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Article history: Let XNLP be the class of parameterized problems such that an instance of size n with
Received 6 November 2023 parameter k can be solved nondeterministically in time f(k)n®® and space f (k)log(n) (for
Received in revised form 8 July 2024 some computable function f). We give a wide variety of XNLP-complete problems, such as
Acc?med lGJuly 2024 LisT COLORING and PRECOLORING EXTENSION with pathwidth as parameter, SCHEDULING OF
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JoBs WITH PRECEDENCE CONSTRAINTS, with both number of machines and partial order width
as parameter, BANDWIDTH and variants of WEIGHTED CNF-SATISFIABILITY. In particular, this

implies that all these problems are W[t]-hard for all t.

© 2024 The Author(s). Published by Elsevier Inc. This is an open access article under the
CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Already since the 1970s, an important paradigm in classical complexity theory has been that an increased number of
alternations of existential and universal quantifiers increases the complexity of search problems: This led to the central
definition of the polynomial hierarchy [51], whose study resulted in cornerstone results in complexity theory such as Toda’s
theorem and lower bounds for time/space tradeoffs for SAT [3]. In their foundational work in the early 1990s, Downey and
Fellows introduced an analogue of this hierarchy for parameterized complexity theory, called the W-hierarchy. This hierarchy
comprises the complexity classes FPT, the parameterized analogue of P, W[1], the parameterized analogue of NP, and the
classes W[2], ..., W[P], XP (see e.g. [26-28]).

While in the polynomial hierarchy only the classes with no quantifier alternation (i.e. P, NP and coNP) are promi-
nent, many natural parameterized problems are known to be hard or even complete for W[i] for some i > 1. Thus, the
W-hierarchy substantially differentiates the complexity of hard parameterized problems. And such a differentiation has ap-
plications outside parameterized complexity as well: For example, for problems in W[1] we can typically improve over
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Theorem 24).
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Table 1

An overview of XNLP-complete problems is given. For problems marked
with +, the source also gives an XNLP-hardness or completeness proofs
for variants of the stated problem. We use the abbreviations CL = Clique,
IS = Independent Set, DS = Dominating Set, pw = parameterized by

pathwidth.
Problem Source
LONGEST COMMON SUBSEQUENCE + [32]
TIMED NON-DETERM. CELLULAR AUTOMATON + [32]; Subsection 2.5
CHAINED CNF-SATISFIABILITY + Subsection 3.1
CHAINED MULTICOLORED CLIQUE Subsection 3.2
BINARY CSP pw + Subsection 3.3
AccePTING NNCCM Subsection 3.4
LisT COLORING pwW + Subsection 4.1
LoG-PATHWIDTH DS, IS Subsection 4.2
SCHEDULING WITH PRECEDENCE CONSTAINTS Subsection 4.3
UNIFORM EMULATION OF WEIGHTED PATHS Subsection 4.4
BANDWIDTH Subsection 4.5

AcycLic FINITE STATE AUTOMATA INTERSECTION [53]; Subsection 4.6

brute-force enumeration algorithms, while for W[2]-complete problems we can prove lower bounds under the Strong Expo-
nential Time Hypothesis excluding such improvements (see e.g. the discussion in [1]).

For many problems, completeness for a class is known, e.g., CLIQUE is W[1]-complete [27] and DOMINATING SET is W[2]-
complete [26]. However, there are also several problems known to be hard for W[1], W[2], or even for W[t] for all positive
integers t, but which are not known to be in the class W[P]; in many cases, only membership in XP was known. For such
problems, it is an intriguing question to establish their exact position within the W-hierarchy as it can be expected to shed
light on their complexity similarly as it did for the previous problems.

One example of such a problem is the BANDWIDTH problem. It has been known to be hard for all classes W[t] since
1994 [12]. Already in the midst of the 1990s, Hallett argued that it is unlikely that BANDWIDTH belongs to WI[P], see the
discussion by Fellows and Rosamond in [35]. The argument intuitively boils down to the following: BANDWIDTH “seems” to
need certificates with €(n) bits, while problems in W[P] have certificates with O (f (k) logn) bits. A similar situation applies
to several other W[1]-hard problems.

A (largely overlooked) breakthrough was made a few years ago by Elberfeld, Stockhusen and Tantau [32], who studied
several classes of parameterized problems, including a class which they called N[ f poly, f log]. This class is defined as the
set of parameterized problems that can be solved with a non-deterministic algorithm with simultaneously, the running
time bounded by f(k)n® and the space usage bounded by f(k)logn, with k the parameter, n the input size, ¢ a constant,
and f a computable function. Hardness for this class is proved using parameterized logspace reductions, instead of the
fixed parameter tractable reductions used in the W-hierarchy (see Section 2.3). For easier future reference, we denote this
class by XNLP. Elberfeld et al. [32] showed that a number of problems are complete for this class, including the LONGEST
CoMMON SUBSTRING problem. Since 1995, LONGEST COMMON SUBSTRING is known to be hard for all W[t] [10], but its precise
parameterized complexity was unknown until the result by Elberfeld et al. [32].

Our contribution We show that the class XNLP (i.e., N[ f poly, f log]) can play an important role in establishing the param-
eterized complexity of a large collection of well studied problems, ranging from abstract problems on different types of
automata (see e.g. [32] or later in this paper), logic, graph theory, scheduling, and more.

In this paper, we give a number of different examples of problems that are complete for XNLP. These include BANDWIDTH,
thus indirectly and partially answering the question the authors of [12] asked thirty years ago about the parameterized
complexity of BANDWIDTH; see also the discussion in [35].

Indeed, we establish what the “natural home” is BANDWIDTH. Although we do not know what the relation is between
WI[P] and XNLP, we expect that XNLP is in some sense “orthogonal” to the W-hierarchy.

In Table 1, we list the problems shown to be XNLP-complete in either this paper or by Elberfeld et al. [32].

Fig. 1 shows for the problems from which problem the reduction starts to show XNLP-hardness.

Often, membership in XNLP can be seen by looking at the algorithm that establishes membership in XP. Many prob-
lems in XNLP typically have a dynamic programming algorithm that sequentially builds tables, with each individual table
entry expressible with O (f(k)logn) bits. We then get membership in XNLP by instead of tabulating all entries of a ta-
ble, guessing one entry of the next table — this step resembles the text-book transformation between a deterministic and
non-deterministic finite automaton.

Interestingly, hardness for the class XNLP also has consequences for the use of memory of deterministic parameterized
algorithms. Pilipczuk and Wrochna [48] conjecture that LONGEST COMMON SUBSEQUENCE has no XP algorithm that runs in

4 For example the naive algorithm O (n**!) time algorithm for finding cliques on k vertices on n-vertex graphs can be improved to run in n%8 time, but
similar run times for DOMINATING SET refute the Strong Exponential Time Hypothesis.
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‘ TiMED ND CELLULAR AUTOMATON‘

' '

‘ CHAINED WEIGHTED CNF—SATISFIABILITY‘ ‘ AcycLric FINITE STATE AUTOMATA INTERSECTION
‘ LoG-PATHWIDTH DOMINATING SET ‘ ‘ CHAINED MULTICOLORED CLIQUE‘

‘ ACCEPTING NNCCM‘ BINARY CSP(pw)

UNIFORM EMULATION OF WEIGHTED PATHS ‘ ‘ PRECOLORING EXTENSION(pw) ‘

‘ LisT COLORING(pw) ‘

‘ SCHEDULING WITH PRECEDENCE CONSTRAINTS‘

Fig. 1. Reductions between XNLP-hard problems from this paper. Several variants of problems are not shown.

fk)n® space, for a computable function f and constant c; if this conjecture holds, then no XNLP-hard problem has such an
algorithm. See Section 5 for more details.

When a problem is XNLP-hard, it is also hard for each class W[t] (see Lemma 2). Thus, XNLP-hardness proofs are also
a tool to show hardness for W[t] for all t. In this sense, our results strengthen existing results from the literature: for
example, LisT COLORING and PRECOLORING EXTENSION parameterized by pathwidth (or treewidth) were known to be W[1]-
hard [33], and PRECEDENCE CONSTRAINT K-PROCESSOR SCHEDULING parameterized by the number of processors K was known
to be W[2]-hard [11]. Our XNLP-hardness proofs imply hardness for W([t] for all t. Moreover, our XNLP-hardness proofs are
often simpler than the existing proofs that problems are hard for W[t] for all t.

Related to the class XNLP is the class XNL: the parameterized problems that can be solved by a nondeterministic algo-
rithm that uses f (k) logn space. There is no explicit time bound, but we can freely add a time bound of 2/ ®108" and thus
XNL is a subset of XP. XNL can be seen as the parameterized counterpart of NL. Amongst others, XNL was studied by Chen,
Flum and Grohe [23], who showed that CoMPACT TURING MACHINE COMPUTATION is complete for XNL.

Hardness for a class is always defined with respect to a class of reductions. In our proofs, we use parameterized logspace
reductions (or, in short, pl-reductions). A brief discussion of other reductions can be found in Subsection 5.2.

Subsequent work After this paper appeared, several other problems were shown to be XNLP-complete, and related com-
plexity classes were defined, with their own complete problems. We briefly discuss these results here.
Recent XNLP-completeness results that build upon our work include the following:

several graph problems with a linear structure, including problems with pathwidth, linear cliquewidth, and linear mim-
width as parameter [16];

b-coloring with pathwidth as parameter [39];

several problems related to flow, with pathwidth as parameter [7];

integral 2-commodity flow with pathwidth as parameter [21].

In [20], it was shown that reconfiguration of dominating sets and of independent sets, with the sizes of these sets as
parameter is XNLP-complete, when the number of reconfiguration steps is given in unary. In contrast, when the number of
steps is respectively a parameter, given in binary, or unspecified, the problems become complete for W[2] or W[1], for XNL,
and for XL.

The class XALP was introduced by Bodlaender, Groenland, Jacob, Pilipczuk and Pilipzcuk [17] as an analogue to XNLP for
“tree-structured” problems. Natural problems with a “tree structure”, such as LisT COLORING parameterized by treewidth or
MAx Cut parameterized by clique-width were shown to be XALP-complete. Determining the tree partition width (or strong
treewidth) of a graph was also shown to be XALP-complete in [15] and the PERFECT PHYLOGENY problem was shown to be
XALP-complete by de Vlas [25]. A probabilistic variant of XNLP with a complete problem related to Bayesian networks was
introduced in [9]. Bodlaender, Groenland, and Pilipczuk [19] introduced the class XSLP, and showed some natural problems
with treedepth as parameter to be complete for that class.

Paper overview In Section 2, we give a number of preliminary definitions and results. In Section 3 we introduce three new
problems that are XNLP-complete. In Section 4 we then use these problems as building blocks, to prove other problems to
be either XNLP-complete or XNLP-hard. For each of the problems, its background and a short literature review specific to it
will be given inside its relevant subsection. Final comments and open problems are given in Section 5.

3
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2. Preliminaries

In this section we formally define the class XNLP and give some preliminary results.

The section is organized as follows: first we introduce some basic notions in Subsection 2.1, next we formally define the
class XNLP in Subsection 2.2. In Subsection 2.3 we then introduce the type of reductions that will be used in this paper and
in Subsection 2.4 we list some preliminary results. Subsection 2.5 ends the section with a discussion of cellular automata,
for which Elberfeld et al. [32] already established it was XNLP-complete. From this problem we will (indirectly) derive the
XNLP-hardness for all other XNLP-hard problems in this paper; containment in XNLP will always be argued more directly.

2.1. Basic notions

We assume the reader to be familiar with a number of notions from complexity theory, parameterized algorithms, and
graph theory. A few of these are reviewed below, along with some new and less well-known notions.

We use interval notation for sets of integers, i.e., [a,b] = {i € Z | a <i < b}. All logarithms in this paper have base 2. N
denotes the set of the natural numbers {0, 1,2, ...}, and Z* denotes the set of the positive natural numbers {1,2,...}.

2.2. Definition of the class XNLP

In this paper, we study parameterized decision problems, which are subsets of ¥* x N, for a finite alphabet X. The
following notation is used, also by e.g. [32], to denote classes of (non-)deterministic parameterized decision problems with
a bound on the used time and space. We use n for the input size; poly for a polynomial function in the input size (i.e.
n9M); log for a logarithmic function in the input size (i.e. O(logn)); f for a computable function of the parameter; co if
there is no a priory bound for the resource.

On top of the running time of an algorithm we will also study the space usage. Informally, an algorithm has (random)
read-only access to an input tape and random write-only access to an output tape. Additionally, it has both random read
and write access to a working tape, but the length of the working tape equals the space usage.

Let D[t, s] denote the class of parameterized decision problems that can be solved by a deterministic algorithm in ¢t
time and s space and let N[t,s] be analogously defined for non-deterministic algorithms. Thus, FPT can be denoted by
DI f poly, co]; we can denote XP by D[n/, oo], NP by N[poly, cc], L by D[oo, log], etcetera.

A special role in this paper is played by the class N[ f poly, f log]: the parameterized decision problems that can be
solved by a non-deterministic algorithm that simultaneously uses at most f(k)n‘ time and at most f(k)logn space, on an
input (x, k), where x can be encoded with n bits, f a computable function, and ¢ a constant. Because of the special role of
this class, we use the shorter notation XNLP.

XNLP is a subclass of the class XNL, which was studied by Chen et al. [23]. XNL is the class of problems solvable with a
non-deterministic algorithm in f(k)logn space (f, k, n as above), i.e., XNL is the class N[co, f log].

We assume the reader to be familiar with notions from parameterized complexity, such as XP, W[1], W[2], ..., WI[P]
(see e.g. [28]). For classes of parameterized problems, we can often make a distinction between non-uniform (a separate
algorithm for each parameter value), and uniform. Throughout this paper, we look at the uniform variant of the classes, but
we also will assume that functions f of the parameter in time and resource bounds are computable — this is called strongly
uniform by Downey and Fellows, see [28, p. 25].

2.3. Reductions

Hardness for a class is defined in terms of reductions. We mainly use parameterized logspace reductions (defined below),
which are a special case of fixed parameter tractable (FPT) reductions. Hardness for classes in the W-hierarchy is considered
with respect to FPT reductions. The reductions are defined below based upon the formulations in [32]. Two other types of
reductions are briefly discussed in the conclusion (Section 5.2.)

e A parameterized reduction from a parameterized problem Q1 C ET x N to a parameterized problem Q; € 2’2‘ x N is a

function f: %7 x N— X3 x N, such that the following holds.
1. For all (x,k) € X7 x N, (x,k) € Qq if and only if f((x,k)) € Q2.
2. There is a computable function g, such that for all (x,k) € 7 x N, if f((x,k)) = (y,k'), then k' < g(k).

e A parameterized logspace reduction or pl-reduction is a parameterized reduction for which there is a deterministic algo-
rithm that computes f((x, k)) in space 0(g(k) + logn), with g a computable function and n = |x| the number of bits to
denote x.

e A fixed parameter tractable reduction or fpt-reduction is a parameterized reduction for which there is a deterministic
algorithm that computes f((x,k)) in time O(g(k)n), with g a computable function, n = |x| the number of bits to
denote x and c a constant.

A deterministic algorithm that uses O(g(k) + logn) space necessarily runs in 20@®+08m time which is FPT in k. Thus,
if there is a pl-reduction from problem A to problem B and B is in XNLP, then problem A is in XNLP as well.

4



H.L. Bodlaender, C. Groenland, J. Nederlof and C. Swennenhuis Information and Computation 300 (2024) 105195

In the remainder of the paper, completeness for XNLP is with respect to pl-reductions.’
2.4. Preliminary results on XNLP

We give some easy observations that relate XNLP to other notions from parameterized complexity. The following easy
observation can be seen as a special case of the fact that N[oo, S(n)] € D[2°C™) 0], see [3, Theorem 4.3].

Lemma 1. XNLP is a subset of XP.

Proof. Using standard techniques, we can transform the non-deterministic algorithm to a deterministic algorithm that em-
ploys dynamic programming: tabulate all reachable configurations of the machine — a configuration is a tuple, consisting of
the contents of the work tape, the state of the machine, and the position of the two headers. From a configuration, we can
compute all configurations that can be reached in one step, and thus we can check if a configuration that has an accepting
state can be reached.

The number of such configurations is bounded by the product of a single exponential of the size of the work tape
(ie., at most 2/®ogn — nf® for some computable function f), the constant number of states of the machine, and the
O(f (k) logn) - n number of possible pairs of locations of the heads, and thus bounded by a function of the form n8® with
g a computable function. O

Lemma 2. If a parameterized problem Q is XNLP-hard, then it is hard for each class W[t] for all t € Z*.

Proof. In WEIGHTED t-NORMALIZED SATISFIABILITY, we have a Boolean formula with parenthesis-depth t and ask if we can
satisfy it by setting exactly k variables to true and all others to false; we can non-deterministically guess which of the k
Boolean variables are true; verifying whether this setting satisfies the formula can be done with O(t + klogn) bits of space,
see e.g. [28]. Observe that the W([t]-complete problem WEIGHTED t-NORMALIZED SATISFIABILITY belongs to XNLP.

Each problem in W[t] has an fpt-reduction to WEIGHTED t-NORMALIZED SATISFIABILITY, and the latter has a pl-reduction
(which is also an fpt-reduction) to any XNLP-hard problem Q. The transitivity of fpt-reductions implies that Q is then also
hard for W[t]. O

Lemma 3 (Chen et al. [23]). If NL # P, then there are parameterized problems in FPT that do not belong to XNL (and hence also not to
XNLP).

Proof. Take a problem Q that belongs to P, but not to NL. Consider the parameterized problem Q’ with (x,k) € Q' if and
only if x € Q. (We just ignore the parameter part of the input.) Then Q' belongs to FPT, since the polynomial time algorithm
for Q also solves Q’. If Q' is in XNL, then there is an algorithm that solves Q in (non-deterministic) logarithmic space, a
contradiction. So Q' belongs to FPT but not to XNL. O

Chen et al. [23] introduce the following problem.

CNTMC (ComMPACT NONDETERMINISTIC TURING MACHINE COMPUTATION)

Input: the encoding of a non-deterministic Turing Machine M; the encoding of a string x over the alphabet of the
machine.

Parameter: k.

Question: Is there an accepting computation of M on input x that visits at most k cells of the work tape?

Theorem 4 (Theorem 21(2) from Chen et al. [23]). CNTMC is XNL-complete under pl-reductions.

We expect that it is possible to show XNLP-completeness for a “timed” variant of this problem.

TiMED CNTMC

Input: the encoding of a non-deterministic Turing Machine M; the encoding of a string x over the alphabet of the
machine; an integer T given in unary.

Parameter: k.

Question: Is there an accepting computation of M on input x that visits at most k cells of the work tape and uses at
most T time?

5 Note we could also have defined completeness for XNLP with respect to slightly more general reductions allowing algorithms using O (g(k) logn) space
and time FPT in k, since such reductions still preserve containment in XNLP. We use the more strict variant since all our reductions use only O(g(k)+logn)
space.
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The fact that the time that the machine uses is given in unary, is needed to show membership in XNLP. We expect XNLP-
hardness can be shown for TiMED CNTMC in a similar fashion to the proof of Theorem 4. Since we do not build upon the
result, and the proof would be tedious, we omit the details. We instead start with a problem on cellular automata which
was shown to be complete for XNLP by Elberfeld et al. [32]. We discuss this problem in the next subsection. Elberfeld et
al. [32] show a number of other problems to be XNLP-complete, including a timed version of the acceptance of multihead
automata, and the LONGEST COMMON SUBSEQUENCE problem, parameterized by the number of strings. The latter result is
discussed in the Conclusion, Section 5.1.

2.5. Cellular automata

In this subsection, we discuss one of the results by Elberfeld et al. [32]. Amongst the problems that are shown to be
complete for XNLP by Elberfeld et al. [32], of central importance to us is the TIMED NON-DETERMINISTIC CELLULAR AUTOMATON
problem. We use the hardness of this problem to show the hardness of CHAINED CNF-SATISFIABILITY in Subsection 3.1.

In this subsection, we describe the TIMED NON-DETERMINISTIC CELLULAR AUTOMATON problem, and a variant. We are given
a linear cellular automaton, a time bound t given in unary, and a starting configuration for the automaton, and ask if after
t time steps, at least one cell is in an accepting state.

More precisely, we have a set of states S, and subset of accepting states A C S. We assume there are two special states
s; and sg which are used for the leftmost and rightmost cell. A configuration is a function c: {1,...,q} — S, with c(1) =5y,
c(q) =sg and for i € [2,q — 1], c(i) € S\ {s1, Sr}. We say that we have q cells, and in configuration c, cell i has state c(i).
The machine is further described by a collection of 4-tuples 7 in S x (S \ {s;,Sg}) x S x (S \ {s,Sr}). At each time step,
each cell i € [2, g — 1] reads the 3-tuple (s1, S2, s3) of states given by the current states of the cells i — 1, i and i+ 1 (in that
order). If there is a cell i € [2,q — 1] with c(i) € A, then the machine accepts. Otherwise, if there is a cell i € [2,q — 1] for
which there is no 4-tuple of the form (sq, s2, 53, 54) € 7 with s4 € S, then the machine halts and rejects. Otherwise, each of
the cells i € [2,q — 1] selects an s4 € S (51, 52, 53,54) € T (with respect to their ‘own’ 3-tuple (s1, 2, s3)) and moves in this
time step to state s4. (In a non-deterministic machine, there can be multiple such states s; and a non-deterministic step
is done. For a deterministic cellular automaton, for each 3-tuple (s1, s2, s3) there is at most one 4-tuple (s, $2,53,54) € 7.)
Note that the leftmost and rightmost cell never change state: their states are used to mark the ends of the tape of the
automaton.

TIMED NON-DETERMINISTIC CELLULAR AUTOMATON

Input: Cellular automaton with set of states S and set of transitions 7; configuration ¢ on q cells; integer in unary t;
subset A C S of accepting states.

Parameter: q.

Question: Is there an execution of the machine for exactly ¢ time steps with initial configuration c, such that at time
step t at least one cell of the automaton is in A?

We will build on the following result.
Theorem 5 (Elberfeld et al. [32]). TIMED NON-DETERMINISTIC CELLULAR AUTOMATON is XNLP-complete.

We recall that the class, denoted by XNLP in the current paper, is called N[ f poly, flog] in [32].

Elberfeld et al. [32] state that asking if all cells are in an accepting state does not make a difference, i.e., if we modify
the TIMED NON-DETERMINISTIC CELLULAR AUTOMATON problem by asking if all cells are in an accepting state at time t, then
we also have an XNLP-complete problem.

We also discuss a variant that can possibly be useful as another starting point for reductions.

TIMED NON-HALTING NON-DETERMINISTIC CELLULAR AUTOMATON

Input: Cellular automaton with set of states S and set of transitions 7; configuration ¢ on q cells; integer in unary t;
subset A C S of accepting states.

Parameter: q.

Question: [s there an execution of the machine for exactly t steps with initial configuration c, such that the machine
does not halt before time t?

Corollary 6. TIMED NON-HALTING NON-DETERMINISTIC CELLULAR AUTOMATON is XNLP-complete.

Proof. Membership in XNLP follows in the same way as for TIMED NON-DETERMINISTIC CELLULAR AUTOMATON, see [32]; ob-
serve that we can store a configuration using [qlog|S|] bits.

For hardness, we start from a cellular automaton from TIMED NON-DETERMINISTIC CELLULAR AUTOMATON and adjust it as
follows. We take an automaton that accepts, if and only if at time t all cells are in an accepting state. Now, we enlarge
the set of states as follows: for each time step t’ € [0, t], and each state s € S\ {s, sg}, we create a state st’. The initial
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configuration ¢ is modified to ¢’ by setting c’(i) = s® for i € [2,q — 1] when c(i) =s. We enlarge the set of transitions as
follows. For each t’ € [0,t — 1] and (s1, S2, S3,S4) € T, we create a transition (sﬁ/,sg,sg,si“) in the new set of transitions.
In this way, each state of the machine also codes the time: at time t’ all cells except the first and last will have a state of
the form st’.

We run the machine for one additional step, i.e., we increase t by one. We create one additional accepting state s,. For
each accepting state s € A, we make transitions (x, s, y, sq) for all possible values x and y can take. When s ¢ A, then there
are no x, y, z for which there is a transition of the form (x, st, y, z). This ensures that a cell has a possible transition at time
t if and only if it is in an accepting state. In particular, when all states are accepting, all cells have a possible transition at
time t; if there is a state that is not accepting at time t, then the machine halts. O

2.6. Pathwidth, bandwidth, and cutwidth

A path decomposition of a graph G = (V, E) is a sequence (Xj, X3, ..., X;) of subsets of V with the following properties.

L Ui Xi= V.
2. For all {v,w} €E, there is an i € I with v, w € X;.
3. Forall1 <ig<iy<iy<r, Xip N Xi, € Xy

The width of a path decomposition (X1, X2, ..., X;) equals maxj<;j<, |Xi| —1, and the pathwidth of a graph G is the minimum
width of a path decomposition of G.

When considering the parameter pathwidth, we will assume that a path decomposition of width at most k is given as
part of the input. It currently is an open problem whether such a path decomposition can be found with a non-deterministic
algorithm using logarithmic space and “fpt” time. Kintali and Munteanu [43] show that for each fixed k, determining if the
pathwidth is at most k, and if so, finding a path decomposition of width at most k belongs to L. As a subroutine, this uses
a related earlier result from Elberfeld et al. [31], who showed that for each fixed k, determining if the treewidth is at most
k, and if so, finding a tree decomposition of width at most k belongs to L.

A linear ordering of a graph G = (V, E) is a bijection f:V — [1,|V]]. The bandwidth of a linear ordering f of G = (V,E)
is maxqy, wiek | f(v) — f(w)|. The cutwidth of a linear ordering f of G = (V, E) is given by maxic1,jv|—11 {{v,w} € E| f(v) <
i < f(w)}|. The bandwidth, respectively cutwidth of a graph G is the minimum bandwidth, respectively cutwidth over all
linear orderings of G.

3. Building blocks

In this section, we introduce three new problems and prove that they are XNLP-complete, namely CHAINED CNF-
SATISFIABILITY, CHAINED MULTICOLORED CLIQUE and AcCCEPTING NNCCM. These problems are called building blocks, as their
main use is proving XNLP-hardness for many other problems (see Fig. 1).

3.1. CHAINED CNF-SATISFIABILITY

In this subsection we give a useful starting point for our transformations: a variation of SATISFIABILITY which we call
CHAINED WEIGHTED CNF-SATISFIABILITY. The problem can be seen as a generalization of the W[1]-hard problem WEIGHTED
CNF-SATISFIABILITY [26].

CHAINED WEIGHTED CNF-SATISFIABILITY

Input: r disjoint sets of Boolean variables X1, X3, ... X;, each of size q; integer k € N; Boolean formulas F1, Fy, ...,
Fr_1, where each F; is an expression in conjunctive normal form on variables X; U X;1.

Parameter: k.

Question: Is it possible to satisfy the formula F1 A F5 A --- A Fr—1 by setting exactly k variables to true from each set
X; and all others to false?

Our main result in this subsection is the following. We will also prove a number of variations to be XNLP-complete later
in this subsection.

Theorem 7. CHAINED WEIGHTED CNF-SATISFIABILITY is XNLP-complete.

Proof. Membership in XNLP is easy to see. Indeed, for i from 1 to r, we non-deterministically guess which variables in
each X; are true, and keep the indexes of the true variables in memory for the two sets X;, X;4+1. Verifying F;(X;, Xj4+1) can
easily be done in O (k + logn) space and linear time.

To show hardness, we transform from TIMED NON-DETERMINISTIC CELLULAR AUTOMATON.
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For each time step t’ € [1,t], each cell r € [1,q], and each state s € S, we have a Boolean variable xp . with xp
denoting whether the rth cell of the automaton at time t’ is in state s. For each time step t' € [1,t—1], each cell r € [2,q—1],
and each transition z € 7 we have a variable yy ; , that expresses that cell r uses transition z at time t’.

We will build a Boolean formula of the form /\g;} F; and partitions of the variables, such that the expression is satisfiable
by setting exactly k variables to true from each set in the partition if and only if the machine can reach time step t with at
least one cell in accepting state starting from the initial configuration. The partition is based on the time of the automaton:
for each time step t’, the set X consists of all variables of the form x , s and yy , 5. For each set Xy we require that exactly
2q — 2 variables are set to true.

The formula has the following ingredients.

e At each step in time, each cell has exactly one state. Moreover, it uses a transition (unless at the first or final cell). To encode that
we have at least one state, we use the expression \/( ¢ Xy s for each t € [1,t — 1] and r € [1, q]. To encode that there
is at least one transition, we use the clause \/,.7 yy . for all t' € [1,t — 1] and r € [2,q — 1]. Since we need to set
exactly 2q — 2 variables to true from Xy, and this is the total allowed amount, the pigeonhole principle shows that for
each step in time t’ and each cell r, at most (and hence, exactly) one state s exists for which variable x, , s is true.
Similarly, for all cells apart from the first and last, there is exactly one transition z for which yy , , is true.

e We start in the initial configuration. We encode this using clauses with one literal xp ; s whenever cell r has state s in the
initial configuration.

e We end in an accepting state. This is encoded by

VV xers.
SeEA T

o Left and right cells do not change. We add clauses x, 15, and Xy ¢ 5, with one literal for all time steps t'.
o Ifacell has a value at a time t’ > 0, then there was a transition that caused it. This is encoded by

Xt'r,s = \/ Yt —1,1,(s1,52.53,9)
(51,52,83.5) €T

This is expressed in conjunctive normal form as

(X rs) vV \/ Yr—1,r,(s1,52.53,9)

(51,52,53,5)€T
e If a transition is followed, then the cell and its neighbors had the corresponding states. For each time step t' € [1,t — 1], cell

r€[2,q— 1] and transition z = (s1, $2, 53, S4) € 7, we express this as

Yt rz= (xt’,r—l,s1 AN Xt/ rsy N xt’,r+1.33) .
We can rewrite this to the three clauses —(yy rz) V Xy r—1,5,, and = (Y r.2) V Xy 15,0 aDd =Yy r.2) V Xp/ 141,55+

The last two steps ensure that the transition chosen from the y-variables agrees with the states chosen from x-variables.

It is not hard to see that we can build the formula with f(k) 4+ logn space and polynomial time, and that the formula is
of the required shape. O

A special case of the problem is when all literals that appear in the formulas F; are positive, i.e.,, we have no negations.
We call this special case CHAINED WEIGHTED POSITIVE CNF-SATISFIABILITY.

Theorem 8. CHAINED WEIGHTED POSITIVE CNF-SATISFIABILITY is XNLP-complete.

Proof. We modify the proof of the previous result. Note that we can replace each negative literal by the disjunction of all
other literals from a set where exactly one is true, i.e., we may replace —(x rs) and —=(yy ;) by

\/ X' r,s' and \/ Yv.r.z
s'#s Z'#z

respectively. The modification can be carried out in logarithmic space and polynomial time, and gives an equivalent formula.
Thus, the result follows. O

A closer look at the proof of Theorem 7 shows that F, = F3 =--- = F,_5, and more specifically, we have a condition
on Xi, a condition on X;, and identical conditions on all pairs X; U X;.1 with i from 1 to r — 1. Thus, we also have
XNLP-completeness of the following special case:
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PREREGULAR CHAINED WEIGHTED CNF-SATISFIABILITY

Input: r sets of Boolean variables X1, Xa,...X;, each of size q; an integer k € N; Boolean formulas Fg, Fi, Fy in
conjunctive normal form, where Fy and F; are expressions on q variables, and F; is an expression on 2q variables.

Parameter: k.

Question: Is it possible to satisfy the formula

FoXon  /\ Fi(Xi Xig1) A Fa(Xy)

1<i<r—1

by setting exactly k variables to true from each set X; and all others to false?

Moreover, the argument in the proof of Theorem 8 can be applied, and thus PREREGULAR CHAINED WEIGHTED POSITIVE
CNF-SATISFIABILITY (the variant of the problem above where all literals in Fg, F1 and F; are positive) is XNLP-complete.

For a further simplification of our later proofs, we obtain completeness for a regular variant with only one set of con-
straints.

REGULAR CHAINED WEIGHTED CNF-SATISFIABILITY

Given: r sets of Boolean variables X1, X, ...X;, each of size q; integer k € N; Boolean formula F, which is in con-
junctive normal form and an expression on 2q variables.

Parameter: k.

Question: Is it possible to satisfy the formula

N\ FXi, Xisn)

1<i<r—1

by setting exactly k variables to true from each set X; and all others to false?
Theorem 9. REGULAR CHAINED WEIGHTED CNF-SATISFIABILITY is XNLP-complete.

Proof. The idea of the proof is to add the constraints from add the constraints from Fy and F, to Fq, resulting in a new F,
but to ensure that these constraints are only “verified” at the start and at the end of the chain.

To achieve this, we add variables t; ; for i € [1,r] and j € [1,r], with t; j part of X;. We increase the parameter k by
one. The construction is such that t; ; is true, if and only if i = j; t; 1 implies all constraints from Fo, and t; , implies all
constraints from F;. The details are as follows. We start by setting F = Fy, and then in a number of steps, add additional
constraints to F.

1. We ensure that for all i € [1, ], exactly one t; ; is true. This can be done by adding a clause

\/ ti,j~

1<j=r

As the number of disjoint sets of variables that each have at least one true variable still equals k (as we increased both
the number of these sets and k by one), we cannot have more than one true variable in the set.

2. For all i e [1,7] and j € [1,r], we enforce the constraint t; ; < tiy1 j+1 by adding the clauses —t; ; Vv tiy1 j+1 and
tij VvV —lit1,j+1.

3. We add a constraint that ensures that t; 1 is false for all i € [2, r]. This can be done by adding the clause with one literal
—tis1,1 to the formula Fq(Xj, Xi+1), i.e., we have a condition on a variable that is an element of the set given as second
parameter. Together with the previous set of constraints, this ensures that t; 1 is true then i =1.

4. Similarly, we add a constraint that ensures that t; ; is false for i <r. This is done by adding a clause with one literal
=tir to F(Xi, Xiy1).

5. We add a constraint of the form t; — Fo(X) to F; for all i, the variable ¢; is substituted by t; ; and X by X;.

6. We add a constraint of the form t, — F2(X) to F; for all i, the variable 1 is substituted by ¢; ; and X by X;.

The first four additional constraints given above ensure that for all i € [1,r] and j € [1,r], t; ; is true if and only if i = j.
Thus, the fifth constraint enforces Fo(Xj) (since t1 1 has to be true); for i > 1, this constraint has no effect. Likewise, the
sixth constraint enforces F,(X;). Hence, the new set of constraints is equivalent to the constraints for the first version of
PREREGULAR CHAINED WEIGHTED CNF-SATISFIABILITY.

Using standard logic operations, the constraints can be transformed to conjunctive normal form; one easily can verify
the time and space bounds. O

Again, with a proof identical to that of Theorem 8, we can show that the variant with only positive literals (REGULAR
CHAINED WEIGHTED PoSITIVE CNF-SATISFIABILITY) is XNLP-complete.
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From the proofs above, we note that each set of variables X; can be partitioned into k subsets, and a solution has exactly
one true variable for each subset, e.g., for each t’, exactly one xy s is true in the proof of Theorem 7. This still holds after
the modification in the proofs of the later results. We define the following variant.

PARTITIONED REGULAR CHAINED WEIGHTED CNF-SATISFIABILITY

Input: r sets of Boolean variables Xi, X3, ... X, each of size q; an integer k € N; Boolean formula F, which is in
conjunctive normal form and an expression on 2q variables; for each i, a partition of X; into X;1,..., X;x with
for all i1,12, j: Xy jl =1Xiy,jl.

Parameter: k.

Question: Is it possible to satisfy the formula

N FXi, Xig)

1<i<r-1

by setting from each set X; j exactly 1 variable to true and all others to false?

We call the variant with only positive literals PARTITIONED REGULAR CHAINED WEIGHTED POSITIVE CNF-SATISFIABILITY.

Corollary 10. PARTITIONED REGULAR CHAINED WEIGHTED CNF-SATISFIABILITY and PARTITIONED REGULAR CHAINED WEIGHTED PosI-
TIVE CNF-SATISFIABILITY are XNLP-complete.

3.2. Chained multicolored clique

The MuLTICOLORED CLIQUE problem is an important tool to prove fixed parameter intractability of various parameterized
problems. It was independently introduced by Pietrzak [47] (under the name PARTITIONED CLIQUE) and by Fellows et al. [34].

In this paper, we introduce a chained variant of MULTICOLORED CLIQUE. In this variant, we ask to find a sequence of
cliques that are overlapping with the previous and next clique in the chain.

CHAINED MULTICOLORED CLIQUE

Input: Graph G = (V, E); partition of V into sets V1, ..., V;, such that for each edge {v,w}€E,if veV;and we V},
then |i — j| <1; function f:V — {1,2,...,k}.

Parameter: k.

Question: Is there a subset W C V such that for each i € [1,r — 1], W N (V; U Vi41) is a clique, and for each i € [1,1]
and each j €[1,k], there is a vertex w € V; N W with f(w) = j?

Thus, we have a clique with 2k vertices in V; U V;yq for each i € [1,r — 1], with for each color a vertex with that color in
Vi and a vertex with that color in V;;;. Importantly, the same vertices in V; are chosen in the clique for V;_; U V; as for
ViU Vi4q for each i € [2,r — 1]. Below, we call such a set a chained multicolored clique.

Theorem 11. CHAINED MULTICOLORED CLIQUE is XNLP-complete.

Proof. Membership in XNLP is easy to see: iteratively guess for each V; which vertices belong to the clique. We only need
to keep the clique vertices in V;_1 and V; in memory.

We now prove hardness via a transformation from PARTITIONED REGULAR CHAINED WEIGHTED POSITIVE CNF-SATISFIABILITY.
We are given:

e 1 sets of Boolean variables X1, X, ... X;, each of size q;
e an integer k € N; for each i, a partition of X; into X; 1, ..., Xj with for all i1, iz, j: [Xi, jl = [Xi,, 15
e a Boolean formula F, which is in conjunctive normal form using only positive literals and an expression on 2q variables.

We need to decide if it is possible to satisfy the formula

N\ FXi, Xis1)

1<i<r-1

by setting from each set X; ; exactly 1 variable to true and all others to false.

We build an equivalent instance of CHAINED MULTICOLORED CLIQUE. See Fig. 2 for an example of the construction. We
create a graph with the following vertices. For each i € [r — 1] and for each clause ¢ in F, we create a vertex set V;.
Informally, this serves to check whether the clause c is satisfied by X; U Xj+1, so we need to “track” which of those variables
are set to true. For each j € [k], we add the following vertices to Vi .

10
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00
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Fig. 2. The construction in the proof of Theorem 11 is illustrated for r =2, g =6 and k = 2. This means the variables sets X; ; are of size 3. The formula
F has two clauses: the first with three (positive) literals, and the second with four positive literals. These literals correspond to the vertices in the sets
marked with an ellipse that are endpoint of an edge with the other endpoint in a green squared set. For visibility, in (a) only some of the edges are shown.
Each vertex of type a or b is incident to all selection vertices in the current and next part, except those corresponding the set represented by the a or b
vertex. The selection vertices are incident to all selection vertices in the current and next part, with a few exceptions: there is no adjacency to vertices in
the same set, and when edges are shown in part (a) to other vertices in a set. Additional adjacencies are indicated in (b) and (c); the fat edges represent
complete bipartite subgraphs.

e We add two vertices ac; j and b ; j. We give these the color 2k 4 1. Informally, choosing the vertex ac ; j corresponds
to satisfying clause c using a vertex from X; ;; similarly, choosing the vertex b.; j corresponds to satisfying clause ¢
using a vertex from Xjq ;. We refer to these as clause checking vertices.

e For each x € X; j, we add a vertex vy j . which we give color j. These vertices keep track of the variable x from X; ;
which is assigned true. We refer to these as current selection vertices and say vy j ¢ selects x.

e For each y € Xj 1 j, we add a vertex wy ; j - which we give color j+ k. These vertices keep track of the variable y from
Xit1,j which is assigned true. We refer to these as next selection vertices and say wy ; j . selects y.

This defines the vertex set and vertex coloring (with 2k + 1 colors, the new parameter).
We place an arbitrary order on the clauses c1,...,cy in F and the partition of the vertex set gets the order

(Vl,q, Vl,cz’ ceey Vl,cf’ V2,c17 V2,cz g ey Vrfl,Cf)-

Next, we define the edges, which will only be between vertices in the same or consecutive parts (according to the partition
order above). The idea is that vertices that model different selection choices have no restrictions on each other; however, if
we choose vy ; j then we should also choose vy ; j ~ for all future ¢/, for example.

We first describe the adjacencies between the (current or next) selection vertices.

e Case 1: vertices with the same i € [r — 1]. If selection vertices u € V; . and u’ € V; ~ are placed in the same part (c =’),
or consecutive parts, then they are adjacent if and only if
- they have different colors (from [2k]), or
- they select the same vertex (i.e. u' = vy jc and u =vy; j for some x, or u=wy; j. and u'=w,; ; » for some y).

11
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e Case 2: one vertex has i € [r — 2] and the other i + 1. The vertices u € V; . and u’ € V1, are adjacent if
- u is a current selection vertex (“v-type”), or
- u’ is a next selection vertex (“w-type”), or
- U=Wyjjc and U =vy; j ¢, Where j# j or x=x.

Note that, as we wanted, if vertices are in a consecutive part, and both model selection from the same set X; ;, then they
are only adjacent if they select the same vertex.

Next, we define adjacencies to ac;j and b ; in order to check whether c is satisfied. For i e [r — 1], j e [k] and ¢ a
clause in F,

e the vertices ac; j and b ; j are adjacent to all vertices from the previous and next part;

o the vertex ac; j is adjacent to vy jc € V; if and only if x € X; ; appears in c (as a positive literal), and ac ; ; is adjacent
to all vertices of the form wy ; j;

o the vertex b ; ; is adjacent to wy ; j . € Viyq if and only if y € X;;1 j appears in c (as a positive literal), and b ; j is
adjacent to all vertices of the form vy j .

Note that there are only edges between vertices in consecutive parts and that if p is the total number of clauses in F and
£ =max; j|X; j|, our total number of created vertices is at most rk(¢ + 2)p.

We claim the created instance admits a multicolored clique if and only if the original instance was satisfiable.

Suppose first that we are given a satisfying assignment, given by a choice of t; j € X; ; for each i € [r] and j € [k] (i.e.
the variables to be set to true). For i € [r], j € [k] and clause ¢ from F, we select Vi e if i <r—1 and we also select
Wy, ;i—1,j,c if i > 2. These vertices are adjacent (for any choice of t; ) so this is a multicolored clique except for missing the
color 2k +1 in all parts. For each i € [r — 1] and clause c, there is a choice of j € [k] such that either t; ; or ;11 ; appears in
¢, since c is satisfied. We choose ac ; j or b ; j respectively. This gives the desired multicolored clique (with all 2k + 1 colors
now).

Conversely, if we are given a multicolored clique, then for i € [r] and j € [k], let vy j, be the chosen vertex of color j
from V;,. We set x € X; ; to true. This gives an assignment which sets the right number of variables to true and we need
to check if it satisfies all the clauses. Let i € [r — 1] and ¢ a clause in F. There has to be a vertex u of color 2k + 1 in V;,
so u is a clause checking vertex.

e Case 1: u is of the form ac; j. It is adjacent to the chosen vertex of color j from V;, of the form vy; j. (since we
have a clique). By definition of the edges, this means x € X; ; appears in ¢ and so we just need to argue that x has been
set to true. This follows from an inductional argument: it is immediate if ¢ =c; and if c = ¢, for b > 1, then the only
vertex in the previous part of color j that is adjacent to V. j ¢ iS Vx,i,j,c, ;- SO Vxi j,c,_, Must be part of the clique, and
continuing, vy j, must be part of the clique and indeed we set x to true.

e Case 2: u is of the form b ; ;. This must be adjacent to a chosen vertex of the form wy; ;. of color j+ k. Again, the
clause will be satisfied if we set x € X1, j to true, which we did if we chose the vertex vy i_1 j,. This follows by a
similar inductional argument.

All clauses are satisfied so indeed there is a satisfying assignment.
This shows the required equivalence and proves the claim. Finally, we note the reduction is easily performed in f (k) +
log(rp¢) space. O

A simple variation is the following. We are given a graph G = (V, E), a partition of V into sets Vi,...,V, with the
property that for each edge {v,w} e E,if ve V; and w e V; then |i — j| <1, and a coloring function f:V — {1,2,...,k}. A
chained multicolored independent set is an independent set S with the property that for each i € [1, r] and each color j € [1, k],
the set S contains exactly one vertex v € V; of color f(v) = j. The CHAINED MULTICOLORED INDEPENDENT SET problem asks
for the existence of such a chained multicolored independent set, with the number of colors k as parameter. We have the
following simple corollary.

Corollary 12. CHAINED MULTICOLORED INDEPENDENT SET is XNLP-complete.

Proof. This follows directly from Theorem 11, by observing that the following “partial complement” of a partitioned graph
G=(Vq1U---UV,, E) can be constructed in logarithmic space: create an edge {v, w} if and only if there is an i with v € V;
and we V;UViiq, v#wand {v,w}¢E. O

3.3. CSP with binary constraints parameterized by pathwidth

In this paper, we consider the Constraint Satisfaction Problem where constraints are binary, often called the BINARY CSP
problem. The problem can be viewed as a generalization of graph coloring. The formal definition is given below.

12
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An instance of BINARY CSP is a triple

I=(G,{Dw): ueV(G)},{Cu,v): {u,vieEWG))}),

where

e G is an undirected graph, called the Gaifman graph of the instance;

e for each u € V(G), D(u) is a finite set called the domain of u; and

e for each {u, v} € E(G), C(u,v) C D(u) x D(v) is a binary relation called the constraint at {u, v}. Throughout this paper,
we apply the convention that C(v,u) = {(b,a) | (a,b) € C(u, v)}.

A satisfying assignment for an instance [ is a function n that maps every variable u to a value n(u) € D(u) such that for
every edge {u, v} of G, we have (n(u),n(v)) € C(u, v). The BINARY CSP problem asks, for a given instance I, whether I is
satisfiable, that is, there is a satisfying assignment for I.

For BINARY CSP parameterized by pathwidth, we assume a path decomposition of width k of the Gaifman graph G is also
given as part of the input and consider k as our parameter.

Theorem 13. BINARY CSP is XNLP-complete when parameterized by the following parameters:

1. pathwidth;

2. pathwidth + maximum degree;
3. cutwidth;

4. bandwidth.

Proof. We first prove membership when parameterized by pathwidth, using a “standard” dynamic programming approach.
If the given path decomposition is (X1, X2,..., X¢), thenfori=1,...,n,

we (non-deterministically) guess an element of f;(v) € D(v) for each v € X; (which we store in memory),
we check constraints: check if (fij(u), fi(v)) € C(u, v) for all u, v € X; with {u, v} € E(G) (else fail),

we check consistency: if v € X;_1, we check whether f;j(v) = fi_1(v) (else fail),

we free up memory (forget f;_q(v) for all v € Xj_1).

The total memory used is O (klogn) bits, with k the pathwidth and n the number of vertices. The described non-
deterministic algorithm also runs in fpt time. Membership for the other parameters follows analogously.

Next, we prove XNLP-hardness via a transformation from CHAINED MULTICOLORED CLIQUE.

Let G = (V,E) be a k-colored graph with partition V1,..., V; of the vertex set, such that edges are only between the
same or consecutive parts.

For each i € [r] and j € [k], we create a vertex u; j. Let U; = {u; j : j € [k]}. A vertex u € U; is adjacent to v € Uy if and
only if |i —i’| < 1. This defines the Gaifman graph. So

(X1,..., Xr—1) == (U1 UU2,U2UU3,...,Ur—1 UU)

gives a path decomposition of the Gaifman graph of width at most 2k. Moreover, the maximum degree of the graph is at
most 3k and the total number of vertices is rk.

For i e [r] and j e [k], the domain D(u; ;) is given by the set of vertices of color j in V;. Adjacent vertices u; ; and ujy j
have the following constraint set:

C(uij, uy j) ={(v,v') € D(uj j) x D(uy j) | {v,v'} € E(G)}.

In words, they may only be assigned to adjacent vertices (from V; of color j and V; of color j’ respectively, by definition
of the domains).

Once the construction is understood, the equivalence is direct: any satisfying assignment is a multicolored clique and
vice versa.

The Gaifman graph in our reduction has bandwidth at most 2k —1: take the linear ordering f with f(u; ;) =(@G{—1)-k+].
(Le., we first number the vertices in Uq, then in Uj, etc. As each vertex is only adjacent to the vertices in its own set Uj,
and the previous and next sets U;_1, and U;;1, the bandwidth of this ordering is 2k — 1.) This linear ordering f also has
cutwidth O (k?), and the hardness for all claimed parameters now follows. O

We remark that we will later show that LisT COLORING is also XNLP-complete parameterized by pathwidth. The simple
reduction however blows up the maximum degree, which is to be expected because the problem becomes fpt when both
the pathwidth and the maximum degree are bounded. This means that we cannot expect to extend the result above to LisT
CoLORING for the other three parameters.
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3.4. Non-decreasing counter machines

In this subsection, we introduce a new simple machine model, which can also capture the computational power of XNLP
(see Theorem 14). This model will be a useful stepping stone when proving XNLP-hardness reductions in Section 4.

A Nondeterministic Nondecreasing Checking Counter Machine (or: NNCCM) is described by a 3-tuple (k,n,s), with k and n
positive integers, and s = (s1,...,Sr) a sequence of 4-tuples (called checks). For each i € {1,...,r}, the 4-tuple s; is of the
form (cq, c2,11,12) With ¢1,¢3 €{1,2,...,k} positive integers and 1,12 € {0, 1, 2, ...,n} non-negative integers. These model
the indices of the counters and their values respectively.

An NNCCM (k,n, s) with s = (s1,...,sr) works as follows. The machine has k counters that are initially 0. For i from 1
to r, the machine first sets each of the counters to any integer that is at least its current value and at most n. After this,
the machine performs the ith check s; = (c1, ¢c3, 11, 12): if the value of the cqth counter equals r; and the value of the cth
counter equals r, then we say the ith check rejects and the machine halts and rejects. When the machine has not rejected
after all r checks, the machine accepts.

For example, we may have n =2 and k = 3, with checks

s=1((1,2,0,1),(2,3,1,1),(1,3,0,2)).

We pass s; since (c1,c2) = (0,0) # (0,1). We then increase c; to 1 and increase c3 to 2. We succeed s, and s3 since
(c2,¢c3) =(0,2) #(1,1) and (c1,c3) = (1,2) # (0, 2). The machine accepts since none of the checks rejected. (Many varia-
tions on this also work.) An example which always rejects is n=1,k =2 and

$=1((1,2,0,0),(1,2,1,0),(1,2,0,1), (1,2, 1, 1)).

The nondeterministic steps can be also described as follows. Denote the value of the cth counter when the ith check
is done by c(i). We define c(0) = 0. For each i € {1,...,r}, c(i) is an integer that is nondeterministically chosen from
[ci—1),n].

We consider the following computational problem.

ACCEPTING NNCCM

Given: An NNCCM (k, n, s) with all integers given in unary.
Parameter: The number of counters k.

Question: Does the machine accept?

Theorem 14. ACCEPTING NNCCM is XNLP-complete.

Proof. We first argue that ACCEPTING NNCCM belongs to XNLP. We simulate the execution of the machine. At any point,
we store k integers from [0, n] that give the current values of our counters, as well as the index i € [1,r] of the check
that we are performing. This takes only O (klogn + logr) bits. When we perform the check s; = (cq1, c2,11,12), wWe store
the values c1, ¢z, 71,12 in order to perform the check using a further O (logn) bits. So we can simulate the machine using
O (klogn + logr) space. The running time is upper bounded by some function of the form f (k) - poly(n,r).

We now prove hardness via a transformation from CHAINED MULTICOLORED CLIQUE. We are given a k-colored graph with
vertex sets V1,..., Vs. By adding isolated vertices if needed, we may assume that, for each i € [1, s], the set V; contains
exactly m vertices of each color. We will assume that ¢ is even; the proof is very similar for odd ¢. We set n =ms.

We create 4k counters: for each color i € [1, k], there are counters ¢; 1,4, Ci.1,—, Ci,0+, Ci,0,—. We use the counters ¢; 1 +
for selecting vertices from sets V; with j odd and the counters c; o + for selecting vertices from sets V; with j even.

The intuition is the following. We increase the counters in stages, where in stage j we model the selection of the vertices
from V;. Say j is even. We increase the counters c; o 4, Ci,0,— to values within [jm 4 1, (j + 1)m]. Since counters may only
move up, there can be at most one £ € [1,m] for which the counters at some point take the values ¢; o4+ = jm+ ¢ and
Ci,0,— = (j+1)m + 1 — £. We enforce that such an ¢ exists and interpret this as placing the £th vertex of color i in V; into
the chained multicolored clique.

We use the short-cut (c1, ¢z, Rq, Ry) for the sequence of checks ((c1,c¢2,71,72) : 71 € R1, 2 € Ry) performed in lexico-
graphical order, e.g. for R1 ={1,2} and R, = {1, 2, 3}, the order is (1, 1), (1,2), (1,3), (2, 1), (2,2), (2, 3).

For each j € [1,s], the jth vertex selection check confirms that for each i € [1,k], (¢i par,+, Ci,par,—) is of the form (jm +
£,(j+1)m+1—¢) for some £ € [1,m], where par denotes the parity of j. For each i € [1,k], we set ¢1 = ¢j par,+ and
€2 = Ci,par,—, and perform the following checks in order.

1' (C15C25[0’ ]m_1]7[07n]);

2. (c1,¢2,[0,n], [0, jm —1]);

3. for L€ [1,m], (c1,c2, {jm + €}, [jm, G+ DmIN{(j+ Dm+1—¢});
4. (c1,¢2,[(j+1m+1,n],[0,n]);

5. (c1,¢2,[0,n], [(j + 1)m+1,n]).

14
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Suppose all the checks succeed. After the second check, ¢; and ¢, are both at least jm, and before the last two checks, cq
and ¢, are both at most (j+ 1)m. The middle set of checks ensure that there is some ¢ for which the cqth counter and c,th
counter have been simultaneously at the values jm+ ¢ and (j 4+ 1)m + 1 — £ respectively. We say the check chooses ¢ for cq
and c;. Since the counters can only move up, this £ is unique.

This is used as a subroutine below, where we create a collection of checks such that the corresponding NNCCM accepts
if and only if the k-colored graph has a chained multicolored clique. For j =1 to s, we do the following:

e Let par = j mod 2 denote the parity of j and let par’ =1 — par € {0, 1} denote the opposite parity.

e We perform a jth vertex selection check.

e We verify that all selected vertices in V; are adjacent. Let uu’ be a non-edge with u,u’ € V;. Let £,i,¢',i with
i #1i be such that u is the ¢th vertex of color i in V; and u’ is the ¢’th vertex of color i’. We add the check
(Ci, par,+» Ci", par,+> jm + £, jm + £'). This ensures that we do not put both u and v’ in the clique of V;.

e If j> 1, then we verify that all selected vertices in V; are adjacent to all selected vertices in V;_i. Let uu’ be a non-
edge with u e Vj and u’ € V;_; and let ¢,i,¢',i’ be as above. We add the check (c; par,+. Cit par',+, jm + €, jm +£) to
ensure that we do not put both u and u’ into the clique.

e We finish with another jth vertex selection check. If j > 1, we also do a (j — 1)th vertex selection check. This ensures
our counters are still “selecting vertices” from V;_; and V.

We now argue that the set of checks created above accepts if and only if the graph contains a chained multicolored clique.
Suppose first that such a set W C V exists for which W N (V; UV ,q) forms a clique for all j and W contains at least one
vertex from V; of each color. We may assume that W; = W NV is of size k for each j. Let j € [1, s] be given of parity par
and for each i € [k], let the f(i)th vertex of V; of color i be in W ;. Before the first jth vertex selection check, we move
the counters (i par,+, Ci,par,—) t0 (jm+ f(i), (j+1)m —1— f(i)), and these will be left there until the first (j+ 2)th vertex
selection check. This will ensure that all the checks accept.

Suppose now that all the checks accept. We first make an important observation. Let two counters ¢y and ¢, be given. If
in an iteration above, the first vertex selection check chooses ¢ for c¢; and ¢ and the second vertex selection check chooses
£/, then it must be the case that £ = ¢'. Indeed, we cannot increase cq or c; beyond (j+ 1)m before the last vertex selection
check, and they need to be above jm due to the first. If the first vertex selection check selects ¢, then the cith counter
is at least jm + ¢, so in order for it to be jm + ¢ in the second check, we must have ¢ > £. Considering the value of the
coth counter, we also find £ > ¢’ and hence ¢ = ¢. In particular, the counters cannot have moved between the two vertex
selection checks.

It is hence well-defined to, for j € [1, s] of parity par, let W; be the set of vertices that are for some color i € [1, k] the
£th vertex of color i in Vj, where ¢ denotes the unique value that is selected by a jth vertex selection check for ¢; per,+ and
Ci,par,—- We claim that W = U§:1 W is our desired multicolored chained clique. It contains exactly one vertex per color
from V. Suppose u € W; and u’ € W;_; UW; are not adjacent and distinct. Let i, par, £ be such that u is the £th color of
parity par in V; for j of parity par, and similar for i’, par’, ¢’. Then at the jth iteration, the check (ci par,+,Ci’ par,+, jm +
£, jm+¢") has been performed (because uu’ is a non-edge). Since u,u’ € W and this check is done between vertex selection
checks, the counters have to be at those values. This shows that there is a check that rejects, a contradiction. So W must
be a chained multicolored clique. O

The AccepTING NNCCM problem appears to be a very useful tool for giving XNLP-hardness proofs. Note that one step
where the k counters can be increased to values at most n can be replaced by kn steps where counters can be increased
by one, or possibly a larger number, again to at most n. This modification is used in some of the proofs in the following
section.

4. Applications

In this section, we consider several problem, which we prove to be XNLP-complete. Using the building blocks of the
previous section, we provide XNLP-completeness results for the following problems:

e Subsection 4.1: LisT COLORING and PRECOLORING EXTENSION parameterized by pathwidth.

e Subsection 4.2: DOMINATING SET and INDEPENDENT SET parameterized by logarithmic pathwidth.

e Subsection 4.3: SCHEDULING WITH PRECEDENCE CONSTRAINTS parameterized by the number of machines and the partial
order width.

e Subsection 4.4: UNIFORM EMULATIONS OF WEIGHTED PATHS.

e Subsection 4.5: BANDWIDTH.

e Subsection 4.6: AcycLIC FINITE STATE AUTOMATA INTERSECTION.
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4.1. List coloring parameterized by pathwidth

In this section, we show that LisT COLORING and PRECOLORING EXTENSION are XNLP-complete when parameterized by
pathwidth.

In the LisT COLORING problem, we are given a graph G = (V, E), a finite set of colors C, and for each vertex v e V, a
subset of the colors C(v) C C, and ask if there is a function f:V — C, such that each vertex gets assigned a color from
its own set: Vv € V : f(v) € C(v), and the endpoints of each edge have different colors: V{v, w} € E: f(v) # f(w). We call
such a function f a list coloring for G.

In the PRECOLORING EXTENSION problem, we are given a graph G = (V, E), a set of colors C, a set of precolored vertices
W C V, a function p: W — C, and ask for a coloring f :V — C that extends p (for all w e W : f(w) = p(w)), such that
the endpoints of each edge have different colors: V{v, w} € E: f(v) # f(w).

The LisT COLORING and PRECOLORING EXTENSION problems parameterized by treewidth or pathwidth belong to XP [41].
Fellows et al. [33] have shown that LisT COLORING and PRECOLORING EXTENSION parameterized by treewidth are W[1]-hard.
(The transformation in their paper also works for parameterization by pathwidth.) We strengthen this result by showing
that LisT COLORING and PRECOLORING EXTENSION parameterized by pathwidth are XNLP-complete. Note that this result also
implies W[t]-hardness of the problems for all integers t. Note that the standard GRAPH COLORING problem is fixed parameter
tractable with treewidth as parameter [2].

Theorem 15. List COLORING parameterized by pathwidth is XNLP-complete.

Proof. Membership follows analogously to BINARY CSP (or by using that LisT COLORING is a special case of this).

In order to prove hardness, we reduce from BINARY CSP. Let an instance (G, (D(u))yev(c), (C(U, V)){u,vicE(G)) Of BINARY
CSP be given. We create a new graph G’ which will be an “enlarged” version of G. To create G’, we start with a copy of G.
The vertices in this copy also have the same domains: if v/ € V(G’) is a copy of v € V(G), then L(v') = D(v).

For an edge {u,v} € E(G), let u’,v' € V(G') denote the copies of u,v € V(G). For each pair (c,d) € (D(u) x D(v)) \
C(u, v), we add a helper vertex hy, .4 to V(G’) with list {c,d} and make it adjacent to u’ and v’.

A list coloring « of the copy of G within G’ is exactly an assignment of the original instance (which satisfies the
domains). It is easily checked that such a list coloring extends to the helper vertices of G’ if and only if (x(u’),x(v')) €
C(u, v) for all edges {u, v} in G. This means there exists a list coloring if and only if there is a satisfying assignment for the
original instance.

Finally, we note that the pathwidth of G’ is at most the pathwidth of G plus 1. Indeed, the only new vertices are the
“helper vertices”, which are adjacent to two adjacent vertices. 0O

We deduce the following result from a well-known transformation from LisT COLORING.
Corollary 16. PRECOLORING EXTENSION parameterized by pathwidth is XNLP-complete.

Proof. Membership follows immediately since PRECOLORING EXTENSION can be seen as a special case of LisT COLORING in
which the precolored vertices have lists of size one.

We prove hardness via a reduction from LisT COLORING. Consider an instance of LisT COLORING with graph G = (V, E)
and color lists C(v) for all v e V. Let C =|J,y C(v) be the set of all colors. For each vertex v with color list C(v), for
each color y € C\ C(v), add a new vertex that is only adjacent to v and is precolored with y. The original vertices are not
precolored. It is easy to see that we can extend the precoloring of the resulting graph to a proper coloring, if and only if
the instance of LisT COLORING has a solution.

The procedure increases the pathwidth by at most one. Indeed, if we are given a path decomposition of G, then we can
build the path decomposition of the resulting graph as follows. We iteratively visit all the bags X; of the path decomposition.
Let v € X; be a vertex for which X; is the first bag it appears in (so i =1 or v ¢ X;_1). We create a new bag X; U{w} for each
new neighbor w of v and place this bag somewhere in between X; and Xj1. This transformation can be easily executed
with k + O (logn) bits of memory. O

From Theorem 15, and Corollary 16 we can also directly conclude that LisT COLORING and PRECOLORING EXTENSION are
XNLP-hard when parameterized by the treewidth. However, we expect that these problems are not members of XNLP; they
are shown to be complete for the class XALP in [17], and we conjecture that XNLP is a proper subset of XALP.

4.2. Logarithmic pathwidth

There are several well known problems that can be solved in time O(c*n) for a constant ¢ on graphs of pathwidth or
treewidth at most k. Classic examples are INDEPENDENT SET and DOMINATING SET (see e.g., [24, Chapter 7.3]), but there are
many others, e.g., [8,52].

In this subsection, rather than bounding the pathwidth by a constant, we allow the pathwidth to be linear in the
logarithm of the number of vertices of the graph. We consider the following problem.
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00 1

Fig. 3. An example of a clause gadget is depicted. Here, t =2 and only the variable with index 00 satisfies clause ¢

LoG-PATHWIDTH DOMINATING SET Input: Graph G = (V, E), path decomposition of G of width ¢, integer K.
Parameter: [¢/log|V|].
Question: Does G have a dominating set of size at most K?

The independent set variant and clique variants are defined analogously.
Theorem 17. LoG-PATHWIDTH DOMINATING SET is XNLP-complete.

Proof. It is easy to see that the problem is in XNLP — run the standard dynamic programming algorithm for DOMINATING
SET on graphs with bounded pathwidth, but instead of computing full tables, guess the table entry for each bag.

Hardness for XNLP is shown with help of a reduction from PARTITIONED REGULAR CHAINED WEIGHTED POSITIVE CNF-
SATISFIABILITY.

Suppose we are given F, X1, ..., X;, ¢, k, X;j (1 <i<r, 1< j<k) as instance of the PARTITIONED REGULAR CHAINED
WEIGHTED PoSITIVE CNF-SATISFIABILITY problem.

We assume that each set X; j is of size 2° for some integer t; otherwise, add dummy variables to the sets and a clause
for each X; ; that expresses that a non-dummy variable from the set is true. Let ¢ be the number of clauses in F. We now
describe in a number of steps the construction of G.

Variable choice gadget For each set X; ; we have a variable choice gadget. The gadget consists of t copies of a K3. Each of
these K3’s has one vertex marked with 0, one vertex marked with 1, and one vertex of degree two, i.e., this latter vertex
has no other neighbors in the graph.

The intuition is the following. We represent each element in X; ; by a unique t-bit bitstring (recall that we ensured that
[Xi j| =2%). Each K3 represents one bit, and together these bits describe one element of X; j, namely the variable that we
set to be true.

Clause checking gadget Consider a clause ¢ on X; U X;11. We perform following construction separately for each such clause,
and in particular the additional vertices defined below are not shared among clauses. For each j € [1,k], we add 2! + 2
additional vertices for both X; ; and X;1 ;, as follows.

e We create a variable representing vertex vy for each variable x € X; ; U X;11,j. We connect vy to the each vertex that
represents a bit in the complement of the bit string representation of x.

e We add two new vertices for X; j and also for X;11 j (see z; and z; in Fig. 3). These vertices are incident to all variable
representing vertices for variables from the corresponding set.

We call this construction a variable set gadget.

The clause checking gadget for ¢ consists of 2k variable set gadgets (for each j € [1, k], one for each set of the form X; j
and X;1,;), and one additional clause vertex. The clause vertex is incident to all vertices in the current gadget that represent
a variable that satisfies that clause. In total, we add 2 - k - (2{ +2) + 1 variables per clause.

The intuition is the following. From each triangle, we place either the vertex marked with O or with 1 in the dominating
set. This encodes a variable for each X; ; as follows. The vertices in the triangles dominate all but one of the variable
representing vertices; the one that is not dominated is precisely the encoded variable. This vertex is also placed in the
dominating set (we need to pick at least one variable representing vertex in order to dominate the vertices z; and z;
private to X; ;). The clause is satisfied exactly when the clause vertex has a neighbor in the dominating set.

The graph G is formed by all variable choice and clause checking gadgets, for all variables and clauses. Recall that c is
the number of clauses in F.

Claim 17.1. There is a dominating set in G of size rkt + 2kc(r — 1), if and only if the instance of PARTITIONED REGULAR CHAINED
WEIGHTED PoSITIVE CNF-SATISFIABILITY has a solution.
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Proof. Suppose we have a solution for the latter. Select in the variable choice gadgets the bits that encode the true variables
and put these in the dominating set S. As we have rk sets of the form X; j, and each is represented by t triangles of which
we place one vertex per triangle in the dominating set, we already used rkt vertices.

For each clause, we have 2k sets of the form X; ;. For each, take the vertex that represents the true variable of the set
and place it in S. Note that all vertices that represent other variables are dominated by vertices from the variable choice
gadget. For each set X; j, the chosen variable representing vertex dominates the vertices marked z; and z;. As the clause
is satisfied, the clause vertex is dominated by the vertex that represents the variable representing vertex for the variable
that satisfies it. This shows S is a dominating set. We have (r — 1)c clauses in total, and for each we have 2k sets of the
form X; ;. We placed one variable representing vertex for each of these (r — 1)c - 2k sets in the dominating set. In total,
|S| =rkt 4+ 2kc(r — 1) as desired.

For the other implication, suppose there is a dominating set S of size rkt + 2kc(r — 1).

We must contain one vertex from each triangle in a variable choice gadget (as the vertex with degree two must be
dominated). Thus, these gadgets contain at least rkt vertices from the dominating set.

Each of the vertices marked z; and z; must be dominated. So we must choose at least one variable choice vertex per
variable set gadget. This contributes at least 2kc(r — 1) vertices.

It follows that we must place exactly those vertices and no more: the set S contains exactly one vertex from each
triangle in a variable choice gadget and exactly one variable selection vertex per variable set gadget. Note that we cannot
replace a variable selection vertex by a vertex marked z; or z;: either it is already dominated, or we also must choose its
twin, but we do not have enough vertices for this.

From each triangle in a variable choice gadget, we must choose either the vertex marked 0 or 1, since otherwise one of
the variable selection vertices will not be dominated. This dominates all but one of the variable selection vertices, which
must be the variable selection vertex that is in the dominating set. We claim that we satisfy the formula by setting exactly
these variables to true and all others to false. (Note also that we set exactly one variable per set X; j to true this way.)
Indeed, the clause vertex needs to be dominated by one of the variable selection vertices, and by definition this implies that
the corresponding chosen variable satisfies the clause. O

The path decomposition can be constructed as follows. Let V; for i € [1,r — 1] be the set of all vertices in the variable
choice gadgets of all sets X; ; and Xj;q; with j e [1,k]. For any given i, we create a path decomposition that covers all
vertices of V; and all clause gadgets connected to V;. We do this by sorting the clauses in any order, and then one by one
traversing the clause checking gadgets. Each time, we begin by adding the z-vertices and the clause vertex of the gadget to
the current bag. Then, iteratively we add and remove all the variable representing vertices one by one. After this, we remove
the z-vertices and clause vertex from the bag and continue to the next clause. At any point, there are at most 6k - t + 4k + 2
vertices in a bag: 6k -t from the set V;, 4k z-variables, one clause vertex and one variable representing vertex. We then
continue the path decomposition by removing all vertices related to variable choice gadgets of the set X; and adding all
vertices related to variable choice gadgets of the set Xj;,. Note that t is at most logarithmic in the size |V| of the graph
and that our new parameter of interest will be the pathwidth divided by log|V|.

As the construction can be executed in logarithmic space, the result follows. O

The independent set variant is defined as follows; the clique variant is defined analogously.

LOG-PATHWIDTH INDEPENDENT SET

Input: Graph G = (V, E), path decomposition of G of width ¢, integer K.
Parameter: [¢/log|V|].

Question: Does G have an independent set of size at least K?

Theorem 18. LoG-PATHWIDTH INDEPENDENT SET is XNLP-complete.

Proof. As with LoG-PATHWIDTH DOMINATING SET, the problem is in XNLP as we can use the standard dynamic programming
algorithm on graphs with bounded pathwidth, but guess the table entry for each bag.

We show XNLP-hardness with a reduction from PARTITIONED REGULAR CHAINED WEIGHTED POSITIVE CNF-SATISFIABILITY. The
reduction is similar to the reduction to LoG-PATHWIDTH DOMINATING SET, but uses different gadgets specific to INDEPENDENT
SET. The clause gadget, which will be defined later, is a direct copy of a gadget from [44].

Suppose that F,q, X1,..., Xk, X;j (1 <i<r,1=<j<k)is the given instance of the PARTITIONED REGULAR CHAINED
WEIGHTED POSITIVE CNF-SATISFIABILITY problem. Let F = {Cq, ..., Cy} and let |C;| be the number of variables in clause C;. We
assume |C;| to be even for all i € [1, m]; if this number is odd, then we can add an additional copy of one of the variables
to the clause. Enlarging |X; j| by at most a factor of 2 (by adding dummy variables to X;), we may assume that t =log|X; j|
is an integer. (Recall that log has base 2 in this paper.)

Variable choice gadget This gadget consists of t copies of a K, (a single edge), with one vertex marked with a 0 and the
other with a 1. Each element in X; j can be represented by a unique t-bit bitstring. One K, describes one such bit and
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Fig. 4. An example of a clause gadget is depicted for the clause x1 V x2 V X3 V x4, together with two variable gadgets. Variables x; and x, are elements of
the same set X; j, while x3 and x4 are elements of another set X j. Each set X; j has 23 elements. The connections give which variable is represented.
For example, x; is adjacent to 000 and the complement 111 of this is the code of x; (in this case, representing the last element of X; ;). Similarly, x4 is
adjacent to 101, so has code 010, and thus represents the third variable from set X; j (010=2;3=241).

together these t bits describe one element of X; j, which is going to be the variable that we assume to be true. We will
ensure that in a maximal independent set, we need to choose exactly one vertex per copy of K, and hence always represent
a variable.

Clause checking gadget The clause checking gadget is a direct copy of a gadget from [44] and is depicted in Fig. 4. The
construction is as follows. Let C =x; Vv--- VX, be a clause on X;UX;;1 (for some i € [1,r]). We create two paths po, ..., pe+1
and p}, ..., p, and add an edge {pj;, p;.} for j € [1, ¢]. We then add the variable representing vertices v1, ..., v¢. For j €[1,£],
the vertex v; is connected to p; and p/j and to the vertices representing the complement of the respective bits in the
representation of x;. This ensures that v; can be chosen if and only if the vertices chosen from the variable choice gadget
represent x;.

For each clause, we add such a clause checking gadget on 3¢ + 2 new vertices. The pathwidth of this gadget is 4.

Recall that we assume ¢ to be even for all clauses. Each clause checking gadget has the property that it admits an
independent set of size £+ 2 (which is then maximum) if and only if at least one of the v-type vertices is in the independent
set, as proved in [44]. Otherwise its maximum independent set is of size £ + 1. We try to model the clause being satisfied
by whether or not the independent set contains £ + 2 vertices from this gadget.

The graph G is formed by combining the variable choice and clause checking gadgets.

Claim 18.1. There is an independent set in G of size rkt + (r — 1) Y-, (ICi| + 2) if and only if the instance of PARTITIONED REGULAR
CHAINED WEIGHTED PoSITIVE CNF-SATISFIABILITY has a solution.

Proof. Suppose that there is a valid assignment of the variables that satisfies the clauses. We select the bits that encode the
true variables in the variable choice gadgets and put these in the independent set. This forms an independent set because
only one element per variable choice gadget is set to true by a valid assignment. As we have rk sets of the form X; j, and
each is represented by t times two vertices of which we place one in the independent set, we now have rkt vertices in the
independent set.

For each clause checking gadget for a clause on ¢ variables, we add a further ¢ + 2 vertices to the independent set as
follows. Let x; be a variable satisfying the clause. We add the variable representing vertex v; (corresponding to x;) into the
independent set. Since v; is chosen in the independent set, an additional £+ 1 vertices can be added from the corresponding
clause checking gadget, namely po, p, p2, p. ... on the one hand and p¢1, p}, pe—1, Py_,.--- on the other hand. In total
we place rkt + (r — 1) Y-/2; (|Ci| +2) vertices in the independent set.

To prove the other direction, let S be an independent set of size rkt + (r — 1) Z;-“:](|Ci| + 2). Any independent set can
contain at most t vertices from any variable choice gadget (one per K»), and at most |C| + 2 vertices per clause checking
gadget corresponding to clause C. Hence, S contains exactly t vertices per variable choice gadget and exactly |C|+ 2 vertices
per clause gadget.

Consider a variable choice gadget. Since S contains exactly t vertices (one per K3), a variable from the set X; ; is encoded.
It remains to show that we satisfy the formula by setting exactly these variables to true and all others to false. Consider a
clause C and its related clause checking gadget. As |C| + 2 vertices from its gadget are in S, this means that at least one of
its vertices of the form v; is also in S. None of the neighbors of v; can be in S, so the corresponding variable x; must be
set to true. Thus the clause is indeed satisfied. O

A path decomposition can be constructed as follows. For i =1,...,r, let V; be the set of all vertices in the variable
choice gadgets of the sets X; j and X;yq ; (for all j e [1,k]). We create a sequence of bags that contains V; as well as a
constant number of vertices from clause checking gadgets. We transverse the clause checking gadgets in any order. For a
given clause checking gadget of a clause on ¢ variables, we first create a bag containing V; and po, p1, p} and v1. Then for
s=2,...,£, we add ps, p; and v; to the bag and remove ps >, p;_, and vs_» (if these exist). At the final step, we remove
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Pe—1,Ppy_q and vy_q from the bag and add p¢q1. We then continue to the next clause checking gadget. Each bag contains
at most 4k -t from the set V; and at most 6 from any clause gadget.

This yields a path decomposition of width at most 4kt 4+ 6 < 10klog|X; ;| which is of the form g(k)log(n) for n the
number of vertices of G and g(k) a function of the problem we reduced from, as desired. Since G can be constructed in
logarithmic space, the result follows. O

We now briefly discuss the LoGg-PATHWIDTH CLIQUE problem. We are given a graph G = (V, E) with a path decomposition
of width ¢, and integer K and ask if there is a clique in G with at least K vertices. Let k = [£/log |V |].

The problem appears to be significantly easier than the corresponding versions of DOMINATING SET and INDEPENDENT
SET, mainly because of the property that for each clique W, there must be a bag of the path decomposition that contains
all vertices of W (see e.g., [22].) Thus, the problem reverts to solving O(n) instances of CLIQUE on graphs with O (klogn)
vertices. This problem is related to a problem called MINI-CLIQUE where the input has a graph with a description size
that is at most klogn. MINI-CLIQUE is M[1]-complete under FPT Turing reductions (see [29, Corollary 29.5.1]), and is a
subproblem of our problem, and thus LoG-PATHWIDTH CLIQUE is M[1]-hard. However, instances of LoG-PATHWIDTH CLIQUE
can have description sizes of ©(log? n). The result below shows that it is unlikely that LoG-PATHWIDTH CLIQUE is XNLP-hard.

Proposition 19. LoG-PATHWIDTH CLIQUE is in W[2].

Proof. Suppose that we are given a graph G = (V, E) and path decomposition (X1, ..., X;) of G of width at most klogn — 1.
Let K be a given integer for which we want to know whether G has a clique of size K. We give a Boolean expression F of
polynomial size that can be satisfied with exactly 2k 4 2 variables set to true, if and only if G has a clique of size K. (This
shows membership in W[2].)

First, we add variables b1, ..., b, that are used for selecting a bag; we add the clause \/_;_, b;.

For each bag X;, we build an expression that states that G[X;] has a clique with r vertices as follows. Partition the
vertices of X; in k groups of at most logn vertices each. For each group S C X;, we have a variable c; s for each subset S’
of vertices of the group that induces a clique in G. (We thus have at most kn such variables per bag.) The idea is that when
ci.s is true, then the vertices in S are part of the clique, and the other vertices in the group are not. The variable ¢; ¢ is
false if the bag X; is not selected (we add the clause b; v —c; /). For each group S, we add a clause that is the disjunction
over all cliques S’ € S of ¢; s and —b;. This encodes that if the bag X; is selected, then we need to choose a subset S’ from
the group S.

With the b- and c-variables, we specified a bag and a subset of the vertices of the bag. It remains to add clauses that
verify that the total size of all selected subsets equals K, and that the union of all selected subsets is a clique. For the
latter, we add a clause —c¢; s V —c; s for each pair S, S” of subsets of different groups for which S"US” does not induce a
clique. For the former, we number the groups 1,2,...,k, and create variables t; 4 for j € [1,k] and q € [0, K]. The variable
tjq expresses that we have chosen q vertices in the clique from the first j groups of the chosen bag. For each j € [1, k], we
add the clause \/, t;j 4. To enforce that the t-variables indeed give the correct clique sizes, we add a large (but polynomial)
collection of clauses. We add a variable to o that must be true (using a one-literal clause). For the jth group with vertex
set S C X;, each clique S’ C S, and each q,q’ € [0,r] (with ¢ =0 when j = 1), whenever q + |S’| # q’, we have a clause
—tj_1,q V —Ci s V —tjg. Finally, we require (with a one-literal clause) that t; x holds. If there is a satisfying assignment,
then the union of all sets S’ for which c; ¢ is true, forms a clique of size K in the graph.

We allow 2k + 2 variables to be set to true: one variable b; to select a bag, one for tg g, one for a ¢; s/-variable in each
of the k groups and one t; g-variable for each j e [1, k] (where for j =k, ¢ =K is enforced). O

4.3. Scheduling with precedence constraints

In 1995, Bodlaender and Fellows [11] showed that the problem to schedule a number of jobs of unit length with prece-
dence constraints on K machines, minimizing the makespan, is W[2]-hard, with the number of machines as parameter.
A closer inspection of their proof shows that W[2]-hardness also applies when we take the number of machines and the
width of the partial order as combined parameter. In this subsection, we strengthen this result, showing that the problem is
XNLP-complete (and thus also hard for all classes W[t], t € Z*.) In the notation used in scheduling literature to characterize
scheduling problems, the problem is known as P|prec, pj = 1|Cmax, or, equivalently, P|prec, pj = p|Cmax-

SCHEDULING WITH PRECEDENCE CONSTRAINTS

Given: K, D positive integers; T set of tasks; < partial order on T of width w.

Parameter: K 4+ w.

Question: Is there a schedule f:T — [1, D] with |f~!{i}| <K for all i € [1, D] such that t <’ implies f(t) < f(t').

In other words, we parameterize P|prec, pj = 1|Cinax by the number of machines and the width of the partial order.
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Fig. 5. Illustration for a time sequence with time indicators. E.g., in the example, 3 € I.
Theorem 20. SCHEDULING WITH PRECEDENCE CONSTRAINTS is XNLP-complete.

Proof. To see that the problem is in XNLP, define f~'{1}, f~1{2},..., f~1{D} in order as follows. For i € [0, D — 1], we
temporarily store a set S; C T containing the maximal elements of f~![1,i], initializing So = #. Each such set S; forms an
antichain and hence has size at most w, the width of the partial order on T. Once S;_1 is defined for some i € [1, D], we
define f~1{i} by selecting up to K tasks to schedule next, taking a subset of the minimal elements of the set of “remaining
tasks”

Ri={teT|t£sforallseS;_1}.

By definition, for t € R;, we find that t £s for all s € f~'[1,i — 1]. In order to update S; given S;_;, we add all selected
elements (which must be maximal) and remove the elements s € S;_; for which s <t for some t € f~1{i}. After computing
S; and outputting f~'{i}, we remove S;_; and f~!{i} from our memory. At any point in time, we store at most O ((K +
w)log |T|) bits.

To prove hardness, we transform from the AccepTING NNCCM problem, with k given counters with values in [0, n] and
set of checks (s1,...,sr). We adapt the proof and notation of Bodlaender and Fellows [11].

We create K = 2k + 1 machines and a set of tasks T with a poset structure on this of width at most 3(k + 1). Let
¢ = (kn + 1)(n + 1). The deadline is set to be D =cr +n + 1. We will construct one sequence of tasks for each of the k
counters, with kn + 1 repetitions of n + 1 time slots for each of sq,...,s; (one for each value in [0, n] that it might like to
check), and then n extra time slots for “increasing” counters. Each t € [1, D] can be written in the form

t=G-Dec+am+1)+y

for some y e [1,n+ 1], je[1,r], a €[0,kn]. We define j(t) and a(t) to be the unique values of j and « respectively for
which this is possible. Our construction has the following components.

o Time sequence. We create a sequence a; < daz < ... <dap of tasks that represents the time line.
e Time indicators. By adding a task b with a;—1 < b < ar41, we ensure that at time i one less machine is available. We
place k — 1 such tasks at special indicator times. That is, we set

I={(j—DcH+am+1)+n+1|je[l,r], a €[0,kn]}

and create a task b with a,_; < b;x) <az4q for each xe[1,k—1]and t € I.

e Counter sequences. For each i € [k], we create a sequence cgi) < Cg) <...< cg)_n of tasks. If cgi_)z is planned in at the
same moment as time vertex a; (for some ¢ € [0,n] and t € [n + 1, D]) then this is interpreted as counter i taking the
value ¢ at that time.

e Checktasks. Let t = (j—1)c+a(n+1)+n+1 €I be the indicator time for j € [1,r] and o € [0, kn]. If s; = (i1, 12,71, T2),
then for x € {1, 2}, we add a check task dﬁi_xix “parallel” to cﬁi_xlx, that is, we add the precedence constraints

C?—%—] < dgi—X)rx < C?ﬁxH-
Fig. 5 gives an illustration of the construction.

Intuitively, the repetitions allow us to assume that concurrent with each time task are exactly k tasks of the form Cg,i).
For most ¢ € [1, D], we are happy for a potential d§,i) to be scheduled simultaneously (since we have 2k machines available).
However, when t € I then we only have access to k + 1 machines, so we may have at most one d(yi) at this time; if t
“corresponds” to s = (i1, i2,T1,12), then only dgi_lzl , dii_zlz can potentially be planned simultaneously with a;, which happens
exactly if s; rejects (due to the ixth counter being at position ry for both x € {1, 2}).
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The width w of the defined partial order is at most 3(k + 1). We now claim that there is a schedule if and only if the
given machine accepts.

Suppose that the machine accepts. Let (p1,..., py) with p; = (p;.”, ey pgk)) € [0, n]¥ be the positions of the k counters
before s; is checked, for j € [1,r]. We schedule for t € [1, D], x€[1,k—1], 1 € [1,k], when defined,

fla) =t,
fopH=t,
fehy=t+pf,
fa®y=t+p,.
Recall that j(t) is the unique value j € [1,r] for which we can write t = (j — 1)c + a(n+ 1) + y for some « € [0, kn] and

yell,n+1]. At each t €[1, D], f~{t} contains exactly one a; and, because the counters are non-decreasing, at most one
cg,') and at most one dﬁf) for each i € [1,k]. So when t ¢ I (and hence b is not defined), | f~!{t}| <2k +1 as desired.

Letteland j=jt) €[1,r], « =a(t) € [0, kn]. If d;f) € f~Yt} for some i € [1,k], then t’ =t —p;i) and sj = (i1, iz,71,72)

with iy =1, ry = p?) for some x € {1, 2}. Since the machine accepts, there can be at most one such i. Hence f~!{t} contains
at most one check task when t € I. We again find

|f’1{t}|5\1/+(I<—1)+\k/+\1/§2k+1.
N ——

a . .
t b:’o Cii) di;)

Suppose now that a schedule f:T — [1, D] exists. By the precedence constraints, we must have f(a;) =t for all t €
[1,D] and f(b})=t forall t el and x € [1,k —1]. Let j € [1,r] be given. Let

C=(c"jt)=j. ie[.k}.

For at least one « € [0, kn], it must be the case that |f~'{t} N C| =k for all t with a(t) =« and j(t) = j. This is because
for each of the k counter sequences, there are at most n places where we may “skip”; this is why we repeated the same
thing kn + 1 times. We select the smallest such «. Note that for all ¢ € T with «(t) =« and j(t) = j, we also find that
Fcy=f@d?) for all i € [1,k].

There is a unique t € I with «(t) =« and j(t) = j; for this choice of t, and for all i € [1, k], we set pj') to be the value
for which cii) o € F~1t}. This defines a vector pj €10, nl¥ of positions which we set the counters in before sj is checked.

-

Note that the values of the counters are non-decreasing, and that s; does not fail since f —1{t} contains at most one d
(due to its size constraints), which implies that s; accepts. O

(D)
t’

We remark that it is unclear if the problem is in XNLP when we take only the number of machines as parameter. In
fact, it is a longstanding open problem whether SCHEDULING WITH PRECEDENCE CONSTRAINTS is NP-hard when there are three
machines (see e.g., [37,49]).

4.4. Uniform emulation of weighted paths

In this subsection, we give a proof that the UNIFORM EMULATION OF WEIGHTED PATHS problem is XNLP-complete. The result
is a stepping stone for the result that BANDWIDTH is XNLP-complete even for caterpillars with hair length at most three (see
the discussion in Subsection 4.5).

The notion of (uniform) emulation of graphs on graphs was originally introduced by Fishburn and Finkel [36] as a model
for the simulation of computer networks on smaller computer networks. Bodlaender [5] studied the complexity of deter-
mining for a given graph G and path Py, if there is a uniform emulation of G on Pp,. In this subsection, we study a weighted
variant, and show that already determining whether there is a uniform emulation of a weighted path on a path is hard.

An emulation of a graph H = (V, E) on a graph G = (W, F) is a mapping f : V — W such that for all edges {v, w} € E,
f(v) = f(w) or {f(v), f(w)} € F. We say that an emulation is uniform if there is an integer c, such that |f~{w}| =
H{v | f(v) =w}| =c for all we W. We call ¢ the emulation factor.

Determining whether there is a uniform emulation of a graph H on a path P, is NP-complete, even for emulation
factor 2, if we allow H to be disconnected. The problem to determine for a given connected graph H if there is a uniform
emulation of H on a path Py, belongs to XP with the emulation factor ¢ as parameter [5].

Recently, Bodlaender [6] looked at the weighted variant of uniform emulation on paths, for the case that H is a path.
Now, we have a path P, and a path P, a weight function w : [1,n] — Z* and ask for an emulation f : [1,n] — [1,m], such
that there is a constant ¢ with Zieffl{j} w(i) =c for all j € [1, m]. Again, we call ¢ the emulation factor.
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It is not hard to see that the problem, given n, m, and weight function w : [1,n] — Z*, to determine if there is a
uniform emulation of P, on P, with emulation factor c is in XP, with the emulation factor ¢ as parameter; the dynamic
programming algorithm from [5] can easily be adapted.

As an intermediate step for (W[t])-hardness proof for BANDWIDTH, Bodlaender [6] showed that UNIFORM EMULATION OF
WEIGHTED PATHS is hard for all classes W[t], t € ZT. In the current subsection, we give a stronger result, and show the same
problem to be XNLP-complete. Our proof is actually simpler than the proof in [6] - by using ACCEPTING NNCCM as starting
problem, we avoid a number of technicalities.

UNIFORM EMULATION OF WEIGHTED PATHS

Input: Positive integers n, m, ¢, weight function w : [1,n] — [1,c].

Parameter: c.

Question: [s there a function f :[1,n] — [1,m], such that f is a uniform emulation of P, on P, with emulation
factor c, i.e, |f(i) — f(i+1)| <1 forallie[1,n—1] and Zief*l{j} w(i) =c for all j €[1,m]?

Theorem 21. UNIFORM EMULATION OF WEIGHTED PATHS is XNLP-complete.

Proof. We first briefly sketch a variant of the dynamic programming algorithm (see [5]) that shows membership in XNLP.
For i from 1 to m, guess which vertices are mapped to i. Keep this set, and the sets for i — 1 and i — 2 in memory. We
reject when neighbors of vertices mapped to i — 1 are not mapped to {i — 2,i — 1,i} (or not to {1,2} or {m — 1, m} for
i=1 or i =m respectively) or when the total weight of vertices mapped to i does not equal c. We also check whether
cm = Z?:l w(i) to ensure that each vertex gets mapped to a single index. Since P, is connected, and f (i) is defined for
some i € [1,n], we find that f(i) is defined for all i € [1,n] (since our check ensures that f(j) is defined for each neighbor
jof iin Py, and then also for all neighbors of j etcetera). We have O(c) vertices from P, in memory, and thus O(clogn)
bits.

To show that the problem is XNLP-hard, we use a transformation from AccepTING NNCCM. Suppose that we are given an
NNCCM(k, n, s), with s a sequence of r checks. We build an instance of UNIFORM EMULATION OF WEIGHTED PATHS as follows.

First, we define a number of constants:

° d1=3k+2,

e dy=k-dy +1,
ed3=k-dy+1,

o c=2k-d3+1,
eng=3n+1,

e M=1+4+(r+1)-ngp.

We construct a weighted path Py for some value N whose value follows from our construction below, and ask for a
uniform emulation of Py to Pp;, with emulation factor c. The path Py has three subpaths with different functions. We
concatenate these in order to obtain Py.

e The floor. We ensure that the ith vertex of the floor must be mapped to the ith vertex of Py;. We will use this to be
able to assume that the counter components always “run from left to right”.

e The k counter components. Each counter component models the values for one of the counters from the NNCCM and
the goal is to ensure the emulation of this part is possible if and only if all the checks succeed.

e The filler path. This is a technical addition aimed to ensure that a total weight of ¢ gets mapped to j for all j € [1, M].

The floor consists of the following M (weighted) vertices.

e A vertex of weight c —k - ds.

e A path with M — 2 vertices. The ith vertex of Py (and hence the (i — 1)th of this part) has weight ¢ — 2d; + 1 if
i=ng-j+1 for some j and weight ¢ — 3d; otherwise. The positions of the higher weight of ¢ — 2d; 4 1 are called test
positions.

e A vertex of weight c —k-d3 — 1.

We have k counter components, that give after the floor, the successive parts of the “large path”. The gth counter
component has the following successive parts.

o We start with M — 2 vertices of weight 1.

e We then have a vertex of weight dy; this vertex is called the left turning point.

e Then we have M — 2 4 n vertices of weight either 1 or d;. The ith vertex has weight d; if and only if i =np - j + « and
the check s; verifies whether counter g is equal to c. The ith vertex has weight 1 otherwise. We call this the main path
of the counter component.
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e A vertex of weight ds. This vertex is called the right turning point of the counter component.

Assuming the left and right turning points are mapped to 1 and M, the main path of the gadget will be mapped between
2 and M — 1. These main paths will tell us what the values of the counters are at any moment. The number of shifts then
stands for the number a counter gadget represents, i.e. if the ith vertex of the main path is mapped to i — o + 1, then « is
the value of the counter at that moment. In this way, assuming that left and right turning points are mapped to 1 and M,
the value of counters can only increase.

We add a “filler path” to ensure the total weight of all vertices of Py is at least Mc, by adding a path of min{y — Mc, 0}
vertices of weight 1.

Claim 21.1. The NNCCM described by (k,n, s) accepts if and only if Py with the defined vertex weights has a uniform emulation on
Py,

Proof. If the NNCCM accepts, then we can build a uniform emulation as follows. Fix some accepting run and let q(j) be the
value of counter q at the jth check in this run.

Map the ith vertex of the floor to i. Now, successively map each counter component as follows. We start by “moving
back to 1”, i.e,, we map the M — 2 vertices of weight 1 to M — 1, M — 2, ..., 2 and map the left turning point to 1. To
map the vertices on the main path of this counter component, we use the following procedure. For convenience, we define
qir+1)=n.

e Seti=1, p=2. We see p €[1, M] as a position on Py, and i € [1, M +n] as the number of the vertex from the main
path we are currently looking at. The number i — (p — 1) represents the value of the counter.

e Set j to be the smallest integer with p <ng-j-+1; if j <r, thenng-j+1 is the first test position (defined in the floor
gadget) after p.

e Ifi—(p—1)<q(j), and p is in the interval [ng-(j— 1)+ 1+n+1,np - j —n], then we map both the ith and the
(i 4+ 1)th vertex of the main path to p. We increase i by 2 and p by 1; the increase of i — (p — 1) by one represents the
increase of the counter by one. Otherwise, we map the ith vertex of the main path to p, and increase both i and p by
one.

Since q(r + 1) =n, in the end we will map M — 2 +n vertices to M — 2 positions.

Note that the final step above does not decrease the value of i — (p — 1). The interval [ng-(j—1)+1+n+1,n¢-j—n]
contains at least n > q(j) integers, and thus we may map two vertices to the same position until we obtain i — (p —1) > q(j).
We then stop increasing the value i — p+1, soi — p+1=gq(j) at the jth test position p =ng- j+ 1, and map a single
vertex to this.

What vertex gets mapped to the jth test position? If the gth counter does not participate in the jth check, then the
vertex will have weight one. Otherwise, suppose that check s; verifies whether counter q is equal to the value «. The
vertex i mapped to the jth test position has weight d; if and only if i =ng - j 4+ o, which is equivalent to q(j) = « since
i—(p—1)=q(j) and p=ng- j+ 1. As we were considering an accepting run for the NNCCM, there is at most one counter
component that maps a vertex of weight d; (rather than 1) to the jth test position.

After we have placed the main path, we send the right turning point to M and continue with the next counter compo-
nent or, if g =k, the filler path. At this point, 1 and M have received weight exactly c (from one floor vertex and k turning
points). For all test positions, we have a floor vertex of weight ¢ — 2d; + 1, at most one heavy vertex of weight di, and at
most 2k vertices of weight one (at most two per counter component). For a vertex on Py, that is not 1, M or a test position,
we have a floor vertex of weight ¢ — 3dy, at most two heavy vertices of weight d; and at most 3k vertices of weight one
(per counter component, it obtains at most two vertices for the main path and one for path going left). In all cases, we have
a weight less than c.

We now use the filler path to make the total weight equal to ¢ everywhere. (By definition, the filler path has enough
vertices of weight 1 available for this.)

Conversely, suppose that we have a uniform emulation f. We cannot map two floor vertices to the same vertex as each
has a weight larger than c/2. As we have M floor vertices, one of the following two statements holds:

1. For all i, the ith floor vertex is mapped to i.
2. For all i, the ith floor vertex is mapped to M —i+ 1.

Without loss of generality, we assume that the ith floor vertex is mapped to i.

We first show that each right turning point is mapped to M and each left turning point is mapped to 1. Since M is the
only vertex where the available weight (which is at most ¢ minus the weight of the floor vertex) is at least the weight of
a right turning point, all right turning points must be mapped to M. After this, there is no more weight available on this
vertex, and the only vertex where a left turning point can fit is 1.

We now use the test positions to define values for the counters. Because the main path of the counter component is
from a left turning point (mapped to 1) to a right turning point (mapped to M), at least one vertex of the main path is
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mapped to the jth test position ng - j + 1. If the ith vertex of the main path is mapped to the test position, then we set
q(j) =1i—ng - j. (If multiple vertices are mapped to the test position, we choose arbitrarily one of those values.) We find
that the values we defined for the counters are non-decreasing since the difference between i =i(j) and ng - j can only
become larger for larger j.

We are left to prove that this defines an accepting sequence. Assume towards a contradiction that the check s; =
(q,9, og, ctg) fails because of q(j) = o¢g and q'(j) = otg. That would imply both the (ng - j + q(j))th vertex from the qth
counter component and the (ng - j +¢’(j))th vertex from the g'th counter component were mapped to test position ng- j+1.
Both these vertices have weight di, by the construction of the main path of counter components. Since we already have
a total weight of ¢ — 2dy + 1 from the floor gadget, the total weight mapped to the jth test position is > c. This is a
contradiction. Hence the given solution for the NNCCM instance is a valid one. 0O

Theorem 21 now follows from Claim 21.1 and observing the resources (logarithmic space, fpt-time) by the transforma-
tion. O

In a later proof, we need the following variant of Theorem 21.
Corollary 22. UNIFORM EMULATION OF WEIGHTED PATHS with f(1) = m is XNLP-complete.

Proof. In the proof of Theorem 21, we showed that if there is a solution, then there is one with f(1) = 1. By symmetry, we
can also require that f(1) = M in this proof, where M is the value set for the variable called m in the problem formulation
of UNIFORM EMULATION OF WEIGHTED PATHS. 0O

4.5. Bandwidth

In this subsection, we discuss the XNLP-completeness problem of the BANDWIDTH problem. The question where the pa-
rameterized complexity of BANDWIDTH lies was actually the starting point for the investigations whose outcome is reported
in this paper; with the main result of this subsection (Theorem 24) we answer a question that was asked over a quarter of
a century ago.

In the BANDWIDTH problem, we ask if the bandwidth of a given graph G is at most k. The problem models the question
to permute rows and columns of a symmetric matrix, such that all non-zero entries are at a small “band” along the main
diagonal. Already in 1976, the problem was shown to be NP-complete by Papadimitriou [46]. Later, several special cases
were shown to be hard; these include caterpillars with hairs of length at most three [45]. A caterpillar is a tree where all
vertices of degree at least three are on a common path; the hairs are the paths attached to this main path.

We are interested in the parameterized variant of the problem, where the target bandwidth is the parameter:

BANDWIDTH

Given: Integer k, undirected graph G = (V, E)

Parameter: k

Question: Is there a bijection f:V — [1,|V|] such that for all edges {v, w} € E: |f(v) — f(w)| <k?

BANDWIDTH belongs to XP. In 1980, Saxe [50] showed that BANDWIDTH can be solved in O (n**1!) time; this was later
improved to O(n*) by Gurari and Sudborough [38]. In 1994, Bodlaender and et. [12] reported that BANDWIDTH for trees
is W[t]-hard for all t € Z* — the proof of that fact was published 26 years later [6]. A sketch of the proof appears in
the monograph by Downey and Fellows [28]. More recently, Dregi and Lokshtanov [30] showed that BANDWIDTH is W[1]-
hard for trees of pathwidth at most two. In addition, they showed that there is no algorithm for BANDWIDTH on trees of
pathwidth at most two with running time of the form f(k)n°® assuming the Exponential Time Hypothesis.

Below, we show that BANDWIDTH is XNLP-complete for caterpillars with hairs of length at most three.® This reduction
uses gadgets from the NP-completeness proof by Monien [45].

Lemma 23. BANDWIDTH is in XNLP.

Proof. This can be seen in different ways: one can look at the XP algorithms for BANDWIDTH from [50] or [38], and observe
that when instead of making full tables in the dynamic programming algorithm, we guess from each table one entry, one
obtains an algorithm in XNLP.

Alternatively, we loop over all connected components W of G, compute its size and for each, guess for i from 1 to
|W| the ith vertex in the linear ordering, i.e., f~1(i). Keep the last 2k + 1 guessed vertices in memory, and verify that all
neighbors of f~1(i —k) belong to f~1[i — 2k,i]. O

6 The reduction from UNIFORM EMULATION OF WEIGHTED PATHS to this problem was reported in [6], at WG 2020, where it was used to show that BAND-
WIDTH is W(t]-hard for all t.
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Fig. 6. First part of the caterpillar: left barrier and first part of the floor.

P1 P2 D5 Pe D7

left barrier gap gap

Fig. 7. A layout of the left barrier and first part of the floor. The layout creates gaps where the weighted path gadgets should fit.

Vq

Fig. 8. The turning point, after Monien [45]

Theorem 24. BANDWIDTH is XNLP-complete, when restricted to caterpillars with hair length at most three.

Proof. To prove Theorem 24, we transform from the WEIGHTED PATH EMULATION WITH f (1) = M problem (cf. 22).

Let Py and Py, be paths with weight function w:{1,...,N} — {1,...,c}, and let c = Z,N:] w(i)/M be the emulation
factor. (Note that we may always restrict our weights to be between 1 and c since otherwise no emulation can exist.) Thus,
Zf\’:] w(i) = cM. Recall that we parameterized this problem by the value c.

Assume that ¢ > 6; otherwise, obtain an equivalent instance by multiplying all weights by 7.

Let b =12c + 6. Let k = 9bc + b. Note that k is even. We give a caterpillar G = (V, E) with hair length at most three,
with the property that Py has a uniform emulation on Py, if and only if G has bandwidth at most k.

G is constructed in the following way:

e We have a left barrier: a vertex po which has 2k — 1 hairs of length one, and is neighbor to p;.

e We have a path with 5M — 3 vertices, p1,..., psm—3. As written above, p; is adjacent to pg. Each vertex of the form
5i —2 or 5i (1 <i<M —1) receives 2k — 2b hairs of length one. See Fig. 6 and Fig. 7. We call this part the floor.

e Adjacent to vertex psy—_3, we add the turning point from the proof of Monien [45]. We have vertices vq = psy—3, Vp,
Ve, Vd, Ve, Vf, Vg, Which are successive vertices on a path. Le., we identify one vertex of the turning point (vq) with
the last vertex of the floor psy_3. To v¢, we add %(k— 2) hairs of length one; to v4, we add k hairs of length three, and
to vy we add %(k — 2) hairs of length one. Note that this construction is identical to the one by Monien [45]; vertex
names are chosen to facilitate comparison with Moniens proof. See Fig. 8.

e Add a path with 6N — 5 vertices, say y1,...yen—5, With y; adjacent to vg. To each vertex of the form ys;_s, add
9b - w(i) hairs of length one. We call this part the weighted path gadget.

o Note that the number of vertices that we defined so far and that is not part of the turning point equals 2k + 5M — 3 +
2(M —1)(2k —2b) + 6N —5+9b Z:V:1 wi =5M + 4Mk — 2k — 4Mb + 4b + 9bcM. Let this number be «. One easily sees
that o« < (5M — 2)k — 1. Add a path with (5M —2)k — 1 — « vertices and make it adjacent to yg,. We call this the filler
path.

Let G be the remaining graph. Clearly, G is a caterpillar with hair length at most three. It is interesting to note that the
hair lengths larger than one are only used for the turning point.
The correctness of the construction follows from the following lemma.

Lemma 25. Suppose Py has a uniform emulation g on Py with emulation factor ¢ with f(1) = M. Then the bandwidth of G is at
most k.

Proof. Suppose we are given a uniform emulation f:{1,...,N}— {1,..., M} of Py on Py (for weight function w). We
construct a layout g of G with bandwidth at most k as follows.

For 1 <i <5M — 3, set g(p;) = (i + 1)k + 1. Each of the hairs of pg is mapped by g to a different value in {1, ..., 2k} \
{k + 1}. (We later define how to map the hairs of other vertices of the floor.)
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For the turning point, we set g(vg) = g(vq) —1 = (5M — 2)k. The other vertices of the turning point receive values larger
than (5M — 2)k; the remaining layout for the turning point is identical to the one described by Monien [45].

Each position of the form (i+ 1)k+ 1+ j for 1 <i <5M — 3 with j € {—1,+1} is said to be reserved. Note these are the
positions before and after the image of the vertices p;. These positions are reserved for the filler path.

We call the positions between g(psi_4) and g(psi—3) the ith gap, for 1 <i < M. Gaps 1 till M — 1 have at this point
k — 1 unused integers of which two are reversed; in gap M we have k — 1 unused integers (vg is mapped in the gap) of
which one is reserved. (The gaps are used to layout “most of” the vertices of the weighted path gadget.) See Fig. 7 for an
illustration.

We now show how to map the weighted path gadget. We start with fixing the images of vertices of the form yg;_s.
For each i, 1 <i <N, set g(ysi—5) to be the first integer in the f(i)th gap that is so far not used and is not reserved.
As there are at most c vertices of Py mapped by f to a specific vertex of Py;, we have that g(ygi_s) is in the interval
[f(psi-1)) + 3, f(psi-1)) + ¢+ 2], thus |g(¥ei—5) — &(¥si+1)| < 5k +c; i.e, they can be in the same, or neighboring gaps.

As f(1) =M, we have that y; is placed in the Mth gap, as is, by construction its neighbor vg; thus [g(y1) — g(vg)| <k.

The next step is to map the vertices of the form y; with j not of the form 6i — 5. We must do this in such a way, that
neighboring vertices are mapped to integers that differ by at most k, taking into account the mapping vertices of the form
Yei—s as defined above.

So, for i € {1,..., N — 1}, the vertices on the path from yg;_5 to ygi+1 are mapped as follows. If ygi_5 and ygi+q are
mapped to the same gap, then map the five vertices on this path also to this gap, to so far unused and unreserved values.
Otherwise, define a “largest possible step to the right” from an integer « as the largest integer that is at most o + k and is
not used or reserved. If g(ysi—5) < g(¥6i+1), then put g(yei—4) at the largest possible step to the right from g(ys;i—s), and
then g(yei_3) at the largest possible step to the right from g(ygsi_4), and continue doing so, till we have placed g(ye;). If
g(¥6i+1) < &(¥6i—5), a similar construction is followed.

Claim 25.1. For each j, 1 < j < 5M — 4, we map at most 11c vertices of the form y; to integers in the interval [g(p;), &(Pj+1)].

Proof. If the interval is a gap, then for each such y;, there is a vertex of the form ygy_s5 at distance at most five from y;
mapped to this gap. As we have at most ¢ vertices of the form ygi_s in the gap, we have at most 11c vertices of the form
yi; mapped to this gap.

If the interval is not a gap, then for each such y;, there is a vertex of the form ygy_5 at distance at most five from y;
mapped to the last gap before the interval. Thus, we have at most 10c vertices of the form y; mapped to this gap. (A more
precise counting argument can give a smaller bound.) O

Claim 25.2. Foralli, 1 <i <N, |g(ysi) — 2(¥eit1)| <k.

Proof. The result clearly holds when yg;_5 and yg;+1 are placed in the same gap. If they are placed in different gaps, then
we consider the case that g(yei—5) < g(¥si+1); the other case is similar.

Note that each largest possible step to the right makes a jump that is at least k — 22c — 5: from any k consecutive
integers, we have used at most 22c for vertices of the form y; (by Claim 25.1, with vertices possible in two consecutive
intervals), reserved four integers, and used one for a vertex of the form p;.

Recall that |g(ysi—5) — 8(¥6i+1)| < 5k + c. Five largest jumps to the right bridge at least 5(k — 22c — 5), hence g(6i+1) —
g(6i) <23c+25<k. O

The next step is to map an initial part of the filler part, to “move it” to the last number in the (M — 1)th gap. Suppose
f(vn) =i. Now, map the first vertex of the filler path to f(psi_3) — 1, i.e,, the last number in the ith gap (which was
reserved), and then, while we did not yet place a vertex on f(p(5(M — 1) —3)) — 1 (the last number in the M — 1st gap),
map k larger than its predecessor on the path, i.e., the second vertex goes to g(psi_3) +k — 1, the third to g(psi_3) +2k—1,
etc. In each case, we place the vertex on the last number in the gap; these were reserved so not used by other vertices.

At this point, each open interval (g(p;), g(pi+1)) has at most 11c + 1 used positions, and at most four reserved positions.
Thus, at least k — 1 — (11c 4+ 5) > k — b = 9bc positions are unused and not reserved in this interval.

For each vertex of the form ps;_» or ps; (1 <i<M — 1), say py we map k — b of its hairs to the interval before it: i.e.,
to integers in (g(py—_1), g(py)) that are unused and not reserved, and k — b hairs to the interval after it, i.e., to integers in
(g(pi), g(pr+1)) that are unused and not reserved.

Claim 25.3. For each j, 1 < j < M, the total number of hairs adjacent to vertices of the form ygi_5, 1 <i < N with yg;_5 mapped to
the jth gap equals 9bc.

Proof. Recall that f is a uniform emulation, and that ¢ = Z?zl w(i)/M. This implies that for each j, 1 < j < M. This implies
that 3 ;. iy Wi =¢.

A vertex ygi_s is placed in the jth gap, if and only if it contributes to this sum. As the number of hairs of ygi_5 equals
9b - w(i), the result follows. O
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For each vertex of the form ygi_5, 1 <i < N, we map all its hairs to the gap to which it belongs. lLe., if f(i) = j, then
all hairs of yg;_s are mapped to unused and not reserved integers in (g(ps;—s, £(psj—3)). From the analysis above, we have
sufficiently many such integers to map all hairs.

Finally, we lay out the filler path to fill up all remaining unused values: go from f(p(5(M —1)—4))—1 to the last unused
number of the Mth gap (which is smaller than f(p(5(M — 1) —4)) +k — 1), and then, while there are unused numbers left,
place each next vertex of the filler gap on the largest so far unused number. Thus, from this point on, the filler gap goes
from right to left, skipping only used numbers. The reserved numbers of the form (i 4+ 1)k 4+ 1 guarantee that by doing so,
we never skip more than k — 1 numbers, thus preserving the bandwidth condition.

This finishes the construction of the linear ordering g. From the analysis above, it follows that g has bandwidth k. O

Lemma 26. Suppose the bandwidth of G is at most k. Then Py has a uniform emulation on Py; with emulation factor c with f (1) = M.

Proof. Suppose we have a linear ordering g of G of bandwidth at most k.

First we note that all vertices outside the left barrier and the turning point have to be mapped between the left barrier
and the turning point. For the left barrier, this is easy to see: po has 2k neighbors, which will occupy all 2k positions with
distance at most k to g(po), and thus all other vertices must be at the same side of pgy as pi.

Now, we look at the turning point, and use a result by Monien [45, Lemma 1].

Lemma 27 (Monien [45]). Let g be a linear ordering of a graph G containing the turning point as a subgraph. Then |g(vq) —g(vg)| < 1,
and one of the following two cases holds.

1. All vertices in the turning point except vq and v have an image under g that is larger than max{g(vq), g(vg)}; all vertices in G
that do not belong to the turning point have an image that is smaller than min{g(vq), g(vg)}.

2. All vertices in the turning point except vq and v have an image under g that is smaller than min{g(v,), g(vg)}; all vertices in G
that do not belong to the turning point have an image that is larger than max{g(vq), g(vg)}.

Le., we have that v, and vy are next to each other; all other vertices of the turning point are at one side of this pair,
and all vertices not in the turning point at the other side. Without loss of generality, suppose g(po) < g(vqa).

Thus, if we look at the consecutive values f~1(1), f~1(2),..., we first see k hairs of pg, then pg, then k — 1 hairs of pg,
then p1, then all ‘other’ vertices (i.e., all vertices, except po, the hairs of pg, p1 and all vertices in the turning point), then
we have the two vertices vq = psy—3 and v (in this order, or reversed), and the sequence ends with all other vertices of
the turning point.

Claim 27.1. g(po) =k + 1, and {g(va), g(vg)} = {(BM — 2)k, (5K — 2)k + 1}.

Proof. pg is placed after k hairs, so must have image k + 1. The total number of vertices not in the turning point equals
(5M — 2)k — 1, see the construction of the filler path. The pair {g(vq), g(vg)} comes after all vertices not in the turning
point, and before all other vertices from the turning point, so must go to (5M — 2)k and (5M —2)k+1. O

Claim 27.2. For all i, 0 < i < 5M — 3, either g(pi+1) = g(pi) + k or g(pi+1) = g(pi) +k—1.

Proof. The path from pg to v, = psy—3 has M — 3 edges. For each pair p;, pi+1, the difference of the images is at most k
(by the bandwidth condition), but the total of the differences over all pairs on the path must be at least (M —3)-k—1. O

Now, call the positions between g(ps;_s5) and g(psi_») the ith enlarged gap, for 1 <i <M — 1; and between g(5M — 5)
and g(psm—-3) the Mth enlarged gap.

Claim 27.3. Each vertex of the form ygj_s is mapped to an enlarged gap.

Proof. Suppose not. As g(ysj—5) > g(p1) and g(¥sj_5) < gsm—3, by construction of the left barrier and turning point, we
have that there is an i with g(ysj—5) € [g(Psi—2), &(P5i)]. Now, [g(p5i—3), &(Psi+1)] contains 4k — 4b hairs attached to
vertices psi_p and ps; and 9b - w(j) > 9b hairs attached to yg;_s. The interval has size at most 4k, but has 4k + b hairs
mapped to it; contradiction. O

Now, let f:{1,...,N}— {1,..., M}, such that f(j)=1, if ysj_5 is mapped to the ith enlarged gap. By Claim 27.3, f is
well defined.
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Emulation of P, on Ps
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Fig. 9. lllustration of part of the construction. Shown are P4 with successive vertex weights 2, 1, 2, 1; a uniform emulation of P4 on P3 with emulation
factor 2; a layout of a part of G (the layout of left barrier and turning point are not explicitly shown). For readability, the layout is shown in two parts.

Claim 27.4. f is an emulation.

Proof. Note that there is a path with six edges from a vertex ysj_s to yg(j+1)—5. As the distance between vertices p; in the
linear ordering is either k or k — 1, each edge in this path can jump over at most one vertex of the form p,. To go from the
ith enlarged gap to the (i 4 2)th enlarged gap, we must jump at least seven vertices of the form py, S0 ygj—s and ye(j+1)-5
are mapped to the same or neighboring enlarged gaps, thus |f(j) — f(j+1)|<1. O

Claim 27.5. f is uniform.

Proof. We show that for each i, Zj:f(j):,» w(j) <c. As f is uniform, we have that for each i: Zj:m-):i w(j)=c.

We only give the proof for 1 <i < M; the cases i =1 and i = M are similar (using that no vertices can be mapped to
values used by the left blockade and turning point) and omitted.

Consider an i, 1 <i < M. For each j with f(i) = j, all 9b - w(j) hairs of ygj_s are mapped to the interval
[g(psi—6), g(psi—1)]. This interval has size at most 5k, contains 4k — 4b hairs of p-vertices, thus can contain at most
8k + 4b hairs of vertices yg. All hairs of vertices ygj_s with f(j) =i must be mapped to this interval. As the number of
these hairs equals 9b times the sum of the weights of these vertices, we have Zj:f(j):i w(j) <c. O

Finally, we observe that f(1) = M: y1 is incident to vg, and thus y; must be placed in the Mth enlarged gap.
Now, with this last observation, Claims 27.3, 27.4 and 27.5 together show Lemma 26. O

An illustration of the construction of a linear ordering, given a uniform emulation is given in Fig. 9.
As the construction of the caterpillar G can be done in polynomial time and logarithmic space, given M, N and w,
Theorem 24 now follows. O

4.6. Acyclic finite state automata intersection

In the FINITE STATE AUTOMATA INTERSECTION problem, we are given k deterministic finite state automata on an alphabet T
and ask if there is a string s € £* that is accepted by each of the automata.

In the overview of the parameterized complexity of various problems in [28], the problem is mentioned to be hard for
all classes WIt], t € Z*, when either parameterized by the number of machines k or by the combination of the number of
machines k and the size of the alphabet X; the result is due to Hallett, but has not been published.

More recently, the problem and many variations were studied by Wehar [53]. Amongst others, he showed that FINITE
STATE AUTOMATA INTERSECTION with the number of machines as parameter is XNL-complete. He also considered the variant
where the automata are acyclic.
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AcycLIC FINITE STATE AUTOMATA INTERSECTION

Input: k deterministic finite state automata on an alphabet ¥ for which the underlying graphs are acyclic (except for
self-loops at an accepting or rejecting state).

Parameter: k.

Question: s there a string s € ¥* that is accepted by each of the automata?

Wehar [53, Chapter 5] showed that AcycLic FINITE STATE AUTOMATA INTERSECTION is equivalent under LBL-reductions (pa-
rameterized reductions that do not change the parameter) to a version of TIMED CNTMC (see Section 2.4) where the given
time bound T is linear in the sum of the sizes of the automaton and the input. The proof technique of Wehar [53] can also
be used to show that AcycLic FINITE STATE AUTOMATA INTERSECTION is XNLP-complete. We use a different, simple reduction
from LONGEST COMMON SUBSEQUENCE (defined on the next page).

Theorem 28. AcycLIC FINITE STATE AUTOMATA INTERSECTION is XNLP-complete.

Proof. For XNLP-membership of AcycLic FINITE STATE AUTOMATA INTERSECTION, the argument from [53, Proposition 5.1] can
be used: guess the solution string one character at the time, and keep track of the states of the machines during these
guesses. To see this does not take too much time, let n be the largest number of vertices in a graph underlying one of the
machines. Since the graphs are acyclic, all machines enter an accepting or rejecting state within n transitions.

The simple transformation from LONGEST COMMON SUBSEQUENCE parameterized by the number of strings k to AcycLic
FINITE STATE AUTOMATA INTERSECTION is given below.

Suppose that we are given k strings s', ..., s € ©* and an integer m. The LONGEST COMMON SUBSEQUENCE asks if there is
a string s € £* of length at least m which is a subsequence of s', ..., sk.

We consider k + 1 automata on alphabet £: one for each string s' and one that checks the length of the solution.

The length automaton has m + 1 states qo, ..., qgm, Where qg is the starting state and gy, is the accepting state. For each
i €[0,m—1], and each o € ¥ we have a transition from q; to g;;+1 labeled with o. We also have for each ¢ € X a transition
(self-loop) from g to gm. The following claim is easy to observe.

Claim 28.1. The length automaton accepts a string s € X* if and only if the length of s is at least m.

For each i € [1,k], we have a subsequence automaton for string s'. Suppose that its length is |s'| =t. The subsequence

automaton for s’ has the following t + 2 states: qo, - - -, q, qr- All states except for the rejecting state qg are accepting states,
and qo is the starting state. The automaton for s' ha; the following transitions. For each j € [0,t — 1] and o € %, if the
substring slj R -s; contains the symbol o, then let s, be the first occurrence of o in this substring, and take a transition

from q; to qj labeled with o. (Recall that for each state q and each o € X, if no transition out of g labeled with o was
defined in the previous step, then we take a transition from q to qg labeled with ¢.) The name “subsequence automaton”
is explained by the following claim.

Claim 28.2. The subsequence automaton for string st accepts a string s € * if and only if s is a subsequence of s'.

Proof. Note that after reading a character, the automaton moves to the index of the next occurrence of this character after
the current index. So, when we read a subsequence s, we are in state q; when j is the smallest integer with s a subsequence
of the substring s} s’j When there is no such next character, then s is not a subsequence and we move to the rejecting
state. O

From the claims above, it follows that a string s € * is a subsequence of s!,..., sk of length at least m if and only if
s is accepted by both the length automaton and the subsequence automata of s!, ..., sk. We can compute the automata in
O(f (k) + logn) space, given the strings s', ..., sk and m (with n the number of bits needed to describe these). O

It is also not difficult to obtain XNLP-completeness for the restriction to a binary alphabet. First, add dummy symbols to
¥ to ensure that the size of the alphabet ¥ is a power of two. Each transition labeled with a dummy symbol leads to the
rejecting state g, i.e., we accept the same set of strings. Now, encode each element of ¥ with a unique string in {0, 1}1°8/3l,
For each state q in the automata, replace the outgoing transitions by a complete binary tree of depth log|X| with the left
branches labeled by 0 and the right branches labeled by 1. For a leaf of this tree, look at the string z € {0, 1}'°¢/*I formed by
the labels when one follows the path from q to this leaf. This codes a character in X; now let this leaf have a transition to
the state reached from q when this character is read. This straightforward transformation gives an automaton that precisely
accepts the strings when we replace each character by its code in {0, 1}!°¢/=|. If we apply the same transformation to all
automata, we obtain an equivalent instance but with ¥ = {0, 1}. We can conclude the following result.

Corollary 29. AcycLic FINITE STATE AUTOMATA INTERSECTION is XNLP-complete for automata with a binary alphabet.
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5. Conclusion

We end the paper with some discussions and open problems. We start by discussing a conjecture on the space usage of
XNLP-hard problems, then discuss the type of reductions we use, and then give a number of open problems.

5.1. Space efficiency of XNLP-hard problems

Pilipczuk and Wrochna [48] made the following conjecture. In the LONGEST COMMON SUBSEQUENCE problem, we are given
k strings s!,...,s* over an alphabet ¥ and an integer r and ask if there is a string t of length r that is a subsequence of
each s', i € [1,k].

Conjecture 30 (Pilipczuk and Wrochna [48]). The LONGEST COMMON SUBSEQUENCE problem has no algorithm that runs in nf® time
and f (k)n space, for a computable function f and constant c, with k the number of strings, and n the total input size.

Interestingly, this conjecture leads to similar conjectures for a large collection of problems. As LONGEST COMMON SUB-
SEQUENCE with the number of strings k as parameter is XNLP-complete [32], Conjecture 30 is equivalent to the following
conjecture, which is currently known as the Slice-wise Polynomial Space Conjecture. Recall that the class XNLP is the same as
the class N[ f poly, f log].

Conjecture 31. N[ f poly, f log] ¢ D[n/, f poly].

If Conjecture 30 holds, then no XNLP-hard problem has an algorithm that uses XP time and simultaneously “FPT” space
(i.e., space bounded by the product of a computable function of the parameter and a polynomial of the input size). Thus,
XNLP-hardness proofs yield conjectures about the space usage of XP algorithms, and Conjecture 30 is equivalent to the same
conjecture for BANDWIDTH, LisT COLORING parameterized by pathwidth, CHAINED CNF-SATISFIABILITY, etc.

In particular, the conjecture suggests that there is a constant k* for which any deterministic Turing machine needs
w(logn) space in order to solve LisT COLORING for n-vertex graphs of treewidth k*; for trees the problem can still be solved
in logarithmic space [14], i.e. k* needs to be chosen strictly greater than one, but it’s unclear what space efficiency can be
achieved for treewidth 2, for example.’

5.2. Reductions

In this paper, we mainly used parameterized logspace reductions (pl-reductions), i.e., parameterized reductions that run
in f(k) 4+ O(logn) space, with f a computable function.

Elberfeld et al. [32] use a stronger form of reductions, namely parameterized first-order reductions or pFO-reductions,
where the reduction can be computed by a logarithmic time-uniform para AC©-circuit family. In [32], it is shown that TIMED
NON-DETERMINISTIC CELLULAR AUTOMATON and LONGEST COMMON SUBSEQUENCE (with the number of strings as parameter) are
XNLP-complete under pFO-reductions. We have chosen to use the easier to handle notion of logspace reductions throughout
the paper, and not to distinguish which steps can be done with pFO-reductions and which not.

One might want to use the least restricted form of reductions, under which XNLP remains closed, and that are transitive,
in order to be able to show hardness for XNLP for as many problems as possible. Instead of using O (f (k) + logn) space,
one may want to use O (f (k) -logn) space - thus allowing to use a number of counters and pointers that depends on the
parameter, instead of being bounded by a fixed constant. However, it is not clear that XNLP is closed under parameterized
reductions with a O(f (k) - logn) space bound, as the reduction may use O (nf®) time.

To remedy this, we can simultaneously bound the time and space of the reduction. A parameterized tractable logspace
reduction (ptl-reductions) is a parameterized reduction that simultaneously uses O (f (k) - logn) space and O (g(k) - n“) time,
with f and g computable functions, k the parameter, and n the input size. One can observe that the same argument
(“repeatedly recomputing input bits when needed”) that shows transitivity of L-reductions (see [3, Lemma 4.15]) can be
used to show transitivity of parameterized tractable logspace reductions (and of parameterized logspace reductions).

We currently are unaware of a problem where we would use ptl-reductions instead of pl-reductions. However, the
situation reminds of a phenomenon that also shows up for hardness proofs for classes in the W-hierarchy. Pl-reductions
allow us to use time that grows faster than polynomial in the parameter value. If we have an fpt-reduction that uses
O(f(k)n) time with c a constant, and f a polynomial function, then this could be used in an NP-hardness proof for the
unparameterized version of the problem. Most but not all fpt-reductions from the literature have such a polynomial time
bound. However, in the published hardness proofs, the distinction is usually not made explicit.

7 In a subtle way, the conjecture actually does not rule out that there is an O (logn) space algorithm for LisT COLOURING for treewidth k graphs, for each
k, but with the constant hidden in the O-notation growing faster than any computable function f.
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5.3. Relation between XNLP and W[P]

The relation between XNLP and WIP] is currently unknown. We conjecture that these classes are incomparable. At one
hand, problems in W[P] have certificates with O (klogn) bits, while problems in XNLP seem to require certificates with
Q(n°) bits, k the parameter, n the input size and ¢ > 0. At the other hand, the polynomial size circuits that are central in
the definition of W[P] (see e.g. [28]) may express problems that have no logspace algorithms. See also the discussion in
[35]. We leave the relation between XNLP and W[P] as an interesting open problem.

5.4. Candidate XNLP-complete problems

In this paper, we showed that the class XNLP captures the complexity of various parameterized problems. The common
denominator of such problems appears to be that there is some form of “linear structure” in the problem statement: either
we search for some linear structure, or the input is linearly structured. Recent work, following our investigations, revealed
that there are more such linear structured problems to be complete for XNLP, e.g. [16]; we expect that there are much
more examples. A number of candidates are linear graph ordering problems, like COLORED CUTWIDTH, FEASIBLE REGISTER
ALLOCATION (see [13]), SHORTEST COMMON SUPERSEQUENCE as mentioned in [28], RESTRICTED COMPLETION TO A PROPER INTERVAL
GRAPH WITH BOUNDED CLIQUE SIZE, (see [42]), or problems known to be in XP when parameterized by a linear width measure
(like pathwidth, linear cliquewidth). Jansen et al. [40] mentioned as open problem XNLP-hardness for two planarity testing
problems with treewidth as parameter. Bakkane and Jaffke [4] suggested that the generalized dominating set problems
which they prove to be W[1]-hard are likely to be XNLP-hard.
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