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ABSTRACT Sparse antenna arrays reduce hardware cost but introduce sidelobe-related challenges for
direction-of-arrival (DoA) estimation. Conventional array-design metrics such as sidelobe level (SLL) and
half-power beamwidth do not directly predict how well a given geometry supports target detection, false-
alarm control, or angular accuracy. This paper bridges that gap with a receiver-operating-characteristic
(ROC)-based framework that quantifies probability of detection (Pp), false alarm rate (FAR), and angular
root-mean-square error (RMSE) for equi-amplitude spatially tapered arrays (STAs). Three STA families
are synthesized via convex optimization to isolate the effects of aperture scaling, inter-element spacing,
and sidelobe-shaping objective, and each is benchmarked against aperture-matched uniform linear arrays
through single-snapshot Monte Carlo simulations with two unequal-power sources spanning a 30dB
dynamic range. A two-dimensional analysis maps Pp and RMSE jointly over angular separation and
inter-source SNR difference, explicitly characterizing weak-target detectability beside a strong interferer.
Three estimators—Bartlett beamforming, Orthogonal Matching Pursuit, and FOCUSS—are compared to
reveal how pattern-limited and sparse-recovery methods exploit different array geometries. The results show
that peak SLL reduction improves detection primarily in the low-FAR regime, yielding up to 0.2 gain in Pp
per 10 dB of SLL suppression at FAR = 10~3, while sparse estimators remain robust to irregular layouts. The
proposed framework provides a direct, system-level link between STA synthesis parameters and practical
DoA performance for radar and joint radar—communications systems.

INDEX TERMS Compressed sensing, direction-of-arrival estimation, radar signal processing, sidelobe
suppression, spatially tapered arrays.

I. INTRODUCTION

Direction-of-arrival (DoA) estimation is a fundamental
task in array signal processing, underpinning applica-
tions from automotive radar and surveillance to wireless
communications and emerging joint radar-communications
(JRC) systems [1], [2], [3], [4]. In automotive radar, for
instance, a vehicle must detect and localize a pedes-
trian at short range even while a strong reflection from
a nearby truck dominates the received signal; similar

The associate editor coordinating the review of this manuscript and

approving it for publication was Hassan Tariq Chattha

weak-target-in-strong-clutter scenarios arise in surveillance,
spectrum sensing, and passive radar. As these systems evolve,
they demand increasingly stringent performance in terms of
angular resolution, reliable target detection, and real-time
operation, often under tight constraints on cost, aperture, and
power consumption [5]. Moreover, many of these platforms
are constrained to operate in a single-snapshot regime—
whether due to rapidly changing scenes in automotive radar,
strict latency requirements in cognitive radio, or limited
coherent processing intervals in pulse-Doppler systems—
making estimator robustness with minimal data a central
design concern. Meeting these demands requires the joint

© 2026 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License.
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consideration of two design dimensions: array geometry and
estimator algorithm.

Uniform linear arrays (ULAs) are the standard baseline
owing to their simple structure and compatibility with
Fast Fourier Transform (FFT) beamforming. With uniform
excitation, however, ULAs exhibit a fixed sidelobe level
(SLL) of approximately —13dB [6], which limits the
dynamic range over which weak targets can be detected
without triggering false alarms. When a strong source is
present, its sidelobes can mask nearby weak targets—a
phenomenon often referred to as the near—far problem—
leading to missed detections or spurious peaks that inflate
the false-alarm rate. Sparse linear arrays (SLAs) mitigate
hardware cost by deploying fewer elements over the same
aperture [7], yet the reduction in coherent gain and the
appearance of irregular or elevated sidelobes can degrade
estimation reliability [8]. Spatially tapered arrays (STAs)
offer a principled alternative: by perturbing element positions
through convex optimization, sidelobes can be suppressed
without resorting to amplitude tapering or increasing the
element count [9], [10].

A growing body of literature addresses STA synthesis.
Early work by Lebret and Boyd [9] cast the problem
as a semi-definite program minimizing peak SLL sub-
ject to mainlobe constraints. Subsequent approaches have
employed second-order cone programming [11], iterative
convex relaxation [12], and compressive-sensing-inspired
formulations [10] to handle increasingly complex design
specifications, including frequency-invariant patterns and
mutual-coupling-aware designs. Despite these advances in
synthesis methodology, the resulting array designs are almost
exclusively evaluated using beam-pattern metrics—SLL and
half-power beamwidth (HPBW)—which do not directly
quantify detection reliability, false-alarm behavior, or angular
estimation accuracy under realistic multi-source operating
conditions. A low SLL is a necessary condition for reliable
weak-target detection, but it is not sufficient: the actual
detection performance depends on the interplay between
array geometry, the noise environment, and the estimation
algorithm.

On the estimation side, the choice of algorithm intro-
duces a second degree of freedom with a significant
impact on performance. Conventional beamformers such as
Bartlett [13] and MVDR [14] are computationally efficient
but fundamentally resolution-limited by the array main lobe;
their angular resolution is governed by the Rayleigh criterion,
approximately 0.89A /L for an aperture of length L. Subspace
methods such as MUSIC [15] and ESPRIT [16] achieve
super-resolution under favorable conditions, yet they require
accurate covariance estimation from multiple snapshots
and, in the case of ESPRIT, specific shift-invariance con-
straints on the array structure that non-uniform geometries
generally violate. Compressed-sensing-based estimators—
including Orthogonal Matching Pursuit (OMP) [17] and
FOCUSS [18]—can exceed the Rayleigh limit even from
a single snapshot by exploiting the spatial sparsity of
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the source scene, but their performance is sensitive to
dictionary coherence, off-grid mismatch, and regularization
tuning [19], [20]. Despite this diversity of methods, the
interplay between array geometry and estimator algorithm
remains insufficiently characterized in the existing literature,
particularly for non-uniform arrays operating in challenging
dynamic-range scenarios.

A further limitation of prior work is the restricted
evaluation methodology. Existing DoA studies on sparse
arrays typically report probability of detection (Pp) only
for equal-power sources [21], [22]—a useful but overly
simplified scenario that fails to capture the weak-target
masking that dominates practical settings. In practice,
targets differ in both power and angular proximity, and
beam-pattern metrics alone cannot reveal how often an esti-
mator detects a weak source, misses it entirely, or produces
spurious peaks due to sidelobe leakage. A receiver-operating-
characteristic (ROC) analysis, rooted in Neyman—Pearson
detection theory, traces the Pp—FAR trade-off as the detection
threshold varies, thereby making the full detection—false-
alarm behavior explicit and enabling direct comparison
across array topologies at any prescribed false-alarm rate.
This framework is standard in radar system evaluation [23]
but has not been applied to the assessment of spatially tapered
arrays in a DoA estimation context. Complementing Pp
with RMSE further disentangles detection reliability from
angular accuracy, providing a complete picture of estimation
performance. To date, the combined effect of geometric
sidelobe shaping on these system-level DoA performance
metrics—Pp, FAR, and RMSE jointly—has not been system-
atically studied across multiple array families and estimator
classes.

This paper addresses the above gaps.
contributions are as follows:

1) ROC-based evaluation of STAs. We propose a
framework that links geometric sidelobe suppression
in equi-amplitude STAs directly to the Pp—FAR trade-
off under threshold variation, thereby providing a
system-level assessment that goes beyond conventional
beam-pattern figures of merit.

2) Two-dimensional dynamic-range analysis. We intro-
duce a joint analysis in which Pp and angular RMSE
are mapped as functions of both inter-source angular
separation (A#) and SNR difference (ASNR), for a
weak secondary target in the presence of a strong
primary source at SNR; = 40dB. This characteriza-
tion reveals how weak-target masking and estimation
accuracy degrade across the detection space.

3) Systematic geometry—estimator comparison. We
synthesize three STA families—designed to isolate
aperture scaling, inter-element spacing, and sidelobe-
shaping objective—and benchmark them against
aperture-matched ULAs using Bartlett beamforming,
OMP, and FOCUSS. The comparison separates the
contributions of array topology and estimator choice
to detection and accuracy performance.

The main
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The remainder of this paper is organized as follows.
Section II defines the signal model and reviews the three
DoA estimators under test. Section III presents the convex
STA synthesis method and describes the array families and
ULA benchmarks. Section IV details the simulation setup
and discusses the Monte Carlo results, including the ROC
analysis and two-dimensional performance maps. Section V
concludes the paper and outlines directions for future work.

Il. DOA ESTIMATION METHODS UNDER TEST

This section defines the signal model and the three estimators
employed in this study. The estimator set is intentionally
compact and spans three distinct complexity—resolution
trade-offs: Bartlett represents a pattern-limited beamformer,
OMP is a greedy sparse-recovery method, and FOCUSS
is an iteratively re-weighted sparse method offering higher
resolution at greater computational cost. All three operate in
the single-snapshot regime considered here and are directly
applicable to non-uniform array geometries. Subspace meth-
ods such as MUSIC and ESPRIT were excluded because
they depend on accurate covariance estimation from multiple
snapshots and, in the case of ESPRIT, on additional shift-
invariance constraints on the array structure. Single-snapshot
variants exist via spatial smoothing or matrix completion;
however, spatial smoothing requires uniform subarrays that
arbitrary sparse geometries do not provide, and such variants
alter the estimator class. They are therefore omitted to retain
a fair single-snapshot comparison.

A. SIGNAL MODEL
Consider a narrow-band far-field scenario in which K
uncorrelated sources impinge on a linear array of M sensors
located at positions

T (1

The received single-snapshot vector is modeled as

zZ=1[z21,22,...

y = AO)E@)x +n, @)

where A(f) = [a(6), a(62), ..., a(fk)]isthe M x K steering
matrix, E(9) = diag(y/cos(@)), ..., V/cos()) € RE*K
accounts for the projected element pattern, x € CK*! is
the source amplitude vector, and n ~ CN/(0, 02IM) denotes
spatially white circular-symmetric Gaussian noise.

Each column of A(f) is a steering vector of the form

2 T .
a(fy) = exp ]TZ sin(6p)), k=1,2,....K, (3

where A is the carrier wavelength and & = 0° denotes the
broadside direction.
The source amplitudes are parameterized as

xr = /SNRy &/,

so that SNR, directly controls the per-element signal-to-noise
ratio of the k-th source. Because only a single snapshot is
available, covariance-based subspace methods are ill-suited.

$r ~ U0, 2), “

VOLUME 14, 2026

Algorithm 1 Bartlett Beamformer [13]
Require: Snapshot y, steering vector a(f), angular grid
(6:}¢ | with total G scan points, threshold t

=

1: fori=1to Gdo
2:  Compute weights w(6;) =

a(9;)
_afl©)a@) )
3 Compute periodogram Pg(6;) = ]wH (6)) y’
4: end for R
5: find all local maxima fulfilling Pp(6;) > t
6.

7

: return DoA estimates {é,-} above threshold

Algorithm 2 Orthogonal Matching Pursuit (OMP) [17]
Require: Snapshot y, dictionary A, sparsity K, tolerance &
0=y, SO=g¢g;. n=0
2: while |S®| < Kand|r™|, > ¢ do
3 jF=arg maxj|ajH r(”)|
4 St — gy 7*)
5. Solve least squares Xgu+1) = A g41) ¥
6:  Update residual r*D =y — A gui1) Xgot1)
;
8

n=n+1
: end while
9:
10: return Support S” and amplitudes x N0

Algorithm 3 FOCUSS (Iterative Re-Weighted LS) [18]
Require: Snapshot y, dictionary A, regularization 7, norm-
exponent 0 < p < 1, convergence tol. §
1: Initialize x© = (AH A)Jr A y
2. while n < Nyand||x®™ — x|, > § do
3. Update weights W™ = diag(|x(")|1_%)
4:  Solve weighted LS

XD — W2 A H (Aw(n)2 AH + nI)_ly

5. Prune small entries of x"*+1
6 n=n+1

7: end while
g
9

: return Sparse estimate x(")

We therefore focus on Bartlett as a classical baseline, OMP
as a moderate-complexity sparse alternative, and FOCUSS as
a higher-resolution re-weighted sparse method.

B. BARTLETT (CONVENTIONAL) BEAMFORMER
The Bartlett beamformer [13] estimates the spatial power
spectrum by steering the array across a discrete angular grid:

Piarten(8) = W7 (0) Ry w(h), ®)

where w(0) = a(@)/(aH (9)3(9)) is the normalized weight
vector and Ry = E{yy”} is the spatial covariance matrix.
In the single-snapshot regime, the expectation is replaced by
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TABLE 1. Feature Comparison of Bartlett, OMP, and FOCUSS for DoA Estimation.

Feature Bartlett OMP FOCUSS

Cost O(MG) | FFT: O(Glog G) O(KMG) O(Niy(M2G + M3))
Resolution Main-lobe limited Sub-Rayleigh Highest super-resolution
Parameters T T, K, & 7,0<p<1,n>0
Advantages Very low cost; simple Sparse; good resolution High resolution; low leakage

Limitations Poor resolution

Off-grid; model order

High complexity; hyperparameter tuning; local minima

the rank-one sample estimate Ry ~ yy". DoA estimates
are declared at local maxima of Ppguer(0) that exceed a
detection threshold t. For a general array the computational
cost is O(MG), whereas ULAs admit FFT-based evaluation
at O(Glog, G). The fundamental limitation of Bartlett is its
resolution, which is governed by the HPBW: sources sepa-
rated by less than one beamwidth cannot be distinguished,
and elevated sidelobes raise the minimum achievable FAR.
The procedure is summarized in Algorithm 1.

C. ORTHOGONAL MATCHING PURSUIT (OMP)
OMP [17] recasts DoA estimation as a sparse-recovery

problem over an overcomplete steering dictionary A =
[a(8)), ..., a(0)] € CM*C with G > M:

min [y —Ax[5; s.t. [x]o <K. (6)
xeC6

At each iteration the algorithm selects the dictionary column
most correlated with the current residual, augments the
support set, and recomputes the source amplitudes via
least squares. After K iterations the non-zero entries of x
indicate the estimated DoAs. OMP achieves sub-beamwidth
resolution at moderate cost, but its accuracy is sensitive to
dictionary coherence and off-grid mismatch when true source
angles do not coincide with grid points. The procedure is
detailed in Algorithm 2.

D. FOCUSS (ITERATIVE RE-WEIGHTED LEAST-SQUARES)

FOCUSS [18] enforces sparsity through an iteratively re-
weighted least-squares formulation:

min [y — Ax|3 + nllW~'x|I3. (7)
xeC6

At the n-th iteration, the solution is updated in closed form
as

XD = W2 A (A W2 AT gy I)*ly, ®)

p
where the diagonal weighting matrix W = diag(|x"| 1-3 ),
with 0 < p < 1, progressively sharpens the sparsity
profile by penalizing small-magnitude entries more heavily
at each iteration, and n > 0 is a Tikhonov regularization
parameter that prevents ill-conditioning. Compared with
OMP, FOCUSS can achieve higher angular resolution and
lower spectral leakage, but at the expense of greater
computational cost and increased sensitivity to initialization
and hyperparameter selection. The procedure is summarized
in Algorithm 3.
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The three estimators were chosen because they all operate
in the single-snapshot regime, are directly applicable to
arbitrary array geometries, and span a representative range
of the complexity—resolution trade-off space. Both OMP
and FOCUSS have previously been employed in related
sparse-array studies [21], [22]. Table 1 provides a concise
comparison of the key characteristics.

Ill. ARRAY TOPOLOGY SYNTHESIS AND ARRAYS UNDER
TEST

This section describes the array geometries used in this study
and the optimization procedure that generates them. The
STA layouts are synthesized via iterative convex optimization
following [12], which perturbs element positions to suppress
sidelobes while enforcing a minimum inter-element spacing
constraint. Sidelobe control is thus achieved entirely through
geometry, without amplitude tapering or changes to the
element count.

The section is organized as follows: the optimization
formulation is summarized first, followed by a description
of the three STA families designed to isolate the effects
of aperture scaling, inter-element spacing, and synthesis
objective.

A. LAYOUT OPTIMIZATION ALGORITHM
The far-field array response at observation angle 6, when the
array is steered toward a scan direction y,, is given by

M
F(0:2,0) = E@) Y 700t ()
m=1
where E(f) denotes the isolated element pattern and [ €
{1,...,L} indexes the L predefined steering directions.
Following [12], the element positions are refined iteratively
via

20 = z(-D e(i), (10)
where €' is the perturbation vector to be optimized. This
update is justified by a first-order Taylor linearization of (9),
which is accurate provided the perturbations remain bounded,
ie., |€®| < w. The linearized array factor at iteration i takes
the form
M
£©6:29, 6,) ~ E®) Z(l + jk(cos 6 — cos by,) )
m=1

ik(cos 0—cos 8, ) 2D
Xe/ ( Al) m s

(11)
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The mainlobe region is defined by the first-null beamwidth
(FNBW) 6p; accordingly, the sidelobe region for scan
direction 6, is

0 clspy, if 6<06,—0p0>0;+0p. (12)

The sidelobe regions across all scan angles are collected
in 2515 = {0OsLs,--.,0sLs ). At each iteration i, the
perturbation vector is obtained by solving the convex program
min  [£0@0; 27, 261.0)]
€ 1
S.t. D(Z(i_l) + €(i)) > dmin 1,

€1 < i, (13)

]7’

where D € RM~D*M g the first-order finite-difference
matrix that enforces the minimum inter-element spacing dm;n.
The choice of norm p in (13) determines the sidelobe-
shaping objective. In contrast to the original formu-
lation in [12], which employed the max(-) operator,
we cast the problem using the equivalent £, norm and
also consider the ¢ norm. Two cost functions are thus
investigated:
1) £~ minimization: suppresses the peak SLL across the
sidelobe region.
2) ¢> minimization: reduces the integrated sidelobe level
(ISL), yielding smoother sidelobe roll-off.

B. ARRAY TOPOLOGIES UNDER TEST
Three STA families are synthesized, each designed to isolate
one of the principal design variables: aperture size, inter-
element spacing, and sidelobe-shaping objective. Unless
stated otherwise, the synthesis parameters are: perturbation
bound ¢ = 0.081, minimum spacing dmin = A/2, and
scan directions 6;,, spanning a field of view (FoV) of £30°
in 5° steps. The resulting element layouts are depicted in
Fig. 1; the corresponding ambiguity functions (AFs) [24],
[25] and broadside beam-pattern cuts are shown in Figs. 2
and 3, respectively.
o A-STA, Fig. 1a
The A-STA set contains 8-, 16-, and 32-element layouts
optimized with the £, objective. As the aperture grows,
the HPBW narrows and the AF anti-diagonal shrinks
from Fig. 2a to Fig. 2g, which improves resolution.
At the same time, Fig. 3a shows that the SLL stays
bounded at about —18 dB, —20 dB, and —24 dB for A1-
STA, A2-STA, and A3-STA.
o B-STA, Fig. 1b
The B-STA set fixes the number of elements at
N = 8 and varies the minimum spacing as dmin €
{A, 1.5A, 21}. Larger dmin produces a sparser and longer
aperture, which narrows the HPBW. The trade-off is
higher ambiguity and more irregular sidelobes, as shown
in Fig. 3b.
o C-STA, Fig. Ic
The C-STA set contains 8-, 16-, and 32-element layouts
synthesized with the ¢, objective. For small apertures,
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FIGURE 1. Synthesized STA sets and their ULA counterparts with the
same aperture size: (a) A-STA with varying numbers of array elements,
(b) B-STA with varying minimum inter-element spacing (dy;,). and
(c) C-STA with different optimization objectives.

the difference from the £, designs is small (cf. Figs. 2a
and 2c). For larger apertures, C-STAs show smoother
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FIGURE 2. Normalized 2-D ambiguity as function of incoming source angle ¢; versus scan angle 05 for STA topologies: (a) A1 8-STA,_, (b) B1 8-STA,__,
(c) €1 8-STA,, (d) A2 16-STA,, () B2 8-STA,,, (f) C2 16-STA,,, (g) A3 32-STA,_, (h) B3 8-STA,, and (i) C3 32-STA,,.
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FIGURE 3. Normalized beam-pattern cuts for representative STA sets within the specified FoV: (a) A-STA, (b) B-STA, and (c) C-STA.

sidelobe roll-off and beam patterns closer to a ULA,
while A-STAs maintain tighter control of peak SLL
across the full field of view.
Together, these three families span the principal STA
design variables: element count, minimum spacing, and
sidelobe-shaping norm. A-STAs isolate the effect of aperture
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scaling under controlled sidelobes, B-STAs expose the
consequences of geometric sparsification and its associated
ambiguity, and C-STAs reveal the influence of the synthesis
norm on pattern shape. Crucially, the value of these
designs cannot be assessed from beam-pattern metrics alone;
therefore, aperture-matched ULAs with the same number of
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elements are retained as references throughout the evaluation
to enable a fair, system-level comparison.

IV. PERFORMANCE EVALUATION

This section connects the array geometries and estimator
algorithms introduced in Sections II and III to system-level
detection performance. The evaluation proceeds in three
stages: first, two-dimensional maps of Pp and RMSEy are
presented as functions of angular separation and inter-source
SNR difference; second, ROC curves are analyzed to relate
sidelobe suppression to false-alarm-constrained detection;
and third, design implications are summarized for each STA
family.

A. SIMULATION SETUP

The three estimators—Bartlett, OMP, and FOCUSS—are
evaluated through single-snapshot Monte Carlo simulations
on the STA families and their aperture-matched ULA
counterparts from Section III. All arrays are treated as receive
apertures with steering dictionary

= [a@)],_, € C"*C (14)

covering ®roy = [—30°,30°] with G = 241 uniformly
spaced grid points and angular resolution A9, = 0.25°,
chosen to limit off-grid mismatch effects. In each of the I =
10° independent trials, two uncorrelated sources are placed
at random angles within the FoV, with uniformly distributed
random phases ¢ ~ U(0, 27r) and per-element SNR values
drawn as SNR; ~ (10, 40)dB, resulting in a maximum
dynamic range of ASNR = 30dB. Detections are declared
at local maxima of the normalized spectrum that exceed a
relative threshold At measured with respect to the strongest
peak. ‘

In the i-th trial, the declared peaks {éz ’)}
with the true source directions {0 } . A declaration is
counted as correct if it falls within a tolerance window
of AW = =£3° around a true source. This window is
wide enough to accommodate grid quantization and single-
snapshot variability, yet narrow enough to prevent merging
of distinct targets. When multiple declarations fall within the
same window, only the closest one is retained; the remainder
are classified as false alarms.

To ensure a one-to-one correspondence between true
sources and detections, we solve an assignment problem: a
subset S® < {I,...,K} and an injective mapprng AONE
S q1,.. L(’)} are selected such that [0 (,)(k) - 9(’)| <
AW, the number of matches is maximized, and the total
angular error is minimized. The set of matched detections is
denoted by D = {(k, 7V(k)) : k € SD}.

Three performance metrics are computed from the
matched detections:

0]
1L=1 are compared

o Angular RMSE. The root-mean-square angular error,
averaged over all matched detections across all trials,
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quantifies estimation accuracy:

50 (i)
Z|D(l)| 2 ( m(k)_ek) '

keD®
(15)

RMSEy =

Note that the number of matched detections |D®| may
vary across trials.

o Probability of detection. The fraction of true sources that
are correctly detected, averaged over all trials:

1 |D(‘)|
- 7 (16)

o False alarm rate. The average number of spurious
detections normalized by the grid size:

4
FAR = - —, 17)
I — G

The ROC curve is constructed by plotting

[FAR(AT), Pp(At)] as the relative threshold At is swept
over [ASNR — 3, —3]dB. The threshold range is chosen
relative to the strongest detected peak. The lower bound
extends 3 dB below the weakest simulated source level,
ensuring that weak-target detections are included, while the
upper bound remains 3 dB below the strongest peak to avoid
the trivial regime in which only the dominant source is
retained. This range therefore covers the practically relevant
transition region of the ROC curves. Finally, we selected
the next parameters for the estimators after some manual
exploration: OMP uses a sparsity level K = 4 and residual
tolerance ¢ = 10~3; FOCUSS uses norm exponent p = 0.8,
Tikhonov regularization n = 8, at most Nj; = 40 iterations,
and convergence tolerance § = 1073,

B. DYNAMIC RANGE ANALYSIS VIA 2-D RMSE, AND Pp,
MAPS

To complement the aggregate ROC analysis, this subsection
examines how detection and accuracy degrade as a function
of both angular proximity and power imbalance between two
sources. Specifically, Pp and RMSEy for the weaker source
(source 2) are mapped versus inter-source angular separation
(A0) and SNR difference (ASNR = SNR; — SNR). Two
uncorrelated sources are simulated with SNR; = 40dB
(fixed) and SNR; € [10, 40] dB. The source angles are swept
symmetrically about broadside in half-grid-point increments,
and results are averaged over 100 independent Monte Carlo
trials per grid cell. Detections within the £3° tolerance
window are classified as correct, which bounds the maximum
measurable RMSEy at 1.5°. Results are presented for the A-
and B-STA families in Figs. 4-7; the C-STA family follows
the same principal trends and is omitted for brevity.

Figures 4a—4c confirm that Bartlett performance is pri-
marily governed by main-lobe width. For A1-STA, sources
separated by less than approximately 13° cannot be resolved.
As the aperture grows from A2-STA to A3-STA, the
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FIGURE 4. 2-D Pp(A6, ASNR) of variable source 2 for A-STA
configurations under different DoA estimators: (a) Bartlett-A1,

(b) Bartlett-A2, (c) Bartlett-A3, (d) OMP-A1, (e) OMP-A2, (f) OMP-A3,
(g) FOCUSS-A1, (h) FOCUSS-A2, and (i) FOCUSS-A3.
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FIGURE 5. 2-D RMSE,_ (A6, ASNR) of variable source 2 for A-STA
configurations under Aiﬁerent DoA estimators: (a) Bartlett-A1,

(b) Bartlett-A2, (c) Bartlett-A3, (d) OMP-A1, (e) OMP-A2, (f) OMP-A3,
(g) FOCUSS-A1, (h) FOCUSS-A2, and (i) FOCUSS-A3.

narrowing main lobe progressively reduces this limit to
about 8° and 3.5°, respectively. The alternating ridges of
high and low Pp visible in the maps arise from construc-
tive and destructive sidelobe interaction between the two
sources. A3-STA additionally exhibits improved robustness
to inter-source SNR difference compared with the smaller-
aperture configurations.

Figures 4d—4f reveal markedly sharper decision boundaries
for OMP, a consequence of its greedy, hard support-
selection mechanism. Detection becomes effective only when
ASNR > At = —20dB, producing a near-binary transition
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FIGURE 6. 2-D Pp(A6, ASNR) of variable source 2 for B-STA
configurations under different DoA estimators: (a) Bartlett-B1,

(b) Bartlett-B2, (c) Bartlett-B3, (d) OMP-B1, (e) OMP-B2, (f) OMP-B3,

(g) FOCUSS-B1, (h) FOCUSS-B2, and (i) FOCUSS-B3. White regions indicate
grid cells where no valid detection of the weaker source occurred within
the +3° tolerance window; the RMSE is therefore undefined rather than
zero.

in the Pp maps. From Al to A3, the minimum resolvable
separation improves from approximately 11° to 5° and then to
1°, substantially outperforming Bartlett at every aperture size.
The vertical striping observed in the corresponding RMSE
maps is attributable to residual off-grid mismatch.

Figures 4g—4i demonstrate that FOCUSS achieves the
highest angular resolution among the three estimators.
With A3-STA, both targets are detected with Pp >
0.8 at separations below approximately 1°, indicating super-
resolution capability. At large dynamic range, however, the
iterative re-weighting can redistribute power in the sparse
estimate, thereby increasing RMSEg—particularly when the
weak source is partially absorbed into the sidelobe structure
of the strong one. Smaller arrays such as A1-STA are
more susceptible to this effect due to their broader main
lobes.

The B-STA family (Figs. 6 and 7) isolates the effect of
increasing inter-element spacing at a fixed element count. For
Bartlett, the achievable dynamic range is directly limited by
SLL: as spacing grows from B1 to B3, the peak SLL rises
from approximately —7 dB to —4 dB, forcing the detection
threshold upward to maintain an acceptable false alarm rate
and thereby reducing Pp for weak targets. The same irregular
geometry increases the mutual coherence of the steering
dictionary, degrading OMP recovery accuracy. FOCUSS
is comparatively less affected when the two sources have
similar power, but it also degrades noticeably for widely
separated targets with unequal amplitudes. The drop in Pp
observed just above the fixed —20 dB threshold across B1-B3
is consistent with amplitude bias in the recovered sparse
spectrum.
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FIGURE 7. 2-D RMSE,_ (A, ASNR) of variable source 2 for B-STA
configurations under éifferent DoA estimators: (a) Bartlett-B1,

(b) Bartlett-B2, (c) Bartlett-B3, (d) OMP-B1, (¢) OMP-B2, (f) OMP-B3,

(g) FOCUSS-B1, (h) FOCUSS-B2, and (i) FOCUSS-B3. White regions indicate
grid cells where no valid detection of the weaker source occurred within
the +3° tolerance window; the RMSE is therefore undefined rather than
zero.

These two-dimensional maps highlight a key insight:
dynamic range must be treated as an explicit design variable
in DoA system design, not merely as an implicit conse-
quence of beam-pattern quality. Performance depends jointly
on angular separation and inter-source SNR difference—
two axes that beam-pattern metrics alone cannot capture.
Within the B-STA family, even a modest 3 dB increase in
SLL degrades Bartlett detection directly, whereas sparse
estimators remain more robust because their performance is
limited primarily by reconstruction artifacts and thresholding
behavior rather than by the array sidelobe floor alone.

C. ROC-BASED DETECTION ANALYSIS
The ROC curves quantify detection reliability within the
angular tolerance window as a function of the FAR operating
point. Figure 8 compares all three estimators across the three
STA families and their aperture-matched ULA counterparts.

For the A-STA family (Fig. 8a), increasing the element
count shifts every ROC curve toward higher Pp at a given
FAR—the expected aperture gain, as the main lobe narrows
while sidelobes remain well controlled. Bartlett benefits
directly from this gain, and the sparse methods benefit
even more: OMP with 8 elements approaches the Bartlett
performance obtained with 16 elements, while FOCUSS
with 8 elements already surpasses it. The A-STA family
is therefore particularly attractive for applications requiring
reliable detection at stringent (low) FAR.

For the B-STA family (Fig. 8b), the Bartlett ROC curves
shift progressively toward higher FAR as spacing increases
from B1 to B3, revealing the detection cost of geometric
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sparsification without sufficient sidelobe control. The aper-
ture gain from wider spacing is partly offset by increased
ambiguity and more irregular sidelobes. OMP remains
comparatively stable across the B-STA configurations, while
FOCUSS exhibits a slight degradation for the sparsest layout
(B3-STA). These results indicate that B-STAs are best suited
to scenarios where large inter-element spacing is dictated
by hardware constraints and a sparse-recovery estimator is
available.

For the C-STA family (Fig. 8c), the ¢,>-optimized layouts
exhibit trends similar to the A-STAs but with a different
trade-off between peak SLL suppression and sidelobe roll-
off. Under Bartlett beamforming, C3-STA (SLL = —19dB)
yields lower Pp than A3-STA (SLL = —23dB) over the
range 100% < FAR < 1072, consistent with its higher
residual sidelobes. The sparse estimators remain close to
their A-STA counterparts, with the exception of a moderate
FOCUSS loss at very low FAR. C-STAs thus represent
a reasonable design compromise when smoother sidelobe
patterns are preferred and the system does not require the
tightest possible peak SLL control.

D. DETECTION PROBABILITY VERSUS SIDELOBE LEVEL:
STA-ULA COMPARISON

To isolate and quantify the detection benefit of geometric
sidelobe suppression, each STA is compared with its
aperture-matched ULA under Bartlett beamforming—the
estimator whose performance is most directly governed by
the array sidelobe structure. The detection gain at a fixed FAR
operating point x is defined as

APp(x) = PR (x) = PpHA () (18)
and the corresponding sidelobe reduction is
ASLL = SLLgta — SLLyLA (19)

Each STA is paired with its aperture- and element-matched
ULA (e.g., B2-STA versus B2-ULA).

Figure 9 displays the relationship between detection gain
and SLL suppression at two representative operating points,
FAR € {1073, 1072}. Across all array families, the detection
gain is substantially larger at low FAR than at high FAR. This
observation constitutes the central finding of the paper: the
practical value of sidelobe suppression is strongly dependent
on the false alarm operating point. At low FAR the detection
threshold sits close to the strongest peak, so weak sources are
readily masked by sidelobe energy; reducing SLL alleviates
this masking and directly increases Pp. At higher FAR the
threshold is more permissive, and the marginal benefit of
additional sidelobe suppression diminishes.

The largest improvement is observed for the A-STA family,
where a 10dB reduction in peak SLL yields approximately
0.2 gain in Pp at FAR = 1073, More broadly, the results
support three actionable design guidelines: (i) prioritize peak
SLL suppression when the system must operate under strict
low-FAR constraints; (ii) leverage aperture growth only when
sidelobe control can accompany the resulting ambiguity
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increase; and (iii) pair irregular or highly sparse layouts with
sparse-recovery estimators, whose detection performance
is less tightly coupled to the array sidelobe floor. These
guidelines are directly applicable to the design of radar and
joint radar—communications sensing systems.

V. CONCLUSION

This work introduced a ROC-based evaluation framework
that directly connects sidelobe suppression in equi-amplitude
spatially tapered arrays to false-alarm-constrained detection
and angular accuracy in DoA estimation. By synthesiz-
ing three STA families and benchmarking them against
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aperture-matched ULAs under Bartlett beamforming, OMP,
and FOCUSS, the analysis reveals how array topology and
estimator choice jointly determine system-level performance.

Three principal findings emerge from the study. First,
sidelobe suppression is most valuable at low false alarm
rates: under Bartlett beamforming, a 10 dB reduction in peak
SLL yields up to 0.2 improvement in detection probability at
FAR = 1073, whereas the gain diminishes at higher FAR
where thresholds are already permissive. Second, the joint
Pp—RMSEy analysis over angular separation and inter-source
SNR difference demonstrates that dynamic range is a critical
design axis that beam-pattern metrics alone cannot capture;
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weak-target masking by a strong source is the dominant
failure mode, particularly for Bartlett beamforming on arrays
with elevated sidelobes. Third, sparse-recovery estimators
are substantially more robust to non-uniform geometries
than Bartlett, with FOCUSS achieving sub-degree resolution
on large-aperture A3-STAs, though at the cost of higher
sensitivity to regularization tuning and power redistribution
at large dynamic range.

From a design perspective, the results support three
practical guidelines: (i) prioritize peak SLL suppression when
the system must operate under stringent false alarm con-
straints; (ii) increase aperture only when sidelobe control can
accompany the resulting ambiguity; and (iii) pair irregular
or highly sparse layouts with sparse-recovery estimators
rather than conventional beamforming, since their detection
performance is less coupled to the array sidelobe floor.

Some directions remain for future work. Including addi-
tional deterministic maximum-likelihood es Incorporating
mutual coupling and realistic element patterns would bring
the analysis closer to practical hardware constraints. Finally,
experimental validation with measured array data and
extension to two-dimensional planar arrays are natural next
steps toward a complete co-design methodology for sparse-
array radar and joint radar—communications sensing systems.
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