction of the real
density p(x). This convergence is proved with the use of Kullback-Leibler divergence in section 2.83. This
convergence is incorporated into the diagram of figure 2.5 in figure 2.6.

Y0x) = Hmy o0 (%) = (. o@3 = @2 ° @1 ° po(x)), $o(x) = x ’

(o] 00 [—f )

Density of y
e o H(y)
Dp(;cy) f *-{ﬁ,(x) = Jy, (Yp(eh: (x))
t [ p0 = 1m0

Figure 2.6: The estimated density p(x) evolves into the direction of p(x)

We will now derive an expression for the density of the current flow of the samples. Recall that we use the
variable z for the current flow: z = ¢;(x). Also equation (2.5) stated that

y(x) = Im ¢ (x) = (...opz 020910 o (X))

Therefore the density of the current flow z converges to p(y). This convergence is proved using Kullback-
Leibler divergence in section 2.4.1. The density of z can be given by

p(x)

. 2.12
T (X) 212)

pr(2) =

This equation is the result of change of variables by similar arguments as (2.1). Now we have that p(x) is
the probability density function of the random variable x, and p;(z) is the probability density function of
z = ¢¢(x) [13]. Figure 2.7 gives a schematic overview of the basic principles of the normalizing flow algo-
rithm. The red dotted arrows resemble convergence. §,(x) converges to the unknown density p(x) and p;(z)
converges to the density p(y). This is called dual ascent of the Log-likelihood. Next, we will introduce the
log-likelihood function and show how to use it to determine the flow functions ¢ (x).



8 2. Underlying principles

Y(x) = Hmy o0 (%) = (.. o@3 = @2 ° @1 ° po(x)), $o(x) = x ’

B y(x) —( Data ples of y /

density of z Density of y
px)  mmmm--- >

72 = 755 H(Y)

Density of X

p(x)

]

o s

[ p0= 5600

Figure 2.7: Flow chart of the normalizing flow algorithm. The red dotted lines resemble convergence, the blue squares are functions, the
white trapezoids are data samples and the gray ovals are density functions.

2.2. Log-likelihood function

The goal of the normalizing process is to find a good estimate of p(x). To measure the quality of the estimated
density at time ¢, p;(x), we use the log-likelihood of the sample x with respect to this density. The likelihood
sums for all observed x/ the probability of observing this x/ when the data would have been extracted from
the estimated probability density function p,(x). In this context it is clear that when §,(x) is a good estimate
of the true underlying density p(x), the log-likelihood is high. We will now introduce the log-likelihood more
formally using definitions from [2].

Definition 2.2.1 (Likelihood function). [2] Let X be a random vector with probability density pg that depends
on a parameter 0 € ©. For x fixed, then the function

0 — L(6;x) := py(x), (2.13)

seen as a function ¢ € © (where® is the parameter space), is called the likelihood function. When X = (X1, Xo, ..., X»)
is a vector with independent identically distributed coordinates X;. The density of X is the product [1_, pg(x;)

of the marginal probability densities of X1, ..., X;,, and the likelihood function is equal to
n
0 — L0, x1,... xp) = [ | po(xi), (2.14)
i=1

where py(x) is the marginal density of one X;.

The logarithm of the likelihood is often taken since the logarithm is convenient for a maximization pro-
cess. For example since we can write products inside the logarithm as sums. Since the Logarithm is a mono-
tonically increasing function of its argument, maximizing the logarithm of a function is equivalent to maxi-
mizing the function itself.

Definition 2.2.2 (Log-likelihood). /2] If the observation X = (Xy, ..., X;,) consists of independent, identically
distributed subobservations X;, then the log-likelihood is

n n
0 —log L(6;x1, ..., x) =log [ | pe(xi) = )_ log pp(x:). (2.15)
i=1 i=1

We can use the definitions above for the log-likelihood function related to the flow ¢, (x) and correspond-
ing estimated density p;(x)

Definition 2.2.3 (Log-likelihood of the flow function). Let X be a random vector of m observations x*, x?, ..., x™

with estimated probability density p.(x). ¢.(x) is a differentiable, invertible transformation of x. Let u be a
probability density function. When p((x) is given by

Pt(x) = Jp, () (s (x)),
then the log-likelihood of the flow function ¢(x) is defined as

1 2 .
Lig) = — ) log(p:(x))). (2.16)
m ;3
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Lemma 2.2.4. We can rewrite the log-likelihood using the definition of p;(x) to
1 . 1 ; . 1 . .
Lip) = — Y log(pe(x)) = = Y logUe, (x) (g (x) = — Y (logUy, (x))) +log(u(p:(x1))).  (2.17)
m = m = m ;5

Since the log-likelihood is a measure for the quality of p;(x) that increases for when p(x) gets closer to
the unknown density p(x), we want to maximize the log likelihood of z = ¢;(x). Therefore, we will construct
the flow ¢, (x) by following a direction of ascent of L[¢,], such that the log-likelihood is always increasing,

dLigd _

T (2.18)

When this is the case, the map y(x) = lim;_. ¢(x) is a local maximizer of the log-likelihood function of the
sample with respect to p(x) = Poo(x) [13]. This maximum is then given by:

1 m - - 1 . .
— ) logU,(x)pu(y(x"))) = — Z (log(Jy (x7))+log(u(y(x)))))

, 1 & L i (21D)
Lyl =L{lim ¢ (0] = — leog( lim g,(x/) "=
! (2.19)
We will evolve ¢;(x) such that the Log-likelihood is increasing. One of the main ideas of normalizing flows is
that the direction of ascent can be determined based on the current values of z/ = ¢ +(x/), without reference
to the original sample, x/ [13]. Therefore, in section 2.3.1, ¢:(x) evolves in a way that increases the log-
likelihood, but also ensures that we only need the current values of z.

2.3. Density estimation - the continuous case

In this section we assume there is an infinite amount of data samples available. This is called the continuous
case, since in this case g;(x/) is defined for all x/ in the domain of p,. Therefore, for all x:

pi(x)=ps(x)) forx=x. (2.20)

This case allows us to find an integral expression of the log-likelihood. This will help us to find an evolution
of the flow ¢, into the direction of y(x). To do this, we first seek the direction of ¢, that increases the log-
likelihood the most (2.29). From this, we make a choice for the evolution of ¢; (2.43) that ensures that only
the current values of ¢;(x) are needed to compute this evolution, instead of the original data points.

2.3.1. Log-likelihood in the continuous case
The case where infinite amount of data is available means that the number of observations, m, tends to
infinity. We will use theorems from [7] to derive an expression for the log-likelihood in the continuous case:

Lemma 2.3.1 (The log-likelihood for the continuous case). When the number of observations of random vari-
able x with density function p(x) tends to infinity, and after the map ¢oo(x) the density function is given by y,
then the log-likelihood of the flow function can be written as

Lole] = f(log(hp,(x)) +log(u(g:(x)))p(x) dx. 2.21)

Proof. (2.21) First we rewrite the log likelihood in the case where the number of observations tends to infinity:
1 ; ;
Lylpel = lim — " (logUp, (x')) +1log(u(p:(x')))) (2.22)
m—oo m i

Now we will use the law of the subconscious statistician for discrete random variables, which can be found
in the appendix A.6. Substitute g(x) =log(Jy, (x)) +log(u(¢;(x))) inside equation (A.5) , and use that we have
m observations of random variable x. When we assume the observations are distinct we get P(x = x/) = 1/m,
and therefore

1 m ) )
E(g(x) = — ) logUs, (x/)) +log(u(¢: (/) = Ly (). (2.23)
j=1
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Recall that the density of random variable x is p(x). As the amount of observations tend to infinity, the data
X can be viewed as a continuous random variable. This means we can apply the law of the subconscious
statistician for continuous random variables that is stated in appendix A.7. This results in

E(g(x) = f(log(](pt(x)) +log(p(ps(x))))p(x) dx (2.24)

Combining this gives the desired expression:

Ly(pe(x)) = f (log(Jyp, (x)) +log(u(p(x))))p(x) dx

O

Now that we have an expression for the log-likelihood in the continuous case, we will use it to decide on a
direction to evolve ¢, in. We do this by first finding the direction with respect to ¢, in which the log-likelihood
increases the most. For this we will first introduce the functional derivative:

Definition 2.3.2 (Functional derivative). [6] Let F[¢] be a mapping from a normed linear space of functions
(a Banach space) M = {¢(x) : x € R} to the field of real or complex numbers, F: M — R or C. Just as could be

expected for a derivative, % tells how the value of the functional changes if the function ¢(x) is changed at
the point x. The functional derivative is defined as

B S6F[¢]
OF[¢p] = f dx —6¢(x) Sp(x). (2.25)

Equivalently, we can write the functional derivative as the limit of divided differences. To see this we construct
a variation of the the function ¢(x) which is localized at the point y having strengthe:

op(x) =€b(x—y). (2.26)

Inserted into (2.25) this leads to

_ - Fiol= [ax 2P sy = e 2F
OFI9) = Flg+ ety ~Flg1 = [ dx o Beste—y =e s, 2.27)
Now we use that the derivative is the limit of vanishing e of the divided differences:
OF[¢] —limF[¢+€6(x_y)]_F[¢]. (2.28)

Sp(y)  e—0 €
We can now use this definition to calculate the functional derivative of the log-likelihood function:

Proposition 2.3.3. Let L(¢;(x)) be the log-likelihood of the flow function. The functional derivative [6] of the
log-likelihood of the flow function is given by

6LP V. u(2)

5_(/); = ](p[ (x) 1(2)

pt(2) =V p:(2)], (2.29)

where z = ¢ (x) and p(z) is as described in equation (2.12). Recall from section 2.1 that p(x) is the probability
density function of the variable x, then p;(z) is the probability density function of z = ¢+(x).

Proof. We will prove equation (2.29) in the one dimensional case. The statement is also used for higher di-
mensions [13]. To prove (2.29) we will use the following expression to determine the functional derivative
(6]:

oL
Lim &Ly [ =1lim (L, (¢, (x) +€n(x)) — Lo (¢ (1)) = f —Pen(x) dx. (2.30)
€—0 e—0 6¢;
In this equation L(¢p;(x) +en(x)) resembles the log-likelihood function after a small perturbation, en(x), in

¢:(x), where n(x) is assumed to vanish at the boundary (in infinity). Recall the equation of the log-likelihood
(equation (2.21)):

Ly(py) = f (log(Jyp, (x)) +log(u(p¢(x)))) p(x) dx.
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In the one dimensional case the Jacobian determinant is the derivative. Therefore (2.21) becomes

d
Ly(py) = f (log(%m) +log(u(</)t(x)))) p(x) dx

A (x) (2.31)
= f (log( dtx ) p(x) dx+f(log(u(¢t(x))))p(x) dx.
The perturbation results in a perturbed log-likelihood given by
Ly (pr(x) +en(x)) = f (logUp, (x)+enx) (X)) +1og (e (x) +en(x)))) p(x) dx
(2.32)

= f (logUgp, ) +enx) (X)) p(x) dx + f log(u(g(x) +en(x)))p(x) dx

For the one dimensional case, (2.32) becomes

(ddh(x) +ecln(x)
dx

ax )p(x) dx+f(log(u((p,(x)+en(x))))p(x) dx (2.33)

Ly (pe(x) +en(x)) = flog
Now consider inside equation (2.33) the perturbed target density,
H(p: (X)) = plp(x) +en(x)).
The perturbed target density can be estimated by it’s first order Taylor polynomial around z = ¢;(x):

,u(z)

wpe(x) +en(x)) = pu(z) +en(x) (2.34)

To further simplify (2.33) we will rewrite the formula of the logarithm of the perturbed target density (equation
dau(z)

(2.34)). For readability we introduce V. as a notation for ==,
log (u(¢:(x)) +€n(x)) = log (((x)) +en(x)V (¢ (x)))
en(x)Vzu(qﬁz(x)))
(X))
en(x) V(e (x)) ) (2.35)
=1 +log|1+ 2P
08K (Pl +log ( 1l (1)
en(xX)V (s (x))
wpe(x)

= log(p(¢(x))) (l +

=log(u(p:(x))) +
In the last step we used that for small a,
log(1+a) = a. (2.36)

We can now use this to find a final form for the log-likelihood of the perturbed flow:

Lp(gbt(x)+€n(x))—flo (d‘Pt(X) dz;x))p(x)dx+f

eN(x)V (¢ (x))
()

Now, we will calculate the form where we can recognize the the functional derivative of equation 2.30. For
this, we calculate the difference of the log-likelihood and the perturbed log-likelihood. We can simplify the
expression by using linearity of the integral and calculation rules for the logarithm. For readability and since

this proof is for one dimension we use Jy, (x) for d(/;t;m , and J(x) for d”’(x) . This results in

log(u(¢:(x))) + px)dx. (2.37)

Lo (e (x) +€n(x)) — Ly (e (x)) =f(10g(1+e Tn(x) )+ en(x)Vzﬂ(¢t(x)))p(x) dx
Jo, (x) p(p(x)) 2.38)
236) T (x) o) dx+f€n(x)vzu(¢t(x))p(x) dx
Jgp, (X) s (x))

We will now first simplify the first integral with integration by parts, which can be found in appendix A.5.
Since this proof is for R!, for readability we introduce the notation V, = %. We will also use the formula
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for p;(z) from equation (2.12). Additionally, we use the assumption that n(x) vanishes at the boundary. The
simplification we find is
T (x)
Jp, (X)

p(x)
Jp, (x)

p(x) dxzo—fvx( )n(x) dxz—fvx(p,(z))n(x) dx (2.39)

Now we will use the following expression, where we again use the notation for V, = %:

v,-d_dzd _dod_, 4y (2.40)
YT dx dxdz dx dz ¢ az “ )

Substituting this result into (2.39) results in the expression

Jp(x)
px)dx = —f]@(X)Vz(pt(Z))n(x) dx (2.41)
T (%)
Substitute this back in the expression (2.38) to find
\F
Lp (s (x) +en()) — L (s (x)) = f (—J(p,(x)vz(pt(z))n(x) + M) p(x) dx
(X))
\E
- f (—Jd,,(x)vz(pt(z))n(x) + Em’z(—z)’l(z’)p(x) dx (2.42)

_ V. u(2)
2 [ oo [55 0-V-pt0 entora

In this form we finally recognize the form as in equation (2.30)

2.3.2. Evolution of the flow function ¢;
Equation (2.29) is the gradient of the log-likelihood function, and therefore represents the direction of ¢, (x)
in which the log likelihood will increase the most. In [13] it is suggested to evolve ¢;(x) according to

$e(x) = ur(pe(x)) (2.43)
where
VZ,U(Z)
us(z) = p:(2) = Vzp:(2). (2.44)
(z)

Notice that u,(z) is the gradient of the log-likelihood function divided by Jp,(x). This guarantees that ¢(x)
evolves in an ascending direction of the log-likelihood function. Although choosing the gradient as a whole
for the direction would be the steepest ascent, we will give a motivation for this choice of u;(z). One important
characterization for normalizing flows is that only the current flow of the samples, z = ¢;(x) is needed for the
computation of the next flow. When we use the current flow of the samples z as input and find the gradient
of the log-likelihood from this, and use that we can always apply the identity map, we find the following
expression:

OLyl@podpy] V. u(z)
P T S 9 - Va2, (2.45)
7 PR €9
Thus,(2.44) corresponds to the evolution by steepest ascent on a modified log-likelihood function in which,
at time t, where at time ¢ we use z = ¢;(x) as the current flow rather than the original x [13].

2.3.3. Evolution of the density function p;

The flow ¢ (x) evolves over time in the direction of y(x). Now let us look at the evolution of p;(z). Recall that
p:(2) is the probability density of the variable z = ¢;(x) given that x is distributed according to p(x)[13]. We
want the distribution of the transformed data, p;(z), to converge to the target distribution p. Therefore, we
are interested in the evolution of the density p;(z) over time. To formulate an expression for the evolution
of p;(2), %, we use that this satisfies the differential form of the continuity equation [14]. The continuity
equation describes the transport of for example particles. To apply it to a normalizing flow, we interpret the
current samples of the flow z = ¢;(x) as particles. In differential form the continuity equation is given by:
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Lemma 2.3.4 (Differential form of the continuity equation). When we have that

* p:(2) is the density function of continuous random variable z, that is interpreted as a moving particle,

z = ¢ (x), with density p;(z) = ]Z EJ(C;), where p(x) the density function of continuous random variable x.

The evolution of the particles z = ¢+ (x) is according u;(z) and p;(¢p;(x)) is differentiable with respect to t.

e fistheflux density of z. f = p:u;.
* o is the generation of particles z per unit volume per unit time.
Then the differential form of the continuity equation [14] says that

apt(Z)
ot

To understand why the function satisfies the continuity equation, we can interpret the situation in terms
of a particle flow. As the particles x/ flow from x to y(x) via ¢;(x) , their probability density p, evolves from
the (unknown) initial p toward the target ;1. We can view p, as a conserved quantity that cannot be created or
destroyed, and therefore o = 0. Intuitively this makes sense because the total probability is always equal to 1:
no particles are destroyed or created during the process. We now substitute f = p;u; in the equation (2.46):

+V-f=o0. (2.46)

0p(2)
ot

+V-(ptut) =0. (2.47)
We will now use equation (2.47) to derive an explicit expression for % as in [13] by substituting u;(z) from
equation (2.44).

Lemma 2.3.5 (Explicit expression for the evolution of the density of the flow). Let p;(z) be the density function
of continuous random variable z, that is interpreted as a moving particle, z = ¢(x), with density p;(z) = ]5 5)86) ,
where p(x) the density function of continuous random variable x. let i1 be a density function. Let ¢(x) evolve

according u(z) from equation (2.44). The evolution of the density of the flow z is then given by

Opr(Z) _

Ve
5=V |Vepr@) = —=pi(@) | pila). (2.48)
t It

Proof. Substitute u(z) from equation (2.44) into the continuity equation (2.47)

0 V. u(z)
% +v.( A o —ptvzpm) ~o. (2.49)
Therefore 5 2
LY. (0:i(2V.pi(2) —v-(pt(z)vzu(z) Pz )
ot u(z)
(2.50)
=V-(p:(2)Vzp:(2)) - (Vth(Z) (Vzﬂ(z) pi(2) ) +0:(2)V- (Vz,u(z) p:(2) ))
u(z2) K(2)

Recall that the goal is to proof equation (2.48). We will do this by rewriting equation (2.48) in the form of
(2.50). We rewrite this using the product rule and use that V- (p;Vp;) = Vp;Vp:+p:V-(Vp;) holds also by the
product rule. This gives us the desired expression of equation

\Y \Y \Y
v ((vzpt(z) - %pt(z)) pt(z)) =V.0:(2) (vzpt(z) - %pt(z)) + 02V (vzpt(z) - f”pt(z))

\Y \Y
;”pt(z)) —pt(z)( ;"

p:(Z)) ( pt(Z)))
V.|V,
e +p¢(2) w(z2) e

=V0:(2)V20:(2) + p(2)V - (V04(2) = Vp¢(2) ( .Ot(Z))

=V-(p:(2)V2p:(2)) - (Vzpt(z) (Vzu(Z)

= equation (2.50)
(2.51)
O
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We want the distribution of the transformed data, p;(z) to converge to the target distribution y. The first
step in showing this, is proving that the desired target p is a stationary solution of the partial differential
equation (2.48). The consequence of this is that when p; is equal to the target y, it will stay at the target.
Therefore we rewrite equation (2.48) in the form where we can recognize that p,(z) = u(z) is a stationary
solution:

Proposition 2.3.6. Let p;(z) be the density function of continuous random variable z, that is interpreted as a

moving particle, z = ¢;(x), with density p;(z) = ]Z ()86), where p(x) the density function of continuous random
t

variable x. let u be a density function. When ¢ (x) evolves according u;(z) from equation (2.44). The evolution

of the density of the flow z can be written as

el
a1 =V (,Lt(z) \% AV (2.52)

Proof. We will substitute v = % into equation (2.48), since then
Pr=Hv.
Now taking the gradient. For the notation we use V for V. This gives
Vo,=V(uv)=uvVv+ovvu.

This gives the following expressions:
p:Vpr=pv(uvVe+ovvy)

9 9 (2.53)
=pu vV +puvvu
Vi o Ve o o 2
—pi=— ()" =pr°vpu. (2.54)
pt
We will now substitute these expressions into equation (2.48):
0p; (248) (( Vu ) )
LA = vAY 1 A V2 P
ot Pt u Pt|Pt
Vu
=V-((th)pt—7p§) (2.55)
=V (P vV +pv®Vu— pv*vu)
=V (u*vV)
By the chain rule
1
o=V (5 u"“). (2.56)
Substitute in equation (2.55) gives the form we desire in equation (2.52):
= o)) o v 5 5))
— -V. \vi = =V |uV|=[Z 2.57
ot K 2 v # 2\ (257
O

From the form in equation (2.52) we can conclude that p; = p is a stationary solution:

Lemma 2.3.7. p; =y is a stationary solution for %.

Proof. A stationary solution is a constant solution. Therefore, the time derivative must be 0. Substituting
pr = pinto (2.52) gives

R IR R C R R

In the section 2.4, Kullback-Leibler divergence will be used to show that for all initial probability densities
po converge to p. In the next section, the evolution of p;(x) we found in equation (2.52) will be applied to the
one-dimensional case, where x, y and z are one dimensional.
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2.3.4. Example of the continuous case

Equation (2.52) provides a way to evolve p; towards the target p. To showcase that this evolution works,
we will find the numerical solution of the partial differential equation by implementing a finite difference
method. In this example we will look at the one dimensional case. Therefore, the divergence operator has
the same result as the gradient, which in the one dimensional case is the derivative. We will use central
differences to estimate the derivatives. The central difference method is a numerical method to approximate
derivatives. In the one dimensional case, equation (2.52) becomes

s b))
L 7 i | ] 2.59
0t 0z K oz\2\\u (2.59)
Definition 2.3.8. For a function f(z) and a small step size Az, the central difference approximation for the first
derivative at a point zy is given by:

d f(z0+Az)— f(zg— AZ)
— ] 2.60
dz [ (z0) Az (2.60)
In the case of formula (2.52),
=it 5{(%) s
“H oz u '
To approximate the derivative inside the function f(z) we will apply the central differences again, but to
L((p: 2)
=—||— 2.62
o3 ((2) -
From this approximation and formula (2.52), we can use finite differences to estimate p;(z):
0p:

p1(2) = pr-1(2) +AIE (2.63)

Figure 2.8 is an example that shows the evolution from a uniform distribution on [-0.2, 0.2] towards the tar-
get Gaussian using central differences. Figure 2.9 shows the evolution from an exponential distribution with
A =1 towards the target Gaussian. These examples use time steps, At = 0.001 and Az = 0.1. The code can be
found in appendix B.1 and B.2.

2.5 —— t=0.00000

—| £=0.30000

—— t=0.60000

—— t=0.90000

2.0 —— t=1.20000

— t=1.50000

t=1.80000

—— t=2.10000

1.5 4 t=2.40000

—— t=2.70000

N —— t=3.00000

Q

1.0
0.5
0.0 1

Figure 2.8: Numerical solution of (2.52), displaying the flow from a uniform distribution on [-0.2, 0.2] evolving towards the target Gaus-
sian. This example uses central differences with delta x = 0.1 and delta t = 0.001.

In these examples we see that the density of the current flow p(x), which in this plot is shown as p(z), con-
verges towards the target . To prove convergence for general initial initial probability density function p(x)
we will introduce Kullback-Leibler divergence in the next section.
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—— t=0.00000
t=1.00000
0.8 4 —— t=2.00000
—— t=3.00000
— t=4.00000
—— t=5.00000
0.6
N
=4
0.4 4
0.2 1
0.0 1

-4 -2 0 2 4

Figure 2.9: Numerical solution of (2.52), displaying the flow from an exponential distribution with A = 1 evolving towards the target
Gaussian. This example uses central differences with delta x = 0.1 and delta t = 0.001.

2.4. Kullback-Leibler divergence

This chapter aims to show convergence of the solution of equation (2.52) towards the target p. We consider
pr to be the estimation of p at time ¢. The Kullback-Leibler divergence, D;(u, p;), is a measure for dissimi-
larity of the two distributions u and p; [3]. To use the Kullback-Leibler divergence for the convergence of the
solution of equation (2.52), we will also need the Kullback-Leibler divergence of 6, and p.

Definition 2.4.1 (Kullback-Leibler divergence). [3] Let X be a continuous random variable. The formula of
the Kullback-Leibler divergence for density functions p(x) and q(x) is given by

Dri(p,q) :—fp(x)lnq(x) dx—(—fp(x)lnp(x) dx)
q(x)}
=— In< —— ¢ dx.
fp(x) n{P(x) g

In the first part of this chapter (2.4.1), we will work towards this result by showing that minimizing Dy; (1, o)

is the same as maximizing L, (¢(x)) (lemma (2.4.3)). In lemma 2.4.7, we will show that Dy;(u, p;) = 0, with
equality if and only if p; = p. Then, in 2.4.8 we show that L%DKL(ut,pt) < 0. We will use this to show that
Dy (1, py) does not stop decreasing until p,(z) reaches the target p(z). In equation (2.58) it was shown that u
is a stationary solution. Therefore once p; reaches the target y, it will stay there.
However, the Kullback-Leibler divergence of ¢ and p; is not enough for the proof of convergence. In section
2.4.2 we will look at the Kullback-Leibler divergence of p and p;, D;(p, ps). Recall that p;(x) is the current
estimation of the density p(x). We will use Dg;(p, ;) to give a more general argument to prove convergence
of the solution of equation (2.52) to p.

(2.64)

2.4.1. Kullback-Leibler divergence of p; and u
We will use definition (2.64) to find the Kullback-Leibler divergence of p and py, Dy (1, p1):

Lemma 2.4.2.

Dii(p, p0) = f u(z)log( Hz) ) dz. (2.65)
p(2)
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Proof.
Dyi(p,p0) = —f,U(Z)log(pt(Z))dz— (—fu(Z)log(u(Z))dz

fu(z)log(pt( )) dz (2.66)

= fu(z) log( ))

Suppose the data x is being generated from a distribution p(z). The density p;(z) aims to model this
distribution. In chapter 2.2 we suggest that finding this density function can be done by maximizing the log-
likelihood. We will now show that minimizing the KL divergence with respect to ¢ is the same as maximizing
the log likelihood of ¢,(x). Therefore, one way to determine ¢;(x) such that eventually p,(z) = p(z) that is
suggested in [13] is to minimize the Kullback-Leibler divergence between pi(z) and p;(z) with respect to ¢.

O

Lemma 2.4.3. Minimizing the Dk (i, p¢) has the same result as maximizing Ly [¢,].

Proof. Finding a maximum Dk (i, p;) can be done by looking at where the time derivative is equal to 0. We
use linearity of the derivative and that the second integral is independent of ¢ to find

a da
— Dy, pr) := (—fu(z)log(pt(z))dz) - (—[}u(z)log(u(z))dz
dt dt dt 2.67)

——i(—f (2)log( ())d)—iL[*I]
= p@)loglpi(2) dz| = —= Luldy

This last step follows from the invertibility of the flow function and lemma 2.3.1: the inverse flow function
maps random variable z with density p(z), and after this map the density is given by p;(z). This can then be
applied to the lemma 2.3.1. Since L, [([);1] is maximal for ¢;(x) = y(x) and so is L, [¢], we get that minimizing
Dxr(uy, p¢) has the same result as maximizing Ly [¢¢]. O

We want to use the Kullback-Leibler divergence as a measure of the dissimilarity of the two distributions
1(z) and p(z)[13]. We will now work towards showing that the Kullback-Leibler divergence of i and p; does
not stop decreasing until p;(z) reaches it’s target p(z) [13]. To proof this, we first introduce some useful lem-
mas about the Kullback-Leibler divergence.

Lemma 2.4.4.
Dyi(, pr) =0 <= u(z) =pi(z) forallz, (2.68)

Proof. We will prove both ways:
1. Dy, p) =0 = p(z)=p:(2), since

u B 1(z) ) B
fp(z)log(—( )dz—o = IOg(_p,(z) =

u(z) -1 (2.69)
p:(2)
= u(z) = p¢(2)
2. uz)=pz) = Dyi(u,p) =0, sincethen forallz, log( ((ZZ))) =log(1) =
O

We will now work toward proving Dy;(u, p¢) = 0. For this, we first need to show f(y) = —log(y) is a convex
function.

Definition 2.4.5 (Convex function). [3] A function f(y) is said to be convex if it has the property that every
chord lies on or above the function. This can be expressed as follows: Vy € [a,b],YVO< A1 < 1:

fla+Q-A)b) < Af(a)+(1—A)f(b). (2.70)

This is equivalent to the requirement that the second derivative of the function be everywhere positive. We call
the function f(y) strictly convex if equality only holds for A =0 and A = 1.
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Lemma2.4.6. f(y)=—log(y) is a strictly convex function

Proof. This follows from taking the second derivative:
d? 1 . : .
d_yz (=log(y) = ? >=0 for all y, with equality only for yl—l»rfoo' (2.71)
O

Now we can use this result to apply Jensen’s inequality for continuous random variables (which can be
found in A.4) in the proof of the following:

Lemma 2.4.7.

Dy, p) 20, with equality ifand only if L= p; (2.72)
Proof. We will apply Jensen’s inequality for continuous random variables, which can be found in appendix
Ad. Let X = 242 = ¢(2). Then

u(2)
E(X) :/,u(z)g(z) dz= f,u(z)i;(—(zz)) dz :fpt(z) dz=1. (2.73)
Introduce h(X) = —log(X). We can show that E(h(X)) = Dy; (1, p1):
E(h(X)) = E(hog(2) = fﬂ(z) (—log(zt((zz)) )) dz=Dri(, po). (2.74)
Now we use that h(X) = —log(X) is a strictly convex function, so we can apply Jensen’s inequality:
Dy (1, pg) =E(R(X)) = h(E(X)) = —log(1) =0, with equality if and only if u = p;. (2.75)
O

We have just shown that the Kullback-Leibler divergence is 0 if and only if the corresponding densities are
equal. We will now prove this as well for the derivative of the Kullback-Leibler divergence.

Lemma 2.4.8. 5 )
d N f(u ) (Pt)
—D s —dz=- —||IV|—]| dz=<0, 2.76
7 kLU, p¢) = o, Ot o u z< (2.76)
Proof.
d (2.66) f ( u(z) )
—D , d
T kL, P¢) a7 (2) e z

= [,u(z) T (logu(z) —logp(z)) dz

(2.77)
d
- f ”(Z)E (logp((z))dz (since p(z) is independent of ¢, the time derivative is 0)
[y,
pr Ot
This equation can be further simplified to the form
iDKL(u,pt) = fﬁv (u V( (pt) )) dz (bysubstituting equation (2.52))
dat Pt 2\ p
= f \Y% (: ) v ([/)Jt) dx (byintegration by parts, using that densities vanish at the border in infinity)
t
:fv( )p (pt)V(pt)dx (chain rule)
\Y%
f (( e ,upt) dz (quotient rule)
P
= P\ o v (2] a le explained at the b f this proof
= E ? HP¢ p z (quotient rule explained at the bottom of this proof)
t

dz<0.

=[G

(2.78)
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In the second to last step we used the quotient rule:

—(V \Y
“WedrtpVi_ g (P_) and therefore
% , (2.79)
(VE)p: _ pp: _ _v(&) ©
;P et
O
Lemma 2.4.9.
d
T DKl p) =0 = p2)=pi(a)  forallz, 250

Proof. We will prove both directions:

1. For the direction where we assume that p(z) = p;(z), we can use that u(z) is a stationary solution from
lemma 2.3.7. Therefore % =0, and thus %DKL([L,D;) =0.

2. When %DKL(N; o) =0, first notice that H,((zz)) # 0. Therefore we have that % = 0. We have shown that

p+(2) = p(z) is a stationary solution for which this holds. However, we have not shown that it is the only
stationary solution. To proof this direction and complete the proof we will use the Kullback-Leibler
divergence of p and p;. This will be done in the next section in 2.4.17.

We can combine the results of lemmas 2.4.8 and 2.4.9 to conclude that finding p; = 1 can be done by min-
imizing the Kullback-Leibler divergence, instead of maximizing the log-likelihood. During this minimization
process, the Kullback-Leibler divergence of ¢ and p; does not stop decreasing until p;(z) reaches it’s target
1(2) [13]. However, the proof of lemma 2.4.9 is not complete yet. To finish this prove and then use this to
show convergence of p;(x) to the target y, in the next section we will look at the Kullback-Leibler divergence
of p and p;.

2.4.2. Kullback-Leibler divergence of p and p,

The aim is still to to prove convergence of p;(x) to the target u for every initial density of the samples, p(x).
To accomplish a more general argument for the convergence of the solution of equation (2.52) to u and to
complete the proof of lemma (2.4.9), in this section we consider the Kullback-Leibler divergence of p and
Pt Dxi(p,ps). Intuitively, this makes sense since equation (2.11) shows that we want interpret p,(x) as a
current estimation of the density function p(x). For Dxp,(p, p;) we will also prove that the evolution is smaller
or equal to 0, with equality only when p; = p. From this we will retrieve that the Kullback-Leibler divergence
of p and g, will keep decreasing until g, reaches the target density p. This can be used to show convergence
of the solution of equation (2.52) to u [13]. We start with using equation (2.64) from the definition to find the
Kullback-Leibler divergence of p and g;, Dg;(p, 01):

Lemma 2.4.10.

- p(x) )
Dyi(p, 07) = 1 dx. 2.81
k1P, 0r) fp(x) og(ﬁt(x) X ( )

We can derive the following form of Dy, (p, p4):

Lemma 2.4.11.

Dki(p,pe) = flog(p(x))p(x) dx—Lp(py). (2.82)
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Proof.
Dx1.(p, 1) =f10g(‘5£)pdx
t

=/10g(p)pdx—f108(ﬁt)0dx

= f]og(p)p dx—Lp(py).

Here we used that (2.83)
f log(pp = f log(J, () p1(ep (x)) p dx
=flog(]¢,(x))u(¢t(x))p(x) dx
2.21) Lo (o).
O

Lemma 2.4.12. Minimizing the Kullback-Leibler divergence of p and p; is the same as maximizing the log-
likelihood L, (¢ (x)).

Proof. Is similar to that the proof of 2.4.3. Just as before, to minimize Dy (p,p;) we are looking for when
the time derivative equals 0. Notice that in the expression of equation (2.83), only L, (¢,) is time dependent.
When taking the time derivative, all other parts of this expression become 0. Therefore

iD ( ~)——iL( ) (2.84)
7 PKLlp,p) =~ — o(Pr). .

This shows that minimizing the Kullback-Leibler divergence is the same as maximizing the log-likelihood of
pand p;. O

The goal is to show that that the D (p, p;) will keep decreasing until p; reaches the target density p. For
this we need want to show that

d
EDKL(p,p}) <0, with equalityifand onlyif p(x) = p;(x). (2.85)

Recall that in equation (2.5), y(x) maps the observed x; from random variable x to random variable y with
known density p(y). In section 2.1.3 we introduced y as the composition of infinitesimal transformations
[13]. Let us now consider ¢,(x) to be the composition of two maps, ¢(x) = P+, (x) = (P, 0 Pg ) (x). We will
now analyze the log-likelihood of this composition:

Lemma 2.4.13. Let ¢ (x) = P11, (%) = (g, 0 Py, ) (x). Then define
Lolgpy] = flOgUdy,fl (X)) p(x)dx. (2.86)
Using this notation, the log likelihood of the composition, Ly[¢y, +r, (x)], is given by
Loldt+1,(X)] =Ly, [¢ps,] +Lolgy], (2.87)
Proof. From applying the definition of the log-likelihood we get
Lol 41, (0] 227 f (log( Touon (x)) +1log (s, +1, (x)))) p(x) dx. 2.88)
By the chain rule, the Jacobian of ¢4, +4,,

j¢z1+z2 = j¢'t2 by (X)) j(,bzl (x). (2.89)

Since the determinant is a multiplicative image [1],

Ty, (0 = Ty, (1, (X)) Jp,, (). (2.90)
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Also notice that we can compute the log-likelihood associated with ¢, (y) under a distribution py, (),

Ly, l¢s,] = f (logU,, (1) +logligpr, ) pry () dy (2.91)
We will now combine the above statements:
i1, 01 = [ (108 (T, 1 00 i, () +1og (1, (00 o) v

= f (1ogUs,, (@1, (x))) +10gUg,, () +log (s, +1, ()| p(x) dx
Now substitute y = ¢y, (x) and log (s +1, (x))) = log(u(ps, (P, (X)),
= f (logU,, (1) +10gUs, () +log (i, (1)) pl0) dx

(2.92)
=f(log(]¢t2 ) +log(u(<l>t2(y))))p(x) dx+f(log(]¢t1 (x)))p(x) dx.
Now apply change of variables dx = dy , P = p) and therefore
T ) e
= [ {10876, 11) +10g (1, 0) o1 Ay + [ 108 1, ) o1 dx
=Ly, (] + Lplepy]
O

After the map ¢, 1, (x) we want to find the direction in which the log-likelihood of L, (¢, +1,) = Lp(¢y)
evolves. We compute the time derivative of L, (¢, +,) at a fixed ;. We use that Zp [¢1,] does not depend on
t,. Therefore, at fixed #; we get

L oo™ L wy=-1 2.93
I kL(p,pr) = T p(¢t)——d—t2 py, (D1, (2.93)

In [13], it is stated that "on the other hand, modifying the intermediate time #; does not affect the value of
Dk, just the relative weight of its components under the partition (2.88)". To understand this, let us write
explicitly what modifying the intermediate time f; to f; does. First notice that £ = t; + t, = f; + .

Gr=Py+1, = Pr, (Pr)) = P, 0Py,
bn =Py oPuy 00 0Py,
Pty =P 0Pre 0 0Py gy

2.94
Substitute ¢;, and ¢, into the expression of ¢y, (294
b=y oy _o--0py,_,0¢bNo--0PN-N,
=¢pods =545,
Therefore, when modifying the intermediate time f; to #; in equation (2.88)
Lips +1, ()] = Ll (X)] = Llpy, 43,1 = LpEl (g ]+ pr (b ]. (2.95)

From this it is clear that L, (¢,) is not affected by modifying #;, and from equation (2.83) it follows that the
value of Dy, does not change. Since modifying the intermediate time #; does not affect the value of Dgp, in
[13] it is suggested to calculate the limit in which #; 1 t and % | 0 with #; + £, = ¢. This is useful, since then we
precisely obtain "the likelihood L,, that determines the flow ¢;in (2.43)" [13], since

d .
d_tsztl () = ur(pasty T tand | Owith f1+ o = £, (2.96)

This claim comes directly from article [13] and is in this paper not supported by a proof. This statement is
used to prove the following lemma:
Lemma 2.4.14.

d
EDKL(P,ﬁt) = —flut(@(y))lz dy=<0 (2.97)
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Proof.
d
Tarte
1
_—llm (L(¢t+e) L(¢1))

dD ( )=
di xL(p, 0t

= (L(¢ +epy) —Ly).

Now we will apply the formula of the functional derivative 2.30 on this (2.98)
| 6L, .

== d

2 _ f | ()| dy

<0
O
This can be used to show equation (2.97) holds, with equality only when g, = p:

Lemma 2.4.15. d

EDKL(p ,00)=0 < p=p; (2.99)
Proof. We use equation (2.97) find that
d _ .

—Dkr(p, ) =0 <= u(p(y) =:(x)=0 (2.100)

at

This means that the evolution of ¢,(x) is equal to 0, which means that the Jacobian is the identity matrix,

and therefore the Jacobian determinant J, (x) = 1. We find finish the proof by using the formula from (2.12):

pi(2) = ,Z(f,)c) p(x). O

We can now derive the desired statement

Proposition 2.4.16. The Kullback-Leibler divergence of p and p; will keep decreasing until p; reaches the target
density p.

Proof. Follows directly from the equivalences of lemmas 2.4.15 and 2.4.14. O

Now we can finally use this to finish the second statement of the proof of lemma 2.4.9. All we still needed
was the following:

Proposition 2.4.17.
d

EDKL(,UrPt) =0=>u(z) =ps(2) forallz. (2.101)

Proof. We will prove the statement by proving the contrapositive:
d

w(z) # pi(z) = DKL(u,pt) #0 forall z. (2.102)

Suppose u # p;, then we get
B#pr=pFPr

= Dgr(p,p:) #0
= We have not reached a maximum of L, (¢;).

(2.103)
= We have not reached the maximum of Dk (u, py).
d
= —D , 0.
a7 DKL (upr) #
We conclude the prove by contrapositive O

We can now combine all the results into a theorem for convergence of p;(x) to the target p(¢(x)) :
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Theorem 2.4.18 (Convergence of §;(x) to the target u(¢p;(x)). Let x be a random variable with density function
p(x). When ¢(x) is given by (2.43), then the estimated density p;(x), calculated by 2.9 converges to the target
(e (x)) for all initial densities of the random variable x.

Proof. Follows from lemmas 2.4.8, 2.4.7 and 2.4.9. O

We have now shown convergence for all p; to p. However, when the flow functions keep the log-likelihood
constant, we will not reach the desired target density. Therefore in [13] the following restriction is proposed:
61’.0: [(pt] £0

6¢1

In this equation, the variation is taken at fixed p;. In the next section we will discuss other requirements for
the maps ¢ (x).

pr# U = (2.104)

2.5. Individual flow requirements

It is clear from (2.7) and (2.8) that the functions ¢, (x) and ¢;(x) ! need to be invertible and differentiable for
the purpose of a normalizing flow. In the section 2.4 we saw that for convergence of 6, to p we only need the
constraint of equation (2.104). In this section we will discuss other requirements to enhance the performance
of the normalizing flow procedure that are suggested in [13].

¢ Over-resolution occurs when the flow ¢b;(x) is excessively fine-tuned to the data points. The estimated
density function p,(x) then captures noise and minor variations rather than the underlying distribu-
tion. In other words, p;(x) then fails to represent a smooth continuous probability function. For this
reason we need smoothness of the maps ¢ (x). This can be ensured by restricting to maps with length
scale at all points larger than the typical distance between nearby flow-makers [13]. This smoothing is
done with a mollification factor. This factor makes sharp features smooth, while still remaining close to
the original. Later we will see how the parameter € functions as mollifier to guarantee that when data
points are closer together, more mollification of the map happens. Figure 2.10 provides an example of
what overfitting would look like in the context of density estimation.

Histogram of the data

Overfitting Curve
= Normal Distribution

pl2)

T
-4 -3 -2 -1 0 1 2 3 4
=X

Figure 2.10: Histogram of 50 samples from the standard normal density. The density of the normal distribution is plotted as a red line.
The data is actually distributed according to this is the density function. The orange curve is an example of what overfitting on the data
would look like: the curve does not represent the correct underlying density, but rather captures minor variations in the data.

* Flexible and Simple maps that are computationally manageable are used as building blocks. These
blocks have to be flexible to have a fast convergence to arbitrary distributions p(x). One way of achiev-
ing flexibility would me to implement flow functions with many parameters. However, since for every
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iteration the parameters of the flow function need to be decided, this does have computational disad-
vantages. We also can achieve flexibility by keeping the flow simple and computationally manageable.
This can be done by taking many near identity maps. This second method is extremely flexible since
arbitrary densities can be built through the composition of simple maps [12], and computationally
manageable since we only have to decide a few parameters per iteration of the algorithm. Therefore
taking many near identity maps is preferred.

Explicit forms of the flow and their parameters ensure our ability to easily compute the Jacobian and
the flow functions. By keeping computations in explicit form, the algorithm stays computationally
manageable.



Applying a linear normalizing flow

3.1. normalizing flow with 1(y) the standard Gaussian and a linear flow

The situation is the same as in section 2.1.1: we aim to estimate the underlying probability density function
of random variable x, p(x), from observations of this random x/, j = 1...m. We do this by looking for a map
y(x) to map observations towards the random variable x with unknown density towards the random variable
y with known density function p(y). In this section, for u(y) we will use the isotropic Gaussian.

Iyl

1
p()=N(@O,Iy))=——e 2 (3.1)

(2m)2

When function y(x) and u(y) are known we can apply equation (2.1) to retrieve the density of x:

p(x) = J(x)u(y(x).

This section will first look at the case where we impose that the distribution of the sample data is a linear
map from the isotropic Gaussian. We then use a flow based architecture so that this restriction is no longer
necessary.

3.1.1. The map y(x) as a linear function

In this section we will investigate a linear function y(x). In some cases, it might be known or reasonable to
assume the density, p(x) of the random variable belonging to the samples is a linear transformation from the
known density, u(y). This means we assume that there is a linear map from random variable x to random
variable y. Since we impose a linear transformation to the standard Gaussian, this is a parametric method.
We will follow a similar procedure as in [12]. The parameter 8 determines the linear function that is used:

yp(x)=A(x—b) (B={AcR™", beR"}). 3.2)
Just as before we choose f to maximize the log-likelihood of the data.

Lemma 3.1.1.

log 1y, (x))) - = 3.3)

m lyp(x)112
=arg max L=arg max _
p gﬁe{A,b} gﬁe{A,b}j;

25
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Proof.
B= argﬁrel?;l?( Llyp(x)]
m
= J.
arg max ,g [log(p(x ﬁ))]

m
_ ] J
= arg max ; [log(uu(yp /Ty, (e |

m . . .
= arg max Y log(fyﬁm(x]))+10g((Zn)ne‘zllyﬁ(x’)ﬂz)]

m . 1 .
=arg max ) (log(Jy,, (x/)) —glog(Zn) =5 lyp’ )Ilzl

n
In this form we recognize that — 0 log(27m) is independent of B, so

2
B= argﬁrer{lﬁ ]i log (]yﬂ (xf)) - M
O
Lemma 3.1.2. The output of the maximization of (3.3) is given by
b=% A=33, (3.4)

Where X is the empirical covariance matrix, X = % Z;.": 1 x/ x]’., of the data and X denotes the mean of the data
t iy = 1 j
(x; resembles the transposed of x/). X = 5~ Z}ﬁ: L X

Proof. The log-likelihood L(ys(x)) is dependent on the choice of § = {A € R"*",beR"}. We will now derive
the output of the maximization of equation (3.3) by setting the derivative of L with respect respect to b to 0.
Notice that the Jacobian matrix of yg(x) = A(x — b) is given by

9yp,  9ys . 9yp

0x) 0Xxo 0x,

g,  9¥p, . Vs

. _ 0x1 0x2 0xp
Jys0) =

0Ypn  9¥pn 9Ypn

0x) 0xp 0xy

; 0
-— = (Ain(x1 —b1) + Ajp(x2 —b2) + -+ + Aj n(xn — bp))
5)6]' 0x]' (3.5)

= Ajj.
Therefore we have that jyﬁ ) = A. Therefore we combine equation (3.5), (3.2) and (3.3) to get the following:

m IA(x) - b)|I?

L(yp(x) =) |log(A) - — (3.6)
j=1
Now take the derivative with respect to b:
Lypt) _ 0 g IAG/ ~ b)I1°
ob ob 2
20 (A =B
--§ (1o 67
m .
=Y ATA(x/ - D)

j=1



3.1. normalizing flow with p(y) the standard Gaussian and a linear flow 27

Where we used the following: ‘ _ .
IAG! = B)II = (A - b)) T (A - b))

. . (3.8)
=/ -nTAT A/ - b)
0 . .
%(xf -nTATAXI -b)=—2AT A(x/ - b) (3.9)
Now we want to find the optimum, and therefore we set the derivative equal to 0.
L(ys(x)) m.oo.
SIP) _ATAY (- b) =0 (3.10)
ob s
Now use that AT A # 0 since A is invertible, and therefore
m .
Y ' -b)=0
j=1
m .
Z x) =mb
s 3.11)
b=—) x
m =y
=X

Now we still need to derive the expression A = >3, Only the scalar of the transformation changes the co-
variance, the additive term does not. When the data is linearly transformed by matrix A, the covariance is
transformed by AXA”. In our case random variable y is distributed as an isotropic Gaussian distribution,
50 yp(x) ~ u(y) = N(O, I). The covariance is therefore transformed to I,,. Therefore we can calculate A as
follows:
AzAT =1
AtazAT (AT = a7t ATy !

3 = 4-1(aT) 1 (3.12)
s 1=4TA
A= Z_%
O

From equation (3.4) we can explain that a linear choice for ys(x) results in subtracting the mean and
dividing by the square root of the covariance matrix [12]. Therefore, from equation (3.1) we find that the
density function of x, p(x) is given by:

p(x) = L -pTE (x5 (3.13)

- n 1 e
@2m)z|Z|2

The diagram in figure 3.1 summarizes the knowledge we acquired for a linear map yg(x) onto the isotropic
Gaussian. The problem with this parametric procedure is that we assume an underlying probability, since we
assume there is a linear transformation from x onto y. However, this might not at all be the case. We solve
this by factoring the map y(x) into N parametric maps. This will be done in section 3.1.2

3.1.2. Linear flow functions to construct arbitrary y(x)

In section 3.1.1 we imposed that the data samples are from a particular distribution. We want the probabilis-
tic method is able to estimate complex and ideally arbitrary densities. For example, for the application of
probabilistic methods on deep neural networks we need to be able to estimate very complex densities. By the
restriction of the map, this might not be possible. In this section, we solve this by factoring the map y(x) into
N parametric maps, the flow functions, ¢ 6: (2):

YN(X) =@pyo@py_00pp (x) (3.14)
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| Data samples of x /——{ yﬂ(x) =A(x—b) (ﬁ = {A eR™ be Rn}) ’-—»( Data samples of y /
l

From maximizing the log-likelihood
follows

1
=% A=32

Density of y
M) = N@O,I,) = —L5e

@m)2

_ 2
=

Density of x

p(x)

{ p(x) = J,(x) u(y(x))

1 A Te— -
1 e—z(x—x)lﬁ H(x=%)

plx) =

LA
Q0222

Figure 3.1: Flow chart of the normalizing flow algorithm. Where we assume the density p(x) is a linear transformation from the isotropic
Gaussian distribution.

The benefit of the flow based model is that the composition of many simple maps can be made arbitrarily
complex [12]. Therefore we can estimate the density of arbitrary density functions p(x). The map yg(x)
depends on the family of parameters § = (; --- Bn). By considering yg(x) as a composition of functions we
can compute the ¢g,’s sequentially by following ascent of the log-likelihood as explained in section 2.3.1.
First we calculate §; from y; (x) = ¢, (x) in (3.2), then we use f; fixed at the value found in the prior step to
calculate y,(x) [12]:

V2(X) = @, (9p, (X)) = g, (y1(x)) = @p,(2). (3.15)
Where just as before in section 2.1.3 we introduce the notation z as the current flow of the observations: after
iteration i,
Z) = )/i—l(xj) (3.16)
We always include the identity map ¢g,-¢. Therefore each step will only increase the value of the log-likelihood.
Note that we do not maximize the log-likelihood, but only ascend the log-likelihood when computing the

next ¢g,, since maximizing the log-likelihood depending on § would result in the linear mapping (3.2), but
the idea is to also be able to construct non-linear maps via this composition.

Lemma 3.1.3. We can calculate the Jacobian of the current map y;(x’) sequentially based on the current flow
of the observation z;:

Ty, () = T, (&) Ty, (x9) (3.17)
Proof.

From the chain rule we have that:
Trog(x) = J¢(g(x))Jg(x)
Now we write out the expression of y; (xly:
yitxl) =g, (pp,_, (@p,_, (... (@p, (x1))..))
Now we apply the chain rule to y; (x/) :

Ty 1) = Ty |0pis (051000 @5, 6M)-0) T gty 00 ()

= Jpp, Vi1 () Ty, ()
(3.18)
O

In the diagram of figure 3.2, the scheme of figure 2.7 is rewritten in the case of a linear flow. Here we see
again the duality of the algorithm: as y;(x) converges to the real y(x), the estimated density, p;(x) converges
to p(x).
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[yN(X) = ONC-Pp, o Pp, o Pp, "Wo(x)]

[ Vi(x) = @po...opp, o @p, ° @y, °¢ﬁ,,(x)]

Current flow of the
fonco-fon o =y (%) e T e G Xl
P =y )
BT density of z Density of y . P
o = (p0= 9,000 J—{1,6) =4, &, 5] @=L = M) =NOL)= oo
I [ r0=d0u00) | J

J

Figure 3.2: Flow chart of the normalizing flow algorithm with ¢, (x) linear flow functions.

3.2. Example of a normalizing flow based on a linear flow function

To showcase that the normalizing flow probabilistic model based on a linear flow function can be used for
density estimation, we will provide examples of the procedure on real data. To create the examples we will
first specify a linear flow function, which is a parametric map that uses five parameters. This five parameter
map is used to create two examples. The first example uses samples from a normal density with mean 2 and
standard deviation 1. This showcases that this probabilistic model works, however, it could also be done with
the parametric procedure of section 3.1.1, since there is a linear map from this density towards the standard
normal density. The second example uses uses samples from an exponential density function with A = 1. This
showcases the power of a flow based model for non parametric density estimation, since there is not a linear
map from the exponential density function towards this exponential density.

3.2.1. Five parameter linear flow function
In [13] a family of functions with five parameters (y, o, xo, @9, €) is used that satisfies the requirements from
section 2.5, given by

@a(x)=1-0)x+¢q +y\/62+[(1—o)x—x0]2, (3.19)

with @ = (y,0,¢0). An explanation of this five parameter family of functions is given below. To support the
explanation, figure 3.3 shows a plot of three cases of the five parameter function. The function f;(x) = x—-1+

v/ (x—1)2 is plotted in green, f>(x) = x—1+1/0.1+ (x —1)2 is plotted in blue and f3(x) = x— 1+ /1 + (x — 1)2

is plotted in red.

* Notice thatwhen vy, o, and ¢ are zero, the map reduces to the identity. From the requirement of flexible
and simple maps it follows that these are chosen close to 0 in the ascent direction of the log-likelihood.
The parameters xp and € are not selected by ascent of the log likelihood, but we will see that these are
chosen to avoid over-resolution.

¢ The parameter o quantifies the amount of stretching and ¢, the displacement of the data x.

« Toincrease the flexibility, but maintain smoothness, we introduce the additional term y /€2 + [(1 — o) x — Xo]2.

— Xy is the point where ¢ (x) switches between dp/dx =1—-0 -y and dp/dx =1 -0 +7. That xp
is the location of the slope switch can clearly be seen in the figure 3.3. The value x, is picked
at random from a standard normal distribution. This is motivated in [13] by the fact that that
then, near convergence, the number of opportunities for local distortions is proportional to the
density of the current flow of the samples p;(z). This is because p;(z) converges to p(z), and in
this example, p(z) is the standard normal.

— vy is the slope change at x;.
— The parameter € mollifies the transition between the two slopes of the map to the left and right of

Xo. The value of € is xo-dependent:

2

X
€=\ /2nnpexp(?0), (3.20)
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where n,, is the desired average number of data points within the transition area. In figure 3.3, the
effect of the mollifier is shown.

3]

N —

) 02 o4 08 08 1 12 14 18

02

Figure 3.3: Plots made with Geogabra, in particular showcasing the effect of the mollifier. The function fj (x) = x—1+/(x — 1) is plotted
in green, f>(x) = x—1+1/0.1+ (x—1)2 is plotted in blue and f3(x) = x — 1+ /1 + (x — 1)2 is plotted in red.

As stated before, the parameter a = (y,0,¢y) are chosen close to 0 and in direction of ascent of the log-
likelihood. In [13] it is suggested to take at each step

VoL
a=At———— (3.21)

V1+ 02V L2

In this formula At and § are adjustable parameters which control the size of the steps.We will now sum op all
the expressions needed to calculate V, L from equation (3.21). Since in the chapter 2 we used the notation
¢ (x), we will adapt this notation now instead of ¢ (x).

o1 m .
Lx) == log(p(x))) (3.22)
m 5
V(D)= 0L 0L OL (3.23)
T oy 60 g ’
oL 1% 0 11 ap(xd)
—=— —log(p:(x))) = — —_— (3.24)
oy m 0y 8o mj;pt(xf) oy
L 12 1 0px/
6_:_ L 0p¢(x7) (3.25)
0o m =y pr(x7) oo
m 5, (x)
oL _ 1 1 0p:e) (3.26)
dpo  m jZ pi(x])  Ogo
() = Jy D (@ (x7)) = Jop, (X)) Jy-1 () plep (7)) (3.27)
We work in RY, so _ )
. J —o)x) = -
Jphy = 2D gy 4y (LZOX m %A Z0) (3.28)
dx Ve2 + (1 -0)xi — x0)?
Also, p is the standard Gaussian, so we have that
@1 j)) 1 _(wzuz(f))z (3.29)
X = —=2¢ .
P Nz
¢ Formulas needed for g—i:
— An expression for %—if:
op 0 : . 9 .
6—; = [(aﬂm (xf))u(wt(xf)) +Jp, (x’Wu(wt(xf)) Jy-1 (3.30)
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— From equation (3.28)

0 o (Q-—o)x —x)1-0)
o iy = : 3.31
ay]“”’(x ) €2+ ((1—0o)x/ — x)? (831

— From equation (3.29) and the chain rule

9 i = e " i L) = e e + (- o)) —x0)?
6}/” Pt N Pt ay(pt T Pr 0
(3.32)
¢ Formulas needed for g—é:
— An expression for %:
06, (x)) 0 . ; .0 )
p(;g = [(%]%(xf))u(tpz(xf))+](p,(x’)%u(<p;(x’)) Jy-1 (3.33)
- Letu=(1-0)x/ - xo.
— From equation (3.28) and the quotient rule
(=2(1=-0)x) + x)Ve2 + u? + Jul-o)u
Velri?
-1 .34
+y S (3.34)
— From equation (3.29) and the chain rule
6 H((p (x])) _ 1 e (‘/’I(;Cj))z( (P (x])) 0 (P (x])
% t y— —W¥t 6_ t
var , ’ . (3.35)
1 o (¢z(;€]))2( (xf)) i u(—x7)
CVen o Y vVe? + u?
¢ Formulas needed for 66—L:
$o
— An expression for %:
0p;¢ 0 : : .0 )
0—([)0 = [(6_%](0[(35]))”(901‘(35])) +]zpz(x])a_%ﬂ((l’t(x])) ]y*1 (3.36)
— Note that %Lpt(xj) =0
— Also note that %(pt(xj) = 1 simplifies the expression for a%p((pt(xf))
O ey = —— e ™5™ L) (3.37)
— x/)=——e —@ps(x .
a(ﬂoﬂ Pt Nex Pt
— Therefore )
00 — T ) 1 o (w,()zc!))Z( ) (3.38)
6(,00 Pt \/ﬁ Pt .

3.2.2. Implementing a five parameter linear flow function

In this section we will be implementing the linear flow function of section 3.2.1 and evaluate the results. The
result of the prescribed normalizing flow in section 3.2.1 are plotted by Python code that can be found in the
appendix B.3. The result is the histogram of the data, the evolution of the log-likelihood and the estimated
densities of the data points. Recall that the aim of the flow is to transform the initial data samples into samples
of a standard normal random variable. The flow does so by increasing the log-likelihood in every iteration of
the flow. We can use the current flow to give an estimation of the p;(x).
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The first experiment is executing this five parameter normalizing flow on 100 samples of a random vari-
able x that is distributed as a normal random variable with mean 2 and standard deviation 1.
(1) = ——e"F" (3.39)
p(x) = ——e . .
Van
The normalizing flow of section 3.2.1 is implemented on 100 samples generated from normal distribution
with standard deviation 1 and mean 2. Other parameters are At = 1, § = 1000, n, = 1. 500 iterations of the
described five parameter normalizing flow is given in figures 3.4, 3.5, 3.6 and 3.7. We see the expected results:
the histogram of the data after the flow looks like that of standard normal distributed samples. We see that
the log-likelihood converges to a maximum. We also see that the estimated densities, p(x) converge to the
real densities, p(x) of the standard normal with mean 2 and deviation 1.
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Histogram of the data The evolution of the log-likelihood Plot of estimated Density
0.40 — standard Normal Density
-367.75 ® Curent density estimate
05 035
-368.00
030
o4 -368.25
025
= z
3 o3 Z 020
8 -368.75 015
02
-369.00 010
o1 -369.25 0.05
004 -369.50 000
-4 -3 -2 -1 0 1 2 3 4 0,04 ~0.02 0.00 0.02 0.04 -a -2 0 2 4
2=x iteration x

Figure 3.4: Normalizing flow of 5 parameter flow functions applied to samples from a normal density with mean 2 and standard deviation
1 after 0 iterations. Left shows the histogram of the data, the middle shows the evolution of the log-likelihood and the right shows the
estimated density of the data points. This flow uses parameters Az =1, § = 1000, np = 1.
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Figure 3.5: Normalizing flow of 5 parameter flow functions applied to samples from a normal density with mean 2 and standard deviation
1 after 100 iterations.
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Figure 3.6: Normalizing flow of 5 parameter flow functions applied to samples from a normal density with mean 2 and standard deviation
1 after 300 iterations.
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Figure 3.7: Normalizing flow of 5 parameter flow functions applied to samples from a normal density with mean 2 and standard deviation
1 after 500 iterations.
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The second experiment is executing this five parameter normalizing flow on 100 samples of a random
variable x that is distributed according the exponential distribution with A = 1. The exponential density

function is:

0 = Ae M ifx=0, (3.40)
PY=10 otherwise. '

The normalizing flow of section 3.2.1 implemented on 100 samples generated from the exponential with
A=1,Ar=1,6=1000, n, =0.01 and 18000 iterations is given in figures 3.8, 3.9, 3.10 and 3.11.

Histogram of the data The evolution of the log-likelihood Plot of estimated Density
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Figure 3.8: Normalizing flow of 5 parameter flow functions applied to samples from an exponential density with A = 1 after 0 iterations.
Left shows the histogram of the data, the middle shows the evolution of the log-likelihood and the right shows the estimated density of
the data points. This flow uses parameters At = 1, § = 1000, 12, = 0.01.
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Figure 3.9: Normalizing flow of 5 parameter flow functions applied to samples from an exponential density with A = 1 after 2000 itera-
tions.
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Figure 3.10: Normalizing flow of 5 parameter flow functions applied to samples from an exponential density with A = 1 after 10000
iterations.
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Figure 3.11: Normalizing flow of 5 parameter flow functions applied to samples from an exponential density with A = 1 after 18000
iterations.
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The choice for ¢ ensures that a is not drastically changing when the size of V, L is large, while keeping the

process computationally possible. This is necessary for some form of numerical stability: although the steps
of a are in a direction to increase the log-likelihood, if the size of V4L is very large, we might change « so
much that the log-likelihood after ¢, (x) actually decreases. While avoiding steps in the wrong direction, this
does mean we take smaller steps for increasing the log-likelihood. In the next experiment, this five parameter
normalizing flow is executed on 100 new samples of the exponential with 1 = 1. However, we change § to
100 instead. The result is plotted in figures 3.12 and 3.13. After 4000 iterations we see a better result with
respect to the log-likelihood than before, however, the evolution of the log-likelihood is less smooth. Figure
3.12 clearly shows a big step that decreases the log-likelihood. This misstep is a numerical issue. Figure 3.13
also clearly shows that the the following steps quickly increase the log-likelihood. The values log-likelihood
clearly show when a step is taken into the wrong direction. This suggests that although a smaller 6 makes the
ascent of the log-likelihood less smooth, it can be beneficial for the maximization process.
The same result can be seen when we look at the scenario of the first experiment with samples from the
normal density with mean 2 and standard deviation 1. For this experiment the value § = 1000 was used.
When we change this to § = 100 and run the described 5 parameter normalizing flow algorithm we see faster,
but less smooth convergence. This is illustrated in figure 3.14.
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Figure 3.12: Normalizing flow of 5 parameter flow functions applied to samples from an exponential density with A = 1 after 400 iter-
ations. Left shows the histogram of the data, the middle shows the evolution of the log-likelihood and the right shows the estimated
density of the data points. This flow uses parameters At =1, § = 100, np, = 0.01. The middle image clearly shows a step decreasing the
log-likelihood.
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Figure 3.13: Normalizing flow of 5 parameter flow functions applied to samples from an exponential density with A = 1 and parameter
6 = 100 after 4000 iterations, showing the limited impact of the missteps on the log-likelihood.
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Figure 3.14: Normalizing flow of 5 parameter flow functions applied to samples from a normal density with mean 2 and standard devia-
tion 1 after 300 iterations. Left shows the histogram of the data, the middle shows the evolution of the log-likelihood and the right shows
the estimated density of the data points. This flow uses parameters At = 1, § = 100, np = 1. The evolution of the log-likelihood shows
some steps decreasing the log-likelihood. However, we also see fast convergence to a maximum of the log-likelihood.



Discussion

This paper explains the normalizing flow model for density estimation by their underlying principles. Many
of these underlying principles are motivated by results of sources [13] and [12]. Many of the statements of
the follow directly from these two sources. Not all statements from these papers are included in this paper.
Although this paper aims to give a comprehensive view on the underlying flow model, this is not fully ac-
complished. For example, we only proof proposition 2.3.3 for the one dimensional case. We also only use
examples in the one dimensional case in sections 2.3.4 and 3.2. There are also other parts of these papers not
included. For example, much about computational efficiency of the flows is not included, although this is an
important reason for the popularity of normalizing flows. Additionally, sometimes the motivations given in
these papers are not entirely understood. For example the proof of equation (2.96) is missing. Finally, there
are possibly many more sources about normalizing flows with different perspectives and explanations.

One example of a different source it [10]. This paper attempts to provide a unified perspective. Therefore,
looking into this paper could be interesting future research. Additionally, [10] focuses on the computational
trade-offs that need to be made when choosing a particular flow function. And relates it to subjects as gen-
erative modelling and supervised learning. It would be interesting to show the application of flow models in
areas related to machine learning, since there is a lot of research going on in this field currently.

Lastly, in this paper we only implement the five parameter flow from [13]. Future research could look at the
implementation of different flow functions and compare these. Future research could also include compar-
ing normalizing flows to other probabilistic models.
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Conclusion

In this thesis, we explored the concept and application of normalizing flows as a method for density estima-
tion of data samples. We started by outlining the underlying principles of normalizing flows, which are non-
parametric, flow based probabilistic models. The model is non parametric and therefore does not assume
an underlying density of the data. This makes normalizing flows flexible and applicable to complex datasets.
The model is flow based since it approximates the underlying density function of sample data through a se-
quence of invertible and differentiable transformations. These transformations, or "flows," are designed to
progressively map a complex data distribution to a simpler one, often a standard Gaussian distribution. This
flow is then use to find an estimation of the density of the data. The success of the model is based on the con-
vergence of the estimated density towards the real density of the data when using a flow that increases the
log-likelihood. Additionally, this choice in flow function ensures that the current flow of the data converges
towards a standard Gaussian distribution. The convergence is shown with the help of the Kullback-Leibler
divergence, which is an estimate for the similarity of two density functions. Finally, this convergence is shown
in examples where a five parameter flow is applied to real data samples. Due to the flow based architecture,
where the samples are transformed through many relative simple maps, the normalizing flow model has the
flexibility to estimate density functions from complex data samples, while staying computationally manage-
able.
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Additional definitions and theorems

A.1. Definition of the Jacobian matrix

Definition A.1.1 (Jacobian matrix). Let y(x) be a function that maps a vector x € R" to avector y e R": y : R" —
R", given by

nx)
y2(x)
y(x) = .

Yn(x)

The Jacobian matrix, jy, of function y(x) is the n x n matrix that contains all the first-order partial deriva-
tives of the function. Each element (j)y; is the partial derivative of yi with respect to x;:

0x; 0xo 0xp,
. 0]61 6x2 0x
Jy(0) = !

0x1 0x2 0xp

We use the notation Jy, for the determinant of the Jacobean matrix of transformation y.

A.2. Change of variables in R”

Theorem A.2.1. [4] If the mapping F is injective on U, then, for any measurable set A c U and any Borel
function g € L*([R"), one has the equality

fg(F(x))IF(x) dx=f gy dy.
A F(A)

That g is a Borel function g € L' (R") means that g is Lebesque measurable. This is necessary so the integral is

finite. [4].

A.3. Divergence theorem
The divergence theorem, commonly referred to as Gauss’s theorem, states that the volume integral of the
divergence of a vector field within a region enclosed by a surface is equivalent to the surface integral of the
vector field over that closed surface. A more formal statement is given in [8]: suppose V is a subset of R”,
which is closed and bounded with piecewise smooth boundary S=8V. let U c R"™. IfF: U — R" is a continu-
ously differentiable vector field, then

f(ﬁ-[F)dVZf Fnads. (A.1)
oV
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A.4.Jensen’s inequality
Jensen’s inequality for the probability distribution of random variable X and a convex function f(X), where
X has probability density function p(X) can be written as

E[f (0] = fEIX] (A.2)

ff(X)p(X) dXzf(pr(X) dX). (A.3)

A.5. Integration by parts
Theorem A.5.1. [11] Suppose F and G are differentiable functions on [a,b], F' = f € R,andG' = g e R. Then

b b
fF(x)g(x)dsz(b)G(b)—F(a)G(b)—f Fx)Gx)dx. (A4)

A.6. Law of the subconscious statistician for discrete random variables
Lemma A.6.1 (Law of the subconscious statistician for discrete random variables). [7] Ifx is a discrete random

variable and g : R — R, then . ‘
Egx)= Y g)Px=x/) (A.5)

x/eImx

whenever this sum converges absolutely.

A.7. Law of the subconscious statistician for continuous random variables
Lemma A.7.1 (Law of the subconscious statistician for continuous random variables). [7] Ifx is a continuous
random variable with density function p(x) and g : R — R, then

E(gx) = f gx)u(x)dx (A.6)

whenever this integral converges absolutely.



Code

B.1. Numerical solution of equation (2.52) as plotted in figure 2.8
The code below has p(x) as the uniform density on [-0.2,0.2] as in figure 2.8.

import numpy as np
import matplotlib.pyplot as plt
from scipy.stats import norm

# Define the standard normal PDF

def mu(z):
return norm.pdf (z)

# Initial condition: exponential pdf for z > O,
lambda_param) :

return np.where(np.abs(z) <= 0.2,
#return np.where(z > 0,

def initial_condition(z,

# Boundary condition (assuming rho is zero at boundaries)
def boundary_condition(t):

return (0, 0)

# Discretization parameters

dx = 0.1

dt = 0.001

t_max = 3

L = 5.0

z = np.arange(-L, L+dx,
nz = len(z)

t = np.arange (0, t_max+dt,

nt = len(t)

# Initialize the solution matrix

rho = np.zeros((nt, nz))

and 0 for z <=

lambda_param * np.exp(-lambda_param * z),

# Set initial condition with a lambda parameter for the exponential distribution

lambda_param = 1.0

rho[0, :] = initial_condition(z,

# Time-stepping loop
for n in range(0, nt-1):

for i in range(l, nz-1):

mu_z = mu(z[i])
mu_z_plus = mu(z[i+1])
mu_z_minus = mu(z[i-1])

mu_phi_plus = mu(z[i+1])**2 *x ((rhol[n,

mu_z)*%2) / (2 * dx)

lambda_param)

i+1] / mu_z_plus) **2

(rho[n, il /

mu_phi_minus = mu(z[i-1])**2 * ((rho[n, i] / mu_z)**2 - (rhol[n, i-1] /
mu_z_minus) **2) / (2 * dx)

d_mu_phi_dz = (mu_phi_plus - mu_phi_minus) / (2 * dx)
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# Update rho
rho[n+1, i] = rho[n, i] + dt * d_mu_phi_dz

# Apply boundary conditions
rho[n+1, 0], rho[n+1, -1] = boundary_condition(t[n+1])

# Print the solution at multiple time steps

if n % 300 == 0: # Adjust the step size as needed
print (£"Time step {n+1}, Time {t[n+1]:.5f}")
print (rho[n+1, :])

# Plotting the results

plt.figure(figsize=(10, 6))

for i in range (0, len(t), 300): # Adjust the step size as needed
plt.plot(z, rhol[i, :], label=f’t={t[i]:.5f}’)

plt.xlabel(’z’)

plt.ylabel (r’$\rho(z)$’)

plt.legend ()

plt.show ()

B.2. Numerical solution of equation (2.52) as plotted in figure 2.9
The code below has p(x) as the exponential density with A =1 as in figure 2.8.

import numpy as np
import matplotlib.pyplot as plt
from scipy.stats import norm

# Define the standard normal PDF
def mu(z):
return norm.pdf (z)

# Initial condition: exponential pdf for z > 0, and 0 for z <= 0
def initial_condition(z, lambda_param):
return np.where(z > 0, lambda_param * np.exp(-lambda_param * z), 0)

# Boundary condition (assuming rho is zero at boundaries)
def boundary_condition(t):
return (0, 0)

# Discretization parameters

dx = 0.1

dt = 0.001

t_max = 5

L = 5.

z = np.arange(-L, L+dx, dx)
nz = len(z)

t = np.arange (0, t_max+dt, dt)
nt = len(t)

# Initialize the solution matrix
rho = np.zeros((nt, nz))

# Set initial condition with a lambda parameter for the exponential distribution

lambda_param = 1.0
rho[0, :] = initial_condition(z, lambda_param)

# Time-stepping loop
for n in range (0, nt-1):
for i in range(l, nz-1):

mu_z = mu(z[i])

mu_z_plus = mu(z[i+1])

mu_z_minus = mu(z[i-1])

mu_phi_plus = mu(z[i+1])**2 * ((rho[n, i+1] / mu_z_plus)**2 - (rho[n, i] /
mu_z) **2) / (2 * dx)

mu_phi_minus = mu(z[i-1])**2 * ((rho[n, i] / mu_z)**2 - (rho[n, i-1] /

mu_z_minus)**2) / (2 * dx)
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d_mu_phi_dz = (mu_phi_plus - mu_phi_minus) / (2 * dx)

# Update rho
rho[n+1, il = rho[n, i] + dt * d_mu_phi_dz

# Apply boundary conditions
rho[n+1, 0], rho[n+l, -1] = boundary_condition(t[n+1])

# Print the solution at multiple time steps

if n % 1000 == 0: # Adjust the step size as needed
print (f"Time step {n+1}, Time {t[n+1]:.5f}")
print (rho[n+1, :1)

# Plotting the results

plt.figure(figsize=(10, 6))

for i in range (0, len(t), 1000): # Adjust the step size as needed
plt.plot(z, rhol[i, :], label=f’t={t[i]:.5f}°’)

plt.xlabel(’z’)

plt.ylabel (r’$\rho(z)$’)

plt.legend ()

plt.show ()

B.3. Example five parameter normalizing flow

This is the code for the example using samples from the exponential density function. This code is very
similar to the code used for the example with samples from the normal density with mean 2 and standard
deviation 1. To find this a similar figure, change line 40 to

x = np.random.normal (loc=2, scale=1, size=100)

and change line 173 to "delta = 1000" and line 174 to "n_p=1". For the experiment. To find similar figures of
the experiment in this paper, is also advisable to change line 177 to "for t in range(0,1000):" and line 201 to if
"t%100 == 0:". To find the examples from the figures, the code is run in Jupyter Notebook.

import numpy as np

import matplotlib.pyplot as plt
from scipy.stats import expon
from scipy.stats import norm
from scipy.stats import expon

def generate_centered_exponential_samples(lam=1, num_samples=100):

# Generate samples from the exponential distribution
exponential_samples = expon.rvs(scale=1/lam, size=num_samples)

# Center the samples
centered_samples = exponential_samples #- np.mean(exponential_samples)

return centered_samples
def plot_samples_histogram(samples):
#plt.figure(figsize=(8, 6))

# Calculate the histogram
counts, bins = np.histogram(samples, bins=20)

# Normalize the histogram
bin_width = bins[1] - bins[0]
normalized_counts = counts / (counts.sum()* bin_width)

# Plot the histogram
plt.bar(bins[:-1], normalized_counts, width=bin_width, edgecolor=’blue’, color=
’blue’, alpha=0.7)

plt.title(’Histogram of the data’)
plt.xlabel(’z=x’)
plt.ylabel(r’$\rho(z)$’, labelpad=20)
#plt.grid(True)
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plt.xlim (-4, 4)
#plt.show ()

#Generate and plot the samples
x = generate_centered_exponential_samples ()
plot_samples_histogram(x)

def plot_likelihood(data):
# Find the minimum and maximum values in the array
min_val = np.min(data)
max_val = np.max(data)

# Create a plot
plt.plot(data, linestyle=’-’)

# Set the y-axis limits based on the min and max values
plt.ylim(min_val - 1, max_val + 1)

# Adding labels and title

plt.xlabel (’iteration’)
plt.ylabel(’log-1likelihood?)

plt.title(’The evolution of the log-likelihood?’)

def Log_likelihood(rho_tilde):
return np.sum(np.log(rho_tilde))

def plot_estimated_density(x,y):
#initialization: we start with gues rho(x) is the standard normal density
x_for_density = np.linspace(-5,5,1000)
rhox_for_density = 1/np.sqrt(2*np.pi)*np.exp(-((x_for_density)*x*2)/2)
plt.plot(x_for_density, rhox_for_density, label=’Standard Normal Density’)
plt.scatter(x, y, label=’Current density estimate’)
plt.xlabel(’x?)
plt.ylabel (’Density’)
plt.title(’Plot of estimated Density’)
plt.legend(loc=’upper right’, fontsize=’small’)
#plt.grid(True)
#plt.show ()
#plot_estimated_density (x_for_density, rhox_for_density)

x_axis = x

#initial values

#rho is at the start the standard normal density function

#the phi is at the start just the identity, so the total jacobian is 1
rho0 = np.array ([(1/(np.sqrt (2*np.pi)))*np.exp(-((xj)**2)/2) for xj in x])

#de begin jacobian is de identiteit want phiO is de identiteit

Jacobian_t = np.array([1 for s in x])

#we beginnen met phi0 = de identiteit, dan is alfa O en dus sigma, gamma en phi_O
sigma = 0

gamma = 0

phi_0 = 0

#after the identity tranformation, the data is still the same, thus phix = x

phix = x

#the current estimated density of the samples
rho_tilde = rhoO

#mu(y) with mu as N(O,1)
def mu(phix):
return np.array ([(1/(np.sqrt ((2*np.pi))))*np.exp(-((zj)**2)/2) for zj in phix])

def rho_tilde_t (phix, Jacobian_t):

#jacobian_t is the jacobian det of the total transformation this far, not a
smaller the jacobian of a smaller phi

return np.array([Jacobian_t[j] * mu(phix)[j] for j in range (0, len(phix))])
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def Jacobian_phi(x, sigma,gamma, epsilon, x0):
return np.array([l1-sigma + gamma*((l-sigma)*xj- x0)*(l-sigma)/np.sqrt(epsilon
**%2 +((1-sigma)*xj - x0)**2) for xj in x])

def delta_Jacobian_t_gamma(x, sigma, epsilon, x0):
return np.array ([((1-sigma)#*xj - x0)*(1-sigma)/(np.sqrt(epsilon**2+((1-sigma)*
xj - x0)*%2)) for xj in x])

def delta_mu__t_gamma(phix, sigma, epsilon, x0, x):
return np.array ([(1/np.sqrt ((2*np.pi)))*np.exp(-(phix[j]l**2)/2)*(-phix[j]) *np.
sqrt (epsilon#**2+((1-sigma)*x[jl-x0)**2) for j in range(0,len(phix))])

def delta_rho_tilde_gamma (phix, Jacobian_t ,sigma, epsilon, x0, x):

Jacobian_phil = Jacobian_phi(x, sigma,gamma, epsilon, x0)
delta_Jacobian_t_gammal = delta_Jacobian_t_gamma(x, sigma, epsilon, x0)
delta_mu__t_gammal = delta_mu__t_gamma(phix, sigma, epsilon, x0,x)

return (delta_Jacobian_t_gammal * mu(phix) + Jacobian_phil*delta_mu__t_gammal)*
Jacobian_t

def dLdgamma (phix, rho_tilde, delta_rho_tilde_gamma):
m = len(phix)
summation = 0
for j in range(0O,m):
summation += (1/rho_tilde[j])*delta_rho_tilde_gammal[j]
#print (summation)
return 1/m*summation

def delta_Jacobian_t_sigma(phix, sigma,gamma, epsilon, x0,x):

return np.array([-1+gammax(((-2*(1-sigma)*x[j] +x0)*np.sqrt(epsilon**2+((1-
sigma)*x[j]-x0)**x2)+x[jI*((1-sigma)*x[jl-x0)*(1-sigma)*((1-sigma)*x[jl-x0))/(np.
sqrt (epsilon**2+((1-sigma)*x[j]-x0)**2)))/(epsilon**2 + ((1-sigma)*x[j]l-x0)**2) for
j in range (0, len(phix))])

def delta_mu__t_sigma(phix, sigma ,gamma, epsilon, x0,x):

return np.array([(1/np.sqrt(2*np.pi))*np.exp(-(phix[jl**2)/2)*(-phix[j])*((-x[j
1) +(gammax((1-sigma)*x[jl-x0)*(-x[j]))/np.sqrt(epsilon**2+((1-sigma)*x[j]-x0)*%*2))
for j in range (0, len(phix))])

def delta_rho_tilde_sigma(phix, Jacobian_t ,sigma, gamma, epsilon, x0,x):

Jacobian_phil = Jacobian_phi(x, sigma,gamma, epsilon, x0)

delta_Jacobian_t_sigmal = delta_Jacobian_t_sigma(phix, sigma,bgamma, epsilon, x0
»X)

delta_mu__t_sigmal = delta_mu__t_sigma(phix, sigma , gamma, epsilon,xO,x)

return (delta_Jacobian_t_sigmal * mu(phix) + Jacobian_phil*delta_mu__t_sigmal)x*
Jacobian_t

def dLdsigma (phix, rho_tilde, delta_rho_tilde_sigma):
m = len(phix)
summation = 0
for j in range(O,m):
summation += (1/rho_tilde[j])*delta_rho_tilde_sigmal[j]
return 1/m*summation

def delta_mu__t_phi_O(phix, sigma,bgamma, epsilon,x0,x):
return np.array ([(1/np.sqrt(2*np.pi))*np.exp(-(zj**2)/2)*(-zj) for zj in phix])

def delta_rho_tilde_phi_O(phix, Jacobian_t ,sigma, gamma, epsilon, x0,x):
Jacobian_phil = Jacobian_phi(x, sigma,gamma, epsilon, x0)
delta_mu_t_phi_O = delta_mu__t_phi_O(phix, sigma,gamma, epsilon,x0,x)
return (Jacobian_phil*delta_mu_t_phi_0O)*Jacobian_t#*(-Jacobian_t)

def dLdphi_O(phix, rho_tilde, delta_rho_tilde_phi_0):
m = len(phix)
summation = 0
for j in range(O,m):
summation += (1/rho_tilde[j])*delta_rho_tilde_phi_0/[j]
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return 1/m*summation

Delta_t = 1

delta = 100

n_p = 0.01
Log_evolution = []

for t in range (0,4000):
#x0 is random sample of N(0,1)
x0 = np.random.normal(loc=0, scale=1)
epsilon = np.sqrt(2*np.pi)*n_p*np.exp ((x0*%2)/2)

delta_rho_tilde_gammal = delta_rho_tilde_gamma(phix,

x0,x)

delta_rho_tilde_sigmal = delta_rho_tilde_sigma (phix,

epsilon, x0,x)

delta_rho_tilde_phi_01 = delta_rho_tilde_phi_O(phix,

epsilon, x0,x)

Jacobian_t ,sigma, epsilon,

Jacobian_t ,sigma, gamma,

Jacobian_t ,sigma, gamma,

gradl = [dLdgamma (phix,rho_tilde, delta_rho_tilde_gammal), dLdsigma(phix,
rho_tilde, delta_rho_tilde_sigmal), dLdphi_O(phix,rho_tilde, delta_rho_tilde_phi_01

)]

alpha = np.array([ Delta_t * grad / np.sqrt(l + delta**2 % np.linalg.norm(grad)

**2) for grad in gradL])

gamma , sigma, phi_O = alpha[0], alpha([i1], alphal[2]

x = phix

phix = (1 - sigma) * phix + phi_0 + gamma * np.sqrt(epsilon**2 + ((1 - sigma) *

phix - x0)*%2)
phix = np.nan_to_num(phix, nan=0.0)

Jacobian_t = Jacobian_t * np.array([(l1-sigma) + gamma * ((1-sigma)*xj-x0)*(1-
sigma) /(np.sqrt(epsilon**2 + ((l1-sigma)*xj-x0)*%*2)) for xj in x])

#update the estimate density rho tilde t

rho_tilde = rho_tilde_t (phix, Jacobian_t)
Log_evolution.append(Log_likelihood(rho_tilde))
if t%200 == O:

plt.figure(figsize=(20, 5))

plt.subplot (1, 3, 1)
plot_samples_histogram(x)

plt.subplot (1, 3, 2)
plot_likelihood(Log_evolution)

plt.subplot(1,3,3)
plot_estimated_density(x_axis,rho_tilde)
plt.tight_layout ()

plt.show ()

print ("log-likelihood", Log_likelihood(rho_tilde))
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