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Abstract

Continuing previous work, this paper provides maximal characterizations of anisotropic
Triebel-Lizorkin spaces F%y 4 for the endpoint case of p = oo and the full scale of
parameters « € R and g € (0, oo]. In particular, a Peetre-type characterization of the
anisotropic Besov space B‘;o, o = Fgo,oo is obtained. As a consequence, it is shown
that there exist dual molecular frames and Riesz sequences in Fgo, a

Keywords Anisotropic Triebel-Lizorkin spaces - Maximal functions - Anisotropic
wavelet systems - Coorbit molecules - Frames - Riesz sequences - One-parameter

groups

Mathematics Subject Classification 42B25 - 42B35 - 42C15 - 42C40 - 46B15

Communicated by Karlheinz Grochenig.

B Jordy Timo van Velthoven
j-t.vanvelthoven @tudelft.nl

Sarah Koppensteiner
sarah.koppensteiner @univie.ac.at

Felix Voigtlaender

felix.voigtlaender @ku.de

Faculty of Mathematics, University of Vienna, Oskar-Morgenstern-Platz 1, A-1090 Vienna,
Austria

2 Delft University of Technology, Mekelweg 4, Building 36, 2628 CD Delft, The Netherlands

Mathematical Institute for Machine Learning and Data Science (MIDS), Katholische Universitit
Eichstitt-Ingolstadt, Research group Reliable Machine Learning, Ostenstrasse 26, 85072 Eichstitt,
Germany

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00605-023-01824-3&domain=pdf
http://orcid.org/0000-0002-8529-4516

432 S. Koppensteiner et al.

1 Introduction

In a previous paper [20], we obtained characterizations of anisotropic Triebel-Lizorkin
spaces F‘["7 g Witha € R, p € (0, 00) and g € (0, oo], in terms of Peetre-type maximal
functions and continuous wavelet transforms. In addition, as an application of these
characterizations, it was shown that these spaces admit molecular dual frames and
Riesz sequences. The purpose of the present paper is to provide analogous results for
the endpoint case of p = oo.

For defining the anisotropic Triebel-Lizorkin spaces, let A € GL(d, R) be an
expansive matrix, i.e., |A| > 1 forall A € 0 (A), and let ¢ € S(R?) be such that it has
compact Fourier support

supp@ = {§ € RY: 9(§) # 0} C RY\ (0} (1.0
and satisfies
sup (A 9] >0, & R\ {0}, (1.2)
J€E

with A*“ denoting the transpose of A. For j € Z, denote its dilation by ¢; =
|'detA|f(p.(Af -). The associated (homogeneous) anisotropic Triebel-Lizorkin space
Fg‘o,q = F&,q(A, @), with @ € R and g € (0, o0], is defined as the collection of all

tempered distributions f € &'(R?) (modulo polynomials) that satisfy

1 s . 1/q
I fllge = sup (7/ [det A|*/[(f % @;)(x)] qu) <o
Fooa ™ pep ez \1det ALY Jaeqo1pd-+0) j;g( PN
(1.3)
if ¢ < 0o, and
Ifllga = sup sup <#/ |detA|“-/|(f *(p‘)(x)|dx> < 00.
Foooo ™ vend je, j=—e \| det A[¢ Jat(o,11d 1) /
(1.4)

Note that the £°°(Z>_¢)-norms in Eq. (1.4) are positioned outside of the integral,
whereas the £9(Zx>_¢)-norms in Eq. (1.3) are part of the integrand.

In contrast to the usual quasi-norms defining (anisotropic) Triebel-Lizorkin spaces
Fg,q for p < oo (see, e.g., [3-5, 20]), the quantities (1.3) and (1.4) consider only
averages over small scales. The quasi-norms (1.3) and (1.4) can therefore be considered

as “localized versions”of the immediate analogue of the quasi-norms defining F‘;‘, q

o

for p < 0o, which would lead to an unsatisfactory definition of Foo, e

5] and the references thereir_l.

The above definition of Fgo q follows Bownik [3, Sect. 3] (see also [11, Sect. 5])
for g < oo, but differs from [3, 11] for ¢ = oo, where Fgo‘oo is instead defined via
the quasi-norm

see [11, Sect.
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1 llge, = I fllge, == sup|det AP[|f % ;] 1 < o0, (1.5)
’ ’ JEZ

with Bgo, « denoting the (anisotropic) Besov space [2]. The quasi-norm (1.4) is an
anisotropic version of the definition given by Bui and Taibleson [6], which (as a
consequence of our main results) will be shown to be equivalent to (1.5), like for
isotropic dilations [6, Theorem 3].

1.1 Maximal characterizations

As in [20], we assume additionally that the expansive matrix A € GL(d, R) is expo-
nential, in the sense that A = exp(B) for some matrix B € RY*?. The power of A is
then defined as A*® := exp(sB) for s € R.

For ¢ € S(RY), s € R and B > 0, the associated Peetre-type maximal function of
f € 8'(R?) is defined by

goffsf ‘R4 > [0,00], x> sup —'f * gy + )| ,
' cerd (1+ pa(AS2))P

where ¢; := | det A|*¢(A*-) and where p4 : RY — [0, o) denotes the step homoge-
neous quasi-norm associated with A (cf. Sect. 2.1).

The following Peetre-type maximal characterizations of Fgo, 4 Will be proven in
Sect. 3. Here, the notation JCQ means the average integral over a measurable set Q C R4
of positive measure.

Theorem 1.1 Let A € GL(d, R) be expansive and exponential and let o« € R. Assume
that ¢ € S(R?Y) has compact Fourier support satisfying the support conditions (1.1)
and (1.2).

For g € (0,00) and B > 1/q, the norm equivalences

00 1/q
Il fllge =< sup (][ / (I detA|“Sgo;”;3f(x))‘1 ds dx)
oo AL([0,119+k) ’

LeZ,keZd —L
(1.6)

oo

) 1/q
= sup <]ﬁ Z (IdetAl“fgajf‘ﬁf(x))qu>

0eZ,keZd £([0,1194k) =

hold for all f € S'(RY)/P(R?). For g = oo and B > 1, the following equivalences
hold

IIfIIFgm = sup sup (][ IdetAlwfp;“jgf(x)dx>
’ teZ,kezd seR,s>—2 \J AL([0,1]9+k)

= sup sup (][ |detA|°‘j<p;ff‘ﬂf(x)dx>
CeZ,keZd JEL,j=—t W AL(0,119+k)

forall f € SRY)/PRY).

(1.7)
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434 S. Koppensteiner et al.

Theorem 1.1 provides an extension of [6, Theorem 1] to arbitrary expansive dila-
tions, and appears to be new even for the commonly studied setting of diagonal dilation
matrices A = diag(«1, ..., ®g) with given anisotropy («1, ..., o¢g) € (1, 00)4.

The proof method of Theorem 1.1 is modeled on the proof of the maximal charac-
terizations of Triebel-Lizorkin spaces F‘;‘, ¢ With p < oo given in [20]. In particular, it
combines a sub-mean-value property of the Peetre-type maximal function (Proposi-
tion 3.2) with maximal inequalities. See also [22, 23, 27, 31] for similar approaches.
Besides the similarities in the approach, the calculations in the proof of Theorem 1.1
differ non-trivially from these in [20, Theorem 3.5] as only averages over small scales
appear in the definition of Fgo g

As a consequence of Theorem 1.1, we show in Sect. 4 the coincidence Fg, =
< '
BY, o mentioned above.

1.2 Molecular decompositions

For an expansive and exponential matrix A € GL(d, R), denote by G4 = R? x4 R
the associated semi-direct product group. Then G 4 acts unitarily on L?(R9) via the
quasi-regular representation 7, defined by

7, s) f = |det A|T2F(AT5(—x), (x,5) eRI xR, feL*RY. (1.8)
A vector ¥ € L*(R?) is called admissible if the associated wavelet transform
Wy L2RY) — L™(Ga). Wy f = (f. 7)),

defines an isometry into L?(G 4). The existence of admissible vectors and associated
Calderén-type reproducing formulae for this representation have been studied, among
others, in [9, 12, 17, 21]. The assumption that A is expansive is essential for the
existence of admissible vectors ¥ € S(RY) satisfying 1//} eCr (R4 \ {0}) (cf. Lemma
5.2), which play an important role in this paper.

A countable family (¢, ), cr of functions ¢, € L*(RY) parametrized by a discrete
set I' C G4 is called a molecular system if there exists a function & € W(L)) C
L'(G ) such that

(Wydy ()] =1{dy, T(¥) < P(y~'g), v €T, get. (1.9)

The space W(L!,) denotes a weighted Wiener amalgam space for r = min{l, ¢} and

the standard control weight w = wgég : G — [1, 00); see Sect. 6 for further details.

It should be mentioned that any family (7 (y)¢),er for suitable ¢ € L2(RY)
defines a molecular system in the sense of (6.1) with ® = |Wy ¢|, but that generally
a molecular system (¢, ), cr does not need to consist of translates and dilates of a
fixed function ¢. Nevertheless, general molecules (¢, ),er share many properties
with atoms (7 (y)¢)yer, see, e.g., [18, 32].

The following theorem provides decomposition theorems of Fg‘o 4 n terms of
molecules.
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Anisotropic Triebel-Lizorkin... 435

Theorem 1.2 Let A € GL(d, R) be expansive and exponential. For « € R, q €
(0,00], lerr :== min{l, g} andleta’ =a +1/2 —1/qifq < coand o' = a + 1/2,
otherwise. Let B > 1/q if ¢ < oo and B > 1 otherwise.

Suppose ¥ € L*>(R?) is admissible satisfying Wy € W(L')) for the standard
control weight w = wgoﬁ[;’ﬁ : Ga4 — [1, 00) defined in Lemma 5.8. Additionally,
suppose that Wy € W(L?)) for some (equivalently, all) admissible ¢ € So(R).
Then there exists a compact unit neighborhood U C G 4 with the following property:
For any discrete set I' C G 4 satisfying

Ga=|JvU and sup #(I'NgU) < oo, (1.10)

yer geGa

there exists a molecular system (¢, )y er suchthatany f € Fgo o admits the expansion

F=) (famvg, =Y (f. ¢ w0V,

yell yel

where the series converges unconditionally in the weak*-topology of S'(R%)/P(R?).

Atomic decompositions of the anisotropic spaces F‘g‘o 4 have been obtained earlier
by Bownik [3]. However, Theorem 1.2 provides a frame decomposition of all elements
f e Fgo q in terms of the atoms (77 (y)¥)yer and molecules (¢ ), cr, whereas the
atoms in [3, Theorem 5.7] depend on the element f € F go q that is represented. For
anisotropic Triebel-Lizorkin spaces F%, ¢ With p < 00, decompositions as in Theorem
1.2 were obtained in [19, 20], but they appear to be new for the case of p = ooc.
In fact, Theorem 1.2 seems even valuable for merely isotropic dilations, where the
state-of-the-art [13] excludes the case p = oo.

Theorem 1.2 will be obtained from the recent results on dual molecules [26, 32]
through the identification of Fgo’ 4 With a coorbit space; see Proposition 5.10. This
identification appears to be new for the full scale of Fgo g Witha € Rand g € (0, o],
even for isotropic dilations.

In addition to the existence of dual molecular frames, we also obtain a corresponding
result for Riesz sequences. Here, the space p;?f;’ﬁ denotes a sequence space associated
to Fgo 4+ see Definition 6.3 for its precise definition.

Theorem 1.3 With assumptions and notations as in Theorem 1.2, the following holds:

There exists a compact unit neighborhood U C G 4 with the following property:
For any discrete set I' C G 4 satisfying

yUNyYy'U=0 forall y,y' €l with y #7y/, (1.11)

there exists a molecular system (¢y)yer in span{m(y)y : y € I'} such that the
distribution f := Zy er Sy by € FS g Jorms a solution to the moment problem
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436 S. Koppensteiner et al.

(fimW¥)=cy, vy el

for any given (cy)yer € p;?‘,;’s <cCl.

Riesz sequences in Fgo 4 seem not to have appeared in the literature before, which
makes Theorem 1.3 new even for isotropic dilations. Similarly to Theorem 1.2, we
obtain Theorem 1.3 by applying results of [26, 32] to the coorbit realization of the
Triebel-Lizorkin spaces Fgo g

Notation

We denote by sT := max{0, s} and s~ := —min{0, s} the positive and negative part
of s € R.If fi, f> are positive functions on acommon base set X, the notation f; < f>
is used to denote the existence of a constant C > 0 such that fj(x) < Cf>(x) for all
x € X. The notation f] < f> is used whenever both f; < f> and fo < f1. We will
sometimes use <, to indicate that the implicit constant depends on a quantity .

For a function f : R? — C and a matrix A € R?*?, the dilation of f : R? —
C is denoted by f; := |det A/ f(AJ.), where j € Z. Similarly, we write f; :=
|det A]® f(A®-) for s € R, provided that A°® is well-defined.

The class of Schwartz functions on R? will be denoted by S(R?). Its dual space is
simply denoted by S’ (R). Moreover, the notation P(R%) will be used for the collection
of polynomials on R4, and we write S’ (R?) / P(RY) for the quotient space of tempered
distributions modulo polynomials. The Fourier transform F : S(Rd ) — S(Rd) is
defined as f(&) = fRd f(x)e 2 *E dx with inverse f =F1f = f(— -). Similar
notations will be used for the extension of the Fourier transforms to L2(R9).

The Lebesgue measure on R? is denoted by m. For a measurable set Q C R¢ of
finite, positive measure, it will be written JCQ f(x) dx :==m(Q)"! [, o f(x) dx for
f :R? — C. The closure of a set 9 C R? is denoted by Q.

If G is a group, then the left and right translation of a function F : G — Cbyh € G
will be denoted by L, F = F (h=Yyand RL,F = F(-h), respectively. In addition, we
write FV(x) = F(x™1).

2 Anisotropic Triebel-Lizorkin spaces with p = oo

This section provides preliminaries on expansive matrices and Triebel-Lizorkin spaces.

2.1 Expansive matrices

A matrix A € R?*4 is said to be expansive if |A| > 1 for all eigenvalues A € o (A),
where o (A) denotes the spectrum of A. Equivalently, a matrix A € R?*4 is expansive
if [A=/| > 0as j — oo.

The following lemma collects several basic properties of expansive matrices that
will be used in the sequel, see, e.g., [1, Definitions 2.3 and 2.5] and [ 1, Lemma 2.2]. For
a more general background on spaces of homogeneous type on R?, we refer to [7, 8].
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Lemma 2.1 Let A € GL(d, R) be expansive.

(i) There exist an ellipsoid Q2 = Q4 (thatis, Q2 = P(B1(0)) for some P € GL(d, R))
and r > 1 such that

QCrQc AQ
and m(QY) = 1. The function pa : R — [0, 00) defined by

ldet A, if x e A/ITIQ\ A/Q,
pa(x) = s \ @1
0, if x =0,

is Borel measurable and forms a quasi-norm, i.e., there exists C > 1 such that

pa(—x) = pa(x), x e R,
d

pa(x) >0, x € R\ {0}, 22)
pA(Ax) = |det Alpa(x), x e RY,

pa(x +y) < C(pax) + pa(»),  x,y € R

(ii) The functiondy : R x R4 — [0, 00), (x, y) > pa(x —y) forms a quasi-metric.
The triple (R, d, m) forms a space of homogeneous type.

For an expansive matrix A € GL(d, R), a function py4 : R4 — [0, 0o) defined
by Eq. (2.1) will be called a step homogeneous quasi-norm associated to A. Given
y € RY and r > 0, its associated metric ball will be denoted by

B, (y,r):={x¢€ R?: palx —y) <r}.
It is readily verified that B, (0, 1) = £2. Hence, its metric balls are of the form
By, (y,r) = A'Q +y,
where ¢ € Z is such that |det A|*"! < r < |det A|.
Throughout this paper, given an expansive A € GL(d, R), we will fix an ellipsoid

Q = Q4 as appearing in Lemma 2.1 (i). This choice is not unique. Any other choice
of ellipsoid will yield an equivalent quasi-norm, see, e.g., [1, Lemma 2.4].

2.2 Schwartz seminorms

Let A € GL(d, R) be expansive with associated step homogeneous quasi-norm p4.
For B > 0, the quasi-norm properties (2.2) imply that

(14 pax + )P Sap A4 pax)P A+ pa(y)Pf (2.3)
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438 S. Koppensteiner et al.

for x, y € R?. For ease of notation, we will often write vg(x) = (1 + pa (x))? for
x e R4,
Let A_ and A4 be such that I < A_ < miny¢q(a) |A| < Max;eq(a) [A] < A4, Put

. InA_
" In|det A

-1 Iniy —1
€(0,d77) and ¢4 = — € (d 7, 00).

¢ " In|det A|

Then [1, Lemma 3.2] (see also [20, Lemma 2.2]) implies that

pa(x) < Ilx o ) Vo, x eRY,
Ix]l < pa(x)= 4+ pa(x)*T, x e R,

Therefore, the collection

PM.N(p) = max  sup (14 pa()P - 10% ()|, M,NeN, (24)

al<M, d
0<p<n VR

defines an equivalent family of seminorms for the Schwartz space S(RY).

2.3 Analyzing vectors

Let A € GL(d, R) be expansive. Choose a function ¢ € S(R?) with compact Fourier
support

supp@ = {£ € RY : (&) # 0} C RY\ {0} 2.5)
satisfying, in addition,

sup [§((A*)7&)| > 0, & e R?\ {0). (2.6)
J€EZ

Then the function ¥ € S(R?) defined by

OE)) Y pey 1PUAHRE) 2, if & e RY\ {0},

V() = 0. it £ =0,

is well-defined and satisfies

D AANEY(ANE =1, £ eRI\ (0} 2.7)

JEZ
For more details and further properties, see, e.g., [5S, Lemma 3.6]
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2.4 Anisotropic Triebel-Lizorkin spaces

Let A € GL(d, R) be expansive and fix an analyzing vector ¢ € S(R?) with compact
Fourier support satisfying (2.5) and (2.6).

For ¢« € Rand 0 < g < oo, the associated (homogeneous) anisotropic
Triebel-Lizorkin space ¥%, , = ¥% (A, ¢) is defined as the collection of all

f e SRY)/P(R?) for which

00 ) 1/q
1/ i, = sup (ﬁ[([ Z(|detA|‘”|<fw,-)(xn)qu) < 0.

teZ,kezd 0.11+k) =7,

The definition of F‘;O,q = Fgo 4(A, @) is independent of the choice of analyzing
vector ¢, with equivalent quasi-norms for different choices, cf. [3, Corollary 3.13].
In addition, the space Fg‘o q is continuously embedded into S'(R%)/P(R?), and is
complete with respect to || - ”F'é‘o o See [3, Corollary 3.14] for both claims.

For the case ¢ = oo, the space Fgo,oo = F&,M(A, @) will be defined as the
collection of all f € S'(R%)/P(R?) satisfying

Iflje = sup  sup (,[ IdetAI“jI(f*soj)(x)ldx><oo-
' 0eZ.keZd jeL,j>=—t \JAL([0,1]9+k)

For our purposes, it will be gonvenient to use the metric ball 2 = B, (0, 1) instead
of the cube [0, 1]¢ in defining F2. 4- The independence of this choice is guaranteed by

the following lemma, whose simple proof follows from a standard covering argument
and is hence omitted.

Lemma2.2 Let F : R? — [0, c0) and Fj: RY — [0, c0), Jj € Z, be measurable
functions. Then

sup ][ F(x)dx < sup ][ F(x)dx
teZ,kezdJ AL([0,119+k) (eZ,weRdJ A* Q4w

and

sup sup ][ Fi(x)dx < sup sup ][ Fji(x) dx
teZ,keZd jEL,j=—L JAL(0,1]4+k) teZ,weRd jEL,j=—t J ALQ+w

with implicit constants only depending on d, A.

3 Maximal function characterizations

Throughout this section, A € GL(d, R) will denote an expansive matrix.
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3.1 Peetre-type maximal function

Let ¢ € S(RY). For j € Z and B > 0, the associated Peetre-type maximal function of
f € S8'(R?) is defined as

I(f * @) (x + 2)|

_ e RY, 3.1
ZGW (1+ pa(Aiz))P G-b

(pJ /Sf(-x)

where py : RY — [0, o) denotes the step homogeneous quasi-norm.
The Peetre-type maximal function has the following basic properties.

Lemma3.1 Let ¢ € S(RY). Let j € Zand B > 0. For any f € S (R?), the following
holds:

(i) If(p;f:“ﬁf(x) is finite for some x € RY, then it is finite for all x € R.
(ii) There existsan N = N(f, A) € N such that for all § > N

@i f(x) <00, x¢€ RY.

Proof (i) Let xo € R? be such that (p;.‘”“ﬂ f(x0) < oo. The symmetry of p4 and the
inequality (2.3) for vg(y) = (1 + pa(y))? yield that

|(f * ¢j) ()]

Al (x — ERATARR & Fa s
vp (Al (x XO))ZeRdUﬂ(AJ(XO_Z))

. I(f*e)@I
@i f(x) = zseRd—Vﬁ(A](x_ )~

= vg(A’ (x — x0)) 1% f (x0) < o0.

for arbitrary x € RY.

(ii) Fix x, z € R%. Let (-, -) s.s denote the bilinear dual pairing. Since f* € S (RY)
and the seminorms (2.4) are ordered, there exist M = M(f), N = (f,A) e Nand a
constant C = C(f) > 0 such that

I(f* 9@ = 1(f, Tz0])g sl

<C max sup v 9% -z
o dgd s 1% (I9] 1) (v = 2)|

0<,3<N

< C max  sup vg(y +x)v,5(z—x)|3a(|¢] )I63]
le|=M, 5cpd
O<ﬂ§N

<cC \oﬂl<ax sup vg(¥ 4+ x) max{l, [det A|™ Jﬁ}v,g(A](z—x))|3a(|g0]y|)()7)|.
0<B< N}GR

Consequently,
|(f *¢;)(@)]

——2 < max sup vg(y +x)[d¥ Ml =< @)
A=) S |“‘;<Nye]1£d s +x) 10l 1) (D S pm.n (9]
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Since the constants are independent of z € RY, the claim follows easily. O

3.2 Sub-mean-value property

The following type of result is often referred to as a “sub-mean-value property”’and
will play an essential role in deriving the main results. It forms an anisotropic analogue
of the isotropic result [30, Theorem 5].

Proposition3.2 Let A € GL(d, R) be expansive and let ¢ € S(R?) have compact
Fourier support satisfying (2.5) and (2.6). Then, for all g € (0, 00) and B > 0, there
exists a constant C = C(A, ¢, q, B) > 0 such that

|(f @)Y

_ dy, xeR?, (32
(14 pa(Ai (x — )P4

(@7 f () < Cldet Al /

forall f € SRY) and all j € 7.

Proof The claim is trivial whenever <p;fj"ﬁ f(x) = 0, so we assume throughout that
(p;ff‘ﬁ f(x) > 0. The proof will be split into two steps dealing with ¢ € [1, co) and
q € (0, 1) separately.

Step 1. (The case g € [1, 00)). By the compact Fourier support condition (2.5) and
the identity (2.7), it follows that there exists N € N (depending on ¢ and A) such that
the function ¢ := Z/1<V=— N @k * Yy satisfies

pjx®j=9;, jeL, (3.3)

see, e.g., the proof of [20, Theorem 3.5] for a detailed verification.
Using that ¢; = 211\7:71\7 Qj+k * Uik for j € Z, the equality (3.3) gives

I(f * ) (x +2)]

v,g(Ajz)
- ﬁ: |(f * @) *@jr * i) (X + 2|
B vg(AJz)
< Z /Rd Tz s+ a0t 2= Dl dy

I(f * ) ()] j
< J —
Z /d])ﬂ Al(x—y)) (A (e y))

|(<Pj+k Vi) (x +2z—y)ldy

forall x,z € R?, j € Z and B > 0. Combining Holder’s inequality for % + % =1

and the translation invariance of L4 /(]Rd) yields
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|(f *¢j)(x +2)]
vﬂ(Ajz)
N

=3

k=—N

H"ﬂ(Aj(x +2= ) @k ¥ Y +z— 1)

_ i (f *9¢))
't v (AT (x =)

(f *¢j)
vp (AT (x =)

L4

Le

ve(A7 () @)k * V) ()

Ly Ld”

If ¢ € (1, 00), applying the transformation A’y > 7 in the L4 -norm above gives

H”ﬂ(“‘j(')) (@jtic * i) ()

q’ . ’ . . /
= /I;&d (v (A )T | det AT |(r * Yi) (AT )| dy
— |det A/9'~J /R (g7 1 x v d5.
Using the seminorms defined in Eq. (2.4) and the fact that ¢, ¢ € S(R?), the last

integral can be estimated by a constant Cy = Ci(A, ¢, g, f) > 0. Combining the
above gives

N
|(f*‘Pj)('x+Z)| < (f* (Pj) |detA|j<171/q/) C]i/q/
vg(Aiz) ~ vﬂ(AJ(x - -)) Yt
< |detA|j/q M ,
(AT (x = ) |l 1a

with implicit constant depending on A, g, ¢, ¢. Taking the supremum over z € R?
and the g-th power yields the claim for ¢ € (1, 00). The case ¢ = 1 follows by the
same arguments with the usual modifications.

Step 2. (The case g € (0, 1)).For f € S (RY), the estimate obtained in Step 1 (for
q = 1) gives

I(f * @) (¥
@ vg(AT(x =)

= IdetA|ff < /e O) )1_"( I(f )] )qdy
e \vg(AT(x — ) vg (Al (x —y))

_ ; [(f eI \?
Hok I—q J N A
< (@)% () 7| det A fRd<vﬁ(Aj(x_y))> dy. (3.4)

o @ S el [

By Lemma 3.1, there exists N/ = N'(f) € N suchthatw;?f‘ﬁf(x) < ooforallB > N'.
Hence, if 8 > N’, the claim follows immediately from the inequality (3.4).
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For the case B < N’, we use the already proven result for N’ to obtain

. I(f )] \?
. q9 < J O
I(f * @)@ < I det A fRd(vN,(A/(z—w)) dy
< IdetA|f/ (M)qdy
- R4 Uﬂ (AJ (Z - y))

; I(f*@p)MI \? ; q
< J . T J _
< |det Al /Rd (v5(Aj(x - y))) v (Al (x — 2)) dy,

where the second inequality used that vy/(x)™? < vg(x)~¢ for 0 < B < N’. Conse-

quently,
. q ) . q
( I(f *¢)) @) > < |det A / < I(f * )V ) 4
vg (Al (x — 2)) R \vg (AT (x = y))
The right-hand side being independent of z € R, taking the supremum yields the
claim for B8 < N'. Overall, this completes the proof. O

3.3 Maximal function characterizations

In this section, the matrix A € GL(d, R) is often additionally assumed to be exponen-
tial, i.e., it is assumed that A admits the form A = exp(B) for some B € R4%d_Then
the power A* = exp(s B) is well-defined for s € R.
For ¢ € SRY) and 5, 8 € R with B > 0, the associated Peetre-type maximal
function of f € S'(RY) is defined as in (3.1) by
o7 F () = sup |(f * g5)(x ‘+ z)l’ c R4
zeR4 (1+ pa(As2)P

whenever A is exponential.

The following theorem forms a main result of this paper. It characterizes the
anisotropic Triebel-Lizorkin spaces Fgo py with 0 < g < o0, in terms of Peetre-
type maximal functions. The result forms an extension of [6, Theorem 1] to possibly

anisotropic dilations.

Theorem 3.3 Suppose A € GL(d, R) is expansive and exponential. Assume that ¢ €
S(R?) has compact Fourier support and satisfies (2.5) and (2.6).
Then, for all g € (0, 00), « € R and B > 1/q, the norm equivalences

LeZ,weRd

00 1/q
£l = sup (,[ f (|detA|“S¢_;i”‘ﬁf(x>)qudx)
! AQ+w J—¢
3.5)
o0

teZ,weRd

) 1/q
= sup (J[ Z (|detA|°‘fcp;-‘fﬂf(x))q dx)
AlQ+w j=—t
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hold for all f € S (RY)/PRY). For ¢ = 0o, « € Rand B > 1, the following
equivalences hold

s X S0 30 i AT RS0
' o (3.6)
= sup sup ][ | detA|°‘-/<p;ff‘ﬁf(x) dx.
eZ,weRd jeZ,j>— JA Q4w
forall f € SRY)/PRY).
(The function (p;‘,";sf :RY — [0, oo] is well-defined for f € S (R?)/PRY), since
@ has infinitely many vanishing moments and hence P s = 0 for every P € P(R%).)

Remark 3.4 The proof of Theorem 3.3 shows that the discrete characterizations

LeZ,weRd

0 . 1/q
I fllge = sup (][ | det A|*/ %5 f(x) qu) ,
Foo.q ALt j;g ( j:B )
and

I/l o = sup - sup ][ | det A1/ f (x) dx,
' LeZ, weRd jeZ,j>=—L JALQ+w

also hold without the assumption that A € GL(d, R) is exponential.

Proof of Theorem 3.3 Only the cases g € (0, co) will be treated; the case ¢ = oo
follows by the arguments for ¢ = 1, with the usual modification to accommodate the
supremum. The proofis split into three steps and for some parts we refer to calculations
from the proof of [20, Theorem 3.5].

Throughout the proof, we will make use of the equivalent norms

0 ) 1/q
1/ llge,, = sup (,[Alm Z(|detA|°’f|(f*goj)(xn)‘fdx)
wj:—@

teZ,weRd
and
Iflje = sup  sup ][ | det A% (f % ;) ()| dx
' teZ,weRd jeZ,j>—0J ALQ+w
provided by Lemma 2.2.

Step 1. In this step it will be shown that || f|] ¥y, can be bounded by the middle
term of (3.5). This step is modeled on Step 1 of the p}oof of [20, Theorem 3.5]. By the
calculations constituting [20, Egs. (3.7)—(3.11)], it follows that, for ¢ € [0, 1], there
exists N = N(A, ¢) € N such that

oo

|(1decaiicr o)

N
W 2
k=—N

(| detAIa(j+k+t) (p;fikﬁ»t,ﬁf(x))

j=—t j=—tllga

@ Springer



Anisotropic Triebel-Lizorkin... 445

N

>

k=—N

o0
(| detA|“<f+’>w;fL,,g.f(x)>
j=—t-N

o0

(l detAla(j-H) (ﬂ;it.ﬂf(x)>

j=k—tllea

S

4
3.7
If g < oo, then raising (3.7) to the g-th power and integrating over ¢ € [0, 1] gives

1 00
Z (l detA|D‘j|(f % <p_i)(x)|)q < ./0 Z (I det A|a(j+’)§0;j_,’ﬁf(x)>q dt

) J=—(t+N)
R q
- / . <|detA|m¢jfj; f(x)) ds.

Let w € R? be arbitrary and set Oy = A’Q + w. By Lemma 2.1, it follows that
Q¢ C Q¢+nN- Therefore, averaging over Q, gives

][ 3 (ldetA|°‘j|(f*<pj)(x)|>qu 5][ / (IdetAl“‘Wf‘};f(x))qudx
[ Q¢ J=(l+N)

j=—t
m(Q£+N)f /OO s kk q
= "mo) det A| g% f(x)) dsdx,
m(Q¢) Jo,y ,(ZJrN)(l | ‘/’A,ﬂfx) sdx
where %&z?) = |det A|¥ < 1. Consequently, taking the g-th root and the supremum

over £ € Z and w € R? yields the desired estimate.

Step 2. In this step we estimate the middle term by the right-most term of (3.5).
This requires discretizing the inner-most integral, which works analogously to Step
2 in the proof of [20, Theorem 3.5]. By [20, Eq. (3.15)], for # € [0, 1], there exists
N = N(A, ¢) € N such that

N

: q ; q
(1det a0 g, s f0)" 5 Y (Ideca g, @) (38
k=—N

Starting with the inner-most integral of the middle term in (3.5), we use a simple
periodization argument and (3.8) to obtain

o0 1

*© as | kk q _
/_Z (ldetAl ¢S,ﬂf(x)) ds = Z/O

j=—t

(| det A|“(j+’)gojit’ﬁf(x)>q dt

00 N

. q
SY Y (lderaputgr, o f()
j=—lk=—N
o0

S Y (1detarigr fom)”.

Jj=—{+N)
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Taking the averaged integral over Qy = A‘Q + w yields

(1det a=gy dsd <][ det AJ* "d
£ [ (arsere) asas > (Ietlfﬂf(x)) x

b j=—(+N)

- q
][ (1det A1y f ()" dx,
QN j=— (Z+N)

where we used Q¢ C Q¢+n and m(Q y = = |det AN
the supremum over all £ € Z and w € R? and the ¢- th root yields the claim for
q € (0, 00).

Step 3. Lastly, it will be shown that the right-most term of (3.5) can be bounded by
I f ”l'?‘;c . We start with using Proposition 3.2 for the exponent 0 < ¢ /r < oo, where

r = /Bq > 1 by assumption. This gives for all x € R¢ and £ € Z

FT(Y)] Q in the last step. Taking

> tdet | (g5 )" |
j=—t
= o - (f %)) )"/’ }
< det A|“/9| |det A|Y _— d .
”j;z' . [' A /Rd(vﬂ(w—w) ’

For fixed, but arbitrary x € RY and ¢ € Z, we partition R? = Q(x) U
UrZo Qetk+1(x), where

Qr(x) = A'Q+x and Qpipr1(x) i= Qi1 (¥) \ Qrak ().

Combining this with the simple fact that (a + b)" < a" + b" for a, b > 0 yields

> 1det A (o5 0) ]

j=—t
C : : I(FxepDI N\
< | det A|*/9 IthIJ/ (—) d
1_2_:5 ‘ [ ) 1) \vp(Al(x = y)) y]
I(fxeI Y
+ |detA|°‘f‘1 |det AJ/ / (—) dy
,_Z_@ Z vk \ V(A1 (x = y)) ]
=: 851+ 5.

In the remainder, the series defining S| and $> will be estimated.

Step 3.1. We look at the sum S| first. Note that since | det A| > 1, thereexists M € N
such that | det A|¥ > 2C, where C > 0 denotes the constant in the triangle-inequality
for p4 (cf. Lemma2.1). A straightforward computation shows that Q¢ (x) C Qg (w)
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forall w € R? and ¢ € Z whenever x € Q;(w). Therefore, for all w € R?, ¢ € Z and
x € Q¢(w), it follows that

. q/r
[ ( )0 ) o
0/ \vg(AT(x =)

- I(f o] 4"
< |det A /Rd (m) Loppw () dy

; I(f * @) ()] )q/’
J EACEGR S EaCsal
| det A| ~/Q__,-(x) (v;; (Aj(x — y)) Lo, () dy

> : I(f * o] 4"
+ |detA|f/ <—> Lop () dy
,,,X::O O \Vp(AT(x — ) Grom

=L+ D

To estimate the terms /7 and I, we will use the (anisotropic) Hardy-Littlewood max-
imal operator for locally integrable f : R? — C given by

Myt =sup f 1F)Idy. x e B,
B>x JB
where B = B,, (z, 5) ranges over all metric balls containing x.
For estimating ;, note that vg (A7 (x — y)) —alr (14 pa(Ad (x — y)))_ﬁq/r <1
yields

I = IdetAIj/ [(f % @)D gy 4y (3) dy

0-jx)

< My (IF %9517 Loy ) (). (3-9)

For estimating I, note that ps (A7 (x — y)) = |det A|" for y € Qam_.,'+1(x) by
definition of p4 (see (2.1)). This and setting § := Sq/r — 1 implies

o0
L <) |det AP / [(f % @)D g, ) (9) dy
m=0 Om—j+1(x)
o0
< > |det A7 det A/ / [(F % )OI gy py ) (3) dy
m=0 Qm—j+1 (x)

o0
< My, (If %017 L0, ) () D [ det A|70H!

m=0

N MPA(|f *wjlq/rﬂQHM(W))(x)’ (3.10)

where the last inequality used that § = 8¢ /r — 1 > 0. Here, the implicit constant only
depends on A, ¢ and .
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Combining (3.9) and (3.10) shows for x € Q¢ (w) that

o

. r

SISy |detA|“”[MpA(|f*ﬁﬂjlq/rﬂQHM(w))(x)] :
j=—t

Thus, averaging over x € Qg(w) and applying the maximal inequalities for L” (R¥)
(see, e.g., [15, Theorem 1.2]), yield

o
. r
][ Sidx S ). |detA|‘”"][ [MpA(If*wjlq/’ﬂQHM(w))(x)] dx
0c(w) = Q¢ (w)

s 1

> | det A|*/4

Jj=—U+M)

A

m(0rsm @) Jra [MpA(|f*‘/’j|q/rﬂQe+M(w))(x)] dx

A

oo
i 1
wjg____ L Ny g
j;(szeml Qe 0) Jpa OO Q) ()

Lastly, taking the suprema over w € R? and ¢ € Z yields

sup ][ Sidx < If19, . 3.11)
0

teZ,weRd J Q¢(w) 004

with implicit constant depending on A, ¢, ¢, and B.
Step 3.2. In this step, we deal with the sum S>. Recall again that, for y € Q¢1k41(x),
pa((A(x — y))) = | det A/ ¢ Hence,

o0 ) q/r
T ST G

k=0 Y Qetrt1(x) \VB (Aj (x—y)
o0

< [det A Y det AI7UHEOR [ (pg e dy
k=0 Qe tir1(x)

o
= |det A|°UFOFL 7 detAr‘*k][ (f =)W1 dy,
k=0 Qpyk+1(x

where again § := Bq/r — 1 > 0. Note that |det A|°U+0 < 1 for j > —¢, which
implies that

$ 5 Z | det A|%/4 [ZldetAl_‘”‘][ I(f *wj)(y)|q/r dy:|

j=—t k=0 Qetk+1(x)
. . . 1/r r
S| Ideta™* Z(|detA|“-’q/’][ |(fw,->(y>|‘1/’dy) :
k=0 j=—t Qetit+1(x)
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where we used Minkowski’s integral inequality (see, e.g., [29, Appendix 1]) to obtain
the last line. An application of Jensen’s inequality to the integral yields

(f  wrepomra) <f ooy
Qtie+1(x) Qet+1(x)

and consequently

_oo M 1/r"
$p 5| Idet A Z|detA|“”][ (f %@ dy
k=0 j=—t Qetkt+1(x)
‘oo - ~ | /7"
< | D ldetA* | |detA|°‘f‘4][ [(f % @)Y dy
k=0 _j=7(@+k+l) Qetk+1(x)

o0
< sup Z |detA|°”'q][
yZ Q({’

)I(f*wj)(y)lqdy [DdetAr‘”‘]
k=0

'eZ,xeRd = (x

o0
S s | X dealitf (regpomitay . (3.12)
K/EZ,)CER”[ j:_z/ Q[/(X)

where we used the index shift ¢/ = £ + k + 1 in the penultimate estimate. Since the
implicit constants are independent of w € R and ¢ € Z, it follows that

sup ][ S2dx SIfl, - (3.13)
LeZ,weRd J Q¢ (w) o0
Overall, combining the estimates (3.11) and (3.13) finishes the proof. O

4 Thecasep=q=o©

Let A € GL(d, R) be expansive and suppose that ¢ € S(RY) has compact Fourier
support and satisfies (2.5) and (2.6). Following [2], for fixed « € R, the associated
homogeneous anisotropic Besov space Bgom = Bgo oo(A, @) is defined as the set of
all f € S (R?Y)/P(R?) for which

1 £lge _ i=sup sup |det AI“I|(f % p;)(x)] < 0.
' JEZ xeRd

The space Bgo o I8 continuously embedded into & (R?)/P(R?) and complete with
respect to the quasi-norm || ||« cf. [2, Proposition 3.3]. In addition, itis independent

of the choice of defining vector ¢ € S(R?) by [2, Corollary 3.7].

@ Springer



450 S. Koppensteiner et al.

The following theorem relates the anisotropic Triebel-Lizorkin spaces Fgo, g0 With
0 < g < oo, to the anisotropic Besov space Bgooo In particular, it shows that
BS, oo = F& - providing a characterization of Bgo’oo in terms of Peetre-type maxi-
mal functions. It also shows that the definition of Fg, ., given in Sect. 2.4 coincides
with the definition in [3, Sect. 3].

Theorem 4.1 Let A € GL(d, R) be expansive. Assume that ¢ € S(R?) has compact
Fourier support and satisfies (2.5) and (2.6).
Then, for all g € (0, co] and o € R, we have the continuous embedding

F (A, 9) CFE (A, 9).

In addition, F%, (A, ¢) = B%, (A, ).

Proof The inequality ”f”FgC o = ”f”B%o o is immediate. To show that ||f||Bgooo <

~

Il fllgw_ . the norm equivalences of Theorem 3.3 will be used; see also Remark 3.4.

For this, suppose § > 1. Then, forall ¢ € Z, w € R4, we see that

][ | det A|_°‘Z<pﬁ,ﬁf(x) dx < sup sup (J[ | det A|“jg0;fj"ﬁ f(x) dx)
Qe(w) LeZ,weRd jeZ,j=—L V Q¢(w)

< f i, @.1)

In particular, the inequality (4.1) implies that, for every £ € Z and w € R? there exists
Xy € Q¢(w) such that

| det Al 0¥ 5 f () S I f N - 4.2)

If z € Q¢(w), then pa(A™4(z — xu)) S pa(A74@ —w)) + pa(A~(w — xy)) S 1
with implicit constant depending only on A. Hence, for all z € Q¢ (w), it holds that

[(f * p_e)(2)]
(1 pa (A —xw))

05 pf () = 5 2ap (fxo-0@]. (43

Since UweRd Q¢(w) = R for fixed, but arbitrary, £ € Z, we see by combining (4.2)
and (4.3) that
| det A|™*|(f % -0 @) < 11 e,

forall z € RY and ¢ € Z, which shows F% (A, ¢) = B% (A, @) with equivalent
norms.

An analogous argument using (3.5) gives || f ”Bgo . <SS ||F‘2>‘o . which completes
the proof. ' 1 O

Theorem 4.1 is an extension of [6, Theorem 3] to the anisotropic setting.
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5 Wavelet coefficient decay and Peetre-type spaces
Throughout this section, let A € GL(d, R) be an exponential matrix. Define the
associated semi-direct product G4 = RY x4 R = {(x,8) 1 x € RY s € R} with
group operations

) =x+Ay,s+1) and (x,5) ' =(=Ax,—s). (5.1)
Left Haar measure on G 4 is given by dug , (x, s) = | det A|~*ds dx and the modular
function on G4 is Ag,(x,s) = |det A|~%. To ease notation, we will often write
W= UGy

5.1 Wavelet transforms

The group G4 = R? x4 R acts unitarily on L?(R?) by means of the quasi-regular
representation 1, defined by

7, s)f = |det A|*2F(AT5(-—x)), (x,5) € Ga.

Fora fixed vector ¥ € L%(R%)\{0}, the associated wavelet transform Wy : L*(R?) —
L (G ) is defined through the coefficients

Wy fx,s) = (f.m(x. ), feL*®RY).

The vector v is called admissible if Wy, : L>(R?) — L?(G 4) is an isometry.
The following lemma is a special case of [12, Theorem 1] and [21, Theorem 1.1].

Lemma5.1 ([12,21]) Let ¢ € L*(RY). Then v is admissible if and only if
/R V(A& ds = 1

fora.e. £ € RY.

The significance of an admissible vector ¥ is that Wf; Wy = I;2(ga), and hence
that the weak-sense integral formula

f =/G Wy (@ (¥ diug,(g)
A

holds for every f € L?(R¢). This, combined with fact that Wy, : L2(R?) — L*(G )
intertwines the action of 7z and left translation L, F = F(h~!-) on L%(Gy), also yields
that

Wy f = Wy f % Wi, (5.2)
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forall f, ¢ € L2(R?). The identity (5.2) will be referred to as a reproducing formula.

Henceforth, it will always be assumed that A € GL(d, R) is both exponential and
expansive. This is essential for the existence of admissible vectors i € S(R?) with
compact Fourier support, as the following result shows.

Lemma5.2 ([1,9,16,28]) Let A € GL(d, R) be an exponential matrix. The following
assertions are equivalent:

(i) The matrix A or its inverse A~ lis expansive/.\
(ii) There exists an admissible ¥ € S(R?) with € cx (RY).

In addition, if A is an expansive matrix, then the admissible vector € L*(R?) can
be chosen such that v € C2° (R? \ {0}) satisfies condition (2.6).

We will also need to use wavelet transforms of distributions. For this, consider the
subspace of S(R?) given by

So(RY) := {(p e SRY) : /d e()x¥ dx =0, Va e Ng’},
R

and equip it with the subspace topology of S(R?). Its topological dual space will be
denoted by Sy(R?) and will often be identified with S'(R?)/P(RY), see, e.g., [14,
Proposition 1.1.3]. The dual bracket between Sp and S, (R?) is denoted by

()t SHRY) x So(RY),  (f, h) := f(h).

Note that this pairing is conjugate-linear in the second variable.
For a fixed ¢ € So(R?) \ {0}, the extended wavelet transform of f € S’O(Rd) is
defined as

Wy fx,8) =(f,m(x,9)¢), (x,5) € Ga.
By the continuity of the map (x, s) +— m(x, s)¢ from R? xR into S(Rd), the transform
Wy : Sp(RY) — C(G ) is well-defined.
The reproducing formula (5.2) can be naturally extended to S6(Rd). See [20,

Lemma 4.7 and Lemma 4.8] for a proof of the following result.

Lemma 5.3 ([20]) Let ¢ € So(RY be an admissible vector. Then, for arbitrary [ €
Sy(RY) and ¢ € Sp(RY),

(f, 9 =/G Wy f(@©Wyoe(g) dug,(g).
A

In particular, the identity Wy, f = Wy, f x Wy holds.
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5.2 Peetre-type spaces

As in [20], we define an auxiliary class of Peetre-type spaces Pgoﬂ ¢ on the semi-
direct product G4 = R? x R. These spaces are an essential ingredient for identifying
Triebel-Lizorkin spaces with associated coorbit spaces [10, 32].

In contrast to the spaces Pzig defined in [20, Definition 5.1] for p < oo, the spaces

Pgoﬂ ¢ Will only be defined through averages over small scales.

Definition5.4 Let A € GL(d, R) be expansive and exponential and let Q2 = Q4
be an associated ellipsoid as provided by Lemma 2.1. For £ € Z and w € R?, set
0(w) = A'Q + w.

Fora € R, B > 0, and ¢ € (0, 00), the Peetre-type space ng)f}q (G 4) is defined as
the space of all (equivalence classes of a.e. equal) measurable F : G4 — C such that

¢ [F(x +2z,9)] 19 dsdx \Y4
IFll.ap = sup (][ / [\detAlaxesssupzeRd — ﬁ] v) < 00.
P pezwerd VOew) J—oo (14 pa(A™52)F | |det Af

For g = o0, the space ng 00 (G 4) consists of all measurable F' : G4 — C satisfying

: F R
IFllpep = sup sup (][ [I det A|** ess sup, cgd Lz_mﬁ] dx) < 0.
e teZ,weRd seR,s<t \J Q¢ (w) (1 4+ pa(A=52))

The following lemma collects some basic properties of P‘;‘f ¢(G 4) and gives explicit
estimates for the operator norm of left and right translation. The estimates involve the
following weight function

1 ATH
v:Gy — [1,00), v(y,t)= sup +'OA_( IZ) )
ueGy 1+ pa(A7"Alz —y)

The function v is measurable and submultiplicative by [20, Lemma 5.2].

Lemma5.5 Letax € R, B > 0,and g € (0, oo]. Then the Peetre-type space Pg.&{sq(GA)
is a solid quasi-Banach function space (Banach function space if ¢ > 1). Moreover,
the space Pgo’3 ¢(Ga) is left- and right-translation invariant and there exists N =
N(A, ) € N such that, for all (y,t) € G a, the operator norms can be bounded by

1a—1/g)+(N+1)/ |det A|~1@=2/D+Va(y, 1))f ift >0,
Lol = 1detay i © IRyl = [IdaAMal/q)(v(y,t))ﬂ ift <0,
if g < oo, and

|det A|7"@= D vy, )P ift > 0,

ta+N+1
oll = gt = {196 AT =

otherwise. Here, the operator norm is written |||-|| :== || - llpep __ pat -
Poo,q—>Poo,q
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Proof Most of the quasi-norm properties for || - |06 can be easily verified from the
00,q

®
definition, while the positive definiteness follows from [20, Lemma B.1]. It is clear

that || - ”I"‘;fq is solid and for ¢ > 1 a norm. The completeness follows from | - ||1~,géﬂq

satisfying the Fatou property (see [34, Sect. 65, Theorem 1] and [33, Lemma 2.2.15]),
which is easily verified by a straightforward computation using Fatou’s lemma, see,
e.g., the proof of [20, Lemma 5.3].

It remains to prove the translation invariance and associated norm estimates. We
will only consider ¢ € (0, 00), the arguments for ¢ = oo are analogous. To this
end, let F € Pg‘Q’S ¢(Ga) and (y,1) € R? x R be arbitrary. Then the substitutions
X=A7"x—y), w=A""(w—y),and7 = A 'z,aswellas § = s — ¢, yield

LGy FIIY
.0 Pgé/‘Sq

‘ s IF(A™ (x+2—y),5 —D|]? dsdx
= sup |det A|*" esssup_ pa . )P TR
teZ,weRd ¥V Q¢(w) J—o0 (14 pa( 2))

¢ FE+Zs—0| 19 dsd¥
= sup (\ detAIfe/ / |:\ det A|** ess supz_pa |F@& +Z’: )l j| $ i—t)
teZ,weRrd Q¢ (@) J =00 €T (14 pa(AT=5T))B | | det Al

b=t - FX+7Z 9 d5dx
- swp (\detAr‘/ / [ldetAI“G+t)esssupzeRd IFE+Z9) } 5 XN),
re popd 0y (@) J—oc (1 + pa(A2)P | [det AP

where the transformation of the domain is A~ (Q¢(w) —y) = A (A'Q+w —y) =
A''Q + . To estimate this further, we decompose t = k + ¢’ with k € Z and ¢’ €
[0, 1). By [20, Lemma 2.4], there exists N = N (A, ) € N such that AT'Q c ANQ
for all ¢’ € [0, 1), and hence Q;—; (W) C Q¢—k+n (W). Increasing the upper limit of
the inner integral from £ — ¢ to £ — k + N and substituting (=0—k+NeZ gives

1Ly FlIL,,
7 Poc{;q

_ 7 ~ > e~
~ F(&x+7,5s ds dx

< sup (ldetAl’l’HN/ / [\detAl““*’)esssup;ERd Lt Zf:)‘ ﬁ} ~>
ez, BeRd 07(@) J—o0 (1 + pa(AT5) |det A]®

7 vz ¢ grar
F s dsd
< sup <|detA|”+N+l][ / |:|detA|oz(5+t) €55 SUPyepd |F(x +zf§)| ﬁ] 5 x?>
ez HeRrd 05y J-c0 (1+ pa(A=)P | |det A|

—D+N+1
= [det ATV FI,

0.9

For the right-translation, a direct calculation using the substitutions 7 = z + A%y
and ¥ = s + ¢ shows that

q
1R (3 Fll
0,9

- “ et ares Fx 42+ A%, s +0])¢ dsdx
= sup | det A|*® ess SUp, cRd L+ oA (AP [aot AT
teZ,weRd ¥V Q¢(w) J—00 PA z

(; e |F(x +2.5)] 9 d¥dx

— —t El

= sup / [I detA\“G ) ess SUPz Rd AT (ATATT —3))F ] S AT )
(eZ,weRd VY Q¢(w) J—o0 PA y [det A|

< |det A|'~¥ v (y, )P4
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o o IFa+Z9 |4 dFdx
. sup | det A" ess SUPz . pd ey =)
teZ,weRd ¥V Q¢(w) J—0o < (14 pa(A™57)) | det A"

where we used the fact that (1 + pa(ASATT — y))f1 < v(y, )(1 + pa(A~5Z))~!
for all Z,5), (v, 1) € R? x R by definition.

For t+ < 0, the claimed estimate follows immediately. For t > 0, we again write
t = k+ 1t withk € Ngand ¢/ € [0,1). Then £ +¢ < £ + k + 1 and clearly
Qr(w) = A'Q 4w Cc A" 1Q + w = Qyr1(w) by Lemma 2.1. Hence,

e oF [Fx+Z,5)] 17 dsdx
sup | det A|** ess supzcga ey =
teZ,weRd VW Qp(w) J—o0 (14 pa(A=52)) |det A|

bkl ~ F 7,3 9 d5d
< sup <|detA|_“/ / |:\detA\°‘“ €8S SUPz pd [Fx+2 ?l :| d x~>
teZ,weRd Qi1 (w) J =00 A+ pa(AT)P | | det AP

L+k+1 ~ F 7 1 g5d
=|det A" sup (7[ / |:\ det A|** ess supzcpa LilChs z'?l :| u xﬁ)
teZ,weRd W Qeiir1(w) J—co (14 pa(A=52)P | |det AP

+1) 4
<ldetAI"FIL, ;.
Poiy

and consequently

IR0 Flifes < |det AP0 oy, | FL
0.9

. 0
0.9
for t > 0, which completes the proof. O

Lastly, we mention the following r-norm property of Peetre-type spaces.

Lemma5.6 Leta € Rand B > 0. Forq € (0, 0], set r := min{l, g}. Then | - || pe.s
0,q

is an r-norm, i.e.,
5.
IF1+ Fallys < IFils + 1 Pallys for Fi, Fr € PSS,
0,9 00,9 00,q

Proof The claim follows immediately from the triangle inequality for ¢ € [1, oo],
respectively a straightforward computation using the subadditivity of x +— |x|? for
q € (0,1). O

5.3 Standard envelope and control weight

We recall the definition of a standard envelope given in [20, Definition 5.5].
Definition 5.7 Leto = (o1, 02) € (0, 00)? and let L € R. Then the standard envelope

Eo.L : Ga — (0,00) is given by E4.1.(x, 5) := 05 (s) - nr(x, s), where

— S9 .f > 05
n(x.s) = (1+min{pa(), pa(A~0) " and 6,5 =100 10T
oy, ifs <0.
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A central notion in the theory of coorbit spaces [10, 32] is that of a so-called control
weight. In the following lemma, we show the existence of such a weight for Peetre-
type spaces and show that it can be estimated by standard envelopes as defined in
Definition 5.7. The construction of the control weight follows [20, Lemma 5.7], but
besides the slightly different parameters, the case distinction for the right translation
needs to be accommodated with a few extra terms. The details are as follows.

Lemma5.8 Letx € Rand B > 0. For g € (0, 0], set r := min{1, q}. Then there
exists a continuous, submultiplicative weight w = wgoﬁ q : Ga — [1, 00) such that

w(@) =AY (g Hwg™.  [|Leq]| =w@. ||R]| < w(g). g€Ga.

with implicit constant depending on A, B. The weight w will be referred to as the
standard control weight.

Moreover; for q € (0, 00), set o := | det A|V/"Hle=V4l gnd oy = | det A|~le—1/4]]
as well as
|detA|1/r+"+ﬂ_1/q, ifa > _W,
T | det A|_(a_2/q), otherwise,
and
|det A|~@HB=1/D)  ifq > _W’
- |detA|l/r+a_2/q, otherwise.
For g = oo, set oy := | det A|"*1*l and o := | det A|~1%I, as well as

|det AlITetB i > —- [det A|"@A) ifa > —-
1= ] and Ky =
|det A|~ @D, othermse, | det A|%, othermse.

Then the standard control weight w satisfies w < Eg 0 + i, —g-

Proof By [20, Lemma 5.2], the weight v : G4 — [0, c0) appearing in Lemma 5.5
is submultiplicative, measurable, and locally bounded. It also satisfies v > 1, and is
therefore a weight function in the sense of [25, Definition 3.7.1]. Hence, there exists
a continuous, submultiplicative function vg : G4 — [1, 00) with v < vg by the proof
of [25, Theorem 3.7.5].

Let T € R and define a;(g) = a;(x,s) := |det A|’T for g = (x,s5) € G4. Then
the weight function wy, 5 : G4 — [1, 00) with respect to y, §, { € Ris given by

wys.c c=max {1, air, ay, a—y, Ayiijr, Aijr—y,

asiyr - )P, acs-vb, agsiyr - )P, a—e - vf).

Clearly wy s ¢ is again continuous and submultiplicative. As A = a_j anda, = a_,
it is easily verified that

1
(A /r)\/ . w)i,B,{ = wy";’;-,
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We choose the parameters y, §, ¢ according to Lemma 5.5, i.e.,y :=a — 1/q, 8 :=
oa—2/q, ¢ :=a—1/qifqg € (0,00),and y := &, § := o — 1, { := « otherwise.
Setw = wgfq i=wy 5. For g = (x,s) € G4, an application of Lemma 5.5 implies
g1l S s t6) = wie) ana

a_s(g)vo(g)?, ifs >0
TE |

a;(@uo@), ifs < o} =i

It remains to show that the control weight can be estimated by standard
envelopes. To this end, note that w =< w; + wy for the weights given by
wy := max{ag, ai/r, dy, d—y, A1 jr4y, A1 jr—y} and wy = max{asi1) - ()P, a_s-

vg s a1y (v )8, a_;- vg } A straightforward computation, also done in the proof
of [20, Lemma 5.7], reveals that

|det AP/ THYD - if g > 0,

wi(g) = wi(x,s) <
|det A| 5171, ifs <0,

} =0,(s) = Es0(x,5),

by the choice of 0. For estimating wy, we use the fact that vy (x, s) =< | det A|* n_;(x,
s) and vg(x, s) =< | det A|er n—1(x, s) as shown in [20, Lemma 5.7]. For s > 0, this
gives

wa(x, ) < (n_1(x, ) max {|det A|V/7H+PS | det A0S, | det A|V/THEERS | det A4S

=1_g(x,)c] = By, _g(x, ),

since, in the case of ¢ € (0, 0o0), we have

max{—§, 1/r+¢+ B} =max{—a+2/q, 1/r+a+B—-1/q,}=1/r+a+B—1/q

ifandonlyifa > — W, with a similar case distinction for ¢ = co. The estimate
for s < 0 follows analogously. O

5.4 Coorbit spaces

The aim of this section is to show that Triebel-Lizorkin spaces Fgo 4 can be identified
with so-called coorbit spaces [10, 32] by use of Theorem 3.3.

The definition of coorbit spaces requires the notion of a local maximal function.
For a function F € L{°.(G ), its (left-sided) maximal function is defined by

loc
MGF(g) = esssup,co | F(gu)l, g€ Ga, (5.3)

where O C G4 is a relatively compact unit neighborhood.

Definition 5.9 Letg € (0, o0],a € R,and 8 > 0.Let A € GL(d, R) be expansive and
exponential, and let Q C G 4 be a relatively compact, symmetric unit neighborhood.
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For admissible ¥ € Sy(R?), the coorbit space Co(I"gg)’,3 7) = Coy (P‘;‘gf’ ;) is the
collection of all f € Sy(R?) satisfying

”f”Co(ng) ”f”COw(Paﬂ) || MQ(Wllff) ||Pa/3 < Q.

The space will be equipped with the (quasi-)norm || . || CoP%h)-
o(Pply)

The space Co(I"gf ¢) as defined in Definition 5.9 is complete with respect to the
quasi-norm || - || Co(Fe ,)° In addition, its definition is independent of the chosen defining
vector ¥ and unit neighborhood Q, with equivalent norms for different choices. These
basic properties follow from the general theory [32]; see [20, Remark 5.10] for details
and references.

The following is the key result of this section.

Proposition 5.10 Let o € Rand g € (0,00]. Let B > 1/q if g € (0,00), and B > 1
if g = oo. Then

Co(PLET2VDP) g e (0, 00),

q =0

FO(
00, = CO(P;};“/”"S),

Proof Throughout, let v € S(R?) be an admissible vector with fﬁ e C¥ R4\ {0}
satisfying the support condition (2.6). The existence of such vectors follows by [9,
Proposition 10]; see also Lemma 5.2. Furthermore, define Q := [—1, l)d x [—1,1).

We split the proof into three steps and consider only g € (0, 00). The case ¢ = o0
follows with the usual adjustments. Set &’ := « + 1/2 — 1/q. The first two steps are
essentially identical to the first part of the proof of [20, Proposition 5.11], but included
for completeness.

Step 1. Note that * € So(R9) also satisfies (2.6), where ¥*(t) = ¥ (—1). A direct
calculation gives

Wy f(x,8) = (f, w1, )¥) = (f, |det AI"*Teyr_) = |det A2 f % ¢* (x).
5.4)

y [20, Lemma A.1], it holds for arbitrary 8 > 0 and s € R that

SRR |(f * Y& +2)]

= esssu , e RY.
e 0T pa(Ai2))P Poel! "1 pa(Arz))P

W)5pf(x) =

Therefore, an application of Theorem 3.3 yields

0 * q
IF14, = sup (][ / [l det A|* ess sup,pa M] ds dx)
Foou " yezwert Vo) (14 pa(As2)P

o +2)]74
(][ / I:\ det A|7*" ess sup, ga w} ds dx)
cezmert ot (14 pa(A=S2)f
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_ (7[ / [\detA\ @H/2-1/9)5 655 sup. g [Wy f(x +2z,9)| T ds dx )
zez WERI 0¢(w) A+ pa(AT )P | | det A

=Wy 12 ., (5.5)

for any f € SH(RY).
Step 2. The estimate |Wy, f| < M§Wy f a.e. implies that

- = / L / = . /
/e, = IWy F et < IMGOWy Dl ars = 11y,

for f € Sy(RY).

Step 3. We prove the remaining estimate || f || Co (P‘“ ) <I\f ”FO‘ for f € S, (RY).

In [20, Equation (5.12)], we already showed that

, IME(Wy £)(x 4+ z,5)\?
(|detA|(‘”1/2)“ ess sup 0 "y >

R (1 pa(A=5z))P
N q
<) <|detA| YOO gy (Hk),gf(x)) :

k=—N

with implicit constant depending on A, «, 8, ¢ and N, where N € N depends on the
support of ¥y. Combining this with Theorem 3.3 yields

(P2l
CO(P"" £y

= (J[ / |:|detA| @H/2=1/D5 esssup_ g lM Wy N+ S)‘:| ds dx)
rezmend Mo CRT (U4 paa—sf ] IdetAls

[ det A|~¢GHR) (gryx* f(x)) dsdx>
EEZ we]Rd (J[Qe(w) / Ookz ( H0.B
{+N q
(J[ f (| det A| 79 () f(x)) dsdx)
KEZ we]Rd Q¢(w)

AN Q 00 ‘ q
= sup (L[) / (\detAl”‘“(l//*);‘:"ﬁf(x)> dsdx)
tez,werd \ MATR) Jou, yw) J-(e+N)

S
0.9

+N .
where we used the fact that % = |det A|N <n lin the last step. m|

6 Molecular decompositions

In this section we use the identification of Triebel-Lizorkin spaces and associated
coorbit spaces (cf. Proposition 5.10) to obtain proofs of Theorems 1.2 and 1.3.
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6.1 Molecular systems

In addition to the left-sided local maximal function defined in Eq. (5.3), we will also
need a two-sided version, defined by

Mg F(g) = esssup, o |F(ugv)l, g€ Ga,

for F € L™®

o (G a), with O C G 4 being a fixed relatively compact unit neighborhood.

For r = min{l, ¢} with ¢ € (0, oo] and the standard control weight w = wgoﬂ g

G4 — [1, 00) provided by Lemma 5.8, define the associated Wiener amalgam space
WI(L},) by

loc

W(LZ}) = {F e L°(Ga) : MpF € L:U(GA)}.

The space W(L?,) is independent of the choice of neighborhood Q and is complete
with respect to the quasi-norm || FllwLr ) := [[MoF||Lr ; see, e.g., [24, Sect. 2] and
[32, Sect. 2].

The space W(L',) provides the class of envelopes that will be used for defining
molecules.

Definition 6.1 Let v € L?(R?) be a non-zero vector such that Wy € W(L})) for
the standard control weight w : G4 — [1, 0o) defined in Lemma 5.8.

A countable family (¢, ),er in L2(R9) is called an L’ -molecular system if there
exists ® € W(L?)) such that

Wy, ()] < d(y~'x), yel,xed. (6.1

A function & € W(L})) satisfying (6.1) is called an envelope for (¢, )y er.

The following lemma provides an extended duality pairing for SE)(Rd). See [20,
Lemma 6.8] for its proof.

Lemma 6.2 [20] Let v € So(RY) be an admissible vector and let w : G4 — [1, 00)
be the standard control weight as defined in Lemma 5.8.

Suppose f € S6(]Rd) satisfies Wy, f € L‘l’?w(GA) and ¢ € L*(RY) satisfies Wy €
L (G a). Then the extended pairing defined by

(f, )y :=/G Wy f(@)Wyo(g) dug,(g) € C

is well-defined and independent of the choice of admissible vector ¥ € So(R%).

6.2 Sequence spaces

The following definition provides a class of sequence spaces that will be used in the
molecular decomposition of anisotropic Triebel-Lizorkin spaces.
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Definition 6.3 Let U C G4 be arelatively compact unit neighborhood with non-void
interior and let I' be any family in G 4 such that sup, ., #(I' N gU) < oo.

Fora € R, B > 0 and g € (0, 0o], the Peetre-type sequence space p‘ggf’q(r, U)
consists of all sequences ¢ € C! satisfying

< 0

> ey llyu

yel

Cll. =
lellges

0,q

where ng ¢ (G a) denotes the Peetre-type space defined in Definition 5.4.

The Peetre-type sequence space p‘;oﬁ ¢(I', U) forms a quasi-Banach space with
respect to the quasi-norm || - ||pa,ﬁ . In addition, it is independent of the choice of
00,9
the defining neighborhood U. For proofs of both facts, see, e.g., [10, 24] or [33,
Lemma 2.3.16].

6.3 Proofs of Theorems 1.2 and 1.3

Theorems 1.2 and 1.3 will be obtained from corresponding results for abstract coorbit
spaces [32].

Proof of Theorem 1.2 For the fact that if Wy € W(L})) for some admissible ¢ €
So(RY), then Wy € W(L?)) for all ¢ € Sp(R?), cf. the proof of [20, Lemma 6.9].
Throughout, we fix an admissible ¢ € So(RY) with @ € Cfo(Rd \ {0}) satisfying
condition (2.6). Such an admissible vector exists by Lemma 5.2; see [9, Proposition
10].

Step 1. Under the assumptions, it follows by an application of Proposition 5.10
that Fgo q = Coyp (Pgo‘fq’ﬁ ). For applying the relevant results of [32], it will next be
shown that Co, (Pgo‘fq’ﬁ ) can be identified with the abstract coorbit spaces used in [32].
To this end, note that P;ffq’ﬁ is a solid, translation invariant quasi-Banach space by
Lemma 5.5, which satisfies the r-norm property by Lemma 5.6. The standard control

weight w = w;oof,;’ﬁ : Ga — [1,00) of Lemma 5.8 is a strong control weight in
the sense of [32, Definition 3.1], which can be dominated by a linear combination of
standard envelopes.

Define the space H}U(lﬂ) = {f e L2(RY) : Wy f € L}U(GA)} and equip it with
the norm ”f”H,l,}W) = ||W1/,f||L11u. SetRy () := (H,lu(w))* to be its anti-dual space.
Since both Wy ¢, Wyr € W(L?)), it follows by similar arguments as proving [20,
Lemma D.1] that

Colf @) = {f € Ru(¥) : M5V, f € PGP} = Co, 85,7,
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where Vy f = (f, w(-)¥), 41 denotes the conjugate-linear pairing. In addition, for
the unique extension f € Co?} (Pgo‘f;’ﬁ )of f € Coy (1');0",‘;”3 ), it holds that

(o Oy g =+ )g ¢ € Hyle), (6.2)

where (-, -), denotes the extended pairing of Lemma 6.2.
Step 2. Applying [32, Theorem 6.14] yields a compact unit neighborhood U C G4
such that for any set I' C G 4 satisfying (1.10), there exists a family (¢ ), er of L}, -

localized molecules in Lz(]Rd ) such that any }7 € CO?; (Pgo"f;ﬂ ) can be represented
as

F=Y (Fom¥), i ¢y = Y (Fs bdry 20 TV, (6.3)

yel yer
with unconditional convergence with respect to the weak™-topology on R, (/).
Given any f € Fgo q = Coy (I.’o_oofq"3 ), we apply (6.3) to its unique extension f €
Colf(Poy™). Since W(LY,) < L1, by [32, Lemma 3.3(ii)], we have that y € ], and
that ¢, € Hllu. Consequently, the dual pairings in (6.3) agree with the extended pairing

of Lemma 6.2; see Eq. (6.2). Since Sy — H}U, restricting both sides of (6.3) to Sy

yields the desired expansion with unconditional convergence in the weak*-topology
of Sy = S'(RY)/PRY). o

Proof of Theorem 1.3 As shown in Step 1 of the proof of Theorem 1.2, the map
£+ flsy isawell-defined bijection from Co’f (P’ into F2, ., with Colf (P
denoting the abstract coorbit space as defined in [32]. Therefore, applying [32, Theo-
rem 6.15] yields a compact unit neighborhood U C G 4 such that forany setI' C G4
satisfying (1.11), there exists a family (¢, ), er in Span{z(y)¥ : y € I'} € L>(RY)
of L! -localized molecules such that the moment problem

(Fr oW g, = cys v eT

admits the solution f =Y er cydy, € Cog(l";oof/q’ﬂ ) for any sequence (cy)yer €

ye
p;ffq’ p (I"). Furthermore, by arguing as in the proof of Theorem 1.2, we can restrict to

f = f|$o € CO(/J(I‘);OO,[q’ﬂ) = Fgo,q

to obtain the desired claim. O
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