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ABSTRACT

Neural networks (NNs) are widely used as surrogate models but they do not guarantee physically
consistent predictions thereby preventing adoption in various applications. We propose a method
that can enforce NNs to satisfy physical laws that are nonlinear in nature such as enthalpy bal-
ances. Our approach, inspired by Picard’s successive approximations method, aims to enforce
multiplicatively separable constraints by sequentially freezing and projecting a set of the partici-
pating variables. We demonstrate our Picard-KKT-hPINN for surrogate modeling of a catalytic
packed bed reactor for methanol synthesis. Our results show that the method efficiently enforces
nonlinear enthalpy and linear atomic balances at machine-level precision. Additionally, we show
that enforcing conservation laws can improve accuracy in data-scarce conditions compared to
vanilla multilayer perceptron.

Keywords: Surrogate modeling, Hard-constrained neural networks, Physics-informed neural networks,

Constrained learning

INTRODUCTION

Surrogate modeling plays a crucial role in simplifying
and approximating complex physical models, making
them suitable for large-scale simulations and optimiza-
tion studies of industrial relevance. Machine learning
models, such as neural networks (NNs), are particularly
well-suited for this purpose due to their simplicity and
strong regression capabilities [1]. However, despite ex-
ceptional advancements in machine learning, issues and
skepticism regarding the black-box nature and physical
inconsistency of these models hinder the adoption of ma-
chine learning-based tools (and, more broadly, artificial
intelligence) in industrial applications [2,3]

To mitigate this limitation, significant research has
been carried out to enforce known mechanistic relation-
ships between inputs and predictions in NNs. Soft-con-
strained neural networks represent an approach in which
physical equations are included as penalty terms in the
loss function [4,5]. This method does not require any
modification of the neural network architecture, but it
does not guarantee the exact satisfaction of the con-
straints. When exact adherence to constraints such as
closure of balances is required, hard-constrained neural
https://doi.org/10.69997/sct.108423
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networks become relevant. Models belonging to this
class aim to strictly satisfy given equations or symmetries
underlying the original system (constrained learning).
Different methodologies have been proposed for
constrained learning. For instance, Beucler et al. (2019)
and Donti et al. (2019) apply a method known as predic-
tion and completion, where an NN is trained to predict a
subset of variables, while the remaining ones are deter-
mined by solving a (non)linear system during training
[6,7]. Researchers in optimization proposed to learn so-
lutions to constrained optimization problems leveraging
Lagrangian duality [8]; however, aspects of this approach
still rely on soft constraints. Chen et al. (2021) introduced
a projection step to guide the learning process by enforc-
ing adherence to discretized differential equations [9].
Based on a similar concept, Chen, et al. (2024) presented
KKT-hPINN to adjust neural network predictions, ensur-
ing compliance with linear algebraic constraints [10]. Re-
cently, Mukherjee and Bhattacharyya (2024) proposed to
train constrained neural network using an NLP solver
such as IPOPT [11]. Likewise, Schweidtmann et al. (2019)
have used deterministic global optimization to compute
guaranteed worst-case accuracies of NNs [12]. However,
the use of local or global NLP solvers can be memory and
1718
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time-intensive for NNs that have a large number of pa-
rameters and training data points. Overall, current ap-
proaches (1) rely on external solvers that increase the
computational cost to train and evaluate the NN or (2) are
limited to enforcing linear equality constraints.

To address these challenges, we introduce a com-
putationally efficient method that enforces relevant
physical laws in the form of nonlinear algebraic equa-
tions. We extend the KKT-hPINN framework by consider-
ing local projections and numerical techniques to ensure
exact constraint satisfaction at machine-level precision.
Drawing inspiration from Picard’s successive approxima-
tion method for solving nonlinear PDEs, we name our
model Picard-KKT-hPINN.

METHODS

We introduce Picard-KKT-hPINN, a method to en-
force algebraic nonlinear constraints, such as energy bal-
ances, in NN predictions. It extends the KKT-hPINN ap-
proach with local projections and numerical techniques
such as variable-freezing, while maintaining computa-
tional efficiency.

Problem statement

Given a dataset (x;,¥;);=1,.n, representing the in-
put-output behavior of a physical system (e.g., a unit op-
eration), our goal is to train an NN to approximate the un-
derlying model governing this system. In some cases, al-
gebraic equations describing some relationship between
input and output are known beforehand. We aim to de-
velop an NN £, such that the predicted output y = f4(x)
satisfies a set of algebraic constraints ¢, (x,y) =0,k =
1,...,N¢, which may represent conservation laws or de-
sign specifications. The number of constraints (N;) must
not exceed the dimensionality of the neural network's
output (Np). This ensures the system is underdetermined
(N¢ < Np), allowing the network to learn from the data
while adhering to these constraints.

Background: KKT-hPINN

Chen et al. (2024) proposed a model denoted as
KKT-hPINN to enforce linear relationships in NNs [10]. In
KKT-hPINN, the (physically inconsistent) prediction of a
generic multilayer perceptron is corrected by an orthog-
onal projection onto the linear feasible region described
by a system of linear equations and geometrically defin-
ing a hyperplane.

Specifically, the prediction ¥ is corrected so as to
respect a linear system by solving the following optimi-
zation problem:

i=argmin||y—j7||2 s.t. Ax+By=0»b (1)
y

The corrected, physically consistent, solution y  is
achieved by solving the Karush-Kuhn-Tucker (KKT)
Lastrucci et al. / LAPSE:2025.0428
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conditions of this optimization problem (Eq. 1), thus the
name KKT-hPINN:

y=A4'x + B’y + b* (2)
Considering the identity matrix I:
A*=—-B(BBT)"'4
B*=1-B(BB")"'B ()
b* = —BT(BBT)"1b

The projection matrices (4* B*,b*) are computed
analytically owing to the quadratic objective function and
linear constraints. This projection acts as a physics-in-
formed activation layer on the network output, providing
a computationally efficient approach to enforce linear
constraints. However, its applicability is limited to linear
systems, making it unsuitable for scenarios with nonline-
arities. For instance, while effective for modeling mass
balances in chemical engineering, it struggles with en-
thalpy balances, which often involve nonlinear relation-
ships.

Local projection

We generalize the linear constraints formulation in
Eg. 1 to any nonlinear function in the input vector x:

c(x,y)=By+gx)-b=0 (4)

Since the input vector is known for every instance, we
can consider it as a constant term and define v(x) = b —
g(x).Moreover, the input vector does not participate as
an optimization variable in the projection process and
thus g(x) can be any nonlinear. Hence, Eq. 4 can be writ-
ten as:

c(x,y)= By—v(x) =0 (5)

where v(x) is a vector-valued function v:x € RM — RNc,
In particular, v is a nonlinear function of the N;,-dimen-
sional input to the NN, meaning that its value is instance-
dependent (an instance is a given datapoint (x;,y;)).
Thus, the value of the constraint must be updated de-
pending on each datapoint instance and can not be de-
fined offline. Additionally, we consider local (instance-
specific) constraint definition by allowing the matrix B to
depend on the output instance y;. To simplify the nota-
tion, we define B; = B(y;) and v; = v(x;) such that:

c(x,y) = By, —v;=0 (6)

This formulation comprises a wider class of functions in
respect to the linear case in Eqg. 1 and is foundational to
handle local nonlinearities.
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Figure 1: Picard-KKT-hPINN consists of a set of non-trainable layers that can be appended on every NN backbone
(e.g., multilayer perceptrons, convolutional neural networks, transformers). Multiplicatively separable constraints
(Eqg. 8) are enforced exactly by partitioning the prediction vector (variable freezing). Then, the prediction of the
NN is projected onto the feasible space defined by the constraints c. The layers composing Picard-KKT-hPINN are
differentiable, hence, the NN is trained end-to-end and the architecture is equivalent at training and inference

time.

B e e = T e e T

The computational cost to achieve local projection can be
reduced by exploiting parallel computing. We perform
batch training (with BS being the number of elements in
the batch) by building a rank-3 tensor B € RBES*NcxNo
holding a number BS of local B; matrices. Similarly, we
construct a rank-2 tensor V € RES*Nc to store the local v;
vectors. The local projection matrices are computed in
parallel (Eq. 7), hence reducing the apparent complexity
of the most expensive computation, the matrix inversion,
from O(BS x N®) to O(N?).

B*=1— BT(BBT)"'B
V* = BT(BBT) v (7)

More specifically, considering the batch inversion of the
tensor BBT, the dimension N is the number of constraints.
Assuming to deal with tasks involving N, = N < 103, the
inversion is performed in a negligible amount of FLOPs in
modern hardware. To the best of our knowledge, this di-
mensionality bound does not limit the applicability of the
method for the majority of the surrogate modeling tasks
in chemical engineering.

Picard-KKT-hPINN

Inspired by Picard's successive approximation
method for nonlinear partial differential equations (PDEs),
we develop a model to exactly enforce nonlinear con-
straints, including physical balances expressed as alge-
braic equations (See Figure 1).

Output partitioning and definition of the constraint
class

Given the NN's output vector y = [y, ..., yy,| € R0,

Lastrucci et al. /| LAPSE:2025.0428
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we partition its components as y = [y® y@]. y is the
subvector of frozen variables and y) is the subvector of
unfrozen variables, with y® =[y;, Yy, ] €RYF and
y ¥ =y, w1 Vi, ] € RYOVE, with Ny = No — N

We aim to enforce multiplicatively separable equality
constraints of the form:

a(xy) = Bpy + F(y®) -y — v (x) = 0
k=1,..,N; (8)

The constraint includes some linear function in the output
y, any nonlinear function v, in the input x, and a scalar
multiplication between F,, a nonlinear vector-valued
function in the frozen variables y™, and the unfrozen
variables y®. Note that F,: RNF — RNv,

Steady-state macroscopic conservation principles
can be generally formulated as Eq. 8. Thus, the structure
of the considered constraint is of interest for engineering
and physics-based applications.

More in general, the constraints in Eq. 8 can be for-
mulated in matrix notation as:

c(xy) = By+F(y®) -y —v(x) =0 (9)

Here, c(x,y) is the vector of N constraints and F(y®) is
an N¢ x Ny matrix. We develop a method to let the NN
predictions exactly guarantee constraints belonging to
the class in Eq. 9 by freezing a partition of the output var-
iables, resembling Picard’s iteration method.

Variables freezing

Given the output y of an NN f3(x), we aim to guar-
antee the prediction to satisfy a constraint of the form as
in Eq. 9 by projecting the latter onto the feasible space.
1720



The projected prediction ¥ can be computed as the solu-
tion of the following nonlinear program (NLP):

~ . ~112
y = argmin||y — 3|
y
s.t. c(xy)= By+F(y®) -y —v@x)=0 (10)

Instead of relying on an external solver, we reformulate
the NLP in Eq. 10 as a quadratic program (QP) solvable
analytically. To achieve that, we assume the variables in
y® as correct and thus set them constant. This variable-
freezing allows to reformulate Eq. 9 as a linear constraint
by defining B’ = By + F(y®):

c(x,y)= By—v(x)=0 (11)

Since Eqg. 11 is the matrix form equivalent of Eq. 6,
the local projection is achieved according to Section 2.3
and results in ¥ = B*y + v*,where the projection tensors
can be computed exploiting parallel computing during
training.

The nonlinear term is handled by projecting only a
partition of the output variables. We observe the method
to be more efficient when N, < Ng, that is, more variables
are projected to guarantee the nonlinear constraints.
However, in general, the whole output vector is still po-
tentially projected since linear terms can be present.
Such numerical technique resembles Picard’s iteration
method to solve nonlinear PDEs iteratively (hence, the
name Picard-KKT-hPINN), where some variables are kept
constant to the previous iteration’s value to achieve a lin-
ear expression. Similarly, here we exploit the iterative
training process to converge towards the ground truth
data while guaranteeing the prediction obeys the nonlin-
ear constraint.

RESULTS AND DISCUSSION

Case study and constraints

Our proposed method is illustrated on a tubular
packed-bed reactor for methanol synthesis, using the
same modeling assumptions as in Lastrucci et al. (2024)
[13]. The surrogate models involve 10 inputs (inlet tem-
perature, pressure, component flowrates, and coolant
flowrate) and 10 outputs (outlet temperature, pressure,
component flowrates, and hotspot temperature). The
training and test datasets, consisting of 20,000 and 500
data points respectively, are generated by solving the
mechanistic model of the reactor implemented in Python
under diverse conditions bounded by operational limits
derived from flowsheet simulation. Specifically, we simu-
late the simplified plant for methanol synthesis imple-
mented in the IDEAS library [14] and evaluate extreme re-
cycle conditions to determine those bounds. Hence, each
datapoint (x;, y;) represents the input-output state varia-
bles corresponding to a specific operating scenario. The

Lastrucci et al. /| LAPSE:2025.0428
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generated data are intentionally noise-free, as the goal is
to develop a surrogate model that faithfully replicates the
original mechanistic model. The relevance of this study
lies in enabling faster computations, for instance, by elim-
inating the need for dynamic optimization in flowsheet
optimization problems.

We derive algebraic constraints underlying the
steady state physical system that we aim to enforce in
the surrogate model, such as atomic balance and total
enthalpy balance. The system consists of four linear
atomic balances (Eqg. 12) and one nonlinear equation for
the energy balance (Eq. 13):

N . N . .
Yici Qijin— Xy Qijoue =0,  j=CHON (12)

N . = N . T~ 5
Zi:S1 ni,inhi,in - Zi:S1 ni,outhi,out -Q=0 (13)

In Eq. 12, 4;;, and d;;j ., are the molar flowrates of atom
j carried by species i, entering and exiting the reactor,
respectively, and N is the number of chemical species
involved (composed by four atoms, such as carbon, hy-
drogen, oxygen, and nitrogen). Being the atomic bal-
ances linear constraints, they can effectively be enforced
using KKT-hPINN [10]. In Eq. 13, n;;, and n; o, are the
molar flowrates of species i, h;;;, and h; o, are the molar-
specific enthalpies and Q is the rate of heat transfer out
of the system. In general, the specific enthalpy A; ey =
R evar(Tevar) is @ nonlinear function of the temperature,
depending on the modeling choice for the specific heat
at constant pressure cp. Since in the considered case
study Q = n.AH,,(T,) is a function of the input (coolant
flowrate, i) [13], the term ¥N5 7, ki — Q can be re-
garded as v, (x) in Eq. 8. More importantly, the term
— YN Ay ouchi ous CaN be seen as the dot-product in Eq. 8,
with F,(¥F) = Ry gue = hi(Tour) and y@ =1, . Thus, our
Picard-KKT-hPINN model can exactly enforce both the
atomic (Eq. 12) and the enthalpy balances (Eq. 13).

Experiments and comparison

We train a shallow Picard-KKT-hPINN consisting of
1 hidden layer with 64 neurons and ReLU activation func-
tion, and we compare against a KKT-hPINN and a multi-
layer perceptron (MLP) with the same backbone archi-
tecture. Every model is trained for 50,000 epochs, using
the Adam optimizer with a learning rate of 107> and a
batch size of 2,000 samples. For reproducibility, the fully
connected layers are deterministically optimized from a
fixed Glorot initialization [15]. The training time of Picard
KKT-hPINN on GPU hardware is comparable to that of
MLP and KKT-hPINN, averaging only 15% longer, primar-
ily due to the matrix inversion operation. At inference, the
computational time of the three models is equivalent,
even on CPU hardware (11th Gen Intel(R) Core(TM) i7-
1185G7 @ 3.00GHz, 4 Core(s)).

1721
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Figure 2: Comparison of relative conservation error (RCE) of mass and enthalpy balances (left) and model performances in data

R2 Metric [-]

—e— MLP
KKT-hPINN
—#— Picard-KKT-hPINN

20 30 40 50 60 70 80 a0

Fraction of the dataset [%]

100

Table 1: Accuracy comparison over the three different
models. We train all the models on a GPU hardware
(NVIDIA GeForce RTX 3090).

MLP KKT-hPINN Picard-KKT-hPINN
0.97 0.98 0.98
0.81 0.58 0.71

R? [-]
MAPE [%]

The accuracy of the models on the test set is comparable
in terms of coefficient of determination (R?) and mean ab-
solute percentage error (MAPE). In Table 1, the metrics
are averaged over all the predicted variables in the test
set. We do not expect the constraints to increase the ac-
curacy considerably when a traditional MLP is already
very accurate.

The focus of the study is to demonstrate the effec-
tiveness of Picard-KKT-hPINN in enforcing both linear
and nonlinear constraints. Figure 2 (left) shows the rela-
tive conservation error of the total mass and enthalpy.
The MLP, although very accurate, does not strictly satisfy
the balances. As claimed by the authors [10], KKT-hPINN
effectively enforces the linear mass balances at ma-
chine-level precision (note that the plot is in logarithmic
scale), however, the predictions do not strictly satisfy the
nonlinear enthalpy balance. Picard-KKT-hPINN, instead,
enforces mass and enthalpy balances exactly, reducing
the error below 0.001% for both.

In a real-word scenario, the amount of data is often
a bottleneck when training data-hungry machine learning
models such as NNs. We analyze the performance of the
models in data scarcity conditions by training on uni-
formly sampled fractions of the original dataset. We
demonstrate that constrained learning can improve
model performance in data scarcity conditions (Figure 2,
right). Specifically, enforcing atomic balance through
KKT-hPINN outperforms the MLP when using between
20 and 30% of the original training dataset. When
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enforcing both atomic and total enthalpy balance with Pi-
card-KKT-hPINN, the model performance shows a posi-
tive coefficient of determination (R? ~ 0.75) when only
35% of the training dataset is used, while both MLP and
KKT-hPINN show a negative R? in the same data regime.

CONCLUSION

We propose Picard-KKT-hPINN, a method to ensure
that NN predictions adhere strictly to nonlinear algebraic
constraints, such as enthalpy balances. Our work ex-
tends the recent KKT-hPINN model by Chen, et al. (2024)
from linear to nonlinear constraints [10]. Thereby, we ad-
dress a critical limitation of surrogate models in failing to
satisfy fundamental physical principles such as mass and
energy conservation.

In our proposed method, we project the NN predic-
tions onto the feasible space defined by mass and en-
thalpy balances, ensuring the exact satisfaction of these
laws. We tested Picard-KKT-hPINN in surrogate model-
ing tasks, specifically for a methanol synthesis packed
bed reactor. The method guarantees atomic and en-
thalpy balances without adding computational overhead,
while also outperforming the accuracy of standard MLPs
in data-scarce regimes. These results highlight the po-
tential of Picard-KKT-hPINN to advance the adoption of
NNs in relevant chemical engineering applications, in-
cluding large-scale process optimization and simulation,
where developing physically consistent surrogate mod-
els is crucial for ensuring both computational efficiency
and reliable outcomes.
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