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Summary

Phased array antennas are a key element of our wireless communications infrastructure, en-
abling Multiple-Input Multiple-Output (MIMO) communication and sensing. However, there
are some inherent challenges and limitations associated with phased array antennas; no-
tably, the antenna gain typically decays as the beam is steered away from broadside, which
imposes a limit on the usable scan range.

One promising approach to mitigate this effect is via dielectric lenses, which are becoming
more practical as communication standards shift towards higher frequencies. Furthermore,
advances in additive manufacturing enable the fabrication of lenses with a spatially varying
refractive index, allowing for more freedom in the form factor compared to homogeneous
lenses. Such Gradient Index (GRIN) lenses could offer a drop-in solution to mitigate scan
loss in phased array antennas. However, the optimization of GRIN lenses remains challeng-
ing, and few methods have been presented to optimize arbitrarily varying GRIN profiles.

This thesis investigates the design, optimization, fabrication, and experimental validation
of an additively manufactured flat GRIN lens to enhance the scan coverage of a TMYTEK
BBox 5G 28GHz phased array antenna, which has a scan range of approximately ±45◦.

GRIN media is realized using additively manufactured sub-wavelength dielectric crystals.
Structures with an arbitrary spatial variation of density are synthesized using continuously
graded Triply Periodic Minimal Surface (TPMS) structures. GRIN media is fabricated using
Polylactic Acid (PLA) filament, of which the complex permittivity was measured with help
from the IT’IS foundation.

A novel method is proposed to parametrize GRIN media, where the refractive index distribu-
tion of the lens is represented as a Fourier series expansion, normalized to the achievable
limits of the refractive index set by the manufacturing constraints. This approach is well
suited to curved-ray Geometrical Optics (GO), as the gradient of the refractive index can be
computed analytically.

Using this parametrization, GRIN lenses are designed by optimizing for the Fourier coeffi-
cients. A fitness function is derived based on a model for the field at the aperture, allowing
for optimization with a sparse distribution of GO rays. The fitness function is minimized
using a Particle Swarm Optimization algorithm. This approach is validated by optimizing
a Luneburg lens, demonstrating close agreement between the optimized and theoretical
GRIN profiles.

This method is then applied to design a flat GRIN lens to enhance the scan coverage of
a phased array antenna. The optimized lens is experimentally evaluated in the Delft Uni-
versity Chamber for Antenna Tests facility, increasing the scan coverage of the TMYTEK
BBox phased array antenna by ±10 degrees and demonstrating the possibility of drop-in
improvements to the scan coverage of phased array antennas using GRIN lenses.
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Nomenclature

[T ] Transformation matrix for the target direction, see equation (2.17) . . . . . . . . . . . . . . . [−]

δi Volume fraction of inclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [−]

η Impedance of free space. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [Ω]

n̂ Unit vector normal to the interface, see equation (2.6) . . . . . . . . . . . . . . . . . . . . . . . . . . . [m]

ŝ Unit vector in the ray direction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [−]

ŝi Unit vector of the transmitted ray, see equation (2.6) . . . . . . . . . . . . . . . . . . . . . . . . . . . . [−]

ŝt Unit vector of the incident ray, see equation (2.6) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [−]

λ0 Wavelength in free space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [m]

E0,ap Magnitude of the electric field at the aperture. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [V/m]

Eap Complex electric field at the aperture. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [V/m]

kn Fourier mode direction, see equation (2.11) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [−]

ϕap Phase at the aperture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [rad]

ϕtarget Phase model, see equation (2.21). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [rad]

ψ(t) Eikonal, see equation (2.5) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [m]

σϕ Term in the optimization representing the phase error . . . . . . . . . . . . . . . . . . . . . . . . . . . [−]

σdir Term in the optimization representing the ray direction error . . . . . . . . . . . . . . . . . . . . [−]

ñ Distribution of the refractive index, see equation (2.11) . . . . . . . . . . . . . . . . . . . . . . . . . . [−]

εi Permittivity of spherical inclusions, see equation (2.2) . . . . . . . . . . . . . . . . . . . . . . . . [F/m]

εm Permittivity of matrix, see equation (2.2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [F/m]

εr Relative permittivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [−]

εeff Effective permittivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [F/m]

r⃗ap Reference position on the aperture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [m]

c Gyroid Half-thickness , see equation (3.2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [−]

cn Complex Fourier coefficient, see equation (2.11) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [−]

I Identity matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [−]

k0 Free space wavenumber . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [rad/m]

l Side length of the flat lens . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [m]
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Nomenclature v

n Refractive index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [−]

nλ Number of wavelengths, see equation (2.3) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [−]

Nrays,ap Number of rays which reach the aperture, see equation (2.16) . . . . . . . . . . . . . . . . . [−]

Nrays Total number of rays fired from the source, see equation (2.16). . . . . . . . . . . . . . . . . . [−]

r(t) Current position of the ray, see equation (2.5) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [m]

t Optical length . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [m]

t Thickness of the flat lens, see equation (3.5) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [m]

Vlens Volume of the lens . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [m3]

y(t) State of a given ray, parametrized by the optical length t, see equation (2.5) . . . . . [−]

utarget Target direction of the outgoing ray, see equation (2.17) . . . . . . . . . . . . . . . . . . . . . . . . [−]
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1
Introduction

1.1. Motivation
Over the last 50 years, phased array antennas have become a key element of our wire-
less telecommunications infrastructure. Some examples include Starlink satellite internet
receivers, Viasat in-flight WiFi systems, and Galileo navigation antennas, all shown in Fig-
ure 1.1; it is no understatement to say that hundreds of millions of people rely on phased
array antennas in their daily lives.

(a) Starlink receiver antenna PCB
(courtesy of TheSignalPath).

(b) Viasat in-flight connectivity antenna (courtesy of
ESA).

(c) Galileo FOC satellite at
ESTEC (courtesy of OHB, ESA).

Figure 1.1: Examples of aerospace applications of phased array antennas

Phased array antennas consist of an array of individual antenna elements. When radiating
together, these allow for the synthesis of a highly directive beam, which can be steered
by introducing a progressive phase shift along the elements. Phased array antennas (also
referred to as phased arrays or electronically steered antennas) offer significant advantages
over traditional mechanically-steered antennas. Aside from the obvious benefit of reducing
the number of moving parts, phased array antennas can rapidly steer between multiple
targets, enabling multiple input/multiple output (MIMO) communication and sensing [1].

However, there are inherent challenges and limitations associated with phased arrays. No-
tably, a drop in the antenna gain is typically observed when scanning the beam away from
broadside, a phenomenon known as ’scan loss’. It is also possible for unintended lobes to
form away from the scan direction (known as grating lobes) [2], as shown for example in
Figure 1.2. In practice, these effects impose a limit on the scan coverage of the antenna.

1
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Figure 1.2: Antenna patterns of the TMYTEK BBox 5G phased array antenna at 28GHz. As the steering
angle increases, the peak gain decreases, and a grating lobe begins to appear at −25◦.

There are several approaches to mitigate scan losses of phased array antennas. One ap-
proach is to design phased array using broad-beam antenna elements, reducing the scan
loss due to the element pattern [3]. Another approach is via the use of conformal (or non-
planar) arrays [4], reducing scan losses in large arrays due to the more constant projected
area of the array.

However, these approaches are centered on the design of the antenna array itself. An
attractive options to enhance the scan coverage of phased arrays is therefore via the use
of dielectric lenses, as it would allow for drop-in improvements to existing antennas. It has
been shown that dielectric domes have the potential to enhance the scan range of phased
array antennas [5]. With recent advances in additive manufacturing, it is possible to realize
lenses with a spatially varying refractive index, allowing more freedom in the form factor of
such lenses [6].

Lenses with a spatially varying refractive index, also known as Gradient Index (GRIN)
lenses, are not a new idea; in fact, GRIN media has been the subject of extensive research
in optics [7]. The application of GRIN lenses to antennas is a relatively recent development,
enabled by progress in additive manufacturing and a shift towards shorter wavelengths in
microwave engineering. However, the design and realization of such lenses remains chal-
lenging, and few methods have been presented to optimize arbitrarily varying GRIN profiles.
In this thesis, we investigate the design and optimization of GRIN lenses to enhance the
usable scan range of phased array antennas.

1.2. Literature Review
To begin, we present a review of scientific literature on microwave lenses, GRIN lenses, and
their applications to phased array antennas.

We first present a brief history of lens antennas, followed by a short overview of state of the
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art and current trends. We then focus on GRIN lenses, followed by the application of lenses
to antenna arrays.

1.2.1. Microwave Lenses - Historical Perspective and State of the Art
The earliest microwave lenses were constructed by physicists in the late 19th century; Ja-
gadish Chandra Bose published results on a sulfur lens designed to collimate millimeter
waves in 1896 [8], only 9 years after electromagnetic waves had been experimentally ob-
served by Heinrich Hertz. Several other physicists developed microwave lenses during this
time, aiming to better understand the newly discovered electromagnetic waves.

Interest in lens antennas then declined during the development and commercialization of
the radio. Lenses must be physically larger than the wavelength of light to be effective,
making them impractical for low-frequency radio applications. There was some renewed
interest during the second world war with the development of radar, where frequencies up
to 10GHz became commonplace.

(a) Apparatus designed by Bose to study millimeter-waves, with Sulfur
lenses shown in Q and P [8]

(b) Type 984 Radar on the HMS Victorious,
featuring a metal plate lens (courtesy of the

Imperial War Museum).

Figure 1.3: Notable early microwave lenses

To obtain higher bandwidths and allow for miniaturization, communications standards have
been gradually shifting towards higher frequencies (i.e. shorter wavelengths), resulting in
significant renewed interest in lens antennas in the past decade, as evidenced by the volume
of publications shown in Figure 1.4.

Lens antennas are typically electrically large (i.e. much larger than the wavelength). Thus,
full-wave simulations of lens antennas are often highly computationally expensive. There is
therefore significant interest in developing more efficient methods to analyze the radiation
of lens antennas, including methods based on physical optics [9] and method of moments
solvers [10].

Another topic of interest is that of switched-beam antennas. Since the beam of a lens an-
tenna can be steered by only displacing the feed, it is possible to build a high gain beamform-
ing antenna without the use of phase shifters, significantly reducing the cost and complexity
over phased arrays. These improvements are at the expense of limited control over the radi-
ation pattern, and are especially interesting for cost-driven applications, such as automotive
radar [11] [12].
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Figure 1.4: Journal publications by year on IEEE Xplore between 1990-2025 with both the terms ’lens’ and
’antenna’ in the publication title.

For an example of the current state of the art of the design, modeling and applications of
dielectric lens antennas in millimeter wave to terahertz frequencies, readers are encouraged
to consult the PhD dissertation of Huasheng Zhang [13]. One example of a lens antenna
array developed within this dissertation is shown for reference in Figure 1.5; operating at
24GHz to 30GHz, the lenses enable grating lobe suppression with an array spacing of 2λ0.

Figure 1.5: Lens Phased Array antenna, from Zhang’s 2024 dissertation [13].

1.2.2. Additive Manufacturing of Gradient Index Lenses
Media with a spatially varying refractive index, often refered to as Gradient Index (GRIN),
have been studied since the 19th century by physicists and mathematicians, though their
application in microwave engineering is a more recent development.

One early example of a gradient index lens which is worth mentioning here is the Luneburg
lens. Discovered by mathematician Rudolf Luneburg in 1944, this spherically symmetric
lens collimates light to a point on the surface [7]. This lens has a number of interesting
mathematical properties, including a remarkably simple distribution of the refractive index,
as shown in Equation 1.1.

n(r) =

√
2−

( r
R

)2
(1.1)
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In Equation 1.1, R is the radius of the lens, and r is the partial radius at a point inside the
lens. The Luneburg lens is particularly useful as a validation case, as will discussed in the
following chapters.

The design of GRIN lenses remains challenging. Simple lenses may be designed directly
using Fermat’s principle, as was done by Luneburg for his eponymous lens. Another com-
mon technique is the use of Transformation Optics (TO), where a coordinate transform is
defined describing the desired path of light rays. This coordinate transform is then absorbed
into the material properties, allowing for the design of metamaterial-based optical devices
[14].

Though powerful, TO can result in GRIN profiles which are difficult to realize, including
anisotropic media, and media with negative refractive index. While this is obviously not
feasible with simple dielectrics, it can be achieved using periodic metal structures, typically
referred to as metasurfaces and meta-atoms [15]. Quasi-Conformal Transformation Optics
(QCTO) methods have also been proposed to design lenses with isotropic refractive index
using TO [16].

There have been relatively few attempts to optimize lenses with an arbitrarily varying GRIN
profile. One notable example is presented by Budhu et al. in [17], where the authors defined
the GRIN profile using a 2D cubic spline surface, shown in Figure 1.6. The GRIN profile
was optimized using particle swarm optimization, a popular technique for electromagnetics
problems [18]. A similar approach was used by Xu et al. [19], where the GRIN profile was
defined with a 2D Bezier surface. While these techniques to parametrize the GRIN profiles
are effective, they have a few drawbacks. Namely, they do not directly account for the
maximum/minimum permittivity set by the manufacturing constraints, and are more difficult
to extend to a 3D varying GRIN profile, requiring significantly more optimization parameters.

Other attempts to optimize GRIN profiles have limitations; namely, [20] featured a very lim-
ited search space, with only one parameter included in the optimization, and other attempts
use multiple discrete sections, optimizing the shape of each section instead of a continu-
ously varying GRIN profile, for example in in [21] and [22].

Figure 1.6: Optimized of a GRIN lens with an arbitrarily varying GRIN profile, from [17]. The GRIN profile is
defined by a 2D cubic spline, which is then revolved about the x axis.

Until the commercialization of additive manufacturing, realizing GRIN media was challeng-
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ing, often requiring the use of multiple materials with different permittivities. Advances in
additive manufacturing allow for the synthesis (i.e. generating the geometry) and fabrication
of materials with continuously graded density [23], as further discussed in section 2.1.

A wide range of additive manufacturing technologies have been proposed to fabricate GRIN
structures, including exotic techniques such as jet binding in [17], direct ink writing loaded
with dielectric powders [24] and sintered ceramics [25] [26]. One technology which is no-
tably sparse in literature is resin printing, as most photopolymer resins have unacceptably
high losses for use in microwave engineering. At the time of writing, only one low-loss
resin is commercially available, designed by Fortify3D and Rogers corporation for use with
proprietary printers.

One particularly helpful reference on 3D printed GRIN lenses is the comprehensive 2023
review byMunina et al. [6]. Another useful reference is the PhD dissertation of Hehenberger
[27], focusing on the synthesis, homogenization and modeling of GRIN media based on
dielectric crystals.

1.2.3. Lenses for Phased Array Antennas
As discussed above, microwave lenses may be used to create switched-beam antennas,
allowing for beam steering without the use of phase shifters. There has been comparatively
little attention on the design of lenses for use in combination with phased array antennas.

Several works have proposed the use of a dielectric dome to enhance the scan range of a
phased array. For example, the dielectric dome shown in Figure 1.7 offers an angular scan
enhancement of 10◦ to a circularly polarized phased array at 29GHz. Similarly, a dome lens
with quarter-wavematching layers was presented in [28]; in this case, the lens was analyzed
using full wave simulations, limiting the optimization to a single parameter (in this case, the
height of the dome lens). This dome was also experimentally validated, increasing the gain
of a 28GHz phased array by 0.4 dBi at a steering angle of 60◦.

Figure 1.7: Example of a phased array-fed dielectric dome antenna, reprinted from [29]. This solid dielectric
dome offers 10◦ of angular scan enhancement to the phased array antenna.

Although full-wavemethods are highly accurate, their computational cost restricts the search
space of the optimization. A larger search space would be beneficial for more complex,
multi-objective optimizations; in this case, it is attractive to make use of more computation-
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ally efficient methods, such as ray-tracing and Physical Optics (PO). In [21], the authors
implemented a 2D PO algorithm to optimize a multi-layered dielectric dome, where the sur-
face of each layer was defined by a spline. Although these results are not experimentally
validated, the multi-layer dome offers a gain enhancement of 1.5 dBi at 60◦.

The term Phased Array-Fed Lens (PAFL) has recently been coined by Wang [30], adapted
from Phased Array-Fed Reflector (PAFR) antennas [31]. In [30], Wang proposed the use
of a PAFL to improve the pattern control compared to a switched-beam array lens antenna.
However, Wang did not explicitly design the lens for use in with a phased array; rather, the
authors showed that a lens designed for switched-beam arrays could be fed by a phased
array to achieve finer angular resolution.

(a) Flat GRIN lens optimized to enhance the
scan range of a phased array, from Microwave

Journal magazine [32].

(b) Printed flat GRIN lens, from the corresponding
conference paper [33].

Figure 1.8: Flat GRIN lens optimized to enhance the scan coverage of a phased array, designed by
Fortify3D and Rogers corporation.

One particularly interesting example of GRIN lenses designed for phased arrays comes
from a 2022 article in the Microwave Journal magazine, shown in Figure 1.8. There, the
authors presented a flat GRIN lens to enhance the scan coverage of a phased array an-
tenna [32], claiming to increase the field of view up to 90◦. A conference paper was later
published on this same lens in [33]. Unfortunately, the authors did not discuss the analysis
and optimization procedure, and it is unclear whether the measured performance of the lens
(shown in the black dashed line in Figure 3 of [33]) supports the claim of 90◦ scan coverage.

1.2.4. Overview
Although there is an extensive body of research on dielectric lenses and phased array an-
tennas individually, there has been comparatively little research on the application of lenses
specifically to phased array systems (and even fewer on GRIN lenses for phased arrays).
Most existing studies of phased array-fed lenses focus on homogeneous dielectric domes,
while GRIN lenses are more commonly investigated in the context of switched-beam anten-
nas or standalone antenna feeds.
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To date, there have been few attempts to optimize lenses with arbitrarily varying GRIN pro-
files. This can be attributed to practical limitations which have only recently been over-
come; Additive manufacturing technology capable of fabricating spatially varying dielectric
media at microwave frequencies has only become affordable and accessible in the last two
decades [6]. Furthermore, the tools to synthesize 3D printed structures with continuous
grading have only recently become available.

As discussed above, there have been relatively few attempts to design GRIN lenses to
enhance the scan coverage of phased array antennas. The closest example is likely from
the multi-layer dielectric dome presented [21], offering a gain enhancement of 1.5 dBi at 60◦.
However, the multi-layered dome approach offers little freedom on the form factor of the
antenna, and the layered structure results in multiple reflections; both of these challenges
could be addressed by making use of continuously varying GRIN lenses. Furthermore, the
multi-layered dome presented in [21] is not experimentally validated.

As discussed in subsection 1.2.2, there have been a few attempts to optimize continuously
varying GRIN profiles. One notable examples was presented by Budhu et al. in [17]. Here,
the authors parametrized the GRIN profiles using on 2D spline surface. Although this is a
straightforward approach, offers a limited search space, and does not directly account for
limits imposed by the manufacturing process.

Relevant papers were collected using the Zotero citation management tool. A total of 108
records were categorized as relevant to this thesis. Of these, 89 are journal articles and
conference papers; the source of these publications is shown in Figure 1.9. We see that
GRIN lenses at microwave frequencies are most frequently published in IEEE Transactions
on Antennas and Propagation (IEEE TAP); It should be noted that there is also a significant
volume of literature on lens antennas in IEEE Transactions on Terahertz and Technology,
although GRIN lenses are rarely treated there, as it is significantly more difficult to fabricate
GRIN media at terahertz frequencies.

Although the Microwave Journal online article mentioned in subsection 1.2.3 was one of the
inspirations behind this thesis topic, this source was not used extensively, as the authors
provide very few details on the optimization and modeling. Instead, the papers listed below
were used extensively throughout this thesis, and are worth specifically highlighting:

• Budhu et al.’s 2019 paper on GRIN lens design and optimization [17]. The authors
present a Particle Swarm Optimization (PSO) algorithm to optimize a switched-beam
GRIN lens antenna. We employ a similar optimization procedure here, with a different
optimization goal and a novel parametrization for the GRIN profile.

• Gashi et al.’s 2022 paper on propagation in GRINmedia [9]. Here, the authors present
a method to compute the electric field propagation in GRIN media using a single vec-
torial ODE, which we replicated and used in our optimization.

• Hehenberger’s 2025 PhD dissertation on dielectric crystal-based GRIN media [27], as
a general reference for modeling, synthesizing and fabricating GRIN media based on
dielectric crystals for use at microwave frequencies.
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Figure 1.9: Pie chart of publication source for papers included in this literature study.

1.3. Research Framework
Here, we present the goals of this research, as well as the assumptions and limitations. We
then outline the research questions, and highlight the novel elements of this research.

1.3.1. Scope
The goal of the project is to design a flat GRIN lens to enhance the scan coverage of a
phased array antenna. This includes modeling, optimization and fabrication of the lens.
It is planned to perform experimental validation using a TMYTEK BBox 5G phased array
antenna operating at 28GHz in the Delft University Chamber for Antenna Tests (DUCAT)
facility. As this antenna is relatively narrow-band, we neglect the frequency dependence of
the permittivity of the material.

The DUCAT facility features two motorized turntables for antenna pattern measurements.
Although the full 2D radiation pattern could be measured by tilting the antenna under test,
doing so takes considerably more time. To simplify the optimization and reduce the mea-
surement time, we limit the optimization to the scan coverage in one cut plane.

As will be discussed in subsection 2.1.3, FFF offers a convenient and low-cost method to
realize GRIN media. Other additive manufacturing techniques are either too complex, or
produce media with high dielectric losses. Thus, we choose to only consider GRIN media
using dielectric crystals, printed using FFF (although we acknowledge that there are many
more ways to realize GRIN media).

Since the BBox features a relatively small array (4x4 elements), it is convenient to place
the lens in the far-field of the array. This allows us to model the array as a point source,
as well as minimizing the effect of reflections reflections from the lens. There are other
challenges associated with placing the lens in the near-field of the array elements; namely,
this would disturb the effective spacing between the elements, which would be significantly
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more challenging to model.

Taking the Fraunhofer distance as the beginning of the far field, we find that the lens should
be placed a distance of at least 4.5 cm from the array. This poses a challenge; to capture a
large portion of the radiated power, the flat lens should be very wide, as shown in the scale
drawing in Figure 1.10. Taking the maximum print size of 20 cm for an Original Prusa Mk4
printer, we see that the lens entry captures a maximum of 66◦ of the radiation, modeling the
array as a point source. This should still produce acceptable results, considering that the
TMYTEK BBox array advertises a maximum steering angle of 45◦.

GRIN Lens

BBox Array

Figure 1.10: Diagram of a 20 cm wide flat lens in the far-field of the array, drawn to scale.

1.3.2. Research Questions
This project is divided into two research questions. The first research question pertains to
the 3D printing of GRIN media:

RQ1: How can GRIN media for use at microwave frequencies be realized using
single-material Fused Filament Fabrication (FFF) 3D printing?

This question is divided into the following sub-questions:

RQ1.1: Which computational tools are best suited to synthesize air-dielectric GRIN media
for use at microwave frequencies?

RQ1.2: How can FFF filaments be selected and characterized for use in GRIN lenses at
microwave frequencies?

RQ1.3: How do manufacturing constraints arising from the FFF process impact the design
of gradient index lenses?

The second research question is focused on the electromagnetic analysis, design and opti-
mization of GRIN lenses:

RQ2: How can GRIN lenses be designed and optimized to increase the scan
coverage of a practical planar phased array antenna?
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This is again divided into two sub-questions:

RQ2.1: Which computational electromagnetics methods are suited to the analysis of GRIN
lenses in optimization workflows?

RQ2.2: Which simplifying assumptions can be made without significantly degrading accu-
racy when analyzing the effect of GRIN lenses on phased array antennas?

1.3.3. Novelty of this Work
The following novel developments are presented in this work:

• A new parametrization of GRIN media is developed, based on a Fourier series distri-
bution of the refractive index scaled to the achievable limits set by the manufacturing
process.

• Using this parametrization, we show that lenses can be designed & optimized GRIN
lenses using a small number of GO rays, greatly reducing the computational effort and
allowing for a larger solution space over PO/full wave methods.

• A flat GRIN lens to enhance the usable scan range of a practical phased array antenna
is fabricated and experimentally validated, increasing the scan envelope by ±10◦ and
demonstrating the drop-in improvement capability of such dielectric lenses.

One development also worth highlighting here is the use of continuously varying TPMS
structures to realize GRIN media. Although graded TPMS structures have been applied to
GRIN lenses in industry (most notably by Fortify3D), the tools to synthesize such structures
had not been previously reported in the microwave lens literature.

1.4. Outline of the Thesis
The remainder of this thesis is structured as follows.

First, the realization of 3D printedmedia with spatially varying refractive index is discussed in
section 2.1. Next, the analysis and optimization of GRIN lenses are presented in section 2.2
and section 2.3 respectively.

Measurements of the volume fraction and permittivity of 3D printed GRIN media are re-
ported in section 3.1 and section 3.2 respectively. The results of the optimization of the
flat GRIN lens are presented in section 3.4, together with antenna pattern measurements.
This optimization method was also validated by optimizing and testing a Luneburg lens, as
outlined in section 3.3.

The conclusions of this thesis are presented in section 4.1, followed by recommendations
for further research in section 4.2.



2
Modelling & Simulation

2.1. Additive Manufacturing of GRIN Media
It is not obvious at a glance how media with a varying refractive index can be realized with
3D printing. Here, we discuss the theory and implementation of gradient index media using
dielectric crystals with a sub-wavelength unit cell.

Readers may note that the terms ’permittivity’ and ’refractive index’ are used in the same
context in this section. These quantities are distinct but related; the relative permittivity εr
is a measure of how much a medium is polarized by an electric field. The refractive index
n is a measure of how much an electromagnetic wave slows down in a medium. In a non-
magnetic medium, these quantities are related by Equation 2.1.

n =
√
εr (2.1)

There is good reason why both of these quantities are used; the use of εr is more convenient
in effective medium theory, whereas n is more convenient in optics. In any case, since
optical components are almost never magnetic, Equation 2.1 can generally be used.

2.1.1. Effective Medium Theory
For illustration, let us consider a polystyrene foam. Polystyrene has a permittivity of ∼2.6,
and air has a permittivity of ∼1. If the foam is composed of 5% polystyrene by volume, we
can logically expect the foam to have a permittivity close to 1.08, applying a linear rule of
mixtures.

Several models have been developed to compute the permittivity of such mixtures, grouped
under the umbrella term ’Effective medium theory’. A well-known example is as the Maxwell
Garnett approximation[34], shown in Equation 2.2. Here, the mixture is modeled as small
spherical inclusions with permittivity εi and volume fraction δi, suspended in a host matrix
εm. For low permittivity contrasts, the Maxwell Garnett approximation is fairly close to a
linear rule of mixtures, as shown in Figure 2.1.

12
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εeff = εm
2δi(εi − εm) + εi + 2εm
2εm + εi − δi(εi − εm)

(2.2)
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Figure 2.1: Comparison of a linear rule of mixtures and the Maxwell Garnett approximation, using
Equation 2.2 with εm = 2.6, εi = 1.

Importantly, effective medium theory is only valid if the features of the mixture are small.
Continuing with the example of polystyrene foam, the cells of the foam should be much
smaller than the wavelength for the medium to behave as though it was homogeneous with
permittivity εeff .

The Maxwell Garnett approximation is a relatively simple model, and is known to be inaccu-
rate for mixtures with both high permittivity contrast and high volume fractions. Furthermore,
it cannot be used to predict frequency-dependent effects. More advanced techniques, such
as plane wave expansion methods and Floquet port simulations, have been proposed to
model these effects [35]. The proposed use case in this thesis permits the use of the
Maxwell Garnett relation, as the selected material has a reasonably low permittivity con-
trast with air (see subsection 2.1.3).

One aspect to consider is anisotropy; Hehenberger showed that the layers from the FFF pro-
cess result in an anisotropic medium, with slightly lower permittivity in the direction normal
to the layers [36]. Looking closely at the results, we see that the anisotropy is minimal for
materials with low bulk permittivity. To simplify the subsequent modeling and analysis, we
assume that the material is isotropic. If this work was to be repeated with high-permittivity
materials, it may be possible to synthesize isotropic media by scaling the dielectric crystal
in the directions of the layers (i.e. ’flattening’ the crystal), as was also investigated in [36].

2.1.2. Synthesizing GRIN Media
In essence, GRIN media can be realized by 3D printing structures with spatially varying
density. The most common approach employed within microwave GRIN lens literature is
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via unit cell with parametrized thickness, of which some examples are shown in Figure 2.2.
So long as the unit cell size is much smaller than the wavelength, the resulting medium
behaves as though it was a homogeneous medium with permittivity εeff .

Figure 2.2: Example of parametric unit cells typically used to realize all-dielectric GRIN lenses, from [6].

This parametric unit cell approach has a few downsides; most notably, the density grading
is not truly continuous, but discretized to the unit cell dimensions. Several methods have
been proposed to realize continuously varying materials; for example, Hehenberger made
use of the Spatially Variant Lattice (SVL) Algorithm [37], which allows for the synthesis of
structures with spatially controlled density, unit cell size and orientation. While extremely
powerful, this algorithm is very computationally expensive, and is thus limited to relatively
small and simple structures.

A promising approach to realize continuously graded structures is via the use of Triply Pe-
riodic Minimal Surface (TPMS) structures. These are commonplace in the additive manu-
facturing community, and several tools to synthesize spatially varying TPMS lattices have
recently become available, including LisbonTPMS [38], LatticeWorks [39] and nTopology 1.
In our use case, the LisbonTPMS library is convenient, as it is both lightweight and powerful,
allowing for the synthesis of graded TPMS structures directly using a python function.

Gyroids are a particularly interesting class of TPMS structures, as they are mechanically
strong, isotropic and easy to print. Furthermore, gyroid surfaces can be efficiently syn-
thesized, as they can approximated by a simple trigonometric equation. An example of
a graded gyroid structure generated using LisbonTPMS is shown in Figure 2.3. Further
details on the 3D printing of such structures are discussed in section 3.1.

2.1.3. Material and Technology
As discussed in subsection 1.3.1, we choose to limit the scope of this research to single-
material FFF. Even so, not all thermoplastic filaments are born equal; we will here motivate
this decision, and compare some common 3D printing materials.

Looking at Figure 2.4, we see that Polypropylene (PP) and silica ceramics are promising
materials for microwave applications, due to the exceptionally low loss tangent. The permit-

1see https://www.ntop.com/, accessed 9 December 2025

https://www.ntop.com/
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Figure 2.3: Graded Gyroid structure generated using LisbonTPMS; Note the smoothly varying wall
thickness.

tivity can be increased by doping PP with high permittivity ceramic powders; Such filament
seems to be available commercially under the brand name Zetamix epsilon, though the
datasheet only describes the polymer as a polyolefin [40]. Unfortunately, Polypropylene is
notoriously difficult to print, especially for large structures.

On the other end of the spectrum, Polylactic Acid (PLA) is an attractive option, despite the
unimpressive loss tangent. PLA is widely available, significantly cheaper, and easier to print
compared to the other materials shown on Figure 2.4. To decide whether PLA is acceptable,
and provide some intuition on the impact of the loss tangent, we plot the power loss per
wavelengths for different materials in Figure 2.5. The power loss over nλ wavelengths is
shown in equation Equation 2.3

Power dissipated (%) = 100 · (e−2πnλ tan(δ) − 1) (2.3)

The wavelength at our design frequency of 28GHz is approximately 1.1 cm; Thus, we expect
the optical path length within the lens to be no more than 10 to 20 wavelengths. This would
result in 1.5 dB to 3 dB of dielectric losses; while this would likely be unacceptably high for
use a real system, it is sufficient for a demonstration. Figure 2.5 also highlights the need for
low-loss dielectrics, especially for high-frequency applications.

2.2. GRIN Lens Antenna Analysis - 'The Forward Problem'
Several methods have been developed tomodel the radiation of lens antennas atmicrowave
frequencies. We first discuss the accuracy and computational effort of these different meth-
ods, after which we describe the curved ray-tracing method outlined by Gashi et al. [9].

David Davidson’s book ”Computational Electromagnetics for RF and Microwave Engineer-
ing” [42] is used throughout the next subsection; The citation is hereafter omitted.
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Figure 2.4: Dielectric constant and loss of common 3D printed materials, compiled from [41], Fortify3D
promotional material and measurements from IT’IS (see section 3.2).
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Figure 2.5: Power dissipated by dielectric losses against distance for the materials shown in Figure 2.4.
Note that this refers to the number of wavelengths traveled in the material (and not in free space).

2.2.1. Lens Antenna Analysis
Lens antennas are often treated as aperture antennas; Assuming that most of the radiation
passes through the aperture, the antenna radiation can be computed from the field at the
aperture using the surface equivalence theorem, as illustrated in Figure 2.6.
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Figure 2.6: Example of physical optics analysis for an inhomogeneous lens. In this work, we optimize
directly for the equivalent currents at the aperture, skipping the computation of the radiated field.

This can be divided into two problems; computing the field at the aperture, and computing
the resulting radiated far-field. In some idealized cases, this can be done entirely analytically,
though this is generally not the case for GRIN lenses.

The most accurate (and most computationally expensive) methods are full-wave simula-
tions, where Maxwell’s equations are solved without any simplifying physical assumptions.
Full-wave methods include Method of Moments (MoM), Finite Difference Time Domain
(FDTD) and Finite Element Modelling (FEM). While accurate, these techniques are often
very computationally expensive for electrically large antennas (where the antenna dimen-
sions d≫ λ0).

As wavelengths approach optical frequencies, full-wave simulations become impractical.
In these cases, Physical Optics (PO) methods may be used. In this case, Geometrical
Optics (GO) is used to compute the field at the aperture, after which the radiated far-field
is computed with a spatial Fourier transform of the equivalent currents at the aperture. As
discussed in subsection 2.2.2, the GO approximation is only valid at high frequencies.

A brief aside on physical optics; the above definition is broadly used in the computational
electromagnetics community. Within the optics and physics community, physical optics
(also referred to as wave optics) refers more generally to the extension of geometrical op-
tics to account for wave-like properties of light.

For this thesis, we opt for an optimization algorithm similar to [17], using the curved ray
optics method outlined in [9], described in the following subsection.

2.2.2. Ray Optics in GRIN media
In Geometrical Optics, the electric field is described by Equation 2.4, where ψ(r) is the
eikonal, a scalar function which represents the optical path.
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Medium 1

Medium 2

Figure 2.7: Diagram of the lens-air interface, for use with Equation 2.6

E(r) = E0(r)e
−jk0ψ(r) (2.4)

From Equation 2.4 and Maxwell’s equations, we can derive a system of ODEs for the optical
rays. This derivation highlights the assumption that k0 is large, as discussed in Appendix B.

The propagation of an optical ray is described by Equation 2.5, where ∇ψ is the gradient of
the eikonal, equivalent to a unit vector in the ray direction multiplied by the refractive index
nŝ. The system of ODEs is parametrized by the optical length along the ray t.

y(t) =

[
r(t)

∇ψ(t)

]
, y′(t) =

[
∇ψ(t)/n2

∇n/n

]
. (2.5)

After selecting the initial ray position & direction r(0) and ∇ψ(0), we can then (for example)
use Runge-Kutta methods to numerically solve the equations, provided that the refractive
index n and its gradient ∇n are known. In this work, we make use of matlab’s ode45 solver
to solve this system of ODEs without issue.

We also have to account for the discontinuity in the refractive index at the lens-air interface,
described by Snell’s law. This can be written in vector form as Equation 2.6, where the
unit vector ŝi is the incident ray, ŝt is the transmitted ray, and n̂ is the normal of the surface
pointing into medium two (as illustrated in Figure 2.7). It should be noted that the notation
n̂n̂ refers to the dyadic product, equivalent to vector multiplication between a column vector
and a row vector.

ŝt =
n1

n2

(I − n̂n̂) · ŝi +

√
1−

∣∣∣∣n1

n2

(I − n̂n̂) ŝi
∣∣∣∣2 n̂. (2.6)

From Equation 2.5, we can compute the phase of the electric field at the aperture, sim-
ply given by the optical path length of a ray at the aperture multiplied by the free space
wavenumber k0, as shown in Equation 2.7.

ϕap = k0tap (2.7)
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Computing the magnitude of the electric field E0,ap is a more involved process, and requires
the wavefront curvature to be computed. This is the main development elaborated in [9],
where the authors computed the propagating electric field in a single ODE, of which the
derivation is not repeated here. Once the electric field magnitude is obtained, we can write
the electric field at the aperture in complex form:

Eap = E0,ape
−jk0ϕap (2.8)

Applying Schelkunoff’s formulation of the surface equivalence theorem followed by the im-
age theorem, we find the equivalent magnetic current at the aperture Map, as shown in
Equation 2.9.

Map = 2Eap × n̂ (2.9)

The radiated far-field from this equivalent current can then be computed. This typically
requires a Fourier transform of the equivalent currents (shown in Equation 2.10), which
is computationally expensive. Furthermore, accurately computing the radiated far-field re-
quires a large number of rays to obtain a fine distribution of the electric field, often including
rays which do not go through the lens (spillover rays).

Efar = −jk0η
e−jk0r

4πr
(Î− r̂r̂) ·

∫∫
A

M(r ′) ejk0r̂·r
′
dA′ (2.10)

However, as was done by Budhu et al. in [17], it is possible to directly optimize for the
equivalent current distribution, skipping the computationally expensive computation of the
far-field radiation. This highlights an important trade-off; we can either have a detailed
analysis of the inhomogeneous lens (including the radiated fields), for use in an optimization
with a narrow solution space, or we can have a simplified analysis with a broader solution
space. While both approaches are valid, we opt for the latter, as we know very little about
the GRIN profile a priori.

2.3. Optimization of GRIN Lenses - 'The Inverse Problem'
Having outlined the chosen method to analyze GRIN lenses, we now turn our attention to
the inverse problem. We first present a novel method to parametrize GRIN lenses, based
on a Fourier series expansion of the refractive index. Then, we derive a fitness function
based on a model for the desired field at the aperture. This function is minimized during the
optimization, following a similar procedure as outlined in [17].

2.3.1. Parametrization of GRIN Lenses
For inputs to the optimization algorithm, we need some way to parametrize the refractive
index distribution of a GRIN lens. As we first presented in [43], we propose to parametrize
the refractive index using a Fourier series expansion, as shown in Equation 2.11. Here ñ
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is the distribution of the refractive index, cn are complex Fourier coefficients, and the vector
kn is the direction of the Fourier mode.

ñ(r) = Re
(∑

cne
j(kn·r)

)
(2.11)

This distribution is then scaled to the achievable maximum and minimum refractive index
nmax and nmin, as shown in Equation 2.12. This approach allows for a very wide search
space, whilst guaranteeing that all possible solutions are within the achievable limits of the
refractive index.

n(r) = (ñ(r)−min(ñ)) · nmax − nmin
max(ñ)−min(ñ)

+ nmin. (2.12)

In the case of a flat lens with thickness t and side length l, we can formulate Equation 2.11
as Equation 2.13, where [p, q, r] are the components of a given kn. This is visualized in
Figure 2.8.

ñ(x, y, z) = Re

(∑
p,q,r

cp,q,re
jπp x

2l ejπq
y
2l ejπr

z
2t

)
. (2.13)

Figure 2.8: Vizualization of the parametrization of a flat GRIN lens, as described by Equation 2.13. The
resulting distribution is the scaled to the maximum/minimum refractive index, as described by Equation 2.12.

This approach is particularly convenient for ray tracing, as we can easily compute the gra-
dient of the refractive index. For Equation 2.13, we simply have
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∇ñ = Re
∑
p,q,r

jπp 1
2l
ejπp

x
2l

jπq 1
2l
ejπq

x
2l

jπr 1
2t
ejπr

x
2t

 cp,q,rejπp x
2l ejπq

y
2l ejπr

z
2t

 . (2.14)

Applying the scaling of theminimum/maximum refractive index as described by Equation 2.12,
we then arrive to Equation 2.15. Note that this is equivalent to multiplying each of the lens
coefficients cp,q,r by a scalar.

∇n =
nmax − nmin

max(ñ)−min(ñ)
∇ñ. (2.15)

Though the derivation is not repeated here, the computation of the electric field shown in
[9] requires the Hessian of the refractive index ∇∇n. This can also be computed analyti-
cally, following similar steps as shown in Equation 2.14 and Equation 2.15 to obtain the 3x3
Hessian matrix.

2.3.2. Optimization
Our goal is to optimize for the Fourier coefficients. For this, we need to construct a an
objective function, which is minimized when the solution is optimal. Following a similar
approach as described in [17], we propose the following fitness function:2

Fitness =8

(
1− 1

1 + σϕ

)
+ 5

(
1− 1

1 + σdir

)
+ 3

(
1− Nrays,ap

Nrays

)
+

(
Vlens

Vlens,max

)
(2.16)

The first term of Equation 2.16 is minimized when the phase at the aperture matches a
given phase model, the second term is minimized when the ray direction matches the given
model, the third term accounts for rays which are internally reflected or deviated away from
the aperture, and the final term ensures the resulting lens is compact.

The weights of each term in Equation 2.16 were chosen by trial and error, starting with the
values used in [17]. Some care must be taken not to weigh of the phase term too highly,
as it becomes zero in the case that only one ray reaches the aperture (due to the standard
deviation operator in Equation 2.21).

To increase the scan coverage of a given feed, we want the outgoing rays to be steered
further away from the source. Let us define the target direction utarget and the 3x3 transfor-

2The terms ’objective function’ and ’fitness function’ seem to have varying definitions across different fields.
Here, following the example set by Budhu et al. in [17], we use the term ’fitness function’ for the function which
is minimized during the optimization process.
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mation matrix [T ] (see Figure 2.9). For the given case of a scan-enhancing lens in the xz
plane, we could for example have

utarget = [T ]ŝi (2.17)

[T ] =

2 0 0
0 0 0
0 0 1

 (2.18)

Source

GRIN Lens

Aperture

Figure 2.9: Diagram describing the transformation matrix [T ]. The global coordinate system used in
modeling the lens is shown in blue.

To visualize this, we can express this transformation as a mapping function between the
angles θi and θtarget shown on Figure 2.9. With some simple trigonometry, we can derive
the relation shown in Equation 2.19, plotted in Figure 2.10. We see that θtarget is initially
double of θi, and tapers off as θi approaches 90◦. For example, an incident ray at 50◦ leads
to an outgoing target ray of 67◦.

θtarget = arctan(2 tan(θi)) (2.19)

Normalizing the target direction to a unit vector ûtarget, the terms σdir and σϕ can in general
be expressed as Equation 2.20, where the angled brackets indicate the average value of
all ŝt. The phase model described by in Equation 2.21 is further discussed in Appendix C.

σdir = ⟨|ûtarget − ŝt|⟩, (2.20)
σϕ = std(ϕtarget − ϕap), ϕtarget = k0(ûtarget · rap) (2.21)
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Figure 2.10: Visualization of the equivalent mapping function for the given transformation [T ] matrix.

An optimization algorithm is then used find the global minimum of the fitness function. A
wide range of algorithms are available; here, we make use of the Particle Swarm Optimiza-
tion (PSO) algorithm, a popular approach for problems in electromagnetics [18]. A key
advantage of PSO is that few assumptions are made on the fitness function (and, in this
case, we know very little about Equation 2.16 a priori).

Notably, this approach can be extended to a wide range of lenses; in fact, only the transfor-
mation matrix [T ] needs to be changed. For illustration, we consider the optimization of a
simple collimating lens. In this case, ûtarget should be in the ẑ direction, and the phase at
the aperture should be uniform. This is equivalent to Equation 2.17 and Equation 2.20 with

[T ] =

0 0 0
0 0 0
0 0 1

 . (2.22)

Considering only the magnitude of two Fourier modes, we can visualize the fitness function
on a 2D color chart, as shown in Figure 2.11. In a PSO optimization, several particles are
created at random positions, and the fitness is evaluated at each particle. At each iteration,
the particles move around the solution space, with their velocity influenced by the fitness of
their neighbours, and the current best fitness of the swarm. This mimics the behaviour of
bee swarms looking for flowers (as shown by the illustrations in [18]).

It is interesting to note the valley-like shape of the fitness function in Figure 2.11a. This is
expected, as a result of the scaling refractive index described in Equation 2.12. Enforcing a
constraint such as ||c||2 = 1, where c is the vector containing all Fourier coefficients, would
help reduce the optimization by one dimension. This is unfortunately not straightforward to
implement with matlab’s particleswarm solver.
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(a) Fitness function for a collimating lens with two
modes, excluding the volume term. The red cross

marks the optimal result found using a PSO algorithm.

(b) Raytracing through the optimal solution highlighted in Figure 2.11a.

Figure 2.11: Illustration of the optimization process for a collimating lens.

For the example shown in Figure 2.11, we consider only two inputs for the optimization
(namely, the magnitude of the [001] and [100] modes). For the scan-enhancing lens, we
take the following inputs:

• The maximum refractive index nmax
• The side length l
• The thickness l
• The magnitude of each mode
• The phase of each mode.

Selecting the mode directions included in the optimization is challenging, as each mode
adds two inputs to the optimization, greatly expanding the search space. One must also be
careful not to pick modes which are too large in magnitude; this translates to a rapid spatial
variation of the refractive index, for which the curved-ray GO is not valid.

Here, we select 11 mode directions, shown in Table 3.1, which results in a total of 25 in-
puts to the optimization. Although this is difficult to visualize, the optimization procedure is
essentially the same to the example shown in Figure 2.11.



3
Results & Measurements

3.1. 3D printing
To realize GRIN media using dielectric crystals, the unit cell must be small compared to the
wavelength. There is a trade-off to be made here; a smaller unit cell size allows for higher
frequency operation, at the cost of being more difficult to print & imposing a higher constraint
on the minimum achievable volume fraction.

This trade-off was investigated by Wang et al. [44], who proposed that the unit cell size of
gyroid dielectric crystals should be no larger than 1.4λg, where the guide wavelength λg =
λ0/

√
εeff . Taking an operating frequency of 28GHz (λ0 = 1.07 cm) and a bulk permittivity of

εr = 2.6, this gives a maximum unit cell size of 9.2mm. For margin, we choose to fix the
unit cell size at 6mm; according to the results of Wang et al., this should allow for operation
up to 43GHz (though it is noted that this is not very conservative).

As discussed in section 2.1, gyroid surfaces can be represented by a simple trigonometric
equation (Equation 3.1). Synthesizing a solid from this surface can be achieved using an
inequality, as shown in Equation 3.2. This configuration is known as a sheet gyroid, where
t is the half-thickness of the gyroid.

f(x, y, z) = sin x cos y + sin y cos z + sin z cos x, (3.1)
|f(x, y, z)| ≤ c (3.2)

For use in Equation 2.2, we need the volume fraction δ of the gyroid. It is surprisingly difficult
to relate c to δ; mathematically, this would be equivalent to Equation 3.3, where 1{·} is the
indicator function. This integral cannot be solved analytically; in practice, the volume fraction
of sheet gyroids is usually computed numerically, after the structure has been synthesized
in a voxel grid.

δ(c) =
1

(2π)3

∫∫∫ 2π

0

1{f(x, y, z) ≤ c} dx dy dz, 0 < c ≤ 1.5 (3.3)

25
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To further complicate the matter, the realized volume fraction is dependent on the 3D printer
extruder. Thus, it is best to relate δ to c using an empirical approach. To this end, 9 sets of
cylindrical gyroid samples were printed using 3 different printers, after which their density
was measured using calipers and a weighing scale. The resulting volume fraction is then
computed using Equation 3.4, where ρ is the density of each sample. These results are
shown in Figure 3.1.

δ =
ρ

mean(ρmax)
(3.4)

(a) Clear PLA cylindrical samples.
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(b) Volume fraction of cylindrical sheet gyroid samples with a unit
cell of 6mm (9 sets).

Figure 3.1: Volume fraction of 18x18x15 mm clear PLA cylindrical samples.

Weobserve a larger variance between samples at high volume fractions, with the±2σ region
spanning around 10% of the volume fraction. At these high infill percentages, much of the
volume is filled with 100% rectilinear infill pattern, which is known to vary between different
extruders in FFF printers [45]. This can be easily verified by separating the results for
different printers (Figure 3.2), where we have excellent repeatability (±2σ region spanning
<1%).

A full design of experiments investigation is outside the scope of this work; the aim of this
data is to quantify the error which may arise from the 3D printing process. Here, we use the
least squares regression corresponding to the first Prusa Mk4 printer, which was used for
the remainder of this thesis.

3.2. Permittivity Measurements of PLA
For use in the Maxwell Garnett relation (Equation 2.2), we need the value of permittivity of
bulk PLA. This data has been reported in literature, for example in [41]. Nevertheless, it is
interesting to take permittivity measurements with our selected filament and printer.

There are a range of techniques available for permittivity measurements at microwave fre-
quencies, as described in [46]. A test setup based on the dielectric probe method was
available in Delft, shown in Figure 3.3a. Measurements were attempted with this setup,
but the results are unfortunately rather poor. In particular, the S11 parameter (shown in
Figure 3.3b) exceeds 1 at some frequencies. This should be physically impossible, and
suggests an issue with the setup or calibration.
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(a) Samples printed on Prusa Mk4 #1 (3 sets)
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(b) Samples printed on Prusa Mk4 #2 (3 sets)
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(c) Samples printed on Prusa XL (3 sets)

Figure 3.2: Volume fraction of cylindrical samples, separated by the printer used.

(a) Measurement of a clear PLA sample with a
dielectric probe.
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(b) S11 parameters (calibrated) obtained from the
measurements with the dielectric probe.

Figure 3.3: Results of the dielectric probe measurements

Although we are grateful to Tim Hosman for his help with these measurements, the data
obtained was unfortunately unsuitable, and it should be noted that dielectric probe setups
are not well suited to low-loss materials.

For high precision measurements of low-loss polymers, resonator methods are best suited.
Clear PLA samples were measured by the IT’IS Foundation using a DAK-R split cylinder res-
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onator. This approach produced excellent results, showing close agreement with literature
[41]. The permittivity and loss tangent are presented in Figure 3.4.
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(a) Permittivity of clear PLA measured with the DAK-R split
cylinder resonator.
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(b) Loss tangent of clear PLA measured with the DAK-R split
cylinder resonator.

Figure 3.4: Complex permittivity measurements of clear PLA measured with the DAK-R split cylinder
resonator (performed by IT’IS).

3.3. Validation Case: Optimization of a Luneburg Lens
The well-known Luneburg lens provides is convenient to validate the optimization procedure.
Using the Fourier series parametrization method described in subsection 2.3.1, we can
define the GRIN profile of a spherically symmetric lens as Equation 3.5.

ñ(r) = Re
(∑

cpe
jπp r

2R

)
(3.5)

By setting the minimum refractive index to nmin = 1, we can then use a PSO algorithm and
compare the results with the ideal Luneburg lens GRIN profile (as defined by Equation 1.1).
The optimizer recovers a solution close to the ideal Luneburg lens profile, as shown in
Figure 3.5. Furthermore, we see that the fitness of the Luneburg lens is very close to zero,
validating the ray-tracing algorithm and the fitness function for use in an ideal lens.
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Figure 3.5: Validation of the ray-tracing code and optimization algorithm with the Luneburg lens, as defined
by Equation 1.1.

In the ideal Luneburg lens, the refractive index approaches 1 at the edge of the lens. How-
ever, this cannot be realized in practice, as there is a lower limit on the achievable refractive
index imposed by the minimum wall thickness. Using the method presented in this thesis,
we can optimize a spherical lens accounting for these manufacturing limits.

Running the optimizer again with nmin = 1.1, we find a marginally improved solution over
the ideal Luneburg lens profile truncated to the lower limit, as shown in Figure 3.6.
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Figure 3.6: Comparison of the GRIN profiles of the optimized and ideal Luneburg lens, with the constraint of
nmin = 1.1.

A well-known application of Luneburg lenses is as a Radar Cross-Section (RCS) reflector;
By partially covering the lens with a metalized cap, a wide-angle RCS reflector can be
realized. The optimized lens was printed, fitted with a metalized cap, and the RCS was
measured in the DUCAT facility. Further details are provided in [43].
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(a) Test setup for RCS measurements in DUCAT.

(b) RCS of the optimized Luneburg lens reflector over
azimuth and frequency.

Figure 3.7: RCS measurements of the optimized Luneburg lens reflector.

3.4. Optimization of a Scan-Enhancing Flat GRIN Lens
The PSO approach outlined in section 2.3 was implemented using the particleswarm solver
in Matlab’s global optimization toolbox. The optimization was run for 500 iterations, with a
swarm size of 300 particles.

The source used in the optimization is shown in Figure 3.8, featuring 3 rows of 30 rays,
uniformedly spaced at the aperture. The rays have a beamwidth of 120◦ in the xz place,
and of 15◦ in the yz plane. These values were chosen somewhat arbitrarily, and similar
lenses were obtained with a range of different sources. With this source, propagating 90
GO rays and evaluating the fitness function takes approximately 1.8 s, running on a low-
powered machine. The total time for the optimization was approximately 60 hours; this
could be greatly reduced by running the optimization on more powerful machines, and by
further reducing the number of GO rays.

The selected Fourier mode directions [pqr] are mostly in the xz plane, with only one mode
([010]) being in the yz plane (intended to provide some collimation in the yz plane). It should
also be noted that the mode directions does not necessarily need to be an integer. In
fact, one could even use the values of [pqr] as optimization variables. Although this is
mathematically sound, it was found not to offer meaningful advantages, and is more difficult
to visualize.

The results of the optimization are shown in Table 3.1, where c[pqr] is the complex coefficient
for the given Fourier mode direction [pqr], as shown in Equation 3.6. The optimized flat lens
is shown in Figure 3.8.

ñ(x, y, z) = Re
(∑

c[pqr]e
jπ(p x

2l
+q y

2l
+r z

2t
)
)

(3.6)

To validate the performance of the scan enhancing lens, we test it using the TMYTEK BBox
5G development beamformer. A support structure was printed to support the lens 4.5 cm
from the array (the blue structure seen in Figure 3.9b). We expect this structure to have
minimal effect on the radiation patter; to verify this, the radiation pattern of the array steered
to broadside was measured with and without the structure, shown in Figure 3.11a. We
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Table 3.1: Optimization result of the PSO algorithm for the flat scan enhancing lens, for use with
Equation 3.6. Readers should note that the overline indicates a negative number.

Parameter Lower Bound Upper Bound Magnitude Phase (rad)
(Magnitude/Phase) (Magnitude/Phase)

nmax 1.15 1.60 1.6000 -
l 0.10 0.20 0.2000 -
t 0.01 0.05 0.0242 -
c[001] 0/0 1/2π 0.4657 −1.4527

c[002] 0/0 1/2π 0.2666 0.6133

c[003] 0/0 1/2π 0.0719 2.6927

c[100] 0/0 1/2π 0.8470 0.0007

c[200] 0/0 1/2π 0.9181 −0.0301

c[300] 0/0 1/2π 0.8308 3.1294

c[101] 0/0 1/2π 0.0227 0.6964

c[1̄01] 0/0 1/2π 0.0516 −0.1319

c[201] 0/0 1/2π 0.0413 −0.0369

c[2̄01] 0/0 1/2π 0.0144 −0.3419

c[010] 0/0 1/2π 0.6692 −0.0000

Figure 3.8: Ray tracing through the optimized scan-enhancing lens, with the 30x3 source used in the
optimization. The red vectors represent the electric field at the aperture.

see that the radiation pattern of the BBox in clean configuration (i.e. without the support
structure) is near identical to the pattern with only the support structure.

The test setup is outlined in Figure 3.9a; in this case, the S21 parameter is measured, using
the BBox in reception.

As a baseline, we first take antenna pattern measurements without the lens. We note that
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(a) Diagram of the measurement scheme.

(b) Scan enhancing lens fitted onto the TMYTEK BBox 5G beamformer in DUCAT.

Figure 3.9: Measurement scheme for the scan enhancing GRIN lens in DUCAT.

a grating lobe begins appears when steering beyond 45◦ away from broadside, as seem in
Figure 3.10a.

Taking a closer look, we see in Figure 3.11a that the lens broadens the main lobe when
the array is steered to broadside. This is expected, considering the selected transformation
matrix defined in Equation 2.18. We also overlay the array factor for a 4x4 array of isotropic
elements with half-wavelength spacing, where we see a good match for the beamwidth and
sidelobe location.

Looking at Figure 3.11b, we see that the array with the lens offers significantly improved
performance compared to the array in free space steered at 50◦, with an increase in gain of
approximately 6 dB. A strong grating lobe is present at −25◦ when the array is steered to
50◦; it should be noted that this is outside the advertised scan range of the BBox, and the
phase of each element was manually adjusted to obtain this pattern.

Overlaying the results in Figure 3.12, we see that the scan envelope is increased by approx-
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(a) BBox antenna pattern measurements without the lens
(baseline) Note the appearance of a grating lobe at −25◦ of

azimuth when the beam is steered to 45◦.
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(b) BBox antenna pattern measurements with the lens.

Figure 3.10: BBox Antenna pattern measurements, with and without the scan-enhancing lens.
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(a) BBox antenna patterns at broadside with and without the
scan-enhancing lens, normalized to the same scale. The pattern
without the support structure is also shown, along with the array
factor for an array of isotropic elements with half-wavelength

spacing.
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(b) Comparison of the array steered to 50◦ without the lens, and
the array steered to 45◦ with the scan-enhancing lens, normalized
to the same scale. The Array Factor includes a scan loss term of

cos(θ).

Figure 3.11: BBox Antenna pattern measurements, with and without the scan-enhancing lens.

imately 10◦ (or a total of 20◦, assuming that the pattern would be symmetric for negative val-
ues of azimuth). This improvement, along with the broadening of the main lobe beamwidth
by ∼ 10◦, are consistent with the function shown in Figure 2.10.
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Figure 3.12: Comparison of the scan envelopes (i.e. the max gain of each pattern, taken at 10◦ intervals),
normalized to the same scale. The patterns of the array with the scan-enhancing lens are overlaid.



4
Conclusions

4.1. Conclusions
Using a novel technique to parametrize the GRIN profiles, we have presented a method to
systematically design, optimize and fabricate GRIN lenses to enhance phased array anten-
nas. This parametrization allows for a very wide search space, enabling the design of GRIN
lenses without making initial assumptions on the refractive index profile. As an improvement
over the 2D spline parametrization used in [17], this approach also directly accounts for the
limits of the refractive index imposed by the manufacturing process.

This approach is experimentally validated with the optimization of a flat GRIN lens which
increases the scan envelope of a TMYTEK BBox 5G 28GHz phased array antenna by ±10
degrees, demonstrating the possibility of drop-in improvements to phased array antennas
with GRIN lenses.

We now revisit the research questions discussed in subsection 1.3.2;

RQ1.1: Which computational tools are best suited to synthesize air-dielectric GRIN media
for use at microwave frequencies?

Graded Triply Periodic Minimal Surface (TPMS) are a powerful tool to synthesize GRIN me-
dia based on dielectric crystals at microwave frequencies; they offer a continuously varying
density gradient compared to the typical approach of parametrized unit cells, and are signif-
icantly less computationally expensive than the Spatially Variant Lattice (SVL) algorithm.

RQ1.2: How can FFF filaments be selected and characterized for use in GRIN lenses at
microwave frequencies?

A critical factor when selecting materials for use in GRIN lenses is the dielectric loss, as
illustrated by Figure 2.4 and Figure 2.5. While PLA offers acceptable performance for a
demonstrator, it would not be suited to a real system, or for use at higher frequencies. Per-
mittivity measurements of the filament used in this work were performed by IT’IS, as reported
in Figure 3.4. It is noted that taking permittivity measurements at microwave frequencies is
challenging, and requires an appropriate test setup.

RQ1.3: How do manufacturing constraints arising from the FFF process impact the design

35
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of gradient index lenses?

Due to the minimum realizable wall thickness of FFF printing, there is a lower limit on the
εeff which can be realized. This effect is especially pronounced when using a small unit
cell, or when using materials with a high bulk permittivity. The parametrization illustrated in
Figure 2.8 allows for the synthesis of GRIN profiles which are always within the achievable
range of refractive index.

RQ2.1: Which computational electromagnetics methods are suited to the analysis of GRIN
lenses in optimization workflows?

There is an important trade-off to be made here; using a more detailed analysis method
could allow for the optimization of more complex objectives, such as maximizing radiation
efficiency, enforcing a certain sidelobe level, or arbitrary pattern shaping. However, the
increased computational cost would require a more constrained solution space. The ap-
proach presented here (optimizing directly for the electric field at the aperture) allows for a
very wide solution space, which is helpful for multi-objective optimizations, or when an initial
guess for the GRIN profile of the lens is not available.

RQ2.2: Which simplifying assumptions can be made without significantly degrading accu-
racy when analyzing the effect of GRIN lenses on phased array antennas?

As elaborated in Appendix B, the key assumption in Geometrical Optics is that the wave-
length is vanishingly small. Interestingly, we see that GO can still be used to optimize mi-
crowave lenses at the scale presented here, where the lens is only a few wavelengths thick.
One key assumption of our modeling approach is the representation of the phased array as
a point source; this is only valid because the lens is in the far-field of the array, which would
be impractical for a large array antenna. Our approach could be extended to large arrays
by summing the electric field at the aperture for each individual element. Lastly, we assume
that the dielectric crystal behaves as though it was a homogeneous medium, following the
Maxwell Garnett approximation. From the RCS measurements of the Luneburg lens, we
see that our dielectric crystals with a unit cell size of 6mm are effective up to frequencies
around 35GHz.

Overall, the flat scan-enhancing GRIN lens offers modest improvements to the scanning per-
formance of a given phased array antenna, comparable to existing dielectric dome lenses.
The given constraints of a flat lens in the far field of the antenna pose a challenge, requir-
ing a relatively large lens to capture the radiation of the array. Nevertheless, the flat lens
demonstrates the freedom in the form factor afforded by GRIN lenses.

Two publications were derived from the work in this thesis:

• A conference paper on the optimization of the Luneburg lens (see section 3.3) was sub-
mitted to the 20th European Conference on Antennas and Propagation, titled ”Fourier
Series-Based Optimization of Gradient Index Lens Permittivity Profiles Within Manu-
facturing Limits” [43] (accepted).

• At the time of writing this thesis, a paper is being prepared for submission to the IEEE
Antennas and Wireless Propagation Letters Special Cluster ”Dielectric antennas from
the microwave to the terahertz range, and beyond” (in preparation).
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4.2. Recommendations for Future Work
Building on the framework developed in this thesis, a number of recommendations aremade
for further research on the design and fabrication of GRIN lenses.

A key novel development presented this work is the parametrization of GRIN media as a
Fourier series expansion. A number of recommendations are proposed on this topic;

• This parametrization could be beneficial for the design of other GRIN components,
such as inhomogeneous Dielectric Resonator Antennas (DRA)s and waveguide filters.
This could be done using similar multi-objective optimization algorithms as this thesis,
or for use in analytical models.

• It was found that this parametrization permits the optimization using a small number
of GO rays, greatly reducing the computational effort compared to PO methods. In
this case, the number of rays was chosen arbitrarily. A systematic study on the con-
vergence of such optimizations with fewer rays would be beneficial.

• In this study, we impose no constraints on the coefficients of the Fourier series, al-
lowing for any combination of modes. By imposing a limit on the magnitude of each
mode, one could enforce a certain smoothness on the refractive index distribution. To
give a concrete example, a decay rate on the coefficients proportional to 1/|kn|4 would
result in a continuous second derivative of the refractive index, regardless of the num-
ber of modes. This could be used to enforce a slowly varying GRIN profile, which is
necessary for the curved-ray GO assumption to hold.

Here, we employed an optimization algorithm very similar to the one presented by Budhu et
al. in 2019 [17]. There have been considerable developments in multi-objective optimization
since, which would be interesting for the use case presented here;

• As discussed inRQ2.1 in section 4.1, there is a trade-off to bemade between the detail
in the analysis of GRIN lenses, and the search space for the optimization. Here, we
have opted for a very large search space with a highly simplified analysis. It would be
interesting to investigate the reverse; one could run a small number (>100) of full-wave
simulations, and make use of surrogate optimization algorithms & machine learning
to design GRIN lenses within a more constrained search space.

• Here, we limit the investigation to a scan-enhancing lens in a single cut plane. The
optimization procedure described in this thesis should be directly applicable to a 2D
case, only modifying the matrix [T ] and the input mode directions. In a similar vein,
this work could be extended to design a non-flat GRIN lens; notably, a dome-like lens
would likely be more compact and offer better performance beyond 60◦.

Besides this, a number of ongoing developments in additive manufacturing would be of
interest for microwave GRIN lenses;

• Here, we made use of PLA filament, due to its low cost and good printability. Much
better performance could be obtained with low loss materials, such as 3D printed
sintered ceramics (see Figure 2.4). It is also possible to print birefringent materials
such as Liquid Crystal Polymer (LCP), allowing for the design of tailored anisotropic
GRIN profiles.
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• Beyond TPMS structures, one particularly interesting class of functionally graded struc-
tures are spinodoids; these are stochastically generated structures where the density
and anisotropy can be locally controlled. This allows for the synthesis dielectric crys-
tals with controlled anisotropy, and the stochastic nature of these structures may help
extend the usable frequency range of GRIN lenses.

• Interestingly, a limiting factor in this work was the slicer. The printed structures fea-
tured in this thesis were synthesized using LisbonTPMS, after which the mesh was
sliced using PrusaSlicer. For the flat lens shown in Figure 3.9b, the slicing process
took several hours (and would not permit thicker lenses). Furthermore, all edges are
treated as perimeters in the slicer, resulting in very long print times for TPMS struc-
tures with low volume fractions (in the order of weeks). A tool to synthesize efficient
toolpaths to print arbitrarily graded structures would be greatly beneficial.
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A
Mathematical Conventions

In this work, vectors are generally indicated in bold:

k =

kxky
kz


An exception is made for unit vectors. These are indicated with a hat;

|ŝ| = 1

We take a counter-clockwise rotation for phasors, following the electrical engineering con-
vention. On the same note, we use the notation j =

√
−1.

E = Re(E0e
j(ωt−k·r))

The coordinate system below is used when parametrizing the GRIN lens, also shown in
Figure 2.9.

Azimuth in the plane

Figure A.1: Coordinate system used in this work.
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B
Derivation of Ray Optics

This derivation shown here closely follows the one found in chapter 3 of Born and Wolf’s
Principle of Optics [47]. We begin with Maxwell’s equations in phasor form without sources;

∇× E = −jωµH (B.1)
∇×H = jωεE (B.2)
∇ · εE = 0 (B.3)
∇ · µH = 0 (B.4)

An electromagnetic wave far away from the sources can be described generally as

E(r) = E0(r)e
−jk0ψ(r) (B.5)

H(r) = H0(r)e
−jk0ψ(r) (B.6)

where ψ(r) is a scalar function representing optical distance, and ψ(r) = constant describes
a geometrical wavefront.

We substitute Equation B.5 and Equation B.6 into Equation B.1;

∇× E = −jωµH
∇× (E0e

−jk0ψ) = −jωµH0e
−jk0ψ

Then, using the vector calculus identity ∇× (φA) = ∇φ×A+ φ∇×A;

∇e−jk0ψ × E0 + e−jk0ψ∇× E0 = −jωµH0e
−jk0ψ

−jk0e−jk0ψ∇ψ × E0 + e−jk0ψ∇× E0 = −jωµH0e
−jk0ψ
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Dividing by −jk0e−jk0ψ;

∇ψ × E0 +
1

−jk0
∇× E0 = µ

ω

k0
H0

Since ω/k0 is the speed of light c0, we then have

∇ψ × E0 − µc0H0 =
1

jk0
∇× E0

We now substitute Equation B.5 into Equation B.3;

∇ · ε(E0e
−jk0ψ) = 0

Using the identity ∇ · (ψφA) = (φ∇ψ + ψ∇φ) ·A+ φψ∇ ·A;

(
ε∇e−jk0ψ + e−jk0ψ∇ε

)
· E0 + εe−jk0ψ∇ · E0 = 0

−εjk0e−jk0ψ∇ψ · E0 + e−jk0ψ∇ε · E0 + εe−jk0ψ∇ · E0 = 0

Dividing by −jk0εe−jk0ψ, we have

∇ψ · E0 =
−E0 · ∇ε− ε∇ · E0

−jk0ε

With 1
ε
∇ε = ∇ ln ε, we finally have

∇ψ · E0 =
1

jk0
(E0 · ∇ ln ε+∇ · E0)

Repeating the above with Equation B.2 and Equation B.4, we obtain the following equations

∇ψ ×H0 + εc0E0 =
1

jk0
∇×H0 (B.7)

∇ψ × E0 − µc0H0 =
1

jk0
∇× E0 (B.8)

∇ψ · E0 =
1

jk0
(E0 · ∇ ln ε+∇ · E0) (B.9)

∇ψ ·H0 =
1

jk0
(H0 · ∇ lnµ+∇ ·H0) (B.10)
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The key assumption of geometrical optics is that the wavelength is very small1. Equivalently,
since k0 = 2π/λ0, we have k0 → ∞. The equations above then simplify to

∇ψ ×H0 = −εc0E0 (B.11)
∇ψ × E0 = µc0H0 (B.12)
∇ψ · E0 = 0 (B.13)
∇ψ ·H0 = 0 (B.14)

As a brief aside, we can make a more precise statement about the GO assumption. Specif-
ically, we see that the following should hold;

k0 ≫ E0 · ∇ ln ε+∇ · E0

The ∇ ln ε term has an important implication for GRIN media; it implies that the spatial rate
of change of the refractive index must be small compared to the wavelength.

Continuing with the derivation, we can then rearrange Equation B.11 and substitute it into
Equation B.12;

E0 =
1

εc0
∇ψ ×H0

∇ψ ×
(

1

εc0
∇ψ ×H0

)
= µc0H0

Then, using the identity a× (b× c) = (a · c)b− (a · c)b, we obtain

1

εc0

(
(∇ψ · (H0)∇ψ − (∇ψ)2H0

)
= µc0H0

Substituting Equation B.14 and factoring out H0, this simplifies to

1

εc0

(
−(∇ψ)2H0

)
= µc0H0

(∇ψ)2 = εµc20

Since εµ = ε0εrµ0µr = (
√
εrµr)

2(
√
ε0µ0)

2 = n2/c20, we finally obtain

(∇ψ)2 = n2 (B.15)

1Born and Wolf describe this as ’a complete neglect of the finiteness of the wavelength’ [47].
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Equation B.15 is known as the eikonal equation, and is one of the key equations in the
study of optics (it should be noted that ψ is often simply referred to as the eikonal). From
the eikonal equation, we can write Equation B.16.

|∇ψ| = n (B.16)

From here, we can also derive the equation for light rays, for use in Equation 2.5. The wave
travels perpendicular to the wavefront, in the direction of the Poynting vector S;

S =
1

2
E0 ×H∗

0

Once again using Equation B.12 and the identity for the cross product of a cross product,
we have

S =
1

2

(
E0 ×

1

µc0
(∇ψ × E∗

0)

)
=

1

2µc0
(E0 ×∇ψ × E∗

0)

S =
1

2µc0

(
|E0|2∇ψ − (∇ψ · E0)E

∗
0

)
With Equation B.13, this simplifies to

S =
|E0|2

2µc0
∇ψ (B.17)

From Equation B.17, we see that the Pyonting vector is in the direction of ∇ψ. We can then
define the unit vector ŝ.

ŝ =
∇ψ
|∇ψ|

=
∇ψ
n

(B.18)

Consider now the position a point on a ray r(s), where s is the arc length along the ray.
If we advance along the ray to the position by a small distance ds, the resulting vector
r(s+ ds)− r(s) = ŝds. Or, in differential form,

dr(s)

ds
= ŝ

Using Equation B.18, we can rewrite this as

n
dr(s)

ds
= ∇ψ (B.19)

We can then take the derivative of Equation B.19 with respect to s, using the identities
∇((∇ψ)2) = 2∇ψ · ∇(∇ψ) and ∇n2 = 2n∇n.
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d

ds

(
n
dr(s)

ds

)
=

d

ds
(∇ψ)

=
dr(s)

ds
∇(∇ψ)

=
1

n
∇ψ∇(∇ψ) (From Equation B.19)

=
1

2n
∇((∇ψ)2)

=
1

2n
∇n2 (From Equation B.15)

Therefore,
d

ds

(
n
dr

ds

)
= ∇n (B.20)

As was done by Gashi in [9], it is convenient to use the optical length t (i.e. the arc length
along the ray multiplied by the refractive index at that point, dt = nds). This allows us to
directly compute the phase ϕ = k0t.

From this, we finally arrive to Equation 2.5, which is then solved numerically.

y(t) =

[
r(t)

∇ψ(t)

]
y′(t) =

[
r′(t)

∇ψ′(t)

]
=

[
∇ψ(t)/n2

∇n/n

]



C
On the Phase Model ϕtarget

Here, we motivate Equation 2.21, in particular for the relation shown in Equation C.1. The
steps shown here are very loosely based on the derivation of the array factor in section 6.6
of Balanis [2].

ϕtarget = k0(ûtarget · rap) (C.1)

We consider first a flat aperture with a target in the far field. Consider the aperture in recep-
tion; looking at Figure C.1, we see that the point at rap is slightly ahead of the origin, by a
distance of d.To convert this distance to radians, we have

ϕ =
2π

λ0
d = k0d (C.2)

Origin

Incident
Plane Wave

Figure C.1: Illustration of the phase model for a flat aperture with an incident plane wave.

One must be careful with the chosen sign convention; here, a negative value of ϕ indicates
a phase delay, with the phasor convention defined in Appendix A. Looking at the aperture
in transmission, we see that the sources at the origin must be delayed compared to rap.
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It is perhaps not immediately obvious that this model can be applied to the flat lens designed
in this thesis. To motivate this, we consider two rays close to each other. With the matrix
[T ] described by Equation 2.18, we see that ûtarget should be similar for each ray, as shown
in Figure C.2.

For the rays at these two points to constructively interfere,

the phase difference between them should be

This holds if everywhere on the aperture.

Figure C.2: Illustration of the phase model on a flat GRIN lens.

A precise derivation is unfortunately out of the reach of this author. Nevertheless, as this
phase model is a critical element of the work presented here, we further motivate it by
showing that this is equivalent to the phase model used by Budhu et al. in [17]. There, the
authors used

ϕtarget = k0 sin(θb) cos(φb)xap + k0 sin(θb) sin(φb)yap (C.3)

Where θb and φb are the spherical angles for the intended beam peak. Converting to a
vector, the unit vector ûtarget is given by

ûtarget =

sin(θb) cos(φb)sin(θb) sin(φb)
cos(θb)

 (C.4)

The coordinates xap and yap in Equation C.3 refer to the position on a flat aperture. We can
then clearly see that the proposed phase model is equivalent to Equation C.3;

ϕtarget = k0(ûtarget·rap) =

sin(θb) cos(φb)sin(θb) sin(φb)
cos(θb)

·
xapyap

0

 = k0 sin(θb) cos(φb)xap+k0 sin(θb) sin(φb)yap

(C.5)
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