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Pointwise-Sparse Actuator Scheduling for Linear
Systems With Controllability Guarantee

Luca Ballotta™, Geethu Joseph™, Member, IEEE, and Irawati Rahul Thete

Abstract—This letter considers the design of sparse
actuator schedules for linear time-invariant systems. An
actuator schedule selects, for each time instant, which
control inputs act on the system in that instant. We address
the optimal scheduling of control inputs under a hard
constraint on the number of inputs that can be used at each
time. For a sparsely controllable system, we characterize
sparse actuator schedules that make the system control-
lable, and then devise a greedy selection algorithm that
guarantees controllability while heuristically providing low
control effort. We further show how to enhance our greedy
algorithm via Markov chain Monte Carlo-based randomized
optimization.

Index Terms—Actuator scheduling, control design,
energy-aware control, greedy algorithm, sparse control.

[. INTRODUCTION

PARSITY constraints in control inputs arise in several

large-scale systems, such as networked control with lim-
ited bandwidth [1], budget-limited influence in marketing
strategies [2], sparse damping control in power grids [3],
and drug treatment in biological networks [4]. Motivated by
these applications, we address the challenge of designing
control with few actuators without significantly compromising
performance.

Two important sparse control paradigms are maximum
hands-off control, which reduces active (nonzero) control
periods [5], and sparse feedback, which reduces the nonzero
elements or rows in the feedback gain matrix [6], [7]. Some
works have investigated sparsity directly in actuator use. An
early approach selects a few inputs, which remain constant
over time, to ensure controllability, tightly constraining the
system [8]. Recent work minimizes the average number
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of inputs over a time horizon, allowing for time-varying
inputs [3]. However, this strategy can lead to non-sparse
inputs at certain times, which is unsuitable for applications
like networked systems where bandwidth constraints must be
satisfied at all times. Alternatively, this letter limits the number
of control inputs active at every time [9], referred to as sparse
actuator control.

The theoretical foundation of sparse actuator control has
been studied in [9], [10], [11], [12], but sparse control input
design is not well studied in the literature. A straightforward
method uses sparse recovery algorithms to drive the system
from a given state to a desired state [12], which requires
distinct designs for state deviations. The standard, naive greedy
algorithm identifies a sparse actuator schedule to transition the
system from any initial state to any desired state [13]. Due
to its heuristic nature, it does not assure controllability for all
systems that are controllable under sparsity constraints. We
address this literature gap and propose efficient algorithms for
the design of sparse control inputs that formally guarantee
controllability.

Contribution: We first show that the naive greedy algo-
rithm may fail to ensure controllability (Section III-A),
which motivates our study. Then, we analytically characterize
sparse actuator schedules that make the system controllable
(Section III-B) and devise an improved greedy algorithm
that searches among such schedules (Section III-C), thus
guaranteeing controllability if the system is controllable under
the sparsity constraint. Also, we propose to improve the
algorithm using a Markov chain Monte Carlo (MCMC)-based
approach, albeit with increased computational complexity
(Section III-D). Finally, in Section IV, we numerically study
the performance of our greedy algorithm on two use cases
where the naive greedy algorithm fails, as well as the improve-
ment provided by MCMC.

Il. SPARSE ACTUATOR SCHEDULING PROBLEM

Consider the discrete-time linear dynamical system (A, B)
with matrices A € R"™", B € R™ and state evolution

x(k+ 1) = Ax(k) + Bu (%), (1)

where x(k) € R" and u(k) € R™ respectively denote state
and control input at time k. The system (A, B) is s-sparse
controllable if it is controllable when ||u(k)|lo < s Yk > 0,
i.e., when at most s input channels are active (nonzero) at
all times, where a channel is an element of u (k). We aim to
design sparse inputs to drive the system from any initial state
to a desired one. We first review the existing literature.

2475-1456 © 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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TABLE |
COMMON ENERGY-AWARE CONTROL PERFORMANCE METRICS [15]

Lorwt
Amin(W)) !

Y/ det(W)

A. Preliminaries on Sparse Controllability

A simple test for s-sparse controllability is as follows, where
rk{A} denotes the rank of matrix A.

Proposition 1 [9, Th. 1]: System (1) is s-sparse controllable
if it is controllable and s > max{n — rk{A}, 1}.

The next result ensures s-sparse controllability with fixed
active input channels, following an actuator schedule, regard-
less of the initial and desired states.

Definition 1: Let [m] = {l,...,m} with [0] = @. An
actuator schedule S on m inputs with horizon 4 is an ordered
tuple

S=(S,..

average energy to reach a unit-norm state
maximal energy to reach a unit-norm state
volume of ellipsoid reached with unit energy

S S S M Vk=0,...,h—1. (2

We denote the set of all actuator schedules by 7,".

In words, the ith input channel u;(k) is active at time k
only if i € S. Also, for given sparsity s € [m], an s-sparse
actuator schedule fulfills the condition |Si| < s for each time
k, meaning that at most s inputs are active at every time.

Under he actuator schedule S, the actual state evolution is

x(k+1) =Ax(k) + Bsus (k), k=0,...,h—1, (3)

where Bz denotes the submatrix of B composed by columns
with index in set 7 and ug, (k) stacks the elements of u (k)
with index in Z. We define the S-reachability matrix as

o = [A"'Bs, A" Bs, ... Bs, ] )

Proposition 2 [14, Ths. 2.4 and 2.13]: If system (1) is
s-sparse controllable and & > h*, where

n
— < h* < n— min{rk{B}, 1, 5
min(k(B).y] = =1~ min{rkiB). s} + ©®)

there exists an s-sparse schedule S € T,fl’ that makes system (3)

s-sparse controllable, i.e., for which rk{ <I>h5} =n.

Using the above insights, we formulate our problem next.

B. Sparse Control Design Problem Formulation

In light of Proposition 2, we aim to find an s-sparse actuator
schedule S that makes the resulting system (3) controllable.

To measure the control effort of a schedule S, we consider
the S-controllability Gramian wh = (<I>f.'3)T<I>h , which is used
in the literature to quantify the control energy required to reach
a target state through (3) in & steps [15]. We denote the control
metric by p and list common energy-aware performance
metrics in Table I. Therefore, our design problem is as follows.

Problem 1 (Optimal Sparse Actuator Schedule): Given
system (1), a time horizon &, a sparsity level s, and a cost
function p, find an s-sparse schedule S* as

S* € arg min p(W%) (6a)
SeTh

st [Sil<s Vke{0,....h—1}  (6b)

rk[Wf'g}z n. (6¢)

In problem (6), the combinatorial constraint (6b) makes the
schedule (i.e., the control inputs) point-wise s-sparse, and the
rank constraint (6¢) ensures that the chosen schedule makes
the system s-sparse controllable. Propositions 1 and 2 imply
that problem (6) is feasible if the following conditions hold.

Assumption 1: The sparsity level and the time horizon
respectively satisfy s > max{n — rk{A}, 1} and h > h*.

In the following, we assume that Assumption 1 holds and
present design algorithms with polynomial complexity to solve
Problem 1 ensuring the constraints (6b)—(6¢) are met.

[1l. DESIGN ALGORITHMS

This section tackles Problem 1 via algorithms with tractable
(polynomial) computational complexity. First, we explain why
the naive greedy algorithm may fail to meet the constraints
in (6). In Section III-B we characterize sparse schedules
that ensure controllability and, building on the analysis,
in Section III-C we devise our main design algorithm with
formal controllability guarantees. Finally, in Section III-D
we propose a stochastic optimization approach to improve
performance.

A. Drawback of the Naive Greedy Algorithm

A classic approach to reduce cost (6a) subject to a budget
constraint on the inputs is greedy selection, which we refer to
as a naive greedy algorithm [13], [15]. However, imposing the
point-wise s-sparsity constraint in (6b) to the greedy selection
may yield an uncontrollable system, as in the example below.

Example 1: We choose a system with n =5, m = 7 where

01000O0 00100O0°1
00O0T1OQ0 0010010
A=]|00100|,B=|1 000101 @)
0 00O01 1100001
000O0O 0001000
The system is s-sparse controllable with s = n —rk{A} = 1.
We choose time horizon 7 = n = 5 and cost function

p() = Tr(()7!). To avoid singular matrix inversion, the
cost is computed as Tr((Wfé‘)_l + eI) with a small slack
€ > 0 [3], [13]. In the first iteration, the last column of the
reachability matrix ®” gives the lowest cost, so the algorithm
selects S4 = 7. Due to the sparsity constraint, subsequent
iterations restrict the greedy search to the first 28 columns
of " However, the last row of these columns is entirely
zero. Thus, the last row of <I>f§ has only zeros, yielding
an uncontrollable system and failure of the naive greedy
algorithm.

In short, the naive greedy algorithm need not output a
feasible solution of the control design problem (6). We next
examine the feasible set of (6) to guide a greedy selection.

B. Characterizing Feasible Actuator Schedules

We start with a necessary condition for feasibility.
Lemma 1: Let S be a feasible solution of Problem 1
satisfying Assumption 1. Then, for k =1, ...,k — 1, it holds

BS;,,I]} =n. ®)

Proof: From the rank condition, we deduce that

k{[A* A*'Bg, ,

Authorized licensed use limited to: TU Delft Library. Downloaded on November 01,2024 at 10:07:52 UTC from IEEE Xplore. Restrictions apply.
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n=r1k{[A"'Bs, ... Bs, ]}
<rk{[A* A*'Bs,, ... Bs, ]} =n. ©)

and the equality (8) immediately follows by comparison. H

From the relation (8) with k = 1, we derive
R" = Col{[A Bs,_,]} = Col{A} & Col{Bs, ,}.  (10)

where Col{-} denotes the column space and @ denotes the
sum of subspaces. As R" = Col{A} @ ker{A "} = Col{A} &
Col{Bs, ,}, where ker{-} denotes the null space, we get

ker{AT} = projker{AT}{Col{Bshfl}}, (11)

where proj-{D} denotes the projection of the (sub)space D
onto the subspace C. For k = 2, we write the relation (8) as

ker{ (Az)T} = proj_ ()] {Col{ABs, ,}}
® proj { (AZ)TI {Col{Bs, ,}}. (12)
Since ker{A T} C ker{(4%)T}, (11) and (12) jointly yield
ker{ (AZ)T} oker[a]
=proj [ (AZ)T]eker{AT} {

® prOjker{ (AZ)T }e ker{AT} {

Col{ABsg, ,}}

Col{Bs, ,}}.  (13)

where for any two subspaces C € D, D &C C D denotes
the orthogonal complement to C in D. The dimension of the
subspace ker{(Az)T}e ker{AT} is the difference between the
dimensions of ker{(Az)T} and ker{AT}, given by

(n . rk{Az}) —(—1tk{A) <n—tk{A) <s  (14)

where we use the Sylvester rank inequality. Hence, regardless
of the channels in S,_, we can find a set Sy_» such that

ker{ (A2>T} ) ker{AT}
- prOjkfsr{ (AZ)T}@ ker{AT}

Extending the same idea, we obtain sufficient conditions for
controllability. To this aim, we define

(Col{ABs, ,}}.  (15)

R = min{k > 0 : rk{A*} = rk{A*+1}}. (16)

Lemma 2: Let s and h satisfy Assumption 1. Then, for all
k € [R], there exists an index set Sj,_; such that

ker{ (Ak>T} $) ker{ (Ak_l)T}
=P, ) oy} S B0
Further, if R > 0, the sets satisfy
ker{ (AR)T} = projker[(AR)T} { Col {[AR_IBSH

AR2Bs Bs, ] } } (18)

Algorithm 1: s-Sparse Greedy Selection

Input: Matrices A, B, sparsity s, horizon h, cost p.
Output: Schedule S.

1S <« [[m]]l*h; // initialize full schedule

2 rky <0 // rank of controllability
Gramian

3C<«1[]; // column space of

controllability Gramian
// channels to be selected

N

cand < [@]xh ;

later
sfork=1,...,h—1do // input at k=0 is
unconstrained
6 Sy« W; // select necessary channels
at time k
7 if rkw < n then

Ki < ker{(A" )T} @ ker{d" ' T};
Sk <= greedy_k({j : B £ Ky}, k, S, €);
10 rkw < rkw + |Skl;

1 C < [A""*Bg C];

12 if |Skx| < s then

13 | cand[k] < [m] \ S;

14 Sy < ¥; cand[0] <« [m] ; // reset schedule
at time 0

// ensure
controllability

16 | cand, S < greedy(cand, S, ¢, rk);

17 while 3k : |S;| < s do // decrease cost
18 cand, § < greedy(cand, S, 0);

19 if S doesn’t change then

20 L break;

15 for i =1,...,n— rky do

21 return S.

Proof: See Appendix A. |

If A is invertible, then R = 0 and the result is trivial.
Lemma 2 leads to a sufficient condition for feasibility, as
established by the following result.

Theorem 1: Consider system (1) and sparsity level s and
time horizon # satisfying Assumption 1. Then, there exists a
feasible solution S of Problem 1 that satisfies (17) for k € [R].

Proof: See Appendix B. |

Based on Theorem 1, we devise an improved greedy algo-
rithm to find a schedule with formal controllability guarantee.

C. Improved s-Sparse Greedy Algorithm

We outline our selection procedure in Algorithm 1. The
schedule is initialized full, i.e., all input channels scheduled at
all times (Line 1). This allows us to reduce the risk of dealing
with singular S-controllability Gramian and thus to compute
the cost function more robustly in the first phase of the
algorithm, which ensures that all channels that are necessary
for controllability are scheduled, This phase is implemented in
the “for” loop at Line 5. Specifically, for each time step k > 1,
Line 8 computes the subspace K that has to be spanned by
input channels active at time k, and Line 9 greedily selects
the best channels among the candidates. For example, at time
k =h—1, Kjp_1 = kerfA"} and Line 9 populates Sp_1

Authorized licensed use limited to: TU Delft Library. Downloaded on November 01,2024 at 10:07:52 UTC from IEEE Xplore. Restrictions apply.
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Algorithm 2: Subroutine greedy_k

Algorithm 4: s-Sparse MCMC

Input: Channels cand, step k, schedule S, € > 0.
Output: Updated schedule Sy at time step k.
1 while cand # ¢ do

2 c* <—arg min .. ng ,o(Wf’S + ¢k +eD);

3 Si < S U {c*}; cand < cand )\ {c*};

4 foreach ¢ € cand do

5 if
projc (A"~ 7*B.} || proj, (A" *Bs,)
then

6 | cand « cand)\ {c};

7 return Sy.

Algorithm 3: Subroutine greedy
Input: Channels cand, schedule S, € > 0, flag rk.
Output: Updated cand, S.
1KY, "« arg mink:lSk\<s,cecand[k] p(W}é‘ + ¢I(§ +€l);
2 if not rk and p(W' + ¢ + e) > p(W' + €I) then
L return cand, S;
Spx < Spx U {c*}; cand[k*] < cand[k*]\ {c*};
if rk then
C < [A" ¥ B. C];
foreach k : |Si| < s, ¢ € cand[k] do
if rk{[A"~'7*B. C]} = rk{C} then
L | cand[k] < cand[k] \ {c};

w

e e NN A

10 return cand, S.

until condition (11) is met. The feasibility of this selection is
formally supported by Theorem 1, which states that one can
find indices Sy such that Bs, spans Ky for every time k.

The selection at Line 9 of Algorithm 1 is executed by the
subroutine greedy_k outlined in Algorithm 2, where we
define the “contribution” to the controllability Gramian of
channel c¢ scheduled at time & as ¢'§ = (A"17%B,)TA"-1-kpB,.
Here, after a channel is selected (Line 3), the candidate
channels that are not independent of those already selected
are removed (Lines 5, and 6), guaranteeing that the schedule
Sk spans one more direction of Ky after each iteration of the
“while” loop of Algorithm 2 and eventually spans all of Cx
so as to fulfill (8). By the initialization of S, the parameter €
in Algorithm 2 can be zero if K has dimension one, but it
must be positive otherwise to avoid a singular matrix in p.

Afterincluding all necessary input channels to span the kernels
of A, A2, ..., A% soasto fulfill Theorem 1, Algorithm 1 ensures
controllability through the selected schedule with the “for” loop
at Line 15. This is achieved via the subroutine greedy in
Algorithm 3, which is the classic greedy selection but with the
option to check the rank of the controllability Gramian through
the flag rk. When rk is raised (Line 15), all candidate channels
that cannot increase the rank of the controllability Gramian
accrued so far are removed at Lines 8, and Line 9. This ensures
that the “for” loop at Line 15 of Algorithm 1 eventually makes
the S-controllability Gramian full rank.

Finally, the last “while” loop at Line 17 adds channels till
the cost cannot be further decreased or the selected schedule

Input: Matrices A, B, sparsity s, horizon h, cost p,
parameters € > 0, Tip > 0, Thin > 0, @ € (0, 1),
it, initial schedule Sy.

Output: Schedule S.

1S« Sp;
Pmin < p(W + €I);

~

3 rkwr«—rkﬂvg}; // optional, to
check controllability
4 T < Tip;
5 while T > T,,;, do
6 for i=1,...,it do
7 S« S;
8 k,ck ~U(S) ; // sample from
current schedule
9 c, ~U([m]\S); // sample candidate
channel
10 Sy < (Si\ {ee) U e
11 if check rank then

while tk{W"} < rky do
| go to Line 8 or continue;

12
13

14 peurr < p(W, + el);

15 p <~ e_%(pcurr_pmin);

16 ifp>n~U(O0,1]) then // w.p. min{l,p}
17 Sy < S

18 Pmin < Pcurrs

19 if check rank then

20 t rkwy <« rk{Wf’S/};

21 | T < aT;

22 return S.

has reached the s-sparsity limit.! Notably, this last selection
need not care about the rank of the controllability Gramian,
and the cost can be computed exactly by setting € = 0.
Assuming that computing the cost ,o(W’fS) requires O(nf)
operations, the computational complexity of Algorithm 1 is
O(hmmax{nf*! n*)}, the same of the naive greedy. The
detailed analysis is provided in the technical report [16].

D. s-Sparse Markov Chain Monte Carlo

MCMC is a randomized algorithm that approximately solves
combinatorial problems by sampling a Markov chain supported
on the domain of the optimization variable. We summarize its
workflow in Algorithm 4. Every sample S’ replaces the current
solution S with a probability that decreases exponentially with
the cost gap (Line 16). MCMC is asymptotically optimal with
infinite samples, i.e., as the parameter 7 goes to zero and
the iterations it go to infinity. In practice, T is progressively
reduced down to Trhin > O (Line 5) and finite samples are drawn
for each value of T (Line 6), causing approximation errors and
a suboptimality gap that decreases with it and Tr;iln [17]. The
interested readers are referred to [18] for details. We adapt

IBecause the greedy selection is suboptimal, if the cost cannot be decreased
in one iteration, one can randomly select channels to possibly drop the cost
after multiple iterations. We do not explore this possibility in the current letter
and leave a more comprehensive numerical evaluation for future work.

Authorized licensed use limited to: TU Delft Library. Downloaded on November 01,2024 at 10:07:52 UTC from IEEE Xplore. Restrictions apply.
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TABLE I
SCHEDULES AND COSTS FOR EXAMPLE 1

\50 Si S S S4‘Tr((Wg)_1)

fully actuated 71 71 7 M 1.7
naive greedy 1 4 1 2 7 uncontrollable
s-sparse greedy 1 4 4 4 4 5.0

MCMC to Problem 1 using the output of Algorithm 1 as warm
start Sp. To enforce s-sparsity, we restrict candidate samples
S’ to differ from the current solution S by only one channel
in one time step k (Lines 8, and 9).

Although MCMC has polynomial complexity with respect
to its parameters o, Tin, Tmin, and 1t, it generally converges
slow in practice and requires a huge number of samples
to achieve good solutions for large systems. Moreover, its
randomized nature prevents formal controllability guarantees
and the output schedule may violate constraint (6¢). This issue
can be overcome by imposing that candidate samples S’ do
not decrease the rank of the controllability Gramian (Line 11),
which however may significantly slow down the algorithm.

IV. NUMERICAL EXPERIMENTS

We test our algorithms on two problem instances.”

A. Reuvisited Example 1

We use Algorithm 1 to solve the design of Example 1. The
output schedule and cost are reported in Table II, together with
the schedule output by the naive greedy algorithm and the
cost of the fully actuated system for the sake of comparison.
Our proposed s-sparse greedy algorithm picks the key input
channel 4 that guarantees controllability according to the
necessary condition (8) for all time steps k = 1,2,3,4,
thanks to the smart pre-selection at Lines 8, and 9 of
Algorithm 1.

B. Experiment With Large-Scale Network

We benchmark Algorithm 1 on a large-scale system with
n = m = 50, where A is the adjacency matrix of a random
geometric graph scaled by the number of nodes and B is the
identity matrix. This setup mimics a network system where
node (subsystem) i can be directly controlled through the ith
column of B. We generate sparse random geometric graphs
with nodes in the unit square [0, 1]2 and radius 0.1, and choose
time horizon 7 = n = 50. The nullity of A ranges from 10
to 20 and ker{A} = ker{AX} Vk > I, meaning that R = 1
and the critical time step for controllability is only k = h —
1 based on Lemma 2. The naive greedy algorithm always
yields uncontrollable systems when choosing the minimal
admissible sparsity s = n — rk{A}, even when refining its
output with s-sparse MCMC. In contrast, our s-sparse greedy
algorithm successfully yields controllable systems on all tried
instances.

Finally, we compare the costs achieved with the
s-sparse greedy selection (Algorithm 1) and s-sparse MCMC

2The code used for experiments is available at

https://github.com/lucaballotta/sparse-control

Y
7107
E” 106
- —@— s-sparse greedy
= 10°
& s-sparse greedy + MCMC
104 \ \ \ \ \
20 22 24 26 28
"’E‘ —@— s-sparse greedy
T 250 s-sparse greedy + MCMC
@
< 200 \-
2 \1‘t
I 1504 \ \ \ \ T
20 22 24 26 28
Maximal number of active inputs at every time step s
Fig. 1. Cost for experiment on large-scale network. The parameters of

s-sparse MCMC are Tiy, = 1, Tynin = 1077, & = 0.1, it = 5000.

(Algorithm 4) as the sparsity constraint s varies. Figure 1
illustrates the results for a system with n — rk{A} = 20 where
s increases from 20 (the minimum for s-sparse controllability)
to 28. Both curves are decreasing, meaning that selecting more
inputs reduces the control effort. Also, while MCMC yields
smaller costs thanks to its exploratory approach, the costs
obtained with the s-sparse greedy are only slightly larger in
most cases, especially with p(-) = —logdet(-), validating its
effectiveness.

V. CONCLUSION

We investigated the sparse actuator scheduling problem for
linear systems to ensure controllability with minimal control
effort. We characterized feasible actuator schedules, designed
a greedy algorithm with formal controllability guarantee, and
enhanced it using MCMC-based randomized optimization.
Numerical tests prove our algorithms effective even when the
naive greedy selection fails. Future work could explore stricter
sparsity constraints, such as slowly varying active input sets.

APPENDIX A
PROOF OF LEMMA 2
We define K® =1 —A¥AX)T as the projection matrix onto
ker{(Ak)T}, where ()7 is the pseudoinverse. As the subspace
orthogonal to ker{(Ak)T} is Col{Ak}, we get

ker{ (Ak>T} o ker{ (Ak_1>T} - Col{K(k)Ak_l } (19)

We note that (17) trivially holds if R = 0 by setting k = R+ 1.
Then, to prove (17) for all k € [R] it suffices to prove that
there exists an index set Sj,_; for each k € [R] such that

Col[K(k)Ak" } = cOl{KU‘)A"*‘BS,l_k}. (20)
Since the system is controllable, it holds
Col{K(k)Ak_l} - Col{K(k)Ak_l <1>"}
- Col{K(k)Ak_lB}, 1)

Authorized licensed use limited to: TU Delft Library. Downloaded on November 01,2024 at 10:07:52 UTC from IEEE Xplore. Restrictions apply.
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because K®A 14T = [I — AF@AHT1AkA=! = 0, for i > 0.
Applying the Sylvester rank inequality to (19) yields

= o]~

= rk{Ak—l} — rk{Ak} <n—rkid}) <s. (22)

From (21), we conclude that there exist s columns in
K®©A*1B indexed by Sp—k, such that (20) holds. Also, for
any z € ker{(AR)T}, we have z = [I — K(l)]z + KWz, Here,
KWVz =KYBg, v(h—1) for some v(h— 1) due to (20) with
k = 1. Hence, defining z(1) = [I — KV][z — Bs,_,v(h — 1)],
we have

z=2(1) +Bs, v(h—1). (23)

Recursively using (20), there exist {v(k)},’fz1 such that

2= [1- K@) + K¥Z(1) + Bs, v(h = )

2
=72+ Y A“'Bs, v(h-2)
k=1

R
=zZ(R) + Y _A"'Bs, v(h—h),
k=1
where Z(k) = [I — K®1[z(k — 1) — Bs,_,v(h — k)]. Since z €
ker{(A®)T}, multiplying (24) with K® gives
R
KPz=7=K®>"A"'Bs vk,
k=1

(24)

(25)
proving the desired result (18).

APPENDIX B
PROOF OF THEOREM 1

We begin by noting that R" = ker{(A®)T} @ Ag, where
Ar = Col{AR}. From Lemma 2, it suffices to prove that there
exists an s-sparse schedule S € 7" such that

Ag = Col{[A""'Bgs, A" ?Bs, ... ARBs, , |]}. (26)

To this end, let the real Jordan canonical of A be
-1 1

_oafg o], [POT[1 o][P!
where P = [POT POTT is an invertible matrix, with the
columns of PV and P® are the generalized eigenvectors of
A corresponding to the nonzero and zero eigenvalues of A,
respectively. Also, the square matrices J € R’*/ and N are
formed by the Jordan blocks of A corresponding to its nonzero

and zero eigenvalues, respectively. We see that N = 0, for
any k > R. As a result, J = rk{J} < n — R, and we deduce

_ ~i[JR0]5] J*
ac=calr [0 el el 0]} e
Further, premultiplying (1) with P! gives
POx(k + 1) = JPDx(k) + PV Bu (k). (29)

The linear dynamical system (J, B) with B = PV B is s-sparse
controllable for any s > 1, because (A, B) is controllable

and J is invertible. Hence, by Proposition 2, there exist sets
So, S1, ..., Sy_1 such that [S;| < s and

R’ = Col{[J/~'Bs, J'7’Bs, Bs, ||} (30)

Consequently, from (28), we have
Ap = Col JRH_]BSO JR-H_ZBSI JRBSJ—I
00 . 0

ARBSH]}A (31)

Due to h > n, it follows hi—R > n—R > J and thus R+J < h,
implying (26) holds, and the proof is complete.

_ Col{ [ ARH-Igg  ARYI2p g
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