<]
TUDelft

Delft University of Technology

On the Role of Coupled Damping and Gyroscopic Forces in the Stability and Performance
of Mechanical Systems

Borja Rosales, L.P.; Della Santina, C.; Dabiri, A.

DOI
10.1109/LCSYS.2022.3185655

Publication date
2022

Document Version
Final published version

Published in
IEEE Control Systems Letters

Citation (APA)

Borja Rosales, L. P., Della Santina, C., & Dabiri, A. (2022). On the Role of Coupled Damping and
Gyroscopic Forces in the Stability and Performance of Mechanical Systems. IEEE Control Systems Letters,
6, 3433-3438. https://doi.org/10.1109/LCSYS.2022.3185655

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.


https://doi.org/10.1109/LCSYS.2022.3185655
https://doi.org/10.1109/LCSYS.2022.3185655

Green Open Access added to TU Delft Institutional Repository

'You share, we take care!’ - Taverne project

https://www.openaccess.nl/en/you-share-we-take-care

Otherwise as indicated in the copyright section: the publisher
is the copyright holder of this work and the author uses the
Dutch legislation to make this work public.



IEEE

IEEE CONTROL SYSTEMS LETTERS, VOL. 6, 2022

3433

@

= CSS

On the Role of Coupled Damping and

Gyroscopic Forces

in the Stability and

Performance of Mechanical Systems

Pablo Borja

Abstract—Damping injection is a well-studied tool in
nonlinear control theory to stabilize and shape the transient
of mechanical systems. Interestingly, the injection of cou-
pled damping yielding gyroscopic forces has received far
less attention. This letter aims to fill this gap for gyroscopic
forces that couple actuated and unactuated coordinates.
First, we establish sufficient conditions for the stabil-
ity of the closed loop. Then, we provide analytic results
proving that injecting coupled damping may improve the
closed-loop performance. We illustrate the results via the
stabilization of three mechanical systems.

Index Terms—Stability of nonlinear systems, Lyapunov
methods, nonlinear output feedback.

[. INTRODUCTION

TABILIZATION of admissible equilibria in underactuated

mechanical systems is a long-lasting challenge in con-
trol theory [1], [2], where passivity-based control (PBC) has
imposed itself as one of the main strategies to achieve this
goal [3]. Damping injection on actuated variables is a key
component of PBC, which guarantees the convergence of the
closed-loop system and it allows to shape its transient [4], [5],
[6], [7], [8]. Some previous work has investigated the advan-
tage of going beyond that by considering velocity couplings in
the form of gyroscopic terms. For instance, in interconnection
and damping assignment passivity-based control (IDA-PBC),
such terms are used to solve the partial differential equa-
tions (PDEs) involved in the control design process, having a
direct impact on the stabilization problem [9], [10], [11], [12],
[13], [14]. Furthermore, [15] remarks that IDA-PBC includ-
ing gyroscopic forces guarantees robustness against matched
disturbances in fully actuated systems. Finally, experimental
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anecdotal evidences, e.g., [16], suggest that damping injection
from the unactuated coordinates through the actuated channel
may improve the performance of the closed-loop system in
PBC approaches. In this regard, in [17], the authors discuss
the effect of gyroscopic terms on the transitory response of the
closed-loop system without formal proof. Nevertheless, ana-
Iytical results that elucidate the impact of these terms on the
performance of the closed-loop system are still lacking.

The goal of this letter is to fill this gap by providing analyt-
ical results quantifying the effect that gyroscopic forces and
coupled damping have on the stability and performance of
underactuated mechanical systems. To this end, we adopt a
PBC approach that preserves the mechanical structure and
does not require solving PDEs, contrasting with IDA-PBC.
Hence, we can transparently analyze the effect of the coupled
damping terms and gyroscopic elements. More precisely, we
contribute to the state of the art in PBC with:

(i) A passivity-based regulator for underactuated mechani-
cal systems that injects coupled damping, resulting in
gyroscopic forces.

(ii)) A method to tune this injection to obtain a bound for the
Lr-norm of the velocities and improve it.

(iii) A preliminary stability analysis for non-negative closed-
loop dissipation matrices.

Interestingly, (iii) cannot be achieved by following energetic

arguments. We show the effectiveness of the proposed tech-

nique and analysis with three examples of underactuated

mechanical systems.

II. PRELIMINARIES
A. Notation

I, is the n x n identity matrix, 0 is a vector or matrix
whose entries are zeros, A is the element (i, j) of A € R™",
af (x)/ox = [3f (x)/dxy - 8f(x)/8xn] x|l = ~/xTx, and
llx|lp ~xTDx - with D € R™", Furthermore, we repre-
sent mappings of the form F : R" — R"* as matrices—i.e.,
F(x) € R™™, Given the distinguished vector x, € R", we
define f(x,) = f. and (3f(x)/9x)s = (If(x)/0X)|x=x,. When
clear from the context, we omit the arguments of functions.

B. Underactuated Mechanical System
We consider mechanical systems of the following form

. dH(g.p)

gl_[o I i |5 [0].

Pl |~ —D(gp) || 2ap) B
P
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1
H(q,p) = szM*I@p + V(g), (1)

where ¢, p € R" are the generalized positions and momenta,
respectively, u € R denotes the input vector, H : R" x R" —
R is the Hamiltonian of the system (total energy), M(q) €
R™" is the inertia matrix; V : R” — R is the potential energy,
which, without loss of generality, is assumed to be bounded
from below; D(g, p) € R"*" is the dissipation matrix, which
is positive semi-definite; and the input matrix is B = [Im O]T.
We can split the coordinates into actuated and unactuated as
qu=B*q, ¢a:=B'q; pu=B'p, pa:=BTp, where
Bt := [0 I, with s :== n—m. Similarly, we can rewrite M(g)
and D(q, p) as

Maa(9) Mau<q>} Maa(g) € R7;

M e R™M*s,
ML (@) Muu(@) au(9)

M(g) = [
Mau(q) € RSXs,

Daa(q,p) € R™>m;

Dsa(q,p) Dau(q, p)
D(g,p) = | .32 . D . p) € RMxs.
@.p) [Dlu(q, p) Duu(q,p) DiEEZ Z; C ROXS.

Henceforth, we refer to Dy, (g, p) as coupled damping because
this term couples the actuated coordinates and the unactu-
ated ones. Moreover, throughout this letter, several functions
are expressed in terms of velocities through the equality
g = M~'(q)p. The set of assignable equilibria for (1) is given
by & = {¢ € R"| 9V(q)/9qa = 0}. Equivalently, if ¢, € &,
then there exists u, € R” such that u, = (dV/9qa)«, implying
that (g, 0) is an equilibrium for (1).

C. Assumptions

The following assumptions characterize the unactuated
dynamics of the mechanical systems studied in this letter.

Assumption 1: (BZV/Bq%l)* > 0.

Assumption 2: Dyy(q,p) > 0,V q,p € R".
Assumption 1 ensures that the effect of gravity on the unac-
tuated coordinates does not prevent the system from being
stabilized at the desired equilibrium. Notably, a broad range
of underactuated mechanical systems satisfy this assumption,
e.g., marine craft, robots with flexible joints, and a wide
range of soft robots, and wheeled robots, to mention some.
Furthermore, Assumption 2 concerns the natural damping in
the unactuated coordinates. We underscore that dissipation is
inherent in mechanical systems. Thus, this assumption is not
restrictive from a physical point of view.

[1l. CONTROL DESIGN

In this section, we develop stabilizing controllers consist-
ing of potential energy shaping, standard damping injection,
and coupled damping injection. As a consequence of the last
control component, the closed-loop system exhibits gyroscopic
terms.

The potential energy of the system can be shaped through a
twice differentiable function ® : R” — R that depends on the
actuated positions. Let Vg : R” — R be the desired potential
energy, given by

Va(g) = V(g) + P(ga)- 2)

Accordingly,

1
Ha(g,p) = EpTM*I(cnp + V() + ®(qa), 3)

such that Hy, = 0. The control input that yields the closed-

loop energy (3) is given by

_0P(ga)
dqa

Additionally, damping can be injected into the closed-loop
system through a control input of the form

Ues(qa) = 4

uai(ga) = —Dyqa, )

where the matrix Dy € R™ is positive definite.

Furthermore, coupled damping can be injected via the control
input

ugy(q.p) = =2T'" (¢, p)g, 6)
where I'(g, p) € R and
q=M"@p. @)

Moreover, to simplify the notation, we consider

_|Talg:p)|. Talg,p) € R™™;
I'(g.p) = |:Fu(61, p)i|’ Tu(g,p) € Rs>m.

and define the following matrix

Da, (¢ p) = Daa(q,p) + Dy +Talq.p) + T (q.p). (8)

Theorem 1 illustrates how to use ues(ga), uai(ga), and
ugy(q,p) to solve the stabilization problem for a class of
mechanical systems represented by (1).

Theorem 1: Consider the system (1) and the desired config-
uration ¢, € & such that Assumptions 1 and 2 hold. If ®(g,)
in (2) satisfies

< 00 ) _ ( A% )
8qa * 8qa *
92V AR A%

(). * ().~ o). G). Ga). @
agz ), \9q% /), \0quga ), \0q%), \9qaqu/,

and Dy and I'(g, p) are chosen such that!

T\ e T
Do, - (fu+DL,) DGl(ru+Dy) =0, (10)
then the control law

U= ttes(qa) + uai(ga) + ugy(q, p) (11)

guarantees that the closed-loop system has a locally asymptot-
ically stable equilibrium at (g., 0). Moreover, the equilibrium
is globally asymptotically stable if Hy(q, p), defined in (3), is
radially unbounded and no Ot_her solution than (g, 0) remains
in the set S:={q,p € R" | H3 = 0}.

Proof: Note that the closed-loop takes the form

g 0 I Mo
— n a
M = [—In —DﬁJJ[ﬁ]’ (12
ap
with Hy(q, p) defined in (3), and
Da=D+BDyB" +TB" +BI'T
Ja=TB" —BI'T. (13)
In particular, Dg(q, p) can be rewritten as
— Dda F;lr + Dau
Dg = |:Fu 4 Dlu Dy, . (14)

1We omit the arguments for the sake of readability.
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Hence, a Schur complement analysis shows that (10) implies
that Dg(q, p) is positive definite. Thus,

Ha=—M""plp, = —llglp, < (15)

where (7) is used to obtain the second equality in (15). Now,

note that
T
— i) 0P
=[()) + ()]
2

(%), gt
A R

Therefore, (9) implies

2
(). (&)
3q ). ag* /.,
where the inequality is obtained via a Schur complement anal-
ysis. Hence, the desired equilibrium is a strict local minimum
of Ha(q, p), i.e., this function is positive definite with respect
to (g, 0), which together with (15) implies that Hs(g, p) qual-
ifies as a Lyapunov function and the desired equilibrium is
locally stable. Consider 2 € R" x R" such that the trajectories
starting in € are bounded and the only equilibrium contained
in the mentioned set is the desired one—note that Lyapunov
stability guarantees the existence of 2. Moreover,

Q)
N’Q<

Hi=0 = §=0 = p=0 = p=0.

However, since (g4, 0) is a strict local minimum of Ha(q, p),
in 2, we have that

Pp=0= Vag=0 = g=gq.

Thus, it follows from LaSalle’s invariance principle (see, for
instance, [18]) that the trajectories of the closed-loop system
converge to the desired equilibrium. Note that if Hg(q, p) is
radially unbounded, then Q2 = R” x R". Moreover, since only
(g+,0) can stay in S, there is only one equilibrium for the
closed-loop. Consequently, the desired equilibrium is globally
asymptotically stable. |

Each element of the control law (11) has a physical
interpretation. In particular, u.s(gs) shapes the potential
energy assigning the desired equilibrium to the closed-loop
system while ensuring that it is a strict minimum of the closed-
loop energy Hgy(q, p); uai(ga) injects damping through the
actuated coordinates of the systems, guaranteeing that Dy(q, p)
is positive definite; ugy (g, p) injects coupled damping, which
results in gyroscopic terms in the closed-loop system. Notably,
the last term is not required to ensure stability. However, it has
an important role in the performance of the closed-loop system
as discussed in Section IV.

Remark 1: For systems of the form (1) satisfying
Assumption 1, there always exists a smooth function ®(g,)
such that (9) holds. See [19] for further details.

Remark 2: The injection of coupled damping ug, (g, p) can
be combined with other PBC techniques that do not require
Assumption 1 but preserve the mechanical structure of the
system, e.g., IDA-PBC. For further details, see the example in
Section VI-C.

IV. PERFORMANCE ASSESSMENT

The terms ugi(¢2) and ugy(g, p) defined in (5) and (6),
respectively, affect the damping of the closed-loop system.
Consequently, these terms play a relevant role in the
performance of the closed-loop system. In particular, the
bound of the L;-norm of the velocities can be improved by
choosing appropriate values for the mentioned control terms.
To show this, we revisit the following linear algebra theorem,
whose proof can be found in [20].

Theorem 2 [20]: For a complex matrix A € C"™", n < m,
we have

. |-
on(A) = min |Akk|—5'lz_#k(|Ak,-|+|Ajk|) ,
=L

where 0, (A) denotes the smallest singular value of A.

In light of Theorems 1 and 2 we can establish the following
result.

Proposition 1: Consider the closed-loop system (12) and
suppose that Dy, is constant. An Lp-norm bound for the
velocities is given by

1

1
lallz, < (—Hd( o,po>> .
N =\ G e M

Moreover, the lowest possible value of this bound is obtained
by selecting Dy, and I'(g, p) such that

Fu(g.p) =Dy (4. p)
Amin(Duyw) < )\min(Dda)v

where Apin(-) denotes the smallest eigenvalue of the corre-
sponding matrix and Dg, (g, p) is defined as in (8).
Proof: Note that

Ha = —14l}, < —rain@a)llgl*.

Recall that (12) has an asymptotically stable equilibrium
at (g«,0) (see Theorem 1 and its proof) and Hy, = O.
Therefore, integrating (19) from zero to infinity and noting
that lim,— - Ha(q, p) = Hg,, we obtain

(16)

a7
(18)

19)

o0
Ha(qo, p0) = Ain(Da) / 1l ds,
0

where qo,po € R”" denote the initial conditions of (1).
Hence, given the definition of £;-norm [4], we obtain the
bound (16). Note that this bound decreases as Apin(Dg)
increases. Furthermore, from (14) and (17), we have

pa=[P0 9]0

Now, consider an arbitrary matrix Doy € R™S different from
zero such that

(20)

A D D
Da(q) = [ gaT(q) Dii] > 0.
au

Since Dg and Da(q) are positive definite (consequently sym-
metric), the singular values of these matrices are the same as
their eigenvalues. Therefore, from Theorem 2, we conclude

Amin(Da) < Amin(Da).

Authorized licensed use limited to: TU Delft Library. Downloaded on July 08,2022 at 07:40:05 UTC from IEEE Xplore. Restrictions apply.
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Moreover, Dg has a block-diagonal structure as shown in (20).
Hence, from (18), we obtain

)\min(Dd) = )\min(Duu) .

We stress that the eigenvalues of Dy, cannot be modi-
fied by the controller. Thus, the selection (17)-(18) guar-
antees the smallest value for the right-hand element of the
inequality (16). |

We recall that the £-norm of a signal is closely related
to its energy. Thus, a small £>-norm of the velocities implies
that the energy of the transitory behavior is low. Moreover,
uai (¢a) and ugy (g, p) depend on g. Hence, a small £-norm
of the velocities also implies that these control terms spend a
small amount of energy.

Remark 3: The result of Proposition 1 can be extended to
non-constant matrices Dy, (g, p) by considering

»o= max{Anin(Duulg, P}
A= min{)\min(Duu(C[’ p))}

Then, replacing (18) by A< Anin(Dg,) and following the
rationale of Proposition 1, we obtain the bound

1

2

. 1
gl g, < (XHd(CIO’pO)>

However, we underscore that this bound is, in general, more
conservative than (16).

V. RELAXING THE ASSUMPTION ON Dy

The results of Sections III and IV require Dg(g, p) to be
positive definite. Remarkably, near the equilibrium point, this
condition may be restrictive as is shown by the following
proposition.

Proposition 2: Consider the system (12), such that ®(g,)
satisfies (9) for the desired configuration g, € &, and

K = P Va Fa=Jg, —D
=g ). a=Ja, A, -

Then, the system has a locally exponentially stable equilibrium
at (g, 0) if the solutions A € C to

det(M,,x2 _Fah+ 7() =0 Q1)

satisfy Re(A;) <O for all i € {1,...,n}.
Proof: The linearization of (12) around the point (g, 0) is
given by z = A4z, where

19— 9« |0 M*_l
z._|: ; ] 2= [_K FdM:l}.

Note that, according to Lyapunov’s indirect method (see
[18, Th. 4.7]), the closed-loop system is locally exponentially
stable if 4 is Hurwitz. However, 43 = Sdﬂngl, with

| 0 . 0 I,
Sa = [0 M:l]’ Aq = I:_M*—IK M:le]'

Thus 44 is similar to 4, consequently their eigenvalues are
the same. Moreover, 44 is a companion matrix of

(22)

L) = 1,02 — M7 'Far + M7 %

Fig. 1. Soft inverted pendulum with affine curvature [22]. Panel (a)
shows the schematic of the system, where a reference frame {Ss},
attached to the point s, is highlighted. Panel (b) shows the evolution
for the tuning (iii). The green and blue lines are the initial and final
conditions, respectively. Intermediate shapes and the tip evolution are
depicted in light and dark grey, respectively.

Fig. 2. Mechanical system studied in Subsection VI-B with a physi-
cal interpretation of the control terms ues(ga) and ugi(ga) in red. Note
that the gyroscopic forces and coupled damping are injected through

Ugy(q, p).

Hence, the eigenvalues of A4 are the values A € C such that
det(L(1)) = 0 (see [21]). Furthermore, since M, is positive
definite,

det(L) = 0 < det(M_ )det(M,L) = 0
— det(M,,x2 —Fah + :/() —0.

Thus, if every A solution to (21) satisfies Re(X) < 0, then 4 is
Hurwitz and the closed-loop system has a locally exponentially
stable equilibrium at the desired point. |

Remark 4: The result of Proposition 2 indicates that
Assumption 2 and (10) are not necessary conditions for the
stability of the desired equilibrium. Consequently, near the
equilibrium, choosing the energy as the Lyapunov function
may be restrictive.

VI. EXAMPLES
A. Soft Inverted Pendulum

Consider the soft inverted pendulum depicted in Fig. 1. The
curvature function of this system is ks = 6y (¢) + 61 (¢)s, where
s € (0, 1] parameterizes the positions along the main axis
of the pendulum. For further details on the model see [22].
Considering the coordinates g; = 6y + %01 g2 = %90 + %91
this system admits a pH representation of the form (1), where
the mass matrix and potential energy are obtained following
the procedure proposed in [22] and using MATLAB for the
corresponding computations. The control objective is to sta-
bilize the system at its upward configuration, i.e., g, = 0. In

Authorized licensed use limited to: TU Delft Library. Downloaded on July 08,2022 at 07:40:05 UTC from IEEE Xplore. Restrictions apply.
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Fig. 3.

Evolution of the soft inverted pendulum’s configuration variables and control input for different values of the gyroscopic action j. The

controllers that inject gyroscopic terms, i.e., j # 0 (depicted in orange and yellow), exhibit fewer oscillations and faster convergence.
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30 40

Fig. 4. Evolution of the mass-spring-damper system positions with (orange) and without (blue) coupled damping injection. The former results in a
faster stabilization of the unactuated masses at the expense of oscillations with greater amplitude in the actuated mass.

particular, we have

32V 4 —6] mgl[—34 33 4 -6
<8q2>* B k[—é 12 } 30 [ 33 —36]’ b= b[—6 12 }
where k and b are positive constant parameters; m and £ denote
the mass and the length of the rod, respectively; and g is the
gravitational acceleration. We consider ug; defined as in (5)
and ues = —Kpga + .(0V/0qa)lgu=0, Ugy = —2jgu, Where
Kp is positive and j is constant. Moreover, we consider the
values m=£=k=1,b=0.1, Kp =15, Dy = 0.8. Hence,

[ 12 0644 o [1171 479
Dd_[—0.6+j 1.2 }K”[4.79 0.23]'

We consider three cases: (i) no gyroscopic terms, i.e., j = 0;
(i) a manually tuned injection of gyroscopic forces and
coupled damping; and (iii) the coupled damping injection
obtained in Proposition 1, i.e., j = 6b = 0.6. The simula-
tion results, under initial conditions (1/8, 1/24)mx, are shown
in Fig. 3, where we observe that faster convergence and fewer
oscillations are associate with the injection of gyroscopic
forces and coupled damping. Furthermore, the norms of the
velocities and the torque ranges are

Iglly, = 84.87,  we[-734,197], for j=0
Igllg, = 137.83, wue[-1238,1.07], for j=—0.5
Igllg, = 59.16,  ue[-7.34,029],  for j=6b,

which corroborate the result of Proposition 1.

B. Nonlinear Mass-Spring-Damper System

Consider a mass-spring-damper system consisting of three
masses connected in series through two nonlinear springs and
a damper between the first and second mass. Moreover, sup-
pose a control input corresponding to a force exerted on the
first mass. Such a system admits a pH representation of the
form (1), with

b —-b 0 m 0 O 1
D=|-b b 0,M= 0 nmyp 0 ,B: 0,
0 0 0 0 0 m3 0

and the non-quadratic elastic potential V(g) = “71 In(cosh(gq; —
92)) + F (g2 — 03)* + G2 — g3)*, where m; is the actuated
mass and my and mj3 are the unactuated ones; gi, g2, and
g3 represent the positions; aj, az, a3z, and b are positive
parameters. The set of assignable equilibria is constrained
to g1 = ¢ g3, where the control objective is to stabi-
lize the position of the third mass at g, # 0. To this end,
we consider a controller of the form (11). In particular, we
propose ues(q) = —kc(q1 — g4), uai(q1) = —bcqi, and
ugy(q) = —2(j2q2 + j3q3), where k. and b. are positive and
J2,j3 are constant. The physical interpretation of the controller
is shown in Fig. 2. Note that

be+b —b+jr j3
Ddz —b+]2 b 0
J3 0 0

has no definite sign if j3 # 0. Thus, the stability of the closed-
loop system cannot be analyzed with the result of Theorem 1
if j3 is different from zero. While the control objective is
achieved with j, and j3 equal to zero (see Fig. 4), the closed-
loop system exhibits poor damping propagation resulting in
an oscillatory behavior for the unactuated masses. To over-
come this issue, we use the result of Proposition 2 to analyze
the stability of the equilibrium for j, and j3 different from
zero. In particular, we consider m my =1, mz = 04,
b=05,a,=05,a,=15,a3 =25, ke =5, bc =2.5, and
g« = 0.05. Hence, we have

40det(L) = 1618 4 561> + yar* 4+ 303 + 1242 + y14 + 150,
(23)

with y; = 60(j2 + j3) + 225, y» = 60(> + j3) + 607, y3
16j2 + 342, and y4 = 16j> + 200. The polynomial (23) can
be analyzed via the Routh-Hurwitz criterion. Fig. 4 shows the
simulation results for j» = j3 0 (blue) and j» = b and
j3 = —0.5 (orange). In particular, the latter values guarantee
that (23) is stable. We observe in Fig. 4 that the proposed
gyroscopic forces and coupled damping reduce the oscillations
in the unactuated masses.
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Fig. 5. Evolution of the configuration variables of the ball and beam
system for IDA-PBC plus coupled damping injection.

C. Ball and Beam System

The behavior of the ball and beam system can be repre-
sented by (1), with

_fo o] _[r2+4 0] z_T1].
D—[o b]’M—[ o 1) B=]of

V(g) = gqusin(qs); where L, b, and g are positive con-
stant parameters. The control objective is to stabilize the
system at g, = (0, 0). Note that this system does not sat-
isfy Assumption 1. In [23], the authors design a controller
based on IDA-PBC, neglecting the natural dissipation bqy.
Considering the natural dissipation, the mentioned controller

combined with ugy (g, p) yields?
=L i |+ [
p —MagM~! T %—,,d B|"Y

a1 12
Ha(q,p) = 5P Mg (@)p — gcos(qa) + 5\1' @),

with U (q) == qa + \%arcsinh(‘%) and

Y (g, p) = —DM~' (9)M4(q) + J2(q, p) — BkaB',

where J2(g, p) is a skew-symmetric matrix and kg is a positive
gain.’> Note that to prove stability considering Hy(gq, p) as a
Lyapunov candidate, we require the symmetric part Y (g, p)
to be negative semi-definite. Here, we show that the coupled
damping injection ugy (g, p) proposed in (6) can be combined
with IDA-PBC to achieve this objective and to modify the
transient response of the closed-loop system. To this end, we
consider three cases:

C1 T =0, i.e., no coupled damping injection.

C2T,= %b(L2 +q2) + ﬁn and I'y = —
guarantees Y(q,p) + Y ' (g,p) <O0.

C3 ' = 2k, and I'y = ky,, with k, constant, which
illustrates the effect of ugy, (g, p) on the response.

n .
R which

2We omit the arguments due to space limitations.
3See [23] for the expressions of Mg(g) and Ja(q, p).

We consider g =9.78, L =0.5, k3 =0.3,n=0.05, k, =0.1,
qo = (0.3,0.15), and py = 0 for simulation purposes. The
stability of (g, 0) is proven via linearization in C1 and C3,
while Ha(g, p) qualifies as a Lypunov function in C2 because
of the proposed I'(g). The simulation results are shown in
Fig. 5.
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