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This paper presents a new class of Bethe-Zel’dovich-Thompson fluids, which are expected to exhibit
nonclassical gasdynamic behavior in the single-phase vapor region. These are the linear and cyclic
siloxanes, light silicon oils currently employed as working fluids in organic Rankine cycle turbines.
State-of-the-art multiparameter equations of state are used to describe the thermodynamic properties
of siloxanes and to compute the value of the fundamental derivative of gasdynamics �, whose
negative sign is the herald of nonclassical gasdynamics. Siloxane fluids starting from D6 and cyclic
siloxanes of greater complexity, and MD3M and linear siloxanes of greater complexity are predicted
to exhibit a thermodynamic region in which � is negative and hence nonclassical wavefields are
admissible. As an exemplary case, a nonclassical rarefaction shock wave propagating in fluid D6 is
studied to demonstrate the possibility of using siloxane fluids in nonclassical gasdynamic
applications and to experimentally verify the existence of nonclassical wavefields in the vapor
phase. The sensitivity of the present results to the considered thermodynamic model of the fluid is
also briefly discussed. © 2007 American Institute of Physics. �DOI: 10.1063/1.2759533�

I. INTRODUCTION

Most of the theory on gasdynamics is based on the ideal-
gas law. It is well known, however, that even at moderate
pressures ��1 bar� gaseous substances can exhibit an appre-
ciable departure from ideal-gas behavior.1 Therefore, in a
relatively large thermodynamic region, the application of
more complex equations of state �EoS� is mandatory. Real-
gas flows can significantly differ, under both a qualitatively
and quantitatively point of view, from their ideal-gas coun-
terparts. The utilization of more complex thermodynamic
models shows, for example, that compressible flows of fluids
having a sufficiently large heat capacity may exhibit various
interesting phenomena that are contrary to the predictions of
the classical theory of gasdynamics. The property that gov-
erns the behavior of most compressible flows and, if nega-
tive, allows for unconventional gasdynamic phenomena to
occur, is the fundamental derivative of gasdynamics, first
introduced in this form by Hayes,2 and defined as
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Here, � is the density, s denotes the entropy, P is the pres-
sure, v=�−1 is the specific volume, and c is the zero-
frequency speed of sound c2= ��P /���s. Equation �1� shows
that the fundamental derivative quantifies the variation of the
speed of sound with density for isentropic transformations.
For a polytropic �i.e., constant specific heat capacity� ideal

gas, � is always greater than unity and shock waves of the
compressive type only, are thermodynamically admissible.
Even if real-gas behavior is taken into account and if the
thermodynamic states are sufficiently far from the critical
point, many substances consisting of simple molecules, e.g.,
air, N2 �nitrogen�, CH4 �methane�, etc., attain values of �
that are always positive and consequently these substances
admit only compression shock waves.3 There is, however, no
fundamental reason for � to be positive for all fluids in every
thermodynamic state.4,5 If the heat capacity of a fluid is suf-
ficiently large and if real-gas behavior is at least qualitatively
taken into account, � can become negative in a thermody-
namic region adjacent to the saturated vapor line at high
reduced pressures and temperatures.4–6

In the negative-� region of large-heat-capacity vapors
nonclassical gasdynamic phenomena, including negative
�rarefaction� shock waves are admissible.7–12 Fluids that ex-
hibit a dense-vapor thermodynamic region where ��0 are
referred to as BZT fluids in honor of Bethe, Zel’dovich, and
Thompson for their contribution to the field of what is nowa-
days known as nonclassical gasdynamics. Apart from the nu-
merous theoretical studies available in the scientific litera-
ture, no experimental evidence of nonclassical gasdynamic
phenomena in the dense-vapor region is, however, currently
available. In Ref. 13, Ivanov and Novikov report on the ob-
servation of rarefaction shock waves in solid iron and steel.
In 1983, Borisov and co-workers14 claimed to have observed
a negative shock wave in chlorotrifluoromethane �ClCF3,
R-13� in close proximity to the critical point, where the ini-
tial state of the fluid and the state of the substance in thea�Electronic mail: p.colonna@tudelft.nl
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wave itself were always in the single-phase region. This
claim is restated by Kutateladze et al.15 The results presented
in Ref. 14, however, are confuted by Fergason et al.,16 who
show that the experiment by Borisov et al. is affected by
critical point phenomena and two-phase effects �see also Ref.
17�. Another experiment was conducted by Thompson et
al.18 to generate rarefaction shocks with phase transition. The
last attempt known to the authors was an experiment using a
shock tube;19,20 the experiment aimed at the generation of a
triple discontinuity exhibiting a nonclassical rarefaction
shock in fluid PP10 �C13F22�. Many problems were encoun-
tered however, ranging from incomplete rupture of the dia-
phragm, which complicated the measurement, and thermal
decomposition of the working fluid with the formation of
highly corrosive hydrofluoric acid �HF�.

The lack of experimental evidence of nonclassical be-
havior in the vapor phase is due to many technical problems,
including the identification of candidate BZT fluids among
molecularly complex substances. Starting from the pioneer-
ing work of Lambrakis and Thompson,21 many studies22–25

relied upon various thermodynamic models to compute the
value of � for several commercially available fluids in order
to identify the most promising ones for both applications and
experiments. The fluids under investigation were organic
compounds and belong to the class of the alkanes, the ethers,
the perfluorocarbons, and the siloxanes.

Due to their nontoxicity, excellent thermal and chemical
stability, and limited flammability, siloxanes are possibly the
most suitable fluids from an engineering point of view, if
compared to the other classes of fluids. An added benefit of
siloxanes is that these substances are already employed as
working media in organic Rankine cycle engines �ORCs�26

and are proposed for promising ORC applications.27–29 The
ORC engine is one the applications that in principle can
benefit from BZT phenomena.30 The isentropic efficiency of
these turbines can in principle be increased if they are oper-
ated with BZT fluids, and if the expansion process is carried
out, even partially, in the nonclassical gasdynamic region. As
a result of the adoption of a heavy organic fluid, the speed of
sound is low, therefore ORC turbines operate in the transonic
or supersonic regime. Consequently, compression shock
waves are an often occurring but unwanted phenomenon.
Moreover, due to the strong adverse pressure gradient cre-
ated by the compression shock, boundary layer detachment
becomes a problem resulting in a significant loss of lift and
potential to extract work from the working fluid. A number
of studies shows that in principle it is possible to obtain a
shock-free flow in the stator if the thermodynamic state at
the stator inlet is appropriately chosen.24,30–33

In this paper, following the same line of Cramer, who in
1989 studied the BZT character of perfluorocarbons,23 one of
the most accurate thermodynamic models currently available
is used to investigate the existence and extension of the
negative-� region of siloxanes.

Estimates of �, which are relevant for the experimental
identification of BZT fluids and for designing processes in-
volving nonclassical gasdynamic phenomena, are not trivial.
The main difficulty is that the accuracy of calculations of
derived thermodynamic functions, and therefore of �, very

much depends on the functional form of the thermodynamic
model, the accuracy of the data �e.g., critical properties, satu-
ration data, P-�-T data, etc.� on which the model is based,
and on the accuracy and functional form of the ideal-gas heat
capacity correlation, as discussed in Sec. III A. This is espe-
cially true within the region where the fundamental deriva-
tive may become negative, i.e., 0.75� P / Pc�1, 0.96
�T /Tc�1.01, and 1.4�v /vc�2.5 �subscript c indicates the
critical point value�.34 Moreover, it is worthwhile recalling
that presently the amount of experimental thermodynamic
data for heavy/complex substances, e.g., critical properties
and ideal-gas heat capacities, are scarce because experimen-
tal conditions pose many technical problems. For example,
critical properties must be measured at quite high tempera-
tures, close to the thermal stability limit of the fluid, and, due
to the low volatility of heavy fluids, measurements at ambi-
ent temperatures �or higher� need to be performed at close to
vacuum conditions.

In this study, the fundamental derivative and other ther-
modynamic properties of siloxanes are computed from the
recently developed Span-Wagner �SW� multiparameter func-
tional form for nonpolar substances.35 The substance-specific
parameters of the Span-Wagner equation were recently de-
termined by Colonna and co-workers.36 This functional form
has been chosen because �i� it has qualitatively correct ex-
trapolation behavior, even outside the range where the equa-
tion is fit to experimental data;35 �ii� due to its optimized
functional form, one single thermodynamic model can accu-
rately and consistently predict thermodynamic properties for
both nonclassical gasdynamics calculations and for process
design; and �iii� its accuracy can always be improved when-
ever more experimental data become available. The present
study complements the preliminary results on siloxanes dis-
cussed in Ref. 24, obtained using the Peng-Robinson-
Stryjek-Vera �PRSV� equation of state.37,38

This paper is organized as follows. Section II presents a
brief review regarding fluids that were predicted to exhibit a
negative-� region; i.e., BZT fluids. Section III summarizes
the main physical characteristics of siloxanes and gives a
short overview of the multiparameter EoS adopted to model
the fluids. In Sec. III B the computation of � in the dense-
vapor thermodynamic region is presented for several cyclic
and linear siloxanes. The fluids of the siloxane family for
which a negative-� region is computed with the chosen ther-
modynamic model are put into evidence and the results are
discussed. As an exemplary application, the case of a non-
classical rarefaction shock wave propagating in fluid D6 is
also presented. Finally, Sec. IV gives some concluding re-
marks and a summary.

II. CRITICAL EVALUATION OF CANDIDATE
BZT FLUIDS

Tracking down a class of fluids that may exhibit nonclas-
sical gasdynamic behavior and which can be used in practi-
cal applications is to be based on several considerations.
First, a number of fluid parameters related to the strength of
potential BZT effects must be assessed; e.g., the dimension-
less ideal-gas heat capacity Cv

0 /R.25 Equally important con-
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siderations are the availability of thermophysical property
data, fluid characteristics, e.g., thermal decomposition tem-
perature, fluid availability and price, and safety concerns
such as toxicity and flammability. These evaluation criteria
are intimately linked: the strength of nonclassical gasdy-
namic effects is related to the capacity of the molecule to
store energy; i.e., to its specific heat.12 However, depending
on the fluid class, a more complex structure of the molecule
can result in a lower thermal stability. Furthermore, high
temperature is closely related to the risk of explosion and
thermal decomposition can be the cause of the formation of
toxic gases.

Currently three classes of fluids are believed to exhibit a
��0 region in the vapor phase; namely, hydrocarbons,21,22

perfluorocarbons,21,23,25 and siloxanes.24 Any application ex-
ploiting nonclassical gasdynamic effects would involve high
temperatures therefore complex hydrocarbons which could
potentially exhibit BZT effects, such as n-decane,21 would
pose very difficult technical problems because of the risk of
explosion. Complex perfluorocarbons are potentially very at-
tractive because they have a lower critical temperature with
respect to siloxanes and a very complex molecular structure
which entails high values of Cv

0 /R and low values of �. The
comparably lower critical temperature of perfluorocarbons
implies that the BZT region is located at lower temperatures.
As an example, Fig. 1 shows the negative-� values along the
dew-line of D4 �octamethylcyclotetrasiloxane,
��CH3�2SiO�4�, D5 �decamethylcyclopentasiloxane,
��CH3�2SiO�5�, D6 �dodecamethylcyclohexasiloxane,
��CH3�2SiO�6�, and PP5 �perfluorodecalin, C10F18� as calcu-
lated by the Peng-Robinson-Stryjek-Vera �PRSV� equation
of state37,38 �PRSV EoS�. Perfluorocarbons are also known to
be extremely thermally stable among organic fluids. Assum-
ing that siloxanes and perfluorocarbons have similar thermal
stability, the safety margin with respect to decomposition
would be greater for perfluorocarbons.

On the other hand, decomposition products of perfluoro-
carbons are highly aggressive, e.g., hydrofluoric acid �HF�
and possibly other very toxic compounds, whereas thermal

decomposition of siloxanes leads to polymerization and the
polymer product is not toxic.

Moreover, the knowledge of the thermophysical proper-
ties of perfluorocarbons is at a far lower stage if compared to
siloxanes and this makes the design of any experiment or
application and the setting of the operating conditions much
more problematic. The thermodynamic modeling of silox-
anes is instead in an advanced stage36 and their thermal sta-
bility in conditions similar to the foreseen experiment has
been tested already.39,40 Furthermore, flammability of silox-
anes is much lower than that of hydrocarbons. The simpler
molecules of the siloxanes’ class are currently utilized in
organic Rankine cycle turbines, which is the first application
proposed for the exploitation of BZT effects.30

All the mentioned reasons put into evidence that at the
moment siloxanes are possibly the best class of fluids for
experiments and applications involving nonclassical gasdy-
namic phenomena.

III. SILOXANES

Siloxanes are a class of fluids composed of molecules
containing alternate silicon and oxygen atoms in either a
linear or cyclic arrangement usually with two or three or-
ganic groups attached to each silicon atom. Figures 2�a�–2�c�
show the geometry of three exemplary siloxanes as com-
puted by recent ab initio calculations performed to determine
the isobaric specific heat in the ideal-gas state.41 At ambient
conditions, siloxanes are liquid and appear slightly viscous,
odorless, and transparent. For this work, the cyclic molecules
D4 �octamethylcyclotetrasiloxane, C8H24O4Si4�, D5 �decam-
ethylcyclopentasiloxane, C10H30O5Si5�, and D6 �dodecam-
ethylcyclohexasiloxane, C12H36O6Si6� together with the lin-
ear molecules MDM �octamethyltrisiloxane, C8H24O2Si3�,
MD2M �decamethyltetrasiloxane, C10H30O3Si4�, MD3M
�dodecamethylpentasiloxane, C12H36O4Si5�, and MD4M �tet-
radecamethylhexasiloxane, C14H42O5Si6� were selected. In
Table I, relevant thermophysical properties of linear and cy-
clic siloxanes are reported.

In principle, these siloxanes can all be used as working
fluids in organic Rankine cycle turbines depending on the
power level: the optimization of the cycle for the working
fluid points to molecules with higher complexity for lower
power output and vice versa.

A. Multiparameter EoS for siloxanes

Numerous theoretical4–6 and numerical studies42–46 on
nonclassical gasdynamics are based on the simple polytropic
Van der Waals cubic EoS. However, it is well known that
relevant thermodynamic data obtained from the Van der
Waals EoS are highly inaccurate, even more so for the fun-
damental derivative, which requires the computation of first
and second-order derivatives of the equation of state. This is
illustrated by expanding Eq. �1� as

FIG. 1. � along the saturated vapor line for several siloxanes and a perfluo-
rocarbon. Thermodynamic properties are computed using the PRSV EoS
�Refs. 37 and 38�.
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where T is the temperature and Cv is the isochoric heat ca-
pacity of the fluid.

Recent studies on BZT fluids therefore relied on more
complex EoS, including the Peng-Robinson-Stryjek-Vera
EoS24,31,47,48 and the Martin-Hou �MH� EoS.19,34 The latter,
derived to describe the thermodynamic properties of freon-
13, has been chosen in the case of perfluorocarbons because
of its accuracy in predicting the thermodynamic properties of
�lighter� fluorocarbons. Remarkably enough, due to the scar-
city of thermodynamic data in the alleged negative-�
region,49 all these models have not been validated and the
accuracy of the obtained results is questionable.25

To comply with the demanding constraints on the accu-
racy of the thermodynamic model, equations of state in the
Span and Wagner functional form35 are adopted in the

present work. The correlation developed by Span and Wag-
ner is a multiparameter function where the reduced Helm-
holtz energy, i.e., ��� / �RT�, is expressed as a function of
the reduced density, ��� /�c, and the inverse of the reduced
temperature ��Tc /T. The functional form depends on 12
substance-specific parameters n1 , . . . ,n12 and reads

���,�� = �0��,�� + �r��,��

= �0��,�� + n1��0.250 + n2��1.125 + n3��1.500

+ n4�2�1.375 + n5�3�0.250 + n6�7�0.875

+ n7�2�0.625e−� + n8�5�1.750e−� + n9��3.625e−�2

+ n10�
4�3.625e−�2

+ n11�
3�14.5e−�3

+ n12�
4�12.0e−�3

. �3�

Here, �0 represents the ideal-gas contribution to the Helm-
holtz free energy �see the Appendix�, and it is obtained from
an ideal-gas heat capacity correlation, and �r accounts for the
difference between real-gas and ideal-gas behavior. Equation

FIG. 2. �Color online� Molecular structure of two cyclic and one linear siloxane. The optimized geometries are taken from Ref. 41. �a� D4; �b� D5; �c� MD5M.

TABLE I. Relevant thermophysical property data for the linear and cyclic siloxanes considered in this study. MW is the molecular weight, Tc, Pc, and vc the
critical temperature, pressure, and volume, respectively, TTP is the temperature at the triple point, TNBP is the temperature at the normal boiling point, and 	
is the acentric factor. The value of 	 is computed from its definition �see, e.g., Ref. 59� using the vapor-pressure predictions of the SW EoS.

Fluid name
MW

�kg/kmol�
Tc

�K�
Pc

�kPa�
vc

�m3/kmol�
Zc

�-�
TTP

�K�
TNBP

�K�
	
�-�

MDM 236.53 564.1 1415.2 0.921 0.278 187.15 425.7 0.530

MD2M 310.69 599.4 1179.4 1.196 0.283 205.15 467.4 0.650

MD3M 384.84 628.4 945.0 1.458 0.264 192.00 503.0 0.722

MD4M 458.99 653.2 877.5 1.607 0.260 214.15 532.7 0.825

D4 296.62 586.5 1332.0 0.958 0.262 290.25 448.5 0.593

D5 370.77 619.2 1160.0 1.267 0.286 235.15 484.1 0.658

D6 444.92 645.8 961.0 1.594 0.285 270.15 518.1 0.736
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�3� is valid for many classes of nonpolar and weakly polar
fluids and it was developed by means of an optimization
algorithm that considered data sets for different fluids and
fluid families simultaneously. The correct extrapolation be-
havior of the established equation was taken into consider-
ation in the development phase. Peculiar features of Eq. �3�
are the following:

�1� The functional form is defined by relatively few param-
eters and allows for numerically stable and consistent
predictions of thermodynamic data over the entire range
of interest for advanced technical applications, therefore
one and the same fundamental equation can be used for
process computations and for nonclassical gasdynamic
simulations. Remark that the objective of Span and
Wagner was to develop a functional form which pro-
vided the best equation based on the data used for its
development and not just the best fit of the data.

�2� The 12 parameters can be determined from a restricted
set of experimental data; furthermore Span and
Wagner35 illustrate for n-octane that, due to its opti-
mized functional form, the thermodynamic model can be
used to predict thermodynamic data which are qualita-
tively correct outside the range where experimental in-
formation is available �see also Ihmels50�. Since the si-
loxanes also have a complex molecular structure, just
like n-octane, it can be expected that the extrapolation
behavior of the established thermodynamic models for
the selected siloxanes36 is good. Note that the correct
behavior of the EoS was taken into account by Span and
Wagner in the development phase of the functional
form.

�3� Once the Span-Wagner fundamental equation for a sub-
stance is established, it can always be improved when
additional and/or more accurate experimental data be-
come available.

The Appendix provides relevant equations for computing �
from a standard Helmholtz function; e.g., Eq. �3�.

A recent study documents the development of such ther-
modynamic models for siloxanes36 and demonstrates the su-
perior performance if compared to simpler equations of state.
The reduced ideal-gas Helmholtz energy �0 has been calcu-
lated using a simple polynomial correlation; i.e.,

CP
0 �T� = 
 + �T + �T2 + T3. �4�

The substance-specific parameters 
- were determined by
fitting Eq. �4� to data reported in Ref. 41, which were ob-
tained from speed-of-sound measurements and ab initio cal-
culations. The ideal-gas isobaric heat capacity correlation is
valid for temperatures between 273 and 673 K. Note that
extrapolation outside this temperature range leads to inaccu-
rate results. The maximum temperature is limited by the flu-
id’s decomposition temperature. The 12 parameters of Eq.
�3� have been obtained by fitting the functional form to se-
lected experimental and estimated data, using appropriate
weights, as documented in Ref. 36. To do this effectively, a
multiproperty fitting algorithm developed at NIST, was used.
For D4, D5, and MD4M, the 12 parameters are reported in
Ref. 36; the results for MDM, MD2M, MD3M, and D6 are
documented in a manuscript submitted for publication. A
comparison of the accuracy in estimating thermodynamic
properties for MDM among the Span-Wagner, Peng-
Robinson-Stryjek-Vera, and Martin-Hou51 equations of state
is reported in Table II. The results show that the performance
of the SW EoS in predicting thermodynamic data in the
dense vapor phase, the region of interest for nonclassical
gasdynamics, is superior to that of the PRSV EoS to a certain
extent. The MH EoS seems inadequate for the estimation of
primary properties such as the saturated vapor density and
pressure, therefore even more so for a secondary property
such as �.

B. The nonclassical region of siloxanes

Table III lists the minimum value of � along the satu-
rated vapor line as computed from the EoS in the Span-

TABLE II. Comparisons among the performance of the Peng-Robinson-Stryjek-Vera �PRSV�, Martin-Hou �Ref. 51� �MH�, and Span-Wagner �SW� EoS
regarding the prediction of experimental thermodynamic data of MDM. The performance is assessed by means of the average absolute deviation of
experimental data with respect to computed values.

Property Source
P range

�bar�
T range

�K�

DEV �%�

PRSV MH SW

�L
Lindley and Hershey �Ref. 60� — 426–564 8.04 3.11 0.42

Hurd �Ref. 61� — 273–333 0.83 — 0.15

�V Lindley and Hershey �Ref. 60� — 460–564 1.66 15.87 0.87

Psat

Flaningam �Ref. 62� — 346–436 0.54 99.90 0.06

Lindley and Hershey �Ref. 60� — 322–564 1.08 0.34a 0.41

Skorokhodov et al. �Ref. 63� — 344–418 9.76 — 9.62

P-�-T
Marcos et al. �Ref. 64� 0.36–3.77 448–573 2.51 1.78 0.60

McLure et al. �Ref. 65� 1.01325 300–412 0.78 Predicts vapor 0.01

a525�T�564; for lower temperatures, the average absolute deviation increases significantly to approximately 36% at T=480 K.
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Wagner functional form and the PRSV EoS. The minimum
value along the saturated vapor line is also the minimum
value in the vapor phase. The results show that D6, MD3M,
and MD4M are BZT fluids, since they have �min

V �0. Figure
3�a� shows the coexistence curve and the �=0 line computed
according to the PRSV, and Martin-Hou equations of state
for D4; the SW EoS does not predict a negative value for �
in the dense vapor region. The regions of negative nonlinear-
ity are also put into evidence in Figs. 4 and 5, where iso-
�-lines are presented in a P-T plane for all remaining silox-
ane fluids. These P-T diagrams provide preliminary informa-
tion about the process conditions which would be involved
either in the design of a BZT experiment34,47 or in any ap-
plication exploiting nonclassical gasdynamic phenomena.

Compared to previous work,21–25 the shape of the region
delimited by the iso-�-line and the dew-line is similar. This
gives assurance that the results obtained from the Span-
Wagner functional form are consistent. Moreover, the
smaller is �min

V , the larger the size of the so-called region of
negative nonlinearity ���0 region�.

The two-parameter principle of corresponding states
may be used within each family, i.e., for linear and cyclic
siloxanes separately, with sufficient confidence. Application
of the two-parameter principle of corresponding states then
suggests that linear and cyclic siloxanes of greater complex-
ity are also BZT fluids; e.g., MD5M and D7. According to the
same theory and to the conclusions presented in Ref. 34, �min

V

diminishes as molecular complexity increases, as can be ob-
served in Table III, with only the exception of fluid MD4M.
This can be explained by the fact that several uncertainties
affect the accuracy of the adopted thermodynamic models for
this fluid and therefore the calculation of �. First, the critical
point data on which the equations of state depend are incon-
sistent within this family �see Table I�. Critical data were
selected among various sources36 that were critically evalu-
ated, even though the problem of inconsistency could not be
solved yet due to the scarcity of experimental information.
Other major sources of uncertainty are the unavailability of
dense-vapor P-�-T data and saturation data.

In the following section, the uncertainty related to the
errors in the prediction of the isochoric heat capacity of the
fluids in the dilute gas limit is investigated.

C. Sensitivity to the ideal-gas specific heat capacity

Although for linear and cyclic siloxanes there are
enough data to develop Span-Wagner type EoS,36 for the
most complex molecules of the two classes, there are cur-
rently no experimental P-�-T data and no saturation data at
the high reduced temperatures and pressures where the BZT
region can be located. A complete uncertainty analysis on the
value of � is therefore not possible. It is, however, possible
to analyze the sensitivity of the value of � to the uncertainty
in CP

0 ; the substance-specific parameters of the ideal-gas CP
0

correlation equation �4� are determined by fitting the equa-
tion to CP

0 data obtained from ab initio calculations52 relying
on several sound speed measurements that were recently
conducted.53 The predicted ideal-gas heat capacities from ab
initio computations have an estimated uncertainty of about
5%. Taking the uncertainty of 5% into account, Table IV
indicates the sensitivity of �min along the dew-line. The val-
ues of �min calculated with the Span-Wagner EoS indicate

TABLE III. Minimum value of � along the dew-line. Values are calculated
with the newly developed equations of state �Ref. 36� in the Span-Wagner
functional form for nonpolar fluids and with the PRSV EoS.

Fluid

�min
V

SW PRSV

MDM 0.085 0.037

MD2M 0.074 −0.013

MD3M −0.091 −0.271

MD4M −0.086 −0.304

D4 0.087 −0.024

D5 0.050 −0.145

D6 −0.220 −0.307

FIG. 3. �a� The region of negative nonlinearity in the P-v thermodynamic
plane of D4 as predicted by the PRSV �¯� and MH EoS �---�. The Span-
Wagner EoS �—� does not predict a region of negative nonlinearity. �b� Iso-
�-lines in the P-T plane of D4 obtained from the Span-Wagner EoS. ���
Critical point.
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that the uncertainty on the value of CP
0 does not affect the

sign of �min for any of the considered fluids.

D. A rarefaction shock wave in fluid D6

As an exemplary case of nonclassical gasdynamic be-
havior in siloxane fluids, the propagation of a rarefaction
shock wave in fluid D6 is simulated numerically. The test
case is related to a project at the Energy Technology section
of the Delft University of Technology that aims at the gen-
eration and detection of a rarefaction shock wave in the
dense-gas region of a siloxane. The shock wave is generated
in the charge part of a Ludwieg tube operated with a fast-
opening valve. A nozzle is interposed between the high-
pressure and the low-pressure parts in order to avoid the
propagation of disturbances from the plenum back into the
test section. In total, the length of the Ludwieg tube is
11.15 m and the diameter of the pipe is 100 mm. Figure 6
shows the simplified geometry adopted for the simulation.

The initial state in the high-pressure tube is set to
912.62 kPa and 369.19 °C. This state is in the superheated

dense vapor region, close to saturation and characterized by a
negative value of �. The ratio of the area of the throat with
respect to the area of the pipe, i.e., A* /A, is computed such
as to �i� guarantee that, for a given high-pressure state in the
pipe, the nozzle operates under choked conditions and �ii�
that the generated expansion wave is a single rarefaction
shock and not a mixed nonclassical wave composed by a
leading shock followed by an isentropic rarefaction wave.
With this initial state it is found that A* /A=0.4196 and that
in the throat the pressure and temperature are 557.40 kPa and
357.35 °C, respectively �Table V�. The pressure in the vessel
is set to 500.00 kPa and the temperature is set to the same
value as for the fluid in the pipe; i.e., 369.19 °C. Since the
pressure in the vessel is lower than the pressure in the throat
of the nozzle, the flow through the nozzle is choked. For the
simulation, the fast-opening valve is idealized as a dia-
phragm disappearing instantaneously at t=0 s. Its position is
at 10 cm downstream the throat of the nozzle. The mesh
distribution in the pipe on the left is uniform, although near
the nozzle the mesh changes smoothly from a coarse distri-
bution to a fine distribution. In total, 1669 cells were used.
The numerical solution is obtained with a quasi-one-
dimensional Euler solver31 in which thermodynamic proper-
ties of D6 are calculated with the SW EoS. The same equa-
tion of state is used also in the analytical computations of
which the results are reported in Table V.

Figure 7�a� shows, in the P-v plane, the pre- and post-
shock states and the expansion of the fluid from the post-
shock state up to the nozzle throat. Figure 7�b� gives the
results of the numerical simulation; namely, the pressure and
the absolute Mach profile at t�130 ms. The expansion
waves satisfies the Rankine-Hugoniot jump conditions and it
is therefore a single rarefaction shock wave. The nonclassical
rarefaction shock wave has a pressure drop of the order of
1 bar, propagating slightly supersonically �Ma=1.02� into
the quiescent medium in the pipe.

Note that the effects of the shear and bulk viscosity and
the thermal conductivity are neglected. As a consequence of
these assumptions, the shock internal structure and the inter-
action between the shock and the boundary layer behind the
shock, which reduces the shock intensity, cannot be taken
into account.

The mentioned simplifications lead to several consider-
ations. For the weak nonclassical shock considered here, re-
duction of the shock intensity due to the growth of the
boundary layer is not significant.48,54 The boundary layer
which develops behind the shock, is a laminar region �see
Mirels55�. Using a similarity between the flow through the
Ludwieg tube with that due to an impulsively moved flat
plate,3 the thickness of the �laminar Blasius� boundary layer
can be determined from

��x̄�
x̄

� 4.9� �

�ux̄
, �5�

where ��x̄� denotes the thickness of the boundary layer at a
distance x̄ measured from/behind the shock, � is the dynamic
viscosity at the postshock state, and � and u are the post-
shock density and absolute fluid velocity, respectively. If the

FIG. 4. Iso-�-lines in the P-T plane for cyclic siloxanes. Thermodynamic
properties are obtained from the Span-Wagner EoS. ��� Critical point. The
shaded area represents the ��0 region. �a� D5; �b� D6.
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viscosity is computed using the method of Chung et al.56 at
the postshock state �see Table V�, it is found that �=1.74
�10−5 Pa/s and ��x̄� / x̄=0.44�10−3 or equivalently,
��10 m�=4.4 mm.

Points for further discussion are the possibility that dis-
persion of the rarefaction shock occurs due to thermal relax-

ation within the shock front, and that a region of nonequilib-
rium may exist behind the shock, also because of thermal
relaxation. For siloxanes, begin polyatomic gases, vibrational
relaxation is the main point of concern, since contrary to
translational and rotational equilibrium, which is achieved in
only few collisions, the achievement of vibrational equilib-
rium may require thousands of collisions.57 Moreover, poly-
atomic gases have several modes of molecular vibration—
each of which can, in principle, relax independently—and
are structurally flexible. Consequently, they can change their
shape, both during normal vibration and during collision, the
latter being probably more relevant. The majority of poly-
atomic gases exhibit a single vibrational relaxation process,
which involves the entire vibrational energy content of the
molecule. This is based on the assumption that vibrational-
vibrational energy transfer is faster than vibrational-
translational; therefore, the total vibrational energy content
of a molecule relaxes by vibrational-translational energy
transfer via the lowest mode. For estimating the vibrational
relaxation time, the mode of the lowest frequency of vibra-
tion is required. These data were determined from ab initio

FIG. 5. Iso-�-lines in the P-T plane for linear siloxanes. Thermodynamic properties are obtained from the Span-Wagner EoS. ��� Critical point. The shaded
area represents the ��0 region. �a� MDM; �b� MD2M; �c� MD3M; �d� MD4M.

TABLE IV. �min along the dew-line. Values are calculated by increasing and
decreasing the accepted value of CP

0 by 5% to assess the influence on �.

Fluid

�min
V

CP
0 +5% CP

0 −5%

MDM 0.048 0.123

MD2M 0.038 0.110

MD3M −0.130 −0.049

MD4M −0.129 −0.042

D4 0.067 0.133

D5 0.016 0.085

D6 −0.270 −0.170
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calculations, as treated in Ref. 41. The computed lowest fre-
quency of vibration for all the siloxanes considered here is
lower than 40 cm−1. By using the Lambert-Salter plot �see
Ref. 58� for molecules containing more than two hydrogen
atoms, the vibrational relaxation time is estimated to be of
the order of 0.1 ns; i.e., 10−10 s at 300 K. The fact that the
pre- and postshock states for rarefaction shocks are at a
higher pressure and temperature, should not have a signifi-
cant effect on the estimation of the order of magnitude of the
vibrational relaxation time.57 As in Ref. 22, the rarefaction
shock thickness for D6 can be computed based on: �i� the
calculated viscosity using the method of Chung et al., �ii� the
assumption that the bulk viscosity is of the same order of
magnitude as the shear viscosity, and �iii� that the ratio of the
isobaric with respect to the isochoric heat capacity is of the
order of 1. This results in an estimated shock thickness of the
order of micrometers and therefore the residence time of the
molecule—for a speed of sound of about 40 m/s—is of the
order of 10−8 s. According to these calculations, the relax-
ation time is at least two orders of magnitude smaller than
the residence time of a molecule in the shock. Equilibrium of
the internal energy can therefore be assumed past the shock
wave.

IV. CONCLUSIONS

This paper provides a critical overview of the families of
fluids that can exhibit nonclassical gasdynamic behavior as
well as the results of calculations of � for siloxanes employ-
ing a state-of-the-art thermodynamic model. Due to the high
sensitivity of the value of � to the accuracy of the calculation
of primary thermodynamic properties, the adoption of a
highly accurate equation of state is deemed mandatory.

According to the adopted thermodynamic model, i.e.,
equations of state in the Span-Wagner functional form, sev-
eral fluids of the siloxanes class, namely, D6, MD3M, and
MD4M, exhibit a thermodynamic region where the funda-
mental derivative of gasdynamics is negative. However, un-
certainties in the estimation of � remain large and difficult to
estimate, because experimental data for these complex mol-
ecules are still scarce, especially in the region of interest.

Additional work in this respect will involve the investi-
gation of the influence of global critical phenomena in the
dense-gas region where the nonclassical phenomena are pre-
dicted and possibly the computation of P-v-T data by means
of molecular dynamics or Monte Carlo simulations. In order
to obtain insight in the suitability of equations of state to

FIG. 6. Schematic representation of the Ludwieg tube
adopted for the simulation of the propagation of a rar-
efaction shock wave.

TABLE V. Properties of the pre- and postshock fluid states of the rarefaction shock wave illustrated in Fig. 7 and thermodynamic states in the throat of the
nozzle. The ratio of the area of the throat with respect to the area of the pipe is 0.4196, w is the flow velocity with respect to a frame of reference moving with
the shock. u represents the flow velocity with respect to a stationary observer.

Property

Preshock state Postshock state Nozzle throat

Numerical Analytical Numerical Analytical Numerical Analytical

P �kPa� 912.62 912.62 800.26 801.17 557.83 557.43

T �°C� 369.19 369.19 364.12 364.05 357.78 357.36

� �m3/kg� 186.11 186.11 127.01 127.54 67.74 67.82

w �m/s� 36.02a 36.12a 52.78 52.70 — —

c �m/s� 35.22 35.22 52.95 52.70 75.11 74.96

u �m/s� 0.00 0.00 16.76 16.58 75.01 74.96

Ma �-� 1.023 3b 1.026b 0.997b 1.000b 0.999c 1.000c

aThe speed of the rarefaction shock is 36.02 m/s, moving to the left �see Fig. 6�.
bMa number with respect to a shock related frame of reference.
cMa number with respect to a laboratory frame of reference.

086102-9 Siloxanes: A new class of candidate Phys. Fluids 19, 086102 �2007�

Downloaded 26 Aug 2010 to 131.180.130.114. Redistribution subject to AIP license or copyright; see http://pof.aip.org/about/rights_and_permissions



estimate �, work is underway to analyze the computation of
� for several lighter fluids of the class of n-alkanes. Even
though none of them is expected to classify as a BZT fluid,
the availability of accurate measurements in the close-to-
critical region and therefore the use of reliable reference
equations of state will possibly allow for an estimation of the
uncertainty in the calculation of the fundamental derivative
of gasdynamics.
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APPENDIX: RELEVANT EXPRESSIONS
FOR COMPUTING THE FUNDAMENTAL DERIVATIVE
FROM A CANONICAL HELMHOLTZ FUNCTION

For the computation of the fundamental derivative and
other thermodynamic properties, first-order, second-order,
and composite derivatives of pressure with respect to specific
volume and temperature are required. Expressions for the
computation of main thermodynamic functions from a ca-
nonical Helmholtz EoS are presented in the following. The
Helmholtz function can be formulated as ��T ,�� / �RT�
= ��0�� ,��+�r�� ,���, where ��� /�c=vc /v, and �=Tc /T.
The ideal-gas part of the Helmholtz function is

�0��,�� =
h0

0�

RTc
−

s0
0

R
− 1 + ln� �0�

�0�
� −

�

R
�

�0

� CP
0

�2 d�

+
1

R
�

�0

� CP
0

�
d� , �A1�

where �0=�0 /�c and �0=Tc /T0 and represent the reduced
density and the inverse of the reduced temperature, respec-
tively at a predefined or prescribed reference state �T0 ,�0�.
Hence,

Pv
RT

= Z = 1 + �� ��r

��
�

�

. �A2�

The values of h0
0 and s0

0 �at the reference temperature T0 and
volume v0� are chosen based on recommendations of the
International Union of Pure and Applied Chemistry �IUPAC�
or according to conventions used in industry.

The pressure derivatives are computed as

� �P

�v
�

T
= −

RT

v2 
1 + 2�� ��r

��
�

�

+ �2� �2�r

��2 �
�
� , �A3�

� �P

�T
�

v
=

R

v

1 + �� ��r

��
�

�

− ��� �2�r

����
�

�,�
� , �A4�

� �2P

�v2 �
T

=
RT

v3 
2 + 6�� ��r

��
�

�

+ 6�2� �2�r

��2 �
�

+ �3� �3�r

��3 �
�
� , �A5�

� �2P

�T�v
� =

R

v2���
2� �2�r

����
�

�,�
+ �� �3�r

���2�
�

�,�
�

− 
1 + 2�� ��r

��
�

�

+ �2� �2�r

��2 �
�
� , �A6�

� �2P

�T2�
v

=
R

Tv

��2� �3�r

��2��
�

�,�
� , �A7�

and the isochoric specific heat and its first order derivative
with respect to the temperature read

Cv = − R�2
� �2�0

��2 �
�

+ � �2�r

��2 �
�
� , �A8�

FIG. 7. �a� Thermodynamic states in the P-v plane characterizing a rarefac-
tion shock wave propagating in fluid D6. Note that at state �2� the Hugoniot-
Rankine line from state �1� and the Rayleigh line through states �1� and �2�
are tangent. The ratio of the area of the throat and that of the pipe is such
that the wave is purely expansive, therefore avoiding the formation of a
rarefaction fan as a tail. �b� Variation of pressure �solid line� and Mach
number �dash-dot line� �with respect to a stationary frame of reference; i.e.,
Ma=u /c� at t�130 ms. The Mach number at the postshock state is sonic,
i.e., Ma2=1.0, with respect to a frame of reference moving with the simu-
lated rarefaction shock wave. Remark that PR= P / Pref, where Pref

=961.366 kPa �Ref. 31�.
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� �Cv

�T
�

v
=

R�

T

2�� �2�0

��2 �
�

+ 2�� �2�r

��2 �
�

+ �2� �3�0

��3 �
�

+ �2� �3�r

��3 �
�
� . �A9�

In the expressions above, according to the Span-Wagner
functional form, the residual part of the Helmholtz function
is computed as follows:

�r��,�� = n1��0.250 + n2��1.125 + n3��1.500 + n4�2�1.375

+ n5�3�0.250 + n6�7�0.875 + n7�2�0.625e−�

+ n8�5�1.750e−� + n9��3.625e−�2
+ n10�

4�3.625e−�2

+ n11�
3�14.5e−�3

+ n12�
4�12.0e−�3

, �A10�

where the coefficients n1¯n12 depend on the fluid.
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