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A B S T R A C T 

A two-t ime scale decomposition method is used to analyze and design the rudder roll stabilization (RRS) 

system of ships. In the surge-sway-rol l -yaw ship motion system, roll motion is much faster than the 

others, the interactions between these fast and s low dynamics cause the n o n - m i n i m u m phase behavior 

in roll dynamics, w h i c h is regarded as a major challenge in RRS control design. A small parameter e is 

introduced to describe the fast roll dynamics by a singular ordinary differential equation. By using 

singular perturbation approaches, the system is then decomposed into two different time scale 

subsystems, a quasi-steady-state subsystem to describe the s low dynamics, and a boundary layer 

subsystem to describe the fast dynamics. Separate control strategy is used to stabilize each subsystem 

and the coupling effect between the subsystems is also considered. A Lyapunov function is constructed 

for the slow subsystem and robust analysis is made to evaluate the unmodeled dynamics. Simulation 

results s h o w the effectiveness and robustness of this approach used in RRS system. 

© 2014 Elsevier Ltd. Al l rights reserved. 

Due to the relat ively smal l m o m e n t o f iner t ia compared to 

other degrees of f r e e d o m (DOFs), the ro l l m o t i o n o f a surface ship 

is easily affected by the envi ronmenta l disturbances such as waves 

and w i n d , and o f t e n produces the largest acceleration. Large 

ro l l m o t i o n is the m a i n cause o f seasickness, can greatly affect 

the comfort of the passengers, decrease the w o r k efficiency of the 

crew, damage the cargo, and i n some extreme cases, m a y cause the 

capsizing o f the ship. Therefore, ship ro l l r educ t ion has become an 

active research area since 1970s. Criteria o f the m a x i m u m r o l l 

angle fo r d i f f e r en t w o r k condit ions have been made by Faltinsen 

(1993). I t is suggested tha t the m a x i m u m roo t mean square o f ro l l 

angle should be less than six degrees fo r l i g h t manua l w o r k and 

three degrees for inte l lectual w o r k . 

In the past decades, many devices have been designed to 

reduce the r o l l m o t i o n , bo th active cont ro l and passive control 

devices, such as bilge keels, gyroscopic stabilizers, an t i - ro l l ing 

tanks, s tabi l iz ing fins and m o v i n g weights (Trealde et al„ 2000; 

Gawad et al., 2 0 0 1 ; Perez and Blanke, 2002; Townsend et al., 2007; 
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Surendran et al., 2007) . However, all these approaches need extra 

devices and ins ta l la t ion costs, thus are usually expensive. 

Al though the original objective o f the rudder is to steer the ship to 

a desired course, for most surface ships, rudder action can also cause 

certain roll mot ion. So i t is expected that i f the rudder is suitably 

operated according to the rol l mot ion and the course deviation, the 

rol l angle may be reduced to some degree, at the same time the 

heading is not violent ly changed. This rudder roll stabilization (RRS) 

control strategy needs no extra devices and is relatively cheap, thus 

has d r a w n many researchers' interests i n the past decades (Van 

Amerongen et al., 1990; Blanke and Christensen, 1993; Lauvdal and 

Possen, 1998; Perez, 2005). Model experiments and full-scale trails 

have been made to evaluate its effectiveness i n practice (Van 

Amerongen et al., 1990). In RRS control system, rudder is the only 

actuator for t w o outputs (roll and heading), thus sufficient band­

w i d t h separation of the t w o loops has to be guaranteed. 

There are also several drawbacks o f RRS, such as the i ne f f i ­

ciency at l o w speed and severe feedback l imi t a t ions due to rudder 

saturat ion and rate l imi t s . Besides, i t is w e l l - k n o w n tha t ships have 

n o n - m i n i m u m phase (NMP) behavior i n the rudder- to-rol l 

dynamics, w h i c h is considered to be one m a j o r challenge fo r RRS 

(Lauvdal and Fossen, 1997; Perez, 2005) . N M P systems have an 

inverse in i t i a l response and large phase lag. The N M P behavior in 

ro l l m o t i o n o f t e n causes a fundamenta l l i m i t a t i o n i n the RRS 

system: disturbances a t tenuat ion at some frequencies w i l l result 

i n ampl i f i ca t ion at other frequencies. This l i m i t a t i o n thus poses a 
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t rade-of f be tween reducing the ro l l angle at certain frequencies 

and ampl i f i ca t i on at others (Perez, 2005). 

The NMP phenomenon of ten arises f r o m the interaction between 

opposite fast and slow dynamic effects in the system (Perez, 2005). 

As to the ship, the NMP behavior in ro l l mot ion is caused by the fact 

that the roll dynamics is much faster than the other DOFs, Singular 

perturbation approach is such a method to analyze and separate the 

different t ime scale motions in control problems. In this paper, the 

RRS system fo r ships is decomposed into t w o different time scale 

subsystems, namely the quasi-steady-state (s low) subsystem and 

boundary layer (fast) subsystem. The control objectives and control 

strategies of the t w o subsystems are treated separately. 

Singular per turbat ion approaches have been used i n aerospace 

indust ry fo r many years as a time-scale separation technique 

(Mehra, 1979; Bertrand et al., 2011; Esteban et al., 2013). For 

example, a three- t ime scale control law is designed for a nonlinear 

helicopter model i n vert ical f l i gh t (Esteban et a l , 2013). This can be 

done due to three d i f fe rent t ime scales o f al t i tude mot ion , angular 

velocity, and the associated collective p i t ch angle o f blades. 

A comprehensive literature review o f singular per turbat ion used 

in aircraf t control was made by Naidu and Calise (2001). However, 

despite of the extensive w o r k i n aerospace indust iy , f e w w o r k o f 

singular per turbat ion and; time scale separation techniques has 

been done i n ship control communi ty . This is ma in ly due to the 

relatively poor rudder effect and simple control objectives for a ship 

conti-ol system. However, w h e n a RRS prob lem is considered, the 

t radi t ional 3-DOF model (surge-sway-yaw) is coupled w i t h fast ro l l 

mot ion , and d i f fe ren t t ime scale mot ions do exist i n this system. 

The concept o f t ime scale separation based on singular per turbat ion 

can be used to analyze such problems in a natural and elegant way. 

Singular per tu rba t ion is a means o f t ak ing in to account the 

o f t en neglected high-f requency phenomena and considering t h e m 

i n a separate fast time scale (Kokotovic et al., 1987). By in t roduc ing 

a smal l parameter e, the fast va ry ing state variables are described 

i n the f o r m o f singular o rd inary d i f fe ren t ia l equations (DDEs), the 

equations become singular w h e n e tends to zero. A stretched t i m e 

scale is used to describe the fast dynamics and the s low state 

variables are regarded to be constant i n this time scale. A so-called 

quasi-steady-state e q u i l i b r i u m (QSSE) is used to pass i n f o r m a t i o n 

be tween d i f f e ren t t ime scale subsystems. 

This paper introduces the singular pe r tu rba t ion approach to 

analyze the ship RRS problem. There are three ma jo r meri ts o f 

using this approach i n RRS system. 

Firstly, more detailed analysis is possible i n time domain , such 

as s tabi l i ty issues and t i m e doma in response. Unl ike t rad i t iona l 

analysis methods, whose emphasis is on the b a n d w i d t h separation 

i n Bode diagram considered i n f requency domain , th is paper 

emphasizes the separation o f d i f f e ren t t ime scale subsystems i n 

time domain . The stabi l i ty and robust analysis are easily conducted 

i n th is model , and the sensi t ivi ty analysis to mode l errors can also 

be evaluated w i t h i n this f r amework , w h i c h are no t easily con­

ducted i n f requency domain . 

Secondly, the time scale decomposi t ion approach and separate 

con t ro l strategy s i m p l i f y the cont ro l l a w design fo r RRS system. 

By using singular pe r tu rba t ion me thod , the or ig inal underactuated 

RRS system can be decomposed in to t w o single inpu t single ou tpu t 

(SISO) subsystems, thus is re lat ively easier to obta in the appro­

priate control l aw that can stabilize each subsystem. Third ly , the 

proposed separate con t ro l strategy considers the in te rac t ion 

be tween d i f f e ren t time-scale subsystems. The coupl ing effect is 

i m p o r t a n t i n some cases, and singular pe r tu rba t ion approach takes 

this in to considerat ion t h o u g h QSSE. 

In this paper, a s imp l i f i ed 3-DOF (sway- ro l l -yaw) l inear m o d e l 

is used to design and analyze the RRS con t ro l law. As course 

keeping operations are considered i n most situations, the l inear 

m o d e l has considerable accuracy i n these problems (Perez, 2005) . 
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Li et al. (2009) used a comprehensive 4-DOF (surge-sway-rol l -

yaw) nonlinear model as a v i r t u a l ship f o r s imula t ion and 

performance evaluation. This nonl inear model was obtained by a 

set of captive mode l tests (Son and Nomoto , 1982). I t is selected as 

a benchmark model to evaluate the per formance o f the linear 

mode l i n this paper. The d i f f e r en t performances be tween the 

l inear and nonl inear models are evaluated. 

The structure o f this paper is as fo l lows . Section 2 introduces 

the nonl inear and l inearized models o f m o t i o n o f surface ships, the 

m o d e l o f disturbances is also described. Section 3 gives a br ie f 

i n t roduc t i on to the singular pe r tu rba t ion approach, based on 

w h i c h the RRS control is designed. Robustness analysis o f the 

unmode led dynamics is also made i n this section. Section 4 gives 

the s imula t ion results. Section 5 is the conclusion. 

2. Model definition and analysis 

In th is section, the models o f ship m o t i o n and env i ronmenta l 

disturbances are described. 

2.1. 4-DOF nonlinear model 

A ship i n a seaway moves i n 6-DOFs. Three t ransla t ion 

displacements are used to def ine the locat ion and three angular 

displacements are used to define the or ien ta t ion . These mot ions 

are o f t e n described i n t w o fypes o f reference f rame, namely the 

iner t ia l f rame and body- f ixed f rame. 

As s h o w n i n Fig. 1, the locat ion and or ien ta t ion o f the ship are 

described i n the iner t ia l f rame, the t rans la t ion displacements and 

angular displacements are described as [Xo,yo,Zof and [4),6,\//f, 

w h e r e Xo,yo and Zo are the three coordinates o f t h e ship, (p, 9 and 

y/ are ro l l , p i t ch and yaw angle, respectively. The components o f 

the force and m o m e n t [ X , Y , Z f , [K,IVI,Nf, the components o f the 

t ranslat ional ve loc i ty and the angular ve loc i ty [u,v,wf, [p,q,r] '^, 

are described i n the body- f ixed f rame, whe re u, v and w are surge, 

sway and heave velocity, and p, q and r are ro l l , p i t c h and y a w rate, 

respectively. The rudder angle is expressed as S. 

I n t r ad i t iona l maneuver ing issues, such as course-keeping 

problem, normally only a 3-DOF model (surge-sway-yaw) is consid­

ered. However, w h e n consider the RRS problem, a 4-DOF model 

including the ro l l mot ion is needed, In this paper, a comprehensive 

4-DOF nonlinear model (surge-sway-roll-yaw) is used to describe the 

RRS system (Fossen, 1994): 

(m+mx)ii-(m + my)vr = X (1) 

(,m+my)v+(m+mx)ur+myayi- -mylyp = Y (2) 

(.Ix+Jx)P-mylyV-mxlxUr+WCM(p = l< (3) 

{iz +Jz)r + myayV =N-Yxc (4) 

Fig. 1. Ship motión in 6-DOF. 
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where m,Ix and denote the mass and momen t of inertia of the 

ship, nix, JTiyJzJx denote the Padded mass and added momen t of 

inert ia in corresponding directions. W is the ship displacement. CM 

is the metacentiic height. and ly denote the z-coordinates of the 

centers o f and iriy respectively, ay denotes the x-coordinate of the 

center of niy. Xc is the x coordinate of the gravity center. X, Y, K and N 

are the hydrodynamic forces and moments i n corresponding direc­

tions, whose detailed expressions i n the f o n n of hydrodynamic 

coefficients can refer to Fossen's book (Fossen, 1994). 

This nonl inear model is regarded as one o f the mos t compre­

hensive models i n the open li teratures, i t captures the essential 

characteristics of 4-DOF ship m o t i o n . In this paper, this nonl inear 

mode l is used for s imula t ion and per formance evaluation. 

2.2. 3-DOF linear model and analysis 

A l t h o u g h the nonl inear mode l has a h igh accuracy, its h igh ly 

non l inea r i ty and complex i ty make i t ve ry d i f f i c u l t to be used to 

analyze and design an RRS con t ro l law. As the course keeping 

operat ions are considered i n mos t si tuations, and there are on ly 

smal l deviat ions f r o m the steady-state course, the l inear model is 

expected to have considerable accuracy (Perez, 2005) . In fact, mos t 

RRS problems are studied i n the f r a m e w o r k o f l inear models i n the 

open l i teratures (Blanke and Christensen, 1993; Fang and Luo, 

2007) . To our knowledge, the on ly except ion is Laudval and 

Fossen's w o r k (Lauvdal and Fossen, 1997). 

Based on the l inear mode l , t ransfer f u n c t i o n f r o m rudder - to -

r o l l and rudder- to-yaw loops can be easily obtained. Some impor ­

t an t concepts in RRS systems, such as n o n - m i n i m u m phase and 

b a n d w i d t h separation, can be clearly i l lus t ra ted i n the Bode 

d iagram. 

For s impl ic i ty , the rudder angle S is regarded as the only i n p u t 

i n this paper, the surge ve loc i ty is assumed to be constant w h e n 

the propel ler speed keeps unchanged (Skjetne and Fossen, 2001), 

Therefore, this paper assumes u = Uo, w h e r e Uo is a constant. I f w e 

l inearize the nonl inear system local ly at the e q u i l i b r i u m p o i n t 

[Vo,Po,ro,( / 'of = [ 0 , 0 , 0 , 0 f , the s i m p l i f i e d 3-DOF linear mode l 

( sway- ro l l -yaw) can be obtained (Fossen, 1994): 

M x + Cx = B5 (5) 

where x = [v,p,r,4>f, B = [ö i , 02,03,0] ' ' 

/ m i l mn 0 0 \ 

m j i m22 0 0 

0 0 m33 0 

\ 0 0 0 1 / 

/ d ] i di2 di3 d i 4 \ 

^ _ d2l d22 d23 d24 

dsi d32 d33 d34 

\ 0 1 0 0 / 

The elements i n B, M and C are related w i t h the parameters and 

hydrodynamic coefficients i n Eqs. ( l ) - ( 4 ) , and their detailed 

expressions o f the elements i n B, JVf and C can be f o u n d i n the 

appendix o f Fossen's book (Fossen, 1994). M u l t i p l y i n g bo th sides o f 

Eq. (5) by iW \ w e ob ta in 

x = - M - ' C x + l W - ' B 5 (6) 

I t f o l l ows : 

V = auV-i'ai2r+an(/> + auP+YsS (7) 

r = a2iV-|-a22r-|-a23<;6-i-024P-l-N3(5 (8) 

<Ï>=P (9) 

p = a4iv-t-a42r-f a430+a44P+'Q5 (lO) 

w h e r e ay is the corresponding e lement i n the m a t r i x - i W ~ ' C ; y^, 

Ns and Kg are the corresponding elements i n the vector M ~ ' B . 

The l inear mode l equations (7 ) - (10) are used f o r the design o f RRS 

con t ro l l a w i n this paper. 

Based on this l inear model , the rudde r - to - ro l l t ransfer func t ion 

is o f the f o r m (Perez, 2005) : 

4'(s) l<ron(q^-s){q2+s) 
^(S) (P l+S) (P2+S) ( s2+2f^ f f l^S -F t t )2 ) > 

w h e r e Kmihqi>q2>Pi'P2>^tp and are a l l posi t ive constants, 

whose expressions can be easily derived f r o m the l inear model 

equations (7 ) - (10) . 

Let 

N{s) = Krci,(q2+s) 

D(s) = (Pl +s)(p2 -^s)(s2 + l^^co^s + cop 

Eq. (11) can be w r i t t e n as 

tp(s)_N(s)q^ N(s)s 

5(s) D(s) D(s) 

= r , ( s ) - T 2 ( s ) (12) 

As s h o w n i n Eq. (12), T2(s) has a extra s i n the numerator , w h i c h 

is actual ly a d i f ferent ia tor , thus r2(s) has a larger b a n d w i d t h and 

faster response t h a n Ti(s) . I n RRS system, r i ( s ) stands f o r the slow 

dynamics and T2(s) stands fo r the fast dynamics o f the rudder- to-

r o l l system. 

The mos t dis t inct ive time doma in feature o f a N M P system is 

the inverse i n i t i a l response, because the te rms o f Ti and T2 in 

Eq. (12) have the opposite signs. The physical i n t e rp re t a t ion is that, 

i f a s tep-l ike change i n rudder angle is appl ied to make the ship 

take a turn, the ro l l mot ion has a much faster response to the rudder 

change than other DOFs. However, as long as there is a small heading 

deviation, a reaction force induced by hydrodynamic effects is much 

larger than that produced by the rudder, w h i c h is also the ma in force 

producing the t u rn . This effect finally makes the rol l angle of the 

opposite sign to the in i t ia l response (Perez, 2005). 

The N M P behavior i n ro l l m o t i o n is actually a consequence of 

the in te rac t ion be tween fast ro l l dynamics and s low yaw 

dynamics . This paper w i l l s how that the singular per tu rba t ion 

approach can be used to separate these d i f f e r e n t t i m e scale 

mot ions i n a na tura l and elegant way. 

2.3. Disturbance model 

The env i ronmen ta l disturbances are ve ry compl ica ted , thus i t is 

practical to use on ly cer ta in s i m p l i f i e d models to describe the 

disturbances. Usually the env i ronmenta l disturbances refer to 

w i n d forces and wave forces. W i n d is o f t e n m o d e l e d as a 

stochastic signal w i t h non-zero mean, w h i c h w i l l cause a constant 

r o l l angle and s tat ionary heading er ror (Van A m e r o n g e n et a l , 

1990). In this paper, on ly wave disturbances are considered. 

Wave models are usually described by means o f frequency 

spec t rum. In RRS system, h igh-f requency r o l l m o t i o n mus t be 

reduced, thus I s t -o rde r waves are considered i n the s imula t ion 

mode l . This k i n d o f disturbances can be obta ined us ing a 2nd-

order l inear app rox ima t ion o f the P i e r s o n - M o s k o w i t z spectral 

dens i ty f u n c t i o n . To find a balance be tween the s i m u l a t i o n val id i ty 

and authent ic i ty , many scholars adopted this m o d e l to simulate 

the wave disturbances i n RRS system (Van A m e r o n g e n e t al., 1990; 

Lauvdal and Fossen, 1998; O'Brien, 2009) . I t is p re fe r red by ship 

con t ro l engineers, o w i n g to its s impl i c i ty and app l icab i l i ty (Fossen, 

1994). 
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The disturbances of yaw and rol l motions Wy, and are given by 

w^, = h(s)-W](s) (13) 

(14) 

where Wi(s) and W2(s) are Gaussian wh i t e noises, and the shaping 

fi l ter /i(s) is described as 

h(s) = 
S 2 + 2 ( * O « O S + (D2 

(15) 

where K^, ^o, and Wo denote the dominate wave strength coefficient, 

the damping coefficient and the encounter wave fi-equency, respec­

tively. Then Wy, and can be regarded as disturbances signals to be 

added to the s imulat ion model. 

This mode l produces a n a r r o w band type o f disturbances. This 

na r row band proper ty is due to the concentra t ion o f wave energy 

at certain frequency, w h i c h is the case i n most o f t e n adopted wave 

spectrum models, such as the P ie r son-Moskowi tz spec t rum and 

JONSWAP spect rum (Fossen, 1994). Therefore, the g iven na r row 

band disturbance model is reasonable. 

3. Time scale analysis and control design for RRS system 

In th is section, a b r ie f i n t r o d u c t i o n of singular pe r tu rba t ion and 

t ime scale separation approaches are given. The standard singular 

per tu rba t ion mode l fo r 3-DOF (sway- ro l l -yaw) ship cont ro l system 

is also derived, under this model , the s low y a w subsystem and fast 

ro l l subsystem are separated. Control strategies are designed to 

stabilize each subsystem, and the f ina l RRS con t ro l l a w is the 

combina t ion o f the control laws fo r each subsystem. 

3.1. Singular perturbation 

This part gives a brief introduction of the main procedure of 

singular perhtrbation used i n the control system to separate different 

time-scale mot ion (Kokotovic et al., 1987). Singular perturbation and 

time-scale separation techniques were introduced to conti'ol engineer­

ing since late 1960s and have been a common tool for the analysis and 

design of control systems (Kokotovic and Sannuti, 1968; Edelbaum 

and Kelley, 1970; Kokotovic et al., 1987; Esteban et al., 2013) (Fig. 2). 

The standard singular pe r tu rba t ion model is i n the expl ic i t 

state-variable f o r m i n w h i c h the derivatives o f some state v a r i ­

ables are m u l t i p l i e d by a smal l posit ive scalar e, tha t is: 

x=f(x,z,e,t), x(to)=Xo, XER" 

ez=g(x,z,e,t), z(to) = Zo, zeR" 

(16) 

(17) 

where the parameter 0 < e <̂  1 represents a small constant, x 

denotes the s low state variables and z denotes the fast state 

variables. I t is assumed that throughout the formulat ion the ftinctions 

ƒ and g are smooth, and above ODEs have a unique solution. I t is also 

assumed that the system has an isolated equi l ib r ium at the origin 

(x = 0 , z = 0 ) . 

In cont ro l and system theory, i t is o f t e n a c o m m o n engineer ing 

task t o get a s imp l i f i ed reduced-order m ode l i n practice. The 

mode l equations (16) and (17) are steps t o w a r d reduced-order 

model ing . Singular pe r tu rba t ion is such an approach to convert 

the order reduct ion in to a parameter pe r tu rba t ion p rob lem, called 

singular. I f set e = 0, the d imens ion o f the or ig ina l system equa­

tions (16) and (17) is reduced f r o m n - f m to n, and the singular 

d i f f e ren t i a l equat ion (17) degenerates in to the f o l l o w i n g transcen­

dental equat ion: 

0 = g ( x , z , 0 , t ) (18) 

where the bar is used t o indicate t ha t the variables belong to a 

system w i t h e = 0. Due to the assumption tha t the system has an 

isolated equ i l ib r ium, then f r o m Eq. (18), z can be described as a 

f u n c t i o n o f x: 

z = h(x, t) (19) 

whe re z = h(x, t ) is an associated root o f Eq. (18), i t represents the 

quasi-steady-state equilibrium (OSSE) o f the fast dynamics Eq. (17). 

To obta in the reduced-order model , subs t i tu t ing Eq. (19) in to 

Eq. (16), and keeping the same i n i t i a l cond i t i on f o r the state 

variable x{t) as fo r x{t) : 

t =f(X, h(X}rOj:l^x(to) = Xo (20) 

Eq. (20) can be r e w r i t t e n in to a more compact f o r m : 

x = / ( x , t ) , x(to) = Xo (21) 

This m ode l is called quasi-steady-state subsystem, because z, whose 

derivat ive z =g/e is large w h e n e is small , m a y r ap id ly converge to 

a root o f Eq, (18), w h i c h is quasi-steady-state f o r m o f Eq. (17). This 

subsystem describes the s low dynamics o f the system and also 

takes the fast dynamics in to account by subs t i tu t ing the QSSE in to 

Eq. (16). Stretching the time to T = x /e , the fast system becomes 

J = g(x ,z ( r ) ) , 
_ t 

~ e 
(22) 

w h i c h is also called boundary layer subsystem. I t describes the fast 

dynamics i n a stretched time scale. In this t i m e scale, x can be 

treated as a constant parameter and e defines the stretched 

t i m e scale. 

As long as the system is divided into the slow quasi-steady-state 

subsystem and the fast boundaiy layer subsystem, the control strategy 

Slow part Quasi-steady-
stata model 

Slow subsystem 
control law 

x = f{x,z,e,t) ?=ƒ(?.<) 

Full model 
X=/(X.Z,£,0 |—I 

QSSE 

e = -0 
2 = h{x,t) 

Singular ODE 

EZ = g(x,Z,£,t) 

Boundary layer 
equation 

Fast subsystem 
control law 

Full model 
control law 

Singular perturbation control strategy 

Fig. 2. Singular perturbation control scheme. 
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can be designed separately i n each subsystem. The control p rob lem is 

thus s impl i f ied and the control laws designed to stabilize each 

subsystem are relatively easy to obtain. Finally, the control l aw is 

expressed as 

T = t /e , resul t ing in the f o l l o w i n g boundary layer (fast) subsystem: 

(23) 

where o i and aj- are the control inputs w h i c h stabilize the corre­

sponding slow and fast subsystems. 

3.2. Time scale decomposition for RRS system 

Despite o f the large n u m b e r of l i teratures publ ished in the field 

o f avia t ion control , f e w w o r k s using singular pe r tu rba t ion m e t h o d 

have been done in the ship con t ro l c o m m u n i t y . This is m a i n l y due 

to the re la t ively s imple cont ro l objectives o f ship con t ro l such as 

course-keeping and p a t h - f o l l o w i n g , and also because of the poor 

rudder effect. However, fo r the RRS cont ro l problems, d i f f e r e n t 

time scale mot ions do exist i n r o l l m o t i o n and other DOFs. As w i l l 

be shown, the time scale analysis techniques give a good so lu t ion 

to these problems. Inspired by previous w o r k (Kokotovic et al., 

1987; Naidu and Calise, 2 0 0 1 ; Esteban et al., 2013), this paper uses 

singular pe r tu rba t ion m e t h o d to analyze the RRS system. 

In t i m e scale analysis, there are several ad hoc assessments o f 

variable's speed, w h i c h is o f t e n def ined as the inverse of the t i m e 

that a variable takes t o change across a specified range o f values 

(Esteban and Rivas, 2012). The special nature of the dynamics o f 

ships shows that the con t ro l signal is allocated in to two d i f f e r e n t 

time scale subsystems, tha t is, a s low subsystem and a fast 

subsystem. 

Generally speaking, a ship is a slender body, thus Qx+Jx)< 

(h+Jz) holds f o r mos t surface ships. In fact, (Iz+Jz) is o f t e n 40 

times larger than (Ix+Jx) (Fossen, 1994). Due to the re la t ive ly small 

m o m e n t o f iner t ia and large restoring force i n r o l l m o t i o n , the 

ro l l m o t i o n has a m u c h faster response speed compared to the 

y a w m o t i o n . Naturally, w e can choose the small parameter e as 

£ = (.h+Jx)/Qz+Jz)<'i. Then, the r o l l m o t i o n is considered to be 

governed by singular ODEs represent ing a fast subsystem, j u s t by 

m u l t i p l y i n g the ro l l dynamics equations by e. The rest o f the 

mot ions are considered as s low subsystem. That is. 

w 

r 

erp 

( f,(y,r,(P,p,S) \ 

r 

f2{v,r,(l),p,S) 

ep 
(24) 

the l inearized singular pe r tu rba t ion ship con t ro l system can be 

described as the s low part: 

v = auV+anr+ai3</>+ai4p + ys5 

\j/ = r 

r = a2]V + a22r+a23(p+a24P+Ngö 

and the fast part : 

= a34P 

ep = d4xV+a42r+a43(j)+d4i,p+Ni;5 

(25) 

(26) 

(27) 

(28) 

(29) 

w h e r e «34 = e = ( / ; < + J J / ( / z - t - ; j , 041 = £ 0 4 , , 042=6042, 043 = 6043, 

044 = £ 0 4 4 . Ns= eNs- The in i t i a l condi t ions are 

[v(fo), v/(fo) , r(to), (pitolpito)]^ = [Vo, V/Q, TQ, 9^0. Pol'' (30) 

The t ime-scale decompos i t ion is achieved by s t re tching the fast 

subsystem's t i m e scale. The stretched time scale is g iven by 

deb 

- ^ = g^(v,i//, r,(p,p) = a34P 

dp 

-^ = gpiv,W<r,(P,p) 
= 041 v-i-a42r-Fa43<^-l-a44p+JVa5 

(31) 

(32) 

Let [(/>,p]'' = h(y,\fr,r,5)eR^ represent the QSSE o f the boundary 

layer subsystem w h e n set t ing e = 0, t ha t is: 

g4,(y>WJ,<P,P) = 0 

gp(v,y/J,4),p) = 0 

(33) 

(34) 

The bar here demonstrates tha t the variables belong to a system 

w i t h 6 = 0. Then solving the Eqs. (33) and (34), results i n 

Ö4iV-HÖ42r-HNg(5 

-Ö43 
(35) 

(36) p = 0 

Set the values o f (p and p in the s low subsystem to ^ and p , by 

subs t i tu t ing Eqs. (35) and (36) in to Eqs. (25) - (27) , and keeping the 

same in i t i a l condi t ions as Eq. (30), the s low quasi-steady-state 

subsystem can be obtained: 

7 = auV+aur+Ys5 (37) 

W=f (38) 

f = a2:V + a2zF+NsS (39) 

w i t h the in i t i a l cond i t i on : 

[v(to), W(tol r(to)f = [Vo, y/o, rof (40) 

where v,\//,r denote the quasi-steady-state variables, On = 0 n -

^13041/043,012 = «12 -013042/043, Ys = V^J^ 013^^/043, 021 = 021 -

023 041/043,022= 0 2 2 - 023042/043, and = - O23 iV5/a43. 

This p rocedure is ac tua l ly cons ide r ing the c o u p l i n g ef fec t of 

the r o l l m o t i o n o n the y a w dynamics by s u b s t i t u t i n g the QSSE 

o f the fas t b o u n d a r y layer subsystem in to the s low par t o f the 

sys tem Eqs. ( 2 5 ) - ( 2 7 ) . 

3.3. Control design for RRS system 

The m a i n goal fo r ship con t ro l system is to keep the heading at 

a desired course. For RRS systems, i t is also requi red to reduce the 

r o l l angle as m u c h as possible, at the constraint of rudder 

saturat ion and speed l i m i t . 

I n singular pe r tu rba t ion approach, the separate con t ro l strategy 

is used to design the con t ro l l aw: the quasi-steady-state subsystem 

is used to design the y a w dynamics, and the boundary layer 

subsystem is used to con t ro l the ro l l m o t i o n . Fang and Luo (2007) 

also used the concept o f separate cont ro l i n RRS prob lem, however, 

they d i d no t consider the coup l ing ef fec t i n the i r separate control 

strategy. Their w o r k shows tha t the separate con t ro l has better 

heading per formance bu t worse ro l l reduc t ion performance com­

pared to the compact control strategy w h i c h considers the 

coupl ing effect. I n the present paper, the s ingular per turbat ion 

me thod takes in to account the coup l ing effect be tween ro l l and 

heading by subs t i tu t ing the QSSE into the s low subsystem. 

The use o f sequential time scale decompos i t ion permits to 

design con t ro l strategies for S w h i c h is the sum o f t w o compo­

nents, 5 = S:i,+S^, whe re 0^ = ry,(v,if/,r) is used to stabilize the 

s low heading subsystem and 8^=r^{v,\i/,r,(p,p) is used to reduce 

the fast r o l l m o t i o n . 
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3.3.1. Control law for slow subsystem 

The con t ro l objective fo r the s low quasi-steady-state subsystem 

is t o keep the heading at a desired course. W i t h o u t loss o f 

generality, this paper sets the desired yaw angle to be ifr^ = 0° . 

A Lyapunov f u n c t i o n is constructed for the s low quasi-steady-

state subsystem equations (37) - (39) , w h i c h w i l l guarantee the 

s tabi l i ty o f (//and r. As long as the control l a w is obtained, i t can be 

shown that the sway veloci ty v is also guaranteed to converge to 

zero. This also coincides w i t h the fact tha t a he lmsman usually 

only uses the heading angle and heading rate to guide his steering 

action, the sway veloc i ty is l e f t to be damped ou t by itself. 

For s impl ic i ty , the bar over the quasi-steady-state variables is 

neglected f r o m here on. 

Select the Lyapunov f u n c t i o n F(t) > 0 as 

Fit): lV^ + lk2W^+^k3r^>0 (41) 

where k^,k2,k3 are non-negative constants; take the derivative o f 

F(f) w i t h respect to time: 

F(t) = ;<i VV + k2y/y/+/<3 r r 

substitute Eqs. (37) - (39) into Eq. (42), i t f o l l ows : 

F( f ) = /<i v(a „ v + a u r + Y s S y , ) + k 2 y / r 

+ k3r(a2^v+a22r+NsSyr) (43) 

by using f u l l state feedback o f the s low subsystem: 

5y, = av+br+aj/ (44) 

whe re a, b and c are the corresponding feedback gains, Eq. (43) can 

be r e w r i t t e n as 

F(t) = v\krau+k^Ysa} + r^(k3a22+k3N5b) 

+vr(kxan + hYsb-i-k3a2^ -H/CaN^a) 

+vi;/(kiYsc)+ry/(k2 + k3N5C} 

choosing 

-e-/<3a22 

Ns k3Ns 

where e is a posit ive constant, t hen 

F ( t ) = - e r ^ < 0 

k3Ns 

(45) 

(46) 

(47) 

Since w e set k-[ = 0, above process on ly proves tha t y/ and r 

asymptot ical ly converge to zero, w h i l e sway veloc i ty v is n o t 

guaranteed to converge to zero. However, fo r RRS and course 

keeping problems, sway m o t i o n is no t a key issue, besides, the 

sway veloci ty w i l l damp ou t very fast i f a constant heading angle is 

guaranteed, due to the fact t ha t the lateral d a m p i n g force is 

usually very large for a surface ship. 

By trial and error over different values of /<2, ks and e, appropriate 

values can be determined according to Eq. (46), these parameters 

should consider both the rudder l imi ta t ion and the response 

characteristics o f the yaw mot ion. 

Other methods such as the classical pole-placement m e t h o d 

and slide mode control ler (Fang and Luo, 2007) can also be used to 

stabilize such subsystem, however, construct ing such a Lyapunov 

f u n c t i o n is convenient to evaluate the nonl inear effect on the 

system's stabil i ty, w h i c h w i l l be shown later i n Section 3.4. 

3.3.2. Control law for fast subsystem 

The fast boundary layer subsystem Eqs. (21) and (22) can be 

stabilized by selecting the control signal S^. To consider the s low 

subsystem's s low va ry ing rudder effect on the fast subsystem, 

subs t i tu t ing the 5^ i n to the fast subsystem, the fast subsystem can 

be described as 

dd) 

^ = 041V-I-042 r-F 043 «6 + a 44P-F iVa(5v'+15^) 

= a43'P+a44P+NsS4, + C{v, y/, r) (48) 

where G(v,y/,r) = ia4i+aNg)v+cNsy/+(a42 + bNs)r, the variables 

v,y/ and r are regarded as constant i n this stretched t i m e scale. 

This subsystem can be w r i t t e n as a mass-spr ing-damping system: 

where 

2 CO - 034^43 

-034044 

2a43%/-a34a43 

(42) G = a34G (v ,v^ , r ) 

(49) 

(50) 

(51) 

(52) 

(53) 

(On is the natural f requency o f the ro l l system, f is the d a m p i n g 

coeff ic ient o f the system. G(v, y/, r) can be regarded as a constant 

disturbance i n the fast time scale, w h i c h w i l l cause a steady ro l l 

response. This disturbance demonstrates the s low subsystem's 

effect on the fast subsystem. From Eq. (48), the e q u i l i b r i u m po in t 

o f the fast subsystem is 

G(v, yr, r ) 
0 0 = -

- 0 4 3 
(54) 

Po = 0 (55) 

(f)Q is regarded as a constant e q u i l i b r i u m po in t i n the stretched 

time scale. In this s i tuat ion, the cont ro l l aw is to stabilize the r o l l 

angle (p to its e q u i l i b r i u m p o i n t cpa, ra ther than zero. This is qui te 

i m p o r t a n t especially i n the case where v,y/ and r have relat ively 

large values, fo r example, i n a t u r n i n g operat ion or suddenly 

changing course cont ro l , the ship w i l l have a large r o l l angle 

equ i l i b r i um point . I n these cases, i f the p ropor t iona l contro l ler 

(P-control ler) o f the r o l l angle is used, the feedback laws should be 

the f o r m o f kp(ip-(pQ) rather than kpip.'Vor s imphci ty , this paper 

on ly uses a derivat ive control ler (D-contro l ler ) o f the r o l l angle. 

The i n t e n t i o n is to increase the damping rat io o f the system, w h i c h 

means the feedback is taken as 

2^sCo„ dtp 
(56) 

whe re ^g is a posit ive constant. 

Subst i tu t ing the fast con t ro l l a w Eq. (56) i n to (49), the to ta l 

damping rat io o f the r o l l system becomes = (^+^s) > w h i c h 

means the system w i l l have a higher damping ratio under the control 

law. Thus a faster damping speed i n roll mot ion is expected. 

Therefore, by t rea t ing the fast and s low subsystems separately, 

the final con t ro l l aw is 

(57) 

where the expressions of 5^ and 5^ are given by i n Eqs. (44) and (56). 

However, i t is no t comple te ly equivalent be tween the quasi-

steady-state subsystem equations (37 ) - (40 ) and the f u l l system 

equat ion (24), the discrepancy be tween the t w o models is the fast 

transient. The separate con t ro l design is to make the associated 

subsystem stable and w i t h a prescribed desired dynamics. H o w ­

ever, this does no t guarantee the asymptot ic s tabi l i ty o f the f u l l 

system. Fort i jnately, under several assumptions, the f u l l m o d e l can 

also be guaranteed to be stable i f e i's su f f i c ien t ly smal l (Kokotovic 
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et al., 1987). I n singular pe r tu rba t ion approach, i t is an i m p o r t a n t 

issue to de f ine the bounds o f t h e singularly pe r tu rbed parameter e. 

As to the RRS system, e is o f t e n less than 0.025. M o r e details about 

the s tabi l i ty issues can refer to Kokotovic et al. (1987). 

3.4. Robust analysis in yaw motion 

To con t ro l the heading at a desired value is o f p r i m a r y 

impor tance i n RRS con t ro l system. The quasi-steady-state sub­

system is used to describe the heading con t ro l system, and the 

subsystem Eqs. ( 3 7 ) - ( 3 9 ) is proved to be stable by cons t ruc t ing a 

Lyapunuv f u n c t i o n . However, nonlineari t ies are neglected i n this 

l inearized model . Besides, the reduced-order s low subsystem is 

obta ined by subs t i tu t ing the QSSE o f the boundary layer subsys­

t e m in to quasi-steady-state subsystem, this procedure does no t 

consider the t rans ient in teract ion effect be tween ro l l and y a w 

mot ions . To evaluate the impacts o f these factors o n the s low 

subsystem's stabil i ty, especially the yaw m o t i o n , the f o l l o w i n g 

m o d e l is used i n the robustness analysis: 

= '• (58) 

i-= a2iV-\-a22r-{-Ns8-i-A (59) 

whe re A captures the m o d e l uncertainties w h e n de r iv ing a 

reduced-order l inear equat ion. The sway dynamics is neglected 

here because tha t the sway velocity is o f t en v e i y smal l and i t can 

damp ou t by i t se l f To analyze this unmode led dynamics effect on 

the s tabi l i ty o f the system, the s imilar robust analysis approach is 

used to evaluate the heading cont ro l system's s tabi l i ty as Li e t al. 

(2009) , and the same assumption is made as i n the i r w o r k : 

Assumption 1: A satisfies 

\A\<rQ + Yjv\+y,\r\ 

Assumption 2: v satisfies 

\v\^ro+Y,.\r\ 

(60) 

(61) 

whe re Yo,yv>Yr>7o<7r are al l positive constants. 

In Li et al.'s (2009) w o r k , they explained tha t i n Assumpt ion 

1 is used to capture the effects o f surge speed and o ther 

uncertaint ies on y/ and r dynamics, YO is in t roduced to d e m o n ­

strate bounded h igher order nonl inear terms i n the con t ro l inputs , 

and uncertaint ies i n r t e r m are captured by Y,-- In the present study, 

i t is also assumed tha t the t ransient in teract ion effects be tween 

r o l l and y a w mot ions are captured by YO,YV and Yr- Assumpt ion 

2 intends to evaluate the boundary o f sway ve loc i ty v, w h e r e f o 

captures the phase lag be tween the response v and r, and f r f o r 

the p ropor t iona l re la t ionship be tween v and r. 

Subst i tu t ing Eqs. (58) and (59) and the feedback l a w Eq. (44) 

in to the der ivat ive o f the Lyapunov f u n c t i o n Eq. (43), i t f o l l ows : 

F(t) = k2y/y/-i-k3ri' 

= r2V/r+/<3r(a2i v + a22r-f - ÏVa5+zl) 

=-er'^-\rk3rA (62) 

Accord ing to the t w o assumptions: 

F(t)<~er'^ + k3\r\(Ya+Y, -YAn) 

<-er^ + k3\r\{YQ+Y^(yo+Yr\n) + YAy\) 

= -dor^-t-Zoirl 

where 

do^e-k^Yr-kiYvYr 

(63) 

(64) 

io = hYo+k3YvYr (65) 

According to Eq. (63), i t is obvious tha t F{t) < 0 i n the region 

l'1<- (66) 

I t shows that as long as the y a w rate r is restr icted i n the region 

V, the heading cont ro l system can be robust ly stable even i f there 

exists unmodeled dynamics. I f the m o d e l uncer ta in ty is not 

significant, the value o f v, r and (p can be made re la t ively small, 

by p roper ly selecting the l o w subsystem control ler gains a, Ö, c and 

fast ro l l m o t i o n gain thus i t can be guaranteed tha t r e D . 

Therefore, the robust s tabi l i ty can be guaranteed. 

4. Simulation results 

4.J. Simulation model description 

A 4-DOF (surge-sway-yaw-rol l ) nonl inear mode l of a S175 

container ship is used to evaluate the per formance o f the derived 

RRS con t ro l law. This nonl inear mode l was obta ined by a set of 

captive mode l tests (Son and Nomoto , 1982). I t is comprehensive 

and accurate, thus has o f t en been used by many scholars to 

s imulate the 4-DOF ship m o t i o n . This paper takes i t as a bench­

mark m o d e l to evaluate the perforrnance o f the l inear mode l . Both 

the models are added w i t h the same wave disturbances and 

rudder cont ro l law. The m a i n data o f the ship are described in 

Table 1. The detai led i n f o r m a t i o n about the nonl inear mode l can 

be f o u n d i n Son and Nomoto (1982) and Fossen (1994). 

The t i m e doma in s imula t ion o f the ship m o t i o n is conducted by 

using the four th -o rde r Runge-Kut ta m e t h o d w i t h a t ime interval 

o f 0.1s. The rudder saturat ion and rate l im i t s ( | 5 | < 2 0 ' ' and 

|<5|<5' ' /s) are considered i n the feedback design and s imulat ion. 

The to ta l s imula t ion time is Ttotai = 1200 s, and the in i t i a l condi­

tions are chosen as VQ = 0, i/Zg = 0, ro = 0,tpo = 0, and Po = 0- The 

ship speed is around 7.2 m/s. In order to tes t i fy the control laws' 

effectiveness i n steering operat ion, the desired heading angle is set 

to be 0 d u r i n g the first stage, and changes to 10° at 3 0 0 t h second, 

then turns back to 0° again at 6 0 0 t h second. The con t ro l feedback 

gains are chosen as a = 0 . 0 3 , b = 1.35, c = - 2 , and (*a = 0.077. 

These cont ro l parameters are selected by tak ing the rudder l imits 

and the ranges o f the state variables in to considerat ion. 

The wave disturbance to ro l l m o t i o n is added di rec t ly into 

the r i g h t side of the standard equat ion: 

4^=f{v,y/,r,(p,p,S)-i-w^ (67) 

The wave shaping parameters are selected as /Cw = 8 x l 0 ^ ^ 

^0 = 0.075, and CL>O = 0 .21 . W I is the gaussian w h i t e noise w i t h 

variance of c7\ = 0.5 and a zero mean. 

Roll disturbances w i t h a domina te f requency near the ship's 

natural f requency ( « „ 0,22 rad/s) are used to create a relatively 

large ro l l angle to evaluate the RRS performance, other frequencies 

are also tested. The r o l l m o t i o n disturbances are s h o w n i n Fig. 3. 

Table 1 

Principal particulars of S175 container ship. 

Item Symbol Value 

Length I 175 m 
Breadth B 25.4 m 
Mean draft d 8,5 m 
Displacement volume V 21,222 m^ 
Keel to transverse metacenter KM 10,39 m 
Keel to buoyancy center KB 4,62 m 
Block coefficient CB 0,559 
Rudder area AR 33,04 
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Fig. 3 . Wave disturbances of the rol! motion, the shaping function parameters are 
selected as K„ = S x 10~'',fo = 0.075, and = 0.21. 

Bode Diagram 

10"' 10" 10' 
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Fig. 4. Bode diagram of yaw spectrum and roll spectrum. 

Fig. 4 demonstrates t i ie open loop Bode d iagram o f the rudder-

to-yaw if/(s)/S(s) and rudder - to - roh (p(s)/S(s) f requency responses 

for the ship. As s h o w n i n the upper magni tude diagram, there is 

enough b a n d w i d t h separation be tween the rudder - to -yaw and 

rudder - to - ro l l loops. The c u t - o f f f requency o f y a w spec t rum is 

around 0.063 rad/s, w h i c h is much smaller than the na tura l r o l l 

frequency. The open- loop gain o f y a w response is less t h a n 

- 20 dB near the na tura l frequency, w h i c h means that the rudder 

m o v i n g at such a f requency has very l i t t l e impac t on y a w m o t i o n . 

W h i l e at such frequency, the open-loop gain of r o l l response is 

around 4 dB. This b a n d w i d t h separation makes i t possible t o 

design the RRS system fo r this ship. The NMP phenomenon i n r o l l 

m o t i o n can be f o u n d i n the phase diagram i n Fig. 4, w h i c h 

demonstrates a large phase lag and a large range o f phase angle. 

4.2. RRS performances in nonlinear model 

The performances w i t h and w i t h o u t the RRS con t ro l pa r t i n the 

nonl inear mode l are demonst ra ted i n Fig. 5. 

Fig. 5(a) shows ve ry s imi lar response performances o f the y a w 

mot ions under these t w o operations. The result indicates tha t the 

designed h igh f requency rudder operat ion 8^ is far beyond the 
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-with RRS 
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Fig. 5. 
(b) roll 

Nonlinear model simulation results with and without RRS: (a) yaw angle, 
angle and (c) rudder angle. 

b a n d w i d t h of yaw mot ion , and thus has l i t t l e impac t on the y a w 

m o t i o n . The heading angle can be restr ic ted at the desired course 

w i t h considerable accuracy under the high frequency rudder i n p u t 

The r o l l performances are s h o w n i n Fig. 5(b) . The r o l l angle can 

reach + 1 5 ° under the wave disturbances w i t h o u t RRS, w h i l e i t is 

l i m i t e d w i t h i n + 5° w h e n the designed RRS con t ro l l aw is on. 

A t mos t t ime , the r o l l angle is res t r ic ted w i t h i n + 3 ° . The 

per formance meets the standard and c r i t e r ion made by Faltinsen 

f o r manual and inte l lectual w o r k (Faltinsen, 1993). 

Fig. 5(c) demonstrates the rudder inputs . I t shows that the ro l l 

r educ t ion is at the expenses o f h i g h freqt tency rudder operations. 

The rudder moves at a f requency s imi la r to the r o l l mot ion ' s 

nature frequency. In this case, due to the relat ively l ong ro l l pe r iod 

o f the ship, most o f the rudder operat ions are b e l o w the rudder 

saturat ion and rate l imi ts , and make the designed RRS cont ro l laws 

to have a sat isfying performance. 

4.3. Comparison between linear and nonlinear models 

In this paper, the RRS con t ro l l a w is der ived f r o m the reduced-

order l inear mode l , so the accuracy of th is l inear mode l is o f 

impor tance . I t is thus necessary to evaluate the accuracy o f the 

l inear mode l . For this purpose, the 4-DOF nonl inear mode l is used 

as a v i r t ua l ship f o r s imula t ion and per formance evaluat ion (Li 

et al., 2009) . Both the l inear and nonl inear models are under the 

RRS cont ro l l a w and wave disturbances. 

The s imula t ion results are s h o w n i n Figs. 6-8 . Fig. 6 il lustrates 

the yaw m o t i o n performances o f the t w o models . I t shows tha t the 

dif ference i n the y a w angles be tween l inear and nonl inear models 

is indist inguishable for mos t o f the time, except fo r some peak and 

t r o u g h values, at w h i c h the nonhnear dynamics and coup l ing 

ef fec t are re la t ively larger, thus some deviat ions appear be tween 

l inear and nonl inear models. 

Fig. 7 shows the r o l l m o t i o n pe r fq rmance o f the t w o models. 

Despite o f the s imilar i ty , the r o l l m o t i o n o f the nonl inear mode l is 
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- - nonlinear model 

— linear model 

O 200 400 600 800 1000 1200 

Tlme(second) 

Fig. 6. Yaw angle performances of the linear and nonlinear models with RRS 
control strategy. 

400 420 440 460 480 500 520 

Tlme(second) 

Fig. 7. Roll angle performances of the linear and nonlinear models with RRS 
control strategy. 

1200 

Fig. 8. 
control 

680 700 720 

Tlme(seoond) 

Rudder angle performances of the linear and nonlinear models with RRS 
strategy. 

a l i t t l e smaller than that o f the l inear mode l f o r most o f the t ime. 

This is m a i n l y due to that the nonl inear i t ies o f t e n of fe r the system 

a nonl inear damping effect w h i c h tends to make the system more 

stable. Thus the designed cont ro l l a w based on the linear model 

tends to give a more conservative control strategy and make the 

real system safer. 

Fig. 8 shows the differences o f the rudder operations. Similar 

w i t h the r o l l performance, the rudder opera t ion i n nonlinear 

m o d e l is also a l i t t ie smaller than tha t i n l inear model . The rudder 

opera t ion meets the rudder saturat ion and rate l i m i t at a round the 

6 5 0 t h second w i t h a f i xed slope. This rudder saturat ion is to some 

degree inevi table i n RRS control strategy. A b ig challenge in RRs 

con t ro l design is to make a t rade-of f be tween the RRS perfor­

mance and the rudder operat ion l imi t s . I n the present case, the 

designed cont ro l law is w e l l w i t h i n the rudder l i m i t a t i o n for the 

mos t t ime , thus a good performance is expected. 

4.4. Track keeping performances 

Track keeping performances are very i m p o r t a n t i n ship motion 

cont ro l . A l t h o u g h most RRS designs are only considered i n course 

keeping operations, also the track keeping per formance should be 

considered, w h e n designing a RRS system f o r r o l l reduct ion. In 

fact, the t w o cont ro l objectives have a lo t i n c o m m o n , the ship's 

t rack keeping system can be designed f r o m the course keeping 

system by inc lud ing an addi t ional posi t ion feedback (Velagic et al., 

2003) . 

I n this paper, a s imula t ion is conducted to evaluate the validity 

o f t h e derived RRS control l aw i n track keeping problems. The yaw 

disti)j;bance is also considered i n this s imula t ion , where the 

gaussian w h i t e noise w i t h a variance o f (72 = 0.5 and a zero mean 

is adopted, i t is f i l te red by the shaping f i l t e r / (s) to create the 

y a w disturbance. The track keeping control l a w is selected as 

ST = S-i-Ccid. w h e r e S is the predef ined RRS con t ro l inpu t ; d is the 

distance f r o m the ship to the path; Cd=0.002 , w h i c h is the gain of 

the pos i t ion feedback; the desired path is s imply selected as 

x - y = 0, whe re x and y are the pos i t ion coordinates. The init ial 

pos i t ion o f the ship is selected as (0, - 8 0 0 ) . A heading control is 

needed to track the path, in w h i c h case, the coupl ing effect of the 

y a w m o t i o n , sway m o t i o n and the r o l l m o t i o n may be an issue. All 

the o ther parameters are kept the same as i n the previous 

s imu la t i on case. The s imula t ion results are s h o w n i n Figs. 9 and 10. 

Fig. 9 i l lustrates the track keeping performance w i t h and 

w i t h o u t the RRS control law. The performance is sat isfying even 

w i t h a large i n i t i a l pos i t ion deviat ion. As s h o w n i n this figure, the 

track performances are veiy close i n bo th cases, w h i c h demon­

strates tha t the track keeping performance o f the ship is no t highly 

affected by the h igh frequency part o f the RRS cont ro l law. Fig. 10 

gives the ro l l performances w i t h and w i t h o u t RRS con t ro l strategy. 

I t shows that the r o l l angle can be effect ively reduced w h e n the 

RRS is on. In fact, fo r most o f the t ime , the r o l l angle can be 

restr icted w i t h i n + 5°, 

However, due to the rudder l imi t s , a trade o f f be tween the track 

keeping performance and the r o l l reduct ion per formance is always 

needed. I f a faster track keeping per formance is required, which 

can be achieved by increasing the pos i t ion feedback gain Cd. then 

3500 4000 

Fig. 9. Track keeping performances with and without RRS control strategy. 
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Fig. 10. Roll angle performances in the track keeping operations with and 
without RRS. 

Table 2 
RRS performance under different wave frequencies. 

r„ (s) , (RRS off) (deg) # „ , a x (RRS on) (deg) RRR (%) 

10 1.15 0.95 33.0 
15 3.12 2.46 32.5 
20 7.47 5.23 40.6 
25 10.43 5.04 54.3 
28 (r„) 17.03 7.16 66.3 
30 17.17 8.04 61.1 
35 12.13 11.44 16.7 
40 8.83 9.92 -0.12 

m u c h less rudder effect is l e f t to the ro l l feedback, w h i c h w i l l 

surely affect the r o l l reduc t ion performance. As shown i n Fig. 9, the 

s imula t ion performances w i t h or w i t h o u t RRS con t ro l are almost 

the same i n the f i r s t 100s, this is ma in ly because that al l the 

rudder operat ion is used to conduct the distance feedback. More 

detai led explanat ion about this issue can refer to G o o d w i n et al.'s 

(2000) w o r k . 

4.5. Sensitivity performances 

In this section, some inherent l imi t adons o f the RRS system are 

discussed. The sensit ivi ty of the mode l errors is an i m p o r t a n t issue 

i n the RRS system. Blanke and Christensen (1993) studied the 

sensi t ivi ty o f the performance o f LQ. control i n RRS system, and the 

variations i n the coupl ing coefficients were also studied! 

Since there are too many parameters i n ship contro^l system, 

i t is no t realistic to consider all the parameters i n one single paper. 

In this paper, only a simple sensitivity analysis of di f ferent wave 

frequencies and rudder inputs is made, w h i c h are t w o very impor­

tant factors that may greatly change the RRS perfooTiances. 

As shown i n Table 2, the waves whose mean periods are close 

to the natural per iod can cause large r o l l m o t i o n o f the ship. A t the 

extreme s i tuat ion, the ship may have nearly 20° r o l l angle at the 

peak. Fortunately, near these frequencies, the der ived RRS cont ro l 

l aw gives good ro l l reduc t ion performances. I n fact, RRR is over 

50% at these frequencies, the damaging r o l l angle is ef fect ively 

reduced. 

For the disturbances w i t h short periods, par t icular ly , less than 

25 s, the induced ro l l angle is much smaller; at the same t ime , the 

RRS cont ro l l a w has relat ively less effectiveness. 

In the par t i cu la r ly long per iod wave cases, w h e r e the wave 

periods are longer than 35 s, the RRS con t ro l system has very 

l i m i t e d RRR performances. The high f requency rudder operations 

are to ta l ly unnecessary, or even make the s i tua t ion worse. This 

s imula t ion results are i n accordance w i t h the conclusion that the 

NMP characteristics o f a system o f t en increase the sens i t iv i ty o f 

the closed loop system at l o w frequency (O'Brien, 2009) . 

Fortunately, wave energy has a w e l l - k n o w n na r row-band 

property. Take JONSWAP spect rum f o r example, mos t o f the wave 

energy are concentrated on the wave per iod be tween 10 s and 30 s 

(Fossen, 1994). On one hand, the energy o f waves o f per iod longer 

than 30 s or less than 10 s is so small tha t can be neglected. On the 

other hand, waves w i t h certain periods are less l i k e l y to induce 

very large r o l l mo t ion , even though they have considerable wave 

energy. I t is thus suggested tha t more a t ten t ion should be paid to 

the waves w h i c h has a centralized energy d i s t r i b u t i o n and can 

induce a re la t ively large ro l l m o t i o n . 

4.5.2. Sensitivity ofthe rudder input 

The rudder effect is o f top impor tance i n RRS con t ro l system, 

because i t to ta l ly decides the performance o f the RRS system. In 

some sense, the RRS cont ro l design is a balance be tween the r o l l 

r educ t ion per formance and the achievable rudder input . For 

s impl ic i ty , i t is assumed that the rudder force has up to 30% 

devia t ion f r o m the standard mean value. The s imula t ion results 

are s h o w n i n Fig. 11. 

As s h o w n i n Fig. 11(a), despite o f the differences i n the rudder 

force models, the y a w m o t i o n is m u c h less affected by these 

rudder forces. I n fact, the heading angle on ly has a round 1° 

dev ia t ion i n these three cases. The s low course keeping subsystem 

is thus considered less affected by the errors i n the rudde r force 

models. However, Fig. 11(b) shows t h a t the ro l l m o t i o n perfor­

mances are great ly affected by the d i f f e r en t rudder inputs . 

RRR = 60.4% i n the standard rudder mode l case. For a smaller 

rudder force, the ro l l angle can reach over 10°, RRR = 3 7 . 1 % i n this 

4.5.1. Sensitivity of wave frequency 

As stated i n Perez (2005), NMP systems o f t en cause a funda ­

menta l l i m i t a t i o n tha t disturbances a t tenuat ion at some f requen­

cies w i l l result i n ampl i f i ca t ion at other frequencies i n RRS system. 

Especially w h e n the dismrbances are v « t h long period, the induced 

highly irregular roll mot ion of ten causes the inefficiency of the RRS 

sti-ategy. NMP characteristics of a system of ten increase the sensitiv­

i ty o f the closed loop system at l o w frequency (O'Brien, 2009). 

To quan t i fy the effectiveness of the RRS con t ro l strategy under 

d i f f e ren t wave frequencies, the f o l l o w i n g r o l l reduc t ion rate (RRR) 

is used to evaluate the RRS performance (Lauvdal and Fossen, 

1997): 

RRR(%) = -100 X 
AP-RRCS 

AP 
(68) 

Where RRCS and AP are the standard deviations w i t h and w i t h o u t 

RRS, respectively. 

Table 2 summarizes the r o l l reduc t ion results w i t h d i f f e ren t 

disturbance frequencies, whe re is the mean per iod o f the 

disturbance and T„ denotes the na tura l per iod of the r o l l m o t i o n . 

15 

3 0̂ 
S. 5 
o) 0 

I 
<̂  -10 

-15 

— 30% larger rudder lorce 

— Standard rudder force 

— - 30% smaller rudder force 

250 300 350 400 

Time(second) 

450 500 

200 250 500 300 350 400 450 

Tinie(second) 

Fig. 11. Sensitivity analysis of rudder model errors: (a) yaw angle, (b) rudder angle. 
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rudder operation, and the RRS performances are greatly reduced 

due to the smaller rudder i npu t . On the contrary, w h e n the rudder 

force is 30% larger, a m u c h better r o l l r educ t ion performance is 

obtained, RRR = 69.4%, and the r o l l angle can be restricted i n less 

than 5° f o r most of the t ime . 

The RRS control design is a big challenge, m a i n l y due to the 

relat ively weak rudder effects and inheren t NMP characteristics. 

These properties make the system v e r y sensitive to certain para­

meters, such as wave disturbance frequencies and rudder inputs . 

Some o f the l imi ta t ions are inherent and may be even immutab le , 

hence the good unders tanding o f such l imi ta t ions is par t icular ly 

needed w h e n designing an applicable RRS cont ro l system i n ship 

m o t i o n cont ro l practice. 

5. Conclusions 

In this paper, singular pe r tu rba t ion me thod is used to analyze 

and design the control l aw o f rudder r o l l s tabi l izat ion system. 

The w e l l k n o w n n o n - m i n i m u m phase characteristics o f r o l l 

m o t i o n are shown to be an in te rac t ion o f opposite fast and s low 

dynamic effects. The yaw and sway mot ions are considered as the 

s low subsystem, and the r o l l m o t i o n is considered as the fast 

subsystem. The singular pe r tu rba t i on me thod is in t roduced to 

separate the fast and s low subsystems. The cont ro l l aw is designed 

separately fo r each subsystem. The s tabi l i ty analysis of the slow 

subsystem is conducted by cons t ruc t ing a Lyapunov func t ion . 

Combined w i t h the s tabi l i ty analysis, a robust analysis is made\ 

to evaluate the unmodeled dynamics. 

A l inear model is used fo r the system analysis and c o n t r o l ' 

design, and a nonlinear m o d e l is used fo r s imula t ion and perfor­

mance evaluation. The s imula t ion results show the effectiveness o f 

the der ived cont ro l law. A t certain cases, the r o l l reduct ion rate 

(RRR) can reach over 60%. The accuracy o f the l inear m o d e l is 

evaluated by compar ing w i t h the nonl inear model . A s imula t ion 

case is conducted to evaluate the va l i d i t y of the derived RRS 

con t ro l l a w i n the track keeping system. The performances at 

d i f f e r en t wave frequencies are compared, and the rudder mode l 

errors are also b r ie f ly evaluated. The results show the sensi t ivi ty of 

the RRS system to these parameters. 
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