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 A B S T R A C T

Micromechanical models offer a physics-based alternative to phenomenological approaches 
to simulate the behavior of quasi-brittle materials. By combining mean-field homogenization 
techniques with fracture mechanics principles, these models aim to capture anisotropic damage 
evolution, unilateral effects, and multiphysics coupling with a small number of inputs. How-
ever, despite their theoretical appeal, their practical application is often hindered by critical 
limitations. This paper presents a comprehensive and critical examination of micromechanical 
formulations, focusing on the influence of homogenization schemes, damage evolution criteria, 
and loading type in model response. It highlights key issues such as the limited accuracy 
of homogenization estimates at high crack densities, the instability of post-peak responses, 
spurious damage localization, and the challenges of modeling tensile-compressive asymmetry 
and non-homothetic crack growth. Through analytical derivations and numerical examples, the 
study demonstrates that many micromechanical models rely on assumptions that break down 
under more general conditions, leading to non-physical predictions outside the scope of model 
conception. The findings suggest that while micromechanical models are valuable in specific 
contexts, their broader applicability requires careful scrutiny and further development.

1. Introduction

Damage in quasi-brittle materials is widely accepted to arise from the propagation of pre-existing micro-cracks. Once these cracks 
become sufficiently large to interact with one another, they start to coalesce, eventually leading to macro-cracks. The problem of 
micro-crack growth and coalescence is complex. In part due to this complexity, the constitutive modeling of quasi-brittle materials, 
particularly in the context of structural analysis, is often done largely phenomenologically, meaning that a physical description of 
the microstructure of the material and its evolution is not attempted; rather, its macroscopic behavior is indirectly captured with 
little to no consideration of microstructural features.

In phenomenological models, the behavior of materials during loading is measured experimentally, and then a mathematical 
structure is proposed that captures such behavior. This provides a rather simple and flexible framework, since input parameters are 
directly related to experimentally measured quantities. Further, formulation details such as the shapes and evolution laws of limit 
surfaces can be modified in a flexible way to fit larger data sets. However, these models also have an important limitation: the 
physical meanings of their inputs can be tenuous or nonexistent, and the same is true for their internal variables.

In multiphysical models, this lack of physical meaning of internal and input variables often translates into multiple also 
phenomenological relationships between them and other (non-displacement) fields. These links are hard to establish, and the more 
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fields are added to the analysis, the larger the number of such relationships are needed. Further, phenomenological models make 
it harder to gain deeper insight into the behavior of coupled systems due to interactions having to be predetermined rather than 
emerging naturally.

The unclear connection between phenomenological internal variables and multiphysics fields, along with a desire to better 
capture complex interaction phenomena in quasi-brittle materials in an emergent way, was the main motivation for the development 
of a class of models based on a combination of fracture mechanics and homogenization theory applied to cracked-media. This 
framework is often referred to as ‘Micromechanics’, a nomenclature that is used in this work. Examples of multiphysics coupling 
of micromechanical models include, among others, the analysis of damage induced by the expansive byproducts of alkali-silica 
reactions in concrete [1–3] or by freezing of water inside rocks [4]; the ignition of explosive materials due to impact [5,6]; the 
weakening of the mechanical response of porous rocks due to the presence of water [7]; and the coupling of moisture diffusion 
and/or pore-pressure with damage evolution [8–11].

Authors of micromechanical models claim further advantages of this class of formulations, such as a more natural description 
of anisotropic damage evolution and its interaction with the initial anisotropy in the material itself [12]. Examples of this include 
embedding cracks into matrices that are initially transversely isotropic, such as shale [13], or orthotropic, such as masonry [14]. 
Another benefit is the direct modeling of crack-closure (the so-called ‘unilateral’ effect) [12,15,16] and the plasticity due to the 
sliding of these closed cracks [17–19]. Lastly, when these same mechanisms need to be accounted for in phenomenological-based 
models, they often require a large number of parameters. Hence, the limited number of input required in micromechanical models 
is also frequently cited as another main motivation for their use [10,14,18,20,21].

Despite the promising applications, the effectiveness of micromechanical models hinges on some important aspects: how 
reasonable are their predictions in comparison to experimentally-observed material behavior; how truly ‘physical’ are their input and 
internal variables; and how limited is their use in the context of numerical modeling of materials and structures under general loading 
conditions. To address these questions, this paper critically examines a number of micromechanical formulations with anisotropic 
damage evolution. First, an overview of the analyzed models is provided, with their formulations reported in a comparable format. 
This is done for the effective behavior of the cracked medium, the effect of contact between the crack surfaces, and the evolution of 
the damage state. Then, the paper shows how important choices such as the homogenization strategy and damage loading function 
profoundly affect the models’ outputs, often in nonphysical ways. Lastly, some central aspects of the theory of micromechanics are 
put into question, such as its ability to represent the tensile-compressive asymmetry of quasi-brittle materials, the accuracy of its 
post-peak behavior, and the validity of its assumed crack shapes and distributions, particularly during damage evolution.

Some novelties of this work include a formal demonstration of the equivalence between models that were previously treated 
as separate, a more general discussion of the stability of the softening curves under damage evolution than what is provided 
in literature, a large collection of examples of softening curves for different combinations of damage-resistance function and 
homogenization schemes, and an initial description of a pathological phenomenon of spurious localization. The paper also draws 
attention to the fact that many models show incorrect softening responses under certain load conditions, and/or rely on a fast 
increase in the density of cracks to values beyond the range where mean-field homogenization theory can be reasonably considered 
applicable.

To aid reading, a list of symbols and nomenclatures is provided in Table  1.

2. Effective behavior of cracked media

Micromechanical approaches are formulated based on at least two principles. On one side, homogenization techniques are used 
to evaluate the effective stiffness tensor of the damaged medium. On the other side, damage increases under evolution laws, which 
are often based on principles of linear fracture mechanics. In this section, the general formulations are reported for the former case.

2.1. Effective stiffness tensor for the case of open cracks

There are broadly two classes of Eshelby-based analytical homogenization techniques, fundamentally distinguished by their 
choice of reference medium: ‘effective medium’ schemes and ‘effective field’ (often referred to as ‘mean-field’) schemes. In effective 
medium theories, inclusions are assumed to be embedded directly into an unknown, homogenized medium with effective properties. 
Because the reference medium itself depends on the solution, the homogenization problem is implicitly defined and must generally 
be solved either iteratively or incrementally. In this work, the focus is on anisotropic damage, where cracks can grow independently 
in multiple directions. Under these general conditions, closed-form expressions cannot be readily obtained from implicit effective 
medium theories, which greatly complicates the formulation of micromechanical models. Hence, these techniques will not be 
discussed, though it should be highlighted that they remain applicable in the case of simple crack distributions, such as parallel 
cracks or isotropic distributions of simultaneously growing cracks. For more information on effective medium techniques for cracked 
media, the reader is pointed to Kachanov [22,23].

In contrast, mean-field homogenization techniques assume that inclusions are embedded into the virgin, undamaged matrix. 
Rather than interacting with an unknown effective medium, these inclusions are assumed to be subjected to ‘effective’ (volume-
averaged) stress or strain fields acting on the matrix phases. By applying the volume averaging principle over a Representative 
Volume Element (RVE), the macroscopic stress and strain are defined as the volume-weighted averages of the microscopic fields 
of the constituent phases [24–26]. Substituting the phase-wise constitutive relations into the averaged stress expression, and 
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Table 1
Table of symbols and nomenclature used throughout this work.
 Symbol Description  
 Fourth-order tensors
 C, D Stiffness and compliance tensors  
 I, O Fourth-order identity and null tensors  
 S, A Eshelby tensor and strain concentration tensors for any estimate other than Dilute 
 T, T Dilute strain concentration tensor and its equivalent for vanishing aspect ratios  
 M Scaled version of T, related to the crack strains in the Dilute estimate  
 H Auxiliary compliance-like tensor, related to the crack strains in the MT estimate  
 Second-order tensors
 𝜮, 𝑬 Macroscopic stress and strain tensor  
 𝝈, 𝝐 Local stresses and strains of each crack family  
 Scalars
 𝜙 Volume fractions of different phases  
  𝑐 Number of cracks per unit volume  
 𝑎, 𝑐, 𝑋, 𝑠𝑐 , 𝑉 𝑐 Radius, thickness, aspect ratio, surface area, and volume of the cracks  
  Adimensional crack density parameter  
 𝐸, 𝜈, 𝐺 Young’s modulus, Poisson’s ratio, and shear modulus  
 𝜇, 𝜇𝑑 Friction coefficient and slope of the Mohr–Coulomb limit surface  
 𝛾 Surface energy  
 𝐾𝐼 , 𝐾𝐼𝑐 Mode-I stress intensity factor and fracture toughness  
 𝛼 Used for scalar factors of different kinds  
 𝑘 Used for constants of various kinds  
 𝑓𝑡, 𝑓𝑐 , 𝑓𝑠 Tensile, compressive, and shear strengths  
 Functions
 𝑓 , 𝑔, 𝑞 Used to denote functions or various kinds  
  ,  Damage driving force and resistance functions  
 𝜓 Energy densities of various kinds  
 Superscripts
 ◦ Open cracks  
 ∗ Closed cracks without friction between the crack surfaces  
 ◦| ∗ Cracks that are either open, or closed without friction  
 𝑐 Cracks in any state, including with friction  
 𝜇, 𝑑 Quantities related to friction or damage  
 𝐷 Related to the statistical distribution of cracks  
 𝑁 Normal component of a quantity with respect to the plane of a crack  
 𝑇 Lateral/tangential component of a quantity with respect to the plane of a crack  
 𝐸, 𝛴, ℎ Related to the macrostrains, the macrostresses, or the homogenized medium  
 (𝐷), (𝑀𝑇 ), (𝑃𝐶𝑊 ) Related to the Dilute, Mori–Tanaka, and Ponte-Castaneda-Willis estimates  
 Abbreviations
 MT Mori–Tanaka homogenization scheme/estimate  
 PCW Ponte-Castañeda-Willis homogenization scheme/estimate  
 RVE Representative Volume Element  
 LCP Linear Complementarity Problem  
 LEFM Linear Elastic Fracture Mechanics  

introducing strain concentration tensors to relate the average strain in each inclusion family to the macroscopic strain, the effective 
stiffness tensor of a heterogeneous material with 𝑁 families of inclusions can be written, in general form, as [26]: 

Cℎ = C𝑚 +
𝑁
∑

𝑖=1
𝜙𝛽𝑖

(

C𝛽𝑖 − C𝑚
)

∶ A𝛽𝑖 (1)

where Cℎ, C𝑚, C𝛽𝑖  are the stiffness tensors of the homogenized (ℎ) material, the matrix (𝑚), and of the 𝑖th family of inclusions (𝛽); 
A𝛽𝑖  are the so-called ‘strain concentration’ tensors of the 𝑖th inclusion family, which map the macroscopic strain to the average local 
strain in the inclusions; and 𝜙𝛽𝑖  is the volume fraction of the 𝑖th inclusion family. For more details about the derivation of Eq. (1), 
the reader is pointed to Ref. [26].

Various mean-field techniques are available in the literature, each working with a different set of assumptions to calculate the 
effective fields acting in the inclusions. Three notable schemes for which there are closed-form expressions for the concentration 
tensors (A𝛽𝑖 ) are the Dilute (D), Mori–Tanaka (MT) [27–29], and Ponte-Castaneda-Willis (PCW) [30] estimates. The Dilute estimate 
follows directly from the ‘Eshelby inclusion problem’ [31] and its concentration tensor was given by Hill [24]. Since this 
concentration tensor appears in the other estimates as well, it is given the special symbol T = A(𝐷𝑖𝑙𝑢𝑡𝑒). Under the assumption 
that the inclusion dispersion is so diluted that each individual inclusion in each family can be considered completely isolated and 
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embedded in an infinite medium under remote fields matching the RVE averages, this tensor reads as: 

T𝛽𝑖 =
[

I + S𝛽𝑖 ∶ D𝑚 ∶
(

C𝛽𝑖 − C𝑚
)]−1

(2)

where I is the fourth-order identity tensor, and S𝛽𝑖  is the so-called ‘Eshelby tensor’ of the 𝑖th inclusion family. The Eshelby tensor maps 
the uniform eigenstrain of an inclusion to the resulting constrained strain, explicitly accounting for the elastic confinement imposed 
by the surrounding matrix. As such, it serves as the primary building block for homogenization schemes. General expressions for 
this tensor, along with specific cases of interest, can be found in Mura [25].

For the particular case of void inclusions (C𝛽𝑖 = O), the effective stiffness of the homogenized medium can be written more 
simply as: 

C◦ = C𝑚 − C𝑚 ∶
𝑁
∑

𝑖=1
𝜙𝑐𝑖A

◦
𝑖 (3)

which follows directly from Eq. (1). While this expression is valid for voids of any shape, they will henceforth be referred to as 
‘cracks’. The {⋅}◦ notation refers specifically to the case of open cracks (closed cracks are discussed next), with {⋅}𝑐 referring to 
either generalized quantities, or those that are naturally independent of the state of the crack. This open crack assumption results 
in a Dilute concentration tensor of form: 

T◦
𝑖 =

(

I − S◦𝑖
)−1 (4)

which also follows directly from Eq. (2) under the assumption of null inclusion stiffness.
So far, no assumption has been made regarding the shapes of cracks. In this general case, the volume fraction of the 𝑖th crack 

family (𝜙𝑐𝑖 ) can be expressed as: 

𝜙𝑐𝑖 =  𝑐
𝑖 𝑉

𝑐
𝑖 (5)

where  𝑐
𝑖  is the number of cracks per unit volume of material for the 𝑖th crack family, with 𝑉 𝑐

𝑖  being the volume of each individual 
crack in the family. However, in order to define an expression for 𝑉 𝑐

𝑖 , cracks are now assumed to be flat and circular ellipsoids, 
such that their semi-axes obey the relation 𝑎 = 𝑏 ≫ 𝑐. These are so-called ‘penny-shaped’ cracks and lead to the expression: 

𝑉 𝑐
𝑖 = 4𝜋

3
𝑐𝑖𝑎

2
𝑖 =

4𝜋
3
𝑋𝑖𝑎

3
𝑖 (6)

where 𝑎𝑖 is the radius of the crack and 𝑐𝑖 is half of its thickness. 𝑋𝑖 = 𝑐𝑖∕𝑎𝑖 is the aspect ratio of the penny-shaped cracks. Eshelby’s 
key insight was that, in the case of ellipsoidal inclusions, the S tensors are constant. Since penny-shaped cracks are a special case 
of an ellipsoid, this also leads to constant Dilute concentration tensors T◦

𝑖 . This property is fundamental to the development of 
analytical micromechanics.

Here, it is useful to introduce the so-called ‘crack-density’ parameter, defined as 𝑖 = 𝑖𝑎3𝑖 . The crack-density parameter is 
an adimensional quantity that sees ample use as the damage-driving variable in many formulations and was first proposed by 
Bristow [32] and later generalized by Budiansky and O’Connell [33]. Notably, this quantity is independent of the aspect ratio and 
tends to be more appropriate to describe cracked microstructures where the cracks have small to vanishing thickness and contribute 
little to nothing to the void fraction of the composite [23]. In terms of this parameter, the volume fraction of cracks can be rewritten 
as: 

𝜙𝑐𝑖 =
4𝜋
3
𝑖𝑋𝑖 (7)

Another quantity that is useful to write as a function of the crack-density parameter is the surface area of a crack family, which 
can be approximately expressed as: 

𝑠𝑐𝑖 = 2𝜋𝑖𝑎
2
𝑖 = 2𝜋𝑖

(

𝑖
𝑖

)
2
3
= 2𝜋

1
3
𝑖 

2
3
𝑖 (8)

It should be noted that this approximation for the crack surface also relies on the aspect ratio being small (flat circular cracks). 
The limit of this case, where the aspect ratio is vanishing, is of particular importance to analytical micromechanical models. In this 
scenario, the crack volume vanishes as well. However, the 𝑋𝑖T◦

𝑖  product remains finite, since T◦
𝑖  has terms in the order of 1∕𝑋𝑖. 

Therefore: 
lim
𝑋𝑖→0

𝑋𝑖T◦
𝑖 = T

◦

𝑖 (9)

where T◦

𝑖  is now independent of the (vanishing) aspect ratio. The existence of this limit and its format have been discussed in 
Refs. [1,34,35], among others.

Under the assumption of vanishing aspect ratio (and, therefore, of vanishing void fraction), the homogenized stiffness and 
compliance tensors of the three chosen estimates (Dilute, MT, and PCW) are given in Table  2. In the expressions in this table, 
D𝑚 is the compliance tensor of the matrix (D𝑚 = (C𝑚)−1), and the following compliance-like auxiliary tensor is defined: 

H◦
𝑖 = M◦

𝑖 ∶ D𝑚 (10)
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Table 2
Effective stiffness and compliance tensors for the case of open penny-shaped cracks.
 Effective stiffness tensor (Cℎ) Effective compliance tensor (Dℎ)  
 (D) C𝑚 ∶

(

I −
∑𝑁
𝑖=1 𝑖M

◦
𝑖

)

D𝑚 ∶
(

I −
∑𝑁
𝑖=1 𝑖M

◦
𝑖

)−1  
 (MT) C𝑚 ∶

(

I +
∑𝑁
𝑖=1 𝑖M

◦
𝑖

)−1
D𝑚 +

∑𝑁
𝑖=1 𝑖H

◦
𝑖  

 (PCW) C𝑚 ∶

{

I −
[

(

∑𝑁
𝑖=1 𝑖M

◦
𝑖

)−1
+ S𝐷

]−1
}

D𝑚 ∶

{

I −
[

(

∑𝑁
𝑖=1 𝑖M

◦
𝑖

)−1
+ S𝐷

]−1
}−1

 

with: 
M◦
𝑖 =

4𝜋
3
T
◦

𝑖 (11)

simply being a scaled version of the Dilute concentration tensor T◦

𝑖 , with the scaling factor of 4𝜋∕3 emerging from the volume 
expression in Eq. (7).

For details regarding the expressions in this table, the reader is also pointed to Ref. [8]. Here, it suffices to highlight that S𝐷 is
not the Eshelby tensor of the crack shape, as is the case for the S◦𝑖  tensors in Eq. (4). Rather, it is defined in terms of the statistical
distribution of cracks — hence the superscript {⋅}𝐷. Therefore, inclusions can be assumed to be distributed inside the matrix in a 
number of ways.

Using the PCW estimate, both the Dilute and MT expressions can be recovered by setting S𝐷 = O and S𝐷 = I respectively. For 
the Dilute method, this implies no crack distribution at all — the estimate follows directly from the Eshelby problem under the 
assumption of a single inclusion inside an infinite matrix. As for the MT estimate, the interpretation is that the method implicitly 
assumes that the statistical distribution of inclusions in the matrix follows the inclusion shape itself, as pointed out by several 
authors [30,36,37]. For penny-shaped cracks, this leads to the identity tensor.

In this paper, when the PCW estimate is used, it is assumed that the initial distribution of the penny-shaped cracks is spherical. 
Hence, the centers of the cracks are dispersed isotropically, and S𝐷 is also an isotropic tensor (see Ref. [25] for the expression for 
the Eshelby tensors in the spherical case). This essentially corresponds to randomly placed inclusions with no distribution bias.

An important detail worth highlighting is that the Dilute method has two forms: the stiffness-based and the compliance-based 
estimates, whose inverses do not equal each other. In the case of cracks with vanishing aspect ratios, the compliance-based 
approximation yields the same expression as that of the MT estimate. This is directly caused by the fact that (for such vanishing 
ratios) the effective and the macroscopic stresses in the cracked medium are equal. In other words, volumeless penny-shaped cracks 
do not change the average stress in the matrix [22,23]. Hence, the MT assumption that the inclusion is surrounded by an atmosphere 
of matrix under mean stresses is essentially equivalent to the compliance-based Dilute assumption that the matrix is under the 
far-field stresses. This equality is precisely what eliminates the effect of the interactions between the inclusion families, which is 
normally present in the MT estimate.

The equivalence between the MT method and the compliance-based Dilute approach seems to have been first noted by 
Benveniste [28] and is discussed in more detail in Refs. [22,38], which further confirmed it to the case of closed microcracks. 
Notably, such equivalence is the source of confusion in micromechanics literature, where the term ‘Dilute’ is often used without 
specification of whether its compliance or stiffness form is used. To avoid this confusion, the authors of this work further reinforce 
that the ‘Dilute’ term is being used here exclusively for the stiffness-based estimate. The compliance-based Dilute and MT estimates 
are referred to as ‘non-interacting’ approximations by some authors.

2.2. Effects of crack closure

So far, the discussions in this work have been limited to the case of open cracks. However, as demonstrated by different 
authors [15,35,39], closed, frictionless cracks can be treated in a similar framework. In the limit-case of vanishing aspect ratios, 
this can be achieved by replacing the T◦

𝑖  tensors with a version where only the shear terms are considered, which in this work is 
notated as T∗

𝑖 , with superscript ∗ indicating closed, frictionless cracks. Hence, a generalized T
∗|◦
𝑖  tensor can be written as: 

T
∗|◦
𝑖 =

{

T
◦

𝑖 if open
T
∗
𝑖 if closed (12)

Open cracks are considered to have a positive normal component of the traction vector acting on their plane, hence: 𝜎𝑁𝑖 = 𝒏̂𝑖⋅𝜮⋅𝒏̂𝑖 ≥ 0, 
with 𝒏̂𝑖 being the unit vector normal to the crack plane. For closed cracks, the component is negative (𝜎𝑁𝑖 < 0).

The physical meaning behind the vanishing of the normal terms in T∗
𝑖  is simple: in closed cracks, their normal contribution 

to the behavior of the effective medium should vanish, since there is perfect transfer of normal stresses across the crack surfaces. 
Therefore, from the perspective of the normal crack directions, the homogenized medium does not ‘see’ the closed cracks. Following 
this logic, the format for T∗

𝑖  can be obtained by replacing the void inclusion by a fictitious material with null shear strength and 
an arbitrary (finite) bulk strength. Then, taking the limit of this fictitious inclusion when the aspect ratio vanishes, analogously to 
the case of open cracks, yields the tensor T∗

𝑖 , which has no dependency on the specific value of the bulk modulus in the effective 
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material (as long as it is finite). This procedure seems to have been first described in Refs. [15,39] and is discussed in more detail 
in Ref. [35]. The specific form of the T tensors for both open and closed cracks can be obtained in these references for the case of 
an isotropic matrix.

It should be highlighted that open/sliding penny-shaped cracks will be subjected to large deformations. In principle, these 
deformations will change the aspect ratio of the cracks in a load-dependent way. Consequently, the more general T𝑖 tensors are 
also load-dependent, which means the problem has to be solved incrementally. However, this non-linearity also vanishes in the case 
of vanishing aspect ratios, as discussed in Ref. [35]. Hence, the constant tensors T𝑖 can be used in a load-independent way. For this 
reason, among others that will be discussed next, the rest of this work assumes cracks with vanishing aspect ratios, except when 
explicitly noted.

2.3. Effects of local friction

Several literature models are formulated without considering the effects of local friction between the crack surfaces (e.g. Refs. [2,
3,12,15,16,40–45]). In these cases, the expressions defined in the previous sections are generally sufficient to characterize the 
behavior of the cracked medium for a given distribution of crack families. However, many models also include the effects of local 
friction into their formulations, in one form or another. Since friction is a dissipative process, it requires its own evolution equations. 
This case is briefly discussed in this section. Further, more detailed descriptions of select frictional formulations are given in Annex 
A.

An underlying assumption of local friction is that the effects of each crack family on the homogenized medium can be replaced 
by an equivalent strain acting on an uncracked matrix. Under this hypothesis, the constitutive law can be written as: 

𝜮 = C𝑚 ∶ (𝑬 − 𝑬𝑐 ) (13)

where 𝑬𝑐 is the total crack-strain contribution, which, for now, assumes open cracks, such that 𝑬𝑐 = 𝑬◦. For this case (of open 
cracks), the constitutive law can also be directly expressed using the homogenized stiffness tensors defined in Eq. (3), such that: 

𝜮 = C◦ ∶ 𝑬 (14)

These two equations can only be satisfied simultaneously if a compatibility constraint is imposed in the form: 
𝑬◦ =

(

D◦ − D𝑚
)

∶ 𝜮 =
(

D◦ − D𝑚
)

∶ C◦ ∶ 𝑬 (15)

Assuming that the cracks can have non-vanishing aspect ratios and combining Eq. (15) with the formula for C◦ obtained from 
Eq. (3) results in: 

𝑬◦ =
𝑁
∑

𝑖=1
𝜙𝑐𝑖A

◦
𝑖 ∶ 𝑬 =

𝑁
∑

𝑖=1
𝜙𝑐𝑖A

◦
𝑖 ∶ D◦ ∶ 𝜮 (16)

If the following notation is then introduced: 

𝑬◦ =
𝑁
∑

𝑖
𝝐◦𝑖 (17)

such that 𝝐◦𝑖  are the individual crack family contributions, this naturally leads, by direct comparison with Eq. (16), to: 

𝝐◦𝑖 = 𝜙𝑐𝑖A
◦
𝑖 ∶ 𝑬 = 𝜙𝑐𝑖A

◦
𝑖 ∶ D◦ ∶ 𝜮 (18)

For most homogenization schemes, the contributions of each crack family are functions of the states of all the other crack families 
in both the stress and strain forms of Eq. (18). This is because the individual contributions of each family to the compliance tensor 
or its product with the strain concentration tensor are not linear - a consequence of the interaction between families that is inherent 
to most homogenization schemes. The two exceptions are the Mori–Tanaka estimate with vanishing crack thickness, such that the 
matrix volume fraction remains unitary, and the stiffness-based Dilute estimate more generally. In these cases, then: 

𝝐◦(𝐷)
𝑖 = 𝑖M◦

𝑖 ∶ 𝑬 ; 𝝐◦(𝑀𝑇 )
𝑖 = 𝑖H◦

𝑖 ∶ 𝜮 (19)

Notably, the 𝝐◦𝑖  contributions are linearly dependent on the damage parameter for the Mori–Tanaka estimate in stress form and for 
the Dilute estimate in strain form, which can again be traced to the equivalence between the compliance-based Dilute estimate and 
the MT one for the case of penny-shaped cracks with vanishing aspect ratios that was previously discussed.

In the vast majority of micromechanical models, local friction is then introduced to the MT version of Eq. (19), partially due to 
its stress-linearity. To do so, a local friction contribution term is added to this equation as follows: 

𝝐𝑐𝑖 = 𝑖H◦
𝑖 ∶

(

𝜮 − 𝝈𝜇𝑖
)

(20)

where 𝝈𝜇𝑖  is the local stress contribution due to both crack closure and friction, and 𝝐𝑐𝑖  are the generalized contributions of the 𝑖th 
crack family. From this general format, different frictional formulations are then characterized by their specific choice of expression 
for the 𝝈𝜇𝑖  local friction term. Three notable examples are the local plasticity approach of Zhu and collaborators [16,17,19,46,47]; 
the simplified locally-explicit stress-rate approach proposed by researchers at Los Alamos [6,48]; and the fully explicit strain-based 
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formulation included in the model by Jefferson and Bennett [49,50]. In this section, these approaches will be briefly described. For 
more details, the reader is referred to the Annex A.

In the local plasticity approach, the local frictional stresses 𝝈𝜇𝑖  in Eq. (20) are isolated and made to satisfy a sliding condition, 
which is achieved by determining (potentially many) plastic multipliers under a local flow rule for the increments in the 𝝐𝑐𝑖  local 
strains. This is an implicit procedure at the local level, somewhat analogous to ‘classic’ multi-surface plasticity. However, it is more 
complicated to solve than standard plasticity, with the macrostress acting as a back-stress term in all the local plasticity problems, 
thus coupling them (see Refs. [16,17,19,46]). The flow rule can be non-associated, which allows dilatancy to occur at a prescribed 
rate. Further, since the sliding conditions are satisfied strictly using a Linear Complementarity Problem (LCP), friction is rigorously 
modeled.

In the Los Alamos model, on the other hand, the rate of change of the crack strains (𝝐̇𝑐𝑖 ) is considered directly proportional to the 
rate of change of the macrostress 𝜮̇. The proportionality between these variables is then written purely in terms of the components of 
macrostress (𝜮). Locally, the procedure is now explicit. Globally, however, 𝜮 is still implicitly defined. In the Los Alamos works, this 
dependency is addressed via explicit time integration, thus rendering the entire procedure fully explicit. No dilatancy is considered, 
and friction is modeled in an approximate sense, since the LCP problem is no longer being strictly enforced.

Lastly, in the model by Jefferson and Bennett, the local frictional stresses (𝝈𝜇𝑖 ) are written directly in terms of the macrostrains
(𝑬), rather than macrostresses. With some additional assumptions, this in turn allows for the 𝝐𝑐𝑖  strains to also be written explicitly 
in terms of the macrostrains. As such, a nonlinear, strain-dependent homogenized stiffness tensor can be formed, rendering the 
entire procedure fully explicit by default. Friction is considered to be the result of mechanical interlock between the crack surface 
asperities, which are approximated as being ‘cone-like’. In order for the cracks to slide, the asperities have to physically move over 
one another. This results in significant dilatancy, which is a direct consequence of the shapes of the cone. Contact can even happen 
under a (small) positive strain component perpendicular to the crack plane. In other words, friction can still occur in what other 
formulations would consider ‘open’ cracks.

Apart from these local formulations, many authors [4,21,51–60] resort instead to solving the plasticity problem at the global 
level. In these cases, a macroscopic version of the local frictional stress is defined, and the flow rule gives a global rather than local 
strain increment. These models are not discussed in this work.

3. Damage evolution criteria

So far, the formulations presented in this work have been outlined for a given damage state; hence, damage evolution 
laws now need to be discussed. In micromechanical approaches, this is done in three different ways. One is to use energy-
based approaches, often formulated within the framework of thermodynamics. This appears to be the most popular technique 
(e.g. Refs. [2,15,17,35,61,62]). Another way is to use tractions in the crack plane to formulate the damage condition. This is often 
done using expressions derived from Linear Elastic Fracture Mechanics (LEFM). Examples include expressions derived from energetic 
considerations, such as the one used by the ‘SCRAM’ model from the Los Alamos laboratory [5,6], or from stress-intensity factors, 
such as the expressions used by Iskhakov et al. [3]. Lastly, damage evolution can also be formulated purely phenomenologically 
in terms of the components of the strain, rather than the stress tensor, as in the model by Jefferson and Bennett [49,50]. All these 
cases are discussed in this section.

Regardless of the choice of the variable driving the damage, damage evolution laws in micromechanical models are often based 
on a few key assumptions:

• The growth of the cracks is homothetic: the cracks remain both planar and circular.
• The coalescence of cracks is generally not (directly) considered: when it is an explicit model input, the number of cracks per 
unit volume in each crack family remains constant during damage evolution, and their radii evolve smoothly. Further, many 
models use only the crack density parameter, without any consideration for the actual number of cracks.

• Each cracking direction is represented by a single damage parameter. In principle, while statistical crack distributions could 
be considered and damage could evolve differently across the spectra of crack sizes, this is not addressed in the application 
and validation of most models, which are only formulated in terms of one internal variable per crack family — either a 
characteristic radius or a single crack density parameter (or related transformed damage variable).

• Crack localization is not considered via the homogenization framework: all cracks in a family are assumed to grow together 
and by the same amount.

With these assumptions in mind, the damage evolution process can be written, in a generic form, as: 
𝑓 𝑑𝑖 = 𝑖 −𝑖 ≤ 0 (21)

where 𝑓 𝑑𝑖  is the damage-loading function of the 𝑖th crack family, 𝑖 is the damage driving ‘force’, and 𝑖 the ‘resistance’ to damage 
propagation.1 Based on this damage-loading function, damage evolves according to a LCP of form: 

𝑓 𝑑𝑖 ≤ 0 𝑑𝑖 ≥ 0 𝑓 𝑑𝑖 𝑑𝑖 = 0 (22)

1 This format for the damage-loading function and its associated nomenclature is usually present only in energy-based models and has roots in thermodynamics. 
In this work, it is extended to the other types of damage-evolution law. Nevertheless, 𝑓 𝑑𝑖  can also be formulated directly, without being split into ‘driving’ and 
‘resisting’ terms. This is particularly the case in purely phenomenological models.
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where 𝑖 are the chosen damage variables, generally (but not necessarily) the crack-density parameters 𝑖. Solutions to this LCP 
often take the form of a return-mapping algorithm with an associated damage potential. Nevertheless, other choices are possible, 
such as return-mapping with non-associated potentials [41], or a radial-return algorithm in stress-space [2,63].

3.1. Energy-based evolution criteria

For the energy-based damage models, the free energy density stored in the deformed material is what drives the damage process. 
Therefore, an expression for this energy needs to be defined. For a homogenized cracked medium (h), this can be achieved by 
summing two terms: the elastic contribution of the deformed matrix to the energy (m), and the contribution of the energy stored 
in the sliding/opening cracks (c) [17,47,64]. Therefore: 

𝜓ℎ = 𝜓𝑚 + 𝜓𝑐 (23)

This splitting is directly related to the fact that an elastic body loaded at the boundary and containing traction-free penny-shaped 
cracks is equivalent (in mean effective terms) to that of a body where fictitious tractions are applied to the crack faces and the 
boundary is traction free instead [22]. The matrix contribution can be expressed as: 

𝜓𝑚 = 1
2
(𝑬 − 𝑬𝑐 ) ∶ C𝑚 ∶ (𝑬 − 𝑬𝑐 ) (24)

where 𝑬 − 𝑬𝑐 has the meaning of an ‘effective’ strain acting on an uncracked (elastic) material. This effective strain is such that it 
yields the same stress as that of the total strain 𝑬 acting on the effective (cracked) system — hence the stiffness tensor C𝑚 being 
used. As for the 𝜓𝑐 contribution, it can be given as [17,47,64]: 

𝜓𝑐 = 1
2

𝑁
∑

𝑖=1
𝝐𝑐𝑖 ∶

(

𝜮 − 𝝈𝜇𝑖
)

(25)

which has the meaning of the work done by the effective stress 𝜮 − 𝝈𝜇𝑖  over the displacement jumps between the crack surfaces 
given by 𝝐𝑐𝑖 . For the MT estimate in particular, this term can be equivalently given as: 

𝜓𝑐(𝑀𝑇 ) = 1
2
∑

𝑖
𝝐𝑐𝑖 ∶ (𝑖H◦

𝑖 )
+ ∶ 𝝐𝑐𝑖 (26)

which comes from inverting Eq. (20) and replacing the resulting expression over the 𝜮 −𝝈𝜇𝑖  terms. The {⋅}+ operator is the Moore–
Penrose inverse, which is used because (H◦

𝑖 )
+ is rank-deficient. This format is far more useful, since the macrostress-dependency 

vanishes, such that 𝜓ℎ = 𝜓𝐸 (𝑬, 𝑖, 𝝐𝑐𝑖 ) is the Helmholtz free energy density, with 𝝐𝑐𝑖  being treated as internal state variables.
Another (stronger) simplification can be obtained for the case of frictionless sliding. When friction and its associated evolution 

equations are not present, the Helmholtz free energy density can be directly written using the effective stiffness tensor, yielding: 

𝜓𝐸 = 1
2
𝑬 ∶ C∗|◦ ∶ 𝑬 (27)

where C∗|◦ is assembled considering that each crack family can be assumed either open or sliding without friction (see the T∗|◦
𝑖

tensor in Eq. (12)). Lastly, another possibility introduced by Esposito and Hendriks [2] is to consider no crack closure/friction at 
all and use only the positive part of the macroscopic strain tensor to drive damage evolution. This approach also appears in Vu 
et al. [43] and is inspired by the well-known concrete model by Mazars [65].

The energy expressions discussed so far are based on the macrostrains as the prescribed variable. This format is particularly 
useful for the solution of micromechanical models using discretized numerical schemes, where the strains are often the prescribed 
quantities (such as a constitutive subroutine for a Finite Element Analysis software, for instance). However, it will also prove relevant 
for this work to express another (equivalent) energy in terms of stresses — the so-called Gibbs free energy density 𝜓𝛴 . It suffices 
to show the simplified expression that can be used for the case of frictionless cracks, which reads as: 

𝜓𝛴 = 1
2
𝜮 ∶ D∗|◦ ∶ 𝜮 (28)

The Gibbs free energy density can also be expressed for the case of frictional cracks (e.g. Ref. [47]), but this is not necessary for 
this work. The Gibbs and Helmholtz free energy density are connected by the Legendre transformation. With either of the two, the 
driving force can then be expressed as: 

𝑖 = −𝜕𝑖𝜓
𝐸 = 𝜕𝑖𝜓

𝛴 (29)

Additionally, the following dual equations are also valid: 
𝜮 = 𝜕𝑬𝜓

𝐸 ; 𝑬 = 𝜕𝜮𝜓
𝛴 (30)

While this work is focused primarily on anisotropic damage, where multiple independent crack families are generally present, it 
is highlighted that other approaches also exist. As an example, the models in Refs. [2,3,42,43] rely on 3 orthogonal crack families 
(and therefore an inherently orthotropic damage evolution). Similarly, isotropic damage models, where a single damage parameter 
is employed, are also very popular [4,19,21,51–60,62,66,67]. In these models, no crack family discretization is employed.
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3.2. Stress-based evolution criteria

Stress-based laws for micromechanical models are often derived based on principles of LEFM. One example of this approach is 
the SCRAM formulation [5,6]. From the stability analysis of a single penny-shaped crack in an infinite elastic and isotropic medium, 
based on the Griffith energy-balance, a limit function can be derived of form: 

𝑓𝑖 =
8
3
1 − 𝜈
2 − 𝜈

1
𝐺
𝑞𝜎𝑖 −𝑖 ≤ 0 (31)

where 𝐺 is the shear modulus and 𝜈 is the Poisson’s ratio of the elastic medium. The first term in this expression is the driving force, 
with 𝑞𝜎𝑖  being written as: 

𝑞𝜎𝑖 =

⎧

⎪

⎨

⎪

⎩

(

1 − 𝜈
2

)

(

𝜎𝑁𝑖
)2 +

(

𝜎𝑇
)2 (open)

⟨

𝜎𝑇 + 𝜇𝜎𝑁𝑖
⟩2 (closed)

(32)

where 𝜇 is the friction coefficient, 𝜎𝑁𝑖  the (signed) normal component of the traction on the crack plane, and 𝜎𝑇  the magnitude of 
the shear traction on the crack plane. The ⟨⋅⟩ operators are the Macaulay brackets, used to denote the ramp function.

The expression for 𝑞𝜎𝑖  in the case of open cracks was derived by Keer [68], while the one for closed sliding cracks was originally 
proposed by Dienes [69] with an incorrect factor that was later corrected by Rice [70]. The closed-crack case assumes a Coulomb 
friction law. As for the resistance function in the SCRAM model, the amount of energy tied as surface energy in a body weakened 
by penny-shaped cracks can be written as: 

𝜓𝑑 = 𝛾
∑

𝑖
𝑖𝑠

𝑐
𝑖 (33)

where 𝛾 is the surface energy of the matrix and the expression for 𝑠𝑐𝑖 , the area of a penny crack, is given in Eq. (8). The rate of 
change of this energy with respect to the crack-density parameter is the resistance, such that: 

𝑖 = 𝜕𝑖𝜓
𝑑 = 𝛾 4𝜋

3

(

𝑖
𝑖

)1∕3

= 𝛾 4𝜋
3

1
𝑎𝑖

(34)

The resulting physical interpretation is that cracks can only grow in the material if the rate at which potential energy is consumed 
matches the rate at which energy is tied in the form of new surfaces. This resistance function is analogous to the case of a flat 
R-curve from LEFM, since the energy necessary to create a unit area of crack is constant (and equal to 𝛾), and, apart from SCRAM, 
is also used in the context of energy-based Micromechanical models by many authors [2,3,8,40,42,43]. Isotropic versions of SCRAM 
and other closely related formulations using this damage condition also exist [5,71–74], but are not discussed further.

Another example of a stress-based criteria derived from LEFM are two works by Iskhakov et al. [3,42]. These papers deal 
with damage induced by the expansive products of alkali-silica reactions in concrete, which is also the source of prior works on 
micromechanical modeling [1,2]. In Refs. [3,42], the authors assume that damage in the aggregates and the cement gel that compose 
the concrete can be modeled by the growth of pre-existing cracks using an energy-based criterion like the ones previously described. 
However, the authors also introduced another criterion where damage can form in a ring around aggregates and propagate through 
the gel. For that latter case, the damage loading condition is written as: 

𝑓 𝑑𝑖 = 𝐾𝐼
𝑖 −𝐾𝐼𝑐 ≤ 0 (35)

where 𝐾𝐼
𝑖  is the mode-I stress intensity factor (calculated for the case of an annular crack around the aggregate) and 𝐾𝐼𝑐 the mode-I 

fracture toughness of the gel. No consideration is taken regarding mode-II fracture and compression, since the focus of the paper is on 
the behavior of chemically induced expansion (which is tensile and volumetric). In this case, 𝐾𝐼

𝑖  can be considered the driving force 
and 𝐾𝐼𝑐 the damage-resistance. A similar fracture toughness approach is taken by Shao et al. [44,45], where a phenomenological 
modification is used to address compression. The stress-intensity factor for a crack 𝑖 in an infinite elastic body for mode-I loading 
is typically presented as: 

𝐾𝐼
𝑖 = 𝑘𝑐

√

𝑎𝑖𝜎
∞ (36)

where 𝜎∞ is the remote stress, assumed to be a uniaxial tensile loading normal to the crack, and 𝑘𝑐 is a constant factor which 
depends on the type of crack. Starting from this point, Shao et al. [44,45] proposed an equivalent stress to replace 𝜎∞, which has 
the form: 

𝑞𝜎𝑖 = 𝜎𝑁𝑖

(

𝑓𝑐
𝑓𝑐 + ⟨−𝜎𝑁𝑖 ⟩

)𝑚

+ 𝛼𝑎
⟨

3𝜎𝐷𝑖
⟩

(37)

where 𝜎𝐷𝑖  is the normal component of the projection of the deviatoric stress tensor into the crack plane, as opposed to 𝜎𝑁𝑖 , which 
refers to the complete stress tensor. The exponent 𝑚 is a free model parameter, with 𝑓𝑐 being the compressive strength of the 
homogenized material, and 𝛼𝑎 being a small factor that increases linearly with crack diameter until a critical diameter value, after 
which it is held constant.

Under uniaxial tensile loading aligned to the 𝑖th crack family, the model by Shao et al. [44,45] closely approximates the classical 
LEFM/fracture toughness approach. On the other hand, the compressive behavior is modeled phenomenologically. Notably, this 
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model predicts that compressive damage will happen by propagating a crack whose normal direction is aligned with the compressive 
one. This is in stark contrast to the assumption of most other micromechanical models, which consider that compressive damage 
will trigger the growth of cracks either at an angle with respect to the compressive direction (such as in some works of Zhu and 
collaborators [16,17,19]) or of those whose normal vectors are perpendicular to the loading directions [2,43].

3.3. Strain-based evolution criteria

Rather than using the energy-release rate or components of the stress tensor to compose the driving force in their model, 
the formulation by Jefferson and Bennett [49,50], later extended by Mihai and Jefferson [75–78], writes this force in terms of 
components of the strain tensor exclusively. Conversely, their damage-resistance function is purely dependent on an auxiliary damage 
parameter 𝜁𝑖, which has the meaning of an equivalent damage strain. Under these assumptions, the damage-loading function takes 
the simple form: 

𝑓 𝑑𝑖 = 𝑓 𝑑𝑖 (𝑬, 𝜁𝑖) = 𝑖(𝑬) −𝑖(𝜁𝑖) (38)

and was originally written as a strain-based version of the hyperbolic Mohr–Coulomb surfaces often used in cohesive element 
formulations for quasi-brittle materials. In this original form, the resistance function is simply 𝑖 = 𝜁𝑖. The damage parameter 
𝜁𝑖 is then tied to the actual damage scalar, which acts to soften the effective stiffness tensor based on the MT estimate. The model 
uses the strain-based friction approach briefly mentioned in Section 2.3 and discussed in detail in Annex A. More details about 
Eq. (38) can be found in Annex B.

It must be noted that this model represents a certain departure from the others discussed in this section, in the sense that it can 
be considered, at least from the perspective of damage evolution, to be entirely phenomenological. Contrary to energy- and stress-
based formulations, where principles of LEFM and/or thermodynamics are employed, this damage evolution law is not derivable 
from first principles. It can also be argued that using the total macrostrain tensor (or, more specifically, projections of it) is somewhat 
contradictory to the underlying assumption of the theory laid out in Section 2, where the contributions of each crack family are 
summed in strain space and the macrostress is shared by all families.

Another consequence of writing the damage evolution laws in terms of the macroscopic strain tensors is that the contributions 
of each crack family in terms of added strains/compliances have to be integrated numerically. If this is not done, damage evolution 
in the homogenized material becomes pathologically dependent on the directional discretization of the problem in terms of the 
number of crack families. This is due to the fact that changes in the damage state of one crack family do not affect the damage-
loading functions of the others. As such, adding more families therefore increases the total amount of damage in the material, which 
must be compensated by the integration weights. In the paper by Jefferson and Bennett [50], a Maclaurin integration over a unit 
hemisphere is employed.

For energy- and stress-based models, changes in the damage state of one family do affect the damage-loading functions of all 
others, since increasing damage leads to a global reduction in stress or free energy, not only a local one. As such, the crack families 
are coupled, and the use of integration weights in these models is inappropriate, as it would also lead to nonobjective behavior with 
changing directional discretization. For these formulations, crack families should simply be distributed, rather than integrated, and 
for isotropic damage initiation this distribution should minimize directional sampling bias as much as possible.

3.4. Overview of models and equivalence between formulations

By combining the previously discussed choices for the type of damage evolution, friction formulation, and crack-closure approach, 
several different models can be obtained. Additionally, authors can also make assumptions on the nature of the distribution of crack 
families, with orthotropic and isotropic versions of both energy and stress-based formulations existing, as highlighted. A summary 
of these different modeling choices, and how different works fall into each category, is given in Table  3.

Remarkably, it can be shown that some of these formulations, while looking on the surface rather different, are in fact equivalent, 
at least in some constrained scenarios. To demonstrate this equivalence, no friction is considered, such that the energy expression 
in Eq. (28) can be used. In that case, an energy-based model using the MT estimate yields the following driving force, written for 
prescribed stresses: 

𝑖 =
1
2
𝜮 ∶ H∗|◦

𝑖 ∶ 𝜮 (39)

This expression is independent of the damage parameter, since the H∗|◦
𝑖  tensor is constant and depends only on the direction of the 

crack family, not its characteristic size or the number of cracks per unit volume. For an isotropic matrix, this driving force yields 
the expression in the SCRAM model (Eq. (31)) exactly. This equivalence was also observed to hold for the case of frictional cracks 
(which was done numerically and not formalized here). While such an equivalence may seem surprising at first, it makes more 
sense once it is recalled that the MT estimate matches the compliance-based Dilute one for the case of penny-cracks. Since this 
Dilute estimate is directly obtained from the Eshelby tensor, without any assumption other than the infinite nature of the elastic 
medium with respect to the size of the crack, it must therefore be exact, since the Eshelby tensor is also defined exactly in the case 
of isotropic matrices and ellipsoidal inclusions.

Another equivalence that can be proven is between the stress-based models, namely the Griffith’s approach of SCRAM, and those 
based on the stress-intensity factor, at least for the case of loading normal to the crack plane. This can be done by squaring the 
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Table 3
Classification of cited literature based on damage, friction, and crack closure mechanisms.
 Type of mechanism Modeling choices Publications  
 

Damage propagation

Anisotropic (N independent crack families)
Free energy-based [11,12,15–17,41,47]  

 Stress components-based [6,44,45,48]  
 Strain components-based [49,50,75–78]  
 Orthotropic (3 independent crack families) Free energy-based [2,3,42,43]  
 Stress components-based [3,42]  
 Isotropic (single damage parameter) Free energy-based [4,19,21,51–60,62,66,67]  
 Stress-based [5,71–74]  
 

Friction

Friction not considered [2,3,12,15,16,41–43,66]  
 

Local
Plasticity-based [11,17–19,47]  

 Stress rate-based [6,48]  
 Strain-based [49,50,75–78]  
 Global Plasticity-based [4,21,51–60]  
 
Crack closure

Considered by the choice of Dilute concentration tensor [6,12,15,16,41,44,45,48]  
 Considered by the local friction formulation [11,17–19,47,49,50,75–78]  
 Not considered/Considered globally only [2–5,19,21,42,43,51–60,62,66,67,71–74] 

two terms that compose the damage-loading function in Eq. (35). Since the limit surface itself is defined by 𝑓 𝑑𝑖 = 0, it remains the 
same under this squaring, even if the value of the damage-loading function changes elsewhere. The new (squared) damage loading 
function can be written, with some manipulation, as: 

𝑓 𝑑𝐾𝑖 =
(

𝜎𝑁𝑖
)2 −

(

𝐾𝐼𝑐

𝑘𝑐

)2 1
𝑎𝑖

(40)

where 𝜎𝑁  is the remote normal stress applied to the crack family (which, for penny cracks, is the same as the average stress in the 
matrix). The SCRAM function is now similarly rearranged as: 

𝑓 𝑑𝛾𝑖 =
(

𝜎𝑁𝑖
)2 − 1

𝑘𝑒
4𝜋𝛾
3

1
𝑎𝑖

; 𝑘𝑒 =
8(1 − 𝜈)(1 + 𝜈)

3𝐸
(41)

where 𝐸 in the Young’s modulus. Comparing the two expressions, they have the same functional dependency on (𝜎𝑁𝑖
)2 and 1∕𝑎𝑖, 

differing only by the format for the constant term multiplying the latter. Therefore, if the 𝐾𝐼𝑐 parameter is written as: 

𝐾𝐼𝑐 =

√

𝑘2𝑐
𝑘𝑒

4𝜋
3
𝛾 (42)

the two formulations are identical.
An important property of these equivalent formulations (henceforth referred to as the ‘LEFM models’) is that they require finite 

defects to be initially present in the material. Without initial defects, the damage-loading condition can never be reached, regardless 
of the magnitude of the applied strains/stresses. For the surface energy approach, this is because the resistance function becomes 
infinite for vanishing (initial) crack radius. In the fracture toughness approach, the driving force remains null.

Another aspect that must be highlighted is that these demonstrated equivalences only hold for the narrow cases described. If 
an energy-based model is used with a different estimate than MT, the surface energy resistance function does not yield the SCRAM 
stress-based expression. In fact, in those cases, the stress-based driving force of the former model remains a more complex function 
of the damage parameter whose functional dependency varies with the choice of homogenization scheme. The result is not constant 
as in Eq. (39), obtained for the MT estimate. Further, the surface energy approach is only the same as the fracture toughness one for 
mode-I loading. If shear is applied, this equivalence no longer holds. In fact, it is also possible to write stress-intensity models with 
mode-II and mode-III loading taken into account. These are hardly discussed in the context of analytical-based micromechanical 
models.

It is remarked that while the MT estimate was used by all the stress-based models cited, and the equivalence with the energy 
formulation only exists in this case, it is also possible to use stress-based damage-loading functions with other estimates. An example 
of this is given in Fig.  1 for uniaxial tensile loading, where 𝑎0 is the initial radius assumed for all crack families.

4. A critical look at micromechanical models

The behavior of micromechanical models is directly tied to the interaction between the driving force 𝑖, the resistance function 
𝑖, the choice of homogenization scheme, and the nature of the applied mechanical loading. These choices have profound 
consequences on the pre- and post-peak behavior of the models; the stability of the constitutive law and of the distribution of 
damage along multiple directions; the physical meaning of the formulation; and the capacity of the models to reproduce well-known 
experimental results; among other things. In this section, these choices are examined, along with some important issues that affect 
most micromechanical formulations currently available in the literature.
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Fig. 1. Uniaxial tensile stress–strain response of an isotropic matrix (𝐸 = 60 GPa, 𝜈 = 0.2) weakened by a single family of penny-cracks whose 
normal axis is aligned with the loading direction. The damage-loading function is based on the fracture toughness approach in Eq. (35) with 
parameters 𝑎0 = 0.02 m,  = 103 m−3, 𝐾𝐼𝑐 = 106∕4 Pa∕

√

m. The Dilute, PCW, and MT estimates are used. In this figure, ‘Elastic’ refers to the 
portion of the stress–strain curves before the initially assigned damage starts to increase.

4.1. Accuracy of mean-field homogenization schemes

A central assumption in the micromechanical models discussed in this work is that mean-field homogenization theory can be 
used to estimate the effective behavior of the cracked medium. To validate this assumption, it is useful to compare the predictions of 
different homogenization schemes to those of FEM models. Such comparisons are numerous for plane stress cases, where the cracks 
are 1D lines (e.g. Refs. [22,79–82]). However, 3D studies with (2D) penny cracks, which are more relevant to this work, are also 
rarer. Two related papers by Bluthé, Bary, and Lemarchand [83,84] examine the effects of cracks placed in parallel with a random 
distribution on an isotropic matrix, such that the effective behavior is transversely isotropic. Vasylevskyi, Drach, and Tsukrov [85] 
do the same, but for a matrix that is initially orthotropic. Lastly, Saenger, Krüger, and Shapiro [86] consider both randomly oriented 
and randomly distributed cracks in an isotropic matrix. For higher density parameters, the cracks are allowed to intersect in the 
isotropic case, since forbidding the intersections becomes virtually impossible above a certain crack-density threshold. Further, 
contrary to the other references listed, the authors deal with wave-propagation speeds, rather than the (directly related) elastic 
constants. Nevertheless, the two measures will be considered as qualitatively equivalent for the purpose of this analysis.

Taking into account the aforementioned works, it can be generally noted that the Dilute [83] and PCW/IDD [79,82,83] 
homogenization schemes largely underestimate stiffness and display a percolation threshold (a complete loss of stiffness for finite 
crack densities). These results can be observed in Fig.  2, where the predictions from these schemes are compared to the FEM results 
reported by Bluthé, Bary, and Lemarchand [83] for the case of aligned cracks. It should be highlighted that since mean-field estimates 
neglect overlap between cracks, the existence of this threshold is inconsistent [22,23,87]. However, these estimates predict it under 
fairly low crack-density parameters. Conversely, the MT estimate [79–83,85,86], which does not display a percolation threshold, 
largely overestimates stiffness, as can also be seen in Fig.  2. In fact, as highlighted by several authors, the MT estimate represents 
an upper-bound prediction of the effective stiffness for a random distribution of non-intersecting cracks [36,88–90]. This is actually 
a general problem with the estimate, which tends to considerably under- or overestimate the effective elastic properties of the 
homogenized medium in situations of high contrast between the elastic properties of the matrix and the inclusions, the case of void 
inclusions being an extreme example.

From a physical perspective, a percolation threshold should not exist in the case of planar, randomly placed, aligned cracks — 
such as in Fig.  2. Aligned flat cracks would only lead to fragmentation if they become sufficiently large to bisect the entire bulk of the 
material, in which case it is no longer possible to define an RVE and analyze these cracks statistically (as done in micromechanical 
models). Therefore, the existence of a threshold in the Dilute and PCW/IDD estimates for the case of aligned cracks can be considered 
a mathematical artifact. In contrast, for randomly distributed cracks, overlap is essentially inevitable at sufficiently high density 
parameters, as highlighted in Ref. [86]. Here, a percolation threshold should indeed emerge once a sufficient number of cracks are 
connected. In this case, the MT estimate is inadequate, since this threshold is not present for finite density parameters. Indeed, while 
reaching this threshold again marks the limit of the RVE’s validity, a representative model should nevertheless capture the transition 
point. By remaining finite, the MT estimate implies that the statistical procedure remains valid indefinitely, regardless of density. 
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Fig. 2. Comparison of mean-field homogenization schemes and FEM results [83] in terms of normalized elastic modulus along the 𝑍-axis. The 
results are obtained considering a single crack family with normal axis aligned with the Z-axis and embedded in an isotropic matrix (𝜈 = 0.2).

As for the IDD/PCW and Dilute estimates, even though a threshold is present, its value is arbitrary, insensitive to the distribution 
of crack directions, and generally too low.

Because of the complications introduced by the presence of percolation thresholds – especially if they are too low – researchers 
often prefer the MT estimate for numerical modeling purposes. This is also the case for the numerical examples presented later.

4.2. Stability analysis of energy and stress-based models

Numerically, damage evolution is normally imposed with a ‘return’ algorithm: once the damage loading condition is violated in 
a certain crack family (𝑓 𝑑𝑖 > 0), the damage parameter 𝑖 is increased by an amount that ensures 𝑓 𝑑𝑖 = 0 (to a certain tolerance). 
This implies the necessity that the damage-loading function decreases with increasing damage, otherwise a return to zero is not 
possible, since 𝑑𝑖 > 0. Hence, the stability condition of micromechanical models can be written, in a general way, as 𝜕𝑖𝑓 𝑑𝑖 < 0. 
Assuming that that 𝑖 is only a function of 𝑖, which is typical, then yields: 

𝜕𝑖𝑖 −′
𝑖 < 0 (43)

where ′
𝑖 is the derivative of the 𝑖th resistance function with respect to the 𝑖th damage parameter. This expression can then be used 

to analyze the stability of different formulations.
Starting with energy-based models, the driving force is fixed by the choice of homogenization scheme. Assuming no friction and 

prescribed strains, as in the simplified energy expression in Eq. (27), the stain form of the driving force in Eq. (29) can be written 
directly as: 

𝑖 = −1
2
𝑬 ∶ 𝜕𝑖C

∗|◦ ∶ 𝑬 (44)

Hence, the driving forces for the three select mean-field estimates can be obtained by differentiating their (frictionless) stiffness 
estimates with respect to the damage parameters. For the PCW estimate, this derivative can be written, with some algebraic 
manipulation, as: 

𝜕𝑖C
∗|◦(𝑃𝐶𝑊 ) = −C𝑚 ∶

(

I +
∑

𝑗
𝑗M

∗|◦
𝑗 ∶ S𝐷

)−1

∶ M∗|◦
𝑖 ∶

(

I + S𝐷 ∶
∑

𝑗
𝑗M

∗|◦
𝑗

)−1

(45)

The MT and Dilute estimates can then be obtained, respectively, by assuming S𝐷 = I and S𝐷 = O, as discussed in Section 2.1. 
Further, combining Eqs. (43) with (44) then yields: 

− 1
2
𝑬 ∶ 𝜕2𝑖𝑖C

∗|◦ ∶ 𝑬 −′ ≤ 0 or 1
2
𝑬 ∶ 𝜕2𝑖𝑖C

∗|◦ ∶ 𝑬 +′ > 0 (46)

the latter of which is the stability condition given in Refs. [8,91].
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Fig. 3. Uniaxial tensile stress–strain response of an isotropic matrix (𝐸 = 60 GPa, 𝜈 = 0.2) weakened by a single family of penny-cracks whose 
normal axis is aligned with the loading direction. The driving force is energy-based, while different resistance functions are considered, namely 
(a) the surface energy-based resistance function (𝛾 = 0.5 Jm−2,  = 103 m−3, 𝑎0 = 2 ⋅ 10−2 m); (b) the constant resistance function (𝑏0 = 100
Jm−3); (c) the linear resistance function (𝑏0 = 100 Jm−3) with slow hardening (𝑏1 = 30 Jm−3), (d) with fast hardening (𝑏1 = 400 Jm−3), (e) and 
softening (𝑏1 = −100 Jm−3); (f) and the hardening-softening resistance function (𝑟𝑐 = 100 Jm−3, 𝑐 = 0.2).

Imposing the stability condition in Eq. (46) based on the stiffness derivative in Eq. (45) (and the MT and Dilute variants of 
it), a few things are immediately clear. For all the estimates, the driving force of frictionless energy-based models is strictly non-
increasing (𝜕𝑖𝑖 ≤ 0), and hence the stability condition is always satisfied for a ‘hardening’ resistance function (′

𝑖 > 0), meaning 
that all estimates are stable in this case (of fixed strains and increasing resistance to damage propagation). On the other hand, a 
decreasing (or constant) resistance function leads to an inherently unstable behavior for the Dilute estimate. This is because the 
stiffness derivative of this estimate is constant, and hence 𝜕𝑖

(𝐷)
𝑖 = 0, such that 𝜕𝑖𝑓 𝑑𝑖  is positive, rather than negative — once the 

damage condition is violated, it can no longer be satisfied by increasing the damage parameter. For the other estimates, stability is 
ensured in ‘softening’ resistance functions only if 𝑖 decreases more slowly than 𝑖 (meaning that the first term in Eq. (46) is larger 
in magnitude than the second). This analysis is difficult to conduct for the MT and PCW approaches, since the second derivative 
of the stiffness tensor is more involved, and the stability condition will depend on the nature of the resistance function and of the 
prescribed strains. For the MT estimate in particular, the stability analysis is easier to conduct indirectly with the stress version 
of the driving force in Eq. (39). The implication of this format is rather curious: since the H∗|◦

𝑖  tensor is constant, the resistance 
function dictates the behavior of the MT estimate very directly. To illustrate this, loading is assumed monotonic, such that 𝜮 = 𝛼𝜮̄, 
with 𝜮̄ being the (fixed) loading direction and 𝛼 a scaling parameter. In this case, the damage-loading function is simplified as: 

𝑓 𝑑(𝑀𝑇 )
𝑖 = 𝛼2𝐶 −𝑖 (47)

where 𝐶 is a positive constant whose particular value is not relevant for this analysis. Forcing the damage condition 𝑓 𝑑(𝑀𝑇 )
𝑖 = 0

then yields: 
𝛼2 ∝ 𝑖 (48)

Hence, when 𝑖 softens/hardens, so do the stresses (to a second power).
Many examples of the connection between the behavior of the resistance function and that of the stress–strain curves in the MT 

estimate can be seen in the literature. In Refs. [64,92], a softening resistance function leads to constitutive-level snap-back in the 
MT estimate for some parameter combinations, which then reverts back to stable softening. This snap-back instability is triggered 
when the stress-softening imposed by the condition in Eq. (48) is too fast. In that case, the constitutive equation 𝜮 = C∗|◦ ∶ 𝑬 can 
only be satisfied by reducing the magnitude of the strains (and hence the snap-back). In Refs. [8,18,35,66], a constant 𝑖 leads to 
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a behavior that is akin to a perfectly-plastic response, but with secant unloading to the origin. Lastly, in Refs. [18,51], a hardening 
resistance function leads to hardening stresses — even under growing damage parameters. As discussed before in this section, these 
latter two cases (of non-decreasing resistance functions) are strictly stable under fixed strains. All of these behaviors can also be 
observed in Fig.  3.(a)–(c), which will be discussed in more detail later.

A similar stress-based analysis can be conducted for the dilute estimate. In this case, the stress-based driving force is: 

𝑓 𝑑(𝐷)
𝑖 = 1

2
𝜮 ∶

(

I −
∑

𝑗
𝑗M

∗|◦
𝑗

)−1

∶ H∗|◦
𝑖 ∶

(

I −
∑

𝑗
𝑗M

∗|◦
𝑗

)−1

∶ 𝜮 −𝑖 (49)

It can be noted that the driving force part of this expression increases with increasing damage and does so particularly rapidly 
around the percolation threshold. This rapid increase means that the damage evolution condition can only be satisfied by either 
a rapidly increasing resistance function or by rapidly decreasing stresses. In the latter case, snap-backs can also occur if the stress 
reduction is too quick. Several instance of this behavior can also be observed in Fig.  3. A similar rationale is also valid for the PCW 
estimate. However, the derivative in this case is more involved and will not be discussed here.

For the LEFM-based models, such as those using surface energy and fracture toughness resistance functions, an important stability 
consideration is that small initial defects can lead to constitutive-level snap back, especially when the number of defects per unit 
volume is also small. Some examples of this can be seen in Fig.  3.(a), where a small number of small defects induces brittle failure 
in both the Dilute and PCW estimates, along with constitutive level snap-back in the initial part of the softening curve of the MT 
estimate. In the latter case, another problem can also be observed: both the fracture toughness and surface energy approaches lead to 
stress–strain curves that do not fully soften for finite density parameters. While Fig.  3 was generated exclusively with energy-based 
models, the same problems also occur with the stress-based formulations, even when estimates other than MT are used, such that 
they are no longer strictly equivalent to the energy-based MT model, as described in Section 3.4. This can be seen in the previous 
figure (Fig.  1), where a toughness-based resistance function leads to snap-back in the initial parts of the softening curve for all 
estimates, which then reverts back to stable softening that flattens out at overly large stresses.

Here, it is important to highlight how the inelastic parts of the plots in Fig.  3 are created. These results are obtained from 
the stress version of the energy damage-condition (and hence represent the damage-condition under fixed stresses, not strains). The 
damage condition is then forced (𝑓 𝑑𝑖 = 0), from where the stress magnitude (under a uniaxial tensile-load) that satisfies this condition 
is obtained as a function of the crack-density parameter. The strains associated with this stress/crack-density pair are obtained by 
multiplying the stress itself by the density-dependent compliance. Under these conditions, it is possible to trace the stress–strain 
curve using the density-parameter as a parametric variable. An analogous process was also used to compose Fig.  1, which uses the 
stresses directly, rather than through an energy-based formulation.

Another key point is that in both the Dilute and PCW cases, damage evolution is interrupted before the percolation threshold. 
If damage is allowed to increased until percolation, both estimates snap-back towards the origin sharply until complete loss of 
cohesion. After this point, damage cannot be allowed to increase, otherwise the model response becomes non-physical.

Lastly, the stability condition of the strain-based formulation of Jefferson and Bennett is trivial. Since the driving forces in 
Eq. (69) is dependent only on the strains, and the resistance functions are the auxiliary damage parameters 𝜁𝑖 themselves, the 
derivative of 𝑓 𝑑𝑖  in Eq. (38) with respect to 𝜁𝑖 is negative and unitary. Hence, the damage problem is stable. As for instabilities 
in the stress–strain curve, snapbacks in tension can be easily prevented by a careful choice of functional dependency connecting 
the auxiliary damage parameters to the actual damage variables. In compression, however, the presence of friction can sometimes 
trigger unstable softening, which is difficult to formally analyze.

4.3. Choice of damage-loading function

For energy-based models, the driving force is fixed by the choice of homogenization scheme, and hence only the resistance 
function can be chosen somewhat freely. Still, this resistance expression must be consistent with the meaning of the driving force 
— namely, it has to represent the rate of energy expenditure necessary to increase material damage. In stress and strain models, on 
the other hand, the choice of both the resistance function and the driving force is less constrained. Hence, many more options are 
available for composing the damage-loading function. However, regardless of the type of model, the damage-loading functions of 
micromechanical models are essentially of 3 kinds:

• Physics-based, which are often derived from principles of LEFM and can be tied to well-known physical laws;
• Phenomenological, where the functional form is not derived from any clear laws or principles, but rather proposed as a way 
of matching experimental data for a given driving force and homogenization scheme;

• Semi-phenomenological, where principles of LEFM are used to obtain some aspect of the functional form, with modifications 
to capture more complex phenomena that cannot be readily interpreted in a direct physical way.

Examples of formulations that are entirely or partially physics-based include the fracture toughness approaches of Iskhakov 
et al. [3,42] and of Shao et al. [44,45], and the equivalent surface energy approach of SCRAM [5,6] and of several energy-
based models [2,3,8,40,42,43]. However, many entirely phenomenological formats for the damage-resistance function also exist 
in literature, particularly for energy-based models. A commonly used one [9,12,15–18,41] is to assume that it increases linearly 
with the crack-density parameter, such that: 

𝑖 = 𝑏0 + 𝑏1𝑖 (50)
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where 𝑏0 and 𝑏1 are (positive) constants that need to be fitted. As with other resistance functions, the behavior of this linear 
expression varies drastically depending on the choice of homogenization scheme. This can be seen in Fig.  3.(c)-(d) for different 
values of 𝑏1 and the three chosen estimates. As shown in the previous section, a hardening resistance function automatically implies 
stress-hardening in the case of the MT estimate. Because of this forced hardening, such a combination is only used to fit experimental 
data where softening is not observed [17,41]. Alternatively, when paired with the PCW estimate [16], softening does happen and 
appears to be generally stable. This can also be seen in Zhu et al. [51] for a different (nonlinear) hardening function. As for the Dilute 
estimate, the stability of the uniaxial behavior seems to depend on the magnitude of 𝑏1, with smaller values leading to snapback and 
larger values leading to stable softening. This is in contrast with the behavior under fixed strains, which was proven in the previous 
section to always be stable for increasing resistance functions. For this and all other PCW and Dilute examples, the softening curves 
are limited to density parameters below percolation. If percolation is reached, the behavior is always a sharp snap-back to the origin.

Some criticisms can be levied against the linear expression. The first one is that it lacks a clear physical meaning, since the 
𝑏 parameters are arbitrary model constants that are determined by back-fitting of experimental data. Further, a rising resistance 
function is more meaningful in the context of the R-curve from LEFM, where it increases with growing crack extension, not crack 
density. This increase is generally assumed to happen due to the formation of growing plastic zones around extending cracks. It 
is also assumed to reach a limit, such that the R-curve does not increase unboundedly. Hence, the motivation for an always-rising 
resistance function 𝑖 in terms of the crack density parameter is less clear. Lastly, as shown in the previous paragraph, this format 
has drastically different behaviors depending on the choice of homogenization scheme and the magnitude of the 𝑏 parameter. This 
can be problematic, as fits for one particular estimate cannot be generalized to others and might only be applicable to specific load 
cases.

Assuming 𝑏1 = 0 reduces the linear format to a constant resistance function, which is also widely used [1,8,16,18,35,66]. Again, 
this format leads to different output depending on the selection of the homogenization scheme (Fig.  3.(b)). If the MT estimate is 
used, a response akin to perfect plasticity (with elastic unloading to the origin) is observed, as noted by several researchers. This can 
also be proven directly from Eq. (48), which can only be satisfied for a constant resistance function if the stress-magnitude scalar 
is also constant. If the Dilute scheme is chosen, it leads to constitutive-level snapback (as also previously discussed).

Still in the linear format, Fig.  3.(e) shows that negative values of 𝑏1 again produce constitutive-level snap-back for both the 
Dilute and the MT estimate. In the former case, as in the previous sub-figures, this brittleness is inherent to the estimate itself — as 
discussed previously. As for the MT estimate, the snapback behavior at higher crack densities is caused by the value of the resistance 
function approaching zero when  = 𝑏0∕|𝑏1|. When that happens, no finite driving force can satisfy the damage-condition. Since the 
driving force for energy-based models remains finite under any (also finite) value of the damage-parameter in the MT estimate, the 
damage-condition can only be satisfied if the strain is also decreasing. In fact, at a certain point, they decrease as fast as possible 
(as fast as a purely-elastic unloading, since there is no longer any energy being dissipated by the growing crack). Hence, the result 
in Fig.  3.(e). Obviously, a null resistance to damage propagation under finite crack sizes is non-physical. Therefore, this format is 
added here only for illustrative purposes and is not used by any researchers (as far as the authors of this work are aware). It is 
also noted that this format leads to stable softening for the PCW and Dilute estimates only because of the chosen value of the 𝑏
constants, which cause  to be zero when  = 1 - above the percolation threshold of the estimates. If the 𝑏0∕|𝑏1| fraction leads to 
a density parameter below this percolation threshold, snapback is also observed.

The clear connection between the stress–strain behavior of the MT estimate and that of the resistance curve allows authors to 
fine-tune the latter to match experimentally observed results in the former. To capture the transition from hardening to softening 
behavior of quasi-brittle material under uniaxial compression, Zhu and Shao [47] used the MT estimate together with the following 
hardening-softening resistance function: 

𝑖 = 𝑟𝑐
2𝑘𝑖

1 + 𝑘2𝑖
; 𝑘𝑖 =

𝑖
𝑐

(51)

where 𝑟𝑐 is the critical value of , which is obtained when the crack-density parameter reaches its critical value 𝑐 , after which 
the material softens. Hardening-softening curves of this kind, or slight variations/generalizations of it, have been used in many 
papers [7,11,47,53,55–59,64,92]. However, the use of these functions may also lead to undesirable behavior of the effective material. 
For values of 𝑖∕𝑐 ≪ 1, the resistance function can be approximated as 𝑖 ≈ 2𝑟𝑐𝑖∕𝑐 . This implies that, for crack density parameters 
much less than the critical value 𝑐 , the resistance function is (roughly) linearly dependent on the crack-density parameter 𝑖
without any constant term. Hence, at vanishing crack densities, this resistance function predicts the growth of cracks with also 
vanishingly low stresses, which has no physical basis. These low densities will give the appearance of a linear-elastic behavior, but 
this is not the case. In fact, the model has no elastic range — when 𝑖 is no longer small, deviations from linearity become visible, 
which can be observed in Fig.  3.(f). Further, the critical crack-density parameter 𝑐 is often assumed by authors to be way beyond 
unity [47,56,57,59] in order to fit experimental stress–strain curves. As discussed in Section 4.1, such high values are far beyond the 
range where the MT estimate is reasonable. In fact, out of the MT plots in Fig.  3, the end-points in sub-figures b–d and f correspond 
to a crack density of 1, with the final crack-density in a being 2. These values are also beyond the range where the MT estimate can 
be considered reasonably accurate, despite the fact that the softening curve in Fig.  3a still presents a significant residual strength. 
This high residual strength is a direct consequence of the stiffness overestimation in the MT estimate and lowering its value would 
push the estimate further beyond its meaningful range.
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Fig. 4. Schematic representation of mean-field estimates for cracked media: the crack families are assumed to be connected in series and to be 
under the same (macro)stress. 𝑬𝑠 = D𝑚 ∶ 𝜮 is the strain contribution from the undamaged matrix, such that the total strain is 𝑬 = 𝑬𝑠 + 𝑬𝑐 .

Fig. 5. (a) Illustration of the initial distribution of cracks, which are spread in an angular discretization over a hemisphere (mirrored for 
visualization purposes). The example is provided for the following parameters: an initially undamaged (0 = 0) material with elastic constants 
𝐸 = 40GPa, 𝜈 = 0.22; an energy-based damage evolution criterion; and 13 discretized directions. The sizes of the disks over the hemisphere 
surface reflect the relative (not absolute) values of the crack-density parameters in one crack family with respect to the others. This initial 
crack distribution is loaded in tension. (b) Stress–strain curves and final damage states for a linear resistance function in the softening case 
(𝑏0 = 103Jm−3 and 𝑏1 = −102Jm−3). (c) Stress–strain curves and final damage states for the case of the linear resistance function with hardening 
(𝑏1 = 5 ⋅103Jm−3). The cube visualization represents the absolute sizes of the crack inside the cubic REV, which are scaled down by a fixed factor 
for visualization purposes. For the examples in this work, the factor is 5.

4.4. Spurious direction localization

An inherent assumption of the mean-field homogenization models used in this work is that each crack family is under the same 
effective stress, which, in the case of penny cracks, is also the macroscopic stress. For the MT estimate, where each crack-strain 
contribution is linear with respect to this stress, each crack family can be essentially schematized as being connected in series, as 
illustrated in Fig.  4. This serial coupling has profound consequences for both stress-based models and energy-based models using 
the MT estimate.

Assuming no friction and proportional loading, if the increase in damage in a crack family leads to a reduction in the magnitude 
of the macroscopic stress, this causes the value of the damage-loading function in every other crack to decrease as well — hence, 
while the material is softening due to one crack family, the damage condition will never be reached in any of the other crack families 
in a (direction-)discretization of the cracking process. Essentially, this means that damage will localize into a single crack family: 
the one that starts to damage first.

Fig.  5 shows the crack propagation under uniaxial tension for different damage-resistance functions. Under uniaxial tension, 
damage localization will commonly happen in the crack family whose normal direction more closely aligns with the loading direction 
(5b). On the other hand, when the combination of driving force and damage-resistance is such that stress-hardening (rather than 
softening) happens, other cracks progressively reach the damage condition, with cracks whose normal direction is more closely 
aligned with the loading direction doing so first (Fig.  5c). The spectra of damage distribution in this case will depend on the final 
strain applied in the uniaxial loading and the magnitude of the hardening. An analogous example can be seen in Ref. [16], where 
the authors show that a linear resistance function with an energy-based driving force causes localization into a single crack family 
when 𝑏1 = 0, but on multiple families when 𝑏1 > 0. Further, the magnitude of 𝑏1 is strongly correlated with the spread of damage: 
larger values lead to wider damage distributions, as also highlighted in this paper.
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Fig. 6. (a) Stress–strain curve of a cracked material under uniaxial compression. (b) Initial distribution of cracks in the sphere representation. 
Red is used for open cracks (or, in this case, unloaded cracks), while light blue represents sliding and growing cracks. (c) Final distribution of 
cracks after localization. The sphere and cube representations carry the same meaning as in Fig.  5. Dark blue disks represent closed cracks that 
are not growing. The surface energy resistance function is used with material inputs 𝛾 = 0.348 Jm−2, 𝑎0 = 1.762 ⋅10−3 m,  = 7.5 ⋅107 m−3, 𝐸 = 40
GPa, 𝜈 = 0.2. The driving force is energy-based and 7 discretized directions are used in this example.

While tension offers a good illustration of the phenomenon, its main problem is more apparent when the material is under 
uniaxial compression, for which damage localization is an unstable process. An example of compressive damage localizing unstably 
into a single crack family (mirrored due to symmetry) can be seen in Fig.  6. The instability under compression can be understood 
as follows: if closure is considered, the cracks that reach the damage condition first are the ones that are at a certain angle with 
respect to the compression direction [71]. In the case of hardening, this damage spreads from the initial direction to other crack 
families that are similarly aligned. On the other hand, if the material softens, damage will remain concentrated where it started, 
just as in tension. However, since this crack family will be at an angle with respect to the loading direction, damage is asymmetric, 
contrary to tension. That leads to a highly unstable behavior where the direction of crack propagation can change drastically due 
to small perturbations in lateral stresses. This instability is exacerbated when the number of crack families is larger, such that the 
critical condition for crack propagation can be reached simultaneously on multiple cracks when the prescribed strain increments 
are larger.

The localizing behavior of softening energy-based models is briefly noted by Zhu, Yuan, and Shao [11] for the case of confined 
compression, where the process seems to be less unstable than what is described here. While this possibility is not investigated 
further, some preliminary numerical analysis by the authors of this work indicates that confinement indeed acts as a localization 
stabilizer, at least in the initial parts of the softening curve. However, localization still happens, and can still be highly unstable.

A notable exception to the localization behavior is the formulation by Jefferson and Bennett. In their model, the macroscopic 
strains are projected onto the individual crack planes to drive damage evolution. By evaluating damage based on this total 
macrostrain projection (rather than the macroscopic stress), the model effectively applies a kinematic assumption across all crack 
families for the purpose of damage evolution (in other words, parallel coupling). This fundamentally differs from the static 
equivalence assumed by the energy- and stress-based approaches (represented in Fig.  4 as a series coupling), where all crack families 
experience the same macroscopic stress. Because of this kinematic assumption, the discussed stress-relief mechanism responsible for 
unloading secondary cracks is absent. In turn, this allows damage to progress simultaneously across multiple crack orientations even 
under stress softening.

Examples of the lack of direction localization in the model of Jefferson and Bennett are given in Fig.  7 for both tension and 
compression. This figure also illustrates two particular features of the formulation: (i) damage evolution can happen even on locked 
cracks, which is not the case for the energy and stress-based approaches with local friction discussed in this paper, and (ii) cracks 
can be sliding even under tension, since contact is considered between the asperities of the crack surfaces. An important limitation 
of micromechanical models can also be noted in Fig.  7: while a non-interacting approach is used, it can be seen from the final crack 
distribution of the tensile example (Fig.  7a) that the crack-density parameter is exceedingly large, such that interactions between 
the cracks can no longer be neglected. In this case, the final crack density largely exceeds unity in several crack families, which 
is considerably beyond the values assumed reasonable for mean-field estimates in Section 4.1. This is again a consequence of the 
stiffness overestimation of the MT method.
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Fig. 7. Behavior of the strain-based model of Jefferson and Bennett under (a) uniaxial tension and (b) uniaxial compression. 100 crack families 
are initially used, which are represented on top of the stress–strain plots. At the bottom, the final damage distribution is illustrated in both the 
sphere and cube representations (which carry the same meaning as in Fig.  5). The model parameters are 𝑓𝑡 = 1 MPa, 𝑓𝑠 = 1.5 MPa, 𝜖𝑡𝑢 = 10−3, 
𝑚𝑔 = 0.2. The meaning of these parameters can be found in Annexes A.3 and B.

It is noted that, in all the examples shown in this section, the problem is solved incrementally and implicitly for a single material 
point. For the energy-based models in Figs.  5 and 6, friction is neglected. As such, the simplified energy expression in Eq. (27) is 
used alongside the MT estimate in Table  2. This estimate is then generalized to allow crack closure using the modified T∗|◦

𝑖  tensors 
in Eq. (12). The LCP in Eq. (22) is solved by the Newton method. A staggered approach is used: for each damage increment in 
the Newton solver, the effective behavior is recalculated iteratively to ensure convergence of the opening/closure criterion for 
the frictionless cracks for the given strain and damage state. For the localizing examples, care is taken to ensure only one crack 
family reaches the damage condition in order to avoid spurious solutions. For the strain-based model of Jefferson and Bennett, the 
solution procedure for a given strain is fully explicit. Hence, implicit iterations are only required to ensure zero stresses in all stress 
components other than the one corresponding to the prescribed strain.

4.5. Tensile-compressive asymmetry

It is known that quasi-brittle materials have a significantly different behavior under tensile and compressive loading, here referred 
to as tensile-compressive asymmetry. Such an effect is difficult to capture correctly in micromechanical models. For instance, if crack 
closure and frictional sliding are excluded, micromechanical models with energy-based crack growth criteria produce limit surfaces 
where there is no asymmetry. This is because the quadratic form of the energy expressions is insensitive to the sign of the stress/strain 
components.

When crack closure is considered, some features of the tensile-compressive asymmetry arise, since negative normal components 
no longer factor into the calculation of the dissipated energy for each crack family. For most models with multiple independent 
crack families, uniaxial compression then triggers damage due to the sliding of cracks diagonal to the loading direction. In this 
case, however, the ratio between tensile and compressive strength is fixed — in fact, it is directly caused by the ratio between the 
tensile and the shear strength of the cracks. This is also not enough, since different quasi-brittle materials have different tensile-
shear-compressive strength ratios. In particular, compressive strength values tend to be significantly higher than tensile and shear 
strength values.

Another approach is the model by Shao et al. [44,45]. In this work, compressive failure is directly considered by the normal 
component on the crack plane, and the cracks whose normal vector is aligned with the compressive direction are the ones that grow. 
As such, compressive damage at the material level is essentially imposed at the crack level directly (and phenomenologically). This 
is not the expected behavior, where the cracks that grow under compression are at an angle with the compressive direction which 
maximizes effective shear.
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Experimental evidence indicates that the compressive loading of quasi-brittle materials frequently leads to failure due to splitting 
perpendicular to the loading direction. To achieve this result, Esposito and Hendriks [2] work with a series of assumptions that are 
very particular of their model. First, only the positive part of the strain tensor is used in the driving force calculation (which is 
inspired by Mazars [65]). This makes it so that cracks whose planes are perpendicular to the (compressive) loading direction have 
no contribution to the driving force and hence do not propagate — even though the formulation has no crack closure. Further, the 
model assumes that cracks have non-vanishing aspect ratios when they are considered in the calculation of the effective stiffness 
tensor. This finite ratio then introduces a void-fraction component to the stiffness tensor, such that even cracks whose normal 
vectors are orthogonal to the compression direction would reduce observed stiffness. Lastly, the authors of Ref. [2] consider three 
orthogonal crack families, along with loading that is volumetric and expansive in nature and/or uniaxial and aligned with one 
of the crack families. Under these assumptions, tensile loading affects the crack family whose normal direction is aligned with the 
loading direction, while compression affects the other two crack families. As such, tensile/compressive asymmetry can be imposed by 
controlling the (non-zero) thickness assumed for the cracks. This non-zero thickness also allows the model to achieve full softening, 
which, as previously demonstrated, is impossible with the combination of the surface energy resistance function and the MT estimate 
used in Ref. [2].

The approach of using three orthogonal crack families is also used by Refs. [3,42,43]. Refs. [3,42], however, do not deal with 
compressive loads. In fact, damage evolution in the three crack families is assumed to be the same. While this approximation is 
considered sufficient in the context of their work, where loading is volumetric and tensile in nature, the same cannot be said for 
other loading conditions, limiting the general applicability of the model. As for the model in Ref. [43], similarly to Esposito and 
Hendriks [2], only axial loads aligned with the crack families are addressed. In this case, the approach of having three orthogonal 
crack families with finite thickness is more appropriate. However, shear and/or multiaxial loads are likely to trigger the localization 
problem previously described in Section 4.4. Further, the behavior of the model in these cases will be strongly anisotropic.

Given the aforementioned limitations, the most popular solution to simulate the tensile-compressive asymmetric behavior is to 
introduce local friction in the models.2 As previously discussed, this frictional component can be either based on stresses [5,6,17,18] 
or strains [49,50] (see Section 2.3 for an overview or Annex A for more details). However, local friction also causes other problems 
to the solution of the damaging process. In the stress-based frictional models, local friction prevents complete compressive softening 
from happening, even at very large strains. Further, it also leads to some instabilities, where previously-locked cracks slide very 
suddenly, causing sharp drops in the softening curve. Examples of this can be seen in some confined-compressive curves in Ref. [47] 
for the case of energy-based models, and were also observed under uniaxial compression for the strain-based formulation by the 
authors of this work. Further, the strain-based model is also known to suffer from contact chatter [76]. This can be observed by 
the small oscillation in the post-peak behavior of the compressive part of Fig.  7. For coarser discretizations, this behavior is more 
pronounced (as is the case in Ref. [76]).

Lastly, another issue that also has to be mentioned with regards to the tensile-compressive asymmetry of quasi-brittle materials is 
that tensile and compressive curves not only have different peak stresses, but also different shapes. In particular, compressive curves 
are often assumed to have pre-peak stress hardening and an overall more ‘rounded’ behavior around the peak. Tensile curves, on 
the contrary, tend to be linear up to near peak stresses and have more pronounced softening immediately after this peak stress 
is reached. However, in almost all energy-based Micromechanical models, the shapes of inelastic curves are largely imposed by 
the combination of the homogenization scheme and choice of resistance function. Hence, optimizing this combination to match 
the shape of one softening curve does not guarantee that the other is correctly represented. Examples include Fig.  6, where the 
surface energy resistance function leads to a compressive softening behavior that would be more appropriate for tension, rather 
than compressive loading, and the hardening-softening function in Fig.  3.(f), where the opposite is true.

4.6. Non-homothetic crack growth

A key assumption of the models discussed so far is that growing cracks remain circular and planar. While small deviations 
from circularity generally have minor consequences [23] and tend to vanish under Mode-I growth [93], the assumption of planar 
evolution is much more problematic for other cases [94–103].

Non-planar growth occurs essentially anytime the applied loading is not normal to the initially planar crack. This misalignment 
introduces an asymmetry, causing the crack to extend out-of-plane starting from a particular point along its perimeter. As the crack 
grows, it minimizes Mode-II loading because energy is more efficiently dissipated in Mode-I, which has a much lower fracture 
toughness. Consequently, the critical corner extends out-of-plane to ‘‘search’’ for the loading direction that maximizes hoop stress.

As an example, inclined cracks under uniaxial tension grow such that their extending portions tend to align perpendicularly 
to the load [97]. Conversely, under inclined compression, out-of-plane ‘‘wings’’ form and tend to align parallel to the loading 
direction [98–103], as illustrated in Fig.  8. Analogously, pure shear stress on the crack plane drives propagation at an angle that 
maximizes hoop stress [96].

Modeling these non-planar trajectories significantly complicates the calculation of crack-strains, tractions, stress-intensity factors, 
and the rate of surface-area generation. Because exact trajectories typically require numerical methods, several authors [104–109] 
have proposed approximate schemes that replace out-of-plane curved cracks with equivalent flat cracks using modified angles, aspect 
ratios, or strain contributions. However, these models are generally limited to small deviations from flat geometries, single or few 
crack families, uniaxial or biaxial loading, and 2D plane stress conditions (slits) rather than 3D penny-shaped cracks.

2 Jefferson and Bennett’s model also introduce asymmetry directly by virtue of the (signed) normal strain parameter in the driving force in Eq. (69).
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Fig. 8. Schematic representation of a winged crack. The crack starts as flat, planar, and circular (penny-shaped crack). Due to the presence of 
shear along the plane of the penny-shaped crack (such as when a uniaxial compression is applied perpendicular to the plane), it extends out of 
the plane in a manner similar to ‘wings’. For a compressive load, the ‘wings’ tend to align with the compressive direction. (a) 3D view of the 
winged crack. (b) and (c) side-views, respectively perpendicular and parallel to the uniaxial compressive loading.

5. Conclusions

Micromechanical models are regarded as great alternatives to phenomenological formulations, especially for multiphysics and/or 
multiscale problems. This attractiveness comes from the fact that model input and internal variables are supposed to have clear 
physical meanings, such that coupling with non-displacement fields and across multiple scales is more intuitive. Further, these 
models appear to give very natural solutions to complex problems, such as anisotropic damage evolution and unilateral effects. 
However, these advantages are only fully realized if these models can correctly predict quasi-brittle behavior while maintaining a 
strong physical meaning. Upon a critical analysis of various approaches available in the literature, this paper highlights the following 
drawbacks of current micromechanical models:

• These approaches often adopt damage parameter values that are beyond the range of applicability imposed by the selected 
homogenization scheme.

• They can only capture specific loading cases under specific conditions, without being able to provide the correct softening 
behavior for general cases.

• Various models predict inelastic curves that are vastly different between different homogenization approaches, even within 
the range where they should all be valid.

• They rely on the assumption that cracks are planar, circular, non-percolating, and non-overlapping. For cases where damage 
evolution is allowed, particularly in the post-peak regime, these assumptions become increasingly non-representative the larger 
the damage.

• In case complex microstructures or failure mechanisms are considered, the nature of input and internal parameters generally 
tends to become phenomenological, or their values are beyond applicability ranges.

• Many models suffer from spurious localization of damage into a single crack family, which renders their behavior unstable.
• Local friction further adds instability to the model in the form of sudden crack sliding and contact chatter.

These findings seem to indicate that micromechanical models still require development to be suitable for broader applicability.
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Appendix A. Friction formulations

In this annex, the friction formulations briefly introduced in Section 2.3 are explained in more detail.

A.1. Local plasticity approach

The local plasticity approach is based on imposing a limit condition on the frictional stresses in Eq. (20) under a local flow rule. 
To isolate these 𝝈𝜇𝑖  frictional stresses, it is important to first highlight that H◦

𝑖  is rank deficient (in the case of penny cracks). This 
is directly related to the fact that flat cracks have only two independent principal components (one associated with the normal 
direction and one with the tangential direction). A consequence of this deficiency is that the H◦

𝑖  tensors do not have a traditional 
inverse. Hence, some preparation is needed. First, Eq. (20) can be equally written as: 

𝝐𝑐𝑖 = 𝑖H◦
𝑖 ∶

[(

N𝑖 + L𝑖
)

∶ 𝜮 − 𝝈𝜇𝑖
]

(52)

where N𝑖 and L𝑖 are projection tensors3 that isolate the normal and lateral components of the macro stress 𝜮 with respect to the 
𝑖th crack surface. The two expressions are the same, since the H◦

𝑖  tensors already belong to the same space as L𝑖 + N𝑖. Hence, the 
contraction operation leaves the H◦

𝑖  tensors unmodified by the unitary and orthogonal projection tensors. However, 𝝈
𝜇
𝑖  can now be 

correctly isolated as: 

𝝈𝜇𝑖 =
(

N𝑖 + L𝑖
)

∶ 𝜮 − 1
𝑖
(H◦

𝑖 )
+𝝐𝑐𝑖 (53)

where the {⋅}+ operator is the Moore–Penrose inverse.4
Similar expressions for 𝝈𝜇𝑖  are derived by a different rationalization in several works of Zhu and collaborators (Refs. [17,18,47,

51], to cite a few), albeit without the N𝑖 + L𝑖 term added in this work for dimensional consistency, and with a regular, rather than 
pseudoinverse. The frictional stress 𝝈𝜇𝑖  can then be made to satisfy the local yield condition, often Coulomb friction. If the crack is 
found to be sliding (the yield condition is violated), the crack strains can be updated as: 

𝛥𝝐𝑐𝑖 = 𝛥𝜆𝜇𝑖 𝑮
𝜇
𝑖 (54)

where 𝑮𝜇
𝑖  is the flow direction and 𝛥𝜆𝜇𝑖  the plastic multiplier. The value of the plastic multiplier can be found by solving a linear 

complementarity problem in the form: 
𝑓𝜇𝑖 ≤ 0 𝛥𝜆𝜇𝑖 ≥ 0 𝑓𝜇𝑖 𝛥𝜆

𝜇
𝑖 = 0 (55)

As for the sliding direction 𝑮𝜇
𝑖 , it is a function of the fictional stress 𝝈

𝜇
𝑖 . An example of this tensor for a Coulomb-like plastic potential 

can be found in Ref. [47]. In this format, the problem is both fully implicit at the local level and coupled at the global level by the 
macrostress acting a back-stress term in all the local frictional stresses.

A.2. Stress-rate-based approximation

In the Los Alamos stress-rate formulation, Coulomb friction with no dilatancy is considered. In this case, the rate of change of 
the crack strains for sliding cracks can be approximated as a linear combination of the friction-locked case (where there is no crack 
strain rate) and the frictionless sliding case (where the shear component of the crack strain rate is the same as that of an open 
crack). The scaling factor for this linear combination can be calculated as [6,48]: 

𝜂𝜇𝑖 =

⟨

1 −
𝜇⟨−𝜎𝑁𝑖 ⟩

𝜎𝑇𝑖

⟩

(56)

where 𝜎𝑁𝑖  is the (signed) value of the normal component of the projection of the macroscopic stress tensor 𝜮 on the plane of the 
𝑖th crack family, with 𝜎𝑇𝑖  being the magnitude of shear component.

The meaning of the 𝜂𝜇𝑖  scaling factor can be interpreted rather simply: when the shear component of the traction acting on the 
crack family (term in the denominator) does not exceed the frictional limit on the crack stress (term on the numerator), then 𝜂𝜇𝑖 = 0. 
On the other hand, when the normal traction component is non-negative, and therefore friction is null, then 𝜂𝜇𝑖 = 1. For intermediate 
cases, where friction exists, but is less then the shear traction, 𝜂𝜇𝑖  will assume intermediate values that are directly related to the 

3 The specific format for these tensors and their meaning can be found in Refs. [19,47,51,110,111].
4 Often called ‘pseudoinverse’, it is applicable to rank deficient matrices and acts as a ‘weak’ inverse, such that 𝑨𝑨+𝑨 = 𝑨 and 𝑨+𝑨𝑨+ = 𝑨+.
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ratios between these two quantities. Hence, 𝜂𝜇𝑖  acts as a measure of the portion on the shear traction that is cancelled by friction 
for 𝑖th crack family. With this metric at hand, generalized H𝑐

𝑖  tensors can be defined as: 

H𝑐
𝑖 = 𝐻

(

𝜎𝑁𝑖
)

H◦
𝑖 +𝐻

(

−𝜎𝑁𝑖
)

𝜂𝜇𝑖 H
∗
𝑖 (57)

where 𝐻 is the ‘Heaviside step function’ and a convention that 𝐻(𝑥) = 1−𝐻(−𝑥) is used. Because of 𝜂𝜇𝑖 , H𝑐
𝑖  is a non-linear function 

of the macroscopic stress tensor, in contrast to the open and frictionless sliding cases, where it is purely a step function. The latter is 
recovered by setting 𝜇 = 0, which always gives 𝜂𝜇𝑖 = 1. In this case (of no friction), then H𝑐

𝑖 = H∗|◦
𝑖 , where the latter tensor assumes 

either the open (◦) or closed and frictionless (∗) form depending on the sign of the normal component of the traction on the cracks 
in the 𝑖th family. When the normal component is zero, using H◦

𝑖  or H∗
𝑖  yields the same solution, so any of the two formats can be 

used.
With the H𝑐

𝑖  tensor at hand, the crack strain rate is then written exclusively in terms of the stress tensor and its rate as: 

𝝐̇𝑐𝑖 = H𝑐
𝑖 ∶ 𝜮̇ (58)

This renders the local problem fully explicit. However, friction is now solved only approximately, since the LCP is no longer strictly 
enforced. As for the global problem, 𝜮 is still implicitly-defined. In the SCRAM model, this dependency is addressed by means of 
an explicit time-integration scheme, thus rendering the whole solution process also explicit.

A.3. Strain-based formulation

An example of a strain-based friction formulation is the one included in the model by Jefferson and Bennett [49,50], which 
relies on a change of damage variable. It can be readily observed that the compliance tensor for the MT estimate (Table  2) remains 
finite for any (also finite) value of 𝑖 (in the case of flat, volumeless penny-shaped cracks). Therefore, 0 ≤ 𝑖 < ∞ and the density 
parameter has no upper bound in the MT estimate. In order to have a normalized damage variable, Jefferson and Bennett make the 
substitution: 

𝑖 = 𝑘𝜈
𝜔𝑖

1 − 𝜔𝑖
; 𝑘𝜈 =

3
16(1 − 𝜈2)

(59)

where the new damage variable 𝜔𝑖 is bounded, since when 𝜔𝑖 → 1, then 𝑖 → ∞. Notably, this transformation is defined for an 
isotropic matrix, since 𝑘𝜈 depends on the Poisson’s ratio of the matrix phase 𝜈. Under this transformation, 𝜔𝑖 now carries the meaning 
of an effective area from Continuum-Damage Mechanics.

Introducing the notations: 
D𝜔◦𝑖 = 𝑘𝜈H◦

𝑖 ; 𝝈𝑐𝑖 = (N + L) ∶ 𝜮 − 𝝈𝜇𝑖 (60)

with 𝝈𝜇𝑖  again being the local frictional stress, and N and L the projection tensors used in Eq. (53), then the individual crack-strain 
contributions in Eq. (20) can be written, using the transformed damage variable, as: 

𝝐𝑐𝑖 =
𝜔𝑖

1 − 𝜔𝑖
D𝜔◦𝑖 𝝈𝑐𝑖 (61)

Jefferson and Bennett then introduce a so-called ‘Equivalent Local Strain’5 as: 
𝝐𝐿𝑖 = 𝝐𝐿𝑒𝑖 + 𝝐𝑐𝑖 ; 𝝐𝐿𝑒𝑖 = D𝜔◦𝑖 ∶ 𝝈𝑐𝑖 (62)

where 𝝐𝐿𝑒𝑖  is the elastic part of this local strain. Then, instead of isolating the frictional stresses 𝜎𝜇𝑖  and having them satisfy a 
stress-based yield condition, Jefferson and Bennett propose an explicit expression for this contribution of form: 

𝝈𝜇𝑖 = 𝜔𝑖𝛼
𝜇
𝑖 C

𝜔◦
𝑖 ∶ G𝜇

𝑖 ∶ 𝝐𝐿𝑖 (63)

whose terms will be discussed later. With the frictional stress explicitly written in terms of the local strains, the latter can be fully 
isolated, leading to 

𝝐𝐿𝑖 = D𝐿𝑖 ∶ 𝜮 ; D𝐿𝑖 =
[

(1 − 𝜔𝑖)I + 𝛼
𝜇
𝑖 𝜔𝑖G

𝜇
𝑖
]−1 ∶ D𝜔◦𝑖 (64)

If a local compliance tensor is then defined as: 
D𝐿𝑖 = D𝜔◦𝑖 + D𝑐𝑖 (65)

it follows that the additional local compliance due to the presence of a crack family can be written as: 

D𝑐𝑖 =
{

[

(1 − 𝜔𝑖)I + 𝛼
𝜇
𝑖 𝜔𝑖G

𝜇
𝑖
]−1 − I

}

∶ D𝜔◦𝑖 (66)

This tensor can be used to calculate the homogenized compliance for the MT estimate using the expression in Table  2 in place 
of 𝑖H◦

𝑖 . More importantly, it can also be used to calculate the homogenized stiffness from the same table, using the relationship 

5 A vector in the original paper, here expressed, equivalently, as a tensor.
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between M and H from Eq. (10). However, to do so, D𝑐𝑖  needs to be scaled by an integration weight in both cases. The reasoning 
from this is explained in Section 3.3.

In the stress-based formulations, the state of the crack family (open, sliding, or friction-locked) is determined by the sign of 
the normal stress to and the yield function. In the model by Jefferson and Bennett, on the other hand, two functions of the strain 
components are written, namely: 

𝜙𝜇𝑖 = 2𝑚𝑔𝜖
𝐿,𝑁
𝑖 − 𝜖𝐿,𝑇𝑖 ; 𝜙𝑙𝑖 = 𝜖𝐿,𝑁𝑖 + 2𝑚𝑔𝜖

𝐿,𝑇
𝑖 (67)

where 𝜖𝐿,𝑁𝑖  and 𝜖𝐿,𝑇𝑖  are the normal and shear components of the local strain projected on the crack plane. These components are 
then forced to be the same as the components of the macroscopic strain projected on the crack plane, hence establishing the macro-
to-local link. These 𝜙𝜇𝑖  and 𝜙𝑙𝑖 functions then form two perpendicular lines in 

(

𝜖𝐿,𝑇𝑖 , 𝜖𝐿,𝑁𝑖

)

 space, 𝜙𝜇𝑖 = 0 being the sliding boundary, 
and 𝜙𝑙𝑖 = 0 the locking one. This choice is based on a geometrical argument of cone-like crack asperities, which was illustrated first 
in Refs. [112,113] in the context of the damage-plastic ‘Craft’ model, and later in Refs. [49,50] in the micromechanical context 
employed here. The three crack states are then set based on the regions defined by these two lines and the 𝜖𝐿,𝑇𝑖 = 0 axis. More 
explicitly, since the tangential strain component cannot be negative (𝜖𝐿,𝑇𝑖 ≥ 0), the conditions are: 

Crack state =
⎧

⎪

⎨

⎪

⎩

Open If 𝜖𝐿,𝑁𝑖 > 0 ∧ 𝜙𝜇𝑖 > 0
Locked If 𝜖𝐿,𝑁𝑖 < 0 ∧ 𝜙𝑙𝑖 < 0
Sliding Otherwise

(68)

where ∧ is the logical ‘and’ operator.
One notable aspect of this formulation is that, contrarily to the stress-based formulations previously discussed, the one by 

Jefferson and Bennett allows for a frictional response even when 𝜖𝐿,𝑁𝑖  is positive, as long as the tangential component is sufficiently 
large to ensure that 𝜙𝜇𝑖  is negative, which again has a geometrical meaning, since contact between peaks of the two rough surfaces 
is possible with sufficient sliding, even under positive normal separation between them. This behavior is determined by the G
tensor, which was introduced in by Jefferson in Ref. [112] and is a central aspect of the damage-plastic ‘Craft’ model [112–114]. 
Nevertheless, with increasing (positive) normal strain components, the contact area between the two opposite surfaces will decrease, 
which will reduce the stresses that can be transferred between the crack surfaces. This is achieved by the 𝛼𝜇𝑖  scaling parameter in 
Eq. (63), whose format can be seen in Ref. [49,75,76,78].

Finally, as for the G𝜇
𝑖  tensor in Eq. (63), it follows from the same geometrical argument of cone-like surface asperities and 

involves first and second-order derivatives of the 𝜙𝜇𝑖  scalars with respect to the local strains.

Appendix B. Damage evolution in the model by Jefferson and Bennett

In the original formulation of Jefferson and Bennett [49], the driving force is written as: 

𝑖 =
𝜖𝑁𝑖
2

[

1 +
(

𝜇𝑑
𝑘𝑠

)2
(

𝜖𝑇𝑖
)2
]

+ 1
2𝑘2𝑠

√

(

𝑘2𝑠 − 𝜇
2
𝑑
)2 (𝜖𝑁𝑖

)2 +
(

4𝑘𝑠𝜖𝑇𝑖
)2 (69)

where 𝜇𝑑 = 𝐸∕𝐺 = 2(1+ 𝜈) and 𝑘𝑠 = 𝑘𝑓𝜇𝑑 , with 𝑘𝑓 = 𝑓𝑠∕𝑓𝑡. The input parameters are 𝑓𝑠, the shear strength, and 𝑓𝑡, the tensile one.
As mentioned in Section 3.3, the resistance function is simply: 

𝑖 = 𝜁𝑖 (70)

where 𝜁𝑖 can be understood as an effective (local) strain scalar. This scalar starts as the tensile strain limit 𝜖𝑡0 = 𝑓𝑡∕𝐸, with 𝑘𝑠𝜁𝑖 being 
the shear strain limit. When damage evolves, the limit surface enlarges (since a larger strain is needed to trigger further damage 
evolution).

The connection between 𝜁𝑖 and the damage parameters 𝜔𝑖 is written as [49,50,75]: 

𝜔𝑖 = 1 −
𝜖𝑡0
𝜁𝑖

exp
(

−𝑘𝑤
𝜁𝑖 − 𝜖𝑡0
𝜖𝑡𝑢 − 𝜖𝑡0

)

(71)

where with 𝜖𝑡𝑢 being the ultimate tensile strain (strain at complete loss of cohesion). 𝑘𝑤 is a fit constant that adjusts the rate of 
softening, normally set be the authors as 5 [49,50,75,77]. The meaning of the damage parameters 𝜔𝑖 is related to the friction 
formulation discussed in Annex A.3.

Data availability

Data will be made available on request.
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