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SUMMARY

This report deals with a theory of filament wound pressure vessels in
which a composite is considered as a material consisting of macroscopi-.
cally homogeneous and anisotropic layers. The surfaces of the pressure
vessels can be chosen in such a way that the requirement that all fila-
ments carry the same load is fulfilled. The shape of the surface depends
on the elastic properties of the composite and on one independent geomeétric
parameter. Relations for some characteristic properties of pressure ves-
sels are expressed in this parameter. It is shown that the netting theory
in which the matrix is considered as a non load-carrying binder can be
simply derived from the continuum theory.

\
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NOTATION
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cross section of a (cured) bundle of filaments
integration constant
material constants
elements of the stiffness matrix of the laminate in the.
principal directions
elements of the stiffness matrix of the lamlnate of the
cylindrical part-in the principal directions
elements of the stiffness matrix of the hoop layers of
the cylindrical part in the principal directions
elliptic integrals of first and second kind
Young's moduli of the lamina in the principal directions
resultant force in a bundle at strain €,
shear modulus of the lamina in the princ¢ipal. direction
length of the cylindrical part of a pressure vessel
number of bundles of filaments in a cross section perpen-
dicular to the rotation. axis -
number of bundles in hoop direction per unit length
number of bundles, crossing the equator of an isotensoid
per unit length .
internal pressure

2 2
geometric parameter Y “/Y.
meridional and c1rcum¥erentlal radius of the curvature
local laminate thickness of. the isotensoid
wall thickness of the cylindrical part.
thickness of the hoop layer
laminate thickness at the equator.of an isotensoid
volume of the optimum part of the pressure vessel
weight of. the optimum part of the pressure vessel
coordinate axis, the x-axis is the.rotation axis
minimum and maximum radius of the optimum part of a pressure
vessel
radius of the polar openlng
dimensionless coordinates x/y, and Y/yo
dimensionless radius of the polar opening
dimensionless radial distance of the point of inflection
of an isotensoid and dimensionless radius of a cyllnder with
one winding angle
lamina principal dlrectlons, a is the filament direction
winding angle (angle between filaments. and meridional line)
winding angle at the point of .inflection
winding angle of a cylinder with one winding angle
winding angle at the equator of an isotensoid
specific weight
uniform biaxial strain in the isotensoid pressure vessel or
end~closure ..
strains of the cylindrical part in longltudlnal and circum-
ferential direction .
strain at the weeping pressure, limited by the ultimate strain
perpendicular to the filaments :
strains in the isotensoid pressure vessel or end-closures  in
€- n~directions :
amplitude in elliptic lntegrals and angle in the transforma-
tion of y
Poisson's ratios of the lamina
principal directions of the lamlnate of the lsoten501d pres-—
sure vessel or end-closure
normal stresses in the isotensoid pressure vessel or end-
closure in e- n-directions '
stress in the bundles of filaments at the weeping pressure
strength of a bundle of filaments.




1. INTRODUCTION

According to the continuum theory a composite is a homogeneous material
with anisotropic elastic properties. The matrix enables the filaments to
carry loads and in general only a small part of the loads is carried by
the matrix itself. An optimum design. condition is that all filaments must
be loaded to identical stress levels. This means equal strain in all ‘fila~
ments and consequently uniform biaxial strain in the entire structure. For
a pressure vessel with fibers along geodesic lines the shape can be eva-
luated with this condition and the requirement of equlllbrlum of a surface
element under internal pressure loading.

The netting theory simplifies a composite material to a system of filaments.

Strength and stiffness of the matrix are neglected and the filaments are

considered as. the only load carrying elements. Additionally it is assumed

that the filaments have no bending stiffness. According to this theory the

only load carrying elements in a filament wound pressure vessel are conti-

nuous or closed loop filaments lying along geodesic lines. The tension load

will obviously be constant over the total length of these filaments if the

vessel is loaded by internal pressure only. Under these assumptions the shape of
the vessel can be evaluated from the requirement of equilibrium of a part

" of a filament.

If a load causes equal strains in all directions first damage of a composite
usually will occur in the matrix or in the bond between matrix and fibers,
disintegrating the material before the fibers reach their ultimate tensile
stress. Hence for a filament wound pressure vessel designed according to the
continuum theory an internal pressure can be predicted at which leaking or
weeping starts provided the stress or strain level is known at which first
cracking of the matrix occurs. If after first damage the composite proceeds
to carry loads using the non destructed fibers as a netting the vessel does
not have the required geometric properties according to the netting theory.
As a result the final failure load of this vessel is unpredictable. On the
other hand the netting theory cannot predict the weeping pressure. It is
therefore obvious that for the design of vessels with a well defined weeping
pressure the continuum theory must be used whereas the netting theory can
"be used when only the bursting pressure is of interest. It is noted that in
both theories the shape of the vessel as well as other geometric parameters
follow from the calculat:.ons, they are not the starting.point for the cal-
culations!

After discussion of some general features of filament wound pressure vessels
this report presents a number of formulae which are of engineering interest.
They are important for a proper choice of the composite and for the.calcula-
tion of the number of filaments (bundles, yarns, rovings) required for a
given internal pressure and vessel volume. Discontinuity problem arising

at the section between a possible cylindrical part and an isotensoid end-
closure are discussed briefly. Most numerical results are presented graphi-
cally.

The expressions discussed in the current work result from Reference [1]
where a general theory on. .filament wound pressure vessels is treated in de-
tail. A resume of that theory is given in the appendix to make this report
selfcontained. '



2. THE PRESSURE VESSEL WITH ROTATIONAL SYMMETRY

It is assumed that during the winding process the filaments have no ben-
ding stiffness and that there is no friction between the filaments and

the winding or mould surface. On a surface of revolution the pre- stressed
filaments will then follow a geodesic line given by )

vy sin o = constant . (2.1)

where 0 is the angle between a filament and a meéxidiohal line in a point of
the surface and y is the radial distance to the axis of rotation. At the
polar opening of a pressure vessel the angle 0 has a value T/2, hence for

a radius Yo of that opening relation (2.1) becomes

sin o = yo/y (2.2)

Although a filament wound pressure vessel generally is a thin-walled struc-
ture for which the membrane theory is applicable the wall consists of seve-
ral layers. Since for a given radius Y, the winding angle o depends on the
radial distance y the angle o will change over the thickness of the wall.
The assumption will be made that this change is negllglble so all layers are
wound alternately under + 0 and - 0. at a certain point of the meridional
line.

A further assumption is that the wall consists of an even number of layers
of equal thickness and equal elastic properties. The laminate therefore is
anti—symmetric_with respect to its middle plane which implies coupling be-
tween inplane and out of plane forces and displacements. For reasons of
symmetry however an element of the vessel (see Figure 1) is unable to warp
under the given load and the constitutive equations for such an element
simplify to

Q
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g T PRY/2t =Cpy € +Cpy el | (2.3)

; pR2(2 - R2/R1)/2t = C12 eg + c22 Eﬂ
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where the thickness t is dependent on the radius y. The coefficients C are
stiffness elements in £- n-directions and R, and R, are the meridional gnd
circumferential radius of the curvature respectively
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As already discussed in the introduction an optimum design condition is. that
all filaments are loaded to identical stress levels which requires uniform
strain SE = Eﬂ = € in all directions. Substituting € in equations (2.3) gives
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1]

/ PRz/zt\ € > 11 * 2, (2.4)
pR2 \2—R2/R1} 2t = ¢ \C ,+ C . '

Hence

2\ 2
' : =2y LAY
<022 - 2c11 - c12>/(c11 + c12>_— dx2> {1 + \dx) } (2.5)

This equation shows that the shape of an optimum pressure vessel depends on
the elastic constants C,.. The shape satisfying condition (2.5) is called an
isotensoid. 13

In the appendix it is shown how (2.5) can be transformed into
c, .y 1/2
ax 3 2 2 6
—_— R - | -— —-— N 2.6
3 Y/{C (Y c1> vY} | (2.6)

where C is an integration constant, C, and C2 are material parameters and
X and Y are dimensionless coordinates

1 (1 ) “Ba/“a6>/<1f+ “Boc> | o @
5 2 - c1 = \1 + ZUBG + uea UGB (1 +_“B&>

X =x/y, Y=vyly, | o (2.8)

(9]
|

O
1

UB and u in (2.7) are Poisson's ratios of the constituent layers related to the
B axes p rallel and perpendicular to the filaments respectlvely. They can
be measured from a unidirectional specimen.

Equation (2.6) can only be solved by numerical methods. C, and C, represent
the influence of the material properties on the shape of %he pressure vessel.

The constant € will be shown to contain a geometric parameter as well as C

1
and C2
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3. THE GEOMETRIC PARAMTER q

The general shape of a pressure vessel with equally stressed filaments
is shown in Figure 2. In this figure three points should be noted:

- Radius y_ (or Y ), the maximum value of y
- Radius yu (or Y ), the minimum radius of the optimum part of the vessel
- Radius y (or Y'= 1), the radius of the polar opening where o = T/2

It is important to note that dependent on the constants C, C, and C, the
radius Y, may be larger or smaller than Y = 1. In the first case the usual-
ly small area between Y = 1 and Y does not satisfy the optimum requirement
and extra reinforcement is needed there. The second case implies that opti-
mum pressure vessels are feasible continuously wound between the polar
openings without any additional reinforcement. :

With the geometric parameter

2 2 '
q=vY, // Y, , | (3.1)

it can be derived from equation (2.6)

3/c 3/C ,
s (CEYEE) —
3/C 3/C ' : (3.2)
rfeac (o 21)/(a ) |

c, +1 ,3/C, \3 ©\C., , 3/C, \C, +1 ,
e N 7/ (TN S

Apparently the only geometric parameter of an optimum pressure vessel is the
ratio of maximum radius to minimum radius of the optimum region..

In Figure 3 isotensoids are presented for a number of g-values corresponding
to various maximum radii. The material properties, representative for carbon
high modulus fibers and E-glass fibers, both impregnated with an epoxy resin,
~-are given in Table 1. These materials are chosen because they show the dif-
ferences in shape according to the continuum theory very well. Other compo-
sites may result in isotensocids lying between those of Figure 3. In Figure 4
isotensoids are presented normalized to the maximum radlus Y . Using the

same material data the winding angle

o = arcsin (1/Y )
u u
at the equator was computed as a function of q, see Eigure 5.

In the appendix approximate expressions describing the isotensoid are derlved
from (2.6). They are expressed in g as well:

3/C 3/C 1/2 .
Yy =y, {(q c052@1 + sin2@1> C1 (q —21)//(qv _2 q)} . - (3.4)

N




-

.x = Y; {E(Z) - (q + 1) E(Q/(Zq + 1\}} {Cl (q3/‘_32 1) <2q . 1>/<q3/sé q)}l/z

(3.5)

01
where E(1) = 1 1 - - 1) si 2@ /2 1\ e
q sin \ q + / 4ae
0. / N
EE e1r N ' 2
and E(2) . = J 11 - (q - 1) sin 9//<2q +.1/} aoe
. ° ‘

ére elliptical integrals of the first and second kind respectively. In Refe-
rence [4] these integrals are tabulated for different values of the factor
(g - 1)/(2q + 1). They facilitate the computation of the contour considera-
bly.

In (3.4) and (3.5) the coordinates xand y are dependent on the material
properties by the same factor

)

This implies that for a fixed value of g X increases or decreases proportio-
nally with y for different material coefficients C, ’ande2 resulting in simu;_
lar contours for different materials. If_additionaily identical outer radii
y . are chosen the only different geometric quantities are the radius y of

the polar opening and the winding angle O in corresponding points of e sur-
faces. Because (3.5) is an approximate formula figures computed with it will-
differ slightly from the corresponding figures calculated with the exact ex-
pression (2.6). For engineering purposes however it is sufficiently accurate
which is shown in Figure 3 with the approximated contour for E-glass epoxy

and g = 100. :



4. THE CYLINDER AS A LIMITING CASE

The meridian described by (2.6) and shown in Figure 2 has a point of in-
flection where

' \C. -1
2 2 2 2 2 7
a‘y /’dx = -C <Y - c1> {Y (Cl + 1) - 3c1}//§ =0

The radial distance of this point is given by

= 4.1
?b »3 c1/<c1 + 1>‘ ‘ ( )

and the local winding angle by

. _ _ 1/2 |
sin ab —_1//Yb = { <C1 + 1>//S Cl} _ (4.2)

Expressions (4.1) and (4.2) are independent of the geometric parameter g
- which implies that all meridian represented by (2.6) for given material
parameters C, and C. have a point of inflection with equal relative radial
distance and equal winding angle. It is obvious that this applies also to
a cylinder for which q = 1, resulting in

2. 2 2 | SRR o
Y, = Yu‘ =Y =3 c1/<c1 + 1) o o (4.3)

Formula (4.3) indicatesthat for the cylinder the correct polar opening requi-
red to invert the winding direction has a radius

va =y, // Y, =y, 1{ (c1 + 1>//3 C1}1/2 ) (4.4) .
ocyl cyl lcyl ¥

For values of y smaller than y equation (2.6) is not applicable. Since
,according to (4.4) y_ of a cylEXéer is always smaller than y a cylinder
with end - closures,geeds additional reinforcement between y Y~ and Yy . An
infinitely long cylinder without end - closures is a limitingycase ofthe
pressure vessels described by (2.6). In Chapter 6 it will be shown how a
cylinder with optimum end - closures can be wound by using two different
winding angles for the cylindrical part.

The windind*angle of an infinitely long cylinder is given by

_ ' 1/2 .
sin acyl =‘{<C1 + 1) //3 Cl} ‘ {4.5)
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It will be shown later that the value C, = 1 corresponds to the netting
. 1 :
theory with acyl = 54.7°
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5. PROPERTIES OF OPTIMUM PRESSURE VESSELS

Formula (2.6) describes the shape of an optimum pressure. vessel Other pro-
perties of interest are:

- internal pressure and the required number of filaments

- the volume of the pressure vessel, for instance related to the
maximum radius y :

- the ratio of\wei&ht to volume

These relafions are derived in the appendix. They will be discussed briefly
in this section.

INTERNAL PRESSURE AND REQUIRED NUMBER OF FILAMENTS

With the additional materxial constant

c3 = (1' - “Boc uaB)/(l + 2 UBos + uBoc/“ocB) . (5.1)

the relation between internal pressure and the required number of filaments
can be written as

» \1/2 :
2 3 2 2
E r = - - )
; anA/'n’pyo <, c3 Yu (Yu 1) / (Yu vcl) ‘(5.2)‘

in which n is the number of bundles of filaments (rovings, yarns, tows) in
any cross section of the vessel perpendicular to the rotation axis, all
bundles having a cross section A. In (5.2) is €E A = F the resultant force
in longitudinal direction of the bundles of flla%ents. In order to determine
a numerical value of the ultimate pressure p a value of € is needed, € being
the uniform b.axial strain in the whole vessel. As already discussed € is
generally limited by the ultimate strain €, transverse to the fibers. Only
with a sufficiently ductile matrix materiaﬁ the strength of the fibers can
be fully exploited without leakage before the bursting pressure'is reached.
Both ES and Ea can be determined with tensile tests on unidirectional speci-
mens. :

According to (3.2) the radius Y is a function of g. Figure 6 shows expres-
sion (5.2) for the E-glass and Sarbon high modulus fibers.

THE- VOLUME OF THE PRESSURE VESSEL

The expression for the volume of the optimum part of a presssure vessel is

c, -1
Vi 2 _ 2
3 (Y c1> Yyay

2
V=-=—Ty CC (5.3) .
, 172 :
3 o 2 . {C (YZ _ C1>C2 _ Y6} / _
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The integral in (5.3) must be solved numerically. In the appendix a
relation expressed in g is given for the volume of pressure vessels de-
signed according to the netting theory. For engineering purposes this
relation has sufficient accuracy for vessels designed according to the
continuum theory. The relation is ‘

.V/yu3;= %ﬂ[(qz +q+ 1)/{q3 (20 + 1)}1/2JE 5.0

where E is the complete elliptical integral of the first kind

e - NTZ {1 - (q - 1) sinzG/(Z q + 1>}—1/2d€)

o

Numerical values of V/yu3 are presented in Table 2.

/

THE RATIO QF WEIGHT TO VOLUME

The\expression for the total weight of the optimum part of a pressure ves-
sel contains the same integral as the expression for the volume (5.3).

- : c. -1

: 5 I (Y2 - c1) 2 vydvy
W=-ycoc, ¢, amy p// <€Ea) l . Ve
) . ' u {(:<~Y - C1> - Y }

where Y'is the specific weight of the composite. Hence the resulting expres-
sion for the ratio of weight to volume is :

(5.5)

WV=3pC3Y/€% ' : : (5.6)

€E is the stress in longitudinal direction of the bundles of filaments. It
is“obvious that this stress is limited by the ultimate strain €, as well.

€ Ea will be called the stress ow in the filaments at the weep@ng pressure)
sg one may write

(W/v)/p = 3 C, Y/ow | (5.7)

In Table 3 numerical values of this relation are presented for the composite
materials listed in Table 1. All these materials will have different T. -
values. For the present calculations however identical allowable straigs'
.5% and 1% have been adopted. Therefore the values of (W/V)/p in Table 3
only have limited significance. Nevertheless they give a good indication for
the comparison of the weight to volume ratios.
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Relations (5.6) and (5.7) contain no geometric parameter. Apparently the
ratio of weight to volume of the optimum part of a pressure vessel with
equally stressed fibers only depends on the internal pressure and the pro-
perties of the composite and it is independent of the geometry.

For an isotropic material one. finds

c,= -1h2asw = -/

and the uniform biaxial strain is
€ =g(l - W/E
so (5.6) becomes
WV=3py/20 ' | - (5.8)

which is the well known formula for an isotropic épherical pressure vessel.
Any other shape of isotropic pressure vessels is not optimal and will result
in a W/V-expression containing a geometric parameter yielding larger W/vV-
ratios. ‘ : '
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6. THE CYLINDRICAL SECTION WITH TWO WINDING ANGLES

The isotensoids treated in the previous sections can be used as end -
closures of cylindrical pressure vessels. The winding angle O - at the
equator of a pressure vessel with g > 1 however is smaller than the opti-
mum winding angle of a cylinder with g = 1, as shown by Figure 5. If a
cylindrical section is wound at y_ the winding angle o _ will remain con-
stant over this section. So, to carry the circumferential load the cylin-
der has to be reinforced by additional circumferential windings.

For a cylinder with winding.angle au and additional hoop windings the stress
resultants in longitudinal and circumferential directions ‘are

Py, / 2t =Cjy Ep*+Ciy &
C C
(6.1)
Py, / t. = Cip € T Chy €y
C C
= +
where tc tu th'
and c.. =c..t /t +c 1 £/t (6.2)
. i3, i3 u c ij c

. . h ] N
t, is the thickness and C, . are the stiffness matrix elemerits of the layer
with the hoop windings.

It is obvious that €, and €_ in the cylinder cannot both be identical to the
uniform strain € in the end - closures, since, with the same load in longitudi-
nal direction in the cylinder and in the end - closures at Y,

£y (€11 * Cp) ¥ & (c11c + C12c)

A discontinuity in the strain in hoop direction at the equator of the end-
closure would induce bending stresses and must be avoided. Therefore the
number of hoop windings has to be evaluated from the requirement that Et in
the cylindrical part is equal to € in the end - closures.

From (6.1) it follows

[ 2 V1
€, = { \C12 -2 €y ) Cin” = Cy Sy ) pyu_//2 t. (6.3).
o] C C C - C

In the appendix it is shown that substitution of this expression in (5.2) .

vields a quadratic equation for th / tu
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\¢11 C22 - C?22> * (th//tu> (Cll Ca2 Gy G2 "

 ~ h) | 2\l _ 2 2 )
2C,, €4y ) + (c11 Cyp = S5 )} =C, Cy Y, //,{Ea (Yu cl‘} (6.4)

The relevant root of this equation, cbnverted into

nh/nu = th/tu cosocu

is presented in Figure 7 as a function of the g - value of the end - closure.
n_ is the number of filaments of the cylindrical section in hoop direction
and n_ is the number of filaments crossing the equator of the end - closure
at angle a . both per unit length. It is noted that in (6.4)

h Eg h By n Mo Eo

C = , C = ———ee—— and C = =
11 1 “aB uBa _22 1 ”aB usa 12 1 uuB uBG

Ci' are the components of the étiffness matrix of the + 0 layers of the
cyiinder-related to the longitudinal and tangential direc¥ion. They can be
found by putting a = o in formula (A.2).

In the appendix an expression for the wall-thickness tu of the isotensoids
at Y, is derived:

u 2
2 Gw (yu - 1)

With this relation and a known value of (th/t ) the wall-thickness of the
N . \ u : :
cylindrical part is known as well: -

t, =t {1 + (th/tu)}

The weight to volume ratio of the cylindrical part with length £ then
becomes:

21yt £ Y .- | v .
-Vl\ = u c = ’ 1—- ....1_1_—__ \ .
(v/ 5 =pC, Cy 7 7 {1 + <th//tp/} (6.5)
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The total weight of the cylindrical vessel with two isotensoid end - closures
is

- N4 v
Y. R 2
35 [3V + C2 N 5 c {1 + (th/tu>} Y. 2] - (6.6)



-17-

7. THE NETTING THEORY AS A SPECIAL CASE

By putting the stiffness transverse to the fibers zero all formula derived
with the continuum theory reduce to well-known expressions from the netting
analysis, see References [2] and [3].

With E:B = o and consequently

qu 0 and C1 = C2 = 1

the following expressions are found.

The meridian is described by

- 1/2
dY/dX = - {c (Y2 - 1>' - YG} /Y3 €7.1)

which can be transformed into

2 2 2 2 2

Yy =y, cos 0+ y, sin @1

(7.2)
1/2
x = Yi-(2q + 1> ’{E(Z) - (q + 1) E(l%//<2q + 1)}
The characteristic radii are given.by

2 (2

W (e Velen )}
(7.3)

[
]

- <q2+q+1>/(q+ 1),

The integration constant C and the expression for the number of bundles
of filaments of given strength F are identical -

e fronl) = (@ eae )/ 2 (e } o

s

A pressure vessel designed according to the netting analysis has a polér
opening radius y which is always smaller than y,. This implies that in the
. region between yo and y, the equally stressed filaments cannot fulfil the
condition of equglibriuﬁ under internal pressure and an additional rein-
forcement is needed. "

The volume of a netting analysis pressure vessel is
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2 ; [l e|l? |
= - £ - - ' 7.5
\% BWYOCIYdY/{C\Y 1} Y} ( )
v .
u
3/2 1/2 '
3.2 2 . ( :

or Y/yu = 3 ME (q +q +.1>//{q \Zq + 1> } (7.6)

Formula (7.1) - (7.6) are independent of elastic properties of any kind

and only depend on the geometric parameter g. The radius of the point of
inflection of a meridian or the radius of a cylinder is

1/2
Y = (3/2)

and the related winding angle is 54.7o

According to the netting analysis a cylinder with end - closures can be
wound without discontinuities in the strains between the cylindrical sec-
tion and the end ~ closures. The reason is that. with EB = qu =0

gy (€11 + Cpp) = & (C11C + cizc)

hence €, and €_in the cylinder can be identical to € in the end - closures,
all filaments Ehen being loaded to equal stress levels. The relation for
the ratio of the number of hoop filaments toc the number of filaments at angle
au reduces to : t

n n = t cosa =13 cosza -1 cosad
h u h u u u u

In all relevant figures the relations according to the netting theory are
shown as well.
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8. DISCUSSION AND CONSLUSIONS

The expressions describing the geometry of an optimum filament wound pressure
vessel, based on the continuum theory, contain one geometric parameter in
addition to elastic constants. Hence the shape of such a structure as well

as the winding pattern is dependent on the properties of the material being
used. The elastic constants do not appear in the netting theory which neg-
lects the presence of a matrix and therefore makes use of an infinitely

high ratio Ea/E of the impregnated bundles of filaments. Because of the high
ratio E_/E, of gmpregnated carbon high modulus fibers the results for these
fibers are close to the netting theory results.

It is important to note that two pressure vessels of the same material and
same characteristic geometric properties, optimized according to the conti-
nuum theory and the netting theory respectively, are different in shape and
strength. As already discussed previously the continuum theory can predict
the weeping pressure, that is the pressure at which cracking of the matrix
and weeping or leaking start. The final failure of a continuum theory pressure
vessel cannot be predicted. If the matrix is relatively brittle failure may
even occur at the weeping pressure since after failure of the matrix the
fibers no longer have the correct winding pattern and cannot maintain equi-
librium under internal pressure, provided of course the vessel has a suffi-
ciently ductile inner lining preventing pressure loss.

For a high weeping pressure it is important to use relatively ductile matrix
materials. This is shown most clearly in Table 3 where the (W/V)/p values

are presented calculated at .5% and 1% allowable strain respectively. Except
for the carbon high modulus fibers the ratio values at 1% strain are twice

as low as those at .5% strain and obviously allow an increase of the pressure.
with a factor 2 at the same W/V ratio. The carbon high modulus fibers have an
ultimate strain of only .76% and hence with the relatively ductile matrix
allowing 1% strain the strength of these fibers is fully exploited. As a
result the ultimate pressure according to the continuum theory in this case
is a bursting pressure and is even higher than the netting theory ultimate
pressure, as can be concluded from Table 3. The reason is that up to the
bursting pressure the matrix carries a part of the load and relieves the
filaments. '

In general however, the ultimate pressure of netting theory pressure vessels
is much higher than the weeping pressure of continuum theory pressure vessels
at corresponding W/V ratios. The difference can roughly be approximated by
the ratio of the ultimate strain of the fibers to the allowable ultimate
strain in the matrix. It is remarked that matrix cracking at relatively‘low
pressure levels also’ accurs in netting theory pressure vessels. These levels
however are unpredictable. At pressures exceeding the weeping pressure the
filaments will stay in place until their ultimate strength is reached and
the vessel completely disintegrates. So for netting theory pressure vessels
early matrix cracking is not necessarily catastrophic. Nevertheléess ductile
matrix materials yielding high weeping pressures are -also preferred for net-
ting theory pressure vessels.

The layers composing the wall of the pressure vessel are in a state of un-
form biaxial strain. It is therefore not entirely correct to use the ulti-
mate uniaxial strain €, as a failure criterion. For the time being however
€, measured from a simple tensile test seems to be a realistic and reliable
c@iterion for the theory of pressure vessels.
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A cylinder with two winding angles can be wound with all filaments loaded
to equal stress levels under pressurization. If integrally wound end -
closures are used discontinuities in longitudinal and tangential direction
will occur between cylindrical section and end - closure. In order to
avoid a discontinuity in the strain in hoop direction the number of hoop
filaments must be chosen in such a way that the tangential strain in the
cylinder is equal to the uniform strain in the end - closure. This results
in a strength surplus in the longitudinal direction of the cylinder.
Figure 7 shows this surplus for the case g (<) and & = 0. In that

case the wall of the cylindrical part can be considered as a crossply
biaxially loaded with a stress ratio 2. The tangential strain requirement
results in /n_ ratios smaller than 2 for the glass and carbon fibers
which implies refatively too many fibers in longitudinal direction compared
with the results of the classical lamination theory. This theory vields a
ratio n_/n_ > 2 for a biaxially loaded crossply where a uniform biaxial
strain is required.

CONCLUSIONS:

- Geometry and other properties of optimum filament wound pressure vessels
are dependent on the elastic properties of the materials used.

- For a high weeping pressure fibers with a high Young's modulus in combination
with a (relatively) ductile matrix must be used. In this respect high !
modulus carbon fibers are excellent. The pressure vessel must be designed
with the continuum theory. .

- If early cracking of the matrix is unimportant a high ultimate pressure
can be reached with high strength fibers. The (W/V)/p ratio's of the
netting theory (see Table 3) show that in this case S-glass fibers are
preferable. .The pressure vessel must be designed with the netting theory.

- In order to prevent-a strain discontinuity in tangential direction between a
cylinder and its isotensoid end - closures a little over- strength in
longitudinal direction of the cylindrical part must be accepted.
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Table 1:

Mechanical properties used in the calculations

E-glass epoxy
- S-glass epoxy
Aramid epoxy

Carbon HT epoxy
Carbon HM epoxy

Table 2:
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\

(fiber volume

content 00%)

Ea uaB “Ba
‘ MN/m2
40000 .26 .039
57500 .26 .032
85000 .33 .031
146500 - .3 .0184
210000 .3 .0143

Numerical values of_V/y% for netting theory pressure vessels. Yu is the
outer radius, V the volume of the optimum part.

Table 3:

V/yg

1000
10000
>0

3.848
3.177
2.903
2.827
2.796
2.770
2.758
2.747

2.746
2.746

. The weight to volume ratio. The weeping stress Ow i" calculated with .5%
and 1% uniform biaxial strain in the pressure vessel. '

E-glass epoxy
S-glass epoxy
Aramid epoxy

Carbon HT epoxy
Carbon HM epoxy

Continuum Theory

Netting Theory

. .
at 1% strain these fibers have already reached their ultimate stress,

so 0 =0
w Q

ult

.5% 1%

S Y o, ((W/V)/p o, W/V)/p I, (Ww/v)/p
ult

104N/m3 MN/m2 m-'1 MN/m2 : rn_1 MN/m2 mfl

2.05 200 2.4787.10:3 400 1.2393.10 2250 2.7333.io:§

2.01. 287 11.7552.10 3 574 8.7760.10 3000 2.0100.10_3

1.35 425 8.1595.10 3 850 4.0798.10 1750 2.3143.10 3

1.55 732 5.7528.10_7 1464 2.8764.10 3. 2140 2.1729.10 3

1.62 1050 4.2821.10 - 1600* 2.8101.10 1600 3.0375.10
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APPENDIX

The constitutive equations for an element of a pressure vessel under uni-
form strain € are (formulae (2.4))

PRy/2t = £(Cpy + Cpp)

a1l

pR2 2 - R2/R1)/2t =g (c12 + C22)

where R, and R, are the meridional and the circumferential radius of the
curvature respectively. C,. are the components of the stiffness matrix of
the laminaté related to thé £- n-axes. Expressed in the stiffness components
of the individual layers related to their axes of elastic symmetry they are

'

' 4 ., 4 ., 2 2 .
C11 = (Ea cos o + EB sin u-kZuBa.Ea sin"0 cos a) /(1 - qu uae)

2
+ G sin 2

af
C ='I(E + E.) sinzaicosza + AE (SLn4a + cos. a)},/(l )
12" 1o B Hga Fa Hea Mag
. 2 '
- GaB sin 20
o] = (E Sin4a + E os4a + 2 E vsinzu 2oc)/(l -
22 = 'Fy B © Hga Fo cos als Hga Map)
, 2 .
+ GaB sin” 2a (A.2)

E, E,, u and G are the engineering constants, the O-direction is the
direction of the %%ghest Young's modulus. This direction coincides with

" the direction of the filaments of the individual layer. For- filament wound
pressure vessels O is also used for the local winding angle.

With (A.2) equations (A.l) can be transformed into
Eu (sinza -2 cosza) + EB (cosza'- 2 sinzu)

- Hgy By

2 2
E o + E, si o + E
o, COs & 8 in uBa o

__dx (a.3)

After introduction of dimensionless parameters
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X = x/yo and Y = y/yo

equation (2.2) becomes

sinza = 1/Y2
and hence
cosza =1 - 1/Y2

Multiplying numerator and denominator by Y2/E and using Maxwell's law

(A.3) becomes

YY" (-2 + uBa/uan— “Ba) +3 (1 - “Boc/“ocs) ) ax?
2 . ' 2
Y_{Y (1 +u, ) = (1 - /U )} ary
| “Ba Ba’ "aB 1+ <dx/

d2Y

3 C,.¥ ax?
- -i'+ 5 =

Y- Cl 1 ay

t\3x

Multiplication by 2{(dY/dX) and integration over X leads to

' 2
2 _ - dy 1
-6 1lny f C2 1n <Y - Cl) = ln{(l +(dX> } + 1n G

{c (Yz _c )Cz _ Y6}1/2 ,
&, L E (a.4)
ax = 3 | .

or

The % and - sign indicate thatvthe isotensoid has a plane of axial symmetry,"
Only the part in the first quadrant of the coordinate system will be con-
sidered, hence the + sign will be ignored (see Figure 2).
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Since dy/dX is a real quantity, the argument of the square root in (A.4)
must be positive or zero. So

c (Yz - c1> 2 . Y6 20 (A.5)

2
Figure A.l §howing gaphjically (A.5) as a function of Y indicates that only
values of Y between ¥,“ and Yu2 satisfy requirement (A.5). It is obvious
that complex values ofTy2 satisfying (A.5) are irrelevant.

With Y2 = Yu2 coszO +inz sin2@' _ (A.6)

(A.5) is approximated .. - -with a third degree polynomium in the area where
requirement (A.5) is fulfilled. : .

C
C (Y2 - C ) 2 - Y6k5 (Y 2 - Y2) (Yz - Y..2> <Y2 + Y,2 + Y 2>‘
. 1 u i i u

so,_with
2 2\ . .
Yadys= Yi - Yu sin® cos® 4G

equation (A.4) can be written as

Y
J v yvay . oy
2
- A (- ) P e 7
Y u 1 . 1 u

\

2 c052® + Y12 sin2@>‘<Yi2 - Yi2> sin® cos® 4o

u . -
2 : i ., 1/2
(Y 2 Y.z\ {Y.z (sinZO + 1> + Y 2 <c052@ + 1) }sinze cosZO]
1 / 1 u .

u

Ik
|
o— o

, 2 2 . . .
With g = Yu'/Yi this relation can easily be transformed into.

_' Jl (q c052@ + sin2@) 40
X =Y,
i 5 5 1/2
0 {(sin 0 + 1) + q (cos 0 + 1>} :

or
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0

1/2 1 1/2
= B Sl T
X =Y (Zq + 1) { J (1 2g 1 sin ®> do
0

04 .

. -1/2

_a*l - Sl SR ‘
2q ¥ 1 J (1 2 F 1 sin O> dO} ‘ (A.7)

0 )

where the integrals are elliptical integrals of the second and first kind
respectively.

With transformation (A.6) and approximation (A.7) the shape of an optimum

pressure vessel is desdribed by

2 _ 2 2 2 .2 2 2 2.
y =Yy, cos @1+ y; sin @1— ' (q cos 0.+ sin @1)

, A.8
/ 1/2 o1 (a.8)
X = yi \2q + 1) {E(Z) - —ZETT E(l)}

Both x and y are linearly dependent on radius Yi which is the only quantity
in (A.8) containing materialparameters C, and C_. The approximated shape for
glass fiber epoxy and ¢ = 100 is shown in Figure 3.

A relation for the required number of filaments can be derived from the first
of equations (2.4) which can be written as "

1/2

2 ' -
e @
£ (C11 * C12) i

ol

It is noted that t is the thickness of the laminate. in a direction perpendi-
cular to the &- n-plane and not in the direction perpendicular to the rota-
tion - axis .t is a function of the radius y. :

From (A.2) one deduces
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c,, +C . = i - L (Y 1 +p //u + U Y2>
11 127 1 - Mgy Hoo y \ Ba/ "aB Bo.
E ¥ - c, : }
= 3 - _ (a.10)
273 ¢

Substitution of (A.10) into (A.9) leads with y = v, Y to

3 1/2

2 €k ' Y dy 2,
- — A.{1<+ (d_x>} | (A.11)

py, C, Cq t (Y - cl)

\

For a given ¢-value relation (A.1l) must be satisfied in every point of the
surface. Taking Y = Yu where t = tu and

‘ c
{1 ) (%92}1/2 ] {C (Yqu_6C1) 2 }1/2, .

one finds

2_5 Ea Y
— = o (A.12)
PY, C, C3 £t (v -c.) - '

The bundles of filaments at Yu have a width of b/coso in tangential direc-
tion. With a number of n rovings in any cross-section perpendicular to the
rotation axis, all rovings having a cross-section A

ZTryu tu =n A/cosoau
' 2 1/2 ‘
so t =n A/2Ty Y cosd = n A/2Ty (Y - 1) (A.13)
u o u u - o u
Substitution of (A.13) into (A.12) results in

' 1/2
2 .3 2 ! 2 _
EE, D A/ﬂpyo = C, c3 Y, (Yu -1 ///(Yu - cl) (A.14)
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With the origin of the coo;dinate system on the axis of rotation at Y = Yu
the  total volume of the optimum part of the pressure vessel is given-by -

i ri
. 2 3 2 adx
= 27 = 2 =
Y J y dx Wyo J Y ETY dy
0 Y
u
Y.
. i 5
or V = - 27y 3 J Y dY

where the first term is zero, hence

c. -1
2 2
) 3 yi(Y 1) Ydvy
V=—§-T\'YOCC2J
Y

-C
c. . 1/2
fo(¢-c )7
u 1

(A.15)

(a.16)
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In the netting theory is C1 = C2 = 1, hence
Y, B .
V=—27Tyo3CJ . xd¥ A.19)

in which the argument of the square root can be replaced by a third degree
expression

2 2 2
C(Y2-1)-Y6=(Y2-Y2) (Y2—Y.2) (Y +Y, +Y )
u l. 1 u

With transformation (A.6) it can be derived from (A.17)

m/ :
2 . 1/2
_ 2 3g +g+1 | _a-1 . 2
V= Y, 372 172 I (1 T T sin @7 ao (A.18)
q <2q + 1> 0
' 1/2
(q2 + g+ 1)
where y = y
" (q+ ni2 e

and. the integral is the complete elliptical integral of the first kind.

The weight A W of a part of.the pressure vessel of width dX and thickness
transverse to the rotation axis t/cos¢ is

t t

2 ax
A = —— -
Aw 2Ty Y dx 2Ty Y

Y —— dy : (A.19)

osd

cosd ay

where Y is the specific weight of the composite.

-1/2

2 .
With cosd =-{1 + (%%) } ' equation (A.11l) vyields
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oo = s+ (8}, (7 - ) )

where 1 + dY\ iXE.:.EllSi
ax) G

Hence the total'weight is found by integration of (&.19)

/ YJ. (Y / yady .
=-yCcg, C 2Wy // €E, J (A.20)
o , |
1

(A.20) contains the same integral as expression (A.16) for the volume.

For the prevention of a disconrtinuity in tangential strain in the inter-
section between a cylindrical part and an isotensoid end - closure it is
required that

where €_ is the tangential strain in the cylindrical part and € is the uni-
form strfain in the end - closure.

From (6.1) it follows

€L T Py (C12C - 2Ci1c’ /2t (Cpy - c11c Cpp )

Substituting this expression in (A.12) yields

2 2 2
(Cip =2C4 ) /e (€7 =Cpy Cpp) =C,C ¥ /E £ (¥~ -C)
c. e c e c
where C . = (t /t) C.. + (t /t)c h
ij h ij
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Hence
h h
CaC12 725 % T 5 G T2 S _
h2 h h -
- + C .
(€, Cr2 ¥ & Cpn) (£, 11 T8, Cpp ) (&, Cop ¥ 8 Cpp)
2 2
c2»c3 Yu / E, tu (Yu - cl)
orxr
h h
(6, /t) 2C. " =c L, + (2¢ -Cp)
7 h B n2 F h ~
(b, /€))7 (€47 Cpp = Cpp ) + (g /£ (€ Cpy #Cpy Cpp
T h . 2
2C127Cip ) F (€] Cpp = Cyp )
2 2 ,
= C2 C3 Yu / EOL (Yu - Cl) . A . (pr.21)

(A.21) is a quadratic equation for (th'/ tﬁ).

With known (t, / t,) the thickness of the wall of the cylinder is

t =t +t =t {1+ (t /t)}
u u h u.

The thickness t follows from (A.12). With €E =€, E = g this formula
\ u o B Ta w
yields
' 3
C.C. Y
2 "3 Tu pyo
t =
u

20 (Y 2 _ c,)
w u 1°

So the weight of a cylindrical part with length % is

3
Ty C,C, Y py LY
W o=2my t fy=-—2_2.3. U "0 {1 + (t //t >}
cyl u c . v 2 c h u
w u 1

and the weight to volume ratio is
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chl Y yu \'
= - —_— + t ‘ : A.22
3 o C2 C3 5 5 {l <th// u/} ( )
cyl w Y - C :
u 1 ) :
It is noted that ¥ =y /vy is the maxihum dimensionless radius of the

isotensoid end - closures. It must be calculated with (3.2) and the g-
value of the isotensoids. '

The total weight of a cylinder with end - closures is

A

4 . .
_ Y u (o /e Wy 2
W=p C3 g [3 vV + C2 3 {1 + \th /tu/}'ﬂ'yu Q,] (A.23)

V is the volume of the isotensoids. It can be calculated (5.3) or approxi-
mated with (5.4). :
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C(Y2-C )2
' 1 ~

|
|
|
|

SN

Fig. A.1: the values of Y2 satisfying condition (A.5)




Figure 1. The geometry of a filament wound pressure vessel.

R

Figure 2. The general shape of an optimum pressure vessel.
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