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ABSTRACT

Eddy currents are loops of electrical currents induced within conductors by varying magnetic
field in the conductor. Eddy currents flow in the closed loops in the conductor, in planes
perpendicular to the magnetic field. The eddy current effect plays an important role in the
transformer or an actuator system.

If there is a coil wound around a cylindrical iron core, system, the AC coil can induce eddy
currents in the solid core. The eddy current can change the flux in the core, and further influ-
ence the impedance of the system. If such a system is applied to an electromagnetic actuator,
a proper modeling approach for the eddy current effect can help the researchers to determine
the impedance change and predict the output power of the actuator. This thesis deals with
the eddy current modeling improvement problem. A concept of the transformer ring topol-
ogy is proposed to simplify the actuator model. A brass ring and an iron material ring are
studied, in the purpose of realizing modeling optimization and test functions respectively.
By using analytical calculation and modeling analysis, the eddy current modeling method is
improved and optimized. The practical impedance of the model becomes closer to the simu-
lation results. This research can help the researcher to compute the actuator model, and better
simulates it.
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1
INTRODUCTION

1.1. BACKGROUND
With the focus on delivering meaningful innovation, Philips serves both professional and
consumer markets throughout the world in the areas of healthcare, consumer lifestyle and
lighting. Launched in the 80’s, the Philips toothbrush is one of the most famous healthcare
products of the company. Power electric toothbrushes can be classified into two categories
according to the type of that action that they employ: vibration or rotation-oscillation [2]. In
order to have vibrations used for electrical power toothbrushes, a resonant actuator is used.
A large variety of actuators exist, but for the toothbrush actuator, in the first place, it should
be thin, suiting the shape of a toothbrush handle.

Fig. 1.1 gives an overview of different toothbrush actuators. An actuator is an interface
between the electrical and the mechanical domain. It has components of housing, coils, spin-
dle, springs or magnets. Here the spindle is used to transfer the motion and vibration to the
toothbrush.

Figure 1.1: Toothbrush actuators in Philips

The old Philips toothbrush actuator contains vulnerable springs; these springs can break.
The new actuators with longer life time are invented to solve this problem. With the new ac-
tuator, no springs are used. The mechanical spring should be replaced by magnetic attraction.
In this case, the actuator has a long life time.

The Philips present actuator uses a resonant magnetic circuit. Fig. 1.2 shows the cross
section of the present actuator with five pairs of poles. This new toothbrush actuator shows
attractive properties, because it can be very well adapted to the particular requirements of
the application. The actuator has a natural thin shape, and the actuator strength can easily
be maximized to a stroke range. Also the magnetic cogging can provide the spring func-
tion. Therefore, the actuator offers very good opportunities to obtain a device with minimal

1



2 1. INTRODUCTION

Figure 1.2: Diagram of the new actuator

vibrations in the handle [3]. In a word, the new actuator significantly improved the user’s
experience.

1.2. PROBLEM DEFINITION
In the development of this new actuator, a variety of simulation models is applied. Not only
finite element models have been developed, but also several analytical and circuit models are
available. Many models make use of a combination of different simulation approaches.

At the moment, a circuit model for the toothbrush actuator is available, in which some
modeling techniques have been applied for describing the nonlinear effect and the eddy cur-
rent effect. The eddy current is a linear effect. But how the eddy current flows in the fixed
plane is not clear on beforehand. Current densities in the spindle vary with frequency, which
makes the effect harder to describe. In this case, the circuit model lacks accuracy and needs
to be checked and assessed. There is a need for the improvement on these models. The objec-
tives of the thesis are:

• to explain why the eddy currents in actuators are studied

• to investigate a new way of modelling eddy currents and to optimize this method

• to apply this method to an actuator and evaluate this results

This report is based on these issues. The answers to the the objectives are discussed in the
following chapters.

1.3. RESEARCH METHOD
The actuator model is a complex model. It not only includes the eddy current effect model,
but also includes nonlinear effect such as saturation and hysteresis loss. In this case, it is very
difficult to directly use the actuator prototype to measure the eddy current effect. Therefore, a
simpler and more practical electrical circuit model is to be made, with only the eddy current
effect included. With this practical circuit design, the researcher can do practical experiments
and build a simulation circuit in Ltspice. Next, the measurements and simulation results can
be compared and analyzed. Further, the optimization methods can be tested.

The simpler circuit model is the transformer ring. The transformer ring has toroidal shape
and rectangular cross section. The primary winding and secondary winding are uniformly
wound around the core. Depending on the purpose of the study, the core material of the
transformer ring can be very different. In this report, the rings are named according to the
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core material; for instance, the ring core made of brass is named as brass ring, and the ring
core made of the spindle material is named as spindle ring.

Figure 1.3: The research methodology diagram

Fig. 1.3 shows the flow chart of the research methodology. The actuator contains compo-
nents of spindle, coil, housing, and magnets. In this case, it is hard to only study on the eddy
current effects of the spindle. Next, the spindle transformer ring is proposed. The spindle
material is iron, and there is not only the eddy current effect but also hysteresis and satura-
tion effects included. So the spindle ring is still a complicated model. To get rid of hysteresis
effects, brass material is chosen as ring material. Brass has diamagnetism property, and it
contains no hysteresis or saturation effects. The relative magnetic permeability µr of brass is
1, and it is constant. Therefore, in the brass ring, only the eddy current effect is considered.
Now, the researcher can study the eddy current effect properly. If the modeling method is
feasible for the brass ring, then this approach can be tested into spindle ring, and further in
the actuator.

Normally, numerical methods such as the finite element method (FEM) or boundary ele-
ment method are often employed, and recent increase of computer power have enabled three-
dimensional eddy current analysis [4][5][6]. Recently, eddy current distribution imaging has
also been developed by several research groups [7][8][9]. Although the FEM is a potential
for solving eddy current problems, it is hardly applied to improving the eddy current model.
Therefore, in this paper, 1-dimensional mathematical analysis is used to study on the eddy
current model.

1.4. THESIS LAYOUT
To accomplish the thesis objectives, in this report, the individual steps are divided into five
chapters, which are described subsequently:

• Chapter 2 first gives a general concept for the toothbrush circuit model and the actuator
model from Philips. The basic working principle of the actuator is introduced. Sec-
ond, a background information is presented about the eddy current effect. Third, the
eddy current effect in the actuator is described, especially how much the eddy current
influences the actuator, which helps to understand the meaning of the thesis.

• Chapter 3 mostly concentrates on the research methodology for the eddy current ef-
fect. The transformer ring is introduced, and the geometry, conductivity measurement
method, as well as the choice of the effective length are described in detail. The reasons
for using the transformer ring are explained. In this chapter, the eddy current distribu-
tion and magnetic flux density distribution based on 1-dimensional case are analyzed.
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• Chapter 4 is the most critical part of this thesis. It introduces each step for the improve-
ment of the eddy current model. First, the Present Model is illustrated. However, it
has two problems, and there is an obvious deviation from the measurement results.
Thus the improvement steps of the the eddy current model are proposed. The idea of
improvement is about finding a more accurate way to describe how the eddy current is
distributed and how the magnetic flux is enclosed by the eddy current. Three improving
steps are conducted, and they are advanced step by step. Finally, from the observation
of the transfer impedance, the eddy current model has been improved in a big progress.
But there are still some unknown results, for example, the eddy current effect in the
simulation model shifts compared to the measurement.

• Chapter 5 is about the test for the optimized eddy current model, by using the spindle
ring, which is made of the same material used for the toothbrush actuator. This step
is a preparation for applying eddy current model into toothbrush actuator. Because the
nonlinear effect is in the ring, the BH curve is first measured. Then the Philips model for
the description of nonlinear effect is presented. By finding the fitting curve parameters
the BH curve model is applied to the ring model to represents for the nonlinear effect.
Based on this, the eddy current model is tested with the same process and approach in
Chapter 4.

• In Chapter 6, the eddy current model is tested in the toothbrush actuator model. The
permeances and mutual permeances are derived from ANSYS simulation. Two occa-
sions are defined in ANSYS: equal eddy current distribution and linear eddy current
distribution. The output power of the actuator is compared between the measured re-
sult and the modeling result.

• Chapter 7 summarizes this report, and it is the conclusion part. The conclusions for
the present work are presented first. Also, the limitations and the further work are
proposed.

1.5. CONTRIBUTION
The contribution of this thesis to toothbrush model in Philips, to technology, and to science is
explained as follows:

• Contribution to toothbrush model: If the eddy current can be known well, it helps to
improve the behavior of the toothbrush actuator. If the eddy current effect can be stud-
ied and modelling properly, then it helps the designers to choose the materials of the
spindle in the actuator.

• Contribution to technology: In this thesis, the transformer ring is used for modeling.
Both one dimensional model and two dimensional model of eddy current are analyzed
in the report. How the eddy current density distributes in the solid iron material is
studied. Also, in the solid ring, the distribution of magnetic flux generated by eddy
current is discussed. It helps to better simulate the eddy current effect.

• Contribution to science: Eddy current analysis is widely used in solving the problems
on magnetic interaction between an electricity conductive material and an excitation coil
that carries an AC current[10]. This paper uses a combination of physical and mathe-
matical analysis method. Also, a lot of theoretical research and calculation are carried
out.



2
ACTUATOR MODEL

This chapter first gives a review for the toothbrush circuit model and the actuator model
from Philips. Second, a literature review about skin effect and induced eddy current is given.
Third, the eddy current effect in the actuator is introduced, and in the spindle, this effect
is more emphasized. Finally, it is shown that how the actuator is influenced by the eddy
currents.

2.1. MULTI-DOMAIN TOOTHBRUSH MODEL
In the toothbrush circuit model, blocks with different functions are defined. How the power
input and transferred should be described in the blocks. See the Fig. 2.1, there are several do-
mains in the total model including electrical domain, mechanical domain, magnetic domain
(actuator) and chemical domain[3]. In this thesis, we concentrate on the actuator model.

Figure 2.1: Block diagram of the toothbrush circuit model[3]

Every block in this model contains specific sub models to describe the different physical
effects of interest. These models show the certain effect takes place, but do not define to what
extent the effect would be. Therefore, for the input data of the models, it can be the result of
analytical solutions, pre-simulation, measurement or by estimation [3]. Next, the actuator is
introduced in detail.

5
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2.2. ACTUATOR MODEL
Used as the toothbrush motor, the actuator needs to meet some design requirements such
as volume and shape requirements. From Fig. 1.2, the magnets are placed on the outside
housing used as stator while the spindle and iron poles are used as rotor.

Figure 2.2: The actuator with N electrical ports, and one mechanical port

In Fig. 2.2 a general description of an actuator is given. The system is assumed to be linear,
which means that no saturation or hysteresis effects occur. The actuator has N electrical ports,
and one mechanical port. The actuator provides the power from the electrical domain to the
mechanical domain. Every electrical port is connected to a winding, also it can be used to
represent for a permanent magnet [11]. In the new actuator in Philips, the torque given by the
actuator provided with permanent magnets can be written as [11]:

T =
P∑

i=1

P∑
j=1

1

2
Ii I j

dLi j (α)

dα
+

P∑
i=1

Ii Im
dLi m(α)

dα
+ 1

2
I 2

m
dLmm(α)

dα
(2.1)

It can seen that a torque can be generated by the interaction between the mutual wind-
ings, by windings and the permanent magnets, and by the permanent magnets only. In (2.1),
the mechanical domain is described with rotational parameters. The first term is the torque
only dependent on the currents in the winding, and Li j represents for the mutual inductance
between winding i and j; the second term is the torque which is generated by the interac-
tion of current-carrying windings and the magnets; the third term is the torque caused by the
permanent magnets only. In the first term, the winding self-inductance will not vary with
the angular position(applicable in the new actuator). The actuator shows a strong preference
position; the poles are magnetically coupling a north segment to the neighboring south pole
segment. This cogging effect gives the desired spring function. For the resonant toothbrush
this effect can be used for the realization of the spring function. Therefore this term should be
increased so that the desired spring constant is reached.

In the actuator model, 4 windings have been implemented. Only winding 1 is a real wind-
ing representing the coil around the spindle. Winding 2 and 3 are added for the calculation of
eddy current and nonlinear effect respectively. Winding 4 represents the permanent magnet
system.

For the new Philips actuators, a completed actuator model consists of:

• A winding part. It contains the number of turns and resistance of winding.

• A flux generation part. This block calculates the total flux effectively enclosed by the
winding. It contains the permeances and mutual permeances.
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• A torque generation part which calculates the torque contribution of this winding. It
contains the permeances and mutual permeances.

Not every winding is simulated completely. The winding 4, which represents the permanent
magnet only has a block for the torque generation. Also the hysteresis winding is different:
instead of a "winding" block it has a sub circuit that contains a BH curve for the spindle
material.

In this thesis, the research objective is to study on the eddy current effect and find a new
modelling approach to simulate it. Therefore only winding part and flux generation part, and
winding 1, 2, 3 are considered for the research purpose. The permanent magnet system and
torque generation and mechanical domain will not be discussed in next contents. This section
gives some information about the electromagnetic actuator and the working principle of this
new PM actuator.

2.3. BACKGROUND INFORMATION

This section gives background information about the skin effect and induced eddy current in
the conductors. It is divided into 3 parts. In the first part, Maxwell’s equations and Bessel
functions are adapted to the calculation of the current distribution in the cylindrical conduc-
tor. The second part shows the electrical field distribution in a lamination when magnetic
field with frequency f is driven, which helps the researcher to know the skin depth in the
conductor. The (2.4) derived in the second part is adapted to this thesis. The third part gives
an example of a COMSOL result, which helps the researcher to know the distribution and
direction of the induced eddy current in the cylindrical conductor.

• The book Power Electromagnetics, Chapter 6 talks about the diffusive fields and eddy
currents in the cylindrical conductors. One consider the current distribution through a
circular cross section of a conductor characterized by a conductivity σ. The reference
is chosen that the current is running in the positive x-direction. The current density
distribution in the cross section is analyzed by starting from Maxwell’s equations. It
concludes that as the frequency is increased, the current is concentrated near to the
surface the conductor. This is phenomenon is called the skin effect [1].
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Figure 2.3: The normalized current distribution at a frequency of 0.01Hz, 5Hz, 50Hz [1]

In Fig. 2.3, the radius of the cross section is considered to be 5 cm. The conductivity
of the conductor is 5.8 ·107S/m and its permeability equals µ = µ0µr . Fig. 2.3(a) shows
the normalized absolute value of the current density under steady state conditions at
frequency f=0.001Hz. One can observe that the current density is uniform in the cross
section. In (b) and (c), using a frequency of 5Hz and 50Hz respectively. From this figure
it is concluded that as the frequency increases, the current is very concentrated close to
the surface of the conductor. This is applicable to the induced eddy current.

• Ferromagnetic metals usually have good electrical conductivity and induced eddy cur-
rents are generated if solid magnetic cores are excited with an AC flux. If an AC mag-
netic field Bx with frequency f is applied to a lamination in x-direction, the induced
eddy current distributes in the thickness of the lamination h (see Fig. 2.4). The electrical
field distribution as function of depth is given by [1]:

Figure 2.4: The electrical field distribution in a lamination [1]

Ez (x, t ) = Ez0e−x/δcos(ωt −x/δ) (2.2)

The current density becomes:

Jz (x, t ) = Jz0e−x/δcos(ωt −x/δ) (2.3)
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where

δ= 1√
π f µσ

(2.4)

Ez0 is the electrical field in the surface

Jz0 is the current density in the surface

f =frequency

µ=permeability

σ=electrical conductivity

δ is the depth where the eddy current reduced to 1/e of the surface current [1], which is
called skin depth. The skin depth equation is adapted to do the analytical computation
for eddy current in this thesis.

• An example in COMSOL is given. It concerns an AC coil surrounding a metal cylinder
core, and the coil induces eddy currents in the cylinder (See Fig. 2.5).

Figure 2.5: An AC coil surrounds a metal cylinder core

The eddy currents induced in the cylinder are shown in the Fig. 2.6. The homogenized
multi-turn coil is used. The induced currents on the cylinder are due to the choice of the
parameter. The field lines represents for the magnetic flux density. The red solid round
represents for the current in the coil. The dark blue in the cylinder is the non-uniform
induced current, and in the edge more eddy current is induced. Also, the eddy current
has opposite direction with the current in the coil.



10 2. ACTUATOR MODEL

Figure 2.6: Eddy currents induced in the cylindrical conductor

In the spindle of the actuator, the AC current coil generates eddy currents in the spindle,
which is like this example. This example gives the researcher a insight of the eddy
current distribution in the spindle. Further, the eddy current opposes to the current in
the coil, therefore it generates the opposite flux to the flux generated by the coil.

2.4. EDDY CURRENT EFFECT IN THE ACTUATOR

Interest in eddy current in iron masses has kept pace with the development of electromagnetic
devices generally [12]. If the new actuator model is described in terms of permeances which
are only dependent on the position of the poles, then the model can be used for linear systems
in which the electrical currents flow at well-known fixed places [3]. However, if an alternating
current flows in the coil, the eddy current effects can occur in the spindle, housing, and poles.
The eddy current effect in the spindle is studied for the following reasons:

• The central spindle plays a very important role in the housing because all magnetic
fluxes go through the spindle.

• The modelling approach is concerned. The purpose is to know about eddy current and
find approach to simulate it, therefore in the first place the spindle is concerned.

• The opposite flux generated by eddy current will reduce the flux generated by the main
coil in the spindle.

Since the eddy current effect is important in the actuator, then how the actuator is influ-
enced by the eddy current is illustrated. The input impedance of the new actuator is measured
in the case that the actuator is blocked (See Fig. 2.7(a)). If there is no eddy current effect in the
spindle, then the input impedance L and R would be constant values.
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Figure 2.7: (a)Measured input impedance of the blocked actuator (b)Calculated output power of the blocked
actuator

Fig. 2.7(a) shows the measured input impedance of the actuator. The Ls decreases while
the Rs increases because of the eddy current effect occurring in the spindle. Further, this
effect influences the output power(the power of the load) of the actuator. The impedance
components are picked up respectively at 10Hz and 260Hz. The output power of the actuator
is calculated in the two cases. Fig. 2.7(b) shows the calculated output power in two situations;
the PLe c shows it varies with the assumption of no eddy current effect, while the PL shows
the it varies when the eddy current is in at 260Hz. Because 260Hz is the operation frequency
of the new actuator in Philips. When the load RL is between 40k-60kΩ, which is the soft load
of the toothbrush actuator; one can see that with eddy current in the actuator, the calculated
output power is larger than the other one. It is concluded that the eddy current affects the
output power in the actuator.

2.5. SUMMARY
• The toothbrush model is a multi-domain model. There are the power source model, the

electronics model, the actuator model, the mechanics model, and the load model. In this
report, the actuator model is the research object.

• The actuator is an interface between electrical domain and mechanical domain. Next,
the toothbrush actuator is a permanent magnet motor. The magnetic cogging effect is
used for the realization of the spring function. The simulation model is built for the
actuator. It consists of a winding part, a flux generation part, and a torque generation
part.

• The skin effect occurs in the conductor as the electrical frequency increases. The induced
eddy currents are generated if solid ferromagnetic cores are excited with an AC flux.
The induced eddy current has the skin effect, and from the surface to the inner of the
lamination, the current decreases. δ is the depth where the eddy current reduced to 1/e
of the current in the surface, which is called skin depth.

• In the spindle of the actuator, the AC coil generates eddy currents in the spindle. The
eddy current opposes to the current in the coil, therefore it generates the opposite flux
to the flux generated by the coil.

• Eddy currents can occur in the housing, spindle, and poles in the actuator. The thesis
studies the eddy current effect in the spindle, because it plays a very important role in
the actuator. Further, the eddy current influences the calculated output power in the
actuator.





3
TRANSFORMER RING AND

ANALYTICAL CALCULATION

To simplify the complex actuator system, the transformer rings are made to represent the
different effects such as eddy current and hysteresis. If the transformer ring model works for
the ring, then the model can be applied to the toothbrush system too. In this Chapter, first, the
transformer ring will be introduced, including the geometry description, the measurement
of the conductivity, and the effective length calculation; second, the analytical calculation is
treated, which delivers the 1-dimensional expressions for magnetic flux density and the eddy
current density in the ring core. Based on that, the researcher can develop the optimization
assumptions for the eddy current model.

3.1. TRANSFORMER RING
The exteriorof the transformer ring is like Fig. 3.1. The has a rectangular cross section. The
core can be made of different materials according to different uses or test purposes. Copper
coils are wound over the ring uniformly, besides there is an isolation layer between the coils
and the core. To reduce the effect of ohm loss of the primary winding, the thick wire is used.

Figure 3.1: Transformer ring with brass metal core; the outside copper coil is primary winding; two wires in left
represent for primary side while the other two represent for secondary side.

13
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In the lamellae ring, at high frequency, hysteresis loss is larger than the eddy current loss,
which can be used to test hysteresis loss [13]. The brass and alumina are not magnetic mate-
rials, they could be used to test the eddy current loss with ignorance of other effects. In the
spindle ring, the core of the ring is made of the magnetic material that used for the tooth-
brush actuator. The hysteresis and saturation effects cannot be ignored in this iron material.
Therefore, it is used to test the eddy current model with a BH-curve.

In this Chapter, the eddy current effect in the brass ring is investigated. An analytical
model is discussed. The transformer ring is selected for the reasons as the following items:

• The toroidal transformer rings have no air gaps. The coils can uniformly wound around
the ring core, and this structure leads to a small leakage.

• Brass is good conductive material but not magnetic material, so the material is linear
with µr = 1. Therefore nonlinear effects can be ignored. Only the eddy current loss is
considered.

• The transformer ring has a rectangular cross section rather than circular cross section,
because it would be difficult for the workshop to realize a toroidal ring with a round
cross section.

In this section, first the geometry of the ring is described. Second, the conductivity measure-
ment is discussed. Third, the effective length of the ring is calculated.

3.1.1. GEOMETRY DESCRIPTION

First, a pure ring is made. The geometry is shown in Fig. 3.2 and Fig. 3.3.

Figure 3.2: The top view for ring, R is the outer radius and r is the inner radius.
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Figure 3.3: Rectangular cross section of toroidal core

D and d are the outer and inner diameters respectively. a is the difference between R and
r, b is the height of the core.

The measured parameters in Fig. 3.2 and Fig. 3.3, are shown in the following Table 3.1.

Table 3.1: Measured geometry parameters of ring

Ring core D(mm) d(mm) R(mm) r(mm) b(mm) a(mm)

Brass 110.04 99.87775 55 50 10 5
Alumina 109.9875 99.9675 55 50 10 5

Two layers of copper coils are uniformly wound over the core with an isolation inside.
The first layer winding inside is the secondary winding, and it is open circuit. The second
layer winding is primary winding, which is connected to the input power. The Table 3.2 gives
the information of the coils:

Table 3.2: Parameters of coils around the ring

Ring core Turns of primary Turns of secondary Diameter Diameter
winding np winding ns of np (mm) of ns (mm)

Brass 500 500 0.56 0.25
Alumina 500 500 0.56 0.25

3.1.2. CONDUCTIVITY MEASUREMENT

It is not easy to know the conductivity of the metal cores because, in the cores, any mixture
or impurities can influence the conductivity. Therefore, the conductivity of the core is to be
measured and then compare with the data sheet.

• Resistivity data sheet

In the Poly-technisch book [14], a table is found for the information of conductivity with
metal and alloys. For metal alumina, the resistivity is 27·10−9[Ω·m], while for the alloys,
see Table 3.3
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Table 3.3: Resistivity of metal from data sheet

Alloys Composition[mass%] Resistivity[Ωṁ] ·10−6

Alumel 2%Al, 2%Mn, 95%Ni 0.30
1%Si

Brass 90%Cu, 10%Sn 0.14
Messing 55-70%Cu, 30-45%Zn 0.066

The data sheet gives the information about the resistivity of alloys. However, to get the
accurate value of resistivity, the four point measurement method is used.

• Four point measurement

It is difficult to measure the conductivity of the metal core in a normal way. In this case,
the four point measurement approach is used to measure the conductivity of the core.
Fig. 3.4 shows the draft circuit about four point measurement in the brass ring.

Figure 3.4: Four point measurement illustration

We first define,

Ro : resistance of whole ring

A : area of the cross section

Lr : effective length of the ring

σ : conductivity of the ring

ρ : resistivity of the ring

We use four clamps to clamp four points in the ring, and then the current is input into
point 1 and 4. Next, we measure the cross voltage between point 2 and 3. The ring can
be regarded as two halves of the ring paralleling to each other. The resistance of one-
half is Ro/2. It can be seen that the other one-half is divided into three parts, point 1 to
2, 2 to 3, 3 to 4. The Fig. 3.4 can be transferred to the equivalent circuit Fig. 3.5.
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Figure 3.5: Equivalent circuit of four point measurement

In the circuit, Ro/4 is the measured part. Assume the voltage across this part is U, and
the current through it is I /2. The resistance of the whole ring would be:

Ro = 8U /I (3.1)

Table 3.4: Measured U and I

U(mV) 0.118 0.17 0.228

I(mA) 2000 2994 4003

The measured U and I are shown in the Table 3.4. After calculating the resistances and
taking the average value, the Ro becomes:

Ro = 4.71×10−4Ω (3.2)

The resistivity and the conductivity of the metal core in the brass ring are:

σb = L

Ro · A
= 1.5×107S/m (3.3)

ρb = 1

σb
= 0.067×10−6Ω ·m (3.4)

The same measurement is done with the alumina ring, and the results are:

σa = 2.61×107S/m (3.5)

ρa = 1

σa
= 0.0383×10−6Ω ·m (3.6)

The conductivity and resistivity are very close to data sheet for the brass ring and the
alumina ring. But due to the fact that the σb and σa need to be as precise as possible, so
we go to the multi-meter manual to check and calibrate the accurate value.

After more accurate calibration, we can derive that for the brass ring

σb = 1.55 ·107S/m (3.7)

ρb = 0.0645 ·10−6Ω ·m (3.8)

For the alumina ring

σa = 2.79 ·107S/m (3.9)

ρa = 0.0358 ·10−6Ω ·m (3.10)

The conductivity of the metal core is used in the analytical calculation of the eddy current
density and magnetic flux density in the ring.
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3.1.3. EFFECTIVE LENGTH CALCULATION
The effective length is used to determine the effective magnetic flux path in the core. As
for the effective length of the ring, it is not reasonable to use average length directly. Some
analysis should be done to ensure the effective length.

As defined before, the resistance of the ring is Ro . Then we assume the micro circle to be
RΩ. R is the outer radius, r is inner radius, and the height of cross section is b. From the center
of the circle to any point of the core, the radius is Rr . The thickness of this micro circle is dRr .
In every piece, the resistance is dRΩ.

dRΩ = 2πRr

σ ·b ·dRr
(3.11)

dGΩ = σ ·b ·dRr

2πRr
(3.12)

Do the integral to dGΩ

GΩ =
∫ R

r
dGΩ =

∫ R

r

σ ·b ·dRr

2πRr
= σb

2π
· ln

R

r
(3.13)

Then for the precise value of whole resistance in the ring:

RΩ = 2π

σ ·b ln R
r

(3.14)

If we estimate the whole resistance of the ring core, then we just assume the effective
length of the ring is the following lest :

lest =π(R + r ) (3.15)

For the estimation value of Rest

Rest = π(R + r )

σ ·b(R − r )
(3.16)

Next, we compare the estimation value Rest with the precise value RΩ. If these two values are
close to each other, then we can conclude that the estimation value is reasonable and can be
apply to analytical model. We take the ratio of the two values.

Rest

RΩ
= 1

2
· R + r

R − r
· ln(

r +∆R

r
) = (

1

2
+ r

∆R
) · ln(1+ ∆

r
) (3.17)

(3.18)

and

∆= R − r (3.19)

Because

∆R

r
= δ= 1

10
(3.20)

Then Eqn.3.17 goes to

Rest

RΩ
= (

1

2
+ 1

δ
) · ln(1+δ) = 1.00076 ≈ 1 (3.21)
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Therefore the estimation value is nearly the same with the accurate value of RΩ. In this case,
the average length is the same with effective length. The effective length is:

lr =π(R + r ) (3.22)

The effective length of the ring is applied to the analytical calculation model. The length of
magnetic flux path in the core is assumed to be lr .

3.2. ANALYTICAL MODEL

In the previous section, an introduction of the transformer ring is treated. In this section,
the eddy current in the ring is to be discussed. First, how the eddy current effect occurs and
where the eddy current is distributed are analyzed. Second, a mathematical model is derived.
The mathematical model is to express the eddy current and the magnetic flux density in the
ring.

3.2.1. INDUCED EDDY CURRENT IN TOROID

In 1820, the Denmark scientist H. C Oersted found the phenomena that the current can gen-
erate flux. If the current flows through a metal conductor, then a closed circle magnetic flux is
produced in the space around the current. The flux direction is perpendicular to the cur-
rent flow. This principle can be extended. Imagine that there is a conductive wire with
enough length, and then wind the wire around a hollow cylindrical solenoid, as the Fig. 3.6
shows. Every round piece of current would generate flux, the total magnetic flux through the
solenoid would be the sum of every piece of flux.

Figure 3.6: Current and flux in the cylindrical solenoid. Dots and crosses represent the current flowing outside
paper and inside paper respectively around the solenoid. The lines with arrows are the magnetic flux generated

by current.

Based on this principle, three schematic diagrams in the following show how the primary
current and induced eddy current distribute in the ring.
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Figure 3.7: The oblique view of the ring

Fig. 3.7 shows the oblique view of the ring. Y-direction is perpendicular to the top view of
the ring. The blue lines with arrows show the current direction in the primary winding. The
primary current is along the surface of the core, and every piece of current is perpendicular
to the round edge. The yellow curve with an arrow shows the direction of the magnetic
flux generated by the primary current. The flux direction is parallel with the top view, and
perpendicular to the y-direction. The path of this generated flux in the core would be a closed
circle, along with the direction of the ring.

Figure 3.8: The cut view of the ring

Fig. 3.8 shows the cut view of the transformer ring. The blue arrows represent the same
primary current as Fig. 3.7 shows. The yellow cross in the left and the yellow dot in the
right represent the direction of magnetic flux generated by the primary current. The dot
means that the flux is perpendicular outside the paper, while the cross means that the flux
is perpendicular inside the paper. The red circle represents the eddy current induced in the
core, and the arrows are pointing at the eddy current direction.

The primary winding carrying an AC will generate a changing magnetic field in the core,
and because of this alternating field, the eddy current is induced in the core.
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Figure 3.9: The eddy current in the cross section of the ring

In Fig. 3.9, z axis is perpendicular to x-y plane. Four loops are used to describe the induced
eddy currents in the cross section. The arrows in the loops point at the current direction; the
density of the loop represents the current density. It is clearly visible that the eddy current
density is different in x and y axis, because the eddy current always tends to go through the
nearest path. Fig. 3.9 also shows the geometry of cross section; the rectangle has different
lengths in two directions. This situation leads to different current density in x and y direction.

3.2.2. ANALYSIS BASED ON MAXWELL’S EQUATIONS
By Lenz’ law, the magnetic field formed by eddy current will oppose its cause. Therefore, the
origin flux generated by the primary current is going to be reduced in the center. To define
the expression for the eddy current density, as well as the total flux in the core, Maxwell’s
equations are discussed.

Maxwell’s equations, written in terms of the total fields and currents within the magnetic
material, describe the electromagnetic behavior of the material [15]. The following conditions
are appropriate to these equations when applied to ideal conductors:

• The free charge term is zero, ρ = 0.

• Eddy current density is given by Ohm’s law,

J (t ) =σE(t ) (3.23)

• Displacement current is negligible in comparison with conduction current.
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• The material is isotropic.

We assume a homogeneous B-field is driven through z-axis, and it varies sinusoidally
with an angular frequency ω. The eddy currents in the cross section of the ring are in x and y
direction. One can write the following set of equations to express the relationships between
total flux density, eddy current density and electrical field:

∇×E =−dB

d t
(3.24)

∇×H = J (3.25)

J =σ ·E (3.26)

It can be seen in Fig. 3.9 that the eddy current is a 2-dimensional effect. Therefore, in the
first place, a 2-dimensional calculation is treated.

The Nabla operator and the eletrical field are written as the following equations:

∇= ∂

∂x
î + ∂

∂y
ĵ + ∂

∂z
k̂ (3.27)

E = Ex î +Ey ĵ (3.28)

The electrical field in z-direction is zero. We can derive the curl of the electrical field:

∇×E =

∣∣∣∣∣∣∣
î ĵ k̂
∂
∂x

∂
∂y

∂
∂z

Ex Ey 0

∣∣∣∣∣∣∣= (
∂Ey

∂x
+ ∂Ex

∂y
)k̂ (3.29)

The magnetic flux density B is in z-direction.

B = Bz k̂ (3.30)

The (3.25) can be written as:

1

µ
∇×B =

∣∣∣∣∣∣∣
î ĵ k̂
∂
∂x

∂
∂y

∂
∂z

0 0 Bz

∣∣∣∣∣∣∣=
∂Bz

∂y
î − ∂Bz

∂x
ĵ (3.31)

The current density is written as:

J = Jx î + Jy ĵ (3.32)

If we combine the (3.29) and (3.30), (3.31) and (3.32), then we can derive the following five
equations:

dEy

d x
− dEx

d y
=−dB

d t
=− jωBz (3.33)

(3.33) is transferred from time domain to frequency domain:

−dB

d t
⇐⇒ − jωBz (3.34)
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dBz

d y
=µJx (3.35)

dBz

d x
=−µJy (3.36)

Jx =σEx (3.37)
Jy =σEy (3.38)

The solution of the above five equations is obtained:

d 2Bz

d x2 − d 2Bz

d y2 =− jωσµBz (3.39)

In the ring core, the total magnetic flux consists of the flux generated by the primary winding
and the flux generated by the eddy current.

When
Bz is the total flux
Be is the flux generated by the primary winding
Bi is the flux generated by the eddy currents
If Bp is the amplitude of the magnetic flux generated by the primary winding, then Be

would be:

Be = Bp e jωt (3.40)

The total flux Bz is

Bz = Be +Bi (3.41)

Therefore the (3.39) becomes

d 2(Be +Bi )

d x2 − d 2(Be +Bi )

d y2 =− jωσµ(Be +Bi ) (3.42)

Be is homogeneous in the core, therefore the second derivatives of x and y are both zeros.
Then the (3.42) becomes

d 2Bi

d x2 − d 2Bi

d y2 =− jωσµBi − jωσµBe (3.43)

(3.43) is a second order partial differential equation. Normally, it is hard to use analytical
approach to solve this equation. In this case, we transfer to the 1-dimensional model. We
assume that the length of y-direction is unlimited, and eddy currents flow in y-direction.
Therefore, the solutions of the Maxwell’s equations can be described as:

dEy

d x
=− jω ·Bz (3.44)

−dBz

d x
=µ · Jy (3.45)

Jy =σ ·Ey (3.46)

The combination of above three equations will lead to a differential equation for the flux
density.

d 2Bz

d x2 − jωµσ ·Bz = 0 (3.47)
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It can be seen in (3.47), the total B-field varies with position in x-axis. To find the expression
for B-field, some boundary conditions are defined in the ring. The boundary conditions are
based on the relation between primary current, eddy current and the flux density in the ring.

In Fig. 3.8, the flux goes in from left and comes out from right side, consider the closed
magnetic flux loop, which enclose the primary current as well as the eddy current in the core.
Use Ampere’s circuital law, from left core center to right side core center:∮

C
Hdl = nI +

∫
Jd A (3.48)

In (3.48) the left term is the integral of magnetic flux density in its path. The term nI represents
the ampere turns of the primary winding. The second term in the right represents for the eddy
current enclosed.

If we consider the surface of the ring core, the boundary condition becomes:∮
C

Hdl = nI (3.49)

If we assume that the flux generated by the primary winding homogeneously distributes in
the ring core. The effective path of the flux will be the effective length lr . In the boundary, the
maximum values of the H-field and B-field are the following results:

Hmax = nI

lr
(3.50)

Bmax = µ0nI

lr
(3.51)

It is concluded that the flux distribution in the core decreases from boundary to inside in
one direction and in the center the flux becomes the minimum, because of the reduction of
the magnetic flux generated by eddy current.

3.2.3. MATHEMATICAL MODEL
From (3.47), we already know the expression for the total flux density in the core. It is de-
scribed by a second order differential equation:

d 2B(x,ω)

d x2 = jωµσB(x,ω) (3.52)

Factors p and q are introduced to express the function of B(x,ω). The differential equation is
solved by finding a proper general solution for it. (3.53) is the general solution:

B(x,ω) = pe(1+ j ) x
δ +qe−(1+ j ) x

δ (3.53)

δ represents the skin depth of the eddy current. It is described by electrical frequency,
magnetic permeability and conductivity of core:

δ=
√

2

ωµσ
(3.54)

Then we demonstrate the Eqn. 3.53:

d 2B(x,ω)

d x2 = p
(1+ j )2

δ2 e(1+ j ) x
δ +q

(1+ j )2

δ2 e−(1+ j ) x
δ (3.55)
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Further, if we substitute the expression for δ, then the equation becomes:

d 2B(x,ω)

d x2 = jωµσ(pe(1+ j ) x
δ +qe−(1+ j ) x

δ ) = jωµσB (3.56)

Therefore, the general solution for B is applicable.
In the core, the distribution of the eddy current is symmetrical. There is a condition to

express the eddy current density.

Jy[x=0] = 0 ⇒ p = q (3.57)

From above equations, the expression for total flux density distribution is found. It can be
written as:

B(x,ω) = p(e(1+ j ) x
δ +e−(1+ j ) x

δ ) (3.58)

When x = 1
2 a or −1

2 a, B = Bmax ,

Bmax (ω) = p(e(1+ j ) a
2δ +e−(1+ j ) a

2δ ) (3.59)

p = Bmax (ω)

e(1+ j ) a
2δ +e−(1+ j ) a

2δ

(3.60)

If we substitute p in (3.53), it would become:

B(x,ω) = µnI

lr

e(1+ j ) x
δ +e−(1+ j ) x

δ

e(1+ j ) a
2δ +e−(1+ j ) a

2δ

(3.61)

Finally the expression for eddy current distribution in the cross section of the ring core is
derived, in the 1-dimensional case.

Jy (x,ω) = µnI

lr

1+ j

δ

e(1+ j ) x
δ −e−(1+ j ) x

δ

e(1+ j ) a
2δ +e−(1+ j ) a

2δ

(3.62)

To make (3.61) and (3.62) more visible and easier to analyze, Mathcad is used to plot
figures for these two equations. Since they are complex equations which can not be plotted
directly, we find the modulus of the results.

Fig. 3.10 shows the modulus of magnetic flux distribution in the cross section of the ring
in 1-dimensional case. The x-axis goes from x =−1

2 a to x = 1
2 a, and it is the width of the cross

section. B is related to the electrical frequency of primary current and the x-axis position. The
figure describes the B-field at five frequency levels. When the frequency is 100Hz, the total
flux is nearly constant in x-axis, which means a very small eddy current effect occurs in the
ring core. When the frequency is 1000Hz, there is an obvious reduction in the B-field, which
means the eddy current effect becomes visible. When the frequency increases to 50kHz, the
eddy current becomes more and more visible. In the center area between around x =−1

4 a and
x = 1

4 a, there is an obvious reduction of the flux magnitude which is generated by the eddy
current effect. The more eddy current effect occurs, the more reduction of the flux.

Fig. 3.11 shows the modulus of the eddy current distribution in the cross section of the ring
in 1-dimensional case. The x-axis goes from x =−1

2 a to x = 1
2 a, and it is the width of the cross

section. See the (3.62), if the primary current I is a fixed value, then Jy is related to the electrical
frequency of the primary current and x-axis position. The figure describes current densities
at five frequency levels. It can be seen that when the frequency increases from 100Hz to
50kHz, the eddy current density increases from a small value to approximately 3.8×106 A/m2.
There is a clear tendency that the eddy current distribution changes from approximate linear
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Figure 3.10: Magnetic flux distribution, |B(x,ω)|

Figure 3.11: Eddy current density distribution |Jy (x,ω)|
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distribution to a certain curved distribution, which can be approximated by a polynomial
function. Also, it is shown that as the frequency is higher, the eddy currents concentrate more
in the edge of the core. From this figure, it is concluded that if the frequency is very high, then
the eddy current will be very distributed in the edge of the core; therefore, the eddy current
effect can be regarded as a short circuit winding.

Figure 3.12: Variation of skin depth with frequency

Even though Fig. 3.10 and Fig. 3.11 can give a clear tendency with the magnetic flux and
the eddy current density distribution, they can not show that in what frequency the eddy
current effect begins to occur. For example, when the frequency is 100Hz, it seems that the
eddy current density is small, but it still has some value. So there is also another picture
needed to show that in what frequency range the eddy current effect begins to occur.

In Chapter 2, the concept of skin depth is introduced. It is the position where the eddy
currents decrease to 1/e compared to the surface value. In this case, we define the position of
skin depth is psd . It is the ratio of skin depth and the half width of the ring core (because core
is symmetrical):

psd = δ(ω)

0.5a
(3.63)

The ratio is plot in Fig. 3.12, in which the black curve represents the ratio varies with
frequency in logarithm. The five points stand for the positions of skin depth at different levels.
From the Fig. 3.12 and Fig. 3.11, we can see that at 100Hz there is no eddy current effect since
the skin depth is far beyond the core; at 1000Hz the eddy current effect begins to become
obvious because skin depth is smaller than the core width. Clearly when the frequency goes
to 50kHz, most of the currents distribute in the skin depth.

The outcomes and analysis in this section help us to know that the eddy current density
distribution and magnetic flux density distribution in the cross section. The mathematical
expressions are derived. Based on this, the researcher can build the simpler assumptions
with the current density distribution, and this will help the researcher to improve the eddy
current model.
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3.3. SUMMARY
• To simplify the complex actuator system, a transformer ring model is built. Without

air gaps, the flux leakage in the ring can be neglected. The ring cores can be made
from varies materials based on different research objects. In this Chapter, the analytical
analysis is based on the brass ring. In the brass ring, the researcher can get rid of the
hysteresis and saturation effects, and the only eddy current effect is considered.

• The geometry of the ring core, as well as the parameters of the windings are treated.
The conductivity of the metal core is an important parameter. But the material of the
metal core can be alloyed, then it is hard to decide the conductivity of it. In this case, the
four point measurement approach is proposed to measure the conductivity of the ring
core. Also, the effective length of the ring is calculated, which can be used to decide the
effective magnetic flux path.

• An analytical model is discussed. The researcher studies on the induced eddy current in
the ring. Based on Maxwell’s equations, first a 2-dimensional calculation is conducted,
however, it is hard to find the analytical solution of it. The 1-dimensional calculation
finally delivers the expressions for eddy current density distribution and the magnetic
flux density distribution in the core. From the plots, it is concluded that at low frequen-
cies, the eddy current distribution is linear, while at high frequencies, the distribution
can be polynomial; also at high frequencies, the magnetic flux density is reduced in the
center of the core. These outcomes help the researcher to develop simpler assumptions
to improve the eddy current model.



4
IMPROVEMENT OF EDDY CURRENT

MODEL

There is a conclusion in Chapter 3 that when the electrical frequency is very high, the eddy
current can be regarded as a short circuit winding, with the thickness of skin depth δ. This
concept is used in the eddy current model. This model is called Present Model. However, this
concept or assumption still has two problems: 1, the distribution of the eddy current is not
good; 2, the relationship between the effective flux and the eddy current is not found. There-
fore in this Chapter, three optimization steps are proposed to overcome these two problems.
All the calculation and model is based on the brass ring.

4.1. THE TRANSFORMER RING CIRCUIT
The eddy current effect is represented by a short circuit winding in the ring. One can imagine
this winding in the core, just close to the surface. Then the equivalent circuit of the trans-
former ring will become Fig. 4.1.

Figure 4.1: Equivalent circuit diagram of the transformer ring

Fig. 4.1 shows the equivalent circuit for the transformer ring; I1 is the input current in the
primary winding, and U2 is the induced voltage in the secondary winding. The eddy current
winding is the short circuit winding 3, which is coupling with the primary and secondary
coils. In the circuit diagram, the parameters include the resistance of each winding, the self-
inductance of each winding, and the mutual inductance between every two coils. The cross
section of the transformer ring is as the following picture:

29
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Figure 4.2: The cross section of the ring, with primary, secondary and eddy current representative coils

Fig. 4.2 shows the cross section of core. The gray section represents the ring core; the
yellow rectangle represents the secondary winding, which actually is an open circuit winding;
the blue rectangle is the primary winding with the input current; the red rectangle stands for
the eddy current winding. In this diagram, the primary winding generates flux, and this
flux goes through the areas that are enclosed by secondary winding and the eddy current
winding. Also, the flux generated by winding 2 or winding 3 will go through the areas that
are enclosed by other two coils. In an N coils system, the flux through a winding i consists of
the flux generated in the winding itself, and the coupled fluxes of the other winding [16]. We
can write this as follows.

φi =
N∑

j=1
φi j (4.1)

In our case, the transformer ring is a 3 coils system. i=1,2,3 and j=1,2,3. Therefore, the equation
becomes:

φ1 =φ11 +φ12 +φ13 (4.2)
φ2 =φ21 +φ22 +φ23 (4.3)
φ3 =φ31 +φ32 +φ33 (4.4)

They can also be written as:

φ1 =Λ11F1 +Λ12F2 +Λ13F3 (4.5)
φ2 =Λ21F1 +Λ22F2 +Λ23F3 (4.6)
φ3 =Λ31F1 +Λ32F2 +Λ33F3 (4.7)

Fi is the ampere turns of winding i
Λi i is the self permeance of winding i
Λi j is the mutual permeance between winding i and j
The permeance means the property of allowing the magnetic flux. In the magnetic circuit,

the permeance is the reciprocal of the magnetic reluctance, which can be written as:
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Λ= 1

Rc
= µ0µr A

lr
(4.8)

lr is the magnetic flux path
A is the area of the flux going through
According to Faraday’s law, we can write the induced voltages across the coils caused by

time varying currents.

u1 = n2
1Λ11

d I1

d t
+n1n2Λ12

d I2

d t
+n1n3Λ13

d I3

d t
(4.9)

u2 = n2n1Λ21
d I1

d t
+n2

2Λ22
d I2

d t
+n2n3Λ23

d I3

d t
(4.10)

u3 = n3n1Λ31
d I1

d t
+n3n2Λ32

d I2

d t
+n2

3Λ33
d I3

d t
(4.11)

As well one can use self-inductance, mutual inductance and resistance to describe the
transformer ring circuit:

U1 = L11
d I1

d t
+L12

d I2

d t
+L13

d I3

d t
+ I1R1 (4.12)

U2 = L21
d I1

d t
+L22

d I2

d t
+L23

d I3

d t
+ I2R2 (4.13)

U3 = L31
d I1

d t
+L32

d I2

d t
+L33

d I3

d t
+ I3R3 (4.14)

From above, we can write down the inductance matrix L.

L =
L11 L12 L13

L21 L22 L23

L31 L32 L33

 (4.15)

or

L =
 n2

1Λ11 n1n2Λ12 n1n3Λ13

n2n1Λ21 n2
2Λ22 n2n3Λ33

n3n1Λ31 n2
3Λ32 n2

3Λ33

 (4.16)

µr =1. The coupling factor from winding i to winding j is defined as the ratio of the coupled
flux and generated flux:

ki j =
φi j

φ j j
= Λi j

Λ j j
= Ai

A j
, i = 1,2,3; j = 1,2,3 (4.17)

If Ai > A j , then ki j =1.
φ j j is the flux generated in the winding j itself
φi j is the flux generated by winding j but enclosed by winding i
The coupling factor ki j is also the ratio between the area Ai enclosed by winding i and the

area A j enclosed by winding j. If we define A1, A2 and A3 for the three windings, then we can
see that in Fig. 4.2:

A1 > A2 > A3 (4.18)
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The flux generated by winding 3 will be totally enclosed by winding 1 and 2, and the flux
generated by winding 2 will be totally enclosed by winding 1. In this case,

Λ22 =Λ12 =Λ21 (4.19)
Λ33 =Λ32 =Λ23 =Λ13 =Λ31 (4.20)

The transformer ring circuit analysis gives the expressions for the inductance and resistance
of the circuit. These parameters are calculated and will be applied into the simulation model.

4.2. PARAMETERS CALCULATION
In this section, the parameters of the transformer ring circuit will be calculated. The winding
1 and winding 2 are real coils; one can know the current distribution as well as the coils
distribution precisely. Therefore, the inductance and resistance for winding 1 and winding 2
can be calculated. However, as for the eddy current winding 3, the problem is how to calculate
the inductance and resistance. An assumption comes from the conclusion in Chapter 3, that
when the electrical frequency is very high, the eddy current will almost concentrate on the
surface of the core. In Fig. 4.1 and Fig. 4.2, we already assume that the eddy current effect is a
short circuit winding mounted over the core. From (3.54) in Chapter 3, if the frequency goes
to 100kHz, the skin depth of the eddy current will be:

δ( f = 100k) = 0.404mm (4.21)

Therefore, we assume that the all the eddy current flowing in the thickness of skin depth,
then the δ is the thickness of the eddy current winding.

Figure 4.3: The cross section of the ring core

Fig. 4.3 shows the cross section of the ring core. a and b are the width and height of the
cross section respectively. The gray section is the thickness of the eddy current winding. In
this figure, the eddy current winding can enclose the flux that goes through the area A3.

To derive the winding 1 area A1 and winding 2 area A2, we use the caliper to measure the
width and height of the outside cross section of the ring.
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Figure 4.4: Measure the geometry of the outside cross section of the ring

In Fig. 4.4, it is in the perspective of the outside cross section of the ring; the black curve
represents the outside primary winding. The coil bends slightly as it is wound around the
core. The outside width wo and height ho , and inside width wi and height hi are measured.
Then the averages of wo and wi , ho and hi are taken to decide the average width wa and
height ha of the ring, which are illustrated by the red dot rectangle. The results are:

Table 4.1: Measured results of Fig. 4.4

wo(mm) ho(mm) wi (mm) hi (mm) wa(mm) ha(mm)

8.4 12.7 8.0 12.2 8.2 12.4

The thickness of the primary winding is 0.56mm, and for the secondary winding it is
0.25mm. Then one can derive the area that is enclosed by winding 1 in the cross section of the
ring:

A1 = (wa −0.56mm) · (ha −0.56mm) = 90.457mm2 (4.22)

For the secondary winding, it is next to the primary winding. Similarly, one can also
derive the area that is enclosed by winding 2 in the cross section:

A2 = (wa −2×0.56mm −0.25mm) · (ha −2×0.56mm −0.25mm) = 75.33mm2 (4.23)

We also write down the A3:

A3 = (a −δ) · (b −δ) = 44.1mm2 (4.24)

Next, one can substitute the results of areas into the (4.8) to derive matrix for permeance of
the transformer ring circuit.

Λ=
Λ11 Λ12 Λ13

Λ21 Λ22 Λ23

Λ31 Λ32 Λ33

=
0.345 0.287 0.168

0.287 0.287 0.168
0.168 0.168 0.168

×10−9 (4.25)
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The number of turns for winding 1 and 2 are both 500 turns. But for winding 3, the number
of turns is 1. Therefore, one can substitute the n1, n2 and n3 into the matrix for inductance of
the transformer ring:

L =
 8.51 ·10−5 7.17 ·10−5 1.68 ·10−10

7.17 ·10−5 7.17 ·10−5 1.68 ·10−10

1.68 ·10−10 1.68 ·10−10 1.68 ·10−10

H (4.26)

Next, we need to find the resistance of each winding in the circuit. R1 and R2 can be
calculated or measured with a multimeter. The details about that will not be introduced. For
the eddy current winding resistance, it will be:

R3 = l

σA
= 2(a +b −2δ)

σlrδ
= 1.37 ·10−5Ω (4.27)

The results:

R1 = 1.34Ω (4.28)
R2 = 6.33Ω (4.29)

R3 = 1.37×10−5Ω (4.30)

The parameters of inductance matrix and resistance of each winding will be input into the
simulation model of the transformer ring. In this section, the derivation of the parameters
of the eddy current winding is based on the the assumption, that the eddy current equally
distributes in the thickness of δ. This is defined as Present Model (P-Model).

4.3. IMPEDANCE ANALYSIS
4.3.1. EDDY CURRENT IMPEDANCE LADDER
The impedance analysis of the transformer ring circuit is treated in this section. The eddy
current effect can be represented by a series of R/L sections.

Figure 4.5: Eddy current effect L-R ladder

In Fig. 4.5, the first term (a) shows the impedance of the primary winding. In reality,
the eddy currents would be described by a lot of R/L sections [17] (see Fig. 4.5(c)). But
with more sections, the circuit could be more complex to express and calculate. Therefore,
the eddy current effect in the circuit is described by adding one R/L section to the primary
winding (see Fig. 4.5(b)). To explain this phenomenon, the impedance of three cases is plot
respectively. In Fig. 4.6, the red line shows the impedance of the primary winding, just as the
Fig. 4.5(a); the blue line shows the impedance of the primary winding with one R/L section,
just as the Fig. 4.5(b); the green line shows the impedance of the primary winding with two
R/L sectionss.
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Figure 4.6: Eddy current effect R/L sections

From Fig. 4.6, it can be seen that when R/L section is added to the primary winding,
the impedance at some frequency will begin to split to a lower value; when R/L sections are
added, then the impedance will split again at another frequency value. That is because when
the frequency reaches a certain value, the the influence of the new added L-R ladder begins
to be dominant. The split frequency value would be:

fc = R

2πL
(4.31)

R and L are inductance and resistance of the new added section.

we can know that for a primary winding with a number of R/L sections, the split points
are dependent on the values of the L and R of every ladder. If the values are not saturation
values, the impedance curve can merge together. From Fig. 4.6 we can also know that, when
there is eddy current effect, the impedance of the circuit can split, compared to the impedance
without eddy current effect. In this case, we use a short circuit winding to describe this effect,
that is, adding a R/L section to the primary winding, obviously the split frequency value can
be extended. It is concluded that the eddy current model with one R/L section can be good
enough for a certain range of the frequency. This analysis can explain why we use a short
circuit winding to describe the eddy current effect.

4.3.2. PRIMARY AND SECONDARY WINDING IMPEDANCE

In this part, the impedance of the primary winding and secondary winding is measured re-
spectively. First, from the measurement we can see the influence of the eddy currents in the
circuit; second, we can compare the measurement results with the calculation results at the
starting frequency, since we expect that they should be the same.

The impedance of the primary winding and secondary winding can be measured directly
by the impedance analyzer. First, if we assume that there is no eddy current effect in the
circuit, then the circuit becomes Fig. 4.7.
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Figure 4.7: Equivalent circuit without the eddy current

In the circuit, the secondary winding is open circuit, therefore the impedance of the trans-
former ring would be the impedance of the primary winding L11 and R1. So the primary
impedance would be constant values with the assumption that no eddy currents are in the
ring. But if we measure the impedance of the primary winding in reality, the result is as the
Fig. 4.8.

Figure 4.8: Brass primary winding impedance measurement, and comparison with the constant values

In Fig. 4.8, the solid lines show the measurement results of L and R of the primary wind-
ing; the dot lines are the constant values of L11 and R1. It can be seen that from the beginning,
the measured L and R are equal to L11 and R1. That is because the influence of the eddy cur-
rent effect can be neglected at the moment. At f=1000Hz, the inductance begins to decrease
while resistance begins to increase, and this is caused by eddy current effect in the core. When
the eddy current effect becomes obvious, the total flux will be reduced; so at the moment, the
magnetic flux permeance would be reduced. If the frequency goes to higher, then the resis-
tance goes up; because the primary side sees more eddy current L-R ladders.
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Figure 4.9: Brass secondary winding impedance measurement under frequency sweep, and comparison with the
calculated impedance

Fig. 4.9 gives the same kind of information as Fig. 4.8, but it shows the measured impedance
of the secondary winding. Detailed explanations will not repeat. The noise from the measure-
ment in inductance is not known yet. If we concentrate on the starting points, the measured
L and R are equal to the L22 and R2. This can show that the calculation of L22 and R2 is good.

4.3.3. TRANSFER IMPEDANCE MEASUREMENT

The transfer impedance of the circuit can also show the eddy current effect. This part begins
with the calculation of transfer impedance without the eddy current effect. If there is no eddy
currents in the circuit, then the circuit diagram will be:

Figure 4.10: Equivalent circuit without the eddy current to calculate transfer impedance

In Fig. 4.10, the transfer impedance Z21 is calculated.

Z21 = U2

I1
(4.32)

U2 =U1 · n2

n1
·k21 (4.33)

U1

I1
= jωL1 (4.34)
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We already know that the self inductance L1

L1 = n2
1Λ11 (4.35)

L1 · n2

n1
·k21 = n2

1Λ11
n2

n1
k21 = n1n2Λ11k21 = L21 (4.36)

If we substitute these results into (4.32), the the transfer impedance would be:

Z21 = jωL21 (4.37)

Therefore, in the transfer impedance measurement, we expect the starting values of the in-
ductance is L21, and of the resistance is 0.

The transfer impedance measurement needs the primary current I1 and the secondary
voltage U2. However, from the impedance analyzer, the transfer impedance L-R can not be
derived directly. But the bode plot from U2 to I1 is derived. The impedance quantities can be
found from the bode plot. Fig. 4.11 shows the measurement circuit.

Figure 4.11: Circuit for transfer impedance measurement

In the circuit, the Re f probe measures the voltage across the reference resistance Rs , and
the Test probe measures the secondary winding voltage. The appliance in the test set-up
provides a gain and a phase value.

In the HP Analyzer gain and phase is defined as:

g ai n = 20l og10
UTest

URe f
(4.38)

θ = phase(deg r ee) (4.39)

The relations between these parameters are:

URe f = Rs I1 (4.40)
UTest =U2 (4.41)

(4.42)

The transfer impedance is:

Zt s f =
U2

I1
= 10

1
20 g ai nRs (4.43)

Then components of transfer impedance Zt s f can be derived:

Rt s f =|Zt s f |cosθ (4.44)

Lt s f =
|Zt s f |si nθ

2π f
(4.45)
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Fig. 4.12 shows the measured transfer impedance L and R.

Figure 4.12: Brass ring measured transfer impedance

Fig. 4.12 shows the measured transfer impedance components Ls and Rs . At the starting
point A, the values of the inductance and the resistance are constant; the value of inductance
is the same as L21 and the value of resistance is 0. These results correspond to the expectation.
At the point B, the inductance begins to decrease and the resistance begins to increase, because
the eddy current effect becomes obvious. At point C, where the frequency is very high, the
inductance tends to be smooth. This is due to the fact that total flux is highly reduced by
the flux generated by the eddy current, currently the eddy current focus on the edge of the
core. Thus, only the flux through the thickness of the secondary winding is enclosed. One
can see that the ratio of the inductance value of point A and point C would be the same as
A2/(A2 − A3), and this confirm the explanation.

From the transfer impedance, the eddy current effect can also be illustrated. Also, the
resistance at very low frequency is 0, therefore one can more clearly see the appearance of the
eddy current effect.

4.4. SIMULATION OF THE PRESENT MODEL
The transformer ring circuit model is built in LTspice. Previously, the calculation for the re-
lating parameters is finished, and the results will be adapted to the simulation model. After
that, the simulation result for the transfer impedance is compared with the measured result.

4.4.1. LTSPICE MODEL
In Fig. 4.13, the top block is the primary winding circuit with sine wave AC current input;
the middle block is the secondary open circuit winding; the bottom block is eddy current
representative short circuit winding. The left three circuit blocks give the magneto motive
force of each winding; the right three blocks compute the total flux of each winding.

Until now, the parameters of the Present Model in the section 4.2 already have been de-
rived. The impedance of the primary winding and the secondary winding has been verified
in the section 4.3. As for the eddy current winding, in the Present Model, it is defined as a
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Figure 4.13: The transformer ring circuit model in LTspice

short circuit winding with thickness of δ. Therefore, the number of turns of each winding,
and the parameters of the (4.25), (4.28), (4.29), and (4.30) will be put into the simulation.

4.4.2. SIMULATION RESULTS
In this part, the simulation is based on parameters of the Present Model. Fig. 4.14 shows the
eddy current distribution and flux density distribution of the Present Model: The assumption
is that the eddy current is equally distributed in the thickness of δ, and the magnetic flux
generated by the eddy current goes through the core; the eddy current encloses the flux.

Figure 4.14: Present Model diagrams for eddy current distribution and magnetic flux distribution

Simulation method: In LTspice, the primary winding is set up to use small signal analysis,
just the same as the measurement mode. Also, the bode plot is derived directly from the
simulation. Then the same transformation method is used in Section 4.3.3. The impedance
components Ls and Rs are shown in Fig. 4.15.

In Fig. 4.15, the dash lines are the measured transfer impedance, while the solid lines are
the simulation transfer impedance. At the low frequencies, the measured impedance and the
simulation impedance are at the same levels. However, they are splitting just before 1000Hz,
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Figure 4.15: Transfer impedance simulation result, compared with measurement

where the measured inductance goes down. This phenomenon shows that the eddy current
effect appears much later in the simulation model than in the measurement. But the measured
resistance and simulation resistance correspond to each other until 10000Hz. When the fre-
quency goes to 100000Hz, the simulation impedance will try to correspond to the measured
impedance. That is because in the Present Model, the eddy current is regarded as a winding
around the core, which is an imagination of a high-frequency case.

It is clear to see a big deviation of these two results that for the simulation model: the eddy
current effect occurs later than measurement. That is because there are two problems of the
Present Model:

• The distribution of the eddy current is not correctly described. The eddy current dis-
tributes in the core everywhere, and can vary with frequencies.

• The relationship between the eddy current and the effective magnetic flux through the
core is not found.

To solve these two problems, several steps for optimization are taken in the next section.

4.5. IMPROVEMENT FOR EDDY CURRENT MODEL
In the LTspice model, for the eddy current representative winding, L and R are the most
important two factors. While based on the Present Model, the simulation result is far from
what we need. The Present Model can be improved on two aspects: Find a reasonable eddy
current distribution; find the relationship between the eddy current and the effective magnetic
flux through the core.

In LTspice, it is difficult to simulate the real distribution of the eddy current in the core,
since the distribution varies with frequency. Therefore, as for the improvements for the model,
the applicable frequency range should be discussed first. In this section, there will be a survey
of the eddy current distribution as well as the relationship between the current and the effec-
tive flux. Based on this survey, some assumptions are proposed in several steps, and further
to optimize the Present Model.
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• Present Model: the eddy current is equally distributed in the thickness of δ, and the
magnetic flux generated by the eddy current goes through the core; the eddy current
encloses all the flux. Problems of this model: the eddy current distribution is not de-
scribed correctly, since the eddy current can distribute everywhere in the core and vary
with frequencies; the relationship between the eddy current and the effective flux is not
found.

• Optimization 1: the eddy current is equally distributed in the thickness of δ; the effective
flux through the core is explored. Problem of this model: the eddy current distribution
is not true.

• Optimization 2: the eddy current is linear distributed in the core; the effective flux
through the core is explored. Problem of this model: the linear distribution of eddy
current is applicable to the low and middle frequency ranges; for higher frequency, this
is not applicable.

• Optimization 3: the eddy current is polynomial distributed in the core; the effective flux
through the core is explored. If the simulation result of Opt2 is good, then it can be
extended to higher frequencies.

4.5.1. OPTIMIZATION STEP1
Two problems are proposed for the Present Model. In this Opt1, one problem is explored: find
a proper relationship between the eddy current and the effective magnetic flux in the core.

We assume that the eddy current is a constant current source, and the amplitude of total
current is I . The eddy current is equally distributed in a certain thickness δ. A new method is
created to find the effective flux enclosed by the eddy currrent.

Figure 4.16: Eddy current distribution and current tubes schematic diagram

Fig. 4.16 is the sketch for the assumption, with the eddy current flows in the representative
winding. The thickness of the eddy current region is δ. It is regarded as N number of current
tubes connecting in series together. Each current tube has the same thickness δ/N . In every
current tube, the current is the same which is I/N. This current-tube theory is to help us to
find the effective flux in the core. Because the eddy current winding has a certain thickness,
there will be flux through the eddy current. Also, for every current piece, the contribution
to the magnetic flux is different. That is the reason that why the eddy current winding is
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divided into N number of current tubes. In this case, the Fig. 4.17 shows the relationship
between current density and one dimension (x-axis), and the magnetic flux distribution in the
core.

Figure 4.17: Eddy current distribution in one dimension, magnetic flux distribution in one dimension in the ring
core

The eddy current density distribution and magnetic flux density distribution is shown
in Fig. 4.17. It is 1-dimensional occasion. In x-axis of the cross section, from the negative
terminal, the total eddy current flows in the negative direction and increases from x=-a/2 to
x=δ-a/2. Therefore the flux density distribution increases linearly at the same range. Then
the flux density becomes constant until x=a/2-δ, going down to zero at x=a/2. From this, we
know that the flux through every current tube is different.

Next, we will find the effective flux through the core. Further, we discuss the analytical
derivation of the expressions for the impedance. In fact, for the impedance of the primary
and secondary winding, it has been derived previously, and the optimization steps will not
discuss it. However, in the optimization steps, the eddy current distribution will be analyzed
and discussed. Therefore, for every step, the impedance of the eddy current winding will be
calculated for every time.

In Fig. 4.17, one can find the function between J (x) and I :

I = lr

∫ a
2

a
2 −δ

J (x)d x = Jδlr (4.46)

lr is the effective magnetic flux path, J is the eddy current density.
First, the inductance of the eddy current winding is to be found. The effective flux en-

closed by the eddy current winding and inductance of the winding can be described as:

φe =Λ ·n3I (4.47)

L33 =Λ ·n2
3 (4.48)

The cross section of the core is divided into 5 zones, see Fig. 4.18. In zone 2, 3, 4, and 5,
there is eddy current flowing in it. Since the plane is symmetrical, we consider the zone 1,
zone 2 and zone 3.
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Figure 4.18: 5 zones in the cross section of the core

In every zone, the magnetic flux density is described as:

zone1 : B = µI

lr
(4.49)

zone2 : B(x) =
1
2 −x

δ

µI

lr
(4.50)

zone3 : B(y) =
1
2 − y

δ

µI

lr
(4.51)

lr is the effective magnetic flux path.

For simplicity we only discuss the flux density in x-axis, since the quantities for the tube
can also be described by x.

According to previous analysis, the eddy current zone is formed by N current tubes. For
every tube the thickness is d x,

δ

N
= d x (4.52)

For example one picks up a current tube in x-axis. It is the i-th current tube in N number
tubes. Also the flux seen by this tube is ∆φi . The thickness of the current tube is d x. See the
Fig. 4.19
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Figure 4.19: The i-th current tubes definition and specific data of it

The specific dimensions of the current tube i is defined as Fig. 4.19. The tube i is where
the dashed lines enclosed. The flux seen by it would be ∆φi . Thus the total flux generated by
eddy current I and enclosed by all the current tubes is as the following equation:

φt = Nφ0 + (N −1)∆φ1 + (N −2)∆φ2 + ...+ (N − i +1)∆φi + ...+1 ·∆φN (4.53)

φ0 is the magnetic flux enclosed by the most inner current tube. The number of of tubes is N.
Each tube will enclose the flux through this area. Thus the total flux through zone 1 is Nφ0.

However, in our case to get the self-permeance of the virtual winding, the effective flux
should be used. There are N number of tubes, and the total flux enclosed by them is φt .
Therefore, if we merge the N tubes to only 1 tube, then the effective flux through this winding
would be:

φe = φt

N
(4.54)

φe =φ0 + N −1

N
∆φ1 + N −2

N
∆φ2 + ...+ N − i +1

N
∆φi + ...+ 1

N
∆φN (4.55)

Next, we make a description of the i-th current tube. By doing the integral of the ∆φi , we can
find the total flux φt .

• Self-inductance L33 calculation For the length of current tube i ,

c(x) = 2(2x +b −a +2x) = 8x +2(b −a) (4.56)

For ∆φi ,

∆φi = dφi = B(x) ·d A (4.57)
d A = c(x)d x (4.58)
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Different current tubes weight differently in the zone. In Fig. 4.17, we can see that from
tube 1 to tube N, the flux density decreases. Therefore, for the weight factor of tube i, it
would be:

w f =
N − i

N
=

a
2 −x

δ
(4.59)

Since the eddy current density is equally distributed in the eddy current winding, for
the total current from current tube i to x=a/2, it would be:

Ii = lr

∫ a
2

x
J (x)d x (4.60)

Thus, the weight factor can also be written as:

w f =
lr

∫ a
2

x J (x)d x

I
(4.61)

Then we can go to the calculation for the self-inductance of the eddy current winding.
For the flux in zone 1:

φ0 = µI

l
(b −2δ)(a −2δ) (4.62)

For the flux in current tube i:

∆φi = 2µI

δlr
(

a

2
−x)(2x +b −a +2x)d x (4.63)

Considering the contribution of ∆φi ,

a
2 −x

δ
∆φi = 2µI

δ2lr
(

a

2
−x)(2x +b −a +2x)2(4x +b −a)d x (4.64)

Then the effective flux through all current tubes or the eddy current winding is:

φe =φ0 +
∫ a

2

a
2 −δ

a
2 −x

δ
∆φi (4.65)

φe =φ0 + 2µI

δ2lr
(

a

2
−x)(2x +b −a +2x)2(4x +b −a)d x (4.66)

For the eddy current winding, the number of turns is 1. The effective flux can also be
describe by ampere turns,

φe =Λ33n33I (4.67)

L33 = n2
33Λ33 (4.68)

n33 = 1 (4.69)

Finally the self-inductance for virtual eddy current winding under this optimization is
derived:

L33 = µ

lr
(2δ2 − 4

3
aδ− 4

3
bδ+ab) (4.70)
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• Mutual-inductance L13 calculation:

Next, the mutual inductance L13 between winding 1 and winding 3, and the mutual
inductance L23 between winding 2 and winding 3 are going to be discussed. L13 and L23

represent the magnetic flux generated by eddy current winding 3 seen by winding 1 and
winding 2 respectively. Therefore in this case, L13 = L23. Also, L13 = L31. For simplicity,
only L13 will now be calculated since the other two parameters would be the same.

Figure 4.20: Sketch to describe the situation that flux generated by winding 3 and enclosed by winding 1

In this situation, the magnetic flux density distribution enclosed by winding 1 is the
same as Fig. 4.17. Since the winding 1 is only a winding which can not be regarded as
number of current tubes, the total flux enclosed by winding 1 is integral with B(x) in
x-axis. So the weight factor will not be considered. According to the right picture of Fig.
4.17, the function B(x) varies with x is defined.

B(x) =



µI

lr
, x ∈ (−a

2
+δ,

a

2
−δ)

µI

δlr
(

a

2
−x), x ∈ (

a

2
−δ,

a

2
)

µI

δlr
(

a

2
+x), x ∈ (−a

2
,−a

2
+δ)

(4.71)

The calculation method is the same with the calculation process of L33, the derivation of
d A, ∆φi , and φ0 are the same. But for the effective magnetic flux through winding 1, it
would be:

φe f f ect i ve =φ0 +
∫ a

2

a
2 −δ

∆φi (4.72)

The difference is that the weight factor is not considered anymore. Finally, the relation-
ship between the effective flux and the mutual-inductance becomes:
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φe f f ect i ve =Λ13n33I (4.73)

L13 = n2
33Λ13 (4.74)

n33 = 1 (4.75)

And the L13 can be solved,

L13 = µ

lr
(

4

3
δ2 −aδ−bδ+ab) (4.76)

Finally, we derived the self-inductance of the eddy current winding, and the mutual induc-
tance between the eddy current winding and the other two coils. After that, the resistance of
the eddy current winding will be discussed.

Next we discuss the calculation for resistance of the eddy current winding R3. First, we
assume that N turns of the current tubes connect in series together.

• Resistance of one current tube inside d x.

Before, we defined that the number of current tubes in dx is 1. But here we introduce
a new concept n(x). n(x) is the number of current tubes in dx. This concept does not
influence the calculation result. Then the number of current tubes in the d x is:

nct = lr n(x)d x (4.77)

The length of each current tube is:

c(x) = 4x +4
b

a
x = 4x(1+b/a) (4.78)

In the current piece d x, the width of every current tube is:

wct (x) = d x

nct
= 1

n(x)lr
(4.79)

Then the current flow cross section for one current tube is:

Act (x) = wct · lr = 1

n(x)
(4.80)

Therefore the resistance of every current tube can be derived:

Rct (x) = 4σ−1n(x)(1+b/a)x (4.81)

• Total resistance of all current tubes in series.

For every piece d x, the resistance contribution in it is:

dR = n(x)lr d x ·Rct (x) (4.82)

Then for the total resistance in series of the eddy current:

dR = 4σ−1n(x)2lr (1+b/a)x ·d x (4.83)

RN =
∫ a

2

0
4σ−1lr (1+b/a)n(x)2xd x (4.84)

RN = 4σ−1lr (1+b/a)
∫ a

2

0
n(x)2xd x (4.85)
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• For one turn eddy current winding 3:

In fact, the number of turns of the eddy current winding 1. Therefore, we need to find
the effective resistance for one turn of the eddy current winding. In Fig. 4.21, the coil is
N turns, the current input is i and voltage cross is u. If this N-turn coil melt together,
the current input changes to Ni , voltage becomes 1

N u. Therefore, for the N-turn coil:
u

i
= R (4.86)

For one turn,
1
N u

Ni
= 1

N 2 R (4.87)

Figure 4.21: sketch to show resistances of N turns coil and one turn coil

Thus, for one turn, the RN will become R1:

R1 = 4σ−1lr (1+b/a)
∫ a

2

0
(

n(x)

N
)2xd x (4.88)

Then we need to find the relationship between n(x) and N . We already know that the
current density is J (x), if one assume that the current in every current tube is ∂I , then
the current flows in d x is:

n(x) · lr d x∂I = J (x) · lr d x (4.89)
J = n(x)∂I (4.90)

For ∂I , it is:

∂I = I

N
(4.91)

Then the relation between n(x) and N is found:
n

N
= J

I
(4.92)

n is constant because J is constant.

Finally the equation of R1 is solved:

R3 = (1+ b

a
) · a2lr

2δ2σ
(4.93)

Till now, the solutions for impedance of the eddy current winding have been derived.
These parameters can be adapted into the simulation model and then compared with the
measurement results. However, one can see that the L33, L13 and R3 are all functions of δ, and
δ is a function of frequency. In this case, if one wants to apply the optimization 1 into the
simulation model, firstly a proper thickness of the virtual winding should be fixed.
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4.5.2. OPTIMIZATION STEP2
In optimization 1, the current tube theory is adapted and effective flux through the core as
well as the eddy current is calculated. However, there still remains a problem. The eddy
current distribution is not discussed yet. Previously, the eddy current is equally distributed
in the edge of the core, which is not true. Because the eddy current distributes in the core
everywhere. When the frequency is at low and middle values, the distribution is more or less
linear. Therefore, in this section, the eddy current is assumed to have a linear distribution in
the ring core.

Figure 4.22: The assumption: eddy current distributes linearly in the core

Fig. 4.22 shows the eddy current is linear in x-axis. Since the cross section has two dimen-
sions, it is the same case with the y-axis. For simplicity, the y-direction will not be discussed
here. To work out the eddy current winding impedance, the same current tube theory is used
as the previous part, that eddy current is formed by N number of current tubes connecting in
series together. The expressions for the current density and the total eddy current would be:

J (x) = kx (4.94)

I = lr ·
∫ a

2

0
kxd x = 1

8
ka2lr (4.95)

From x =−a/2 to x = a/2, the current in x-aixs varies.

I (x) =
∫
− a

2
x

J (x)d x = 1

2
kx2 − 1

8
ka2 (4.96)

Also the function of the magnetic flux density B(x) and the diagram for it are to be found:

µJ (x) =−dB(x)

d x
(4.97)

B(x) = B0 −µ
∫ 2

0
J (x)d x = B0 − 1

2
kµx2 (4.98)
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When x = 1
2 a, B = 0,

B0 = 1

8
µka2B(x) = 1

8
µka2 − 1

2
kµx2 (4.99)

It is clear that B(x) has a parabola distribution in 1-dimensional case.

Figure 4.23: Eddy current distribution in one dimension, magnetic flux distribution in one dimension in ring
core, when eddy current density is linear

In Fig. 4.23, the current tube with the number i is chosen, which is the same method and
idea as optimization step1. Therefore in this part some detailed calculation and explanation
is omitted. The contribution of each current tube is different. If the current density is lin-
early distributed, the weight factor of i-th current tube is the ratio between the current in the
shadow area and the total current I. The flux in the center is very important, because it is en-
closed by the majority of the current tubes. The current tubes in the center are less important,
because they enclose less flux. Therefore, the closer to the center, the more contribution of the
flux has.

w f =
1

2

( 1
2 a −x)(kx + 1

2 ak)
1
8 ka2

= 1

2
(

1

2
a −x)(kx + 1

2
ak) (4.100)

The cross section area of each current tube is:

∆A = 8b

a
xd x (4.101)

In dx, the magnetic flux through each current tube is:

∆φi = B(x)∆A (4.102)

The effective flux through the core can be derived from the integral to the contribution of each
current tube:

φe =
∫ a

2

0
∆φi ·w f (4.103)

φe =
∫ a

2

0

µbk

2a
(ka2 −4kx2)(

1

4
a2 −x2)xd x (4.104)

To get the self-inductance of the virtual winding in the linear eddy current distribution,

φe =Λ33I (4.105)
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The permeance of winding 3 becomes:

Λ33 = µ

3lr
ab (4.106)

As for mutual inductance L13 and resistance R3, they have the same calculation ideas as
optimization 1. Here only the final results are shown.

Mutual inductance:

Λ13 = µ

2lr
ab (4.107)

Λ13 =Λ23 =Λ31 =Λ32 (4.108)

R3 = (1+ b

a
) · 4

σlr
(4.109)

Until now, the calculation of the optimization 2 is finished. The impedance of the eddy
current winding is derived through the calculation. The two problems of the Present Model
have been solved in the optimization 2. However, the optimization 2 can be applied to the
low and middle the frequency ranges. At high frequencies, the eddy current density is not
linear anymore. Therefore, we want to extend to a higher frequency range.

4.6. OPTIMIZATION STEP3
In optimization 3, a further step is discussed for the eddy current density distribution at high
frequencies. This step is to extend the optimization 2 to higher frequencies. From the Fig. 3.11
in Chapter 3, we already know that the current distribution would be polynomial at a high
frequency. Optimization 3 will be based on the solutions of eddy current and magnetic flux
density in Chapter 3. The plot curves and calculation will be conducted in Mathcad directly.
In this step, the same analysis process and current tube theory as the optimization 1 and 2 are
used. According to (3.62) in Chapter 3, the analytical solution for current density in the core
in one dimension is derived:

J (x,ω) = µnI

lr

1+ j

δ

e(1+ j ) x
δ −e−(1+ j ) x

δ

e(1+ j ) a
2δ +e−(1+ j ) a

2δ

(4.110)

Now we define the eddy current flow in the surface of the core is I:

I =
∫ a

2

0
J (x,ω)d x (4.111)

No matter in the present model, or optimization 1 or 2 model, the magnetic flux density B(x)
is built based on the current source is eddy current. Thus here use the same situation.

B(x) =µ0

∫ a
2

x
J (x,ω)d x (4.112)

For a piece d x, there is a current tube and the flux density in this tube would be:

d A(x) = 8b

a
xd x (4.113)

dφ(x) = 8b

a
µ0

∫ a
2

x
J (x,ω)d x (4.114)
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Similarly, the contribution of each current tube, which is weight factor is defined:

w f =
∫ x

0

I −∫ x
0 J (x,ω)d x

I
(4.115)

Therefore the effective magnetic flux in the core is:

φe (x) =
∫ a

2

0
dφx ·

I −∫ x
0 J (x,ω)d x

I
(4.116)

Since the eddy current winding is one turn, n3 = 1.

L33 = |φe |
I

(4.117)

The mutual inductance and resistance would be:

L13 =
∫ a

2

0

µ8b

alr
x

I −∫ x
0 J (x,ω)d x

I
(4.118)

R3 = 4σ−1lr (1+ b

a
) ·

∫ a
2

0
(

J (x,ω)

I lr
)2xd x (4.119)

The eddy current winding resistance, the self-inductance and the mutual inductance have
been derived. These parameters will also be adapted into the simulation model, and then the
simulation result would be compared to the other optimization steps.

In above solutions, the eddy current density is a function of x and frequency. It is still a
function of frequency after doing integral to dx. Therefore, the solutions for L33, L13 and R3 are
all function of frequency. If one wants to apply the optimization 3 into the simulation model,
then a frequency should be chosen. Since the purpose of the optimization 3 is to extend the
frequency to higher values, we expect that the simulation results can behave well at high
frequencies.

4.7. SIMULATION RESULTS
In this section, the simulation results of transfer impedance from Present Model, opt1, opt2
and opt3 will be compared with the measured results.

According to the bottom legend of Fig. 4.24, the dashed lines are the measured impedance
results, the green one is Ls and the red one is Rs . The pr esentLs and pr esentRs are the sim-
ulation results from the Present Model. The other two group lines opt1 and opt2 are the
simulation results of opt1 and opt2. Therefore, to apply opt1, an arbitrary choice for the δ

should be fixed. Because in opt1, the eddy current is equally distributed in the edge of the
core, which is a very high frequency case. So if the frequency is 100kHz, then the skin depth
δ is around 0.4mm. We expect that the simulation results will behave well at high frequency
values. If we see the results in Fig. 4.24, the inductance of opt1 corresponds to the measured
inductance; the resistance of opt1 corresponds to the measured resistance from low frequen-
cies to high frequencies. The opt2 is based on the assumption that the eddy current has a
linear distribution. Therefore, we expect that the simulation results of the opt2 can behave
well at low frequencies and middle frequencies. In Fig. 4.24, we see that at low frequencies,
the simulation results are quite same with the measurement results. However, the inductance
of opt2 begins to split at around 1000Hz, which is not what we expected. It means that the
eddy current effect in the simulation model occurs later than in the measurement. But the
resistance of opt2 corresponds with the measured result at both low and middle frequencies.
It can be seen that compared with the Present Model, the opt1 and opt2 have already been
improved and become closer to the measurement results.
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Figure 4.24: Transfer impedance simulation results of optimization1 and 2, compare with measurement and the
Present Model

Figure 4.25: Transfer impedance simulation results of optimization2 and 3, compare with measurement
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Fig. 4.25 shows the simulation results of opt3, compared with the opt2 and the measured
results. As concluded in opt3, the solutions are all functions of frequency. Therefore, the
arbitrary choices of frequency should be fixed first: 1KHz, , 2.5kHz, 5kHz, 10kHz, 20kHz,
from middle frequency values to high frequency values.

In Fig. 4.25, one can see the legend to check the representatives of these lines. Actually,
the expectation of opt3 is that with a certain arbitrary choice of the frequency, the simulation
results can correspond to the measured results at high frequency levels. However, in Fig. 4.24,
the opt2 did not reach to the expectation in middle frequencies. Therefore one can expect
that in opt3, the simulation results will not reach to the expectation either. It can be seen
that from low frequencies to middle frequencies, the inductances and resistances of opt3 are
corresponding to each other. At high frequencies, they split, because the permeances of the
magnetic flux are different. Higher the frequency, lower the magnetic flux permeance of the
real winding. Thus, the L12 will be lower with higher frequencies. These phenomenon can
be seen in the figure. However, since the simulation result of opt2 is not applicable for lower
frequencies, the simulation result of opt3 will not be meaningful.

4.8. SUMMARY
• The transformer ring equivalent circuit is a 3-winding transformer circuit, with the pri-

mary winding, the secondary winding, and the eddy current winding. Through the
magnetic circuit analysis and using the Faraday’s law in the circuit, the inductance ma-
trix and the resistances of the three coils are derived.

• The eddy current effect can be regarded as L-R ladders in the circuit. The more R/L sec-
tions are considered, the more accurate of the eddy current model. After the verification,
one R/L section is good enough to represent the eddy current effect.

• For the eddy current winding’s impedance, there is a first assumption that the eddy
current is distributed equally at the edge of the core, just like a short circuit winding.
This is the Present Model. In the Present Model, there are two problems: the effective
flux through the core is not found; the eddy current distribution is not true.

• As for the impedance of the primary winding and the secondary winding, the calcu-
lated results are compared with the measurement results. With the comparison, one can
conclude that the calculation of the impedance of the real coils are good.

• The transfer impedance of the circuit is measured. By comparing the transfer impedance
between the measurement and the simulations, the simulation model can be verified.
There is a big deviation between the simulation result of Present Model and the mea-
sured result, therefore, three optimization steps are proposed to improve the eddy cur-
rent model.

• The optimization 1 finds the relationship between the effective flux and the eddy cur-
rent density. A current-tube approach is used for it. The optimization 2 not only finds
the effective flux, but also finds a more correct eddy current density distribution. It
is that the current density has a linear distribution. We expect that the simulation of
the optimization 2 can correspond to the measurement at low and middle frequencies.
However, in the simulation results of optimization 2, the eddy current effect shifts com-
pared to the measurement results. This leads to a difference between them at middle
frequencies. The reason for that is not understood yet. The purpose of optimization 3 is
that if the optimization 2 works well, then the optimization 3 can extend the frequency
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range to high values. But the fact is that the optimization 2 does not works at middle
frequencies, then the optimization 3 will not be meaningful.



5
TEST OF THE EDDY CURRENT MODEL

IN SPINDLE MATERIAL RING

In this Chapter, the metal core of the transformer ring is replaced by the magnetic material
that applied in the toothbrush actuator’s spindle. This transformer ring is called spindle ring.
According to the Fig. 1.3, firstly, the eddy current model is studied in the brass ring. If the
eddy current model is applicable for the brass ring, then it will be tested in the spindle ring. In
Chapter 4, the eddy current model has been improved, although there is still a difference that
can not be explained. In this Chapter, the eddy current model is to be tested in the spindle
ring. However, in the spindle ring, except for the eddy current effect, there is also a nonlinear
effect. If the researcher wants to study the eddy current model separately, the BH-curve is
to be measured. After that, the parameters related to the nonlinear effect are applied to the
transformer ring circuit.

In this Chapter, first, the BH-curve of the spindle material is measured; second, the non-
linear effect model in the transformer ring circuit is introduced; third, the impedance of the
coils in the spindle ring is calculated; finally, the simulation results will be shown.

5.1. THE NON-LINEAR EFFECT

5.1.1. BH CURVE MEASUREMENT OF THE SPINDLE RING

The purpose of measuring the BH curve of the spindle ring is to know the nonlinear property
of this material. Further, one can derive the coefficients about the nonlinear property, and
apply then to the nonlinear model. This is to get rid of the effects of the saturation and
hysteresis effects.

The magnetic hysteresis loop shows the behaviour of a ferromagnetic core graphically as
the relationship between B and H is non-linear [18]. The principle of BH curve measurement
is based on Faraday’s law.

57



58 5. TEST OF THE EDDY CURRENT MODEL IN SPINDLE MATERIAL RING

Figure 5.1: BH curve measurement circuit sketch

Fig. 5.1 shows the BH curve measurement circuit for the spindle ring. A current source
with 0.5Hz sinusoidal signal is input. By changing the different amplitudes the different BH
curves are measured. 0.5Hz is a low frequency value that can make sure that a clear BH curve
can be derived. There is an internal resistor Rs and an amplifier with the factor of 2 in the
circuit. V1 and V2 are the measured quantities.

The primary and secondary coils of the ring have the same number of turns N=500. These
two coils are tightly close to each other; the fluxes going through two coils are the same. I1 is
the input primary current. In the measurement setup, the input magnetic field generated by
the primary winding is H(t):

I1(t ) = V1(t )

2Rs
(5.1)

H(t ) = N I1(t )

lr
(5.2)

According to the Faraday’s Law, the induced secondary voltage is:

V (t ) = N
dφ

d t
(5.3)

If the cross section area of ring is A, the flux density can be calculated as:

B(t ) = 1

N A

∫
V d t (5.4)

Based on the calculation, the BH curve can be plot. The spindle material has saturation effect,
when the magnetic field reaches to a big value, the magnetic flux can become saturation. But
at a low field, only hysteresis effect is in, saturation will not occur. Therefore, by picking up
several levels of input current amplitudes, one can get different BH curves. The amplitudes
of input current are arbitrary choices: 0.5A, 1A, 2A, 6A.
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Figure 5.2: BH curve measurement results at different input current amplitudes

Fig. 5.2 shows BH curve measurement results at 0.5A, 1A, 2A, 6A current levels. Gener-
ally, the BH curve follows the path as the AC flowing through the primary winding. When the
amplitude of the primary current is 0.5A, the magnetizing current is so small that the maxi-
mum external field is small. The magnetization in the core is not completely switched on. One
can imagine that with lower and lower input current, the nonlinear effect can be neglected.
When the primary current level increases from 1A to 6A, the saturation effect becomes more
and more obvious. The saturation point of flux density is lower than 1.5T, which shows this
spindle material is not a good ferromagnetic material. As the vector H goes back to zero, the
flux density is at Br(positive residual point), which is around 0.6T-0.7T. At a certain magnetic
flux density the field becomes zero, B(-Hc)=0. Hc is called coercive field intensity or coercive
force, and in the figure Hc is around 920 A/m.

5.1.2. THE NON-LINEAR MODEL

After the BH curve measurement, we need to apply the BH curve to the transformer ring
circuit. The connection between the measurement and the application is nonlinear simulation
model. How to find the coefficients of the non-linearity will be introduced in the next section.
In this section, the nonlinear model in the transformer ring circuit as well as in the actuator is
introduced. The nonlinear model is already built by Philips, but we need to study it. Because
we want to know the drawbacks of the model, and to know the parameters needed for the
model.

Now, an arbitrary transformer with a piece of nonlinear part is described. In Fig. 5.3, the
piece of material with the nonlinear behavior can be represented by a circuit component. This
piece can receive a flux φc from winding 1 and winding 2 of the transformer. The magneto
motive force of winding 1 is F1, and of winding 2 is F2.
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Figure 5.3: Explanation for extra winding C in a two winding system

The nonlinear part is represented by an additional winding Fc in the model [19]. In a
finite element model, this winding is defined, together with a constant magnetic reluctance
Rmc . This is the reluctance that the spindle piece would have for a certain predefined constant
permeability. A finite element model is then based on a magnetic system with an additional
winding Fc around the spindle piece with constant magnetic properties. The calculation,
which is therefore done on a linear system, determines all permeances and mutual perme-
ances. These permeances are transferred into the transformer circuit model. It is now possi-
ble to make the source dependent on the flux φc . In such a way, the nonlinear behavior of the
metal piece becomes applicable. If the B-field and H-field of this piece is determined by the
Fig. 5.4, we can write the equations:

Figure 5.4: Relationship between flux and ampere turn in the system

Fbh =−Fc +Rmc ·φc (5.5)
φbh =φc (5.6)

The source of the extra winding C will be:

Fc = (Rmc − Fbh

φbh
) ·φc (5.7)

In the spindle transformer ring, Rmc represents the reluctance of the ring. The ring has
length of lr and cross section of A, the above equation can be also written as:

Fc = (
1

µc
− Hbh

Bbh
) · lr

A
·φc (5.8)



5.1. THE NON-LINEAR EFFECT 61

While the term Bbh
Hbh

represents the BH-curve of the material. In this term, B-field is the
function of H-field. In the (5.8), however, the H-field as a function of the B-field is required.
Therefore, we need to find the H field when the B-field is an input. To achieve this, we can
use a feedback loop with a very high open loop gain. The idea is:

Figure 5.5: The feedback loop idea

Fig. 5.5 shows the feedback loop to transfer from B-H function to H-B function. In the
loop, characteristic β represents the non-linear property.

Vout =α(Vi n −βVout ) (5.9)

When α is very large,

Vout

Vi n
= α

1+αβ ≈ 1

β
(5.10)

Vi n =βVout (5.11)

Which is corresponding to the relation:

B =µH (5.12)

This loop inverses the transfer β into 1/β. By this the term Bbh
Hbh

, which we make available, can
be transferred into Hbh

Bbh
, which is needed.

The block in Fig. 5.6 is the BH curve model in LTspice. In this model, B3 and H3 would
be the measured BH curve quantities; Phi3 is the total flux through the extra representative
winding; F3bh is the magneto motive force of the extra representative winding. Actually this
block consists of several sub blocks. These sub blocks can realize the equations from (5.5) to
(5.8), the function of the feedback loop, and the function of hysteresis and saturation effects.
Therefore, a group of related parameters are needed for the BH curve block. To duplicate the
measured BH curve in the model, except for the length of the ring lr and the cross section A,
a fitting curve equation is also to be found.

Figure 5.6: BH curve model representative block in LTspice
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5.1.3. FIND THE FITTING CURVE
A mathematical method is used in the model to define the proper equation to describe the BH
curve. In the LTspice model, there is an ar ct an equation to describe BH curve:

V =v0 ·at an(am0 · v(Hhy st ))+ v1 ·at an(am1 · v(Hhy st )) (5.13)
+ v2 ·at an(am2 · v(Hhy st ))+µ0 ·H f i eld

If the BH curve is divided into 4 parts, and we assume that every part has the same hysteresis
and saturation effect. One part in the first quadrant is picked up, and would be described
by (5.14). Following that the whole loop can be plot. The (5.14) is combined by three ar ct an
equation components and a term µ0H f i eld . Hhy st is the width of two times the coercive
force Hc . H f i eld represents H-field in the BH curve. The unknown parameters are:

(v0 , v1 , v2) (5.14)
(am0 , am1 , am2) (5.15)

These parameters are going to be found from the measured BH curves by using the fitting
curve equation. This can be achieved by using the fitting curve function app in Matlab. An
example is introduced in detail about finding the parameters. If we pick up a measured BH
curve from Fig. 5.2, and it is the curve at the primary current of 2A. See the red curve in Fig.
5.7.

Figure 5.7: Measured BH curve under 2A amplitude level

In Fig. 5.7, the black part is chosen to represent the fitting curve, and the related data is
imported to Matlab.

Figure 5.8: Fitting curve for BH loop
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In Fig. 5.8, the black dot curve is the exported black part in the first quadrant from Fig.
5.7. According to these data, Matlab gives the fitting curve of it based on (5.14), which is the
blue curve. In Matlab the fitting equation is written as:

f (x) = v0at an(am0(x −911))+ v1at an(am1(x −911))+ v2at an(am2(x −911))+µ0x (5.16)

In (5.16), Hc = 911, and x represents the H-field in the loop, which starts from (Hc ,0). The
parameters found are:

Hp = 2Hc = 1822v0 = 0.5534, v1 = 0.1919, v2 = 0 (5.17)
am0 = 0.002848, am1 = 0.002848, am2 = 0.3404 (5.18)

These parameters are brought to LTspice model. The simulation result is shown in Fig.
5.9.

Figure 5.9: Simulation result for BH curve at 2A current input, compared with the measured result

In the Fig. 5.9, the red figure is the BH curve derived from measurement which is at 2A
input current source; the blue figure is BH curve derived from simulation at same condition
as measurement. It can be seen that two curves correspond to each other well though there
still exists some deviation. For the measured loop the top is curve but for the simulation loop
the top is flat. This is because the LTspice model itself has some problems and disadvantages
that can not be solved till now. The BH curve simulation result is formed by shifting the fitting
curve. It does not really find the real path of the BH curve. Therefore, it can be possible that
when the BH curve becomes smaller, the deviation between measurement and simulation will
become larger.
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Figure 5.10: BH curve measurement results under different input current amplitudes

Fig .5.10 gives all the simulation results that correspond to Fig. 5.2. It can be concluded
that the lower the input current level, the larger the deviation of the simulation model. When
current level is 0.5A, the measured BH curve is like an oblique spindle shape while in the
simulation result it is parallelogram. Also, the area of the simulation curve is larger than the
measured one.

Generally speaking, this BH curve model can simulate the non-linear effect in the trans-
former ring, and at higher input H-field it behaves well. Therefore, these nonlinear coeffi-
cients will be brought into the simulation model to get rid of the nonlinear effect.

5.2. THE INPUT IMPEDANCE MEASUREMENT

The input impedance is measured in this chapter, and by comparing the measured results
with simulation results, the simulation model would be verified. The measurement process
is the same with the transfer impedance measurement in Chapter 4. Therefore, the details of
the measurement will not be discussed in this Chapter, and only the results are shown.
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Figure 5.11: Spindle ring measured input impedance

Fig. 5.11 shows the measured input impedance of spindle ring at 1V input voltage. The
blue curve is inductance component while the orange curve is the resistance component. The
impedance varies with the frequency from 10Hz to 1000Hz. With frequency increases the
eddy current effect increases in the circuit, this leads to the decrease of the inductance and
increase of resistance. For the inductance, before 10Hz, we can imagine that there is a gentle
line of it. Because at very small frequencies, the eddy current effect is not obvious yet.

At the same time, the BH curves at 10Hz, 100Hz, and 1000Hz are measured.

Figure 5.12: Measured BH curves under three frequency levels

Fig. 5.12 shows the BH curves measuring at the same time with input impedance measure-
ment. These BH curves are minor loops. Three loops show three occasions at the frequencies
of 10Hz, 100Hz, and 1000Hz. The µr calculated in each occasion is 130, 95 and 35. This figure
shows that when the frequency sweeps in the circuit, the µr changes with the frequency. Also,
the input voltage is not big enough to generate high current in the primary winding, so that
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the flux in the core is far from saturation. Since the BH curve is very small, we can neglect
the nonlinear effect in the spindle ring in the simulation. In this case, we should find a good
representative value for µr in the model. The spindle ring circuit becomes a linear model.

5.3. PARAMETERS CALCULATION
In this Chapter, there are four coils in the transformer ring. The primary winding, the sec-
ondary winding, the eddy current winding, and the BH curve winding. But in the previous
section, it is concluded that during the measurement of input impedance, the measured re-
sults are minor loops. In this case, the BH curve winding can be removed. Therefore, there are
the primary winding, the secondary winding, and the eddy current winding in the circuit, as
well as a constant permeability ur = 125. After that, we are going to determine the parameters
of the three coils, including the inductance matrix and the resistances.

Currently it is a 3-winding transformer ring model, then the matrix for the transformer
permeances would be:

Λ=
Λ11 Λ12 Λ13

Λ21 Λ22 Λ23

Λ31 Λ32 Λ33

 (5.19)

The resistances of the three coils are:

R = [
R1 R2 R3

]
(5.20)

Except for the material of the metal core, the spindle ring is the same as the brass ring. They
have the same geometries, the same number of turns, and the same thicknesses of the real
coils. To derive the permeances, in the cross section of the ring, the area that every winding
encloses is to be known. For the primary winding and the secondary winding, the areas are
A1 and A2 respectively. A1 and A2 are the same as the brass ring in Chapter 4. Also, we define
a Ac , and it is the cross section of the core.

A1 = 90.457mm2

A2 = 75.33mm2

A3 = 51.95mm2 (5.21)

Then Λ11 and Λ22 would be:

Λ11 = µ0(A1 − A3)+µ0µr A3

lr
(5.22)

Λ22 = µ0(A2 − A3)+µ0µr A3

lr
(5.23)

Next, we need to determine the eddy current distribution in the spindle ring. Based on
that, we can calculate the impedance of the eddy current winding.
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Figure 5.13: Eddy current density distribution in the cross section of the spindle core

Fig. 5.13 depicts the eddy current density distribution in the cross section of the spindle
core. The eddy current density varies at four frequency values. 260Hz is the operation fre-
quency of the toothbrush actuator. It can be seen that at 10Hz, 100Hz, and 260Hz, the eddy
current has a linear distribution. Therefore, the optimization 2 will be applied to the spindle
ring. Because in the optimization 2, the eddy current is linearly distributed, and the problem
of the effective flux is considered. Also, the expressions for the eddy current impedance are
not functions of frequency. The most important reason is that it derived an obvious improved
result compared to the Present Model.

The permeances of the transformer are determined as the following:

Λ=
 24.7 24.65 12.4

24.65 24.65 12.4
12.4 12.4 9

×10−9 (5.24)

The resistances of the transformer are determined as the following:

R1 = 1.32

R2 = 5.87

R3 = 20u (5.25)

These parameters are imported into the simulation model of the spindle ring. The simu-
lation result of the input impedance of the ring can be derived.

5.4. SIMULATION RESULTS
Fig. 5.14 shows the input impedance of the spindle ring from the simulation model, and
compared with the measurement result. The solid curves are simulated input impedance; the
red one is the inductive part while the green one is the resistance. The dot curves are the
measured input impedance.
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Figure 5.14: Simulation result for the input impedance of the spindle ring

From Fig. 5.14, it can be seen that the measured resistance corresponds to the simulation
result. For the inductive part, the simulation result keeps smooth at 10Hz, and shows an ob-
vious decrease at 100Hz; the measured result, however, already shows a decline at 10Hz. It
depicts that in the simulation model, the eddy current appears later than that in the measure-
ment. The eddy current effect becomes visible later in the simulation model: this is the same
phenomenon as in the brass ring in Chapter 4. But unfortunately, there is still no idea about
why this will happen in the model. It should be emphasized that this problem is in the model
and highly needed to be solved.

5.5. SUMMARY
• The eddy current model is applied to the spindle ring. In the spindle ring, there is

nonlinear effects such as saturation and hysteresis effects. Therefore, the BH curve of
the spindle ring is measured. According to the measured data, the fitting curve is found
and is adapted to the BH curve simulation model.

• The nonlinear property in the simulation model is finally removed. Because in the input
impedance measurement, the BH curve is also measured, and it is very small loop.
Therefore, the nonlinear effect is neglected. The transformer ring model is a linear 3-
winding transformer circuit with a constant permeability.

• The input impedance is compared between the simulation result and the measurement.
From the comparison, it is concluded that in the simulation model, the eddy current
appears later than that in the measurement. This is the problem of the eddy current
model currently. There is still no idea about the reason for that and how to solve it.



6
APPLICATION OF THE IMPROVED EDDY

CURRENT MODEL IN THE ACTUATOR

In this Chapter, the eddy current model will be applied into the spindle of the actuator. In
Chapter 4, the eddy current model is improved in the brass ring, and if it works in the brass
ring, then it will be brought into the spindle ring. If it works in the spindle ring, then it will
be brought back to the actuator. Normally, the operation frequency of the actuator is 260Hz.
The number of turns of the coil is 180. The specific details about the geometry and material
property of the spindle will be provided by Philips. First, the input impedance is measured;
at the same time, there is an approximate estimation about the H-field in the spindle. Since
the H-field reaches to the saturation value of the BH curve, therefore the nonlinear model
would be adapted in the actuator model. Second, a finite element analysis is done by ANSYS,
and with the help of ANSYS the permeances and mutual permeances can be derived. Finally,
the actuator permeances are imported to the LTspice simulation model. The simulation result
and the measurement are compared.

6.1. INPUT IMPEDANCE MEASUREMENT
The actuator consists of the spindle, the permanent magnets, the coil, and the housing. The
material of the spindle is the same as the material of the spindle ring in Chapter 4, and they
have the identical properties. Fig. 6.1 shows the actuator for testing. The two wires are the
two terminals of the coil around the spindle. The coil will be connected to the impedance
analyzer, and input impedance can be measured by the analyzer.

Figure 6.1: The toothbrush actuator that used for testing

When the actuator is connected to the circuit, the actuator begins to vibrates with the
varying frequency. However, we investigate the eddy current effect in the spindle. In this
case, the actuator can not move during the measurement. Because the vibration of the actuator
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will influence the flux permeance in the spindle, and further affects the permeance of the
virtual eddy current winding. Therefore, one can use a clamp to block the actuator and keep
it stationary during the input impedance measurement. Directly, the BODE plot is shown
from the impedance measurement, and quantities of gain and phase are derived. After that,
they are transferred to the impedance quantities. The details of the measurement process are
not discussed in this Chapter, since they have been introduced before. The input impedance
of the blocked actuator from the measurement is as the Fig. 6.2:

Figure 6.2: The measured input impedance of the blocked actuator

From the measurement, we can know that when the electrical frequency is very low in
the circuit, the eddy current effect is not visible yet. At that moment the resistance of the coil
is about 0.83Ω and inductive of the coil is around 4mH. The resistance and the inductance
vary with the frequency because of the eddy current effect occurs in the spindle. The input
voltage is be 1v. Now we do an approximate estimation for the H-field in the spindle. In the
measurement circuit, there is a reference resistor Rs connecting in series with the actuator.
The current flows in the coil is:

I = U

R +Rs
= 1

0.83+1.0228
= 0.539A (6.1)

The flux generated by the current in the spindle would be:

φ=ΛCC nI (6.2)

ΛCC is the peremance of the coil
nI is the ampere turns of the coil
The B-field in the spindle would be:

B = φ

As
(6.3)
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As is the area of the cross section of the spindle.

ΛCC = 0.1333×10−6 (6.4)

As = 4π(mm2) (6.5)
n = 180 (6.6)

Finally the value of B-field is:

B = 1.03T (6.7)

In Chapter 5, Fig. 5.2 shows the measured BH curves of the spindle material. The calculated
B-field is referred to that picture. The estimated B-field has already reached to the saturation
value. Therefore, this gives us a conclusion that, in the actuator model, the nonlinear model
should be included.

6.2. ANSYS SIMULATION
The testing approach for the actuator is a combination of a finite element analysis, and the
comparison between LTspice simulation and measurement. There is already a completed
ANSYS model for the toothbrush actuator, and it is a very complex and big model. The
purpose of this part is to adapt the eddy current model into the actuator and compare with
the measurement. This requires that the distribution of the eddy current is defined in the
ANSYS first, and then the simulation is done by the ANSYS. After that, the permeances and
mutual permeances of the actuator will be extracted and then be applied to the LTspice.

Both the ANSYS model and the LTspice model for the actuator are complicated, because
the permanent magnetic system and the mechanical part are included. But during the mea-
surement, the actuator is blocked and could not move. In this case, in the ANSYS the model
needs to achieve the same effect, and only the permeance and mutual permeances of the real
winding, the sense winding, and the BH curve winding will be extracted and be used in the
LTspice model. In this Chapter, first, the eddy current is defined to have an equal distribution
in the spindle; second, the eddy current is defined to have a linear distribution.

6.2.1. EQUAL DISTRIBUTION
In this section, the actuator is tested in the occasion that the eddy current is equally distributed
in the spindle.

Figure 6.3: Equal distribution of the eddy current in the spindle

Fig. 6.3 depicts the cross section of the spindle. The eddy current is equally distributed in
the outer gray section. The arrow points at the direction that the eddy current flows. ro is the
radius of the spindle, and ri is the radius of the inner circle. If we define the thickness of the
eddy current is dskin, it would be:

d ski n = ro − ri (6.8)
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The dskin would be defined as four arbitrary choices: 0.25mm, 0.5mm, 0.75mm, 1mm. These
values are defined in the ANSYS respectively, and after simulation, one can get four groups
of the permeances and mutual permeances of the three windings in the actuator. Also, the
resistance of the eddy current winding could be calculate by using the following equation:

Rec = l

σA
= π(ro + ri )

σ ·d ski n · lec
(6.9)

lec is the length where the eddy current flows.
The four groups of the permeances and the resistance is listed in the Table 6.1:

Table 6.1: Permeances derived from ANSYS simulation and resistance derived from calculation

dskin(mm) 0.25 0.5 0.75 1

ΛCC 0.13330E-06 0.13330E-06 0.13330E-06 0.13330E-06
ΛA A 0.13223E-06 0.13223E-06 0.13223E-06 0.13223E-06
ΛEE 0.12952E-06 0.12485E-06 0.11435E-06 0.10025E-06
ΛC A 0.13007E-06 0.13007E-06 0.13007E-06 0.13007E-06
ΛC E 0.11091E-06 0.96844E-07 0.84187E-07 0.73005E-07
ΛAE 0.11221E-06 0.97987E-07 0.85186E-07 0.73873E-07

Rec (Ω) 1513u 706u 437u 303u

ΛCC is the permeance of the real coil; ΛA A is the permeance of the nonlinear winding; ΛEE

is the permeance of the eddy current winding; ΛC A , ΛC E and ΛAE are the mutual permeances
between every two windings.

In the Table 6.1, it can be seen that the permeances of the real winding and the nonlinear
winding are constant values. Also, the mutual permeance between these two windings is a
constant value. That is logical because the actuator is in the situation of blocked. ΛCC and
ΛA A are independent of the choice of dskin. Only the permeaces and resistances related to
the eddy current winding vary with the dskin. The dskin is larger, the resistance of the eddy
current winding is smaller. If we calculate the coupling factor between the real winding and
the eddy current winding:

kC E = ΛC Ep
ΛCCΛEE

(6.10)

The coupling factors of the 4 groups are listed in the following:

Table 6.2: The coupling factor KC E

dskin(mm) 0.25 0.5 0.75 1

kC E 0.844 0.751 0.682 0.631

From Table 6.2, we can see that the coupling factor kC E decreases as the dskin goes up.
This is logical. The thinner of the eddy current winding, the better coupling between the eddy
current and the real winding. Because more flux can go through the eddy current winding.

The parameters in Table 6.1 would be applied to the LTspice model. The simulation result
is shown in the next section.
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6.2.2. LINEAR DISTRIBUTION
In this section, the actuator is tested in the occasion that the eddy current is linearly dis-
tributed in the spindle.

Figure 6.4: Linear distribution of the eddy current in the spindle

In Fig. 6.4, the eddy current is defined by N current paths with the same thickness. From
the center of spindle to the edge, the current is linearly increasing in every current . If the
current amplitude in the first current path, which is mostly close to the center is k, then the
total current in the spindle can be described as:

I = k +2k +3k +·· ·+N k = (1+N )N k

2
(6.11)

The current amplitude in the tube j is:

i j = k j = 2I

N (N +1)
j (6.12)

In ANSYS, I equals 150A and N equals 10. The value of the total current I does not influence
the output permeances and mutual permeances, so it is an arbitrary choice. The radius of
the spindle is 2mm, so the thickness of each current path is 0.2mm. 10-current-tube is good
enough for the spindle. Then the permeances can be derived from ANSYS. But the resistance
of the eddy current winding needs to be calculated by hand. The current tubes are regarded
as connecting in series. According to the resistance analysis in Chapter 4. We can directly
write the resistance for every current tube:

Rct (x) = 2πσxn(x) (6.13)

n(x) is the number of current tubes in dx. For every piece dx, the resistance contribution in it
is:

dR = n(x)lec d x ·Rct (x) (6.14)

Then for the total resistance of the eddy currents:

dR = 2σ−1n(x)2lecπx ·d x (6.15)

RN =σ−1lecπ

∫ r

0
2n(x)2xd x (6.16)
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r is the radius of the spindle.
The effective resistance of the eddy currents would be:

Rec = RN

N 2 = 100u (6.17)

Now a list of the data from ANSYS as well as the calculated result shows in the following
table:

Table 6.3: Parameters derived from ANSYS and calculation KC E

ΛCC 0.13330E-06
ΛA A 0.13223E-06
ΛEE 0.75707E-07
ΛC A 0.13007E-06
ΛC E 0.64644E-07
ΛAE 0.65412E-07
kC E 0.643
Rec 100u

The parameters in the Table 6.3 would be applied to the LTspice model. The simulation
result is shown in the next section.

6.3. SIMULATION RESULTS
The input impedance of the actuator is the simulation result from the LTspice. The simulation
results of the equal distribution and linear distribution are illustrated in the Fig. 6.5. The
simulation results are compared with the measurement input impedance.

Figure 6.5: Simulation results for the actuator

In the Fig. 6.5, the Lmeasur e and Rmeasur e are the input impedance from the measurement;
the Ll i n and Rl i n are the simulated impedance from the linear distribution; the remaining 4
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groups are from the equal distribution. It can be seen that in the equal distribution, the 4
groups’ simulated impedances are close to each other. This can be true. Because when the
dskin goes up, the coupling factor kC E decreases while the eddy current resistance increases.
The coupling factor and the resistance can interacts and influence each other. In the linear
distribution, the inductance and the resistance become closer to the measured results com-
pared to the equal distribution. It is clear that in the measurement, at the starting frequency,
the inductance goes down because there is already an obvious eddy current effect in the spin-
dle. Also, we can see that both in the equal distribution and the linear distribution, the eddy
current becomes to be visible later than in the measurement. Therefore, it appears the same
phenomenon as simulation results in the brass ring and the spindle ring. The phenomenon is
that the eddy current effect in the simulation model shows later than in the measurement.

Till now, the comparison between the measurement and simulation is derived. But how
we evaluate the simulation result ? The output power of the actuator is compared. The
impedance quantities of the measurement and simulation(linear distribution) are picked up
respectively, at the operation frequency f=260Hz. The output power of these two occasions
are compared. In this case, we can see the difference of the output power between them. If
we consider the spring and mass in the actuator, the the actuator circuit could be simplified
as the Fig. 6.6.

Figure 6.6: The simplified actuator equivalent circuit

The output power of the load RL can be calculated in the following steps:
The impedance of the circuit:

Z (RL) = R + jωL+ 1
1

jωLk2 + jωC m
k2 + 1

RL k2

(6.18)

The input current into the circuit would be:

I (RL) = U

Z (RL)
(6.19)

The current flows in the load RL is:

IL(RL) =
jωLk2 + 1

jωC m
k2

jωLk2 + 1
jωC m

k2
+RLk2

· I RL (6.20)

The output power of the load in the actuator is:

PL(RL) = 1

2
· (IL(RL))2 ·RL (6.21)

The relating parameters from the measurement and the simulation at frequency of 260Hz
are listed below:
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Table 6.4: The comparison parameters

Data sources R(Ω) L(mH) Ls(H)/(rad/N/m) Cm(nF)/(kg·m2) k

Measurement 2.25 2.082 1.468 202.44 0.024
Simulation 3 2 1.468 202.44 0.024

The Ls and Cm are mechanical quantities. The units of them can be described in two
ways. These parameters are brought to the (6.21). The output power of the simulation and
measurement can be plot.

Figure 6.7: The output power comparison between the measurement and the simulation

In Fig. 6.7, PL is the output power of the measurement; PLlin is the output power of the
simulation model. The operation frequency is 260Hz. The output power deviates with the
resistance of the load. It is shown that for the output power, the difference between the two
occasions is not that big.

The deviation of the two results is:

dev = PL −PLli n

PL
(6.22)

The deviation of the two results in the Fig. 6.7 is plot in the following:
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Figure 6.8: The output power deviation between the measurement and the simulation

For the toothbrush, normally the range of the G load ( 1
RL

) is 0-100u. The larger the G load
is, the more pressure of the toothbrush is; the smaller the G load is, the softer of the toothbrush
is. In our case, G load equals to a soft value 25u. That is, R is 40k. In this point, the deviation
between the measurement and the simulation is around 15.4%.

In this way, the optimized eddy current model (linear distribution of the eddy current) is
applied to the actuator model. Finally, by comparing output power between the simulation
result with the measurement, the eddy current model could be evaluated. The result has been
generally reached to the expectation, and it is logical.

6.4. SUMMARY
• The input impedance is measured, and at the same time, the estimation about the H-

field in the spindle is done. During the measurement, the flux in the spindle reaches to
the saturation value. It concludes that the nonlinear model should be included in the
model.

• A finite analysis element is done by ANSYS. In ANSYS, two occasions are defined for
the eddy current distribution in the spindle: equal distribution and linear distribution.
In every occasion, the permeances are derived from ANSYS. Also, the resistance of eddy
current is calculated. These parameters are applied to the LTspice model.

• In the simulation results, it shows that the same phenomenon as simulation simulation
results in the brass ring and the spindle ring. The phenomenon is that the eddy current
effect in the simulation model appears later than in the measurement.

• The output power of the actuator is compared in the two occasions, at the operation
frequency f=260Hz. In this way, the simulation model could be evaluated. Finally, the
deviation between the measurement and simulation is around 15.4%. The result has
been generally reached to the expectation, and it is logical.
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CONCLUSION

The thesis deals with the analysis, modelling, optimization and test of the eddy current model
that is used for the toothbrush actuator. The objectives of this thesis have been achieved. First,
the eddy current effect in the actuator is described; second, a new modelling method to study
the eddy current effect is derived; third, the eddy current model has been optimized based on
the mathematical analysis; finally, the modelling method and optimized eddy current model
are applied to the actuator model. The key points of each chapter made in this thesis are
summarized at first. The progress of the work, the limitations of the model, and the further
research are presented in the end.

7.1. CONCLUSIONS
• The primary aim of this thesis is to develop a methodology for the optimization of the

eddy current modelling method in the toothbrush actuator. To achieve this, the follow-
ing steps have been completed.

• First the concept of the electromagnetic actuator the eddy current effect in the actuator
are introduced. The central spindle plays a very important role in the actuator because
all magnetic fluxes go through it. The eddy current generates the opposite flux, which
will reduce the total flux in the spindle. This will influence the available output power
of the actuator.

• Next the transformer ring topology is presented. The transformer ring has been chosen
for studying the modelling approach, because only the eddy current effect is considered
in the brass ring. In that way the problems are simplified. If the modelling approach
and the optimization steps are feasible in the brass ring, then the approach can be tested
into the spindle ring, and further into the actuator. Also, a 1-dimensional eddy current
analysis is discussed. The eddy current distribution and the magnetic distribution in
the ring are derived.

• Subsequently, the transformer ring circuit is calculated. The Present Model of the trans-
former ring circuit has two problems. One is the eddy current distribution is not de-
scribed correctly, the other is the effective flux is not found. To solve these two problems,
the eddy current model is improved by three optimization steps.

• Finally, the optimized eddy current model is applied to the spindle ring and the actuator.
The result shows the modelling method and the optimization process to be useful. The
optimized eddy current model is more accurate and logical.

79
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7.2. LIMITATIONS AND FUTURE WORK
Through the whole thesis, there are still some serious differences between the expectation
result and the modelling results. The limitations of the research and further investigations are
listed below.

• The most important limitation of the optimized eddy current model is that in the mod-
elling result, the eddy current occurs later than in reality. This does not reach to what
we expected at the middle frequency values. Since the analytical calculation on the
eddy current, and the optimization steps have been completed, the modelling transfer
impedance or input impedance should be correspond to the measured results at both
low and middle frequencies.

• The analytical calculation for the eddy current is based on the 1-dimensional case. How-
ever, in the cross section of the ring, the eddy current flows in a 2-dimensional case.
Therefore, it is recommended to see the eddy current distribution in the ring is to use
the finite element analysis. This work can be added in Chapter 4. In the improvement
steps, the eddy current flowing in the cross section is assume to be a rectangular path.
However, the actual path should be more round at the corner. This is recommended to
reconsider.

• For the BH curve model, it has two limitations. The first one is that it can not model the
minor BH curve loop; the second is that it has a ceiling for the B-field. If the BH curve
model can be optimized, then the nonlinear effects can be better modelling and further
the eddy current model can be better evaluated.
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