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Efficient Off-Grid Bayesian Parameter Estimation
for Kronecker-Structured Signals

Yanbin He

Abstract—This work studies the problem of jointly estimat-
ing unknown parameters from Kronecker-structured multidi-
mensional signals, which arises in applications like intelligent
reflecting surface (IRS)-aided channel estimation. Exploiting the
Kronecker structure, we decompose the estimation problem
into smaller, independent subproblems across each dimension.
Each subproblem is posed as a sparse recovery problem us-
ing basis expansion and solved using a novel off-grid sparse
Bayesian learning (SBL)-based algorithm. Additionally, we derive
probabilistic error bounds for the decomposition, quantify its
denoising effect, and provide convergence analysis for off-grid
SBL. Our simulations show that applying the algorithm to
IRS-aided channel estimation improves accuracy and runtime
compared to state-of-the-art methods through the low-complexity
and denoising benefits of the decomposition step and the high-
resolution estimation capabilities of off-grid SBL.

Index Terms—Sparse Bayesian learning, higher-order SVD,
intelligent reflecting surface, channel estimation, basis expansion.

1. INTRODUCTION

ULTIDIMENSIONAL signals arise in several engineer-

ing applications such as image processing [2], [3], [4]
and wireless communications [5], [6], [7]. In these contexts,
the data is represented as a function of different dimensions,
each conveying a specific physical quantity. For example, in
the uplink narrowband intelligent reflecting surface (IRS)-aided
system, the received signal at the base station (BS) from the
mobile station (MS) is a function of angle-of-departure (AoD)
at MS, the difference of angle-of-arrival (AoA) and AoD at
the IRS, and AoA at BS [8]. Considering the angular domain
of each array as a separate dimension, this signal is multidi-
mensional [7], [8]. This structure is captured by the Kronecker
product [9], leading to the fundamental model,

Y=y, 0y, @ -y, +n=0_y,+n, (1)
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where ®@!_,y, € CM is an I-dimensional signal, y, € C*:
represents the signal in each dimension, n is the noise, M =
Hle M;, and ® is the Kronecker product. Each y; encap-
sulates the signal in the corresponding dimension (e.g., AoA
and AoD) and is expressed as a weighted sum of nonlinear
parametric functions,

S
Y=Y hi(io)Tis, )
s=1
with parameters ); ; and weights Z; ., for s=1,2,...,5;,

where h;(-) € CM is the nonlinear function. In the IRS-aided
system example, the parameter 1/32S can be AoAs or AoDs, the
nonlinear function h; is related to the steering vector, and Z; s
represents the path gain corresponding to each AoA or AoD.
Thus, the channel estimation problem reduces to estimating all
1131,5’8 and z; ;’s from the received signal ¢, where .S;’s are also
unknown. Hence, this paper focuses on the general problem
of estimating the parameters and weights {1; s, a*c“}le from
measurements g and the function h;(-) for all I dimensions.
A popular approach for parameter estimation from (1) and
(2) is multidimensional basis expansion model (BEM) [2], [3],
[4], [8], [10], [11]. It evaluates the nonlinear function over
pre-sampled grids of unknown parameters in each dimension
to express the multidimensional signal as the product of a
known overcomplete Kronecker-structured dictionary of the
basic functions and an unknown sparse coefficient vector as

y= (o H;)z+n. 3)

Here, § € CM is the measurement, H; € CM:*Ni s the over-

complete basis for h;(-), and ®!_, H; € CM*¥ is the over-
all dictionary with M < [[._, N;=N. Also, z € CV is the
unknown sparse vector, and 7 is the measurement noise. The
model in (2) leads to a Kronecker-structure in @

T =@ T, “4)

where x; € Ci is the weight in the ith dimension. The over-
complete dictionary makes x; sparse, with only S; nonzero
entries corresponding to the true parameters. Thus, estimating
parameters and coefficients is a sparse recovery problem.
Solving (3) for a sparse vector  with Kronecker-structured
support has been discussed in [3], [7], [10], [11]. A greedy
method, Kronecker- orthogonal matching pursuit (OMP), gen-
eralizes the traditional OMP to multidimensional BEM [3].
It has low complexity but requires hand-tuning of a sensi-
tive stopping threshold [7]. Another approach with improved
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accuracy and no hand-tuning relies sparse Bayesian learn-
ing (SBL). It adopts a fictitious Gaussian prior on the sparse
vector with a Kronecker-structured covariance matrix to en-
force a Kronecker-structured support [7], [10], [11]. Although
Kronecker-SBL (KroSBL) can be readily applied to our prob-
lem, it has two main drawbacks, as elaborated below.

First, KroSBL does not fully exploit prior knowledge (4).
While KroSBL employs a Kronecker-structured covariance
matrix, the variance only determines whether an entry is
nonzero; in effect, KroSBL only exploits the Kronecker struc-
ture of the support vector. Consequently, KroSBL directly es-
timates the high-dimensional vector x. Although the state-
of-the-art KroSBL algorithm employs some complexity re-
duction techniques [7], it still faces high overall complex-
ity due to the high dimensionality of the Kronecker product.
So, we seek a method that can better exploit the Kronecker
structure while significantly reducing complexity compared
to KroSBL.

Second, KroSBL relies on multidimensional BEM, formu-
lating the dictionary using predefined grids. However, the true
parameters may fall off these grids, causing a grid mismatch
issue [12], [13], which can degrade the estimation performance.
A popular way to address mismatch is to estimate the unknown
parameters by optimizing the SBL cost function. However,
this is challenging due to the nonlinearity of the SBL cost
function. One approach is to use linearization methods that
initialize the unknown parameters using pre-sampled values
from the range of interest, locally approximate the nonlinear
cost function using linearization techniques such as Taylor ex-
pansion [12], [14], [15], and solve for the first-order coeffi-
cients. However, such an approximation is only valid locally
[16], [17]. Initialization with finer sampled values can only
alleviate but not fully eliminate this issue [16], [17], [18], and
it also induces higher-dimension dictionary with worse coher-
ence condition. Alternatively, some works turn to marginal
likelihood maximization by isolating the contribution of each
variable to the likelihood, and then sequentially selecting the
candidate that maximizes this isolated contribution [16], [19],
[20], [21]. This greedy strategy starts with an empty dictio-
nary and progressively adds the top-contributing candidates.
So it is closely related to matching pursuit algorithms [20]
and can suffer performance degradation as the number of un-
knowns increases [22]. The framework in [23] can also be
leveraged to jointly construct Kronecker-structured dictionary
and sparse vector. However, the variational Bayesian-based ap-
proach in [23] assumes unconstrained columns in dictionary,
while the column of our dictionary is constrained by column
function h;(+). In addition to the above off-grid methods, grid-
less methods, which operate directly in the continuous do-
main without discretization [13], are also studied in the litera-
ture. Example approaches include atomic norm-based methods
[24], [25], [26] and variational Bayesian line spectral estima-
tion techniques [27], [28]. However, atomic norm methods re-
quire a structured column function h;(-) to admit a Vander-
monde decomposition for parameter recovery, while the distri-
bution approximation used in variational Bayesian approaches
is valid when h;(+) consists of complex sinusoidal components.
Thus, they cannot be trivially generalized to different forms
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of h;(-). The drawbacks and limitations of existing mul-
tidimensional BEM, off-grid SBL algorithms, and gridless
methods motivate novel approaches to solving our parameter
estimation problem.

We aim to develop a method for estimating the parameters
and weights {zﬁ“,iz“}il for all I dimensions using 4 in
(1) and (2) with three key features: (¢) utilizing the Kronecker
structure in (1); (4¢) overcoming the grid mismatch of lineariza-
tion and marginal likelihood optimization; and (ii7) achieving
lower complexity compared to KroSBL. Our algorithm follows
the BEM paradigm using SBL and enjoys the theoretical guar-
antees. Our main contributions are as follows:

e Decomposition-Based Algorithm: We present two meth-
ods to decompose the measurement y into multiple low-
dimensional measurements, better utilizing the prior in-
formation of the Kronecker structure in Sec. II-A. It
transforms the joint multidimensional unknown parame-
ters estimation into multiple separate subproblems in each
dimension, leading to reduced complexity.

o Off-grid Algorithm: We use BEM for parameters es-
timation in each dimension and cast it into a sparse
vector recovery problem solved using the expectation-
maximization (EM)-based SBL in Sec. II-B. We further
incorporate a grid optimization step in the EM iterations
to address grid mismatch, implemented via alternating
minimization. This approach fills gaps in prior work by
enabling optimization without the linearization approxi-
mations used in [12], [14], [15] and jointly updating all
variables, avoiding the greedy selection strategies of [16],
[19], [20], [21].

e Algorithm Analyses and Extensions: We study the decom-
position step and the iterative grid optimization in Sec. III.
We theoretically quantify the error bound of the decompo-
sition step in the presence of noise and the denoising effect
which we attribute to the better estimation performance.
We discuss the convergence property of our algorithm.
We also explore potential extensions and applicability of
our decomposition strategy to alternative measurement
structures that emerge in various practical scenarios in
Sec. III-D.

e Application: In Sec. IV, we analyze the signal model of
a prototypical IRS-aided wireless communication system
and explain the implementation of our algorithm for uplink
cascaded IRS channel estimation.

e Numerical Results: We evaluate our schemes in three
scenarios in Sec. V. The first scenario highlights the
computational efficiency and denoising benefits of the
decomposition method. The second scenario demonstrates
the high-resolution estimation capabilities of off-grid
SBL. The third scenario focuses on IRS channel estima-
tion, showcasing improved accuracy and reduced runtime,
driven by the combined effects of decomposition and off-
grid SBL.

In short, our algorithm estimates parameters from Kronecker-
structured multidimensional signals, tackling grid mismatch
and high complexity through two key techniques: decompo-
sition and off-grid SBL. These techniques are of independent
interest and can be applied separately, depending on the specific
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signal model. Compared to our preliminary work [1], we make
several novel contributions here. Apart from the singular value
decomposition (SVD)-based approach in [1], we introduce
higher-order singular value decomposition (HOSVD)-based ap-
proach to the decomposition step and present its probabilistic
error bounds, including a decomposition error bound and a
characterization of denoising. Additionally, we develop an oft-
grid SBL algorithm, addressing the issue of grid mismatch
and analyzing its convergence properties. Further, we explore
extensions of our strategy to alternative measurement structures
that emerge in various practical scenarios, and present extensive
numerical evaluations of our two-step solution applied to IRS
channel estimation.

Notation: Boldface small letters denote vectors, boldface
capital letters denote matrices, and calligraphic letters denote
tensors. We use [I] to denote the set {1,2,---,I} and the
symbols ®, ®, o, and x; to denote Kronecker, Khatri-Rao,
tensor outer product, and tensor ¢th mode product, respectively.

Tensor preliminaries: We present tensor fundamentals in-
cluding outer product, tensor matricization, tensor mode
product, HOSVD, and multilinear rank. The outer product of
vectors {t; € CMi}!1_ yields a rank-one tensor R := o!_,¢; €
CMuxxMr with entries [R]m,y ... .m; = Hi[:l[ti]mi. The ith
matricization matrix T'(;y of tensor 7 is defined as

[T(Z)]m“j = [7-]'m1,m2,...,'m1 ’ VZ € [I]7

withm; € [M;],andj =1+ ZLM# (Hf);ll,p;éi Mp) (my —
1). Matrix T'(;) matricizes 7 along its ith dimension and has
dimension M; x HLM# M, with the (m;, j)-th entry given
by the (my, ..., my)-th entry of 7. Specifically, for rank one
tensor R, its 7*th matricization matrix is [29]

. T
Ry =t ((@2;}12‘) ® (®%:,'*_1ti)) )

for any index i* € [I] which we use to avoid confusion with
iteration index ¢ in the Kronecker product. The ith mode product
of a matrix D; € CN+*M: with T is denoted by

M=T x; D;,
where M € CMXXMima X Nix M X XMr - The jth matri-
cization matrix of M, i.e., M ;) is given by

M i) = DiT.
For a tensor 7 € CMu>xxMr jtg HOSVD is given by

T=Cx1Ey xoFEy---x1 Eyp,

where E; € CM:*M: g the left singular matrix of T ;. Ten-
sor C is the core tensor of 7, obtained as C =7 X1 E'f X o
E;‘ S X E? If we denote the rank of T'(;) as R; for i € [I],
then tensor 7 is said to have a multilinear rank (Ry,--- , Ry).

II. OFF-GRID SPARSE RECOVERY ALGORITHM FOR
KRONECKER-STRUCTURED MEASUREMENTS

In this section, we study the parameter estimation problem
with Kronecker-structured measurements. The signal model is

(&)

Y= H, 3 & +n=0_y, +n,
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where the noise term in 7”2 need not be Kronecker-structured.

For i€ [[], the matrix H, g is parameterized by v, :=
Wiylv . ,1/_)1-757.}T € R% as follows,

I:Iz‘,ﬂ:i = [hi(ﬁ;i,l) hq(&qsq)} c (CMZ'XSi,

where h; € CMi is a known and continuous column function.
The scalar S; is the number of unknowns in H i, We assume
Vi.s € [Yi1, i), @ known compact range of the unknown pa-
rameters, and the goal is to estimate '&i and x; from (5).

To ensure identifiability of 1;, we assume h; (1) # h; (1)
for any 1, # 14. Identifiability of @; is limited by the Kro-
necker structure, i.e., for scalars {a;}/_, with Hle a; =1,
the set of vectors {#;}!_, and {a;Z;}._, both result in y
when combined with a given noise vector . However, in many
applications (e.g., channel estimation [5], [8]), the goal is to
recover the solution up to a scaling factor, as we later elaborate
in Sec. IV. Therefore, we aim to jointly obtain b, and the
coefficient &; up to scaling ambiguities, given i) measurement
gy, i) vector function h,, and 4i7) range [v; 1, ;.| for ¢ € [I].

We devise a two-step solution: the first step decomposes (5)
into I subproblems, each estimating {Z:i and x;, and the second
step solves these subproblems using an off-grid approach.

A. Step 1: Decomposition-Based Algorithm

To develop the decomposition algorithm, we use Lemma 1
for the noiseless set of linear equations, § = ®;_, H, 3 ;.

Lemma 1 [7, Lemma 4]: Consider linear equations y; ®
Yy = (H1 ® Hy) (1 @ x2) #0. Solving for &1 ® x5 from
the equations is equivalent to solving for ; and x5 from
H; (ax1) =y, and H; (a " x2) = y,, for any scalar o # 0.

Lemma 1 indicates that we can estimate individual vectors
x1 and x9, up to a scaling ambiguity «. Therefore, if y is split
into I low-dimensional vectors {gj, € C*i}1_,  then (5) in the
noiseless case (n = 0) can be decomposed into I subproblems,
each with ambiguity {a; # 0}/_, with [, a; = 1. This ap-
proach allows solving for x; individually, rather than jointly.
We now discuss the decomposition of g into low-dimensional
vectors ¥,’s, in both noiseless and noisy cases.

1) Noiseless Setting and HOSVD: In the noiseless case,
we aim to find {g,}/_; so that y =y = ®!_,9,. This can be
achieved using HOSVD applied to the tensor representation
of . Using (1), 4 can be represented as an Ith order tensor!
Y =ol_y, € CM>xMr where o is the tensor outer product.
Its i*th mode matricization for any i* € [I — 1] is

- T
Yoo =ue ((¢'w) 0 (@) . ©

where y,. € C™* is the i*th component in the Kronecker
product ®!_,y,, and (-)T is the transpose operator. We use the
index ¢* in (6) and the subsequent discussion to avoid confusion
with the iteration index ¢ in the Kronecker product expression.
Now, an estimate ¥,;. of y,. up to scaling ambiguities is the
left leading singular vector e;« of the rank-one matrix Y';«),

"From [29], vec()) = vec(ol_,y;) = ®}_,y; where the subscript is
descending. For simplicity, we use ascending subscripts in the tensor outer
product, resulting in ) and y containing identical entries, albeit reordered.
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ie., ¥;» = e+, for i* € [I — 1]. For i* = I, the estimate ¢; is
e; multiplied by the leading singular value of Y/;), ensuring
®!_,9; = ®!_,y,. The decomposition is called the HOSVD,
assuming a multilinear rank of (1,--- , 1) due to the Kronecker
structure [29], [30], [31].

2) Noisy Case and Truncated HOSVD: Extending to the
noisy setting, the decomposition step becomes

{9}/, = argmin [|g — @ 2>, @)

{zieCMi }le

where || - ||2 is the vector £5 norm. We see that (7) is the same as
seeking a tensor ) = ol_, z; with multilinear rank (1,--- 1)
from measurement tensor )/ obtained from y as

min||Y — Y|jp s.t. multilinear rank of Y is (1,---,1), (8)
Y

where || - || is the Frobenius norm. Unlike the noiseless case,
here the ith mode matricization Y(i) of Y is not rank-one due
to noise. We solve (8) through the truncated HOSVD, where
only the left leading singular vector is selected. We obtain Y=
Exier---xrerand =Y xq el x; el where e; is the
left leading singular vector of the ith mode matricization Y(i)
of Y for i € [I] [32]. Here, operator X; is the ith tensor mode
product and (-)" is the conjugate transpose. Then, a solution to
(7)isy, =e; forie[I —1] and §; = Eey.

3) A Low-complexity Approximation: When I and M; are
large, HOSVD can become computationally intensive due to
SVD needed to obtain e; for i € [I — 1]. Hence, we offer a
low-complexity method using recursive SVD-based rank-one
approximations,
©))

arg min 19,1 — z: @ Zi|2,

(z:€CMi 2;), ||z ]2=1

(Qi» yz) =

for i € [I — 1] where y, =y and y;_; = y;. For example,
we consider the case when i=1. We rearrange y as Y €
CM/MixMy where vec(Y) = 9. Since z; ® Z; = vec(2,2] ),
(9) is equivalent to a rank-one approximation that minimizes
|Y — z,2]||r, and 9, is the leading singular vector of Y.

Compared to HOSVD, here, the problem dimension de-
creases with i as z; € CI1i>: i and the overall complexity is
dominated by the first step, i.e., = = 1. Besides, in the noiseless
case, (9) and HOSVD yield the same solution.

Combining the decomposition step for y obtaining {¥;}!_,
with Lemma 1, we break down the original M -dimensional
problem into I subproblems of dimensions {M;}/_,,

y;=H, 4 &, + ny, i€ 1], (10)
which can be solved in parallel. Here, we assume «; = 1 with-
out loss of generality, as we seek solutions up to a scaling factor.
The decomposition better exploits the Kronecker structure in
the measurements, aiding denoising (see Sec. III-A) and re-
ducing the complexity (see Sec. III-D). Before presenting these
analyses, we first develop an algorithm to estimate v, and Z;
from (10) for a given <.

2619

B. Step 2: Off-Grid SBL-Based Estimation Algorithm

In each dimension, the subproblem takes the general form of
y = H,x + n for a nonlinear function h when entries of )
belong to [t1, 1], where we drop the dimension index i. We
adopt BEM by discretizing [¢1, 1;] with a set of variables v €
RY with the nth variable 1,,, forming the dictionary

H(¥) := [h(¢1) h(yn)] € RN,
This leads to the BEM with coefficient vector x as
y=H()z +mn, (1)

Only a few entries of 1) correspond to the true parameters 5,
making « sparse. However, solving (11) by fixing 1) at some
predefined grid points, as in standard sparse recovery, leads to
grid mismatch. Thus, we treat 1) as variable and jointly estimate
1) and sparse x using the SBL framework. Then, the nonzero
entries of x and their corresponding 1),,’s are estimates of &
and 1), respectively.

SBL adopts a fictitious zero mean complex Gaussian dis-
tribution CN (2|0, T") as prior on the sparse vector  with an
unknown diagonal covariance matrix IT'. Let T' = diag(y) €
RN XN with the diagonal entries v € R"Y. We assume Gaussian
noise 1 ~ CN (0, 2I) with unknown variance 2. Using type
II ML, we first estimate the hyperparameters =y, v, and o2, and
then, the estimate of x is arg max,, p(x|9;~, 1, 02). The ML
estimates of the hyperparameters are

L (v, p,0%), (12)

min
¥>0, e, N, 02>0

where ~ > 0 indicates that the entries of < are nonnegative.
Using the SBL priors, negative log-likelihood function £ is

£ (7,9, 0%) =log (7, %, 0%)=log |5, | + tr (§"'%;9)

where 3, = 021y + H (¢)T' H ()" and tr(-) is the trace op-
erator. We resort to the EM algorithm to solve (12). Specifically,
the rth iteration of EM is

E'Step: Q(PYa ¢>02)
= Em\@;{‘y,’l[ﬂ,o’2}“) {10gp(y, Y, ¢7 02)}7
M-step: {7, 9,0} = Q(y, 4, 0%).

arg max
¥>0,2p€ 1,2 ]V ,02>0

Here, v > 0 means the entries of -y should be positive to avoid
degenerate distributions. Further, we note that

Q(77 ¢a 02) = Em\@;{'y,zp,o-Q}(W‘) {logp(:lﬂxy wa 02)}
+ Em\@;{'y,z/),(ﬂ}(r) {logp((E, ’7)}7
and thus, the optimization problem in the M-step is separable

in v and {1, 0?}. The optimization problem in = is
~"+D) = arg min log | diag(v)| + (d(r))-r'y_1 =d", 13)
~>0

with ) = diag(2, + p p!) where diag(-) returns the diag-
onal entries of the matrix input, and v~ ! representing element-
wise inversion. Here, p, and 3, are the mean and variance of
conditional distribution p(x|¥; {7, ¥, 02}("), respectively,

= (072" SH@) M,
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H (") H(9") + diag(v") ™!

3, = [(072)0)

(14)

Optimizing v and o2 in the M-step yields
{9, =

arg min
YE[Y1, Y]V, 020

where g() :=[|g — H () |3 + tr(ZH ()" H (%)), is
independent of o2. Given 9" ™", we update o2 as

1
Nlogo + 5—g(¥),
20

(6%)") = g(3p V) /N. (15)
Further, 3"+ = arg min,, g(t) simplifies to
Y = argmin tr (H(y)SH(p)")
PE[r, ]V
— 2Re {tr (MH(3))}, (16)

where 3 := 3, + p pH and M = p1, ™. We use the alternat-
ing minimization method to solve (16), where we alternatively
optimize one entry of v while keeping all others fixed. The
tth iteration of the alternating minimization method updates the
n*th variable 1,,» by minimizing

fn* (wn*) = 2Re {vg*h(wn*)} + En*,n*h(wn*)Hh

Here, v,,- € CM is defined as

(wn* )

n*—1

Up* = Z En*,nh(wgr’t+1))
n=1
FY Bk - M
n=n*-+1

where M- . is the n*th row of M, and X,- ,- is the
(n*,n*)th entry of 3. We use index n* to avoid confusion with
iteration index n. Hence, the tth alternative minimization iterate
¢fli’t+1) in the rth EM iteration for index n* € [N] is

f’n* (¢)

Wl

Pl (17)

arg min
w00 4y ()

5 n 1 <w< n
The assumption h;(v,) # h; (1) for any 1, # 1, ensures the
solution identifiablity of problem (17). Although f,,- () in (17)
is a nonlinear function of v, we avoid local first-order approxi-
mations [18] by using the alternating minimization. It translates
the problem (16) into simple one dimension subproblems (17).
We solve (17) using a simple (one-dimensional) grid search,
preserving accuracy and ensuring easy implementation. Our
off-grid SBL (OffSBL) and the overall decomposition-based
SBL (dSBL) are outlined in Algorithms 1 and 2, respectively.

So far, we discussed our dSBL framework. Next, we discuss
how the recovered signals {z;}_, are used to infer coefficients
{#,;}L_,, unknown parameters {"‘:bz}z:p and {S;}1_,. Through
automatic relevance determination mechanism [33], SBL pro-
motes sparsity in x; by learning a sparse hyperparameter =y,
for i € [I]. We note that -, is the hyperparameter involved in
(12) where the subscript ¢ referring to the ith subproblem (10)
is dropped. Then, the support of x;, indicated by the significant
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Algorithm 1: OffSBL.

Input: Measurement y, the number of initial grids [V, the
range [¢1, 1], and thresholds €, e < 1

1: Set r = 0, initialize 4(*) = 1, and initialize ¥(®) with
uniform samples {6, }

_, from [y, ¢y ].

2: repeat

3: Compute p, and 3, using (14)

4:  Update ~v("+1) using (13)

5 Set t = 0, initialize ¥("") = (")

6: repeat

7: Obtain " +1) by solving (17), for n* € [N]
8: Sett=1t+1

o until [+ —p®|| < ¢

10:  Let (T = (1)

11:  Obtain (¢2)"+1) using (15) and set r =7 + 1
12: umtil [y — 4Oy /][4y < e
Output: Estimated © = py.

Algorithm 2: Decomposition-Based SBL (dSBL).

Input: Measurement y, dictionaries H; for i € [I]
for i € [I] do
Solve (8) or (9) to obtain g;
Solve (10) for x; using Algorithm 1
end for
Output: For i € [I], Z; corresponds to the nonzero entries
of x; and v; corresponds to the support of x;.

B > s

peaks in amplitude, reveals the estimated active components
1, while its values are the estimates of Z;; the number of
estimated active components is .S;. Due to computational limits,
we cap the number of EM iterations, so the inactive components
are not exactly zero but a very small value. We threshold «,
(e.g., 107%) to prune the values below the threshold and retain
the other values for estimating {#;}/_, and {1;}_,, as ex-
plained before.

III. THEORETICAL ANALYSIS AND EXTENSIONS

This section analyzes our dSBL algorithm, covering the de-
composition error bound and denoising effect of HOSVD and
convergence results of OffSBL. We then present the complexity
analysis of dSBL, demonstrating its computational advantage
compared to other methods. Finally, we discuss extensions of
our algorithms to other similar signal models.

A. Analysis of Decomposition-Based Algorithm

We start with the decomposition error bound, where we quan-
tify the error between the decomposed vectors {9, }._; and the
true signal components {y; = H z;}I_,. We measure the
error as the angle between y; and yl, accounting for scaling
ambiguity in the decomposition step.

Theorem 1 (Decomposition Accuracy): Let y = @!_ y, +
7 € RM be the noisy measurement as given in (5), where y, €
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RMi and ﬁ has independent zero-mean Gaussian entries with
variance 2. Suppose the signal satisfies

= >

— 51 w302 > Conp (VT + s 11 ).

for a large constant C'y,, > 0. Then, there exist constants ¢, C' >
0 such that with probability at least 1 — C exp{—cM,},

sin(9;) < C (VA + VA2,

where ¥; := arccos (|y!4,|/(||y;ll2]|g;ll2)) is the angle be-
tween y; and its estimate ¢, obtained by solving (7) and (8).
Proof: See Appendix A. 0

We note that \ /M represents the signal-to-noise ratio (SNR)
of our measurement model, and a higher SNR (i.e., a larger \)
improves estimation accuracy, as expected. As A goes to oo
(noiseless case), the error bounds approach zero. Conversely,
when the signal strength is insufficient to meet the required
condition, there is no consistent estimator for y,’s [31].

While the decomposition accuracy reflects how well y; aligns
with the true signal y,, we can also access the noise level
after decomposition. We next quantify the denoising effect of
the decomposition step, which refers to noise reduction in the
measurements, i.e., | ®1_ ! ¥; — ®/_,y;ll3 is expected to be
smaller than E{ ||nH } = 02 M, as summarized in the following
result. B

Theorem 2 (Denoising Effect): Let y = ®@!_,y, + n € RM
denote the noisy measurement as in (5), where y, € RM:i and
has independent zero-mean Gaussian entries with variance o7.
Let gy, denote the estimate of ¥y, obtained by solving (7) and
(8). Then, the estimates satisfy

iell],

| ®i1:1 Y; — ®iI:1yiH2

oy (2213[3\/E+\/W}+1+2

max Mj> ,
1<j<1
(18)

with probability exceeding 1 — 3 Zle e~M:, Moreover,

I
E{l|®_19; - @iyl3} =0} (Z M;+1— 1) . (19)

i=1
Proof: See Appendix B. 0
To gain insights from Theorem 2, suppose that M; = O(M)
for i € [I] for some value M. Then, (18) shows that the noise
level || @7 9, — @ 1yz||2 in the decomposed signal is dom-
inated by the term O(c2M/M;)=O(M!~1c?) for I>2.
Then, in the general situation with [ > 2, compared to the
noisy signal Y, the noise level reduces from O(M!o?) to
O(M!=152) after HOSVD. Besides, from (19), the average
noise level can be approximated as (’)(M Io?) when M > 1.
Specifically, the noise level E{||7|?} = 02 M reduces approx-
imately by

E{H®{1@z zlyH} Ez 1M+1—I<1

E{|[n[3} M
The probabilistic bound in Theorem 2 can also be interpreted
as an error bound for HOSVD. Consider the simplest case
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I =2 and fix M = M, M, and ;. The upper bound in (18)
(with respect to o) can be bounded from below as

8(\/ M1 + MQ) + 1 + 2\/maX{M1,M2}
>8| min /M, + M|+ 1+ 2MV* =

My, Mo
M1 May=M

18MM* 41,

where equality is achieved when M; = M,. Therefore, the
bound in (18) is minimized when the vectors y;’s have the
same size.

We present the next corollary on the low complexity ap-
proximation, obtained by setting I =2 and M, = M /M, in
Theorem 2, noting that it has the same first step as HOSVD.

Corollary 1: Under the assumptions of Theorem 2, if y; and
Y, are obtained from ¥ using the low complexity approximation
(9), with probability at least 1 — 3(e= M1 4 ¢~ M/My),

191 ® 91 — Y2 <oy <1 + 18\/maX{M1,M/M1}> ,

and E{ ||, © g, — yl3} ~ o (My + M/M; — 1).

Corollary 1 shows that the first step of low complexity ap-
proximation also aids denoising. To intuitively see this, we
reorganize ®._,y, into a rank-one matrix Y := (®/_,y,)y]

Y=Y +N=(®_y,)y; +N,

with vec (Y') = 9, vec(Y) = ®!_,y;, and vec (IN) = 1. Here,
the noise term is unstructured IV and typically has full rank. The
first step (2 =1) of (9), yields y; and y,, which estimate Y’ as
y1y1 Comparing this estimate with Y, we observe that yly1
preserves the rank-one structure of the signal. It discards the
components that violate the rank-one constraint, which are often
attributed to noise, effectively performing denoising. However,
a drawback of the low-complexity approximation is that the
error from one step can propagate to the subsequent steps,
as later computations depend on estimates from the previous
steps. In contrast, the error in HOSVD is independent in each
subspace, leading to a better decomposition but with a higher
computation cost.

B. Analysis of OffSBL Algorithm

This section discusses the convergence results for OffSBL in
Algorithm 1. We note that OffSBL is a two-level iterative algo-
rithm, where the outer EM iteration is given by (14) followed
by (13) and (15), and the inner loop updates the grid points via
(17). We first provide the guarantees for the inner loop for a
given rth EM iteration.

Lemma 2 (Convergence of Update): Consider the alternating
update (17) in the rth EM iteration. If sup,,c(y, 4. [R(¥)[13 <
o0, the sequence {g(¥"")}22  is non-increasing and conver-
gent. Its iterate {29122 "adopts at least one limit point.

Proof: First, we note that there always exists an optimal
solution to (17) due to the continuity of the function f,,~. The
extreme value theorem states that f,«(¢)) must reach a min-
imum at least once within the closed and bounded constraint
set. The solvability of (17) further indicates

g(w(r,t—i-l)) Sg(’l,b(r’t))

(20)
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Further, the cost function g(t) is bounded from below as

9(9) = 9 — H)p, |3 + tr(SH () H(4))
> —2Re(tr {MH(4)})

> —tr{MHM} —tr {HH(¢)H(¢)}

> —tr {MHM} ~ N sup ||h(¥)|3> —oc.

YE([Yr,¢r]
Thus, by the monotone convergence theorem, the sequence
{g(p™D)}22, converges. The monotonicity (20) also ensures
that {1p(""}2° belongs to the sublevel set of 3. Since
g(1)) is continuous, its sublevel sets are compact, implying that
the sequence {1 }2° adopts at least one limit point.  [J

We next prove the convergence of our OffSBL algorithm.
For the convergence result, we assume the zero-mean Gaussian
noise 7 in (11) has a known variance o2 > 0 and present the
convergence based on iterates {v("), (" }2  i.e., we do not
update o2 via (15), but use the true value of o2 in Algorithm 1.
This assumption simplifies deriving a lower bound for the neg-
ative log-likelihood function (12), which is challenging when
02 =0 or treated as a variable. Moreover, assuming o2 > 0 is
standard in SBL analysis [34], [35] and the noiseless settings
corresponds the limit where o2 — 0. Thus, the results below are
asymptotically applicable to the noiseless case.

Theorem 3 (Convergence Property of OffSBL): Consider
the problem (11) where m is zero-mean Gaussian noise
with known variance o2 > 0, solved using OffSBL in Algo-
rithm 1. If supy, ey, 4,1 1R(¥)[|3 < oo, the cost function se-
quence {£(~(),4)}22  converges monotonically to some
value £*, and the sequence {~("), 7} converges to a set
S* with L(~,1) = L* for any {v,v¢} € S*.

Proof: We have Q(~(", ’lﬂ(r)) < QY ¢(T+l)) in the
rth EM iteration due to Lemma 2. Then, OffSBL is a gener-
alized EM algorithm and the sequence {£(~(", 1,ZJ(T))}$°:O is
nonincreasing [36]. Also, £(y, ) is bounded from below as

L (v, ) =log || + tr (y”zy—ly) > log |5,| > Mlogo?,

where X! = (0215 + H ()T H (¢p)") 1 is positive defi-
nite for v >0 and 1 € [1/1,7,]". The last inequality is be-
cause the eigenvalues of X, are lower bounded by o2 [7].
Thus, by the monotone convergence theorem, the sequence
{L(r"), ")} converges to some value L£*.

Further, the function L is a coercive function of « and contin-
uous in both 7y and v [34, Lemma 3]. Consequently, its sublevel
sets are compact. The nonincreasing {£ ("), ¥()}2°, indi-
cates that {(), ") 122, adopts at least one limit point in the
level set of £*, i.e., S*, which completes the proof. OJ

We conclude by noting that although the properties of limit
points of the EM iterations are unknown, OffSBL offers a
sequence over which the negative log-likelihood £ is nonin-
creasing, aligning with the problem (12). We also empirically
observe that OffSBL iterates also converge.

C. Algorithm Complexity

For simplicity and interpretability, we assume M; = O(M),
N; =0O(N), and I <M < N, where N; is the number of
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grids adopted in the BEM of (10). The time complexity
of dSBL with HOSVD is O (RenN2M1 + IM'*!) while
low-complexity approximation has O (REMN IMI+ M! +1).
Here, Rgym denotes the number of EM iterations. The dif-
ference between HOSVD and low complexity approximation-
based schemes is roughly of order I. Meanwhile, both have
similar space complexity, i.e., O(M! + MN + N?). Also,
all sparse recovery subproblems are independent of each
other and can thus be solved in parallel. In that case, the
time complexity changes to O(M+! + Rgy N2 M) for low-
complexity approximation based and O(IM+! + Ry N2 M)
for HOSVD based, while the space complexity becomes
O(M! + IMN + IN?). For comparison, the time complexity
of AM- and SVD-KroSBL is O(Rgnm(RamINT + (MN)T))
and O(Rpm (N + (MN)T)), respectively, and the space
complexity is O((MN)!) for both. Here, Ran denotes the
number of AM iterations in AM-KroSBL. Therefore, both the
time and space complexities of our algorithm are several orders
less than the state-of-the-art KroSBL methods.

D. Extensions to Similar Structures

We reiterate that the decomposition and the OffSBL algo-
rithms we presented are general algorithmic techniques and
can also be applied independently. For instance, for estimation
tasks involving Kronecker-structured signals, if there is no grid
mismatch and the parameters 1,_ZJZ lie on a discrete set, one can
combine the decomposition algorithm with any sparse recovery
algorithm. Similarly, OffSBL is a stand-alone off-grid algo-
rithm for conventional linear inversion problems (i.e., [ =1).
Moreover, these techniques can be extended to other parameter
estimation models, as discussed next.

1) Superposition of Kronecker-structured Data: In several
wideband orthogonal frequency division multiplexing multiple
input multiple output (MIMO) systems [5], [6], [37], measure-
ments y takes the form

U
Y= Z (®f:1ﬂu,i,ﬂjwiu,i) + n. Q1)

u=1
where the special case of U = 1 reduces to (5). Here, we can
rewrite (21) using the tensor form as

U
V= Z O{=1 (Hu,i,ﬂ)u,iiu-,i) +N.
u=1
Thus, each factor ETW@U &y, for u=[U] and i € [I] can
be obtained by tensor canonical polyadic decomposition under
mild conditions for uniqueness of the decomposition [29], fol-
lowed by OffSBL for unknown parameter estimation.
2) Non-Kronecker-structured Sparse Vector: Some applica-
tions [2], [7], [10] lead to the measurement model

§= (®§:1Hi7ﬂ,i) T +n,

where the coefficient vector & is not Kronecker-structured.
Here, direct decomposition of y cannot be applied, but we can
use the Kronecker-structured dictionary in multidimensional
BEMs as H = ®f:1Hi(¢(i)). Here, vector 9, collects all
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the variables in the ith BEM dictionary matrix H ;. Then, we
arrive at the sparse vector problem

y=0{_H, ("/’(i)) z+tmn,

which can be solved using the OffSBL algorithm. Specifically,
we adopt a fictitious Gaussian prior distribution with covariance
matrix T' = diag(v) € R¥V*Y on . Then the estimates of =,
{%(;)}/=; and 0 are determined by the type Il ML with EM
algorithm. The hyperparameter ~ and the noise variance o2 can
be similarly obtained using (13) and (15). We can exploit the
Kronecker structure in (22) to simplify the alternating mini-
mization of OffSBL for {‘p(i)}{:r The EM update step for
{1 (i) }/=, is equivalent to minimizing

g ({1!’@)}{:1) —tr (HEH”) — 9Re{tr (MH)}.

Let ;- - be the n*th variable of the ¢*th BEM dictionary
matrix H ;-. Then, the alternating minimization step optimizes
;= n= With other ; ,,’s being fixed, as in OffSBL. To this end,
for any +*, we can reorder the Kronecker product as

H=®_ H;=P;(H; ®8;+)Q;-,

(22)

where S;- = (®/_;. . H;) ® (®;;‘11HL) is independent of
H ;- and P;- and Q,. are the corresponding permutation ma-
trices [38]. Thus, the update step for 1);« ,,» minimizes

Jire i) =t (| (HLHG ) @ (81500 )| Q- 3Q1)
+tr([Hj @ Six]Q; M Pjx)

= 2Re{vg,n* Rix e} +cin ol Rix s %“‘Pi*,n*a

where v;« ,,, €+« and p;, - are independent of Y« .
Thus, fi« ,+ (1= n+) can be efficiently minimized with respect
to 1+ n~ using a grid search. Also, alternating minimization
sequentially updates 1)~ ,» for different values of i* and n*,
unlike dSBL where parallel updates are possible. Consequently,
OffSBL incurs a higher computational cost here.

IV. APPLICATION: CHANNEL ESTIMATION FOR IRS-AIDED
MIMO SYSTEM

In this section, we explore the application of our algorithm to
cascaded channel estimation in an IRS-assisted MIMO system.
We consider an uplink MIMO millimeter-wave system with a
transmitter MS with 7" antennas, a receiver BS with IR antennas,
and a uniform linear array IRS with L elements. Let ®yg €
CEXT and &g € CH**L denote the geometric narrowband MS-
IRS and IRS-BS channel, respectively,

Pus T
Pyig = Z —— Bus par(dus p)ar(ams), (23)
=V Pus
Pps
RL
Pps = Z —— Brspar(assp)ar(éps), (24)
=V Pis

where we define the steering vector ag (1)) € C? for an integer
@ and angle 1 as

2w A

aq(¥) =1/V/Q[L, e

cos
AR

ej%(@—l) cos w]T
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Here, A is the distance between two adjacent elements, and 7 is
the wavelength. We denote the number of rays in the scatter as
Pyis and Pgg. The angles s p. 0vs, oBs,p, and ¢ps denote
the pth AoA of the IRS, and the AoD of the MS, the pth AoA of
the BS, and the AoD of the IRS, respectively (see [8, Fig. 1]).
Then, the cascaded MS-IRS-BS channel can be expressed as
®pg diag(w)Pyrs for any IRS configuration w € C. The Ith
entry of w represents the gain and phase shift due to the /th
IRS element. Our goal is to estimate the cascaded channel
P g diag(w)Pums, which is a function of angles ¢us p, s,
aBs,p, and ¢pg, for a given w.

We estimate the channel using pilot data transmitted over
K time slots. We choose K7 IRS configurations, and for each
configuration, transmit pilot data G' € CT*X? over Kp time
slots, where K = K1Kp. For the kth configuration wy, the
received signal Yy, = ®pg diag(wy,)PusG + Ny, € CExEr
where IV}, € C**KP is the noise. Using (23) and (24), we get

Y = (VLAgpsBpsar(¢s)" diag(ws)
x ArmsBusar(ams) G + Ny,

where Apps € CE*Pes and Bpg € CP®s have agr(aps,)
and (s, as their pth column and entry, respectively. Sim-
ilarly, Ay ms € CE*Pvs and By, € CP¥s have ar(ams,p)
and fys,, as their pth column and entry, respectively. Also,

(= ,l/ Plﬁfé 5 Vectorizing Y'; and using the properties of
the Khatri-Rao product [39, Lemma Al] leads to (see [8] for
detailed algebraic simplifications)
-
yy, = (VL (Ap vsByser(aus)'G)
® (ArpsBpsar(ops)™) wi +ny
= [wiAL1Buys) {CGTG‘}(O‘MS)} ® [AR,BsBes| + 1,

(CLXPMS

where Ap ;€ whose pth column is ar(¢ms p —
¢Bs), © is the Khatri-Rao product, and (-)* is conjugate. Here,
the channel is given by
vec(Ppg diag(w)Pus)
= [w' AL 1BusCar(ans)] © [ArBsBas] -

Combining the received signals obtained for the K7 configura-
tions, we obtain y € CR¥

y= [QTAL,IBMS} ® {gGTa;(aMS)} ® [Ar.BsBps| + 7,
(26)

(25)

where € CE*E1 with the kth column as wy,. Therefore, from
(25), the channel estimation problem reduces to recovering
AL 1Bus, ar(ans), and Ag psBps from g up to a scaling
factor, given that G and €2 are known.

Comparing (26) with (5), we see the signal model here is
the Kronecker product of three terms, i.e., I = 3. The unknown
parameters are AoA or AoD given by ¢, € RIS b, = ayg €
R, and 1, € RPBs where the pth entry of 1; and v, are
dMs,p — ¢Bs and as p, respectively. Also, ¥; 1 = 0and 9); , =
7 for all values of 7. The basis functions are related to the
steering vectors as

hi(¥) =Qar(y), ha(y) =G ar(y), hs(¥) = ar(¥y).
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Correspondingly, we have &1 = Byq, T2 = (, and &3 = Bpg.
The channel estimation problem is now translated into estimat-
ing {4, }?_, and {;}3_, from the noisy measurement ¢, where
our dSBL (Algorithm 1) can be applied.

Using the decomposition step (Line 2) of Algorithm 1, we
first decompose ¥ into three vectors, ¢, € CX1, 5, € CK*, and
95 € CE, corresponding to the three terms in the Kronecker
product in (26). We then use the dictionary for the steering
vectors for a given integer () as

Aq(¥) =[aq(¥1) aq(i2) aq(¥n)] € CON,

27

where 1) captures the unknown angles. This formulation leads
to the following three problems similar to (11),

Ui =Hi (YT +ni, i=1,2,3, (28)
where H (v(1)) = QT AL( 1)), Ha(Y2)) = GT Az (3 s),
and H3((3)) = Ar(9(3)). We solve them via OffSBL, ini-
tializing 1/)(i by sampling the angular domain using N grid
angles {6, },,_; such that cos(6,,) =2(n — 1)/N — 1. OffSBL
provides estimates ({b(i), &;) of (1b;,&;), fori = 1,2, 3. Finally,
using (25) we compute the channel estimate for a given config-
uration w as

{WTAL(’lZJu))ﬁflAT(@(z))@} ® [AR({p(:s))‘i'?)} :

Here, the channel estimate is not affected by scaling ambiguity.

We reiterate that OffSBL is a standalone off-grid algorithm
applicable to various linear inversion problems (i.e., [ =1).
One notable example is direction-of-arrival estimation, where
K far-field narrowband signals impinge on a uniform array with
L elements (K < L), resulting in the received signal

:_'AJ = AL(’(/J):E + n,

where the BEM dictionary Ay (1) defined in (27) has steering
vectors as its columns, ) captures the AoAs, and x is the
sparse vector whose support corresponds to the true AoAs. This
formulation is similar to ¢ = 3 in (28) for the IRS-aided channel
estimation problem. In several other applications, the BEM
dictionary takes the form B A, (v)). Specifically, for i = 1 and
i =2 in (28), B corresponds to Q' and G, respectively. In
other cases, B can represent beamformers [5], [6], [40], com-
biners [5], IRS configurations [41], pilot data [6], or random
matrices [42].

V. PERFORMANCE EVALUATION

We present numerical results to compare our algorithm with
the state-of-the-art methods>. We present three sets of results.
The first two demonstrate the decomposition step and OffSBL
for parameter estimation. The third shows the combined results
for IRS-aided channel estimation.

2Qur code is found at https://github.com/YanbinHe/JournalDecomOffGrid.
HOSVD is implemented using Tensorlab [43].
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A. Decomposition-Based Sparse Vector Recovery

In this section, we highlight the advantages of the decomposi-
tion step in reducing computational complexity and enhancing
the denoising effect. We focus on recovering the Kronecker-
structured sparse vector (4) using a multidimensional BEM (3)
in the on-grid setting, without requiring the OffSBL algorithm.
By combining the decomposition step with SBL, we demon-
strate the benefits of this approach. We compare our method’s
performance with other methods that do not use decomposition,
such as classical SBL [44], classical OMP, AM-KroSBL, and
SVD-KroSBL [8]. Specifically, AM- and SVD-KroSBL only
consider the Kronecker-structured support of the sparse vector
and do not exploit the Kronecker structure in the nonzero entries
as in (4).

We set I =3 with M; =M, and N; =12 for 1 =1,2,3
in (3) and (4). So, we have H =®}_;H; and x = ®@}_,x;
with «; € R'2. The columns of H; € CM*12 fori = 1,2, 3 are
the steering vectors evaluated by the grids {6, }.2, defined
in Sec. IV. There are four nonzeros in each x;, whose posi-
tions are uniformly chosen from the grids and amplitudes are
uniformly drawn from [0.5, 1.5]. Here, measurement level M
is set to be {8,9,10}, labeled as Low, Medium, and High
measurement case, controlling the number of measurements
M = M? and the undersampling ratio M?/N3. We adopt the
additive white Gaussian noise with zero mean whose variance
is determined by SNR (dB) = 10log,, E{||[Hz|3/|n|]3} of
{5,10,15,20,25,30}. Three metrics are considered for per-
formance evaluation: normalized mean squared error (NMSE),
support recovery rate (SRR), and run time. Here, we define

| supp(&) N supp(x)|
| supp() U supp(x)|’

|z — 23

NMSE:IE:{ },SRR:

13

where « is the ground truth and & is the estimated vector.
We limit the number of iterations for the SBL-based methods
(dSBL, ¢cSBL, AM-KroSBL, and SVD-KroSBL) to 200 and
prune small entries in hyperparameters for faster convergence.

The denoising effect of the decomposition step is shown in
Table I. Here, we compare the noise levels of ) the origi-
nal noisy signal y in (3), b) the signal after decomposition
Uy, := ®3_,9, where ¢,’s are obtained through (7) or (8), c)
the signal after decomposition @, := ®3_,4, where §,’s are
obtained through (9), and d) the result of (19). It can be seen
that the noise level for both low complexity approximation
and HOSVD is significantly reduced after decomposition. Low
complexity approximation can reduce even more noise. It also
closely matches the result in (19), validating our claim on the
denoising effect discussed in Sec. III-A.

Fig. 1 shows that with higher SNR and more measure-
ments, all algorithms yield better NMSE and SRR, as expected.
Our dSBL algorithm outperforms other methods in NMSE
and has the best SRR performance in most cases, demonstrat-
ing the efficacy of the decomposition idea. In contrast to the
SVD-KroSBL algorithm that uses Kronecker-structured sup-
port, dSBL achieves superior NMSE by using the additional
Kronecker structure in nonzero entries explicitly enforced via
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TABLE I
ILLUSTRATION OF DENOISING WITH M = 10, USING THE NOISY SIGNAL vy,
RECONSTRUCTED SIGNAL @}, = ®§:13}i USING HOSVD, RECONSTRUCTED
SIGNAL ¢ = ®?:12’32‘ USING Low COMPLEXITY APPROXIMATION, AND
GROUND TRUTH y,

Noise SNR 5dB ‘ 10 dB ‘ 15 dB ‘ 20 dB ‘ 25 dB ‘ 30 dB
level

ly — v, Hg 34.6609 | 9.5529 2.8528 0.9720 | 0.3044 | 0.0895
gy, — yng 0.9910 0.2741 0.0798 0.0267 | 0.0087 0.0023
g, — yo||§ 0.9798 0.2720 | 0.0796 | 0.0267 0.0087 0.0023
From (19) 0.9286 0.2580 | 0.0774 | 0.0263 0.0082 0.0024

dSBL
0 SVD-KroSBL
< AM-KroSBL
> SBL
A OMP

5 10 15 20 25 30 5 10 15 20
SNR (dB) SNR (dB)

25 30

Fig. 1. NMSE and SRR of different algorithms as functions of SNR. For
the SRR curves, we choose the low measurement case to avoid clutter.

(4) through the decomposition step. The relatively lower per-
formance of AM-KroSBL is attributed to its slow convergence,
given that we fix the number of EM iterations, as pointed
out in [7]. The lower SRR and NMSE observed in the low
SNR regime are due to small nonzero values in the estimate
at locations where the ground truth is zero. We only include
the low measurement case in the SRR result in Fig. 1, since all
three measurement regimes exhibit similar trends; the others
were omitted for clarity and better illustration.

Finally, Table II demonstrates that dSBL requires two-order
less run time than the other competing algorithms, corroborat-
ing the computational advantage of our decomposition.

B. Off-Grid Parameters Estimation

In this section, we apply OffSBL to the unknown parameters
estimation problem. The model we consider here is the case
in (28) with ¢ =1, where the goal is to estimate angles ;)
and coefficients z:;. The column function is b1 (1)) = Q" ar ()
with Q € CE*M | [, =256, and M being the number of mea-
surements. Here, M is {20, 25, 30, 35, 40, 45, 50} and controls
the undersampling ratio defined as % with N = 180. The ma-
trix €2 is randomly generated, whose entries take the form
€7? where ¢ is drawn from a uniform distribution on [0, 7).
We set the number of unknown parameters (angles) Sy to be
{2,4, 6}, and the angles are drawn sequentially from a uniform
distribution on [—0.9, 0.9] ensuring a minimal separation of 0.1.
The coefficients are drawn from CN(0, 2).

We use three benchmarks: ) classical (on-grid) SBL, i) off-
grid sparse Bayesian inference (OGSBI) using the first-order
Taylor expansion [14], and 7ii) light-weight sequential SBL
(LWSSBL), a state-of-the-art off-grid method using marginal
likelihood optimization [21]. In our simulations, we do not
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TABLE II
RUNTIME OF DIFFERENT SCHEMES IN SECONDS
SNR [ 5 dB [ l()dB[ 15dB[20dB[25dB[30dB
OMP 0.599 0.602 0.605 0.603 0.604 0.603
cSBL 8.961 7.470 6.111 5.552 5.397 5.318
AM-KroSBL 8.528 8.516 7.249 5.424 4.520 4.093
SVD-KroSBL 4.534 3.360 2.840 2.668 2.627 2.608
dSBL 0.009 0.005 0.004 0.004 0.004 0.004
10 1R
w
g -
107 4 SBL
x OGSBI
o LWSSBL
> OffSBL
10 >
5 10 15 20 25 30 0.1 0.15 0.2 0.25 0.3
SNR (dB) Undersampling Ratio
(a) M =50 (b) SNR = 30dB

208 >08 s
-§o. p §o.s e -
a [
] I3 p
@ 0. 0.4 L
Ao Aoz %
“a < . .-
s ! S
5 10 15 20 25 30 0.1 0.15 0.2 0.25 0.3
SNR (dB) Undersampling Ratio
() M =50 (d) SNR = 30dB
Fig. 2. MSE And success probability as a function of SNR and undersam-

pling ratio % for unknown parameter estimation with a varying number of
unknown parameters S and N = 180.

provide the number of unknowns .S, to all algorithms, but only
an upper bound S of the number of unknowns. In practice,
we only solve the problem (17) for the variables correspond-
ing to S largest peaks of the hyperparameter ~ instead of all
variables. OffSBL estimates the noise variance using (15). SBL
and OGSBI can also estimate the noise variance, while noise
variance estimation for LWSSBL is not discussed [21]. So
for LWSSBL, we set noise variance estimate as 0.1||yl|3/M
as in [21]. We choose SNR = 10log,, E{||H ;z(|3/[n]|3} as
{5,10, 15,20, 25, 30} in dB. The performance metrics are mean
squared error (MSE) and success probability, where

(LA,
?Z(ws_'l/}s)2 )

1 s=1

MSE =E

with expectation taken over 10% independent trials. Here, 1/,
and ﬁs denote the true value and the estimation, respectively.
The success probability is defined as the fraction of trials with
MSE smaller than 1076,

We compare MSE and recovery probability for different
SNRs and undersampling ratios in Fig. 2. We see that higher
SNR and more measurements facilitate all algorithms, except
OGSBI in Fig. 2(b) and 2(d). This is because OGSBI cannot
effectively optimize the grid points in this setting, as we show
later in Fig. 3. Among all candidates, our OffSBL has the
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Fig. 3.

Pseudospectrum -y of different algorithms in the worst-case scenario analysis. (a)—(d): pseudospectrum ~(1000) of the 1000th EM iteration. Different

colors mean different independent realizations of gaussian noise. (e)—(g): dynamic evolution of pseudospectrum {’Y(T‘)}lgrggo for the EM iterations of
EM-based SBL algorithms. Black dot: grid points chosen to be updated. Cross: true values. Although SBL operates as an on-grid method, we still include
the grid points that correspond to the top four peaks, sorely for comparison purposes.

best performance in both MSE and recovery probability in
most cases. An exception is SNR = 5dB where LWSSBL has a
higher success probability. However, LWSSBL often produces
larger errors when it fails, making OffSBL superior in MSE.

In Fig. 3, we present a worst-case scenario study. We set
M = 60 measurements and SNR = 30dB. The unknowns are
[—0.5050, —0.1050, 0.1050, 0.5050], shown as vertical dashed
lines in Fig. 3(a)-3(d). These values are intentionally selected
to be midway between two grids to create a challenging case for
grid optimization. All the coefficients are set to one. We pro-
vide the number of unknowns to all the algorithms but not the
noise variance. We perform 10% EM iterations to facilitate the
convergence of all algorithms. The input of all algorithms is the
same noiseless signal but with ten independent Gaussian noise
realizations. We plot the final pseudospectrum (hyperparameter
~(1000)y after 10 EM iterations for ten noise realizations in
Fig. 3(a)-3(d) with different colors.

Comparing the different algorithms, we note that OffSBL
consistently recovers all parameters, with minimal amplitude
spikes appearing in the pseudospectrum corresponding to pa-
rameters other than the true values. LWSSBL also recovers
the unknowns but with a lower success probability. LWSSBL

TABLE III
RUNTIME IN SECOND FOR UNKNOWN PARAMETER ESTIMATION WITH
S1 =2 AND SNR = 30 DB

M 20 25 30 35 40 45 50

OffSBL 0.602 | 0.546 | 0.539 | 0.541 0477 | 0.504 | 0.522
SBL 0.131 0.137 | 0.161 0.170 | 0.171 0.181 0.191
LWSSBL | 0.032 | 0.033 | 0.035 | 0.037 | 0.038 | 0.041 0.043
OGSBI 0.250 | 0.269 | 0.274 | 0.286 | 0.290 | 0.305 | 0.315

exhibits more peaks at parameters other than the true values,
implying that it is more prone to being misled by incorrect
columns in the dictionary due to its greedy nature. In contrast,
while OffSBL takes longer to reach the final result (see Ta-
ble III), evaluating all columns rather than proceeding greedily
reduces the risk of being misled by incorrect columns.
Further, there is little difference between OGSBI and the on-
grid benchmark SBL, indicating that the first-order approxima-
tion is less effective in this case. However, OGSBI has some
improvement over SBL as reflected by a lower MSE. These
findings also highlight that algorithms relying on on-grid SBL
for rough estimates and then refining peaks are likely to fail, as
on-grid SBL often doesn’t provide a reliable starting point, with
peaks rarely matching the true parameters. This is likely due
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to the dictionary’s structure, which takes the form Q" A (v)
for some integer L. When Q7 € CM*L has fewer rows than
columns (M < L), the compression effect from multiplication
by Q" can lead to information loss, creating a challenging
setting for off-grid sparse recovery [45]. However, in many
applications, such as IRS channel estimation, where the value
of M represents the number of time slots, M is typically lim-
ited. Thus, integrating grid updates into the EM iteration, as
implemented in OffSBL, is essential.

Fig. 3(e)-3(g) present the pseudospectrum {~v(")}; <, <30 for
OffSBL, OGSBI, and SBL, along with the grid points that are
updated dynamically throughout the EM iteration. Although
SBL is an on-grid method, we pinpoint the grids of the top
four peaks. All algorithms start from the same ~y. Our OffSBL
demonstrates superior optimization of grid points, identifying
the correct values and amplitudes, whereas SBL and OGSBI do
not reveal the true parameters. The pseudospectrum highlights
the effectiveness of our grid adjustment.

C. IRS-Aided Wireless Channel Estimation

We focus on the IRS-aided channel estimation problem, as
described in Sec. IV. Here, we first use the decomposition step
and then turn to the BEM and apply OffSBL separately for
1 =1,2,3 in (28). Thus, the channel estimation scheme can
be viewed as a collective evaluation of the decomposition and
OffSBL. For benchmarking, we apply the same decomposi-
tion step, and then solve (28) using the same algorithms as
in Sec. V-B. For simplicity, we denote the problem (28) with
1=1,2,3 as P1, P2, and P3, respectively.

For IRS-aided channel estimation, we use R = 16 BS anten-
nas, T'= 6 MS antennas, L = 256 IRS elements. We consider
only one path between the BS and IRS [46], [47], [48], [49],
as the IRS is typically mounted in locations with fewer ob-
stacles [50], [51], and the line-of-sight path is generally much
stronger than the other paths. Therefore, we take Pgg = 1 and
Pus = 3. The IRS configuration entries {wy, } 1+, are 1/v/Le®
where ¢ is drawn uniformly randomly from [0, 7] with K7 = 40.
We send Kp = 20 pilot signals for each IRS configuration.
Our OffSBL algorithm uses the dictionaries in P1, P2, and
P3 with Ny =180, N, =50, and N3 = 50, respectively. The
other algorithms set N; = 180, N, = 150, and N3 = 150 grid
points. The channel gains g and {BMS’p}fiﬁS in (23) and
(24) are drawn from standard complex Gaussian [52]. We ran-
domly draw ags, {¢Ms7p}5i‘f, ¢Bs, and apg from uniform
distribution in [0.3,0.5], [-0.2,0.2], [0.3,0.5], and [0, 0.5], re-
spectively. We also assume that the angles are separated by at
least 0.07. We opt for SNR {—5,0, 5,10,15,20} in dB. Also,
additional channel estimation metrics are NMSE and symbol
error rate (SER) over 10° 16-QAM symbols decoded using the
estimated channel, where

Z | H gs diag(wy) Hys — Hps diag(wi) Hys||?
K | Hps diag(wi) Hs|[%

with Hps diag(w k)H Ms being the channel estimate.
We first examine the angle estimation results in Fig. 4. It can
be seen that our OffSBL can achieve the best performance in

2627

robability

SNR (dB)

(a) Angle estimation performance

10°
B = X X = = X — = = ﬁﬁ:“"—-—*———x———-x———
Z-0---9---0---90---(¢ AN
garoenommbetbait Piigea e diiaid
1075 AN
~o_ <
W X 102 ™
4] ~ [+ ~
S10? N u S
2 xoasBl Pl 10° L3
1ol © LWSSBL LN .
+ SBL Sho 10 AN
> OffSBL RS ‘>
10 10°
-5 [) 5 10 15 20 5 0 5 10 15 20
SNR (dB) SNR (dB)
(b) Channel estimation performance
Fig. 4. IRS-Aided channel estimation. (a): MSE and recovery success

probability for angle estimation in P1, P2, and P3. (b): NMSE of IRS-aided
channel estimation and SER of different algorithms as functions of SNR.

solving P1 and P2 except for the low SNR case for P2. P3 re-
duces to the normal DoA estimation problem, where LWSSBL
exhibits superior recovery ability. However, at higher SNRs,
our algorithm is able to achieve comparable performance. As
evident from the NMSE and SER plots, OffSBL consistently
recovers the true angles and accurately retrieves the coefficients,
leading to the best NMSE and SER. Although other algorithms
can perform well in solving P2 and P3, the significant recovery
errors in P1 affect the overall accuracy of channel retrieval.

VI. CONCLUSION

We addressed the joint estimation of unknown parame-
ters and coefficients from Kronecker-structured measurements.
Leveraging the Kronecker structure, we decomposed the prob-
lem into smaller independent subproblems. Each subproblem
was solved with EM-based SBL integrated with a novel grid
optimization method to reduce grid mismatch. We provided
a theoretical analysis of the error bound for the decompo-
sition step and established the algorithm’s convergence. Our
decomposition step also reduces the noise level in the mea-
surements, which was also analyzed theoretically. Numeri-
cal results showed that the decomposition step reduces com-
plexity, while the grid optimization improves accuracy. Fu-
ture work can analyze the resolution of OffSBL and ex-
tend it to the recovery of sparse tensors with ranks greater
than one.

APPENDIX A
PROOF OF THEOREM 1

We define Py as the projection matrix onto the column
space of a given matrix U and U ; as the projection onto its
- || is the matrix spectral norm. We
need the below lemma for the proof.
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Lemma 3 [53, Supplement Sec. 1.2]: Suppose X € RP1*P2
is a rank-r matrix and Y = X + Z where the entries of Z €
RP1*P2 follow a zero mean Gaussian distribution with unit
variance. We denote V', V € RP2%" as the matrix of the right
singular vectors of X and the matrix of the top  right singular
vectors of Y, respectively. Suppose the rth right singular value
of of X satisfies 07 > Capo®(y/P1p2 + p2) for some large
constant Cyap, > 0. Then, for all x > 0, there exist constants
C, ¢ > 0 such that

P{|PyvYV || <2}>1-Cexp {—c(of —|—p1)}

— Cexp {C’Pz — cmin (552,35\/07?TM>} )

and with probability exceeding 1 — C'exp { —co}/(02 + p1) },

Isin®(V, V)|> < C(o7 +p1)o, | PyvY Vo>

Here, @(V V) = diag(arccos(oy), - arccos(ar)) where
01> -+ >0, >0 are the singular values of vv.

We prove Theorem 1 fori =1, and i =2,--- , I follow sim-
ilarly. Also, we consider the decomposition of y/o; instead
of y. This scaling does not alter the subspaces obtained after
decomposition but ensures that the noise entries follow a zero-
mean, unit-variance Gaussian distribution, as in Lemma 3.

For ¢ =1, the true and estimated subspaces are spanned
by y,/lly1ll and g, /|||, respectively. The first mode ma-
tricization ofithe tensor ), as defined in (6), is Y(l). Setting
r =1, p1 = M /M, and po = My, and consequently, o, = X in
Lemma 3, we derive

sin® 1 = [|sin ©(Gy /|11, y1 /Il 1)

SO+ M/M)N Py Yy |7 (29

A4
2"
>\Z+TJ1 .

with probability at least 1 — Ce
Further, we bound HPy(Tl)le(Tl)ylL |? using Lemma 3 by

setting © = \/C' M, where C' < C/c < Cgap,
P{IPyvY V.| <OV} >1-Cexp{—c(o? +p1)}

—Cexp {CM1 — cmin ((:*Mh C M, (02 +p1)>

(30)
Then, we simplify the right-hand side of (30) using
0—3 +p1 2 O’f = >\2 2 Cgap( V lel + Ml) 2 Cgale'
€1V}

Then, (30) is simplified as

P{”PYVYVJ_H < é\/ﬁl} >1—Cexp{—cCgapM1}

— C’exp{[C—cmin <C’, \/C’C’gap>] Ml} >1— Ce M,

for some constant ¢. So, (29) and the union bound implies

C(N2+ M/M) ~ CCM CC’M
sin2 9, < MC’NH — 1 ~ (32
A4 A2
et .
with probability exceeding 1 — Ce “»+r1 — Ce= M1,
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Furthermore, since A2 > Cyap(v/p1 M7 + My), with C' =

min(Cyap, Cg,,)» We derive

- _ CM C2M} + 4Cpy M-
A2 >/Cp1 My + CMy > Lty 5 AR
Then, \* — CM\? — Cp; M, > 0 because \? is greater than
both roots of the quadratic function in A\2. Thus, we deduce

2 pewm > C'M;. So, from (32), we arrive at the desired result,

P{Sin’t% < @ + @} >1-—20e" max(cC‘,&)Ml.

APPENDIX B
PROOF OF THEOREM 2

Our proof uses the following lemmas.

Lemma 4 [31, Lemma 6]: Suppose X, Z are two matrices,
and the projection matrix orthogonal to the subspace spanned
by the leading 7 left singular vectors of X + Z is U. Then,
IUX ||r < 2/7||Z]|, where r is the rank of X.

Lemma 5 [54, Corollary 5.35]: Let Z € RP**P2 whose
entries are independent Gaussian random variables with zero
mean unit variance. Then, for any x > 0, the matrix satisfies
|Z|| > \/P1 + /P2 + @, with probability less than 2¢~*"/2.

Lemma 6 [55, Lemma 8.1]: Suppose X satisfies the non-
central x2(v) distribution with d degrees of freedom and non-
centrality parameter v. Then, for all 2z > 0, it satisfies X > (d +
v) + 24/(d + 2v)x + 2z with probability less than e ",

Lemma 7: [30] Consider tensors ), X, and Z, such
that Y =X x1 Ay ---x; A, where X =2Z x1{ By--- X
By, for any compatible matrices {A;, Bi}le. Then, Y =
Z X1 (AlBl) e X7 (A[B[)

Setting the tensor order R =1 and r-ranks as p; =1 for
i € [I] in [32, Eq. (19)] leads to (19). To prove the proba-
bilistic bound, we note that using tensor notation, | @, 4, —

1Yl = where ) is HOSVD output and Y =
Y+ N, with) , y and N/ being the measurement, the noiseless
signal, and noise tensors, respectively, from (5).

HOSVD reconstructs J> =¢ X1 e1--- Xy ey. Here, e;, the
leading left singular vectors of the ith mode matricization of
givenby Y ;) + N(;), with Y (;) and N ;) are the ith mode ma-
tr1c1zat1on of Yand NV, respectively. Also, £ = Y X1 eI - X7
el as the signal is real. Lemma 7 implies

57:(37-1-./\7) x1(ere]) xa---

where we define Ny =N ><1 (ere])--
Viy=¥ x1 (erel)--- x; (e e; T) with Yoy =

Ny + V),

%y (erel) and
Y. Therefore,

xl(eIeI)

| @i i — ®i1yilla = Hj) - yHF
<[V = Yle + IV [ -
To bound the first term in (33), let P;,
matrix orthogonal to e; so that Y =Y x; (P1,
leading to
Y=Y x1 P1, +Vq)
=V X1 P1, +Va) X2 P2, + V9

(33)

be the projection

+ (ere])),
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I
= Zy(i—l) X Py, + Y1)

i=1
Therefore, using triangle inequality, we obtain

I I
1Y) = Ye €D 1Va-1) % i [|lp DY %3 Pi |l
=1 =1

I I
=D P Yo <D 20N (34)
i=1 i=1

The last step follows from Lemma 4, as P; is the projection
matrix orthogonal to e; and the rank of Y (; is 1 from (6). Also,
Lemma 5 with z = /2M; and Z =0, ' N (i) implies that with
probability at least 1 — 2e=Mi

loe "Nyl < /s + /¥ /M, + /20,
<3y/M; + \/W

From (34), with probability exceeding 1 — 2 25:1 e Mi,

I [&/ﬁﬂ/W] (35)

Yy = Vllp <200
i=1

NexE, we bound the second term in (33). We note that

lloy 1/\/( nllf is an 1-dimensional projection of a zero mean

unit variance Gaussian tensor and follows x%(0) [56, Sup-

plement Sec. C.4]. Lemma 6 states that for any x>0

o [N |lp € V14 2y + 22 <1+ 2y/x with probability
exceeding 1 — e~ *. Setting = maxi<;<sy M; and combining
with (33) and (35) using the union bound yields (18) with
probability exceeding 1 — 23/ e~ Mi — gmmaxicics Mi >
1-3 25:1 e~ M Hence, the proof is complete.

REFERENCES
(1]

Y. He and G. Joseph, “Kronecker-structured sparse vector recovery with
application to IRS-MIMO channel estimation,” in Proc. IEEE Int. Conf.
Acoust. Speech Signal Process., Apr. 2025, pp. 1-5.

C. F. Caiafa and A. Cichocki, “Block sparse representations of tensors
using Kronecker bases,” in Proc. IEEE Int. Conf. Acoust., Speech, Signal,
Process., Mar. 2012, pp. 2709-2712.

C. F. Caiafa and A. Cichocki, “Computing sparse representations of
multidimensional signals using Kronecker bases,” Neural Comput., vol.
25, no. 1, pp. 186-220, Jan. 2013.

C. F. Caiafa and A. Cichocki, “Multidimensional compressed sensing
and their applications,” Wiley Interdiscip. Rev.: Data Min. Knowl.
Discov., vol. 3, no. 6, pp. 355-380, Oct. 2013.

Z. Zhou, J. Fang, L. Yang, H. Li, Z. Chen, and R. S. Blum, “Low-
rank tensor decomposition-aided channel estimation for millimeter wave
MIMO-OFDM systems,” IEEE J. Sel. Areas Commun., vol. 35, no. 7,
pp. 1524-1538, Jul. 2017.

R. Wang, H. Ren, C. Pan, G. Zhou, and J. Wang, “Tensor decomposition-
based time varying channel estimation for mmWave MIMO-OFDM
systems,” Aug. 2024, arXiv:2403.02942.

Y. He and G. Joseph, “Bayesian algorithms for Kronecker-structured
sparse vector recovery with application to IRS-MIMO channel estima-
tion,” IEEE Trans. Signal Process., vol. 73, pp. 142-157, 2025.

Y. He and G. Joseph, “Structure-aware sparse Bayesian learning-based
channel estimation for intelligent reflecting surface-aided MIMO,” in
Proc. IEEE Int. Conf. Acoust., Speech, Signal, Process., Jun. 2023, pp.
1-5.

G. Ortiz-Jiménez, M. Coutino, S. P. Chepuri, and G. Leus, “Sparse sam-
pling for inverse problems with tensors,” IEEE Trans. Signal Process.,
vol. 67, no. 12, pp. 3272-3286, Jun. 2019.

[2]

[3]

[4]

[3]

(6]

(7]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

2629

W.-C. Chang and Y. T. Su, “Sparse Bayesian learning based tensor
dictionary learning and signal recovery with application to MIMO
channel estimation,” IEEE J. Sel. Top. Signal Process., vol. 15, no. 3,
pp. 847-859, Apr. 2021.

X. Xu, S. Zhang, F. Gao, and J. Wang, “Sparse Bayesian learning based
channel extrapolation for RIS assisted MIMO-OFDM,” IEEE Trans.
Commun., vol. 70, no. 8, pp. 5498-5513, Aug. 2022.

H. Zhu, G. Leus, and G. B. Giannakis, “Sparsity-cognizant total least-
squares for perturbed compressive sampling,” IEEE Trans. Signal Pro-
cess., vol. 59, no. 5, pp. 2002-2016, May 2011.

G. Tang, B. N. Bhaskar, P. Shah, and B. Recht, “Compressed sensing
off the grid,” IEEE Trans. Inf. Theory, vol. 59, no. 11, pp. 7465-7490,
Nov. 2013.

Z. Yang, L. Xie, and C. Zhang, “Off-grid direction of arrival estimation
using sparse Bayesian inference,” IEEE Trans. Signal Process., vol. 61,
no. 1, pp. 38-43, Jan. 2012.

K. You, W. Guo, T. Peng, Y. Liu, P. Zuo, and W. Wang, “Parametric
sparse Bayesian dictionary learning for multiple sources localization
with propagation parameters uncertainty,” /[EEE Trans. Signal Process.,
vol. 68, pp. 4194-4209, 2020.

Y. Mao, Q. Guo, J. Ding, F. Liu, and Y. Yu, “Marginal likelihood
maximization based fast array manifold matrix learning for direction
of arrival estimation,” IEEE Trans. Signal Process., vol. 69, pp. 5512—
5522, 2021.

J. Dai, A. Liu, and V. K. Lau, “FDD massive MIMO channel estimation
with arbitrary 2D-array geometry,” I[EEE Trans. Signal Process., vol. 66,
no. 10, pp. 2584-2599, May 2018.

M. Ibrahim, F. Romer, R. Alieiev, G. D. Galdo, and R. S. Thomi,
“On the estimation of grid offsets in CS-based direction-of-arrival
estimation,” in Proc. IEEE Int. Conf. Acoust., Speech, Signal, Process.,
2014, pp. 6776-6780.

A. Faul and M. Tipping, “Analysis of sparse Bayesian learning,” in Proc.
Adv. Neural Inf. Process. Syst., vol. 14, pp. 383-389, Dec. 2001.

S. E. Ament and C. P. Gomes, “Sparse Bayesian learning via stepwise
regression,” in Proc. Int. Conf. Mach. Learn., Jul. 2021, pp. 264-274.
R. R. Pote and B. D. Rao, “Light-weight sequential SBL algorithm: An
alternative to OMP,” in Proc. IEEE Int. Conf. Acoust. Speech Signal
Process., Jun. 2023, pp. 1-5.

A. Lin, A. H. Song, B. Bilgic, and D. Ba, “Covariance-free sparse
Bayesian learning,” IEEE Trans. Signal Process., vol. 70, pp. 3818—
3831, 2022.

C. K. Thomas and D. Slock, “Space alternating variational estimation
and Kronecker structured dictionary learning,” in Proc. IEEE Int. Conf.
Acoust. Speech Signal Process., Piscataway, NJ, USA: IEEE Press, 2019,
pp. 5556-5560.

T. Jia, H. Liu, C. Gao, and J. Yan, “Bayesian direction of arrival
estimation using atomic norm minimization with prior knowledge,”
IEEE Trans. Aerosp. Electron. Syst., vol. 60, no. 5, pp. 5742-5755, Oct.
2024.

Z. Yang and L. Xie, “Frequency-selective Vandermonde decomposition
of Toeplitz matrices with applications,” Signal Process., vol. 142, pp.
157-167, Jul. 2018.

Z. Yang and L. Xie, “On gridless sparse methods for line spectral
estimation from complete and incomplete data,” IEEE Trans. Signal
Process., vol. 63, no. 12, pp. 3139-3153, Jun. 2015.

M.-A. Badiu, T. L. Hansen, and B. H. Fleury, “Variational Bayesian
inference of line spectra,” IEEE Trans. Signal Process., vol. 65, no. 9,
pp. 2247-2261, Jan. 2017.

J. Zhu, Q. Zhang, P. Gerstoft, M.-A. Badiu, and Z. Xu, “Grid-
less variational Bayesian line spectral estimation with multiple mea-
surement vectors,” Signal Process., vol. 161, pp. 155-164, Mar.
2019.

A. Cichocki et al., “Tensor decompositions for signal processing appli-
cations: From two-way to multiway component analysis,” IEEE Signal
Process. Mag., vol. 32, no. 2, pp. 145-163, Mar. 2015.

L. De Lathauwer, B. De Moor, and J. Vandewalle, “A multilinear
singular value decomposition,” SIAM J. Matrix Anal. Appl., vol. 21,
no. 4, pp. 1253-1278, Apr. 2000.

A. Zhang and D. Xia, “Tensor SVD: Statistical and computational
limits,” IEEE Trans. Inf. Theory, vol. 64, no. 11, pp. 7311-7338, May
2018.

E. R. Balda, S. A. Cheema, J. Steinwandt, M. Haardt, A. Weiss,
and A. Yeredor, “First-order perturbation analysis of low-rank tensor
approximations based on the truncated HOSVD,” in Proc. Asilomar
Conf. Signals Syst. Comput., Nov. 2016, pp. 1723-1727.

Authorized licensed use limited to: TU Delft Library. Downloaded on July 25,2025 at 07:07:11 UTC from IEEE Xplore. Restrictions apply.



2630

[33]

[34]

[35]

[36]

[37]

[38]
[39]

[40]

[41]

[42]

[43]

[44]

[45]

M. E. Tipping, “Sparse Bayesian learning and the relevance vector
machine,” J. Mach. Learn. Res., vol. 1, pp. 211-244, Jun. 2001.

G. Joseph and C. R. Murthy, “On the convergence of a Bayesian
algorithm for joint dictionary learning and sparse recovery,” I[EEE Trans.
Signal Process., vol. 68, pp. 343-358, Nov. 2019.

S. Khanna and C. R. Murthy, “On the support recovery of jointly sparse
Gaussian sources via sparse Bayesian learning,” IEEE Trans. Inf. Theory,
vol. 68, no. 11, pp. 7361-7378, Jun. 2022.

C. J. Wu, “On the convergence properties of the EM algorithm,” Ann.
Statist., vol. 11, pp. 95-103, Mar. 1983.

D. C. Aratjo, A. L. De Almeida, J. P. Da Costa, and R. T. de Sousa,
“Tensor-based channel estimation for massive MIMO-OFDM systems,”
IEEE Access, vol. 7, pp. 42133-42147, Mar. 2019.

C. F. Van Loan, “The ubiquitous Kronecker product,” J. Comput. Appl.
Math., vol. 123, nos. 1-2, pp. 85-100, Nov. 2000.

C. R. Rao, “Estimation of heteroscedastic variances in linear models,”
J. Am. Stat. Assoc., vol. 65, no. 329, pp. 161-172, Apr. 1970.

R. Schroeder, J. He, H. Djelouat, and M. Juntti, “Low-complexity near-
field channel estimation for hybrid RIS assisted systems,” Apr. 2024,
arXiv:2404.17411.

J. Wang, J. Fang, and H. Li, “Intelligent reflecting surface-assisted NLOS
sensing via tensor decomposition,” in Proc. EUSIPCO, Aug. 2024, pp.
1-5.

Y. Wang, G. Leus, and A. Pandharipande, “Direction estimation using
compressive sampling array processing,” in IEEE Workshop Stat. Signal
Process., Aug. 2009, pp. 626-629.

N. Vervliet, O. Debals, L. Sorber, M. Van Barel, and L. De Lathauwer,
“Tensorlab 3.0.” 2016. [Online]. Available: https://www.tensorlab.net
D. P. Wipf and B. D. Rao, “Sparse Bayesian learning for basis se-
lection,” IEEE Trans. Signal Process., vol. 52, no. 8, pp. 2153-2164,
Aug. 2004.

M. Guo, Y. D. Zhang, and T. Chen, “DOA estimation using compressed
sparse array,” IEEE Trans. Signal Process., vol. 66, no. 15, pp. 4133—
4146, Jun. 2018.

[46]

(471

[48]

[49]

[50]

[51]

[52]

[53]

[54]
[55]

[56]

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 73, 2025

D. Dampahalage, K. S. Manosha, N. Rajatheva, and M. Latva-Aho,
“Supervised learning based sparse channel estimation for RIS aided
communications,” in Proc. IEEE Int. Conf. Acoust. Speech Signal
Process., May 2022, pp. 8827-8831.

J. He, M. Leinonen, H. Wymeersch, and M. Juntti, “Channel estimation
for RIS-aided mmWave MIMO systems,” in Proc. IEEE Glob. Commun.
Conf., Feb. 2020, pp. 1-6.

Z. Wan, Z. Gao, F. Gao, M. Di Renzo, and M.-S. Alouini, “Tera-
hertz massive MIMO with holographic reconfigurable intelligent sur-
faces,” IEEE Trans. Commun., vol. 69, no. 7, pp. 4732-4750, Mar.
2021.

L. Yashvanth and C. R. Murthy, “Cascaded channel estimation for
distributed IRS aided mmWave massive MIMO systems,” in Proc. IEEE
Glob. Commun. Conf., Dec. 2022, pp. 717-723.

B. Zheng, C. You, W. Mei, and R. Zhang, “A survey on channel
estimation and practical passive beamforming design for intelligent
reflecting surface aided wireless communications,” IEEE Commun. Surv.
Tut., vol. 24, no. 2, pp. 1035-1071, Feb. 2022.

Y. Liu et al., “Reconfigurable intelligent surfaces: Principles and oppor-
tunities,” IEEE Commun. Surv. Tut., vol. 23, no. 3, pp. 1546-1577, May
2021.

Y. Lin, S. Jin, M. Matthaiou, and X. You, “Channel estimation and
user localization for IRS-assisted MIMO-OFDM systems,” IEEE Trans.
Wireless Commun., vol. 21, no. 4, pp. 2320-2335, Apr. 2021.

T. T. Cai and A. Zhang, “Rate-optimal perturbation bounds for singular
subspaces with applications to high-dimensional statistics,” Ann. Statist.,
vol. 46, no. 1, pp. 60-89, Feb. 2018.

R. Vershynin, “Introduction to the non-asymptotic analysis of random
matrices,” Nov. 2010, arXiv:1011.3027.

L. Birgé, “An alternative point of view on Lepski’s method,” Lecture
Notes-Monograph Ser., pp. 113-133, Jul. 2001.

A. Zhang and R. Han, “Optimal sparse singular value decomposition
for high-dimensional high-order data,” J. Am. Statist. Assoc., vol. 114,
no. 528, pp. 1708-1725, Mar. 2019.

Authorized licensed use limited to: TU Delft Library. Downloaded on July 25,2025 at 07:07:11 UTC from IEEE Xplore. Restrictions apply.


https://www.tensorlab.net


<<
	/CompressObjects /Off
	/ParseDSCCommentsForDocInfo false
	/CreateJobTicket false
	/PDFX1aCheck false
	/ColorImageMinResolution 200
	/GrayImageResolution 300
	/DoThumbnails false
	/ColorConversionStrategy /sRGB
	/GrayImageFilter /DCTEncode
	/EmbedAllFonts true
	/CalRGBProfile (Adobe RGB \0501998\051)
	/MonoImageMinResolutionPolicy /OK
	/AllowPSXObjects false
	/LockDistillerParams true
	/ImageMemory 1048576
	/DownsampleMonoImages true
	/ColorSettingsFile (None)
	/PassThroughJPEGImages true
	/AutoRotatePages /None
	/Optimize false
	/ParseDSCComments false
	/MonoImageDepth -1
	/AntiAliasGrayImages false
	/GrayImageMinResolutionPolicy /OK
	/JPEG2000ColorImageDict <<
		/TileHeight 256
		/Quality 15
		/TileWidth 256
	>>
	/ConvertImagesToIndexed true
	/MaxSubsetPct 100
	/Binding /Left
	/PreserveDICMYKValues false
	/GrayImageMinDownsampleDepth 2
	/MonoImageMinResolution 400
	/sRGBProfile (sRGB IEC61966-2.1)
	/AntiAliasColorImages false
	/GrayImageDepth -1
	/PreserveFlatness false
	/OtherNamespaces [
		<<
			/IncludeSlug false
			/CropImagesToFrames true
			/IncludeNonPrinting false
			/OmitPlacedBitmaps false
			/AsReaderSpreads false
			/Namespace [
				(Adobe)
				(InDesign)
				(4.0)
			]
			/FlattenerIgnoreSpreadOverrides false
			/OmitPlacedEPS false
			/OmitPlacedPDF false
			/SimulateOverprint /Legacy
			/IncludeGuidesGrids false
			/ErrorControl /WarnAndContinue
		>>
		<<
			/IgnoreHTMLPageBreaks false
			/IncludeHeaderFooter false
			/AllowTableBreaks true
			/UseHTMLTitleAsMetadata true
			/MetadataTitle /
			/ShrinkContent true
			/UseEmbeddedProfiles false
			/TreatColorsAs /MainMonitorColors
			/MetricUnit /inch
			/RemoveBackground false
			/HonorBaseURL true
			/ExpandPage false
			/AllowImageBreaks true
			/MetadataSubject /
			/MarginOffset [
				0.0
				0.0
				0.0
				0.0
			]
			/Namespace [
				(Adobe)
				(GoLive)
				(8.0)
			]
			/OpenZoomToHTMLFontSize false
			/PageOrientation /Portrait
			/MetadataAuthor /
			/MobileCompatible 0.0
			/MetadataKeywords /
			/MetricPageSize [
				0.0
				0.0
			]
			/HonorRolloverEffect false
		>>
		<<
			/IncludeProfiles true
			/ConvertColors /NoConversion
			/FormElements true
			/MarksOffset 6.0
			/FlattenerPreset <<
				/PresetSelector /MediumResolution
			>>
			/DestinationProfileSelector /UseName
			/MultimediaHandling /UseObjectSettings
			/PreserveEditing true
			/PDFXOutputIntentProfileSelector /UseName
			/BleedOffset [
				0.0
				0.0
				0.0
				0.0
			]
			/UntaggedRGBHandling /LeaveUntagged
			/GenerateStructure false
			/AddRegMarks false
			/IncludeHyperlinks false
			/IncludeBookmarks false
			/MarksWeight 0.25
			/PageMarksFile /RomanDefault
			/UntaggedCMYKHandling /LeaveUntagged
			/AddPageInfo false
			/AddBleedMarks false
			/IncludeLayers false
			/IncludeInteractive false
			/AddColorBars false
			/UseDocumentBleed false
			/AddCropMarks false
			/DestinationProfileName (U.S. Web Coated \050SWOP\051 v2)
			/Namespace [
				(Adobe)
				(CreativeSuite)
				(2.0)
			]
			/Downsample16BitImages true
		>>
	]
	/CompressPages true
	/GrayImageMinResolution 200
	/CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
	/PDFXBleedBoxToTrimBoxOffset [
		0.0
		0.0
		0.0
		0.0
	]
	/AutoFilterGrayImages false
	/EncodeColorImages true
	/AlwaysEmbed [
	]
	/EndPage -1
	/DownsampleColorImages true
	/ASCII85EncodePages false
	/PreserveEPSInfo false
	/PDFXTrimBoxToMediaBoxOffset [
		0.0
		0.0
		0.0
		0.0
	]
	/CompatibilityLevel 1.7
	/MonoImageResolution 600
	/NeverEmbed [
	]
	/CannotEmbedFontPolicy /Error
	/PreserveOPIComments false
	/AutoPositionEPSFiles false
	/JPEG2000GrayACSImageDict <<
		/TileHeight 256
		/Quality 15
		/TileWidth 256
	>>
	/PDFXOutputIntentProfile (U.S. Web Coated \050SWOP\051 v2)
	/EmbedJobOptions true
	/JPEG2000ColorACSImageDict <<
		/TileHeight 256
		/Quality 15
		/TileWidth 256
	>>
	/MonoImageDownsampleType /Bicubic
	/DetectBlends true
	/EmitDSCWarnings false
	/ColorImageDownsampleType /Bicubic
	/EncodeGrayImages true
	/Namespace [
		(Adobe)
		(Common)
		(1.0)
	]
	/AutoFilterColorImages false
	/DownsampleGrayImages true
	/GrayImageDict <<
		/QFactor 0.76
		/HSamples [
			2.0
			1.0
			1.0
			2.0
		]
		/VSamples [
			2.0
			1.0
			1.0
			2.0
		]
	>>
	/AntiAliasMonoImages false
	/GrayImageAutoFilterStrategy /JPEG
	/GrayACSImageDict <<
		/QFactor 0.76
		/HSamples [
			2.0
			1.0
			1.0
			2.0
		]
		/VSamples [
			2.0
			1.0
			1.0
			2.0
		]
	>>
	/ColorImageAutoFilterStrategy /JPEG
	/ColorImageMinResolutionPolicy /OK
	/ColorImageResolution 300
	/PDFXRegistryName (http://www.color.org)
	/MonoImageFilter /CCITTFaxEncode
	/CalGrayProfile (Dot Gain 15%)
	/ColorImageMinDownsampleDepth 1
	/PDFXTrapped /False
	/DetectCurves 0.0
	/ColorImageDepth -1
	/JPEG2000GrayImageDict <<
		/TileHeight 256
		/Quality 15
		/TileWidth 256
	>>
	/TransferFunctionInfo /Remove
	/ColorImageFilter /DCTEncode
	/PDFX3Check false
	/ParseICCProfilesInComments true
	/DSCReportingLevel 0
	/ColorACSImageDict <<
		/QFactor 0.76
		/HSamples [
			2.0
			1.0
			1.0
			2.0
		]
		/VSamples [
			2.0
			1.0
			1.0
			2.0
		]
	>>
	/PDFXOutputConditionIdentifier (CGATS TR 001)
	/PDFXCompliantPDFOnly false
	/AllowTransparency false
	/UsePrologue false
	/PreserveCopyPage true
	/StartPage 1
	/MonoImageDownsampleThreshold 1.5
	/GrayImageDownsampleThreshold 1.5
	/CheckCompliance [
		/None
	]
	/CreateJDFFile false
	/PDFXSetBleedBoxToMediaBox true
	/EmbedOpenType false
	/OPM 1
	/PreserveOverprintSettings true
	/UCRandBGInfo /Preserve
	/ColorImageDownsampleThreshold 1.5
	/MonoImageDict <<
		/K -1
	>>
	/GrayImageDownsampleType /Bicubic
	/Description <<
		/ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 6.0 and later.)
		
		/FRA <>
		/KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
		/HUN <>
		/NOR <>
		/DEU <>
		/CZE <>
		/ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
		/DAN <>
		/JPN <>
		
		/SUO <>
		/CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
		/CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
		
		
		
		/PTB <>
		/NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
		/TUR <>
		/POL <>
		
		/SVE <>
		
		/ESP <>
	>>
	/CropMonoImages false
	/DefaultRenderingIntent /Default
	/PreserveHalftoneInfo true
	/ColorImageDict <<
		/QFactor 0.76
		/HSamples [
			2.0
			1.0
			1.0
			2.0
		]
		/VSamples [
			2.0
			1.0
			1.0
			2.0
		]
	>>
	/CropGrayImages false
	/PDFXOutputCondition ()
	/SubsetFonts false
	/EncodeMonoImages true
	/CropColorImages false
	/PDFXNoTrimBoxError true
>>
setdistillerparams
<<
	/PageSize [
		612.0
		792.0
	]
	/HWResolution [
		600
		600
	]
>>
setpagedevice


