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Abstract. In this work, we establish an explicit characterisation of Lévy measures on both Lp-spaces and UMD Banach spaces. In the
case of Lp-spaces, Lévy measures are characterised by an integrability condition, which directly generalises the known description of
Lévy measures on sequence spaces. The latter has been the only known description of Lévy measures on infinite dimensional Banach
spaces that are not Hilbert. Lévy measures on UMD Banach spaces are characterised by the finiteness of the expectation of a random
γ -radonifying norm. Although this description is more abstract, it reduces to simple integrability conditions in the case of Lp-spaces.

Résumé. Dans cet article, nous établissons une caractérisation explicite des mesures de Lévy à la fois sur les espaces Lp et les espaces
de Banach UMD. Dans le cas des espaces Lp , les mesures de Lévy sont caractérisées par une condition d’intégrabilité, ce qui généralise
directement la description connue des mesures de Lévy sur les espaces de suites. Cette dernière était la seule description connue des
mesures de Lévy sur des espaces de Banach de dimension infinie qui ne sont pas des espaces de Hilbert. Les mesures de Lévy sur
les espaces de Banach UMD sont caractérisées par la finitude de l’espérance d’une norme γ -radonifiante aléatoire. Bien que cette
description soit plus abstraite, elle se réduit à des conditions d’intégrabilité simples dans le cas des espaces Lp .

MSC2020 subject classifications: Primary 60B05; secondary 46B09; 60E05; 60G57; 60H05
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1. Introduction

A σ -finite measure λ on the Borel σ -algebra 𝔅(U) over a separable Banach space (U,∥ · ∥) with λ({0}) = 0 is called a
Lévy measure if the function φϱ : U∗ → ℂ, defined by

φϱ

(︁
u∗)︁ = exp

(︃∫︂
U

(︁
ei⟨u,u∗⟩ − 1 − i

⟨︁
u,u∗⟩︁1BU

(u)
)︁
λ(du)

)︃
, u∗ ∈ U∗,(1)

is the characteristic function of a probability measure ϱ on 𝔅(U). Here, BU is the closed unit ball of U , and U∗ denotes
the Banach space dual of U . here and in the rest of the paper ⟨u,u∗⟩ denotes the value of the functional u∗ ∈ U∗ on the
element u ∈ U . General references to the theory of Lévy measures include the books by Linde [18] and Sato [22].

In the case where U is finite-dimensional, it is well known that a σ -finite measure λ on the Borel σ -algebra 𝔅(ℝd)

with λ({0}) = 0 is a Lévy measure if and only if∫︂
ℝ

d

(︁|r|2 ∧ 1
)︁
λ(dr) < ∞.(2)

Indeed, the latter often serves as the definition of a Lévy measure on ℝ
d in the literature.

Replacing the Euclidean norm |·| by the Hilbert space norm, the above equivalent characterisation of Lévy measures
extends to separable Hilbert spaces; see Parthasarathy [20].

Surprisingly, although the integrability condition (2) can be formulated in Banach spaces, this characterisation of Lévy
measures ceases to hold in arbitrary Banach spaces U . In fact, for the case U = C[0,1], the space of continuous functions
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on [0,1] endowed with the supremum norm, it is shown in Araujo [5] that there exists a σ -finite Borel measure λ on
𝔅(U) with λ({0}) = 0 and satisfying ∫︂

U

(︁∥u∥2 ∧ 1
)︁
λ(du) < ∞,(3)

but the function φϱ defined in (1) is not the characteristic function of a Borel measure ϱ on 𝔅(U). Vice versa, there exists
a σ -finite Borel measure λ on 𝔅(U) with λ({0}) = 0 such that (1) is the characteristic function of a probability Borel
measure on 𝔅(U) but λ does not satisfy (3).

Explicit characterisations of Lévy measures on an infinite dimensional Banach space, which is not a Hilbert space, is
known for the spaces ℓp(ℕ) of summable sequences for p ≥ 1, and for Lp with p ≥ 2. The former result was derived in
Yurinskii [29] by means of a two-sided Lp-bound of compensated Poisson measure (for which he credited Novikov, who
is also credited in Marinelli and Röckner [19] for similar estimates). The latter is due to [11].

A sufficient condition in terms of an integrability condition similar to (3) is known in Banach spaces U of Rademacher
type p ∈ [1,2). In the converse direction, in Banach spaces U of Rademacher cotype q ∈ [2,∞) it is known for a σ -finite
measure λ, that if (1) defines the characteristic function of a probability measure on U then λ satisfies an integrability
condition similar to (3). In fact, these necessary or sufficient conditions can be used to characterise Banach spaces of
Rademacher type p ∈ [1,2] or of Rademacher cotype q ∈ [2,∞). These results can be found in Araujo and Giné [6].

In the present paper, we derive explicit characterisations of Lévy measures for both Lp-spaces and UMD Banach
spaces. In the case of Lp-spaces, Lévy measures are characterised by an integrability condition, which directly gen-
eralises the aforementioned results for ℓp(ℕ) for p ≥ 2 by Yurinskii [29]. Lévy measures on UMD Banach spaces are
characterised by the finiteness of the expectation of a random γ -radonifying norm. Although the latter description is more
abstract, we demonstrate its applicability by deducing similar integrability conditions for the special cases of Lp-spaces
as obtained earlier by different arguments.

For both Lp-spaces and UMD spaces, our method relies on recently achieved two-sided Lp-estimates of integrals
of vector-valued deterministic functions with respect to a compensated Poisson random measure in Dirksen [8] and
Yaroslavtsev [28]. Such inequalities are sometimes called Bichteler-Jacod or Kunita inequalities and suggested to be
called Novikov inequalities in [19], where more historical details can be found. Since the results in Dirksen [8] and
Yaroslavtsev [28] are only formulated for simple functions, we provide the straightforward arguments for their extension
to arbitrary vector-valued deterministic functions.

Throughout the paper, all vector spaces are real. We write ℝ+ = (0,∞) and ℕ := {1,2,3, . . . }. We use the shorthand
notation

A ≃q B

to express that the two-sided inequality cqA ≤ B ≤ c′
qA holds with constants 0 < cq ≤ c′

q < ∞ depending only on q .

2. Preliminaries

Throughout this paper, we let U be a separable Banach space with dual space U∗ and duality pairing ⟨·, ·⟩. The Borel
σ -algebra on U is denoted by 𝔅(U). By a standard result in measure theory (e.g., [25, Proposition E.21]) the separability
of U implies that every finite Borel measure ϱ on U is a Radon measure, that is, that for all Borel sets B ∈ 𝔅(U) and
ε > 0 there exists a compact set K such that K ⊆ B and ϱ(B \ K) < ε. Such measures are uniquely described by their
characteristic function, which is the function φϱ : U∗ → ℂ given by

φϱ

(︁
u∗)︁ =

∫︂
U

ei⟨u,u∗⟩ ϱ(du).

2.1. Lévy measures

In what follows we write

BU,r := {︁
u ∈ U : ∥u∥ ≤ r

}︁
for the closed ball in U of radius r > 0 centred at the origin. Its complement is denoted by Bc

U,r . We furthermore write
BU := BU,1 and Bc

U := Bc
U,1 for the closed unit ball of U and its complement.
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A σ -finite measure λ on the Borel σ -algebra 𝔅(U) with λ({0}) = 0 is called a Lévy measure if the function φ : U∗ →ℂ

defined by

φ
(︁
u∗)︁ = exp

(︃∫︂
U

(︁
ei⟨u,u∗⟩ − 1 − i

⟨︁
u,u∗⟩︁1BU

(u)
)︁
λ(du)

)︃
(4)

is the characteristic function of a probability measure η(λ) on 𝔅(U). For any r > 0, we often decompose

λ = λ|r + λ|cr ,(5)

where

λr(·) := λ(· ∩ BU,r ) and λ|cr (·) := λ
(︁· ∩ Bc

U,r

)︁
.

Every finite measure λ on 𝔅(U) with λ({0}) = 0 is a Lévy measure. In this case, a probability measure π(λ) on 𝔅(U)

is defined by

π(λ)(B) = e−λ(U)
∞∑︂

k=0

λ∗k(B)

k! .

We further define

η(λ) := π(λ) ∗ δs(λ), where s(λ) := −
∫︂

BU

uλ(du),

has characteristic function given by (4). Here, ∗ denotes convolution, and λ∗k denotes the k-fold convolution of λ with
itself.

Theorem 2.1 ([18, Theorem 5.4.8]). Let λ be a σ -finite measure measure on 𝔅(U) satisfying λ({0}) = 0. The following
assertions are equivalent:

(a) λ is a Lévy measure;
(b) the measure λ|cr is finite for each r > 0, and for some (equivalently, for each) sequence (δk)k∈ℕ decreasing to 0 the

set {η(λ|cδk
) : k ∈ℕ} is weakly relatively compact.

In the situation of Theorem 2.1, it follows that η(λ|cδk
) converges weakly to η(λ); this follows from Condition (b) and

convergence of the corresponding characteristic functions.
In Hilbert spaces, Lévy measures can be characterised by an integrability condition:

Theorem 2.2 ([20, Theorem VI.4.10]). Let H be a separable Hilbert space. A σ -finite measure λ satisfying λ({0}) = 0
on 𝔅(H) is a Lévy measure if and only if ∫︂

H

(︁∥u∥2 ∧ 1
)︁
λ(du) < ∞.

2.2. Poisson random measures

Lévy measures can be characterised by integrability properties of Poisson random measures, which we introduce in the
following. For this purpose, let (Ω,F ,ℙ) be a probability space and let (E,E ) be a measurable space. An integer-valued
random measure is a mapping N : Ω × E → ℕ∪{∞} with the following properties:

(i) For all B ∈ E the mapping N(B) : ω ↦→ N(ω,B) is measurable;
(ii) For all ω ∈ Ω the mapping Nω : B ↦→ N(ω,B) is a measure.

The measure ν on (E,E ) defined by

ν(B) := 𝔼
(︁
N(B)

)︁
, B ∈ E ,

is called the intensity measure of N . An integer-valued random measure N : Ω × E → ℕ∪{∞} with σ -finite intensity
measure ν is called a Poisson random measure (see [3, Chapter 6]) if the following conditions are satisfied:

(iii) For all B ∈ E the random variable N(B) is Poisson distributed with parameter ν(B);
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(iv) For all finite collections of pairwise disjoint sets B1, . . . ,Bn in E the random variables N(B1), . . . , N(Bn) are
independent.

In the converse direction, if ν is a σ -finite measure on E , then by [22, Prop. 19.4] there exists a probability space
(Ω,F ,ℙ) and a Poisson random measure N : Ω × E → ℕ∪{∞} with intensity measure ν.

The Poisson integral of a measurable function F : E → [0,∞) with respect to the Poisson random measure N is the
random variable

∫︁
E

F dN defined pathwise by(︃∫︂
E

F(σ)N(dσ)

)︃
(ω) :=

∫︂
E

F(σ)dNω(dσ),

where Nω is the ℕ∪{∞}-valued measure of part (ii) of the above definition.
If N : Ω × E → ℕ∪{∞} is a Poisson random measure with intensity measure ν, the compensated Poisson random

measure is defined, for B ∈ E with ν(B) < ∞, by

˜︁N(B) := N(B) − ν(B).

In what follows we consider the special case where E = I × U , where I is an interval in ℝ+ and U is a separable
Banach space, and consider Poisson random measures N : Ω ×𝔅(I × U) → ℕ∪{∞} whose intensity measure is of the
form

ν = leb ⊗ λ,

where leb is the Lebesgue measure on the Borel σ -algebra 𝔅(I ) and λ a σ -finite measure satisfying λ({0}) = 0 on
the Borel σ -algebra 𝔅(U). These assumptions will always be in force and will not be repeated at every instance. The
compensated Poisson random measure is then given, for all t > 0 and all B ∈𝔅(U) with λ(B) < ∞, by

˜︁N(t,B) := N(t,B) − tλ(B),

using the shorthand notation

N(t,B) := N((0, t] × B).

For fixed t > 0, a simple function with values in another Banach space V is a function F : (0, t] × U → V of the form

F =
m∑︂

i=1

n∑︂
j=1

1(ti ,ti+1]×Bj
⊗vi,j ,(6)

where 0 = t1 < · · · < tm+1 = t , vi,j ∈ V , and the disjoint sets Bj ∈ 𝔅(U) satisfy λ(Bj ) < ∞ for i = 1, . . . ,m and
j = 1, . . . , n. Here, and in what follows, we use the notation 1F ⊗v for the function t ↦→ 1F (t)v. Given B ∈ 𝔅(U), the
compensated Poisson integral over (0, t] × B of a simple function F : (0, t] × U → V of the above form is the V -valued
random variable

IB(F ) :=
∫︂

(0,t]×B

F(s,u) ˜︁N(ds,du) :=
m∑︂

i=1

n∑︂
j=1

˜︁N((ti ∧ t, ti+1 ∧ t], Bj ∩ B) ⊗ vi,j .

A strongly measurable function F : (0, t] × U → V is said to be integrable with respect to ˜︁N if there exists a sequence
of simple functions Fn : (0, t] × U → V such that

(a) Fn → F pointwise (leb ⊗ λ)-almost everywhere;
(b) for any B ∈ 𝔅(U), the sequence (IB(Fn))n∈ℕ converges in probability as n → ∞.

We say that F is Lp-integrable with respect to ˜︁N , where p ∈ [1,∞), when the simple functions can be chosen in such a
way that IB(Fn) ∈ Lp(Ω;V ) for all n ∈ ℕ and the convergence in (b) takes place with respect to the norm of Lp(Ω;V ).
Here, Lp(Ω;V ) denotes the Bochner space of (equivalence classes of) V -valued random variables X with 𝔼(∥X∥p) < ∞;
here and in what follows, V -valued random variables are always assumed to be strongly ℙ-measurable, i.e., they are ℙ-
almost sure limits of a sequence of simple V -valued functions (cf. [13, Chapter 1]).
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It is easily checked that the limit of the sequence (IB(Fn))n∈ℕ is well defined in the sense that it does not depend on
the choice of the approximating sequence (Fn)n∈ℕ. In this situation, the limit is defined as

IB(F ) :=
∫︂

(0,t]×B

F(s,u) ˜︁N(ds,du)

:= lim
n→∞

∫︂
(0,t]×B

Fn(s, u) ˜︁N(ds,du) = lim
n→∞ IB(Fn).

If F is Lp-integrable with respect to ˜︁N , then the limit IB(F ) belongs to Lp(Ω;V ).
For V = ℝ, the space of integrable functions can be explicitly characterised as follows.

Theorem 2.3 ([17, Lemma 12.2 and 12.3], [21]). Let U be a separable Banach space, and consider a measurable func-
tion F : (0, t] × U → ℝ for some t > 0.

(1) F is integrable with respect to N if and only if∫︂
(0,t]×U

(︁⃓⃓
F(s,u)

⃓⃓ ∧ 1
)︁

dsλ(du) < ∞.

(2) F is integrable with respect to ˜︁N if and only if∫︂
(0,t]×U

(︁⃓⃓
F(s,u)

⃓⃓ ∧ ⃓⃓
F(s,u)

⃓⃓2)︁dsλ(du) < ∞.

In the second case, the characteristic function φIB(F ) : ℝ → ℂ of the real-valued random variable IB(F ) is given, for
β ∈ ℝ, by

φIB(F )(β) = exp

(︃∫︂
(0,t]×B

(︁
eiβF(s,u) − 1 − iβF (s,u)

)︁
λ(du)ds

)︃
.

This theorem has the following straightforward vector-valued corollary.

Corollary 2.4. If F : (0, t] × U → V is integrable with respect to ˜︁N , then for all B ∈ 𝔅(U) the characteristic function
φIB(F ) : V ∗ →ℂ of IB(F ) is given, for v∗ ∈ V ∗, by

φIB(F )

(︁
v∗)︁ = exp

(︃∫︂
(0,t]×B

(︁
ei⟨F(s,u),v∗⟩ − 1 − i

⟨︁
F(s,u), v∗⟩︁)︁λ(du)ds

)︃
.

Proof. We choose a sequence (Fn)n∈ℕ of simple functions Fn : (0, t] × U → V converging to F in V (leb ⊗ λ)-almost
everywhere such that the sequence (IB(Fn))n∈ℕ converges in probability for all B ∈𝔅(U). Denoting the limit by IB(F ),
for fixed B ∈ 𝔅(U) and v∗ ∈ V ∗, it follows that ⟨Fn(·, ·), v∗⟩ converges to ⟨F(·, ·), v∗⟩ (leb ⊗ λ)- almost everywhere in
(0, t] × U , and from ∫︂

(0,t]×B

⟨︁
Fn(s,u), v∗⟩︁˜︁N(ds,du) =

⟨︃∫︂
(0,t]×B

Fn(s, u) ˜︁N(ds,du), v∗
⟩︃
,

it follows that the sequence (IB(⟨Fn(·, ·), v∗⟩))n∈ℕ converges in probability to the real-valued random variable
⟨IB(F ), v∗⟩. We conclude that ⟨F(·, ·), v∗⟩ is integrable with respect to ˜︁N and, for all B ∈𝔅(U),∫︂

(0,t]×B

⟨︁
F(s,u), v∗⟩︁˜︁N(ds,du) =

⟨︃∫︂
(0,t]×B

F(s,u) ˜︁N(ds,du), v∗
⟩︃
.(7)

Theorem 2.3 implies that the characteristic function of the real-valued random variable I (v∗) := IB(⟨F(·, ·), v∗⟩) is, for
β ∈ ℝ, given by

φI (v∗)(β) = exp

(︃∫︂
(0,t]×B

(︁
eiβ⟨F(s,u),v∗⟩ − 1 − iβ

⟨︁
F(s,u), v∗⟩︁)︁λ(du)ds

)︃
.

Letting I := IB(F ), it follows from (7) that

φI

(︁
v∗)︁ = 𝔼

[︁
ei⟨I,v∗⟩]︁ = 𝔼

[︁
eiI (v∗)]︁ = φI (v∗)(1).

This completes the proof. □
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It is worth pointing out that by choosing U = V , t = 1, B = BU and F(s,u) = u for all s ∈ (0,1] and u ∈ BU , then
the distribution of IB(F ) is μ(λ|1). This will be used in the proof of Theorem 3.3.

Lemma 2.5. Every function F : (0, t] × U → V belonging to L1
leb⊗λ((0, t] × U ;V ) is integrable with respect to ˜︁N .

Proof. Let F : (0, t] × U → V be a simple function of the form (6). Recalling that λ is the intensity measure of N , it
follows for any B ∈ 𝔅(U) that

(8)

𝔼

[︃⃦⃦⃦⃦∫︂
(0,t]×B

F(s,u) ˜︁N(ds,du)

⃦⃦⃦⃦]︃

≤
m∑︂

i=1

n∑︂
j=1

𝔼
[︁
N(

(︁
ti ∧ t, ti+1 ∧ t

]︁
, Bj ∩ B

)︁]∥vi,j∥

+ (ti+1 ∧ t − ti ∧ t)λ(Bj ∩ B)∥vi,j∥

= 2
m∑︂

i=1

n∑︂
j=1

(ti+1 ∧ t − ti ∧ t)λ(Bj ∩ B)∥vi,j∥

= 2
∫︂

(0,t]×B

⃦⃦
F(s,u)

⃦⃦
λ(du)ds.

Now let F : (0, t] × U → V be an arbitrary function in L1
leb⊗λ((0, t] × U ;V ). Then there exists a sequence (Fn)n∈ℕ of

simple functions converging to F in L1
leb⊗λ((0, t] × U ;V ); by a routine argument, we may assume that this sequence

also converges to F pointwise (leb ⊗ λ)-almost everywhere in V . Since (8) shows that the integrals It,B(Fn) converge in
mean and thus in probability, it follows that F is integrable with respect to ˜︁N . □

2.3. γ -Radonifying operators

Consider a Hilbert space H with inner product (·|·) and a Banach space V , and denote by L (H,V ) the space of bounded
linear operators from H to V . The subspace in L (H,V ) consisting of all finite rank operators from H to V is denoted by
H ⊗V . We will use the notation h⊗ v for the rank one operator that sends an element h′ ∈ H to the element (h′|h)v ∈ V .
By a standard orthogonalisation argument, any finite rank operator T ∈ L (H,V ) can be expressed as

T =
N∑︂

n=1

hn ⊗ vn,

where N ≥ 1, the sequence (hn)
N
n=1 is orthonormal in H , and (vn)

N
n=1 is some sequence in V . We introduce γ (H,V ) as

the completion of the space of finite rank operators from H to V under the norm⃦⃦⃦⃦
⃦

N∑︂
n=1

hn ⊗ vn

⃦⃦⃦⃦
⃦

2

γ (H,V )

:= 𝔼

⃦⃦⃦⃦
⃦

N∑︂
n=1

γn ⊗ vn

⃦⃦⃦⃦
⃦

2

,

where (γn)
N
n=1 is a sequence of independent, real-valued, standard normally distributed random variables. This norm

is independent of the particular representation of the operator as a sum of finite rank operators, provided the sequence
(hn)

N
n=1 used in the representation is orthonormal in H . The identity mapping h⊗ v ↦→ h⊗ v is extended to a contractive

embedding from γ (H,V ) into L (H,V ). Consequently, elements of γ (H,V ) can be identified with bounded linear
operators from H to V . These operators are called γ -radonifying operators.

For comprehensive insights into γ -radonifying operators, the reader is referred to [14, Chapter 9] and the review
paper [24].

Spaces of γ -radonifying operators enjoy the following ideal property (see [14, Theorem 9.1.10]): Given Hilbert spaces
H1, H2 and Banach spaces V1, V2, for every R ∈ L (H1,H2), S ∈ γ (H2,V2), and T ∈ L (V2,V1), it holds that TSR ∈
γ (H1,V1) and

∥TSR∥γ (H1,V1) ≤ ∥T ∥L (V2,V1) ∥S∥γ (H2,V2) ∥R∥L (H1,H2).(9)
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We will need various other standard results on γ -radonifying operators; these will be quoted as soon as the need arises.
Let us finally give some examples:

Example (Hilbert spaces). When both H and V are Hilbert spaces we have a natural isometric isomorphism

γ (H,V ) = L2(H,V ),

the space of Hilbert-Schmidt operators from H to V .

Example (Lp-spaces). When H is a Hilbert space and V = Lp(S,μ), where (S,μ) is a σ -finite measure space and
p ∈ [1,∞), the mapping J : Lp(S,μ;H) → γ (H,Lp(S,μ)) given by (Jf )h := ⟨f (·), h⟩ defines an isomorphism of
Banach spaces

(10) γ
(︁
H,Lp(S,μ)

)︁ ≃p Lp(S,μ;H)

with isomorphism constants only depending on p. In the particular case when H is an L2-space, the spaces on the right-
hand side are usually referred to as spaces of square functions and play a prominent role in Harmonic Analysis. It is worth
mentioning that the isomorphism (10) extends to Banach lattices V with finite cotype.

3. Lévy measures on 𝑳𝒑-spaces

We will now specialise to V = L
p
μ := L

p
μ(S) := Lp(S,μ) for some p ∈ (1,∞) and a measure space (S,𝒮,μ). It will

always be assumed that μ is σ -finite and that L
p
μ is separable; these assumptions are for example satisfied if the measure

space (S,𝒮,μ) is μ-countably generated according to [13, Proposition 1.2.29]. The σ -finiteness of μ implies that the

various uses of Fubini’s theorem in this paper are justified, and also that we may identify the dual space (L
p
μ)∗ with L

p′
μ ,

where 1
p

+ 1
p′ = 1 (although, as is well known, σ -finiteness is not needed for this identification in the regime p ∈ (1,∞)).

The separability of L
p
μ implies that the mapping f ↦→ f , viewed as a function from (L

p
μ,𝔅(L

p
μ)) to itself, is strongly

measurable (by Pettis’s measurability theorem, see [13, Theorem 1.1.6]).
We recall that when U is a Banach space, Lp(S;U) denotes the Banach space of all (equivalence classes of) strongly

μ-measurable f : S → U for which

∥f ∥Lp(S;U) :=
(︃∫︂

S

⃦⃦
f (s)

⃦⃦p
μ(ds)

)︃1/p

is finite. We sometimes wish to emphasise the measure μ, in which case we write L
p
μ(S;U) instead of Lp(S;U). With

this notation, L
p
μ(S;ℝ) = L

p
μ.

As before, let U be a separable Banach space, and let λ a σ -finite measure on 𝔅(U) which satisfies λ({0}) = 0.
Let N denote a Poisson random measure on ℝ+ ×U with intensity measure leb ⊗ λ, and let ˜︁N denote the associated
compensated Poisson random measure. For fixed t > 0 and for a simple function F : (0, t]×U → L

p
μ(S) of the form (6),

for each B ∈𝔅(U), the compensated Poisson integral

IB(F ) :=
∫︂

(0,t]×B

F(r,u) ˜︁N(dr,du)

is defined as in Section 2.2. As a special case of the result in [8], for simple functions F : (0, t]×U → L
p
μ(S), B ∈𝔅(U),

exponents p ∈ (1,∞), we have the equivalence of norms(︃
𝔼

[︃
sup

0<s≤t

⃦⃦⃦⃦∫︂
(0,s]×B

F(r,u) ˜︁N(dr,du)

⃦⃦⃦⃦p

L
p
μ(S)

]︃)︃1/p

≃p ∥F 1(0,t]×B∥ℐp
,(11)

where

ℐp :=
{︄
𝒮p

λ +𝒟p
λ if 1 < p < 2,

𝒮p
λ ∩𝒟p

λ if 2 ≤ p < ∞,
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with

𝒮p
λ = Lp

μ

(︁
S,L2

leb⊗λ(ℝ+ ×U)
)︁
, 𝒟p

λ = L
p

leb⊗λ

(︁
ℝ+ ×U ;Lp

μ(S)
)︁
,

and

∥F∥𝒮p
λ +𝒟p

λ
:= inf

{︁∥F1∥𝒮p
λ

+ ∥F2∥𝒟p
λ

: F = F1 + F2, F1 ∈ 𝒮p
λ , F2 ∈𝒟p

λ

}︁
,

∥F∥𝒮p
λ ∩𝒟p

λ
:= max

{︁∥F∥𝒮p
λ
,∥F∥𝒟p

λ

}︁
.

Here, both 𝒮p
λ and 𝒟p

λ are viewed as Banach spaces of (equivalence classes of) measurable real-valued functions on
ℝ+×S × U . Explicitly, the norms in these spaces are defined by

∥F∥p

𝒮p
λ

:= ∥F∥p

L
p
μ(S,L2

leb⊗λ(ℝ+ ×U))
=

∫︂
S

(︃∫︂
(0,∞)×U

⃓⃓
F(t, u)(s)

⃓⃓2
λ(du)dt

)︃p/2

μ(ds),

∥F∥p

𝒟p
λ

:= ∥F∥p

L
p
leb⊗λ(ℝ+ ×U ;Lp

μ(S))
=

∫︂
(0,∞)×U

∫︂
S

⃓⃓
F(t, u)(s)

⃓⃓p
μ(ds)λ(du)dt,

where the second identity in the first line follows from [10, Theorem 17, p. 198] or [13, Proposition 1.2.25], which allow
us to take the point evaluation with respect to s inside the integral.

Remark 3.1. For later use we observe that ℐp is a Banach function space in the sense of Bennett and Sharpley [2]; this
follows from [2, Problems 4 and 5, page 175]. In particular, if 0 ≤ f ≤ g almost everywhere with g ∈ ℐp , then f ∈ ℐp

and ∥f ∥ℐp
≤ ∥g∥ℐp

. Keeping in mind that we are assuming p ∈ (1,∞), the spaces ℐp are reflexive as Banach spaces;
this follows from, e.g., [7, Corollary IV.1.2] along with the easy fact that if (X0,X1) is an interpolation couple of reflexive
Banach spaces, then the spaces X0 ∩ X1 and X0 + X1 are reflexive. By [2, Corollary 1.4.4], this implies that the norm of
ℐp is absolutely continuous.

Lemma 3.2. The class of simple functions F : ℝ+ ×U → L
p
μ(S) is dense in ℐp .

Proof. This follows from [2, Theorem 1.3.11]. □

As a consequence of the lemma above, for all t ∈ ℝ+ and B ∈ 𝔅(U), the compensated Poisson integral IB(F ) can
now be defined by a standard density argument for all strongly measurable functions F : (0, t]× U → L

p
μ(S) such that

F 1(0,t]×B ∈ ℐp .
We now set U = L

p
μ(S) to obtain the following characterisation of Lévy measures in L

p
μ(S).

Theorem 3.3. A σ -finite measure λ on 𝔅(L
p
μ) with λ({0}) = 0 is a Lévy measure if and only if λ|cr is a finite measure for

all r > 0 and, moreover,

(1) if p ∈ [2,∞), it satisfies

max

{︃∫︂
S

(︃∫︂
B

L
p
μ

⃓⃓
f (s)

⃓⃓2
λ(df )

)︃p/2

μ(ds),

∫︂
B

L
p
μ

∥f ∥p

L
p
μ
λ(df )

}︃
< ∞.

(2) if p ∈ (1,2), it satisfies

inf

{︃∫︂
𝒮

(︃∫︂
B

L
p
μ

⃓⃓
F1(f )(s)

⃓⃓2
λ(df )

)︃p/2

μ(ds) +
∫︂

B
L

p
μ

⃦⃦
F2(f )

⃦⃦p

L
p
μ
λ(df )

}︃
< ∞,

where the infimum is taken over all functions F1 ∈ 𝒮p
λ and F2 ∈𝒟p

λ with F1(f ) + F2(f ) = f for all f ∈ BL
p
μ

= {g ∈
L

p
μ : ∥g∥ℒp

μ
≤ 1}.

Proof. For the closed unit ball BL
p
μ

= {f ∈ L
p
μ : ∥f ∥L

p
μ

≤ 1}, we define the function

G : (0,1] × Lp
μ → Lp

μ, G(t, f ) = f 1B
L

p
μ
(f ),
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and, letting Dδ := {f ∈ L
p
μ : δ < ∥f ∥L

p
μ

≤ 1} for some δ ∈ (0,1), we introduce analogously

Gδ : (0,1] × Lp
μ → Lp

μ, Gδ(t, f ) = f 1Dδ (f ).

Note, that G and Gδ do not depend on t , but we left the previous notation for consistency.
‘If’: Let N be a Poisson random measure with intensity leb ⊗ λ. Assume first that the support of λ is contained in the

closed unit ball BL
p
μ

. The assumed integrability conditions guarantee that G belongs to ℐp and thus we can define the
random variable

X :=
∫︂

(0,1]×B
L

p
μ

f ˜︁N(ds,df ).

Corollary 2.4 shows that the probability distribution of X coincide with η(λ), which shows that λ is a Lévy measure by
its very definition.

For the general case of a σ -finite measure λ with λ({0}) = 0, we apply the decomposition λ = λ|1 + λ|c1 of (5). The
measure λ|1 is a Lévy measure by the first part, and λ|c1 is a Lévy measure since it is finite by assumption. Now [18,
Proposition 5.4.9] guarantees that λ is a Lévy measure.

‘Only if’: Assume that λ is a Lévy measure. Theorem 2.1 implies that λ|cr is a finite measure for all r > 0.
To establish the integrability conditions we can assume that the Lévy measure λ has support in the closed unit ball

BL
p
μ

. Let N be a Poisson random measure with intensity leb⊗λ. Let (δk)k∈ℕ ⊆ (0,1) be an arbitrary sequence decreasing

to 0. Since λ(Dδk
) < ∞, Lemma 2.5 guarantees that Gδk

is integrable with respect to ˜︁N for each k ∈ ℕ. Thus, we can
define the random variables

Xk :=
∫︂

(0,1]×Dδk

f ˜︁N(ds,df ) for k ∈ ℕ .

Since Xk has the same distribution as η(λ|cδk
) by Corollary 2.4, Theorem 2.1 implies that (Xk)k∈ℕ converges weakly to

η(λ) in the space of Borel probability measures on 𝔅(L
p
μ). Letting Yk := Xk − Xk−1 for k ∈ ℕ, with X0 := 0, it follows

that the random variables Yk are independent as the sets Dδk
\ Dδk−1 are disjoint for all k ∈ ℕ. Since Xk = Y1 + · · · + Yk

is a sum of independent random variables converging weakly, Lévy’s theorem in Banach spaces (see, e.g., [23, Theorem
V.2.3, page 268]) implies that the random variables Xk converge almost surely to a random variable X, which must
have distribution η(λ). Since 𝔼(∥X∥p) < ∞ by [4, Corollary 3.3], it follows from [12, Corollary 3.3] that Xk → X in
Lp(Ω;Lp

μ) as k → ∞. The isometry (11) implies that Gδk
→ G in ℐp as k → ∞. □

Example. If p = 2, Fubini’s theorem implies∫︂
S

∫︂
B

L2
μ

⃓⃓
f (s)

⃓⃓2
λ(df )μ(ds) =

∫︂
B

L2
μ

∫︂
S

⃓⃓
f (s)

⃓⃓2
μ(ds)λ(df ) =

∫︂
B

L2
μ

∥f ∥2
L2

μ
λ(df ).

Consequently, the two integrals in part (a) of Theorem 3.3 coincide. Taking into account the condition that λ|cr is finite
for all r > 0, it follows that a σ -finite measure λ on L2

μ with λ({0}) = 0 is a Lévy measure if and only if∫︂
L2

μ

(︁∥f ∥2
L2

μ
∧ 1

)︁
λ(df ) < ∞.

This corresponds to the well known characterisation of Lévy measures on Hilbert spaces in Theorem 2.2.

Example. In this Example, we consider the sequence space ℓp = ℓp(ℕ) with p ∈ [2,∞). The canonical sequence of unit
vectors in ℓp is denoted by (ek)k∈ℕ. Let λ be a σ -finite measure on 𝔅(ℓp) with λ({0}) = 0 and λ|cr finite for all r > 0.
Then the condition in part (a) of Theorem 3.3 is satisfied if

∞∑︂
k=1

(︃∫︂
Bℓp

⟨f, ek⟩2λ(df )

)︃p/2

< ∞ and
∫︂

Bℓp

∥f ∥p
ℓpλ(df ) < ∞.



Lévy measures on Banach spaces 965

Again taking into account the assumption that λ|cr is finite for all r > 0, we can conclude that λ is a Lévy measure if and
only if

∞∑︂
k=1

(︃∫︂
Bℓp

⟨f, ek⟩2λ(df )

)︃p/2

< ∞ and
∫︂

ℓp

(︁∥f ∥p

ℓp ∧ 1
)︁
λ(df ) < ∞.

This characterisation coincides with the result derived in [29, Theorem 3].

Example. In this example, we consider the sequence space ℓp = ℓp(ℕ) for p ∈ (1,2). Let λ be σ -finite measure on
𝔅(ℓp) with λ({0}) = 0 and λ|cr finite for all r > 0. Theorem 3.3 shows that λ is a Lévy measure if and only if

inf

{︄ ∞∑︂
k=1

⟨︃∫︂
Bℓp

⃓⃓
F1(f )

⃓⃓2
λ(df ), ek

⟩︃p/2

+
∫︂

Bℓp

⃦⃦
F2(f )

⃦⃦p

ℓpλ(df )

}︄
< ∞,

where the infimum is taken over all functions F1 ∈ 𝒮p
λ and F2 ∈𝒟p

λ with F1(f ) + F2(f ) = f for all f ∈ Bℓp = {g ∈ ℓp :
∥g∥ℓp ≤ 1}.

If we take F1 = Iℓp 1Bℓp
and F2 = 0 or F1 = 0 and F2 = Iℓp 1Bℓp

then we obtain the sufficient conditions

∞∑︂
k=1

(︃∫︂
Bℓp

⟨f, ek⟩2λ(df )

)︃p/2

< ∞ or
∫︂

Bℓp

∥f ∥p
ℓpλ(df ) < ∞.

The second condition is known as a sufficient condition due to the fact that the space ℓp is of type p for p ∈ [1,2]; see [6].

With the same methods as in Theorem 3.3, but using the Lp-estimates in martingale type and cotype spaces from [9],
one can show that if U is a separable Banach space with martingale type p ∈ (1,2] and λ is a σ -finite measure on 𝔅(U)

with λ({0}) = 0, then ∫︂
U

(︁∥u∥p ∧ 1
)︁
λ(du) < ∞

implies that λ is a Lévy measure. In the converse direction, if U has martingale cotype q ∈ [2,∞), and if λ is a Lévy
measure on 𝔅(U), one can similarly show that∫︂

U

(︁∥u∥q ∧ 1
)︁
λ(du) < ∞.

We leave the details to the reader, since these results are already covered, with a different method of proof, in [6].

4. Lévy measures on UMD Banach spaces

The aim of this section is to extend the results of the preceding section to UMD-spaces. This class of Banach spaces plays
a prominent role in stochastic analysis, where it provides the correct setting for Banach space-valued martingale theory
(see [13] and the references therein) and the theory of stochastic integration (see [13,16,26,27] and the references therein),
and in harmonic analysis (see [15] and the references therein), in that several of the main theorems in these areas admit
extensions to the functions with values in a Banach space X if and only of X is a UMD-space. For example, the Hilbert
transform on Lp(ℝ) extends boundedly to Lp(ℝ;X) if and only if X is a Banach space, and a similar characterisation
holds for the Itô isometry.

A Banach space V is said to be a UMD-space when, for some (or equivalently, any) given p ∈ (1,∞), there exists
a constant βp,V ≥ 1 such that for every V -valued martingale difference sequence (dj )

n
j=1 and every {−1,1}-valued

sequence (εj )
n
j=1 we have (︄

𝔼

⃦⃦⃦⃦
⃦

n∑︂
j=1

εj dj

⃦⃦⃦⃦
⃦

p)︄1/p

≤ βp,V

(︄
𝔼

⃦⃦⃦⃦
⃦

n∑︂
j=1

dj

⃦⃦⃦⃦
⃦

p)︄1/p

.

Examples of UMD-spaces include Hilbert spaces and the spaces Lp(S,μ) with 1 < p < ∞, for arbitrary measure spaces
(S,μ). Additionally, when V is a UMD-space, then for any 1 < p < ∞, the Bochner spaces Lp(S,μ;V ) are UMD-
spaces. A comprehensive treatment of UMD-spaces is offered in [13] and the references therein.
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Let V be a UMD-space and M : ℝ+ ×Ω → V a purely discontinuous martingale. For a fixed time t > 0, define
path-wise a random operator JΔM : ℓ2((0, t]) → V by

JΔMh :=
∑︂

s∈(0,t]
hsΔM(s), h = (hs)s∈(0,t] ∈ ℓ2((0, t]),

where ΔM is the jump process associated with M , and ℓ2((0, t]) is the Hilbert space of all mappings f : (0, t] → ℝ

satisfying

∥f ∥2
ℓ2((0,t]) :=

∑︂
s∈(0,t]

⃓⃓
f (s)

⃓⃓2
< ∞,

the sum on the right-hand side being understood as the supremum of all sums
∑︁

s∈F |f (s)|2 with F ⊆ (0, t] finite.
Now let p ∈ [1,∞) be given and M be a V -valued purely discontinuous martingale. It is shown in [28, Theorem 6.5]

that M is an Lp-martingale if and only if for each t ≥ 0 we have JΔM ∈ γ (ℓ2((0, t]),V ) almost surely and

𝔼
[︁∥JΔM∥p

γ (ℓ2((0,t]),V )

]︁
< ∞,

where γ (ℓ2((0, t]),V ) is the Banach space of γ -radonifying operators from ℓ2((0, t]) to V , and that, moreover, in this
situation one has the equivalence of norms

(12) 𝔼

[︂
sup

0<s≤t

⃦⃦
M(s)

⃦⃦p
]︂

≃p,V 𝔼
[︁∥JΔM∥p

γ (ℓ2((0,t]),V )

]︁
.

In the remainder of this section, we let U be a separable Banach space, and consider a Poisson random measure N

with intensity measure leb ⊗ λ for a σ -finite measure λ on 𝔅(U) with λ({0}) = 0. The compensated Poisson random
measure is denoted by ˜︁N . Our aim is to apply (12) to obtain an Lp-bound (see [28, Section 7.2]) for martingales M of
the form

(13) MB(s) :=
∫︂

(0,s]×B

F(r,u) ˜︁N(dr,du), s ∈ (0, t],

for simple functions F : (0, t] × U → V and some t > 0 and B ∈𝔅(U) fixed. This Lp-bound will allow us to extend the
class of functions integrable with respect to ˜︁N to a more general class of integrands.

For a measurable function g : (0, t] × U → ℝ we write g ∈ L2
N((0, t] × U) if for all ω ∈ Ω we have

∥g∥L2
N((0,t]×U)(ω) :=

∫︂
(0,t]×U

⃓⃓
g(r,u)

⃓⃓2
N(ω,dr,du) < ∞.

In this way we may interpret the expression ∥g∥L2
N((0,t]×U) as a nonnegative random variable on Ω.

Now, for a strongly measurable function F : (0, t] × U → V introduce the restriction FB : (0, t] × U → V defined by
FB(r,u) := 1B(u)F (r,u) for the set B defining the martingale MB in (13). If F satisfies∫︂

(0,t]×U

⃓⃓⟨︁
FB(r,u), v∗⟩︁⃓⃓2

N(ω,dr,du) < ∞ ∀ω ∈ Ω,v∗ ∈ V ∗,(14)

we may now define, for every ω ∈ Ω, a bounded operator TFB
(ω) : L2

N(ω)((0, t] × U) → V by the Pettis integral (which
is well defined by [13, Theorem 1.2.37])

TFB
(ω)g := (P)−

∫︂
(0,t]×U

g(r,u)FB(r,u)N(ω,dr,du).(15)

The Pettis measurability theorem implies that the V -valued random variable ω ↦→ TFB
(ω)g is strongly measurable.

Pointwise on Ω, the following identities holds for all v∗ ∈ V ∗:⃦⃦
J ∗

ΔMB
v∗⃦⃦2

ℓ2((0,t]) =
∑︂

s∈(0,t]

⃓⃓⟨︁
ΔMB(s), v∗⟩︁⃓⃓2

=
∫︂

(0,t]×U

⃓⃓⟨︁
FB(r,u), v∗⟩︁⃓⃓2

N(dr,du)

= ⃦⃦
T ∗

FB
v∗⃦⃦2

L2
N((0,t]×U)

,

the middle identity being a consequence of [1, Corollary 4.4.9].
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Hence, as consequence of the comparison theorem for γ -radonifying operators (see [14, Theorem 9.4.1]), applied
pointwise on Ω, we obtain that TFB

∈ γ (L2
N((0, t] × U),V ) almost surely if and only if JΔMB

∈ γ (ℓ2((0, t]),V ) almost
surely, in which case we have almost surely the identity of norms

∥JΔMB
∥γ (ℓ2((0,t]),V ) = ∥TFB

∥γ (L2
N((0,t]×U),V ).(16)

These considerations are key to proving the following theorem.

Theorem 4.1. Let V be a UMD-space and let p ∈ [1,∞). For fixed t > 0, let F : (0, t] × U → V be a strongly mea-
surable function satisfying the weak L2-integrability condition (14) for all B ∈ 𝔅(U). Then the following assertions are
equivalent:

(1) F is Lp-integrable with respect to ˜︁N and satisfies, for all B ∈𝔅(U),

𝔼

[︃
sup

0<s≤t

⃦⃦⃦⃦∫︂
(0,s]×B

F(r,u) ˜︁N(dr,du)

⃦⃦⃦⃦p]︃
< ∞;

(2) TFB
is in γ (L2

N((0, t] × U),V ) almost surely for all B ∈𝔅(U) and

𝔼∥TFB
∥p

γ (L2
N((0,t]×U),V )

< ∞.

In this situation, for all B ∈ 𝔅(U), one has

𝔼

[︃
sup

0<s≤t

⃦⃦⃦⃦∫︂
(0,s]×B

F(r,u) ˜︁N(dr,du)

⃦⃦⃦⃦p]︃
≃p,V 𝔼∥TFB

∥p

γ (L2
N ((0,t]×U),V )

,

with constants depending only on p and V .

Proof. 2 =⇒ 1: If F is simple and satisfies the conditions of 2, this implication follows by combining (12) and (16), the
point here being that the Lp-integrability of F with respect to ˜︁N holds by definition.

Suppose now that F is strongly measurable and satisfies the conditions of 2. The idea of the proof is to approximate F

with simple functions satisfying the conditions of the theorem. To this end, fix B ∈ 𝔅(U) and let (Fn)n∈ℕ and (Gn)n∈ℕ
be filtrations generating the Borel σ -algebras of ℝ+ and U , such that each Fn and Gn consists of finitely many Borel
sets. For each ω ∈ Ω, let

𝔼n : L2
N(ω)((0, t] × U ;V ) → L2

N(ω)((0, t] × U ;V )

denote the (vector-valued) conditional expectation with respect to the product σ -algebra Fn × Gn (see [13, Chapter 2]).
The functions

Fn,B := 𝔼n FB

are simple, and each of them satisfies the conditions of the theorem.
For each ω ∈ Ω and v∗ ∈ V ∗, the L2-contractivity of conditional expectations gives∫︂

(0,t]×U

⃓⃓⟨︁
(𝔼n FB)(r, u), v∗⟩︁⃓⃓2

N(ω,dr,du) =
∫︂

(0,t]×U

⃓⃓
𝔼n

⟨︁
FB,v∗⟩︁(r, u)

⃓⃓2
N(ω,dr,du)

= ⃦⃦
𝔼n

⟨︁
FB,v∗⟩︁⃦⃦2

L2
N(ω)

((0,t]×U)

≤ ⃦⃦⟨︁
FB,v∗⟩︁⃦⃦2

L2
N(ω)

((0,t]×U))
< ∞.

The self-adjointness of 𝔼n, see [13, Proposition 2.6.32], implies for each ω ∈ Ω and g ∈ L2
N(ω)((0, t] × U) that

TFn,B
(ω)g =

∫︂
(0,t]×B

g(r,u)(𝔼n FB)(r, u)N(ω,dr,du)

=
∫︂

(0,t]×B

(𝔼n g)(r, u)FB(r,u)N(ω,dr,du)

= (︁
TFB

(ω) ◦𝔼n

)︁
g.
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Therefore, we conclude TFn,B
(ω) = TFB

(ω) ◦ 𝔼n ∈ γ (L2
N(ω)((0, t] × U),V ) by the ideal property (9) and, using again

that 𝔼n is contractive, ⃦⃦
TFn,B

(ω)
⃦⃦

γ (L2
N(ω)

((0,t]×U),V )
= ⃦⃦

TFB
(ω) ◦𝔼n

⃦⃦
γ (L2

N(ω)
((0,t]×U),V )

≤ ⃦⃦
TFB

(ω)
⃦⃦

γ (L2
N(ω)

((0,t]×U),V )
.

Next, since 𝔼n → I strongly, it follows from [14, Theorem 9.1.14] that

lim
n→∞

⃦⃦
TFB−Fn,B

(ω)
⃦⃦

γ (L2
N(ω)

((0,t]×U),V )
= ⃦⃦

TFB
(ω) − TFn,B

(ω)
⃦⃦

γ (L2
N(ω)

((0,t]×U),V )
= 0.

Finally, by monotone convergence,

lim
n→∞𝔼∥TFn,B

∥p

γ (L2
N((0,t]×U),V )

= ∥TFB
∥p

γ (L2
N((0,t]×U),V )

.

Since the theorem holds for each of the Fn,B , using routine arguments the theorem now follows by letting n → ∞.
1 =⇒ 2: Suppose that F is strongly measurable and satisfies the conditions of 1. Choose a sequence of simple

functions Fn : (0, t]×U → V such that Fn → F pointwise (leb ⊗λ)-almost everywhere and, for any B ∈ 𝔅(U), one has∫︂
(0,t]×B

Fn(r, u) ˜︁N(dr,du) →
∫︂

(0,t]×B

F(r,u) ˜︁N(dr,du)

in Lp(Ω;V ) as n → ∞. By Doob’s inequality, one then also has

lim
n,m→∞𝔼

[︃
sup

0<s≤t

⃦⃦⃦⃦∫︂
(0,s]×B

(︁
Fn(r,u) − Fm(r,u)

)︁˜︁N(dr,du)

⃦⃦⃦⃦p]︃
= 0.

Letting Fn,B := 1B Fn and FB := 1B F , it follows from (12) and (16) that

lim
n,m→∞𝔼∥TFn,B

− TFm,B
∥p

γ (L2
N((0,t]×U),V )

= 0.

Passing to a subsequence, we may assume that, for almost all ω ∈ Ω,

lim
n→∞

⃦⃦
TFn,B

(ω) − TFm,B
(ω)

⃦⃦
γ (L2

N(ω)
((0,t]×U),V )

= 0.

By completeness of γ (L2
N(ω)((0, t] × U),V ) it follows that, for almost all ω ∈ Ω, the limit

TB(ω) := lim
n→∞TFn,B

(ω)

exists in γ (L2
N(ω)((0, t] × U),V ). Then also, for any v∗ ∈ V ∗,(︁

TFn,B
(ω)

)︁∗
v∗ → (︁

TB(ω)
)︁∗

v∗ in L2
N(ω)((0, t] × U).

Hence, for all g ∈ L2
N(ω)((0, t] × U) and v∗ ∈ V ∗, it follows that

⟨︁
TB(ω)g, v∗⟩︁ = lim

n→∞
⟨︁
TFn,B

(ω)g, v∗⟩︁ = lim
n→∞

∫︂
(0,t]×U

g
⟨︁
Fn,B, v∗⟩︁dN(ω).

This shows that ⟨Fn,B, v∗⟩ → (TB(ω))∗v∗ weakly in L2
N(ω)((0, t] × U). Since ⟨Fn,B, v∗⟩ → ⟨FB,v∗⟩ pointwise, a

standard argument establishes that ⟨FB,v∗⟩ = (TB(ω))∗v∗ (leb ⊗ λ)-almost everywhere, and hence as elements of
L2

N(ω)
((0, t] × U). But (by pairing with functions g ∈ L2

N(ω)
((0, t] × U)) this is the same as saying that TB = TFB

.
Putting things together, we have shown that, for almost all ω ∈ Ω,

lim
n→∞TFn,B

(ω) = TFB
(ω)

with convergence in γ (L2
N(ω)((0, t]×U),V ). The finiteness of 𝔼∥TFB

∥p

γ (L2
N ((0,t]×U),V )

now follows from Fatou’s lemma.

This completes the proof of the implication 1 =⇒ 2.



Lévy measures on Banach spaces 969

The assertion about equivalence of norms follows by passing to the limit n → ∞ in the preceding argument. □

We will apply this theorem to obtain a necessary and sufficient condition for a σ -finite measure on a separable UMD
space to be a Lévy measure. We start with a lemma that does not require the UMD property.

Lemma 4.2. Let U be a separable Banach space. Suppose that λ is a σ -finite measure on 𝔅(U) with λ({0}) = 0. If the
image measure ⟨λ,u∗⟩ is a Lévy measure on ℝ for all u∗ ∈ U∗, then G satisfies the weak L2-integrability condition (14)
for all B ∈ 𝔅(U), or equivalently, for all u∗ ∈ U∗ we have∫︂

(0,1]×BU

⃓⃓⟨︁
u,u∗⟩︁⃓⃓2

N(ds,du) < ∞ almost surely.

Proof. Assuming without loss of generality that ∥u∗∥ ≤ 1, this follows from Theorem 2.3, because∫︂
(0,1]×BU

⃓⃓⟨︁
u,u∗⟩︁⃓⃓2 dsλ(du) =

∫︂
BU

⃓⃓⟨︁
u,u∗⟩︁⃓⃓2

λ(du) ≤
∫︂

[−1,1]
r2⟨︁λ,u∗⟩︁(dr),

and the last expression is finite (take H = ℝ in Theorem 2.2) since by assumption ⟨λ,u∗⟩ is a Lévy measure on ℝ. □

It will be useful to introduce the function G : (0,1] × U → U defined by

G(t,u) := u1BU
(u),

where BU = {u ∈ U : ∥u∥ ≤ 1} as before. Note that G does not depend on t , but we keep previously introduced notation
for consistency. We now obtain the following characterisation of Lévy measures in the setting of UMD-spaces.

Theorem 4.3. Let U be a separable UMD-space and λ a σ -finite measure on 𝔅(U) with λ({0}) = 0. Then λ is a Lévy
measure if and only if the following conditions are satisfied:

(i) λ|cr is a finite measure for all r > 0;
(ii) ⟨λ,u∗⟩ is a Lévy measure on ℝ for all u∗ ∈ U∗;

(iii) for some (equivalently, for all) p ∈ [1,∞) we have

𝔼∥TG∥p

γ (L2
N ((0,1]×U),U)

< ∞,

where N denotes a Poisson random measure with intensity measure leb⊗λ and the operator TG is defined as in (15).

Proof. The proof follows the lines of Theorem 3.3. Let (δk)k∈ℕ ⊆ (0,1) be a sequence decreasing to 0. Define Dk :=
{u ∈ U : δk < ∥u∥ ≤ 1} and the functions

Gk : (0,1] × U → U, Gk(t, u) := u1Dk
(u),

‘If’: Assume first that the support of λ is contained in BU .
By Lemma 4.2 and condition (ii), G satisfies the weak L2-integrability condition (14). Condition (iii) guarantees by

Theorem 4.1 that the function G is integrable with respect to ˜︁N . Thus, we can define the U -valued random variable

X :=
∫︂

(0,1]×BU

u˜︁N(ds,du).

Corollary 2.4 shows that the probability distribution of X coincide with η(λ), which shows that λ is a Lévy measure by
its very definition.

For the general case of a measure λ with arbitrary support, we apply the decomposition λ = λ|1 + λ|c1. The measure
λ1 is a Lévy measure by the first part, and λ|c1 is a Lévy measure since it is finite. [18, Proposition 5.4.9] guarantees that
λ is a Lévy measure.

‘Only if’: Assume that λ is a Lévy measure. Theorem 2.1 implies that λ|cr is a finite measure for all r > 0. This gives (i).
It is clear that the image measures ⟨λ,u∗⟩ are Lévy measures, which is (ii). To establish the integrability condition (iii),
we can assume that the Lévy measure λ has support in BU .
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Let N be a Poisson random measure with intensity leb ⊗ λ. As in the proof of Theorem 3.3 one sees that the U -valued
random variables

Xk :=
∫︂

(0,1]×Dk

u˜︁N(ds,du) for k ∈ ℕ

converge almost surely to a random variable X, which must have distribution η(λ) as defined in Section 2.1. Since [4,
Corollary 3.3] guarantees 𝔼(∥X∥p) < ∞, [12, Corollary 3.3] implies that Xk → X in Lp(Ω;U) as k → ∞.

We claim that from this it follows that G is Lp-integrable with respect to ˜︁N and

X =
∫︂

(0,1]×BU

Gd˜︁N =
∫︂

(0,1]×BU

u˜︁N(ds,du).

All this follows from the arguments in the proof of Theorem 4.1: As in the proof of 1 =⇒ 2, the fact that (Xk)k∈ℕ is
Cauchy in Lp(Ω;U) implies Cauchyness of (TGk

(ω))k∈ℕ with respect to the norm of γ (L2
N(ω)

(0, t] × BU,U) for a.a.

ω ∈ Ω. The proof of 2 =⇒ 1 in Theorem 4.1 establishes that G is Lp-integrable with respect to ˜︁N with integral X.
Another application of the argument of 1 =⇒ 2 now shows that (iii) holds. □

Example. Let U be the UMD-space L
p
μ(S), where (S,𝒮,μ) is a measure space and p ∈ (1,∞). By the identification of

[14, Proposition 9.3.2] we have a natural isomorphism of Banach spaces

γ (L2
N(ω)

(︁(︁
0,1] × Lp

μ(S)
)︁
,Lp

μ(S)
)︁ ≃ Lp

μ(S;L2
N(ω)

(︁(︁
0,1] × Lp

μ(S)
)︁)︁

with norm equivalence constants depending only on p. Set

G(s,f ) = f 1B
L

p
μ
(f )

as before, and write L
p
μ := L

p
μ(S) for brevity. Reasoning formally (a rigorous version can be obtained by an additional

mollification or averaging argument), it follows from Theorem 4.1 (with t = 1), Doob’s inequality (applied twice), and
Fubini’s theorem that

𝔼∥TG∥p

γ (L2
N ((0,1]×L

p
μ),L

p
μ)

≃p 𝔼 sup
0≤s≤1

⃦⃦⃦⃦∫︂
(0,s]×B

L
p
μ

f ˜︁N(dr,df )

⃦⃦⃦⃦p

L
p
μ

≃p 𝔼

⃦⃦⃦⃦∫︂
(0,1]×B

L
p
μ

f ˜︁N(dr,df )

⃦⃦⃦⃦p

L
p
μ

= 𝔼

∫︂
S

⃓⃓⃓⃓∫︂
(0,1]×B

L
p
μ

f (σ )˜︁N(dr,df )

⃓⃓⃓⃓p
μ(dσ)

=
∫︂

S

𝔼

⃓⃓⃓⃓∫︂
(0,1]×B

L
p
μ

f (σ )˜︁N(dr,df )

⃓⃓⃓⃓p
μ(dσ)

≃p

∫︂
S

𝔼 sup
0≤s≤1

⃓⃓⃓⃓∫︂
(0,s]×B

L
p
μ

f (σ )˜︁N(dr,df )

⃓⃓⃓⃓p
μ(dσ).

As the expectation is for the supremum of a real-valued martingale, we can apply [19, Theorem 3.2]. This enables us to
conclude in the case p ∈ [2,∞) that

𝔼
[︁∥TG∥p

γ (L2
N ((0,1]×L

p
μ),L

p
μ)

]︁
≃p

∫︂
S

(︃(︃∫︂
(0,1]×B

L
p
μ

⃓⃓
f (σ )

⃓⃓2 drλ(df )

)︃p/2

+
∫︂

(0,1]×B
L

p
μ

⃓⃓
f (σ )

⃓⃓p drλ(df )

)︃
μ(dσ)

=
∫︂

S

(︃∫︂
B

L
p
μ

⃓⃓
f (σ )

⃓⃓2
λ(df )

)︃p/2

μ(dσ) +
∫︂

B
L

p
μ

∥f ∥p

L
p
μ
λ(df ).

Thus, we obtain the same characterisation of a Lévy measure on L
p
μ for p ∈ [2,∞) as in Theorem 3.3.
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In the case p ∈ (1,2], we obtain by [19, Theorem 3.2 and page 5], that

𝔼
[︁∥TG∥p

γ (L2
N((0,1]×L

p
μ),L

p
μ)

]︁
≃p

∫︂
S

inf

{︃(︃∫︂
B

L
p
μ

⃓⃓
g1,σ (f )

⃓⃓2
λ(df )

)︃p/2

+
∫︂

B
L

p
μ

⃓⃓
g2,σ (f )

⃓⃓p drλ(df )

}︃
μ(dσ),

where the infimum is taken over all functions g1,σ ∈ L2
λ(BL

p
μ
) and g2,σ ∈ L

p
λ(BL

p
μ
) with f (σ ) = g1,σ (f ) + g2,σ (f )

for all f ∈ BL
p
μ

and σ ∈ S. The expression on right-hand side is subtly different from the corresponding expression in
Theorem 3.3. However, the present derivation, combined with Theorem 3.3, establish the equivalence of these expressions.

Remark 4.4. Theorem 4.1 continues to hold if the UMD property on V is weakened to reflexivity with finite cotype, by
making the following adjustments. First of all, a version of [28, Theorem 2.1] for V -valued martingales with independent
increments is obtained in [28, Proposition 6.7] for Banach spaces V with finite cotype. Using this result, the proof of
[28, Theorem 5.1] can be repeated, resulting in a version of this theorem for reflexive space with finite cotype; see [28,
Proposition 6.8]. Reflexivity enters in view of the results in [28, Section 3] that are still needed in their stated forms. Our
Theorem 4.3 can be extended accordingly. We thank Ivan Yaroslavstev and Gergely Bódo for kindly pointing this out to
us. Finally we thank the anonymous referee for many detailed comments.

5. Outlook

Similarly as in finite dimensions, infinitely divisible measures on a Banach space U are characterised by triplets (a,Q,λ)

where a ∈ U , Q : U∗ → U is a nonnegative, symmetric trace class operator and λ is a Lévy measure on 𝔅(U). For weak
convergence of a sequence (μn)n∈ℕ of infinitely divisible measures with characteristics (an,Qn,λn) necessary conditions
are known in Banach spaces, but in general they are not sufficient; see [18, Prop. 5.7.4]. Only in separable Hilbert spaces,
necessary conditions are known, which are established in [20, Theorem 5.5]. In fact, as pointed out in [18], necessary
conditions in Banach spaces would have allowed for an explicit characterisation for Lévy measures. As we have now
such a characterisation, our result should enable the derivation for necessary conditions for the weak convergence of a
sequence of infinitely divisible measures on Lp-spaces or in UMD-spaces.

In the current work, using the Lp-estimates for simple functions in [8,28], we have already introduced a description
of the largest space of vector-valued deterministic functions integrable with respect to a compensated Poisson random
measure in either Lp-spaces or UMD-spaces; see Lemma 3.2 and Theorem 4.1. Such a description of the space of deter-
ministic integrands can be used to derive the existence of a stochastic integral for random vector-valued integrands with
respect to a compensated Poisson random measure, similarly as in [9]. Since the compensated Poisson random measure
has independent increments, the decoupled tangent sequence can be constructed, and thus the decoupling inequalities in
UMD-spaces enables to derive the existence of the stochastic integral.
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