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1. Introduction
Numerical simulations of atmospheric turbulence can be performed with models whose spatial resolutions are 
sufficiently fine to resolve the dominant turbulent eddies. Large-eddy simulation (LES) is an important and 
widely used technique in this respect. LES is nowadays used to successfully reproduce a wide range of atmos-
pheric flow regimes including the transition from a stable to a convective boundary layer van Hooft et al. (2019), 
shallow and deep convective clouds (Wing et al., 2020), as well as flows in urban areas (Grylls et al., 2020; 
Hellsten et al., 2020). The skill with which they can faithfully capture observations has been addressed in various 
model intercomparison studies including the clear convective boundary layer (Nieuwstadt et al., 1993), the stable 
boundary layer (Beare et al., 2006), precipitating shallow cumulus (Van Zanten et al., 2011), and the transition 
of stratocumulus to shallow cumulus (Van der Dussen et al., 2013). As a result LES is becoming an increasingly 
more powerful tool for operational use in weather and climate applications and are used as high resolution limited 
area models embedded in larger scale atmospheric models (Draxl et al., 2021; Heinze et al., 2017; Ovchinnikov 
et al., 2022; Schalkwijk et al., 2015).

Abstract A new generation of operational atmospheric models operating at horizontal resolutions in the 
range 200 m ∼ 2 km is becoming increasingly popular for operational use in numerical weather prediction and 
climate applications. Such grid spacings are becoming sufficiently fine to resolve a fraction of the turbulent 
transports. Here we analyze Large-eddy simulation results of a convective boundary layer obtained by 
coarsening horizontal grid spacings up to 800 m. The aim is to explore the dependency of the mean state and 
turbulent fluxes on the grid resolution. Both isotropic and anisotropic eddy diffusion approaches are evaluated, 
where in the latter case the horizontal and vertical eddy diffusivities differ in accord with their horizontal and 
vertical grid spacings. For coarsening horizontal grid sizes entrainment at the top of the boundary layer tends 
to get slightly enhanced for isotropic diffusion, whereas for the anisotropic diffusion approach the vertically 
well-mixed boundary-layer structure becomes severely degraded. An analysis of the energy spectrum shows 
that anisotropic diffusion causes relatively more dissipation of variance at smaller length scales. This leads, in 
turn, to a shift of spectral energy toward larger length scales that also becomes apparent from a rather different 
kind of spatial organization of convection. The present study therefore suggests that details with regards to the 
representation of processes at small scales might impact the organization at length scales much larger than the 
smallest scales that can be resolved by the model.

Plain Language Summary A new generation of operational atmospheric models operating at 
horizontal resolutions in the range 200 m ∼ 2 km is becoming increasingly popular for operational use in 
numerical weather prediction and climate applications. Owing to ever increasing computational power their 
grid spacings are nowadays becoming sufficiently fine to allow for resolving a fraction of the turbulent 
transports. However, these types of models are operated with grid spacings that are much larger in the 
horizontal directions than in the vertical direction. In the present study we explore the extent to which the 
spatial organization of turbulence structures is affected by the size of the horizontal grid spacing. This question 
is addressed by means of large-eddy simulation, which is an established modeling technique that has been 
designed specifically to resolve the dominant turbulent eddies at a high spatial resolution. It is found that 
differences in the way how turbulence at scales smaller than the grid spacing is calculated can have an effect on 
the organization of turbulent structures at much larger spatial scales.
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The supercomputing facilities nowadays allow operating numerical global weather forecast models at 
sub-kilometer scales, which enables them to resolve some fraction of the turbulent eddies. In the latter case 
parameterizations that were developed for turbulent transport in large-scale models need to be adapted, basically 
because the implicit assumption that the turbulent transports are entirely due to the unresolved, subgrid fluctua-
tions becomes violated (Honnert et al., 2020). This question has motivated Boutle et al. (2014) to design a new 
scale-aware parameterization that is in part inspired by LES subgrid turbulent kinetic energy (TKE) models.

An aspect of modeling convection in this “Gray Zone” that has received little attention is that LES models 
often apply anisotropic grids. In practice this implies that the applied grid spacing in the horizontal direction is 
typically much coarser than in the vertical direction. Such a choice is motivated by the need, on the one hand, 
to resolve sharp vertical gradients such as present near the ground surface and thermal inversion layers, and, 
on the other hand, to capture a sufficient number of large eddies in the LES domain. For example, LES models 
that participated in the model intercomparison study of a convective boundary layer by Nieuwstadt et al. (1993) 
applied horizontal and vertical domain sizes Lhor = 6.4 km and Lver = 2.4 km, respectively, and horizontal and 
vertical grid spacings Δxhor = 160 m and Δz as fine as 20 m near the surface, respectively.

The contribution of the unresolved eddies to the turbulent transports as well as their dissipation by molecular 
viscosity can be parameterized in LES models with use of a subgrid TKE model. The subgrid turbulent fluxes are 
typically taken to be proportional to an eddy diffusivity factor, which depends on the intensity of the unresolved 
velocity fluctuations as quantified by the subgrid TKE, and a turbulent length scale that depends on the horizontal 
and vertical grid spacings (Deardorff, 1980). Even though the grid may be anisotropic, LES models may apply 
an isotropic diffusion approach. The latter means that they apply an equal value for the eddy diffusion in all the 
three directions.

The present study is in part inspired by Van Zanten (2000) who noted a sensitivity of LES results on the size of 
the horizontal grid spacing (her Chapter 5). She performed simulations of a clear convective boundary layer with 
rather modest variations in the horizontal grid spacings, in the range from 12.5 up to 50 m. Van Zanten performed 
her simulations with use of the subgrid model of Deardorff (1980), and found larger entrainment fluxes at the top 
of the boundary layer with coarsening horizontal grid spacings. The deviating results with respect to the run with 
the highest spatial resolution could be attributed to enhanced subgrid turbulent fluxes, in accord with the design 
of the subgrid model, that were however not accompanied by an opposing decrease in the resolved turbulent 
fluxes. In other words, the applied subgrid model is not capable to consistently partition the subgrid and resolved 
contributions to the total fluxes for varying horizontal grid spacings. Another problem related to the grid config-
uration has been discussed by De Roode et al. (2017). They explained from a comparison of Monin-Obukhov 
similarity theory with analytical subgrid TKE solutions, that were obtained from an assumed balance between 
the buoyancy flux, shear production and dissipation of subgrid TKE, that the application of anisotropic grids 
with isotropic subgrid diffusion leads to an enhancement of turbulent diffusion that actually can be excessively 
strong to eliminate any resolved fluctuations in the temperature and velocity fields in the stable boundary layer.

Motivated by the findings of Van Zanten (2000) and De Roode et al. (2017) we have studied the behavior of 
the isotropic and anisotropic diffusion approaches for anisotropic grids with the Dutch Atmospheric Large 
Eddy Simulation (DALES) model (Arabas et al., 2021; Heus et al., 2010). The current DALES code applies 
the isotropic diffusion approach following Deardorff  (1980) and is identical to the scheme studied earlier by 
Van Zanten (2000). However, for the present study DALES has been elaborated with an anisotropic diffusion 
approach following the System for Atmospheric Modeling (SAM) LES model (Stevens, Vali, et al., 2005) and 
similar to the Weather Research and Forecasting (WRF) LES model (Simon & Chow, 2021).

In this study we investigate the behavior of the isotropic and anisotropic diffusion approaches for coarsening 
horizontal grid sizes, toward values that are currently feasible for NWP models. Because subgrid diffusion tends 
to smooth out resolved fluctuations at the smallest length scales, we are particularly interested in the question as 
to how this affects the energy spectra and the organization of turbulence structures. To this end, we simulated a 
clear convective boundary layer with DALES with horizontal grid spacings ranging from isotropic to extremely 
anisotropic, Δxhor = 12.5 and 800 m, respectively. Section 2 will introduce a grid anisotropy factor that can be 
used to efficiently switch from an isotropic to an anisotropic diffusion approach, with the latter similar to what is 
applied by the SAM LES model. The case set up is briefly explained in Section 3, next the results are presented 
and discussed in Section 4, and Section 5 gives a summary and conclusions.
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2. A Comparison of the Isotropic and Anistropic Subgrid Diffusion Approaches
Here we will consider an anisotropic grid which has the same size Δxhor in both horizontal directions, 
Δx = Δy = Δxhor, but whose vertical mesh size is smaller than the horizontal ones, a configuration that is typi-
cal for LES applications of atmospheric systems, Δxhor ≥ Δz. As opposed to the isotropic diffusion approach, 
an anisotropic subgrid scheme applies an eddy viscosity, and similarly an eddy diffusivity, that depends on the 
direction to which it is applied, with its magnitude being dependent on the grid spacing in the respective direction. 
Here we will compare the isotropic subgrid diffusion scheme as proposed by Deardorff (1980) with an aniso-
tropic diffusion approach that is, as an example, applied in the SAM LES model (Khairoutdinov & Randall, 2005; 
Stevens, Moeng, et al., 2005).

2.1. LES Budget Equations

Models that are applied to simulating atmospheric motions apply the conservation equations of momentum, heat, 
and the total water specific humidity, which can generally be expressed as

𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
=

𝜕𝜕𝑑𝑑

𝜕𝜕𝑑𝑑
+ 𝑢𝑢𝑗𝑗

𝜕𝜕𝑑𝑑

𝜕𝜕𝜕𝜕𝑗𝑗

= 𝑆𝑆𝑑𝑑, (1)

with t the time, φ an arbitrary prognostic variable, the velocity vector components (u1, u2, u3) = (u, v, w) in the (x, 
y, z) direction, respectively, with z the vertical direction, and Sφ a source term. LES models apply filtered equa-
tions in which the prognostic variables are decomposed in so-called resolved 𝐴𝐴 (�̃�𝜑) and subgrid fluctuations (φ′′), 
that is, 𝐴𝐴 𝐴𝐴 = �̃�𝐴 + 𝐴𝐴′′ (Leonard, 1974). The subgrid fluctuations are associated with unresolved structures that have 
length scales that are close to the applied grid spacing. Application of the filter to the conservation Equation 1, 
and assuming that filtering and differentiation commute, gives

��̃
��

= − 1
�0

��0�̃� �̃
���

− 1
�0

��0�̃′′� �′′

���
+ �̃�, (2)

where the conservation equation for mass is applied to express the advection term in flux form. Here ρ0(z) is the 
reference density profile. The filter operation gives rise to the second term on the right-hand side, which repre-
sents the effect of subgrid-scale flux transport. Following the downgradient diffusion approach it is computed 
for scalars as

�̃′′� �′′ = −�h
��̃
���

, (3)

with Kh the eddy diffusivity, whereas the subgrid momentum fluxes depend on the eddy viscosity Km according to,

�̃′′� �
′′
� = −�m

(

��̃�
���

+
��̃�
���

)

, (4)

with

𝐾𝐾m,h = 𝑐𝑐m,h

√

𝑒𝑒𝓁𝓁. (5)

Here ℓ is a length scale and cm,h is a proportionality constant that is applied to a scalar (ch) or momentum (cm). 
They are related through the turbulent Prandtl number according to Pr = cm/ch that is set to a value of 1/3 in 
DALES. Because the eddy viscosity and diffusivity differ only by a fixed factor, statements regarding the eddy 
diffusivity made in the present paper are generally also applicable to the eddy viscosity and will therefore not 
be repeated for the latter. The filtered subgrid TKE (e) can, in turn, be computed from its budget equation 
(Deardorff, 1980),

��
��

+ 1
�0

��0�̃��
���

=
�
�0
�̃′′�′′v − �̃′′� �

′′
�
��̃�
���

− 1
�0

�
���

(

�0�̃′′� � + �̃′′� �′′
)

− �, (6)
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with θv the virtual potential temperature, θ0 the reference profile of the virtual potential temperature, p the pres-
sure and ϵ the viscous dissipation term.

The subgrid buoyancy and momentum fluxes are computed from Equations  3 and  4, respectively. The total 
subgrid turbulent transport term can be computed following a downgradient diffusion approach,

�̃′′� � +
�̃′′� �′′

�0
= −2�m

��
���

. (7)

In DALES for practical, numerical reasons the budget equation for e is divided by the square root of the subgrid 
TKE. The subgrid diffusion of subgrid TKE as presented in the equation above is actually applied to 𝐴𝐴

√

𝑒𝑒 rather 
than e itself (Cuijpers and Duynkerke 1993, see their Equation 12). The viscous dissipation term ϵ is calculated as

𝜖𝜖 = 𝑐𝑐𝜖𝜖
𝑒𝑒3∕2

𝜆𝜆𝜖𝜖

, (8)

with cϵ a proportionality constant and λϵ a length scale. The values of the subgrid constants as applied in DALES 
are summarized in De Roode et al. (2017).

2.1.1. Isotropic Diffusion Approach

The isotropic diffusivity approach uses ℓ = λϵ = lΔ (Deardorff, 1980), with

𝑙𝑙Δ ≡ (Δ𝑥𝑥Δ𝑦𝑦Δ𝑧𝑧)
1∕3

, (9)

to give

𝐾𝐾m,h = 𝑐𝑐m,h𝑙𝑙Δ
√

𝑒𝑒𝑒 (10)

It follows from the definition Equation 9 that an anisotropic grid spacing has an implicit impact on the subgrid 
diffusion. For example, a stretching of the horizontal grid spacing causes lΔ to increase, and this will consequently 
lead to an increase of Km,h. This implies that the eddy diffusivity, even if it is applied isotropically, will also be 
enhanced for the vertical subgrid eddy transport even if the vertical grid spacing is not modified. The physical 
reason for this dependency is that the subgrid-scale eddy sizes that are captured in a grid box are enlarged with 
increasing horizontal grid spacing, and consequently their enhanced capacity to transport properties is taken into 
account in this way.

2.1.2. Anisotropic Diffusion Approach

Here we adopt the anisotropic diffusion approach used in the SAM LES model as described in the Appendix A 
of Stevens, Moeng, et al. (2005). The eddy diffusivity that is applied in the vertical direction uses Δz as a length 
scale, which gives

𝐾𝐾m,h,vert = 𝑐𝑐m,hΔ𝑧𝑧
√

𝑒𝑒𝑒 (11)

The horizontal eddy diffusivity Km,h,hor is computed by multiplying Km,h,vert by a square of the ratio of horizontal 
to vertical grid spacings,

𝐾𝐾m,h,hor = 𝐾𝐾m,h,vert

(

Δ𝑥𝑥hor

Δ𝑧𝑧

)2

. (12)

Following the SAM LES model formulation, the length scale that is used to compute the subgrid TKE is based 
on the size of the minimum grid spacing in all the three directions. Because it is common practice in atmospheric 
LES applications to apply a mesh with Δz ≤ Δxhor, such a configuration will be assumed in the remainder of 
the text. This implies that the subgrid TKE is computed according to Equation 6 with ℓ = λϵ = Δz, and with an 
isotropic eddy diffusivity that depends on this length scale as 𝐴𝐴 𝐴𝐴m,h = 𝑐𝑐m,hΔ𝑧𝑧

√

𝑒𝑒 .
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2.2. Analytical Solutions for the Eddy Diffusivity

In the following we will compare the analytical solutions for the isotropic and anisotropic eddy diffusivities 
under the assumption of a balance between subgrid TKE production by shear and buoyancy, and a loss by viscous 
dissipation. These three terms comprise the Smagorinsky subgrid model with stability correction (Mason, 1989), 
which assumes a steady state for e and ignores the mean advection and total turbulent transport of subgrid TKE. 
In the analytical solutions we will apply the following definitions for the resolved flow rate of strain tensor S and 
the Brunt-Väisälä frequency N, respectively,

𝑆𝑆2
≡

1

2

(

𝜕𝜕𝜕𝜕𝑗𝑗

𝜕𝜕𝜕𝜕𝑖𝑖

+
𝜕𝜕𝜕𝜕𝑖𝑖

𝜕𝜕𝜕𝜕𝑗𝑗

)2

 (13)

𝑁𝑁 ≡

(

𝑔𝑔

𝜃𝜃0

𝜕𝜕𝜃𝜃v

𝜕𝜕𝜕𝜕

)1∕2

. (14)

The Smagorinsky subgrid TKE equation with buoyancy production can then be expressed as

−𝐾𝐾h𝑁𝑁
2
+𝐾𝐾m𝑆𝑆

2
− 𝑐𝑐𝜖𝜖

𝑒𝑒3∕2

𝜆𝜆𝜖𝜖

= 0. (15)

For an easy comparison of the analytical solutions we introduce a factor r that gives a measure of the grid 
anisotropy,

𝑟𝑟 ≡
Δ𝑥𝑥hor

Δ𝑧𝑧
. (16)

2.2.1. Isotropic Diffusion

For the Smagorinsky model including buoyancy production, and with aid of the anisotropy factor r, analytical 
solutions for the subgrid TKE and eddy diffusivity can be expressed as, respectively,

𝑒𝑒 = 𝐶𝐶stab 𝑟𝑟
4∕3

Δ𝑧𝑧2𝑆𝑆2, (17)

𝐾𝐾m,h = 𝑐𝑐m,h𝐶𝐶
1∕2

stab
𝑟𝑟4∕3Δ𝑧𝑧2𝑆𝑆𝑆 (18)

with Cstab a factor that involves the subgrid model constants and which depends on the local stability as measured 
by N 2/S 2,

𝐶𝐶stab =
𝑐𝑐m

𝑐𝑐𝜖𝜖

(

1 −
𝑐𝑐h

𝑐𝑐m

𝑁𝑁2

𝑆𝑆2

)

. (19)

It is clear that an increase in the grid anisotropy factor r will yield a larger eddy diffusivity.

2.2.2. Anisotropic Diffusion

The analytical solution for the subgrid TKE reads

𝑒𝑒 = 𝐶𝐶stabΔ𝑧𝑧
2𝑆𝑆2, (20)

which can be used to express the vertical and horizontal diffusivities as, respectively,

𝐾𝐾m,h,vert = 𝑐𝑐m,h𝐶𝐶
1∕2

stab
Δ𝑧𝑧2𝑆𝑆, (21)

𝐾𝐾m,h,hor = 𝑐𝑐m,h𝐶𝐶
1∕2

stab
𝑟𝑟2Δ𝑧𝑧2𝑆𝑆𝑆 (22)

A comparison of the solutions Equations 18 and 21 shows that for r > 1, or equivalently Δxhor > Δz, the aniso-
tropic vertical diffusivity is smaller than the isotropic value. By contrast, a stretching of the horizontal grid 
spacing will yield a larger diffusivity to be applied in the horizontal direction Equation 22 as compared to the 
isotropic diffusivity Equation 18.
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2.2.3. Practical Implementation

The original DALES code has been elaborated with the anisotropic diffusion approach with just a few minor 
modifications at two parts. The first change involves the choice of the length scale to be used in the subgrid TKE 
equation. We use either ℓ = λϵ = lΔ as a length scale to compute the isotropic diffusivity, or otherwise ℓ = λϵ = Δz 
to obtain the subgrid TKE needed for determining the horizontal and vertical diffusivities. The second change 
involves a multiplication of the horizontal subgrid fluxes that are present in the budget equations for all the prog-
nostic variables, except for the subgrid TKE, with the grid anisotropy factor r 2. This gives the desired enhance-
ment of the horizontal diffusivity for the anisotropic diffusion approach.

3. Set up of the Experiments
To compare the performance of the isotropic and anisotropic diffusion approaches we have performed runs of a 
clear convective boundary layer. Similar to the Gray Zone LES numerical experiments that were carried out by 
Efstathiou et al. (2016) and Doubrawa and Muñoz-Esparza (2020), sensitivity experiments were performed in 
which the horizontal grid spacing was systematically coarsened. The setup of the simulations is presented below.

3.1. Initial and Boundary Conditions

The CBL is forced by constant homogeneous surface fluxes 𝐴𝐴 𝑤𝑤′𝜃𝜃′sfc = 0.1mKs
−1 and 

𝐴𝐴 𝑤𝑤′𝑞𝑞′vsfc = 2 × 10
−5
(

kg kg
−1
)

ms
−1 . The initial potential temperature and water vapor specific humidity are 

constant with values of 293 K and 8 g kg −1, respectively, up to the top of the boundary layer that is located at a 
height of 493.75 m. The inversion layer with initial thickness of 12.5 m has initial jump values Δθ = 5.04 K and 
Δqv = −4g kg −1. The free tropospheric humidity is set to a constant value of 4 g kg −1, whereas the vertical gradi-
ent of θ is set to 6 K km −1 above the inversion layer. The geostrophic wind is constant with height (Ug, Vg) = (1, 
0) m s −1, and the initial horizontal wind is set equal to the geostrophic wind. To spin up turbulence random pertur-
bations with maximum values of 0.1 K and 10 −3 g kg −1 were added to the initial fields of θ and qv, respectively. 
A constant value of 1 m 2  s −2 for the initial subgrid TKE in the boundary layer is prescribed.

3.2. Grid Configurations

A reference simulation was performed with Δxhor = Δz = 12.5 m. Table 1 gives a summary of the sensitivity 
experiments. The grid anisotropy factor r was gradually increased by systematically doubling the horizontal grid 
spacings from 25 up to 800 m while maintaining the same domain size (12.8 km in both horizontal directions) 
and vertical grid spacing (Δz = 12.5 m). By restricting ourselves to a fixed value for Δz we avoid additional 
model sensitivities to changes in the vertical resolution, such as, for example, the entrainment rate (Sullivan & 
Patton, 2011). We note that the extremely large grid anisotropy values were merely applied to explore different 

Isotropic diffusion Anisotropic diffusion Δxhor (m) Anisotropy factor r = Δxhor/Δz

H289 – 12.5 1

H410 H420 25 2

H411 H421 50 4

H412 H422 100 8

H413 H423 200 16

H414 H424 400 32

H415 H425 800 64

Note. For all the simulations the vertical grid spacing Δz = 12.5 m, and the horizontal and vertical domain sizes are 12.8 2 km 2 
and 1,593.75  m, respectively. The isotropic diffusion approach refers to the application of Equation  10, whereas the 
anisotropic diffusion approach allows for different values in the vertical and horizontal directions according to Equations 11 
and 12, respectively.

Table 1 
Summary of the Horizontal Grid Spacings Δxhor Applied in the Large-Eddy Simulations
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behaviors in the isotropic and anisotropic diffusivities. Because of the fixed horizontal domain size the simu-
lations with a stretched horizontal grid were performed with a reduced number of grid points in the horizontal 
directions, down to only 16 2 for the coarsest cases. As a check to verify whether this choice did not impact 
the results, the simulations were also repeated with a minimum number of 128 grid points in both horizontal 
directions. We found that the latter results were qualitatively similar in terms of the mean state, turbulent flux 
profiles and visualizations of instantaneous fields. All simulations were performed with a variance-preserving 
second-order advection scheme.

4. Results
Here we will compare the results of the runs in terms of the representation of the mean state, the vertical profiles 
of the turbulent fluxes of heat and moisture, and turbulence. We will discuss how the entrainment rate at the top 
of the boundary layer is affected by the particular choice of the eddy diffusion approach. The second part of the 
analysis will focus on the organization of turbulent structures by a visual inspection of some fields in the middle 
of the boundary layer in addition to a quantification of the spectral energy densities.

4.1. Mean State and Turbulence Structure

Figure 1 compares the mean state results of the virtual potential temperature θv and the water vapor specific 
humidity qv as obtained with different horizontal grid spacings. For Δxhor ≤ 100 m the mean vertical profiles for 
θv and qv in the boundary layer remain very close to the Reference run results.

Figure 1. Vertical profiles of the horizontal slab mean values of the virtual potential temperature θv and water vapor specific 
humidity qv during the 8th hr of the simulation. The two upper plots show simulation results for isotropic diffusion with lΔ as 
a length scale, and the lower two plots were obtained for anisotropic diffusion. The horizontal grid spacings are according to 
the legend.
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The results show that the kind of diffusion approach can affect the vertical mean state of the boundary layer. In 
general convective boundary layers are characterized by vertically well mixed states for quantities like θv and qv, 
and such properties are well captured in the simulations that applied the isotropic diffusion approach. By contrast, 
for the anisotropic diffusion approach the vertical mean profiles for θv and qv start to deviate significantly from a 
vertical well mixed state for coarsening horizontal grid spacing. Most notably a stable stratification, as quantified 
by a positive slope in θv, has developed rather close to the surface in the simulations with the coarsest values for 
Δxhor. This finding strongly resembles the results that were obtained by Simon and Chow (2021) who used the 
WRF LES model with the anisotropic diffusion approach for Δxhor = 1.2 km, see their Figures 3e and 3f. Later 
on in the text we will discuss the cause of the stable stratification as well as its impact on the subgrid TKE and 
the resulting eddy diffusivities.

The isotropic diffusion approach tends to produce slightly deeper, drier and warmer boundary layers for aniso-
tropic grid spacings up to Δxhor ≤ 200 m. These deviations from the Reference case results can be explained from 
the relation between the growth rate of boundary layer depth (h) and the entrainment velocity (we),

𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 𝑤𝑤e. (23)

Entrainment is a process in which turbulent eddies penetrate into the inversion layer, and subsequently engulf and 
mix some of the relatively warm and dry inversion air downwards into the boundary layer (Sullivan et al., 1998). 
Larger entrainment rates therefore explain why deeper boundary layers tend to be relatively warmer and drier. For 
r ≤ 16 enhanced entrainment rates might be explained from the fact that, according to Equation 18, the isotropic 
eddy diffusivity will tend to increase for increasing grid anisotropy factor r.

The application of extremely anisotropic grids, Δxhor ≥ 400 m, causes a slower growth of the boundary layer 
depth both for the isotropic and anisotropic diffusion approach. Because entrainment is driven by strong updrafts 
that penetrate the inversion layer, the slower growth rate of the boundary layer depth could possibly be explained 
by the resolved vertical velocity variances, which become notably smaller for coarsening horizontal grid spacings 
(see Figures 2 and 3).

Figures 2 and 3 show vertical profiles of turbulent fluxes as obtained with the isotropic and anisotropic diffu-
sion approaches, respectively. In addition to the total (“tot”) fluxes of the potential temperature and water vapor 
specific humidity their subgrid (“sub”) and resolved (“res”) contributions are also presented,

𝑤𝑤′𝜑𝜑′
tot

= 𝑤𝑤′𝜑𝜑′
sub

+𝑤𝑤′𝜑𝜑′
res
. (24)

There is a rather strong difference in the subgrid contributions to the total vertical turbulent fluxes of θv and qv 
in the sense that for the anisotropic diffusion approach the subgrid flux contributions are mainly dominant in the 
lower part of the boundary layer. For the isotropic diffusion approach the subgrid fluxes become gradually more 
important and tend to extend toward the middle of the boundary layer for coarsening horizontal grid spacings.

Like the vertical fluxes the total TKE also includes a subgrid and resolved contribution, with the latter defined as

TKEres =
1

2

(

𝑢𝑢′𝑢𝑢′res + 𝑣𝑣′𝑣𝑣′res +𝑤𝑤′𝑤𝑤′
res

)

. (25)

With the isotropic diffusion approach the subgrid TKE tends to increase for coarsening horizontal grid spacings, 
and these gradual changes are accompanied by an opposing decrease of the resolved vertical velocity variance. By 
contrast, with the anisotropic diffusion approach both 𝐴𝐴 𝑤𝑤′𝑤𝑤′

res and e tend to diminish simultaneously. This result 
is likely due to the strong stable thermal stratification that emerges if the horizontal resolution is coarsened. For 
example, the vertical mean virtual potential temperature profiles presented in Figure 1 indicate that the boundary 
layer tends to become more stably stratified most notably for coarse horizontal grid spacings Δxhor ≥ 200 m. A 
positive vertical gradient of θv acts to diminish the stability dependent subgrid factor Equation 19. In addition, 
following the downgradient diffusion approach it will produce negative subgrid buoyancy fluxes. These two 
effects both act to diminish the subgrid TKE.

Figure 4 shows the eddy viscosities Km for the isotropic and anisotropic diffusion approaches. These results were 
diagnosed with aid of Equation 5 and the subgrid TKE results. For coarsening Δxhor we find that the isotropic 
eddy viscosity increases. By contrast, the vertical eddy viscosities that are applied in the anisotropic diffusion 
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approach, are found to diminish with coarsening Δxhor. Because in all simulations the vertical grid spacing Δz was 
fixed to a constant value, according to Equations 20 and 21 the respective variations in the vertical eddy viscosity 
values must be due entirely to the reduction in the subgrid TKE values as shown in Figure 3.

As opposed to the reduced values for the vertical eddy diffusivities, the horizontal eddy viscosities strongly 
increase with coarsening Δxhor. If the eddy diffusivity becomes excessively large, it will act to dissipate resolved 
fluctuations too strongly. If, in turn, the vertical turbulent transport becomes dominated by subgrid contribu-
tions, as is the case in the surface layer for the simulations with anisotropic diffusion, then reduced values for 
the vertical eddy diffusivity must be accompanied by enhanced mean vertical gradients in order to support the 
vertical turbulent fluxes whose near surface values are typically very close to their actual surface values (De 
Roode, 2007). The erroneous formation of a stable stratification at rather low heights in the boundary layer, 
such as we observe for coarsening Δxhor and anisotropic diffusion, causes negative subgrid buoyancy fluxes that 
oppose production of subgrid TKE. Despite the large values for the horizontal eddy diffusivities in this regime, 
which tend to strongly dissipate resolved fluctuations, the vertical turbulent transports are almost fully dominated 
by resolved transport. We will show that the scales of this resolved vertical transport are shifted toward larger 
length scales as compared to the high resolution simulation results.

The strength of the eddy diffusivity determines the dissipation of spectral energy at the smallest length scales. 
Because the eddy diffusivity is proportional to the square root of the subgrid TKE, and since for coarse horizontal 
grid spacings the latter depends strongly on the kind of diffusion approach, we will assess whether this impacts 
the distribution of spectral energies. Furthermore, we will analyze the organization of turbulence structures for 
the isotropic and anisotropic eddy diffusion approaches by a visual inspection of the instantaneous horizontal 
fields for some key variables.

Figure 2. Vertical profiles of the vertical subgrid, resolved and total turbulent fluxes of the virtual potential temperature 𝐴𝐴 𝑤𝑤′𝜃𝜃′v and water vapor specific humidity 𝐴𝐴 𝑤𝑤′𝑞𝑞′v , 
respectively, and the resolved vertical velocity variance and subgrid turbulent kinetic energy during the 8th hr of the simulation. The results were obtained with the 
isotropic diffusion approach. The horizontal grid spacings are according to the legend.
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4.2. Spatial Organization

Figure 5 presents the energy spectra of the three wind velocity components, the potential temperature and the 
water vapor specific humidity as a function of the wavenumber κ. The spectra were calculated from a Fourier 
transformation according to De Roode et al. (2004). A comparison of the results with the Reference run shows 

Figure 3. Similar to Figure 2, but in the case the results were obtained with use of the anisotropic diffusion approach. Note that except for the subgrid turbulent kinetic 
energy the x-axis ranges are the same as in Figure 2.

Figure 4. Vertical profiles of the eddy viscosity for the isotropic diffusion approach (Km, iso, left panel), and the vertical 
(Km, vert, middle panel) and horizontal (Km, hor, right panel) ones for the anisotropic diffusion approach, respectively. The 
results represent hourly mean horizontal slab-average values as obtained during the last hour of the simulations. Note that to 
capture the large differences in the horizontal eddy viscosities they are plotted using a logarithmic x-axis. The linestyles and 
colors are according to the legend.
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that for the anisotropic diffusivity approach a coarsening of Δxhor results in a significant decrease of spectral ener-
gies at the largest wavenumbers. This suggests that the increase in the horizontal diffusivity with increasing Δxhor 
results in a somewhat stronger dissipation at the largest wavenumbers. Interestingly, the decrease of the spectral 
energies at the largest wavenumbers is partially compensated by an opposite increase at the smallest wavenum-
bers. In other words, a coarsening of the horizontal grid spacing causes a shift of spectral energy from the largest 
to the smallest wavenumbers. By contrast, for coarsening horizontal grid spacings the isotropic diffusion approach 
tends to give only relatively small changes in the spectral energies at the largest resolved wavenumbers. The two 
sets of simulations have in common that at the smallest wavenumbers the spectral energies tend to increase with 
respect to the Reference run, although this effect is less prominent for the isotropic diffusion approach.

Figure 6 shows snapshots of the LES fields for the isotropic diffusion approach. The turbulent structures in the 
simulations that applied isotropic diffusion look similar in terms of their sizes and magnitudes of the fluctuations 
for horizontal grid spacings Δxhor up to 200 m. The fact that the dominant eddy sizes have length scales of the 
order of the boundary height, which is located near a height of about 750 m, obviously cannot be resolved with a 

Figure 5. Spectral energy distribution for the horizontal wind components u, v, the vertical wind w, the water vapor specific 
humidity qv, and the potential temperature θ, at a height of 356.25 m after 8 hr simulation time. The linestyles and colors are 
the same as in Figure 3.
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horizontal grid spacing of 800 m, and therefore must lead to a coarsening of the spatial structures for all the three 
variables shown in the figure.

The loss of the spectral energy at the largest wavenumbers, and the shift of the spectral energy toward smaller 
wavenumbers for coarsening Δxhor for the anisotropic diffusion approach as shown in Figure 5 is clearly visible 
from the snapshots of the LES fields as shown in Figure 7. Even for a relatively modest grid anisotropy, with 
Δxhor = 200 m, the organization of updrafts changes dramatically to a ring-like structure that is more common to 
cold pools that develop as a result of evaporation of rain underneath convective clouds. Also the fields of potential 
temperature and specific humidity become dominated by much larger structures as compared to what is found for 
smaller values of Δxhor. These results corroborate the results of similar LES runs with anisotropic diffusion and a 
large value Δxhor = 1.2 km presented by Simon and Chow (2021) (see their Figures 4f and 4g).

We will now argue that a change in the horizontal resolution will likely have an impact on the spatial distribution 
of fluctuations. To this end let us consider the relation between the resolved horizontal slab mean co-variance 

𝐴𝐴 𝑤𝑤′𝜑𝜑′
res

 of the quantities w and φ (their vertical flux), and their co-spectral energy density (Sw,φ) (De Roode 
et al., 2004),

𝑤𝑤′𝜑𝜑′
res

=
∫

𝜅𝜅Ny

𝜅𝜅min

𝑆𝑆𝑤𝑤𝑤𝜑𝜑(𝜅𝜅)𝑑𝑑𝜅𝜅𝑤 (26)

with the smallest wavenumber equal to the reciprocal of the horizontal domain size κmin = 1/Lhor and the Nyquist 
wavenumber is inversely proportional to the horizontal grid spacing κNy = 1/2Δx.

Figure 6. Contour plots of the water vapor specific humidity (upper row), the potential temperature (middle row) and the 
vertical velocity (lower row) at a height of 356.25 m after 8 hr simulation time as obtained from the simulations applying the 
isotropic diffusion approach. Each column shows the results for different horizontal grid spacings Δxhor. The range of values 
shown in the color bars do not reflect the actual minimum and maximum values of the respective variables but are selected 
to provide a optimum representation of their spatial structures in addition to letting blue, white and red colors representing 
negative, near zero and positive values, respectively.
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Let us now consider a suite of simulations in which the resolved co-variance is hardly affected by a change in 
the horizontal resolution. This is the case for the interior of the boundary layers in the majority of the performed 
runs, as is for example, indicated by the vertical resolved flux profiles for, most notably, qv in Figures 2 and 3. If 
variations in the resolved flux contributions are negligibly small, or phrased differently, if 𝐴𝐴 𝑤𝑤′𝜑𝜑′

res
 is invariant for 

changes in Δx, this must consequently result in a change in the shape of the co-spectrum Sw,φ. The latter follows 
from the fact that for a coarsening horizontal grid size the integral over the co-spectrum must remain the same 
under the constraint of reduced spectral wavenumber interval. Indeed, a change in Δx will result in a change of the 
largest wavenumber κNy according to Equation 26. Likewise the eddy dissipation at the largest wavenumbers can 
modify the co-spectra in a similar way. If a coarsening grid spacing is accompanied by a stronger dissipation of 
co-spectral energy at the largest wavenumbers, as is the case for the anisotropic diffusion approach, then conser-
vation of co-variance requires an even stronger shift of fluctuations toward smaller wavenumbers. The vertical 
profiles of the total slab-mean vertical fluxes are controlled by their surface and top values. In our simulations the 

same surface flux values 𝐴𝐴

(

𝑤𝑤′𝜑𝜑′
sfc

)

 were prescribed, but at the top of the boundary layer the fluxes 𝐴𝐴

(

𝑤𝑤′𝜑𝜑′
top

)

 are 

controlled by the entrainment velocity (we) according to the flux-jump relation (Lilly, 1968),

𝑤𝑤′𝜑𝜑′
top

≈ −𝑤𝑤eΔ𝜑𝜑𝜑 (27)

with Δφ the difference of the slab mean value of φ across the thermal inversion layer. In a quasi-steady state the 
(total) vertical flux profiles will have achieved an approximate linear profile,

𝑤𝑤′𝜑𝜑′(𝑧𝑧) = 𝑤𝑤′𝜑𝜑′
sfc

(

1 −
𝑧𝑧

ℎ

)

+𝑤𝑤′𝜑𝜑′
top

𝑧𝑧

ℎ
. (28)

If the entrainment velocity is relatively insensitive to the grid configuration then this will generally result in 
similar vertical total flux profiles.

Figure 7. As in Figure 6, but for the anisotropic diffusion approach.
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We recall that this insensitivity of resolved fluxes to horizontal grid size actually demonstrates an inadequacy of 
the subgrid TKE model for application on strongly anisotropic grids. But we believe that these results are relevant 
in the context of research on parameterizations for use in the Gray Zone by numerical weather prediction models.

5. Conclusions
We have presented LES results of a clear convective boundary for a wide range of horizontal grid spacings. Two 
sets of experiments with different subgrid diffusion approaches were performed. The isotropic diffusion approach 
applies a single local value for the eddy diffusivity in all three directions. For the Deardorff (1980) subgrid TKE 
model, and with use of the mesh dependent length scale ℓ = (ΔxΔyΔz) 1/3, the isotropic eddy diffusivity can be 
expressed in terms of a grid anisotropy factor r = Δxhor/Δz,

𝐾𝐾m,h ∝ 𝑟𝑟4∕3Δ𝑧𝑧2. (29)

A similar analysis was performed for the anisotropic eddy diffusion approach, a kind of subgrid model that is, as 
an example, implemented in the SAM LES model. For r > 1 the vertical anisotropic diffusivity is smaller than 
the isotropic value of Kφ, but the horizontal diffusivity is larger,

𝐾𝐾m,h,vert ∝ Δ𝑧𝑧2,

𝐾𝐾m,h,hor ∝ 𝑟𝑟2Δ𝑧𝑧2 = Δ𝑥𝑥2.
 (30)

Note that Deardorff (1980) suggested to use a length scale ℓ = Δxhor for a locally unstable atmosphere in terms of 
its thermal stratification, and a reduced value that accounts for a stable thermal stratification. The use of Δxhor as 
a length scale for the isotropic eddy diffusion approach will yield Kφ ∝Δx 2, similar to the value of the horizontal 
anisotropic diffusivity.

It is found that a coarsening of the horizontal grid spacing, while keeping the vertical resolution the same, causes 
the simulation results to divergence from the high resolution reference run that was performed with an isotropic 
grid. For example, for the isotropic diffusion approach a coarsening of the horizontal grid spacing up to r = 8, 
a grid anisotropy range that is commonly used in LES atmospheric boundary-layer studies, tends to slightly 
enhance the entrainment velocity at the top of the boundary layer. This finding is likely attributable to the fact 
that the isotropic eddy diffusivity will increase for increasing horizontal grid spacing according to Equation 29. 
As more entrainment causes larger heating and drying rates of the boundary layer, and since this can potentially 
impact a process like the onset of cloud formation, such a sensitivity of modeling results to grid configuration 
is undesirable. For a grid anisotropy factor in the range r ≤ 8 this problem is less prominent for the anisotropic 
diffusion approach, but this somewhat better performance comes with a penalty. Most notably a coarsening of 
the horizontal grid spacing leads to a stronger dissipation of spectral energies at the largest wavenumbers. It is 
found that this leads to a shift in the spectral energies toward smaller wavenumbers, as evident from a stronger 
development of mesoscale fluctuations.

The LES results presented in this study are also relevant in the context of the Gray Zone, in which non-hydrostatic 
NWPs are run at a horizontal resolution that is sufficiently high to start resolving a fraction of the resolved vertical 
turbulent transport. For highly anisotropic grids, that is, r > 8, simulations performed with the isotropic diffusion 
approach show a better capacity to maintain a vertically well-mixed boundary layer. By contrast, the anisotropic 
diffusivity formulation as applied in the present study produces a strongly distorted vertical boundary-layer struc-
ture, in addition to a striking misrepresentation of the convective scales that tend to increase with coarsening 
Δxhor. These findings suggests that the usability of this anisotropic diffusion approach seems severely limited.

As a potential remedy to the problems found for the anisotropic diffusion approach at Gray Zone resolutions 
its formulation might be modified. According to Simon and Chow (2021) such a step could perhaps be taken 
by applying an enhanced value for the vertical eddy diffusivity for a coarsening horizontal grid. Their param-
eterization is inspired by a diagnosis of the scale-dependent horizontal and vertical eddy diffusivities from 
three-dimensional LES fields by Kitamura (2015). In stark contrast with the parameterization for the anisotropic 
diffusivity applied in the present study, Kitamura (2015) found that the vertical turbulent length scale tends to 
be larger than the horizontal length scale for coarse horizontal filter lengths. Another hint in this direction is 
provided by Kurowski and Teixeira (2018) who found that horizontal subgrid fluxes are rather insensitive to the 
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applied horizontal grid spacing, in contrast to the vertical subgrid fluxes that tend to increase when the horizontal 
grid is coarsened.

Finally we would like to mention the recent accompanying work by Janssens et al. (2022). They demonstrate an 
impact of the horizontal grid spacing, among others, on the mesoscale organization of shallow cumulus clouds. 
This suggests that one should be careful with applying anisotropic grids in large-eddy simulations in particular 
when it concerns the study on the organization of cloud fields.

Data Availability Statement
The code of the DALES model can be downloaded from https://github.com/dalesteam/dales and is also archived 
on Zenodo (Arabas et al., 2021). The data reported in this study are available from www.euclipse.nl/GridAnis-
tropy/GridAnisotropyPublicData.tar.gz.
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