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Summary

Pipe belt conveyors (PBC) are effective enclosed transport systems in bulk solids handling.
They become more popular due to their advantageous design configuration. Compared to
conventional open trough belt conveyors, PBCs exhibit geometrical flexibility being able to
operate in tighter route curves with higher inclinations. The other beneficial design aspect
is that PBCs can provide a completely enclosed system that allows them to convey so-called
“difficult” materials without losses, such as dusty, contaminated bulk solids.

On other hand, PBCs exhibit a number of disadvantages, compared to the conventional
trough belt conveyors, that significantly diminish the beneficial impact of a PBC design.
At first, there are no recommendations developed for a conveyor belt design and selection
that can ensure sufficient ability of a belt to form a stable enclosed pipe shape. Insufficient
bending stiffness can cause a belt to collapse its pipe shape that can result in the losses of bulk
material and increased tendency of a belt for longitudinal twisting. The other negative aspect
is that a PBC system exhibits high energy consumption from the indentation rolling resistance
(IRR). The high energy consumption affects the choice and costs of installation parameters
of the conveyor, resulting in more strong/ heavy components that rebounds in higher capital
investment to the overall system installation. In contrast with the well-standardized trough
belt conveyors, there are no standards which can assist in the PBCs design.

High demand of PBCs justifies the research aiming to limit the major design disad-
vantages and assist in the effective design development of PBCs. For this purpose, the
present thesis performs a PBC design analysis that can potentially improve conveyor system
performance, aiming:

1) to ensure an enclosed geometry of a pipe conveyor cross section;

2) to reduce the IRR as a major source of PBC energy losses.

To provide the design analysis, the major PBC design characteristics that relate to an
overall conveyor system, bulk material, belt design, and idler stations are reviewed. The
variation range of each design parameter is established using the minimal and maximal
critical values. In addition, the average values or more frequently appeared in practice are
also established.

A conveyor belt bending stiffness has major influence on a conveyor belt ability to form
an enclosed pipe shape. The present research quantifies a conveyor belt lateral bending
stiffness using a troughability test, specified in standard ISO 703. The model selected for
the troughability test represents a simply supported belt structure, subjected to a distributed
self-weight, accepting a uniform belt design along the belt width. A linear-elastic material

ix
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model is assumed for a belt, using 5% small strain limitation as for normal PBC operational
conditions.

The present research reviews ISO 703 and employs the following associated models
for quantifying an effective modulus of elasticity: two analytical models of Wang and
Fertis based on Euler-Bernoulli beam theory; their shell-approximation, corresponding to
a Kirchhoff-Love theory; and two FEM models (Timoshenko beam and Mindlin–Reissner
shell). The present study compares all the models, gives recommendations regarding their
application and usage limitations. The impact of the varying effective modulus of elasticity,
line mass and belt geometry on its troughability is investigated, establishing the functional
dependence.

Insufficient pipe conveyor belt bending stiffness to form a stable pipe shape can be
detected by the appearance of a contact loss, when one or more of the corresponding contact
forces (CFs) become equal to zero. In this case, the CFs can be considered as a major
indicator for the belt’s pipe-ability. In addition, the CFs participate in the indentation
phenomenon between the rigid idler rolls and the viscoelastic belt rubber that influence the
IRR.

To determine PBC CFs, three approaches are proposed: experimental, analytical, and
the numerical FEM. Usage of all three approaches together allows one to determine PBC
CFs in a more precise way, compared to the existing studies.

For the experimental approach, the present research provides a qualitative analysis of the
existing PBC test rig configurations, discuss their design advantages and disadvantages, and
compares the results for CFs available. The analysis indicates that CFs measured depend on
the test rig design selection. For the present analysis, a static six-point belt stiffness device is
selected for measuring PBC CFs and belt’s cross-sectional geometry. Using this test rig, an
impact of major PBC design parameters, such as pipe diameter, belt slenderness, transverse
bending stiffness, belt’s mass, and position of a belt overlap, on CFs and belt’s pipe-ability is
investigated. The qualitative analysis of the results obtained exhibited similar load patterns
with feasible values of CFs, compared to the results reported by other researchers. The
results confirmed that bigger pipe diameters require higher bending stiffness and/or a larger
overlap with respect to the belt width to ensure a stable pipe shape formation.

Considering the analytical approach to determine PBCCFs, the present research reviewed
all the existing models and concluded that none of them can predict the CFs in a correct
way. That is why a new analytical model is introduced. The analytical model is linearized
around specific pipe shape configuration, by applying external loads to the pre-folded pipe
shape geometry. The external loads imply the load from the belt weight, the load from
the bulk material, and additional expansion load from the belt bending stiffness. The latter
represents the effect of bending the belt from a flat shape into a pipe shape. Three methods
of modeling the load from the belt bending stiffness are selected for the analysis: the
concentrated expansion moments applied at the belt edges Mbst; the radial expansion load
evenly distributed along the belt’s pipe qbst; and the radial distributed load qbst together with
the concentrated forces Q1bst, Q2bst. To model the load from the bulk material, a vertical
and the horizontal load components are used that account for the bulk shear stresses and the
load distribution along the pipe contour and along the conveyor pitch.

The linearized system of PBC CFs, statically indeterminate to a 4-th degree, is solved
using the equilibrium equations and by employing theMethod of Superposition (or Displace-
ment Method). The latter implies replacing the four support restraints with the appropriate
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redundant forces and assuming those displacements equal to zero. The displacements are
determined, considering the strain energy of the system using Maxwell-Mohr Integrals.

To determine PBC CFs using the FEM analysis, three FEM models are proposed: the
Simplified Beam Model, solved within one load step, and more complex the Beam Step
Model and the Shell Step Model, solved within multiple load steps. The FEM beam models
support Timoshenko theory, whereas the FEM shell model is based on the theory ofMindlin-
Reissner. The FEM models can closely imitate the experiment testing within the six-point
stiffness device. The comparison of the results indicated that the FEM models are in close
agreement with the experiment, whereas the analytical model is in agreement with the FEM.
In addition, the analysis indicated that to model the load from the belt bending stiffness, only
the expansion concentrated moments Mbst, applied at the belt edges can be used, whereas
other two methods proposed do not give satisfactory results.

Using the FEM solution and the analytical model, the impact analysis is performed for
the PBC CFs. The functional dependences between the CFs and input design parameters
are established for an empty and loaded PBC. The impact analysis is performed considering
the appearance of a contact loss in an idler station. The weakest position in the idler set for a
contact loss appears for the lateral top rolls. The general design recommendations for a PBC
system are established aiming to ensure belt’s ability to form a stable enclosed pipe shape.

The CFs are also used in the present thesis to determine the IRR. For the IRR, a
3D generalized Maxwell model with multiple Maxwell parameters is used. The model
incorporates the indentation phenomenon between the two curved surfaces (a rigid roll and
viscoelastic pipe-shaped belt) using a Winkler foundation. The rheological behavior of
a belt cover rubber is determined using Dynamic/Mechanical Analysis (DMA test). The
experimental data for the loss and storage moduli are approximated with Prony series. The
impact analysis is performed, considering how a number of Maxwell parameters, and also
how the belt weight, different bulkmaterial, cross-sectional filling degree, and belt’s effective
modulus of elasticity can influence the IRR friction factor. The present study indicates that
the IRR friction factor, proposed in DIN 22 101 is not suitable for PBCs in the given form
and proposes the alternative formulation.

The general design recommendations for PBCs are presented, aiming to diminish the
energy losses from the IRR and to ensure a sufficient belt bending stiffness to form an
enclosed pipe shape. The potential directions for the future research are also presented.





Samenvatting

Pijpbandtransporteurs (E. Pipe belt conveyors, PBCs) zijn effectief dichte transportsystemen
voor de handling van bulkgoed. PBCs komen meer in de belangstelling door de gunstige
ontwerpkarakteristieken ervan. In vergelijking met conventionele open, getrogde transpor-
teurs hebben PBCs een hogere geometrische flexibiliteit doordat ze nauwere bochten kunnen
maken en grotere hellingen kunnen overbruggen. Een ander ontwerpvoordeel is dat PBCs
volledig gesloten zijn, waardoor zogenoemd “moeilijk” materiaal, zoals stoffig, vervuilend
materiaal, zonder verliezen kan worden verplaatst.

Anderzijds hebbenPBCs, vergelekenmet conventionele trogtransporteurs, ook een aantal
nadelen die de voordelen ervan aanzienlijk verminderen. Allereerst zijn er, in tegenstelling
tot de goedgedefinieerde trogtransporteurs, voor pijpbandtransporteurs geen normen voor
ontwerp en selectie op grond waarvan kan worden verzekerd dat een band een stabiele dichte
pijp zal vormen. Door een te lage buigstijfheid kan de pijp inklappen, met materiaalverlies
tot gevolg, of de band kan gaan draaien om de lengteas. Een ander negatief aspect is het
hoge energiegebruik van een PBC-systeem tengevolge van de indrukrolweerstand (IRR).
Het hogere energiegebruik heeft ook invloed op ontwerpparameters en de kosten van een
systeem doordat zwaarder equipement nodig is en de investeringskosten daardoor hoger.

Door de grote vraag naar PBCs is er reden om te onderzoeken hoe de nadelen kunnen
worden beperkt en hoe kan worden bijgedragen aan de effectieve ontwikkeling van het
ontwerp van PBCs. In dit proefschrift is daarom een analyse gemaakt van een PBC ontwerp
waarmee het mogelijk is om de prestaties van een transportsysteem te verbeteren. De analyse
is gericht op:

1) waarborgen dat een doorsnede dwars op de band een gesloten vorm heeft;

2) vermindering van de indrukrolweerstand (E. Indentation Rolling Resistance, IRR)
als een belangrijke bron van energieverlies in een PBC.

Ten behoeve van de ontwerpanalyse is een overzicht gemaakt van de belangrijkste karak-
teristieken van een PBC, die verband houden met het totale transportsysteem, het bulkma-
teriaal, het ontwerp van de band en de rollenstellen. Voor alle ontwerpparameters worden
minimale en maximale kritieke waarden vastgesteld. Daarnaast worden gemiddelde, of veel
gebruikte waarden van de parameters gegeven.

De stijfheid heeft een belangrijke invloed op mogelijkheid om de band tot een pijp om
te vormen. In dit onderzoek wordt de laterale buigstijfheid van een band gekwantificeerd
met behulp van een trogtest, zoals vastgelegd in de norm ISO 703. De trogtest wordt
uitgevoerd met een aan de kanten opgelegde band die doorzakt onder het eigen gewicht. Er
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wordt lineair-eleastisch materiaal verondersteld, maximaal 5% vervorming en een uniforme
opbouw van band in de dwarsrichting.

Erwordt in dit onderzoek een overzicht gegeven van de ISO-norm703 en erwordt gebruik
gemaakt van de volgende modellen voor het kwantificeren van een effectieve elasticiteits-
modulus: twee analytische modellen vanWang en Fertis, gebaseerd op de balkentheorie van
Euler-Bernoulli; de Wang-Fertis-benadering met een plaatmodel, volgens een theorie van
Kirchhoff-Love; en twee FEM-modellen (Timoshenko’s balkmodel en Mindlin-Reissner’s
plaatmodel). De modellen worden met elkaar vergeleken en er worden aanbevelingen ge-
daan voor de toepassing ervan en er worden beperkingen voor het gebruik aangegeven.
Onderzocht is wat de invloed op de trogbaarheid van de band is van varierende effectieve
elasticiteitsmodulus en van het gewicht en de afmetingen van de band.

Een buigstijfheid van de band die te laag is om een stabiele pijp te vormen, kan worden
vastgesteld door het optreden van contactverlies, als een of meer van de contactkrachten (E.
Contact Forces, CFs) nul wordt. De CFs kunnen worden beschouwd als een belangrijke
indicator voor de pijpbaarheid van de band. Daarnaast dragen de CFs bij aan het indeuken
van de band tussen de vaste rollen en het visco-elastische rubber van de band en ze hebben
invloed op de rolweerstand.

Er worden drie manieren voorgesteld voor het bepalen van de CFs van een PBC: ex-
perimenteel, analytisch en numeriek (FEM). Door gecombineerd gebruik van de drie be-
naderingen is het mogelijk de CFs van een PBC nauwkeuriger te bepalen dan in bestaande
onderzoeken.

Het onderzoek geeft voor de experimentele benadering een kwalitatieve analyse van
de bestaande PBC testbanken, de voordelen en nadelen van de ontwerpen ervan worden
besproken en de beschikbare resultaten voorCFsworden vergeleken. De analyse geeft aan dat
gemeten CFs afhankelijk zijn van het ontwerp van de testbank. Voor de onderhavige analyse
is een statische zespuntsopstelling gekozen om de CFs van de PBC en de geometrie van de
dwarsdoorsnede van de band te meten. Met behulp van deze testbank wordt de invloed van
belangrijke PBContwerpparameters op deCFs en op de pijpbaarheid van de band onderzocht,
zoals de diameter van de pijp, de slankheid van de band, de transversale buigstijfheid, de
massa van de band en de positie van de overlapping. Kwalitatieve analyse van de resultaten
gaf belastingspatronen met realistische waarden van de CFs, overeenkomend met resultaten
welke zijn gevonden door andere onderzoekers. De resultaten bevestigen dat er bij een
grotere pijpdiameter een stabiel pijpvorm te waarborgen een hogere buigstijfheid nodig is
en/of een grotere overlap.

Voor de analytische methode van de bepaling van de CFS van een PCB zijn in dit onder-
zoek alle bestaande methoden nagegaan, en er is geconstateerd dat geen van de bestaande
modellen de CFs goed kan voorspellen. Er is daarom een nieuw analytisch model ontwik-
keld. Het analytische model is gelineariseerd om een gegeven pijpvorm, door het uitoefenen
van externe krachten op de al gevormde pijp. De externe belastingen zijn weergaven van
belastingen door het gewicht van de band, het getransporteerde materiaal, en extra belasting
door de buigstijfheid van de band. Laatstgenoemde belasting geeft het effect weer van het
buigen van de vlakke band tot een pijp. Voor de analyse wordt de belasting door de buigstijf-
heid van de band op drie manieren gemodelleerd: de uitvouwmomenten geconcentreerd
uitgeoefend op de randen van de band Mbst, de radiale uitvouwbelasting gelijkmatig ver-
deeld over de pijp qbst, en de radiaal verdeelde belasting qbst samen met de geconcentreerde
krachten Q1bst en Q2bst. Om de belasting voor het getransporteerde materiaal te modelleren
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worden een verticale component en de horizontale componenten van de belasting gebruikt
die de schuifspanningen in het materiaal en de verdeling van de last over de contour van de
pijp en tussen de steunpunten van de band weergeven.

Het gelineariseerde systeem van de CFs van de PCB, statisch onbepaald van de 4-de
graad, wordt opgelost met behulp van de evenwichtsvergelijkingen en door toepassing van de
superpositiemethode (of verplaatsingsmethode). Dit houdt in dat de vier beperkingen voor
de ondersteuning worden vervangen door passende krachten en er wordt aangenomen dat de
bijbehorende verplaatsingen 0 zijn. De verplaatsingen worden bepaald door berekening van
de spanningsenergie van het systeem met behulp van Maxwell-Mohr integralen.

Voor de FEM-analyse van de CFs van een PBC worden drie FEM-modellen voorge-
steld: het vereenvoudigde balkmodel, en twee meer gecompliceerde meerstaps balk- en
plaatmodellen. De FEM-balkmodellen zijn gebaseerd op Timoshenko’s balkentheorie, het
plaatmodel is gebaseerd op de theorie van Minlin-Reissner. Met de FEM-modellen kunnen
de experimenten in de zespuntsbank goed worden nagebootst. Vergelijking van de resultaten
geeft aan dat de FEM-modellen nauwkeurig overeenkomen met het experiment, en dat het
analytische model overeenkomt met de FEM-modellen. Daarnaast is gebleken dat voor het
modelleren van de belasting door de buigstijfheid van de band alleen de geconcentreerde
momenten Mbst, uitgeoefend op de randen van de band, kunnen worden gebruikt, terwijl de
andere twee voorgestelde methoden geen bevredigende resultaten geven.

Met behulp van de FEM-oplossing en het analytische model is een impactanalyse uitge-
voerd voor de CFs van een PBC. De functionele afhankelijkheid tussen de CFs en ontwerp-
parameters is bepaald voor een lege en voor een beladen PBC. De impactanalyse is gedaan
door te kijken naar het optreden van contactverlies bij een rollenstel. Voor contactverlies is
het zwakste punt in het stelsel rollen bij de laterale bovenrollen. Er zijn algemene aanbeve-
lingen voor het ontwerp van een PBC-systeem vastgesteld om te verzekeren dat de band een
stabiele, gesloten pijp kan vormen.

De CFs zijn in dit proefschrift ook gebruikt voor het bepalen van de IRR. Voor de IRR
is een 3D gegeneraliseerd Maxwell-model met een aantal Maxwell-parameters gebruikt.
Het model omvat een weergave van de vervorming tussen twee gekromde oppervlakken
(een stijve rol en een visco-elastische pijpvormige band) met behulp van een Winkler-
funderingmodel. Het reologisch gedrag van de rubber deklaag van de band is bepaald met
behulp van eenDynamisch/MechanischeAnalyse (DMA-proef). De experimentele gegevens
voor de verlies- en opslagmoduli zijn benaderd met Prony-reeksen. Er is een impactanalyse
uitgevoerd om de invloed op de IRR na te gaan van een aantal Maxwell-parameters en
ook van het gewicht van de band, verschillende soorten bulkmateriaal, de vullingsgraad,
en de effectieve elasticiteitsmodulus van de band. Dit onderzoek geeft aan dat de IRR
wrijvingsfactor die in DIN 22101 wordt voorgesteld, in de gegeven vorm voor PBCs niet
bruikbaar is, en er wordt een andere formulering voorgesteld.

Er worden algemene aanbevelingen gedaan voor het ontwerp van PBCs, bedoeld om
energieverlies door de IRR te verlagen, en om te waarborgen dat de band stijf genoeg is om
een gesloten pijp te vormen. Er worden ook mogelijke richtingen voor verder onderzoek
aangegeven.





Chapter 1

Introduction

I keep six honest serving-men
(They taught me all I knew);
Their names are What and Why and When
And How and Where and Who.

— R. Kipling, Just so stories

Pipe belt conveyors (PBCs) are an effective enclosed continuous transport systems in
bulk solids handling. They are ubiquitously present worldwide in various mines, plants,
factories, and marine terminals (see Figure 1.1). PBCs are utilized in a broad range of
industrial sectors, such as the coal and ore mining, metallurgy, cement and construction
industries, chemical production, and others.

Figure 1.1: Double pipe conveyor system operating in Tata Power Plant, Mumbai, India (Image
courtesy FLSmidth Wadgassen GmbH).
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2 1 Introduction

1.1 An introduction to pipe belt conveyors
The current state-of-the-art of PBCs is related to the historical background of their design
development. In 1940 Johns [118] patented a preliminary construction of a transport system
in the USA called tubular belt conveyor. This construction implied a concept of a movable
tube-shaped rubber belt used for conveying bulk material, which could be opened and closed
for loading and discharging. In the 1950’s, a few patents (see e.g. [204],[211]) were issued
in Germany on “hose” conveyor types with a similar construction basis.

However, the founder of the major design of PBC, which is known and applied nowadays,
is considered to be Hashimoto, Japan Pipe Conveyor (JPC) Company [24] [112]. Hashimoto
developed themain construction of a pipe conveyor in 1964 [24, 25] andmade relevant patent
applications (see [96]). The first trials were not successful, as the belt was not sufficiently
rigid to form a stable pipe shape. Moreover, the technologists experienced problems with
belt alignment and twisting. In order to develop a suitable belt design, the JPC Company
collaborated with Bridgestone Rubber Company in exchange for the manufacturing license
in Japan. In 1979 the first commercial pipe conveyor system was successfully installed
[24, 25, 37]. Since then a number of patents on design and technology of PBC were
obtained ([97–99] etc.)

In 1988, the Bridgestone Corporation took over the JPC Company [24, 25, 112] and
became the owner of all the rights on the JPC system. It started selling international licenses
outside of Japan [37, 216, 230]. Having the only rights to issue the license, the company
was not enough motivated for design improvements. Staples [216] reports that during
that period minor attention was paid to the technological development. The installations
were mostly made with insignificant adjustments, keeping the major technology of the
original inception [216]. As a result, PBC started to become considered as rather costly and
“difficult” transport system, in comparison to the other conveyor types, whose technologies
were continually developing.

At the beginning of 1990 the original patents of JPC and Bridgestone started to expire
[37, 216], which provided new companies with the opportunity to enter the market with
different design solutions. That is why the research and technology on PBC is still rapidly
developing and can be considered to be a rather recent exploration area.

Nowadays, many companies are involved in the pipe conveyor industry, and the number of
PBC installations is rapidly growing. Geographically, the main demand for pipe conveyors
is mostly concentrated in China, India, and South Africa [270]. However, according to
Zhang and Steven [270], during the following few decades it is reasonable to expect market
expansion in territory of South-East Asia, Australia and South America.

Growing market demand of PBCs and the rather recent history of technological develop-
ment justify research aiming to improve the efficiency and reliability of this type of transport
system.

1.2 Design analysis

1.2.1 Advantageous aspects
The popularity of PBCs can be explained by a number of design advantages inherent to the
system.
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Environmental protection

One of the most important advantages is that PBCs are environmentally friendly transport
solution (see e.g. Horak [105], Zhang and Steven [270], Bahke [8], Lodewijks [139],
Kessler [124], Vaka [230], Imai [112], and others). The conveyor belt, folded into a tubular
shape and enclosed with overlapping edges, provides a well-sealed transport system for the
bulk material. This ensures a spillage-free conveying process and prevents environmental
pollution. PBCs can transport so-called “difficult” bulk solids, such as contaminated, toxic,
and even radioactive materials [106], [225]).

The enclosed transport system prevents bulk material losses and provides dust-free
operation (see e.g. [105], Zhang and Steven [270], Bahke [8], Lodewijks [139], Kessler
[124], Vaka [230], Imai [112], and others.) As a result, the bulkmaterial does not build-up on
idler rolls and galleries, which minimizes their periodical cleaning maintenance, compared
to trough conveyors [105], [112]. Imai [112] states that significant dust emission of bulk
material are decisive in selection of PBCs over the other conveyor types in most of the
world’s installations.

In addition, PBCs are capable to protect bulk material against undesirable impact from
the environment (see e.g. Horak [105], Zhang and Steven [270], Bahke [8], Lodewijks
[139], Kessler [124], Vaka [230], Imai [112], Buchanan [24, 25]). This allows companies to
operate in difficult environmental and weather conditions, such as strong wind, heavy rain,
high humidity and snow (see e.g., Figure 1.2).

Figure 1.2: Pipe conveyor operating in snow weather condition in Shanxi Province, China
(Image courtesy of Zigong Conveying Machine Group Co. Ltd).



4 1 Introduction

Geometrical flexibility

PBCs are preferred over other types of transport system due to their geometrical flexibility.
PBCs negotiate tighter route curves and high inclinations (see e.g., Horak [105], Horn [106],
Lodewijks [138, 139], Buchanan [25], Fletcher and du Toit [79], Hinkelmann [100], [124],
CKIT [37]) The belt, folded into a pipe shape, tightly holds the bulk material transported. As
a result, pipe conveyors exhibit geometrical flexibility at their route installations. They can
achieve inclination angles of 27◦-30◦ [24, 25, 79, 138], whereas conventional open trough
conveyors are limited only to 17◦-20◦. If the bulk material allows the formation of plugs,
then 90◦ inclination angle is also possible (vertical pipe conveyor, see Wesemeier [238],
[239], Sisselaar [212]). In addition, while the traditional trough belt conveyors operate at
horizontal route curves with small angles and large radii, pipe conveyors can make plane
turns at almost 90◦ with a much smaller route radius [25]. Thus, in combination with
inclinations, PBCs are utilized for various complex 3D route curves, which is essential for
operating in difficult topographical conditions (e.g., see Figure 1.3).

The usage of a pipe conveyors can reduce the number of required transfer points in the
route (see e.g., [25], CKIT [37], Horak [105], Lodewijks [139], Day [41]) Since trough
conveyors can operate at horizontal curves with small angles and large radii, complex
topography for transportation requires usage of more than one trough conveyor, whereas one
pipe conveyor for the same route is sufficient. A decreased number of transfer points save
capital investments in power stations, pulleys, chutes, control and dust collection systems
needed when the traditional trough conveyors are selected instead. Moreover, it requires less

Figure 1.3: Pipe conveyor operating in complex topographical conditions in Taiyuan, Shanxi
Province, China. The route passes over the rocky terrain, mountains, farms,
roads and small communities (Image courtesy FLSmidth Wadgassen GmbH).
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Figure 1.4: Pipe conveyors transporting bulk solids through a narrow tunnel passage during
the construction of Lötschberg base tunnel in Switzerland (Image courtesey
FLSmidth Wadgassen GmbH).

maintenance, as, according to Lodewijks [139], the transfer points are the biggest source of
failure and damage in the transport line.

Compared to open-trough prototypes, PBCs occupy 65% less space for the installation at
the same capacity (see e.g., Buchanan [24, 25], Fletcher and du Toit [79], CKIT [37], Horak
[105], Vaka [230], Bahke [8]), which is very useful for underground mining or operating in
indoor confined places (see Figure 1.4). Moreover, PBCs can operate in reverse order, have
intermediate loading/unloading points if needed, and can convey material in both strands
(CKIT [37], Wiedenroth and Staribacher [249], Wiedenroth [248]).

1.2.2 Disadvantageous aspects
Despite the design advantages mentioned, PBCs exhibit a number of drawbacks that needs
to be studied and improved.

High capital costs

The major disadvantage of PBCs is related to their high capital and operating costs (see
e.g., Weiss [237], Imai [112], Kessler [124], Zhang and Steven [270], Minkin et al. [157]).
In general, Zhang and Steven [270] mention that capital investments in a PBC installation
are almost two times higher than in the case of a conventional conveyor type. Imai [112]
reported a 1.5 times increase of the costs for PBC, compared to a trough conveyor installation
without rain cover, considering 100 m length and the same capacity of 1000 ton/hour for
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both conveyors. However, Imai [112] and Lodewijks [139] mention that PBCs with longer
conveying length or smaller tonnage are more cost competitive. In addition, the usage of
triangular gantry, as discussed by Staples [217], also may decrease the installation cost of
PBC.

High capital costs relate to the principal design of pipe conveyors, as it requires twice
the number of idler rolls and more metal consumptive supportive structures. Moreover, the
construction stipulates the usage of specialized components for belt turnover and transition
zones, where the belt forms the required shape in the loading and the discharging phase, as
well as belt’s tracking and alignment systems that serve to prevent undesirable belt twisting.
That is why, in general the overall capital investments are higher compared to conventional
systems.

Increased energy consumption

Besides these factors, the high capital costs also relate to the fact that PBCs consume more
energy than the conventional open-trough conveyors (Kessler [124], Imai [112], Zhang [269],
Zhang and Steven [270], [139], Minkin et al. [157]). Lodewijks [139] states that energy
consumption of PBCs 20% is more power per ton of the transported material compared to
the traditional open-trough prototype. Energy losses appear primarily from the indentation
rolling resistance (IRR) forces, which affect the tension of the overall conveyor system. The
tension determines the selection of some of the conveyor components, such as motor drive
power, belt strength, take-up system, idler rolls, their life/load rating bearings, etc.

The IRR constitutes the major part of the overall rolling resistance forces (see Hager and
Hintz [92]). The IRR of pipe conveyors is higher than the IRR of trough belt conveyors
(Zhang and Steven [270], Zhang [269]). In case of the latter, it may already form up to 61%
of the overall rolling resistances [92] for horizontal systems. IRR depends on the number of
physical characteristics, such as belt bending stiffness, rheological properties of the rubber,
and contact forces (CFs). For pipe conveyors, the energy losses due to the indentation
resistance are not well quantified.

Twisting effect

A pipe conveyor belt may twist along its conveyor length (see e.g., Zhang and Steven [270],
Bahke [8], Staples and Metha [218], Day [41], Minkin et al. [157], Lodewijks [141], Imai
[112]). When the belt rotates around its longitudinal axis, the belt overlap moves towards
the bottom of the pipe. The angle of twist can be substantial, e.g., 270◦ during the conveyor
tracking stage before commissioning (see Day [41]). Belt twisting affects the conveyor
operation, as it can cause the collapse of the belt’s pipe shape and spillage of the bulk
material.

Most of the time, the belt twists when the conveyor route curves, but there are other
factors, which can induce this undesirable effect (see Imai [112], [145]). These factors are
known from practical experience, yet the actual reason of the physical phenomenon is still not
well explained. This might be a reason that the practical solutions existed for conveyor belt
alignment are not always effective making that process quite complex and time consuming.
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Design limitations due to bulk material and belt

PBCs have special design limitations due to the bulk material transported (Lodewijks [139],
Kessler [124], Vaka [230], Horak [105]). Pipe conveyors need to be designed, considering
the maximum lump size of the bulk, which should generally be less than 1/3 of the pipe
diameter. The maximum filling degree of the cross section is usually up till 75%. Pipe
conveyors are not suitable for transporting hot bulk materials, as it does not effectively
transmit heat from the inside of belt pipe out to the environment [124].

In general, PBCs can be constructed using standard trough belt conveyor components,
like pulleys, power stations, take-up systems, idlers, suitable for trough conveyors (Horak
[105], CKIT [37]), Though, for the belt design and its bending stiffness, pipe conveyors have
special requirements (see e.g., Imai [112], Lodewijks [139], [141], CKIT [37], Buchanan
[25], Vaka [230], Minkin et al. [157], Zhang and Steven [270], Maton [149, 150], Fletcher
and du Toit [79]).

Utilization of belts designed for the traditional open-trough conveyors is not effective
for the pipe systems [149]. Most of the time, a belt with a specially modified structure is
employed, which rises the capital costs of the belt. In addition, the filling degree limitation
for PBCs leads to the usage of approximate 50% wider belt (Lodewijks [139], Kessler [124])
in order to achieve the same volumetric capacity, compared to the trough belt conveyor with
the same belt speed and 30◦ idler roll installation angle.

For PBCs, the bending stiffness in the lateral direction of belt has to be carefully
controlled, as it is responsible for the correct formation of the enclosed pipe shape with
the overlap. Moreover, it is also involved in the IRR and even influences belt tendency to
twist and buckle. However, despite the significant role of the belt bending stiffness, it was
not well determined and not any recommendations were developed for the industry. This
draws attention to the another important disadvantage of PBCs.

Lack of standards

In contrast to the well-standardized trough belt conveyors (see e.g., DIN 22101 [45], CEMA
[35]), there are no standards which can assist in the pipe conveyor’s design and belting and
guarantee their reliable operation in the field. Most of the time, empirical practical experience
is applied in combination with the standards developed for the conventional trough systems.
The rather recent history of technological development (see Section 1.1) and confidential
know-how of companies active in the business of pipe conveyors nowadays result in a variety
of offered products and their properties. The absence of any official design regulations cannot
guarantee that products with low or questionable quality do not appear in the market. A
rather limited number of companies are considered reliable in their technological expertise
and consequently more frequently preferred over the other manufactures, creating a tendency
to preserve a high price of pipe conveyors and their components.

1.3 Problem statement and aim of research
The previous section explained that pipe conveyors have a number of design advantages and
at certain cases can be regarded as the only solution for the construction, especially when,
for instance, a difficult route geometry and environment protection are required at the same
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time. However, Section 1.2.2 also showed that PBCs have a number of major drawbacks that
can be crucial for their selection. That is why in order to improve performance of this type
of transport system, research needs to be mostly focused on diminishing or eliminating their
major disadvantages. Particularly, attention needs to be paid on decreasing energy losses,
ensuring ability of a belt to form a stable pipe shape, and developing design recommendations
for the system and belting.

Number of studies were carried out focusing on solving these problems. However,
there are several aspects that make existent research studies require further expansion,
improvement or even reconsideration. Some of the existent studies lacking experimental
validation and only introduce analytical and Finite Element Model (FEM) for the solution.
Examples of these kind can be considered research of Wesemeier [238–242], Kulagin [126–
129], Sergeeva [208–210], Dmitriev and Sergeeva [57, 58], Gładysiewicz [91] and others on
CFs and rolling resistance of pipe conveyors.

Moreover, some of the existent analytical models were obtained based on the certain
assumptions and simplifications that can be considered reasonably irrelevant for pipe con-
veyors and need further improvement or reassessment. Particularly, correction is essential for
the analytical methods, determining CFs and/or belt deformations from the belt weight, belt
bending stiffness and bulk material, present in studies of Dmitriev and Efimov [55], Efimov
[61], Sergeeva[210], Dmitriev and Sergeeva [58], Kulagin [126–129], Dmitriev and Kulagin
[56], Bazhanov [12], Gładysiewicz [91],Wesemeier [238–242], Wiedenroth [247]. The IRR,
quantified in studies of Sergeeva [208, 210], Dmitreiv and Sergeeva [58], Bazhanov [12]
also needs to be reconsidered. This happens not only because of the improper determination
of CFs, but also due to employment of the Jonkers rheological model with two-dimensional
indentation profile.

On other hand, some of the studies (Hötte [107], Hötte et al. [108], Wiedenroth
[247], Michalik et al. [156] [48], Molnár et al. [159–166], Molnár and Fedorko [158],
Stehlíková et al. [220], Xiaoxia et al. [252]) were constructed only based on the empirical
experimentation. It is possible to expect that the choice of the test rig design can significantly
affect results of the experiment. Moreover, the unavailability of test samples with all
possible combination of physical parameters together with complex experiment performance
significantly limits the study of a problem behavior. Without an analytical model, they can
provide just an approximate trend for the impact of various physical parameters involved.
Moreover, the choice of the test rig design and the way the experiment is performed might
affect the test results and the conclusions derived.

Ultimately it is possible to state that all the existing studies focused on solving negative
design aspects of a PBC exhibit a number of drawbacks and need further correction and
investigation. Present study takes into account all the omissions and corrects the inappro-
priate assumptions, accepted in previous studies, and performs a PBC design analysis that
can potentially improve conveyor system performance, aiming:

1) to ensure an enclosed geometry of a pipe conveyor cross section;

2) to reduce the IRR as a major source of a PBC energy losses.
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1.4 Research questions
In order to achieved research goals assigned, the following sub-questions should be answered
in the present analysis:

- What are the principal design characteristics of a PBC system and its components?
What is the variation range of each design parameter and its average or more frequently
used value?

- How to quantify the belt’s bending stiffness? Is there any way to use a standard
troughability test ISO 703 for this purpose? If so, is it possible to establish a functional
dependence between the belt troughability, bending stiffness, and all the influencing
design parameters? How each of the design parameter can influence the belt’s bending
stiffness? What are the limitations of using the models that can quantify belt bending
stiffness from its troughability parameter?

- How to determine the pipe conveyor CFs?

- If the CFs are measured from the experimental testing, can the selection of a test
rig design influence the CFs? What test rig configuration is suitable for the present
analysis, aiming to determine PBCCFs andwhy? Do the experimental results obtained
correlate with the ones available in the existing studies?

- Aiming to determine the CFs, is it possible to represent a belt stress state that appears
from folding a belt from a flat shape into a pipe shape as an additional external load,
applied at the stress free belt already in a pipe shape? How to model a bulk material
load for the CFs?

- Which design parameters of a PBC system influence the CFs and what is their effect?
Is it possible to derive a functional dependence between the CFs and participating
PBC design parameters? What is the weakest position of rolls in an idler set that can
exhibit a contact loss? What is the preference for a PBC design selection aiming to
avoid a contact loss and ensure sufficient belt’s pipe-ability?

- How to determine the energy losses of a PBC system from the IRR and how the CFs
influence the IRR friction factor? Does a number of Maxwell parameters selected to
approximate the viscoelastic properties of a belt rubber influence the IRR determined?
How different the IRR of a PBC system compared to the IRR of a conventional trough
belt conveyor? What is the preference for a PBC design selection, aiming to limit its
energy losses from the IRR?

- What are the general conclusions can be drawn from the analysis that can potentially
assist for the development of an effective design of a PBC, satisfying the aim of the
study?

Present study introduces a new synthesis of the analytical and (semi-) numerical models
on the specified problems with the experimental validation on CFs. The CFs indicate the
belt’s ability to form a stable pipe shape whiteout a contact loss and also participate in the
IRR. The IRR is selected for the study since it is regarded as a major source of the energy
losses of PBCs. The analytical models were recognized, adapted, newly developed and
employed in present study, in order to solve assigned research goals.
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1.5 Outline of the thesis
The answers of the sub-questions indicated in previous section are provided in the following
chapters of the thesis. Their content is organized as follows:

• Chapter 2 presents the principal construction of a PBC system, its design character-
istics and the properties of a conveyor belting. The chapter establishes the range of
each design parameter variation, indicating their critical and average values.

• Chapter 3 describes the models that can quantify the bending stiffness of the belt
and its effective modulus of elasticity using the troughability test standard ISO 703.
The chapter presents the review of the standard and identifies which belt’s physical
parameters influences its behavior in bending.
The characteristics of the PBC system and belting described in the Chapter 2 and
Chapter 3 are required for determining the pipe conveyor CFs, performed in Chapters
4-6, and the IRR, reflected in Chapter 7.

• Chapter 4 defines the role of the CFs in a structural behavior of a PBC. The chapter
discusses approaches selected to determine PBC CFs and utilizes the experimental
one to measure the CFs and belt deformations. It also provides an overview of the
existing test rigs and gives an analysis how the test rig design influences the resultant
CFs measured. The chapter selects the most appropriate test rig configuration suitable
for the experimental validation of the analytical model, elaborated in Chapter 5.

• Chapter 5 develops a new analytical model that can determine the CFs for a straight
section of an empty and a loaded PBC. The analytical model investigates which loads
participate in the problem and whether it is possible to use an additional expansion
load from belt bending stiffness to represent the belt’s behavior after its folding from
a flat shape into a pipe shape. In addition, the model incorporates the impact of a bulk
material load on CFs.

• Chapter 6 presents a numerical approach to determine PBC CFs and compares the
results with the experimental and analytical approaches. The chapter provides an
impact analysis for the conveyor design and belting that affects the CFs. It derives
the parametrized functional dependence between the CFs and participating design
parameters, detects the weakest position of a CF in an idler station that can exhibit a
contact loss. In addition, the pipe conveyor CFs, obtained in Chapters 4-6, determine
the concentrated loads on the idler rolls that cause the IRR, studied in Chapter 7.

• Chapter 7 presents an analytical model that determines the energy losses of a PBC
due to the IRR. For the results, the rheological properties of a belt cover rubber
are determined experimentally using a Dynamic Mechanical Analysis (DMA) test.
The chapter analyses how the participating design parameters influence the IRR and
whether the methods and models for determining the IRR used for trough belt convey-
ors are suitable for PBCs. It also compares the energy losses from PBC with trough
belt conveyors.

• Chapter 8 gives conclusions, developed in the Chapters 4-7,that should assist in
improving PBC design, fulfilling the aim of the study.
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The outline of the thesis and the interconnection between the chapter are visualized in
diagram in Figure 1.5.
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Figure 1.5: Outline of the Thesis





Chapter 2

Design Characteristics of Pipe
Belt Conveyors*

"Every object is a demonstration form of infinite variety".
— Kozma Prutkov, literary pseudonym for A. K. Tolstoy and

three A., V., and A. Zhemchuzhnikov brothers

This chapter discusses a principal design of a system and selection of constituent com-
ponents. It provides an overview of the range of the major design characteristics of a PBC
that was not made before. The range of parameters compiles all the properties and the
characteristics needed for the analysis, performed in the following Chapters 3-7, as they are
responsible for the load distribution between the idler rolls (i.e., for CFs), belt’s pipe-ability,
and also they influence on the IRR. In addition, the critical and average (or most frequently
used) values of each design parameter are established.

2.1 Introduction
As stated in Chapter 1, there is no standard that can specify the design selection of a PBC
system and its components. Most of the time, the decision regarding a PBC construction
is made based on practical experience in combination with the standards and techniques
developed specifically for conventional trough belt conveyors (e.g., DIN 22101 [45], 22102
[46, 47], ISO 15236 [170]). That is why some of the design parameters correspond to a
conventional trough belt conveyor system and why some characteristics differ.

For improving a PBC performance, it is important to determine which design charac-
teristics are responsible for the system behavior. The impact of an each design parameter
must be investigated independently as well as in combination with other characteristics.
Consequently, a variation range for each of the characteristics (minimum and maximum)
must be established as well as its average and/or most frequent values in practice.

The major design characteristics of a PBC are inextricably linked to the principal con-
struction of a system and its components, which is elucidated in the following section.

*This chapter is partially based on Zamiralova and Lodewijks [261], [265].

13
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2.2 Principal construction

A principal construction of a PBC system is illustrated in Figure 2.1. It represents a naturally
evolved modified design of the conventional open-trough belt conveyor. The flat belt forms
an open trough, which is loaded with the bulk material. Then the belt is gradually folded
into a pipe shape with the overlap on the top, enclosing the bulk material inside the pipe (see
Figure 2.2). Six-roll hexagon idler stations support the belt in a pipe shape almost along the
whole conveyor length. The idler stations can be designed with a single or double side idler
rolls arrangement (see Figure 2.1 and also discussion in Section 2.6).

Closed pipe 

Intermediate loading point 
at the top strand  

Conventional disposal 

Belt turn over 

Loading of the bottom 
strand 

Loading of the top 
strand 

Disposal of the 
return strand 

Belt turn over 

b)
Idler stations with a) single and 

double side arrangements

a) b) 

Figure 2.1: Principal construction of a PBC (Modified figure from [154])

Before the discharging phase, the belt opens back to its initial flat state. On the return
strand, after passing the driven pulley, the belt can be turned over and folded into a pipe
shape again with the dirty surface inside the pipe (see Figure 2.1). The return strand can also
be used for transporting bulk material simultaneously with the top strand, making the design
revertible. In addition, this conveyor construction allows arranging intermediate points of
loading and discharging of bulk solids.

The principal construction of the system implies a number of various design character-
istics, which can be classified as being related to the overall conveyor system, bulk material,
belt design, idlers and support structures. This chapter is limited only to those characteristics
that are decisive for the study reflected in this thesis.
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Figure 2.2: Folding belt from flat shape into a pipe shape (Image courtesy of Specialty
Welding & Fabricating of New York, Inc.)

2.3 Conveyor characteristics

2.3.1 Capacity

The belt capacity represents how many tons of bulk material can be conveyed by the system
per hour. It is determined as follows [142]:

Qc = 3.6 m′bulk v = 3.6ρ bulkAQv, (2.1)

where m′bulk is the line mass of the bulk material transported per unit of longitudinal length,
v is the belt speed, ρ bulk is the density of the bulk solids, and AQ is the cross-sectional area
of the bulk material on the belt.

Theoretically, following the Eq. 2.1 and considering the maximal threshold for each
of the characteristic involved established in the following sections, the maximum possible
capacity can reach no more than approximately 56 000 tph (for ρ bulk = 3000 kg/m3, v = 8.4
m/s, belt width B = 3200 mm, pipe diameter D = 890 mm, and filling ratio kQ=1). Taking
into account the limiting recommendations for the belt speed and pipe diameter (for D = 890
mm [33]) and the fact that pipe conveyor mostly operates at 75% filling degree, it is more
realistic, to expect the capacity threshold no more than 32 500 tph. In fact, the world record
for the maximum capacity of a belt conveyor system in general belongs to 40 000 tph for the
trough conveyor in bucket wheel excavator [26, 191].

Qc =

selected extremes︷                        ︸︸                        ︷
[0 ... 32 500︸        ︷︷        ︸
existing extremes

... 55 000] tph. (2.2)
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2.3.2 Belt speed
Belt speed not only determines belt capacity but also determines the IRR of PBC. For
open trough belt conveyors, the selection of belt speed is governed by the properties of
bulk material; for fine, dusty materials with high flowability, the transportation speed is
less than for raw, overburdened bulks. As for pipe conveyors, the bulk material is enclosed
and slightly compressed with overlapping pipe-shaped belt, though the speed restrictions
are the same as for the conventional trough conveyors due to the presence of open loading
and discharging section in PBC construction. The practical experience demonstrates that
the pipe diameter and conveyor capacity influence the maximum belt speed, for larger pipe
diameters the maximal allowable belt speed is higher [31, 33]. For example, ContiTech®
[32, 33] provides recommendations for their product specification, stating that, for instance,
the belt speed for PBC with pipe diameter D = 150 mm should not exceed 2.3 m/s and for
diameter 890 mm v ≤ 6.6 m/s.

In general, the belt speed is in the range from 0.42 m/s to 8.4 m/s [3, 142] and has a
standardized values row for the drive unit selection. According to Ramjee and Staples [194],
the maximum belt speed of existing pipe conveyor constitutes 4.19 m/s, and the speed range
practical for industy does not exceed approximately 6 m/s.

The results on IRR in Chapter 7, are obtained by varying the belt speed from 0 m/s to 10
m/s, giving space for advent technological solutions. Attention is paid to the more realistic
range from 0.42 to 6.6 m/s, where the maximum threshold of 6.6 m/s is selected for a pipe
diameter of 890 mm, according to the product recommendations [33]. In this case:

v =

selectedpractical extremes︷                   ︸︸                   ︷
(0...0.42...6.6︸          ︷︷          ︸
existing extremes

...10]m/s. (2.3)

2.3.3 Filling degree
In order to determine a cross-sectional area of the bulk material in the belt for conveyor
capacity, generally, it is assumed that the belt forms a pipe shape with a contour profile close
to a circle, as shown in Figure 2.3. Such an assumption is made in a number of research
studies, mostly on determination of CFs [55, 58, 61, 62, 210, 256, 258, 266] and widely
utilized in practice.

In this case, the area of the bulk solids AQ can be expressed via filling degree kQ of the
cross section and radius of the pipe R:

AQ = kQπR2. (2.4)

The parameter kQ characterizes the filling level with respect to angle θ, according to the
following dependence law:

πkQ = π − 2θ +
1
2
sin4θ + tanλsin22θ, (2.5)

where λ is the dynamic angle of repose of the bulk material. Table 2.1 shows how the
Eq.(2.5) is derived for various angles θ.

The expression (2.5)was initially presented byGushin [89] for deep trough belt conveyors
and later applied to pipe conveyors by Galkin et al. [80]. The graphical illustration of the
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Figure 2.3: Simplified cross section of PBC (Modified figure from Gushin [89]).

dependence between filling degree kQ and angle θ is provided in Figure 2.4 for the wood
chips, coal, and iron ore selected for an example.

It is noteworthy to mention that the geometry of a pipe conveyor belt is the result of the
highly nonlinear process of folding the belt from a flat shape into a pipe shape (see Figure
2.2). In fact, the assumption that the pipe cross-sectional contour is close to a circle does
not take into account the impact of the belt overlap and also ignores the nonlinear structural
deformations of a belt under action of all the distributed loads involved. In practice, the
expression in Eq. (2.5) for the filling ratio kQ, and angle θ requires modification.
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Figure 2.4: Filling degree of the cross section kQ versus angle θ, obtained for wood chips
(assuming λ = 30◦), coal (λ = 15◦) and iron ore (λ = 10◦), selected as an
example.

Based on practical experience, the load ratio of the cross section of a PBC constitutes
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Table 2.1: The derivation of Eq.(2.5) for the dependence of the filling degree kQ and
angle θ.

0 ≤ 2θ ≤
π

2

tanλ =
DE

Rsin2θ
⇒ DE = Rsin 2θ tanλ;

A QCABO = R2(π − 2θ);

A∆BOC =
1
2

R2sin 4θ;

A∆BDC = R2 sin22θ tanλ;

AQ = A QCABO+ A∆BOC+ A∆BDC = kQπR2;

πkQ = π − 2θ +
1
2
sin4θ + tanλsin22θ.

π

2
≤ 2θ ≤ π

BC = 2R sin(π − 2θ) = 2R sin2θ;

DE =
1
2

R2BC tanλ = Rsin2θ tanλ;

A QCABO = R2(π − 2θ);

A∆BOC =
1
2

R2sin2(π−2θ) = −
1
2

R2sin4θ;

A∆BDC = R2sin22θ tanλ;

AQ = A QCABO− A∆BOC+ A∆BDC = kQπR2;

πkQ = π − 2θ +
1
2
sin4θ + tanλsin22θ.

around 50%-60% [139] or even up to 75% [230], which corresponds to a filling degree of
a conveyor kQ ≈ 0...0.75. A larger filling ratio is possible, though, if the loading of a belt
conveyor is uneven, or the lump size of a bulk varies significantly, the large filling degree can
cause the bulk material losses in the charging section of a conveyor system (see overloading
of a pipe conveyor in Figure 2.5). For the study, the results are obtained for the empty pipe
conveyor and also for ¼, ½, and ¾ of the cross section, which correspond to kQ =0.25, 0.5
and also 0.75.

The conveyor capacity depends on the bulk material characteristics (bulk density, dy-
namic angle of repose). Moreover, the lump size of bulk identifies the requirement for a
minimum pipe diameter selection. All these parameters can be classified as characteristics
related to the bulk material properties.
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Figure 2.5: Overloaded pipe conveyor in Kailin, Guizhou Province, China (Image courtesey
Dr. Robin Steven).

2.4 Bulk material characteristics
Bulk materials exhibit different properties and characteristics, which are used as a basis for
their classification (e.g., consult with DIN-ISO 3435 [51], CEMA 550 [36], FEM 2581 [69],
FEM 2582 [70]). The present research is limited only to those parameters that are decisive
for the study.

2.4.1 Bulk density
Bulk density ρ bulk represents the weight of material per unit volume of bulk. In order to
establish a variation range of bulk density, the present study focuses on ρ bulk ≈ 200 kg/m3

for the minimum, which is inherent to the wood chips bulk material with size 0-20 mm.
This density is obtained from physical tests carried out by Wu [251]. This bulk material is
selected for the lightest representativematerial because the biomass is becoming increasingly
popular in the bulk handling industry nowadays, and pipe conveyors can be used for biomass
transportation (e.g., see [231]). For the heavy bulk material representation, iron ore is
selected with a bulk density of ρ bulk ≈ 2500...3000 kg/m3 [3]. As for the average, the coal
with a bulk density of ρ bulk ≈ 850 kg/m3 [34, 190] is selected as the current most popular
and frequently transported material in industry.

ρbulk = [200; 850; 2500...3000] kg/m3. (2.6)

2.4.2 Angle of repose
The angle of repose is determined as an angle from the horizontal plane to a free surface of
a piled bulk material subjected to critical stresses (see Schulze[205], Yokoyama [254]).

In Figure 2.3, the angle λ is a dynamic angle of repose or also named angle of surcharge
of the transported bulk material. It is less than the static angle of repose λ0 due to the action
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of the dynamic loads and vibrations during transportation. The dynamic angle of repose can
be determined from the static angle of repose.

Colijn [30] suggests the empirical dependence between the angle of surcharge λ and the
static angle of repose λ0. The dependence has been obtained based on the fieldmeasurements
and is governed by the troughing angle of the idlers installation βidl. It equals:

λ ≈ 1.1λ0 − (0.1βidl + 18◦). (2.7)

Aleksandrov [1], Galkin et al. [80], and Gushin [88, 89] state that the dynamic angle of
repose constitutes approximately 35% of the static angle of repose:

λ ≈ 0.35λ0. (2.8)

CEMA [35] recommends determining an angle of surcharge as 5 to 15 degrees less than the
static angle of repose:

λ ≈ λ0 − (5 ÷ 15)◦. (2.9)

The value of the angle of repose is determined experimentally. Though, the selection of
the experimental method influences the angle of repose measured. This makes the angle of
repose to be not intrinsic property of a bulk.

For the bulk materials selected in the present study, the dynamic angles of repose are
determined according to CEMA recommendations for Eq. 2.9 from the experimental data
on the static angle of repose. They constitute the following values: for wood chips λ = 30◦
based on the experimental results of Wu [251], for coal λ = 15◦, and for iron ore λ = 10◦
based on data [3, 34, 59, 190].

2.4.3 Effective angle of internal friction
The effective angle of internal friction ϕe identifies friction that appears when bulk material
slips on its own surface. This angle represents the ratio between the minor principal stress
and the major principal stress in the steady-state flow [153, 205]. The effective angle of
internal friction is required in the present study in order to characterize loads on a belt when
the bulk material is in its active and passive stress states, while the conveyor is in motion.
This bulk stress phenomenon and its impact on pipe conveyor CFs and belt deformations is
revealed in Chapters 5-6.

The effective angle of internal friction is determined experimentally for particular bulk
solids using Jenike shear tester.

Regarding the bulk materials selected for the study, the effective angle of internal friction
of wood chips biomass (0-20 mm) is assumed to be ϕe = 53◦, following the experimental
results obtained by Wu [251]. In the case of coal, the angle ϕe = 46◦ is taken from the
experimental results of Moore [167] for air dried coal with a particle size of 4 mm. As for
the iron ore, the internal friction angle is selected at ϕe = 40◦ based on the data from Look
[147].

2.5 Belt characteristics
Belt characteristics are very important parameters for this research, as they are responsible
for all three aspects the present study is aiming to address. Particularly, they are involved
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in the load distribution between the idler rolls and, as a result, in the belt’s ability to form
a stable pipe shape without contact loss with idler rolls (pipe-ability) and IRR as well as
and in the twisting phenomenon. The belt characteristics are inextricably linked to the belt
layout design and the constituent materials selected.

2.5.1 Materials and design

Carcass

In general, a pipe conveyor belt design implies a reinforcing carcass embedded via vulcan-
ization in covering the top, bottom, and edge layers of rubber. The carcass serves to provide
certain important properties of the belt that are required for normal operation. These crucial
parameters include tensile strength that identifies the belt’s ability to resist tension loads
and bending stiffness that provides the correct formation of the enclosed pipe shape and the
belt’s sufficient flexibility at curves of the route.

Usually for the carcass, textile fabric layers of cotton, polyester-polyamide (EP) and/or
steel cords (ST) or aramid fabric or cables (D) are used. The typical layouts of fabric and steel
cord belts are illustrated in Figures 2.6 and 2.7. The carcass of a fabric belt can be mono- or

Top cover,
optimized for bulk material 

Carcass 
fabric plies

Bottom cover
optimized against abrasion and 
wearing

Skim rubber 
between the fabric plies

Figure 2.6: Typical structural design of multi-ply fabric conveyor belt

multi-ply. The fabric yarns in the warp direction must provide sufficient longitudinal tensile
strength; whereas in the weft direction, they must provide the necessary lateral bending
stiffness. Lodewijks [137] described three types of fabric carcass, classifying them based
on the weave pattern as cord fabric, straight wrap, and solid woven fabric.

For long and heavy duty conveyors, it is more common to use steel cord belts, as they
exhibit small elongation and are more suitable when higher tensile strength is required
(starting from 1000 N/mm [3, 170]). Although for additional reinforcement and bending
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Figure 2.7: Example of a structural design of a steel cord belt with fabric reinforcement
(Image courtesy of ContiTech Conveyor Belt Group, Continental AG).

stiffness, the steel cord belts can be designed in combination with extra fabric layers (see
Figure 2.7).

The selection of a conveyor belt design is governed by the preference towards lower belt
weight and consequently a smaller thickness when sufficient tensile and bending stiffness are
provided. This principle ensures less load distribution on the idler rolls and consequently
lower energy consumption of a PBC system that leads to a decrease of the capital costs of a
belt and overall system components.

With recent technological development, the aramid-based carcasses are becoming more
suitable for this case. The Twaron® fibre material of Teijin Aramid [143, 144, 223, 224] can
be considered an example of this kind. In general, aramid material comprises the aromatic
polyamide chains. It exhibits a higher tensile strength and flexibility [143], and, according
to Arts [5], it is also five times lighter than steel. Moreover, the belts with an aramid-based
carcass are thinner than the ST belts, as aramid cords/yarns are thinner and are embedded
closer to each other than the steel cords. It is noteworthy to mention that, besides the few
case studies (e.g., see Arts [5] and also mentioned in [224]), there has not been an ultimate
scientific comparison specifically for PBC performance, when an EP or ST belt is replaced
with a thinner, lighter and/or stiffer belt prototype with an aramid carcass.

Belt layout

Normally, for the conventional trough belt conveyors, the carcass structure is uniform along
the belt width and is embedded in the rubber at a small distance from the belt rubber edges.
This standard design of trough conveyor belts is not usually used for PBC systems [149].
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Figure 2.8: Design examples of a pipe conveyor steel cord and fabric belt. (Image courtesy
of ContiTech Conveyor Belt Group, Continental AG).

The carcass of pipe conveyor belts is not uniformly designed along the width. For better
maintenance of a pipe shape, the layout stipulates discrete change in the reinforcing material,
arrangement of fabric layers and/or more/less frequent cord embodiment in the central part
of the belt width compared to the periphery (see Figure 2.8). Discrete changes in structure
imply corresponding change in the bending stiffness and line mass of the belt along the belt
width, in order to provide the correct pipe shape formation.

In order to achieve a successful pipe shape formation, various patents have been devel-
oped specifically on pipe conveyor belt construction, e.g. [65, 101, 130, 193, 221, 222].
Some of the design examples are provided in Figure 2.9. In general, the belt layout is
developed based on the principle of the discrete variation of belt properties along the width
(i.a. lateral rigidity, elongation and line mass) by applying this either independently or in
combination the following techniques:

1. Division of belt width into two or more zones with respect to the central mid-
span. Lodewijks [139], Fletcher and du Toit [79] stated that the stable pipe shape and
well-sealed overlap require that the belt zone close to the edges must be less stiff than the
zone in the central part. This can be achieved with more frequent embodiment of cords
or stiffer reinforcements in the belt’s central zone (see Figures 2.9a, b for examples of this
kind). In order to keep the overlap steadily enclosed, some of the belt designs at the edges
acquire additional sub-zones with higher stiffness and also increased line mass, as illustrated
in Figure 2.9e-g, m. In contrast, some of the designs imply higher bending stiffness only at
the lateral idler rolls (see Figure 2.9k and l).

The alternative approach to design a pipe conveyor belt is introduced in a recent patent
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[193]. It is in contrast to previously described belt constructions, suggesting that the central
part of the belt as well as the parts where the belt must touch the lateral bottom idler rolls
should be produced with lower bending stiffness (Figure 2.9i). Simultaneously, between the
more flexible zones, the carcass exhibits excessive stiffness using more frequent embodiment
of cords. This construction should ensure that the belt better conforms to the idler rolls and
has a self-centering effect.

2. Asymmetry of the belt carcass due to the overlap. The examples of such designs
are illustrated in Figure 2.9c, d, h, and j. Most of the time, the belt edge towards the inward
coil is less flexible than the external overlapping edge. The difference in bending stiffness
at the edges is realized due to the special position arrangement of the reinforcing layers not
only along the belt width but also along the thickness. For example, by extending fabric
layers in the corresponding belt edges and placing the reinforcement further or closer to the
carrying side of the belt, shown in Figure 2.9j, allows the attainment of a higher bending
rigidity for the right edge of the belt for the inward coil than for the left edge for the external
coil overlap.

3. Utilisation of different materials for the zones with different bending stiffness.
Some of the belt designs suggest using different reinforcing materials along the belt width,
as in [10, 222] (see Figure 2.9k) or even different rubbers, as proposed by Sumino and Fujita
[222] (Figure 2.9l). As an example of such a technique, Barburski[10] proposed a pipe
conveyor belt design where the belt zones comprise the same fabric reinforcing yarns but
with different weave patterns. It is noteworthy to emphasize that use of different materials
along the belt width can cause differences in the tensile elongation of corresponding belt
zones, which can generate an uneven tension distribution along the contour of the pipe.
This might be a reason for the undesirable twisting effect, when the belt rotates along its
longitudinal axis, as proposed by Efimov [61] and Dmitriev and Efimov [55] or in contrast,
the self-centering effect, as claimed by Raaz in patent [193].

As observed, the recommendations on the effective design of a pipe conveyor belt
have different and to a certain extent even contradicting requirements (e.g., the condition of
increased bending stiffness in the central part of a belt, as in [65, 79, 91, 130, 139, 221], which
is in contrast to the suggestions of [193, 222]. Moreover, until now, no scientific research has
been carried out that can actually determine, which parts of a belt need additional stiffness as
they undergo higher deformations and cause contact loss with the idler roll and which parts
of belt must be more flexible in order to form a pipe shape and overlap effectively. In this
case, it is important to analyze the pipe-ability of a conveyor belt with uniform belt structure
and, based on these results, to develop recommendations for a more efficient design with a
non-uniform structure. Based on this approach, the analysis of a pipe conveyor belt with
uniform belt structure is performed in Chapters 5-6 of this study.
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Figure 2.9: Examples of pipe conveyor belt designs. Modified from: a - Lodewijks [139, 142], Hinkelman et al. [101]; b - Lodewijks [139, 142],
CKIT [37]; c, d - Kusel et al. [130]; e-g - Steven et al. [221]; h – Enshu [65]; i - Raaz [193]; j - Gładysiewicz [91]; k-m - Sumino
and Fujita [222].
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Belt covers

The thickness of the top and bottom covers are assigned individually. Most of the time, the
top cover is thicker than the bottom one. Normally, cover rubber consists of approximately
40% styrene-butadiene-rubber (SBR) and 60% natural rubber (NR) [143]. However, the
selection of constituent rubber materials can vary and depends on the operation mode and
bulk handling requirements.

The selection of carrying side top cover is mostly governed by bulk handling considera-
tion, which takes into account properties of the transporting material, its impact on the belt,
abrasion and type (e.g. food, oil and grease, chemical or contaminated bulk products). Op-
erational conditions encompass cold, heat, antistatic and fire resistance cover requirements
[21, 190]. The last two are very important for underground coal mining. The mentioned
recommendations categorize conveyor belt covers according to various standards (e.g. ISO
10247 [113], DIN 22102-1 [46], DIN 22100-1 [44], NEN-EN-ISO 15236 [170], etc.) by
marking special code-letter in the belt nomenclature. The summarized information about
cover requirements and belt marking can be found in source [190] (see Tables 2.2 and 2.3),
whereas explicit descriptions for the flame-resistant and antistatic requirements are available
in the publication of Brouwers [21]. Selected depths of belt covers are always assigned from
a feasible range, compared to the carcass thickness.

Table 2.2: Type categories of the covers for conveyor belts [190].

Cover type letter as per
Minimum Minimum Maximum

DIN 22131 ISO tensile strength, elongation at break, abrasion
DIN 22131 10247 N/mm2 % mm3

W (D) 18 (18) 400 (400) 90 (100)
X (H) 25(24) 450 (450) 90(100)
Y 20 400 150
Z (L) 15 (15) 350 (350) 250 (200)
K 20 400 200

For special cases, when the beltmust operate at dramatically steep inclinations (30°∼50°),
as claimed in [64], the belt carrying side can be designed with rib profiles on the top cover
surface in order to increase the adherence between the belt and bulk material and avoid
downhill slipping of the bulk.

The selection of the bottom cover and materials is governed by the principle of mini-
mizing the rolling resistance of the belt. The conveyor belt manufacturers apply low rolling
resistance (LRR) technology, as discussed by Zhang [269]. The technology aims to se-
lect the combination of constituent cover rubber compounds that result in the reduction of
rubber hysteresis and energy loss. For instance, Lodewijks and Pang [144] and Lodewijks
[143] draw attention to a special aramid product from the Teijin company named Sulfron®
[223, 224] that is added to the belt rubber. The researchers [143, 144] found that, on con-
ventional trough belt conveyors, the application of the aramid carcass that reduces the belt
weight in combination with the LRR rubber with Sulfron® aramid additive can substantially
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Table 2.3: Categories of the covers for conveyor belts for special properties [190].

Special properties Code letter

With antistatic covers E
With antistatic covers and flame-resistant with covers K
Flame resistant with andwithout covers andwith antistatic covers S
Heat resistant T
Cold resistant R
Oil and grease resistant G
For foodstuffs A
For chemical products C
Safety specifications with regard to fire-engineering properties
for surface use

vt

Safety specifications with regard to fire engineering, hygiene and
electrical properties for underground use in German coal mining

V

diminish energy losses of a conveyor belt system.
However for PBCs, there is a lack of research that can quantify the energy consumption

of a pipe conveyor system and that has investigated the influence of both technologies (LRR
and aramid carcass selection) in combination. There are only case studies available on
the use of technological solutions, either LRR products in constituent cover rubber (Zhang
[269]) or application of an aramid carcass instead of an ST belt (Arts [5]) with respect to
standard pipe conveyor belts. Moreover, the mentioned researchers reported results in terms
of energy consumption or demanded torque from the drive control measured for particular
installations and did not provide any dependence law between the friction factor and the
input belt characteristics.

2.5.2 Belt geometry

Selection of constituent belt materials and the layout design influences belt geometry and its
weight. Belt geometry is inextricably linked to the belt weight and have a significant impact
on the belt’s behavior. It identifies the mechanical response of the belt structure to all loads
involved in the problem.

In present study, belt geometry implies the overall belt width B, belt’s thickness h, and
their ratio B/h that is also named as slenderness of the structure. Even though this ratio is
not considered in practice as a design parameter for belt conveyors, the research study in the
following chapters shows that the slenderness ratio B/h is an independent parameter that
describes transverse structural behavior and is needed in order to represent a dimensionless
dependence for belt’s bending stiffness (Chapter 3), CFs (Chapters 5-6), and IRR (Chapter
7) with respect to other PBC input parameters.

In general, the variation range for B/h is difficult to establish even for the trough conveyor
belts since the choice of the thickness and consequently the line mass are governed by many
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design factors, as indicated in Section 2.5.1. Moreover, as stated in Chapter 1, the pipe
conveyor belt manufacturers lack standards developed specifically for PBCs. Most of the
time, they apply norms developed for conventional trough conveyors in combination with
practical experience, as PBC represents a naturally evolved design of the trough belt conveyor.

That is why in order to define critical limitations for belt geometry inherent to pipe
conveyor belts, it is important to analyze norms, standards, and recommendations assigned
for the conventional trough conveyor belts for belt geometry and line mass and to systematize
the available data from catalogs and product specifications available for both pipe and trough
conveyor belts from various companies.

According to information in different standards DIN 22121 [48], DIN 22129 [49], NEN-
EN-ISO 15236 [170], GOST 2085 [84], and other sources, e.g., [3, 29, 34, 59, 190], the
minimum standard belt width of conventional open-trough conveyor belt equals 300 mm,
whereas for the PBCs its value is assumed equal to 500 mm [154]. As for the maximum
width for both types of conveyor belts, it constitutes 3200 mm [33, 182]. Taking into account
the allowable production tolerance of ±15 mm, specified in NEN-EN-ISO 15236 [170] for
B = 3200 mm, the possible maximum belt width can reach 3215 mm value.

Regarding to the minimum critical value for the overall belt thickness, there is no any
data available for pipe conveyor belts. That is why the minimum possible thickness for the
trough conveyor belt equivalent to 5 mm (e.g. belt EP 200/2 2/1 [59]) is accepted. The
maximum possible conveyor belt thickness of 45 mm was reported in [26, 191] for the
trough conveyor world record. For pipe conveyors, Neumann and Minkin [182] describe a
belt (Conti® MegaPipe 3000 ST 7400 11F/11SS DIN-X) with overall thickness of 35 mm,
which becomes the maximal value from data available in catalogs and product specifications.
It is noteworthy tomention though that this valuemight be not the greatest possible in existing
PBCs operating installations.

Ultimately, for extreme values of B/h, attention needs to be paid to very wide and thin
that constitutes the maximal value of B/h, and also very narrow and thick conveyor belts that
yields the minimal value for B/h. Taking into account the extremes established for width
and thickness, the ratios for the minimum B/h = 300/45 = 6.67 for trough conveyor belts,
and B/h = 500/35 = 14.29 for pipe conveyor belts. As for the maximum threshold, the
geometrical slenderness of belt structure becomes B/h = 3215/5 = 643.

However, realistically, conveyor belts with these combinations of belt width to thickness
B/h do not exist. Approximate existing extremes are selected for the minimum - B/h ≈ 30
(e.g., belt 800 ST 2500 10/2 according to standard NEN-EN-ISO 15236 [170] and product
specification [190]) and for the maximum - B/h ≈ 300 (selected belt 3000 EP 630/3 5/2
for product, specified in [31]). These values are chosen based on the data for conventional
trough conveyor belts, since there is no information was specified for PBCs.

The difference between the realistic and non-existent geometrical extremes for B/h,
makes it apparent that belt thickness (and also line mass) are implicitly regulated according
to the conveyor belt width. The regulation appears via belt’s minimum breaking strength that
ensures belt’s ability safely to resist longitudinal tensile forces. Belt’s minimum breaking
strength defines the type (steel cord ST or fabric EP) and also thickness of belt’s carcass,
which affects the overall belt’s thickness h. At the same time, there are recommendations
given in standard NEN-EN-ISO 15236 [170] and also in [3, 29], that assign belt width with
respect to belt’s minimum breaking strength and carcass type. In general, the high breaking
strength needed for installations with high capacity and high belt’s tensions stipulates wide
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and thick belt at the same time.

After minimum and maximum geometrical and line mass extremes inherent to conveyor
belts are acknowledged, it is also important to obtain research results for belt with a normal
or standard combination of parameter set. This is quite challenging problem not only due to
the limited data for pipe conveyor belts, but also due to the fact that the information about
most frequently appearing combination of m′belt and B/h for pipe conveyor belts is rather
ambiguous to establish.

For this purpose, the analysis of data inherent to trough conveyor belts was carried out
following special procedure. According to the recommendations of NEN-EN-ISO 15236
[170], as well as [3, 29], for each belt rating category and for each carcass type (EP and
ST), all possible values of belt widths were recognized. Based on available data in product
specifications [59, 190], for every size-step in belt width allowable in a given strength
category and carcass type, overall belt thickness and line mass were assigned for X and Y
cover grades. Collected data for all possible combinations of parameter sets was averaged
to a “normal” value of geometrical ratio and line mass (see Section 2.5.3 were determined.
The belt slenderness approximately amounted B/h ≈ 86. It is important to emphasize that
this value has mostly qualitative significance for the problem, as it does not reflect the most
popular parameters set for physical conveyor installations, but generally showsmore frequent
belt design, appearing in standard recommendations, given in NEN-EN-ISO 15236 [170]
and tables [3, 29].

Therefore, in order to investigate how belt geometry influences belt’s pipe-ability and
load distribution between the idler rolls, the research analysis has to be performed for average
B/h ≈ 86, the minimum and maximum existent B/h ≈ 30 and 300, and giving space for
advent technological development - B/h ≈ 14.28 and 643. In addition, the minimum
threshold is enlarged starting from B/h ≈ 6.67 in order to make apparent the dependence
curves for the results on bending stiffness and CFs, provided in Chapters 3-4. Schematically,
the range can be expressed as follows:

B/h =

selected extremes︷                                                      ︸︸                                                      ︷
[(6.67) 14.28 ... 30 ... 86︸︷︷︸

average

... 300

︸                 ︷︷                 ︸
existing extremes

... 643] . (2.10)

These values are realized by varying belt’s thickness for fixed values of belt width as
follows: a) B = 300 mm only for B/h ≈ 6.67; b) B = 500 mm for 6.67 < B/h ≤ 86 ; c)
B = 3215 mm for 86 ≤ B/h ≤ 643.

Alles et al. [3] provided rough empiric geometrical recommendations for conventional
trough conveyor belts with a fabric carcass, indicating that adequate behavior and trougha-
bility are achievable for belts with a ratio B/h ≤ 125. For pipe conveyors, there is no
research determining how the slenderness of a pipe conveyor belt influences its pipe-ability
and what the recommendations are for the successful design development with respect to
other characteristics of a PBC system. The following Chapters 3-4 of this thesis are devoted
to these questions.
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2.5.3 Line mass
Belt weight depends on the belt geometry and is represented by the line mass of a belt per
unit longitudinal length, denoted as m′belt. For the uniform belt structure without molded
edges, it can be evaluated based on the following formula:

m′belt = B
(
ρrub(htop + hbot) + ρcarchcarc

)
, (2.11)

where ρrub (≈ 1100 kg/m3), htop, hbot are the density and the thicknesses of the top and
bottom belt rubber covers, respectively, and ρcarc, hcarc are the density and thickness of the
carcass, respectively.

In general, the variation range of a belt mass is more convenient to represent via the area
related (B × l) distributed weight m′′belt. The range is established similarly as for the belt
geometry by analyzing different standards DIN 22121 [48], DIN 22129 [49], NEN-EN-ISO
15236 [170], GOST 2085 [84], and other sources.

For the possible conveyor belt mass limitations, it is reasonable to use approximate
minimum belt’s line mass m′′belt equals to area related 10 kg/m2 (for belt EP 400/3 4/2 X
according to specifications [190]) and for heavy belts - around area related 86 kg/m2 (for
belt ST 8500 14T/12T V [190]).

As for the average value, the similar procedure, as applied for finding the average
belt slenderness is used. After assigning the belt line mass for every size-step in product
specifications [59, 190] and following the recommendations of NEN-EN-ISO 15236 [170],
and also [3, 29], the data collected is normalized, and the average belt mass constituted
m′′belt ≈ 27 area related kg/m2)

In this case, the geometrical variation range of a belt distributed mass belongs to the
following numerical interval:

m′′belt = [10...27...86] kg/m2. (2.12)

In present study, there is a need in the belt’s line mass qbw transversely distributed along
the belt width B. It can be expressed via the area related distributed weight of a pipe conveyor
belt m′′belt as follows:

q bw = m′′belt gl, (2.13)

where l is longitudinal length of the belt section considered. In general for the pipe conveyor
belts in plane strain state, it equals to conveyor pitch l = lc = lr, where lc is a carry spacing in
the carrying strand of a conveyor, and lr is a carry spacing in the return strand of a conveyor.

In case of the belt samples, required in Chapter 3 for quantifying a conveyor belt lateral
bending stiffness from the troughability test, and for experimental determination of CFs in
Chapter 4 within the six point pipe belt stiffness device, the longitudinal sample’s dimension
should be equal to b ≈ (150± 2)mm. In this case, the longitudinal length for the distributed
line mass in Eq. 2.13 equals l = b ≈ (150 ± 2)mm

2.5.4 Nominal pipe diameter
Standardized recommendations have not yet been developed for the pipe diameter with
respect to the belt width required for the correct belt behavior in the PBC system.
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The only practical recommendation for pipe diameter selection is that it needs to be
verified with the lump size of the transported bulk material. Generally, the maximum lump
size should be less than 1/3 of the nominal pipe diameter [106, 139, 230]. Considering the
length of the belt’s overlap, it needs to be in a feasible range, as too small of an overlap
cannot ensure the enclosed transportation of material in between the idler stations. At the
same time, the overlap of the belt should not be too large, as it substantially increases the
friction between the belt edges.

A number of researchers have provided different information on how to select a pipe
diameter D with respect to tbelt width B. For example, Barburski [10] and Gładysiewicz
[91] recommend assuming that the length of overlap equals half of the belt’s pipe diameter,
i. e.,:

B =
(
π +

1
2

)
D ≈ 3.64D. (2.14)

Similar recommendations were provided by Zaimiei et al.[255], slightly extending the vari-
ation range:

B =
(
π +

(
1
2
...
1
3

))
D ≈ (3.47...3.64)D. (2.15)

Enshu [65] described the belt design, in which an overlap length must equal about 1/7 of the
belt width, which means approximately:

B ≈
7π
6
≈ 3.66D. (2.16)

Alternatively, the available data from catalogs and specification brochures provided by
various companies are analyzed. Table 2.4 was developed based on built projects or product
specification data from [18, 32, 33, 83, 154, 182, 226], selected as examples. The data are
relevant for nominal pipe diameters Dnom, i.e., the external diameter of pipe, which identifies
the hexagon dimension of idlers.

The analysis of Table 2.4 indicates that, for the same belt width, different manufacturers
can produce conveyors with different nominal pipe diameters. Consequently, the selection
of the pipe diameter must be made for the particular cases. It is governed by economic
considerations by minimizing the capital investment in an installation, if a stable enclosed
pipe shape has been ensured during operation.

For the present study, the range of variation of the ratio B/D is assumed to be equal to
the following the magnitude:

B = (3.47...4.17)D. (2.17)

Zhang [269] called attention to the dependency between the pipe diameter and belt
stiffness. He noticed that a high belt transverse stiffness is required in order to sustain bigger
pipe diameters, whereas conveyors with small pipe diameters can operate with less flexural
rigidity. This general trend is drawn based on practical experience and requires further
research. The research study provided in this thesis (Chapters 5-6) considers the impact of
the pipe diameter as a structural curvature on the ability of the belt to form a stable enclosed
pipe shape.
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Table 2.4: Belt width versus pipe diameter based on product specification, catlaouges and
other sources [18, 32, 33, 83, 154, 182, 226].

Belt width Nominal pipe Belt width Nominal pipe
B, diameter Dnom, B/Dnom B, diameter Dnom, B/Dnom
mm mm mm mm
500 120 4.17 1800 450 4.00
600 150 4.00 475 3.79
750 190 3.95 1900 500 3.80
780 200 3.90 2000 4.00
800 4.00 530 3.77
900 235 3.83 2200 4.15
1000 250 4.00 585 3.76
1050 275 3.82 2400 600 4.00
1100 300 3.67 640 3.75

1200 4.00 2600 690 3.77
315 3.81

2800

4.06
1300

350
3.71 700 4.00

1350 3.86 745 3.76

1400 4.00 780 3.56
370 3.78 3000 800 3.75

1600 400 4.00 830 3.61
420 3.81 3200 890 3.60

2.5.5 Effective modulus of elasticity
As it will be closely discussed in Chapter 3, a conveyor belt exhibits nonlinear elastic
response to the applied loads. Though, for the small strain range, it is possible to assume
linear elastic behavior of a belt structure with constant Young’s modulus in belt’s transverse
direction. Such assumption is made in the following Chapter 3 for quantifying a conveyor
belt bending stiffness and also for determining pipe conveyor CFs in Chapters 5-6.

In order to perform an impact analysis, the range of the elastic modulus has to be estab-
lished. For this purpose, various studies that assume orthotropic mechanical behavior of a
conveyor belt are considered. Wheeler [246] suggests following approximated recommen-
dations established by Harrison [93] for steel cord conveyor belts. These recommendations
typically imply that the bending modulus of elasticity for a belt in its longitudinal direction
is in the order of 40 MPa and in the lateral direction, around 20 MPa. Kulagin [128], for
modeling a pipe conveyor belt in ANSYS with FEM, recommended use of an approximate
transverse Young’s modulus as 30% of the longitudinal modulus of elasticity. He also pre-
sented studies on FE model behavior, varying transverse bending moduli from 30 MPa to
300 MPa. Efimov [62], Dmitriev and Efimov [55] accepted the values of 50 MPa and 500
MPa for lateral and longitudinal Young’s moduli, respectively. Demitriev and Sergeeva [58],
as a hypothetical example, used values of 120 MPa and 300 MPa, whereas Wesemeier [242]
assumed 300 and 950 MPa for moduli in the longitudinal and lateral directions, respectively.
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Figure 2.10: Triangular gantry (Image courtesy of CKit Engineering (Pty) Ltd. [29]).

In the present study, the moduli of elasticity in the belt’s lateral direction are accepted as
varying from 1 MPa to 950 MPa. Nevertheless, as it will be shown in Chapter 3 for impact
analysis of the results on bending stiffness and in Chapters 5-6 on CFs, the variation range
from 1 MPa to 120 MPa is already sufficient for a clear understanding of the dependence
trend of the results.

2.6 Idlers and support structures

2.6.1 Design

Structural supports and construction of idler stations for PBCs have different designs. They
can be classified following the recommendations of Staples [217] as: a) box structure
supports; b) a reverted U-shaped structure [105] or also named “dog house” [217] (Figure
2.12), c) a triangular gantry (Figure 2.10 [194, 217], d) structures with light weight idler
units, described by Ramjee and Staples [194]; e) different variations of the mentioned and
f) special design types.

In addition, as elucidated in Section 2.2, the PBC design stipulates the presence of special
idlers in transition zones, where the belt is formed into a pipe shape or is opened back a
flat shape. It also requires special idlers and structural components, if the construction has
intermediate loading points and belt turnover. In order to avoid an undesirable twisting effect
of the belt, special training idlers can be used.

In general, the rolls can be mounted at the idler stations along the whole length of the
conveyor, either at one side with a small gap between the rolls (see Figure 2.11) or with
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Figure 2.11: "Dog house" support structure with double side idler roll arrangement that
prevents belt interference between rolls (Figure on the left shows the Sincor
pipe conveyor installation in Venezuela for coal and sulfur transport. Image
courtesy of Tenova TAKRAF GmbH and ContiTech Conveyor Belt Group,
Continental AG.

Figure 2.12: One side idler roll arrangement. If the gap between rolls is large, it can cause
the belt to be pinched in between the idler rolls. (Figure on the left shows
the installation in Elektrárna Melnik Power Plant, Check Republic. Image
courtesy of FLSmidth Wadgassen GmbH).

three rolls at one side and three at another side of the idler panel/unit (see Figure 2.12).
The arrangement of rolls on one side is less preferred, as if the gap between the rolls is
rather significant, the belt edge can be pinched in the gap and be significantly damaged.
The double side arrangement of rolls avoids this problem since the rolls selected have an
extended length, providing an offset at the cross-sectional plane (Figure 2.12). In this case,
the rolls even for the conventional trough belt conveyors can be used. However, as mentioned
by Horak [105], this can increase the metal consumption of the system and the installation
capital costs. That is why some companies design idlers with double side roll arrangements,
using five short rolls and one top roll with an extended length at the position where the belt
has an overlap.
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2.6.2 Length and diameter of idler rolls
For the present study, two idler rolls characteristics are of particular interest: the length of
the rolls, which can influence the CFs and contact length between the belt and the idler rolls,
and the roll radius, which together with CFs affects the energy losses of a pipe conveyor
due to IRR. Both of these characteristics are regulated by the pipe diameter and conveyor
capacity.

In general, the length of idler rolls for a PBC is smaller than for traditional trough belt
conveyors. It can be selected with respect to the idler roll arrangement at the panel, as
discussed in the previous section.

The research carried out in Chapters 5-6 determines the CFs and pipe-ability using varied
lengths of idler rolls in order to achieve agreement between analytical, experimental, and
numerical solutions. However, in practice, the effective length of idler rolls broll of PBCs is
usually no less than the side length of the regular hexagon circumscribed about the nominal
pipe diameter:

lroll ≥

√
3
3

Dnom. (2.18)

As for the idler roll radii required for quantifying IRR in the present study, they are
selected based on the pipe diameter, belt speed, and loading conditions. Analysis of various
catalogs, product specifications and other sources provided specifically for PBCs [194, 201,
230] shows that the roll diameter Droll belongs approximately in the following range:

Droll = [0.063...0.194] m, (2.19)

which coincides with the data for the trough belt conveyors [3, 190]. This range is more
relevant for the critical minimum and maximum diameters, whereas the typical values equal
about 0.08 m to 0.15 m (see Ramjee and Staples [194]).

2.6.3 Conveyor pitch
Conveyor pitch or idler spacing identifies the distance between the idler stations along the
conveyor length. Pitch influences the load distribution between the idlers, IRR, and ability
of the belt to form the desired pipe shape. The pipe conveyor belt, formed into a pipe has
higher rigidity than a trough conveyor belt, as a result, the PBC can have a longer pitch
without a large sag in the belt [181, 230].

The length of the carry spacing depends on the pipe diameter, loading conditions and
size of the conveyor system [79, 146, 194, 230]. At the empty return strand, the carry spacing
can have the same or increased length as for a loaded strand, and, as suggested by Loeffler
[146], some of the idlers at the empty strand do not have to have all six rolls set for every
station. The conveyor pitch may vary along the route. Vaka [230] clarified that usually the
idlers are installed more frequently at the conveyor route curves.

In this thesis, the conveyor pitches at the loaded and empty return strands are denoted as
lc and lr, respectively. Ramjee and Staples [194] reported that lc and lr can vary from 0.5
m to 2 m. Fletcher and de Toit [79] stated that, for maximal critical values (low load and
high belt stiffness), the idler spacing can reach 3.5 m. As for the hypothetical average case
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or most frequently selected length of the pitch, lc = lr = 1 m is accepted, therefore:

lc = lr = [0.5...1...3.5] m. (2.20)

2.7 Conclusions
This chapter introduces major PBC design characteristics that are related to the overall
conveyor system, bulk material, belt design, idlers, and support structures. The variation
range of each design parameter is established using the minimal and maximal critical values.
In addition, the present chapter determines the average or more frequently used values for
some of the most important design parameters.

Using these parameters as a basis, it becomes possible to determine the pipe conveyor
belt’s lateral bending stiffness (Chapter 3), pipe conveyor CFs (Chapters5-6), ability of a belt
to form stable pipe shape (Chapter 6), and the IRR (Chapter 7), and to provide an impact
analysis of these characteristics.

As discussed in this chapter, one of the most fundamental characteristics for PBCs is a
transverse rigidity of the belt, as it is involved in all the aspects of a PBC behavior. That
is why it is important to determine belt bending stiffness in a precise way. However so far,
there has been no research provided on this topic. The following Chapter 3 introduces a
new methodology to quantify it based on the experimental data of the belt troughability and
provides an impact analysis of all belt characteristics involved.



Chapter 3

Quantifying a Conveyor Belt
Bending Stiffness*

"As far as the laws of mathematics refer to reality, they
are not certain; and as far as they are certain, they do
not refer to reality".

— A. Einstein, Sidelights on Relativity

Present chapter is focused on quantifying a pipe conveyor belt bending stiffness. A belt
bending stiffness is an important parameter needed for the selection of the overall conveyor
system design. Chapters 5 and 6 indicate that belt bending stiffness is responsible not only
for the structural response of the belt to the external loads involved, but also it generates
an additional expansion load that appears from folding a belt from a flat shape into a pipe
shape. As a result, belt bending stiffness represents belt ability to form a stable pipe shape
without a contact loss and determines pipe conveyor CFs, addressed in Chapters 5-6. The
CFs, in turn, affect the energy losses from the IRR (Chapter 7) of an entire PBC system.
A conveyor belt can be determined using the troughability test, specified in ISO 703. The
impact of a belt design parameters on belt’s bending stiffness needs to be investigates by
varying the participating input design parameters within the range, established in Chapter 2.

3.1 Introduction
Different belt constructions e.g., steel cord and/or fabric structural reinforcements explicitly
discussed in previous chapter, exhibit a different mechanical response to tensile and bending
in both longitudinal and lateral directions.

The longitudinal mechanical response to tensile loads needs to be carefully controlled
since the belt’s minimum breaking strength is a crucial parameter for the belt’s selection. For
longitudinal strength of pipe conveyor belts, the standards generally developed for trough
conveyors (i.a. ISO 283 [172], 7622 [176], 9856 [177], DIN 53504 [50]) are relevant and

*The Chapter is constructed generally based on the publication of Zamiralova and Lodewijks [265]
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Figure 3.1: Typical problems that can be visually observed due to the incorrect selection
of a belt’s bending stiffness: a) excessively stiff belt causes opening of a pipe
shape between the idler stations (modified figure from Wiedenroth [247]); b)
too flexible belt collapses the pipe shape.

can be used in engineering practice. Such standards explicitly describe how the belt’s tensile
stress/strain characteristics can be quantified, including information on the measurement
procedure, apparatus configuration, test samples sizes, load conditions, etc. The bending
stiffness of a pipe conveyor belt in the lateral direction also has a significant impact on
the conveyor operation and needs to be carefully regulated. If the belt exhibits excessive
bending stiffness, it can cause an increase in the belt’s IRR that results in high energy losses
of the overall conveyor system. In addition, belts with high transverse rigidity can possibly
experience pipe opening between the idler stations, as it is shown in Figure 3.1a.

On other hand, if a belt is too flexible in its lateral direction then its pipe shape may
collapse (see Figure 3.1b) and therefore is not suitable for the correct enclosed system
operation. The collapsed belt tends to exhibit a larger twist in curves along the route, which
results in problematic tracking and alignment of the belt in operation. In addition, if the
idlers are designed with one-side arrangement of idler rolls (see Figure 2.1) and have a
significant gap in between, too flexible belt also can be pinched by the bottom idler rolls and
cause idler junction failure effect of belt damage.

Despite the fact that the belt’s bending stiffness is a very important parameter for the
successful selection of a system design, there is no standard that can assist in this problem
for pipe conveyor belting industry. As for the trough conveyor belts, there is only one
standardized procedure that allows investigation of the belt’s lateral bending flexibility. This
procedure is described in ISO 703 [174] (analogical testing method in ASTMD378 [7]) and
is named the troughability test. This test was established based on practical experience and
describes the belt troughability as a ratio of the maximum deflection, produced by a belt
sample under its own weight, to the belt width.

For industrial applications of pipe conveyor systems, it is convenient to express the belt’s
ability to form a pipe shape via the belt troughability parameter, as the latter is widely used
in practice and can be measured from a simple test. Though, the current European standard
ISO 703 version 2007 [174] for the troughability test has several drawbacks, which make it
less effective to serve for the purpose identified.
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One of the drawbacks is that the current version of ISO 703 2007 [174] stipulates only a
measurement procedure. Unlike the standardized longitudinal tensile tests, the troughability
test standard represents indirect measurement of the belt’s transverse flexural rigidity and
does not give an explicit procedure for the determination of these characteristics. The usage
of the quantified bending stiffness, however, is required for the determination of the load
distribution between the idler rolls, IRR and a number of other rather complex problems
inherent to a PBC behavior. Moreover, the quantified bending stiffness can serve as a link
between the belt’s troughability performance and its ability to form a stable pipe shape
(pipe-ability).

The standard does not reflect the impact of the line mass and belt geometry in the
problem. Belt’s pipe-ability as well as its troughability parameter are influenced by these
parameters, and the recommendations for a pipe conveyor belt bending stiffness need to take
them into account. For instance, the experimental results of Zamiralova and Lodewijks [261]
show that thinner and wider belts need higher bending stiffness or larger overlap ratio in order
to form a stable pipe shape. The effect of the belt’s line mass with respect to troughability
values is also considered in experiments of Wiedenroth [247].

In addition to the drawbacks mentioned, ISO 703 2007 does not provide any recom-
mendations for the test repetition and permissible difference between obtained results, since
there is no information about the sensitivity of a belt’s bending behaviour and troughability
values measured. Due to all mentioned aspects, the standard ISO 703 2007 applicability for
the industry is limited.

As a possible alternative to ISO 703, Harrison [94, 95] proposed a different troughability
test set-up with three special supports simulating a trough of a conventional three-roll idler
station. The purpose of the test was to measure the length of contact between the belt sample
and each of the set-up supports. The term “troughability” was redefined as a ratio between
sum of the measured contact lengths and the width of the belt tested. It is important to
mention that the main problems inherent to the classical troughability test were still relevant
for the proposed test substitution. Moreover, the troughability test, elaborated by Harrison
was not suitable for a pipe conveyor belting and [94, 95] was not officially recognized or
accepted as a standard on par with ISO 703.

In order to identify, whether there is a procedure alternative to ISO 703 for testing belt
bending stiffness, it is appropriate to consider a conveyor belt as a material similar to a
reinforced rubber-like elastomer (see discussion in Section 3.2). Brown [22, 23] points out
that while flexure tests for rigid plastics are widely used and standardized, the determination
of the bending properties for flexible rubber-like materials is rarely carried out. This happens
due to the fact that these materials exhibit excessive sensitivity to deformations at relatively
minor loads, which affects the precision of testing. As a result, for these elastomers, there
is a shortage of standards on flexural tests, unless the standard is explicitly developed for a
specific product (i.e. hose, tire, seal isolation, etc.). According to Brown [22, 23], most of
the time, the flexural stress/strain dependence is obtained from a cantilevered test or from
a three point bending test, described in ISO 178 [171]. In the troughability standard ISO
703 [174], there is also a note reference to the mentioned ISO 178 [171], though its scope
does not address rubber-like materials, limiting itself to rigid and semi-rigid plastics and
thermoplastics. The extension of ISO 178 is specified in ISO 14125 [169] for fiber-reinforced
plastic composites, additionally including the four point bending test procedure. The other
standard ISO 1209 [178] determines bending properties for rigid cellular plastics. Only
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ISO 5893 [179] deals with flexure of rubber-like materials, though it only contains general
requirements for the testing equipment.

Therefore, it is possible to state that, even though the current troughability test standard
ISO 703 2007 [174] has a number of drawbacks for the pipe conveyor belting industry, there
is so far no alternative standardized procedure officially accepted for structures like conveyor
belts. The standard ISO 703 2007 does not provide guidance for direct evaluation of the
belt’s flexural characteristics and does not reflect the impact of the involved parameters on
belt troughability and results sensitivity.

That is why it is important to investigate whether there is a method to quantify lateral
bending stiffness of a conveyor belt based on its troughability performance according to
the standard ISO 703. This study then aims to identify associated calculation methods,
recognize their assumptions and limitations, compare them with each other and by their
means provide an impact analysis of the involved parameters on belt troughability.

The bending stiffness quantified is needed further in Thesis as it characterizes the addi-
tional expansion load on the idlers that appears from forming belt from flat shape into a pipe,
and also together with the given belt line mass and geometry describes contact forces, as
well as the IRR and belt’s ability to form a pipe shape required. Using the model developed
in this Chapter, it becomes possible to provide design recommendations for a conveyor belt
simply expressed via troughability values.

3.2 Structural behaviour of a conveyor belt
In general, belt response to loads is nonlinearly elastic, which is common for rubber-like
materials. Normally, besides nonlinearity, the elastomers exhibit rather excessive elasticity
and extensibility with high elongation at break [11, 81]. The typical tensile stress-strain
curve of rubbers is well-studied and described in a considerable amount of literature (e.g.,
see Bauman [11], Brown [22, 23], Gent [81], Treloar [229], etc.) In particular, the load-
deformation characteristics of rubbers, comprising covers and carcass of conveyor belts, are
presented in the studies of Schilling et al. [203], Wheeler and Munzenberger [243, 244],
Nordell et al. [184], Mazurkiewicz [152], and others.

Various experiments conducted with conveyor belts (e.g., Lodewijks [137], Wang al.
[236], Petrikova et al. [189], Schilling et al. [203], Keller [123], Nuttall [185], Staples
and Mehta [218], etc.) show that load-deformation characteristics of overall belt structure
demonstrate a similar pattern of stress-strain dependence as rubber-like elastomers. The
typical curve for the fabric conveyor belt is illustrated in Figure 3.2. This curve was obtained
by Lodewijks [137] for belt EP500/3 from a tensile test according to the standard DIN 22102
[47].

The stress-strain relationship depends on the mode of deformation. In the case of
bending, some fibers of deformed material are stretched, and some of them are compressed
at the same time. In general, the stress-strain relationship of rubber under compression
is similar to the tensile mode; however, the compressive characteristic curve is slightly
steeper. As a result, material behaves more stiff under compression than under tension. This
observation is supported by the experiment results for rubber elastomers, given by Sommer
and Yeoh [214], Treloar [229] and particularly for conveyor belt rubber – by Schilling et al.
[203].
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Figure 3.2: Tensile stress-strain characteristics of fabric belt EP 500/3, measured by Lode-
wijks [137] based on DIN 22102 [47]

The stress-strain curve deviates for belt bending and tensile tests in both longitudinal and
lateral directions. In general, the belt behaves more stiff longitudinally, as its mechanical
response is dominated by the steel cords and/or textile warp of fabric layers. In the lateral
direction, the belt is more flexible, as it is commonly governed by the rubber compounds and,
in the case of fabric belts, also by textile weft. The deviation in stress-strain characteristics
for the longitudinal and transverse orthogonal direction can be observed, e.g., in the results
of Petrikova et al. [189], Staples and Mehta [218] during the tensile tests, and in the results
of Schilling et al. [203], during the tensile and also three point bending tests for belt position
with carrying side up.

Moreover, the belt structure lay-out, implying different thicknesses of the carrying top
(TS) and bottom (LS) carcass covers, also influences bending characteristics of belt in
lateral direction. That is why the same belt sample generates different troughability for
normal placement of belt with carrying side up and the upside down.

According to Bauman [11], the properties of reinforcement material can change the
shape of the characteristic curve for overall structure, reduce or even eliminate the strain
crystallization region, and also amplify the hysteresis effect due to increase of internal friction
in material. In order to study explicit properties of reinforcement material, Ramos [195],
Elvers et al. [63], Hoffman [103], Lodewijks and Pang [144], Betz [15], and a number of
other researchers, conducted independent tensile and bending tests specifically for various
carcass cords and fiber yarns.

The presence of rubber in the structure generates viscoelastic behavior of the conveyor
belt with all consequent effects and complexity in stress-strain dependence. Besides the
hysteresis effect that appears during the load retraction phase, conveyor belts also exhibit a
thixotropic property, i.e. their modulus of elasticity depends on degree to which the material
has been strained previously (so-called Mullins effect). The greater the previous strain and
the longer the deformation was applied, the more the modulus of elasticity experiences
reduction (see Bauman[11], Gent [81], Malkin and Isayev [148]). For conveyor belts, these
effects can be observed in studies of Petrikova et al. [189], Keller [123], Lodewijks [137]
and others.
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Additionally, after applying a number of load cycles, the belt exhibits permanent elon-
gation. This parameter and corresponding elastic modulus are the prime objectives of the
standard ISO 9856 [177]. Notably, the static tensile characteristics of the fabric belt can
also have a permanent strain (see zone (I) in Figure 3.2), which, according to Lodewijks
[137], happens due to first time stretching of the woven structure of reinforcement fabric.
Therefore, the described region cannot be observed during the tensile tests of used belts.

Another challenge of viscoelastic behaviormanifests in its time-temperature dependence.
The relaxation effect and creep of conveyor belts were tested by Czaplicka [40], Petrikova
et al. [189], Harrison [95], Molnár et al. [162, 163] and other researchers. The modulus of
elasticity for a dynamically loaded belt needs to be distinguished from one under static load
conditions. The dynamic modulus depends on the loss and storage moduli of rubber, which
can be obtained from experiment testing. Usually, the measurements are carried out by
performing DMA with temperature-frequency sweep. The viscoelasticity plays an essential
role in belt indentation rolling resistance and, consequently, there is a substantial amount
of research available on this topic (see e.g., Lodewijks [136, 137, 140], Zamiralova and
Lodewijks [266], Nuttall et al. [186], Nuttall [185], Rudolphi and Reicks [200] and others
[184, 199, 215, 271], etc.) The effect of the belt’s viscoelasticity on the system’s energy
consumption due to the IRR is more closely elaborated in the Chapter 7.

Taking into account the overall structural complexity, describing the behavior of the
rubber-like elastomer in an analytical way is a rather a complex problem. In order to define
the stress-strain curve, there were constitutive models developed based on the strain energy
density function of the material, discussed by Bauman [11], Finney [78], Gent [81], Treloar
[229]. The Mooney-Rivlin form that assumes isotropic incompressible material is the most
common theory describing large deformations of elastomers. Its simplest approximation
is a model with two coefficients, which, according to Finney [78] exhibits good agreement
with tensile data with strain up to 100%. For larger strains, the high-order functions that
give stresses of a square or a higher order of strain are utilized. In order to accommodate
a compression and shear, for this purpose more complex alternative models were derived.
Ogden, Treloar, Yeoh, Peng-Landel, Arruda-Boyce, and other material forms are examples
in this category. These forms are explicitly described in the handbooks of Gent [81], Treloar
[229] and others.

The studies that incorporate nonlinear elastic behavior of conveyor belts mostly provide
numerical solution obtained in various software within FEM. The softwares used usually
address a limited set of hyper-elastic materials. Most of the time, the Mooney-Rivlin and
Ogden models are available. These materials were used by Wheeler and Munzenberger
[243, 244], Petrikova et al. [189], Keller [123], Nordell et al. [184], Mazurkiewicz [152]for
describing rubber in the conveyor belt structure. Additionally, in order to achieve good
agreement with the experiment, Mazurkiewicz [152] also carried out finite element analysis
using theMarlowmodel, whereas Keller [123] also employed an adaptive neo-Hookmaterial
law.

The slope of the stress-strain curve introduces the modulus of elasticity. Several re-
searchers, for instance Bauman [11], Treloar [229], Gent [81] and others, affirm that nonlin-
earity in the curve of rubber-like elastomers (see Figure 3.2) implies no constant modulus
of elasticity, especially for considerably high strains. This means that for these deforma-
tions, the usage of a fixed value of Young’s modulus, which represents the proportionality
of Hookean straight-line dependence, is not relevant anymore. It is important to mention
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that the same observation is stipulated in standard DIN 53504 [50] for the tensile tests of
conveyor belts.

Lodewijks [137] states that for conventional trough conveyor belts under normal operating
conditions, the belt does not exhibit strain of more than 1.5%. Consequently, at this strain
range for static loading mode, it is relevant to assume proportional stress-strain dependence
and use constant Young’s modulus of elasticity. A similar problem treatment is suggested
by Schilling et al. [203] for pipe conveyor belts. The researchers report that the maximum
pipe belt strain does not exceed 5% in tension and compression.

A constant Young’s modulus was used by a number of studies in order to develop an
analytical solution for rather complex problems inherent to conveyor belt behavior. Most
of the time, orthotropic plate mechanics is applied, indicating different Young’s moduli and
Poisson ratios for a belt’s longitudinal and lateral directions. Usually, the problems with such
assumption are focused on investigation of load distribution between the idler rolls (e.g. see
Kulagin [129], Dmitriev and Sergeeva [58], Schilling et al. [203]), belt deformations (see
ibid. and also Wesemeier [238, 240]), twisting phenomenon of pipe conveyor belt (Dmitriev
[54], Efimov [61]), etc. In the present study, the assumption of a constant modulus of
elasticity with limitation of strains up till 5% is also considered acceptable.

3.3 Troughability test
Now that the conveyor belt structural behavior and the approximation models are described,
the standard troughability test procedure, belt sample requirements and test set-up construc-
tion, needs to be acknowledged.

The apparatus for the troughability test is shown in Figure 3.3. It contains of two rigid
horizontal bars, to which the belt sample is suspended by means of four steel wires. The
belt sample is attached to those wires with special clamps that do not exert any bending
moment that can affect the measurement of deflection. The suspension wires need to be able
to move along the horizontal bars without any impediment, which can be achieved by using
an assemblage with linear bearings.

The testing sample represents a cut piece of manufactured belt with a length of (150±2)
mm in the belt’s longitudinal direction. The other two dimensions are equal to the overall
width and thickness of the tested belt. In order to eliminate initial deformations, ISO 703

Figure 3.3: Troughability test ISO 703 [174], ASTM D378 [7].
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2007 [174] recommends conditioning of the belt piece according to the standard ISO 18573
[115] under certain temperature and humidity requirements during a substantial period of
time before measurement.

After conditioning, the belt sample is clamped and placed in a test rig with carrying side
up. The suspended belt creates sag from its own weight. Measurement of the maximum
belt deflection generated under these conditions is the purpose of the troughability test (see
Figure 3.3). Due to the relaxation effect, in order to allow the belt to settle, the measurements
are carried out after five minutes subsequent to the suspension of the testing piece. Results
are presented as a ratio between the measured maximum deflection Ymax and belt width B:

Troughability =
Ymax

B
, (3.1)

As it was stated in Section 3.1, the test standard does not contain recommendations for
the minimum and maximum limitations of the measured troughability values with respect to
the given geometry and weight of the belt. Themeasuring instrument, as well as its allowable
absolute error, are not specified in the standards. Since for pipe conveyor belts, no guidelines
ever existed and research has been performed, it is important to consider information also
available for trough conveyor belts.

In the previous version of the troughability standard ISO 703 1998 [180], the minimum
required troughability values were provided for the conventional trough conveyor belts with
respect to trough angles. Later these recommendations were withdrawn from the current
version of 2007 [174]. Though, they still can be found in a number of standards, like ISO
15236 [170], ISO 14890 [114], DIN 22102 [46], developed for conveyor belts for general use.
The only recommendations that somehow consider impact of belt geometry on minimum
required belt troughability can be found in standard DIN 22129 [49], provided for specific
conveyor belt width values (see Table 3.1).

Table 3.1: Minimum required belt troughability for specific values of belt width according
to standard DIN 22129 [49].

Belt width B, mm Minimum troughability value

1000 0.15
1200 0.20
1400 0.25
1600 0.30

Alternatively, based on practical experience Alles et al. [3] report that the belt exhibits
sufficient bending stiffness, when more than 35% of its width occupies the supporting idler
rolls with compulsory contact between the central bottom idler roll and belt. Alles et al.
[3] provided rough geometrical recommendations for fabric carcass belts, pointing out that
adequate troughing characteristics are achievable for belts with ratio B/h ≤ 125.

The purpose of this study is to consider the impact of the belt geometry on its troughability
and establish guidelines that can assist in the pipe conveyor belt selection. Of particular
interest for the minimum troughability values is to compare the results with respect to trough
conveyor belts with angle of inclination of side rollers with 60°. The minimum troughability
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value, specified by standard ISO 1489 [114] and recommended by Alles et al. [3] for this
case constitutes 0.26. The motive for drawing recommendations for the maximal possible
bending stiffness of a pipe conveyor belt, expressed by minimal troughability, becomes the
decrease of the indentation rolling resistance and providence of the enclosed pipe shape
longitudinally in between the idler stations.

In contrast to the minimum required troughability values, the recommendations for
maximum possible troughability do not exist and are not specified anywhere neither for pipe
conveyor belt nor even for conventional trough conveyor belts. However, as described in
Section 3.1, the selection of a belt needs to be controlled in order to avoid its excessive
flexibility, as for PBCs it can lead to the pipe shape collapsing. Therefore, the correct pipe
shape formation should be a motive for selecting maximal possible troughability values.
In present analysis the troughability range of interest is selected up till 0.5, as for the
troughability exceeding that value, the bending stiffness is always unnecessary too flexible.

3.4 Approach
In order to quantify a conveyor belt bending stiffness from the troughability and provide an
input analysis of the parameters involved, an analytical approach is more preferable than
the empirical experimentation, though the experimental validation should be obligatorily
included in the analysis. The usage of only the empirical experimentation without any
analytical model is considered impractical for the problem, whereas for the analysis various
belt samples having different combinations of design parameters (line mass, stiffness, and
geometry) are required, which becomes problematic for the realization.

On the contrast, an analytical model that is experimentally validated allows one to
quantify the belt bending stiffness directly from its troughability. By varying the involved
parameters, their impact on the belt bending stiffness can be determined in terms of direct
functional dependence. In addition to analytical models, the analysis can be performed using
numerical approach since the numerical model, which is well-validated by the experimental
data and is an agreement with the analytical solution, can be modified by increasing the
order of complexity in order to reach beyond the limitation of the analytical solution.

That is why the present study aims to employ the relevant analytical and numerical
models and to compare the results with the ones from the experimental testing. The solution,
obtained using numerical models, can incorporate structural effects of a higher complexity
than included in the analytical models.

A number of researchers propose that constant lateral bending stiffness can be derived
analytically by considering independently stiffness of a belt rubber and carcass-reinforcing
materials, and also their volume division in the belt structure. For fabric belts, Wheeler
[246] suggested use of Lekhnitskiy’s formula [133] for an orthotropic multi-layered plate
with structural symmetry about its middle plane, whereas Lodewijks [137] advised the
Gough-Tangorra approach [109]. For a cord-reinforced carcass, the bending stiffness can
be obtained from formulas given by Huffington [110], Boyarshinov [20], and others. It is
important to mention when the rubber is vulcanized together with the carcass, the overall belt
structure as a combination of the constituting materials can exhibit a different modulus of
elasticity than the one calculated from the formulasmentioned. Furthermore, the information
about properties of the materials that comprise belt structure is not always provided by the
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manufacturer of conveyor belting.
This indicates that considering the stiffness of belt constitutingmaterials and their volume

fraction in the belt structure is not relevant for the troughability problem. For the selection
of relevant analytical models, a mathematical interpretation of the troughability test needs
to be recognized and certain assumptions need to be accepted.

3.4.1 Problem interpretation and assumptions
First of all, the bending modulus of elasticity is assumed constant along the belt width with
the condition of small strains (up till 5%), as indicated in Section 3.2. As a result, the
problem becomes limited to the pipe conveyor belts with uniform belt construction. For
conveyor belts with non-uniform belt structure, the standardized troughability procedure
needs to be revised. It should either be supplemented with additional measurement data or
completely substituted with an alternative test procedure.

It is noteworthy to mention that providing analysis in the following chapters for belts
with uniform structure is very important, as it can indicate, which parts of pipe-shaped belt
undergoes to larger deformations and affects formation of a well-sealed pipe shape. Based on
this information, it becomes possible to design a belt with non-uniform structure, equalizing
the deformations with bending stiffness using additional reinforcement. The analytical
models discussed in this chapter then can be easily extended considering non-uniform belt
structure with discrete change in properties (line mass and modulus of elasticity) along the
belt width.

In analyzing the dimensions of a belt sample, the structure can be simplified as a prismatic
beam-like or plate-like structure with width b = (150 ± 2) mm and depth h equal to the
overall belt thickness. In this case, belt width B as the longest dimension of the belt sample
is considered as a span of the structure.

The viscoelastic effects are not included in the analysis. Harrison [95] performed the
experimental testing, measuring the troughability change due to its creep during 48 hours
at certain temperature conditions. He reported that the troughability values increased very
steeply up till certain value. After achieving the steady state, the troughability values did
not change much exhibiting the relatively low deformation rate. In order to avoid the creep
effect according to the test procedure requirements, the measurements are carried out after
five minutes subsequent to the suspension of belt piece.

This means that the analytical models selected quantify an instant bending modulus
of elasticity that corresponds to belt troughability at the moment of the measurement. In
this case, the methods can be applied at any other measurement time for corresponding
troughability value, if. of course. the 5% elastic strain limitation is fulfilled. In addition to
mentioned, it is assumed that there is always sufficient time between the test repetitions, and
the presence of any residual strains is completely eliminated (initial stress-free state).

Finally, the boundary conditions for the problem can be recognized from the troughability
test apparatus design. The test set-up does not restrict horizontal movement of the belt piece
along the bars. Also, the belt clamping provides free edges rotation without any bending
moments that can affect sample deflection. Consequently, the problem with this set-up
can be analytically interpreted as a simply supported a beam-like or a plate-like structure
subjected to transverse uniform load from self-weight. At last, the deflections can be rather
significant, so the problem is nonlinear.
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3.4.2 Overview of the existing models
A substantial amount of literature on nonlinear bending of beams-like and shell/plate-
like structures has been published. The analytical models available require analysis and
appropriate selection for the problem.

The simplest model that can suit for the troughability test problem is a beam model.
The most commonly known theory that describes nonlinear bending of beams is the Euler-
Bernoulli bending theory. Based on this theory, a direct solution can be obtained for the
nonlinear bending of beam structures subjected to the concentrated forces. The solution is
obtained by means of elliptical integrals, as it was performed, for example, by Bisshopp and
Drucker [17], and Conway [38].

In case of nonlinear bending due to distributed loads, the Euler-Bernoulli differential
equations do not lead to a direct solution and can be treated only numerically with certain
approximatingmethods and assumptions, such as, for example, power series expansion of the
arc length, incorporated for instance by Rohde [198], Lee et al. [132], Fourier expansion of
Euler-Bernoulli functions, elaborated by Seames and Conway [206], usage of approximating
functions in the expression of an arc length, or replacement of the nonlinear complex problem
with an equivalent pseudo-linear or simplified nonlinear system, proposed by Fertis [73, 74],
Fertis and Kenee [76], Fertis and Afonta [75]. The Euler-Bernoulli governing equation for
the transverse displacement w caused by the distributed load q has a following form:

EI
d4w
dx4
= q, (3.2)

where E is an effective modulus of elasticity, I is a moment of inertia of a beam structure.
In addition to a nonlinear bending, the Euler-Bernoulli theory can accommodate the effect
of axial stretch:

EI
d4w
dx4
− E Aε

d2w
dx2
= q, (3.3)

where the cross sectional area A = bh, and ε is an axial extension. The axial stretching force
equals then N = E Aε. The Eq. 3.3 reflects the beam mechanical response to a transverse
load by constituting the bending term with a derivative of a fourth order and an additive term
that accounts for the axial stretch.

The major drawback of the Euler-Bernoulli theory is that it does not take into account
the transverse shear effects and, as a result, is applicable for thin beams and beam-like
structures. In order to accommodate thick and slender structures, the Timoshenko theory
is more suitable (see e.g., Timoshenko and Woinowsky-Krieger [227]). Unlike the Euler-
Bernoulli structure, the Timoshenko theory allows an additional rotation between the cross
section and the bending neutral axis due to the shear deformations (see e.g., Beck et al. [13],
Timoshenko and Woinowsky-Krieger [227]). In addition to bending and stretching terms,
the Timoshenko governing equation has a shear additive:

EI
d4w
dx4
− E Aε

d2w
dx2
= q −

kEI
GA

d2q
dx2

, (3.4)

where k = 1.2 is a rectangular cross sectional coefficient, G is a shear modulus. For thin
beams, the shear term becomes insignificant, and the Timoshenko theory converges to the
Euler-Bernoulli one.
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The beam models describe the structural deformations only in two planes, whereas the
shell models accommodate the 3D structural behavior and can include the Poisson shear
effects. The classical theory that becomes the simplest for plates and shells is the Kirchhoff-
Love theory. This theory is an extension of the Euler-Bernoulli differential equations,
interpreting a bending of three dimensional plate in a two dimensional form:

Dbend

(
∂4w

∂x4
+ 2

∂4w

∂x2∂y2
+
∂4w

∂y4

)
= q, (3.5)

where a bending stiffness for the isotropic structure equals to Dbend =
EI

(1−µ2) and µ is a

Poisson ratio. Introducing the Laplace operator equivalent to ∇2 ≡ ∂2

∂x2
+ ∂2

∂y2
and the

biharmonic operator ∇4 ≡ ∂4

∂x4
+ 2 ∂4

∂x2∂y2
+ ∂4

∂y4
, the governing Kirchhoff-Love differential

equation for bending can be rewritten as follows:

D∇2∇2w = D∇4w = q. (3.6)

One of the major assumptions of the Kirchhoff-Love theory implies that a line normal to
mid-surface remains straight and perpendicular to the mid-surface after the structure is
exposed to the deformations. This implies no transverse shear effect and makes the theory
more applicable for thin shells and plates accommodating only bending and, if needed, axial
stretching. Frequently, the solutions are obtained using Galerkin integration method (see
e.g., Ivannikov et al. [116], Noels and Radovitzky [183], and many others). Von Karman
improved the current theory expanding to the final form for large deformations (see Ventsel
and Krauthammer [232], Reddy [196]).

In order to accommodate the shear effects for thick and moderately slender plate struc-
tures, the Mindlin–Reissner theory is more appropriate. This theory is as a general extension
of Kirchhoff–Love plate theory. Though, it additionally accounts the shear deformations
assuming that the cross sections remain straight but no necessarily normal to mid-surface
after loading (consult for details e.g., Ventsel and Krauthammer [232], Reddy [196]). The
governing equations are expressed via the angular displacements and as follows:
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+
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= q; (3.7)
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, (3.9)

where w0 is the transverse displacement of the mid-surface.
The Mindlin–Reissner theory is also called as a first-order shear-deformation theory, as

it assumes the linear change of the displacements through the structural thickness. Alter-
natively, Levinson [134] proposed the third order theory where the transverse coordinate in
the displacement field is provided as an cubical polynomial. Though, as discussed by Reddy
[196], the governing equations become variationally inconsistent.

With the increased development of computer technologies, the analytical models have
become semi-numerical, being capable to obtain a solution for problems with higher order
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complexity and better accuracy. The most common methods are utilization of the FEM and
the Finite Difference Method (FDM). In order to simplify the process of finding solution,
FEMandFDMare frequently implementedwith corresponding theory for beamor plate/shell
structural behaviour in various commercial software applications (e.g., ANSYS, AQUS, etc.)
Most of them accommodate the generalized theories mentioned.

After the existing theories are briefly acknowledged, it is important to select the models
that are more appropriate for the troughability test, accommodate all the effects needed, and
select the relevant approach for the solution.

3.4.3 Selected models
One of the major purposes of this analysis is to propose the method to quantify the bending
stiffness, whereas the latter is essentially affected by the choice of the analytical model.

For beams in plane stress state, the bending stiffness equals EI, where I is a structural
moment of inertia that equals I = bh3/12.

Baratta [9], Ashwell [6] and Wang et al. [234] state that the structural ratio width-
to-thickness (b/h) can also influence the bending stiffness due to the anticlastic curvature
effect. The effect can be significant when the width b of a rectangular structure is relatively
large compared to its thickness. In this case, the bending stiffness of a beam-like structure
EI needs to be accompanied by a certain correction factor that accommodates this effect.
Otherwise, the model of shell/plate in the plane stress state that includes the Poisson effects
becomes more relevant. In fact, the current troughability standard does not clearly specify
the particular position for the measurement of the deflection. Although, if the anticlastic
curvature effect is significant, the deflection at the center of the structure might essentially
differ from the deflection at the edges.

In practical belt conveyor installations, the belt is supported by a number of the idlers
installed with certain frequency along the whole length of the conveyor. The length of the
conveyor can be substantial (e.g., tens of km long).The belt then can be considered as an
orthotropic infinite shell experiencing the plane strain. Then, it becomes possible to use the
bending stiffness for plate structures in the plane stress state with certain exception factor, i.e.
instead of bending stiffness of a beam EI, EI/(1− µ1µ2) should be used for the orthotropic
shell. Here µ1 and µ2 are the Poison ratios in the belt’s longitudinal and lateral directions,
respectively. Consequently, as it becomes evident, the selection whether it is a beam or a
shell model influences the bending stiffness quantified.

Beside of the ratio (b/h) that influences the selection of beam or shell model, the
structural slenderness (B/h) determines the certain effects that need to be included in both
beam and shell/plate models. In general, thin and moderately thin structures can exhibit the
axial stretch in addition to the nonlinear bending. At the same time, thick and relatively
slender structures are more affected by the Poisson shear effects, which become essential to
be included in the model.

For the analysis, the recommendations of structural slenderness B/h developed by Steele
andBalch [219] ffor plates are followed. The researchers classify structures as very thickwith
B/h < 20, moderately thin or slender 20 < B/h < 100, and thin with B/h > 100. Ventsel
and Krauthammer [232] considered thick structures with B/h < 8...10, thin 8...10 < B/h <
80...100, and very thin membrane-type for B/h > 100. In general, for thick structures, the
Timoshenko theory is appropriate, as shear stresses in the structure are significant. With the
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increase in geometrical ratio, the shear effects become less influential for moderately thin
members, and the Euler-Bernoulli theory can be applied. At the same time, as mentioned
by Senturia [207], with increasing B/h ratio, starting from moderately thin structures the
effect of axial stretch becomes more noticeable. Section 2.5.2 establishes the geometrical
limits for the troughability test samples inherent specifically for conveyor belts. Considering
these limits, the problem is associated with the geometry ranging from thick to very thin
structures, which actually includes the theories mentioned.

Ultimately, the structural bending stiffness is affected by the selection of the model (beam
or shell), and the effects that thosemodels include (shear, bending, stretching) that are defined
by the belt sample geometry. The problem can be solved using analytical and numerical
approach. Moreover, as mentioned above, the numerical model that is in agreement with
the analytical solution can be used in order to incorporate theories of higher complexity
reaching beyond the limits of the analytical solution. As a result, the following models are
selected.

For the beam models, the choice is made for the analytical models of Wang [235]
and Fertis [73, 74] that describe nonlinear bending of inextensible beams using Euler-
Bernoulli theory. The selection of these models is made due to their simplicity, which is
very important in practical scenarios. Moreover, compared to other models, the analytical
models mentioned exhibit similar trends in the results (see Section 3.7) and ultimately do
not affect the conclusions about the functional dependence between the parameters involved.
The Euler-Bernoulli theory is applicable for thin and moderately thin structures, which are
included in geometrical range of conveyor belts.

In order to accommodate the shear effects in the beam model for thick and moderately
thick belt samples, the numerical model that follows the Timoshenko theory is solved within
FEM. The FEM Timoshenko beam model incorporates the nonlinear bending, stretching of
the structural neutral axes, shear deformations, and the cross-sectional thinning effect due to
the structural stretch. Since the Timoshenko theory transforms to the Euler-Bernoulli one,
the results obtained within FEM can be validated by the analytical solution for inextensible
Euler-Bernoulli based Wang and Fertis models. All the models (FEM beam, Wang, and
Fertis) should generate the similar results, except for the very thick belt samples with
significant shear effect and also except for the very thin structures with large troughability
values when the axial stretch becomes significant.

As for the shell solution, the analytical models of Wang and Fertis are adjusted by
including the Poisson ratios in the equations used for the bending stiffness EI/(1 − µ1µ2).
Such models approximate the structural behavior of shell in plane strain state. In this case
the Euler-Bernoulli beam theory is expanded in the additional plane, and the approximating
models of Wang and Fertis transform to the inextensible Kirchhoff-Love plane strain state.
These shell-approximating models are suitable for thin structures.

For thick structures, in order to accommodate the Poisson shear effect, such as anticlastic
curvature, the results are obtained using FEM shell model that support the Mindlin-Reissner
theory. In addition to nonlinear bending and shear effect, the FEM shell model includes the
axial thinning and stretching effect. This model also allows one to understand the impact of
ratio (b/h) on the results comparing themwith the Timoshenko-based FEMbeammodel. All
the models used and the effects included are reflected in the Table 3.2. A brief description
of the selected models is presented in the following sections.
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Table 3.2: The overview of the models used in the study

Model Theory Effect

Beam (2D)

Analytical Wang
Euler-Bernoulli -bending

Analytical Fertis

FEM Timoshenko
-bending
-stretching
-shear

Shell (3D)

Shell-approx. analyt. Wang Adjusted Euler-Bernoulli
-bending

Shell-approx. analyt. Fertis (Kirchhoff-Love plane strain)

FEM Mindlin-Reissner
-bending
-stretching
-shear

3.5 Beam models

3.5.1 Wang Model

The analytical model elaborated by Wang [235] is constructed based in the Euler-Bernoulli
theory, assuming the inextensible nonlinear bending of the structure. The model considers
a beam-like structure subjected to the self-weight distributed load q = qbw = m′′beltgb, as
illustrated in Fig. 3.4. Beam deformations are expressed via horizontal distance between the
edges of the structure after deformation 2lx and maximum deflection, Ymax, which represents
the sag of belt sample measured during the troughability test.

The Euler-Bernoulli equation establishes a relation between the bending moment and
curvature of the deformed structure, which for uniform beams can be written in the following

Figure 3.4: Simply supported beam subjected to the self-weight distributed load.
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form:

dθ
dS
= −

M (x)
EI

=
d2y
dx2

/ [
1 +

(dy
dx

)2]3/2
. (3.10)

Here θ - curvature slope; S – arc length; M (x) – bending moment; x, y – horizontal and
vertical positions, respectively; and EI – flexural rigidity with unknown Young’s modulus
E, which needs to be determined.

The Wang approach [235] is derived from the slope dependence expression of Euler-
Bernoulli equation for inextensible beam structures:

EI
d2θ
dS2 = −

dM (x)
dS

= −q(L − S) cos θ, (3.11)

where L is denoted as a half-length of the beam span, which equals the overall conveyor belt
width B.

Since the beam is simply supported, at x = lx, the curvature slope equals to zero,
and the movable hinge supports produce no moment in the structure after its deformation.
Consequently, the following boundary conditions can be recognized:

at x = lx,
d2θ
dS2 = 0; (3.12)

at x = 0,
dθ
dS
= 0; (3.13)

at x = lx, θ = 0. (3.14)

According to the procedure described by Wang [235], cos θ = dx/dS needs to be substituted
into Eq. 3.11. After that, this equation is differentiated step by step with respect to S and
then integrated with respect to x, where x is a horizontal projection of the arc S. As a result,
Eq. 3.11 can be rewritten as follows:

d2θ
dS2 =

q
EI

x + C1. (3.15)

The constants of integrationsC1 = −qlx/(EI) is determined from the boundary condition
3.12. Taking into account that

d2θ
dS2 =

d
ds

(
cos θ

dθ
dx

)
=

d2(sin θ)
dSdx

, (3.16)

Equation 3.15 can be integrated with respect to x, which yields

cos θ
dθ
ds
=

q
2EI

x2 −
qlx
EI

x + C2. (3.17)

Considering the boundary condition in Eq.3.13, the constant equalsC2 = 0. Substituting
the

dθ
dS
= cos θ

dθ
dx

and integrating Eq. 3.17, it becomes possible to write:

θ

2
+
sin 2θ
4
=

q
6EI

x3 −
qlx
2EI

x2 + C3. (3.18)
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The last constant of integration C3 = ql3x/(3EI) is derived based on the boundary
conditions 3.14. Eventually, the function reflecting the slope of the deformed structure at
any x position can be computed using the form obtained by Wang [235]:

2θ + sin 2θ =
2q
3EI

(
x3 − 3lxx2 + 2lx3

)
. (3.19)

On the other hand, for the inextensible beam-like structures, the maximal deflection
Ymax and the length of the structure span L are connected to the slope and value lx via the
following relationship:

L =
lx∫
0
sec θdx; (3.20)

Ymax =
lx∫
0
tan θdx. (3.21)

Since the function θ(x) is not expressed in an explicit way, the approximation of one-third
Simpson Rule is applied to the integrals in the Eqs. 3.20 and 3.21:

L =
lx∫
0
sec θdx ≈

lx
3n

n/2∑
j=1

[
sec θ2 j−2 + 4 sec θ2 j−1 + sec θ2 j

]
; (3.22)

Ymax =
lx∫
0
tan θdx ≈

lx
3n

n/2∑
j=1

[
tan θ2 j−2 + 4 tan θ2 j−1 + tan θ2 j

]
. (3.23)

These equations are obtained by dividing the integration interval [0; lx] into an even
number n of equal subsections. The slopes θ0, θ1, θ2, ... θn of the deformation curve
correspond to dividing the interval limits at the following positions of x: 0, lx/n, 2lx/n, ...
lx. In order to determine the modulus of elasticity, the Eqs. 3.22 and 3.23 need to be solved
together with the supplementary equations for each slope that divide interval of integration.
These equations are obtained by substituting corresponding x coordinates into Eq. 3.19.
Taking into account that at x = lx, the slope is always θn = 0, and the number of required
supplementary equations is (n − 1). Solving them together with Eqs. 3.22 and 3.23, it
becomes possible to determine each of the designated slope values, parameter lx and the
modulus of elasticity of the beam-like structure considered.

A higher number n of interval divisions produces more accurate results in the calculation.
In order to achieve sufficient accuracy, Wang [235] used eight Simpson intervals. This study
compares results, achieved for two, four and ten Simpson intervals.

It is important to mention that, according to Holden [104] and Reddy and Singh [197],
the approach of Wang [235] generates certain inaccuracy due to the way commutation of the
derivatives d/dS and d/dx is performed. The error appears after integration of Eq. 3.11 in
respect to dS with preliminarily substituted cos θ = dx/dS, i.e.:

d
(
d2θ
dS dx

)
dS

,

d
(
d2θ
dS2

)
dx

.

Due to this fact an alternative solution for the problem is achieved using the approach of
Fertis [73, 74].
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3.5.2 Fertis Model

In general, Fertis [73, 74] elaborated an approach considering the horizontal displacement
∆, generated after the structure deformation. This displacement equals ∆ = 2(L − lx) and is
illustrated in Figure 3.4. The bending moment for the structure can be written as a function
of x at any position 0 6 x 6 2lx in following form:

M (x) = qLx − qS
x
2
. (3.24)

In order to reduce a problem complexity, Fertis [73, 74] proposed expression of arc
length S(x) in terms of the structure’s horizontal displacement:

S(x) = x + ∆(x). (3.25)

Fertis [73, 74], Fertis and Lee [77], Fertis and Afonta [75] investigated various cases with
different loading and boundary conditions, and proposed several approximation functions
for ∆(x):

∆(x) = ∆ = const; (3.26)

∆(x) = ∆
x
2lx

; (3.27)

∆(x) = ∆
√

x
2lx

; (3.28)

∆(x) = ∆ sin
(
πx
4lx

)
. (3.29)

These approximation functions are mostly relevant for beams where one of the ends is
permitted to move in the horizontal direction, such as a cantilever, simply supported beam,
etc. Additionally, for various cases, Fertis [73, 74], Fertis and Afonta [75] achieved an
alternative solution by applying the fourth-order Runge-Kutta Method. According to the
authors, the comparison between results, obtained based on approximation functions in Eqs.
3.26 – 3.29), and by using the Runge-Kutta method, showed reasonably close results. Apart
from this, a good match was also reported by comparing the results with data, which is
available in some literature (e.g., Lau [131] for the cantilevered beams), and other solutions,
which were developed using the power series method.

For simply supported beams under a distributed load and for cantilevered beams subjected
to combined loading, the simplest function of ∆(x) given in Eq. 3.26 generates the most
accurate results. Fertis [73, 74], Fertis and Afonta [75], Fertis and Lee [77] indicated that
the error of usage in the function in Eq. 3.26 yields an error of approximately 3% or less for
inextensible beams.

That is why the analysis, presented in this study, also assumes the same dependence
given in Eq. 3.26. In this case, substitution of S(x) into Eq. 3.24, the bending moment
yields:

M (x) = −
q
2

(
x2 − 2lxx

)
. (3.30)
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For further solution development, Fertis [73, 74] introduced a function Λ(x) into the
Euler-Bernoulli Equation 3.10:

Λ(x) =
d2y
dx2

/ [
1 +

(dy
dx

)2]3/2
. (3.31)

This function may be expressed in terms of the bending moment M (x) as follows:

Λ(x) =
dθ
dS
= −

M (x)
EI

=
q

2EI

(
x2 − 2lxx

)
. (3.32)

On other hand, Eq. 3.31 can be utilized by making a substitution for tan θ = dy/dx.
After multiplying both parts of Eq. 3.31 by dx, the left part of the equation can be integrated
correspondingly in respect to x and to the right part in respect to tan θ. The result of these
manipulations expresses the arc S(x) of the deformation curve via function ∆(x) as follows:

sin θ =
∫
Λ(x)dx + C. (3.33)

The integral in Eq. 3.33 can be determined by substituting the functional dependence
for from Eq. 3.31 into it. The constant of integration C = ql3x/(3EI) is computed by
considering the boundary conditions 3.14, given in Section 3.5.1. Eventually, the slope of
the beam deformation curve at any position 0 6 x 6 lx can be expressed as follows:

sin θ =
q

6EI

[
x3 − 3lxx2 + 2lx3

]
. (3.34)

Further solution is developed by utilizing Eqs. 3.22 and 3.23 for the half-length L
and the maximum deflection Ymax. Integrals are obtained using one-third Simpson Rule
following a similar procedure, as described in Section 3.5.1, using them in combination
with the supplementary equations, generated from Eq. 3.34 for each slope according to
the corresponding x values. For ensuring accuracy, Fertis [73, 74] recommends use of ten
Simpson intervals. For the present study, the results are computed for Fertis model using
two, four and ten Simpson intervals.

It is important to mention that Fertis [73, 74] treated only a direct problem, when the
deformations are found based on the given loading and boundary conditions with known
properties of the deformable beam. Consequently, for given flexural rigidity, Fertis deter-
mines the displacement ∆, satisfying Eq. 3.20 by means of trial-and-error procedure. As
for the troughability test, Fertis solution is modified as described in the present study for
the implicit problem, finding the bending stiffness required to produce the deflection that is
measured during the troughability test.

Another important observation that is not reflected in the research of Fertis focuses on
the problem, which is equivalent in terms of symmetry conditions to the original simply
supported beam. Particularly, the symmetrical system, illustrated in Figure 3.5, represents
the cantilevered beam with half-length L, subjected to the combined loads.

This structure generates a horizontal displacement ∆ = L − lx, which is half than the
one for the original simply supported beam. It is expected that for the same approximation
functions of ∆(x), given in Eqs. 3.26 – 3.29, the bending moment for both equivalent
systems will be the same. However, for a cantilevered system, after substituting ∆ = L − lx
and S(x) into Eq. 3.25, the bendingmoment produces greater values for given x-coordinates,
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Figure 3.5: Cantilevered beam equivalent to the original simply supported system.

compared to the original simply supported structure. This consequently leads to difference
in slope-dependence for both models. For instance, for the cantilevered system that assumes
constant displacement approximation as in Eq. 3.26, the moment M (x) and slope function
give the following expressions:

M (x) = −
q
2

[
x2 − (L + lx)x

]
; (3.35)

sin θ =
q

12EI

[
2x3 − 3(L + lx)x2 + (3L + lx)lx2

]
. (3.36)

These expressions obviously deviate from the ones given in Eqs. 3.30 and 3.34 for the simply
supported structure under the same assumption. Taking into account that both equivalent
systems generate the same vertical deflection, it becomes possible to conclude that the Fertis
approach produces a higher modulus of elasticity for the equivalent cantilevered problem,
than the original simply supported one.

This contradiction is the result of Fertis’ [73, 74] approximation of the bending moment
from the distributed loads in Eq. 3.24. The expression qSx/2 assumes that the horizontal
position of the gravity center for any arc of the deformed structure is situated in the middle
of that arc projection onto the x-axis. This assumption is not always correct for the arbitrary
curvilinear arcs, and the appropriate treatment needs to be carried out according to the
procedure outlined, for example, by Tolstov [228], Smirnov [213], and in other mathematical
handbooks. In this case, the bending moment from the distributed loads needs to be

considered equal to q
S∫
0

(x − x ′)dl, where l is a dummy variable of the arc S with the

corresponding dummy-coordinate x ′ (see Figure 3.5).
Summing up, the simplicity of both Wang and Fertis methods used here make them

fairly attractive in terms of their practical application. However, both methods assume
certain approximations that can affect the accuracy of the solution. Moreover, these methods
assume inextensible beam deflections, considering only bending term in the Euler-Bernoulli
equation.

3.5.3 FEM beam model
In order to accommodate the shear and stretching, the problem is also solved using FEM
beam model that supports Timoshenko theory.
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The numerical FEM beam model can be solved within any commercial software that
supports Timoshenko beam element type (e.g., Beam 188, Beam 189 for ANSYS, B31, B32
for ABAQUS, etc). If the models developed in different software have similar boundary
conditions, meshed in a similar way, and have the similar elements types, the solutions
obtained should yield similar results, as the general theory and concept behind the models
are the same. As for the present study, ANSYS software is used.

For the numerical modeling, the Timoshenko two-node element Beam 188 with six
degrees of freedom at each node is selected (see [4] for the reference).The element cross-
section incorporates 16 integration points through the structural thickness. In addition to
the nonlinear bending, axial stretch, and shear effect, this element accounts the “thinning”
effect, which occurs due to the structural extension. This effect is realized by scaling the
cross section of a beam as a function of axial stretch. The Poisson ratio was assumed
equal to µ = 0.45. The solution control is performed using the Newton-Raphson scheme.
The boundary conditions mimic the simple support (see Fig. 3.4), implying the restricted
displacements in y- direction at the edges with rotational allowance of the nodes, and
additional x-constrain at one of the edges. The meshing of the structure in longitudinal
direction is performed within 100 elements with uniform size. The beam FEM model is
shown in Fig. 3.6.

Figure 3.6: Example of a FEM model solution obtained in ANSYS within beam elements.

The FEM model includes the geometrical nonlinearity that implies finite strains (large
strains that are no longer infinitesimal), and also account large rotations. Due to the assump-
tions made in Section 3.4.1, the material nonlinearity is not considered in the present study.
However, the analysis can be extended in the future, as the elements that are eventually
selected support such material complexity.

The purpose of the study is to determine a conveyor belt bending stiffness, which, for
given belt sample geometry, actually means to quantify bending modulus of elasticity. The
solution using FEM beam model in the software can be obtained only for direct problem,
i.e. the deflection is determined based on the boundary and loading conditions with given
properties of the beam. In other words, it is only possible to compute troughability of the
structure based on the initially assigned modulus of elasticity.
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In order to solve the implicit problem, the calculations are carried out according to the
specifically developed program code using Advanced Parametric Design Language (APDL).
For given deflection measured from the physical troughability test, the effective modulus of
elasticity is determined via trial-and-error procedure by repeating the solution loops until
the FEM model generates the same deflection of the structure as originally required with
accuracy of no less than 10−5. The initial guess for the modulus of elasticity is made based
on the calculated result from either Wang or Fertis’ analytical solution.

The FEM beam model is suitable for thick structures, though, since the Timoshenko
theory converges to Euler-Bernoulli one for thin beams, the results obtained numerically for
moderately thin belt samples should be comparable with the ones generated using analytical
Wang and Fertis models, except for very thin structures exposed to the significant axial
stretching effect.

3.6 Shell models

3.6.1 Shell-approximating analytical Wang and Fertis models
The analytical model of Wang and Fertis, described in the Sections 3.5.1 and 3.5.2, re-
spectively, can be transformed for shell model by approximating the shell in plane strain
state. The corrections of the models imply the usage of EI/(1 − µ1µ2) instead of EI for
the structural bending stiffness in Eqs 3.19, 3.22, and 3.23 for the Wang model, and Eqs.
3.22, 3.23, and 3.34 for the Fertis one. Since the original Wang and Fertis beam models
were developed based on Euler-Bernoulli theory, the shell-approximating corrections for
the bending stiffness transform the models to follow the Kirchhoff-Love plate theory for
the plane strain state. These adjusted analytical models are suitable for moderately thin
structures, as they include only nonlinear bending term, excluding the shear effect important
for thick structures, and stretching effect, important for very thin membrane-type shells.

3.6.2 FEM shell model
In order to accommodate the shear effects for thick shells and also include the stretching
effect needed for very thin belt samples, the present study introduces the FEM shell model
that supports Mindlin-Reissner theory.

The solution can be obtained numerically within various commercial software applica-
tions that support the Mindlin-Reissner shell element type (e.g., Shell 181, Shell 189 for
ANSYS, or S4R, S8R for ABAQUS, etc.) As mentioned in Section 3.5.3, for the similar
modeling conditions (i.a., meshing, element type, interpolation method, boundary condi-
tions, etc.), it does not matter what software is selected for the problem considered: since the
theory and concept for the models are the same, the output results for the problem considered
should be similar.

For the case, the FEM shell model is solved in ANSYS software within 4-node Shell181
element type with six degrees of freedom at each node (see [4] for the reference). The
structure ismeshedwith 500 rectangular elements (100x50)with uniform size. The boundary
conditions are realized similarly as for the beam throughout the whole length of the edges
(simple support). The full integration procedure is implemented, and the solution control
is realized with Newton-Raphson scheme. The FEM shell model supports similar effects
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as for the beam (shear, bending, stretching, and also thinning effects), additionally taking
into account the Poisson shear effects and impact of the geometrical ratio (b/h) of the belt
sample. This allows one to investigate the appearance of the anticlastic curvature effect.

The FEM shell model accommodates the finite strains and large rotations. Thematerial is
assumed linear elastic, though the analysis can be extended in the future to include nonlinear
elasticity of the material. The Poisson ratio is assumed equal to µ1 = µ2 = 0.45 as for
the rubber in both directions. This is made in order to consider the most critical impact
of a Poisson ratio, even though the belt is orthotropic and due to the longitudinal carcass
reinforcement behaves stiffer along one of its dimension (in our case along b).

The FEM shell model can be used to solve the direct problem, i.e., the structural
deformations (in this case troughability) are determined for given belt properties. In order
to solve the implicit problem and determine the Young’s modulus from the troughability
parameter, the results are obtained similar to the FEM beam model by implementing the
trial-and error iteration procedure until the relative difference in the deflection does not
exceed 10−5. The initial guess for the E-modulus value is taken from the results of Wang or
Fertis models.

3.6.3 Comparison Concept

Now that all the selected beam and shell models are described, it becomes possible to
compare them with each other, provide their usage limitations, and determine the impact of
the physical parameters involved.

The purpose of the study is to determine the belt bending stiffness from the troughability
parameter. Since the geometry of the sample is given, the problemconverges to determination
of the Young’s modulus of elasticity E.

For the comparison, the FEMmodels are considered to bemore precise over the analytical
ones, as they provide enough fine mesh, and include all the effects needed. Moreover, they
support the general theories (Timoshenko for beam and Mindlin-Reissner for shell) that
cover wide range of the belt sample geometry. At the same time, the more simple analytical
approaches of Wang and Fertis models can also provide enough precision for the resultant
E-modulus that makes these models to be more preferable for their simplicity, compared to
the FEM models. That is why, the comparison is realized for the analytical models with
respect to the FEM solution.

As described in the Sections 3.5.3 and 3.6.2, the main difficulty appears from the fact
that the FEM beam and shell models generate solution for the direct problem, whereas the
models of Wang and Fertis (both beam and shell-approximating) are suitable for the implicit
one. In order to investigate the impact of varying moduli of elasticity, the comparison is
realized according to a special technique.

For the analysis, several different values of flexural moduli of elasticity are selected. For
each of that value, FEM models determine corresponding values of a structural deflection.
Each of that deflection is introduced as an input to Wang or Fertis models, which in turn
determine bending modulus of elasticity as an output. The difference between Wang’s or
Fertis’ elastic moduli and the ones that were initially assigned to FEM is presented as a
percentile fraction as follows:
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EFEM − EWang or Fertis

EFEM
× 100%.

Similar procedure is also used for different values of the belt line mass and the belt sample
geometry.

3.7 Results

3.7.1 Case study
For the experimental validation of the analytical models, a sample of a conventional trough
conveyor belt with physical parameters given in Table 3.3 was selected as a case study. The
troughability test was carried out for that sample according to ISO 703 2007 procedure
[174].

The maximum deflection of 0.434 m was measured at the center of the belt sample with
respect to the sample span (belt width B) and the sample width b. For that deflection value,
the effective modulus of elasticity is determined within analytical models ofWang and Fertis
with 2, 4 and 10 Simpson intervals and the results are compared. The results for the case
study parameter set are given in Table 3.4 and Table 3.5.

The minimum difference in E-modulus between FEM solution and analytical models for
given 0.434 m deflection is detected for the Fertis beam model (12.2%) with respect to the
FEM beam solution. If the moduli of elasticity from the analytical beam models are directly

Table 3.3: Reference parameters of the physical belt sample.

Parameter Value

Belt type EP
Belt width B, mm 1200.67
Thickness h, mm 16.82
Geometrical ratio B/h 71.38
Longitudinal width of the sample b, mm 151.33
Moment of inertia I = bh3/12, m4 6.001 × 10−8

Sample mass Msmpl, kg 3.672
Distributed line mass q = qbw = Msg/B, N/m 29.971

Table 3.4: Comparison of the results obtained experimentally and with FEM for the case
study parameters set

FEM
E, MPa

Ymax, m Ymax,%
(trial and error) (experiment) (deviation with experiment)

Beam 9.184
0.434 10−5

Shell (central position) 8.212
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Table 3.5: Comparison of the results obtained analytically and with FEM for the case study
parameters set

Ymax,% E, % Ymax,% E, %
E, Ymax, (differ. (differ. Ymax, (differ. (differ.
MPa m with with m with with

exper.) FEM) exper.) FEM)
Analytical solution for E FEM beam solut. for Ymax FEM shell solut. for Ymax

(Ymax from exper. Table 3.4) (E from Wang or Fertis) (E from Wang or Fertis)

Wang
2 6.613 0.455 4.83 27.99 0.448 3.14 19.47
4 6.756 0.454 4.61 26.44 0.446 2.85 17.73

Simps. 6 6.817 0.453 4.38 25.77 0.446 2.72 16.99

Fertis
interv. 2 6.955 0.452 4.15 24.27 0.445 2.45 15.31

4 7.175 0.451 3.91 21.88 0.443 2.01 12.63
6 7.207 0.450 3.69 21.53 0.442 1.94 12.24

prescribed to FEM beam and shell models, the deviation in deflection with experiment
constitutes minimum 1.9% (Fertis beam model and FEM shell solution).

Therefore, the small deviation in deflection can lead to rather large difference in modulus
of elasticity. This observation demonstrates the need in sensitivity control of the modulus of
elasticity and the difference in the deflectionmeasured from the physical test. In addition, the
limitations of using Wang or Fertis models that assume non-extensible structural behavior
also need to be established.

In order to determine the influence of the belt slenderness, line mass and effective
modulus of elasticity, the data given in Table 3.3 is used as a reference parameter set being a
starting point for parameters variation. In particular, for varied effectivemodulus of elasticity
and given geometry of the belt sample (constant B, h, b), results are also achieved using
double increased and half diminished line mass, i.e. for q, 2q and q/2 (see Section 3.7.3). A
similar strategy is applied to the reference parameter set by changing belt sample geometry
(B, h, b) one by one for varied elastic moduli and keeping q = const (see Section 3.7.4).
Increasing and diminishing the reference parameter set either for geometry, or for q with the
same factor of two, allows one to compare the results between each other and to identify
which parameter (geometry or line mass) has a greater impact on the belt troughability.

The major goal of the case study is to show that the analytical and FEM models predict
the effective E-modulus in a relevant range, since it generates the same belt’s deflection and
belt troughability, as observed in the experiment test. Besides of the validation purposes,
it also shows the need in investigation of the models’ sensitivity of E with respect to the
troughability value Ymax/B and how the number of Simpson intervals and also various input
belt design parameters influence the results.
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3.7.2 Comparison of the models and impact of an effective modulus of
elasticity

Figure 3.7 illustrates the dependence graphs, obtained usingWang and Fertis analytical beam
models with 10 Simpson intervals and also FEM beam and shell solution versus modulus of
elasticity varied within the range established in Section 2.5.5. For the results obtained using
FEM shell model, the deflection for the troughability is considered at the central position
with respect to the belt sample span B and width b. Results show that the analytical models
of Wang and Fertis generate a functional dependence trend similar to the FEM models.

Figure 3.8 demonstrates the difference betweenWang and Fertis analytical models solved
with 2, 4, and 10 Simpson intervals with respect to FEM beam and shell solution. The data
shows that for large troughability values, the deviation between the FEM solution (both beam
and shell) that include axial stretching becomes more noticeable, compared to the analytical
beam models that assume only inextensible nonlinear bending.

The FEM shell model (Mindlin-Reissner shell) produces smaller troughability for the
same E moduli, compared to the FEM beam model (Timoshenko beam). The difference
appears, as the shell model takes into account impact of the shear in plane not only along
the sample span (belt width B) but also along the sample width b.

The results show that increase of Simpson intervals does not significantly diminish
deviation with FEM. This means that the selection of the appropriate model is more decisive
in problem behavior than calculation precision, achieved with increasing number of Simpson
intervals. Due to this fact, the following analytical results are determined only for 10 Simpson
intervals.

For the conveyor belting industry, bending stiffness of a belt is mostly required in order
to determine the structural deformations expressed as belt’s ability to form a desirable shape
(trough or pipe) sufficient for the application. The analysis shows that a rather significant
difference in bending moduli leads to small deviation in belt deformations. The bending
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shell) and also using Wang and Fertis models with 10 Simpson intervals.
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Figure 3.8: Belt troughability versus difference in elastic modulus, obtained using the an-
alytical Wang and Fertis beam models with 2, 4 and 10 Simpson intervals, in
respect to the FEM solution for a) beam and b) shell models

stiffness and belt deformation also influence the rolling resistances of the belt conveyor that
in turn affect the selection of the drive power for the system. Usually, the drive power is
selected within 15% margin. That is why the utilization of the Wang or Fertis models is
deemed acceptable for the difference with a FEM solution of no more than 10%.

3.7.3 Effect of a belt line mass

Figure 3.9 illustrates the influence of a line mass on the belt’s troughability for the case study
parameter set with constant geometry (B, h, b) and line mass q/2, q and 2q. The results
obtained using Wang and Fertis models generate similar functional dependence trends as
FEM beam and shell model at the central position of the belt sample.

For the same troughability but for the different line mass values, the resultant moduli of
elasticity exhibit proportional dependence with the same factor, as the reference line mass
was increased or decreased (for the particular case, see the marks on the graph for factors ½
and 2). This means that for the same geometry of the belt sample, it is sufficient to create
one dependence curve for one value of q. Other functional curves can be easily generated
from the reference by simply shifting the values of elastic moduli along the abscissa with an
appropriate proportional factor of the change in line mass required.

The results show that excessive line mass and or small bending stiffness increases the
stretching effect of the neutral axis in the structure. The latter, as a result, causes a growth
of difference between FEM beam solution and inextensible models of Wang and Fertis (see
also Fig. 3.10). This difference is independent from the impact of the line mass change and
significantly affected by the inclusion of the axial stretching effect. The similar effect of line
mass appears also for the solution with FEM shell model.

When comparing the analytical models, for the beam solution, theWang model is always
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Figure 3.9: Effect of a belt’s line mass on belt troughability for varied moduli of elasticity,
obtained using FEM solution for beam and shell models, and using beammodels
of Wang and Fertis with 10 Simpson intervals.

more preferable than the Fertis one, as it predicts results for a larger deflection range with
acceptable 10% difference with FEM beam model. This is also relevant for the particular
input parameters, comparing the analytical results with the FEM shell solution (Fig. 3.10b).
However, as it will be shown in Section 3.7.4, at certain load and geometrical parameters of
a belt sample, the Fertis model can exhibit better correlation with FEM shell than the Wang
solution.
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Figure 3.10: Belt troughability versus difference in elastic modulus, obtained using the
analytical Wang and Fertis beam models with 10 Simpson intervals in respect
to the FEM a) beam and b) shell models for line mass q/2, q, and 2q.
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3.7.4 Impact of a belt geometry

Belt slenderness ratio B/h

Figure 3.11 shows the impact of the belt slenderness ratio B/h on the troughability charac-
teristics for the parameter set of the case study with constant q and b parameters. Results
are obtained for geometry B/2h, B/h, and 2B/h, using the analytical Wang and Fertis beam
models and also the FEM beam and shell models. For the shell model, the ratio b/h is also
kept constant, as its impact is considered in the next section. The deflection for FEM shell is
obtained at the center (with respect to sample span B and width b) of the structure deflected.

The qualitative analysis shows that for the same modulus of elasticity, thinner and wider
belts produce larger deflections than thicker and narrower ones. This observation is in
agreement with Senturia [207] that states that behavior of thicker and narrower structures is
dominated by the bending term, whereas thinner and wider ones are more affected by the
stretching effect. This complies also with the experimental observation of Harrison [94, 95],
Alles et al. [3] and Oehmen [187] for conveyor belts about a higher ability of thin and wide
belts to conform to a trough shape.

Figure 3.12 illustrates the relative difference between the models. The stiffening effect is
the reason that for larger ratioB/h, the difference between the FEM models (both beam and
shell) that support the axial stretching effect and the analytical models that only assume inex-
tensible nonlinear bending is also larger. Comparing with the FEM shell model (Fig.3.12b),
the analytical beam models of Wang and Fertis can overestimate the modulus of elasticity at
certain troughability parameters, represented by the negative difference between the models
in the figure. This appears for thicker belt samples where the shear in both planes becomes
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Figure 3.11: The effect of a belt geometry B/h on belt troughability, obtained using FEM
beam and shell models, and also the analytical Wang and Fertis ones for beam
with 10 Simpson intervals for the case study parameters set (for constant q and
b, and also b/h = const for the FEM shell model).



66 3 Quantifying a Conveyor Belt Bending Stiffness

a) b) 

10 20 30 40 50 60 70 80 90 100

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

difference with FEM beam E [%]

Y
m

ax
/B

 [
-]

0 

Geometry
B/h
2B/h
B/2h

Analytical
10 Simpson intervals

Wang Model
Fertis Model

0 
-10 0 10 20 30 40 50 60 70 80 90 100

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

difference with FEM shell E [%]

Y
m

ax
/B

 [
-]

Geometry
B/h
2B/h
B/2h

Analytical
10 Simpson intervals

Wang Model
Fertis Model

Figure 3.12: Belt troughability versus difference of elastic modulus, obtained using the
analytical Wang and Fertis beam models with 10 Simpson intervals, compared
to the FEM beam and shell model for the case study parameters set (keeping
constant b, q, and also b/h for the FEM shell model) and geometrical ratios
B/2h, B/h and 2B/h.

more significant. Due to the Poisson effects incorporated by the FEM shell model within
Mindlin-Reissner theory, the bending stiffness for the shell model is less, compared to the
one determined using analytical beam models (no shear Euler-Bernoulli theory), and also
the FEM beam model (Timoshenko theory that accommodates the shear effect only in one
plane).

Considering the limits of 6.67 ≤ B/h ≤ 643, established specially for conveyor belts
in Section 2.5.2, the problem is associated with the geometry ranging from thick to very
thin structures. Figure 3.13 represents the results, achieved for these limits for belt width
B = 3215 mm and B = 300 mm and different thickness values (see Section 2.5.2). Since
the influence of the line mass is proportional to the change in modulus of elasticity, the
dependence curves are created for one value of q = qbw ≈ 40 N/m (m′′belt = 27 kg/m2 for
l = b = 0.15 m), selected as the average. The results are obtained using only beam models,
as the shell solution and impact of b/h for each slenderness step B/h is considered in the
next section.

The results show that for troughability values, starting from 0.05, with the increase of
B/h the dependence curve becomes excessively flat, which explains the significant sensitivity
of the results to the troughability values. Also for the same ratio B/h ≈ 86, the resultant
function for width B = 300 mm completely coincides with the one for B = 3215 mm.
This fact shows that the belts’ troughability does not depend on either width or thickness
individually. Only their ratio B/h is necessary and sufficient to reflect the impact of a belt
geometry for beam models.

Figure 3.14 shows the difference between the FEM beam and analytical Wang beam
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Figure 3.13: Effect of a slenderness ratio B/h change on belt troughability characteristics
versus varied modulus of elasticity, within the range, established for conveyor
belts and belt weight q ≈ 40 N/m, obtained using FEM beam model and Wang
beam model with 10 Simpson intervals.
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Figure 3.15: Load-deflection parametric curve for FEM beam model and using the models
of Wang and Fertis with 10 Simpson intervals within specified conveyor belts’
parameters range.

model. The difference increases with the increase of ratio B/h due to the geometrical
stiffening effect. It appears due to the fact that the Wang model assumes only nonlinear
bending, whereas the FEM shell incorporates also the axial stretching effect. Though, for
a very thick structure with B/h = 6.67, the difference is also high even for the very small
troughability values. This is a result of shear effects, which are included in the FEM model
that follows the Timoshenko beam theory, but not in the model of Wang that follows the
Euler-Bernoulli theory, not suitable for thick beams.

Establishing the dimensionless dependence between the input parameters of belt geom-
etry, weight and the troughability value, the following load-deflection function for beam
models can be derived:

Ymax
B
= f beamT

(
qB3

EI
;

B
h

)
. (3.37)

Figure 3.15 illustrates that parametric load-deflection curve in relative scale for numerical
results using the FEM beam solution, and analytical results from the Wang and Fertis
approacheswith 10Simpson intervals. It is possible to observe that the inextensible analytical
beammodels ofWang and Fertis exhibit rather similar results and showmechanical behavior
dependent only on the selected load factor, which is necessary and sufficient for thesemodels.
However, for the FEM beam, the stiffening effect takes place, as for the same modulus of
elasticity, thinner and wider belts produce larger deflections than thicker and narrower ones.
In addition, if the FEM beam models are obtained without scaling the beam cross section
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as a function of an axial stretch, the so-called “thinning” effect, is only influential for very
thick and narrow belt samples (see dash-dot line for ratio B/h = 6.67). As for B/h = 30,
this effect is very small and can already be ignored due to its minor role.

As it can be seen, within the certain limitations of belt design input parameters, the
analytical inextensible beam models of Wang and Fertis exhibit a satisfactory correlation
with the more precise FEM beam model that in addition ot the nonlinear bending includes
axial stretching and shear effects. This is especially important, since the analytical models
solve an implicit problem directly and is more simple and attractive for the application in
practice. At the same time, more precise FEM model cannot solve indirect problem and the
effective E-modulus is determined from the more complex iterative procedure of solutions
that is not attractive for the practical use.

Belt sample width-to-thickness ratio b/h

Besides of the belt slenderness (B/h), the ratio (b/h) influences the solution for the shell
model. Figures 3.16 illustrates the results for the case study set (see Table 3.3 for given
B, h and q) and varied Young’s modulus. The results are obtained for 2b/h, b/h, and
b/2h geometrical ratios. The troughability, obtained using FEM shell, corresponds to the
deflection measured at the central position of the belt sample with respect to sample span
B and also width b. The results in Fig. 3.16 indicate that the model produce qualitatively
similar results.

Figure 3.17 shows the difference between the analytical beam models and the FEM
(beam and shell). Figure 3.17a shows that for the beam models, the difference between
the analytical models and FEM is independent from the change in ratio b/h. As for the
shell solution (Figure 3.17b), both analytical models of Wang and Fertis overestimate the
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10 Simpson intervals. The results are obtained for B/h = const.
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the analytical beam models of Wang and Fertis, obtained with 10 simpson
intervals and belt geometry b/h, 2b/h, and b/2h. The results are obtained for
B/h = const.

E-modulus, compared to the FEM shell solution for larger ratio b/h. This appears due to
the additional Poisson effect included in the FEM shell model following Mindlin-Reissner
theory that decreases the bending stiffness of the structure. Since the Wang and Fertis beam
models do not take shear effect into account, they interpret the smaller deflection with higher
modulus of elasticity.

Considering the anticlastic curvature effect according to the Lamb’s theory, if the rela-
tively thin and flat rectangular structure is bent around an axis parallel to one of its edges, the
structure can exhibit additional transverse curvature in the direction parallel to the bending
axis. Wang et al. [234] state that the shape of the curvature depends on the dimensionless
parameter ζ = b2/(rh) that takes into account the radius of the initially intended curvature
of bending. Wang et al. [234] elucidates that if ζ is around the unity and less, the structure
behaves like a beam in plane stress. If ζ ≥ 20...25, the anticlastic curvature is developed
mostly close to the edges, whereas the central part remains relatively flat. This effect better
replicates the shell-like behavior with plane-strain limiting approximation. Bellow et al.
[14] mention that the shape can be considered cylindrical when ζ > 1000.

The radius of the curvature R depends on the shape of the belt sample deformed. It
can be characterized by deflection Ymax and the horizontal distance between the edges of
the structure after deformation 2lx (see Figure 3.4). Both these parameters represent the
functional dependence of the ratio B/hwith respect to (qB3/(EI)). If themaximal deflection
is excessively large, as it happens when the neutral axes are stretched, the radius of curvature
decreases and the parameter ζ also reduces. In this case the beam-like approximation
becomes relevant.

Ultimately, the functional dependence between the troughability parameter, and belt
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sample input parameters,can be expressed as following generalized function:

Ymax
B
= f shellT

(
qB3

EI
;

B
h
;

b
h

)
. (3.38)

Taking into account the troughability requirement of b = (150 ± 2) mm and also
considering the limitations established in Section 2.5.2 for B and h, inherent to conveyor
belts, it becomes possible to determine the minimum and maximum possible ratios b/h with
respect to each geometrical step B/h. These extreme values of b/h and their geometrical
realization for modeling within B and h, are provided in Table 3.6. As it can be seen, the
variation of b/h is different for each of the ratio B/h, and the largest variation appears for
the average B/h = 86.

Table 3.6: The extreme values for b/h inherent to conveyor belt and its extreme realization
for each of the geometrical step B/h.

B/h
Minimal b/h, b = 148 mm Maximal b/h, b = 152 mm
b/h B, mm h, mm b/h B, mm h, mm

6.67 3.289 300 45 3.378 300 45
30 3.289 1350 45 15.2 300 10
86 3.959 3215 37.38 30.4 430 5
300 13.81 3215 10.717 30.4 1500 5
643 29.6 3215 5 30.4 3215 5

For these geometrical input parameters, the results are obtained for the minimum and
maximum ratio b/h for each geometrical step B/h using FEM beam and shell FEM models,
and the analytical Wang beam model (beam in plane stress state with bending stiffness EI)
and the Wang shell-approximating model (plate in plane strain state with bending stiffness

EI
(1−µ1µ2) .

The analysis for the geometrical range established for conveyor belts (see Section 2.5.2
and Table 3.6) reveals that the maximal possible difference of 10.9% in deflection at the
center and at the edges of the belt sample appears for the extrememaximal value b/h = 3.378
and B/h = 6.67. As for the more frequently appeared B/h ≈ 86, the maximal possible
b/h = 30.4 generates the difference of no more than 6.5% for Ymax/B < 0.165. For 0.165 ≤
Ymax/B ≤ 0.212, the difference decreases until no more than 1% and stays at that value for
Ymax/B > 0.212. Then it is possible to state that belt with given geometrical parameters
conforms a cylindrical shape, for the beam-like plane stress state (Ymax/B ≥ 0.212) and
plate-like approximating plane strain state (Ymax/B ≥ 0.212), respectively.

Taking into account the sensitivity of the models for quantifying E-modulus with respect
to the deflection determined from the experiment test, the position of the troughability
measurement needs to be carefully controlled during the test. The authors recommend
performing the measurements at the center of the belt sample, as closer to the edges the
anticlastic curvature effect can influence the results.

Figure 3.18 shows the load-deflection parametric curve for the normalized belt geometry
B/h = 86 that appears more frequently in industry. The results, obtained for the FEM beam
and shell models and the analytical Wang beam and Wang shell-approximating models,
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Figure 3.18: Load-deflection parametric curve B/h = 86 for the FEM solution of beam and
shell models at the structural center and also using the analytical models of
a) Wang and b) Fertis with 10-Simpson intervals within specified minimal and
maximal ratio of b/h.
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produce the similar dependence. For the shell models, the troughability corresponds to the
central position of the sample.

Comparing the FEM beam and FEM shell solution with each other, it is possible to see
that for minimal ratio b/h the models produce close results, whereas for the maximal b/h,
the difference between FEM beam and FEM shell increases. This is due to the fact that the
Timoshenko theory incorporated in the FEM beam model does not take into account the
Poisson effects in additional plane, whereas the FEM shell model following the Mindlin-
Reissner theory does. That is why, for larger ratio b/h, the difference between FEM shell
and beam becomes more noticeable.

In comparison to the analytical model for smaller ratio b/h and also in the case of insignif-
icant troughability values, the FEM solution (both beam and shell) behaves beam likewise
and better conforms to the inextensible Wang beam model, as the structural stretching effect
is not that significant. As for the maximum value b/h, and also when the troughability
values are not that large, the FEM shell model better conforms to the shell-approximating
Wang model representing the shell in plane strain state. This happens due to the fact that
the structure behaves like a shell in plane strain state and also the impact of axial stretch is
minimal. These observations are also relevant if the Fertis beam and shell-approximating
models are used.

3.7.5 Strain limitation
The usage of the models, described for quantifying the belt’s bending stiffness from the
troughability test, is limited by the assumption of constant modulus of elasticity (see Section
3.2), which stipulates small strains (up till 5%) inherent to conveyor belts under normal
operational conditions.

Themaximum strain is detected using FEMshellmodel, which appears at the compressed
side of the belt sag right at the edges of the deflection (with respect to the sample width b).
As for the beam models (either Wang or Fertis or FEM), the maximal strain occurs at the
compressed side of the structure at the central position of the sag with respect to the belt
sample width b and sample span B. Figure 3.19 illustrates this maximum strain at the central
position, determined by Wang model and FEM for beam and shell elements for minimum
and maximum b/h ratios.

The figure shows the limitation for small strains that is ε ≤ 5% for the models. For the
analytical models, the strain is determined for beam in plane stress state as:

ε =
ql2xh
4EI

, (3.39)

whereas for the shell-like approximation in plane strain state, it equals:

ε =
ql2xh
4EI

(1 − µ1µ2). (3.40)

The analytical results exhibit similar trend as the FEM solution. The graphs show that
the ratio b/h does not affect the strain determined; only the selection of the approach has an
influence on the results. Moreover, the shell-like approximation for the analytical models
(Wang or Fertis) coincides with the corresponding solution obtained using the same model
but for the beam in plane stress state.
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Figure 3.19: Belt troughability, obtained with FEM beam and shell model in ANSYS and
using the Wang and Fertis models with 10 Simpson intervals versus maximum
strain appeared in the central point of the belt sag in the compressed side of
the structure.

The recommendations for using each of the model including 5% strain limitation and
satisfying also 10% difference between the analytical model of Wang and numerical ANSYS
solution for beam and shell models are reflected in Tables 3.8 and 3.7. A set of the guidelines
is provided at the end of this Chapter that summarize the analysis and the results obtained.
These guidelines can be useful for the practicing engineers aiming to utilize the analysis in
industry.

3.8 Guidelines for practicing engineers
The following guidelines can be used in order to determine a conveyor belt bending stiffness
based on the troughability test.

1). Store a testing belt sample horizontally in a flat surface following the recommen-
dations for conditioning ISO 703 [174], ISO 18573 [115].

2). Measure the belt’s troughability from the experimental test according to the stan-
dard ISO 703 [174] at the center of a belt sample with respect to its span (width of a
belt B) and the sample width b.

3). Measure the average thickness h, a beltwidth B (sample span), and the longitudinal
length b of the belt sample (see recommendations e.g., ISO 583 [173], 7590 [175],
15236 [170] and also DIN 22129 [49]. Determine the moment of inertia of the
structure I = bh3/12.
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Table 3.7: Troughability values for geometrical slenderness B/h and the critical ratio b/h that specify limitation of using the model of Wang
and Fertis with respect to the FEM shell model.

Belt geometry Troughability value
Analytical model
5% Strain limit.

B/h b/h FEM shell (up till 10% diff. with the shell FEM)
5% Strain limit. Wang Fertis

EI
EI

(1 − µ1µ2)
EI

EI
(1 − µ1µ2)

6.67
min 3.289 ≤ 0.067 ≤ 0.069 - ≤ 0.069 -
max 3.378 ≤ 0.066 ≤ 0.069 - ≤ 0.069 -

30
min 3.289 ≤ 0.258 ≤ 0.289 - ≤ 0.245 -
max 15.20 ≤ 0.223 ≤ 0.050, 0.271...0.285 0.090...0.268 ≤ 0.050, 0.195...0.268 -

86
min 3.959 ≤ 0.416 ≤ 0.305 - ≤ 0.245 -
max 30.40 ≤ 0.402 ≤ 0.045, 0.285...0.360 0.050...0.255 ≤ 0.048, 0.208...0.430 0.080...0.160

300
min 13.810 ≤ 0.473 ≤ 0.315 - ≤ 0.251 -
max 30.40 ≤ 0.473 ≤ 0.355 - ≤ 465 -

643
min 29.60 ≤ 0.485 ≤ 0.340 - ≤ 0.320, 0.390...0.475 -
max 30.40 ≤ 0.482 ≤ 0.340 - ≤ 0.325, 0.385...0.475 -
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4). Measure the sample’s mass Mbw on a weight scale and determine distributed belt
weight q = qbw = Msg/B.

5). Based on the troughability value and geometrical ratio of the belt sample B/h and
also b/h, select the appropriate method for quantifying the belt’s bending stiffness.
Analytical Wang or Fertis models are selected, if they yield no more than 10%
difference with the FEM solution. The usage recommendations for the troughability
values with respect tothe belt’s geometry are provided in Table 3.7 and Table 3.8.

6). Determine an effective modulus of elasticity E. In case of the analytical models:
for the Wang model, use Eqs. 3.19, 3.22 and 3.23, and for the Fertis model, use Eqs
3.34, 3.22 and 3.23. No more than 8 Simpson intervals need to be incorporated. In
case of the FEM solution, for B/h > 30 the thinning effect of the structural cross
section can be neglected.

7). Check, if the maximum strain varepsilo does not exceed the requirement of up
till 5%. For the Wang and Fertis models, the strain equals to a percentile ratio, given
in Eq. 3.39 for a beam-like plane stress-state and Eq. 3.40 for a plate-like plane strain
state approximation for the structural behavior, respectively.

Table 3.8: Troughability values for geometrical slenderness B/h that specify limitation of
using the model of Wang and Fertis with respect to the FEM beam model.

Belt geometry Troughability value
Ratio B/h FEM beam Wang model

(for any ratio b/h) 5% Strain limitation 5% Strain limitation
(up till 10% diff. with the FEM beam)

6.67 ≤ 0.072 ≤ 0.070
30 ≤ 0.270 ≤ 0.285
86 ≤ 0.425 ≤ 0.300
300 ≤ 0.480 ≤ 0.300
643 ≤ 0.500 ≤ 0.307

3.9 Conclusions
The following conclusions can be drawn from this chapter. The chapter shows that it is
possible to determine a conveyor belt bending stiffness from the troughability test ISO 703,
assuming a linear-elastic behavior of a conveyor belt for small strains (up till 5%) as a simply
supported beam-like or a shell-like structure, subjected to the distributed self-weight.

To quantify a conveyor belt bending stiffness from the troughability parameter, five mod-
els were proposed: two analytical beam models of Wang and Fertis that assume inextensible
Euler-Bernoulli structural bending, FEM beammodel that takes into account axial stretching
and shear (Timoshko beam); shell-approximating analytical models on the basis of Wang
and Fertis; and FEM shell model that accounts al the effects using Mindlin-Reissner theory.
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The results, obtained using the analytical and FEM models (both beam and shell) are in
agreement with the experiment and exhibit the similar resultant trend.

The troughability parameter can be represented by the load-deflection parametric func-
tion of a belt bending stiffness EI, belt weight q, belt width B, and belt geometry, represented
by the ratio B/h and b/h, as follows:

Ymax
B
= f shellT

(
qB3

EI
;

B
h
;

b
h

)
.

Results show that for the same troughability value, an impact of a belt line mass change
q has a proportional effect on change in effective modulus of elasticity E for the same belt
sample geometry. The effect of a belt line mass is less significant for the problem behavior
than the influence of a belt geometry.

Considering the effect of a belt slenderness B/h, thin and wide conveyor belts with
significant ratio B/h exhibit larger troughability for the same E-modulus, compared to more
thick and narrow belts with smaller ratio B/h. This stiffening effect appears due to extension
of structural neutral axes in additional to the nonlinear bending and becomes dominative
when thin and wide belt samples exhibit very large troughabilty. At the same time, thick or
narrow conveyor belts are affected by shear deformations, which are not trivial for belts with
minor B/h.

For the shell numerical models, the influence of the belt sample geometry on the results
needs to be represented not only by the structural slenderness B/h, but also by the ratio
b/h. The latter characterizes an additional shear effect that appears in other two planes,
orthogonal to the plane of the initial structural bending.

In addition, the ratio b/h represents the appearance of the anticlastic curvature effect.
This effect causes the difference in the deflection measured at the center of the belt sample
along the sample width b, compared to the edges of the anticlastic “saddle” shape. It can
generate 10% difference in deflection at he center and at the edges of a belt sample for
B/h = 6.67, whereas for the normalized and most frequently appeared belt slenderness
B/h = 86, it constitutes no more than 6.5% difference. Due to this fact, the present chapter
concludes that it is preferable to perform measurements at the center of the belt sample, as,
close to the edges, the deflection can be significantly influenced by the anticlastic curvature
effect by obtaining the “saddle” shape.

Considering the usage limitation of the models proposed, it was found that the Wang
beammodel is more preferable for the analysis instead of the Fertis model, as it gives a better
correlation with the FEM beam model for larger range of the troughability values with the
difference up till 10%. As for the shell solution, the impact of b/h influences the selection.
In particular, for larger ratio b/h, the Fertis model generates better correlation with the FEM
shell solution, whereas for the smaller b/h, the Wang model is more preferable. All the
models proposed are limited to the small strain range (up till 5%). The usage limitation of
all the models proposed are provided in Table 3.8 and Table 3.7 for the full range of a belt
slenderness B/h variation.

Present chapter concludes, within the certain limitations of a belt design, the analytical
models of Wang and Fertis (both beam and shell) predict a conveyor belt bending stiffness
with satisfactory precisionwith respect to themore precise and complex FEMbeam and shell
models. The more simple analytical models that solve the problem directly are attractive
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for the practical use, compared to the more complex FEM models that require iterative
solution procedure. Within the usage limitation established in Table 3.8 and Table 3.7, it
is possible to use a more simple and practically attractive analytical models, and, for the
certain parameters beyond those limitations, the FEM approach is recommended to be used.

Based on the analysis made, the future research needs to focus on incorporating the
non-uniform belt design structure with discrete change in properties along the belt width. In
addition, the further studies have to investigate the impact of the belt’s viscoelasticity (time
and temperature) on the belt’s troughability and bending stiffness quantified. The analysis
can also integrate the nonlinear elastic models (e.g., the Mooney-Rivlin, Ogden models) for
the comprising rubber-like elastomeric materials of a conveyor belt, expanding the solution
for larger rate of strains (more than 5%).

A conveyor belt bending stiffness, quantified from the troughability test according to the
procedure described, is a fundamental parameter needed in this thesis. In particular, belt
bending stiffness is not only responsible to a belt’s mechanical response towards all the loads
involved, but also it represents an additional expansion load that appears from folding a pipe
conveyor belt from a flat shape into a pipe shape. Both these issues influence a PBC CFs
and ability of a conveyor belt to form a stable pipe shape without a contact loss, investigated
in the next Chapter 5.



Chapter 4

Determination of Contact Forces:
Experimental Approach*

"Interpretation of experiment is a matter of taste".
— P. Kapitsa, a Soviet physicist and Nobel laureate

A conveyor belt lateral bending stiffness, studied in previous Chapter 3, determines PBC
CFs and belt transverse deformations. The CFs are important for the system design, as they
link the mechanical behavior of a belt structure and impact of the all loads involved. The
CFs influence the energy losses from the IRR, investigated in Chapter 7, and are also needed
to represent the belts’ ability to form a stable pipe shape (see Chapter 6).

This chapter is a first part of three subsequent chapters (Chapters 4, 5, and 6) devoted to
the determination of PBCCFs. The division into three parts is made based on the approaches
used. In particular, this chapter focuses on the experimental approach that determines CFs,
whereas Chapter 5 uses an analytical approach, and Chapter 6 applies FEM and presents
comparison of all three approaches together.

Since the CFs can be determined experimentally, the test rig configuration has to be
properly selected. This chapter provides a qualitative analysis of the existing PBC test rig
configurations, and selects the most appropriate test rig design that can closely replicate the
analytical and FEM models for the validation purposes. In addition, using the experimental
testing within the test rig selected, the present chapter aims to investigate the impact of major
PBC design parameters, such as pipe diameter, belt width, transverse bending stiffness, belt’s
mass, and position of the belt overlap, on the load distribution between the individual idler
rolls, as well as the ability of the belt to form a stable pipe shape.

4.1 Introduction
Installation, exploitation and operation of PBCs essentially depends on how the carried load
is distributed between the idler rolls, as it identifies the contact forces from the each roll,

*The chapter is written partially based on the publications of Zamiralova and Lodewijks [259–262].
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applied to the external belt surface. The significant effect of the load distribution between
the idler rolls can be traced in various aspects, inherent to the running behavior of this type
of continuous transport systems.

For instance, the CFs determine the IRR, studied in Chapter 7 of this thesis. The IRR, in
turn, affects the tension calculation of an overall PBC system, which in turn leads to a higher
energy losses of the conveyor. The high energy consumption relates to the choice and costs
of installation parameters of the PBC, such as the motor power, take up system, life/ load
rating of idler roll bearings, etc.

Another example is that the impact from the reaction forces can be observed in the
twisting effect of a pipe conveyor belt. Reaction forces define a stabilizing moment from the
friction forces between the external surface of the belt and the idler rolls, which counteracts
the undesirable rotation of the belt.

The CFs can also indicate the large deformations of the cross-sectional geometry and
belt disability to keep a stable pipe shape geometry or a belt collapse. This can be detected
when one or more of the CFs become equal to zero. As stated by Zhang and Steven [270],
Imai [112], the belt collapsed can cause spillage of a bulk material and tends to exhibit a
larger twist in curves along the route, affecting tracking and alignment of a belt in operation.
Therefore, the CFs relate to the cross sectional deformations and significantly contribute to
the operation behavior of PBCs. It is thus evident that it is essential to have a precise method
that can quantify the CFs in the most accurate way and detect which parameters have the
most influence on them.

For this purpose, threemethodologies exist: an empirical experimentationwithin existing
PBC installations or using the test rigs that imitate the pipe conveyor belt behavior; an
analytical approach that develops a mathematical model and directly calculates the CFs;
a numerical solution (e.g., FEM, FDM), mostly achieved within various software. Each
approach inherits both positive and negative aspects. Using all three approaches together
allows them to complement each other, providing a reliable method to determine the CFs.
The positive and negative aspects of each of the approach will be discussed further in this
chapter and also in the subsequent Chapter 5 and Chapter 6.

Present chapter is focused on the experimental approach that can determine PBC CFs.
The experimental testing can be used as an independent method for obtaining the CFs and
providing an impact analysis of the system design parameters on the results. In addition, the
experimental results are obligatory needed for validating the analytical model, developed in
Chapter 5, and FEM models, created and described in Chapter 6.

The experiment measurements allow one to test the influence of the parameters, which
are not included in the analytical models. For instance, the analytical model that will be
described in following Chapter 5, is limited to the conveyor belt with a uniform layout along
the belt width, i.e., evenly distributed belt bending stiffness and line mass. In addition, the
impact of an overlap and pipe diameter selection with respect to the overall belt width is
also ignored in the analytical model for the simplification purposes. In the contrast, the
experimental approach can incorporate impact of those parameters together, including, for
instance, an impact of belt tension, belt viscoelasticity, position of overlap, etc.

Number of the researchers, such as Hötte [107], Hötte et al. [108], Wiedenroth [247],
Michalik et al. [156], Molnár et al. [159–166], Molnár and Fedorko [158], Stehlíková
et al. [220], Xiaoxia et al. [252], Barburski [10] determine the PBC CFs only based on
the empirical experimentation without any analytical solution. However, it is important to
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emphasize that the experimental study has to be obligatorily accompanied with the analytical
model. It can appear that the test rig design selection can influence the CFs measured. The
differences can be due to the mistakes that might appear during the performance of some of
the experiments and the abilities of a test rig configuration. In addition, the more parameters
involved in the experiment, the higher the possibility of the appearance of a measurement
error.

At the same time, the more complex configuration of a test rig allows one to test more
different cases and perform an impact analysis of various design parameters on the CFs and
belt deformations measured. For instance, the test rig design can offer a function of simple
replacement of belt samples and change of a pipe diameter. This design function allows
one to test impact of different belt types, length of overlap and belt’s slenderness on CFs.
Alternatively, the design configuration can have ability to include presence of a bulk material
or simulate dynamic effects that also give more options for testing cases.

That is why it is important to analyze the design of the existing test rigs, examine their
advantages and disadvantages with respect to the CFs and ability for testing different cases
when the input parameters are varied. In addition, the attention has to be paid to the methods
and test set-ups used for detecting the geometry of the belt deformed under the action of
all the loads involved. Based on this analysis, the study selects the most appropriate design
configuration for determining the CFs and belt geometry, also suitable for developing an
analytical and numerical models. The choice has to be made keeping in mind that the
more complex test rig design provides larger variety of the parameters for testing. At the
same time, a high complexity of the test rig can cause the uncontrolled appearance of the
measurement errors.

4.2 Overview of existing test rigs
Existing test rigs are analyzed by comparing the CFs measured with various test rig config-
urations. The results selected represent the case of an empty conveyor operation without a
bulk material, with the overlap on the top (Fig. 4.1a) and at the bottom (Fig. 4.1b), as not all
the test rigs allow one to model the presence of a bulk material. The bottom overlap position
commonly implies the return strand of a PBC.

Figure 4.1: Reference pipe conveyor cross sections with CFs numerated for belt’s overlap
position: a) at the top; b) at the bottom.
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Each of the CFs presented is given as its percentile ratio to the absolute values of
all six contact forces for each test case (Fn/

∑
|Fn |). The length of overlap of the pipe

belt is presented as a ratio of the belt width to the nominal pipe diameter (B/Dnom). For
simplification the understanding of the data from different sources, the CFs are adjusted to
the belt position, forming clockwise coil, and numerated, as illustrated in Fig. 4.1. Since the
belt design plays a decisive role in the PBC cross-sectional geometry and CFs, the results
are supplemented with the information on the belt properties, whatsoever was provided in
the source.

Due to the unavailability of detailed information on conveyor belts tested and the limited
number of existing test rigs, the results selected are used only for a qualitative analysis.
The test results are sensitive to errors, like an improper choice and calibration of sensors,
incorrect data acquisition and processing, and human factor. Therefore, the accuracy and
statistical significance of test results, obtained with various test rigs as published in different
sources cannot be guaranteed.

In general, the existing test rig configurations can be classified based on their ability
to perform static and/or dynamic tests, and also ability to determine the cross-sectional
geometry of the belt deformed. The current overview classifies the test rigs as following:

1) static six point stiffness devices;

2) static test rigs with various frames and supports;

3) dynamic test rigs and field measurements;

4) the test rigs with inherent experimental methods used to determine belt geometry
deformed.

Present section analyzes each type of test rig configuration independently.

4.2.1 Static six-point stiffness devices
A number of the researchers perform their experimental studies using six-point pipe belt
stiffness device. One of the prototype of that kind, shown in Fig. 4.2, was assembled at
the laboratory of Delft University of Technology, Section of Transport Engineering and
Logistics [42]. It consisted of a wooden frame with six plates, situated hexagonally. Twelve
sensors were mounted in between the frame and the plates, wherein two sensors were used
for the each plate. For the measurements, three samples of the same type of a pipe conveyor

Table 4.1: Belt properties and experiment details, used for the measurements used in labo-
ratory in Delft University of Technology, Section of Transport Engineering and
Logistics [42].

Sample Belt Type B, mm B/Dnom Troughability Overlap Tension

1
ST 3500 ≈1800 ≈4

0.334
top no2 0.341

3 0.341
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Figure 4.2: Test prototype of a static sic-point stiffness device, assembled at Delft University
of Technology, Section of Transport Engineering and Logistics, the Netherlands
(Figure from [42]).

steel cord belt were used with an approximate length of 150 mm. The belt properties and
ratio between the belt width and pipe diameter are shown in Table 4.1.

The sensorsmeasured the load in radial direction for approximate 10 secondswith sample
rate of 5 Hz for each case. The average sum of the results, obtained from both sensors,
represented the CF, acting on the corresponding plate. The experiment was performed two
times for each sample (Test 1 and Test 2). The test results are presented in Fig.4.3.

Analysis of the data shows that the results for the same belt type, same length of overlap
and belt width can differ between the tests significantly. This can be explained by the fact
that the friction between the external surface of the belt and wooden hexagon plates was not
controlled during the tests. The sensorsmeasured only loads in radial direction, consequently
the force components from the friction that can be significant, were not detected by the
measuring equipment. Moreover, the friction between the belt edges was not eliminated as
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Figure 4.3: The CFs Fn/
∑
|Fn | (%), obtained from the test set-up at Delft University of

Technology, Section of Transport Engineering and Logistics [42], measured two
times (Test 1 and Test 2) for each of the belt sample: a) 1, b) 2, and c) 3. The
results are adjusted according to the reference numeration and overlap position,
provided in Fig. 4.1a.
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well, and the belt tended to “stick” on itself at the overlap. As a result, the measurement data
was very sensitive to the way the belt samples were placed in the test rig.

As for the advantageous aspects of this test configuration, it can be mentioned that the
test rig is light, compact and cheap. The experiment is easy to perform and requires belt
samples with the short length, which makes it possible to use the same samples as used for
the troughability test. The assembly of two sensors per plate provided additional information
about which side of the supporting plate had a greater load, reflecting the load distribution
along the belt coil. Moreover, the impact of friction on the test results could be reduced
by means of the special material sheets with low friction coefficient that can be inserted
between the belt and the plates and also the overlapping edges of the belt. The relaxation
effect due to the viscoelastic properties of the belt rubber compounds originally was not
considered in the results. However, this can be corrected by extending the experiment time
performance for each of the case.

The major disadvantage of the test rig is that it was designed only for the specific width
of the samples available in the laboratory. This implies that the construction of the test
rig could not be adjusted for different belt samples, length of overlap, and length of the
supporting hexagon plates.

Based on the same design concept, the PBC six-point stiffness devices are elaborated
being equipped with a mechanism for forming different pipe diameters for the various

a) b)

Figure 4.4: Six-point stiffness testing devices, elaborated by: a) Conveyor Dynamics Inc.
together with Goodyear Engineered Products, Veyance Technologies Inc. [270]
(Images courtesy of Conveyor Dynamics Inc. and Goodyear Engineered Prod-
ucts, Veyance Technologies Inc.); b) Taiyuan University of Science and Technol-
ogy, China (Image from Xiaoxia et al. [252]).
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belt widths and required length of the overlap. One of the test rig developed by Conveyor
Dynamics Inc. togetherwithGoodyearEngineeredProducts, VeyanceTechnologies Inc.,
was mentioned by Zhang and Steven [270] (see Fig. 4.4a). Similar test rig configuration
was introduced by Xiaoxia et al. [252], Taiyuan University of Science and Technology,
China and illustrated in Fig. 4.4b. The six-point test devices presented also can perform
experiments with belt samples with length, similar as it is required for the troughability
test. However, for the particular test rig configurations. there are no quantitative test results
available in the sources mentioned [252, 270].

Besides the studies mentioned, the results on PBC CFs were presented by Hötte [107]
using six-point stiffness device, designed by the Institute of Transport and Automation
Technology (ITA) at Leibniz University of Hannover. The construction became a main
basis for the device prototype of Phoenix Conveyor Belt Systems GmbH. Hötte [107]
described the set-up that also consisted of six hexagon plates, attached to the load cells
that serve for measuring the radial normal forces. The design incorporated the usage of
replaceable plates of various lengths and assemblage for modeling different pipe diameters.
The sampling rate of 1 Hz was achieved together with storing data option throughout 24
hours. Impact of friction was eliminated by using talcum and two layers of Teflon® foil
paper inserted between the plates and external surface of a belt sample. The measurements
were controlled by fulfilling the condition that the vertical projection of CFs gave the total
weight of the sample, and the projection of the CFs in lateral direction had to coincide with
the theoretically calculated value.

The Hannover six-point stiffness device was also used for imitating lateral loads that
appear at curves of a conveyor route due to the belt tension. Hötte [107] proposed a design
solution to apply eight concentrated lateral forces on a pipe-shaped belt circumference (see
Fig. 4.5). The way these forces were applied to a belt (either directly at the steel cords,

Figure 4.5: Approximate sketch of the static six-point stiffness device, assembled in Institute
of Transport andAutomationTechnology (ITA) at LeibnizUniversity ofHannover
[107] (Image courtesy of Institute of Transport andAutomation Technology (ITA)
at Leibniz University of Hannover and Phoenix Conveyor Belt Systems GmbH).
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Table 4.2: Properties of belt samples, used in experiment in Institute of Transport and
Automation Technology (ITA) at Leibniz University of Hannover [107].

Sample Belt Type B, mm B/Dnom Overlap

A, B, C ST 3150 1925 3.63 top

remained after the belt sample was stripped from the rubber at the edges prior the test, or by
means of another clampingmechanism) was not specified in the source for the confidentiality
reasons. The position of forces application had to be approximately equidistant along the belt
contour. The values of loads were calculated based on each point’s circumferential position,
hypothetical radius of conveyor route curve in horizontal plane Rh, shown in Fig. 4.5, and
also the desired theoretical belt tension and conveyor pitch. The lateral forces were applied
symmetrically from both sides of the sample. The way the position of the selected points
was measured on the belt contour was not clarified in the source. Hötte presented the results
for CFs between the hexagon plates for loading conditions equivalent to the straight section
and by means of eight concentrated forces simulating route curves in horizontal plane from
300 till 1000 m with a hypothetical conveyor pitch of 1 m and a tension of 300kN.

For the experiment, Hötte [107] used three samples of different pipe conveyor belt types
with 150 mm length, named Sample A, B and C. These samples were attained from belts
with the same minimal tensile strength and nomenclature type, but different in structural
design, in particular different transverse reinforcing materials and also rubber compounds
present in belt core and covers. Some of the belt samples properties are given in Table 4.2.

Furthermore, the measurements were carried out for complete 24 hour time period. The
researcher reported that during the first two hours results decreased dramatically due to
the relaxation effect. After 16 hours, they asymptotically reached a certain value. For the
analysis, Hötte [107] recommended to use averaged results, obtained after 22 hours of the
experiment. Figure 4.6 illustrates the load distribution between the idler rolls.

The researcher reported that during the overall 24-hour test, the sample C with a higher
stiffness showed a larger relaxation percentage decrease of CFs compared to the Sample
A with lower stiffness. Nevertheless, in absolute values, the CFs of Sample C still remain
larger than generated results of other samples. This observation indicates that the viscoelastic
properties of rubber compounds has an important significance for a PBC belt behavior.

To study the influence of temperature on the CFs due to the viscoelastic properties of a
belt, Hötte performed tests in an environmental chamber, varying the ambient temperature
from -20◦C till 40◦C with 20◦C step of increase. The temperature effect on the CFs was
characterized by considering the change of the sum of the CFs in absolute values |Fn | for
each of the samples. The influence of the temperature on the CFs load diagram was not
present in the source.

With the six-point stiffness device, Hötte also carried out tests, qualitatively modeling
load from bulk material. For this purpose, he used an over-sized compliant plastic bag as a
container filled with water. The hydrostatic pressure was selected aiming eliminate the effect
of the internal friction normally apparent in the bulk material. For supporting the container
with water placed in the test rig, the cross section of the pipe-shaped belt was sealed with
Plexiglas, attached to the test rig frame from both sides with no contact to the belt sample.
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Figure 4.6: TheCFs Fn/
∑
|Fn | (%), averaged from the data acquired from 22 till 24 hours of

the experiment from the PBC six-point stiffness device, assembled in Institute of
Transport and Automation Technology (ITA) at Leibniz University of Hannover
[107] for three types of the belt samples, denoted as A, B and C at a straight
section of a PBC (adjusted to the reference Fig.4.1a).

Additionally, performance of this test required elimination of the friction between the water
container, belt surface and Plexiglas seals. Noteworthy to mention that usage of water in
compliant plastic bag does not realistically imitate the impact of a bulk material pressure on
the belt surface inside the pipe of PBC.

In addition, the method of imitating tension induced lateral loads from the horizontal
route curve, described by Hötte, does not provide information about twisting tendency of a
pipe conveyor belt. Due to the reduced length of belt samples, the problem does not reflect
the effect of the shear stress flow in belt’s lateral cross section, which can be influential in the
phenomenon. Moreover, it needs to be carefully investigated, whether eight concentrated
forces in respect to rather large belt width is sufficient to replicate similar loading condition
as it happens in practice. Even though the test rig, described by Hötte [107], reflects the
hypothetical tension induced by lateral loads, it was not capable to replicate the physical
structural behavior and deformations under the action of tensile forces. This observation is
relevant for all existent six-point stiffness devices.

Summing up, it is important to emphasize that all the six-point stiffness testing devices
described have a number of significant advantages. Due to low manufacture, installation
and assemblage costs, mobility and simple test performance, this type of the test rig design
together with the troughability test can be considered sufficient for defying a belt’s ability to
form a stable pipe shape of conveyor belts with different transverse bending stiffness, pipe
diameter and length of an overlap.

As a central disadvantage, six-point belt stiffness testing devices are not suitable for
studying the belt behavior and deformation under the tensile force, except to the 2D case
when the forces artificially are applied to the contour for imitating the lateral forces at
curves, as described by Hötte [107]. In addition, the belt longitudinal tendency to twist
is not possible to detect within this test rig configuration. Positive and negative aspects
inherent to the test rigs of this kind are highlighted in a list below.
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Pipe conveyor six-point stiffness testing device

Advantages

• Cheap, compact, mobile, light;

• Simple installation and test perfor-
mance;

• Possible to form various pipe diameters;

• Easy for belt samples replacement;

• Suitable for the same belt samples as for
the troughability test;

• Together with the belt troughability, can
be sufficient for predicting the conveyor
belt’s ability to form a stable pipe shape;

• Suitable for study the relaxation effect of
the viscoelastic belt rubber compounds;

• Control of the accuracy and monitoring
of the friction forces impact.

Disadvantages

• No information about the belt’s buckling
and twisting tendency at spatial curves;

• Impossible to apply and change belt ten-
sion, except for the artificially applied pre-
calculated lateral forces to imitate the 2D
belt deformations at route curves (as pro-
posed by Hötte [107]);

• Inability for proper testing the impact of
the bulk material without using an addi-
tional container;

• No option to study dynamic effects and
influence of conveyor pitch.

4.2.2 Static test rigs with frames and various supports

For considering impact of longitudinal effects on belt CFs and deformations, the static test
rigs with frames are used.

Generally, static test rigs with frames and supports represent a section of a PBC of an
actual size with the required pitch between the idler stations under the action of the tensile
forces. Xiaoxia et al. [252] introduced one of the simplest set-up prototype, assembled
in Taiyuan University of Science and Technology, China. The researchers described the
test rig consisted of the three six-point belt stiffness devices. These devices supported the

Figure 4.7: An approximate sketch of the static test rig, assembled in Taiyuan University of
Science and Technology, China (Figure from Xiaoxia et al. [252]).
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Figure 4.8: The CFs Fn/
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|Fn | (%) modeling straight section of a PBC, obtained from

the test rig assembled in Taiyuan University of Science and Technology, China
[252] for three types of the belt construction, denoted as A, B, and C and belt
tension 300 kN.

conveyor belt formed in a pipe shape (see Fig. 4.7). The tension was applied to the belt by
means of the hydraulic cylinders, positioned at the edges of the belt. The modeling of the
horizontal route curves and variation of the conveyor pitch was carried out bymoving the six-
point testing devices in a corresponding longitudinal or lateral direction. It is important to
emphasize that the procedure to achieve the correct route alignment can be quite challenging
for a such testing method.

Xiaoxia et al. [252] tested three constructions of a conveyor belt (denoted as A, B and C)
for various belt tensions and curve radii. The CFs (shown in Fig. 4.8) were presented with
the similar numeration, as it was assumed in Fig. 4.1a. However, the information about the
overlap coil direction with respect to the numbers of the CFs was not provided in the source.
In addition, the width of the belts tested, length of the overlap, belt stiffness, position of the
measuring equipment, and conveyor pitch were not reported by the researchers. Moreover,
the data was presented as rounded numbers, and the accuracy of the measurements was not
acknowledged.

Similar to the test rig construction described by Xiaoxia et al. [252], Barburski [10]
introduced an experimental set-up built in Technical University of Lodz, Poland, that also
consisted of the three six-point stiffness devices, as shown in Fig. 4.9. These six-roll sets
are equipped with the load sensors that measure the forces in radial direction (see Fig. 4.9b).
These idler stations are mounted to the frame that allows one to change the length of spacing
between the stations. The length of rolls and their diameters was fixed. In addition, the frame
provides the possibility to move the central idler set with respect to the rest two stations. By
changing the position of the central idler set, the researcher can model the conveyor route in
range from 50 till 400 m radius of curve in horizontal plane.

The main difference with the other test rigs designed with various frames and supports
is that Barburski [10] did not apply the tensile forces at the edges of the belt in order to
imitate the belt tension. The belt, already formed in a pipe shape, was dragged through the
idler stations. The belt edges were left free for resting on the idler stations. In such belt
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a) b)

Figure 4.9: Static test rig with frames, assembled in Technical University of Lodz, Poland,
and described by Barburski [10]: a) an overall view of the test rig with belt
placed inside; b) a belt sample formed into a pipe shape and supported by the
measuring idler set (Images from Barburski [10]).

position, the radial CFs were measured, repeating the test three times. Such manner of a
belt placement inside the test rig and the uncontrolled friction forces affect the resultant CFs
measured. The researcher reported the observation that the belt tended to rest more on the
lateral bottom rolls exhibiting larger CFs, compared to the bottom idler rolls.

For the experiment, the researchers used nine samples (A, B, C, D, E, F, G, H, K)
of different fabric belts, altered in reinforcing materials and weave patterns of weft. The
difference in reinforcement implied that all the belt samples vary in belt’s line mass and
lateral bending stiffness. However, the resultant CFs were provided in the source only for
belts A, C, and D. The data on properties and testing conditions whatsoever was given in
the source for those belt samples is provided in Table 4.3. All the belt samples exhibited a
tendency of a belt to collapse, indicating the contact loss between the belt and rolls by forces
equal to zero, as illustrated in Fig. 4.10.

In order to improve performance of a pipe conveyor belt, the researcher elaborated a new
belt design, which implied the discrete change in reinforcing material and weave patterns of
the weft along the belt width. The properties of the belt with the new construction, denoted
as sample N, are also provided in Table 4.3. The resultant CFs obtained using the sample N
are illustrated in diagram in Fig. 4.10 As it can be seen, belt sample N generates the CFs on

Table 4.3: Details of experiment and available properties of the belt samples used by Bar-
burski [10] for measuring the CFs, given in Fig. 4.10.

Sample Belt Type B, mm B/Dnom Troughability Length l, m Tension

A

EP 1000 3.65

Not provided

4.5 no
C Not provided
D 0.392±0.003
N 0.388±0.003
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|Fn | (%), obtained from the test rig elaborated by Barburski

[10] in Technical University of Lodz, Poland for the belt samples with different
construction, denoted as A, C, D, and N available in the source. The results
are adjusted to the reference Fig. 4.1.

all six rolls of an idler sets, however, the values for the top forces are insignificantly small,
and the shape of a belt with a new construction formed into a pipe shape with overlap has
still tendency to collapseand is insufficiently rigid for reliable operation of a PBC.

The configuration of the test rig, described by Barburski [10] did not allow the researcher
to model belt tension and vertical route curves of a conveyor in the experiment. To include
those effects, Delft University of Technology, Section of Transport Engineering and
Logistics performed the experiment measurements on the test rig, built in 2005 byConveyor
Knowledge Information Technology Pty. Ltd (CKIT) in South Africa, Johannesburg
[85] (see Fig. 4.11). The purpose of the measurements was to investigate belt deformations
at curves, deflection in between the idler stations, and the CFs on the bottom idler roll at
various testing conditions. The experiment was repeated in 2010 for a different belt type on

Figure 4.11: Static test rig with frames, assembled by Conveyor Knowledge Information
Technology Pty. Ltd (CKIT) in Johannesburg, South Africa, 2005 (Image from
[85]).
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Figure 4.12: Static test rig with frames, assembled by Conveyor Knowledge Information
Technology Pty. Ltd (CKIT) in Johannesburg, South Africa, 2010 (Image from
Lodewijks and Pang [188]).

the test rig with a similar design construction, explicitly described by Pang and Lodewijks
[188] and shown in Fig. 4.12.

The test rigs used in both experiments consisted of five special frame sections supporting
a 12 m long steel cord belt, already formed in a pipe shape. Each section was 2.5 m long and
equipped with the hexagon six-roll idler station with double-side arrangement (Fig. 4.13a).
Before placing the belt in the test rig, the belt was stripped at the edges from the rubber,
gum, and reinforcing layers. The remaining steel cords were fixed by means of rivets, or
conical clamps, into disks at both belt sides (Fig. 4.13b). The disk at one edge was fixed
to the rig frame, whereas another disk was attached to the hydraulic cylinder (Fig. 4.13c),
served for modeling the required tension to the tested belt. The tension tested was in a range
from 0 to 60 MPa with increase steps of 10 MPa.

In order to form conveyor route curves, the supporting frame sections were attached to

a) b) c)

Figure 4.13: Design details of the static test rigs with frames, assembled by Conveyor
Knowledge Information Technology Pty. Ltd (CKIT) in Johannesburg, South
Africa in 2005 and 2010 [85, 188]: a) a six-roll idler station with double
side arrangement; b) steel cords clamped to the disk with the conical tubes; c)
fixation of the disk with a hydraulic jack (Images from [85, 188]).
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each other with shafts at the bottom (see Fig. 4.14a). Additional elements were inserted on
the topside and were connected with bolts (Fig. 4.14b). The curves were modeled in vertical
plane by lifting the frames upward with hydraulic jacks. In order to fix the curve, small steel
plates were inserted in the gaps between the section on the top. The size of these elements
corresponds to the vertical test rig curves required (see Fig. 4.14c).

a) b) c)

Figure 4.14: Static test rigs with frames, assembled by Conveyor Knowledge Information
Technology Pty. Ltd (CKIT) in Johannesburg, South Africa in 2010 [188]: a)
shaft connection of the frame sections at the bottom side; b) steel plate inserted
between the section frames (Modified figures from Lodewijks and Pang [188]);
c) schematic front view of the three sections of the test rig.

Asteel cord belt ST3500with 1800mmwidthwas used for the experiment. The properties
and some corresponding experiment details are presented in Table 4.4.

The measurements were performed at the central idler station, equidistant to the rig
edges. Two load cells per each of the idler roll were installed between the frame and the
bracket to detect the CFs in radial directions. The influence of the overlap position on the
CFs’ behavior was carried out by rotating the disks with clamped steel cords clockwise at
appropriate angles at both belt edges. Figure 4.15 displays the results of the CFs, measured
for the straight section of the test rig with overlap on the top and on the bottom. Results are
adjusted to the belt coil and forces numeration, given in Fig. 4.1. In general, the analysis of
the results shows that the increase of the belt tension causes an increase in the CFs №1, 2,
and 3 in both relative and absolute values.

The researchers mentioned number of the issues that could affect the CFs measured.
The results could be influenced by the uneven tension in the steel cords that appear at
clamps during individual fixation of the cords. In addition, the belt exhibited rather high

Table 4.4: Belt properties and test details used in the experiment by Lodewijks and Pang
[188].

Belt B,
B/Dnom Troughab.

Length Pitch Overlap Tension,
type mm l, m lc, m position MPa

ST 3500 1800 ≈ 4 ≈ 0.33 12 2.25 top, bottom
0, 10, 20,
30, ..., 60



94 4 Determination of Contact Forces: Experimental Approach

0%

20%

40%

60%

80%

1

4

5

6

0%

10%

20%

30%

40%
1

2

3

4

5

6

50 MPa

b) c)0 MPa
10 MPa

20 MPa

30 MPa
40 MPa

0 MPa

2

3

0%

10%

20%

30%

40%
1

2

3

4

5

6

10 MPa
20 MPa

30 MPa

40 MPa
50 MPa

a)

Figure 4.15: The CFs Fn/
∑
|Fn | (%), obtained from the test set-up assembled by Conveyor

Knowledge Information Technology Pty. Ltd (CKIT) in Johannesburg, South
Africa in 2010 [7] for the belt: a) with overlap on the top and varied tension;
b) with the overlap at the bottom and no tension; c) overlap at the bottom with
tension varied. The results are adjusted according to the reference numeration
and overlap position, provided in Fig. 4.1.

transverse rigidity, thus when the belt was placed in the test rig by dragging it through the
idler stations, it tended to rest more on the lateral bottom idler rolls than on the bottom rolls.
Noteworthy to mention that similar tendency was reported in the test rig of Barburski [10]
previously described. In addition, since the measuring cells sensed the loads only in the
radial direction, the impact of the friction forces was not considered and controlled during
the test performance.

For this type of the test rig design, it is important to take into account the relaxation
effect for the belt tested, as the viscoelasticity of the belt has a great influence on the results,
especially in the static tests. During the experiment, the researchers reported that, over
certain time period, the belt had greater sag between the idler stations. It even exhibited
dents in some places in direct contact with the idler rolls. This phenomenon implies another
significant disadvantage of the test rig: due to its voluminous configuration and excessive
time required for placing the belt in the test rig, it becomes almost impossible to eliminate
belt deformations, attained from the previous test cases.

Another drawback of the rig design implies the difficulties inherent to modeling the
vertical route curve of the rig by lifting the frame sections with hydraulic jacks and inserting
the steel plates at the top parts of the frames. The radii of the vertical route curves modeled
could potentially be affected by the vertical sag of the central part of the test rig due to its
excessive weight. Moreover, the test set-up was restricted to the curves only at the vertical
plane due to its frame connections. The horizontal curves could be arranged if the frames
had shaft connections between the sections at the internal periphery of the plane route curve
intended. In addition, the steel plates should be inserted in the frame elements at the external
periphery of the curve.
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However, this approach to model the test rig route could not provide the option of testing
the curvatures in both horizontal and vertical plane within the same rig design. In addition
to the route curves, the test rig configuration had a lack of variation in testing pipe diameters,
lengths of carry spacing, and option to change the idler stations from a double-side to
one-side arrangement.

The test rig, assembled in the Technical University of Košice in Slovak Republic, and
described by Michalik and Zajac [155], Molnar et al. [158–160, 162, 163, 165], Michalick
et al. [156] needs to be considered independently from the other static test rigs designed
with frames. The particular test rig was assembled to model the transition section of a PBC,
where the belt gradually forms a pipe shape with an overlap.

The test rig, illustrated in Fig. 4.16, consisted of the special frames, forming the belt
from a flat shape into a pipe shape at one side of the test rig. At the opposite side, the test
rig had three hexagon idler stations (№1, 2, and 3) that support belt fully formed into a pipe
shape. For muddling a pipe diameter required, each idler station was equipped with special
six static rolls attached to the frames with the adjustable screw rails (see Fig. 4.17a and Fig.
4.17b).

In order to apply tension, the belt was fixed in the test rig with the large flat plate from
one side and four plates from another side (Fig. 4.17c) using tightening bolts. Each plate was
attached to the strain gage with the ball-pin for controlling tension values. The strain gages
were also installed at the hexagon idler stations for measuring CFs of the full pipe-shaped
belt. A fabric belt with 500N/mm minimum braking strength and total length of 8m was
selected for the experiment. Properties of the tested belt are presented in Table 4.5.

Belt tension was modeled by adjusting two tension screws with ball pins at the large
fixating plate. The overall tension varied from 0 to 30 kN, ascending to the maximum value
and descending back to zero stepwise. After each tension step-change, the data was stored
at time intervals to study the relaxation effect in belt rubber compounds. This phenomenon
was observed within each interval in gradual decrease of the certain CFs (see Molnar et al.
[162]). The maximum time step recorded was around 3.5 minutes [159].

Noteworthy to mention the fact that in the mentioned sources [155, 156, 158–160,

Figure 4.16: Model of the static test rig representing a PBCtransition section, designed in
Technical University of Košice in Slovak Republic (Figure from Molnar et al.
[162]).
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a) b) c)

Figure 4.17: Design details of the static test rig, installed in Technical University of Košice
in Slovak Republic [155, 162]: a, b) static idler rolls with screw rails (Figures
fromMichalik and Zajac [155]); c) fixation of a pipe-shaped belt to four plates
with the bolt connection (Figure from Molnar et al. [159]).

162, 163, 165], the numeration of the CFs and their positive radial directions were clearly
specified. It was expected that the values of the CFs would be positive or equal to zero in case
of a contact loss between belt and idler rolls occurred. However, for certain load conditions,
negative values were reported at one of the idler stations, while the same roll position at
a different idler station yielded a positive result. For example, based on the average data
provided byMolnar et al. [159] for the case when tension force was 2 kN, load of -12.89N for
lateral bottom roll (CFs №3 in Fig. 4.1a) was detected at idler station №2. At the same time,
the same roll position reported the average force of +50.25N at idler station №3. Negative
values were even observed at all three idler stations for tension force from 0 to 4kN [162].
It is possible to suggest that this phenomenon could be reasoned by either improper sensors
calibration, or their plastic deformation, or by errors in the measurement procedure (i.e,.
some of the rolls were accidentally pressed against the belt due to the incorrect adjustments
of their screw-rails).

Results only with positive or zero values of the CFs were selected for the comparison
(see Fig. 4.18), which implied that the data were only obtained for idler station №1 with
tension starting from 4kN and for idler station №2 with tension started from 12kN. Growth
of CFs in absolute values was reported with the increased tension. In relative values, the
increase moved towards to the CFs №5, 2 and 6. The results, illustrated in Fig. 4.18, are
adjusted to the reference Fig. 4.1a, however the overlap coil orientation was not clearly
specified in the source.

It is possible that the results obtained within this test rig could also be influenced by

Table 4.5: Belt properties and test details used in the experiment by Lodewijks and Pang
[188].

Belt B,
B/Dnom Trough.

Young’s mod., kN/m Overl. Tension,
type mm E1 E2 posit. MPa

EP 500/3 4/3D 800 3.2 0.333 5567 453 top
0, 2, 4,
6, ...30
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Figure 4.18: The CFs Fn/
∑
|Fn | (%) versus various tension forces, obtained from the test

set-up assembled in the Technical University of Košice, Slovak Republic for the
idler stations a) №1 and b) №2, shown in Fig. 4.16. The data is taken from
[160, 162] and adjusted to the reference CFs orintation, given in Fig. 4.1a.

uneven tension distribution along the pipe belt contour. The fixation of the belt with four
plates, shown on Fig. 4.17c, could cause higher tensile stresses in longitudinal parts of
the belt, representing their attachments to the clamps, compared to the parts in between the
plates. This phenomenon would not be critical for the results, if the measuring equipment
was installed far enough from the test rig edges with the belt fixed. Otherwise, the load from
the idler stations nearby to the edge would be partially carried out by the frames, diminishing
the loads measured. This proposal is supported by the fact (see the data in [156, 159, 162])
that the absolute values of the CFs at idler station №2 are lower compared to station №1, and
higher with respect to station №3, which is closest to the edge (see Fig. 4.16). Moreover,
the loads measured at idler station №1 are additionally affected by the close proximity to
the transition section that forms a flat belt into a pipe shape. This test rig configuration is
a well-illustrative example how the asymmetry of the test rig design and selection of the
position of the measuring equipment can affect the experiment results.

Most of the test rigs described are relatively limited in the design in terms of the variation
of a pipe diameter, pitch, idler station arrangement, etc. To offer more options for the testing
caseswithin the same experiment set-up design, an upgraded test rig configuration, illustrated
in Fig. 4.19 was elaborated in Institute of Transport and Automation Technology (ITA)
at Leibniz University of Hannover [107, 108] with the cooperation between the Phoenix
Conveyor Belt Systems GmbH.

The test rig consisted of the special modular and telescopic frameswith five idler stations,
which allowed the variation of belt tension, the idler spacing between 1 and 2 m, curves in
vertical and horizontal planes with the minimum radii of 50m, and idler rolls arrangement
from one side to double side. The tension was provided by the hydraulic cylinders, attached
to the mounting disks at both edges of the test rig. The cords were clamped to those disks.
The discs had hole patterns for each cord exactly matching a PBC cross section, designed
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Figure 4.19: Model of the static test rig with frames, designed in cooperation with the
Phoenix Conveyor Belt Systems GmbH and Institute of Transport and Au-
tomation Technology (ITA) at Leibniz University of Hannover [108] (Figure
courtesy of Phoenix Conveyor Belt Systems GmbH and Institute of Transport
and Automation Technology (ITA) at Leibniz University of Hannover).

for a specific belt with particular pipe diameter, belt width and even a cord pitch. Testing
belt samples with different design required also replacement of the cord fixating disks with
patterns matching particular belt structural lay-out. The researchers asserted that the test rig
provided the option to control and apply various tension for each steel cord. Teflon® foil
was used at the belt overlap in order to reduce the friction between the belt edges.

The CFs were detected by the load sensors installed at the central idler station. The
results, preliminarily adjusted to Fig. 4.1a and distributed in Fig. 4.20, represent the load
case of 300kN belt tension. The experiments were performed within three samples A, B,
and C of the same belt types, as used in six-point testing device (see Table 4.2). The tension
varied from 0 to 500kN and route curve radii - from infinity (straight section) to 200m.

Hötte [107] reported that this test rig was also used for testing the impact of a bulk
materials. For this purpose, the researcher used a custom made 3m long tank filled with
water. That tank consisted of the flexible and light-weight rubber tube sealed at both sides
with the aluminum disks. The external diameter of disks coincidedwith the internal diameter
of belt pipe. For the experimentswith suchwater container, it is important to carefully control
membrane stiffness of rubber tube, weight of the disks, friction between the tank and belt
internal surface. Moreover, usage of water does not reflect impact of the internal friction,
which participates in lateral load component. As it will be shown in Chapter 5, compared to
the liquids, a bulk material transmits shear stresses, and the walls of the container can carry
part of a bulk weight. In practice, while belt undergoes lateral curves in the route, parts of
the bulk material are squeezed and causes higher pressure on the belt surface (passive state),
whereas the parts close to periphery of the curve generate lower pressures from the active
stress state. However, a usage of water eliminates possibility to study these effects.
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the overlap position on the top, obtained from the test set-up, designed in
cooperation with the Phoenix Conveyor Belt Systems GmbH and Institute of
Transport and Automation Technology (ITA) at Leibniz University of Hannover
[107, 108]. The results are adjusted to the reference Fig. 4.1a.

Despite of these issues, this test rig described occupies more privilege position compared
to the other set-up configurations with frames, as it offers a larger variety of the testing
conditions for the pipe conveyor belts.

Summing up for the static test rigs with various frames and supports, the configurations
of these test rigs can be used to investigate behavior of a belt section of an actual size with
various route curves and belt tensions. In addition, it becomes possible to observe, whether
the belt has a tendency to twist at route curves, while it is formed into a pipe shape and
supported by the hexagon six-roll idler stations. In addition, the test rigs allow one ot study
the belt relaxation response due to the applied tensile forces.

The main disadvantages of this type of a test rig design imply a voluminous set-up
construction, which ultimately results in high installation costs and an excessive time re-
quirement for a replacement of different belt samples. Moreover, despite the fact that the
static test rigs with frames and supports can be used for investigating an impact of the belt
viscoelasticity on the belt deformations and CFs, the studies used this type of a test rig design
(mentioned in this section) paid limited attention to the viscoelastic belt’s “memory” in the
lateral direction due to its static fixation in a pre-folded shape over extensive time. Before
repeating the tests, the belt has to be stored flat for a substantial amount of time in order to
exclude the deformations from the previous measurements. This becomes impractical due
to the voluminous design and problematic process of placing the belt in the test rig.

For the comparison with other test rig design types, the major positive and negative
aspects of the PBC static test rigs with frames are listed below.
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Pipe conveyor static test rigs with frames and supports

Advantages

• Possible to test different cases, vary-
ing route curves, pipe diameter, length
of carry spacing, and rolls arrangement
(one-/double-side);

• Predicts the buckling and twisting ten-
dency of a belt in a PBC ofan actual size
at spatial curves;

• Suitable for modeling various belt ten-
sions;

• Appropriate to control tension for each
of the steel cords individually;

• Applicable for studying time effect and
viscoelastic properties of the belt on its
performance.

Disadvantages

• Massive, voluminous, expensive;

• Requires extensive time to replace the belt
samples and conduct test rig adjustments
for modeling various cases;

• Impractical to eliminate the effect of the
initial belt deformation from the previous
tests;

• For modeling belt tension, mostly ex-
cluded for the steel cord belts due to the
fixation technique of the belt in a test rig;

• Requires excessive rig length in order
to eliminate vicinity impact of the fixed
edges that can partially carry the loads;

• Sensitive to the position of the measur-
ing equipment regarding the fixed frame
edges (especially for asymmetrical test
rigs)

• No option to study the influence of dy-
namic effects in belt and bulk behavior.

4.2.3 Dynamic test rigs and field measurements
The problem of a belt relaxation with appearances of belt dents where belt is in contact
with idler rolls for a substantial time is inherent to all static test rigs designed with frames.
The solution to the challenge is to perform dynamic measurements, investigating how the
dynamic effects influence a PBC behavior. In addition, dynamic measurements can provide
the most close information regarding belt behavior during the system operation. Together
with all possible effects that appear at various belt speeds, dynamic measurements can also
reflect twisting and buckling of a belt at route curves and also its mechanical response to
the tension forces applied. Dynamic tests can allow one to study how bulk materials with
different properties can influence the CFs. The other static test rig configurations described
are not as successful in this regard.

Dynamic tests can be obtained through the use of dynamic test rigs, or by performing
field measurements. The results obtained using both options need to be discussed.

It is reasonable to expect that the dynamic test set-up modeling a pipe conveyor section
of an actual size or even with reduced length, must be very voluminous and excessively
expensive. As such, there is not much published information available regarding the results
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Figure 4.21: Dynamic test rig, modeling a PBC with a new belt guidance, University of
Leoben, Department of Conveying Technology and Design Methods, Austria
[102] (Figure 4.21 modified from Hinterholzer et al. [102]).

obtained within the dynamic test rig.
One of the simplest dynamic test rig was described by Kessler [124] and Hinterholzer

et al. [102]. That test rig was installed at the University of Leoben, Department of
Conveying Technology and Design Methods, Austria. It represented a PBC with a new
belt guidance, where the belt on the return strand was transported on top of the pipe-shaped
belt. The purpose of the measurement was to ascertain rolling resistance at the moving rolls.
As a result, the researchers did not provide any information regarding the CFs at the idler
rolls. However, it is important to note the option of modeling dynamics of a conveyor using
such test rig configuration.

The test set-up described by Kessler [124] and Hinterholzer et al. [102] was designed
to be static with a fixed belt at both edges with the required tensile load applied. The
dynamics was simulated by using a movable unit with three idler stations (see Fig. 4.21).
Measurements were performed at the central idler station of the unit, with pitch varied
between 1 and 2m. The trolley accelerated gradually by the rack-and-pinion gear until the
required speed was achieved. After that, the unit continued moving steadily almost along
the entire length of the rig. Close to the test rig edge, the unit was slowly stopped.

Some dynamic results were obtained byWiedenroth [247] at the Institute forMaterials-
Handling Technology and Mining Machinery of the University of Hannover in 1995,
by means of a unique dynamic pipe conveyor test rig, illustrated in Fig.4.22. That test rig
imitated the actual PBC with overall length reduced. It consisted of four sections: a 1.6m
long fixation section with a take-up system and hydraulic cylinder; a 6m transition zone,
forming the belt from a flat shape into a pipe; a 12m central region with hexagon six-roll
idler stations, and a 7m transition discharging zone with driven pulley and the motor station.

The idler stations were designed with double side roll arrangements. The measurements
were performed at the central idler station, where the belt was fully formed into a pipe shape.
The researcher detected the radial and longitudinal CFs at each of the idler rolls. For control,
the vector sum of all the normal forces at the six rolls and the total longitudinal force had to
match the overall loads at the idler station, measured simultaneously by independent sensing
equipment. In order to make this possible, the central idler station was designed with the
three small supporting rolls, shown in Fig. 4.22. Those rolls were equipped with sensors
that measured loads in longitudinal and radial directions. In addition, each of the bottom
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Figure 4.22: Dynamic test rig, installed at the Institute for Materials-Handling Technology
and Mining Machinery of the University of Hannover in 1995 [247] (Figures
modified from Wiedenroth [247]).

rolls had grooves with a wound-up thin steel cable. One side of the cable was fixed with a
balance weight, and the another side was attached to the guide pulley and the force sensor
(see details in Fig. 4.22). This steel cable arrangement was needed to measure a twisting
torque in the belt when the route had a curve.

The route curves were simulated in the horizontal plane by adjusting the position of
the idler stations with respect to their supporting frames, situated in the central zone of
the conveyor (see Fig. 4.22). In between the frames of the transition and central zone,
angular connecting elements were inserted for aligning the route. The transition test rig
zones with pulleys, motor and take-up system were lifted by the overhead crane and placed
at the required angle from both sides. This test rig configuration enabled the researcher to
vary curve radii, conveyor speed, idler spacing, belt tension, and pipe diameter in a range,
as presented in Table 4.6.

For the experiment, five pipe conveyor belts with different constructionwere used (named
as A, B, C, D, and E). These belts originated from different manufacturers. Belt A had a
steel cord structure; belt B, C and D – were fabric belts, and belt E was a steel cord belt with
fabric layers. The properties of the belts can be found in Table 4.7. Before performing the
measurements, each brand-new belt was placed in the test rig with conveyor pitch of 1 m and
run at high speed for 24 hours (at least 200 full belt revolutions) with stepwise variation of
the belt tension, starting from 20kN. Subsequently, the resultant belt elongation was adjusted
by the take-up system, and measurements were obtained.

The researchers reported that the total vector sum of the radial CFs was affected by the
variation in belt speed, idler spacing, and belt tension. They also stated that those parameters

Table 4.6: Details of the experiment, performed using the dynamic test rig installed at
the Institute for Materials-Handling Technology and Mining Machinery of the
University of Hannover 4.22.

Pitch lc = lr, m Tension, kN Belt speed v, m/s Radii of a route curve, m

1,1.5, 2, 3, 4 20, 30, 40, 60, 80 0.5, 1, 1.5, 2 25, 35, 50, 60, 75,∞
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Table 4.7: Properties of the belts tested in the experiment of Wiedenroth 4.22.

Sample Belt type B, mm B/Dnom Troughability m′belt, kg/m

A ST 560 730 3.47 0.323 11.1
B EP 500 800 3.48 0.319 10.3
C EP 630 800 3.48 0.274 9.4
D EP 500 770 3.67 0.239 9.6
E ST1000 1000 3.58 0.344 20.8

did not influence the load distribution between the idler rolls in relative values with respect
to the total sum of the CFs. Wiedenroth [247] provided the CFs in relative values, for all
belt types at belt speed 2 m/s. Figures 4.23a and 4.23b were created based on that data.
The results mentioned were not supported by any information regarding the corresponding
pitch and belt tension, standard deviation of the measurements. Figure 4.24 represents the
load distribution between the idler rolls for an empty PBC with straight route for belts C
and E that was also available in the source in absolute values [247]. Noteworthy to mention
that after calculating the relative values, the results for belt C, shown in Fig. 4.23 and Fig.
4.24, do not deviate significantly, whereas for the steel cord belt E, the difference in load
distribution, obtained at belt speeds of 2 m/s and 0.25 m/s is more noticeable.

Comparison of the results between the fabric belt samples B and C that had the same
belt width and length of overlap, showed that belt construction C had more loaded bottom
rolls with respect to the top rolls than the belt design B. This appeared even though belt B
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Figure 4.23: The CFs Fn/
∑
|Fn | (%), obtained at the dynamic test rig at the Institute for

Materials-Handling Technology and Mining Machinery of the University of
Hannover in 1995 [247] for a straight section of the route without the bulk
material, belt speed v = 2m/s and various belt samples. Results are adjusted
to the reference Fig. 4.1a.
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Figure 4.24: The CFs Fn/
∑
|Fn | (%), obtained at the dynamic test rig at the Institute

for Materials-Handling Technology and Mining Machinery of the University
of Hannover in 1995 [247] for 2m conveyor pitch and belt construction C
(tension 40kN, v = 2m/s), and belt E (tension 20kN, v = 0.25m/s). The results
are adjusted to the reference Fig. 4.1a.

was more flexible and slightly heavier. The opposite tendency could be observed for steel
cord belt E, which was also heavier and rather flexible than steel cord belt A. A higher
load quotient in lateral rolls was detected for the fabric belt structure D, compared to the
fabric belt C with similar line mass. This was due to the fact that belt D was stiffer and
had larger overlap than construction C. It is important to emphasize that those load patterns
with respect to belt construction could be considered only from a qualitative point of view,
as pipe conveyor belts exhibit uneven line mass and uniform transverse stiffness along their
width (consult with Section 2.5.1).

Besides the experimental test rigs, dynamic measurements of contact forces can be
performed using the existing PBC installations.

Bahke [8] carried out field measurements at a “Rollgurt”-Conveyor in the lime and
cement plant Alsen Breitenburg in Germany. That PBC had a straight and an S-curve
sections in its route. The aim of the tests was to measure power and torque occurring at the
drive system, as well as radial and longitudinal CFs for individual idler rolls and for overall
idler stations tested. The measurements were performed at four different route locations for
belt width B = 730 mm and ratio B/Dnom = 3.65. The information regarding other belt
properties and their construction was not provided in the source. The resultant CFs, obtained
by Bahke [8] for empty PBC with carry spacing of 1.5m and belt’s overlap on the top and
also at the bottom are presented in Fig. 4.25.

Field measurements were also carried out by Hötte [107], Institute of Transport and
Automation Technology (ITA) at Leibniz University of Hannover. The researcher per-
formed the experiment at the PBC in cement plant Hugo Miebach Söhne, Portland-
Zementwerk Wittekind, Germany. This conveyor was installed with the idler stations
with the double side rolls arrangement. It had inclined straight route sections as well as
sections with horizontal and vertical curves.

For the measurements, four positions of the idler stations along the conveyor route were
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Figure 4.25: The CFs Fn/
∑
|Fn | (%), obtained by Bahke [8] during dynamic field measure-

ments at a “Rollgurt”-Conveyor in the lime and cement plant AlsenBreitenburg
in Germany, for overlap on the top and also at the bottom. Results are adjusted
to the reference Fig. 4.1.

selected. At these locations, the idler rolls were dismounted from the panels and replaced
with units, equipped with the measuring system of twelve load sensors. For each idler
roll, two calibrated force transducers were placed in the brackets at both sides of the roll
shaft. Therefore, the sum of data obtained by the two sensors represented the total CF for
the corresponding idler roll. The belt speed was controlled during the experiment by a
measuring rotary wheel encoder. The position of the rolls at the measuring idler panel was
aligned using cords over two idler panels in front and two idler panels behind.

For the comparison of the results, the CFs inherent to the idler station in straight section
of a conveyor route are selected. The section had a slight inclination of -0.4◦, though the
impact of it on CFs is considered rather insignificant. Hötte [107] also pointed out that at this
location, the cross section of pipe conveyor belt had an oval shape geometry. The available
details on PBC parameters at this route section are provided in Table 4.8.

The experiment was performed when the PBC operated without bulk material. That is
why the results were affected only by the belt tension, conveyor route, and belt properties,
some of which are given in Table 4.8. The conveyor belt consisted of the segments that had

Table 4.8: Available parameters of pipe conveyor for the conveyor section with straight
route, provided by Hötte [107].

Belt Belt Exploitation time of B,
B/Dnom

Pitch Belt speed
type segment belt segment, years mm lc, m v, m/s

EP 1250
a 11

1350 3.86 2.4 3b 5
c 3
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Figure 4.26: The CFs, given in: a) absolute values Fn (N); b) in relative scale Fn/
∑
|Fn |

(%), obtained by Hötte [107], Institute of Transport and Automation Technol-
ogy (ITA) at Leibniz University of Hannover, during dynamic field measure-
ments at the pipe conveyor in cement plant Hugo Miebach Söhne, Portland-
Zementwerk Wittekindin Germany. The results represent straight conveyor
route section for various belt segment types (a, b and c), indicating the ex-
ploitation time. The orientation of CFs is adjusted to the reference Fig. 4.1a.

the same belt type, nomenclature, and structural design, but differed in their exploitation
time. Those belt segments were denoted as (a, b and c) in the study.

The researcher detected and stored results for approximately 2 hours for each position
with a sample rate of 10 Hz. Fluctuating lines represent each of the CFs of the measuring
idler station over the experiment time. Hötte [107] made an interesting observation that the
force lines had repeatable patterns in the results. The patterns appear in accordance to the
belt segment type (a, b, or c), which were running through the idler station at the moment of
the measurement.

Hötte [107] averaged the fluctuating results of CFs over the certain value for each of
the belt segment type independently. In general, the belt segment type (b) showed higher
CFs in absolute values than the segment type (c) and smaller CFs than the segment type (a).
The researcher showed that the exploitation time of the belt significantly affects the results.
Particularly, the longer the belt is in use, the smaller the CFs it generates in absolute values.

The effect of the belt exploitation time on the CFs can be explained by the viscoelasticity
and the Mullins effect in the conveyor belt behavior, discussed in Section 3.2. The periodic
loading and deformation of the belt during an extensive amount of time affects its stress-
strain characteristics. The latter identifies the belt’s bending stiffness at the moment of
measurement. For the particular case, a long exploitation time of the belt leads to a decrease
of the effective modulus of elasticity.

The results of the CFs for different belt segment types are provided in Fig. 4.26 in
absolute values and also in relative scale. The results show a similar pattern, as the CF
diagram, obtained by Bahke [8] for an empty PBC with the overlap on the top. The load
distributions between the idler rolls from the both sources [8, 107] exhibit a significant force
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on the top roll 1, contact loss with the lateral top rolls 2 and 6, and a higher CF at roll 3 with
respect to roll 5 and overlap coil.

Summing up, it is possible to state that in general, dynamic test rigs or fieldmeasurements
have their own benefits and drawbacks, compared to the static test rig configurations. They
are beneficial in studying dynamic effects during a conveyor’s operation, and are suitable for
testing impact of various bulk materials conveyed. A main drawback, though, is the large
volume and high costs of the test rig installation. Moreover, the performance of different
cases by changing idler rolls, pipe diameter, and belt replacement require substantial time
for the test rig adjustment.

In case of field measurements, results are limited to the case variations tested. They are
also restricted to the particular belt, pipe diameter, pitch, route, etc. of the installation. As
a result, the information over conveyor performance obtained from the field measurements
occur post-factum, i.e., when the opportunity for optimization and change in the PBC design
are generally lost. Additionally, the field experiment are affected by performance restrictions
due to the requirements of a production line in a mine or a plant, were the measurement are
performed. The negative and positive aspects inherent to dynamic measurements are listed
below.

Pipe conveyor dynamic test rig/ field measurements

Advantages

• As close as possible for replication of a
PBC behavior in industrial installations;

• Possible to test various route curves,
pipe diameters, lengths of overlap, carry
spacing, belt tensions and speed (for the
test rig);

• Prediction of a belt buckling and twist-
ing tendency at spatial curves;

• Provision of an even tension distribution
along the belt width;

• Appropriate for studying dynamic ef-
fects in operation;

• Suitable for testing the impact of differ-
ent bulk material properties, capacity,
and filling ratio of the cross section;

• Complete elimination of the belt vis-
coelastic “solidification” in one position
inherent to the static test rigs.

Disadvantages

• Massive, voluminous, excessively expen-
sive (for the test rig);

• Requires extensive time to replace a belt
and conduct test rig adjustments for mod-
eling various cases (test rig);

• Restricted to specific conveyor parame-
ters (for field measurements);

• Post-factum to inform for improving
changes in belt design and conveyor pa-
rameters (for field measurements);

• Additional restriction due to the require-
ments for a PBC as a part of a production/
transport line(for field measurements);

• Sensitive to the position of measuring
equipment;

• Very complex for tracking the impact of
the parameters involved on the results;

• Difficulties related to sensor vibration,
calibration, distortion, replacement.
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4.2.4 Test rigs for measuring belt geometry

As it was mentioned in Section 4.1, belt deformations and cross-sectional geometry (length
of a belt overlap and its position) are inextricably linked to the PBC CFs indicating the
appearance of a contact loss between the belt and idler rolls and belt tendency to collapse.
However, only two researchers focused their studies on experimental determination of a
geometry of a belt deformed.

Hötte [107] determined belt geometry using an optical system specially built in Institute
of Transport and Automation Technology (ITA) at Leibniz University of Hannover.
The test rig was developed on the basis of a six-point stiffness device and utilized the same
belt samples, as described in Table 4.2.

The measuring system was situated at the center of a six-point stiffness device assem-
blage. The system consisted of a position sensor, mounted on a cantilever arm. The length of
the arm could be adjusted with respect to a diameter of a pipe. The stepper motor generated
the motion of the arm with the sensor. At the each angular step of a motor, the sensor
detected the position of a point on internal contour of a pipe-shape belt, and an angular
encoder assigned the polar coordinates of the point. As a result, such optical system could
determine only internal contour of a belt geometry.

The speed of a rotary motion implied that one full revolution of the cantilever with the
sensor was completed during 20min. The researcher indicated that the experiment test could
be automated repeating the revolutions for 24 hours. As a result, it became possible to track
how the viscoelastic properties of a belt influenced its cross-sectional deformations.

The results obtained showed that belts with lower lateral bending stiffness exhibit larger
geometrical deformations compared to the stiffer belts. In addition, Hötte carried out
number of experiments, investigating which direction of overlap coil generated the largest
deformations. The tests were performed for both directions of a belt coil, detecting that the
largest deformations for all belt samples tested appeared when the external overlapping edge
of a belt coil corresponded to the internal radius of a route curve in horizontal plane.

The test rig, used by Hötte [107] exhibits a number of significant advantages, including
simple test performance ability to perform tests simultaneously using six-point stiffness
device, detecting cross-sectional deformations together with the contact forces; ability to
use the same belt samples as for the troughability test, linking belt deformations with the
lateral bending stiffness; ability to test impact of belt’s viscoelasticity on the cross-sectional
geometry.

At the same time, such test rig construction implies number of disadvantages. The major
drawback of the design is that the test rig described measures only the internal contour of
a pipe-shaped belt. However, as it will be shown in Chapter 5, belt geometry and CFs
are defined by the open structure of a cross-section. Open thin-walled structure under the
action of lateral bending loads generates the additional shear flow, which, in turn, can cause
appearance of a twisting moment (see Zamiralova and Lodewijks [257], Lodewijks et al.
[145]). That is why, the test rig described by Hötte provides incomplete information needed,
being limited only to the internal contour of a cross section.

Another disadvantage belongs to the rather slow revolution speed for detecting the belt
contour. The experimental results for CFs provided by the researcher (see Section 4.2.1
and Section 4.2.2) exhibited rather significant change especially after first 10 minutes of the
experiment. This is due to the belt’s viscoelasticity effect. In case of the belt deformations,
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the position of points detected at the beginning of the sensor’s cycle at first minute are
already different due to the relaxation effects, compared to the position of the same points
at 20th minute of the cycle. In this case, the contour of all set of points detected changes,
while the sensor has not yet finished the cycle. This indicates that the measurement of a
cross-sectional geometry has to be performed instantly in order to eliminate the discrepancy
from the viscoelasticity. In addition, the test rig described by Hötte, does not allow one
to investigate the impact of a belt tension on the belt deformations at the straight route
curves. In order to include a belt’s tensile effect, a static test rig with the special frames was
developed.

Kulagin [128] from Moscow State Mining University, Department of Mining Me-
chanics and Transport determined geometry of a belt cross section using a special static
test rig that represented the section of a fabric conveyor belt of 650 mm width under an
action of tensile forces and supported by the special frames, as illustrated in Fig. 4.27. The
researcher formed a central 2m long section of a belt from initially flat shape into a pipe
shape with B/Dnom ≈ 4.063. To preserve the belt in that form, the researcher fixated the
pipe-shaped belt with special straps, imitating the idler supports at both edges of the section.

Figure 4.27: Schematic design sketch of a test rig used by Kulagin, Moscow State mining
University, for determining a pipe conveyor belt deformations. Bulk material,
measuring equipment, and the pulleys that provides belt tension are not shown
illustrated (Figure from Kulagin [128]).

At the central position of the test rig, the researcher installed a movable idler set with
measuring equipment. The sensors determined the linear displacements of the belt in radial
direction. Three positions on a circumference of a belt lateral cross section were selected
for the measurements. One point was situated at the bottom of a pipe-shaped cross section,
whereas the other two at 45◦ symmetrically with respect to the bottom point (see Fig. 4.28).

Before the experiment, the belt placed in the test rig was dragged back and forth several
times in order to imitate the belt passing the idler stations as it appeared in practice. After
that, the belt was pre-tented by means of two pulleys, situated at both edges. At the section
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Figure 4.28: Position of three points on the cross-sectional circumference of a pipe belt and
their radial displacements, determined by Kulagin in his experiment (Figure
modified from Kulagin [128]).

where the belt had a trough shape, the belt was loaded with a sand, and then the bulk
material was distributed with special scraper along the whole length of a belt, achieving
90% cross-sectional filling degree of a pipe. The researcher mentioned that such loading
condition corresponded to the filling angle of θ = 30◦.

At the belt tension of 1 kN, the researcher determined geometrical position of three points
selected. The results are used as starting reference parameters. Gradually ascending the belt
tension from 5 till 30kN with five intermediate steps, the researcher detected displacements
of the same points with respect to their initial geometrical position at 1 kN tension. The belt
troughability, its’s bending stiffness, line mass, and other parameters of the belt tested were
not specified in the source.

The researcher used these displacements aiming to validate the numerical model de-
veloped and solved using FEM in ANSYS. The numerical model closely replicated the
experiment. Noteworthy to emphasize that Kulagin [128] reported the maximum difference
of 23.6% in the results obtained from the numerical solution compared to the experiment.
This difference can be considered relatively large, taking into account that the researcher
obtained the displacements just for three points on the cross-sectional circumference for each
case.

For the comparison, the maximal difference between the experiment and analytical
solution for the troughability test, achieved in Chapter 3 for the case study, constitutes no
more than 5%. In addition, as it was evident in Chapter 3, the belt deformations are quite
insensitive to the change in effective modulus of elasticity. In this case 23.6% difference
reported by Kulagin [128] can actually mean very large error in the Young’s moduli of a
conveyor belt and the load distribution. In addition, the researcher did not specified the
sample rate and the precision of the sensors.

The static test rig described of Kulagin [128] exhibits the same disadvantages similar
to all static test rigs with various frames and supports, discussed in Section 4.2.2. In
particular, due to the belt’s viscoelastic properties, the belt tends to solidify at one shape
after a substantial period of time. This shape memory affects the resultant belt geometry
and CFs as well as ability of a belt to rest more on the lateral idler rolls due to the placement
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of a belt inside the test rig.
As it can be seen, Hötte [107], Kulgain [128] utilized the test rigs and the corresponding

measuring procedures that do not provide fully reliable or sufficient information on a PBC
cross-sectional geometry. In addition, the researchers studied impact of limited number
of PBC design parameters on belt deformations. At the same time, besides the studies
mentioned, there is no any published source focused on determining a PBC cross-section
deformation via experimentation.

Since PBC CFs inextricably linked with the belt deformations, n alternative method for
measuring a belt geometry should be introduced, aiming to improve the negative aspects and
incorporate the positive aspects of the test rigs described.

4.2.5 Analysis and design selection
Such explicit analysis of the existing test rigs and test procedures presented in previous
sections shows that each type of a test rig inherits a number of design advantages with
inevitable presence of certain disadvantages. A qualitative analysis of the data from the
experiments described indicates that the results obtained from the different sources and
different configurations of the test rig deviate quite significantly. This shows how important
the choice of a test rig configuration becomes for the experiment.

Nevertheless, there are some similarities in the results presented that can be used for a
qualitative comparison of the experimental measurements, performed and described in this
chapter (see Section 4.4). With regard to the CFs, considered as an indicator of a PBC
test rig performance, it was found that for the case with overlap on the top, the loads at
individual rolls were around 40% ∼ 45% of the sum of all CFs (except for the results of the
field measurements carried out by Hötte [107], which yielded up till 70%). For the overlap
at the bottom, these forces did not exceed 80% of the sum. In general, the CF at the top
roll was quite significant, compared to the other rolls. In addition, for the case with overlap
on top, following the belt coil, lateral roll 2 (see reference Fig. 4.1a) was in a more loaded
position, and the following lateral roll 3 was in the less loaded position.

For the qualitative analysis, the most repeatable load patterns represented the following
diagrams for the case with the overlap on the top: a) all the rolls are in contact with the
belt, and forces at the bottom rolls 3, 4 and 5 are more significant (see Xiaoxia et al. [252],
Wiedenroth [247]); b) the contact loss appears at one of the top lateral rolls, most frequently
for the roll 2 at the beginning of the belt coil, considering the reference Fig. 4.1a (see Hötte
et al. [108], Hötte [107]); c) both top lateral rolls 2 and 6 have a contact loss, whereas the
force at top roll 1 is significant (Bahke [8], Hötte [107]). For the overlap on the bottom, the
most frequent load diagram shows a dramatic increase at the bottom roll, with minor CFs at
the lateral rolls (see Pang and Lodewijks [188], Bahke [8]).

A test rig configuration implies number of PBC design parameters that can be incor-
porated in the test. For the perfect case, the test rig has to be adjustable for modeling all
possible combinations of PBC design parameters closely replicating behavior of a conveyor
in practice. However at the same time, the results obtained on very complex test rigs can be
affected by the measurement errors. Some of the possible causes of error are: the wrong
choice of the test rig configuration, uneven tension distribution along the belt contour, in-
correct calibration of the measuring equipment, the improper choice of the sensors and their
position, etc.
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Furthermore, the more parameters involved in the experiment, the higher the possibility
of the appearance of errors. In this case, it is hard to eliminate the impact of one parameter
in the problem, whereas the presence of other parameters might be crucial for the results.
That is why, it is important to perform simple experiments that reduce a number of the
variables involved. After fully understanding their role in the problem for simple tests, the
influence of the other additional parameters can be taken into consideration by upgrading
the test rig. The present analysis shows that, except for the general trend in the results, none
of the existing studies could clearly explain the influence of even major design parameters
of a conveyor on CFs and belt geometry.

Taking all these issues in account, in the present research, the test rig on the basis of
a static six-point stiffness device was selected for the experimental determination of PBC
CFs and corresponding geometry of a belt deformed. By means of this test rig, the major
design parameters (pipe diameter, belt mass, bending stiffness, and the position of the belt’s
overlap) are tested. The choice for this configuration of a test rig is made because of the
flowing reasons:

• As mentioned above, the test rig is cheap to install, and the experiments are simple to
perform and repeat;

• The test rig allows one to test and control the impact of belt viscoelastic properties,
detecting and storing the data for the substantial period of time;

• The effect of friction forces can be minimized and controlled;

• Only limited number ofmajor design parameters is involved, as a result, the appearance
of a measurement error is also minimal;

• The experiment, performed by means of a static six-point stiffness device is more
suitable to be replicated in an analytical model allowing certain assumptions (e.g.,
linear elasticity, statics, describing behavior of a 3D structure in a 2D form) with
further impact analysis, compared to a more complex dynamic mechanical problem
of an actual PBC.

• The physical experiment within the static six-point stiffness device can be easily imi-
tated within numerical FEM analysis, realized in various software. The experimental
results obtained can be utilized for the validation of FEM models;

• The test rig design allows one to use the same belt samples as for the troughability
test and accommodate the same belt’s bending stiffness needed in analytical and FEM
models. The bending stiffness quantified, as proposed in Chapter 3 can become a link
between belt’s troughability with its pipe-ability.

After the type of a test rig is selected, the CFs and cross-sectional geometry of a belt
deformed are determined experimentally. The details regarding the belt samples properties,
test rig configuration, experiment procedure, and testing cases, are explicitly described in
the following section.
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4.3 Materials and methods

4.3.1 Test rig and experiment procedure

In the present study, the experiment measurements were performed by means of the static
six-point belt testing device owned by Phoenix Conveyor Belt Systems GmbH. The ap-
proximate sketch of a test rig utilized is illustrated in Fig. 4.29. It had a similar conceptual
configuration, as shown in Fig. 4.4.

The testing device was represented by the hexagon frame with six load sensors. Those
sensors were connected to the plates, which could be easily dismounted. The length of the
plates depended on the pipe diameter. The sensors measured the load generated from the
conveyor belt sample placed into a test rig. The measurements were conducted for varying
pipe diameters and positions of the belt overlap for three different belt samples. To achieve
a desirable pipe diameter, the plates with the sensors could move in the radial direction by
means of the special screw rails. To ensure a correct positioning of the belt formed into
a pipe shape and its overlap location inside the test rig, the central mark, labeled on the
belt beforehand, had to coincide with the center of the bottom plate (see Fig. 4.29).To test
different positions of the belt overlap, the belt sample was rotated counter clockwise until
the belt’s central mark formed the required angle in respect to the central mark of the bottom
plate.

Figure 4.29: Approximate sketch of the static six-point pipe belt stiffness testing device owned
by the Phoenix Conveyor Belt Systems GmbH and utilized in the experiment
measuring the CFs for the steel cord belt sample.
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At first, to investigate the impact of belt’s rheology on CFs, one set of the measurements
was attained and stored every second throughout 16 hours continuously. Prior the experiment,
a belt sample had to be stored flat to eliminate the relaxation effect from the previous
deformations. A substantial period of continuous measurements stipulates also an extensive
time for the full belt recovery to its initial stress-free state. Aiming to test different cases
with the same belt samples from the practical reasons, the rest of the measurements were
detected and stored every second throughout approximately five minutes for each case.

To prevent the impact of the friction between the plates and the belt outer cover on the
CFs, sheets of foil paper with low friction properties were placed in between the belt and the
plates. For the control of an accurate experiment performance, the total scalar projection
of a vertical load-vector from all the sensors, had to yield the total belt weight, and the
total scalar projection of the horizontal force-vector, defined by the friction forces, should
be close to zero.

The sensors load threshold was as low as 0.05 N. The maximum error that was detected
for the total vertical force was 6.12% of the total sample weight. The maximum horizontal
vector force recorded constituted 3.35 N, which implied 4.85% of the sum of the CFs values
for the case.

4.3.2 Determining belt geometry
To measure a geometrical deformation of the cross section that occurred in each case, digital
photographs, focused on the center of the test rig with a ruler as a dimension reference, were
used. The aim of these measurements was to determine the position of the points of the belt
in respect to the reference central point of the bottom plate. For this purpose, fabric belt
samples were equidistantly labeled with marks along their contour. In the case of the steel
cord belt, the points were used at the belt edges and also on the external belt contour with
respect to the corresponding steel cords embedded in the carcass. The pixel-positions of all
the points, which were determined based on their color in the photographs, were converted
into a real length scale in respect to the central point of the bottom plate.

Noteworthy to emphasize that such approach allows one to determine the full contour
of a belt geometry with overlap at once for each case together with the corresponding CFs.
This approach is more beneficial, compared to the approach of Hötte [108], as the latter
is limited to measure only internal contour of a cross section. In addition, as discussed in
Section 4.2.4, the results obtained by Hötte are affected by the viscoelastic properties of a
belt, as a full contour of a cross section is obtained during 20 minutes by the optical system.
In contrast, the approach presented here determines instant geometry of a belt contour at the
moment the CFs are measured.

4.3.3 Belt samples
In total, three belt samples were used in the experiment. All the sample properties are
presented in Table 4.9. Two types of belt were used in the experiment: a steel cord and
fabric belt samples.

The steel cord belt sample was relatively heavy and had a moderately high bending
stiffness. Designed for PBCs, the structure of this belt type implied a more frequent number
of steel cords embedded in the central zone of the belt, compared to the edge zones (see
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Table 4.9: Properties of the belt samples used in the experiment. The data for the fabric belt
Sample 3 is taken from Tables 3.3.

Parameter Value
Sample№ 1 2 3
Belt type ST EP EP
Belt width B, mm 1793.67 1596.33 1200.67
Thickness h, mm 22.22 16.78 16.82
Slenderness B/h 80.72 95.13 71.38
Sample longitudinal length b, mm 152.00 146.67 151.33
Moment of inertia I − bh3/12, m4 1.39 × 10−7 5.775 × 10−8 6.001 × 10−8
Sample mass Msmpl, kg 10.431 4.902 3.672
Line mass qbw = Msmplg/B, N/m 56.989 30.094 29.971
Troughability Ymax/B 0.354 0.398 0.434
Effective modulus of elasticity E, MPa

26.965 7.783 8.212
(from FEM shell model see Chapter 3)
Bending stiffness EI, Nm2 3.748 0.449 0.435

Section 2.5.1). As a result, the sample demonstrated an uneven line mass and stiffness
distribution along its contour.

The fabric belt, on the contrary, was designed for trough belt conveyors and exhibited a
constant line mass and stiffness along its belt width. Compared to the steel cord belt type,
it was more flexible and lighter. The selection of this type of a belt was made aiming to
compare the experimental results and CFs determined from the analytical approach. As it
will be shown in Chapter 5, most of the analytical models that determine PBC CFs assume
an evenly distributed belt structure along the belt width. In addition, the method introduced
in Chapter 3 for determining belt’s transverse flexural rigidity using the troughability test,
was also established based on the same assumptions.

From the fabric belt type, two belt samples with different belt widths were used. Initially,
the fabric belt sample denoted in Table 4.9 as Sample 2 was selected. It had original belt
width of around 1600 mm. During the test, this sample exhibited insufficient lateral bending
stiffness for given slenderness ratio B/h, which leaded to the collapse of a pipe belt geometry
even with the substantial length of the overlap (see Section 4.4.2).

To achieve a better formation of a pipe shape, the belt Sample 2 was cut diminishing its
width up till B ≈ 1200 mm. The belt sample obtained was denoted as Sample 3 in Table 4.9.
As it will be discussed in Chapter 6, similarly to the troughability parameter, the slenderness
ratio B/h significantly affects the load distribution between the idler rolls in PBCs. As it will
be shown in Section 4.4, the belt Sample 3 with smaller ratio B/h exhibited better tendency
to form an enclosed pipe shape.

Table 4.9 shows that both Sample 2 and Sample 3 exhibited somewhat difference in linear
dimensions and some parameters. This deviation appears from the inevitable production
imprecision appeared during the belt manufacturing process. As a result, the belt’s linear
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dimensions as well as bending stiffness and line mass vary along the belt width and length.
Taking into account that the slenderness ratio B/h plays significant role in the pipe conveyor
belt behavior, this shows that allowable tolerance for the variation in linear dimensions along
the belt width and length have to be strictly established and controlled by the manufacturers.

In Table 4.9, the lateral effective moduli of elasticity of the belt samples selected were
evaluated from the troughability test using the procedure introduced in Chapter 3. In
particular, the numerical solution for shell within trial-and error procedure was used for the
sufficient precision. For the fabric belt Sample 3, the data is taken from Table 3.3 and Table
3.4 as a case study, establishing the link between the troughability of a belt and its ability
to form a stable pipe shape. The bending stiffness of the steel cord belt sample was also
determined using the similar method as for the fabric belt type, keeping in mind that the
approach, presented in Chapter 3 is limited to the belts with a uniform structure along the belt
width, whereas the steel cord belt sample does not exhibit such property. This assumption
was made only for the qualitative analysis of the belt’s bending stiffness and its influence on
the CFs and belt deformations measured.

The results for CFs and corresponding geometry of all belt samples tested for various
cases are presented in the next section.

4.4 Results
The CFs and geometry of a PBC cross section depend on the design input parameters of
the conveyor system. A number of parameters tested is limited to the configuration of a
test rig selected. In the present study, the following influencing parameters are investigated:
impact of a belt’s theology with respect to a measurement time, belt type, pipe diameter with
respect to the length of the overlap selected, and the orientation of the overlap position. In
the present study, the belt type implies impact of belt line mass, lateral bending stiffness,
and design of a belt structure along the belt’s width and thickness. With respect to the
influencing parameters varied during the test, the results are presented.

4.4.1 Impact of a measurement time
At first, the experiment was performed aiming to investigate the impact of the belt’s vis-
coelastic properties on the CFs measured. The measurements of CFs were performed every
second during 16 hours continuously using steel cord belt Sample 1 with properties de-
scribed in Table 4.9. The sample was formed in a pipe shape with a nominal pipe diameter
Dnom = 450 mm and top orientation of an overlap.

Figure 4.30 illustrates the results obtained for each CF in a set versus an instant time
of measurement. In general, the CFs exhibit a general decreasing trend in their absolute
values with respect to a measurement time. This phenomenon is governed by the viscoelastic
properties of the belt rubber compounds. The relaxation effect diminishes the expansion
load from belt bending stiffness that appears from forming a belt from a flat shape into a
pipe shape that results in decrease of CFs.

Figure 4.31 shows that the change in CFs during the first 5 minutes of the first experiment
is not that significant. As mentioned above, in order to perform the testing of different cases
with the same belt samples and also have sufficient time to eliminate the presence of a
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Figure 4.30: Experimental results of CFs, measured during 16 hours continuously for steel
cord belt Sample 1 formed in a pipe shape with nominal pipe diameter Dnom =

450 mm and top orientation of an overlap.

residual stresses in a belt sample, for the rest of tests, the measurements were performed
only during 5 minutes continuously, storing the data every second. That is why for each of
the CF value, the results were average during this short period of a measurement time.

Besides the practical reasons, the time of 5 minutes was also selected since the trougha-
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Figure 4.31: Experimental results of CFs, measured during the first 5 minutes continuously
for steel cord belt Sample 1 formed in a pipe shape with nominal pipe diameter
Dnom = 450 mm and top orientation of an overlap.
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bility test, used for quantifying belt bending stiffness implies also the measurement after
5 minutes of a sample suspension. The belt bending stiffness quantified will be used in
Chapter 5 and Chapter 6 in analytical and FEM models that determine PBC CFs, aiming to
compare and validate with the experiment case study results.

4.4.2 Influence of a pipe diameter

The results were obtained varying the pipe diameter for the each of the belt type and sample
with a 0◦ overlap position on the top of the pipe. The pipe diameters for the test were selected
based on the range given in Eq. 2.17 of Chapter 2, taking into account Table 2.4 for the
nominal pipe diameter that defines the hexagon dimensional position of the plates in the test
rig. The impact of the pipe diameter and length of the overlap was represented by the ratio
of the belt width with respect to the nominal pipe diameter B/Dnom. A summary of the
details of the tested pipe diameters for the each sample are reported in Table 4.10.

In addition to the cases with varied length of overlap and equivalent pipe diameter, the
measurements were performed for the critical case “no overlap”, which corresponded to
the nominal pipe diameter 590 mm for Sample 1 and 400 mm for Sample 3, respectively.
These critical cases did not have a practical significance in terms of an industrial application.
Nevertheless, the purpose of such test was to validate the analytical model that will be
developed in Chapter 5 for the CFs. The results for the case “no overlap” especially obtained
for the fabric belt typewith uniform structure, and consequently uniform linemass, geometry,
and bending stiffness along the belt width, are the most important, as they are in agreement
with the assumptions made in the analytical models presented in Chapter 3 and Chapter 5.

As mentioned, the results were detected and stored every second for 5 minutes, and the
resultant CFs were evaluated as the arithmetic mean for the each force obtained during the
test period. The quantitative results of the CFs and position of the cross-sectional points are
summarized in Fig. 4.32, 4.33, and 4.34 for Samples 1, 2, and 3, respectively. The points
provided in figures correspond to the external contour of a belt formed in a pipe shape.
Figure 4.33 illustrates the cross section of a belt Sample 2, collapsed due to the insufficient

Table 4.10: Different pipe diameters tested for the each of the belt sample and corresponding
ratios for B/Dnom.

Sampl № Nominal pipe diameter Dnom, mm B/Dnom

1

450 3.99
500 3.59
530 3.38
590 3.04

2 450 3.55

3
350 3.43
380 3.16
400 3.00
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Figure 4.32: a) The CFs [N] and b) cross sectional geometry for steel cord belt type Sample
1 at various pipe diameters.
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Figure 4.33: a) The CFs [N] and b) cross sectional geometry for fabric belt type Sample 2
and nominal pipe diameter 450 mm.

lateral bending stiffness.
Generally, the increase of the pipe diameter causes a decrease in CFs due to the decrease

of the expansion load from the belt bending stiffness. This can be observed for the steel
cord belt Sample 1 from Fig. 4.32 for pipe diameters 450, 500, 530 mm and for fabric belt
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Figure 4.34: a) The CFs [N] and b) cross sectional geometry for fabric belt type Sample 3
at various pipe diameters.

Sample 3 from Fig. 4.34 for pipe diameters 350 mm and 380 mm.
The case “no overlap” for fabric belt Sample 3 produces a sudden growth of CFs. An

explanation for this phenomenon is that the abutting belt edges repulse each other, generating
an additional load. The repulsion force depends on the resultant from the belt weight and
counteracting expansion load from the belt stiffness. If the impact of the bending stiffness is
not that high, compared to the belt weight, as it appears for the fabric belt, then the repulsion
effect for CFs can become more obvious. The similar observation will appear in Chapter 6
for the impact analysis, using the analytical model, developed in Chapter 5. The analytical
model will incorporates additional restraint at the belt edges to trace the repulsion forces
at the edges and integrates the load from the belt bending stiffness and load from the belt
weight.

The load distribution between the supporting hexagon plates exhibits symmetry for the
cross section without belt overlap, with a slight deviation for the steel cord Sample 1 for
plates 2 and 6. The numbering of plates is illustrated in Fig. 4.1. However, if there is
an overlap, the total picture of load distribution changes dramatically. Based on the results
observed, following the belt contour coil with overlap on the top of the pipe, in the beginning
of the belt coil, the lateral top plate 2 is in the least loaded position and the lateral bottom
plate 3 - in the most loaded position, compared to the other supporting plates. Providing
the qualitative analyses with existing studies, similar tendency was reported by Hötte [107],
Hötte et al. [108], Wiedenroth [247], as described in Section 4.2. The exception for the
tendency observed in the present results appears only for the steel cord belt with a pipe
diameter of 450 mm and a ratio of B/Dnom = 3.99, which leads to a considerably large
overlap (see Fig. 4.32).

As mentioned, the fabric belt samples exhibited poor properties to form a stable pipe
shape due to low transverse rigidity. As can be noticed from Figs. 4.33 and Fig. 4.34,
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Sample 3 did not form enough sealed overlap on the top, whereas Sample 2 collapsed its
pipe shape. It is noteworthy to compare these two fabric samples with the considerably same
line mass, structure and bending stiffness along their width.

Sample 2 for belt width B ≈ 1600 mm with nominal diameter 450 mm and ratio
B/Dnom = 3.55, is not capable to keep the pipe shape and collapses. As the pipe diameter
increases, the collapsing tendency of this sample will increase. So in this case, to keep the
pipe shape stable and to keep contact with all 6 plates, the sample has to have a smaller pipe
diameter, i.e., Dnom < 450 mm, and the ratio B/Dnom should be greater than 3.55.

At the same time, Sample 3 from the same belt type but with smaller belt width, exhibited
a relative stability for the nominal ratio B/Dnom = 3.43. A decrease of the pipe diameter to
the ratio B/Dnom = 3.55 will lead to a larger overlap and an even more stable pipe shape of
the fabric belt Sample 3. This means that for the same ratio B/Dnom, the same line mass,
stiffness and belt structure, the belt sample with a shorter width forms a better pipe shape
without collapsing. In other words, in order to maintain a stable pipe shape for the same
belt type, but for different belt widths, the ratio B/Dnom needs to be selected in such a way,
that for wider widths, higher values of ratio B/Dnom become necessary. The B/Dnom ratio
selected for stability is mainly governed by the belt’s bending stiffness and belt slenderness.

Although, for significantly flexible belts, it can appear that the belt is capable to maintain
a stable enclosed pipe shape with large values of ratio B/Dnom > 3.5...4. This can lead to
very large overlaps, and becomes impractical for PBC industrial installations.

4.4.3 Belt type
The belt type is also of particular interest, as it implies different design of belt layout and
corresponding belt’s bending stiffness, and line mass, distributed along the belt width.

Since the belt’s bending stiffness has a great importance in the problem, the results
generated by the flexible fabric belt versus the stiff steel cord belt were compared. The data
measured for relatively close ratios B/Dnom between the belt width and pipe diameter were
selected for the comparison. The results for each belt type were transferred into relative
values. For load distribution between the hexagon plates, each force was given in relative
value to the sum of absolute values of all the six contact forces Fn/

∑
|Fn |, as carried out in

Section 4.2 for the analysis of the existing studies and test rigs. For belt geometry, position
of each point of an external belt contour was also transferred in relative value with respect
to the corresponding radius of nominal pipe diameter and axes origin in the middle of a
pipe. Results that can be used for comparison, were selected based on the approximate ratios
B/Dnom ≈ 3.6, 3.4, and 3.0, and are presented in Figs. 4.35-4.37.

In general for CFs, some similarities between the data for fabric and steel cord belt
samples for the same ratios of B/Dnom are noticeable, except for the case when the fabric
belt Sample 2 is completely collapsed.

The central part of Sample 1 is specially designed for conveying bulk material, with more
frequent installations of steel cords. It thus implies a heavier line mass and higher bending
stiffness in the central part of the belt then for the rest of the belt width. Consequently, the
bottom plate 4 is more loaded than the lateral bottom plates 3 and 5. In the case of the fabric
belt Sample 3, the values of the CFs at lateral bottom plate 3 and 5 are higher or comparable
to the CF at the bottom of plate 4.

An analysis of the data for ratio B/Dnom ≈ 4 revealed that the fabric belt Sample 3 with
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Figure 4.35: a) The CFs [%] and b) the cross sectional geometry for the steel cord belt
Sample 1 and the fabric belt Sample 3 in relative values, obtained for the ratio
B/Dnom ≈ 3.6.
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Figure 4.36: a) The CFs [%] and b) the cross sectional geometry for the steel cord belt
Sample 1 and the fabric belt Sample 2 in relative values, obtained for the ratio
B/Dnom ≈ 3.4.

width B ≈ 1200 mm and nominal pipe diameter 350 mm did not form enough of a sealed
overlap (see Fig. 4.36) due to its minor bending stiffness. The same belt type for Sample
2 with wider belt width B ≈ 1600 mm and nominal pipe diameter 450 mm completely
collapses with ratio B/Dnom ≈ 3.6 (see Fig.4.35). To achieve ratio B/Dnom ≈ 3.4, the pipe
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Figure 4.37: a) The CFs [%] and b) the cross sectional geometry for the steel cord belt
Sample 1 and the fabric belt Sample 3 in relative values, obtained for the ratio
B/Dnom ≈ 3.0.

diameter of Sample 2 has to be increased, which will cause even worse collapsing response
of the belt. Obviously, a further increase of a pipe diameter makes the collapsing behavior
for the same fabric belt type to exacerbate. Meanwhile, the steel cord belt Sample 1, with a
width B ≈ 1800 mm and high transverse bending stiffness, easily maintains the pipe shape
and is completely sealed for the same ratio B/Dnom ≈ 3.4.

Ultimately, this means that in order to provide a stable pipe with a constant B/Dnom
ratio, which is in the range of 3.5 ≤ B/Dnom ≤ 4 for all the belt widths offered in a product
line, the manufacturer has to guarantee a higher transverse bending stiffness for wider belt
widths. Since the ratio between the belt width and pipe diameter B/Dnom = const, this
observation correlates to the statement of Zhang [269] that larger pipe diameters require a
higher transverse bending stiffness.

The present observations drawn about impact analysis of the input design parameters
will be analyzed and further discussed in Chapter 6.

4.4.4 Position of an overlap

Position of overlap influences the CFs and also cross-sectional geometry of a belt deformed.
Due to the twisting effect, the belt overlap position can vary with respect to the initial
0◦ top position. Practical experience shows that the angle of twist can be substantial,
reaching up till 270◦ according to Day [41], and attaining ∼ 30◦...45◦ even after tracking
and commissioning of a PBC (see Staples and Mehta [218]). Furthermore, on the return
empty strand of a conveyor, the belt usually is transported with overlap placed at the bottom
with angle of 180◦ with respect to the initial 0◦ top position. Taking this into account, the
experimental results were obtained for the overlap position, varying it from initial 0◦ top
position and ending at the bottom position of 180◦. The measurements were performed



124 4 Determination of Contact Forces: Experimental Approach

every 30◦, rotating the sample counter clockwise.
Since the fabric belt did not exhibit sufficient bending stiffness to form an enclosed pipe

shape with an overlap, the test steel cord belt Sample 1 with a high transverse rigidity was
used for the of experiments that investigate the influence of the overlap position on the CFs
and belt deformations. The ratio between the belt width B and nominal pipe diameter was
kept constantly equal B/Dnom = 3.59, which corresponded to a pipe diameter of 500 mm.
Table 4.11 demonstrates the results according to the each overlap position tested.

Table 4.11: Influence of the position of a belt overlap on the CFs and deformations of the
belt’s lateral cross section.
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Analyses of the results shows that the position of an overlap significantly affects the load
distribution between six hexagon supporting plates. If the overlap is in the position that
directly presses against the plate, which corresponds to 0◦, 60◦, 120◦, and 180◦, it causes
an increase of the CF on that particular plate, and the plate next to it, following counter
clockwise along the coil. At the same time, following the coil clockwise, the plate situated
next to the plate of overlap has a loss of the CF.

A similar situation appears at the position when the overlap presses against two of the
supporting plates, as it happens at overlap rotation angles of 30◦, 90◦, and 150◦. In this case,
however, both overlap plates have an increase of the CFs and plate before has a contact loss.

4.5 Conclusions
The present chapter answers the research question on how to determine PBC CFs. For
this purpose, an experimental approach is used. Aiming to select the most suitable test rig
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configuration, the analysis of all the possible PBC test rig designs was performed in Section
4.2 with respect to CFs measured.

The analysis shows that the results obtained using different test rigs and described in
different sources deviate quite significantly and essentially depend on the rig configura-
tion.Taking into account all the design advantages and disadvantages from the analysis of
the existing test rigs, the choice is made for the static six-point stiffness device.

A number of reasons justify the selection, prioritizing the advantage of the sufficient
accuracy of the results, provided by a full control of the friction forces and a limited number
of the design parameters involved that can cause a measurement error. In addition, the
choice is made, since the experiment test is simple and static and can be easily replicated
using analytical approach and FEM, developed in the following Chapter 5 and Chapter 6, re-
spectively. The present experimental results can be used for the validation purposes.Another
reason is that the same belt samples used for the six-point stiffness device can be used for
the troughability test. The bending stiffness quantified from the troughability parameter, as
recommended in Chapter 3, is needed in the analytical and FEMmodels for determining the
CFs and can serve as a link between belt’s troughability to its pipe-ability.

Despite the fact that in general, the CFs measured vary with respect to the selection
of the test rig design, the qualitative analysis of the results obtained in the present chapter
within the six-point stiffness device and presented in Section 4.4 shows similar load patterns,
compared to the CFs attained by the different researchers by means of the different test rigs.
In addition, the load at the individual plate for the each experiment case with the 0◦ overlap
position is in range (40 ∼ 48)% of the sum of all CFs (see Figs. 4.35-4.37), similarly as
observed in other studies [8, 42, 107, 107, 159–166, 247, 252]. As for the 180◦ overlap
position at the bottom of the pipe, the load on the individual plate did not exceed 80% of the
sum of all CF. This observation coincides with the experimental results [8, 188].

The impact analysis is performed aiming ot answer the research questions about which
design parameters influence the CFs and what is their effect. The results from different test
cases shows that belt geometry, bending stiffness, length of an overlap and its orientation
dramatically affect the load distribution between the idler rolls. The position of the overlap
causes an increase in the CFs at the plates in direct contact with the belt overlap.

As for the belt geometry, the experiments revealed that a higher transverse bending
stiffness is required for the larger pipe diameters to form a pipe shape without a contact loss.
The pipe diameter can be changed by either varying the length of the overlap, represented
by the ratio B/Dnom, or selecting different belt width B (changing belt’s slenderness B/h)
and keeping the ratio B/Dnom constant. Compared to the stiffer belts with the same width,
more flexible belts need higher ratio of B/Dnom.

Further research for the experimental approach should be focused in performing more
tests with various belt structural designs, considering impact of a belt geometry, in particular
the ratio of a belt slenderness B/h, ratio characterizing the length of an overlap B/Dnom
for each belt type. In addition, the experiment tests can be performed for more design
parameters, such as belt tension, presence of bulk material, belt speed, length of carry
spacing, using more complex test rigs and studying their influence on contact forces and
belt’s pipe-ability.

The present chapter has described how PBC CFs can be determined using experimental
testing. As closely discussed in Section 4.1, besides the experimental measurements, the
CFs can be evaluated using analytical and FEM models. Usage of all three approaches in
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complex provides a reliable strategy for determining PBC CFs, option to perform an impact
analysis for design parameters involved, and to detect belt’s ability to form a stable pipe
shape without a contact loss.

The analysis of the test results presented in Section 4.4 showed that it is difficult to extract
a functional dependence of PBC CFs with respect to the input design parameters only based
on the experimental testing. That is why, next Chapter 5 develops a new analytical model that
quantifies PBC CFs that can be used as a reference base to derive a functional dependence
between the CFs and participating design parameters. The comparison of the results with
the experiment and also the functional dependence of CFs derived are provided in Chapter
6.



Chapter 5

Determination of Contact Forces:
Analytical Solution*

"Bulk handling is not rocket science - it’s harder".
— Prof. dr. Mark Jones, the Head of the School of Engineering

at the University of Newcastle (Australia)

As indicated in previous chapter, CFs significantly contribute in a PBC system perfor-
mance. They are needed to evaluate the energy losses from the IRR that is a prime focus of
Chapter 7. In addition, they can assist when belt’s ability to form a stable pipe shape is inves-
tigated (see Chapter 6). Therefore, it is important to determine the CFs in the most accurate
way. The previous chapter indicated that using of an experimental approach (Chapter 4),
analytical approach (this chapter), and the FEM (Chapter 6) together can provide a reliable
solution when the positive and negative aspects of each of the approach are complemented.

The present chapter determines PBC CFs using an analytical approach. For developing
an analytical model, a conveyor belt bending stiffness, quantified in Chapter 3 from the
troughability test is used. Belt bending stiffness is needed, as it indicates not only the belt
deformations as a mechanical response to the external loads from belt and bulk material, but
also causes an additional expansion load that appears from folding the belt from a flat shape
into a pipe shape. These aspects are investigated in the present chapter.

5.1 Introduction
Previous chapter indicated that CFs and belt deformations influence PBC systemperformance
signifying the need to determine these parameters in the most accurate way. The CFs can be
evaluated using experimental, analytical, and FEM approaches. As stated in Chapter 4, all
three approaches has positive and negative aspects and used together can provide an optimal
way to reflect the contact phenomenon between the belt and idler rolls and predict the CFs.

*This chapter is written partially based on the publications of Zamiralova et al. [267], Zamiralova and
Lodewijks [263, 264].

129
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The previous Chapter 4 used the experimental approach to determine PBC CFs, whereas the
present chapter is focused on developing an analytical approach.

It is important to emphasize the significance of the analytical model, compared to the
experimental and computational FEM approaches. The analytical model provides a direct
function that can predict the CFs and also show directly the impact of the input design
parameters involved. On the contrast, the research conducted only based on experiments
without any analytical solution provides only an approximate trend reflecting impact of
various physical parameters on PBC CFs. Moreover, the factors in empirical approximating
formulas, which are derived specifically for certain test rig configurations, are not always
relevant for other conveyor installations.

Furthermore, there is a number of experiment conditions that can generate errors in the
output results. As shown in Chapter 4, the experiment results essentially depend on the
selection of the test rig design, and the CFs attained from various test rigs significantly
deviate. In addition, the higher complexity of the test rig design increases the possibil-
ity of the appearance of uncontrolled measurement errors, such as incorrect position and
misalignment of the measuring equipment, uncontrolled friction forces, etc. Without any
analytical knowledge, it becomes impossible to distinguish which test measurements gave
reliable results, and which test results were compromised by the errors made during the
testing. All these issues mentioned show the need that the experimental results has to be
accompanied by an analytical solution.

In order to construct an accurate analytical approach, it is important to review the existing
analytical models, employ the relevant theories, or newly introduce, if needed. In general, the
present analysis considers the existing analytical models in two aspects: a) how the external
loads are analytically introduced to the problem; b) how the resultant reaction forces are
determined from those external loads.

The existing analytical models as well as the new approach developed here linearize the
problem around a pre-formed pipe shape geometry under the action of all the external loads.
The problem follows the Superposition Principle. The additivity property of this principle
implies that the resultant action of all the loads involved in the problem can be considered
as a sum of the actions caused by those loads independently. That is why, the modeling of
the each of the load can be analyzed separately.

For determining pipe conveyor CFs, illustrated in Fig.4.1, the participating external loads
include:

• the load from the belt weight;

• the load from the belt bending stiffness that appears from folding the belt from a flat
shape into a pipe shape;

• the load caused by the bulk material.

Each of the load is considered independently in the next sections.

5.2 Load from the belt weight
The load from the belt weight qbw is a vertical load, evenly distributed along the pipe cross-
sectional contour (see Fig. 5.1). It can be expressed via the belt’s area-related distributed
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Figure 5.1: Pipe conveyor cross section under the action of the distributed load from the
belt weight.

mass qbw = m′′bwgl, following Eq. 2.13, discussed in Section 2.5.3. The longitudinal length
l can be equal to the pitch between the idler stations l = lc or l = lr. Alternatively, it can
be equal to a length of a belt sample l = b = (150 ± 2) mm, used for the troughability test
for quantifying an effective modulus of elasticity, as discussed in Chapter 3, and also for
the experimental validation of CFs, determined within six-point stiffness device, provided
in Chapter 4.

Dmitriev and Sergeeva [58], Dmitriev and Efimov [55], Sergeeva [210], Efimov [61],
Gładysiewicz [91], Kalidien [120] considered the impact of the belt weight on pipe conveyor
CFs.

5.3 Load from the belt bending stiffness
The load from the belt’s bending stiffness represents the additional expansion load from
bending the belt from the initially flat shape to a pipe shape. This load applied to the already
pre-folded pipe-shaped belt geometry is a key step that allows the problem’s linearization
and avoids the complex, nonlinear process of forming the belt from a flat shape into a pipe
shape. A number of the researchers use such approach in their analytical models, however,
so far, there is no unified opinion how this load needs to be prescribed in the problem.

Wiedenroth [247] provides the general dependence trend that indicates the impact of the
load from the belt’s bending stiffness on CFs. According to the researcher, the total form
force abides by the following rule:

Fbst =

6∑
n=1
|Fn | − 1.4Fv = 2

∑ ���Fn
top���, (5.1)

where Fv is a total vertical vector force from all the loads involved; ��Fn
top�� = |F1 |+ |F2 |+ |F6 |

is a sum of the CFs at the top rolls in absolute values (see Fig. 4.1). For the support of this
rule, Wiedenroth [247] did not provide any quantifying method neither for CFs, nor for the
total form force from belt bending stiffness Fbst. Moreover, the experimental data in the next
Chapter 6 shows that such dependence trend in most of the cases is not justified.

Gładysiewicz [91] carried out a number of the experiments for the belt in a four-roll pipe
conveyor. He approximated the results into an empirical dependence and adjusted it for the



132 5 Determination of Contact Forces: Analytical Solution

Figure 5.2: Modeling the load from the belt’s bending stiffness as an additional loading
condition, represented by: a) distributed radial load qbst, according to Cher-
nenko approach [27, 28]; b) distributed radial load qbst in combination with
two expansion concentrated forces Q1bst, Q2bst, situated at angle β, based on
the model of Dmitriev [52]; c) a newly introduced in this thesis concentrated
expansion moments Mbst, applied at the belt edges.

six-roll pipe conveyor. The load from the belt’s bending stiffness was accounted by applying
the same concentrated radial expansion forces Fbst from the belt at the each roll. That force
equaled:

Fbst =
2
3

m′′beltgBl
[
2.205 + 0.915 cos

(
2π

h
B

)]
. (5.2)

Another approach was introduced by Chernenko [27, 28]. The approach describes the
load from the belt bending stiffness as an expansion radial load qbst, evenly distributed along
the pipe conveyor cross section (see Fig. 5.2a) that equals:

qbst =
E2

(1 − µ1µ2)
h3l
24R3 =

EI
2(1 − µ1µ2)R3 , (5.3)

where E2 is Young’s bending modulus of elasticity of the belt in lateral direction.
This Young’s modulus can be quantified from the troughability test, as described in the

previous Chapter 3. µ1, µ2 are the Poisson ratios of the belt in longitudinal and lateral
direction, respectively; R is a radius of the pipe; h is a thickness of the belt; I = lh3

12 is the
moment of inertia of a rectangular cross section. The derivation of this load is discussed in
Section 5.3.2.

The radial load defied byChernenkowas also used in the studies ofDmitriev and Sergeeva
[58], Dmitriev and Efimov [55], Sergeeva [210], Efimov [61] for quantifying pipe conveyor
CFs. Wesemeier [238–242] also utilized such load in his studies for four-roll vertical pipe
conveyor. In addition, the researcher also suggested to include the effect of forming the belt
from a flat shape into a pipe as an external concentrated force applied radially only to the
belt edge right at the top roll [238]. This force has a similar to the Chernenko formula in Eq.
5.3, additionally accounting the impact of the belt’s overlap in the coefficient:

Fbst =
E2

(1 − µ1µ2)
h3l

24R∆ov
, (5.4)
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where ∆ov is a length of the overlap of a pipe conveyor belt, folded into a pipe shape. The
approach of Wesemeier [238] was also used by Kalidien [120] for a six-roll pipe conveyor.

Chernenko [27, 28] derived Eq 5.3 by describing the belt as an orthotropic shell in
a plane strain state that is bent to a cylindrical shape. The approach was also expanded
by Dmitriev [52], Dmitriev and Solodovnikova [53], resulting in an analytical solution on
contact loads that are produced by a thin plate, formed into a pipe shape and placed inside
the cylindrical chamber. The approach of Dmitriev implies the distributed Chernenko-like
load qbst together with the concentrated forces Q1bst, Q2bst, applied to the belt structure (see
Fig. 5.2b). The approach of Dmitriev [52] will be discussed in the Section 5.3.3.

Summing up, it is possible to state that all the existing research studies that linearize the
problem of PBCCFs and introduce the additional load from belt bending stiffness, model that
load in different ways and none of the studies carried out the reliable experimental validation.
As a result, up till now there is no unified and proven approach that can recommend how
to prescribe such load to a problem linearized. That is why, this study aims to compare the
relevant approaches in this chapter, provide experimental validation in the following Chapter
4, and make recommendations for using it in industry and for further research.

The analysis for the relevant approaches among existing studies shows that the approach
of Wiedenroth [247] provides only the general influence of that load on CFs, but does not
describe and quantify that load. Approach of Gładysiewicz [91] is based on the partially
empirical dependence that might be valid for the particular experiment test, used for the
approximation, but not appropriate for other input design parameters. Other existing studies
Dmitriev and Sergeeva [58], Dmitriev and Efimov [55], Sergeeva [210], Efimov [61] utilize
or modify (Wesemeier [238–242]) the approach of Chernenko [27, 28] that implies the radial
load, evenly distributed along the PBC cross-sectional contour.

Present chapter also selects the approach of Chernenko [27, 28] for the further inves-
tigation and comparison, since it does not contain any empirical formulation and seems
relevant for the problem. In addition, the approach of Dmitriev [52] is also selected for the
comparison, as it represents the further expansion of the Chernenko approach with higher
level of complexity. In addition, a new and more simple approach is introduced in this
thesis for representing the load from the belt bending stiffness. This new approach implies
concentrated expansion moments Mbst, applied at the edges of a belt, already formed in a
pipe shape (see Fig. 5.2c).

Noteworthy to mention that similar idea of using the bending moments was used by
Fedorko et al. [67, 68], Fedorko and Molnár [66] for FEM analysis (see Fig. 6.4 in Section
6.2.5). However, the researcher, used the bending moments in a direct problem to fold a
belt from a stress-free flat shape into a pipe shape, whereas in present research, the bending
moment is proposed for inverse problem as an additional external load, applied on linearized
stress-free pipe-shaped belt. In addition, Fedorko et al. [67, 68], Fedorko and Molnár [66]
did not propose any quantified values of themoments, determining them using a combination
of an explicit and an implicit FEM analysis in software with defined finite geometrical shape
of a belt. In contrast, the present analysis gives a definite expression to the moments and
determines the resultant CFs analytically from them.

The analysis of the analytical results and their comparison with the experiment will be
performed in Chapter 6. It will indicate, which method of modeling the load from belt
bending stiffness among the selected ones predicts the correct results and which methods
are not relevant and should not be applied for determining the CFs for PBCs.
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Ultimately, three methods of modeling the load from the belt bending stiffness that are
illustrated in Fig. 5.2, are selected for the analytical model:

1) a newly introduced concentrated expansion moments Mbst, applied at the belt edges;

2) the distributed radial load qbst (Chernenko approach);

2) the distributed radial load qbst in combination with the concentrated forces Q1bst,
Q2bst (Dmitriev approach).

Each of the loading conditions is briefly described in the next sections, organizing them
from a simple to complex.

5.3.1 Concentrated expansion moments
The method with concentrated expansion moment is the simplest among others, though it
has not be used to determine pipe conveyor CFs. For the simplicity, the problem implies the
beam structure in a Cartesian xyz coordinate system, which is formed from a stress-free flat
shape into a stressed circular shape, as illustrated in Fig. 5.3.

Figure 5.3: The system to determine displacements of a beam-like structure formed from flat
shape into a pipe shape (the figure on the right modified from Alfutov [2].

In this first approximation, the impact of the overlap is not considered in the problem.
That is made similarly, as assumed in other approaches of Chernenko [27, 28] and Dmitriev
[52], selected for the comparison. Noteworthy to mention that it is expected that the load
on the top roll will be less for a belt formed into a pipe shape with overlap, compared to the
case without overlap.

When the structure is folded to a pipe shape, the position of any point of that structure
before the deformation in the xyz system expressed via cylindrical ϕ and R coordinates as
follows:{

x0 = ϕR;
z0 = 0. (5.5)

After deformation, the coordinates transform to the following:{
x = R sin ϕ;
z = R − R cos ϕ. (5.6)
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Then the axial displacement along the deformed contour, denoted as u, and radial displace-
ment, denoted as w can be determined as follows:{

u = x0 − x = R sin ϕ − Rϕ
w = z0 − z = R − R cos ϕ (5.7)

According to the formulas of Alfutov [2], the strains expressed via the displacements equal:

εx =
du
dx
= ε0x + κy z, εz =

dw
dz
= 0, and γxz =

du
dz
= 0.

In the formula for the strain εx , ε0x is the circumferential elongation, and κy is the
curvature of a structure in plane xz around y-axis. Considering the small element AB,
illustrated in Fig. 5.3 with length Rdϕ before deformation and A1B1 after deformation and
following the recommendations of Alfutov [2], the axial elongation equals:

ε0x =
A1B1 − AB

AB
≈

1
R

(w +
du
dϕ

) = 0, and the curvature becomes κy =
dϑ

Rdϕ
=

dϕ
Rdϕ

=
1
R
,

where angle ϑ =
1
R

(
dw
dϕ
− u) = ϕ. In this case the total strain amounts to εx = ε0x + κy z =

= 0 +
z
R
.

The material model implies the stress-strain relationship, expressed as follows (see
Alfutov [2]): σx = Eεx = E

z
R
, σz = Eεz = 0, τxz = Gγxz = 0, where G is the shear

modulus in plane xz.
Taking into account that the cross-sectional area of a small element along the structural

thickness dA = ldz (see Fig. 5.4), it becomes possible to determine the forces acting on the
element AB. They equal:

Figure 5.4: An element with cross-sectional area dA considered.

N =
h/2∫
−h/2

σxdA =
h/2∫
−h/2

E
z
R

ldz = 0;

M =
h/2∫
−h/2

σx zdA =
h/2∫
−h/2

E
z
R

lzdz =
Elh3

12R
=

EI
R
; (5.8)

Q =
h/2∫
−h/2

τxzdA = 0.
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Figure 5.5: a) Loading condition needed for the element equilibrium; b) distributed loads
acting on the structure (modified figures from Alfutov [2]).

Eventually, the equilibrium equations for the element AB can be written using the
distributed bending moment my , tangential load qx , and radial load qz (see Fig. 5.5):




Q −
dN
dϕ
= Rqx ;

dQ
dϕ
+ N = Rqz ;

−QR +
dM
dϕ
= Rmy ;

⇒ my = qx = qz = 0. (5.9)

The system is in the state of pure bending, and the constant moment M = EI
R , applied

symmetrically at the edges of the structure is sufficient to form a circular shape.
In the analytical model, developed in the present chapter for determining the CFs, this

moment is applied as an expansion load (in opposite direction) at the edges of a pipe-shaped
belt, as shown in Fig.5.2c, representing in the problem linearized the effect of a preliminary
bending of a belt from a flat shape into a pipe:

Mbst =
EI
R
. (5.10)

As for the orthotropic plate in the plane strain state, the moment from the belt bending
stiffness can be adjusted accounting for the Poisson ratio:

Mbst =
E2I

(1 − µ1µ2)R
. (5.11)

Noteworthy tomention is that themoment Mbst is derived considering the direct problem:
here the flat structure (belt) in the stress-free state is formed into a pipe/circular shape with
resultant stresses distribution along the contour and structural thickness. The linearized
problem, in contrast, is an inverse problem: the load from the belt bending stiffness that is
applied to a stress-free belt structure in a pipe shape, has to keep the belt in that pipe shape
still (no displacements), but generate the stresses along the structural thickness that coincide
with the finite stress state of a direct problem.

The concentrated expansion bending moments Mbst, applied at the edges of a stress-free
pipe-shaped belt (linearized inverse problem) open the structure to the flat position. As a
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result, the stress distribution will be the same as in the direct problem after deformation, but
with an opposite sign. In this case, the loading condition of applied expansion moments at
the edges Mbst of a pipe-shaped belt is still only an approximating model. Despite this fact,
using this Mbst can be sufficient for the approach that determines PBC CFs, since the forces
depend on the displacements (see Section 5.6), which are actually equivalent to the direct
problem.

5.3.2 Evenly distributed radial load
The derivation of the distributed load was achieved by Chernenko [27, 28] by using the
direct problem of forming the plate from a flat shape into a pipe shape, similar as discussed
in the previous section. For the simplicity, it is sufficient to consider the beam model and
then adjust it to the plate model in a plain strain state.

The formulas for the displacements and strains are the same as provided in the previous
section, except the strain εx that is determined as follows:
εx =

du
dx
= ε0x + κy z +

1
2

(κy z)2.

The additional nonlinear summand (or also called von Karman strain) is determined

via the angle ϑ as
1
2

(κy z)2 =
1
2

(
dϑ

Rdϕ

)2
=

1
2R2 . Consequently the strain equals εx =

1
R

z +
1

2R2 z2.

The stress-strain relationship implies: σz = τxz = 0, σx = Eεx = E
(
1
R

z +
1

2R2 z2
)
,

and the forces then equal:

N =
h/2∫
−h/2

σxdA =
h/2∫
−h/2

E
(
1
R

z +
1

2R2 z2
)

ldz =
EI
2R2 ;

M =
h/2∫
−h/2

σx zdA =
h/2∫
−h/2

E
(
1
R

z +
1

2R2 z2
)

l zdz =
Elh3

12R
=

EI
R
; (5.12)

Q =
h/2∫
−h/2

τxzdA = 0.

In order to keep the system in the equilibrium, the following distributed loads need to be
applied onto the structure:




Q −
dN
dϕ
= Rqx

dQ
dϕ
+ N = Rqz

−QR +
dM
dϕ
= Rmy

⇒




qx = −
1
R
dN
dϕ
= 0;

qz =
N
R
=

EI
2R3 ;

my = 0.

(5.13)

These formulas can be adjusted for the orthotropic plate in a plane strain state by using the
additional coefficient 1/(1 − µ1µ2) for bending stiffness. In this case the formulas coincide
with the ones proposed by Chernenko [27, 28] for the plate (see Table 5.1).
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Table 5.1: Comparison of the loads, derived in this section for a beam model and by Cher-
nenko for the plate model in [27, 28]

Beam Shell
(from Chernenko [27, 28])

M =
EI
R

M =
EI

(1 − µ1µ2)R

N =
EI
2R2 N =

EI
2(1 − µ1µ2)R2

qz =
EI
2R3 qbst = qz =

EI
2(1 − µ1µ2)R3

For modeling the effect of forming belt from a flat shape into a pipe, Chernenko used the
distributed radial load qbst. Dmitriev and Sergeeva [58], Dmitriev and Efimov [55], Sergeeva
[210], Efimov [61] also used that Chernenko-load for the linearized problem to calculate the
PBC CFs.

5.3.3 Distributed radial load with the concentrated forces

The third method of modeling the load from the belt bending stiffness is the Dmitriev [52]
approach. As it was mentioned before, Dmitriev [52] expanded approach of Chernenko
[27, 28], considering the plate structure, formed from a flat shape into a pipe shape and then
placed into the cylindrical chamber. The purpose of the study was to determine the loads
that the stressed plate generates onto the chamber.

The plate, placed inside the chamber is not in contact with the latter along the whole
circumference, as illustrated in Fig. 5.6a. Dmitriev assumed certain loading conditions that
keep the plate in equilibrium. They imply the distributed expansion load qbst, where the
structure touches the chamber, and the concentrated forces Q1bst, Q2bst, situated at angle β,
as shown in Fig. 5.6b. The researcher mentions that originally similar loads were proposed
by Feodosyev [71], considering the problem of an elastic open ring placed around the stiff
cylinder with slightly larger diameter than the internal diameter of a ring.

The researcher [52] states that selection for such load depiction in the problem can
be considered acceptable, if there is an determinable angleβ that fulfills the equilibrium
requirements. For the section AB in Fig. 5.6b, the equations of equilibrium for any point
can be written as follows:




N = −Q1bst sin ϕ;
Q = Q1bst cos ϕ;
M = Q1bstR sin ϕ;

(5.14)
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Figure 5.6: a) the deformations of a plate that was initially formed from a flat shape into a
pipe shape and then placed inside the cylindrical chamber; b) the depiction of
the reaction contact loads acting onto the plate from the chamber. The figure
from Dmitriev [52].

and for the section BC, they equal:




N = −Q1bst sin ϕ −Q2bst sin(ϕ − β) + qbstR (cos(ϕ − β) − 1) ;
Q = Q1bst cos ϕ +Q2bst cos(ϕ − β) + qbstR sin(ϕ − β);
M = Q1bstR sin ϕ +Q2bstR sin(ϕ − β) + qbstR2 (1 − cos(ϕ − β)) .

(5.15)

In these equations, the direction of bending moment M , the axial force N , and shear
hoop force Q are shown in Fig. 5.6b.

At the section BC, the plate is in a circular shape and is in a contact with the chamber. In
this case, the bending moment on this section has to be constant: M = const. The expression
for the moment, provided in Eq. 5.15), can be transformed in the following:

M = Q1bstR sin ϕ +Q2bstR sin(ϕ − β) + qbstR2 (1 − cos(ϕ − β)) =
= sin ϕ(Q1bstR +Q2bstR cos β − qbstR2 sin β)−
− cos ϕ(Q2bstR sin β + qbstR2 cos β) + qbstR2

(5.16)

The moment is constant in any position defined by the angle ϕ along the structural
contour, if the following is fulfilled for Eq. 5.16:




Q1bstR +Q2bstR cos β − qbstR2 sin β = 0
Q2bst R sin β + qbstR2 cos β = 0
M = qbstR2

⇒




Q1bst =
qbstR
sin β

Q2bst = −qbstRcotβ
M = qbstR2

(5.17)

The constant moment along the section BC implies that the structure experiences the
pure bending, in the case, for the isotropic material model at the section BC, the moment
equals: Mbst =

EI
(1 − µ2)

κy , and the curvature κy =
1
R
. This expression coincides with

the ones proposed for Mbst in the previous sections for the bending moment. Taking into
account the expression in Eq. 5.17 for the moment, the distributed expansion load equals
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qbst =
EI

(1 − µ2)R3 .

Substituting the expression qbst for isotropic body into system of Eq. 5.17 for the section
BC, the latter can be written as follows:




Q1bst =
EI

(1 − µ2)R2
1

sin β

Q2bst = −
EI

(1 − µ2)R2 cot β

M =
EI

(1 − µ2)R

(5.18)

If the equations for Q1bst and Q2bst are substituted into the system of Eq. 5.14, subjected to
the section AB of a structure, the following loads are obtained:




N = −
EI

(1 − µ2)R2
sin ϕ
sin β

Q =
EI

(1 − µ2)R2
cos ϕ
sin β

M =
EI

(1 − µ2)R
sin ϕ
sin β

(5.19)

On the other hand, from the continuity considerations for the sector AB, the strain can be
expressed via structural displacement as εx = ε0x + κy z, where elongation ε0x is equivalent

to ε0x =
1
R

(w +
du
dϕ

), and the curvature κy =
1
R
−

dϑ
Rdϕ

. Taking into account that the angle

equals to ϑ =
1
R

(
dw
dϕ
− u), the curvature can be written as follows:

κy =
1
R

[
1 −

1
R

(
d2w
dϕ2
−

du
dϕ

)]
. (5.20)

The stress-strain relationship implies σz = τxz = 0, σx =
E

(1 − µ2)
εy , then the axial

force N and the moment M for the cross-section area dA = ldz transform to the following
expressions:

N =
h/2∫
−h/2

σxdA =
Elh

(1 − µ2)
1
R

(w +
du
dϕ

);

M =
h/2∫
−h/2

σx zdA =
Elh3

12(1 − µ2)
1
R

[
1 −

1
R

(
d2w
dϕ2
−

du
dϕ

)]
.

(5.21)

The expressions for N and M previously found in system of Eq. 5.19 for the section AB
are substituted into Eqs. 5.21. This yields the following:




−
h2 sin ϕ
12R sin β

=
du
dϕ
+ w;

sin ϕ
sin β

= 1 −
1
R

(
d2w
dϕ2
−

du
dϕ

)
.

(5.22)
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With these equations, it becomes possible to comprise the differential equation for the
radial displacement w at the structural section AB, detached from the cylindrical chamber.
It constitutes:

d2w
dϕ2
+ w = R − R

(
1 +

h2

12R2

)
sin ϕ
sin β

. (5.23)

This is a 2-nd order linear ordinary differential equation that can be solved in the following
form:

w(ϕ) = Cw1 sin ϕ + Cw2 cos ϕ +
R

2 sin β

(
1 +

h2

12R2

)
ϕ cos ϕ + R. (5.24)

The constants of integration Cw1, Cw2, and the angle β are determined from the bound-
ary conditions. At point A, there is no radial displacement, i.e., w(0) = 0. At point B of the
structure, there is no radial displacementw(β) = 0, and also no angular rotations

dw
dϕ

(β) = 0.

The angle β that characterizes a detachment of a plate formed into a pipe shape from the
cylindrical chamber, can be obtained from the transcendental equation:(
1 −

h2

12R2

)
cos β +

(
1 +

h2

12R2

)
β

sin β
= 2. (5.25)

The findings can be applied to the to the linearized inverse problem for a pipe conveyor,
aiming to determine the CFs. If the presence o an overlap is not taken taken into account,
B = 2πR, and the effect of a forming a belt from a flat shape into a pipe shape (load from
belt bending stiffness) can be represented by the following expansion loads, adjusted for the
orthotropic body:




Q1bst =
qbstR
sin β

=
EI

(1 − µ1µ2)R2
1

sin β
;

Q2bst = −qbstRcotβ = −
EI

(1 − µ1µ2)R2 cotβ;

qbst =
EI

(1 − µ1µ2)R3 .

(5.26)

These loads are applied at the structure, as shown in Fig. 5.2a. The angle β that
determines the position of the load qbst and Q1bst, Q2bst, is evaluated from Eq.5.27:

*
,
1 −

π2

3

(
B
h

)−2
+
-
cos β + *

,
1 −

π2

3

(
B
h

)−2
+
-

β

sin β
= 2. (5.27)

As it can be seen, the angel β in Eq. 5.27 only depends on the belt slenderness. If the
presence of an overlap is not taken into account, the geometrical range for the belt slenderness
B/h, established in Section 2.5.2 of Chapter 2 constitutes 6.67 ≤ B/h ≤ 643. The angle β
then exhibits a quite limited variation range: β ≈ 115.5◦...122◦.

Similar to the previous approaches, discussed in Sections 5.3.1 and 5.3.2 for modeling
the load from belt bending stiffness, the problem studied by Dmitriev and discussed in this
Section 5.3.3 is a direct problem. Application of the loads onto the stress-free belt already in
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a pipe shape (implicit problem), needs to be considered only as an approximating approach,
as it does not generate the absolutely equivalent stress field in the structure, as it would
become in the finite state of nonlinear process of forming belt from flat shape into a pipe.
However, the approach might generate the correct CFs, since the displacements in the direct
and implicit problems are equivalent.

The results for the PBC CFs, obtained using all three approaches of modeling the load
from belt bending stiffnesswill be compared between each other and alsowith the experiment
in Chapter 6. This comparison will indicate whether it is possible to describe the effect of
actual folding the belt from a flat shape into a pipe shape as an external load, applied to the
stress-free belt in a pipe shape, and which of the methods, selected and described in Sections
5.3.1, 5.3.2, and 5.3.3 predicts the correct CFs.

Now the load from the belt weight and load from the belt bending stiffness are described
for empty PBC. The next section considers the load from the bulk material needed for
determining the CFs for a PBC transporting bulk solids.

5.4 Load from bulk material

Load from the bulk material is an important parameter that needs to be taken into account
when the conveyor design is selected. At certain loading conditions, it can generate a positive
effect on the belt ability to form a stable pipe shape, whereas the same belt without a bulk
material might exhibit a contact loss between the belt and the top idler rolls.

In general, the load generated by the bulk material inside the pipe conveyor belt is
a result of a highly nonlinear complex process. The loading happens when the belt is
already formed from a flat shape into a trough. Next, the belt with the bulk material is
gradually formed into a pipe shape by special forming idlers. During this process, the bulk
material is compressed inside the pipe, resulting in a load varied not only along the pipe
circumference, but also longitudinally between the idler sections. Dyachenko [60] conducted
an experimental research on the displacements of bulk material layers during the formation
of a belt into a pipe shape. The resultant load from the bulk material is also affected by
the vibration during the transportation process, properties of a bulk, the lump size, and how
evenly the feeder loads the bulk solids along the belt width.

Obviously, describing the load from the bulk material as an additional external load
applied onto a belt already in a pipe shape (linearized problem) significantly reduces the
complexity of a problem, aiming to determine pipe conveyor CFs. Since the design of a
PBC is an evolved prototype of the conventional trough belt conveyor, number of researchers
applies the methods developed specifically for trough conveyors also to a PBCs.

The simplest method (see Kalidien [120]) for modeling the load from the bulk material
uses the approach, based on the area AC, AL of the cross section that rests onto the each
of bottom idler rolls (the central idler roll denoted as C, and lateral roll indicated by L,
correspondingly). The load from the bulk material is represented by the forces shown in
Fig.5.7 that equal to:

FL = ALρbulkgl;
FC = ACρbulkgl .

(5.28)
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Figure 5.7: Load from the bulk material in a PBC system, represented by the area-related
gravity forces (Kalidien [120]) or the forces, determined by Wiedenroth [247],
following the recommendations of Grimmer and Grabner [86] for the conven-
tional trough conveyor with with βidl = 60◦ installation angle of the wing idler
rolls.

The other similar approach was proposed by Wiedenroth [247]. The researcher assumes
that the impact of the bulk material on the rolls is the same as for the conventional trough
conveyor with βidl = 60◦ installation of the wing idler rolls. The researcher refers to work of
Grimmer and Grabner [86] on trough conveyors, describing the load as the vertical forces,
acting on the lateral (L) and the central (C) rolls equivalent to the follows:

FL = 0.2Fv
bulk = 0.2kQπR2ρbulkgl;

FC = 0.6Fv
bulk = 0.6kQπR2ρbulkgl .

(5.29)

In these equations, Fv
bulk is a total vertical load-vector from the bulk material weight. It

depends on the cross-sectional filling degree kQ (see Section 2.3.3) as follows:

Fv
bulk = kQπR2ρbulkgl . (5.30)

Such representations of the bulk material load are considered incomplete and do not
show the correct results. As it will be shown further, the load from the bulk material does
not act only at the bottom rolls, as it is assumed in the studies mentioned, but also it can
generate the CFs at the top rolls, depending on the conveyor filling degree. In addition,
the loading conditions, developed based on the area-related bulk gravity do not take into
account the lateral expansion component from the active and passive stressed state of the
compressed bulk material inside the pipe and also its longitudinal variation.

5.4.1 Active and passive stress state theory
In general, the nature of the load from the bulk material is defined by the active and passive
stress state theory of a bulk solids. When the belt passes through the idler assembly, the belt
is in the process of unfolding and opening outwards. During this time period, the loaded
material causes a distributed active pressure on the belt surface, due to the bulk material
stress state (see Fig. 5.8). Before the belt passes through the next idler station, there is
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Figure 5.8: Active and passive stress state of the bulk material transported in a PBC (Image
from [58]).

a certain position between the stations along the carry spacing where the belt begins to
compress the material, which in turn generates the passive material pressure.

In order to accommodate the active/ passive stress state theory for a PBC, a number
of the researchers (Gushchin [88], Kulagin [126–129], Dmitriev and Kulagin [56], Efimov
[61], Dmitriev and Efimov [55], Sergeeva [208, 210], Dmitriev and Sergeeva [58], Galkin
et al. [80], Guo et al. [87], and Gładysiewicz [91]) proposed an alternative way to prescribe
the load from the bulk material in a linearized problem aiming to determine the PBC CFs.

Gushchin [88] in 1972 (see also [89, 90]) developed an approach for describing the load
from bulk material in a deep trough belt conveyor. The approach implied the division of the
bulk material cross section into elementary layers and determination of the vertical σv and
horizontal σh stress components acting onto the belt surface (see details in the next Section
5.4.2). From the equilibrium considerations, the stresses were expressed via the radial
σϕ and tangential τϕ components distributed onto the pipe circumference. A number of
researchers from theMoscow State Mining University, such as Kulagin [126–129], Dmitriev
andKulagin [56], Efimov [61], Dmitriev and Efimov [55], Sergeeva [208, 210], Dmitriev and
Sergeeva [58], Galkin et al. [80] used approach of Gushchin applying it to a PBC system.
These researchers assumed that the load from the bulk material could be represented by
the pressure load, resultant only from the radial component σϕ of bulk material stresses,
ignoring the presence of the tangential constituent τϕ . As it will come in Section 5.4.5, such
approach decreases the total vertical load that leads to underestimation of the overall bulk
material weight. Thus, the CFs calculated do not accurately account the actual loading in
the resultant forces determined.

The same approach of accounting the load from the bulk material for PBCs was utilized
by Guo et al. [87] and Gładysiewicz [91]. The researchers also determine the bulk material
stress sate similar to Gushchin, and also accommodated in CFs only the radial component
from the bulk material, ignoring the tangential stresses. The only difference is that [87]
included an additional effect from the angle of repose λ in the expression of height hbulk for
each bulk material layer, which determines the bulk material vertical stresses, (see details in
Section 5.4.3), whereas the rest of the studies [55, 56, 58, 61, 80, 87, 91, 126–129, 208, 210]
including also Gushchin [88], considered this effect negligible.

The analytical model, developed in this thesis, also uses the Gushchin approach to
determine the load from the bulk material, although the model takes into account all the
stresses components involved, preserving them as vertical and horizontal distributed loads.
In addition, the present study includes the effect of an angle of repose λ (see Section 2.4.2)
in the expressions for bulk stresses. The next section describes the bulk material stress state
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for a better understanding of the approach used and its difference, compared to the other
methods.

5.4.2 Bulk material stress state
In order to determine the loads that are generated from the bulk material, it is assumed that
bulk solids is homogeneous with very small lump size, compared to the pipe diameter. The
circumference of the pipe conveyor belt is divided into the elementary sections, with a length
equal to Rdϕ, as it was originally proposed by Gushchin [88, 89]. The bulk material cross
section is split into the rectangular layers with respect to the angle ϕ, as illustrated in Fig.
5.9.

Figure 5.9: A cross section of a PBC, filled with a bulk material with the filling angle
0 ≤ 2θ ≤ π

2 and divided into the layers with respect to angle ϕ.

The triangular prism (abc) of the bulk material, (see Fig. 5.9) is in a stress state under
the action of vertical stress σv, applied on its horizontal side (bc), and horizontal stress σh,
applied on its vertical side (ab). The radial stress σϕ and shear stress τϕ , acting on the
prism side (ac) determine the Mohr stress circle, and can be evaluated from the equilibrium
consideration (see the mathematical derivation in Schulze [205], Zenkov [268], Gushchin
[89]):

σϕ = σvcos2ϕ + σhsin2ϕ =
1
2

(σv + σh) +
1
2

(σv − σh) cos 2ϕ;

τϕ =
1
2

(σv − σh) sin 2ϕ.
(5.31)

The ratio between the radial stress and shear stress σϕ/τϕ refers to the wall friction
angle between the bulk material and the belt surface. For an operational steady state of the
PBCs, installed without inclination, there should not be any relative motion between the
bulk material and the belt surface in transverse direction. In this case, the wall friction angle
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is not fully mobilized, and the radial stress σϕ can be considered to be perpendicular to the
shear stress τϕ . As it was mentioned above, in the studies [55, 56, 58, 61, 80, 87, 88, 91, 126–
129, 208, 210], only the radial component was considered σϕ , assuming the impact of the
tangential component τϕ to be negligent. As it will be shown in Section 5.4.5, such approach
does not provide accurate results, as it decreases the overall total vector force from the bulk
material weight and overestimates the lateral loads.

Since there is no relative motion between the bulk material and the belt, it is unnecessary
to represent the stress state of a bulk material using radial σϕ and tangential τϕ stresses.
Therefore, in the present study, the applied load from the bulk material can be sufficiently
formulated using vertical σv and horizontal σh load components. The next sections describe
each of these components accepted.

5.4.3 Vertical stress component
The bulk solid materials exhibit different behavior than the Newton fluids. Newton fluids
cannot transmit shear stresses, and the pressure in a container filled with the fluid, increases
linearly with the depth of the container. Contrary to Newton fluids or liquids, the bulk
material does transmit the shear stresses, and the walls of the container can carry part
of the bulk weight. In this case, the pressure in the container with the bulk material is
less in the downward direction (see Fig. 5.10). However, for the PBC cross section, the
overall dimensions in the horizontal and vertical directions are comparable. In this case, the
behavior of the bulk material can be assumed similar to liquids (see the top of the graph of
Fig. 5.10 for small depths).

Therefore, the vertical stress component for a PBC can be assumed to be equivalent to
the hydrostatic pressure, i.e. proportional to the height hbulk of the bulk material layer:

σv = ρbulkghbulk. (5.32)

The vertical stress component depends on the cross sectional filling angle θ and the
angular position at the structural contour ϕ.

If the filling angle of the cross section is in the range of 0 ≤ 2θ ≤ π
2 , i.e., 0 ≤ θ ≤ π

4 ,
for angle 2θ ≤ ϕ ≤ π

2 , the vertical stress is directed upward, as illustrated in Fig. 5.11, and
equals:

σv = ρbulkgR(cos 2θ − cos ϕ). (5.33)

Figure 5.10: Pressure and stress, respectively, in liquids and bulk solids (Figure fromSchulze
[205]).
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Figure 5.11: The vertical stress distribution diagram with respect to angle ϕ, provided for
the filling angle 0 ≤ 2θ ≤ π

2 and angular position: a) 2θ ≤ ϕ ≤ π
2 , and b) for

π
2 ≤ ϕ ≤ π.

For angle π
2 ≤ ϕ ≤ π − 2θ, the vertical stress is directed downward and equals:

σv = ρbulkgR(cos 2θ + cos(π − ϕ)) = ρbulkgR(cos 2θ − cos ϕ). (5.34)

For angle π − 2θ ≤ ϕ ≤ π, the vertical stress is directed downward and is affected by the
angle of repose in motion (surcharge angle λ):

σv = ρbulkgR
[
cos 2θ + cos(π − ϕ) + tan λ (sin 2θ − sin(π − ϕ))

]
=

= ρbulkgR
[
cos 2θ − cos ϕ + tan λ (sin 2θ − sin ϕ)

]
.

(5.35)

If the filling angle of the cross section is within π
2 ≤ 2θ ≤ π ( π4 ≤ θ ≤

π
2 ), the vertical

stress component can be found for any angular position 2θ ≤ ϕ ≤ π using the resultant
expression given in Eq. 5.35.

Noteworthy to mention that Gushchin [88], Kulagin [126–129], Dmitriev and Kulagin
[56], Efimov [61], Dmitriev and Efimov [55], Sergeeva [208, 210], Dmitriev and Sergeeva
[58], Galkin et al. [80], Gładysiewicz [91] in their studies ignored the effect of the angle of
repose when the vertical stress component σv is determined. They assume the expression
in Eq. 5.34 for angle π − 2θ ≤ ϕ ≤ π is the same as for the angle 2θ ≤ ϕ ≤ π − 2θ (Eqs.
5.33-5.34).

In the present research analysis, the vertical stress distribution of σv along the circumfer-
ence of a PBC cross section is shown in Fig. 5.11. The vertical stress component remains the
same in the longitudinal direction of the pipe conveyor between the idler stations. In terms
of the carry spacing of a PBC for l = lc or l = lr, the vertical load component developed
from the bulk material for the filling angle becomes the following:
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Figure 5.12: The vertical stress distribution diagram for the cross-sectional filling angle
π
2 ≤ 2θ ≤ π with respect to the angular position ϕ, 2θ ≤ ϕ ≤ π.

qv
bulk =

l∫
0
σvdz = σv

l∫
0
dz =

=



ρbulkglR (cos 2θ − cos ϕ) , for 2θ ≤ ϕ ≤ π − 2θ;
ρbulkglR

[
cos 2θ − cos ϕ + tan λ (sin 2θ − sin ϕ)

]
, for π − 2θ ≤ ϕ ≤ π.

(5.36)

In the lateral cross section of a PBC, this vertical load component qv
bulk is exerted onto the

horizontal side of the prism (bc) with length dx. It can be expressed along the circumference
via the angle ϕ:

dx =



R cos ϕdϕ, 2θ ≤ ϕ ≤ π
2 ;

−R cos ϕdϕ, π
2 ≤ ϕ ≤ π.

(5.37)

If the filling angle is in the range of π2 ≤ 2θ ≤ π, the vertical component from the bulk
material load, illustrated in Fig. 5.12, is defined by:

qv
bulk = ρbulkglR

[
cos 2θ − cos ϕ + tan λ (sin 2θ − sin ϕ)

]
, (5.38)

being distributed for any angular position 2θ ≤ ϕ ≤ π onto the length dx:

dx = −R cos ϕdϕ. (5.39)

5.4.4 Horizontal stress component
According to the Coulomb Pressure Theory, the horizontal component generated by the
bulk material, is proportional to the vertical stress component (see Schulze [205]). Thus
the horizontal stress σh, acting on the vertical side (ab) of the prism (abc) for each bulk
material layer, can be evaluated as follows:

σh = K (z)σv, (5.40)
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where K (z) is a bulk material lateral stress ratio, which varies along the longitudinal length
and also is governed by the effective angle of internal friction ϕe (see Section 2.4.3). The
internal friction angle can be determined experimentally via the Jenike shear test as a slope
of the linearized effective yield locus in a Mohr stress circle constructed, as for instance
described by Schulze [205]).

By taking into account the variation of the bulk lateral stress ratio K (z) in the conveyor’s
longitudinal direction (l = lc and l = lr in case the conveyor is also loaded on the return
strand), the distributed load qh

bulk from the horizontal component of the transported bulk
material can be evaluated as follows:

qh
bulk =

l∫
0

K (z)σvdz = σv

lc∫
0

K (z)dz. (5.41)

For the critical stress states, the coefficient K (z) equals:

Kmin = Ka =
1 − sin ϕe
1 + sin ϕe

= tan2
(
π

4
−
ϕe
2

)
for active stress state;

Kmax = Kp =
1 + sin ϕe
1 − sin ϕe

= tan2
(
π

4
+
ϕe
2

)
for passive stress state.

(5.42)

The active stress state represents the lateral expansion of the bulk material, and corre-
sponds to the minimum value of σh. The passive stress state is associated with the lateral
compression of the bulk material and generates a maximum value of σh. Both active and
passive stress states are the limit stress forms of the transported bulk material. The interme-
diate condition between the both limit states in the longitudinal direction is unknown, and,
according to Craig [39], Verruijt [233], only can be determined experimentally. Craig [39]
and Verruijt [233] state that the relationship between the lateral stress coefficient, K (z), and
the lateral strain can be approximated by the sinusoidal curve, presented in Fig. 5.13.

Figure 5.13: The intermediate behavior between active and passive stress states in bulk
solids: a) lateral pressure coefficient versus bulk solids lateral strain (Figure
from Craig [39]); b) horizontal stress as a function of a displacement (Figure
from Verruijt [233]).
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The exact switch from the active stress state to the passive stress state depends on the
coefficient K0, which characterizes the earth pressure at rest when there is no lateral strain
(see Craig [39]). For normally consolidated soils, it can be approximately determined from
Jaky’s formula [117]: K0 ≈ 1 − sin ϕe.

According to Craig [39], in order to fully mobilize the passive stress state, the strain caus-
ing this stress state needs to be much greater than the strain, required for the full realization
of the active stress state. For instance, Craig [39] reported based on the experimental data,
obtained within retaining walls, the full mobilization of a passive stress state for dense sands
requires 2-4% of strain, and in case of loose sands – 10-15% of strain. For comparison, the
full mobilization of active stress state requires 0.25% of strain for dense sands and 1% - for
loose sands.

Available literature on belt conveyor in general is analyzed, especially considering how
the active/ passive stresses are distributed between the idlers. Most of the researchers for
simplification purposes assume that both limit states are fully mobilized, and the switch
between the active and passive stress state happens discretely and approximately in the
middle of the conveyor pitch (see Fig. 5.14). Such assumption was made for open trough
belt conveyors by Krause and Hettler [125], Wheeler [245], Lodewijks [137], Spaans [215],
and others, and for PBCs – by Guo et al. [87] and Gładysiewicz [91], Kulagin [126–129],
Dmitriev and Kulagin [56], Efimov [61], and others [55, 58, 208, 210]. In this case, the
coefficient K (z) and the horizontally distributed load equal:

K (z) =



Ka = const, 0 ≤ z ≤ l
/
2;

Kp = const, l
/
2 ≤ z ≤ l .

qh
bulk =

1
2
σv(Ka + Kp)l .

(5.43)

Gushchin [88, 89], Galkin et al. [80] assume for deep trough belt conveyors that the
active stress state is also fully developed and is constant along the first half of the conveyor
pitch. Precisely in the middle of the carry spacing, the stresses gradually increase until the
full passive stress state is reached exactly at the next idler station (see Fig. 5.15). Gushchin
[88, 89] established such assumption based on the experimental data, carried out for deep
trough belt conveyors. He proposed that the transition between active and passive stress state
follows the curve close to a parabola function, although the researcher considered a linear
approximation to be sufficient to simplify the problem, as illustrated in the Fig. 5.14 and
Fig. 5.15 [88, 89], i.e.:

K (z) =



Ka = const, 0 ≤ z ≤ l
/
2;

2Ka − Kp +
2
l

(Kp − Ka)z, l
/
2 ≤ z ≤ l .

qh
bulk =

1
4
σv(3Ka + Kp)l .

(5.44)

Wheeler [246] used Mulani’s recommendations [168], established empirically based on
the practical experience for trough belt conveyors. The researchers assume that the active
stress state acts over 2/3 of the idler spacing and is discretely switched to the passive stress
state for the rest 1/3 of the conveyor pitch. Furthermore, the passive stress state is not fully
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mobilized, as there is not sufficient deflection for open trough belt conveyors. The realization
of the passive stress state according to Mulani is about 85% of the full stress state (see Fig.
5.14), thus:

K (z) =



Ka = const, 0 ≤ z ≤ 2l
/
3;

0.85Kp = const, 2l
/
3 ≤ z ≤ l .

qh
bulk =

1
3
σv(2Ka + 0.85Kp)l .

(5.45)

It is important to emphasize that the deformation of a pipe conveyor belt with bulk
material is significantly less than the deformations at the conventional open trough conveyors.
This appears due to the higher rigidity of the system of a pipe-shaped belt with bulk material.
As it was mention above, the full realization of the passive stress state requires much higher
deformation then for the active stress state, and PBCs designed with feasible parameters
cannot always provide this amount of deformation. Therefore, it becomes possible that the
ratio K (z) for the bulk material lateral stress state does not deviate much from the critical
one at the active stress state, i.e.:

Figure 5.14: Dependence of K (z) that characterizes the lateral stress state of a bulk material
along the conveyor pitch.
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Figure 5.15: The active/ passive stress state distribution of the radial stress component σϕ
of a bulk material in longitudinal direction, proposed by Gushchin [88, 89] for
the deep trough belt conveyors (Modified figure from Galkin et al. [80]).

K (z) ≈ Ka = const.

qh
bulk = σvKal .

(5.46)

The experimental study of Liu et al. [135] performed on the conventional trough
belt conveyors shows that the pressure distribution from the bulk material in longitudinal
direction of the conveyor, while the belt is in motion, has a sinusoidal shape for the largest
part of the carry spacing (as also mentioned by Craig [39], Verruijt [233], and also illustrated
by Gushchin [88, 89]). In this case, it is possible to assume that the switch between the
active and passive stress state for PBCs has also a periodical sinusoidal dependence. This
dependence might have negative skew, as the development of the active and passive stress
states can appear at the certain delay, and not exactly when the belt passes half of the carry
spacing and goes though the idler station, respectively (as assumed in most of the studies
following Karuse and Hettler Eq. 5.43 and Gushchin Eq. 5.44). In addition, due to the small
strain development inherent to PBC systems, the passive stress state is not fully mobilized,
i.e., it becomes equivalent to cK Kp, where the coefficient cK ∈ (0 : 1].

The actual stress distribution inherent to PBC systems is possible to obtain only exper-
imentally. As discussed in Chapter 4, the option of measuring the bulk material behavior
inside the belt’s pipe is possible only at the dynamic test rigs or at the existing installations,
which becomes problematic in terms of the practical realization and costs. Even the experi-
mental data obtained within the conventional trough belt conveyors (see study of Liu et al.
[135]), shows that the measurement performance is a very complex dynamic process, and
the results can be affected by the number of measurement errors, such as the buckling of the
tactile pressure pads due to its poor contact with the belt surface, misalignment of the belt
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during the conveying process, the sensitivity of the measuring equipment, etc.
Until now, such experimental testing is not available for the PBC system, the present study

accommodates the existing approaches for qh
bulk, given in Eqs. 5.43 - 5.46, and provides

a theoretical comparison of the results. The general Eq. 5.40 needs to be used, when
the experimental data becomes available and approximated with an appropriate functional
dependence.

For the simplicity in this thesis, a special coefficient CK is introduced. It characterizes
the longitudinal development of the active and passive stress states along the conveyor’s
carry spacing. This coefficient incorporates the Eqs. 5.43 - 5.46 as following:

CK =
1
2

(
Ka + Kp

)
- Krause - Hettler;

CK =
1
4

(
3Ka + Kp

)
- Gushchin;

CK =
1
3

(
2Ka + 0.85Kp

)
- Wheeler-Mulani;

CK = Ka - Constant active stress state.

(5.47)

Ultimately, if the filling angle 0 ≤ 2θ ≤ π
2 , the distributed load, from the horizontal

component of the bulk material stress state equals qh
bulk:

qh
bulk = σv

l∫
0

K (z)dz =

=




CK ρbulkglR (cos 2θ − cos ϕ) , 2θ ≤ ϕ ≤ π − 2θ;

CK ρbulkglR
[
cos 2θ − cos ϕ + tan λ (sin 2θ − sin ϕ)

]
, π − 2θ ≤ ϕ ≤ π.

(5.48)

If the cross-sectional filling angle is in the range of π
2 ≤ 2θ ≤ π, the horizontal

component of the bulk material load is the same for any angular position at the structural
contour 2θ ≤ ϕ ≤ π:

qh
bulk = CK ρbulkglR

[
cos 2θ − cos ϕ + tan λ (sin 2θ − sin ϕ)

]
. (5.49)

This distributed load qh
bulk is exerted onto the vertical side of the prism (ab) with a length

dy along the circumference of the cross section (see Fig. 5.11). For any filling degree,
characterized by the angle θ, dy can be expressed via the angle ϕ as follows:

dy = Rdϕ sin ϕ, 2θ ≤ ϕ ≤ π. (5.50)

5.4.5 Verification with the total weight

After the vertical and horizontal load components are determined, the radial stress component
σϕ and the tangential one τϕ can be transformed by substituting the Eq. 5.33 - Eq. 5.35 for
σv and Eq. 5.40 for σh into Eqs. 5.31 for σϕ and τϕ , respectively.
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This yields for 2θ ≤ ϕ ≤ π − 2θ:




σϕ = ρbulkgR (cos 2θ − cos ϕ) (cos2ϕ + K (z)sin2ϕ);

τϕ =
1
2
ρbulkgR sin 2ϕ (cos 2θ − cos ϕ) (1 − K (z)).

(5.51)

As for the angle π − 2θ ≤ ϕ ≤ π, the stresses become:




σϕ = ρbulkgR (cos 2θ − cos ϕ + tan λ(sin 2θ − sin ϕ)) (cos2ϕ + K (z)sin2ϕ);

τϕ =
1
2
ρbulkgR (cos 2θ − cos ϕ + tan λ(sin 2θ − sin ϕ)) (1 − K (z)).

(5.52)

It is important to mention that using only the radial load component σϕ without the
tangential one τϕ , as it was made in the studies of Gushchin [88], Kulagin [126–129],
Dmitriev and Kulagin [56], Efimov [61], Dmitriev and Efimov [55], Sergeeva [208, 210],
Dmitriev and Sergeeva [58], Galkin et al. [80], Guo et al. [87], and Gładysiewicz [91]),
leads to the underestimation of the resultant total vertical force and does not yield the overall
bulk material weight Fv

bulk. Indeed, using the expression −σϕ cos ϕRdϕ for the vertical
projection of the σϕ , acting on the side of the prism (ac) with length Rdϕ (see Fig. 5.9), the
total vertical force becomes the following:

Fv
bulk = −2

π∫
2θ

l∫
0
σϕ cos ϕdzRdϕ =

= −2R2ρbulkgl


π∫
2θ

l∫
0
cos ϕ(cos 2θ − cos ϕ)(cos2ϕ + K (z)sin2ϕ)dzdϕ +

+
π∫

π−2θ

l∫
0
cos ϕ tan λ(sin 2θ − sin ϕ)(cos2ϕ + K (z)sin2ϕ)dzdϕ


, kQπR2ρbulkgl,

(5.53)

which does not coincide with the total bulk weight (see Eq. 5.30), where kQ is a filling
degree of the pipe conveyor cross section.

On the contrast, if both radial σϕ and tangential components τϕ are preserved, their
vertical projection −(σϕ cos ϕ + τϕ sin ϕ) yields the total vertical force, equivalent to the
overall bulk weight (see Eq. 5.30 and also Eq. 2.5):

Fv
bulk = −2R

π∫
2θ

l∫
0

(σϕ cos ϕ + τϕsinϕ)dzdϕ =

= −2R2ρbulkgl


π∫
2θ

l∫
0
cos ϕ(cos 2θ − cos ϕ)dzdϕ +

+
π∫

π−2θ

l∫
0
tan λ cos ϕ(sin 2θ − sin ϕ)dzdϕ


=

= R2ρbulkgl (π − 2θ +
1
2
sin 4θ + tan λsin22θ) = kQπR2ρbulkgl .

(5.54)

This shows that for modeling the distributed load from the bulk material, the impact of
all the load components needs to be preserved. The selection of the original vertical and
horizontal components of the bulk material stress state is also sufficient, as it can be also
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verified with the overall bulk weight:

Fv
bulk = 2

πR∫
0

qv
bulkdx = −2R2ρbulkgl



π∫
2θ

l∫
0
cos ϕ(cos 2θ − cos ϕ)dzdϕ+

+
π∫

π−2θ

l∫
0
tan λ cos ϕ(sin 2θ − sin ϕ)dzdϕ


= kQπR2ρbulkgl .

(5.55)

Following analogical manipulations of using both the vertical and horizontal stress
components, the total horizontal vector-force, generated by the bulk material load, equals to
zero: Fh

bulk = 0.
Noteworthy to mention that the verification with the total vertical force-vector equaled

to the overall weight of the structure and the horizontal force-vector equaled to zero is also
used in the experimental studies of Hötte [107], Hötte et al. [108], and also here in Chapter
4 that also determines the PBC CFs using experimental measurements.

Summing up for the section, the load from the bulk material required for determining
of the PBC CFs can be sufficiently represented by the vertical qv

bulk and horizontal qh
bulk

distributed load components, applied simultaneously to the belt structure along the cross-
sectional circumference. Due to the Principle of Superposition, the impact of each of the
load component can be considered independently and then can be added to the action of the
load from the belt weight and bending stiffness. The load diagrams caused by the distributed
qv
bulkdx and qh

bulkdy are shown in Fig. 5.16. These loads are also utilized in the new approach
that determines the PBC CFs, developed in this chapter.

Figure 5.16: The vertical qv
bulkdx and horizontal qh

bulkdy load components that represent the
load from the bulk material. The horizontal load distribution qh

bulk is shown, if
it is determined from Eq.5.46 and also from Eq.5.43.

5.5 Determination of the contact forces from the external
loads: existing models

After the external loads are defined for a PBC system, it is important to select the approach
that can determine the resultant CFs caused by those loads. For this purpose, the existing
studies on this topic need to be reviewed. As it will be shown in the section, none of the
studies available determines the resultant CFs in an accurate way, even if the external loads
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prescribed to the models are accurate. For the unification and better understanding, all the
local formulas, provided in the studies are expressed using the global parameters, used in
this thesis.

As it was mentioned before, the PBC CFs are caused by the load from the belt weight,
load from the belt bending stiffness, and load from the bulk material load. In general due
to the linearizion of the problem, the existing studies define the resultant CFs based on the
Principal of Superposition, assuming that the total force produced by the sum of the external
loads equals to the sum of the resultant forces, caused by those forces independently, i.e.,
the CF Fn at the n-th idler roll equal:

Fn = Fnbw + Fnbst + Fnbulk, (5.56)

where Fnbw is the resultant force, caused by the belt weight, Fnbst is caused by the load from
the belt bending stiffness, and Fnbulk corresponds to the bulk material. The majority of the
existing studies focused on determination of CFs for PBCs take into account only one or two
of the loads mentioned.

For instance, Wiedenroth [247] determines the CFs from the bulk material for a PBC,
using the formulas, derived by Grimmer and Grabner [86] for open trough belt conveyors
with idler rolls βidl = 60◦ installation angle. The forces are shown in Fig. 5.7 and equal:

F1bulk = F2bulk = F6bulk = 0;

F3bulk = F5bulk = FL cos
π

3
; (5.57)

F4bulk = FC,

where FL and FC are the forces from bulk material, acting on the later (L) and central (C)
bottom idler rolls, determined by Eqs. 5.29, and shown in Fig. 5.7.

Similar to Wiedenroth, Kalidien [120] determines the forces from the belt weight Fnbw
also using the same approach as for the conventional open trough belt conveyors, i.e., the
forces are defined by:

F1bw = F2bw = F6bw = 0;

F3bw = F5bw =
lroll
2R

qbwB
(
1 +

8
3

Ks

)
cos

π

3
; (5.58)

F4bw =
lroll
2R

qbwB
(
1 +

8
3

Ks

)
,

where lroll is the length of a roll (see Section 2.6.2), and the factor Ks is the static belt
sag ratio that assumes the belt bending stiffness to be insignificant (see Lodewijks [137]).
However, as it was shown in Chapter 3, this is not the case for the PBC systems, since they
have rather significant bending stiffness. Consequently such approach does not lead to a
correct solution.

In addition, Kalidien [120] determines the load from the bulk material as the vertical
concentrated gravity forces based on the cross-sectional area, occupied by the bulk material
at the corresponding idler rolls (see Section 5.4 and Fig. 5.7). The resultant CFs are defined
considering that the projections of the gravity forces should yield in total the overall bulk
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weight. The forces equal to the following:

F1bulk = F2bulk = F6bulk = 0;

F3bulk = F5bulk = FL cos
π

3
; (5.59)

F4bulk = FC + 2FLsin2
π

3
,

where FL and FC are area-related forces, determined by Eqs. 5.28.
As it was discussed in previous sections, the approaches that determine the PBC CFs

based on the area-related loads from the bulk material or usage the same loads as for the
trough belt conveyors, are not relevant for the PBC system and do not generate the correct
CFs.

Wesemeier [238, 240, 241] introduced an alternative approach for determining the CFs
from the belt bending stiffness at the vertical 4-roll pipe conveyor. The researcher used the
Displacement method in the studies [238, 240, 241].

In one of his study [238], the researcher considers the load from the belt bending stiffness
as a concentrated force Fbst, applied vertically at one of the belt edge right at the top idler
roll. Its value is given in Eq. 5.4. The researcher assumed that the CF at the top roll
fully equals to F1 = Fbst, the forces F2 and F4 are determined actually by the Displacement
method, considering a half of the cross section (see Fig. 5.17b) as a statically indeterminate
system, and the force F3 is evaluated from the equilibrium equations taking into account the
coefficient of friction f r between the belt and rolls, as shown in Fig.5.17a, i.e.:

F1 = Fbst;

F2 = F4 =

(
4
π
− 1

)
F1; (5.60)

F3 = F1 − 2 f rF2.

Such solution of the problem is not correct, as the external force Fbst, applied at the
top of the structure influences all the resultant CFs and not fully equal to the F1 = Fbst.

Figure 5.17: a) Pipe conveyor CFs at the 4-roll vertical PBC, caused by the load from the
belt bending stiffness based on Wesemeier approach, represented by b) the
concentrated force F1 = Fbst; c) the distributed load qbst.



158 5 Determination of Contact Forces: Analytical Solution

In addition, the friction coefficient corresponds to the static friction, which needs to be
determined experimentally or defines the critical case when the belt starts to rotate relatively
with respect to the idler rolls.

In other studies [240, 241], Wesemeier suggest to determine the CF at the top roll,
considering the quarter of the pipe (see Fig.5.17c), subjected to the radial Chernenko load
qbst, defined by Eq. 5.3. The researcher suggested to use also the Displacement Method,
proposing only the general trend, i.e. stating that the force is a function of that load qbst and
the angle ϕ.

Despite the fact that the studies of Wesemeier [238, 240, 241] need adjustment for the
6-roll PBC, the solutions described do not correctly predict the resultant CFs even for the
4-roll PBC. However, it is important to mention that the DisplacementMethod used is a well-
known method of treating the statically indeterminate systems and will be used in the new
approach introduced in this chapter. In addition, the studies of Wesemeier [238, 240, 241]
are relevant for the vertical pipe conveyor, so the impact of the belt weight and load from the
bulk material are not included in the analysis of the researcher.

The researchers Dmitriev and Efimov [55], Efimov [61, 62], Dmitriev and Sergeeva [58],
Sergeeva [210] determine the PBC CFs, illustrated in Fig. 5.18. They include all the loads
involved (load from the belt weight, load from the belt bending stiffness, and load from the
bulk material), as given in Eq. 5.56:

F1 = −
1
3

qbwπR +
1
3

qbstπR + F1bulk;

F2 = F6 = −
1
3

qbwπR cos
π

3
+
1
3

qbstπR + F2bulk;

F3 = F5 =
1
3

qbwπR cos
π

3
+
1
3

qbstπR + F3bulk;

F4 =
1
3

qbwπR︸                ︷︷                ︸+ 1
3

qbstπR︸   ︷︷   ︸+ F4bulk︸︷︷︸ .
Fn = Fnbw + Fnbst + Fnbulk.

(5.61)

In these equations, the forces from the belt weight Fnbw are defined by applying at the
idler rolls the vertical concentrated loads equaled to the one sixth of the weight of the pipe
Fbw = qbw 2πR

6 = 1
3qbwπR. The projections of those loads on the corresponding radial

directions (see Fig. 5.18) define the actual forces Fnbw. Such approach of substituting
the distributed load qbw from the belt weight within the concentrated forces Fbw, applied
vertically at the idler rolls does not produce the correct CFs Fnbw, caused by the actual
loading qbw.

For describing the forces due to the belt bending stiffness Fnbst, the researchers used
an evenly distributed radial load defined by Chernenko [27, 28]. This load is explicitly
described in Section 5.3.2 together with the other two approaches that imitate the expansion
load from belt bending stiffness. However, it is important to emphasize that the researchers
[55, 58, 61, 62, 210] determine the resultant CFs Fnbst from that load in Eqs. 5.61, assuming
that they are the same for all six idler rolls and equal Fnbst = qbst 2πR6 . Such assumption
implies the fully enclosed ring-like cross section and ignores the open structural behavior
inherent to a belt formed into a pipe shape with overlap (or with small opening at the top in
case the impact of the overlap is neglected).
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Figure 5.18: Pipe conveyor cross section with the CFs, determined based on the approach
of Dmitriev and Efimov [55], Efimov [61, 62], Dmitriev and Sergeeva [58],
Sergeeva [210] (Modified figure from Dmitriev and Sergeeva [58]).

As for the bulk material, the researchers [55, 58, 61, 62, 210] described the bulk material
stress state using Gushchin [88, 89] approach. However, the resultant CFs are evaluated,
accommodating only the radial stress component σϕ , ignoring the presence of the tangential
one τϕ . The impact of the angle of repose was also assumed negligible, assuming (tanλ = 0),
and the expression of σϕ for 2θ ≤ ϕ ≤ π − 2θ to be the same as for any 2θ ≤ ϕ ≤ π. In
addition, as it was mentioned above, it was assumed that the active and passive stress states
of a bulk material are fully mobilized, and the switch between these two states is discreet
and appears exactly at the half of the conveyor pitch, i.e., Eq. 5.43 for K (z) was relevant.

The researchers determine the forces from the bulk material at the n-th idler roll Fnbulk,

using the radial load
α+∆α∫
α

l∫
0
σϕdzRdϕ, multiplied by the length of the corresponding arc

R∆α the load is distributed on. The integration limiting angles α and ∆α are shown in Fig.
5.18b. The CFs are evaluated as follows:

Fnbulk = R∆α
α+∆α∫
α

l∫
0
σϕdzdϕ. (5.62)

Ultimately, the CFs Fnbulk in Eqs. 5.61 caused by the bulk material were provided in the
studies [55, 58, 61, 62, 210] for the cross-sectional filling interval 2θ ≤ ϕ ≤ π, where the
angle of filling equals 2θ = π

6 , are defined as follows:

F1bulk = 0;

F2bulk=F6bulk =
π

3
ρbulkgR2 l

2

π/2∫
π/6

(cos 2θ − cos ϕ)(2cos2ϕ + sin2ϕ(Ka + Kp))dϕ;

F3bulk=F5bulk=
π

3
ρbulkgR2 l

2

5π/6∫
π/2

(cos 2θ − cos ϕ)(2cos2ϕ + sin2ϕ(Ka + Kp))dϕ;

F4bulk = 2
π

6
ρbulkgR2 l

2

π∫
5π/6

(cos 2θ − cos ϕ)(2cos2ϕ + sin2ϕ(Ka + Kp))dϕ.

(5.63)
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As it was mentioned above, the usage of only the radial stress component σϕ without
the tangential one τϕ leads to the resultant sum of the vertical projections of the forces
Fv
bulk , kQπR2ρbulkgl not equivalent to the total weight of the bulk material transported.

Due to this fact and also due to the drawbacks mentioned regarding the determination of the
CFs from the belt weight Fnbw and belt bending stiffness Fnbst, the approach of Dmitriev and
Efimov [55], Efimov [61, 62], Dmitriev and Sergeeva [58], Sergeeva [210] cannot be used
for evaluation of the CFs in a PBC system and needs to be reconsidered.

Noteworthy to mention, Guo et al. [87] define also the CFs Fnbulk from the bulk
material load, utilizing the similar approach as the studies [55, 58, 61, 62, 210] that account
only the radial stress component σϕ ignoring the presence of the tangential one τϕ . The
major differences from those studies [55, 58, 61, 62, 210] imply that Guo et al. [87] use

Fnbulk =
α+∆α∫
α

l∫
0
σϕdzRdϕ without multiplying it with the arc length R∆α.

In addition, the researchers take into account the angle of repose λ in expression for σϕ ,
i.e., using full its expression in Eq. 5.52. Besides of using only the radial stress component
σϕ , the other drawback of the study is that it is limited to the 75% of the cross-sectional
filling degree and assumes F1bulk = 0. The limits of the integrals of CFs do not incorporate
the angle of the cross sectional filling degree θ. The study of Guo et al. [87] accommodates
only the load from the bulk material and does not provide any solution for the forces from
the belt weight and bending stiffness.

An alternative approach was developed by Gładysiewicz [91], describing the PBC CFs
also as a sum of the force-components, caused by the all loads involved, as given in Eq. 5.56
and illustrated in Fig. 5.19.

Figure 5.19: Pipe conveyor cross section with the CFs determined based on the approach
of Gładysiewicz [91] wihtout a bulk material.

In Eq. 5.56, the researcher assumes that the force-components from the belt weight Fbwn

equal the following:

F1bw = F2bw = F6bw = 0;

F3bw = F4bw = F5bw =
1
2

qbwB = qbwπR.
(5.64)
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The forces from the belt weight appear only at the bottom idler rolls. However, as it will
be shown in Chapter 6, this is not always correct, as at certain input parameters (bending
modulus of elasticity E, the slenderness ratio of the structure B/h, the actual belt line mass
qbw, the forces can appear also at the top lateral rolls.

For the forces from the belt bending stiffness Fnbst, Gładysiewicz proposed to use the
same concentrated forces, applied radially at the each roll. Each of the CFs is equivalent to
the empiric Eq. 5.2, i.e. F1bst = F2bst = F3bst = F4bst = F5bst = F6bst = Fbst = const. As it
was discussed in Section 5.3, the usage of that empiric dependence might be relevant for the
particular experimental results used as a basis for the approximation, but is not applicable
for the other belts. In addition, Eq. 5.2 does not depend on the E-modulus of a belt and
contains the belt line mass, which is a separate load.

According to Gładysiewicz [91], the empty belt conveyor (Fnbulk = 0) exhibits the same
CFs at the top rolls F1 = F2 = F6, and also the equivalent forces at the bottom rolls
F3 = F4 = F5. The existing experimental results presented in Chapter 4 show that such
dependence is not fulfilled, which indicates that the approach of Gładysiewicz [91] is not
correct.

As for the forces from the bulk material Fnbulk in Eq. 5.56, the researcher introduced
more sophisticated method, however, it again was based only on using the radial stress
component from the bulk material. Similar to the previous approach, Gładysiewicz [91]
determines σϕ also ignoring the impact of the angle of repose λ = 0, and assuming the
discrete switch between active and passive stress states described by Eq. 5.43 for K (z).

The forces Fnbulk are evaluated by projecting the radial load σϕRdϕ onto the corre-
sponding line that defines the position of the roll, i.e. using σϕ cos (ϕ − (α + ∆α/2)) Rdϕ.
This is one of the major differences with the Eq. 5.62 of the studies of Dmitriev and Efi-
mov [55], Efimov [61, 62], Dmitriev and Sergeeva [58], Sergeeva [210]. Moreover, Fnbulk
of Gładysiewicz incorporates the filling angle θ (see Section 2.3.3) in the integral limits,
expressed in general as following:

Fnbulk = R∆α
α2∫
α1

l∫
0
σϕ cos

(
ϕ −

(
α +
∆α

2

))
dzdϕ, (5.65)

where α1 = α, shown in Fig. 5.18b, and α2 equals to either α + ∆α or α2 = 2θ, depending
on the idler roll position and the filling degree, as provided in Table 5.2.

As it was shown above, the resultant vertical load, generated by only radial component
of the bulk stress state σϕ , does not give the overall weight of the bulk material, and, as a
result, the approach of Gładysiewicz [91] also cannot be used in the present analysis and
needs to be reconsidered.

Summing up, the existing approaches cannot determine the PBC CFs, resultant from
the external loads in a correct way, even though in certain studies, some of these loads are
correctly prescribed to the model.

That is why, present chapter introduces a new analytical approach that predicts the CFs
at each of the six rolls and incorporates all the loads involved. The approach, constructed in
the next section, is universal and can be also expanded in order to incorporate other external
loads, such as the load from the belt tension that appears at the conveyor route curves.
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Table 5.2: CFs from the bulk material load, determined based on Gładysiewicz [91] approach.

0 ≤ 2θ ≤
π

6
, 0 ≤ θ ≤

π

12

F1bulk = ρbulkgR2l
π/6∫
2θ

(cos 2θ − cos ϕ)(2cos2ϕ + sin2ϕ(Ka + Kp))cosϕdϕ;

F2bulk = F6bulk = ρbulkgR2 l
2

π/2∫
π/6

(cos 2θ − cos ϕ)(2cos2ϕ + sin2ϕ(Ka + Kp))cos
(
ϕ −

π

3

)
dϕ;

F3bulk = F5bulk = ρbulkgR2 l
2

5π/6∫
π/2

(cos 2θ − cos ϕ)(2cos2ϕ + sin2ϕ(Ka + Kp))cos
(
ϕ −

2π
3

)
dϕ;

F4bulk = ρbulkgR2l
π∫

5π/6
(cos 2θ − cos ϕ)(2cos2ϕ + sin2ϕ(Ka + Kp))cos (ϕ − π)dϕ.

π

6
≤ 2θ ≤

π

2
,
π

12
≤ θ ≤

π

4

F1bulk = 0;

F2bulk = F6bulk = ρbulkgR2 l
2

π/2∫
2θ

(cos 2θ − cos ϕ)(2cos2ϕ + sin2ϕ(Ka + Kp))cos
(
ϕ −

π

3

)
dϕ;

F3bulk = F5bulk = ρbulkgR2 l
2

5π/6∫
π/2

(cos 2θ − cos ϕ)(2cos2ϕ + sin2ϕ(Ka + Kp))cos
(
ϕ −

2π
3

)
dϕ;

F4bulk = ρbulkgR2l
π∫

5π/6
(cos 2θ − cos ϕ)(2cos2ϕ + sin2ϕ(Ka + Kp))cos (ϕ − π)dϕ.
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π

2
≤ 2θ ≤

5π
6
,
π

4
≤ θ ≤

5π
12

F1bulk = F2bulk = F6bulk = 0;

F3bulk = F5bulk = ρbulkgR2 l
2

5π/6∫
2θ

(cos 2θ − cos ϕ)(2cos2ϕ + sin2ϕ(Ka + Kp))cos
(
ϕ −

2π
3

)
dϕ;

F4bulk = ρbulkgR2l
π∫

5π/6
(cos 2θ − cos ϕ)(2cos2ϕ + sin2ϕ(Ka + Kp))cos (ϕ − π)dϕ.

5π
6
≤ 2θ ≤ π,

5π
12
≤ θ ≤

π

2

F1bulk = F2bulk = F3bulk = F5bulk = F6bulk = 0;

F4bulk = ρbulkgR2l
π∫

2θ
(cos 2θ − cos ϕ)(2cos2ϕ + sin2ϕ(Ka + Kp))cos (ϕ − π)dϕ.
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5.6 A new approach

5.6.1 Statically indeterminate system
The problem is linearized around the reference geometry, which represents a circular open-
structure with small opening on the top (see Fig. 5.20), i.e. the impact of the belt overlap is
not considered in the approach. Similar to the Chapter 3, the belt material is assumed linear-
elastic at the small strain range. The belt design implies uniform structure with constant
mass and Young’s bending modulus along the belt width.

The reference structure is subjected to external loads that are applied together to the
structure. The loads include:

• the load from the belt weight, represented by the evenly distributed vertical load qbw,
discussed in Section 5.2;

• the load from the belt bending stiffness, introduced as: either a) the concentrated
expansion moments applied at the belt edges; or b) the evenly distributed radial load
qbst (Chernenko load in Section 5.3.2); or c) the distributed radial load qbst with
concentrated expansion forces Q1bst, Q2bst (Dmitriev approach, discussed in Section
5.3.3);

• the load from the bulk material, represented by both vertical qv
bulk and horizontal qh

bulk
load components, determined in Section 5.4.3 and Section 5.4.4, respectively.

Due to the linearizion of the problem, each of the load can be considered independently.
The external loads generate the resultant CFs F1, F2, ..., F6, where the belt is in contact with
the idler rolls (see Fig. 5.20). These forces are equivalent in absolute values to the reaction
forces NF1, NF2, ..., NF6, respectively. Since the present approach assumes the reference
cross section to be a symmetrical circle, and does not include the belt overlap, the upper roll
is in contact with both edges of the belt. According to this assumption, the total reaction
force at that roll equals to the sum of the reaction forces from both edges: NF1 = N ′F1 + N ′′F1.

The model can be simplified by substituting the contact between the rolls and the belt
with a movable hinge supports in the manner, illustrated in Fig. 5.21a. This type of the

Figure 5.20: Reference cross section of a PBC assumed for the new approach with a) the
CFs; b) the equivalent reaction forces.
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Figure 5.21: a) Simplified model for determination PBC CFs where the contact between the
belt and idler roll and between the belt edges are replaced by the supports
with equivalent constraints; b) statically indeterminate system, subjected to
the external load from the belt weight and load from the bending stiffness
represented by a constant expansion moments Mbst applied at the edges. The
loads from the bulk material are not shown in the figure.

constrained implies the only one reaction force, directed radially from the each corresponding
support. In addition, the pipe conveyor belt formed into a pipe shape without overlap might
exhibit the additional repulsion forces at the edges of the structure. To imitate this, the
additional reaction forces N1

′ and N1
′′ are incorporated within the pinned supports at the

belt edges (see Fig. 5.21a). These forces are equivalent in absolute values but directed at
the opposite directions, i.e. N1

′ = −N1
′′.

The constrained belt structure is subjected to all the loads involved. In case of an empty
PBC, the load from the bulk material is excluded or assumed equal to zero (see Fig. 5.21b).

In order to determine the reaction forces for a symmetrical model under the symmetrical
loading, it is only necessary to consider one half of the cross section with appropriate
symmetry boundary conditions. As a result, an edge of the cross section at the point A
can be considered to be fixed (see Fig. 5.22). The generated reaction forces N4

′ and N4
′′,

and the moments M4
′ and M4

′′ at the fixed point A are respectively equal in magnitude
and are opposite in directions. For the symmetrical load and symmetrical cross section, the
reaction forces then equal: NF1 = 2N ′F1, NF2 = NF6, NF3 = NF5, NF4 = 2N ′F4, N1

′ = −N1
′′,

N4
′ = −N4

′′, M4
′ = −M4

′′.

The half of the cross section presented in Fig. 5.22 has 7 unknown reactions: N1,
N ′F1 = NF1/2, NF2, NF3, N ′F4 = NF4/2, N ′4, M ′4; and 3 equations of equilibrium: from
the action of forces in the x and y direction

∑
Fx = 0,

∑
Fy = 0, and from the moments∑

MA = 0 about the point A. The number of the unknowns exceeds the number of the
equilibrium equations. The system is statically indeterminate to the 4-th degree of static
indeterminacy.
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Figure 5.22: Statically indeterminate original structure of the considered symmetrical half
of the PBC cross section. Loads from the bulk material are not shown in the
figure.

5.6.2 Method of superposition

As previously discussed, the analytical model was linearized around the specific prescribed
configuration of the conveyor belt. This consideration allows the problem to be solved, by
applying the laws and methods that are inherent to the linear systems.

In order to solve the statically indeterminate system, the Method of Superposition (also
called a Force-Displacement Method) is used. This method is a well-known fundamental
approach of treating statically indeterminate linear systems. It was described by Gere and
Timoshenko [82], Sargasyan [202], Karnovsky and Lebed [122], Karnovsky [121], Birger
and Mavlyutov [16], and others.

According to the method, the reaction forces N ′1, N ′F1, NF2, and NF3 are selected as static
redundants, and can be released from the structure. The redundant forces X1, X2, X3, X4
are equivalent to the corresponding reaction forces N ′1, N ′F1, NF2, and NF3, and are applied
to the released structure at points 2, 3, and 4, respectively. The released structure, shown in
Fig. 5.23, is enough stable to carry all the loads, and is statically determinate. Therefore,
the rest force quantities (N ′F4, N4, M ′4) can be obtained from the equilibrium equations (Gere
and Timoshenko [82], Sargasyan [202]).

The present approach assumes that both the original external loads and the internal
redundant forces act upon the structure released. The deflections δ1, δ2, δ3, and δ4 in the
released structure and in the original structure should be equivalent. This means that they
should be equal to zero at the points where the restrains are replaced with the redundant
forces. This condition of the equivalence generates extra four compatibility equations, in
addition to the equations of equilibrium.

The deflection in the released structure can be determined by superimposing the separate
deflections that occur due to the external loads, as well as the deflections that occur due to
the redundant forces. As a result, the equations of compatibility are then presented in the
following system:
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Figure 5.23: Statically determinate released system, where the redundant forces N ′1, N ′F1,
NF2, and N ′F3 are replaced by the unknowns X1, X2, X3, and X4, respectively.
The load from belt bending stiffness is shown as expansion concentrated forces
Mbst, applied at the belt edges. The loads from the bulk material are not shown
in the figure.




δ1(X1, X2, X3, X4, P) = 0;
δ2(X1, X2, X3, X4, P) = 0;
δ3(X1, X2, X3, X4, P) = 0;
δ4(X1, X2, X3, X4, P) = 0.

(5.66)

In the System of Eqs. 5.66, P represents the external loads that occur due to the belt
weight qbw, loads from the bulk material, expressed via vertical qv

bulk and horizontal qh
bulk

load components, and load from the belt bending stiffness, represented by either concentrated
expansion moments Mbst, applied at the belt edges, or the evenly distributed radial load qbst,
or the distributed radial load qbst with concentrated expansion forces Q1bst, Q2bst.

According to the Principle of Superposition, the System of Eqs. 5.66 can be transformed
into the following form:




δ1(X1) + δ1(X2) + δ1(X3) + δ1(X4) + δ1(P) = 0;
δ2(X1) + δ2(X2) + δ2(X3) + δ2(X4) + δ2(P) = 0;
δ3(X1) + δ3(X2) + δ3(X3) + δ4(X4) + δ3(P) = 0;
δ4(X1) + δ4(X2) + δ4(X3) + δ4(X4) + δ4(P) = 0.

(5.67)

The behavior of the belt structure is assumed to be linear-elastic. The linearity can
be described within Hookean law, wherein the displacement δn , caused by the force Xm

is linearly proportional to that force: δn = 1
E Xm . Where E takes the role of a stiffness

of the system and value 1
E = δ̄nm is a unit displacement or displacement per unit load.

Analogically, the displacement δn (Xm ) in position n, caused by the force Xm , equals to the
following:

δn (Xm ) = δ̄nmXm, (5.68)
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where δ̄nm is a unit structural displacement at the point n, caused by the unit load X̄m = 1.
Thus, the System of Eqs. 5.69 can be transformed:




δ̄11X1 + δ̄12X2 + δ̄13X3 + δ̄14X4 + δ1P = 0;
δ̄21X1 + δ̄22X2 + δ̄23X3 + δ̄24X4 + δ2P = 0;
δ̄31X1 + δ̄32X2 + δ̄33X3 + δ̄34X4 + δ3P = 0;
δ̄41X1 + δ̄42X2 + δ̄43X3 + δ̄44X4 + δ4P = 0.

(5.69)

In this set of equations, the 1st index identifies the position and direction where the
radial displacement occurs due to the force applied; the 2nd index refers to the force or load,
caused that displacement. Thus, the displacements δnP are due to the external loads. The
rule for the signs implies that the displacement is considered positive, if it is in line with the
direction of the force applied.

In order to determine the displacements, the strain energy of the system needs to be
considered. According to the modified Castigliano’s theorem (Gere and Timoshenko [82],
Karnovsky and Lebed [122]), the displacement of point n, where the force Pn is applied,
depends on the bending moment M , axial force N , and shear force Q, resultant from that
force Pn causing that displacement δn (see Fig. 5.24):

δn =
∑∫

L

M (s)
EI

∂M (s)
∂Pn

ds+
∑∫

L

N (s)
E A

∂N (s)
∂Pn

ds+
∑∫

L

kQ(s)
GA

∂Q(s)
∂Pn

ds. (5.70)

This integration needs to be carried out summing all the elements in the structure over
the entire contour L = πR up to the fixed edge at the point A. In the equation, EI, E A,
GA are bending, axial, and shear stiffness of the cross section, respectively. E is the
Young’s modulus of the belt in lateral direction, determined from the troughability test as
recommended in Chapter 3. G stands for a shear modulus, which for the isotropic body

equals to G =
E

2(1 + µ)
, and for the orthotropic one G =

√
E1E2

2(1 + √µ1µ2)
(see Chernenko

[28]).
In Eq. 5.70, s represents the length of arc, characterizing circumferential position of

any point on a pipe contour. The length of an arc element equals ds = Rdϕ. The area
A = lh, and the moment of inertia I for a rectangular shape equals to I = lh3/12, where l

Figure 5.24: Bending moment M , axial force N , and shear force Q of the cross section
(figure from Birger and Mavlyutov [16]).
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is a longitudinal length of the belt that equivalent to the conveyor pitch (l = lc or l = lr).
Alternatively, l is equivalent to the sample width b = (150 ± 2) mm, initially used for the
troughability test to determine the bending stiffness. Chapter 5 and 6 accept l = b, in order
to compare the analytical and numerical solution for PBC CFs with the experimental results.

In Eq. 5.70, k is a dimensionless correction coefficient that also depends on the shape of
the cross section. For a rectangular cross section, Boresi and Sidebottom [19], Karnovsky
and Lebed [122] recommend to take k = 1.2.

Gere andTimoshenko [82], andKarnovsky andLebed [122] discuss the physicalmeaning
of the partial derivatives that appear under the integral signs in Eq. 5.70. These derivatives of
bending moment M , axial force N , and shear force Q, with respect to the force Pn mean the
bending moment M1n , axial force N1n , and shear force Q1n , produced by unit dimensionless
load P̄n = 1. Therefore, Eq. 5.70 can be written in a form, known as a Maxwell-Mohr
Integral (Birger and Mavlyutov [16], Karnovsky and Lebed [122]):

δn =
∑∫

L

M1nM
EI

ds+
∑∫

L

N1nN
E A

ds +
∑∫

L

kQ1nQ
GA

ds, (5.71)

where M1n , N1n , and Q1n are the quantities, caused by the dimensionless internal unit
load (or also called dummy-load (Boresi and Sidebottom [19], Karnovsky and Lebed [122],
Karnovsky [121]), applied at the point n, where displacements need to be determined. The
moments are considered positive in the integral if they increase the curvature of the belt
structure deformed.

Karnovsky and Lebed [122], Karnovsky [121] state that, in Eq. 5.71 for structures with
B/h ≥ 5, the bending term is dominative over the axial term and the shear one. In order to
achieve accurate results, the researchers recommend to use the first and the second terms for
the gently sloping arched structures, and all three terms for structures with ratio of the radius
of the curvature to the thickness approximately R/h ≥ 5 (or in the present case B/h ≥ 10π).
Taking into account the possible limitations for the belt slenderness 6.67 ≤ B/h ≤ 643,
established in Section 2.5.2, the present approach also uses full expression given in Eq. 5.71
with all three terms for a sufficient precision in the results.

5.6.3 Unit displacements
In order to solve the System of Eqs. 5.69, the unit displacements δ̄nm as coefficients in front
of the unknown reaction forces need to be determined. As discussed above, the physical
meaning of Eq. 5.71 implies that the unit displacement δ̄nm is actually a displacement
caused by the unit load X̄m = 1, applied at the point n.

Therefore, the unit displacements in System of Eqs. 5.69 can be obtained by applying
the dimensionless dummy unit loads X̄1 = 1, X̄2 = 1, X̄3 = 1, X̄4 = 1, at the points 1, 2, 3,
and 4, independently instead of the corresponding unknown redundant forces X1, X2, X3,
X4, respectively. Then, the Maxwell-Mohr Integral takes the form:

δ̄nm =

∫
L

M1nM1m
EI

ds+
∫
L

N1nN1m
E A

ds+
∫
L

kQ1nQ1m
GA

ds, (5.72)

where the bending moment M1m , axial force N1m , and shear force Q1m are caused by unit
load X̄m = 1.
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The unit displacements according to the Maxwell-Mohr integral follow the law of re-
ciprocal displacements, or in other words, exhibits complementary property: δ̄nm = δ̄mn .
Hence, the displacements equal: δ̄12 = δ̄21, δ̄13 = δ̄31, . . . , δ̄34 = δ̄43. As a result, the
System of Eqs. 5.69 yields:



δ1

δ2

δ3

δ4



=



δ̄11 δ̄12 δ̄13 δ̄14

δ̄12 δ̄22 δ̄23 δ̄24

δ̄13 δ̄23 δ̄33 δ̄34

δ̄14 δ̄24 δ̄34 δ̄44





X1

X2

X3

X4



+



δ1P

δ2P

δ3P

δ4P



= δ̄X + δP = 0. (5.73)

The unit load components (bending moment, axial and shear forces) in Eq. 5.72 and Eq.
5.73 are caused by the unit loads X̄1 = 1, X̄2 = 1, X̄3 = 1, X̄4 = 1, applied to the structure at
points 1, 2, 3 and 4 independently. Table 5.3 presents the unit displacements and also shows
the corresponding bending moment diagrams.

As a result, the formulas that determine the unit displacements equal the following:

δ̄11 =
∫
L

M11
2

EI
ds +

∫
L

N11
2

E A
ds +

∫
L

kQ11
2

GA
ds =

=

(
R3

EI
+

R
E A

) π∫
0
sin2ϕdϕ +

kR
GA

π∫
0
cos2ϕdϕ;

(5.74)

δ̄12 =
∫
L

M11M12
EI

ds +
∫
L

N11N12
E A

ds +
∫
L

kQ11Q12
GA

ds =

=

(
R3

EI
+

R
E A

) π∫
π/3

sin ϕ sin
(
ϕ −

π

3

)
dϕ +

kR
GA

π∫
π/3

cos ϕ cos
(
ϕ −

π

3

)
dϕ;

(5.75)

δ̄13 =
∫
L

M11M13
EI

ds +
∫
L

N11N13
E A

ds +
∫
L

kQ11Q13
GA

ds =

= −

(
R3

EI
+

R
E A

) π∫
2π/3

sin ϕ sin
(
ϕ +

π

3

)
dϕ −

kR
GA

π∫
2π/3

cos ϕ cos
(
ϕ +

π

3

)
dϕ;

(5.76)

δ̄14 =
∫
L

M11M14
EI

ds +
∫
L

N11N14
E A

ds +
∫
L

kQ11Q14
GA

ds =

=
R3

EI

π∫
0
sin ϕ(cos ϕ − 1)dϕ +

(
R

E A
−

kR
GA

) π∫
0
sin ϕ cos ϕdϕ;

(5.77)

δ̄22 =
∫
L

M12
2

EI
ds +

∫
L

N12
2

E A
ds +

∫
L

kQ12
2

GA
ds =

=

(
R3

EI
+

R
E A

) π∫
π/3

sin2
(
ϕ −

π

3

)
dϕ +

kR
GA

π∫
π/3

cos2
(
ϕ −

π

3

)
dϕ;

(5.78)
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Table 5.3: Load components (bending moment, axial and shear forces) and corresponding
bending moment diagrams, caused by the unit loads X̄1 = 1, X̄2 = 1, X̄3 = 1,
X̄4 = 1, applied independently to the structure.

For X̄1 = 1 at point 1 and 0 ≤ ϕ ≤ π: For X̄2 = 1 at point 2 and
π

3
≤ ϕ ≤ π:

M11 = R sin ϕ; M12 = R sin
(
ϕ −

π

3

)
;

N11 = sin ϕ; N12 = sin
(
ϕ −

π

3

)
;

Q11 = − cos ϕ. Q12 = − cos
(
ϕ −

π

3

)
.

Bending moment diagram M11 Bending moment diagram M12

For X̄3 = 1 at point 3 and
2π
3
≤ ϕ ≤ π: For X̄4 = 1 at point 4 and 0 ≤ ϕ ≤ π:

M13 = −R sin
(
ϕ +

π

3

)
; M14 = R (cos ϕ − 1);

N13 = − sin
(
ϕ +

π

3

)
; N14 = cos ϕ;

Q13 = cos
(
ϕ +

π

3

)
. Q14 = sin ϕ.

Bending moment diagram M13 Bending moment diagram M14
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δ̄23 =
∫
L

M12M13
EI

ds +
∫
L

N12N13
E A

ds +
∫
L

kQ12Q13
GA

ds =

= −

(
R3

EI
+

R
E A

) π∫
2π/3

sin
(
ϕ −

π

3

)
sin

(
ϕ +

π

3

)
dϕ−

−
kR
GA

π∫
2π/3

cos
(
ϕ −

π

3

)
cos

(
ϕ +

π

3

)
dϕ;

(5.79)

δ̄24 =
∫
L

M12M14
EI

ds +
∫
L

N12N14
E A

ds +
∫
L

kQ12Q14
GA

ds =

=
R3

EI

π∫
π/3

sin
(
ϕ −

π

3

)
(cos ϕ − 1)dϕ +

R
E A

π∫
π/3

sin
(
ϕ −

π

3

)
cos ϕdϕ−

−
kR
GA

π∫
π/3

cos
(
ϕ −

π

3

)
sin ϕdϕ;

(5.80)

δ̄33 =
∫
L

M13
2

EI
ds +

∫
L

N13
2

E A
ds +

∫
L

kQ13
2

GA
ds =

=

(
R3

EI
+

R
E A

) π∫
2π/3

sin2
(
ϕ +

π

3

)
dϕ +

kR
GA

π∫
2π/3

cos2
(
ϕ +

π

3

)
dϕ;

(5.81)

δ̄34 =
∫
L

M13M14
EI

ds +
∫
L

N13N14
E A

ds +
∫
L

kQ13Q14
GA

ds =

= −
R3

EI

π∫
2π/3

sin
(
ϕ +

π

3

)
(cos ϕ − 1)dϕ −

R
E A

π∫
2π/3

sin
(
ϕ +

π

3

)
cos ϕdϕ+

+
kR
GA

π∫
2π/3

cos
(
ϕ +

π

3

)
sin ϕdϕ;

(5.82)

δ̄44 =
∫
L

M14
2

EI
ds +

∫
L

N14
2

E A
ds +

∫
L

kQ14
2

GA
ds =

=
R3

EI

π∫
0

(cos ϕ − 1)2dϕ +
R

E A

π∫
0
cos2ϕdϕ +

kR
GA

π∫
0
sin2ϕdϕ.

(5.83)

5.6.4 Displacements from the external loads

The displacements δ1P, δ2P, δ3P, δ4P from the external loads (load from the belt weight, load
from the belt bending stiffness and load from the bulk material) can be determined from the
following general form of the Maxwell-Mohr Integral:

δnP =

∫
L

M1nMP
EI

ds+
∫
L

N1nNP
E A

ds+
∫
L

kQ1nQP
GA

ds, (5.84)

where the bending moment MP, axial force NP, and shear force QP are caused by all these
external loads.
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According to the Principal of Superposition, MP, NP, and QP from all the external loads
are composed of the load components from the belt weight Mbw, Nbw, Qbw, from the belt
bending stiffness Mbst, Nbst, Qbst, and from the bulk material Mbulk, Nbulk, Qbulk, respectively
as follows:

MP = Mbw + Mbst + Mbulk;
NP = Nbw + Nbst + Nbulk; (5.85)
QP = Qbw +Qbst +Qbulk;

Consequently, the displacements from the external loads can be evaluated as a sum of
the displacements from each of the external load applied to the structure independently.

δnP = δnbw + δnbst + δnbulk. (5.86)

The present approach also determines each of the displacements δnbw, δnbst, δnbulk, consid-
ering the structure subjected to the action of each of the load separately.

5.6.5 Displacements from the belt weight
The structure subjected to the distributed vertical load from the belt weight is illustrated in
Fig. 5.25. The system is statically determined, so the reaction forces from the belt weight
can be found from the equilibrium equations, as following:∑

Fx = 0 : N ′4(qbw) = 0.∑
Fy = 0 : N ′F4(qbw) = πqbwR.∑
MA = 0 : M ′4(qbw) =

π/2∫
0

qbwR2 sin ϕdϕ +
π∫

π/2
qbwR2 sin(π − ϕ)dϕ =

=
π∫
0

qbwR2 sin ϕdϕ = 2qbwR2.

(5.87)

Figure 5.25: Statically determinate system subjected to the distributed vertical load from the
belt weight qbw and resultant bending moment diagram Mbw, demonstrated on
the structural cross-sectional contour.
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Introducing the dummy angular parameter 0 ≤ α ≤ ϕ, where 0 ≤ ϕ ≤ π, the bending
moment Mbw, the axial force Nbw, and the shear force Qbw can be determined.

The following expressions define the bending moment Mbw:

dMbw(α) = qbwR2(sin ϕ − sin α)dα;

Mbw =
ϕ∫
0
dMbw(α) = qbwR2

ϕ∫
0

(sin ϕ − sin α)dα = qbwR2 (ϕ sin ϕ + cos ϕ − 1) .
(5.88)

The axial force Nbw, generated by the belt weight, is defined by:

dNbw(α) = qbwR sin ϕdα;

Nbw =
ϕ∫
0
dNbw(α) =

ϕ∫
0

qbwR sin ϕdα = qbwRϕ sin ϕ.
(5.89)

The shear force component Qbw equals:

dQbw(α) = −qbwR cos ϕdα;

Qbw =
ϕ∫
0
dQbw(α) = −

ϕ∫
0

qbwR cos ϕdα = −qbwRϕ cos ϕ.
(5.90)

Substituting these load components into the Eq. 5.84 together with the corresponding
unit loads, given in Table 5.3, the displacements caused by the belt weight at points 1, 2, 3,
and 4 where the unknown redundant forces are applied at the original structure (Fig. 5.23),
can be calculated from the following equations:

δ1bw =
∫
L

M11Mbw
EI

ds+
∫
L

N11Nbw
E A

ds+
∫
L

kQ11Qbw
GA

ds =

=
qbwR4

EI

π∫
0
sin ϕ(ϕ sin ϕ + cos ϕ − 1)dϕ +

qbwR2

E A

π∫
0
ϕsin2ϕdϕ+

+
qbwkR2

GA

π∫
0
ϕcos2ϕdϕ;

(5.91)

δ2bw =
∫
L

M12Mbw
EI

ds+
∫
L

N12Nbw
E A

ds+
∫
L

kQ12Qbw
GA

ds =

=
qbwR4

EI

π∫
π/3

sin
(
ϕ −

π

3

)
(ϕ sin ϕ + cos ϕ − 1)dϕ+

+
qbwR2

E A

π∫
π/3

ϕ sin
(
ϕ −

π

3

)
sin ϕdϕ +

qbwkR2

GA

π∫
π/3

ϕ cos
(
ϕ −

π

3

)
cos ϕdϕ;

(5.92)

δ3bw =
∫
L

M13Mbw
EI

ds+
∫
L

N13Nbw
E A

ds+
∫
L

kQ13Qbw
GA

ds =

= −
qbwR4

EI

π∫
2π/3

sin
(
ϕ +

π

3

)
(ϕ sin ϕ + cos ϕ − 1)dϕ−

−
qbwR2

E A

π∫
2π/3

ϕ sin
(
ϕ +

π

3

)
sin ϕdϕ −

qbwkR2

GA

π∫
2π/3

ϕ cos
(
ϕ +

π

3

)
cos ϕdϕ;

(5.93)
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δ4bw =
∫
L

M14Mbw
EI

ds+
∫
L

N14Nbw
E A

ds+
∫
L

kQ14Qbw
GA

ds =

=
qbwR4

EI

π∫
0

(cos ϕ − 1)(ϕ sin ϕ + cos ϕ − 1)dϕ+

+

(
qbwR2

E A
−

qbwkR2

GA

) π∫
0
ϕ sin ϕ cos ϕdϕ.

(5.94)

5.6.6 Displacements from the belt bending stiffness
As indicated in Section 5.3, three approaches of modeling the load from the belt bending
stiffness are selected aiming to investigate, which approach provides the correct results for
the PBC CFs. That is why the displacements are determined for each of the approach
selected, independently.

Concentrated expansion moments Mbst

If the load from forming the belt from a flat shape into a pipe shape is represented by the
concentrated expansion moments Mbst, applied at the belt edges (see Section 5.3.1), the
statically determined symmetrical half of a belt structure illustrated in Fig. 5.26, generates
the following reaction forces from the equilibrium equations:

Figure 5.26: Statically determinate system subjected to the expansion concentrated moment
Mbst that models the load from the belt bending stiffness and its resultant bend-
ing moment diagram, demonstrated on the structural cross-sectional contour.

∑
Fx = 0 : N ′4(Mbst) = 0.∑
Fy = 0 : N ′F4(Mbst) = 0.∑
MA = 0 : M ′4(Mbst) = −Mbst =

EI
R
.

(5.95)

For any 0 ≤ ϕ ≤ π, the bending moment, the axial and the shear forces are constant:

Mbst = −
EI
R
= const.

Nbst = Qbst = 0.
(5.96)
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This load from the belt bending stiffness generates the following displacements:

δ1bst =
∫
L

M11Mbst
EI

ds = −R
π∫
0
sin ϕdϕ = −2R; (5.97)

δ2bst =
∫
L

M12Mbst
EI

ds = −R
π∫

π/3
sin

(
ϕ −

π

3

)
dϕ = −

3R
2

(5.98)

δ3bst =
∫
L

M13Mbst
EI

ds = R
π∫

2π/3
sin

(
ϕ +

π

3

)
dϕ = −

R
2
; (5.99)

δ4bst =
∫
L

M14Mbst
EI

ds = −R
π∫
0

(cos ϕ − 1)dϕ = πR. (5.100)

Evenly distributed radial expansion load qbst

Alternatively, the other method of modeling the load from belt bending stiffness is selected
for the analysis. In particular, it is investigated whether this load, represented as an expan-
sion radial load qbst evenly distributed along the cross-sectional contour and proposed by
Chernenko [27, 28], generates the correct CFs. This load is defined by the Eq. 5.3 and is
explicitly described in Section 5.3.2. The statically determined structure, subjected to this
load and shown in Fig. 5.27, exhibits the following resultant reaction forces:

∑
Fx = 0 : N ′4(qbst) = qbstR

π/2∫
0

sin ϕdϕ + qbstR
π∫

π/2
sin(π − ϕ)dϕ = 2qbstR.∑

Fy = 0 : N ′F4(qbst) = 0.∑
MA = 0 : M ′4(Mbst)= qbstR2

π/2∫
0

sin ϕdϕ + qbstR2
π∫

π/2
sin(π − ϕ)dϕ= 2qbstR2.

(5.101)

Figure 5.27: Statically determinate system subjected to the evenly distributed expansion
radial load qbst, given in Eq. 5.3 that reproduces the load from the belt
bending stiffness and resultant bending moment diagram Mbst, demonstrated
on the structural cross-sectional contour.
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The bending moment Mbst, the axial force Nbst, and the shear force Qbst can be evaluated
using the dummy angular parameter 0 ≤ α ≤ ϕ, where 0 ≤ ϕ ≤ π.

The bending moment Mbst is defined by:

dMbst(α) = −qbstR2 sin(ϕ − α)dα;

Mbst =
ϕ∫
0
dMbst(α) = −qbstR2

ϕ∫
0
sin(ϕ − α)dα = qbstR2 (cos ϕ − 1) .

(5.102)

As for Nbst, it equals:

dNbst(α) = −qbstR sin(ϕ − α)dα;

Nbst =
ϕ∫
0
dNbst(α) = −qbstR

ϕ∫
0
sin(ϕ − α)dα = qbstR(cos ϕ − 1).

(5.103)

The shear force Qbst can be expressed with:

dQbst(α) = qbstR cos ϕdα;

Qbst =
ϕ∫
0
dQbst(α) = qbstR

ϕ∫
0
cos ϕdα = qbstR sin ϕ.

(5.104)

Structural displacements caused by this loading condition within the distributed qbst at
the considering points are determined by substituting Eq. 5.102 - 5.104 into the general
formula for the Maxwell-Mohr Integral in Eq. 5.84 together with the corresponding unit
loads from Table 5.3. The displacements become equivalent:

δ1bst =
∫
L

M11Mbst
EI

ds+
∫
L

N11Nbst
E A

ds+
∫
L

kQ11Qbst
GA

ds =

=

(
qbstR4

EI
+

qbstR2

E A

) π∫
0
sin ϕ(cos ϕ − 1)dϕ −

kqbstR2

GA

π∫
0
sin ϕ cos ϕdϕ;

(5.105)

δ2bst =
∫
L

M12Mbst
EI

ds+
∫
L

N12Nbst
E A

ds+
∫
L

kQ12Qbst
GA

ds =

=

(
qbstR4

EI
+

qbstR2

E A

) π∫
π/3

sin
(
ϕ −

π

3

)
(cos ϕ − 1)dϕ−

−
kqbstR2

GA

π∫
π/3

cos
(
ϕ −

π

3

)
sin ϕdϕ;

(5.106)

δ3bst =
∫
L

M13Mbst
EI

ds+
∫
L

N13Nbst
E A

ds+
∫
L

kQ13Qbst
GA

ds =

= −

(
qbstR4

EI
+

qbstR2

E A

) π∫
2π/3

sin
(
ϕ +

π

3

)
(cos ϕ − 1)dϕ+

+
kqbstR2

GA

π∫
2π/3

cos
(
ϕ +

π

3

)
sin ϕdϕ;

(5.107)
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δ4bst =
∫
L

M14Mbst
EI

ds+
∫
L

N14Nbst
E A

ds+
∫
L

kQ14Qbst
GA

ds =

=
qbstR4

EI

π∫
0

(cos ϕ − 1)2dϕ+
qbstR2

E A

π∫
0

(cos ϕ − 1) cos ϕdϕ+
kqbstR2

GA

π∫
0
sin2ϕdϕ.

(5.108)

Evenly distributed radial load qbst with concentrated forces Q1bst, Q2bst

In addition, the CFs for a PBC are determined, describing the load from the belt bending
stiffness as a combination of the distributed radial load qbst, and concentrated forces Q1bst
and Q2bst, situated at angle β at the contour of the lateral cross section, as proposed by
Dmitriev [52]. These loads are explicitly discussed in Section 5.3.3 and can be evaluated
from the system of Eqs. 5.26. The angle β is found from the transcendental Eq. 5.27.

If such loads are applied to the statically determinate structure, demonstrated in Fig.
5.28, the resultant reaction forces are found from the equations of equilibrium:

∑
Fx = 0 : N ′4(qbst,Q1bst,Q2bst) = Q2bst sin β + qbstR

π∫
β

sin ϕdϕ = qbstR.∑
Fy = 0 : N ′F4(qbst,Q1bst,Q2bst)= −Q1bst −Q2bst cos β − qbstR

π∫
β

cos ϕdϕ= 0.∑
MA = 0 : M ′4(Mbst,Q1bst,Q2bst) = Q2bstR sin β + qbstR2

π∫
β

sin ϕdϕ = qbstR2.

(5.109)

The bending moment Mbst, the axial force Nbst, and the shear hoop force Mbst depend on
the angular position of angle ϕ.

Figure 5.28: Statically determinate system subjected to the load from belt bending stiffness
represented by the expansion evenly distributed radial load qbst in combination
with the concentrated forces Q1bst, Q2bst, applied at angle β and resultant
bending moment diagram Mbst, demonstrated on the structural cross-sectional
contour. The loads qbst, Q1bst, Q2bst are defined by the System of Eqs. 5.26,
and angle β is found from 5.27.



5.6 A new approach 179

For 0 ≤ ϕ ≤ β, they equal:

Mbst = −Q1bstR sin ϕ = −
qbstR2

sin β
sin ϕ;

Nbst = −Q1bst sin ϕ = −
qbstR
sin β

sin ϕ;

Qbst = Q1bst cos ϕ =
qbstR
sin β

cos ϕ.

(5.110)

For β ≤ ϕ ≤ π, the impact of the distributed load qbst on Mbst, Nbst, and Qbst can be
described using the dummy angular parameter β ≤ α ≤ ϕ. Then the moment becomes:

dMbst(α) = −qbstR2 sin(ϕ − α)dα;

Mbst = −Q1bstR sin ϕ −Q2bstR sin(ϕ − β) − qbstR2
ϕ∫
β

sin(ϕ − α)dα = −qbstR2.
(5.111)

As for the axial force, it can be defined by:

dNbst(α) = −qbstR sin(ϕ − α)dα;

Nbst = −Q1bst sin ϕ −Q2bst sin(ϕ − β) − qbstR
ϕ∫
β

sin(ϕ − α)dα = −qbstR.
(5.112)

Ultimately, the shear force can be obtained from:

dQbst(α) = qbstR cos(ϕ − α)dα;

Nbst = −Q1bst sin ϕ −Q2bst sin(ϕ − β) − qbstR
ϕ∫
β

sin(ϕ − α)dα = −qbstR.
(5.113)

The displacements of the belt structure due to loads from the belt bending stiffness,
expressed within qbst, Q1bst, and Q2bst at the points considered, can be evaluated by substi-
tuting the Eqs. 5.110 - 5.113 for Mbst, Nbst, and Qbst into the Maxwell-Mohr Integral for the
external loads (Eq. 5.84).

The displacements δnbst depend on the position of β, which in turn is defined by the
slenderness ratio B/h according to the transcendental Eq. 5.27. Taking into account the
geometrical range, established specifically for conveyor belts in Section 2.5.2, the slenderness
ratio B/h of interest varies in the limits 6.67 ≤ B/h ≤ 643.

If β < 2π
3 , as illustrated in Fig. 5.29a, which means that B/h ≤ 10.85, the displacements

then for conveyor belting 6.67 ≤ B/h ≤ 10.85 become equivalent:

δ1bst =
∫
L

M11Mbst
EI

ds+
∫
L

N11Nbst
E A

ds+
∫
L

kQ11Qbst
GA

ds =

= −

(
qbstR4

EI
+

qbstR2

E A

) 

1
sin β

β∫
0
sin2ϕdϕ +

π∫
β

sin ϕdϕ

−

−
kqbstR2

GA
1

sin β

β∫
0
cos2ϕdϕ;

(5.114)



180 5 Determination of Contact Forces: Analytical Solution

Figure 5.29: Statically determinate system subjected to the redundant forces X1, X2, X3, X4
and the load from belt bending stiffness, represented by the expansion evenly
distributed radial load qbst in combination with the concentrated forces Q1bst,
Q2bst, applied at angle: a) β < 2π

3 ; and b) β ≥ 2π
3 .

δ2bst =
∫
L

M12Mbst
EI

ds+
∫
L

N12Nbst
E A

ds+
∫
L

kQ12Qbst
GA

ds =

= −

(
qbstR4

EI
+

qbstR2

E A

) 

1
sin β

β∫
π/3

sin ϕ sin
(
ϕ −

π

3

)
dϕ +

π∫
β

sin
(
ϕ −

π

3

)
dϕ


−

−
kqbstR2

GA
1

sin β

β∫
π/3

cos ϕ cos
(
ϕ −

π

3

)
dϕ;

(5.115)

δ3bst =
∫
L

M13Mbst
EI

ds+
∫
L

N13Nbst
E A

ds+
∫
L

kQ13Qbst
GA

ds =

=

(
qbstR4

EI
+

qbstR2

E A

) π∫
2π/3

sin
(
ϕ +

π

3

)
dϕ;

(5.116)

δ4bst =
∫
L

M14Mbst
EI

ds+
∫
L

N14Nbst
E A

ds+
∫
L

kQ14Qbst
GA

ds =

= −
qbstR4

EI



1
sin β

β∫
0

(cos ϕ − 1) sin ϕdϕ +
π∫
β

(cos ϕ − 1)dϕ

−

−
qbstR2

E A



1
sin β

β∫
0
sin ϕ cos ϕdϕ +

π∫
β

cos ϕdϕ

+

kqbstR2

GA
1

sin β

β∫
0
sin ϕ cos ϕdϕ.

(5.117)

If β ≥ 2π
3 (see Fig. 5.29b) that is equivalent to the slenderness 10.85 ≤ B/h ≤ 643,

the displacements δ1bst, δ2bst, and δ4bst are the same as in Eqs. 5.114, 5.115, and 5.117,
respectively, except for δ3bst, which equals:
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δ3bst =
∫
L

M13Mbst
EI

ds+
∫
L

N13Nbst
E A

ds+
∫
L

kQ13Qbst
GA

ds =

=

(
qbstR4

EI
+

qbstR2

E A

) 

1
sin β

β∫
2π/3

sin ϕ sin
(
ϕ +

π

3

)
dϕ +

π∫
β

sin
(
ϕ +

π

3

)
dϕ


+

+
kqbstR2

GA
1

sin β

β∫
2π/3

cos ϕ cos
(
ϕ +

π

3

)
dϕ.

(5.118)

5.6.7 Displacements from the bulk material load
The load from the bulkmaterial is represented by the two components: the vertical distributed
load qv

bulk and the horizontal one qh
bulk, applied at dx and dy, respectively along the pipe

conveyor cross-sectional contour. Taking into account the linear behavior of the system and
the Principal of Superposition, the effect of each load component can be summed, and the
bending moment, the axial force and the shear force components become:

Mbulk = Mv
bulk + Mh

bulk;
Nbulk = Nv

bulk + Nh
bulk;

Qbulk = Qv
bulk +Qh

bulk;

(5.119)

As a result, the displacements from the bulk material load can be obtained by summing
the displacements from each of the component from that load, i.e.:

δnbulk = δ
v
nbulk + δ

h
nbulk, (5.120)

where each of the displacement can be determined independently.
The displacements from the bulk material load are determined considering each of the

bulk material load component independently.

The vertical component

qv
bulkdx, defined by Eqs. 5.36 - 5.39 in Section 5.4.3 represents the vertical component of
the load from bulk material. The distribution of this load depends on the filling degree kQ
of the cross section, expressed via the filling angle θ as given in Eq. 2.5, and the angular
position ϕ (2θ ≤ ϕ ≤ π) at the contour.

If the filling degree, characterized by the filling angle θ, is in the range of 0 ≤ 2θ ≤ π
2

or 0 ≤ θ ≤ π
4 , the load qv

bulkdx, applied to the statically determinate structure produces the
following resultant forces and moment at the fixed edge (see Fig. 5.30):∑

Fx = 0 : N ′4(qv
bulkdx) = 0.∑

Fy = 0 : N ′F4(qv
bulkdx) =

π∫
2θ

qv
bulkdx =

1
2

kQπR2ρbulkgl =
1
2

Fv
bulk.∑

MA = 0 : M ′4(qv
bulkdx) =

π∫
2θ

qv
bulkdxR sin ϕ =

= −
1
12
ρbulkgR2l

(
cos33θ − 9cos2θ − 2 tan λsin32θ

)
.

(5.121)
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Figure 5.30: a) Statically determinate system subjected to the vertical bulk material load
component qv

bulkdx for the cross-sectional filling angle 0 ≤ 2θ ≤ π
2 , and the

resultant diagrams for b) bending moment Mv
bulk. The load is defined by Eq.

5.36 and Eq. 5.37.

Besides of the filling degree, the bending moment Mv
bulk, the axial force Nv

bulk, and the
shear force Qv

bulk that occur due to the vertical load component from the bulk material,
vary with respect to the angular position ϕ along the cross-sectional contour. In order to
incorporate the effect of the distributed load, the dummy angular parameters 2θ ≤ α ≤ ϕ is
introduced.

For the angular position 2θ ≤ ϕ ≤ π − 2θ, the bending moment Mv
bulk, the axial Nv

bulk,
and shear Qv

bulk equal:

Mv
bulk = −ρbulkgR3l

ϕ∫
2θ
Φv

M (θ, ϕ, α)dα;

Nv
bulk = −ρbulkgR2l sin ϕ

ϕ∫
2θ
Φv

NQ
(θ, α)dα;

Qv
bulk = −ρbulkgR2l cos ϕ

ϕ∫
2θ
Φv

NQ
(θ, α)dα.

(5.122)

As for π − 2θ ≤ ϕ ≤ π, the bending moment Mv
bulk, the axial force Nv

bulk, and shear force
Qv

bulk are equivalent to the following:

Mv
bulk = −ρbulkgR3l



ϕ∫
2θ
Φv

M (θ, ϕ, α)dα + tan λ
ϕ∫

π−2θ
Φv

Mλ (θ, ϕ, α)dα

;

Nv
bulk = −ρbulkgR2l sin ϕ



ϕ∫
2θ
Φv

NQ
(θ, α)dα + tan λ

ϕ∫
π−2θ
Φv

NQλ
(θ, α)dα


;

Qv
bulk = ρbulkgR2l cos ϕ



ϕ∫
2θ
Φv

NQ
(θ, α)dα + tan λ

ϕ∫
π−2θ
Φv

NQλ
(θ, α)dα


.

(5.123)

Eqs. 5.122-5.123 contain the functions Φv
M , Φv

Mλ , Φ
v
NQ

, and Φv
NQλ

that are specially
introduced for the simplicity of the formulas. They substitute the following:
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Φv
M (θ, ϕ, α) = (cos 2θ − cos α) cos α(sin ϕ − sin α);
Φv

Mλ (θ, ϕ, α) = (sin 2θ − sin α) cos α(sin ϕ − sin α);
Φv

NQ
(θ, α) = (cos 2θ − cos α) cos α;

Φv
NQλ

(θ, α) = (sin 2θ − sin α) cos α.

(5.124)

For the filling degree 0 ≤ 2θ ≤ π
2 considered, the diagram of bending moment Mv

bulk is
illustrated on the cross sectional contour in Fig. 5.30 for any 2θ ≤ ϕ ≤ π.

If the filling degree of the cross section belongs to the interval π2 ≤ 2θ ≤ π or π4 ≤ θ ≤
π
2

(see Fig. 5.31), the resultant reaction forces N ′4(qv
bulkdx), N ′F4(qv

bulkdx), and the moment
M ′4(qv

bulkdx), produced by the statically determined system under the action of the vertical
bulk material load component, have the same final resultant expressions, as Eqs. 5.121 -
5.121.

For this filling angle π
2 ≤ 2θ ≤ π, the bending moment Mv

bulk, the axial force Nv
bulk, and

the shear force Mv
bulk are the same for any angular position (see Fig. 5.31) and are defined

by:

Mv
bulk = −ρbulkgR3l

ϕ∫
2θ

[
Φv

M (θ, ϕ, α) + tan λΦv
Mλ (θ, ϕ, α)

]
dα;

Nv
bulk = −ρbulkgR2l sin ϕ

ϕ∫
2θ

[
Φv

NQ
(θ, α) + tan λΦv

NQλ
(θ, α)

]
dα;

Qv
bulk = ρbulkgR2l cos ϕ

ϕ∫
2θ

[
Φv

NQ
(θ, α) + tan λΦv

NQλ
(θ, α)

]
dα.

(5.125)

The structural displacements generated due to the bulk material vertical load component are
defined by substituting Mv

bulk, Nv
bulk, and Qv

bulk, given in Eqs. 5.122 - 5.123 or in Eqs. 5.125
into Eq. 5.84) for the Maxwell-Mohr Integral. The resultant displacements δv

nbulk depend
on the filling angle θ of the cross section.

Figure 5.31: a) Statically determinate system subjected to the vertical bulk material load
component qv

bulkdx for the filling angle π
2 ≤ 2θ ≤ π, and the resultant diagram

for b) bending moment Mv
bulk. The load is defined by Eq. 5.38 and Eq. 5.39.
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Table 5.4: The filling angle θ and the corresponding filling degree kQ of a PBC cross section,
found using Eq. 2.5 for the bulk materials selected in Section 2.4.

Filling angle θ

Cross sectional filling degree kQ (Eq. 2.5)

Wood chips Coal Iron ore
(λ = 30◦) (λ = 15◦) (λ = 10◦)

0 ≤ 2θ ≤
π

3
0.946 ≤ kQ ≤ 1 0.868 ≤ kQ ≤ 1 0.847 ≤ kQ ≤ 1

π

3
≤ 2θ ≤

π

2
0.684 ≤ kQ ≤ 0.946 0.585 ≤ kQ ≤ 0.868 0.556 ≤ kQ ≤ 0.847

π

2
≤ 2θ ≤

2π
3

0.333 ≤ kQ ≤ 0.684 0.259 ≤ kQ ≤ 0.585 0.238 ≤ kQ ≤ 0.556

2π
3
≤ 2θ ≤ π 0 ≤ kQ ≤ 0.333 0 ≤ kQ ≤ 0.259 0 ≤ kQ ≤ 0.238

In particular, the limiting borders that define the switch between the calculation formulas
for the displacements are: 1) 0 ≤ 2θ ≤ π/3; 2) π/3 ≤ 2θ ≤ π/2; 3) π/2 ≤ 2θ ≤ 2π/3; 4)
2π/3 ≤ 2θ ≤ π. Appendix A provides the exact formulas for the each of the θ-case.

Taking into account the relationship between the angle of filling θ and the filling degree kQ
of a conveyor cross section, established in Eq. 2.5 Chapter 2, the limits for θ that characterize
the switch between the calculation formulas for the displacements can be expressed via kQ
for given dynamic angle of repose λ. In Section 2.4 three bulk material types (wood chips,
coal, and iron ore) are selected as examples. Table 5.4 gives the data for the cross sectional
filling degree kQ with respect to the critical limits of θ for each of the bulk material selected.

The horizontal component

The horizontal component of the bulk material load qh
bulkdy also depends on the filling angle

θ and the angular position of ϕ (2θ ≤ ϕ ≤ π) on the cross-sectional contour.
If the filling angle corresponds to the range 0 ≤ 2θ ≤ π

2 or 0 ≤ θ ≤ π
4 , the distributed

horizontal load qh
bulkdy applied at the structural contour of the statically determinate system,

shown in Fig. 5.32, produces the following reaction forces and moment at the fixed edge:∑
Fx = 0 : N ′4(qh

bulkdy)
π∫

2θ
qh
bulkdy =

= CK ρbulkgR2l


π∫
2θ

(cos 2θ − cos ϕ) sin ϕdϕ + tan λ
π∫

π−2θ
(sin 2θ − sin ϕ) sin ϕdϕ


.∑

Fy = 0 : N ′F4(qh
bulkdy) = 0.∑

MA = 0 : M ′4(qh
bulkdy) =

π∫
2θ

qh
bulkR(cos ϕ + 1)dy =

= CK ρbulkgR3l
π∫

2θ
(cos 2θ − cos ϕ) sin ϕ(cos ϕ + 1)dϕ+

+ tan λ
π∫

π−2θ
(sin 2θ − sin ϕ) sin ϕ(cos ϕ + 1)dϕ


.

(5.126)
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Figure 5.32: a) Statically determinate system subjected to the horizontal bulk material load
component qh

bulkdy for the cross-sectional filling angle 0 ≤ 2θ ≤ π
2 , and b) the

resultant diagrams for bending moment. The load qh
bulkdy is defined by Eq.

5.48 and Eq. 5.50.

Introducing the dummy angular parameter 2θ ≤ α ≤ ϕ, the bending moment Mh
bulk, the

axial Nh
bulk force, and the shear force Qh

bulk, generated for the filling angle 0 ≤ 2θ ≤ π
2 are

defined with respect to the angle ϕ.
For 2θ ≤ ϕ ≤ π − 2θ, they equal:

Mh
bulk = CK ρbulkgR3l

ϕ∫
2θ
Φh

M (θ, ϕ, α)dα;

Nh
bulk = CK ρbulkgR2l cos ϕ

ϕ∫
2θ
Φh

NQ (θ, α)dα;

Qh
bulk = CK ρbulkgR2l sin ϕ

ϕ∫
2θ
Φh

NQ (θ, α)dα.

(5.127)

Considering that angular position π − 2θ ≤ ϕ ≤ π, the formulas transform to the
following expressions:

Mh
bulk = CK ρbulkgR3l



ϕ∫
2θ
Φh

M (θ, ϕ, α)dα + tan λ
ϕ∫

π−2θ
Φh

Mλ (θ, ϕ, α)dα

;

Nh
bulk = CK ρbulkgR2l cos ϕ



ϕ∫
2θ
Φh

NQ (θ, α)dα + tan λ
ϕ∫

π−2θ
Φh

NQλ (θ, α)dα

;

Qh
bulk = CK ρbulkgR2l sin ϕ



ϕ∫
2θ
Φh

NQ (θ, α)dα + tan λ
ϕ∫

π−2θ
Φh

NQλ (θ, α)dα

.

(5.128)

In Eqs. 5.127-5.128, Φh
M (θ, ϕ, α), Φh

Mλ (θ, ϕ, α), ΦNQh(θ, ϕ, α), and Φh
NQλ (θ, ϕ, α)

define the following functions:
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Φh
M (θ, ϕ, α) = (cos 2θ − cos α) sin α(cos ϕ − cos α);
Φh

Mλ (θ, ϕ, α) = (sin 2θ − sin α) sin α(cos ϕ − cos α);
Φh

NQ (θ, α) = (cos 2θ − cos α) sin α;
Φh

NQλ (θ, α) = (sin 2θ − sin α) sin α.

(5.129)

The corresponding bending moment diagram for Mh
bulk is presented in Fig. 5.32b.

If the filling angle of the cross section is in the range π
2 ≤ 2θ ≤ π or π

4 ≤ θ ≤ π
2 ,

as provided in Fig. 5.33a, the resultant reaction forces and the moment at fixed point A
becomes the following:

∑
Fx = 0 : N ′4(qh

bulkdy) =
π∫

2θ
qh
bulkdy =

= CK ρbulkgR2l
π∫

2θ

[
cos 2θ − cos ϕ + tan λ(sin 2θ − sin ϕ)

]
sin ϕdϕ.∑

Fy = 0 : N ′F4(qh
bulkdy) = 0.∑

MA = 0 : M ′4(qh
bulkdy) =

π∫
2θ

qh
bulkR(cos ϕ + 1)dy =

= CK ρbulkgR3l
π∫

2θ

[
cos 2θ − cos ϕ + tan λ(sin 2θ − sin ϕ)

]
sin ϕ(cos ϕ + 1)dϕ.

(5.130)

In contrast to the vertical bulkmaterial load component, discussed in the previous section,
the resultant reactions at the fixed point A, caused by the horizontal load component have
different expressions for 0 ≤ 2θ ≤ π

2 and the filling π
2 ≤ 2θπ.

As for the bending moment Mh
bulk, the axial force Nh

bulk, and the shear force Qh
bulk, the

filling angle π
2 ≤ 2θ ≤ π yields the same formulas at any angular position 2θ ≤ ϕπ at the

Figure 5.33: a) Statically determinate system subjected to the horizontal load component
qh
bulkdy from the bulk material for the cross-sectional filling angle π

2 ≤ 2θ ≤ π,
and b) the resultant diagrams for bending moment Mh

bulk, demonstrated at the
cross-sectional contour. The load qh

bulkdy is defined by Eq. 5.49 and Eq. 5.50.
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cross-sectional contour:

Mh
bulk = CK ρbulkgR3l

ϕ∫
2θ

[
Φh

M (θ, ϕ, α) + tan λΦh
Mλ (θ, ϕ, α)

]
dα;

Nh
bulk = CK ρbulkgR2l cos ϕ

ϕ∫
2θ

[
Φh

NQ (θ, α) + tan λΦh
NQλ (θ, α)

]
dα;

Qh
bulk = CK ρbulkgR2l sin ϕ

ϕ∫
2θ

[
Φh

NQ (θ, α) + tan λΦh
NQλ (θ, α)

]
dα.

(5.131)

The bending moment diagram for Mh
bulk is illustrated in Fig. 5.33b.

The structural displacements where the redundant forces are applied, can be evaluated
one by one by substituting Mh

bulk, Nh
bulk, and Qh

bulk from Eqs. 5.127, 5.128 or Eqs. 5.131
into Eq. 5.84) for the Maxwell-Mohr Integral. The resultant displacements are presented in
Appendix B of this thesis with respect to the filling angle θ limits. The latter characterize
the switch between the calculation formulas of the displacements including the following
cases: 1) 0 ≤ 2θ ≤ π/3; 2) π/3 ≤ 2θ ≤ π/2; 3) π/2 ≤ 2θ ≤ 2π/3; 4) 2π/3 ≤ 2θ ≤ π.

Noteworthy to mention that the approach developed in this chapter determines the CFs
based on the structural displacements of a belt’s pipe contour according System of Eqs.
5.73. To include the effect of a bulk solids, the problem is simplified, considering actually
an empty belt, subjected to the external load from the bulk material. However, it is important
to keep in mind that, in actual system "belt-bulk", the stress-strain state of a bulk inside the
belt’s pipe is mutually related to the stress-strain state of a belt. As a result, it is possible
to expect that the displacements and CFs in analytical solution, assuming an empty belt
under the action of the external equivalent bulk material load to be higher, compared to the
deformations and CFs of an actual system "belt-bulk", observed in practice.

5.6.8 Reaction forces from the idler rolls

The system of Eqs. 5.73 provides the supplementary equations in addition to the equations
of equilibrium for the original statically undetermined system.

The unit displacements needed for the system of Eqs. 5.73 can be calculated using
the Eqs. 5.74-5.83. As for the displacements from the external loads, they are evaluated
summing up all the displacements caused by a) the load from the belt weight found from
Eqs. 5.91-5.94; b) the displacements from the belt bending stiffness load, defined using
either Eqs. 5.97-5.100 or Eqs. 5.105-5.108 or Eqs. 5.114 - 5.118; and c) the displacements
produced by the bulk material load, represented by the vertical (Appendix A Eqs. A.1-A.11)
and the horizontal components (Appendix B Eqs. B.1-B.11).

Substituting all the displacements found into the system of Eqs. 5.73, the latter can be
solved with respect to the unknown redundant forces X1, X2, X3, and X4. The rest of the
reactions at the fixed point A of the statically determinate system subjected to all the loads,
applied together at the structure (see Fig. 5.23), can be obtained by means of the equilibrium
equations.

For the bending stiffness represented by the concentrated expansion moment Mbst, the
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reaction force become:∑
Fx = 0 : N ′4 = X4 − (X2 + X3) sin

π

3
+

π∫
2θ

qh
bulkdy.∑

Fy = 0 : NF4
′ = X1 − (X3 − X2) cos

π

3
+ πqbwR +

1
2

Fv
bulk.∑

MA = 0 : M4
′ = 2X4R − (X2 + X3)R sin

π

3
+ 2qbwR2 + Mbst+

+
π∫

2θ
qv
bulkR sin ϕdx +

π∫
2θ

qh
bulkR(cos ϕ + 1)dy.

(5.132)

Here, the loads from the bulk material qv
bulkdx and qh

bulkdy need to be evaluated taking into
account the filling angle θ, i.e. using the corresponding formulas for 0 ≤ θ ≤ π

2 , and for
π
2 ≤ θ ≤ π.

Similarly, for the bending stiffness represented by the distributed radial load qbst, deter-
mined by Eq. 5.3, the equilibrium equations become:

∑
Fx = 0 : N ′4 = X4 − (X2 + X3) sin

π

3
+ 2qbstR +

π∫
2θ

qh
bulkdy.∑

Fy = 0 : NF4
′ = X1 − (X3 − X2) cos

π

3
+ πqbwR +

1
2

Fv
bulk.∑

MA = 0 : M4
′ = 2X4R − (X2 + X3)R sin

π

3
+ 2qbwR2 + 2qbstR2+

+
π∫

2θ
qv
bulkR sin ϕdx +

π∫
2θ

qh
bulkR(cos ϕ + 1)dy.

(5.133)

For the bending stiffness represented by the distributed radial load qbst together with
concentrated forces Q1bst, Q2bst, defined by the system of Eqs. 5.26, the equilibrium
equations are the same as provided above in Eqs. 5.133.

For the full cross section of the PBC, as illustrated in Fig. 5.20 and Fig. 5.21, the reaction
forces N4

′ = −N ′′4 and the bending moment M4
′ = −M ′′4 from each half of the cross section

are respectively equal in magnitude, and are opposite in their directions. Therefore, the PBC
reaction forces can be eventually calculated from the following system of equations:




NF1 = 2N ′F1 = 2X1;
NF2 = NF6 = X2;
NF3 = NF5 = X3;
NF4 = 2N ′F4 = 2X1 + X2 − X3 + 2πqbwR + Fv

bulk;
N1
′ = −N1

′′ = X4.

(5.134)

If the reaction forces are being evaluated for the empty PBC system, than the load from
the bulk material as well as the corresponding displacements need to be assumed equal to
zero in the formulas provided.

The reaction forces, given in system of Eqs. 5.134 define the PBC CFs needed. The
contact forces and the reactions are equivalent in their absolute values, but opposite in the
direction (see Fig. 5.20), i.e.,
F1 = −NF1, F2 = F6 = −NF2 = −NF6, F3 = F5 = −NF3 = −NF5, F4 = −NF4.
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Here, the CFs are presumed positive if they are directed as shown in Fig. 5.21a. It needs
to be kept in mind that the reaction forces at the constrained points actually represent the
contact between the belt and the idler rolls. In this case, if after the evaluation, one or more
of the reaction forces in Eq. 5.134, becomes negative, i.e., having the opposite direction
as assumed, this means that there is a contact loss between the belt and idler rolls at the
corresponding points. In this case, the maximal negative redundant force is assumed to
be equal to zero and the equivalent constraint has to be excluded from the structure. The
corresponding displacement component must be removed from the systems of Eqs. 5.73
and 5.134. After that, the calculation must be repeated until all the reaction forces become
positive or equal to zero.

The results for PBC CFS, obtained using the method introduced in this chapter will be
presented in next Chapter 4 together with the numerical, and experimental results.

5.7 Conclusions
This chapter answers the research question on how to determine PB CFs. For this purpose,
an analytical approach is used. From the analysis performed in Section 5.5 for the existing
studies, it was evidenced that none of the analytical models determine the PBC CFs in a
correct way, even if some of the external loads are prescribed to the model correctly. That
is why, a new analytical approach is developed in this chapter.

The new approach implies the linearization of the mechanical problem, considering
linear-elastic behavior of a belt and small structural displacements. The latter became
possible by substituting a complex nonlinear process of forming a flat belt into a pipe shape
within an additional expansion load from the belt bending stiffness, applied to the initial
stress-free belt already in a pipe shape.

The analysis in Section 5.3 shows that there is no unified opinion on the method how this
load can be prescribed and there is no any experimental validation of the existing methods
proposed. In this chapter, three methods of modeling the load from the belt bending stiffness
are selected for the further investigation: the concentrated expansion moments applied at the
belt edges Mbst; the radial expansion load evenly distributed along the belt’s pipe qbst; and
the radial distributed load qbst together with the concentrated forces Q1bst, Q2bst.

In following Chapter 6, the analytical results obtained within all three methods are
compared with the experiment and with the numerical solution, and the correct method will
be selected. This will allow one to answer the research question whether it is possible to
represent a belt stress state that appears from folding the belt from a flat shape into a pipe
shape as an additional external load.

The analytical model developed includes the effect of a bulk material, answering the
research question on how to model a bulk material load for the CFs. The load from the bulk
material is presented using vertical and the horizontal load components that account the bulk
shear stresses and the load distribution along the lateral pipe contour and along the conveyor
pitch. The corresponding load can be transferred into the radial and tangential components.
Analysis in Section 5.4.5 shows that all the existing models that determine PBCCFs from the
bulk load analytically, use only the radial bulk load component, neglecting the presence of
the tangential one. As concluded in Section 5.4.5, such approach underestimates the overall
bulk material weight, indicating that the impact of both load components (either vertical and
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the horizontal one or the radial and the tangential one) is obligatory to use.
Considering the future research using the analytical model, the following aspects can be

incorporated.
As mentioned in Section 5.6.7, the present analytical model determines PBC CFs and

belt deformations, simplifying behavior of a mechancihal system "belt-bulk" to the system
when an empty belt is subjected to the external bulk material load. As a result, the analytical
solution can predicts the resultant CFs higher than the ones observed in practice, since the
belt’s stress-strain state is mutually related to the stress-strain state of a bulk solids inside
the pipe, and, at higher cross-sectional filling degrees, the displacements of a belt are less
than if the ones evaluated within the analytical model presented. The future research has
to investigate this effect for loaded PBC by modeling the bulk particulate solids inside the
belt’s pipe and their mutual stress-strain relationship.

The analytical approach developed in this chapter can be considered as a universal
analyticalmodel for various loading conditions and can be also easily expanded incorporating
other effects and external loads, such as the lateral load from the belt tension that appears at
the conveyor route curves, discrete change of a belt properties along its width, and presence
of a belt overlap.

To accommodate even more complex effects (i.e., to include the large structural deforma-
tions, integrate the contact effects between the belt and idler rolls, to model the shear effects
in both planes, etc.), Chapter 6 determines PBC CFs using FEM analysis and compares
the results with the analytical solution, and the experiment. This is made for the validation
purposes and also aiming to determine whether a more simple analytical model that is more
attractive for the practical use predicts PBC CFs in a feasible range, compared to a FEM
solution that is more complex, time consuming, and less attractive in terms of an application.

The analytical model presented is also needed in the following Chapter 6 to perform an
impact analysis and to answer the research questions on which design parameters of a PBC
system influence the CFs and what is their effect. In addition, the analytical model is used
as a basis to derive a functional dependence between the CFs and participating PBC design
parameters. Using an impact analysis, it becomes possible to determine which conveyor
characteristics can cause a contact loss between the belt and the idler rolls and what is the
weakest position of a roll in an idler set for that. These research questions are all answered
in the next Chapter 6.



Chapter 6

Determination of Contact Forces:
FEM Solution,
Comparison of the Approaches

"Grau, theurer Freund, ist alle Theorie, "My friend, all theory is grey,
Und grün des Lebens goldner Baum". And green the golden tree of life".

— J. W. Goethe, Faust

In addition to the experimental approach, provided in Chapter 4, and the analytical
solution, developed in Chapter 5, the CFs can be determined numerically within FEM. This
chapter is a concluding chapter that evaluates the CFs using FEM and compares the results
with respect to analytics and experiment.

As indicated in the previous chapters, the CFs are important design parameters that need
to be correctly determined and controlled. They are required as input parameters in the
following Chapter 7 of this thesis aiming to determine the IRR of the entire PBC system.
In addition, the CFs can diagnose the belt’s ability to form a stable pipe shape with respect
to the belt’s lateral bending stiffness. The appearance of a contact loss between the belt
and idler roll, investigated in the present chapter, can be considered as an indicator for the
insufficient pipe-ability.

This chapter establishes a functional dependence of PBCCFs, parameterizedwith respect
to all participating conveyor design parameters. A conveyor belt bending stiffness required
for quantifying the CFs in the analytical and numerical approaches is determined from
the troughability parameter, as proposed in Chapter 3, and becomes a link between the
troughability of the belt and its pipe-ability.

*The chapter is partially constructed using publications of Zamiralova and Lodewijks [263, 264].

191
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6.1 Introduction
As discussed in the precious chapters, for the successful selection of a PBC design, the CFs
need to be accurately evaluated. In particular, the CFs influence the IRR of the system,
which will be determined in Chapter 7, participate in the twisting phenomenon of the belt
in the stabilizing moment from the friction forces. The CFs can indicate whether the belt
has sufficient bending stiffness to form a stable pipe shape without its collapse, i.e., without
generating a contact losses between the belt and the idler rolls, detected when one or more of
CFs become equal to zero. The belt’s bending stiffness and pipe-ability need to be carefully
controlled, however, up to date, there is no design recommendations established for PBCs
that can ensure a well-sealed pipe shape. A high bending stiffness can preserve belt’s ability
to form an enclosed pipe shape, but might be unnecessary significant in terms of the energy
consumption of a conveyor. As a result, the CFs can be used to compromise between the
energy consumption and belt’s ability to form an enclosed pipe shape.

All the issues mentioned indicate the need to determine PBC CFs in the most accurate
way. As mentioned in Chapter 4, the CFs can be evaluated using three approaches: exper-
imental, analytical, and FEM. Each approach inherits both positive and negative aspects.
Using all three approaches together allows them to complement each other, providing a reli-
able method to determine the CFs. Chapter 4 and Chapter 5 presented the experimental and
analytical approaches for quantifying PBC CFs, respectively, whereas the present chapter
evaluates the load distribution between the idler rolls using FEM.

As for the numerical FEM approach, the computational models constructed in different
software can differ in their simulation procedures, numerical methods, description of belt
structure, number of elements, the way the boundary conditions are prescribed, convergence
criteria, etc. Obviously, these factors inevitably can reason to difference in the output results
for PBC CFs. That is why, it is important to validate the FEM solution with the experiment
and to accompany with the analytical solution.

The selection of FEM models in this chapter needs to closely replicate the analytical
problem, solved in Chapter 5, and the experiment, described in Chapter 4, to allow the
comparison of the results, also presented in this chapter. The numerical model validated with
the experiment and in agreement with the analytics, can be transformed to a more complex
version, incorporating the nonlinear effects, such as the nonlinear structural deformations,
three-dimensional shear effects, and contact interaction between the belt external surface
and the idler rolls.

It is possible to expect that a more complex FEM model that incorporates all the non-
linearities and is closer to the practical problem, predicts the CFs in a more precise way,
compared to the analytical approach, limited with the assumptions and simplifications ac-
cepted. However, the FEM solution can require significant time for the convergence and is
not attractive in terms of the application in the practical use. At the same time, for a certain
input design parameters, a more simple analytical model that is more attractive for industrial
application can provide suitable results in a feasible range. That is why the CFs determined
within the FEM need to be compared with the analytical solution at various combination of
input parameters. This is carried out in the present chapter.

In order to develop numerical models that determine PBC CFs in the most suitable and
accurate way, it is important to analyze the studies that also used numerical approach for
modeling a PBC load distribution. Such analysis will indicate, whether it is possible to use
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the similar methods for the numerical models developed or if there is a need to incorporate
other methods for achieving a better accuracy in the results.

6.2 Overview of existing PBC numerical models
For the simplicity of the analysis, all the existing numerical models of PBCs were developed
and solved using FEM, and employed in ANSYS, ABAQUS or any other commercial
software.

Usually, the process of finding a solution in software is divided into three steps: 1)
preprocessor; 2) obtaining a solution itself, and 3) post-processor for finding and presenting
the various results.

Major process of modeling the problem appears in the preprocessor and is mostly of a
particular interest of the present study for the analysis. The preprocessor includes selection
of a type of an analysis, creation of a model’s geometry, assigning an element type as well
as material models and corresponding properties, creation of contact pairs, establishing the
boundary conditions, applying the loads with respect to load steps, and providing the solution
controls. The overview of the existing studies corresponds to a number of modeling aspects
inherent to a preprocessor.

6.2.1 Modeling a belt
Geometry

The initial geometry of a belt in the model can have either a pipe shape or a flat plane shape,
depending on the way the load from the belt bending stiffness is assigned to the problem
(see further details in Section 6.2.5)

If the belt has an initial pipe shape, the difference in belt geometry belongs to the way
of modeling the belt overlap. Del Coz Diaz et al. [43] assumed in the numerical model
that a belt had a symmetrical cylindrical shape with small opening on the top (cross section

a) b)

Figure 6.1: Cross section of the numerical models for simulating a section of a PBC, devel-
oped by: a) del Coz Diaz et al. [43] (figure reconstructued from del Coz Diaz
et al. [43]); b)Kulagin [126–129], Dmitriev and Kulagin [56], Dmitriev and
Sergeeva [58], Sergeeva [208, 210] (figure from [208]).
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is shown in 6.1a. The similar shape was used by Pang and Lodewijks [188], and Yan
[253]. However, the researchers [188, 253] prescribed the presence of an overlap with
additional expansion load, determined very roughly and applied to one symmetrical side
of belt to imitate the outer belt edge in overlap. Kulagin [126–129], Dmitriev and Kulagin
[56], Dmitriev and Sergeeva [58], Sergeeva [208, 210] modeled the overlap with length that
constituted 0.1B, whereas the ratio B/h was significant (see Fig. 6.1b). For such thin belt
structure, the overlap of 0.1B was very small with respect to a pipe diameter, consequently
the presence of the overlap did not have a great influence on the results as if the belt had a
symmetrical pipe shape with opening on the top.

If the initial geometry of a belt was flat plane or had a trough shape, the solution procedure
incorporates an obligatory step of gradual folding the belt into a pipe shape needed. Usually
at the end of this process, the belt’s finite state represents a full geometry of an overlapping
coil. The procedure of a belt formation was incorporated in the models of Schilling et
al. [203], Fedorko et al. [67, 68], Fedorko and Molnár [66], Wesemeier [238–242] and is
discussed further in Section 6.2.5, considering the load from belt bending stiffness. Using
such a numerical model, Wesemeier [238] investigated the impact of belt tension on the gap
that appeared between the overlapping edges of a folded belt.

Material and structural design

For the numerical modeling of a pipe conveyor belt, most of the researchers selected shell
element types. The following elements were mentioned in the sources: flat 4-node Shell63
(Kulagin [126–129], Dmitriev and Kulagin [56], Dmitriev and Sergeeva [58], Sergeeva
[208, 210], Wesemeier [238–242]) and double-curved 8-node Shell93 (Pang and Lodewijks
[188], Yan [253], del Coz Diaz et al. [43]) in ANSYS; double curved 4-node SR4 in
ABAQUS (Fedorko et al. [67, 68], Fedorko and Molnár [66]). The last two element types
incorporate shear effects, being suitable for thin and thick structures, whereas the element
type Shell63 is restricted to the thin shells with large ratio R/h and does not include the
impact of shear. Moreover, Shell63 has to satisfy the size requirement that each flat element
substitutes the curvilinear surface of no more than 15◦ arc, becoming less suitable for the
problem. Taking into account the large geometrical variation range 6.67 ≤ B/h ≤ 643 of
a belt slenderness, established in Section 2.5.2 for PBCs, the element type selected in the
present study for numerical modeling should support the shear effects and be suitable for the
curvilinear structures with small ratio of R/h.

An isotropic behavior of a belt structure was assumed by del Coz Diaz et al. [43], Pang
and Lodewijks [188], Yan [253], assigning constant Young’s modulus in all three directions
of a belt structure, which does not reflect belt’s properties observed in practice. The rest of
the studies [56, 58, 66–68, 126–129, 208, 210, 238–242], selected the shell elements that
supported orthotropic elastic properties of belt, assigning different uniform Young’s moduli
and Poisson ratios in longitudinal and lateral direction of a conveyor belt.

The orthotropic properties of a belt were also achieved by Schilling et al. [203], modeling
the belt material with shell elements with reinforcing layers. The properties of the material
were found by the researchers from the experimental testing. The belt and the belt’s rubber
were subjected to tensile, compression and bending tests. The tests were simulated numer-
ically with solid elements with embedded trusses and with shell elements with reinforcing
layers, exhibiting the correlation between each other and with the experimental results. By
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means of the shell elements with reinforcing layers, Schilling et al. [203] could simulate an
uneven belt structure with discrete change of a belt design along the belt width, whereas the
rest of the studies assumed it to be uniform.

6.2.2 Modeling idlers

For modeling the geometry of idler rolls, the researchers [56, 58, 66–68, 126–129, 188,
208, 210, 238–242, 253] usually used areas with a cylindrical shape (full cylinder or a
symmetrical half of a cylinder). The material of idler rolls was selected using isotropic shell
elements, assigning Young’s elastic modulus inherent to steel.

Alternatively, del Coz Diaz et al. [43] introduced the problem, where the idler rolls were
replaced with special contact gap elements, as shown in Fig. 6.1a. For this purpose, the
researchers used special element type Contact52 in ANSYS, represented by the combination
of a viscous Newtonian damper and a Hookean elastic springs with certain sliding and
sticking stiffness. Such approach was used in order to introduce the contact between the belt
and idler rolls in the problem without actual modeling the rolls themselves.

6.2.3 Describing a contact

Anumber of the researchers selected an alternative approach to introduce the contact between
the belt and idlers in the problem. In most of the cases, either one or two contact pairs are
incorporated.

One contact pair is always a contact between the belt and the idler rolls. Besides the
simplifying method of del Coz Diaz et al. [43], a number of other researchers [56, 58, 66–68,
126–129, 188, 208, 210, 238–242, 253] introduced it as a surface-to-surface contact. Fedorko
et al. [67, 68], Fedorko and Molnár [66] utilized a feature of a general contact, available
in ABAQUS. Kulagin [126–129], Dmitriev and Kulagin [56], Dmitriev and Sergeeva [58],
Sergeeva [208, 210], Wesemeier [242] as ANSYS users, assigned the pair as two coupling
bodies: a more flexible contact body (belt) by using an additional element type Conta174
and a more rigid target body (idler rolls)by means of an element type Targe170. In addition,
for achieving a better accuracy, the researchers used a refining feature reducing the size of
elements involved in the contact and increasing their number.

Two contact pairs were incorporated in the model of Fedorko [67, 68], Fedorko and
Molnár [66]. In addition to the contact pair belt-rolls, the researchers introduced a self-
contact of a belt that appears in the overlap. The self-contact was prescribed between internal
and external belt’s surfaces for better simulation of the physical problem. In contrast, some of
the models that did not include a belt’s self-contact exhibited a penetration of the belt edges
into each other. This indicates that contact of belt edges should be obligatory incorporated
in the numerical models.

6.2.4 Boundary conditions and number of conveyor sections

The main difficulty in decision made for the boundary conditions and length of the PBC
section is to sufficiently replicate the behavior of a long PBCwith infinite length in a dynamic
mode by a simplification with the static PBC section with reduced length.
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a) b)

Figure 6.2: Numerical models consisted of a one idler set, developed by: a) Schilling et al.
[203] (figure from [203]); b) Kulagin [126–129], Dmitriev and Kulagin [56]
(figure from Kulagin [127]).

For the static analysis, all degrees of freedom (DOF) of the idler rolls are fixed in all the
studies. As for the boundary conditions of a belt and a number of conveyor sections included
in the model, the choice is made differently in various sources with respect to the aims of the
study, e.g., whether the CFs, or the belt deformations are determined, or the experimental
test set-up is replicated with FEM model.

The equilibrium is achieved for the FEM models by applying the tensile forces at one
or both edges, supporting the belt via contact by the idler rolls fixed with all DOF, and
prescribing different DOF conditions to the edges of a belt formed into a pipe shape. The
belt’s DOF implies the variations as such: an option of full fixation of one belt edge Kulagin
[126–129], Dmitriev and Kulagin [56]; planar DOF, i.e., implying the belt cross sections
remain plane at both belt edges (Schilling et al. [203]); and DOF of symmetry prescribed at
both edges Wesemeier [242]). In addition, the displacements preliminary calculated from
the conveyor route can be prescribed to the belt edges, modeling the bending of a conveyor

a) b)

Figure 6.3: The numerical model of a belt formed in a pipe shape with a) two idlers and a
length of belt section of two carry spacing, developed by Dmitriev and Sergeeva
[58], Sergeeva [208, 210] (figure from Dmitriev and Sergeeva [58]); b) three
idler stations and belt with length of two carry spacing, elaborated by Fedorko
and Molnár [66], Fedorko et al. [68](figure from Fedorko and Molnár [66]).
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route in horizontal and vertical planes (Kulagin [126–129], Dmitriev and Kulagin [56]).
Besides the deviation in boundary conditions, the existing FEM models can differ in the

number of PBC sections modeled. One conveyor section with idler set was the design in the
numerical models developed by Schilling et al. [203]) for a belt of one conveyor pitch with
the contact with the supporting idler rolls, situated at one edge of a belt (see Fig. 6.2a). Pang
and Lodewijks [188], Yan [253] also selected the belt sample of no more than one conveyor
pitch long, placing the idler set in the middle of a section. Kulagin [126–129], Dmitriev and
Kulagin [56] elaborated the numerical model of a belt with length of two carry spacing with
one idler set in the middle (as illustrated in Fig. 6.2b). Some numerical models included
longer sections with two idlers stations (see Fig. 6.3a), like models of Dmitriev and Sergeeva
[58], Sergeeva [208, 210], Kulagin [126–129], Dmitriev and Kulagin [56], Wesemeier [242]
and even three idler stations see Fig. 6.3b), simulated by Fedorko and Molnár [66], Fedorko
et al. [68]. Del Coz Diaz et al. [43] described the model of a 240 m long pipe conveyor belt,
being interested in studying the effect of belt warping and not in evaluation of CFs and belt
deformations. Such a long model was possible to solve in the software, as the idlers were
replaced with special gap-elements. This significantly reduced the total number of elements
in the model.

When the conveyor section and its boundary conditions are selected for FEM model, it
is important to remember that the distance from the belt edges constrained, a number of the
idler stations in the model, and a length of carry spacing can significantly affect the results of
CFs and belt deformations measured. If the belt section does not have sufficient length, the
major part of the load will be accounted at the belt edges fixed and also at the idler rolls in
the close vicinity to the fixed edges, compared to the idler in the middle of the section. The
analogous problem is observed for to the experimental test rigs with frames and supports, as
discussed in Section 4.2.2.

As a result, the FEM model should be described by balancing between the total number
of elements available in the software for the solution, time of achieving the convergence,
and a number of a PBC sections and idler sets included.

6.2.5 Loads and load steps

Similar to the analytical model, introduced in Chapter 5, the external loads prescribed in the
FEM models can include: load from the belt weight; load from the belt bending stiffness;
load from the bulk material; belt tensile forces.

Load from the belt weight is always included in the analysis by activating the gravity
function in the software. Belt tension is simulated by applying the external tensile forces
distributed along the belt edges or as pre-calculated belt axial displacements. In addition,
for modeling the route curves in vertical and horizontal plane/ -s, additional displacements
of belt edges are subjected to the belt model. In most of the cases, load from bulk material is
accounted as an external distributed load (see more details further) without actual modeling
the bulk material itself.

The most difficulty for numerical modeling of a PBC appears from the load from the belt
bending stiffness. With respect to the way the load from folding a belt from a flat shape into
a pipe shape in simulated, all the external loads mentioned can be applied to the model all
at once or be activated in steps.
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Load from belt bending stiffness

The division of a solution process into load steps depend on how the load from the belt
bending stiffness is simulated.

If the problem is solved with one load step, the belt is subjected to all the external
loads and its initial geometry is already a pipe shape. The load from the belt bending
stiffness is either not included in the problem (del Coz Diaz et al. [43]) or is simulated as
an additional external load applied at a stress-free pipe shaped belt. Kulagin [126–129],
Dmitriev and Kulagin [56], Dmitriev and Sergeeva [58], Sergeeva [208, 210] used for this
case an additional radial load qbst evenly distributed along the belt contour. The load qbst
can be evaluated using Eq. 5.3 and is explicitly discussed in Section 5.3.2.

A number of the researchers, such as Wesemeier [239], Schilling et al. [203], Fedorko
et al. [67, 68], Fedorko and Molnár [66], solved the problem with more than one step. In
most of the cases, at the first step the belt is formed from a flat shape (or more rarely from
a trough shape) into a pipe shape. At the subsequent steps, the contact between the belt and
idler rolls is activated and the rest of the external loads, like gravity, load from bulk material,
tensile forces are applied.

Noteworthy to mention is the numerical model of Schilling et al. [203] with a four
load-step procedure. At the first step, the researchers prescribed the displacement field to the
belt and folded it from a flat shape into a pipe shape. After achieving the solution, the gravity
was activated, DOF for belt edges were applied, and the problem was solved again. The
third step included the impact of tensile forces. For modeling the route curves at fourth load
step, the researchers solved the problem assigning additional pre-calculated displacements
to one of the belt’s edge.

A similar procedure was applied by Fedorko et al. [67, 68], Fedorko and Molnár [66].
At first, the belt was formed into a pipe shape using the external moments M1 and M2 (see
Fig. 6.4) distributed along the belt edges and applied to belt one after another. At this
stage, the line of belt’s bottom nodes situated at the belt’s axis of symmetry was fixed for all
DOF. The values of the moments were determined using a combination of an explicit and
an implicit analysis in ABAQUS with defined finite geometrical shape of a belt. At the next
solution step, either the belt was dragged through the idlers, or the idlers were moved in such
a way that the belt coil was placed inside the surrounding of the coil six-roll idler sets. After

Figure 6.4: Folding a belt from a flat shape into a pipe shape with an overlap using the
distributedmoments M1 and M2 according to themodeling procedure of Fedorko
et al. [67, 68], Fedorko and Molnár [66] (figure reconstructed from Fedorko et
al. [67]).
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that, the researchers performed the next solution step by activating the gravity. In addition,
the contact between the belt and idlers and self-contact of belt edges were actuated. The
fixing constraints at the central line of belt nodes were removed, and the belt was released,
assigning the folding moments M1 = M2 = 0.

Load from the bulk material

Few studies included the presence of a bulk material and its impact on CFs and belt defor-
mations in the numerical models. The way the load was simulated is discussed in present
section.

Del Coz Diaz et al. [43] described that the load from the bulk material for 50% of
the cross-sectional filling degree was described in the numerical model of a PBC as an
additional pressure distributed onto the belt surface, ignoring the presence of an angle of
repose. However, the researchers did not specify how the value of such load was initially
calculated. Guo et al. [87] utilized Discrete Element Method (DEM) in EDEM software for
simulating the particle behavior of a bulk material inside the pipe conveyor. For modeling
the belt, the researchers used a full enclosed cylinder, ignoring its open structure with an
overlap. The filling degree was fixed and constituted 75%. Performing DEM analysis, the
researchers focused their attention on particles inside the pipe, ignoring the belt deformations
important for the analysis, as there is a mutual relation between the belt deformations and
bulk material behavior overlapped by the belt.

Noteworthy to mention is the approach of modeling the load from bulk material for FEM
analysis, developed by Kulagin [126–129], Dmitriev and Kulagin [56] and later employed
by Dmitriev and Sergeeva [58], Sergeeva [208, 210]. The researchers divided the cross-
sectional contour of a pipe-shaped belt into 24 sections with respect to the angular position
of α, 2θ ≤ α ≤ 0, and the filling degree of 75%, as illustrated in Fig. 6.5. In particular,
the division was made using equivalent arcs with angle ∆α. These arcs divide the area of a
pipe shaped belt model into 24 strips. This was made in order to subject each of this strip to
the corresponding radial bulk material load, imitating the distribution along the belt lateral
cross section.

a) b)

Figure 6.5: Modeling the load from bulkmaterial using the radial load component according
to the approach, developed by Kulagin [126–129], Dmitriev and Kulagin [56]
and utilized later by Dmitriev and Sergeeva [58], Sergeeva [208, 210] (modified
figures from Dmitriev and Sergeeva [58], Kulagin [129]).
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In order to incorporate the distribution of the bulk material load in longitudinal direction,
the researchers assumed that the switch between active and passive stress states appears
discretely right in the middle of carry spacing (see Section 4.4.4). Each of the 24 strips of
a belt area were additionally divided in two parts right at half of carry spacing, as shown in
Fig. 6.5. The resultant 48 belt strips were subjected to the corresponding constant loads,

evaluated for each n-th strip for active and passive parts as qnbulk =
α+∆α∫
α

σϕRdϕ. The radial

stress component σϕ was determined as provided in Eq. 5.51 and Eq. 5.52 and the function
K (z) was selected, as given in Eq. 5.43.

Such loading model implies the constant pressure within each strip. The researchers
indicate that higher number of dividing strips generates smoother load distribution on the
belt surface and thus a better accuracy in the results.

Noteworthy to remind that, similar to the analytical solution, the numerical models,
described by Kulagin [126–129], Dmitriev and Kulagin [56], Dmitriev and Sergeeva [58],
Sergeeva [208, 210], include only the radial component from the bulk material load σϕ ,
whereas the tangential component τϕ is ignored. As shown in Section 5.4.5, the usage of
only the radial component does not generate the overall belt weight and leads to incorrect
results. Instead, either both radial σϕ and tangential load components τϕ should be used, or
the load from bulk material can be sufficiently represented by the vertical σv and horizontal
σh load components applied together to the belt contour.

Despite the fact that only the radial load component was used in the studies [56, 58, 126–
129, 208, 210], the approach of dividing the belt area into the strips and applying the load
from the bulk material with respect to the lateral and longitudinal belt position can be
considered as the closest method to model the impact of bulk material on PBC CFs and belt
deformations.

After all the existing methods of modeling the PBC behavior with FEM approach are
discussed, some of the procedures reviewed can be also employed in the FEM models,
elaborated to in present chapter to determine PBCCFs. For instance, the following simulation
methods and aspects are also utilized: selecting the element types that support shear effects
for the belt material model; describing the contact model with two contact pairs (a contact
between the belt, and the idler rolls and the belt’s self-contact at the edges), option of dividing
the solution into the load steps; modeling the load from the belt bending stiffness by either
as an external additional load or by actually folding the belt structure from a flat shape into
a pipe shape.

Some of the modeling methods are improved. For instance, the method of describing
the load from the bulk material, developed by Kulagin [126–129], Dmitriev and Kulagin
[56] is modified by providing a more smooth load distribution along the pipe cross-sectional
contour. Some of the modeling methods are newly applied, like, for instance, how the belt is
folded from a flat shape into a pipe shape or activating and deactivating some of the elements
using their "birth" and "death" function.

All the modeling methods utilized in the FEMmodels, developed to determine PBC CF,
and their mutual relation with respect to the aims of the research are explicitly described in
the next section.
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6.3 FEM models elaborated
As it was discussed in Chapter 4, the methodology selected to determine PBC CFs in the
present analysis implies using experimental, analytical, and numerical FEM approaches
together. That is why, the FEM models are elaborated persuading the following aims:

1) to validate the model with the experimental results;

2) to achieve an agreement with the analytical solution;

3) to determine how the load from the belt bending stiffness should be prescribed;

4) to perform an impact analysis.

For these aims, in total three numerical FEM models are developed: a Beam Simplified
Model, a Beam Step Model, and a Shell Step Model. The reasoning for the selection of
these three models is the following.

Beam Simplified Model

The major reasoning for selecting this FEM model is its simplicity, fast convergence, and its
close replication of the analytical model, developed in Chapter 5.

The Beam Simplified Model represents a linearized 2D beam model for a belt already in
a pipe shape and subjected to the external loads. The belt’s self-contact at the edges and the
contact between the belt and the plates are simplified as belt’s node constraints, similarly as
in the analytical model. The simulation procedure of this model is provided in in Appendix
C.

The load from the belt bending stiffness can be prescribed to belt using: a) Mbst, b) qbst,
and c) qbst, Q1bst, Q2bst (see Sections 5.3.1 - 5.3.3). The load from bulk material can be
also included in the analysis, if the longitudinal length of a beam section is extended to a
conveyor pitch.

The Beam Simplified Model can be solved using linear and nonlinear analysis. The
linear analysis makes the Beam Simplified Model entirely the same as the analytical one. It
might appear that for certain design parameters, a simple analytical (or the Beam Simplified
Model linear solution) that is more attractive in a practical use predicts the CFs with the
satisfactory accuracy, compared to a more complex and time consuming FEM step models.

If the agreement in the results is achieved, the Beam Simplified Model can be solved
within a nonlinear analysis, as a step towards an increase of the problem complexity, ac-
commodating large displacements of a belt structure under the action of the loads involved.
The comparison with the experiment and with the more complex Beam Step Model with
reduced length of supporting plates (imitating the node constraint and also simulating belt
stress state after folding its from a flat shape into a pipe shape) will indicate which method of
modeling the load from the belt bending stiffness proposed (Mbst or qbst or qbst, Q1bst, Q2bst)
provides the correlation in CFs.

Beam Step Model

This model occupies an intermediate position between the simplest (analytical and the Beam
SimplifiedModel) and the most complex model (the Shell StepModel), linking these models
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between each other.
The major reason for the selection is that due to the reduced number of the elements, the

convergence time is significantly decreased, compared to the more complex FEM model.
This becomes especially attractive for performing an impact analysis required, as it allows
one to solve different cases with various design parameters with the reasonable time. The
other reason is that comparison with the Beam Simplified Model (Nonlinear analysis) can
indicate which method of modeling the load from the belt bending stiffness as an additional
external load can predict the correct results.

The Beam Step Model is a 2D nonlinear beam model. It is solved in steps and, in the
first load step, it incorporates actual formation of a belt structure from the original stress free
flat shape into a stressed pipe shape. The model also includes a contact between the belt and
plates and belt’s self contact at the edges. The modeling procedure of the Beam Step Model
is provided in Appendix C.

Themodel is solved using two variations: the length of the supporting plates is analogous
to the experiment test case, and with the plates with the reduced length.

The first option is to make the model as close as possible to the experiment, aiming to
validate with the test results for the case study and determine whether the results substantially
deviate with the most precise Shell Step Model. If the difference is not that significant, the
Beam Step Model can be used further fulfilling the role of a more precise but less time
consuming model instead of the Shell Step Model.

The case with the reduced length of plates is used to compare the results when the belt is
formed from a flat shape into a pipe shape with the nonlinear solution of the Beam Simplified
Model, simulated with the reduced length of plates, indicating which method of modeling
the load from belt bending stiffness predicts the correct CFs.

Shell Step Model

Thismodel is selected, as it is themost precisemodel and it closely reproduces the experiment
test with the six-point stiffness device, described in Chapter 4. If the physical parameters
assigned to the model are the same as in the experiment, the solution from the Shell Step
Model can be compared with the CFs measured at the test.

The Shell Step Model is a nonlinear 3D shell model and accommodates the shear effects
in longitudinal and lateral directions. As a result, the anticlastic curvature effect is also
included in the analysis.

Similar to the previous model, the Shell Step Model is solved in steps. At the first
solution step, a stress-free flat belt is formed from a flat shape into a pipe shape, performing
a nonlinear analysis. In the next load steps the belt is placed inside the hexagon plates and
is released, whereas the rest of the loads are applied and activated. For better correlation
with the experiment for the case without an overlap, this FEM model takes into account
a small difference between the external pipe diameter of a belt, formed into a pipe shape,
and a nominal diameter Dnom, characterizing the position of te hexagon plates, see further
discussion in Section 6.5. All the details regarding modeling procedure of the Shell Step
Model are provided in Appendix C.

The major drawback of the Shell Step Model, is that it requires an extensive time for
the convergence and becomes impractical for investigating the results for different cases and
input parameters. That is why, this model is used only for the case study verification. For the
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impact analysis that requires running a large number of different cases, the time of achieving
fast solution is in the priority, the Beam Simplified Model and the Beam Step Model are
used.

The major distinctive aspects of all the FEMmodels elaborated are summarized in Table
6.1, organizing themodels from the simple tomore complex. The FEManalysis is performed
using APDL programming language in ANSYS, however, any other commercial software
can replicate the same models. The exact procedures for elaborating and solving the FEM
models are provided in Appendix C.

6.4 Input parameters
After the FEM models elaborated to determine PBC CFs are described, it is important to
specify the input parameters used for the models.

At first, the analysis is performed, aiming to validate the analytical model and also the
FEM models with the experiment case study. For the validation, the physical parameters of
a fabric belt Sample 3, provided in Table 4.9 are assigned for the belt model. The selection
is made, as in the experiment with the six-point stiffness device, belt Sample 3 exhibited an
ability to form a symmetrical pipe shape for the case “no overlap” without belt collapsing
(see Chapter 4). Similarly, the analytical model and the FEM models do not include the
presence of a belt’s overlap.

The fabric belt Sample 3 exhibited uniform structural design in belt transverse direction
(along the belt width). This fits the assumptions made in the analytical model, developed in
Chapter 5 for determining the CFs and the approach, developed in Chapter 3 for evaluating
belt’s effective modulus of elasticity from the troughability test. The latter is especially
important, as the Young’s modulus, extracted from the troughability parameter is assigned
for the case study as a belt property to the present FEM and analytical models.

For the Beam and Shell StepModels, the supporting plates were designed using the same
dimensions, as in the experiment. The isotropic properties of the plates are assigned using
Young’s modulus and Poisson ratio inherent to steel ( Esteel ≈ 2.11 × 1011 and µsteel ≈ 0.28,
correspondingly). In order to take into account the shear effect, the belt’s Poisson ratio was
assigned approximately equal to µ1 = µ2 ≈ 0.45 as for the rubber in all belt directions.

In addition, the Beam and the Shell StepModels took into account the difference between
the nominal pipe diameter of the supporting plates and the actual external diameter of a belt’s
pipe. The difference appears due to the manufacturing inaccuracy of a belt Sample 3, that
caused the small difference between the belt width designated and the actual width of a belt
produced. If the correlation between the analytical, FEM, and the experiment case study
is achieved,it becomes possible to perform the impact analysis of the various PBC design
parameters on the CFs.

For the impact analysis, the properties provided in Table 4.9 for the fabric belt Sample 3
with a uniform structural design are used as a reference set for the variation.

At the beginning, the impact analysis is carried out, considering each external load
independently. This means that the influence of the input parameters is analyzed for the
problem of a belt, subjected to either load from belt bending stiffness, or load from belt
weight, or load from bulk material. The impact analysis is performed for each of the load
using similar procedure as for the troughability test in Chapter 3.
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Table 6.1: The major distinctive aspects of all the FEMmodels elaborated to determine PBC
CFs using FEM analysis

FEM Model Model
type

Analysis Load from the
belt bending
stiffness

Contact and
plates

Beam Simplified Model 2D
Beam

One step
solution

- Linear
- Nonlinear

As an additional
external load:
- Mbst
- qbst
- qbst,Q1bst,Q2bst

- No contact

Plates:
only constrained
nodes (as in the
analytics)

Beam Step Model

Reduced length of plates

Extended length of
plates

2D
Beam

Multiple
step solution
(restart ana-
lysis)

- Nonlinear

Belt is folded
from a flat
shape into a pipe

Two contact
pairs:
- Belt-plates
- Belt’s self-
contact

Plates:
- reduced length
(imitates a node
constraint from
the analytics)

- extended
length (as in the
experiment)

Shell Step Model 3D
Shell

Multiple
step solution
(restart ana-
lysis)

- Nonlinear

Belt is folded
from a flat
shape into a pipe

Two contact
pairs:
- Belt-plates
- Belt’s self-
contact

Plates:
- extended
length (as in the
experiment)
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In particular, for each of the participating input parameter, the results are achieved and
compared with the reference set, when one of the influencing design parameter is double
increased and also half reduced, whereas the rest of the parameters are assumed to be
constant. This allows one to obtain the functional dependence between the CFs and the input
design parameters for each of the load.

After the impact analysis is performed for each of the load independently, the general
master curve is developed for an empty and loaded PBC, when the loads participate all
together. The results achieved are provided in the next section.

6.5 Results: case study
The CFs obtained for the case study using all themodels developed are presented as diagrams
with the numeration that corresponds to Fig. 4.1a.

Figure 6.6 illustrates the comparison of the experiment and the CFs, evaluated from
the analytical linear model, developed in Chapter 5, and the linear solution of the Beam
Simplified Model.

The CFs are obtained using three methods of modeling the load from the belt bending
stiffness, characterized by: a) expansion concentrated moment applied at the belt edges Mbst
(see Section 5.3.1); b) evenly distributed radial load qbst (Section 5.3.2); and c) distributed
radial load qbst with concentrated forces Q1bst and Q2bst, situated at angle β (see Section
5.3.3).

The first observation shows that the results from the analytical and the linear solution
of the Beam Simplified Model exhibit the difference in CFs, compared to the experiment.
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(Linear Analysis)
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Figure 6.6: The comparison of the experiment case study results and the CFs, evaluated from
the analytical linear model, developed in Chapter 5, and the linear solution of
the Beam Simplified Model. The results are obtained using three methods of
modeling the load from the belt bending stiffness
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Figure 6.7: The comparison of the experiment case study results and the CFs, determined
from the Beam Simplified Model (Linear and Nonlinear solution) using three
methods of modeling the load from the belt bending stiffness, and the Beam Step
Model, simulated with the reduced length of plates.

However all the CFs obtained are not out of the feasible range. In addition, the analytical
solution is fully in agreement with the numerical results of the Beam Simplified Model
regardless how the load from the belt bending stiffness is described. Moreover, it is possible
to see that the using the expansion concentrated moments Mbst, applied at the belt edges
for modeling a load from the belt bending stiffness, generates the similar load pattern as the
experiment.

To clarify which method of modeling the load from the belt bending stiffness is correct,
the experimental results are compared with the Beam Simplified Model for both linear and
nonlinear solution and also with the Beam Step Model, converged with the reduced length
of the supporting plates. Figure 6.24 shows the results obtained.

Comparing the linear and nonlinear solution of the same Beam Simplified Model, it is
possible to observe that, if the load from belt bending stiffness is represented either by qbst
or by qbst together with forces Q1bst, Q2bst, the difference between the linear and nonlinear
solution is negligible. As for the concentrated expansion moment Mbst, the difference
between the linear and the nonlinear analysis of the Beam SimplifiedModel, on the contrary,
has a significant effect. Moreover, the nonlinear solution of the Beam SimplifiedModel with
Mbst is closer to the experiment case study.

Comparison of theBeamSimplifiedModel, where the load from the belt bending stiffness
is prescribed as an additional external load, and the Beam Step Model that simulates folding
process of a belt from a flat shape into a pipe shape, indicates that the concentrated expansion
moment Mbst correlates with the results of the Beam Step Model and can be used further
in the analytical and the FEM models. At the same time, the other options of modeling the
load from belt bending stiffness (qbst and qbst with Q1bst, Q2bst) do not produce correct CFs
and even the load patterns.

The length of the plates for the Beam Simplified Model was reduced aiming to minimize
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Figure 6.8: The comparison of the experiment case study results and the CFs, determined
from the Beam Simplified Model (Nonlinear solution) using Mbst as a load from
the belt bending stiffness, the Beam Step Model, simulated with the extended
length of plates, and the Shell Step Model.

the impact of a contact effect between the belt and the plates, making the model as close
as possible to the Beam Simplified Model. The minimal length of the plates constituted
0.015m in lateral direction. The further length reduction affects the problem convergence.

The correlation between the Beam Simplified Model and the Beam Step Model indi-
cates that, despite the fact that the structural stress field of a belt, obtained from a direct
problem (when the belt is folded from a flat shape into a pipe shape) is not equivalent to
an approximating inverse problem (when a stress-free belt already in a pipe shape and is
subjected to the external load from the belt bending stiffness), the CFs obtained from both
direct and inverse problems are actually equivalent, if the load from the belt bending stiffness
prescribed as expansion concentrated moments Mbst.

Now, when the correct method of modeling the load from the belt bending stiffness
is selected, the Beam Simplified Model, converged using only Mbst, is compared with the
Beam Step Model and the Shell Step Model. Both FEM step models are solved with the
extended length of the supporting plates and also include a small gap between the nominal
pipe diameter used for the hexagon plates and the external pipe diameter of a belt, attained
from the imprecision of the belt manufacturing.

In general, as it can be seen from Fig. 6.8, all three models generate rather close results
to the experiment. The CFs of the Beam Simplified Model are the highest, as the model
does not incorporate the small difference between the nominal and the belt’s external pipe
diameters, accounted in the FEM step models. The Shell Step Model fits slightly better for
the experiment case study CFs, compared to the Beam Step Model and generates slightly
higher forces. The increase in CFs is due to the higher stiffness of the shell model occurred
from the shear effects in both longitudinal and lateral planes, whereas the Beam Step Model
incorporates the shear effect only in one plane.

Comparison of the experiment, analytical model, and all the FEM models between each
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other makes it possible to state that the analytical approach, developed in Chapter 5 is in
the agreement with the numerical FEM approach, whereas the FEM approach is in the
agreement with the experiment.

It is important to note that the present study compares only one set of the points for the
case study, since it satisfies the assumptions accepted for the analytical and the FEMmodels.
Consequently, more experimental data is required for the further validation of the analytical
and the FEM models. At the same time, the agreement achieved shows that the more simple
and less time consuming models (the Beam Step Model and the Beam Simplified Model)
can generate the feasible results and can be used further for the impact analysis, instead
of the Shell Step Model. The latter is a more precise model, but is less attractive for the
practical use due to the extensive time required for the convergence. The ability to run
different cases for various input parameters within the reasonable time is in the priority for
the impact analysis.

In addition, for the impact analysis, the analytical model, developed in Chapter 5 is also
used as a basis for deriving a functional dependence between the input design parameters
of a PBC and the CFs. At certain PBC designs, it can appear that the analytical model can
also predict the PBC CFs in a feasible range. The impact analysis is carried out in the next
section for an empty and loaded PBC.

6.6 Impact analysis for empty conveyor

A large number of the design parameters participate in the problem and can influence pipe
To perform an impact analysis, the functional dependence trend between the CFs and the
design parameters involved need to be established. Since the FEM models are determined
numerically, it becomes difficult to establish the functional dependence for all the parameters
involved.

That is why, the analytical model, developed in Chapter 5 can be used as a starting
point. Despite the fact that the assumptions inherent to a linearized analytical model are not
relevant for the complex nonlinear models (e.g., the usage of Principle of Superposition),
the linear model can be considered as a special case of a more generalized nonlinear solution
and can indicate the basis for the general functional dependence.

6.6.1 Derivation of the base functional dependence

For the linearized analytical model, the CFs Fn are evaluated from the system of Eq. 5.134.
These CFs depend, in turn, on the forces, denoted as Xn and determined from the system
of Eq. 5.73, using method of superposition. Each equation in the system of Eq. 5.73,
represents a dependence between the unit displacements δ̄nm and the displacements from
the external loads δnP. These displacements reflect an impact of all the design parameters
involved on the CFs. In addition, as stated in Section 5.6.8, if, after solving the system of Eq.
5.73, one of the forces Xn becomes negative, this means that there is a contact loss. In this
case, the maximal negative force is assumed equal to zero, the corresponding displacements
are also set to zero, and the equivalent equation is removed from the system. The solution
procedure repeats until all the CFs remain positive or equal to zero.
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In order to detect the dependence trend between the CFs and the displacements, influ-
enced by the design parameters, the problem can be analyzed mathematically, using the
analytical model as a basis. For instance, if there is only one CF in the system, which is, of
course, a hypothetical example for a PBC, this CF remain can be evaluated as follows:

δ̄11X1 + δ1P = 0 ⇒ X1 = −
δ1P

δ̄11
⇒ Xm ∼

δnP

δ̄nm
. (6.1)

If there are only two CF in the system, the solution equals:




δ̄11X1 + δ̄12X2 + δ1P = 0;

δ̄12X1 + δ̄22X24 + δ2P = 0.
⇒




X1 =
δ̄12δ2P − δ̄22δ1P

δ̄11 δ̄12 − δ̄
2
12

X2 =
δ̄12δ1P − δ̄11δ2P

δ̄11 δ̄12 − δ̄
2
12

⇒ Xn ∼

∑
δ̄nmδnP∑
δ̄2nm

. (6.2)

If there are three CFs preserved in the system, the dependence can be expressed as
following:




δ̄11X1 + δ̄12X2 + δ̄13X3 + δ1P = 0;
δ̄12X1 + δ̄22X2 + δ̄23X3 + δ2P = 0;
δ̄13X1 + δ̄23X2 + δ̄33X3 + δ3P = 0.

⇒ Xn ∼

∑
δ̄2nmδnP∑
δ̄3nm

. (6.3)

And finally, if all four forces take place in the system, the CFs represent the dependence
as follows:




δ̄11X1 + δ̄12X2 + δ̄13X3 + δ̄14X4 + δ1P = 0;
δ̄12X1 + δ̄22X2 + δ̄23X3 + δ̄24X4 + δ2P = 0;
δ̄13X1 + δ̄23X2 + δ̄33X3 + δ̄34X4 + δ3P = 0;
δ̄14X1 + δ̄24X2 + δ̄34X3 + δ̄44X4 + δ4P = 0.

⇒ Xn ∼

∑
δ̄3nmδnP∑
δ̄4nm

. (6.4)

As it can be seen, after solving the system of Eq. 5.73, the dependence of the resultant
CFs are in the same order of magnitude as the following ratio:

Xn ∼

∑
δ̄n−1nm δnP∑
δ̄nnm

, (6.5)

where n is a total number of the non-zero CFs equivalent to m number of system equations
solved.

To establish a dependence as a function of the CFs and PBC design parameters involved,
the unit displacements and the displacements from the external loads need to be analyzed.

Taking into account that I = lh3/12, A = lh, R = B/(2π), and G =
E

2(1 + µ)
as for the

isotropic body assumed, the unit displacements, provided in Eqs. 5.74-5.83, can be written
in the following functional form:

δ̄nm = C∗nm1
R

E A

(
C∗nm2

B2

h2
+ C∗nm3(µ)

)
, (6.6)
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where C∗nm1, C∗nm2, and C∗nn3(µ) are the constants that are different for each of the force,
participating in the system. The present analysis does not consider the effect of the varied
Poisson ratio on CFs, as a result, the ratio is assumed the same and constant for any case.
This means that C∗nm3(µ) = const and the expression in Eq. 6.6 can be written simply as
follows:

δ̄nm = Cnm1
R

E A

(
Cnm2

B2

h2
+ 1

)
, (6.7)

where Cnm1,Cnm2 ∈ R.
As for the displacement from external loads δnP, they represent a sum of the displace-

ments, caused by: a) load from belt bending stiffness; b) load from the belt weight, and c)
load from the bulk material. In order to establish a general functional dependence for PBC
CFs, at first, the impact analysis is accomplished, considering each of the load independently
using the Principle of Superposition, and then analyzing all the loads in their combination.

6.6.2 Load from the belt bending stiffness
If the CFs are caused only by the expansion load, appeared from the folding a belt from a
flat shape into a pipe shape, the impact analysis is carried out only using the moments Mbst,
applied at the belt edges of a stress free belt already in a pipe shape to model the load from
the belt bending stiffness. This load is selected, since it generates correct CFs for the case
study analysis, whereas the rest two loading conditions (qbst, and also qbst with Q1bst, Q2bst),
leaded to the incorrect solution.

For the linearized analytical model, the displacements, caused by the expansion moment
Mbst and provided in Eqs. 5.97-5.100, can be expressed simply in the following form:

δnP = δnbst = CnbstR, (6.8)

where Cnbst ∈ R.
Substituting the expressions Eq. 6.7 and Eq. 6.8 into the functional dependence,

provided in Eq. 6.5, and after the transformation, each of the CF can be expressed as
following functional dependence with respect to the involved PBC design parameters:

Fnbst
E A

= Cn1

Cn2
B6

h6
+ Cn3

B4

h4
+ Cn4

B2

h2
+ 1

Cn5
B8

h8
+ Cn6

B6

h6
+ Cn7

B4

h4
+ Cn8

B2

h2
+ 1

, (6.9)

Cn1, ...,Cn8 ∈ R are the real constants different for each of the force in the system set. For
the simplicity needed in further analysis, a definite function of a belt slenderness Ψ(B/h) is
introduced:

Ψ(B/h) =
Cn2

B6

h6
+ Cn3

B4

h4
+ Cn4

B2

h2
+ 1

Cn5
B8

h8
+ Cn6

B6

h6
+ Cn7

B4

h4
+ Cn8

B2

h2
+ 1

. (6.10)
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In this case, if the load from the belt bending stiffness is only involved, the linearized
models generate the CFs that simply represent functions of a belt slenderness B/h, i.e.:

Fnbst
E A

= Cn1Ψ(B/h) = f bstn

(
B
h

)
. (6.11)

Using this dependence as a basis, the impact analysis is performed, using the case study
input parameter (fabric belt Sample 3 Table 4.9) set as for the reference.

At first, the dependence function of Eq. 6.11 is received for the analytical model and also
for the Simplified Beam Model (linear and nonlinear analysis). The results are illustrated in
Fig. 6.9, achieved varying the belt slenderness in a range 6.67 ≤ B/h ≤ 643, preliminarily
established in Section 2.5.2 of Chapter 2.

Figure 6.9a represents the CFs attained when all four constraints are preserved in the
system. As it can be seen, for the slenderness ratio B/h ≤ 32, it is possible to observe
negative values for the CFs F2 = F6 and even for N ′1 = N ′′1 . In this case, the graph shows
the correct CFs only for the range B/h > 32 (the area of the figure is denoted as I), whereas
for B/h ≤ 32, there is at least one contact loss.

Following the principle, described in Section 5.6.8, if there are more than one negative
CF are obtained after the solution, the maximal negative one is assumed equal to zero. The
corresponding displacements and equations need to be removed from the system of Eq. 5.73,
and, after the modification, the system has to be solved again.

Figure 6.9b shows the recalculated CFs for the assumed contact loss F2 = F6 = 0. Again,
it is possible to observe the negative values for the CFs N ′1 = N ′′1 , occurring for thick belt
structures with slenderness ratio B/h ≤ 10.8. The negative N ′1 = N ′′1 means that the belt
edges tend to expand and do not contact each other anymore (the contact loss). In this case
from the graphs, attained for F2 = F6 = 0, only the area, limited by the slenderness ratio
10.8 < B/h ≤ 32 and denoted as II in Fig. 6.9b is needed for the resultant functional
dependence.

In order to eliminate the negative values for N ′1 = N ′′1 , the system of Eq. 5.73 is
transformed, assuming again the contact losses, in particular for F2 = F6 = 0 and N ′1 =
N ′′1 = 0. Figure 6.9c provides the results, achieved after solving the transformed system of
Eq. 5.73. For creating the overall functional dependence, only the area, denoted as III in
Fig. 6.9c for the slenderness ratio 6.67 ≤ B/h ≤ 10.8 is used.

Finally, the resultant functional dependence for CFs, caused by the load from the belt
bending stiffness is received in Fig. 6.9d for all variation range of belts slenderness 6.67 ≤
B/h ≤ 643 by combining the areas I, II, and III at one graph.

The analysis of the graphs present in Fig. 6.9, shows that the effect of the load from the
belt bending stiffness causes rather extensive top CF F1, compared to the other CFs. At the
same time, the contact loss generally appears for the lateral top position F2 and F6, and also
at the edges N ′1, N ′′1 .

In addition, the general resultant trend shows that CFs significantly decrease with the
increase of the slenderness ratio B/h. For instance, the significant reduction appears for
belt structures with B/h > 200 already and, for the maximal critical ratio B/h = 643, the
absolute values of the CFs become no larger than 1N. This effect can be explained by the
fact that, for thin belt structures with large ratio of N/h, the belt deformations become more
local close to the edges, where the expansion moments Mbst are applied.
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Figure 6.9: The comparison of the functional dependence given in Eq. 6.11 for CFs, deter-
mined from the analytical model and also from the numerical Beam Simplified
Model, solved using the linear and nonlinear analysis. The results are provided
for: a) assuming that all the constraints are preserved in the model; b) assuming
the contact loss for F2 = F6 = 0; c) assuming the contact loss for F2 = F6 = 0
and N ′1 = N ′′1 = 0; d) for the actual dependence trend, obtained by combining
the areas I, II, and III at one graph. The graphs are valid for any E and l.
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Comparing the analytical results with the linear and nonlinear solution of the Beam
Simplified Model in Fig. 6.9, it is possible to state that all the models selected exhibit
the similar resultant trend for CFs. The analytical model accurately reproduces the same
results as the linear analysis of the Beam Simplified Model. If the results are attained
for the nonlinear solution of the Beam Simplified Model, the larger difference in curves
appears more for thicker belt structures with smaller ratio of B.h. The difference between
the linear and the nonlinear analysis appears, as for the belts with small ratios B/h, more
constraints are removed from the structure, and, as a result, belt exhibits larger deformations,
compared to the initial pipe shape. Taking into account that the linearized models account
only small structural displacements, the difference between the linear and nonlinear solution
for B/h < 10 becomes more noticeable.

As a next step, the impact of other participating parameters on CFs is analyzed. In
particular, the same analysis is performed, creating the dependence curves, as in Fig. 6.9,
for the double increased and half reduced elastic modulus of elasticity, i.e., comparing the
graphs for given E as in Fig. 6.9 with the dependence graphs for E/2 and 2E. Similarly, the
results are obtained, varying the longitudinal length of a belt structure, whereas the Young’s
modulus is assumed to be constant, i.e., comparing the case for l = b (Fig. 6.9) with the
resultant curves for 2l, and l/2. And at last, in the same manner, the effect of belt’s structural
thickness h is studied, comparing the curves Fnbst/(E A), received for h/2, h, and 2h for the
same B/h variation and keeping l = b = const, E = const.

The analysis of the results for the varied participating parameters indicates that the
general dependence trend, provided in Fig. 6.9 does not change with respect to the change in
Young’s modulus E, longitudinal length l of a belt sample, and the belt’s structural thickness
h, as soon as the belt’s slenderness B/h is preserved constant. This proves that the expression
for CFs in Eq. 6.11 is necessary and sufficient for the analytical solution and also the FEM
Beam Simplified Model (both linear and nonlinear analysis).

As a step towards a more precise FEMmodel, the similar dependence graphs are attained
for the Beam Step Model using the plates with reduced length for supporting the belt. As
mentioned above, this is made in order to closely imitate the constraints, assumed in the
analytical model and the Beam Simplified Model. The reduced length of plates is selected
accepting its value as minimal as possible for the problem convergence. Figure 6.10a shows
that the resultant curves, obtained for the Beam Step Model and for nonlinear solution of the
Beam Simplified Model, are very close. The correlation between these models proves that
the load from belt bending stiffness can be sufficiently represented for this variation range of
B/h by the expansion moment Mbst, applied to the belt edges of a stress-free belt in a pipe
shape.

In addition, the Beam Step Model is solved using the maximal length of supporting
plates. In particular, the maximal length is assumed equal to a length of a side of a regular
hexagon, circumscribed about the nominal pipe diameter. In other words, it has the same
length as a conveyor idler roll with one side rolls arrangement, i.e., lpl = lroll = (1/

√
3)Dnom

(see Section 2.6.2). Figure 6.10b shows that the curves, obtained from the models are very
close. In order to spot the differences, the results are presented in a logarithmic scale.

As it is expected, the solution from the Beam Step Model with the reduced length of
plates exhibits better agreement with the Beam Simplified Model, compared to the case of
the extended length of plates. However, the largest difference between the models appears
for the CFs that are relatively small (the CFs N1

′ = N1
′′ and F2 = F6), whereas the CFs with
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significant values (F1, F3 = F5, F4) exhibit quite close correlation in the solution.
The increased length of plates provides a more stable position for the belt conformed to

a pipe shape, as, at the certain B/h values, the Beam Step Model with lpl = max obtains the
CF, whereas for lpl = min, it detects the contact loss for CFs in position F2 and F6. With the
increase of the length of plates from minimal value to a maximum, the CFs change up till
the certain value and then they remain the same, even though the length of plates continues
increasing. The constant value is characterized by the size of the contacting surface of the
belt deformed that does not change after the length of plates reach a certain value. In this
case, the shape of a contact spot for each plate has a mutual relation with the corresponding
CF and, for the case with maximal length of plates, exhibits the similar character of the
functional dependence, as CFs do according to Eq. 6.11.

This statement is supported by the fact that the same graphs, given in Fig. 6.28 are
reproduced for the same variation of B/h, if the input parameters for Young’s modulus E,
the longitudinal length of belt sample l, and the belt thickness h are varied. This indicates
that, for all beam models, Eq. 6.11 is necessary and sufficient to express the CFs, caused by
the load from belt bending stiffness as a function with respect to other participating design
parameters.

After the functional dependence is received, reflecting the CFs caused only by the load
from belt bending stiffness, the effect of the belt weight can be studied the next.
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Figure 6.10: a) The functional dependence of Eq. 6.11 for CFs, determined from the nonlin-
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6.6.3 Load from the belt weight
If the CFs are generated only by the load from the belt weight, the general functional
dependence between the CFs and other participating design parameters can be derived again
starting from the analysis of linearized analytical model.

Asmentioned above, for the analyticalmodel, theCFs represent a functional dependences
on unit displacements and displacements from the external load, following the expression,
given in Eq. 6.5). The unit displacements conform to the formulas, as provided in Eq. 6.6.
As for the displacements from the bet weight, the Eqs. 5.91-5.94 can be transformed, taking
into account that I = lh3/12, A = lh, R = B/(2π), and G =

E
2(1 + µ)

. Similar to the unit
displacements, the Poisson ratio is assumed constant for the analysis, and the Eqs. Eqs.
5.91-5.94 convert to the following expression:

δnbw = Cnbw1
qbwR2

E A

(
Cnbw2

B2

h2
+ 1

)
, (6.12)

where Cnbw1,Cnbw2 ∈ R.
If the displacements from the belt weight in Eq. 6.12 and the unit displacements from

Eq. 6.7 are substituted to the general dependence formula in Eq. 6.5, after a transformation,
the CFs, caused only by the load from belt weight, can be written in the following form:

Fnbw
qbwB

= Cn9Ψ (B/h)
(
Cn10

B2

h2
+ 1

)
, (6.13)

where the constants Cn9, Cn10 ∈ R, and Ψ(B/h) is the same function of a belt slenderness,
as provided in Eq. 6.10.

In other words, the effect of the load from the belt weight on CFs, given in Eq. 6.13
represents a functional dependence of a belt slenderness, similar as achieved in the previous
section, i.e.:

Fnbw
qbwB

= f bwn

(
B
h

)
. (6.14)

The expression in Eq. 6.14 can be considered as a reference functional dependence for
performing the impact analysis. Similar as for the load from the belt bending stiffness, the
CFs are attained for the varied belt slenderness B/h within the range 6.67 ≤ B/h ≤ 643,
established in Section 2.5.2. As for the rest of the design parameters, the reference input is
provided in Table 4.9 for the fabric belt Sample 3.

Figure 6.11 provides the resultant graphs obtained for CFs with respect to varied belt
slenderness, using analytical solution, and also the numerical Beam SimplifiedModel (linear
and nonlinear analysis). For better understanding the figure, at first, the graphs are discussed
for the analytical model and the linear solution of the Beam SimplifiedModel (see only solid
lines and solid lines with stars).

Figure 6.11a shows the results, obtained for the case, when all the constraints are
preserved in the model. As it can be seen, the CFs for F1, F2 = F6, and N1

′ = N1
′′ are

negative and remain negative for the all range of the belt slenderness. This means that, if the
load from belt weight is only involved in the problem, it always causes at least one contact
loss in the system.
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Figure 6.11: Comparison of the functional dependence, given in Eq.6.14 and Eq. 6.15 for
CFs, determined from the analytical model and also from the Beam Simplified
Model (linear and nonlinear analysis). The results are provided for: a) assum-
ing that all the constraints are preserved in the model; b) assuming the contact
loss for F1 = 0; c) assuming the contact loss for F1 = 0 and F2 = F6 = 0; d)
for the actual dependence trend, obtained by combining the areas I and II at
one graph. The graphs are obtained for qbw/(El), 2qbw/(El), and qbw/(2El).
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Following the principal stated in Section 5.6.8, the largest negative CF needs to be
assumed equal to zero, the corresponding constrain should be removed from the model, and
the system of Eqs. 5.73 should be recalculated. This is repeated until all the CFs remain
positive or equal to zero.

Figure 6.11d shows the resultant general functions for CFs, obtained after all the manip-
ulations performed similarly as for the load from the belt bending stiffness. The figure is
obtained by combining the areas I and II in one graph for the full variation range of B/h.
The areas I and II correspond to the following cases of a contact loss: I for F1 = 0, and II
for F1 = 0, F2 = F6 = 0.

The analysis of final Fig. 6.11d shows that, if the only the belt weight is taken into
account, the major part of the load is distributed to the bottom plate F4, and also to the lateral
bottom plates F3 = F5. At the same time, there is always a contact loss between the belt and
the top plate (force F1 = 0) and, for thick structures with slenderness ratio B/h < 16, the
CFs F2 = F6 = 0 are also equal to zero.

Considering the nonlinear solution of the Beam Simplified Model for the reference pa-
rameter set (dashed line in Fig. 6.11), it is possible to observe that the function closely
conforms to a linear solution, especially for thick structures. With the increase of a belt slen-
derness, the deviation between the linear and nonlinear solution becomes more noticeable.
This is due to the fact that thinner belt structures with larger ratio B/h are more flexible and,
as a result, tend to exhibit extensive nonlinear deformations, not accounted in the analytical
models. Due to this fact, at certain ratio of B/h, the belt structure fully collapses, and the
nonlinear Beam Simplified Model does not converge anymore. For the reference parameter
set (dashed line in Fig. 6.11), the last convergence is achieved for B/h ≈ 120.

At the same time, the linear analysis of belts with very large ratio B/h conforms to
straight lines for each CF. Analyzing the Maxwell-Mohr Integrals, provided in Eqs. 5.91-
5.94, it is possible to see that each of the displacement is comprised by the sum of the partial
displacements from the bending moment M , the axial force N , and the shear hoop force Q,
generated by the external load. Moreover, the displacement from the bending moment is in
the fourth order of the belt slenderness ∼ (B/h)4, whereas the displacements from the axial
N and hoop Q forces are in the second order of belt slenderness ∼ (B/h)2. This means that,
for thin structures with large ratio of B/h, the results become more dominated by bending
part, conforming to a straight line in CFs, whereas for small B/h ratios, the effect of N and
Q becomes comparable to the bending effect.

For the next step, the CFs parameterized are received with respect to the belt slenderness
variation by changing other participating design parameterswith a factor of two. In particular,
the results are obtained for double increased and half reduced Young’s modulus, i.e. for 2E
and E/2. Similarly, the longitudinal length of belt sample l = b is varied, assuming 2l and
l/2, and the belt weight is changed for 2qbw and qbw/2. The CFs obtained are compared for
various combinations of E, l, and qbw.

The analysis of the results obtained shows that, for various combinations of E, l, and qbw,
the linear solution of the analytical and the Beam Simplified Models conforms to the same
lines, as expected in Eq. 6.14. As for the nonlinear solution of the Beam Simplified Model,
the results for CFs depend on the design ratio of qbw/(El). As soon as the ratio qbw/(El)
is constant, the corresponding resultant curves from the nonlinear solution coincide. Figure
6.11 exhibits a functional dependences obtained for the design ratios qbw/(El), 2qbw/(El),
and qbw/(2El).
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Taking this into account, it is possible to state that the CFs caused by the load from the
belt weight are not only a function of the belt slenderness B/h, as proposed in Eq. 6.14, but
also is defined by the ratio qbw/(El), i.e.:

Fnbw
qbwB

= f bwn

(
B
h
;

qbw
El

)
. (6.15)

The analysis for CFs, caused by the belt weight is limited to the Beam Simplified Model,
as the Beam Step Model accounts the actual belt formation from a flat shape into a pipe
shape at first load step (see Appendix C). In this case, the presence of the load from the belt
bending stiffness cannot be eliminated in the Beam Step Model.

After the load from the belt weight and the load from the belt bending stiffness are
analyzed, it becomes possible to investigate an empty PBC, where both of these loads are
involved.

6.6.4 Functional dependence for an empty pipe conveyor
In order to extract a functional dependence for empty PBC, the linearized analytical model
is again considered as a starting reference base. For the linear model, the principal so
superposition is fulfilled. In this case, the resultant CFs from two loads is equivalent to the
sum of the forces, caused by those loads independently. In this case for an empty PBC, it
can be written as follows:

Fn = Fnbst + Fnbw. (6.16)

Substituting the functional dependences for each of the force Fnbst and Fnbw for the linear
model, given in Eq. 6.11 and Eq. 6.14, respectively, the CFs can be transformed to the
following expressions:

Fn = E A f bstn

(
B
h

)
+ qbwB f bwn

(
B
h

)
; (6.17)

Fn

E A
= f bstn

(
B
h

)
+

qbwB
E A

f bwn

(
B
h

)
; (6.18)

Fn

E A
= f ∗empt

n

(
qbwB
E A

;
B
h

)
or

Fn

E A
= f empt

n

(
qbw
El

;
B
h

)
. (6.19)

As it can be seen, the CFs depend on the belt slenderness and the ratio qbw
El . The impact of

the latter has a proportional effect on CFs, if the slenderness is preserved constant. Indeed,
this conclusion can be derived, since the expressions for Fnbst and Fnbw, given in Eq. 6.11
and Eq. 6.14, respectively, are substituted to the general Eq. 6.16. Figure 6.12 shows that
impact of the ratio qbw

El on CFs for the analytical linear solution, obtained for B/h = const
as for the reference case study. As it can be seen, the CFs represent straight lines in a
form y = ax + c, where Cn1, ..., Cn10 for given B/h fulfill the role of the slope-intercept
coefficients a and c. If there is a contact loss (at least one of the CF becomes negative), the
corresponding displacements are assumed equal to zero, the equivalent equation is removed
from the system of Eq. 5.73, and the CFs are recalculated. Due to this fact, after these
manipulations, the straight lines in Fig. 6.12 shows a rather abrupt change due to the
alteration in their slope-intercept coefficients.
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Figure 6.12: Impact of ratio qbw/(El) on CFs for linear model, obtained using analytical
approach for given slenderness ratio B/h = 71.38 = const, used as for the
case study.

The impact of belt slenderness B/h has a more complex effect on CFs than the ratio
qbw
El

. Figure 6.13 shows the results, obtained using analytical approach and also the Beam
Simplified Model (both linear and nonlinear solution). The graphs are constructed for the
varied belt slenderness within the range 6.67 ≤ B/h ≤ 643, established in Section 2.5.2.
The rest of the parameters are used as for the reference fabric belt Sample 3, provided in
Table 4.9 and keeping qbw/(El) = const.

The graphs in Fig.6.13 are obtained following the similar methodology as applied in
the previous Section 6.6.2 and Section 6.6.2 for Fig. 6.9 and Fig. 6.11b, respectively,
by combining the areas of the graph for different cases of a contact loss appearance. In
particular, if after obtaining the graphs, at least one CF becomes negative for a certain range
of a belt slenderness, for that range, the highest negative CF is assumed equal to zero, the
corresponding displacements are removed from the System of Eq. 5.73, and the CFs are
recalculated again. The procedure is repeated until all the CFs remain positive or equal to
zero for all range of the parameters variation. The area-parts needed from all the graphs
obtained are combined, constructing the resultant functional dependence.

Figure 6.13 shows the resultant dependence of the CFs, achieved for the full range of
B/h-variation. The figure is obtained by composing the areas I, II, III, IV, and V that
correspond to the following cases: I shows all the positive CFs, if all the constraints are
preserved in the system; II represents the contact loss for F2 = F6 = 0; III states for the
contact loss for F2 = F6 = 0 and N ′1 = N ′′1 = 0; IV exhibits the contact loss for F2 = F6 = 0
and F1 = 0; V shows the contact loss for F1 = 0.

For better understanding the dependence trend, the result for CFs parameterized are
shown in log-scale in Fig. 6.14. This is needed to perform a qualitative comparison with the
similar graphs, obtained for different input parameters. The logarithmic scale allows one to
detect the difference and analyze the effects of different input design parameters.

The analysis of the graphs in Fig. 6.13 and Fig.6.14 shows that that analytical solution
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is always in agreement with the linear analysis of the Beam Simplified FEM Model. In
addition, linear and nonlinear results for the FEMmodel exhibit similar dependence trend in
the results, which indicates that the analytical model provides quite close results at certain
slenderness ratio B/h. Moreover, the logarithmic scale shows that the highest difference in
the results appear to be for the CFs with smaller absolute values, whereas the highest CFs
are quite in agreement.

The next step of the analysis investigates an impact of the participating design parameters.
In particular, the results are obtained for double increased and half reduced bending modulus
of elasticity E, distributed belt weight qbw, and the longitudinal length of a belt section l.
The results are achieved for different their combinations and compared between each other.
As it was expected from the analysis of Eq. 6.19, the impact of the parameters variation
follows the same dependence curves, as soon as the ratio qbw/(El) remain constant.

Figure 6.15 illustrates the results in a logarithmic scale, obtained for 2qbw/(El) and
qbw/(2El). As it can be seen, for smaller ratio qbw/(El), the curve of the linear solution
better conforms to a nonlinear dependence. This is due to the fact that stiff and/or lighter
belts exhibit smaller deformations that coincide with the assumption for the linear analytical
and the Beam simplifiedModel. In addition, the smaller ratio of qbw/(El) exhibits no contact
loss for a wider range of the belt slenderness.

The analysis of Fig. 6.15 indicates that a conveyor belt can exhibit sufficient pipe-ability,
if the belt slenderness is in the approximate range 35 ≤ B/h ≤ 116. If for the given B/h-ratio
it is expected to have a contact loss, the pipe-ability can be improved by selecting either a
lighter belt, or more stiff belt structure, or by increasing a conveyor pitch. However, the effect
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of a carry spacing requires further investigation, as the impact of orthotropic belt properties
and also the belt tension need to be take into account.

Moving towards the more precise FEM model, the functional dependences are obtained
using the Beam Step Model, converged for plates with reduced lpl = min and extended
length lpl = max. The values of the reduced length of plates are selected for each B/h-case
as minimal as possible for the problem convergence.

Figure 6.16 shows the results for the reference parameter set qbw/(El) = const, obtained
from the Beam Step Model, plotting them next to the curves from the Beam Simplified
Model. As it can be seen, the general shapes of the curves resemble each other, and the
solution of the Beam Step Model with lpl = min better conforms to the Beam Simplified
Model, compared to lpl = max (as the small plates almost resemble the assumption for
node-constraints). This indicates that assumptions made for the analytical and the Beam
Simplified Model can give reasonable results in the feasible range. The largest deviation
between the curves is detected for the least loaded CFs, in particular, for F2 = F6 and
N1
′ = N1

′′.
Another important aspect is that the analytical model developed predicts high CFs than

the Beam Step Model. At the same time, the Beam Step Model that incorporates the contact
with plates with extended length also yields the reasonably highCFs. Thismakes the solution
between the simple analytical model and the more complex Beam Step Model with a full
contact with hexagon plates to be rather similar. In addition, even though the present impact
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analysis does not consider the Shell Step Model, it is reasonable to expect that shell model
should give the CFs higher than the Beam Step Model moving towards the results, predicted
by the analytical approach. Indeed, the results presented for the case study in Section 6.5
proves such expectation. The difference between the Beam Step Model and the Shell Step
Model appears from the additional shear effect and is expected to be in order of 1/(1 − µ2)
for isotropic and 1/(1 − µ1µ2) for the orthotropic structure.

These observations indicate that the analytical model developed in Chapter 5 gives
reasonable results and can be used further in the analysis for loaded PBC. Moreover, the
reasonable overestimation of the CFs ensures more safe design recommendations for the
industry, giving somewhat space for the sensitivity of the model.

The analysis using the Shell Step Model and the models with the further complexity
increase can be performed in future research, implementing the similar comparison procedure
between the models and continue the hierarchy of the models, shown in Table. 6.1. The
possible increase of the problem complexity can include the impact of a longitudinal stiffness
in between the idler rolls, effect of a belt tension, a belt’s overlap, belt;s viscoelasticity and
non-uniform belt structure along the width B.

For the more complex numerical models, the analytical approach, developed in Chapter
5 can be used as a starting reference point for their validation. Further research should be
focused on development of the quantified recommendations for belt’s pipe-ability and usage
limitations of the models and approaches proposed.
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6.7 Impact analysis for loaded conveyor

6.7.1 Load from the bulk material
In order to take into account the impact of the bulk material on CFs, at first, the analysis is
performed, considering the linearized analytical model, subjected only to the bulk material
load, whereas the load from the belt weight and the load from the belt bending stiffness are
not included in the analysis.

For the linearized problem, a functional dependence between the CFs, caused by the
bulk material load, and design parameters involved, can be derived by applying the principal
of superposition, i.e., considering the impact of the vertical and horizontal load components
independently, and then summing up their effects.

Analysis of the displacements, caused by the vertical bulk material load component,
provided in Appendix A, shows that, in addition to other participating design parameters,
δv
nbulk depends on the filling angle θ and the dynamic angle of repose λ, addressed in Section

2.3.3 and Section 2.4.2, respectively. The filling angle θ can be expressed via cross sectional
filling degree kQ according to Eq. 2.5. As for the angle of surcharge λ, its’s impact on CFs
is not considered in the study, assuming it to be constant and equal to λ = 30◦ = const, as
for the coal (see Section 2.4.2).

Taking into account that I = lh3/12, A = lh, R = B/(2π), and G =
E

2(1 + µ)
, as for the

isotropic body assumed, and that tan λ = const, and θ is a function of kQ, the displacements,
given in Eqs. A.1-A.11, can be written in the following functional form:

δvnbulk = Cv
nbulk1

ρbulkglR2

E A

(
Cv
nbulk2

B2

h2
f vn1(kQ) + Cv

nbulk3 f vn2(kQ) + 1
)
, (6.20)

where the constants Cv
nbulk1, Cv

nbulk2, Cv
nbulk3 ∈ R and the functions f v

n1(kQ), f v
n2(kQ) of

a PBC cross-sectional filling degree kQ are derived from the trigonometric functions of a
filling angle θ.

The general dependence for CFs, caused by the vertical load component can be found,
by substituting the displacements δv

nbulk from the external vertical component of the bulk
material load, given in Eq. 6.20, and the unit displacements δ̄nm , provided in in Eq. 6.7
into the system of Eq. 5.73. The general solution of that system conforms to the expression,
provided in Eq. 6.5. After a number of transformations, the following functional dependence
for CFs can be obtained:

Fv
nbulk

ρbulkglR
= Cn11Ψ (B/h)

(
Cn12

B2

h2
f vn1(kQ) + Cn13 f vn2(kQ) + 1

)
, (6.21)

where Ψ(B/h) is the same function of a belt slenderness, provided in Eq. 6.10, and the
constants Cn11, Cn12, Cn13 ∈ R.

The both sides of Eq. 6.21 are divided into πkQ. The parameter Fbulk
v characterizing the

total weight of a bulk material load in a PBC as follows:

Fbulk
v = kQπR2ρbulkgl (6.22)

can be introduced into Eq. 6.21, transforming it to the following general function:
Fv
nbulk

Fv
bulk
= f vnbulk

(
B
h
; kQ

)
. (6.23)
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In other words, the CFs from the vertical bulk material load component represent the
functions of a belt slenderness B/h and the cross-sectional filling degree kQ.

The analogical analysis of the displacements δh
nbulk, given in Eq. B.1-B.11 in Appendix

B, from the horizontal load component yields the resultant CFs in a similar functional form:

Fh
nbulk

Fv
bulk
= CK f hmbulk

(
B
h
; kQ

)
, (6.24)

where CK is a coefficient that implies the longitudinal development of the active and passive
stress states along the conveyor pitch between the idler stations (see Section 5.4.4).

According to the principal of superposition inherent to the linear analysis, the total CFs,
caused by the bulk material load can be found from the sum of the forces from the each load
component. This leads to the following:

Fnbulk = Fv
nbulk + Fh

nbulk; (6.25)
Fnbulk
Fv
nbulk

= f vnbulk

(
B
h
; kQ

)
+ CK f hnbulk

(
B
h
; kQ

)
. (6.26)

The coefficient CK is a function of Ka and Kp, as discussed in Section 5.4.4. Ka and Kp,
in turn, depend on the effective angle of internal friction ϕe of a bulk material, addressed in
Section 2.4.3. If ϕe is assumed constant, for instance, equal to ϕe = 46◦ = const as for the
coal (selected in Section 2.4.3), the coefficient CK , presented in Eqs. 5.47 convert to the
following constant values:



CK =
1
2

(
Ka + Kp

)
≈ 3.145 - Krause - Hettler;

CK =
1
4

(
3Ka + Kp

)
≈ 1.654 - Gushchin;

CK =
1
3

(
2Ka + 0.85Kp

)
≈ 1.845 - Wheeler-Mulani;

CK = Ka ≈ 0.163 - Constant active stress state.

(6.27)

Therefore, the functional dependence for CFs, caused by the bulk material load can be
simply written in a following form:

Fnbulk
Fv
nbulk

= f bulkn

(
B
h
; kQ

)
. (6.28)

At first, the impact of the belt slenderness on CFs is considered for the PBC half-filled with
the coal (filling degree kQ = 0.5, the angle of internal friction ϕe = 46◦, and dynamic angle
of repose λ = 15◦), selected in Section 2.4 as a hypothetical example, and with conveyor
pitch of l = lc = 1m. As for the coefficient CK , the results are obtained using approach of
Gushchin, i.e., for CK ≈ 1.654. In addition, the impact of usage of different , provided in
Eq. 6.27 are compared further, when the impact of filling degree kQ on CFs is considered.

The results for CFs parameterized as in Eq. 6.28 are obtained using the analytical model
and the Beam Simplified Model (linear and nonlinear solution). At first, the assumption that
all the constraints are preserved in the system is accepted. The results indicated that there
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Figure 6.17: The functional dependences, given in Eq. 6.28 and Eq. 6.29 for CFs, deter-
mined from the analytical model and also from the Beam Simplified Model
(linear and nonlinear analysis). The results are provided for the cross sec-
tional filling degree kQ = 0.5 and the ratios ρbulkgB/E, 2ρbulkgB/E, and
ρbulkgB/(2E), combining the areas of a contact loss I and II at one graph.

was at least one contact loss for F2 = F6 = 0 for the full range of the B/h variation. The
technique similar to the previous sections is used. It represents a repetitive procedure of
assuming the largest negative CF equal to zero and recalculating all the CFs until all them
remain positive or equal to zero. After that, the final graph is attained by combing the area
parts of all the graphs at one for the full variation range of B/h needed.

Figure 6.17 illustrates the resultant functional dependence of CFs parameterized versus
the belt slenderness B/h. The graph is obtained by combining the areas I and II for the
following contact loss options: I - for the contact loss at F2 = F6 = 0; II - for the contact
loss at F2 = F6 = 0, F1 = 0.

In general, the linear solution of the Beam SimplifiedModel and the analytical model are
in agreement. For thick belt structures, the linear solution (both analytics and the FEM) are
in agreement with the nonlinear results. However, with the increase of the belt slenderness,
the difference becomes more noticeable. This is due to the fact that, for the same loading
conditions, thinner belts exhibit larger deformations than the ones allowed in the linear
analysis.

Noteworthy to mention is that, similar to the effect of the load from the belt weight, the
linear solution for the thin belt structures conforms to the dependence close to a straight line.
This can be explained by the fact that the displacements in the linear analysis, evaluated
from the Maxwell-Mohr Integral, are partially comprised by the bending moment M , the
axial force N , and the shear hoop force Q from the external loads. The displacements from
the bending moment M are in order ∼ (B/h)4 of a belt slenderness, whereas effect of the
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axial N and hoop Q forces are in order ∼ (B/h)2. For thin belt structures with large ratios
B/h, the effect of bending moment prevails the effect of axial and hoop forces, as a result,
the dependence curve for very large values of B/h asymptotically conforms to a straight
line, compared to the part of the graph with small B/h-ratio, where the effects of a bending
moment M , axial force N , and hoop Q forces are comparable.

Figure 6.17 contains also the curves, obtained for the varied input parameters. In
particular, the results are obtained for double increased and half reduced bending modulus
of elasticity E, belt width B, and the density of a bulk material ρbulk. For different their
combinations, the dependence graphs for CFs are obtained and compared between each
other.

The results show that the functional dependence for the linear solution (both analytical
and the Beam Simplified Model) follows only Eq. 6.28 and is not affected by the change
of the input parameters mentioned. At the same time, the nonlinear solution appears to be
dependable on the ratio ρbulkgB/E. In this case, the functional dependence of CFs, caused
by a bulk material load, can be rewritten in the following form:

Fnbulk
Fv
nbulk

= f bulkn

(
B
h
; kQ;

ρbulkgB
E

)
. (6.29)

Figure 6.17 shows that for thin belts, the effect of the ratio ρbulkgB/E becomes more
noticeable. Heavier the bulk material is, or more flexible the belt structure is produced,
the larger structural deformations appear. This becomes the reason for the larger difference
between the linear and nonlinear solution.

Figure 6.17 is obtained for the cross-sectional filling degree kQ = 0.5, using approach
of Gushchin in Eq. 6.27 to describe the distribution of the horizontal component of a bulk
material load along the conveyor pitch.

Aiming to analyze the effect kQ of the cross-sectional filling degree, the results are
obtained using analogical principal of the appearance of a contact loss, as for Fig. 6.17,
whereas the other parameters in Eq. 6.28 and Eq. 6.29 are preserved constant (B/h = const,
ρbulkgB/E = const). The properties of a bulk material correspond to coal, selected as an
example and described in Section 2.4. As for the belt properties, the data, given in Table
4.9 for fabric belt Sample 3 was used, except to the longitudinal length of a belt that was
accepted equal to a conveyor pitch l = lc = 1m.

Figure 6.18 shows the results, obtained for the CFs parameterized versus the filling
degree, varied within the range kQ = 0.05...1. In addition, Fig. 6.18 reflects the impact of
the approach selected for the coefficient CK to describe the bulk material load distribution
along the conveyor pitch. In particular, the curves are plotted using not only Gushchin
approach, but also approach of Krause and Hettler, Wheeler-Mulani, and the approach that
assumes constant active stress state along the whole conveyor pitch (see Section 5.4.4 and
Eq. 6.27 for the values).

The analysis of the graphs plotted in Fig. 6.18 shows that the approach that assumes
constant active stress state (Ka = const) implies the minimal horizontal load component,
dominated by the vertical load component. The approach of the Krause and Hettler, on
opposite, implies the highest lateral load, compared to the vertical one, since it was developed
for the conventional trough belt conveyor (see Section 5.4.4). The trough belt conveyors,
naturally exhibit larger lateral deformations of a belt in between the carry spacing than PBCs
do. Compared to the extreme approaches, the approach of Gushchin and Wheeler-Mulani
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implies the intermediate lateral loads and the resultant values of the CFs. Taking into account
that there is no experimental results are available for the load distribution of a bulk material
inside the PBCs, the choice for the further analysis is made for the non-extreme Gushchin
approach, since it was based on the experimental results, performed for deep trough belt
conveyors with the cross section close to an open pipe.

Considering the effect of kQ on the CFs parameterized, for the small filling degree, the
effect of the vertical bulk material load is comparable to its horizontal load component, that
is why it is possible to observe the contact loss for the top forces F2 = F6 = 0, whereas the
bottom force F4 becomes higher than the forces F3 = F5.

However, with the increase of the filling degree kQ, the effect of horizontal load compo-
nent grows and prevails the vertical load component (except for the Ka = const approach).
This leads to the appearance of a positive CFs (F2 = F6) > 0 and increase of the CFs
F3 = F5. Since the distribution of the horizontal load component for large values kQ implies
more significant values towards the bottom of the pipe, as a result, the contact loss can be
observed for the CFs N1

′ = N1
′′ and F1, whereas the lateral bottom forces F3 = F5 become

larger than the bottom CF F4.
The graphs presented in Fig. 6.18 are obtained for the reference belt slenderness B/h ≈

71.38 and ρbulkgB/E = const. However, the change in B/h-ratio and the load parameter
ρbulkgB/E can cause different curves of the CFs parameterized than the ones provided in
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Figure 6.18: Effect of the PBC cross-sectional filling degree kQ on the CFs parameterized,
obtained for the reference ρbulkgB/E = const, using analytical approach and
the Beam Simplified Model (nonlinear analysis). The data is presented, using
four different approaches that describe the bulk material load distribution
along the conveyor pitch, characterized by the coefficient CK -values, given in
Eq. 6.27.
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Fig. 6.18.
After the character of a bulk material load is analyzed and the parametric dependence

function is obtained, it becomes possible to consider a loaded PBC, subjected to a combi-
nation of the load from the bulk material, the load from the belt weight, and the load from
the belt bending stiffness. The CFs, obtained for loaded PBC are investigated in the next
section.

6.7.2 Functional dependence for a loaded pipe conveyor
In order to obtain a general functional dependence of CFs for a loaded PBC, the linearized
analytical model, described in Chapter 5, is used as a starting reference. Based on the
Principle of Superposition, the CF at the each idler roll can be evaluated as a sum of the
CFs, determined from the each of the load, applied to a structure independently. Taking into
account that the load from belt bending stiffness, the load from belt weight, and the load
from bulk material are involved together in the problem, in this case:

Fn = Fnbst + Fnbw + Fnbulk. (6.30)

Substituting the general functions for the CFs Fnbst, Fnbw, and Fnbulk, provided for the linear
solution in Eq. 6.11, Eq. 6.14, and Eq. 6.28), respectively, the CFs for a loaded PBC can be
rewritten as follows:

Fn = E A f bstn

(
B
h

)
+ qbwB f bwn

(
B
h

)
+ Fv

bulk f bulkn

(
B
h
; kQ

)
. (6.31)

Both parts of the Eq. 6.31 can be divided into the axial stiffness E A. Substituting the
expression for a total bulk weight Fv

bulk and after some transformations, Eq. 6.31 becomes
the following:

Fn

E A
= f bstn

(
B
h

)
+

qbw
El

B
h

f bwn

(
B
h

)
+

1
4π

ρbulkgB
E

kQ
B
h

f bulkn

(
B
h
; kQ

)
. (6.32)

This expression for CFs can be rewritten in a more laconic function dependence:

Fn

E A
= f loadedn

(
B
h
;

qbw
El

;
ρbulkgB

E
; kQ

)
. (6.33)

As it can be seen, for a loaded PBC, the CFs become a function of a belt slenderness
B/h, belt’s axial stiffness E A, and the load parameters that characterize the ratios of a belt
weight or a bulk weight versus the belt’s stiffness, and the PBC cross-sectional filling degree
kQ.

In order to visualize the dependence in Eq. 6.33, the CFs are obtained using the analytical
model and the FEM Beam Simplified Model (linear and nonlinear solution) for a PBC half-
filled with the coal with carry spacing of l = lc = 1m. The properties of the bulk material
are described in Section 2.4, whereas the properties of a belt correspond to the reference
parameters (see Sample 3 in Table 4.9). The coefficientCK for the longitudinal development
of a lateral bulk material load is determined using Gushchin approach.

The results, illustrated in Fig. 6.19, represent the parameterized CFs versus the belt
slenderness varied within the range, established in Section 2.5.2 for conveyor belts. Figure
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Figure 6.19: The functional dependence of CFs versus the belt slenderness according to Eq.
6.33, obtained using the analytical approach and the Beam Simplified Model,
(linear and nonlinear analysis). The results are provided for ρbulkgB/E =
const, qbw/(El) = const, and the cross sectional filling degree kQ = 0.5.

6.19 was obtained by combining the parts of the graphs, denoted as I, II, III, and IV,
characterizing the appearance of a contact loss for the full variation range of a belt slenderness
B/h. Each of the area is determined independently and signifies the following possible
behavior of a loaded pipe conveyor belt: I when all the CFs are positive, II when there is
a contact loss for the CFs F2 = F6 = 0, III - when the contact loss is detected for the CFs
F2 = F6 = 0 and N1

′ = N1
′′; III - for the contact loss only for F1 = 0.

To perform a qualitative analysis on how the change of the input design parameters
reflected in Eq. 6.33 can influence the resultant dependence curves for CFs, the reference
Fig.6.19 is presented in a logarithmic scale in Fig. 6.20, providing an ability to detect the
difference for the smaller values Fn/E A = 0...0.02. This is especially important, as the
contact loss for F2 occurs exactly in this range.

The analysis of Fig. 6.20 shows that the linear analytical model and the linear solution
of the Beam Simplified Model are very close and almost coincide. This close agreement
with the FEM shows that the analytical approach is sufficiently precise for the linearized
problem. As for the nonlinear solution, the highest with linear solution can be detected for
the CFs with smaller values (F2 = F6 and N1

′ = N1
′′), whereas the CFs with larger values

(F4, F3 = F5, and F1) are quite close. Moreover, the increase of a belt slenderness for thinner
belts deteriorate the ability to converge of the nonlinear model. This is due to the fact that
thinner belts exhibit larger structural deformations and higher tendency of a belt to collapse.

The impact analysis is performed, considering the impact of ρbulkgB/E and qbw/(El),
and the PBC cross-sectional filling degree kQ on CFs evaluated.

The influence of the load parameter from the belt weight qbw/(El) is investigated first.
The CFs are obtained for kQ = 0.5, using the same reference parameters for the belt and
bulk, as in Fig. 6.20, but for the double increased 2qbw/(El) and half-reduced qbw/(2El)
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Figure 6.20: The functional dependence of CFs versus the belt slenderness according to Eq.
6.33, obtained using the analytical approach and the Beam Simplified Model,
(linear and nonlinear analysis). The results are provided for ρbulkgB/E =
const, qbw/(El) = const, and the cross sectional filling degree kQ = 0.5.
The results represent the same graph as provided in Fig. 6.19, but plotted in
logarithmic scale.

the oad-parameter. At the same time the parameter from the bulk material load is preserved
constant ρbulkgB/E = const. The load parameters needed were achieved by changing the
belt line mass qbw, length of a conveyor pitch l, and the Young’s modulus E, one by one and
in various their combinations. As soon as qbw/(El) = const and kQ = const, the results for
CFs follow to the same corresponding curves, confirming the functional dependence, given
in Eq. 6.33 for both linear and nonlinear solution.

Moreover, the comparison of the graphs, illustrated for qbw/(2El) and 2qbw/(El) in
Fig. 6.21 and for the reference qbw/(El) in Fig. 6.20, indicates that the no-contact loss
range of a belt slenderness is wider for a smaller ratio of qbw/(El). Indeed, the largest load
parameter 2qbw/(El) causes that all the CFs remain positive and non-equal to zero at the
belt slenderness range 38 < B/h < 57, whereas the smallest parameter qbw/(2El) offers a
wider range of 35 < B/h < 80 for the nonlinear solution.

In other words, the selection of a lighter or a stiffer belt can positively influence the belt’s
pipe-ability. In addition, it is possible to see that the correlation between the linear solution
(from both analytical model and the FEM Beam Simplified Model) and the nonlinear results
(only the Beam Simplified Model) is better for smaller qbw/(El). This is due to that fact
that deformations of stiffer and lighter belts are smaller and closer to the ones accepted in
the linear models.

The same analysis is performed, considering the impact of a bulkmaterial load-parameter
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Figure 6.21: Comparison of the functional dependences for CFs parameterized according
to Eq. 6.33), obtained using analytical model and also the Beam Simplified
Model (linear and nonlinear analysis) for the loaded PBC, half-filled with coal
(kQ = 0.5). The results are provided for a) qbw/(2El); b) 2qbw/(El), whereas
ρbulkgB/E is preserved constant for all the variation range of B/h.
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Figure 6.22: Comparison of the functional dependences for CFs parameterized according
to Eq. 6.33), obtained using analytical model and also the Beam Simplified
Model (linear and nonlinear analysis) for the loaded PBC, half-filled with coal
(kQ = 0.5). The results are provided for a) ρbulkgB/(2E); b) 2ρbulkgB/E,
whereas qbw/(El) is preserved constant for all the variation range of B/h.
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ρbulkgB/E change on CFs parameterized. For this case, on opposite, the impact of qbw/(El)
parameter is preserved constant as well as the filling degree kQ = 0.5 = const, as for the
reference case.

Similarly, the results are attained and compared for different cases, solved using double
increased 2ρbulkgB/E and half reduced bulk material load-parameter ρbulkgB/(2E). This
was performed by changing a bulk material density ρbulk, the Young’s modulus E of a belt,
and belt width B (keeping the value of B/h needed). The change is performed for each
parameter one by one and in their various combinations. The analysis shows that no matter
how these design parameters are changed, as soon as kQ = const, qbw/(El) = const, and
ρbulkgB/E = const, the CFs yield the same dependence curves, following Eq. 6.33.

Figure 6.22 illustrates the CFs parameterized versus the belt slenderness, received for the
parameters ρbulkgB/(2E) and 2ρbulkgB/E from the bulk material load. As it can be seen,
the change of the parameter ρbulkgB/E with the same factor of two has a greater effect on
CFs than the impact of a qbw/(El) from the belt weight (compare Fig. 6.22 with Fig. 6.21).

In addition, it is possible to conclude that the increase of the parameter from the bulk
material load ρbulkgB/E can significantly deteriorate belt’s pipe-ability by diminishing the
range of a belt slenderness where the PBC exhibits all six positive CFs. In particular, a
satisfactory pipe-ability can be attained using belts with slenderness of 39 < B/h < 56 for
2ρbulkgB/E and with slenderness 32 < B/h < 86 for ρbulkgB/(2E).

This observation allows one to conclude that belt tends to form a more stable pipe shape,
if it has sufficient belt stiffness, is not extensively wide and/or if it is designated to operate
with lighter bulk material. The design recommendation would be for the preference with
more stiff, lighter and/or less wide belts, if heavy bulk material has to be conveyed.

All the functional dependences of CFs, presented above were obtained only for the half-
filled PBC with kQ = 0.5. The next step of the impact analysis, is to account the effect of
the cross-sectional filling degree change. If all the load parameters are assumed constant
qbw/(El) = const, ρbulkgB/E = const, the effect of a filling degree kQ can be considered
analogical to the previous cases for the belt slenderness varies.

Figure 6.23 contains the resultant curves of CFs, obtained for the reference PBC with a
conveyor pitch of 1 loaded with coal at 25% and also at 75% of a cross-sectional filling.

Comparison of the graphs, illustrated in Fig. 6.23 for kQ = 0.25 and kQ = 0.75 and
also in Fig. 6.20 for kQ = 0.5 indicates that with the increase of a filling degree, the belt’s
pipe-ability deteriorates. Moreover, the difference between the linear and nonlinear solution
also increases for higher values of kQ, since the belt structure exhibits larger deformations
that are far more different from the linear ones. That is why, for kQ = 0.75, the linear
solution exhibits again the positive CFs for very thin belts with B/h > 250, whereas the
nonlinear FEM solution has no convergence and predicts a complete collapsing of a belt’s
pipe.

Noteworthy to mention that the analytical model, elaborated in Chapter 5 and also the
FEM models, developed in this chapter, determine the CFs for loaded PBC, considering an
actually empty belt structure, subjected to the external load to reproduce the impact of a bulk
material. However, the actual problem, observed in practice, implies a mutual relation of a
two-component system "belt-bulk", where the stress-strain state of a bulk inside the belt’s
pipe inextricably linked to the stress-strain state of a belt. As a result, it might appear that for
the higher filling degree, the belt filled with the bulk material exhibits smaller deformations
and, as a result, the CFs, compared to the ones predicted by the analytical and the FEM
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Figure 6.23: Comparison of the functional dependences for CFs parameterized according
to Eq. 6.33), obtained using analytical model and also the Beam Simplified
Model (linear and nonlinear analysis) for the PBC loaded with coal. The
results are provided for a) kQ = 0.25; b) kQ = 0.75, whereas qbw/(El) = const
and ρbulkgB/E = const are preserved constant for all the variation range of
B/h.
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models, as the latter actually consider only a belt itself, subjected to the external load.
Summing up for the overall Section 6.6, it is possible to state that the appearance of a

PBC contact loss between the belt and the supporting idler rolls is influenced by the filling
degree kQ of a conveyor cross section and the type of a bulk material transported and also
by the belt’s properties and geometry selected. In order to improve belt’s pipe-ability, the
belt has to be selected in a such a way, aiming to minimize the value of the load ratios
ρbulkgB/E → min and qbw/(El) → min to operate at smaller ratios of the filling degree kQ
(if possible).

Noteworthy to emphasize that the present approach of determining the CFs is limited
to the linear-elastic material of a belt. This implies the small strain limitation for the belt.
The present analysis does not provide the numerical recommendations for this requirement,
leaving it for the future research. However, the limitation of 5% belt strain, accepted as
for the troughability test approach deemed to be consistent for the analysis performed and
suitable for the strain range of a pipe conveyor belt under normal operational conditions (see
Section 3.2).

6.8 Conclusions
This chapter answers the research question on how to determine PB CFs. For this purpose,
the FEM analysis is used. To determine the CFs, three FEMmodels are proposed: the Beam
Simplified Model, the Beam Step Model and the Shell Step Model. In addition, the chapter
provides a comparison of the results, obtained using the experimental approach, performed
in Chapter 4, the analytical approach, developed in Chapter 5, and all the FEM models
elaborated.

The comparison of CFs for the case study in Section 6.5 indicates that the FEM models
(the Shell StepModel and the Beam StepModel) are in close agreement with the experiment.
At the same time, the CFs from the Beam Step Model and the Beam Simplified Model
correlate with each other and also are in agreement with the analytical model. In this case,
it is possible to state that the FEM models and the analytical model are validated with the
experiment for the case study.

The impact analysis performed using the analytical and the FEM models for different
input parameters allows one to conclude that, at certain PBCdesigns, amore simple analytical
model that is more attractive for the practical use determines the CFs with the feasible
accuracy, compared to a FEM solution that is more complex, time consuming, and less
attractive in terms of an application. In addition, the simple analytical model and also the
complex FEMmodels predict a similar dependence trend of CFs parameterized with respect
to the change in input parameters.

The case study comparison in Section 6.5 and also the impact analysis, performed in
Section 6.6.2 for the load from the belt bending stiffness, conclude that it is possible to
represent a belt stress state that appears from folding the belt from a flat shape into a pipe
shape as an additional external load, aiming to determine PBC CFs. For this purpose,
only the expansion concentrated moments Mbst, applied at the belt edges can be used.
Other methods, proposed in Chapter 5, like using distributed expansion load qbst and also
distributed expansion load qbst together with the concentrated forces Q1bst, Q2bst, do not give
satisfactory results.
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Present chapter provides an impact analysis, answering the research questions on which
parameters of a PBC system influence the CFs and what is their effect. For this purpose,
a function dependences between the CFs and the participating PBC design parameters are
derived, using the analytical model as a basis.

For an empty PBC, the functional dependence of CFs parametrized with respect to the
belt’s axial stiffness E A represents a function of a belt slenderness B/h and the load ratio
from the belt weight qbw/(El):

Fn

E A
= f empt

n

(
qbw
El

;
B
h

)
.

For a PBC loaded with a bulk material, in addition to the parameters mentioned, the
functional dependence of CFs incorporates the effect of the ratio from the bulk material load
ρbulkgB/E and PBC cross-sectional filling degree kQ:

Fn

E A
= f loadedn

(
B
h
;

qbw
El

;
ρbulkgB

E
; kQ

)
.

The function of CFs for loaded PBC converges to the dependence for an empty PBC, if
the bulk density and the cross-sectional filling degree are assumed equal to zero.

In general, with the increase of the load parameters qbw/(El) and ρbulkgB/E, the CFs
increase, however at certain combinations of their values, one or more CFs can become
equal to zero (a contact loss). For the linear solution, these parameters have a proportional
effect on CFs parameterized.

The impact of a belt slenderness B/h, i.e. the ratio between the belt width versus the belt
thickness, has a significant effect on CFs and need to be carefully controlled. Despite the
fact that such ratio is a well-known parameter used in mechanics of materials to characterize
the structural behavior (i.e. domination of shear, stretching or bending), conveyor belting
manufacturers do not use this parameter as a criteria for the belt design selection. As a result,
the belts manufactured can exhibit quite a variation for width and thickness dimensions due to
the insufficient requirement for their precision inmanufacturing process. The present chapter
indicates that, in order to ensure sufficient pipe-ability of a conveyor belt, the slenderness
ratio B/h has to be carefully controlled.

The satisfactory design of a belt has to guarantee the operation without a contact loss,
when the belt is empty and also loaded with a cross-sectional filling degree desired (usually
around kQ = 0.5...0.75) with certain margin allowance. The results for CFs obtained in
present chapter allows one to conclude that the weakest position for a contact loss occurs for
a lateral top rolls for CFs F2, or F6. There, the contact loss tends to appear the first. If the
belt’s pipe-ability is deteriorated further, after F2 = F6 become equal to zero, it is possible
to expect the next contact loss at the top roll F1.

The preference for a PBC design selection, aiming to avoid a contact loss and ensure suf-
ficient belt’s pipe-ability, has to minimize the values of the load ratios ρbulkgB/E → min and
qbw/(El) → min. If a conveyor does not exhibit sufficient pipe-ability, especially expected
when a heavy bulk material has to be transported, the belt design can be chosen towards
lighter and transversely stiffer belts with smaller belt width. Moreover, the belt slenderness
has to be taken into account. The extreme values are not preferable, as significantly thick
belts (with approximate B/h < 30) tend to exhibit a contact loss at the position force F2 and
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F6, whereas thin belts (B/h > 130) can fully collapse a pipe with the contact loss with all
three top rolls. In this case, thinner belts with higher ratio of B/h requires higher stiffness
to form a pipe shape. A better pipe-ability is observed for approximate slenderness ratios
(35 < B/h < 75), however the limits can be negotiated, considering the impact of all the
participating parameters together.

The future research has to be focused in performingmore experiments for better validation
of the analytical model for both empty PBC and loaded with s bulk material. In addition,
the numerical recommendations has to be developed for the usage limitation of the present
models (both analytical and the FEM), satisfying 5% small strain for the linear-elastic belt
material assumed.

The present model uses a simplified analytical model and also the FEM models. The
Shell Step model incorporates higher lever of the problem complexity towards the one,
observed in practice. The future research can be focused in investigating the impact of a
more complex effects on CFs using the FEMmodels, by incorporating the presence of a belt
overlap, belt’s nonlinear elasticity, the rheological properties of a belt constituting rubber,
non-uniform design of a belt along the width and also thickness, belt’s orthotropic properties
and effect of a belt tension with respect to the length of a conveyor pitch, actual presence of a
bulk material and its behavior inside the pipe. For all these complex problems, the analytical
model proposed in Chapter 5 can be used as a starting reference point for the validation and
base for the impact analysis for all the numerical models used.

As stated, above, increasing the belt lateral bending stiffness can improve belt’s pipe-
ability. At the same time, high bending stiffness can reason an increase in PBC CFs that
escalate the IRR of a PBC system. The significant IRR affects the energy consumption
of entire conveyor, rebounding in its capital and maintenance costs. The next Chapter 7
determines the IRR of a PBC and investigates which parameters have an effect on the IRR
and how this source of the energy losses can be diminished.



Chapter 7

Indentation Rolling Resistance *

"The Law of conservation of energy tells us we can’t get
something for nothing, but we refuse to believe it".

— I. Asimov, Book of Science and Nature Quotations

As it was mentioned in Chapter 1, one of the major disadvantages of a PBC design is
that this type of a conveyor system exhibits high levels of energy consumption. The major
part of PBC energy losses appears from the IRR. The present chapter provides an approach
to calculate the IRR for PBCs, incorporating a three-dimensional generalized contact model
with multiple Maxwell parameters. The viscoelastic properties of the belt’s rubber are
determined experimentally, using a DMA tests.

The IRR depends not only on rheological properties of belt rubber, but also on a number
of other PBC design parameters and on the CFs, exerted on the idler rolls. the previous
Chapters 4, 5, and 6 introduced a new approach to determine the PBC CFs, whereas this
chapter incorporates these CFs in the indentation contact model. This allows one to trace
how all the participating design parameters of a PBC affect the system’s IRR energy losses.

A PBC belt needs a higher bending stiffness, compared to the conventional trough
belt conveyors, to ensure a stable pipe-ability. The CFs are increased due to the presence
of an additional expansion load from folding a belt from a flat shape into a pipe shape.
The belt’s structural stiffness and the load from the belt’s bending stiffness depend on the
effective modulus of elasticity, determined from the troughability test, as it is recommended
in Chapter 3. This chapter discusses how to design a PBC system aiming to limit the IRR
and not deteriorate the belt’s pipe-ability at the same time.

7.1 Introduction
Chapter 1 indicates that high energy consumption can be considered as one of the major
problems of a PBC system. This disadvantage diminishes the significance of other positive
aspects of a PBC design, like geometrical flexibility of a route and ability to convey “difficult”

*The Chapter is written based on the publications of Zamiralova and Lodewijks [256, 258] Zamiralova et al.
[266]
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bulk materials sustainably in a completely enclosed transport system. The high energy
consumption affects the choice and costs of installation parameters of the conveyor, resulting
in more strong/ heavy/ powerful components. As a result, the overall conveyor system
becomes more expensive.

The energy losses of a conveyor system significantly depends on the rolling resistance
forces. The total rolling resistance force, which is distributed over each roll of the idler set,
represents the sum of the resistance forces due to the rotational inertia of the idler rolls, the
flexural deformation of the material and the belt, and the IRR due to the indentation of the
idler rolls into the belt rubber surface.

The IRR of a PBC is higher than the IRR of a conventional open trough belt conveyor. In
case of the latter, it may already form up to 61% of the total rolling resistance for a horizontal
conveyor [92]. One of the major reasons is that CFs of a PBC, that influences the IRR, are
higher due to the presence of additional expansion load from folding belt from a flat shape
to a pipe shape.

In order to decrease the IRR for PBCs, it is important to quantify the IRR and analyze
which participating PBC design parameters has the greatest influence on this source of the
system’s energy losses, aiming to limit their impact. This allows one to develop recommen-
dations for more efficient design of a PBC that can have less energy consumption from the
IRR being decreased, whereas other advantageous design aspects are not affected.

7.2 Overview and choice of the model
In order to evaluate the IRR for PBCs and obtain accurate results, the correct indentation
model should be selected. The chosen model should be computationally friendly and should
give an appropriate level of accuracy. In general, the existing indentation models, developed
for belt conveyors, can be classified based on the assumptions made to describe the rheology
of the rubber (material model) and the contact deformation (deformation model).

Considering the material model, the indentation phenomenon needs to be explained in
terms of the viscoelastic characteristics. An absolutely elastic material recovers completely
to the initial state, as soon as the stress that caused that deformation is removed. The
belt’s elasticity can be described analytically as a Hookean string with certain stiffness,
denoted here as EM, as shown in Fig. 7.1a. Viscous material, on the contrary, exhibits time
dependence to the strain and can be represented by the dash-pot with a certain damping
factor ηM (see Fig. 7.1b). The body with viscoelastic properties exhibits both viscous and
elastic characteristics when undergoing the deformation. A viscoelastic body comes back to
the initial state with time delay, causing the energy dissipation.

The viscoelastic properties can be represented by a combination of the elastic strings
and viscous dash-pots, using, for example, the simplest Maxwell Model (see Fig. 7.1c) or
equivalent Voight model (see Fig. 7.1d) as a basis. The most popular representation of a
viscoelastic material used for quantifying the IRR for belt conveyors, belongs to the so-called
SLS-model (standard linear solid) with three Maxwell parameters, illustrated in Fig. 7.1e.
The model consists of two strings and one dash-pot, characterized by one relaxation time
equivalent to τ = ηM1/EM1. TheMaxwell model can be expanded by incorporating multiple
(2n + 1) Maxwell components, comprising a Generalized Maxwell Model depicted in Fig.
7.1c) or equivalent Voight model (see Fig. 7.1f.
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Figure 7.1: a) Hookean string representing an absolutely elastic body; b) dash-pot modeling
the material’s viscosity; c) a viscoelastic Maxwell model, consisted of a dash-
pot and a string; d) Voight viscoelastic model; e) three parameters viscoelastic
Maxwell model (SLS-Model); f) viscoelastic Generalized Maxwell Model.

Considering the deformation model, the difference in existing approaches is the way
how the stress-strain characteristics are described in the backing layer of the viscoelastic
belt covers. The simplest approximation used is a Winkler foundation model (see e.g., May
et al. [151], Lodewijks [136, 137]), schematically shown in Fig. 7.2. The model implies
a number of viscoelastic strings placed on the rigid base, like a “mattress”. Each of the
viscoelastic string can be represented by the three-parameterMaxwell Model for the simplest
case or by the Generalized Maxwell Model with multiple Maxwell elements, if needed. The
strings do not interact with each other. As a result the Winkler foundation depicts only the
compression stresses and does not take into account the internal shear. The thickness of the
string mattress layer corresponds to the thickness of a belt’s rubber layer that is in contact
with the idler rolls.

The alternative deformation model used to evaluate the IRR, is the viscoelastic half space
(see Hunter[111]) that represents the material base with infinite thickness (see Fig. 7.2b).
This model takes into account the impact of shear in addition to the compression stress
distribution. The IRR predicted by the viscoelastic half space model appears to be higher
than determined with Winkler foundation.

Using the material and deformation models described, various researchers have deter-
mined the IRR for flat-belt and a conventional open trough belt conveyor (see e.g., Jonkers
[119], Spaans [215], May et al. [151], Lodewijks [136, 137], Rudolphi [199], Rudolphi
and Reicks [200]), pouch (Nuttall [185], Nuttall et al. [186]) and also PBCs (Dmitriev and
Sergeeva [58], Sergeeva [208, 210]).
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Figure 7.2: a) Winkler foundation, consisted of viscoelastic strings; b) the viscoelastic half
space with infinite thickness.

Two of the most commonly used indentation models were developed by Jonkers [119]
and Spaans [215] for a flat-belt and open trough belt conveyors. The researchers prescribe the
indentation force in terms of the vertical load, instead of the geometrical indentation depth.
Both approaches use a three-parameter Maxwell model, and assume that the indentation
strain profile is symmetrical with respect to the central line of the idler and does not depend
on the belt speed. As shown by Lodewijks [136, 137], these assumptions lead to the
overestimation of the total IRR force and does not reflect the actual phenomenon. May et
al. [151] also presented a model for the calculation of the IRR forces by using a 3 parameter
Maxwell model with a single relaxation time using Winkler foundation for the deformation
model. Hunter [111] used a half space plane approach in the description of his indentation
model. This allowed for the inclusion of the creep-response viscoelastic behavior.

Lodewijks [136, 137] developed an approach similar to May et al. [151], and added the
friction correction factor. This factor takes into account Hunter’s model [111] with the shear
stress between adjusted Winkler foundation “matrass” strings. Lodewijks [136, 137] also
used a three-parameter Maxwell model. These three Maxwell parameters were obtained by
approximating the loss and storage moduli of the rubber from the three-point bending DMA
test analysis).

Rudolphi [199], Rudolphi and Reicks [200] used a two-dimensional model with an
expanded generalized Maxwell model. Maxwell parameters were obtained from DMA tests,
by approximating experimental results with Prony series. However, as noted by Lodewijks
[136, 137], a three-parameter Maxwell model, with a single relaxation time, provides a
simple and sufficient description of the contact phenomenon between the idler rolls and a
flat belt.

Wheeler [246] determined the IRR factor for flat-belt conveyors by using a computational
approach with a FEM. Analytical results about the energy losses of the flat belt due to the
IRR were compared with experimental data by means of special recirculating belt conveyor
test facility. The researcher measured the total horizontal force acting on the idler roll due
to the IRR.

Another numerical approach was described by Qiu [192] for a two dimensional vis-
coelastic model. The researcher introduced boundary elements in the computational model
and represented the solution with a set of Fourier series. Coefficients were related to the
viscoelastic shear loss and storage moduli of the rubber. The disadvantage of the numerical
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approach is that the solution for the IRR factor cannot be represented as a compact function
of input parameters explicitly and need to be computed every time for the certain critical
input parameters.

Nuttall [185], Nuttall et al. [186] developed a model to determine the IRR for pouch belt
conveyors. The researchers indicated that the two-dimensional indentation models with one
relaxation time, used to simulate the contact between the roll and flat belt, are not suitable to
reflect the contact model between the curved surface of a rigid idler roll and curved surface of
a viscoelastic belt rubber inherent to pouch belt conveyors. Hence, Nuttall [185], Nuttall et
al. [186] constructed a new three-dimensional contact model with multiple relaxation times
to model different deformation rate at the contact region. For this purpose, the Generalized
Maxwell Model was incorporated. The researchers provided the results for 3 and 7 Maxwell
parameters, which were obtained from the rheological experimental analysis of the storage
modulus, loss modulus and loss factor of the pouch conveyor belt cover rubber.

For PBCs, preliminary values for the dimensionless IRR factor were presented by
Dmitriev and Sergeeva [58], Sergeeva [208, 210]. The researchers used Jonker’s inden-
tation model [119] as a basic approach. As it was mention above, Lodewijks [136, 137]
proved, that this approach comprises an assumption that overestimates the IRR factor. It
assumes that the contact profile is symmetrical and does not depend on the belt speed. In
addition, the Jonker’s model incorporates a tree-parameters Maxwell model with one relax-
ation time, suitable to reflect the contact between the idler roll and a flat belt. However,
for PBCs, a three-dimensional indentation contact model is required, since the viscoelastic
belt, formed into a pipe shape interacts with curved surface of a rigid idler roll cylinder.
Despite the drawbacks mentioned of the approach of Dmitriev and Sergeeva [58], Sergeeva
[208, 210], there is no any other available research study attempted to quantify the IRR of
PBCs. One of the reasons can be that no any research study could appropriately evaluate the
PBC CFs.

Therefore, in order to determine the IRR for PBCs in an accurateway, a three-dimensional
contact model with multiple Maxwell parameters is presented in this chapter. The model
is developed by Nuttall [185], Nuttall et al. [186] for pouch belt conveyors and is adapted
here for PBCs. The CFs needed to determine the IRR are calculated using the approach,
developed in Chapters 4, 5, and 6. The Maxwell parameters are obtained by approximating
the experimental data with Prony series from the tension DMA tests of the pipe conveyor
belt cover rubber with frequency/temperature sweep mode. The indentation contact model
used is described in the next section.

7.3 Indentation contact model
The indentation contact model selected to represent the interaction between the idler roll and
a belt is schematically illustrated in Fig. 7.3. The figure illustrates the idler roll as a rigid
cylinder with radius R1 = Droll/2, rolling over the curved viscoelastic surface of the belt
with radius R2 = R. The variation of the idler roll diameter is provided in Section 2.6 and a
pipe diameter of a belt depends on the nominal pipe diameter of the idler rolls situation in
the station (see Section 2.5.4).

The contact area between a pipe belt and a roll has an elliptical shape. The geometry
of the contact spot indicates, that the contact time depends on the contact width along the



244 7 Indentation Rolling Resistance

Figure 7.3: A three-dimensional indentation contact model between two curved surfaces:
the rigid cylinder (idler roll) and the viscoelastic belt rubber cover (modified
figure from Nuttall [185], Nuttall et al. [186]).

length of the idler roll. That is why the GeneralizedMaxwell Model with multiple relaxation
time suites better, compared to the SLS-model. In case of the latter, the plane profile of a
contact spot has a rectangular shape.

The belt moves with a linear speed v, and is covered with a viscoelastic layer with a
thickness hbot that equals to the thickness of a rubber ply of a belt bottom cover. A rigid
roll with a radius R1, is compressed under the contact load Fz = Fn , and rolls over the belt
cover with an angular frequency $. The force Fn causes is determined according to the
approach in Chapters 4, 5, and 6. The cylinder indents the viscoelastic base with a depth of
z0. The first point, where the rubber and the roll come into the physical contact, is specified
as x = a as a leading edge. At the point x = −b as a trailing edge, the physical contact
between surfaces ends.

As was derived by Nuttall [185], Nuttall et al. [186], the deformation w of the contact
viscoelastic plane with Winkler foundation in three dimensions, can be described as follows:

w(x, y) = z0 −
x2

2R1
−

y2

2R2
, (7.1)

where −b ≤ x ≤ a and x << R1, y << R2. The pressure distribution in the contact plane
can be expressed as:

σ(x, y) =
EM0

2R1hbot
(a2 − x2) +

m∑
i=1

EMi kMi

hbotR1

[
x − a +(a +kMi )

(
1 − exp

(
x − a
kMi

))]
. (7.2)

In Eq. 7.2, parameter kMi equals to kMi = vτi =
vηMi

EMi
, whereas EM0 and EMi denote the

stiffness of springs. ηMi indicates the damping factor in the spring and dash-pot assembly
of the Generalized Maxwell Model, illustrated in Fig. 7.1f.

The geometrical parameters of the indentation viscoelastic contact can be found based
on following considerations. Along the leading edge x = a(y, z0), there is no deformation
yet, so it can be found by setting w (a(y, z0), y) = 0. The function of the trailing edge of
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Figure 7.4: An elliptical contact region, between the belt and idler roll, divided into seven
strips.

the contact spot x = −b(y, z0) can be determined considering that there is no stress after the
idler roll moved away σ(−b(y, z0), y) = 0. The half-length of the contact region c can be
obtained by setting the stress distribution σ(0, c) = 0.

The indentation depth z0, 0 < z0 < hbot, needs to be evaluated in terms of the normal CF,
in particular, satisfying the requirement that already known CFs should be also equivalent
to the contact plane pressure, integrated over the whole area of the contact profile. In other
words, the indentation depth is determined from the following equation:

Fn = 2
c (z0)∫
0

a(y,z0)∫
−b(y,z0)

σ(x, y)dxdy. (7.3)

In the presented formula, the limit under the integral sign is a function −b(y, z0) that
cannot be presented in an explicit form. In order to overcome this problem, the contact plane
is divided into strips, simplifying the integration process of the stress distribution over the
entire contact region (see Fig. 7.4). The step by step calculation procedure to determine the
IRR factor for PBC is provided in the next section.

7.4 Calculation procedure

The following procedure can be used for quantifying the IRR for PBCs:

1). At first, the normal CFs for each roll of the idler set needs to be evaluated, as described
in Chapters 4, 5, and 6. In order to perform the analysis, the initial guess should be set for
the indentation depth value z0 on the interval 0 < z0 < hbot.

2). The half-length c of the contact region, shown in Fig. 7.3 and Fig. 7.4, needs to be
determined by setting the stress distribution σ(0, c) = 0. Therefore,

z0 =
c2

2R2
⇒ c =

√
2R2z0. (7.4)
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3). The contact region with length 2c is divided into strips, as it is illustrated in Fig.
7.4. The necessary number of divisions should be determined by balancing between the
calculation time consuming and the level of accuracy desired.
Figure 7.4 shows that the number of strips was m = 7. As was stated by Nuttall [185],
Nuttall et al. [186], this number of elements shows acceptable accuracy.
After dividing the contact area, the values of the y-coordinates of the centerlines of an each
strip for the half-length equal:

y1 = 0; y2 =
2c
m
; ...; yp =

6c
m
, (7.5)

where p = (m + 1)/2 for odd number of m.

4). After the position of y-coordinates of the strips are determined, the x-coordinates of the
leading edge function for the centerlines of each strip need to be evaluated. Along the edge
x = a(y, z0) there is no deformation, in this case,

w(a(y, z0), y) = 0 ⇒ a(y, z0) =

√
2R1

(
z0 −

y2

2R2

)
. (7.6)

Substituting the values of y1, y2, . . . , yp , provided in Eqs. 7.5 into Eq. 7.6, the corresponding
values of the leading contact edge ap (yp, z0) can be found for each strip. For the first strip,
a1 equals:

a1 =

√
R1(c2 − y12)

R2
. (7.7)

Analogically, the rest a2, a3, ...ap are determined.

5). Analogically, the calculation of the x-coordinates of the trailing edge as a function
x = −b(y) can be performed for the centerlines of each strip. They can be evaluated,
considering that there is no contact stresses in the viscoelastic body, after the belt passed the
indentation contact position with the idler roll. This means that σ(−b(y), y) = 0. From this
equation, the x-coordinates of trailing edge can be found for each strip. For the first strip it
equals:

b1 ⇐
EM0
2R1h

(a12 − b12) +
m∑
i=1

EMi kMi

hR1

[
−b1 − a1 + (a1 +ki )

(
1 − exp

(
−

b1 + a1
kMi

))]
= 0. (7.8)

The rest b2, b3, ..., bp are found in analogical way.

6). The normal CFs, denoted here as Fcalc
n (z0) for each idler roll, can be evaluated by

integrating the function of the contact stress over the entire contact region according to
Eq. 7.3. For quantifying the value, the integration operator in Eq. 7.3 is replaced with an
equivalent summation mathematical operator. For odd number of strips m, Eq. 7.3 can be
transformed into the following form:

Fcalc
n (z0) = 2



∆y

2

a1∫
−b1

σ(x, y)dx + ∆y
p∑
j=2

a j∫
−b j

σ(x, y)dx

, (7.9)

where ∆y = 2c/m.
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7). On other hand, the CF Fcalc
n (z0) should be equivalent to the value Fn , determined using

PBC design parameters following the approach, developed in Chapters 4, 5, and 6 for each
corresponding idler roll. The correct value of the indentation depth z0, 0 < z0 < hbot, can
be found from following equation:

Fn − Fcalc
n (z0) = 0. (7.10)

The solution of Eq. 7.10 can be obtained using a numerical method of a root-finding
algorithm. The present approach utilized the secant method with the approximating function
f (z0) = Fz−Fcalc

z (z0). However, any other analogical numerical algorithm can be employed
for that purpose. The root-searching iteration of z0 repeats, until the accuracy of the
convergence reaches 10−4 precision.

8). After the correct value of the indentation depth is found, the x-coordinates of the leading
and trailing edges (−b1; a1), (−b2; a2), ..., (−bp ; ap ) need to be finally recalculated for each
dividing strip. This operation is carried out again using Eqs. 7.6-7.8.

9). The torque My from the asymmetric pressure distribution about the centre of the roll
in the indentation contact region can be evaluated from the following expression:

My = 2
c∫
0

a(y,z0)∫
−b(y,z0)

x · σ(x, y)dxdy. (7.11)

The rolling IRR force Findn at each n-th roll of the idler set depends on that resistance torque:

Findn =
My

R1
. (7.12)

Replacing the integration operator with the equivalent summation with respect to the entire
contact region, Eq.7.12 can be rewritten for all seven dividing strips:

Findn =
2
R1



∆y

2

a1∫
−b1

xσ(x, y)dx + ∆y
p∑
j=2

a j∫
−b j

xσ(x, y)dx

. (7.13)

10). Eventually the dimensionless friction factor from the IRR f ind can be quantified. In
general for each idler roll, it represents the ratio between the resistance force Findn and the
CFs Fn , caused that indentation, i.e.:

f indn = Findn/Fn . (7.14)

After a number of transformations, performed over entire step procedure using only the
mathematical forms of formulas, it becomes possible to express the indentation friction
factor, provided in Eq. 7.14, as a following general function:

f indn =
Fn

1/4hbot1/4

R1
5/8R2

1/8 ΥPBC

(
kMi

ap
;

bp

ap
; EM0; EMi

)
, (7.15)

whereΥPBC ia a certain function of Maxwell parameters and the x-coordinates of the leading
and trailing edges in the contact profile.
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For the entire PBC system, it is possible to expect that the overall average friction factor
should represent the ratio between the sum of the resistance forces, determined for all six
rolls in the idler station divided by the sum of the CFs causing that IRR:

f ind = *
,

6∑
n=1

Findn+
-
/ *

,

6∑
n=1

Fn
+
-
. (7.16)

However, to understand the energy losses from the IRR of a PBC system, it is more informa-
tive to evaluate the friction factor according to DIN 22 101 [45] as a ratio between the sum
of all six resistance forces, determined at the idler set, divided by the “useful” loads from
the belt and bulk material weight. The “useful” loads mean the loads that the conveyor is
actually developed for its transportation. The friction factor equals:

f DINind =

6∑
n=1

Findn

qbwB + Fv
bulk

, (7.17)

where the total belt weight is expressed via belt line mass qbw, distributed along the belt
width B. It can be actually expressed via the area-related belt mass m′′belt as given in Eq.
2.13. The total weight of a bulk material Fv

bulk can be evaluated based on the Eq. 6.22 and
depends not only on the bulk material density, but also on the filling degree kQ of a PBC
cross-section.

The analysis of the indentation contact model described indicates that it is logical to
expect the IRR friction factor, determined for PBCs to be higher than the IRR of a trough
and a flat-belt conveyor. The possible reasons that can potentially cause the increase of the
IRR are: a) a three-dimensional contact profile between two curved surfaces of a belt and
idler rolls, compared to a flat-to-flat surface indentation contact for a trough and flat-belt
conveyors; b) six rolls are used in the idler assembly for a PBC instead of the conventional
three-roll station or a one roll for a flat belt; c) the CFs that influence the IRR forces are
higher for PBCs due to the presence of an additional load from belt bending stiffness.

Noteworthy to mention that for conventional trough belt conveyors, the load from the belt
bending stiffness is insignificant, since the belt develops the deformations from bending with
small curvature. In this case, the impact of the load is not included neither in the dominator
of the friction factor in Eq. 7.17, nor among the “useful” loads in the denominator of Eq.
7.17.

As for PBCs, Chapter 6 shows that this load can have a significant effect on CFs and
ultimately on the corresponding resistance forces, especially for belts that are very stiff
in lateral direction. Since the impact of that load is not included as a “useful” load in
denominator of Eq. 7.17, whereas the resistance forces encompass its effect, it is reasonable
to expect that the friction factor f DINind , determined fromEq. 7.17 is much higher, compared to
the factor f ind , determined according to Eq. 7.16. Moreover, the higher the effective modulus
of elasticity of a belt in lateral direction, the higher difference between these friction factors
may be expected.

After the indentation model used is described and the corresponding energy losses
are evaluated with the friction factors f ind and f DINind , the Maxwell parameters need to be
determined. This is done by performing the DMA experimental testing with the pipe
conveyor belt cover rubber, as elucidated in the next section.
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7.5 Determining Maxwell parameters
Maxwell parameters of a viscoelastic material can be determined only via experimental
testing. The rheological tests need to provide a quantified physical characteristics that can
reflect the material’s ability to recover back to initial state with a time delay when the
periodical load or deformation are applied to the material and removed.

The oscillatory experiments with varying sinusoidal stress and strains are called DMA
tests. The storage modulus E ′, the loss modulus E ′′, and the loss factor tan δ become the
viscoelastic output characteristics measured during these tests.

7.5.1 Loss and storage moduli
When the oscillating periodical strain is applied to a sample during the DMA test, the stress
developed in the material tested and its phase with respect to the strain dependence becomes
the purpose of the analysis (see Lodewijks[140]). For instance, the strain applied during
DMA test follows the sinusoidal law (see Fig. 7.5):

ε = ε0 sin($t), (7.18)

where ε is an instant strain applied at the moment of the measurement, ε0 is an initial strain,
$ is frequency of the strain oscillation with respect to time t.

As mentioned by Lodewijks[140], Gent [81], absolutely elastic material exhibits the
resultant stress response in the same phase as a strain, having similar sinusoidal characteristic
(zero phase angle), as illustrated in Fig. 7.5:

σ = σ0 sin($t). (7.19)

The stress response of the viscous material exhibits a periodical stress dependence,
however with the difference in phase angle of δ = π/2 (see Fig. 7.5), constituting the

Figure 7.5: Instant stress characteristic as a response to an oscillating sinusoidal strain for:
a) elastic material; b) viscous material; c) viscoelastic material, characterized
by the lag in the dependences.



250 7 Indentation Rolling Resistance

following:

σ = σ0 sin = ($t + π/2) = σ0 cos($t). (7.20)

Taking into account that viscoelasticmaterial exhibits both elastic and viscous properties,
the resultant stress functional dependence as a response to a sinusoidal oscillating strain
exhibits similar periodical function with intermediate phase angle δ, compared to the critical
values of elastic and viscous materials:

σ = σ0 sin($t + δ). (7.21)

The storage modulus E ′ characterizes the elastic measure of the rehologocal properties,
whereas the lossmodulus E ′′ signifies the viscous part. The ratio between the loss and storage
moduli constitutes the loss factor (or phase factor) δ, representing the energy dissipation
during each load cycle. These three rheological characteristics equal:




E ′ =
σ0
ε0

cos δ;

E ′′ =
σ0
ε0

sin δ;

tan δ =
E ′′

E ′
.

(7.22)

As mentioned by Lodewijks[140], the oscillating strains can be applied during the
rheological DMA tests in tensile, bending (three point bending or dual cantilever), and
compression modes. The selection of the loading mode and frequency range should be
consistent with the physical range of the exploitation of that viscoelastic material tested.

In addition, it is important to take into account the observation, drawn by Lodewijks[140]
from the analysis of the rubber datameasured during theDMA tests. Lodewijks[140] showed
that the viscoelastic dynamic/mechanical properties for loss and storage moduli, as well as
for loss factor, obtained for the same rubber and for the same mode of DMA testing, but
obtained from the different machines, could exhibit difference in the results. This could
yield to the deviation in energy losses calculated as an output and the ultimate value of the
IRR factor, drawing attention to the sensitivity of the rheological characteristics measured
during the experiment. This could yield to the deviation in energy losses calculated as an
output and the ultimate value of the IRR factor. This indicates that, despite the fact that
the rheological characteristics measured during the test are intrinsic properties, they exhibit
significant sensitivity to the way the DMA test is performed.

7.5.2 Dynamic Mechanical Test
In order to determine the viscoelastic Maxwell parameters of PBCs, the rheological behavior
of the pipe conveyor belt cover rubber was studied via a dynamic mechanical laboratory test.
The laboratory experiment was performed by using Dynamic Mechanical Analyzer DMA
Q800 of TA-instruments with tensile setup equipment. The DMA apparatus set up is
illustrated in Fig. 7.6.

For the experiment, a sample of a PBC cover rubber was used. The dimensions of the
sample were determined by measuring them at three locations and then finding the average
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Figure 7.6: Dynamic Mechanical Analyzer Q800 performing the temperature-frequency
sweep for a rubber sample designated for PBC belt cover. The liquid nitro-
gen was used to achieve the temperature inside the testing chamber below the
room temperature.

value for each sample side. Ultimately, the sample dimensions constituted (22.58 × 9.07 ×
2.20) mm.

The DMA measurements were conducted for a temperature range of −80◦C to 80◦C.
In order to cool the sample below the room temperature, the liquid nitrogen was used to
decrease the ambient temperature inside the testing chamber. An oscillating tensile strain
was applied to the sample and the stress was measured in the rubber tested. At the same
time, the sample was heated with 1◦C/min during continuous frequency sweeps between
0.32 and 60 Hz were applied. Each frequency sweep required about one minute, so one
frequency sweep was achieved per one Celsius degree.

The advantage of this characterization procedure is that this type of test mode provides
more data during the glass transition of the rubber and offers a more detailed master curve
based on the frequency-temperature superposition principle.

The viscoelastic properties, characterized by the dependence of the storage modulus E ′,
the loss modulus E ′′, and the loss factor δ were measured versus the strain frequency and the
ambient temperature. The glass transition temperature of the rubber for certain frequencies
can be detected as a sudden decrease of the storage modulus or the peak of the [81, 140].
Gent[81] states that the glass transition happens at the temperature when rubber segments
move very slowly (∼ 0.1s−1), and the material behaves like a rigid glass.

Figure7.7a shows a plot of the storage modulus versus temperature at six different
frequencies. The glass transition region is between −60◦C and -20◦C during which the
modulus decreases by a factor of 30 to 40. At -70◦C the full glassy plateau is not yet reached
and storage modulus varies between 500 and 900 MPa. Figure 7.7b shows the curve of
the DMA measurement as a direct measure of the energy dissipation. For instance, the
dissipation pick of the loss factor, detected at the frequency of 1 Hz, appears at -53◦C glass
transition temperature.
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Figure 7.7: The experimental data for temperature-frequency sweep, obtained from DMA
test for: a) storage modulus E ′, E ′′, and b) the loss factor tan δ.

7.5.3 Data interpretation
The Maxwell parameters needed for the IRR model in Section 7.3, can be found by approxi-
mating the experimental data of the viscoelastic characteristics E ′, E ′′, and tan δ, measured
from DMA test.

For this purpose, first of all, the data analysis needs to be conducted by interpolating the
measurement data to a fixed and equidistant temperature scale. The results should be plotted
versus frequency, as it is shown in Fig. 7.8. The highest data points are taken at the lowest
temperature and vice versa.

Based on the principle of the frequency-temperature superposition (see Williams et al.
[250], Gent [81]), the so-called master curve can be constructed. When a logarithmic scale
is used for the frequency axis, one of the curves for certain temperature needs to be selected
as a reference curve. The other interpolated curves for the next temperatures are shifted
along the frequency axis until the distance between the shifted points and the reference curve
points are minimum. The lateral shift factor aT depends on the temperature T and follows
the Williams-Landel-Ferry (WLF) equation, described by Williams et al. [250]:

log(aT) =
C1T(T − Tref )

C2T + (T − Tref )
. (7.23)

In Eq. 7.23, C1T, C2T are the WLF constants, and Tref is a reference temperature, with
respect to which other temperature curves are shifted.

A frequency-temperature superposition principle, as stated by Ferry [72], Gent [81],
implies that frequency change is completely equivalent to a change in temperature or time.
A measurement at one temperature can be applied at other temperatures, which allows
the data to be inter- and extrapolated to temperature and frequency levels that were not
accessed during the measurement process. The graph displayed in Fig.7.9a represents the
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Figure 7.8: Storage modulus E ′ interpolated versus frequency for different temperatures.

resultant master curve, formed for the reference room temperature Tref = 20◦C, whereas
Fig. 7.9 illustrates the corresponding shift factor function aT applied for the master curve
interpolation.

In order to obtain the Maxwell parameters for the viscoelastic generalized Maxwell
model, illustrated in Fig. 7.1e, the master curves data the storage E ′ and loss E ′′ moduli are
approximated with a Prony term series, as it was recommended, for instance, by Ferry [72]:

E ′($) = EM0 +

m∑
i=1

EMi$
2τi

2

1 +$2τi2
; (7.24)
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Figure 7.9: a) A master curve for storage modulusE ′, constructed for the reference temper-
ature Tref = 20◦C and b) the corresponding shift factor function aT.
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E ′′($) =
m∑
i=1

EMi$
2τi

2

1 +$2τi2
, (7.25)

where $ is the frequency of the strain application; EM0, EMi represent the stiffness of the
elastic strings of the generalized Maxwell model, shown in Fig. 7.1e; τi = ηMi/EMi is the
relaxation time of the viscous dampers with damping factor ηMi (see Fig. 7.1e).

Figure 7.10 shows the master curve for reference temperature Tref = 20◦C, approximated
using 7 and 13 Maxwell parameters of the Prony series. These Maxwell parameters are
used further to evaluate the IRR for PBCs. In addition, 3 Maxwell parameters, determined
experimentally by Lodewijks [136, 137] for SLS-model, are also used for the comparison to
evaluate the PBC IRR.

The number of theMaxwell parameters essentially determines the accuracy of the master
curve approximation. The more Maxwell parameters used for the approximation, the better
the data fits the master curve. However, an increase of the number of theMaxwell parameters
significantly increases the computation time of the indentation depth and the total energy
losses from the IRR. That is why it is important to find the optimum between the sufficient
accuracy of the approximation and the computational time.

The resultant IRR friction factors, determined using 3, 7 and 13 Maxwell parameters
will be compared in Section 7.6.1, indicating how the number of the Maxwell parameters
selected for viscoelastic master curve approximation influences the resultant energy losses
for a PBC system. In addition, the impact of PBC design parameters on the IRR is also
analyzed.
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Figure 7.10: Master curve of the storage modulus E ′, constructed with respect to the refer-
ence room temperature Tref = 20◦C and its Prony series approximation with 7
and 13 Maxwell parameters.
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7.6 Results
In order to perform an impact analysis and to evaluate how the participating PBC design
parameters influence the IRR, it is important to consider the general functional dependence,
derived in Eq. 7.15 for one roll in the PBC idler set. Based on this function, it is possible to
state that the IRR for one roll depends on the CF Fn , the thickens of the bottom rubber cover
hbot, the radii of the idler roll R1 and the belt’s pipe R2, and the rubber rheology, represented
by the Maxwell parameters.

The present analysis investigates only how the design parameters that participate in the
loads of PBC CFs, determined in Chapter 4, 5, and 6, influence the IRR. In addition, the
effect of a number of Maxwell parameters selected in Section 7.5 to approximate the rubber
viscoelasticity, needs to be analyzed and selected.

For this purpose, a numerical example is used to quantify the IRR friction factor.
The following input data for the PBC system are assumed in the simulation. For the
reference, some of the belt parameters inherent to the Sample 3, provided in Table 4.9 are
accepted. The belt has width equivalent to B = 1.20067m and the overall structural thickness
h = 0.01682m. The thickness of the bottom ply of the cover rubber, participating in the IRR
phenomenon, constitutes hbot = 0.003m. The carry spacing of the PBC system is assumed
equal to lc = lr = 1m. The area-related belt mass is assumed equal tom′belt = 20.209kg/m2,
proportionally as if the belt Sample 3, described in Table 4.9 would be 1 m long.

The pipe diameter is assumed equal to a nominal pipe diameter D = Dnom = 0.4m. The
diameter of the idler rolls is selected according to the product specification of an idler rolls’
manufacturer [201] equivalent to 0.108 m with respect to the nominal pipe diameter. In this
case, the indentation phenomenon appears between the two curved surfaces, characterized
by the curvature R1 = Droll/2 of the rigid roll and curvature R2 = R = 0.2 m of the belt
viscoelastic belt, formed into a pipe shape.

At first, it is assumed that conveyor is designated for transporting coal with density
ρbulk = 850kg/m3. The other properties are described in Section 2.4. The conveyor is
operated empty, and also loaded with bulk material with the cross-section filling degree
kQ = 0.25, 0.5, and 0.75 (see for the reference Section 2.3.3). Later on, the IRR is evaluated
for other types of a bulk material. The CFs were evaluated using numerical solution of the
Beam SimplifiedModel, described in Chapter 6 and in Appendix C for the same given design
parameters and loading conditions. These CFs are needed in the IRR model described in
Section 7.4, to determine the indentation depth and the IRR friction factor.

In the presented simulations the number of strips dividing the elliptical contact region
in plane is chosen equal to m = 7, as selected in the example (see Fig. 7.4). For all cases,
the IRR friction factor is determine for different belt speeds v, varying it in the range from
0 to 10m/s, as defined in Section 2.3.2.

It is important to emphasize that diameter of the pipe is assigned, assuming belt geometry
as an open pipe shape without an overlap. This was made consistent with the approach,
developed in Chapter 4 and Chapter 5 to evaluate the PBC CFs. However, the indentation
model, described in Section 7.3, does not take into account the indentation contact of belt
edges, both interacting with the top roll with CFs F1

′ and F1
′′. For the belt top roll only

CF F1 was used. The influence of the repulsion CFs N1
′ and N1

′′ of contacting viscoelastic
belt edges is not included in the model either. This can cause certain difference in the IRR
friction factor, and the results presented become an approximation. At the same time, the
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indentation model presented in Section 7.3 is perfectly suitable for actual PBCs with the
cross-sectional geometry of a belt folded into a pipe shape overlap. In this case, the radius
R2 = Dnom/2.

7.6.1 Impact of a number of Maxwell parameters

Figure 7.11 illustrates the difference of the IRR factor with 75% filling ratio of the cross
section of the pipe, obtained for 3 (according to Lodewijks [136, 137]), 7 and 13 rheological
Maxwell parameters versus the speed of the pipe conveyor belt.

In general, it can be observed thatwith the increase of a belt speed, the IRR increases. This
appears due to the fact that with the increase of an oscillating frequency of a load application,
the viscoelastic rubber after deformation from rigid idler rolls does not have sufficient time
to recover back before the next idler station. The dependence obtained correlates with the
conclusions, received by Lodewijks [136] for flat and trough belt conveyors.

The IRR friction factor f ind, evaluated using Eq. 7.16, is shown in Fig. 7.11a. The
factor, determined according to DIN 22 101 [45] standard by means of Eq. 7.17 is presented
in Fig. 7.11b. The difference between the results due to the selection of the formula for
evaluating the friction factor is explained and discussed in the next section.

A comparison of the data, presented in Fig. 7.11, shows that the increase of the number
of the Maxwell parameters decreases the values of the IRR factor. This is caused by the
fact that, for representation of the deformation of the elliptical surface between belt and roll,
shown in Fig. 7.11, the model with 3 Maxwell parameters is not capable to sufficiently
differentiate between the deformation rates varied over the ellipse contour. As a result, the
model becomes stiffer and overestimates the IRR. This observation is consistent with the
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Figure 7.11: The IRR friction factor, determined for the same PBC, loaded with coal with
the cross-sectional filling degree kQ = 0.75 and evaluated according to a) Eq.
7.16 and b) Eq. 7.17 as recommended by the DIN standard. The results are
obtained using 3 (selected for the comparison from Lodewijks [136, 137]), 7,
and 13 Maxwell parameters.
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Figure 7.12: a) The indentation depth z0, determined for each idler roll in the set and b)
the difference of the IRR friction factor, evaluated using Eq. 7.16 and Eq.
7.17. The results are obtained using seven Maxwell parameters for empty PBC
versus belt speed varied.

results no matter which equation is used for evaluating the IRR friction factor.
At the same time, it is important to take into account that the increase of a number

of the Maxwell parameters significantly increases the computational time. Seven Maxwell
parameters seem to provide a sufficient precision of the IRR friction factor and acceptable
time consumption for its computing. The rest of the graphs, presented further in the next
sections are obtained using seven Maxwell parameters only.

7.6.2 Impact of a cross-sectional filling degree

At first, the results are obtained for an empty PBC without bulk material. Figure 7.12
illustrates the indentation depth and the IRR friction factor. The latter is determined using
Eq. 7.16 and also Eq. 7.17 for the same input parameters. The results are obtained for
seven Maxwell parameters, determined experimentally from the DMA test, as described in
Section 7.5.

The indentation depth, shown in Fig. 7.12a, is evaluated from the PBC CFs by applying
the numerical algorithms to solve Eq. 7.10. The results are presented for each CFs in the
idler set, illustrated in Fig. 4.1 with corresponding numeration. As it can be seen, the
indentation depth gradually decreases with the increase of the belt speed, as at higher speeds
and thus at higher deformation rates, the belt behaves stiffer. The highest indentation depth
is detected for the lateral bottom rolls, since the corresponding CFs F3 = F5 are the largest,
even compared to the bottom roll F4. At the same time, the smallest indentation depth
appears for the lateral top roll in the least loaded position, characterized by the smallest CFs
F2 = F6.

Figure 7.12b shows the dependence of the IRR friction factor with respect to the belt
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Figure 7.13: The IRR friction factor, determined for the same PBC, loaded with coal with
the cross-sectional filling degree kQ = 0.25 0.5, and 0.75, according to a) Eq.
7.16 and b) Eq. 7.17 as recommended by the DIN standard. The results are
obtained using seven Maxwell parameters.

speed varied. As it can be seen, the energy losses, determined from Eq. 7.17 according
to the logic of DIN 22 101 [45] are excessively high, compared to the IRR friction factor
evaluated from Eq. 7.16.

As it was proposed in Section 7.4, the DIN-standard, developed for trough belt conveyors,
accounts the IRR friction factor as a sum of the resistance forces, divided into the “useful”
conveying load that is weight of a belt and bulk material. This logic is suitable for trough
belt conveyors, when the impact of a belt bending stiffness on CFs is insignificant. For
PBCs, the impact of an additional load from folding the belt from a flat shape into a pipe
shape is substantial. However, it is not incorporated in the denominator of Eq.7.17, whereas
the resistance forces in the numerator are significantly increased.

As for Eq. 7.16 that evaluates the friction factor as a sum of the resistance forces divided
to the sum of the CFs, that caused the resistance, the presence of an additional load from
belt bending stiffness is taken into account in both parts of the fraction. That is why Eq.
7.17 yields to very high friction factor values, whereas Eq. 7.16 gives reasonable results in
the right amount of order, similar to those measured in the field.

Figure 7.13 shows the results for the rolling friction coefficient f ind for the 25%, 50% and
75% filling ratio of the PBC cross section, evaluated again using Eq. 7.16 and also Eq. 7.17.
If the friction factor is estimated according to Eq. 7.16 (see Fig. 7.13a), the growth of the
load due to the filling degree of the PBC causes increase in the energy losses, since the CFs
and corresponding resistance forces are higher. However, if the friction factor is calculated
according to DIN-standard (see Fig. 7.13b), the results lead to the opposite observation.
This can be explained again by the fact that the impact of the load from belt bending stiffness
is ignored in the denominator of 7.17. With the increase of the filling degree, the “useful”
bulk material weight increases in the denominator of the fraction, whereas the impact of the
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load from belt bending stiffness on resistance forces remains the same.
In other words, Fig. 7.13b shows that operating a PBC without bulk material or with

small loading conditions (kQ = 0.25) is less efficient, compared to higher filling degree
kQ = 0.5 and kQ = 0.75, due to the presence of additional energy losses from additional
expansion load that appears from folding the belt from a flat shape into a pipe shape. To
justify a PBC installation, the higher filling degree loading conditions are more preferable.

7.6.3 Impact of transported bulk material
All the graphs presented in the previous sections for the PBC loaded are obtained for coal
as a bulk material transported. In order to analyze, how different bulk material influences
the energy losses from the IRR, the results are obtained and compared, as if the same
PBC is used for transporting iron ore and also wood chips. These two types of a bulk
material are selected in Section 2.4 as the critical representatives for the heaviest (iron ore
with ρbulk = 3000 kg/m3) and the lightest (wood chips ρbulk = 200 kg/m3) bulk solids.
For these bulk materials, the CFs are evaluated using nonlinear solution of the Beam
Simplified numerical model. The properties of a bulk material (dynamic angle of repose
and internal friction angle), needed for CFs, can be found in Section 2.4.2 and Section 2.4.3,
correspondingly.

Figure 7.14 provides the results for the IRR friction factor, obtained using Eq. 7.16 and
Eq. 7.17 for the same filling degree kQ = 0.75. As it can be seen, the heaviest bulk material
causes higher CFs, that in turn generates higher resistance forces. This is in agreement with
the results, obtained based on Eq. 7.16, shown in Fig. 7.14a. Figure 7.14b shows that
heavier bulk material increases the “useful” load in denominator of Eq. 7.17, whereas the
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Figure 7.14: The IRR friction factor, determined for the same PBC, loaded with coal, iron
ore, and wood chips with the cross-sectional filling degree kQ = 0.75 and
evaluated according to a) Eq. 7.16 and b) Eq. 7.17 as recommended by the
DIN standard. The results are obtained using seven Maxwell parameters.
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role of the belt bending stiffness becomes less influential for the resistance forces. As a
results, the friction factor, estimated based on the DIN formula Eq. 7.17, is higher for the
lighter bulk solids (wood chips in present case).

7.6.4 Effect of a belt mass and effective modulus of elasticity

In order to investigate the effect of a belt mass on the IRR friction factor, the results are
obtained when the reference are-related distributed line mass is double-increased 2m′belt and
also half-reduced m′belt/2. Figure 7.15 illustrates the resultant graphs for the IRR friction
factor versus belt speed next to the similar reference dependence, obtained for m′belt. The
IRR friction factor is determined using Eq. 7.16 and also as it is recommended by the DIN-
standard in Eq. 7.17. The values are received for PBC, loaded with coal with kQ = 0.75
cross-sectional filling degree.

The analysis of the graphs shows the similar tendency in the results, as it was obtained
in previous sections. In particular, with the increase of a belt line mass, the IRR friction
factor f ind, estimated according to Eq. 7.16 increases, since the CFs become higher. At the
same time, if the Eq. 7.17 is used for evaluating the IRR friction factor, the same resistance
forces generate an opposite dependence: with the increase of a belt mass, f DINind decreases,
since the denominator in Eq. 7.17 inherits higher value.

Similar trend can be observed in Fig. 7.16, if, instead of a belt’s line mass, the effective
modulus of elasticity is changed, in particular, the results are obtained, if the reference value
of E is double increased 2E and half reduced E/2. The difference between f ind and f DINind
significantly grows for higher values of E. This again can be explained that substantial
values of effective modulus of elasticity means higher load from belt bending stiffness. The
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Figure 7.15: The effect of a belt line mass on the IRR friction factor, determined for PBC,
loadedwith coalwith the cross-sectional filling degree kQ = 0.75 and evaluated
according to a) Eq. 7.16 and b) Eq. 7.17 as recommended by the DIN standard.
The results are obtained using seven Maxwell parameters.



7.6 Results 261

latter increases the CFs that in turn reasons in greater rolling resistance forces.
Since Eq. 7.17 does not include the load from belt bending stiffness as a “useful”

load together with the belt and bulk material weight in the denominator of the fraction,
f ind exhibits dramatic increase in the results. The effect exacerbates for PBC with highest
values of f DINind detected for 2E, since the denominator is minimal. Equation 7.16, on the
opposite, includes the presence of a load from belt bending stiffness in both nominator and
denominator of the fraction f ind, and the results have reasonable values that correlates with
ones observed in practice.

The analysis of the input parameters indicates that the effect of a load from belt bending
stiffness has to be included among “useful” loads, if DIN formula is used. Otherwise,
the friction factor evaluated inherits significant values that do not correspond to the ones
used in practice. Moreover, the load from the belt bending stiffness is needed to preserve
a stable enclosed pipe shape and justifies the selection of a PBC for the installation over a
conventional trough belt conveyor.

In general, as it was shown in previous sections, if the IRR friction factor is determined
according to Eq. 7.16, the energy losses of a PBC from the IRR will increase, if the
participating load design parameters (cross-sectional filling degree, bulk density, belt weight
and its effective modulus of elasticity) causes an increase of PBC CFs. In addition to CFs,
based on the Eq. 7.15, derived in Section 7.4, the IRR friction factor can be also diminished
by changing geometry of a belt and idler rolls, for instance, by selecting smaller thickness
of the bottom rubber cover and also using larger diameters of the idler rolls and belt’s pipe.

During the design selection, it is important to balance between the low IRR and the
belt’s pipe ability, as some of the design parameters can cause a decrease of the IRR, but
can reason a contact loss and even collapse of a belt’s pipe. The collapsed belt can cause a
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Figure 7.16: The effect of a belt line mass on the IRR friction factor, determined for PBC,
loadedwith coalwith the cross-sectional filling degree kQ = 0.75 and evaluated
according to a) Eq. 7.16 and b) Eq. 7.17 as recommended by the DIN standard.
The results are obtained using seven Maxwell parameters.
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spillage of a bulk material and loose an ability to provide a completely enclosed transport
system being a major PBC design advantage over the open trough belt conveyor.

7.6.5 Comparison with trough belt conveyor

In order to compare the energy losses of a PBC from the IRR with respect to a conventional
trough belt conveyor, the condition of the same capacity is used for the reference.

Both PBC and the trough conveyor are transporting the coal. PBC is filled with 75% of a
cross section and is operated with belt speed varied up till 10 m/s. The trough belt conveyor
selected for the comparison has the same capacity and the same belt speed variation. The
equivalence in capacity is achieved by selecting a wider belt. The belt mass and other
parameters of the trough belt conveyor are selected in such a way that the total vertical load
from belt weight and bulk material remain the same as for PBC, i.e., qbwB + Fv

bulk = const.
The values for the IRR friction factor for the open trough belt conveyor are obtained using
approach of May et al. [151] and three Maxwell parameters, determined by Lodewijks
[136, 137].

Lodewijks [136, 137] proposed a general functional dependence formula for indentation
model, developed by May et al. [151] that characterizes the IRR friction factor for one
idler roll in a flat-belt and also trough belt conveyor. The function is derived using SLS-
viscoelastic model with three Maxwell parameters EM0, EM1, and ηM1 (see Fig 7.1e) and
can be expressed in the following form:
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Figure 7.17: The IRR friction factor for PBC and for conventional open trough belt conveyor
versus belt speed, evaluated according to DIN standard (see Eq. 7.17). The
CFs for trough belt conveyor are determined for the same conveyor capacity
Qc, bulk material (coal), and the same vertical loads qbwB + Fv

bulk = const, as
for kQ = 0.75 filling degree of a PBC.
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f May
ind =
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1/3hbot1/3

R1
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(
kM1
a

;
b
a
; EM0; EM1

)
. (7.26)

Here, ΥMay is a certain function of x-coordinates of the leading and trailing edges a and b
in a contact square indentation contact profile, and viscoelastic Maxwell parameters.

As for PBC, Eq. 7.15, derived in Section 7.4 for one idler roll, has a similar dependence.
If three Maxwell parameters are involved, it reduces to the following function:

f indn =
Fn

1/4h1/4

R1
5/8R2

1/8ΥPBC

(
kM1
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;
b
a
; EM0; EM1

)
. (7.27)

Comparing the results for a PBC and a trough belt conveyor for the particular input
parameters and the same values of CFs, the IRR of a PBC obtained is always larger than for
trough belt conveyor.

Considering the IRR energy losses for entire conveyor systems, Fig.7.17 illustrates
the results of the IRR friction factor, evaluated using the Eq. 7.16 and according DIN
recommendations in Eq. 7.17. As for trough belt conveyor, only DIN f DINind was used.

As it can be seen, even for three Maxwell parameters, the IRR friction factor of a PBC
is much higher than the IRR of an open trough belt conveyor. The difference increases with
the increase of a belt speed. Considering the practical variation range of a conveyor belt
speed up till 6 m/s, established in Section 2.3.2, f ind of a PBC (see Eq. 7.16) is 2.16 times
higher than the indentation friction factor of a trough belt conveyor, whereas for v = 6m/s, it
increases and becomes ≈ 2.85 times higher than for a PBC.

7.7 Conclusions
This chapter answers the research question, established in Chapter 1 on how to to determine
the energy losses of a PBC system from the IRR and how the load parameters in CFs
influence the IRR friction factor.

To determine the IRR for a PBC, a three-dimensional generalized Maxwell model is
used that incorporates multiple Maxwell parameters and Winkler foundation. In general,
with the increase of a belt speed, the IRR friction factor of a PBC increases.

The IRR friction factor, evaluated using Eq. 7.17 as recommended by the DIN 22 101
standard predicts very high energy losses. The highest values belong to the case of an empty
PBC. With the increase of the filling degree, belt mass or bulk weight, Eq. 7.17 exhibits a
decrease of the IRR friction factor. This effect is explained by the increasing role of the load
from the belt bending stiffness in indentation CFs of the nominator of Eq. 7.17, whereas the
denominator for the fraction does not include that load.

Equation 7.16, on opposite, includes the effect of a load from belt bending stiffness in
both nominator and denominator of the friction factor formula. As a result, the IRR friction
factor values, evaluated using Eq. 7.16 correlate with ones observed in practice. With the
increase of a belt mass, belt stiffness, bulk density, or conveyor cross-sectional filling degree,
the IRR friction factor increases.

Present study indicates that the IRR friction factor, proposed in DIN 22 101 is not suitable
for PBCs in the given form. Either Eq. 7.16 should be used, or DIN friction factor in Eq.
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7.17 should be transformed, accounting the load from belt bending stiffness, added to the
belt weight and bulk material in the denominator of the fraction. This can be supported,
considering that load from the belt bending stiffness is also a “useful” load for a PBC, needed
to form an enclosed pipe shape and justifying the selection of a PBC over any other conveyor
type.

The analysis of the results, obtained using a different number of Maxwell parameters to
approximate the viscoelastic properties of a belt rubber, allows one to conclude that with the
increase of a number of the Maxwell parameters, the IRR of a PBC decreases. This is due
to the fact that the more Maxwell parameters are used, the more accurate the indentation
contact profile can be described, differentiating the deformation rates over the entire contact
region. On other hand, the increase of a number of Maxwell parameters significantly affect
the computation time. Balancing between the precision and the computation time, seven
Maxwell parameters are selected as an optimal number.

The comparison of the IRR friction factor, obtained for PBC and a conventional open
trough belt conveyor in Section 7.6.5 indicates that, for the same capacity and the vertical
loads, the IRR of a PBC is ≈ (2.16...2.85) times higher than the IRR for a trough belt
conveyor for a belt speed up till 6 m/s. With the increase of a belt speed, the difference
increases.

The analysis performed in this chapter allows one to answer the research question about
design preference of a PBC aiming to limit the energy losses of a PBC from the IRR.
Equation 7.15, derived in Section 7.4, indicates the IRR friction factor decreases if the CFs
are insignificant In this case, the design preference of a PBC system, aiming to limit the
energy consumption from the IRR, has to minimize the CFs and participating load design
parameters, i.e., selecting lighter belt with lower effective modulus of elasticity and with the
lower values of PBC cross-sectional filling degree for given type of a bulk material.

Based on Eq.7.15 derived, it is possible to conclude that the IRR friction factor can be
also diminished by changing geometry of a belt and idler rolls, for instance, by selecting
a smaller thickness of the bottom rubber cover and also using larger diameters of the idler
rolls and belt’s pipe.

Finally, the IRR can be decreased, if the viscoelastic properties of the rubber, represented
by Maxwell parameter, can be improved by diminishing the viscous input in a rheological
rubber behavior.

The stiffer and lighter belts with smaller thickness of the belt rubber cover that at the
same can have improved viscoelastic properties, can be achieved by applying new energy
saving LRR technologies, discussed in Section 2.5.1. In particular, the smaller thickness of a
belt with reduced weight, can be achieved by using aramid cables for the belt carcass instead
of the steel cords at the belt’s tensile strength ensured. Additionally, the rubber properties
can be improved by reducing the hysteresis of belt cover rubber, attained by using different
constituent rubber components.

The principal of a design selection, aiming to diminish the IRR by reducing the load
design parameters of CFs, should be balanced by the design requirement for sufficient belt’s
pipe-ability, because some of the design parameters can cause a decrease of the IRR, but
can be a reason of a contact loss and even collapse of a belt’s pipe.

For instance, as shown in Chapter 4, a large pipe diameter requires high bending stiffness
to maintain a stable enclose pipe shape. At the same time, a high bending stiffness causes
an increase in CFs that in turn exacerbates the energy losses from the IRR. In this case, the
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optimal design need to be established by balancing these two requirements.
That is why, the future research should determine the equilibrium between these two

effects and apply mathematical methods of optimization for developing the optimum in a
PBC design selection.

The model can be also improved by accounting the impact of a belt’s overlap on the
CFs and belt geometry that can have an influence on the pipe geometry and CFs, involved
in indentation phenomenon. This can affect the IRR friction factor. In addition, the model
presented in this chapter that determines the IRR for a PBC, requires experimental validation
with results from the test measurements and practical PBC installations. And finally, the
future research on the presented approach will be focused on the determination of the
Maxwell parameters by approximating the rheological data from the dynamic/mechanic test
with a reduced frequency range, inherent to the standard PBC operation mode in order to
reduce the computational efforts.





Chapter 8

Conclusions

"Vita brevis, "Life is short,
ars longa, and art long,
occasio praeceps, opportunity fleeting,
experimentum periculosum, experience perilous,
iudicium difficile.". and decision difficult".

— Hippocrates, Aphorismi

This chapter presents the final general conclusions, drawn from this thesis, aiming to
improve a PBC design and to answer the major research questions, established in Chapter
1. The findings presented can potentially used in the future for developing a more effective
design of a PBC. The recommendations for the future research are presented in Section 8.2.

8.1 Conclusions
The research presented in this thesis performs a PBC design analysis that can potentially
improve a conveyor system performance, aiming:

1) to ensure an enclosed geometry of a pipe conveyor cross section;

2) to reduce the IRR as a major source of a PBC energy losses.

These major research aims are achieved by answering the auxiliary research questions
in the chapters of this thesis.

Chapter 2 provides an answer to the following research questions.

• What are the principal design characteristics of a PBC system and its components?

The major PBC design characteristics are described in the chapter, relating to the overall
conveyor system, bulk material, belt design, and idlers and support structures.

• What is the variation range of each design parameter and its average or more frequently
used value?

267
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The variation range of each design parameter is established using the minimal and maximal
critical values. In addition, the average values or more frequently appeared in practice are
provided for some of the design parameters. The research in this thesis indicated that a belt
slenderness is an important design parameter for PBCs. Chapter 2 establishes a variation
range for B/h inherent specifically to conveyor belts that was not made before. The range
constituted 30 ≤ B/h ≤ 300 and is extended to 6.67 ≤ B/h ≤ 643, giving space for the
future advent technologies, whereas the average value of B/h is accepted for B/h ≈ 86.

Chapter 3 answers to the following research questions.

• How to quantify the belt’s bending stiffness? Is there any way to use a standard
troughability test for this purpose?

Themajor conclusion of the study states that it is possible to quantify a conveyor belt bending
stiffness from the troughability parameter, obtained using standardized troughability test
procedure, reflected in the current NEN-EN-ISO 703 [174]. To quantify a conveyor belt
bending stiffness from the troughability parameter, six models are proposed: two analytical
beam models of Wang and Fertis, their shell-approximation, and two FEM models (both
beam and shell). The results, obtained using the analytical and the FEM models are in
agreement with the experiment and exhibit a similar resultant trend.

• Is it possible to establish a functional dependence between the belt troughability,
bending stiffness, and all the influencing design parameters?

The troughability parameter can be represented by the load-deflection parametric function
of a belt bending stiffness EI, its width B, mass qbw, and geometry, expressed by the ratio
B/h and b/h. For the shell models, the troughability function can be written as follows:

Ymax
B
= f shellT

(
qbwB3

EI
;

B
h
;

b
h

)
.

The beammodels exhibit similar functional dependence to input design parameter, except
to the ratio of b/h. The troughability of the beam models is independent to that parameter.

• How each of the design parameter can influence belt’s bending stiffness?

Results show that for the same troughability value, an impact of a belt line mass change q
has a proportional effect on change in effective modulus of elasticity E for the same belt
sample geometry.

Considering the effect of a belt slenderness B/h, thin and wide conveyor belts with
significant ratio B/h exhibit larger troughability for the same E-modulus, compared to more
thick and narrow belts with smaller ratio B/h due to the stiffening effect. This effect appears
from the structural extension in additional to the nonlinear bending and becomes dominative
when thin and wide belt samples exhibit very large troughability. At the same time, thick
or narrow conveyor belts are affected by shear deformations, which are not trivial for belts
with minor B/h.

For the shell numerical models, the ratio b/h characterizes an additional shear effect
from both structural planes of bending. In addition, it influences the appearance of the
anticlastic curvature effect, especially observed for smaller ratio of b/h and B/h.
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• What are the limitations of using the models that can quantify belt bending stiffness
from its troughability parameter?

All the models proposed are limited to the belt’s small strain range (up till 5%), satisfying
the assumption of a linear elastic belt behavior under normal operational conditions. The
usage of the analytical models, that are more attractive for the practical use, is limited to
the 10% difference with the FEM models. The FEM models are more precise, but requires
more complex iterative solution, less convenient for the practical application. The usage
limitations of the models is provided in Table 3.7.

Chapter 4, Chapter 5, and Chapter 6 give the answers to the following research
questions.

• How to determine the pipe conveyor CFs?

To determine PBC CFs, three approaches are proposed: experimental approach in Chapter
4, analytical approach in Chapter 5, and the numerical FEM approach in Chapter 6. Usage
of all three approaches together allows one to determine PBC CFs in a more precise way,
compared to the existing studies.

For the analytical approach, the analysis performed in Chapter 5 for the existing studies,
evidenced that none of the analytical models available determine the PBC CFs in a correct
way. That is why, a new analytical approach is developed in Chapter 5. To determine the
CFs with FEM, three models are elaborated: the Beam Simplified Model, the Beam Step
Model and the Shell Step Model. For the experimental approach in Chapter 4, the CFs were
measured for the same belt samples, as used in the troughability test, aiming to validate the
analytical and the FEM models.

A comparison of CFs for the case study, obtained using the experimental, analytical, and
the FEM approaches, indicated that the FEM models (the Shell Step Model and the Beam
Step Model) are in close agreement with the experiment. At the same time, the CFs from the
Beam Step Model and the Beam Simplified Model correlate with each other and also are in
agreement with the analytical model. In this case, it is possible to state that the FEMmodels
and the analytical model proposed to determine PBC CFs are validated with the experiment
for the case study.

The analysis indicated that, at certain PBC designs, a more simple analytical model that
is more attractive for the practical use determines the CFs in a feasible range, compared to
the FEM models that are more complex, time consuming, and less attractive in terms of an
application. In addition, the simple analytical model and also the complex FEM models
predict a similar dependence trend of CFs parameterized with respect to the change in input
parameters.

• If the CFs are measured from the experimental testing, can the selection of a test rig
design influence the CFs?

The analysis of the existing test rigs and the CFs measured, performed in Chapter 4, indicates
that the CFs measured from the experimental testing can be influences by the test rig design
selection.

• What test rig configuration is suitable for the present analysis, aiming to determine
PBC CFs and why?
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To determine PBC CFs and taking into account all the advantages and disadvantages of the
existing test rig configuration, the selection is made in Chapter 4 for the static six-point
stiffness device.

The choice is made prioritizing a sufficient accuracy of the results obtained from the test
rig that was provided by a full control of the friction forces and minimizing a number of the
design parameters involved that can cause a measurement error. Another reason for the rig
selection is that the experiment test is simple and static, and can be easily replicated using the
analytical approach (Chapter 5) and the FEM (Chapter 6). The present experimental results
can be used for the validation purposes. Another reason is that the same belt samples used
for the six-point stiffness device can be used for the troughability test. The bending stiffness
quantified from the troughability parameter, as recommended in Chapter 3, is needed in the
analytical and FEM models for determining the CFs and can serve as a link between belt’s
troughability to its pipe-ability.

• Do the experimental results obtained correlate with the ones available in the existing
studies?

The qualitative analysis of the results obtained in Chapter 4 exhibited similar load patterns
with feasible values of CFs, compared to the results attained by the different researchers
and using different test rigs. Furthermore, for the each experiment case with the 0◦ overlap
position, the load at the individual plate was in a range (40 ∼ 48)% of the sum of all CFs,
whereas for the 180◦ overlap position at the bottom, the CF on the individual plate did not
exceed 80% of the sum of all CF. This observations correlate with the results available in
the existing studies.

• Aiming to determine the CFs, is it possible to represent a belt stress state that appears
from folding a belt from a flat shape into a pipe shape as an additional external load,
applied at the stress free belt already in a pipe shape?

Chapter 5 reviewed all the existing studies that determine PBC CFs, by replacing a complex
folding process of a belt from a flat shape into a pipe shape with an additional external load,
applied at the stress free belt already in a pipe shape. Three methods of modeling this load
from the belt bending stiffness are selected for the analysis: the concentrated expansion
moments applied at the belt edges Mbst that was also newly introduced in Chapter 5; the
radial expansion load evenly distributed along the belt’s pipe qbst, proposed by Chernenko
[27, 28]; and the radial distributed load qbst together with the concentrated forces Q1bst,
Q2bst, presented by Dmitriev [52].

The CFs obtained from the analytical and the FEM models, using all three methods
of modeling the load from the belt bending stiffness are compared in Chapter 6 with the
experiment case study and also with the FEM step models, since the step models simulate
an actual formation of a belt from a stress-free flat shape into a pipe shape.

The analysis indicated that it is indeed possible to represent a belt stress state that appears
from folding a belt from a flat shape into a pipe shape as an additional external load, if the
PBC CFs are determined. For this purpose, only the expansion concentrated moments Mbst,
applied at the belt edges can be used. Other methods proposed in Chapter 5 do not give
satisfactory results.

• How to model a bulk material load for the CFs?
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Chapter 5 proposed an analytical method to model a bulk material load for the CFs using a
vertical and the horizontal load components that account the bulk shear stresses. Analysis
in Chapter 6 shows that all the existing models that determine PBC CFs from the bulk
load analytically, use only the radial bulk load component, neglecting the presence of the
tangential one. Chapter 5 proves that such approach underestimates the overall bulk material
weight, indicating that the impact of both load components (either vertical and the horizontal
one or the radial and the tangential one) is obligatory to use.

• Which design parameters of a PBC system influence the CFs and what is their effect?
Is it possible to derive a functional dependence between the CFs and participating
PBC design parameters?

In order to investigate which design parameters can influence the PBC CFs and derive
a functional dependence between the CFs and the input design parameters, the analytical
model is used as a basis.

For an empty PBC, the functional dependence of CFs parametrized with respect to the
belt’s axial stiffness E A represents a function of a belt slenderness B/h and the load ratio
from the belt weight qbw/(El):

Fn

E A
= f empt

n
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qbw
El

;
B
h

)
.

For a PBC loaded with a bulk material, in addition to the parameters mentioned, the
functional dependence of CFs incorporates the effect of the ratio from the bulk material load
ρbulkgB/E and PBC cross-sectional filling degree kQ:
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The function of CFs for loaded PBC converges to the dependence for an empty PBC, if
the bulk density and the cross-sectional filling degree are assumed equal to zero.

In general, with the increase of the load parameters qbw/(El) and ρbulkgB/E, the CFs
increase, however at certain combinations of their values, one or more CFs can become
equal to zero (a contact loss). For the linear solution, these parameters have a proportional
effect on CFs parameterized.

The impact of a belt slenderness B/h, has a significant effect on CFs, and has a more
complex dependence character as shown in Chapter 6. In order to ensure sufficient pipe-
ability of a conveyor belt, the slenderness ratio B/h has to be carefully controlled, despite
the fact that this parameter has never been used by the manufacturers before as a criteria for
the belt design selection.

In addition, the experimental results in Chapter 4 indicates that, if the presence of an
overlap is taken into account, the PBCCFs are also influenced by the length of an overlapwith
respect to the nominal pipe diameter, represented by the ratio B/Dnom, and the orientation of
an overlap. The latter causes an increase for the CF that is in the position of a direct contact
with the belt overlap.

• What is the weakest position of a roll in an idler set that can exhibit a contact loss?
What is the preference for a PBC design selection aiming to avoid a contact loss and
ensure sufficient belt’s pipe-ability?
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The results for CFs obtained in Chapter 6 shows that the weakest position for a contact loss
occurs for a lateral top rolls for CFs F2, or F6. If the belt’s pipe-ability is deteriorated further,
it is possible to expect the next contact loss at the top roll F1 in additional to the contact
losses for F2 and F6.

The preference for a PBC design selection, aiming to avoid a contact loss and ensure suf-
ficient belt’s pipe-ability, has to minimize the values of the load ratios ρbulkgB/E → min and
qbw/(El) → min. If a conveyor does not exhibit sufficient pipe-ability, especially expected
when a heavy bulk material has to be transported, the belt design can be chosen towards
lighter and transversely stiffer belts with smaller belt width. Moreover, the belt slenderness
has to be taken into account. The extreme values are not preferable, as significantly thick
belts (with approximate B/h < 30) tend to exhibit a contact loss for the CFs F2 and F6,
whereas thin belts (B/h > 130) can fully collapse a pipe with the contact loss with all
three top rolls. In this case, thinner belts with higher ratio of B/h requires higher stiffness
to form a pipe shape. A better pipe-ability is observed for approximate slenderness ratios
(35 < B/h < 75), however the limits can be negotiated, considering the impact of all the
participating parameters involved together.

Taking into account the conclusions drawn in Chapter 4 from the experimental testing
of belts formed into a pipe shape with an overlap, an additional advice for the design prefer-
ence would be to select the belts for larger pipe diameters with a higher transverse bending
stiffness to form a pipe shape without a contact loss. Compared to the stiffer belts with the
same width, more flexible belts need higher ratio of B/Dnom.

Chapter 7 answers to the following research questions.

• How to determine the energy losses of a PBC system from the IRR and how the the
load parameters in CFs influence the IRR friction factor?

To determine the IRR for a PBC, a three-dimensional generalized Maxwell model is used
that incorporates multiple Maxwell parameters and Winkler foundation.

The IRR friction factor, evaluated using Eq. 7.17 as recommended by the DIN 22 101
standard predicts very high energy losses. With the increase of the filling degree, belt mass or
bulk weight, Eq. 7.17 exhibits a decrease of the IRR friction factor. This effect is explained
by the increasing role of the load from the belt bending stiffness in indentation CFs of the
nominator of Eq. 7.17, whereas the denominator does not include that load.

Equation 7.16, on opposite, includes the effect of the load from belt bending stiffness in
both nominator and denominator of the friction factor formula. As a result, the IRR friction
factor values, evaluated using Eq. 7.16 correlate with ones observed in practice. With the
increase of a belt mass, belt stiffness, bulk density, or conveyor cross-sectional filling degree,
the IRR friction factor increases.

Present study indicates that the IRR friction factor, proposed in DIN 22 101 is not suitable
for PBCs in the given form. Either Eq. 7.16 should be used, or DIN friction factor in Eq.
7.17 should be transformed, accounting the load from belt bending stiffness, added to the
"useful" loads from the belt weight and load from the bulk material.

• Does a number of Maxwell parameters selected to approximate the viscoelastic prop-
erties of a belt rubber influence the IRR determined?
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The analysis of the results, obtained allows one to conclude that a number ofMaxwell param-
eters selected to approximate the viscoelastic properties of a belt rubber influences the IRR
determined. The more the Maxwell parameters is used, the lower IRR friction factor can be
achieved. At the same time, the increase of the number of Maxwell parameters significantly
affects the computation time. Balancing between the precision and the computation time,
seven Maxwell parameters are selected as an optimal number.

• How different the IRR of a PBC system compared to the IRR of a conventional trough
belt conveyor?

The comparison of the IRR friction factor, obtained for a PBC and a conventional open
trough belt conveyor indicates that, for the same capacity and the vertical loads, the IRR of
the PBC is ≈ (2.16...2.85) times higher than the IRR for a trough belt conveyor for a belt
speed up till 6 m/s. With the increase of a belt speed, the difference increases.

• What is the preference for a PBC design selection, aiming to limit its energy losses
from the IRR?

The design preference for a PBC system, aiming to limit the energy consumption from the
IRR, has to minimize the CFs and participating load design parameters, i.e., selecting lighter
belt with lower effective modulus of elasticity and lower values of a PBC cross-sectional
filling degree for given type of a bulk material.

Based on Eq.7.15 derived, it is possible to conclude that the IRR friction factor can be
also diminished by changing geometry of a belt and idler rolls, for instance, by selecting
a smaller thickness of the bottom rubber cover and also using larger diameters of the idler
rolls and belt’s pipe.

Finally, the IRR can be decreased, if the viscoelastic properties of the rubber compounds,
represented by Maxwell parameter, can be improved by diminishing the viscous input in a
rheological rubber behavior.

The principal of a design selection, aiming to diminish the IRR by reducing the load
design parameters of CFs, should be balanced by the design requirements for a sufficient
belt’s pipe-ability. The stiffer and lighter belts with smaller thickness of a belt rubber cover
with better viscoelastic properties can be improved by using LRR solutions for constituent
components for the belt rubber covers and for the carcass.

8.2 Recommendations for future research
The future research that can contribute and continue the findings on a more effective PBC
design selection, presented in this thesis, can be developed in the following possible direc-
tions.

• Quantifying a conveyor belt bending stiffness

The approach of determining a conveyor belt bending stiffness from the troughability test
developed in this thesis, needs further experimental validation for different belt’s input
parameters. The results should be also compared with the alternative procedures, like three-
and four-point bending tests.
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The model for the troughability test can be expanded by incorporating a non-uniform
belt design structure with discrete change in properties along the belt width. In addition,
the further studies have to investigate the impact of the belt’s viscoelasticity (time and
temperature) on the belt’s troughability and bending stiffness quantified. The analysis can
also integrate the nonlinear elastic models (e.g., the Mooney-Rivlin, Ogden models) for the
comprising rubber-like elastomer materials of a conveyor belt, expanding the solution for
larger limitation strains (more than 5%).

• Determining PBC CFs

Further research for the experimental approach should be focused in performing more tests
with various belt structural designs. In addition, the experiment tests can be performed for
more design parameters, such as belt tension, presence of bulk material, belt speed, length
of carry spacing, using more complex test rigs and studying their influence on contact forces
and belt’s pipe-ability. In addition, the research can significantly benefit, if the experimental
measurements can be performed for the bulk material load distribution inside the pipe,
performed for a running PBC installation or in a dynamic test rig.

Both FEM and analytical approaches described require further experimental validation
for different PBC design parameters, performed not only using a six-point stiffness device,
but also for both empty PBC and loaded with bulk material. In addition, the numerical
recommendations has to be developed for the usage limitation of the present models (both
analytical and the FEM), satisfying 5% small strain for the linear-elastic belt material
assumed.

The analytical and the FEM models, developed in this thesis to determine the PBC CFs,
can be also expanded by incorporating other effects and external loads, such as the lateral
load from the belt tension that appears at the conveyor route curves, discrete change of a belt
properties along its width, and presence of a belt overlap.

The FEM approach proposed can be expanded, by incorporating a higher lever of the
problem complexity towards the one, observed in practice, i.e., by incorporating belt’s
nonlinear elasticity, the rheological properties of a belt constituting rubber, modeling carcass
design of a belt, including belt’s orthotropic properties and effect of a belt tensionwith respect
to the length of a conveyor pitch, actual presence of a bulk material and its behavior inside
the pipe, and dynamic effects. All these complex problems can be solved using numerical
analysis (like FEM, FDM, DEM), incorporated in software. The analytical model proposed
in this thesis can be used as a starting reference point for the validation and base for the
impact analysis for all the complex numerical models used.

• Estimating the IRR

The model, developed in this thesis to determine PBC IRR, can benefit by accounting the
impact of a belt’s overlap. In addition, the model presented in this chapter that determines the
IRR for a PBC, requires experimental validation with the results from the test measurements
and practical PBC installations. And finally, the future research on the presented approach
can benefit by using the Maxwell parameters, determined with a reduced frequency range,
inherent to the standard PBC operation mode.
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• Selecting the optimal design of a PBC

For selecting a more effective PBC design, the future research has to incorporate optimiza-
tion mathematical methods for the findings presented in this thesis, aiming to achieved an
optimum between ensuring a stable belt’s pipe-ability and limiting the energy losses from
IRR. The numerical recommendations have to be developed for the full range of input de-
sign parameters. For the sufficient belt’s bending stiffness, the recommendations can be
expressed, linking belt’s pipe-ability via troughability parameter. Based on these findings, a
more effect design for a PBC and belting can be elaborated.





Appendix A

Structural displacements from the
vertical component of a bulk
material load

The formulas, provided for the displacements contain the functionsΦv
M (θ, ϕ, α),Φv

Mλ (θ, ϕ, α),
Φv

NQ
(θ, ϕ, α), and Φv

NQλ
(θ, ϕ, α) that are used for the simplification purposes. These func-

tions are defined in Chapter 5 by Eqs. 5.124, respectively.
In general, the displacements depend on the filling degree of a PBC lateral cross section,

characterized by the filling angle θ. There are four critical angular positions of θ that
determine the structural displacements δv

nbulk using different formulas.
1). The case when the filling degree is characterized by the angle 0 ≤ 2θ ≤ π

3 , or
0 ≤ θ ≤ π

6 , illustrated in Fig. A.1, the displacements in line with the corresponding
redundant forces equal:

Figure A.1: The statically determinate system, subjected to the redundant forces X1, X2, X3,
X4, and the vertical load component from the bulk material qv

bulkdx, distributed
along the contour with angular position 2θ ≤ ϕ ≤ π, where 0 ≤ 2θ ≤ π

3 .
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∫
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∫
L

M14Mv
bulk

EI
ds+

∫
L

N14Nv
bulk

E A
ds+

∫
L

kQ14Qv
bulk

GA
ds =

= −
ρbulkgR5l

EI



π∫
2θ

(cos ϕ − 1)
ϕ∫

2θ
Φv

M (θ, ϕ, α)dαdϕ +

+ tan λ
π∫

π−2θ
(cos ϕ − 1)

ϕ∫
π−2θ
Φv

Mλ (θ, ϕ, α)dαdϕ

−

−

(
ρbulkgR3l

E A
−

k ρbulkgR3l
GA

) 

π∫
2θ

sin ϕ cos ϕ
ϕ∫

2θ
Φv

NQ
(θ, α)dαdϕ +

+ tan λ
π∫

π−2θ
sin ϕ cos ϕ

ϕ∫
π−2θ
Φv

NQλ
(θ, α)dαdϕ


.

(A.4)

2). The case when the filling angle is in the range π
3 ≤ 2θ ≤ π

2 , or
π
6 ≤ θ ≤

π
4 is shown

in Fig. A.2.
The displacements for this filling angle can be evaluated as follows:

Figure A.2: The statically determinate system, subjected to the redundant forces X1, X2, X3,
X4, and the vertical load component from the bulk material qv

bulkdx, distributed
along the contour with angular position 2θ ≤ ϕ ≤ π, where π

3 ≤ 2θ ≤ π
2 .
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δv1bulk equals the same as provided in Eq. A.1;
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∫
L

M13Mv
bulk

EI
ds+

∫
L

N13Nv
bulk

E A
ds+

∫
L

kQ13Qv
bulk

GA
ds =

=
ρbulkgR5l

EI

π∫
2π/3

sin
(
ϕ +

π

3

) 

ϕ∫
2θ
Φv

M (θ, ϕ, α)dα+

+ tan λ
ϕ∫

π−2θ
Φv

Mλ (θ, ϕ, α)dα

dϕ+

+
ρbulkgR3l

E A

π∫
2π/3

sin ϕ sin
(
ϕ +

π

3

) 

ϕ∫
2θ
Φv

NQ
(θ, α)dα +

+ tan λ
ϕ∫

π−2θ
Φv

NQλ
(θ, α)dα


dϕ+

+
k ρbulkgR3l

GA

π∫
2π/3

cos ϕ cos
(
ϕ +

π

3

) 

ϕ∫
2θ
Φv

NQ
(θ, α)dα +

+ tan λ
ϕ∫

π−2θ
Φv

NQλ
(θ, α)dα


dϕ;

(A.6)

δv4bulk is equivalent to the expression given in Eq. A.4;

3). For the case when the filling angle belongs to π
2 ≤ 2θ ≤ 2π

3 or π4 ≤ θ ≤
π
3 , as shown

in Fig. A.3, the displacements become equivalent to the following:
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Figure A.3: The statically determinate system, subjected to the redundant forces X1, X2, X3,
X4, and the vertical load component from the bulk material qv

bulkdx, distributed
along the contour with angular position 2θ ≤ ϕ ≤ π, where π

2 ≤ 2θ ≤ 2π
3 .
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∫
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δv2bulk =
∫
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4). The case, shown in Fig. A.4, when the filling angle is in a range of 2π
3 ≤ 2θ ≤ π,

or π
3 ≤ 2θ ≤ π

2 , produces the resultant displacements δv1bulk, δ
v
2bulk, and δ

v
4bulk, equivalent

to the ones provided in Eqs. A.7, A.8, and A.10, respectively, except to the displacement
δv3bulk, which equals:

Figure A.4: The statically determinate system, subjected to the redundant forces X1, X2, X3,
X4, and the vertical load component from the bulk material qv

bulkdx, distributed
along the contour with angular position 2θ ≤ ϕ ≤ π, where 2π

3 ≤ 2θ ≤ π.
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∫
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Structural displacements from the
horizontal component of a bulk
material load

For the simplification, the expressions for the displacements contain the functionsΦh
M (θ, ϕ, α),

Φh
Mλ (θ, ϕ, α), Φh

NQ (θ, ϕ, α), and Φh
NQλ (θ, ϕ, α), being defined in Chapter 5 by Eqs. 5.129,

respectively.
In general, the displacements depend on the filling degree of a PBC lateral cross section,

characterized by the filling angle θ. There are four cases of filling angle θ that generates
different expression for the displacements δh

nbulk.
1). If the filling angle is in the range of 0 ≤ 2θ ≤ π

3 , or 0 ≤ θ ≤ π
6 , as shown in Fig.

B.1, the displacements in line with the corresponding redundant forces equal:

Figure B.1: The statically determinate system, subjected to the redundant forces X1, X2,
X3, X4, and the horizontal load component from the bulk material qh

bulkdy,
distributed along the contour with angular position 2θ ≤ ϕ ≤ π, where 0 ≤
2θ ≤ π

3 .
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δh1bulk =
∫
L

M11Mh
bulk

EI
ds+

∫
L

N11Nh
bulk

E A
ds+

∫
L

kQ11Qh
bulk

GA
ds =

=
CK ρbulkgR5l

EI



π∫
2θ

sin ϕ
ϕ∫

2θ
Φh

M (θ, ϕ, α)dαdϕ +

+ tan λ
π∫

π−2θ
sin ϕ

ϕ∫
π−2θ
Φh

Mλ (θ, ϕ, α)dαdϕ

+

+

(
CK ρbulkgR3l

E A
−

CK k ρbulkgR3l
GA

) 

π∫
2θ

sin ϕ cos ϕ
ϕ∫

2θ
Φh

NQ (θ, α)dαdϕ +

+ tan λ
π∫

π−2θ
sin ϕ cos ϕ

ϕ∫
π−2θ
Φh

NQλ (θ, α)dαdϕ

;

(B.1)
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∫
L

M12Mh
bulk

EI
ds+

∫
L

N12Nh
bulk

E A
ds+

∫
L

kQ12Qh
bulk

GA
ds =

=
CK ρbulkgR5l

EI



π∫
π/3

sin
(
ϕ −

π

3

) ϕ∫
2θ
Φh

M (θ, ϕ, α)dαdϕ +

+ tan λ
π∫

π−2θ
sin

(
ϕ −

π

3

) ϕ∫
π−2θ
Φh

Mλ (θ, ϕ, α)dαdϕ

+

+
CK ρbulkgR3l

E A



π∫
π/3

sin
(
ϕ −

π

3

)
cos ϕ

ϕ∫
2θ
Φh

NQ (θ, α)dαdϕ +

+ tan λ
π∫

π−2θ
sin

(
ϕ −

π

3

)
cos ϕ

ϕ∫
π−2θ
Φh

NQλ (θ, α)dαdϕ

−

−
CK k ρbulkgR3l

GA



π∫
π/3

sin ϕ cos
(
ϕ −

π

3

) ϕ∫
2θ
Φh

NQ (θ, α)dαdϕ +

+ tan λ
π∫

π−2θ
sin ϕ cos

(
ϕ −

π

3

) ϕ∫
π−2θ
Φh

NQλ (θ, α)dαdϕ

;

(B.2)

δh3bulk =
∫
L

M13Mh
bulk

EI
ds+

∫
L

N13Nh
bulk

E A
ds+

∫
L

kQ13Qh
bulk

GA
ds =

= −
CK ρbulkgR5l

EI



π∫
2π/3

sin
(
ϕ +

π

3

) ϕ∫
2θ
Φh

M (θ, ϕ, α)dαdϕ +

+ tan λ
π∫

π−2θ
sin

(
ϕ +

π

3

) ϕ∫
π−2θ
Φh

Mλ (θ, ϕ, α)dαdϕ

−

−
CK ρbulkgR3l

E A



π∫
2π/3

sin
(
ϕ +

π

3

)
cos ϕ

ϕ∫
2θ
Φh

NQ (θ, α)dαdϕ +

+ tan λ
π∫

π−2θ
sin

(
ϕ +

π

3

)
cos ϕ

ϕ∫
π−2θ
Φh

NQλ (θ, α)dαdϕ

+

+
CK k ρbulkgR3l

GA



π∫
2π/3

sin ϕ cos
(
ϕ +

π

3

) ϕ∫
2θ
Φh

NQ (θ, α)dαdϕ +

+ tan λ
π∫

π−2θ
sin ϕ cos

(
ϕ +

π

3

) ϕ∫
π−2θ
Φh

NQλ (θ, α)dαdϕ

;

(B.3)



285

δh4bulk =
∫
L

M14Mh
bulk

EI
ds+

∫
L

N14Nh
bulk

E A
ds+

∫
L

kQ14Qh
bulk

GA
ds =

=
CK ρbulkgR5l

EI



π∫
2θ

(cos ϕ − 1)
ϕ∫

2θ
Φh

M (θ, ϕ, α)dαdϕ +

+ tan λ
π∫

π−2θ
(cos ϕ − 1)

ϕ∫
π−2θ
Φh

Mλ (θ, ϕ, α)dαdϕ

+

+
CK ρbulkgR3l

E A



π∫
2θ

cos2ϕ
ϕ∫

2θ
Φh

NQ (θ, α)dαdϕ +

+ tan λ
π∫

π−2θ
cos2ϕ

ϕ∫
π−2θ
Φh

NQλ (θ, α)dαdϕ

+

+
CK k ρbulkgR3l

GA



π∫
2θ

sin2ϕ
ϕ∫

2θ
Φh

NQ (θ, α)dαdϕ +

+ tan λ
π∫

π−2θ
sin2ϕ

ϕ∫
π−2θ
Φh

NQλ (θ, α)dαdϕ

.

(B.4)

2). If the filling angle belong to the values of π3 ≤ 2θ ≤ π
2 , or

π
6 ≤ θ ≤

π
4 , as it can be

seen in Fig. B.2, the displacements are defined by:

Figure B.2: The statically determinate system, subjected to the redundant forces X1, X2,
X3, X4, and the horizontal load component from the bulk material qh

bulkdy,
distributed along the contour with angular position 2θ ≤ ϕ ≤ π, where π

3 ≤

2θ ≤ π
2 .
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δh1bulk is equivalent to the expression given in Eq. B.1;
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δh4bulk is equivalent to the expression given in Eq. B.4;

3). When the filling angle value is within the range π
2 ≤ 2θ ≤ 2π

3 , or π
4 ≤ θ ≤ π

3
(see Fig. B.3), the displacements can be evaluated using the following expressions:
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Figure B.3: The statically determinate system, subjected to the redundant forces X1, X2,
X3, X4, and the horizontal load component from the bulk material qh

bulkdy,
distributed along the contour with angular position 2θ ≤ ϕ ≤ π, where π

2 ≤

2θ ≤ 2π
3 .
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4). For the cross-sectional filling degree characterized by the angle 2π
3 ≤ 2θ ≤ π, or

π
3 ≤ θ ≤

π
2 (see illustration in Fig. B.4), the resultant displacements δh1bulk, δ

h
2bulk, and δ

h
4bulk

are the same as the corresponding expressions given in Eqs. B.7, B.8, and B.10, respectively.
The only difference appears for the displacement , which equals the following:

Figure B.4: The statically determinate system, subjected to the redundant forces X1, X2,
X3, X4, and the horizontal load component from the bulk material qh

bulkdy,
distributed along the contour with angular position 2θ ≤ ϕ ≤ π, where 2π

3 ≤

2θ ≤ π.
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Appendix C

Development of FEM models

The simulation procedures of the FEM models elaborated to determine PBC CFs are pre-
sented here. Following these procedures, it becomes possible to replicate the results,
described in Chapter 6. The models are developed in ANSYS software using APDL for pro-
gramming language and are organized here based on the principal from simple to complex.

C.1 Beam Simplified Model
Creating the model

The Beam Simplified Model is the simplest 2D beam model that closely replicates the
assumptions used in the analytical approach, developed in Chapter 5.

For this model, the two-node Beam 188 element type was selected in ANSYS. This
element has six degrees of freedom at each node with 16 integration points through the
thickness. This element type supports the Timoshenko beam theory and includes bending,
stretching, and shear effects. As a result, it is suitable for thick and thin structures.

Similar to the analytical model, developed in Chapter 5, the Beam Simplified Model
represents a belt as an isotropic beam already formed in a pipe shape without overlap. As
initial boundary conditions, the model has six fixed nodes with one radial restraint each.
At the edges, the structure inherits additional restraints imitating the pinned supports (as
illustrated in Fig. 5.21a in Chapter 5). Balancing between the precision from the sufficient
finemesh and the time of the solution convergence, themodel of a pipe-shaped belt is meshed
at every 0.5◦ with respect to the pipe origin. This constitutes 720 structural elements in
total. The selection of physical parameters for modeling belt properties and external loads
is described in Section 6.4.

Loads and load steps

The solution is obtained within one load step, i.e., all the loads are applied to the structure
together. The belt model is subjected to gravity, load from the belt bending stiffness, and, if
needed, to load from bulk material.

Similar to the analytical approach in Chapter 5, load from the belt bending stiffness is
simulated using three alternative methods: 1) either by applying the expansion concentrated
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moments Mbst at the edges, determined from Eq. 5.10(see discussion in Section 5.3.1; 2)
or by using a distributed radial load qbst, calculated from Eq. 5.3 where the presence of the
Poisson ratios is neglected as for a beam model (see Section 5.3.2); 3) or by incorporating
a combination of distributed radial load qbst and concentrated forces Q1bst, Q2bst, oriented
at the belt cross-sectional contour at angle β (see Section 5.3.3. The loads qbst, Q1bst Q2bst
and angle β are determined from the system of Eq. 5.26 and transcendental Eq. 5.25,
respectively.

As it is discussed in Section 6.4, the length of a belt model can be the same as the length
of the sample used for the case study in the experiment within the six-point stiffness device.
The model can be also expanded by extending the longitudinal length of a belt section equal
to conveyor pitch l = lc. In this case, the load from the bulk material can also be taken into
account.

For this purpose, two distributed loads are applied to the belt in addition to a gravity load
and load from belt bending stiffness. Using the APDL program created, the distributed load
consisted of two vertical and horizontal force-components, determined with respect to the
angular ϕ∀[0; π] position on the pipe contour and the filling degree kQ (see Fig. 5.9). The

vertical and horizontal distributed forces were calculated as
ϕ+∆ϕ∫
ϕ

qv
bulkdx and

ϕ+∆ϕ∫
ϕ

qh
bulkdy,

respectively, and were automatically assigned to each corresponding element of the FEM
model. The vertical and horizontal load components from the bulk material qv

bulkdx and
qh
bulkdy are described in Section 5.4.3 and Section 5.4.4, respectively.

In order to prescribe a correct distribution of those load components onto the contour
in the numerical model, a special program written in APDL was integrated in the modeling
procedure. That program calculates and assigns the vertical and horizontal loads for each
element with respect to its angular position ϕ. The more elements are used in the numerical
model, the smoother the load distribution is simulated in the problem and more accurate
results can be obtained.

Compared to the approach of Kulagin [126–129], Dmitriev and Kulagin [56], Dmitriev
and Sergeeva [58], Sergeeva [208, 210] that divides the belt lateral contour into 24 sec-
tions (see Fig. 6.5), the Beam Simplified Model incorporates the vertical and horizontal
load-components applied over 720 elements along the pipe contour. As a result, the Beam
Simplified Model exhibits significantly smoother load distribution caused by the bulk mate-
rial.

Noteworthy to mention is that using a beam model, both distributed loads from the bulk
material are constant along the longitudinal length of each element, representing a sum of
the pressure distributed on the element in longitudinal direction. For the horizontal load
component, the results are obtained using different values of the coefficient CK , character-
izing the longitudinal development of the active and passive stress states of the bulk solids.
In particular, the approaches of Krause and Hettler, Gushchin, Wheeler-Mulani, and the
constant active stress state (see Eqs. 5.47) were exemplified.

Obtaining the solution

After creating the model and assigning all the external loads, the solution can be obtained
using: 1) linear analysis, imitating the analytical linearized model, described in Chapter 5;
2) by means of finite strain nonlinear analysis. The solution control was carried out using
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Figure C.1: Von Mises total mechanical strain, obtained from the Beam Simplified Model in
ANSYS.

a Newton-Raphson scheme. Figure C.1 illustrates the Von Mises total mechanical strain
solution for one of the cases, determined from the Simplified Beam Model.

The reaction forces determined at the structural constraints are the aim of the numerical
solution. The reaction forces correspond to the CFs, as shown in Fig. 5.20. Similar to the
analytical model, their correct positive directions of the forces are assumed as illustrated in
Fig. 5.21. For the opposite case, there is a contact loss, and the restraint that corresponds
to the maximal opposite force is removed from the model. The problem with the reduced
number of constraints is solved again. This procedure should be repeated until the directions
of all the reaction forces remained coincide with the ones accepted in Fig. 5.21.

C.2 Beam Step Model
Creating the model

This is a 2Dnonlinear beammodelwith amore complex simulation procedure. It includes the
belt model and also the hexagon supporting plates, similarly as it was used in the experiment
with the six-point stiffness device. The model incorporates the contact interaction between
the belt and plates and also the contact between the belt edges. The model is solved in steps,
and at the first load step, the belt is folded from a stress-free flat shape into a pipe shape.
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That is why this model can be solved only using nonlinear analysis.
A Beam Step Model was created using the same two-node element type (Beam 188) for

modeling both belt and plates, as it was selected in the previous model. The element type
used implies the Timoshenko beam theory and supports all the functional capabilities needed
in the analysis. The belt was initially in a flat shape and was divided into 600 equal elements,
whereas the hexagon beam plates were meshed into 50 elements each. This number of the
division into elements was selected balancing between the precision from the sufficient fine
mesh and the time of the problem convergence.

The physical parameters accepted for the model are described in Section 6.4. With
respect to which model the present Beam Step Model is being compared, the plates can be
simulated with extended length, as shown in Fig C.3a that copies the experiment test, or with
reduced length, illustrated in Fig. C.3b as a step towards the analytical model.

Modeling the contact

The contact between the belt and plates was prescribed creating a 3D beam-to-beam contact
pair, where the belt is selected as a contact body, and the plates as a target body [4]. The
contact body (belt) was simulated using an additional two-node element type Conta 176
that accounts for the sliding contact between 3D segments [4]. As for the target body in
contact pair, (supporting plates), the element Targe 170 is selected. The contact algorithm
is performed using the Augmented Lagrange Method. The contact pair inherits Coulomb
friction and shear stress friction.

For simulating the experiment case study, the sliding friction coefficient between the
plates and the belt is assumed to be consistently minimal. This assumption was made, as
in the physical experiment the impact of friction was minimized by inserting paper sheets
with small friction coefficient in between the belt and plates (see Chapter 4). For the Beam
Step Model, the contact between the belt and the plates was activated and deactivated with
respect to load step by means of “birth” and “death” function, supported by BEAM 188
element. The effect of the beam thickness is included in the contact.

The contact between the belt edges is prescribed using the node-to-node contact element
type CONTA 178 [4]. The contact is always active throughout all the solution steps. The
contact implies compression in normal direction and Coulomb friction in tangential direction
of contacting elements. This element type supports no separation contact, i.e., the nodes of
belt edges are tied, even if they are situated with large gap in between. This is important
during the solution step, when the belt is formed from a flat shape into a pipe shape. As
soon as tied elements become physically in contact, sliding friction and compression are
activated. If the belt belt’s pipe opens up and the belt edges do not touch each other, the
contact pair again is deactivated.

Noteworthy to mention that, for the numerical modeling of a contact problem in ANSYS,
two parameters FKN and FTOLN should be carefully selected, as the resultant CFs exhibit
quite a sensitivity to these two parameters. FKN and FTOLN are assigned for each of the
contact pair in command for the real constants.

FKN represents the stiffness of springs between two contacting bodies (see Fig. C.2). The
reaction force calculated is proportional to this contact stiffness. The software developers [4]
recommend to assume FKN= 1 for bulky solids in contact, and FKN= 0.01...0.1 for more
flexible bending-dominated bodies. The higher the stiffness of the strings, the more accurate



C.2 Beam Step Model 293

Figure C.2: Modeling behavior of two contacting bodies in normal direction (modified figure
from ANSYS manual [4]).

results can be achieved. However, the significant value of FKN increases the number of
iterations in each solution step and can affect an ability of the model to converge [4].

FTOLN defines the penetration tolerance, i.e., how much the belt is allowed to penetrate
into the plates. The lower the value of this parameter, the better the accuracy of the results
are obtained. This is due to the fact that in practice, physical contacting bodies do not
interpenetrate. At the same time, too small value of FTOLN in the numerical model can
significantly affect the ability of the problem to converge. So it is important to find a correct
equilibrium between FKN and FTOLN as well as time of problem convergence and precision
of the results.

After running a number of the test cases, tightening the requirements for FKN and
FTOLN, it was found out that the Beam Step Model generates a stable convergence with the
reasonable time by using rather strict precision requirement of FKN=1 and FTOLN = 0.001.

Now all the element features have been described, it is possible to present an actual
modeling and solution procedure. The Beam Step Model is solved in three steps, using a
special restart function.

Loads and load steps

Belt was folded from a flat shape into a pipe shape in order to capture the load from the belt
bending stiffness. In addition, belt gravity was activated. The presence of a bulk material
was not accounted for the Beam Step Model due to the reduced length of a belt geometry.
All the participating loads are applied to the model in steps.

The first step represents a nonlinear process of folding the flat belt sample into a pipe
shape by applying the concentrated closing moments Mbst at the edges of the structure. The
absolute values of those moments can be calculated from Eq. 5.10. At this stage, the central
node of the belt is fixed for all DOF. The contact between the belt and plates is disabled,
using the “death” function of the elements. The bonded self-contact at the belt edges is
active during all three load steps.

At the second step, in addition to the self-contact, the contact pairs between the belt and
the plates are activated using the special “birth” function. The belt folded into a pipe shape,
and supported by the plates, is released by assigning the moments Mbst = 0 at both edges.
In addition, the constraints at the bottom node of a belt are also removed.

At the third load step, the gravity is activated. The belt is supported by the contact
between the plate and the plates, and the belt’s self-contact at the edges is also active. In
addition, the constraints at the bottom node of a belt are also removed. Figure C.3 illustrates
the ultimate results obtained for the Beam Step Model with extended and reduced lengths of
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Figure C.3: Von Mises total mechanical strain, obtained from the Beam Step Model in
ANSYS using hexagon supporting plates with: a) extended length, similar as
in the experiment (see top figure); b) with reduced length as a step towards the
analytical model (see bottom figure).
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plates after performing the third final solution step.

Obtaining the solution

The solution is obtained performing a finite strain nonlinear analysis for each of the load
step using Newton-Raphson scheme for the solution control. The analysis restarts from
the results, obtained from the previous step. The resultant reaction forces are determined
collecting all the loads distributed at each plate. The sum of those loads constitutes the
reaction force from the corresponding plate. In addition, the reaction forces at the belt edges
are determined from the contact model, similar as N ′1 and N ′′1 in Fig. 5.21. If there is a
contact loss, the loads at the corresponding plate becomes equal to zero.

All the beam models (the Beam Simplified Model and the Beam Step Model) account
only 2D shear effect, ignoring the impact of shear in additional third longitudinal direction
of a belt. To accommodate 3D shear effects, the analysis is performed using the Shell Step
Model.

C.3 Shell Step Model
Creating the model

This model has a similar modeling procedure, as the Beam Step Model. The Shell Step
Model also includes the contact between the plates, the belt’s self-contact at the edges. In
addition, the belt is also folded from a flat shape into a pipe shape at the first load step. The
only difference with the Beam Step Model is that the Shell Step Model uses shell element
types. For the belt, the curvilinear 8-node Shell 281 element type is used, whereas the plates
are constituted with a more simple 4-node Shell 181. Each node in both element types
has six degrees of freedom. The elements follow the Mindlin-Reissner first-order shear
deformation theory. This means that both Shell 281 and Shell 181 are suitable for large
range of structures with slenderness varied from very thin (membrane type) to moderately
thick shells with a more dominant shear effects. In addition, both element types are suitable
for modeling isotropic and orthotropic material of the shell.

The belt structure in initial flat shape was meshed into 9600 equivalent quadratic ele-
ments, whereas the plates are divided into 600 elements each. The decision made for such
mesh is made by balancing between the precision of the results achieved with the fine enough
mesh and the convergence time. The physical parameters assigned for belt and plates are
described in Section 6.4.

Modeling the contact

The contact between the belt and supporting plates is described in the model as a 3D surface-
to-surface rigid-flexible contact. The contact pair is made of the element segments Targe
170 overlaying the plates’ surface as a target body and with 8-node Conta 174 element
type for a more flexible belt as a contact body [4]. This 3D sliding contact between two
surfaces inherits Coulumb and shear stress friction. Similar to the previous model, the
impact of sliding friction between belt and plates is assumed to be minimal. The contact
models supports Augmented Lagrange algorithm. Similar to the previous model, the contact
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Figure C.4: Modeling the thickness effect by shifting the mid-plane surface of the contacting
shell in ANSYS (figure modified from [4]).

surface situated in mid plane of shell is shifted to constitute thickness effect, as shown in
Fig. C.4. The contact pair can be activated using “birth” function, and deactivated using
“death” function of elements.

For describing the contact, the selection of normal contact stiffness (FKN) and penetra-
tion tolerance (FTOLN) is made by achieving the equilibrium between the precision of the
results and the convergence time. After running several cases with various combinations
of FKN and FTOLN, it was determined that the Shell Step Model can be converged at
FKN= 0.1 and FTOLN= 0.005. As it can be seen, compared to the Beam Step Model, the
Shell Step Model cannot be converged with the tighter requirements of FKN and FTOLN
due to its complexity.

As for the belt’s self-contact at the edges, a special contact is created using 3D Conta
177 for contact elements and Targe 170 for target segments with mid-side nodes. Since for
such contact, it is not clear, which body is more rigid and should be selected as a target and
which one is more flexible and should be recognized as a contact body. As a result, a 3D
line-to-line contact between shell edges is prescribed to be symmetrical. For modeling a
symmetric contact, two contact pairs need to be created. The first contact pair contains one
edge as a contact body and the other belt edge as a target body, whereas the second contact
pair is constituted by the same edges but with the reverse order of contact-target designation
[4].

In addition, both contact pairs between the belt edges are bonded and include an initial
gap. This allows one to model the belt in its initial flat shape, and then fold it from a flat
shape into a pipe shape. The bonded self-contact is active throughout all the load steps,
despite the initial significant gap at the beginning. As soon as the belt edges start to penetrate
each other, the sliding and compression between them become active.

Loads and load steps

The load from the belt bending stiffness is accounted as a correct belt stress state achieved
after folding the belt from a flat shape into a pipe shape. In addition, the gravity is also taken
into account. The Shell Step Model is used only for the case study comparison due ot its
complexity and extensive convergence time. As a results, the model does not account the
bulk material load. The solution is divided into three load steps.

At the first load step, the belt in an initial flat shape is fixed at the central line of nodes for
all DOF. The belt is folded using moments Mbst, applied at both belt edges. For each of the
belt edges, the degrees of freedom are coupled. This allows one to apply the concentrated
folding moment Mbst at one node of each edge, and DOF of that node are translated along
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the corresponding edge. The absolute value of Mbst is provided in Eq. 5.11, accounting
shear effect. Since the value of corresponds to the shell in plane strain state, the additional
constraints are prescribed to the belt. In particular, if the belt is situated with lateral cross
section in xy-plane (see e.g. Fig. 5.20), the displacements of the belt in longitudinalz-
direction are forbidden. In addition, rotations around x- and y-axes are also restricted for
all nodes of the belt model. At the first load step, the contact between the belt and plates is
deactivated using contact “death” option. As for the bonded contact between the belt edges,
it is active throughout all the load steps of the analysis.

The second step is devoted to activating the contact between the belt and the plates by
using the “birth” function. The plates are constrained for all DOF. The fixation of belt
central line of nodes is removed, so the belt can be supported only by the contact with plates
and self-contact at the belt edges. At the same time, all the plane strain DOF restrictions
(z-displacements, and rotation around x and y) of belt are preserved the same as for the
previous load step. The belt is released by assigning the folding moments at both edges
equal to zero Mbst = 0.

At the third load step, the belt is subjected to gravity. In addition, the constraints
modeling the belt in a plane strain state are removed. The coupling along each of the belt
edge is also deleted. In this case, the belt structure incorporates the self-contact at the edges,
and is supported by the hexagon plates, similar as it is observed in the experiment.

The finite results after solving the third load step for the Shell Step Model are shown in
Fig. C.5a. The figure clearly illustrates how the belt sags under the action of all the loads
involved. The Shell Step Model also includes an anticlastic curvature effect that reasons
to an uneven load distributed at each plate, causing higher loads close to the belt edges in
longitudinal z-direction.

Obtaining the solution

Similar to previous models, the solution is achieved performing nonlinear analysis for finite
strain following Newton-Raphson scheme. Analysis is performed using a restart frame, i.e.
the next load step starts from the previous load step solution. The reaction force from the
supporting plates are determined by collecting all the corresponding loads and summing
them up. As for N ′1 and N ′′1 forces, they are determined summing the reaction forces
distributed along the contacting belt edges.

The Shell Step Model has a quite extensive time for the convergence. That is why it is
used here only for the case study, comparing the numerical results with CFs, measured in
the experiment. However, this model can be used in further research as a more complex and
precise model.
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Figure C.5: Von Mises total mechanical strain, obtained for the Shell Step Model in ANSYS.
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Glossary

List of symbols and notations
A list of the symbols and notations used in this thesis follows below.

Capitals

A cross sectional area of a belt [m2]
AC, AL areas of a bulk material lateral cross section, [m2]

occupied over the central and lateral bottom rolls
AQ cross sectional area of a bulk material [m2]
B belt width [m]
C,C3 constants of integration in Chapter 3 [-]
C1 constant of integration in Chapter 3 [m−2]
C2 constant of integration in Chapter 3 [m−1]
C1T constant for a shift factor in WLF equation [-]
C2T constant for a shift factor in WLF equation [◦C]
CK coefficient, characterizing a longitudinal development of [-]

a bulk solids active/ passive stress states along PBC pitch
Cn1,Cn2, ...,Cn13 constants used to express functions of CFs parametrized [-]
Cnbst constant used to express a function of displacements from [-]

the load from belt bending stiffness
Cv
nbulk1, Cv

nbulk2, Cv
nbulk2 constants used to express a function of displacements from [-]

the vertical component of a bulk material load
Cnbw1,Cnbw2 constants used to express a function of displacements from [-]

the belt weight
Cnm1, Cnm2, Cnm3, constants used to express unit displacements as a function [-]
C∗nm1, C∗nm2, C∗nm3 of input parameters
Cw1, Cw2 constants of integration in Chapter 5 [m]
D pipe diameter [m]
Dbend a structural bending stiffness [Nm2]
Dnom nominal diameter of a pipe, characterizing the hexagon [m]

dimension of idler rolls installation
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Droll diameter of an idler roll [m]
E effective Young’s modulus of elasticity of a belt, assumed [Pa]

as an isotropic body
E ′, E ′′ storage and loss moduli of a viscoelastic material [Pa]
E1, E2 Young’s elastic moduli of an orthotropic belt in its [Pa]

longitudinal and lateral direction, respectively
EM, EM0, EM1,..., EM1i moduli of elasticity of the generalized Maxwell model [Pa]
EFEM Young’s modulus of a belt, determined using FEM [Pa]
EWang or Fertis Young’s modulus of a belt, determined using Wang or [Pa]

Fertis approach
F1, F2, ..., Fn CFs at the idler rolls of a PBC [N]
F1bst, F2bst, ..., Fnbst PBC CFs from the belt bending stiffness load [N]
F1bulk, F2bulk, ..., Fnbulk PBC CFs from the bulk material load [N]
F1bw, F2bw, ..., Fnbw PBC CFs from the belt weight [N]
Fbst total form force from the belt bending stiffness [N]
Fv
bulk, Fh

bulk vertical and horizontal scalar projections of a total vector- [N]
force from bulk material load

Fbw concentrated force from the belt weight load [N]
FC, FL CFs, acting at the central and lateral bottom rolls [N]
Findn indentation resistance force for n-th idler roll [N]
Fcalc
n the normal CFs in indentation contact model [N]

F top
n scalar sum of the PBC CFs at the top rolls [N]

Fv
nbulk, Fh

nbulk PBC CFs from the vertical and horizontal components [N]
from the bulk material load

Fv vertical scalar projection of a total vector-force from all [N]
PBC loads

Fx, Fy scalar projections on x- and y- axis of a total vector-forces [N]
from all loads, respectively

G shear modulus [Pa]
I moment of inertia of a belt structure [m4]
K lateral stress ratio of a bulk material [-]
K0 lateral stress ratio of a bulk material, characterizing a [-]

switch between the active and passive stress states
Ka, Kp lateral stress ratios of a bulk material in active and [-]

passive stress states, respectively
Kmin, Kmax critical minimal and maximal lateral stress ratios of a bulk [-]

material, respectively
Ks static belt sag ratio of a trough conveyor [-]
L half-length of a beam span (in Chapter 3); total length [m]

of a symmetrical half of a PBC cross-sectional contour
(in Chapter 5)

M bending moment [Nm]
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M11,M12, ..., M1n ,M1m unit bending moments, caused by the unit loads [m]
M ′4, M ′′4 reaction bending moments at the bottom roll of the [Nm]

symmetrical right and left halves of a PBC cross section
MA resultant moment at point A [Nm]
Mbst bending moment from the load from belt bending stiffness [Nm]
Mbulk bending moment from the bulk material load [Nm]
Mv

bulk, Mh
bulk bending moments from the vertical and horizontal [Nm]

components of a bulk material load, respectively
Mbw bending moment from the belt weight [Nm]
MP bending moment from external load [Nm]
Msmpl mass of a belt sample [kg]
My the torque in xz-plane [Nm]
N axial force [N]
N11, N12, ..., N1n , N1m axial forces, caused by the unit loads [-]
N1
′, N1

′′ repulsion forces at the PBC belt edges [N]
Nbst axial force from the load from belt bending stiffness [N]
Nbulk axial force from the bulk material load [N]
Nv
bulk, Nh

bulk axial forces from the vertical and horizontal components [Nm]
of a bulk material load

Nbw axial force from the belt weight [N]
NF1, NF2, ..., NF6 reaction forces from the PBC idler rolls [N]
N ′F1, N ′′F1 reaction forces at the symmetrical right and left halves of [N]

a PBC cross section at the top roll, respectively
N ′F4, N ′′F4 reaction forces at the symmetrical right and left halves of [N]

a PBC cross section at the bottom roll, respectively
NP axial force from external load [Nm]
P, Pn external load [N]
P̄n unit external load [-]
Q shear force [N]
Q11, Q12, ..., Q1n , Q1m shear forces, caused by the unit loads [-]
Q1bst, Q2bst concentrated expansion forces for modeling the load from [N]

belt bending stiffness
Qbst shear force from the load from belt bending stiffness [N]
Qbulk shear force from the bulk material load [N]
Qv

bulk, Qh
bulk shear forces from the vertical and horizontal components [Nm]

of a bulk material load
Qbw shear force from the belt weight [N]
Qc conveyor capacity [tph]
QP shear force from external load [Nm]
R radius of a belt pipe [m]
R1, R2 radii of a rigid cylinder and viscoelastic curved surface in [m]

an indentation contact model
S arc length of a belt in the troughability test [m]
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T temperature [◦C]
Tref reference temperature [◦C]
X1, X2, ..., Xm redundant forces [N]
X̄1, X̄2, ..., X̄m unit forces equivalent the redundant forces [-]
Ymax maximal deflection of a belt, measured in the [m]

troughability test

Non capitals

a, a1, a2, ...ap center distance to a leading edge [m]
aT temperature-frequency shift factor in WLF equation [-]
b longitudinal length of a belt sample (as for the [m]

troughability test); center distance to a trailing edge
(Chapter 7)

b1, b2, ...bp center distance to a trailing edge [m]
c center distance to a contact edges [m]
cK coefficient of a bulk material passive stress state Kp [-]

development
f ind IRR friction factor for a BBC system [-]
f DINind IRR friction factor of a PBC following recommendations [-]

of a DIN-standard
f indn IRR friction factor for one n-idler roll [-]
f bstn function used to parametrize the CFs from the load from [-]

belt bending stiffness
f
nbulk function used to parameterize the CFs from the bulk [-]

material load
f v
nbulk, f h

nbulk functions used to parameterize the CFs from the vertical [-]
and horizontal components of a bulk material load

f bwn function used to parametrize the CFs from the belt weight [-]
f ∗empt

n , f empt
n functions used to parameterize the CFs for an empty PBC [-]

f loadedn function used to parameterize the CFs for a loaded PBC [-]
f v
n1, f v

n2 functions of a PBC filling degree used for the displace- [-]
ments from the vertical component of a bulk material load

f r friction factor [-]
f beamT troughability function of a belt sample, assumed as a beam [-]
f shellT troughability function of a belt sample, assumed as a shell [-]
g gravity acceleration [m/s2]
h belt thickness [m]
hbot, htop bottom and top thicknesses of a belt rubber covers, [m]

respectively
hbulk height of a bulk material column, dividing bulk material [m]

cross section into layers
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hcarc thickness of a belt carcass [m]
k coefficient of a rectangular cross section (k = 1.2) [-]
kMi parameter introduced in the indentation generalized [m]

Maxwell model
kQ filling degree of a pipe conveyor cross section [-]
l longitudinal length of a belt section [m]
lc, lr carry spacing at the loaded and empty return strand, [m]

respectively
lpl length of supporting hexagon plates [m]
lroll length of an idler roll [m]
lx half-distance between the belt edges after deformation in [m]

the troughability test
my distributed bending moment, applied with respect to y-axis [N]
m′belt line mass of a belt per longitudinal unit length l [kg/m]
m′′belt area related (B × l) distributed mass of a belt [kg/m2]
m′bulk line mass of a bulk material per longitudinal unit length l [kg/m]
n number of Simpson intervals in Chapter 3; a number of an [-]

idler roll in Chapters 5-7
q transversally distributed load along belt width B [N/m]
qbst distributed radial load from belt bending stiffness [N/m]
qv
bulk, qh

bulk vertical and horizontal components of a distributed [N/m]
bulk material load

qbw weight of a conveyor belt, distributed along its width B [N/m]
qx , qz axial and radial loads along x- and z- axis, respectively [N/m]
r radius of a structural curvature of bending in Chapter 3 [m]
s length of an arc on a PBC cross-sectional contour [m]
t time [s]
u axial displacement of a belt structure [m]
v belt speed [m/s]
w transverse or radial displacement of a belt structure; the [m]

deformation of the contact viscoelastic plane with Winkler
foundation (Chapter 7)

w0 a transverse displacement of a mid-surface in Chapter 3 [m]
x Cartesian coordinate [m]
x0 initial x-coordinate before structural deformation [m]
x ′ dummy variable of a Cartesian x-coordinate [m]
y Cartesian coordinate [m]
z Cartesian coordinate [m]
z0 initial z-coordinate before structural deformation; [m]

indentation depth (Chapter 7)
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Greek capitals

∆ the horizontal displacement of a belt sample after its [m]
deformation in the troughability test

∆ov length of an overlap of a pipe conveyor belt [m]
Λ a function of an x-coordinate, introduced into Euler- [m]

Bernoulli Equation

ΥMay function of Maxwell parameters and the x-coordinates of [N− 1
3m− 1

3 ]
the leading and trailing edges for May approach

ΥPBC function of Maxwell parameters and the x-coordinates of [N− 1
4m 1

2 ]
the leading and trailing edges for a PBC

Φh
M , Φh

Mλ functions from the bending moment, introduced for the [-]
simplicity of the displacements, caused by a horizontal
component of a bulk material load

Φv
M , Φv

Mλ functions from the bending moment, introduced for the [-]
simplicity of the displacements, caused by a vertical
component of a bulk material load

Φh
NQ , Φ

h
NQλ functions from the axial and shear forces, introduced for [-]

the simplicity of the displacements, caused by a horizontal
component of a bulk material load

Φv
NQ

, Φv
NQλ

functions from the axial and shear forces, introduced for [-]
the simplicity of the displacements, caused by a vertical
component of a bulk material load

Ψ function of a belt slenderness B/h, introduced for CFs [-]
functions

Greek non capitals

α angular coordinate on a PBC lateral cross-sectional [rad]
contour or a dummy-variable of ϕ -coordinate

α1, α2 angular coordinates, used for integration limits of a PBC [rad]
CFs from bulk material load

β angle, characterizing position of Q1bst, Q2bst in a PBC [rad]
lateral cross section

βidl troughing angle of installation of the lateral idler rolls [◦]
γxz structural strain in xz-plane [-]
δ loss factor [-]
δ1, δ2, ..., δn displacements, caused by the redundant forces [m]
δ̄11, δ̄12, ..., δ̄nm unit displacements at point n or displacements per unit [m/N]

load X̄m = 1
δ1bst, δ2bst, ..., δnbst displacements from the load from belt bending stiffness [m]
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δh1bulk, δ
h
2bulk, ..., δ

h
nbulk displacements from the horizontal component of a bulk [m]

material load
δv1bulk, δ

v
2bulk, ..., δ

v
nbulk displacements from the vertical component of a bulk [m]

material load
δ1bw, δ2bw, ..., δnbw displacements from the belt weight [m]
δnbulk displacement from bulk material load [m]
δ1P, δ2P, ..., δnP displacements from the external loads at position n [m]
ε axial strain of a belt structure [-]
ε0 initial strain [-]
ε0x initial axial strain of a belt structure along x-axis [-]
εx , εz axial structural strains along x- and z- axis, respectively [-]
ζ ratio, characterizing an anticlastic curvature effect [-]
ηM, ηM1, ..., ηMi damping factors of the generalized Maxwell model [Ns/m2]
θ angle, characterizing filling degree of a conveyor cross [rad]

section (in Chapters 2, 5-6); curvature slope of a belt
in the troughability test (in Chapter 3)

θ0, θ1, ..., θn, θ j curvature slopes of a belt in the troughability test, [rad]
obtained for Simpson intervals

θx, θy angular displacements around x- and y-coordinate, [rad]
respectively

ϑ angle, characterizing a curvature κy change of a structure [rad]
deformed

κy curvature of a structural deformation in xz-plane [m−1]
λ, λ0 dynamic and static angles of repose of a bulk material, [rad]

respectively
µ Poisson ratio of a belt, assumed as for an isotropic body [-]
µ1,µ2 Poisson ratios of an orthotropic belt in its longitudinal [-]

and lateral direction, respectively
$ angular frequency [Hz]
ρbulk density of a bulk material [kg/m3]
ρcarc density of a belt uniform carcass [kg/m3]
ρrub density of a belt constituting rubber [kg/m3]
σ structural stress [N/m2]
σ0 initial stress [N/m2]
σv, σh vertical and horizontal stress components of a bulk [N/m2]

material load, respectively
σx , σz structural stresses along x- and z- axis, respectively [N/m2]
σϕ radial stress component of a bulk material load [N/m2]
τ, τ1, ... τi relaxation times of the generalized Maxwell parameters [s]
τxz structural shear stress in xz-plane [N/m2]
τϕ shear stress component of a bulk material load [N/m2]
ϕ angular coordinate on a PBC cross-sectional contour [rad]
ϕe effective angle of internal friction of a bulk material [rad]



324 Glossary

List of abbreviations
The following abbreviations are used in this thesis:

APDL Advanced Parametric Design Language
CEMA Conveyor Equipment Manufacturers Association
CF Contact Force
DEM Discrete Element Method/ (Model)
DMA Dynamic Mechanical Analysis /(Analyzer)
DOF Degrees of Freedom
FDM Finite Difference Method/ (Model)
FEM Finite Element Method/ (Model)
IRR Indentation Rolling Resistance
LRR Low Rolling Resistance
PBC Pipe Belt Conveyor
WLF Williams-Landel-Ferry
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