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A Theoretical Approach for Analysing the Stability
Characteristics of Tiltrotor Aircraft

G.G.J. Steinbusch

Delft University of Technology, Faculty of Aerospace Engineering

ABSTRACT

A tiltrotor is an aircraft that is able to combine the vertical take-off and landing capabilities of a conventional helicopter
with the high-speed cruise and long-range characteristics of an airplane. This is made possible by the tiltable rotors which
are mounted on the wingtips of a fixed-wing aircraft. Three flight modes can be distinguished in which the rotors are either
oriented vertically (helicopter mode), horizontally (airplane mode) or somewhere in between (conversion mode). The aim
of this research is to get a better understanding of the dynamic stability characteristics of this type of aircraft. For this
purpose a six-degrees-of-freedom model has been developed using the Bell XV-15 as a reference aircraft. This non-linear
model has been trimmed and linearized using a numerical differentiation technique. This paper describes the model and
its main features, together with a trim analysis and an analysis of the control and stability derivatives following from the
linearization. Using the linear model the stability characteristics are assessed at different combinations of airspeed and
nacelle angle. It is found that the phugoid and Dutch roll modes are unstable in hover. The dihedral effect Lv destabilizes
the tiltrotor Dutch roll. The spiral mode is unstable at low speeds in helicopter mode. This is mainly caused by the lack
of yaw damping, which is provided by a tail rotor for conventional helicopters. Increasing the airspeed has generally a
stabilizing effect to the modes. The damping of the Dutch roll and phugoid increases with decreasing nacelle angle, which
can be attributed to the increase in yaw damping Nr and drag damping Xu respectively. The frequency of the spiral mode
and roll mode increases and decreases respectively with decreasing nacelle angle.

Keywords: Tiltrotor, Flight dynamics, Dynamic Stability, Stability Characteristics
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1. Introduction

A tilt-rotor aircraft, also referred to as simply tiltrotor, is an
aircraft that is able to perform vertical take-off and land-
ing manoeuvres like a conventional helicopter, as well as
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achieving cruise speeds and long ranges that are common
for a fixed-wing aircraft. This is achievable due to its rotor
tilting capabilities. The rotors, also called proprotors, are
mounted on the wingtips of a fixed-wing aircraft and can
be tilted around 90 degrees during flight to perform both
horizontal and vertical manoeuvres. The travel time to and
from airports could be reduced significantly as the tiltro-
tor is much more flexible in take-off and landing locations
because it does not require an entire landing strip [1]. This
feature could make air transport much more time efficient.

For a tiltrotor three different modes can be distinguished
during flight. The vehicle is said to be in helicopter mode
(H-mode) when the nacelles have an angle of 90 degrees
with respect to the fixed wing. In this mode the propro-
tors are positioned vertically generating a lift force like a
conventional helicopter allowing the aircraft to perform
vertical manoeuvres such as take-off, landing and hover. If
the nacelles are oriented parallel to the wing, the tiltrotor
is said to be in airplane mode (A-mode). In this mode, the
proprotors function as airplane propellers generating thrust
and the tiltrotor is able to reach high speeds. The lift in this
mode is provided by the wings. If the nacelles are not ori-
ented perpendicular or parallel with respect to the wing the
tiltrotor is said to be in conversion mode (C-mode).

Although there have been several projects and develop-
ments in tiltrotor technology, the only tiltrotor that has
made it to the market yet is the Bell Boeing V-22 Osprey
which has solely military applications. The development of
the V-22 has primarily relied on the data and experiences
of the Bell XV-15. The XV-15 is a experimental tiltrotor
which was the first in its sort to successfully reach a cruise
velocity which could never be achieved with a conven-
tional helicopter [2]. Many different researches have build
forward on the data and experiences of the XV-15. The
Generic Tilt-Rotor Simulator (GTRS) model has been de-
veloped to support tiltrotor aircraft design, pilot training
and flight testing [3, 4, 5]. This real time model is mainly
based on 1/5 scale wind-tunnel test data, in combination
with basic physical equations and correction factors. Many
different look-up tables are provided including among oth-
ers the effects on the aerodynamic coefficients of the angle
of attack, nacelle angle, sideslip, Mach number and flap
defection. Because of its high accuracy and availability of
data the GTRS model is often used for tiltrotor modelling.
Tischler developed a tiltrotor flight dynamics model using
frequency domain identification technology [6, 7]. Johnson
investigated the dynamics of tilting proprotor aircraft in
cruise flight [8]. The linear state space modelling a tiltrotor
was investigated by Klein using JANRAD (Joint Army-
Navy Rotorcraft Analysis and Design)[9]. This model is
however unable to investigate the conversion mode. A sim-

ple open-source flight dynamics model using basic aero-
dynamic equations was developed by Kleinhesselink [10].
At the University of Liverpool a flight dynamics model of
the XV-15 has been developed using FLIGHTLAB: the
FXV-15 [11]. FLIGHTLAB is a multi-body modelling
environment, providing a modular approach to the cre-
ation of flight dynamics models. The FXV-15 served as
the baseline model for several civil tiltrotor variants. The
EUROTILT tiltrotor configuration was developed and used
for the ’Rotorcraft Handling, Interactions and Loads Pre-
diction’ (RHILP) project which is one the first projects to
develop handling qualities criteria for a civil tiltrotor [12].
The longitudinal stability, control and handling qualities
of the Large Tilt-Rotor (LTR) model, also developed in
FLIGHTLAB, are assessed by Walker and Perfect [13].
Berger et al. investigated the trim data, linearized control
and stability derivatives and eigenvalues of a lift offset
coaxial rotorcraft and a tiltrotor configuration. The generic
models of both aircraft were developed using HeliUM, a
comprehensive rotorcraft simulation code [14].

Currently, more research is conducted into the civil appli-
cations of the tiltrotor. The development of several tiltro-
tor projects is still ongoing, amongst others the Agusta
Westland AW609 project. This tiltrotor has been under
development for over 15 year but has not made it to the
market yet at the time of writing this article. In 2015 the
AW609 suffered a fatal crash when a high-speed dive dur-
ing a test flight became unstable. The AW609 showed un-
stable behavior about the roll and yaw axis which could
be described as a diverging Dutch roll mode [15]. The
overview above shows that there is already quite some
literature about tiltrotor aircraft, but most literature is fo-
cused on flight dynamics modeling or handling quality
evaluation. The stability of the tiltrotor is however much
less investigated and there is primarily a lack of knowledge
how the dynamic behavior is influenced by different flight
parameters. The AW609 accident shows that the stability
of the tiltrotor is still not sufficiently predictable. The aim
of this research is to get a better understanding on the sta-
bility characteristics of tiltrotor aircraft. It will be analysed
how the stability and control derivatives behave as a func-
tion of airspeed and nacelle angle and which components
contribute to each derivative. Furthermore, data from dif-
ferent models are compared and their similarities and dif-
ferences in results are explained by comparing their model
properties. The linear models are then used to investigate
the dynamic modes of the tiltrotor and how the modes are
affected by the stability derivatives.

Firstly, the non-linear flight dynamics model used for this
analysis is described. Thereafter, the model is linearized
at its trim conditions and the most important stability and
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Fig. 1. Block diagram of the 6-DoF flight dynamics model

control derivatives are discussed. This is followed by a dis-
cussion on the dynamic modes of the aircraft, after which
the conclusions of the research are drawn.

2. Nonlinear model

In this chapter the non-linear six-degrees-of-freedom tiltro-
tor flight dynamics model, from now on referred to as 6-
DoF model, will be described. A detailed description of
the model is written by Sokolowski [16]. For the analysis
the XV-15 tiltrotor aircraft is used as the reference aircraft.
A detailed description of this aircraft together with all its
important parameters can be found in reference [4].

2.1 General Model Description
In general, the flight dynamics model describing the mo-
tion of an aircraft takes the following non-linear form:

ẋxx = f (xxx,uuu, t) (1)

where xxx denotes the state vector, uuu denotes the input vector
and t is the response time. The block diagram in Figure 1
depicts the structure of the 6-DoF model. The required in-
puts for the model are shown in the green blocks. Firstly,
some environmental parameters are required. The aero-
dynamic forces are dependent on the air density ρ and

gravitational forces are dependent on the gravitational ac-
celeration g. Secondly, the inputs of the pilot are required.
These inputs contain the collective stick deflection XCOL,
the longitudinal and lateral cyclic stick deflections XLON
and XLAT and the pedals deflection XPED. The input vector
uuu therefore looks as follows:

uuu = [XCOL,XLON ,XLAT ,XPED] (2)

Thirdly, some general aircraft parameters are required as
inputs. These parameters contain among others aircraft ge-
ometry parameters and derivatives describing the effect of
the control surfaces deflections on the aerodynamic coeffi-
cients. Lastly, the initial states of the aircraft serve as input
to the model. These states contain the translational veloc-
ities, rotational velocities and aircraft attitude. The state
vector xxx has the following form:

xxx = [u,v,w, p,q,r,φ ,θ ,ψ] (3)

The model is build using a multi-body modeling approach
to construct the aircraft configuration using its subcom-
ponents (rotors, wing-parts, horizontal and vertical stabi-
lizers, fuselage etc.). In total, the XV-15 has been subdi-
vided into 15 different components which are shown in
Figure 2. All components have been numbered and given
an acronym. The forces and moments created by all com-
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Fig. 2. Overview of the XV-15 and its subcomponents

ponents are computed using different modules. Some mod-
ules require the outcome of other modules. The order in
which the modules should be used is also shown in Fig-
ure 1. In the bottom of each module the acronyms of the
components for which the module applies are given. The
different modules are discussed in the next section.

2.2 Modules
In this subsection the different modules of the model are
discussed.

2.2.1 Module: Initialize Model

When modelling the flight dynamics of a tiltrotor aircraft,
one should keep in mind that the rotation of the nacelles
causes a significant shift in aircraft c.g. along the longitu-
dinal axis. This also affects the moments of inertia (MOI)
of the aircraft. Linear equations describing these MOI as
a function of mast angle βm have been integrated in the
model. The mast angle is 0 degrees in H-mode and 90 de-
grees in A-mode. For example, Ix is computed using

Ix = Ix |βm=0
−KI1βm (4)

where KI1 is a constant and Ix |βm=0
is the MOI in heli-

copter mode. Similarly, expressions describing the c.g. sta-
tionline (SL) and waterline (WL) have been integrated. If
the nacelle angle is kept constant while running the model
this module only needs to be ran once at the beginning of
the simulation.

2.2.2 Module: Articulated Rotor

The rotor system is modelled by an articulated hub with
a flapping hinge and spring, but no lead-lag hinge nor
hinge offset. Furthermore, the lateral cyclic θ1c is omit-
ted so the swashplate inputs consist of the collective θ0
and the longitudinal cyclic θ1s. The rotor-induced veloc-
ity vi is assumed to be constant across the rotor disc. The
induced velocity ratio λi is found by computing the thrust
coefficient CT using both the beam element method en the
Glauert method and comparing the results. Both CT and λi
are found when the following condition holds

CT,GLAU (λi)−CT,BEM(λi) = 0 (5)

Using this value for λi all forces and moments induced by
the rotors can be computed.

2.2.3 Module: MAC

This module is used to compute the position of the mean
aerodynamic chord (MAC) of the lifting surfaces with re-
spect to the aircraft centre of gravity. It is assumed that
all forces created by the lifting surface act on this point.
Firstly, the MAC along the surface is computed. This is a
function of surface dimensions and sweep. Secondly, by
taking into account the incidence angle and dihedral an-
gle the position of the MAC along the surface is combined
with the position of the lifting surface root with respect to
the c.g..
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2.2.4 Module: Rotor Wake

The goal of the ’Rotor Wake’ module is to check whether
there is interaction between the wake of the rotor system
and the wings of the tiltrotor. If so, it is computed how
this interaction affects the airflow around the wings. The
interference of the rotor wake on the wing is calculated
based on fixed wake theory and the projection relationship
between the rotor disc and wing [17]. This more clearly vi-
sualized in Figure 3. If the MAC of the wing component is
located within the projection of the wake on the wing com-
ponent it is assumed that the whole component is affected
by the wake. If this is the case, the downwash due to the
rotor is computed using

wr = vi(1+
ηw√

1+η2
w
), ηw =

dr2m

R
(6)

with dr2m the normal distance from the rotor disc to the
MAC.

Fig. 3. Schematic view of the interference of the rotor
wake with the wing [17]

2.2.5 Module: Wing Downwash

In this module the downwash on the horizontal stabilizers
caused by the wake of the wing is computed. This module
is only used for the wing parts containing the flaps, so its
concerns components WFLR and WFLL. The downwash
angle is obtained from the GTRS model data[4], and is
implemented as a function of wing angle of attack, flap
deflection and nacelle angle. The downwash angle that is
found by interpolating the GTRS data can then subtracted
from the effective horizontal stabilizer angle of attack.

2.2.6 Module: Lifting Surface

The forces and moments created by the lifting surfaces are
computed in this module. These forces and moments are a
function of the dynamic pressure, surface area and aerody-
namic coefficients. The lift and drag coefficients are com-
puted using a combination of linear aerodynamics and the
flat plate area theory. According to the linear aerodynamics
theory, the coefficients can be computed using

CL,l =CLα
(α−α0L)+∆CL (7)

CD,l =CD0 +
C2

L, f

πARe
+∆CD (8)

According to the flat plate area theory, the coefficients are
computed using

CL, f = 2sin(α)cos(α)CL,max +∆CL (9)

CD, f = sin(α−α0L)
2CD,max +∆CD (10)

The former method gives inaccurate results at low air-
speeds (H-mode) due to the large angle of attack of the
wings as a result of the rotor wake downwash. The latter
method is less accurate at high airspeeds (A-mode). There-
fore, CL and CD are computed using a combination of both
methods as a function of nacelle angle

n = η/90 (11)
CL = nCL,l +(1−n)CL, f (12)
CD = nCD,l +(1−n)CD, f (13)

The ∆CL and ∆CD are computed based on the deflections
of the secondary control surfaces.

2.2.7 Module: Fuselage

In this module the aerodynamic forces created by the fuse-
lage are computed. The longitudinal aerodynamic coef-
ficients are computed using GTRS model data [4]. The
GTRS model data provides tables for the lift, drag and
pitching moment coefficient of the fuselage of the XV-15,
and these are implemented as a function of angle of attack.
The lateral forces and moments created by the fuselage
have not been implemented.

2.2.8 Module: Main

All the forces and moments created by the components
serve as input to the main module. In this module all force
vectors converted to the body frame of reference are added
up to compute the resultant force vector acting on the air-
craft. The same is done for the resultant moment vector,
however the moments due to the forces also have to be
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considered. These resultant forces and moments are then
inserted into the Euler equations of motion together with
the aircraft states to compute the dynamics acting on the
vehicle.

2.3 Trim Results
This section discusses the trim results of the 6-DoF model.
An aircraft is said to be in a trim state when the resultant
of the applied forces and moments equals zero [14]. The
aircraft has been trimmed in steady, horizontal, symmetri-
cal flight conditions. The trim results of the 6-DoF model
are validated against the GTRS model curves [5]. Both
models use the XV-15 as reference aircraft so their trim
curves should be very similar. The trim results of the body
pitch angle θb, collective stick deflection XCOL and longitu-
dinal cyclic stick deflection XLON are shown as a function
of airspeed in Figure 4. Various nacelle angle configura-
tions are compared.

The body pitch angle is approximately zero in hover and
decreases with airspeed. This is because the rotors need to
be tilted forward to provide more horizontal thrust to reach
higher speeds. When the nacelles are tilted more forward
higher speeds can be reached at higher values of θb. The
curves of the two models in H-mode look very similar. In
conversion mode three different nacelle angle configura-
tions are compared. For all three curves the 6-DoF has a
relatively higher trim body pitch angle. In airplane mode
the curves look again very alike. Both models find a maxi-
mum trim speed in A-mode of 280 kts.

The collective stick can have a deflection between 0-10
inch. The curves are shown as a percentage of the maxi-
mum deflection instead of as a function of the deflection
in inch. This has been done because the collective rotor
governor of the XV-15 has not been implemented in the
6-DoF model. Instead, the rotor governor collective con-
trol is superimposed on the collective stick control. This
allows the collective stick to have deflections larger than
10 inch in order to reach the high collective pitch angles
which are required to reach trim at speeds up to 280 kts.
Because the maximum deflection of the 6-DoF model is
thus significantly higher than the maximum deflection
of the GTRS model, which does include the rotor gover-
nor, the curves are shown as a percentage of their deflec-
tion bounds. These differences in collective pitch control
method however still cause quite some discrepancies be-
tween the two models. The percentage stick deflection of
the GTRS model is significantly higher in H-mode and C-
mode. Nevertheless, The shapes of the curves look quite
similar which gives some validation for the results. In A-
mode the curves look very similar and there is quite some
overlap.

The longitudinal cyclic can have a deflection between -4.8
and 4.8 inch. These curves are also shown as a percent-
age of the total deflection. This means that a 50% deflec-
tion corresponds to a 0 inch deflection. The shapes of the
curves look quite similar and there is some overlap. Only
the 90 degrees nacelle angle curves have different shapes.
The GTRS curve increases faster with airspeeds while the
6-DoF curve appears to stabilize at a value. Overall the
trim curves show quite some similarities so the model can
be assumed valid.

3. Linear Model

The linear model is analyzed in this section. The lineariza-
tion is briefly described followed by a description of the
most important stability and control derivatives.

3.1 Linearization
Once trimmed, the 6-DoF model can be linearized at vari-
ous airspeeds and nacelle angles coinciding with the con-
ditions at which trimming was possible. A numerical lin-
earization algorithm is applied, estimating the the deriva-
tives using a finite central difference scheme [18]. The
estimation of the derivatives is iterated until the trunca-
tion and round-off errors are minimized. The leads to the
following linear form of the equation of motion

ẋxx = AAAxxx+BBBuuu (14)
xxx = [u,v,w, p,q,r,φ ,θ ,ψ] (15)
uuu = [θ0,θ0d ,θ1s,θ1sd ,δe,δa,δr] (16)

Instead of the pilot control, uuu now contains the the sym-
metrical and differential collective pitch (θ0, θ0d), symmet-
rical and differential longitudinal cyclic pitch (θ1s, θ1sd),
and elevator (δe), aileron (δa) and rudder (δr) deflections.
For the control analysis of the 6-DoF model it is more in-
teresting to look at these controls rather than at the pilot
inputs. The aircraft response due to pilot inputs can quite
easily be altered by changing the gearing of the control
system. This has already been done for the collective pitch
angle to be able to reach 280 kts in airplane mode. The
aircraft responses to pilot inputs are therefore also harder
to validate. For this reason, the input vector of the linear
6-DoF model has been altered.

3.2 Stability Derivatives
In total there are 36 stability derivatives in the linearized
6-DoF equations of motion set. A number of the most im-
portant ones are discussed below, and the 6-DoF model
derivatives are compared and validated with the 3-DoF
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Fig. 4. Trim body pitch angle (θb), collective stick deflection (XCOL) and longitudinal cyclic stick deflection (XLON) as a
function of airspeed.

preliminary tiltrotor model [19], the FLIGHTLAB model
(FXV-15) [11] and the GTRS model derivatives [5]. All
derivatives have been converted to the units shown in Ta-
ble 1. The forces and moment derivatives have been nor-
malized by dividing them with the aircraft mass and MOI
respectively. Furthermore, they are defined in the body
orthogonal axes system [11].

Tab. 1. The S.I. units of the stability derivatives
Force/translational velocity e.g. Xu 1/s
Force/angular velocity e.g. Xq m/s/rad
Moment/translational velocity e.g. Mu rad/s/m
Moment/angular velocity e.g. Mq 1/s

3.2.1 Longitudinal Stability Derivatives

The drag damping derivative Xu usually shows a linear
relationship with speed and should be negative at any con-
dition to have stability [11]. Compared to a conventional
helicopter Xu should be larger for tiltrotors because of the
additional rotor and wings which create additional drag.

Figure 5 shows that the 6-DoF and 3-DoF model deriva-
tives are approximately constant with speed in H-mode
while for the other two models a decrease is observable.
The rotor system which dominates the derivative at this
mode has a roughly constant contribution with airspeed
for the 3-DoF and 6-DoF model. From subfigure (d) it be-
comes clear that when the thrust vector is tilted towards
the horizontal axis the contribution of the rotor system in-
creases and Xu increases in magnitude.

The heave damping derivative Zw should also be nega-
tive at all times to ensure stability. At low airspeeds, the
heave-damping derivative is generally larger for rotary air-
craft than for fixed-wing aircraft [11]. At low airspeeds
the derivative is mainly determined by the rotors, but with
increasing airspeed the wings and horizontal stabilizers
start creating lift and also affect the derivative. Generally
the derivative decreases with airspeed as shown in Fig-
ure 6(a-c). The rotor contribution decreases with decreas-
ing nacelle angle but simultaneously the wing contribution
increases due to the increase in angle of attack. This ex-
plains why Zw remains roughly constant with nacelle angle
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Fig. 5. Stability derivative Xu

as shown in subfigure (d).

The speed stability derivative Mu has a mayor effect on
the longitudinal stability and handling qualities of an air-
craft [14]. For a conventional airplane Mu is practically
zero at subsonic speeds because all aerodynamic moments
cancel eachother out. For a conventional helicopter how-
ever Mu is important along the entire flight envelope [11].
Clear differences can be observed between the models in
H-mode in Figure 7(a). The negative contribution of the
horizontal stabilizers causes the 3-DoF and 6-DoF deriva-
tive to become negative after a certain airspeed which does
not happen for the FXV-15 and the GTRS model. For the
same reason, the 3-DoF model derivative in C-mode is still
significantly lower than for the other models. The 6-DoF
model looks more comparable to the GTRS and FLIGHT-
LAB model results and remains positive. In A-mode all
four models have a positive Mu. The rotors have a positive
contribution to Mu which increases with decreasing nacelle
angle because the thrust is increasingly sensitive to pertur-
bation in u. This is visible in subfigure (d).

The incidence static derivative, also called the longitu-
dinal static stability derivative Mw is shown in Figure 8.
Together with Mu this derivative largely affects the longitu-
dinal stability of an aircraft [11]. A negative Mw is desired
for static stability. The fuselage, wings and rotor system
are generally destabilizing while the horizontal stabilizers
are stabilizing. The 3-DoF model assumes that the aerody-
namic centre and the centre of gravity of the fuselage co-
incide which means that the fuselage is not stabilizing nor
destabilizing which explains the steeper slope. The GTRS
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Fig. 6. Stability derivative Zw

model has an outlier in the data at 40 kts H-mode [5]. In
A-mode the 6-DoF model derivative looks similar to the
GTRS model derivative, while the 3-DoF and FLIGHT-
LAB model derivatives are a factor 2-3 larger. The trim
angle of attack increases with nacelle angle, meaning that
the horizontal stabilizers create more lift and contribute
more to a stable Mw. This results in the slightly negative
slope at high nacelle angles in subfigure (d). When the na-
celle almost reach A-mode, the contribution of the rotors
change from negative to positive. This causes the increase
in slope at low values of η .

The pitch damping derivative Mq plays a very important
role in the longitudinal short-term handling characteristics
[14]. A positive perturbation in q should always results
in a restoring pitching down moment, meaning that Mq
should be negative. The derivative is shown in Figure 9. In
hover the pitch damping derivative is almost entirely deter-
mined by the rotor system, which is stabilizing. When the
airspeed increases the horizontal stabilizers also create a
stabilizing contribution to Mq, leading to a linear decrease
in value. The FXV-15 derivative decreases in magnitude
when the proprotors are tilted towards airplane mode, be-
cause the destabilizing effects of the in-plane rotor forces
increase [11]. From subfigure (d) it can be concluded that
the 6-DoF Mq increases in magnitude with nacelle angle
for the 6-DoF model. The destabilizing effect of the rotor
indeed increases when rotating towards airplane mode, but
so does the trim angle of attack. This means that the hori-
zontal stabilizers create more lift and as a result the stabi-
lizing contribution to Mq increases as well. This stabilizing
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Fig. 7. Stability derivative Mu

effect by the horizontal stabilizers is bigger than the desta-
bilizing effect of the rotor causing the negative slope. One
possible explanation for this difference in trend compared
to the FXV-15 could be the different rotor hub model. The
FXV-15 is modelled with a gimballed rotor hub which has
usually larger in-plane forces than an articulated rotor hub
[11].

3.2.2 Lateral/directional Stability Derivatives

One of the two most important sideslip derivatives is Lv,
called the dihedral stability derivative. It is desirable for
stability that Lv is negative. The rotor system is the largest
contributor to this derivative, while the vertical stabilizers
also have a significant contribution. Both contributions are
stabilizing. The rotor contribution remains fairly constant
with airspeed, while the contribution of the vertical stabi-
lizers increases. For the GTRS and FLIGHTLAB model
curves a clear linear decrease with airspeed is found. For
these models the contribution of the vertical stabilizers
might be larger. In C-mode and A-mode the vertical sta-
bilizers are dominant, causing a decrease with airspeed.
The contribution of the vertical stabilizers increases with
nacelle angle, while the rotor contribution decreases with
a similar magnitude. This explains why the derivative is
roughly constant with nacelle angle as seen in subfigure
(d).

The other important sideslip derivative is Nv, the weath-
ercock stability derivative. Nv is critically important for
both static and dynamic stability [11]. In contrary to Lv,
Nv is preferred to be positive. From Figure 11 it can be
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Fig. 8. Stability derivative Mw

concluded that Nv increases linearly with speed. The re-
sults of the 6-DoF model in helicopter mode show that the
weathercock stability derivative is dependent on the rotor
system and the vertical stabilizers which are both stabiliz-
ing. The yawing moment created by the fuselage has not
been modelled in the 6-DoF model so its contribution to
Nv is missing. The positive increasing contribution of the
vertical stabilizers with airspeed is dominant for Nv. While
the contribution of the rotors becomes increasingly nega-
tive when the nacelles are rotated towards airplane mode,
the positive moment created by the vertical stabilizers in-
creases as well. The latter increases slightly more which
causes an increase of Nv with decreasing nacelle angle.

The roll-damping derivative Lp plays an important roll
in the short-term handling qualities about the x-axis. A
positive perturbation in p should result in a restoring neg-
ative rolling moment L, meaning that Lp should be neg-
ative. The roll-damping derivatives have been plotted in
Figure 12. Although this derivative is insensitive to speed
for a conventional helicopter, the speed highly affects the
tiltrotor roll damping derivative in all flight modes [20].
This is because of the lateral offset of the two rotors and
the contribution of wings. The stabilizing contribution of
the wings increases with airspeed. The rotors are stabiliz-
ing as well. With decreasing nacelle angle Lp decreases in
magnitude because the rotors become less aligned with the
airflow resulting from a rolling motion.

The yaw-damping derivative Nr should also be negative for
stability. For a conventional helicopter the tail rotor is the
main contributor to the yaw damping, especially at low ve-
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Fig. 9. Stability derivative Mq

locities. Since the tiltrotor has no tail rotor the magnitude
of the yaw damping is relatively small at low airspeeds
[14]. The stabilizing contribution of the vertical stabiliz-
ers increases when the airspeed increases resulting in a
linear decrease of Nr with speed. when the nacelles are
tilted forward the stabilizing effect of the proprotors to the
yaw damping increases as the thrust force becomes aligned
with the airflow resulting from a yawing motion. This in-
crease in yaw damping with decreasing nacelle angle is
clearly visible in subfigure (d).

3.3 Control Derivatives
The linearized set of equations consists of 42 different con-
trol derivatives. In this section the most important ones
will be discussed. The 6-DoF derivatives are compared
with the FLIGHTLAB derivatives. All derivatives have
been converted to the units shown in Table 2. The longi-
tudinal and lateral/directional control derivatives are dis-
cussed respectively.

Tab. 2. The S.I. units of the control derivatives
Force/control angle e.g. Xθ0 m/s2/rad
Moment/control angle e.g. Mθ0 1/s

3.3.1 Longitudinal Control Derivatives

In Figure 14 the longitudinal control derivatives are shown.
The top two rows show the derivatives with respect to the
collective pitch θ0. By increasing θ0 the total average
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Fig. 10. Stability derivative Lv

blade pitch increases. This means that the blades create
more lift and thus the total rotor thrust force is increased.
In helicopter mode the thrust vector points in negative Z-
direction. The thrust force increases when θ0 increases,
so Zθ0 is negative in H-mode. When the nacelles are in
A-mode, the thrust is more aligned with the X-axis. This
explains the smaller value of Zθ0 and bigger value of Xθ0
in this configuration. The derivatives of the two models
show a very similar trend. On the right figures the same
derivatives of the 6-DoF model are shown as a function of
nacelle angle with the airspeed V kept constant. The de-
crease of Zθ0 and increase of Xθ0 is also clearly visible in
these figures.

Symmetric longitudinal cyclic control is used in helicopter
mode to move the aircraft horizontally. Simultaneously in-
creasing the longitudinal cyclic angle on both rotors causes
the tip-path plane to tilt forward resulting in an increase
in forward speed [21]. This means that the resultant force
along the X-axis increases which explains why Xθ1s is pos-
itive. The derivative appears to be almost independent of
airspeed. At a nacelle incidence of 60 degrees we sud-
denly see a negative value for this derivative. An increase
in θ1s still causes the thrust vector to tilt forward but si-
multaneously the total thrust force drops which explains
the negative derivative. In airplane mode the derivatives
with respect to θ1s become meaningless because the lon-
gitudinal cyclic angle is fixed in this configuration [4]. By
tilting the tip-path plane forward in helicopter mode the Z-
component of the the rotor which is negative decreases in
magnitude. This causes the resultant Z-force to increases

10



Delft University of Technology, Faculty of Aerospace Engineering G.G.J. Steinbusch

0 20 40 60 80 100

Airspeed [kts]

-0.01

0

0.01

0.02

0.03

(a) H-mode (  = 90)

80 100 120 140 160

Airspeed [kts]

0.01

0.015

0.02

0.025

0.03

0.035

0.04

(b) C-mode (  = 60)

100 150 200 250 300

Airspeed [kts]

0.01

0.02

0.03

0.04

0.05

0.06

0.07

(c) A-mode (  = 0)

6-DoF Model

FLIGHTLAB Model

GTRS Model

Legend (a-c)

020406080

Nacelle angle [deg]

0

0.02

0.04

0.06

0.08

(d) 6-DoF Derivative

V = 0 kts

V = 40 kts

V = 80 kts

V = 120 kts

V = 160 kts

V = 200 kts

V = 240 kts

V = 280 kts

Legend (d)

Fig. 11. Stability derivative Nv

which means that Zθ1s is positive. A clear increase with
airspeed is shown for Zθ1s , while the derivative slightly
decreases with nacelle angle.

In airplane mode the elevators are used to control the
pitching of the aircraft. Downward deflection of the ele-
vators is defined as positive. The following relationship for
Zδe can be derived from the 6-DoF model:

dZ
dδe

=−1
2

ρV 2
hsShs

dCL,hs

dδe
cosαhs (17)

The derivative grows proportionally with V 2. The same
goes for the Mδe derivative which heavily depends on dZ

dδe
.

This is clearly visible in the bottom two graphs. The na-
celle angle has no influence on the elevator derivatives at
all.

3.3.2 Lateral/directional Control Derivatives

The most important lateral/directional control derivatives
are shown in Figure 15. The top two rows show the deriva-
tives with respect to the differential collective pitch θ0d .
Differential collective pitch is used in H-mode to control
the rolling motion. An increase and decrease of the collec-
tive pitch on the right and left rotor respectively is defined
as a positive differential collective control input. If the
right rotor collective is higher than the left rotor collective
the right rotor creates more lift. This leads to a negative
rolling moment L which is why Lθ0d is negative. When the
nacelles rotate towards A-mode the derivative significantly
decreases in magnitude. The FLIGHTLAB derivative is
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Fig. 12. Stability derivative Lp

approximately three times larger than the 6-DoF model
derivative. This difference is also most likely due to the
higher in-plane forces of the gimballed rotor hub which
also create a significant rolling moment. The two plots
on the second row show the yawing moment due to dif-
ferential collective derivative Nθ0d . This derivative has a
similar order of magnitude as Lθ0d but is small in H-mode
and large in A-mode. This makes sense because in airplane
mode the thrust vector is more aligned with the yawing
airflow.

Differential longitudinal cyclic θ1sd is used at low air-
speeds to control yaw. An increase and decrease of the
longitudinal cyclic on the right and left rotor respectively
is defined as a positive differential longitudinal cyclic in-
put. The Lθ1sd curve shows some similarities between the
models. In helicopter and conversion mode the derivative
is positive and increases with airspeed. When the right ro-
tor increases its longitudinal cyclic its thrust vector is tilted
forward while the left rotor thrust vector is tilted aft. An
increase in longitudinal cyclic however decreases the total
force created by the rotor. Therefore the left rotor creates
a larger thrust force than the right rotor which results in a
positive rolling moment. Since the main purpose of differ-
ential longitudinal cyclic is to control the yawing motion
of the aircraft Nθ1sd is its primary derivative. A positive
θ1sd input results in a negative N in H-mode. When the
nacelles are tilted forward the thrust vectors are also tilted
forward resulting in a positive X-component. Since the
thrust magnitude of a rotor decreases when θ1s increases
the left rotor produces more forward thrust force resulting

11
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Fig. 13. Stability derivative Nr

in a negative Nθ1sd . The derivatives in A-mode are not of
interest since the θ1s is fixed in this mode.

In A-mode the ailerons are used to control roll. A positive
aileron deflection means that the right aileron is deflected
downward and the left aileron upward. The result of this
deflection is that the right wing will produce more lift than
the left wing, resulting in a negative rolling moment L.
The derivative can analytically (before normalization) be
defined as

Lδa =
δL
δa

=
1
2

ρV 2
wSw

δCL,w

δa
bw (18)

This equation shows that Lδa decreases proportionally
with V 2 which is clearly visible in the figure. The rudders
on the vertical stabilizers are used to control yaw in this
mode. A positive rudder deflection creates a lateral force in
positive Y-direction. This creates are negative yawing mo-
ment so therefore Nδr is negative. This derivative can very
similarly as Lδa be approximated (before normalization)
using

Nδr =
δN
δr

=
1
2

ρV 2
vsSvs

δCL,vs

δr
dx,vs (19)

The FLIGHTLAB curves are a bit steeper than the 6-DoF
model curves which could indicate that a different δCL

δr

and δCL
δa

are used. Furthermore, the drag of the ailerons
and rudders have not been modelled which could also a
difference in the results. From the graphs on the right side
it can be concluded that the nacelle angle does not affect

the derivatives with respect to the control surfaces.

4. Dynamic Modes

In this section the eigenvalues of the linear 6-DoF model
will be analysed. The eigenvalues can be determined using

AAA−λ III = 000 (20)

The eigenvalues of the system describe the behavior of
the tiltrotor by means of five different dynamic modes.
The eigenvalues describing these modes have been plot-
ted as a function of airspeed in Figure 16, Figure 17 and
Figure 18. These figures illustrate the dynamic modes
in H-mode (η = 90deg), C-mode (η = 60deg) and A-
mode (η = 0deg) respectively. For validation purposes the
FLIGHTLAB eigenvalues have been included in the fig-
ures as well. Furthermore, the variations of the eigenvalues
of the 6-DoF model modes with nacelle angle are shown in
Figure 19. For this analysis the airspeed is kept constant at
120 kts. The five different modes are discussed below.

4.1 Short period
The short period is a relatively highly damped longitudi-
nal oscillatory dynamic mode which consists of a coupled
pitching and heaving motion. At low airspeeds in heli-
copter mode the short period is uncoupled into a pitch and
a heave subsidence. Their eigenvalues are located on the
real axis. The two subsidences can usually be approxi-
mated using:

λh = Zw (21)
λp = Mq (22)

This means that the subsidence eigenvalues can be as-
sumed approximately equal to their damping derivatives.
Derivatives Zw and Mq equal -0.226 and -0.284 respec-
tively in hover. This shows that the heave damping deriva-
tive very accurately represents the heave subsidence (-
0.227). The pitch subsidence (-0.703) has a lot more
damping than the pitch damping derivative would sug-
gest. The relatively low value of Mq results in translational
velocities building up during pitching motion, resulting
in a strong coupling between pitch and surge [11]. When
the airspeed increases the subsidences couple together and
form the short period. The short period can accurately be
predicted using the following characteristic equation [20]:

λ
2
sp− (Zw +Mq)λsp +ZwMq−Mwu0 = 0 (23)

This shows that the mode is dependent on derivatives Zw,
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Fig. 14. Longitudinal Control Derivatives
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Fig. 15. Lateral/directional Control Derivatives
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(a) Full picture

(b) Low frequency modes

Fig. 16. XV-15 6-DoF model coupled eigenmodes in helicopter mode (η = 90deg) compared with the FLIGHTLAB eigen-
modes

Mq and Mw. Furthermore, the frequency increases with
airspeed since the horizontal trim velocity component u0
is included in the term. This is also clearly visible in the
eigenmodes figures. The variation of the damping with air-
speed is somewhat different for the flight modes. In heli-
copter mode (Figure 16) and conversion mode (Figure 17)
the damping decreases slightly with airspeed, while in air-
plane mode (Figure 18) the damping increases with air-
speed

The short period of the FLIGHTLAB shows in general
a similar trend. In H-mode the frequency increases with
airspeed while the damping decreases. However, the
FLIGHTLAB mode presents a stronger increase in fre-
quency and is more heavily damped. The damping and
frequency of the short period are both heavily dependent
on Mq. From Figure 9 it became clear that the pitch damp-
ing derivative is significantly higher for the FLIGHTLAB
model than for the 6-DoF model. This was mainly at-
tributed to the destabilizing rotor contribution for the latter
model which is stabilizing for the former. This is also true

in C-mode. In A-mode the 6-DoF model short period is
more heavily damped than the FLIGHTLAB model mode
while the latter has a higher frequency. Both observations
can be explained by looking at differences in static sta-
bility derivative Mw in airplane mode (Figure 8(c)). The
6-DoF model derivative is a factor 2-3 smaller. A smaller
value of Mw increases the damping of the short period
while it decreases the frequency.

The variation of the short period eigenvalues with nacelle
angle is shown in Figure 19a. The figure shows that at high
nacelle angles the short period frequency increases when
the rotors are tilting towards airplane mode. This is caused
by the decrease of the incidence static stability derivative
Mw with nacelle angle up to 40 degrees after which it re-
mains somewhat constant. This is also the point at which
the frequency in Figure 19a stops increasing rapidly. The
damping ratio of the short period is less affected by the
rotations of the rotors. Along the η range the damping is
constantly between 0.3 and 0.4 at an airspeed of 120 kts.
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4.2 Phugoid
The phugoid is a longitudinal oscillatory mode with a vari-
ation of airspeed, pitch angle and altitude over time. The
mode has a large period because of which the angle of at-
tack remains almost constant over time. There is a very
slow interchange between kinetic and potential energy
during the mode, while the aircraft attempts to restore the
steady horizontal equilibrium state. From Figure 16b it can
be concluded that the phugoid is unstable in hover. When
the airspeed increases the phugoid becomes stable and the
damping increases. For the 6-DoF model the damping in-
creases so fast that at approximately 70 kts the phugoid
becomes non-oscillatory. This non-oscillatory behavior of
the phugoid is not something that is found in literature. To
analyse what causes this behavior, a closer look has to be
taken at the derivatives affecting the phugoid. The phugoid
of the tiltrotor is best approximated using [11]

λ
2
ph− (Xu−Xw

Mu

Mw
)λph−

g
u0

(Zu−Zw
Mu

Mw
) = 0 (24)

The eigenvalues of the phugoid are located on the real axis
when the damping is equal to 1. According to this equa-
tion the damping is mainly dependent on Xu, Xw, Mu and
Mw. Comparing the 6-DoF model Mu derivative in H-mode
with other models in Figure 7 leads to the observation that
the 6-DoF model and 3-DoF model derivatives are negative
at high airspeeds while the other models’ derivatives are
positive. This means that the second term in Equation 24
of the damping increases the damping instead of decreas-
ing it. This results in damping ratios reaching 1 and thus
a non-oscillatory phugoid. In C-mode and A-mode the
Mu derivative of the 6-DoF model is positive and thus the
phugoid is oscillatory.

Because the FLIGHTLAB model has a positive Mu in he-
licopter mode its phugoid is also oscillatory at higher air-
speed. Both models’ curves in helicopter mode show quite
some overlap up until 60 kts. In A-mode and C-mode there
is less overlap, mainly due to the quite significant differ-
ences in Xu and Mu. However, both models have an unsta-
ble phugoid in hover and the tendency of the eigenvalues
with airspeed is quite similar. The damping increases with
airspeed while the frequency remains somewhat constant.

The variation of the phugoid eigenvalues with nacelle an-
gle is shown in Figure 19b. The airspeed is kept at 120
kts while the nacelles are tilted from 80 to 0 degrees. The
fact that the phugoid is oscillatory at at nacelle angles
between 80 and 0 degrees shows that the mode is only
non-oscillatory at nacelle angles very close to hover. As
the nacelle are rotating away from helicopter mode the
Mu derivative increases as shown in Figure 7(d). At the
same time the drag damping Xu becomes larger and Xw

increases. The combination of these three results in an in-
crease in damping with decreasing nacelle angle. At the
same time the frequency of the phugoid increases slightly.

4.3 Roll mode
The rolling mode is usually a pure roll subsidence, which
is stable, highly damped and non-oscillatory. The roll sub-
sidence eigenvalues are located on the real axis, mean-
ing that the mode is critically damped. When airspeed in-
creases the roll mode eigenvalue moves to the left which
indicates that the frequency of the mode increases. The roll
motion can be written in the first-order differential form of
a rate response type :

ṗ = Lp p (25)

Which simply leads to the following approximation for the
roll mode eigenvalue:

λr = Lp (26)

This approximation is quite accurate, but the exact val-
ues of λr are roughly 15% larger than Lp. The relatively
lower value of Lp shows that there is some coupling with
the sway motion, meaning that there are translational ve-
locities building up along the y-axis during the rolling mo-
tions. In conversion mode and airplane mode the roll mode
frequency similarly increases with airspeed. In general the
FLIGHTLAB curves show a similar trend with airspeed.

From Figure 19a it can be concluded that the roll mode
eigenvalue moves moves to the right on the real axis when
the nacelle angle decreases. This means that the frequency
of the mode decreases. In Figure 12(d) it is illustrated that
Lp decreases in magnitude with decreasing nacelle angle.
This is mainly due to decreasing roll damping of the ro-
tors. The coupling of the roll mode with yaw increases
with decreasing nacelle angle because of the orientation of
the rotors.

4.4 Spiral mode
The spiral mode is the second non-oscillatory lat-
eral/directional mode. The mode is usually developed
very slowly and involves a combination of roll, yaw and
sideslip. The spiral mode for conventional helicopters at
low speeds is usually primarily a yawing motion, mean-
ing λs = Nr. Since Nr is a damping derivative the spiral is
a stable mode and equilibrium is restored by the helicopter
itself [11]. The dihedral effect is destabilizing the spiral
mode [22], and this effect is much more prominent for
tiltrotors than for conventional helicopters. In Figure 16b
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(a) Full picture

(b) Low frequency modes

Fig. 17. XV-15 6-DoF model coupled eigenmodes in conversion mode (η = 60deg) compared with the FLIGHTLAB eigen-
modes

we see a negative real eigenvalue for the spiral mode in
hover, meaning that the mode is stable. Padfield gives the
following approximation equation for the spiral mode [11]

λs =
g

Lp

(LvNr−NvLr)

(u0Nv +σsLv)
(27)

with

σs =
g−Npu0

Lp
(28)

In hover this equation can be simplified to

λs = Nr−
Nv

Lv
Lr (29)

The first term in this approximation is the yaw damping
derivative, which is negative and thus stabilizing. The yaw
damping derivative for tiltrotors in H-mode is significantly
lower than for helicopters due to the absence of a tail ro-

tor. The second term consist of the dihedral effect Lv and
weathercock stability derivative Nv which are negative and
positive respectively. Besides the two sideslip derivatives
the yaw-roll coupling derivative Lr is included in the equa-
tion which is positive in H-mode. This means that the sec-
ond term of the approximation equation is destabilizing. In
hover, the stabilizing Nr term is bigger than the destabiliz-
ing second term, although they are not far off (-0.0883 and
0.0618 respectively). When the airspeed increases to mod-
erate airspeeds Nr does not significantly increase, while the
other derivatives affecting the spiral do. This causes the
6-DoF model spiral mode to become unstable. The peak
of instability is reached at approximately 30 kts, where
the real positive eigenvalue is at its largest. Thereafter
the eigenvalue moves towards the stable axis again which
mainly happens because Nr starts increasing in magnitude.

In C-mode the spiral is stable and barely affected by the
airspeed. Derivative Nr is higher than in H-mode and Lr
which was destabilizing in H-mode is now stabilizing. In
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(a) Full picture

(b) Low frequency modes

Fig. 18. XV-15 6-DoF model coupled eigenmodes in airplane mode (η = 0deg) compared with the FLIGHTLAB eigenmodes

A-mode (Figure 18b) the spiral mode is also stable but
the frequency decreases with airspeed. The roll damping
derivative Lp increases in magnitude with airspeed which
contributes to the decrease in magnitude of λs.

The FLIGHTLAB spiral mode shows similar trends with
airspeed in C-mode and A-mode. In H-mode the mode is
already unstable in hover, in contrary to the 6-DoF model
mode. Its stabilizing yaw damping Nr is hover is smaller
(Figure 13). The mode destabilizes even more with air-
speeds up to 20 kts, after which the eigenvalue moves
towards the stable side of the axis. Both models’ spiral
modes are stable at airspeeds higher than approximately 80
kts.

In Figure 19b the spiral eigenvalues as a function of na-
celle angle are shown. It can be concluded from the fig-
ure that the spiral mode becomes more stable when the
nacelles are rotated towards airplane mode. The positive
roll-yaw coupling derivative Lr is destabilizing at high na-
celle angles. The derivative decreases and becomes nega-
tive when the nacelles are rotated towards 0 degrees. This

contributes to the stabilization of the spiral mode. Simul-
taneously the roll damping derivative Lp decreases in size
which also contributes to the spiral becoming more stable.

4.5 Dutch roll
The Dutch Roll mode is an oscillatory lateral/directional
mode which consists of a combination of yawing, rolling
and sidesliping motion. The Dutch Roll has quite a short
period and is usually lightly damped. The Dutch Roll is of-
ten considered an undesirable mode since it interferes with
the pilot’s ability to hold a trim. Besides this, the mode
is quite unpleasant for passengers [23]. In Figure 16 the
Dutch Roll eigenvalues in helicopter mode as a function of
airspeed are shown. In hover the mode is unstable which is
also sometimes the case for conventional helicopters [11].
When the airspeed increases the Dutch Roll becomes a
very lightly damped stable mode. The frequency increases
with airspeed, while the damping remains roughly con-
stant. The eigenvalues in conversion mode and airplane
mode show a similar trend. The instability of the Dutch
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(a) Full picture

(b) Low frequency modes

Fig. 19. XV-15 6-DoF model coupled eigenmodes as a function of nacelle angel (V = 120 kts)

roll in hover is captured by the following approximation
equation:

λ
2
d − (Nr +Yv−

g
L2

p
Lv)λp +

g
Lp

Lv = 0 (30)

The dihedral derivative Lv is negative as seen in Figure 10.
That means that the third term for the damping is desta-
bilizing. Since the stabilizing damping derivatives Nr and
Yv are low in hover this results in an unstable Dutch roll.
The damping derivatives increase with airspeed causing
the mode to stabilize. The FLIGHTLAB curves look very
similar to the 6-DoF model curves.

Figure 19a shows the dutch roll eigenvalues as a func-
tion of nacelle angle. From the figure it can be concluded
that the frequency of the mode slowly increases with de-
creasing nacelle angle. The frequency of the Dutch roll is
mainly determined by Nv and u0. Since the forward speed
is kept constant the effect of u0 can be neglected. From
Figure 11 it can be concluded that Nv slightly increases
with decreasing nacelle which explains the slight increase

in frequency. The increase of the damping slowly builds
up with decreasing nacelle. This mainly happens due to
the increase in yaw damping Nr. Furthermore, the roll-yaw
coupling derivative Np first increases in magnitude up to
≈ 30 degrees which withholds the damping from increas-
ing faster. Thereafter the derivative decreases again, which
explains why the damping suddenly increases faster with
nacelle angle.

5. Conclusions

The aim of this research was to get a better understand-
ing of the stability characteristics of tiltrotor rotor. For this
purpose, a six-degrees-of-freedom nonlinear flight dynam-
ics has been developed and linearized. The stability and
control derivatives following from this linearization have
been analysed, together with the eigenvalues describing
the dynamic modes of the aircraft. From the research de-
scribed in this paper the following main conclusions can be
drawn:
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• The six-degrees-of-freedom nonlinear flight dynam-
ics model described in this paper has been proven to
be valid for stability and control related research pur-
poses.

• The stability derivatives of the 6-DoF model have
proven to be comparable to the derivatives found by
other models. The damping derivatives (e.g. Xu, Lp)
are all negative and increase in magnitude with air-
speed. The rotors have a large effect on the heave and
roll derivatives (e.g. Zw, Lp) in helicopter mode and
on the surge and yaw derivatives (e.g. Xu, Nr) in air-
plane mode.

• The control derivatives of the 6-DoF model show a lot
of similarities with the FLIGHTLAB model data and
the control inputs lead to the desired responses. The
assumption that elevators, ailerons and rudders create
no drag results in some discrepancies between the
curves of the models. The effectiveness of the control
surfaces of the models seems to be dissimilar while
they should be equal.

• In hover, the heave and pitch subsidences are both
non-oscillatory but stable. As airspeed increases, the
heave and pitch subsidence couple together and form
the short period. The frequency of the short period
increases with airspeed while the damping slightly
decreases at high nacelle angle configurations. At low
nacelle angle configurations the damping increases
with airspeed. When the airspeed is kept constant
and the nacelle angle decreases the frequency slowly
increases while the damping remains roughly con-
stant. In hover the phugoid is oscillatory but unstable.
The mode stabilizes when the airspeed increases and
becomes at some point non-oscillatory. This can be
attributed to the negative value of Mu which ampli-
fies the phugoid damping. In C-mode and A-mode the
phugoid is oscillatory and stable. At constant airspeed
and decreasing nacelle angle the phugoid damping in-
creases. At the same time the frequency of the mode
increases slightly. The roll mode is mostly a pure roll
subsidence which is stable, highly damped and non-
oscillatory. Its frequency increases with airspeed but
decreases with decreasing nacelle angle. The cou-
pling with yaw increases with decreasing nacelle an-
gle. The spiral mode is mostly unstable in helicopter
mode. In hover the mode is stable, but as airspeed
increases the mode destabilizes. The instability in-
creases with airspeed up to ± 30 kts, after which it
decreases again. At airspeeds higher than ± 80kts in
H-mode the spiral is again stable. The spiral mode
also becomes more stable with decreasing nacelle

angle. In hover the Dutch roll is also unstable, but be-
comes stable after airspeed increases. The dutch roll
frequency increases with airspeed while the damp-
ing remains constant. Decreasing the nacelle angle
however clearly increases the damping of the mode.
The 6-DoF model eigenmodes results showed a lot of
similarities with the FXV-15. Both models have an
unstable phugoid and Dutch roll in hover. The spi-
ral modes are often unstable in helicopter mode and
have similar trends with airspeed. The FXV-15 spiral
is however already unstable in hover, due to its lower
value of Nr. The FXV-15 short period in H-mode and
C-mode is relatively more damped due to its higher
pitch damping Mq. The biggest difference in modes
between the two models is the phugoid in helicopter
mode. The 6-DoF model phugoid is non-oscillatory
at high airspeeds because of the negative Mu at those
flight conditions. In the same flight conditions the
FLIGHTLAB Mu is positive and thus the phugoid
remains oscillatory.
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1
Introduction

A tilt-rotor aircraft, also referred to as simply tiltrotor, is an aircraft that is able to perform vertical take-off
and landing manoeuvres like a conventional helicopter, as well as achieving cruise speeds and long ranges
that are common for a fixed-wing aircraft. This is achievable due to its rotor tilting capabilities. The rotors,
also called proprotors, are mounted on the wingtips of a fixed-wing aircraft and can be tilted around 90 de-
grees during flight to perform both horizontal and vertical manoeuvres. The travel time to and from airports
could be reduced significantly as the tiltrotor is much more flexible in take-off and landing locations because
it does not require an entire landing strip [9]. This feature could make air transport much more time efficient.

Although there have been several projects and developments in tiltrotor technology, the only tiltrotor that
has made it to the market yet is the Bell Boeing V-22 Osprey. This aircraft, which is used by the US Marine
Corps, US Air Force Special Operations Command and the US Navy has solely military applications. The
development of the V-22 has primarily relied on the data and experiences of its predecessor, the Bell XV-15.
This experimental tiltrotor, funded by NASA, was the first in its sort to successfully reach a cruise velocity
which could never be achieved with a conventional helicopter [1]. Currently, more research is conducted
into the civil applications of the tiltrotor. The developments of several tiltrotor projects are still ongoing,
amongst which the Agusta Westland AW609 project. This civil tiltrotor has been under development for
over 15 year but has not made it to the market yet at the time of writing this thesis report.

In 2015 the AW609 suffered a fatal crash when a high-speed dive during a test flight became unstable. The
pilots commenced the dive with a 180-degree turn, targeting 293 knots for the manoeuvre. The aircraft
started oscillating about the roll axis after exiting the turn. Shortly after the first roll oscillation, the aircraft
experienced additional oscillations about the yaw axis. Initially, the crew did not react to these oscillations,
as they believed they were self-damping and thus not dangerous. When the pilot felt that the oscillations
increased in magnitude, he tried to counter them using roll-tracking, but this resulted in a pronounced yaw,
which he tried to counter using the rudder pedals. Although the pilot followed the standard procedure for
controlling the aircraft, the yaw oscillation was amplified even more, causing the proprotor to interfere with
the right wing, causing an in-flight break-up and fire, eventually resulting in a fatal crash. Investigations
into the crash pointed out that the AW609’s flight control system (FCS) control laws were a cause for the
crash, together with a project simulator that was unable to predict this instability in any way. [10].

The fatal AW609 crash shows that it is crucial to be able to accurately predict the flight dynamics of an
aircraft at any situation in order to prevent fatalities. The AW609 showed unstable behavior which could be
described as a diverging Dutch roll mode [11]. There is already quite some literature about tiltrotor aircraft,
but most literature is focused on flight dynamics modeling or handling quality evaluation. The stability of
the tiltrotor is however much less investigated. The aim of this research is to get a better understanding
on the stability characteristics of tiltrotor aircraft. A six-degrees-of-freedom tiltrotor flight dynamics model
has been developed which will be trimmed and linearized. It will be analysed how the stability and control
derivatives behave as a function of airspeed and nacelle angle and which components contribute to each
derivative. Furthermore, data from different models are compared and their similarities and differences in
results are explained by comparing their model properties. Coupled and uncoupled linear models are then
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used to investigate the dynamic modes of the tiltrotor and how the modes are affected by the stability
derivatives.

The report is structured as follows. This introductory chapter is concluded with the research objective and
the research questions. Chapter 2 gives some background information about tiltrotor aircraft in general
and the XV-15 in particular, which is used as the reference aircraft throughout this research. Furthermore,
some previously developed tiltrotor models are discussed and their strong and weak points are elaborated
upon. The chapter is concluded with a brief description of stability in general. chapter 3 describes the main
non-linear model which is used throughout this research and provides a computation scheme encapsulating
the mathematics behind the modelling. The chapter is concluded with a trim analysis and validation of the
trim results. In chapter 4 the linearization process of the model is described and the stability and control
derivatives following from the linearization are analysed in detail. The dynamic modes following from the
linear model are investigated in chapter 5. This thesis is concluded in chapter 6 after which recommendations
for future work are given.

1.1. Research Objective
Although there already exists quite some literature on tiltrotors, most literature is limited to the flight
dynamics modelling of the aircraft or is focused on addressing the handling qualities characteristics. The
dynamic stability characteristics of the tiltrotor are less investigated, and a thorough analysis of the variation
of the characteristics with airspeed and nacelle angle is missing in literature. In order to get a better
understanding of how the tiltrotor behaves when it is moving through its conversion corridor a detailed
analysis of its dynamic characteristics is provided in this research. The main objective of this research can
be formulated as follows

”To investigate the stability characteristics of tiltrotor aircraft theoretically by using the technique
of linearized stability derivatives on a six-degrees-of-freedom tiltrotor flight dynamics model”

1.2. Research Questions
In order to reach this objective and to structure the research, several research questions are posed at the
start of this research. The main research question can be formulated as follows

”Which tiltrotor stability characteristics can be identified by analyzing a linearized six-degrees-
of-freedom tiltrotor flight dynamics model?”

The main research question is split up into several subquestions for which it is intended to find an answer
to during the research. These questions can then be broken down into lower layer subquestions.

• Which features characterize a tiltrotor aircraft?

– Which general features distinguishes the tiltrotor from a conventional helicopter or fixed-wing
aircraft?

– What are the differences between the control strategies of a tiltrotor and a conventional helicopter
or fixed-wing aircraft?

• How can the dynamic behavior of the tiltrotor most accurately be predicted by modelling its principles
into a flight dynamics model?

– What are the largest weak points of the current six-degrees-of-freedom model and how can they
be improved?

• Which conclusions can be drawn about the stability characteristics of the tiltrotor from the linearized
stability and control derivatives?

– Which derivatives are supposed to be negative and which are supposed to be positive in order to
have a stable tiltrotor?

– How do the derivatives compare to the derivatives for conventional helicopters or fixed-wing
aircraft?
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– How do the derivatives compare to the derivatives found by other tiltrotor models?

• Which conclusions can be drawn about the stability characteristics of the tiltrotor from the eigenvalues
of the dynamic modes?

– Under which circumstances are the dynamic modes stable and under which circumstances unsta-
ble?

– How are the dynamic modes influenced by the airspeed and nacelle angle?
– How do the eigenvalues from the uncoupled linear systems compare to the eigenvalues from the

coupled linear system?
– How do the found eigenvalues compare to the eigenvalues found by other tiltrotor models?





2
Background

This chapter serves as an introduction to tiltrotor aircraft and to tiltrotor research in general. The features
that characterize tiltrotor aircraft are elaborated upon and the current state-of-the-art in tiltrotor modelling
is discussed. The tiltrotor is introduced in section 2.1 and the history in tiltrotor development is elaborated
upon. The reference aircraft that will be used during this research is the Bell XV-15. This tiltrotor aircraft
will be introduced in section 2.2. The flight dynamics modelling of tiltrotor is no unknown territory; several
tiltrotor models exist and are described in literature. The most prominent ones are described in section 2.3.
Lastly, the chapter is concluded with a general introduction to aircraft stability.

2.1. Tiltrotor Aircraft
This section serves as an introduction to tiltrotor aircraft in general. Firstly, the general characteristics of
the aircraft are discussed with its advantages and potential benefits to air traffic. Thereafter, the history of
the tiltrotor is elaborated upon together with its recent developments. Lastly, the different flight modes that
can be distinguished for tiltrotor aircraft are discussed.

2.1.1. Introduction to Tiltrotor Aircraft
A tilt-rotor aircraft, also referred to as tiltrotor aircraft or simply tiltrotor, is a hybrid aircraft that attempts
to combine the vertical take-off and landing (VTOL) and hover capabilities of a helicopter with the speed
and range characteristics of an fixed-wing airplane. The tiltrotor uses multiple rotors, also called proprotors,
to generate lift during vertical manoeuvres and to provide thrust during high-speed horizontal manoeuvres.
The rotors have the ability to be tilted in order to increase or decrease flight speed. By far the most popular
and promising tiltrotor configuration is one with two proprotors, both located at the wing tips of a fixed-
wing aircraft. The XV-15, one of the most well-known tiltrotor aircraft is shown in 2.1. In this figure the
proprotors, mounted on nacelles, are rotated 90 degrees with respect to the fixed wing, meaning that the
aircraft is in helicopter mode. This angle between the fixed wing and the rotor nacelle, from now on referred
to as the nacelle angle (𝜂), can vary between around 0 and 90 degrees.

The biggest advantage of the tiltrotor compared to other aircraft that are functional at the moment is its
combination of the VTOL capabilities of helicopters with the speed and range of an airplane. This makes the
tiltrotor a runway independent aircraft, which has the potential of increasing the airspace capacity due to its
flexibility in take-off and landing locations. This could make air transport more time efficient since the travel
time to and from the airports would be reduced significantly, resulting in an increased throughput through
the entire system [9]. Besides this advantage, the flight ceiling of the tiltrotor is around 25,000 feet, which
is more than twice as high as for conventional helicopters allowing the aircraft to circumvent bad weather.

2.1.2. History
Although the first tilt-rotor was developed decades later, the idea of a vehicle that combines the VTOL
characteristics of a helicopter with the speed and range of an airplane already existed in the 1920s. One
of these ideas came from Henry Berliner, who came up with a design that resembled a fixed wing biplane
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Figure 2.1: The XV-15 Tiltrotor aircraft in helicopter mode [1]

aircraft with 2 two propellers mounted on vertical shafts near the tip of the wings. The shafts would be
slightly tilted forward during forward flight which, although they could not be tilted 90 degrees, had a similar
rotor arrangement as the current tiltrotor aircraft [1].

Several others tried to come up with a good reliable design to combine vertical lift and forward flight in the
decades following, but none of them were able to succeed. The reasons for this were among others perfor-
mance, structural dynamics or control deficiencies or a lack of financial support. In 1947 the development of
the Transcendental 1-G was initiated which was able to conduct its first successful test flight in 1954. This
model is generally recognized as the first tilt rotor aircraft which was able to explore the conversion between
vertical lift and airplane mode [1].

A year later the prototype crashed during a test flight after which the Transcendental Model 2 was created.
This project was funded by the US Air Force, but they decided to withdrawn the funding and instead start
investing in the Bell Model 200 which was later designated the XV-3. This model had stability issues and lim-
ited hover and cruise performance; the maximum cruise speed of 115 knots was not enough to show that the
vehicle had adequate airplane mode performance. On the positive side, the XV-3 project has proven us that
the conversion from vertical lift to horizontal flight and back can be performed in a stable, controllable, re-
liable manner. This ensured that the interest in the development of tiltrotor technology did not disappear [1].

In 1972 the development of the XV-15 was initiated with funding from NASA, the US Army and the US
navy. This new project resulted from improved technologies, new test techniques and a thorough research
into the issues of the XV-3. The XV-15 was the first tilt rotor aircraft which was able to demonstrate
high-speed performance during airplane mode and reach flight speeds which could never be achieved with a
conventional helicopter [1].

Based on the results of the XV-15 testing the V-22 Osprey program was initiated. The V-22 was the follow
on operational aircraft developed jointly by Bell-Boeing for the US Marine Corps, US Air Force Special Op-
erations Command, and the US Navy. This was in 2003, and four year later the V-22 fully entered service for
the US Marines. Nowadays, more than a decade later, the V-22 is still the only operational tiltrotor that exists.

The year 2003 was also the first year that the first prototype off the Bell-Agusta BA609 flew. The BA609
is similar in size to the XV-15 and was designed to meet the civil airworthiness regulatory standards[2]. The
BA609, nowadays called the AgustaWestland AW609, has had quite some difficulties during its development
and testing, including a fatal accident during testing in Italy in 2015 [10]. At the time of writing this thesis
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report in 2021, the aircraft is still not operational.

2.1.3. Flight Modes
For a tiltrotor three different modes can be distinguished during flight. The vehicle is said to be in helicopter
mode (H-mode) when the nacelles have an angle of 90 degrees with respect to the fixed wing. In this mode
the proprotors are positioned vertically generating a lift force like a conventional helicopter. During the
helicopter mode the forward speed is relatively low or even equal to zero, meaning that this mode can be
used for vertical manoeuvres including take-off, landing and hover.

If the nacelles are oriented parallel to the wing, the tiltrotor is said to be in airplane mode (A-mode). In
this mode, the proprotors function as airplane propellers generating thrust and allowing the tiltrotor to reach
high horizontal velocities comparable to conventional airplanes.

A tiltrotor converts from helicopter mode to airplane mode and vice-versa by rotating its nacelles with respect
to the fixed wing. If the nacelles are not oriented perpendicular or parallel with respect to the wing, the
aircraft is said to be in conversion mode (C-mode). Back in the days when the first tiltrotors were developed,
this mode was merely used as a transitional mode between the two previously described modes, but nowadays
the potential benefits of operating in this so-called conversion mode are being further investigated [12].

2.2. The XV-15 Tiltrotor Research Aircraft
Throughout this research, the analysis is mainly conducted on the XV-15 Tilt Rotor Research Aircraft which
employs the tilt rotor concept and displays generic tiltrotor characteristics. An image of the XV-15 is shown
in Figure 2.1. The XV-15 has two three-bladed rotors mounted on a stiff in-plane gimballed hub. This
aircraft has been chosen for the analysis simply because it is the only tilt rotor aircraft for which enough data
is publicly available to conduct the analysis. The flight envelope of the XV-15 can be expressed in a so called
conversion corridor. This conversion corridor is elaborated upon in subsection 2.2.1. There after, the control
strategy and the control inceptors of the aircraft are discussed in subsection 2.2.2 and subsection 2.2.3
respectively.

2.2.1. Conversion Corridor
Because of the ability of the XV-15 to convert between three different flight modes, the aircraft also has
an extensive operating range. At low velocities the tiltrotor is usually in helicopter mode, but as velocity
increases the nacelles can be tilted towards airplane mode. At different nacelle angles there also exist different
airspeed boundaries at which it is safe to operate. The safe regions to operate in are defined as the conversion
corridor. The conversion corridor of the XV-15 is shown in Figure 2.2. In the conversion corridor, also called
the transition corridor, it is safe to convert between helicopter, conversion and airplane mode. A conversion
is called successful when the change in lift created by the wing and the rotor compensate for each other,
keeping the total lift and the altitude constant [2]. The normal nacelle tilt rate is around 7.5 deg/s for the
XV-15. If the tilt rate is too small while accelerating the right boundary of the corridor could be reached,
which could lead to exceeding the control and power limits of the vehicle or reaching unsteady rotor loads.
On the other side, if the nacelles are tilted too fast, the left boundaries would be reached and there is the
possibility that combined lift of the rotor and wing is insufficient to balance the weight of the aircraft [2]. The
Leonardo AW609 features a corridor protection function to reduce the workload while manoeuvring in the
conversion corridor [13]. This automatic conversion protection functions stops the conversion if a boundary
of the corridor is reached. It first corrects the speed of the vehicle and then tilts without any further command
the nacelles to the desired nacelle angle. A similar system is incorporated in the Bell-Boeing V22 Osprey [2].

2.2.2. Control Strategy
The tiltrotor is essentially a hybrid between a helicopter and an airplane. Therefore, it also uses the control
strategies of both aircraft types. In helicopter mode the aircraft uses conventional helicopter control strate-
gies. The control functions of the XV-15 in helicopter mode are shown in Figure 2.3a. Collective control is
used to alter the pitch angle of all rotor blades which is mainly used to move the vehicle vertically. Cyclic
control is used to alter the tip path plane tilt of the rotors, allowing the vehicle to move horizontally. A
big difference with the conventional helicopter is that the tail rotor has become redundant as the tiltrotor
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Figure 2.2: XV-15 conversion corridor [2]

has two counter-rotating rotors, eliminating the induced torques of each other. However, this also means
that the directional stability has to be controlled in a different manner. This is done by using differential
longitudinal cyclic control: if the pilot wishes to yaw to left, the right proprotor is tilted forward and the left
rotor is tiled aft, creating a moment around the vertical axis. Moreover, in addition to the classic helicopter
control strategies, the tiltrotor has an unique method to perform rolling manoeuvres. A roll can be initiated
using differential collective pitch on the rotors. If the pilot wishes to roll to the right, he/she increases the
collective angle on the left proprotor while decreasing the one on the right, creating a thrust imbalance,
which together with the large moment arm induces a roll [12]. The control mechanisms for the different
tiltrotors are quite similar but still there exist some differences: the AW609 for example does not use lateral
cyclic pitch for lateral translation in helicopter mode[14].

When the XV-15 is in airplane mode it makes use of conventional airplane flight control surfaces. Ailerons
(or flaperons) are located at the trailing edges of the wings to control the rolling motions about the longi-
tudinal axis of the vehicle. Rudders are used to control the aircraft about its vertical axis, or in other words
to control its yawing motions. This is however the case for the XV-15 [12], the AW609 does not have a
rudder and uses differential collective blade pitch to control yaw [14]. Elevators are located on the horizontal
stabilizers at the tail to control the pitching movements of the aircraft. The control mechanisms in airplane
mode are shown in Figure 2.3b.

In conversion mode the control strategies of both the helicopter and airplane mode are combined. When the
nacelles are rotating forward from a vertical to a horizontal orientation the control required by the propro-
tors decreases as the dynamic pressure increases and the airplane control strategy becomes more important.
When the nacelles are almost completely rotated into airplane mode the effect of the proprotors on the lift
has been phased out leaving only the thrust effects active. Naturally the opposite thing happens when the
tiltrotor converts back to helicopter mode; the control required by the rotors increases while the dynamic
pressure decreases. The effects of the airplane control surfaces do not completely phase out when horizontal
speed decreases, but their influences are only minor.

2.2.3. Pilot inceptors
Since the tiltrotor combines both helicopter and airplane control strategies the question during the design
arose: what is the most convenient way for the pilot to control this aircraft? Some designers argued that
helicopter control inceptors should be used, because the most tricky manoeuvres including vertical take-off
and landing happen in helicopter mode. This would have meant that a cyclic stick, a collective stick and
pedals would be used. Other designers argued that airplane inceptors should be used because the tiltrotor
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Figure 2.3: XV-15 control functions in both helicopter (a) and airplane mode (b) [2]

spends most of its time in airplane mode. This would have resulted in a yoke or stick, a throttle and pedals.
It was decided that a center cyclic stick would be used for pitch and roll control and pedals for yaw control.
A discussion arose when deciding between a collective stick of a throttle to alter the thrust of the aircraft.
The collective stick is used in a helicopter to control the vertical motion by changing the collective pitch of
the blades. If the pilot would pull the collective stick the helicopter would go up and by pushing the stick the
helicopter would go down. The throttle of an airplane is used to control the horizontal velocity. By pushing
the throttle the airplane would increase its velocity and by pulling the velocity would decrease. Picking one
of these two inceptors raised an issue. If a collective control stick would be used, a counter-intuitive action
would be required to increase the velocity of the tiltrotor in airplane mode: instead of the habitual action
of pushing the throttle the pilot has to pull the collective stick. A similar problem would arise in helicopter
mode when using a throttle instead of a collective stick. The arm extension which is normally used to descent
in a helicopter would now cause the vehicle to go up. Eventually it was decided that a collective-like power
lever would be used to control the thrust of the tiltrotor. In helicopter mode pulling the lever would increase
the thrust and thus the aircraft would go up. When converting to airplane mode, the controls convert as
well, so pushing the lever in airplane mode would cause the velocity to increase. This way both modes have
intuitive controls [2].

2.3. Tiltrotor Models

Before being able to conduct a stability analysis, a flight dynamics model needs to be derived. Multiple
tiltrotor models have been derived in the past, some with very high accuracy, some with a lot of simplifications.
The choices and assumptions made during the modelling process affect the results and the accuracy of model.
In this section, the most prominent tiltrotor models are described. Firstly, a preliminary three degrees of
freedom model is described. This model has also been linearized and is used for the analysis of the longitudinal
stability characteristics. Thereafter, multiple models found in literature are described, some of which will
also be used later this research to validate the results.
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2.3.1. 3-DoF Model
In this section the preliminary 3 degrees of freedom model, from now on referred to as 3-DoF model, will
be briefly described. This model has been developed in previous research conducted at the Delft University
of Technology by Sokolowski [15]. The model is capable of predicting symmetrical motions, so the three
degrees of freedom are the surge and heave translations and the pitching rotation. During the development
of the model, the following general assumptions were made [15]:

• The symmetric motions can be decoupled from the asymmetric motions.
• All subsystems of the tiltrotor are assumed to be rigid
• The mass of tiltrotor is constant as well as the longitudinal position of the centre of mass (c.m.).
• Gravity is constant, and therefore the c.m. coincides with the centre of gravity (c.g.).
• The geometry and mass distribution of the tiltrotor are symmetrical in the surge-heave plane.
• The simulation environment is defined by a flat, non-rotating Earth.
• The contributions of the vertical stabilizers to the longitudinal dynamics are negligible.

The 3-DoF model is developed in 3 different phases. The product of the last phase, meaning phase 3, is used
for the analysis. In this phase, the external moments and forces contain the contributions from the rotor
system, the wing, the fuselage and horizontal tail. The modelling of the rotor system is relatively complex
and required the following simplifying assumptions [15]:

• The rotor is modelled as an articulated hub with a flapping hinge and spring. No lead-lag hinge nor a
hinge offset is modelled.

• The blade aspect ratio is high, air is incompressible.
• The rotor angular velocity Ω is constant along the entire flight envelope.
• Rotor-induced velocity is uniform across the rotor disk.
• The blade cross-section is constant along its length.
• Blade is treated as a slender rod in terms of mass moment of inertia.
• The Lift coefficient of the blade increases linearly with angle of attack.
• The aerodynamic centre of the blade is located at quarter-chord.
• The feathering axis of the blade coincides with with the aerodynamic centre.

Furthermore, for the fuselage the following assumptions are made:

• The fuselage only produces drag, no lift nor a pitching moment is created.
• The aerodynamic centre of the fuselage coincides with the body c.g.
• The fuselage drag is aligned with the body velocity vector.
• The fuselage drag does not depend on the angle of attack.

For the wing and horizontal tail it is assumed that the forces and moments act at their aerodynamic centres,
which are located at quarter chord. For the horizontal tail it is assumed that the change in lift coefficient is
linearly proportional with the elevator deflection.

The above mentioned assumptions capture the most important simplifications made during the development
of the preliminary model. The comparison of the trim curves with other literature has proven that the model
is somewhat valid and can be used for preliminary estimations [15]. The mathematical equations behind the
model are encapsulate by the computation scheme shown below. For an elaborate description of the model
and derivation of the equations the reader is referred to the report by Sokolowski.
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Table 2.1: 3-DoF preliminary model computation scheme

Input parameters
Environmental parameters 𝜌 𝑔
Aircraft parameters 𝑚 𝐼፲ 𝐴፞፪ 𝑁ፑ
Rotor parameters 𝑚፛ Ω 𝑅 𝑐፛ 𝐼፛ 𝐾ᎏ 𝜃፭፰ 𝑁፛ 𝐶፥ᒆ ,፛ 𝐶፝Ꮂ ,፛ 𝐶፝Ꮃ ,፛ 𝐶፝Ꮄ ,፛
Wing parameters 𝐶፥ᒆ ,፰ 𝛼ኺፋ,፰ 𝐶ፃኺ,፰ 𝑐፦ᑒᑔ ,፰ 𝑆፰ 𝐴𝑅፰ 𝑒፰ 𝑖፰ 𝑑፱,፰ 𝑑፳,፰
Horizontal stabilizer parameters 𝐶፥ᒆ ,፡፬ 𝛼ኺፋ,፡፬ 𝐶ፃኺ,፡፬ 𝑐፦ᑒᑔ ,፡፬ 𝑆፡፬𝑠 𝐴𝑅፡፬ 𝑒፡፬ 𝑖፡፬

፝ፂ፥ᑙᑤ
፝ፄ፥፞፯

፝ፄ፥፞፯
፝᎕Ꮂᑤ

𝑑፱,፡፬ 𝑑፳,፡፬
Nacelle parameters 𝑙፧ 𝑑፱,፧ 𝑑፳,፧
Control variables 𝑋ፂፎፋ 𝑋ፋፎፍ 𝜂
State variables 𝑢 𝑤 𝑞 𝜃፟
Calculations

𝑉 = √𝑢ኼ +𝑤ኼ

𝛼፟ = arctan(፰፮ )
𝜃ኻ፬ = 0.0367𝑋ፋፎፍ cos(𝜂)

Wing calculations 𝑢፰ = 𝑉 cos(𝛼፟) − 𝑞𝑑፱,፰
𝑤፰ = 𝑉 sin(𝛼፟) − 𝑞𝑑፳,፰
𝑉፰ = √𝑢ኼ፰ +𝑤ኼ፰
𝛾፰ = arctan ፰ᑨ

፮ᑨ
𝛼፰ = 𝛾፰ + 𝑖፰
𝐶ፋ,፰ = 𝐶፥ᒆ ,፰(𝛼፰ − 𝛼ኺፋ,፰)
𝐶ፃ,፰ = 𝐶ፃኺ,፰ +

ፂᎴᑃ,ᑨ
᎝ፀፑᑨ፞ᑨ

𝐿፰ =
ኻ
ኼ𝜌𝑉

ኼ
፰𝑆፰𝐶ፋᑨ

𝐷፰ =
ኻ
ኼ𝜌𝑉

ኼ
፰𝑆፰𝐶ፃᑨ

𝑋፰ = 𝐿፰ sin(𝛾፰) − 𝐷፰ cos(𝛾፰)
𝑍፰ = −𝐿፰ cos(𝛾፰) − 𝐷፰ sin(𝛾፰)
𝑀፰ =

ኻ
ኼ𝜌𝑉

ኼ
፰𝑆፰𝐶፦ᑒᑔ ,፰

Horizontal stabilizer calculations 𝑢፡፬ = 𝑉 cos(𝛼፟) − 𝑞𝑑፱,፡፬
𝑤፡፬ = 𝑉 sin(𝛼፟) + 𝑞𝑑፳,፡፬
𝑉፡፬ = √𝑢ኼ፡፬ +𝑤ኼ፡፬
𝛾፡፬ = arctan ፰ᑙᑤ

፮ᑙᑤ
𝛼፡፬ = 𝛾፡፬ + 𝑖፡፬
𝐶ፋ,፡፬ = 𝐶፥ᒆ ,፡፬(𝛼፡፬ − 𝛼ኺፋ,፡፬) +

፝ፂ፥ᑙᑤ
፝ፄ፥፞፯

፝ፄ፥፞፯
፝᎕Ꮃᑤ

𝜃ኻ፬

continues on next page
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𝐶ፃ,፡፬ = 𝐶ፃኺ,፡፬ +
ፂᎴᑃ,ᑙᑤ

᎝ፀፑᑙᑤ፞ᑙᑤ
𝐿፡፬ =

ኻ
ኼ𝜌𝑉

ኼ
፡፬𝑆፡፬𝐶ፋᑙᑤ

𝐷፡፬ =
ኻ
ኼ𝜌𝑉

ኼ
፡፬𝑆፡፬𝐶ፃᑙᑤ

𝑋፡፬ = 𝐿፡፬ sin(𝛾፡፬) − 𝐷፡፬ cos(𝛾፡፬)
𝑍፡፬ = −𝐿፡፬ cos(𝛾፡፬) − 𝐷፡፬ sin(𝛾፡፬)
𝑀፡፬ =

ኻ
ኼ𝜌𝑉

ኼ
፡፬𝑆፡፬𝐶፦ᑒᑔ ,፡፬

Control phasing 𝜃ኺ,ፋፋ = −0.0401(1 + 6.5324𝜂)
𝜃ኺᑞᑠᑕ = 𝜃ኺ,ፋፋ − 0.1113
𝜃ኺኺ = 𝜃፭፰ + 𝜃፦፨፝
𝜃ኺ = 1.6𝑋፜፨፥

᎝
ኻዂኺ + 𝜃ኺኺ

Control plane 𝛼ፃፏ = 𝜃ኻ፬ − 𝛼፟ − 𝜂
𝜇ፂፏ =

ፕ
Ωፑ cos(𝛼ፂፏ)

𝜆ፂፏ =
ፕ
Ωፑ sin(𝛼ፂፏ)

𝑑፱,፝፩ = 𝑙፧ sin(𝜃፜) + 𝑑፳,፧ sin(𝜃፜ − 𝜂) + 𝑑፱,፧ cos(𝜃፜ − 𝜂)
𝑑፳,፜፩ = 𝑙፧ cos(𝜃፜) − 𝑑፱,፧ sin(𝜃፜ − 𝜂) + 𝑑፳,፧ cos(𝜃፜ − 𝜂)

𝛾 = ᎞ፂᑝᒆ,ᑓ፜ᑓፑᎶ
ፈᑓ

�̂� = ፪
Ω

𝜎 = ፍᑓ፜ᑓ
᎝ፑ

𝑑፱,፡፮፛ = 𝑙፧ sin(𝜂) + 𝑑፱,፧
𝑑፳,፡፮፛ = −𝑙፧ cos(𝜂) − 𝑑፳,፧
𝜆፪፭ =

፪፝ᑫ,ᑔᑡ
Ωፑ

𝜆፪፩ =
፪፝ᑩ,ᑔᑡ
Ωፑ

Choose 𝜆። until 𝐹(𝜆።) = 0
𝑎ኻ = 𝑓(𝜇ፂፏ , 𝜆፪፭ , 𝜆፪፩, 𝐼፛ , 𝜃ኺ, 𝜆ፂፏ , 𝜆። , 𝛾,Ω, 𝑞, 𝐾ᎏ)

(see Appendix A Equation A.2)
𝐶ፓ ፁፄፌ =

ፍፈᑓ᎐
ኾፑᎷ᎞᎝ ((𝜆

ኼ
፪፭ − 2𝜇ፂፏ𝜆፪፭ + 𝜇ኼፂፏ +

ኼ
ኽ)𝜃ኺ

−ፚᎳ᎘ᑢᑥኼ + ፚᎳ᎙ᐺᑇ
ኼ + 𝜆፪፭ − 𝜆ፂፏ − 𝜆።)

𝐶ፓ ፆፋፀፔ =
2𝜆።√(

ፕ
Ωፑ 𝑐𝑜𝑠(𝛼ፂፏ − 𝛼ኻ))

ኼ + ( ፕ
Ωፑ sin(𝛼ፂፏ − 𝛼ኻ) + 𝜆።)

ኼ

𝐹(𝜆።) = 𝐶ፓ ፁፄፌ − 𝐶ፓ; ፆፋፀፔ

continues on next page
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𝑎ኺ = 𝑓(𝜇ፂፏ , 𝜆፪፭ , 𝜆፪፩, 𝐼፛ , 𝜃ኺ, 𝜆ፂፏ , 𝜆። , 𝛾,Ω, 𝐾ᎏ)
(see Appendix A Equation A.1)

𝑏ኻ = 𝑓(𝜇ፂፏ , 𝜆፪፭ , 𝜆፪፩, 𝐼፛ , 𝜃ኺ, 𝜆ፂፏ , 𝜆። , 𝛾,Ω, 𝑞, 𝐾ᎏ)
(see Appendix A Equation A.3)

𝑇 = 𝑁ፑ𝐶ፓ ፁፄፌ𝜌Ωኼ𝜋𝑅ኾ

𝐻 = 𝑓(𝐼፛ , 𝑁፛ , 𝛾, 𝜇ፂፏ , 𝜃ኺ, 𝑎ኺ, 𝑎ኻ, 𝑏ኻ, 𝜆። , �̂�, 𝜆፪፩,
𝜆፪፭ , 𝑞,Ω, 𝜆ፂፏ , 𝑅, 𝑐ፑ , 𝜌, 𝐶፥ᒆ , 𝐶፝Ꮂ ,፛ , 𝐶፝Ꮃ ,፛ , 𝐶፝Ꮄ ,፛)
(see Appendix A Equation A.4)

𝑀ፊᎏ =
ፍᑉፍᑓፊᒇፚᎳ

ኼ
𝐷፟ =

ኻ
ኼ𝜌𝑉

ኼ𝐴፞፪
𝜃ፃፏ = 𝜃፜ − 𝑎ኻ − 𝜂

State equations �̇� = −𝑔 sin(𝜃፟) −
ፃᑗ
፦ cos(𝛼፟) +

ፓ
፦ sin(𝜃ፃፏ) −

ፇ
፦ cos(𝜃ፃፏ)

−𝑞𝑤 + ፗᑨ
፦ + ፗᑙᑤ

፦
�̇� = 𝑔 cos(𝜃፟) −

ፃᑗ
፦ sin(𝛼፟) −

ፓ
፦ cos(𝜃ፃፏ) −

ፇ
፦ sin(𝜃ፃፏ)

+𝑞𝑢 + ፙᑨ
፦ + ፙᑙᑤ

፦
�̇� = ፓ

ፈᑪ
(sin(𝜃ፃፏ)𝑑፳,፡፮፛ − cos(𝜃ፃፏ)𝑑፱,፡፮፛) −

ፇ
ፈᑪ
(cos(𝜃ፃፏ)𝑑፳,፡፮፛

+ sin(𝜃ፃፏ)𝑑፱,፡፮፛) +
ፌᑂᒇ
ፈᑪ
+ ፌᑨ

ፈᑪ
+ ፌᑙᑤ

ፈᑪ

+ፙᑨ፝ᑩ,ᑨዅፗᑨ፝ᑫ,ᑨፈᑪ
+ ፙᑙ፝ᑩ,ᑙᑤዅፗᑙᑤ፝ᑫ,ᑙᑤ

ፈᑪ

�̇�፟ = 𝑞

2.3.2. GTRS Model
Ferguson [8] documented the Generic Tilt-Rotor Simulation (GTRS) model, a real time model that can be
used in support of aircraft design, pilot training and flight testing. The model is mainly based on 1/5 model
scale wind-tunnel test data, in combination with basic physical equations and correction factors. The model
consists of more than 20 different modules that account for different subsystems within the aircraft, such as
the fuselage, the wings, the rotors, the landing gear, the SCAS, the engines and the horizontal and vertical
stabilizers.

The model has been validated with XV-15 flight test data [6]. Due to its high level of detail and accuracy
the model is often used as the baseline of current tiltrotor research and development activities. It contains
many lookup tables including among others the effects of angle of attack, nacelle angle, sideslip, Mach
number and flap defection on the aerodynamic coefficients and they contain the correction factors to the
dynamic response of the aircraft. The GTRS data is also often used to validate the stability characteristics
of a tiltrotor model. Ferguson included many tables containing the the stability and control derivatives of
the XV-15 under different flight conditions, nacelle angles and velocities.

The mathematical was originally developed by Bell Helicopter Textrom (BHT), also under a contract of
NASA, for the Bell Model 301 Tilt Rotor Research Aircraft. This real-time model, documented by Harendra
et al. [16], was developed to support tiltrotor design, pilot training and flight testing. The model was
developed with as much precision as possible, representing the kinematic, dynamic and aerodynamic char-
acteristics of the Model 301. The model development was constrained by two important factors. Firstly the
fast loop computational time had to be less than 50 milliseconds in order to maintain real time simulation.
For this reason, the rotor representation was limited to steady, linearized aerodynamics with uniform inflow.
Compressibility effects and rotor stall were only used to define a maximum rotor thrust coefficient limit, and
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further not considered not in the model. This has the consequence that the rotor model is accurate enough
for most handling qualities studies, but not sufficiently adequate to evaluate certain flight conditions where
stall and compressibility effects are significantly present. Secondly, the rigorousness of the model is limited
due to the lack of available validation data. For example, the rotor interference at the wing and tail were
not properly tested at the time of the development of the model.

Ferguson used this model as the foundation for the GTRS model, but made quite a lot of changes to both
the model and the report structure. Ferguson had a lot more data at his disposal coming from XV-15 flight
tests, and he used this data to revise and improve the equations of the BHT model. He used the XV-15 flight
test data together with multiple other program data to validate the results, and the deficiencies that were
found were corrected for. In order to keep the GTRS model real-time, Ferguson was not able to solve the
stall and compressibility deficiencies that were part of the BHT model. The rotor wake-airframe aerodynamic
interactions are however significantly improved in the GTRS model, using XV-15 test data.

2.3.3. FLIGHTLAB Model
At the University of Liverpool, a multi-body modelling environment called FLIGHTLAB has been developed,
which provides a modular approach for creating flight dynamics models. This tool enables the user to create
a complete vehicle model from a library of predefined components. FLIGHTLAB was originally developed
for rotorcraft, using blade element theory (BEM) models, but has been further developed to also support
fixed-wing aircraft. Based on the BHT model [16], a FLIGHTLAB model of the XV-15 has been developed,
the FXV-15. The development of the multi-body dynamics model has been extensively described by Padfield
[2]. The main components of the FXV-15 have been divided into subcomponents, which in turn have been
further split into even smaller components. At the lowest sub-branche, the components have been modelled
and using multiple body dynamics (MBD) FLIGHTLAB assembles all components into one system. The
hub and rotor system are modelled as a rigid gimbal combined with torsional spring-damping components
allowing motion in pitch and roll directions. FLIGHTLAB neglects the coning and the first harmonic flapping
motion due to the blade flexibility and only models lower frequency flapping due to the motions of the gimbal.
The Peters-He three-state inflow model is used for the FXV-15, which is derived from the general Peters-He
finite-state model. Twist, chord, inertia, sweep and droop are included in the blade modelling.

The rotor wake on the wing and empennage are derived from wind tunnel tests. The rotor wake on the
horizontal stabilizers causes an upwash during low-speed helicopter flight, and a downwash during high-speed
flight in airplane mode, according to Padfield. This rotor wake has a significant influence on the stability of
the tiltrotor, and may cause a pitching moment or sideslip. The wake also affects the directional stability
due to interactions with the vertical stabilizer.

The FXV-15 is validated performing trim, stability and response analyses and comparing the results with the
among other the GTRS model [8] and the SID model [17]. The stability results are discussed in more detail
later in this report, but proved to be quite accurate. For this reason, the FXV-15 is taken as the baseline con-
figuration in the ’Rotorcraft Handling, Interactions and Loads Prediction’ (RHILP) project [18]. The RHILP
project is one the first projects to develop handling qualities criteria for a civil tiltrotor. The tiltrotor design
concept that was used besides the FXV-15 during this project is the EUROTILT configuration, developed
by Eurocopter. Because of the promising results of the FXV-15, a FLIGHTLAB model of this tiltrotor has
been created as well, used to study tiltrotor handling qualities.

Walker and Perfect [19] analysed the longitudinal stability and control of a Large Tilt-Rotor (LTR). The re-
search contains the modelling of a large tiltrotor and consequently using this model to improve the handling
qualities of the aircraft. The model has been developed using FLIGHTLAB as well. Consequently the model
is tested using HELIFLIGHT, which is a real-time piloted simulation facility, located at the university of
Liverpool. The focus of this research is mainly limited to conversion mode, and only the longitudinal modes
of the aircraft are assessed. It was found that the handling qualities of the large tiltrotor are characterized by
poor predictability, which is mainly due to the pitch drop back phenomenon. Instability occurs in low-speed
helicopter mode.
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2.3.4. JANRAD Model
Klein [20] investigated the linear state space modeling of a tiltrotor by modifying an existent MATLAB
model which is used for conventional helicopter stability analysis. This software model, called JANRAD
(Joint Army-Navy Rotorcraft Analysis and Design) takes in the physical and aerodynamic characteristics
of a rotorcraft as inputs and generates performance, stability and control data based on these inputs. The
tiltrotor in helicopter mode has similar characteristics as a conventional helicopter, so for analysis in helicopter
mode the JANRAD model already had most of its important parameters included. The only parameter that
needed to be added was a flapping spring constant. The flapping of the rotor blades in a gimballed rotor
system is constrained by centrifugal force, and in most designs also by a flapping spring. This spring
produces additional significant moments when the blades flap. In airplane mode a lot more parameters
needed to be added. The wing, fuselage and tail parameters which were included were not sufficient to
accurately model a tiltrotor so these needed to be modified. Completely new routines needed to be written
to analyse the stability characteristics of the tiltrotor in airplane mode because the dynamics differ so much
from conventional rotorcraft. Separate trimming and linearization routines were written for the helicopter
and airplane modes because their dynamics are very different. To simplify the modelling process, several
assumptions were made. The body of the tiltrotor is assumed to be rigid, and the effects of the rotor wake
on the fuselage were neglected. In order to verify the model, four analysis methods were used:

1. Stability and control derivatives comparison
2. Eigenvalue comparison of the linear system A matrix.
3. Frequency response comparison.
4. Time response comparison to various inputs.

The model is validated using XV-15 data and by comparing the results with two other models; Ferguson’s
GTRS [8] and an airframe state space model of the V-22. Although this model is a lot simpler than many
higher order models such as the GTRS, the results proved to be fairly accurate. The conversion mode is
however not addressed in this project.

2.3.5. HeliUM Model
Berger et al. [3] investigated the trim data, linearized control and stability derivatives and eigenvalues of
two types of aircraft: a lift offset coaxial rotorcraft and a tiltrotor. The generic models of both rotorcraft
were developed using HeliUM, which is a comprehensive rotorcraft simulation code that uses a finite-element
approach to model flexible rotor blades with nonlinear coupled torsion, lag and flap dynamics to capture
the aerodynamic, inertial and structural loads along each blade segment. The two aircraft configurations
are build within the model using a multi-body-like approach, combining all aircraft independent subsys-
tems. The coaxial model has been validated against the Sikorsky X2 GenHel model, while the tiltrotor has
been validated against XV-15 flight data, the GTRS model and a CAMRAD II model of the Large Civil
Tiltrotor (LCTR), which will be described later in this section. As the main topic of this research is the sta-
bility characteristics of a tiltrotor a further description of the coaxial rotorcraft model is left out of this review.

The generic tiltrotor configuration developed in this research is a combination of the XV-15, V22 Osprey
and the NASA Large Civil Tilt-Rotor 2 (LCTR2)[21]. A render of the configuration is shown in Figure 2.4.
The configuration has a stiff in-plane hingeless rotor system with 4 rotor blades. The airfoil is similar to the
LCTR2, while the baseline properties for twist and chord are taken from the XV-15 but slightly tuned to be
more consistent with trends of current more advanced tiltrotors, which use a stiffer but lighter rotor system.
The wings do not have any forward sweep, but have inboard flaps and outboard ailerons just like the XV-15.
The inflow model which is used for this configuration leaves the wake of each rotor isolated, impinging on the
wing which results in an additional down force. Instead of a horizontal tail plane combined with two vertical
tails which we know for the XV-15, this configuration uses a V-tail, which properties come from lookup
tables of representative airfoils. The flaperons on the tail can deflect symmetrically creating a pitching
moment or asymmetrically inducing a yawing moment, combining the tasks of the elevators and the rud-
ders respectively. The nacelle angle ranges from 0 degrees in airplane mode to 95 degrees in helicopter mode.

After completion of the trim, the models were linearized in order to assess their stability characteristics. The
tiltrotor linearized model contains nine rigid-body states, together with four second-order rotor states per
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Figure 2.4: The generic tiltrotor model developed in HeliUM [3]

blade, three inflow states per rotor and two second-order nacelle rotational dynamic states per nacelle. In
addition to these in total fifty-one states the model has ten inputs; symmetric longitudinal and lateral cyclic
and collective, differential longitudinal cyclic and collective, deflection of the aileron, elevator and rudder and
the torque of both nacelles. The reduced form of this linearized model together with its states and inputs is
shown below:

�̇� = 𝐴𝑥 + 𝐵𝑢 (2.1)
𝑥 = [𝑢, 𝑣, 𝑤, 𝑝, 𝑞, 𝑟, 𝜙, 𝜃, 𝜓] (2.2)
𝑢 = [𝜃ᖣኻ፬ , 𝜃ᖣኻ፜ , 𝜃ᖣኺ, Δ𝜃ኻ፬ , Δ𝜃ኺ, 𝛿ፚ , 𝛿፞ , 𝛿፫ , 𝑄፧ፚ፜Ꮃ , 𝑄፧ፚ፜Ꮄ] (2.3)

The two nacelle inputs were transformed to symmetric (𝛿፧ፚ፜) and differential (Δ𝛿፧ፚ፜) angles before further
analysis was done. The further analysis contains the analysis of the trends of the stability and control deriva-
tives with airspeed for six different nacelle angles: 0, 30, 60, 75, 90 and 95 degrees. Furthermore, the blade
natural frequencies and deflections are analysed and the eigenvalues and modes are investigated.

2.3.6. Other Models
One of the first successful flight dynamics models for tiltrotors has been developed by Tischler [17]. Tis-
chler has developed a flight dynamics model using frequency domain identification technology. The XV-15
bare-airframe dynamics have been evaluated and documented, and the results of the simulation model have
been compared with actual flight test data. In total four different flight conditions have been compared,
from hover to cruise. This model, however, has been verified by comparison of trim data, and the stability
analysis has been left as a recommendation for later research.

Many years later Tischler wrote a book on aircraft and rotorcraft system identification [22]. In this book,
Tischler explains the procedures of system identification, and presents example results of handling qualities
and flight control analyses of different types of rotorcraft and fixed-wing aircraft. One of these example
rotorcraft is the XV-15. Tischler also treats amongst others state space model identification, and produces
state space matrices which are then validated with GTRS model data.

Johnson [23] investigated the dynamics of tilting proprotor aircraft in cruise flight. For this purpose, a
nine degrees of freedom theoretical model is developed for dynamic analysis of a proprotor mounted on a
cantilever wing operating at high velocity. The nine degrees of freedom contain the longitudinal and lateral
cyclic flap, the longitudinal and lateral cyclic lag, the collective flap and lag and the wing vertical bend-
ing, chordwise bending and torsion. The cyclic and collective pitch controls serve as input to the model,
together with three-dimensional gust perturbations. Johnson also investigates the contribution of the pro-
protor to the stability derivatives of the aircraft by deriving analytical expressions. In contrary to other
literature about tiltrotor stability derivatives, Johnson uses more classical airplane derivatives instead of heli-
copter derivatives, which entail the forces and moments due to angle of attack and sideslip, e.g. 𝐶፥ᒇ and 𝐶፳ᒆ .

Kleinhesselink [12] attempted to create an open-source model of a tiltrotor, using basic equations of motion.
This model is focused on the control and stability characteristics of the XV-15 tiltrotor and uses simple
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linear analysis. The features of the model are based on the minimum required model complexity for piloted
simulation for handling qualities, as defined by Heffley and Mnich [24]. The most important features of this
model entail the all rigid-body degrees of freedom, the first-order flapping dynamics of the rotor and the first
order main rotor induced velocity approximations. The rotor was modelled as an articulated rotor, meaning
that there is no lead-lag degree of freedom. Furthermore, the model includes blade twist, hinge offset and a
flapping spring. The model has 6 degrees of freedom, meaning that there are forces and moments along 3
axis, which are used in conjunction with the nonlinear rigid body Euler equations of motion. In this model
no correction or scaling factors are used to obtain a better comparison with actual flight data. The analysis
included a trim- and time history solution, whereafter the model was linearized. All steps of the analysis
included validation using the GTRS. During the linearization process the stability and control derivatives
were determined for several nacelle angle and airspeed combinations. The A and B matrices, which contain
the stability and control derivatives respectively were constructed. Using the A matrix, the eigenvalues could
be determined which are then compared with the GTRS data roots during hover in helicopter mode and 200
kts in airplane mode.

Lu et al. [4] developed a nonlinear flight dynamics model for tiltrotor aircraft and investigated its dynamic
stability characteristics. The analysis conducted in the research is performed using XV-15 data. Lu et
al. modelled several tiltrotor subsystems separately and combines them to form the full model. The most
challenging subsystem to model is the rotor. The XV-15 has two 3-bladed gimballed rotors. The motion
of the gimballed hub relative to the rotor shaft has two degrees of freedom; the longitudinal tilt angles and
lateral tilt angles. This is something that we also see for articulated blades, making them in some sense
similar. Therefore, Lu et al. decided to model the gimballed hub system as an articulated system, just
like Kleinhesselink [12]. Furthermore, the wing is modelled using functions dependent on angle of attack,
nacelle angle and flap setting. The effect of the rotor wake on the wing is also included. The empennage is
modelled similar to the wings, also including the downwash due to the wing and the rotors. The full flight
dynamics model includes 47 states, of which 26 are rotor inflow states, 12 are flapping motion states and 9
are rigid-body aircraft states. Validation is firstly executed through comparison of the trim results with the
GTRS. Secondly, the model is linearized resulting in a reduced model with only the 9 aircraft states and 4
control inputs:

�̇� = 𝐴𝑥 + 𝐵𝑢 (2.4)
𝑥 = [𝑢, 𝑣, 𝑤, 𝑝, 𝑞, 𝑟, 𝜙, 𝜃, 𝜙] (2.5)
𝑢 = [𝛿፜፨፥፥ , 𝛿፥፨፧፠ , 𝛿፥ፚ፭ , 𝛿፩፞፝] (2.6)

By comparison of the eigenvalues of the A matrix from Equation 2.4 with results from flight tests and the
GTRS, the model is further validated. With the eigenvalues conclusions can be drawn about the dynamic
modes of the tiltrotor. The Dutch roll and phugoid are unstable in helicopter mode. In airplane mode, all
eigenmodes are stable.

Lu et al. also analyse the tiltrotor speed stability. This speed stability stability defines the relationship
between the forward speed and the longitudinal stick. Positive speed stability is required for cyclic control,
as defined by ADS-33E-PRF handling quality requirements [25]. This means that pushing the cyclic stick
forward should result in an increase in flight speed. Four different nacelle angle cases were analysed, and
their migration of the longitudinal stick with respect to speed is shown in Figure 2.5. It can be observed that
the requirement is not met for an increase in velocity between 20 and 40 knots in helicopter mode, as this
requires pulling the cyclic stick. This occurs mainly due to the aerodynamic interference of rotor wake and
horizontal stabilizer. The dotted line in the figure shows a conversion path from helicopter mode to airplane
mode. It can be seen that the speed stability is positive when the aircraft is converting from helicopter
mode to conversion mode with a nacelle angle of 60 degrees. However, when converting from this condition,
through 140 knots with a 30 degrees nacelle angle, to 160 knots in airplane mode, the longitudinal cyclic
migrates aft. This results in negative speed stability. This feature can be explained by the increase of the
efficiency of the elevator with increasing flight speed. This feature is also mentioned by Kleinhesselink [12].

NASA [21] [26] developed the ’Large Civil Tilt-Rotor’ concept. The project started with the Large Civil
Tilt-Rotor (LCTR), but has evolved into an even newer concept: the LCTR2. The LCTR2 is intended to
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Figure 2.5: Migration of longitudinal stick w.r.t. airspeed [4]

replace regional medium range airliners, with a passenger capacity of 90, a cruise speed of 300 knots and a
range of over 1000 nautical miles. A high-fidelity flight dynamics model model has been developed which
also incorporates flexible wing dynamics. This model is validated against XV-15 test data and against the
GTRS model. This research is however mainly focused on the flight dynamics modelling, control system
architecture and the handling qualities of a tiltrotor, and less on the dynamic stability characteristics of the
aircraft.

2.4. Aircraft Stability
The stability of an aircraft can be viewed as the problem of finding an equilibrium state and maintaining this
equilibrium while coping with all types of perturbations from all different directions. A body is said to be in
equilibrium when the net forces and net moments acting on the body all equal zero. This means that there
are no accelerations acting on the body and all states are kept constant. The aspects of aircraft stability can
be divided into static stability and dynamic stability. Respectively, both will be addressed in the upcoming
two subsections.

2.4.1. Static stability
An aircraft response to a perturbation in one of the states is defined statically stable when the initial ten-
dency to that perturbation is toward the equilibrium state. However, if the aircraft increases the orientation
following the disturbance, the aircraft is said be statically unstable. If the aircraft changes attitude following
a disturbance and retains in this new orientation without further changes in attitude, the aircraft is said to
be statically neutral.

In Figure 2.6 the different static stability cases are depicted for an aircraft that is disturbed about the
pitching axis. Subfigure (a) shows the aircraft in equilibrium state in steady horizontal flight. In subfigure
(b) a disturbance occured causing the angle of attack of the aircraft to increase. After the disturbance,
the angle of attack keeps on increasing instead of returning to the original state, meaning the airplane is
statically unstable. In subfigure (c) a similar disturbance occured causing the angle of attack to increase.
The aircraft maintains this new attitude and a new equilibrium state is found. This is an example of statically
neutral aircraft.

2.4.2. Dynamic stability
The dynamic stability of an aircraft describes how an aircraft behaves over time following a disturbance.
When an aircraft is statically stable, there are three different types of oscillatory motions it may undergo
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Figure 2.6: Static stability

Figure 2.7: Dynamic stability

after a perturbation. If the magnitude of the oscillations decreases over time and the aircraft returns to its
original equilibrium the vehicle is said to be dynamically stable. However, if the magnitude of the oscillations
increases over time the equilibrium position will never be reached again without interference by the pilot the
aircraft is dynamically unstable. If the oscillations are neither damped nor increasing, a dynamically neutral
state is reached by the aircraft.

In Figure 2.7 the three different types of dynamic stability are depicted using the same disturbance example
as in the previous subsection about static stability. In subfigure (a), the aircraft is dynamically stable since
the pitching oscillations decrease and the same equilibrium state is reached over time. In subfigure (b) the
magnitude of the oscillations is constant over time meaning that the aircraft is dynamically neutral. In sub-
figure (c) the vehicle is dynamically unstable; the oscillations increase over time, eventually reaching angles
of attack which are very dangerous to fly under.

The dynamic responses experienced by an aircraft can be further divided into five different types. These
five types are also known as the dynamic modes of the aircraft, and play a very important role in stability
analysis. There are 2 longitudinal and 3 lateral/directional dynamic modes. All five will be briefly discussed
hereafter.
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Phugoid
The first longitudinal dynamic mode is called the phugoid. The phugoid is an oscillatory mode with a
variation of airspeed, pitch angle and altitude over time. This basically means that the motion consists of
a coupling between a pitch and surge subsidence, which is why the phugoid is sometimes referred to as
the ’pitch-surge’ mode. The mode has a large period because of which the angle of attack remains almost
constant over time. There is a very slow interchange between kinetic and potential energy during the mode,
while the aircraft attempts to restore the steady horizontal equilibrium state. For conventional helicopters,
the phugoid is often unstable, primarily at low airspeeds [27]. For airplanes, the mode is most often stable
and easily controlled by a pilot [28]. The difference between the two lies in the stability derivative 𝑀፮.
Helicopters often have a positive 𝑀፮ value, which destabilizes the mode. For airplanes, the 𝑀፮ is often
approximately zero for subsonic speeds. The moments from all aerodynamic surfaces are proportional to
dynamic pressure and tend to cancel eachother out [2]. A tiltrotor in hover has a lot of helicopter stability
characteristics. Because the aerodynamic surfaces do not contribute to the stability when the airspeed is
zero, the phugoid of the tiltrotor is also unstable in hover. As airspeed increases the tiltrotor starts to behave
more like an airplane and the phugoid stabilizes [3].

Short Period
The second longitudinal mode is called the short period, and as the name already suggest, is an oscillatory
mode with a relatively short period. The short period is a rapid pitching motion with a variation in pitching
rate and angle of attack, but with almost constant velocity. In hover and low airspeeds the VTOL short period
is decoupled into non-oscillatory heave and pitch subsidences. This happens because the pitch-heave coupling
derivative 𝑀፰ is very small [2]. For airplanes this decoupling does not occur because they only operate at
relatively high airspeeds. For both helicopters and airplanes the short period is usually a heavily damped
stable mode. For airplanes, the damping of the short period is mainly provided by the horizontal tailplane.
[28]. A tiltrotor also experiences the decoupling of the heave and pitch subsidences at low airspeeds. At
high airspeeds the tiltrotor short-period is highly damped and oscillatory [3].

Roll Subsidence Mode
The roll subsidence mode is a lateral dynamic mode, and is simply the damping of the rolling motion. A
damping moment should be created by the aircraft in order to damp an induced roll rate, preventing roll
rates from building up. For both helicopters and airplanes the mode is stable, and the damping increases
with airspeed. The same holds for the tiltrotor.

Spiral Mode
The spiral mode is a non-oscillatory lateral/directional mode which combines roll, yaw and sideslip. The
mode usually happens so slow that it can not be sensed by the pilots, but only perceived visually. The spiral
mode for conventional helicopters at low speeds is usually primarily a yawing motion only dependent on 𝑁፫.
Since 𝑁፫ is a damping derivative the spiral is a stable mode and equilibrium is restored by the helicopter
itself [2]. The dihedral effect is destabilizing the spiral mode [29], and this effect is much more prominent for
fixed-wing aircraft than for conventional helicopters. Therefore, airplanes and tiltrotor often experience an
unstable spiral mode. However, the mode usually happens so slow that this is not considered a big problem.

Dutch Roll
The Dutch Roll mode is an oscillatory lateral/directional mode which consists of a combination of yawing,
rolling and sidesliping motion. For VTOL aircraft in hover the Dutch roll mainly consists of a coupling
between roll and sway, and the mode is often referred to as the ’lateral phugoid’ because of its similar
character as the longitudinal phugoid [3]. The Dutch Roll has quite a short period and is usually lightly
damped. The mode is often considered an undesirable mode since it interferes with the pilot’s ability to
hold a trim. Besides this, the mode is quite unpleasant for passengers [27]. The Dutch roll is strongly
influenced by the yaw damping and the dihedral effect, of which the former is stabilizing and the latter
destabilizing. A conventional helicopter often has high yaw damping due to its tail rotor and the dihedral ef-
fect is small because of the absence of wings. Therefore, the Dutch roll is most often stable for helicopters [2].
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For an airplane, the Dutch roll mode is the more or less the lateral/directional equivalent of the short
period. The moments of inertia in pitch and yaw or an airplane are of similar magnitude and therefore is the
frequency of the two modes of similar order. However, the fin which damps the Dutch roll is less effective in
damping than the tail plane which damps the short period. Therefore, the Dutch roll is more lightly damped.
Nevertheless, the mode is most often stable for airplanes [28]. For a tiltrotor, the Dutch roll damping is
provided by the vertical stabilizers. This creates a lightly-damped but stable mode at moderate to high
airspeeds. At low airspeeds, the aerodynamic efficiency of the vertical stabilizers is low and not enough yaw
damping is created. The destabilizing dihedral effect is more dominant in hover and at low airspeeds which
causes an unstable Dutch roll [2].





3
Non-linear Model

In this chapter the non-linear six-degrees-of-freedom tiltrotor flight dynamics model, from now on referred
to as 6-DoF model, will be described. The basis of this model has been developed by Sokolowski and is
modelled in MATLAB [30]. The model serves as the main model for the stability analysis conducted in the
research described in this report. This chapter contains a general description of the model and a schematic
overview of the equations describing the dynamics. If the reader is interested in a more thorough explanation
about the underlying equations, he/she is referred to the report by Sokolowski. Multiple changes have been
made to the 6-DoF model in order to increase the accuracy of the stability analysis results. These changes
will also be elaborated upon in this chapter.

In the first section of this chapter a global description of the 6-DoF is given. The second section elaborates
upon the assumptions made during the modelling process. The third section describes the different modules
of which the 6-DoF model consists and gives a schematic representation of the underlying equations.

3.1. Model Description
In general, the flight dynamics model describing the motion of an aircraft takes the following non-linear form:

�̇� = 𝑓(𝐱, 𝐮, 𝑡) (3.1)

where 𝐱 denotes the state vector, 𝐮 denotes the input vector and t is the response time. The block diagram
in Figure 3.1 depicts the top-level structure of the 6-DoF model. The required inputs for the model are
shown in the green blocks. Firstly, some environmental parameters are required. The aerodynamic forces are
dependent on the air density 𝜌 and gravitational forces are dependent on the gravitational acceleration 𝑔.
Secondly, the inputs of the pilot are required. These inputs contain the collective stick deflection 𝑋ፂፎፋ, the
longitudinal and lateral cyclic stick deflections 𝑋ፋፎፍ and 𝑋ፋፀፓ and the pedals deflection 𝑋ፏፄፃ. The input
vector 𝑢 therefore looks as follows:

𝐮 = [𝑋ፂፎፋ , 𝑋ፋፎፍ , 𝑋ፋፀፓ , 𝑋ፏፄፃ] (3.2)

The tilt toggle, with which the pilot can control the nacelle angle, has not been integrated into the model
yet. Thirdly, some general aircraft parameters are required as inputs. These parameters contain among
others aircraft geometry parameters and derivatives describing the effect of the control surfaces deflections
on the aerodynamic coefficients. Lastly, the initial states on the aircraft serve as input to the model. These
states contain the translational velocities, rotational velocities and aircraft attitude. The state vector 𝑥 has
the following form:

𝐮 = [𝑢, 𝑣, 𝑤, 𝑝, 𝑞, 𝑟, 𝜙, 𝜃, 𝜓] (3.3)

The 6-DoF model describes the motion of the tiltrotor body centre of gravity. The motion of the body is
defined in the body reference frame (ℱ፛), which is a non-inertial rotating frame. The different components
of the tiltrotor create separate forces and moments which all influence the general motion of the aircraft.

47
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Figure 3.1: Top-level block diagram of the 6-DoF flight dynamics model

These forces and moments are often more easily defined in a reference frame aligned with the component
itself instead of directly in (ℱ፛). Therefore the XV-15 has been split up in different components and for
all components the forces and moments are calculated separately in their preferred reference frame. These
forces and moments are then converted to the body reference frame using transformation matrices after
which they can be summed up to compute the total resultant forces and moments acting on the aircraft.
The 6-DoF model makes a distinction between 15 different components, which are all numbered in Table 3.1.
The numbers in the table coincide with the numbers in Figure 3.2, which gives a clear overview which exact
components are dealt with.

In order to compute the forces and moments created by the different components several modules have been
constructed. A lot of components are very similar so not every component requires its own separate module.
For example, each wing is separated in three different components. The only thing that distinguishes these
components are the secondary control surfaces attached to them and their distance to the body centre of
gravity. Therefore the calculations of the forces and moments are very similar. In Figure 3.3 a detailed block
diagram of the 6-DoF flight dynamics model is given containing all the modules and the order in which all
modules should be executed. Some components require the outputs of other components so therefore the
order of calculation of all components is very important. At the top of each block the required module is
given and at the bottom the components are given for which the module should be ran. In the end the sum
of forces and moments of all components are gathered in the main module in which the equations of motion
are derived. The output of this main module defines the behavior of the body centre of gravity. All modules
will be elaborated upon in more detail later this chapter.

3.2. General Assumptions
In order to bound the scope of the model and to simplify the modelling process several general assumptions
have been made. The assumptions which are component specific are discussed in the descriptions of the
modules, which are elaborated upon in the next section. The most important general assumptions are listed
below

• All subsystems of the tiltrotor are assumed to be rigid.
• The mass of tiltrotor is constant, although the longitudinal position of the centre of mass may vary.
• The geometry and mass distribution of the tiltrotor are symmetrical in the surge-heave plane.
• The simulation environment is defined by a flat, non-rotating Earth.
• Gravity is constant, and therefore the centre of mass coincides with the centre of gravity.
• The engine dynamics can be integrated into the model by changing the rotor gearing.
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Table 3.1: The components considered in the 6-DoF model

Nr. Component Acronym
1 Articulated Rotor Left ARL
2 Articulated Rotor Right ARR
3 Wing Free, Left WFL
4 Wing Free, Right WFR
5 Wing Flap, Left WFLL
6 Wing Flap, Right WFLR
7 Wing Aileron, Left WAL
8 Wing Aileron, Right WAR
9 Horizontal Stabilizer, Left HSL
10 Horizontal Stabilizer, Right HSR
11 Vertical Stabilizer, Top Left VSTL
12 Vertical Stabilizer, Top Right VSTR
13 Vertical Stabilizer, Bottom Left VSBL
14 Vertical Stabilizer, Bottom Right VSBR
15 Fuselage FL

Figure 3.2: Schematic figure of the XV-15 with all separate components numbered [1]
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Figure 3.3: Detailed block diagram of the 6-DoF flight dynamics model

3.3. Modules
In this section all different modules of the flight dynamics model are elaborated upon. The inputs for each
module are given as well as the aircraft components to which the modules apply. The specifics of each
component are highlighted as well as the important outputs. Furthermore, if a variable in the right column
of the module is bold, then we are dealing with a vector. This vector, with an x- y- and z-component, is
defined in the reference frame indicated in the left column. For a more detailed description of the reference
frames the reader is referred to the report by Sokolowski.

3.3.1. Module: Initialize Model
When modelling the flight dynamics of a tiltrotor aircraft, one should keep in mind that the rotation of the
nacelles causes a significant shift in aircraft c.g. along the longitudinal axis. Often for simplicity’s sake this
nacelle shift effect on the c.g. is neglected and the helicopter c.g. is assumed for the entire conversion corri-
dor [12]. The same goes for the moments of inertia, for which the H-mode MOI’s are often used. This was
also the case for the initial 6-DoF model. For the stability analysis the stability and control derivatives quite
heavily depend on the moments of inertia and therefore it was chosen to integrate this effect of nacelle angle.
Linear equations describing the moments of inertia as a function of mast angle 𝛽፦ have been integrated
in the model. The mast angle is 0 degrees in H-mode and 90 degrees in A-mode. Similarly, expressions
describing the c.g. stationline (SL) and waterline (WL) have been integrated. These expressions are also
a function of the mast angle. The moments of inertia changes with nacelle angle are shown in Figure 3.5.
The SL and WL have been plotted as a function of nacelle angle in Figure 3.4.

The expressions mentioned above are integrated in the Initialize Model module, and the SL, WL and mo-
ments of inertia are used in other modules. Using the SL and WL the distances between the body c.g. and
the components can be computed. As long as the nacelle angle is kept constant this module only has to be
used once at the start of the simulation.

Furthermore, it is important to mention that the 6-DoF model uses a different definition of the nacelle than
used throughout the rest of this report. In theory the nacelle angle equals 90 degrees in H-mode and 0
degrees in A-mode. In this model the nacelle angle has shifted 90 degrees; this means in helicopter mode
the nacelle angle equals 0 degrees and in airplane mode -90 degrees. The mast angle however still equals 0
degrees in H-mode and 90 degrees in A-mode, which explains the relation 𝛽፦ = −𝜂 in the scheme below.
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Input parameters

Aircraft parameters 𝑊ፏ 𝐺𝑊 𝑆𝐿ፍፏፏ 𝑊𝐿ፍፏፏ 𝑆𝐿ፏ 𝑊𝐿ፏ 𝑆𝐿ፂፆ |ᒇᑞᎾᎲ 𝑊𝐿ፂፆ |ᒇᑞᎾᎲ
𝐼፱ |ᒇᑞᎾᎲ 𝐼፲ |ᒇᑞᎾᎲ 𝐼፳ |ᒇᑞᎾᎲ 𝐽፱፳ |ᒇᑞᎾᎲ 𝐾𝐼1 𝐾𝐼2 𝐾𝐼3 𝐾𝐼4

Components parameters 𝑆𝐿፜ 𝑊𝐿፜ 𝐵𝐿፜
Aircraft states 𝜂

Calculations
ℱ፛ 𝛽፦ = −𝜂

𝐷𝑋 = ፖᑇ
ፆፖ (𝑆𝐿ፍፏፏ − 𝑆𝐿ፏ)

𝐷𝑍 = ፖᑇ
ፆፖ (𝑊𝐿ፍፏፏ −𝑊𝐿ፏ)

𝐷𝑋ፂፆ = 𝐷𝑍(sin𝛽፦) + 𝐷𝑋(1 − cos𝛽፦)
𝐷𝑍ፂፆ = 𝐷𝑍(1 − cos𝛽፦) − 𝐷𝑋(sin𝛽፦)
𝑆𝐿ፂፆ = 𝑆𝐿ፂፆ |ᒇᑞᎾᎲ + 𝐷𝑋ፂፆ
𝑊𝐿ፂፆ = 𝑊𝐿ፂፆ |ᒇᑞᎾᎲ + 𝐷𝑍ፂፆ

𝐼፱ = 𝐼፱ |ᒇᑞᎾᎲ − 𝐾𝐼1𝛽፦
𝐼፲ = 𝐼፲ |ᒇᑞᎾᎲ − 𝐾𝐼2𝛽፦
𝐼፳ = 𝐼፳ |ᒇᑞᎾᎲ + 𝐾𝐼3𝛽፦
𝐽፱፳ = 𝐽፱፳ |ᒇᑞᎾᎲ − 𝐾𝐼4𝛽፦

for every component ’c’:
𝑑፱,፜ = 𝑆𝐿፜ − 𝑆𝐿ፂፆ
𝑑፲,፜ = 𝐵𝐿፜
𝑑፳,፜ = 𝑊𝐿፜ −𝑊𝐿ፂፆ
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Figure 3.4: The shift of the centre of gravity as a function of nacelle angle
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Figure 3.5: The moments of inertia as a function of nacelle angle

3.3.2. Module: Articulated Rotor
The articulated rotor module is, as the name already suggests, used to compute the forces and moments
induced by the articulated rotor system. The XV-15 has two rotors, ARL and ARR, so the module should be
ran for each rotor separately. The distinction between the two rotors is made by the inputs 𝑑፬፠፧ and Ω፬፠፧
which are both negative for ARL but positive for ARR. A few important assumptions have been during the
modelling process:

• The rotor is modelled as an articulated hub with a flapping hinge and spring instead of a gimballed
hub. No lead-lag hinge nor a hinge offset is modelled.

• The blade aspect ratio is high, air is incompressible.
• The rotor angular velocity Ω is constant when the nacelle angle is kept constant.
• Rotor-induced velocity is uniform across the rotor disk.
• The blade cross-section is constant along its length.
• Blade is treated as a slender rod in terms of mass moment of inertia.
• The Lift coefficient of the blade increases linearly with angle of attack.
• The aerodynamic centre of the blade is located at quarter-chord.
• The feathering axis of the blade coincides with with the aerodynamic centre.
• The aerodynamic forces created by the rotor nacelles are neglected.
• The inertial angular rates are equal to the aerodynamic angular rates.

The most inputs required for the module are rotor parameters. Furthermore, the distances from the body
c.g. to the nacelle root are required. These distances are defined along the axes of the body reference frame.
The force and moment vectors of the rotors are defined in the wind axis control plane ℱ፰ፚፂፏ. These vectors
and then converted to the control plane reference frame ℱፂፏ, after which they are converted to ℱ፛.

The force and moment vectors in ℱ፛ are used in module ’Main’ to compute the resultant forces acting on
the aircraft. Furthermore, distances from the body c.g. to the nacelle root and the induced velocity 𝑣። are
required in the module ’Rotor Wake’.

The rotor flapping angles and force/moment coefficients expressions have been derived in MAPLE by
Sokolowski [30]. These angles and coefficients depend on many different variables, which lead to very
extensive expressions. In order to keep the accuracy of the model as high as possible these expressions have
not been simplified before they were implemented in MATLAB. In Appendix B the extensive expressions for
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the flapping equations, the rotor forces and the rotor torque can be found. Besides the long expressions, for
each variable a simplified short(er) version of the expression is included. These simplified versions have been
included to make the equations more understandable and to be able to compare them with the equations
that are known for a conventional helicopter. In order to simplify the expressions, the following assumptions
have been made:

• The rate of change of the nacelle angle is negligible: �̇� = 0
• The sideslip angle is small, and can be set equal to zero: 𝛽 = 0
• The longitudinal cyclic angle is small, and can be set equl to zero: 𝜃ኻ፬ = 0
• The hub accelerations are negligible: 𝑎፱,፡ = 𝑎፲,፡ = 𝑎፳,፡ = 0
• The higher order terms of the angular rates are negligible: 𝑝፧ = 𝑞፧ = 𝑟፧ = 0 for n > 1
• The angular accelerations equal zero: �̇� = �̇� = �̇� = 0
• Ωፑፙፑ = Ω፬፠፧

Furthermore, the rotor solidity 𝜎 has been substituted into the expressions, with

𝜎 = 𝑁𝑐
𝑅𝜋 (3.4)

The assumptions lead to a massive reduction in the amount of terms in the expressions. Although they have
been simplified a lot, the accuracy of the equations does not decrease a lot since the fundamental terms
have remained. This is although only true if the model is used for analysis in symmetrical flight. If the
simplified tiltrotor equations are compared to the flapping and force equations of a conventional helicopter
[31], they show a lot of similarities. The tiltrotor expressions are however more dependent on the yaw rate 𝑟,
which is often neglected for helicopters. Besides that, the strong twisting of the tiltrotor blades significantly
influences the flapping angles and rotor forces.

Input parameters
Rotor parameters 𝑁 𝑅 𝑐፛፥ 𝜃፛፥ኺ፠ 𝜃፛፥ኺ 𝜃፛፥ኻ Ω 𝐼፛፥ 𝑀፛፥ 𝐾ᎏ 𝐶፥ᒆ፛፥

𝑐፝Ꮂ 𝑐፝Ꮃ 𝑐፝Ꮄ
Nacelle parameters 𝑑፱,፧ 𝑑፲,፧ 𝑑፳,፧ 𝑙፧
Environmental parameters 𝜌
Control variables 𝑋ፂፎፋ 𝑋ፋፎፍ 𝑋ፋፀፓ 𝑋ፏፄፃ
State variables 𝑢 𝑣 𝑤 𝑝 𝑞 𝑟 𝜙 𝜃 𝜓 𝜂

If:
Left rotor 𝑑፬፠፧ = −1 Ω፬፠፧ = −1
Right rotor 𝑑፬፠፧ = 1 Ω፬፠፧ = 1

Transformation matrices

ℱ፛ → ℱፂፏ 𝐓፛ኼፂፏ =
⎡
⎢
⎢
⎢
⎣

cos 𝜂 − 𝜃ኻ፬ 0 − sin 𝜂 − 𝜃ኻ፬
0 1 0

sin 𝜂 − 𝜃ኻ፬ 0 cos 𝜂 − 𝜃ኻ፬

⎤
⎥
⎥
⎥
⎦

ℱፂፏ → ℱ፛ 𝐓ፂፏኼ፛ = 𝐓ዅኻ፛ኼ፜፩

continues on next page
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ℱፂፏ → ℱ፰ፚፂፏ 𝐓ፂፏኼ፰ፚፂፏ =
⎡
⎢
⎢
⎢
⎣

cos 𝛿 − sin 𝛿 0
sin 𝛿 cos 𝛿 0
0 0 1

⎤
⎥
⎥
⎥
⎦

ℱ፰ፚፂፏ → ℱፂፏ 𝐓፰ፚፂፏኼፂፏ = 𝐓ዅኻፂፏኼ፰ፚፂፏ

ℱ፰ፚፂፏ → ℱ፰ፚፃፏ 𝐓ፂፏኼ፰ፚፃፏ =
⎡
⎢
⎢
⎢
⎣

cos𝑎ኻ 0 sin𝑎ኻ
sin𝑎ኻ sin 𝑏ኻ cos 𝑏ኻ − cos𝑎ኻ sin 𝑏ኻ
− sin𝑎ኻ cos𝑎ኻ sin 𝑏ኻ cos𝑎ኻ cos 𝑏ኻ

⎤
⎥
⎥
⎥
⎦

ℱ፰ፚፃፏ → ℱ፰ፚፂፏ 𝐓፰ፚፃፏኼ፰ፚፂፏ = 𝐓ዅኻ፰ፚፂፏኼ፰ፚፃፏ

Calculations
ℱ፛ 𝜃ኺ,ፋፋ = 𝜃ኺ,ፑ + 𝜃ኺ,፦፨፝

𝜃ኺ = (Ψ፜፨፥→ኺ𝑋ፂፎፋ + 𝑑፬፠፧Ψ፥ፚ፭→ኺ𝑋ፋፀፓ + 𝜃ኺ,ፋፋ)
፩።
ኻዂኺ

Ψ፥፨፧→ኻ፬ = 2.1 cos 𝜂
Ψ፩፞፝→ኻ፬ = 𝑐𝑜𝑠𝜂(

ኻ.ኼ
፞Ꮂ.ᎳᎻᎶᎶᑦᎽᎺዄኻ + 0.4)

𝜃ኻ፬ = (Ψ፥፨፧→ኻ፬𝑋ፋፎፍ + 𝑑፬፠፧Ψ፩፞፝→ኻ፬𝑋ፏፄፃ)
፩።
ኻዂኺ

𝑝 = ፩
጖

𝑞 = ፪
጖

𝑟 = ፫
጖

�̇� = ᎔̇
጖

ℱ፰ፚፂፏ Ωፑፙፑ = 𝑝 cos 𝜂 sin𝜃ኻ፬ − 𝑟 cos 𝜂𝑐𝑜𝑠𝜃ኻ፬ − 𝑝 sin 𝜂 cos𝜃ኻ፬
−𝑟 sin 𝜂 cos𝜃ኻ፬ + Ω፬፠፧

𝑉፥፨፧ = cos 𝜂 cos𝜃ኻ፬𝑢 + cos 𝜂 sin𝜃ኻ፬𝑤 − cos𝜃ኻ፬ sin 𝜂𝑤
− cos𝜃ኻ፬�̇�𝑙፧ + sin 𝜂 sin𝜃ኻ፬𝑢 − cos𝜃ኻ፬𝑙፧𝑞
− cos 𝜂 cos𝜃ኻ፬𝑑፳,፧𝑞 + cos 𝜂 sin𝜃ኻ፬𝑑፱,፧𝑞
− sin 𝜂 sin𝜃ኻ፬𝑑፳,፧𝑞 − cos 𝜂 cos𝜃ኻ፬𝑑፬፠፧𝑑፲,፧𝑟
+ cos 𝜂 sin𝜃ኻ፬𝑑፬፠፧𝑑፲,፧𝑝 − cos𝜃ኻ፬ sin 𝜂𝑑፬፠፧𝑑፲,፧𝑝
− sin 𝜂 sin𝜃ኻ፬𝑑፬፠፧𝑑፲,፧𝑟 − cos𝜃ኻ፬ sin 𝜂𝑑፱,፧𝑞

𝑉፥ፚ፭ = 𝑣 + 𝑑፳,፧𝑝 − 𝑑፱,፧𝑟 + cos 𝜂𝑙፧𝑝 − sin 𝜂𝑙፧𝑟
𝑉፯፞፫ = cos 𝜂 cos𝜃ኻ፬𝑤 − cos 𝜂 sin𝜃ኻ፬𝑢 + cos𝜃ኻ፬ sin 𝜂𝑢

+ sin 𝜂 sin𝜃ኻ፬𝑤 + sin𝜃ኻ፬�̇�𝑙፧ + sin𝜃ኻ፬𝑙፧𝑞
+ cos 𝜂 cos𝜃ኻ፬𝑑፱,፧𝑞 + cos 𝜂 sin𝜃ኻ፬𝑑፳,፧𝑞−
+ sin 𝜂 sin𝜃ኻ፬𝑑፱,፧𝑞 + cos 𝜂 cos𝜃ኻ፬𝑑፬፠፧𝑑፲,፧𝑝

continues on next page
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+ cos 𝜂 sin𝜃ኻ፬𝑑፬፠፧𝑑፲,፧𝑟 − cos𝜃ኻ፬ sin 𝜂𝑑፬፠፧𝑑፲,፧𝑟
+ sin 𝜂 sin𝜃ኻ፬𝑑፬፠፧𝑑፲,፧𝑝 − cos𝜃ኻ፬ sin 𝜂𝑑፳,፧𝑞

𝛿 = arctan ፕᑝᑒᑥ
ፕᑝᑠᑟ

�̂�፜ =
ፕᑝᑠᑟ
጖ፑ

�̂�፜ =
ፕᑧᑖᑣ
጖ፑ

𝛾፛፥ =
᎞ፂᑝᒆ፜ፑᎶ
ፈᑓᑝ

𝑎፱,፡ = cos 𝜂�̇� − sin 𝜂�̇� − �̇�𝑙፧ − 𝑙፧�̇� − cos 𝜂𝑑፳,፧�̇� − sin 𝜂𝑑፱,፧�̇�
+ cos 𝜂Ωኼ𝑑፱,፧𝑞

ኼ + cos 𝜂Ωኼ𝑑፱,፧𝑟
ኼ − Ωኼ sin 𝜂𝑑፳,፧𝑝

ኼ

−Ωኼ sin 𝜂𝑑፳,፧𝑞
ኼ − cos 𝜂𝑑፬፠፧𝑑፲,፧�̇� − sin 𝜂𝑑፬፠፧𝑑፲,፧�̇�

− cos 𝜂Ωኼ sin 𝜂𝑙፧𝑝
ኼ + cos 𝜂Ωኼ sin 𝜂𝑙፧𝑟

ኼ − cos 𝜂Ωኼ𝑑፳,፧𝑝𝑟
− cos 𝜂ኼΩኼ𝑙፧𝑝𝑟 + Ωኼ sin 𝜂𝑑፱,፧𝑝𝑟
+Ωኼ sin 𝜂ኼ𝑙፧𝑝𝑟 + cos 𝜂Ωኼ𝑑፬፠፧𝑑፲,፧𝑝𝑞 − Ωኼ sin 𝜂𝑑፬፠፧𝑑፲,፧𝑞𝑟

𝑎፲,፡ = �̇� + 𝑑፳,፧�̇� − 𝑑፱,፧�̇� + cos 𝜂𝑙፧�̇� − sin 𝜂𝑙፧�̇� − Ωኼ𝑑፬፠፧𝑑፲,፧𝑝
ኼ

−Ωኼ𝑑፬፠፧𝑑፲,፧𝑟
ኼ − Ωኼ𝑑፱,፧𝑝𝑞 − Ωኼ𝑑፳,፧𝑞𝑟

−2 cos 𝜂Ωኼ�̇�𝑙፧𝑟 − cos 𝜂Ωኼ𝑙፧𝑞𝑟 − 2Ωኼ sin 𝜂�̇�𝑙፧𝑝
−Ωኼ sin 𝜂𝑙፧𝑝𝑞

𝑎፳,፡ = Ωኼ𝑙፧�̇�
ኼ
+ 2Ωኼ𝑙፧𝑞�̇� + cos 𝜂�̇�

+ sin 𝜂�̇� + cos 𝜂𝑑፱,፧�̇� − sin 𝜂𝑑፳,፧�̇� + Ωኼ𝑙፧𝑞
ኼ + cos 𝜂Ωኼ𝑑፳,፧𝑝

ኼ

+ cos 𝜂Ωኼ𝑑፳,፧𝑞
ኼ + cos 𝜂ኼΩኼ𝑙፧𝑝

ኼ + Ωኼ sin 𝜂𝑑፱,፧𝑞
ኼ

+Ωኼ sin 𝜂𝑑፱,፧𝑟
ኼ + cos 𝜂𝑑፬፠፧𝑑፲,፧�̇� + Ωኼ sin 𝜂ኼ𝑙፧𝑟

ኼ

− cos 𝜂Ωኼ𝑑፱,፧𝑝𝑟 − Ωኼ sin 𝜂𝑑፳,፧𝑝𝑟
−2 cos 𝜂Ωኼ sin 𝜂𝑙፧𝑝𝑟 + cos 𝜂Ωኼ𝑑፬፠፧𝑑፲,፧𝑞𝑟
+Ωኼ sin 𝜂𝑑፬፠፧𝑑፲,፧𝑝𝑞 − sin 𝜂𝑑፬፠፧𝑑፲,፧�̇�

Loop through 𝜆። until 𝐹(𝜆።) = 0
ℱ፰ፚፂፏ 𝑎ኺ = 𝑓(�̂�፜ , �̂�፜ , 𝑝, 𝑞, 𝑟, Ωፑፙፑ , 𝜃ኻ፬ , 𝜂, 𝛿, 𝑎፱,፡ , 𝑎፲,፡ , 𝑎፳,፡ , Ω, 𝐼፛፥ , 𝐾ᎏ , 𝛾፛፥ , 𝜃፛፥ኺ,

𝜃፛፥ኻ, Ω፬፠፧ , 𝑅, 𝜆። , 𝑎ኻ, 𝑀፛፥) + 𝑎ኺ,፩፫፞
(see section B.1 )

𝑎ኻ = 𝑓(�̇�, �̇�, �̇�, �̂�፜ , �̂�፜ , 𝑝, 𝑞, 𝑟, �̇�, Ωፑፙፑ , 𝜃ኻ፬ , 𝜂, 𝛿, 𝑎፱,፡ , 𝑎፲,፡ , 𝐼፛፥ ,
𝛾፛፥ , 𝜃፛፥ኺ, 𝜃፛፥ኻ, Ω፬፠፧ , 𝑅, 𝜆። , 𝑎ኺ, 𝑀፛፥)
(see section B.2 )

𝑏ኻ = 𝑓(�̇�, �̇�, �̇�, �̂�፜ , �̂�፜ , 𝑝, 𝑞, 𝑟, �̇�, Ωፑፙፑ , 𝜃ኻ፬ , 𝜂, 𝛿, 𝑎፱,፡ , 𝑎፲,፡ , 𝐼፛፥ ,
𝐾ᎏ , 𝛾፛፥ , 𝜃፛፥ኺ, 𝜃፛፥ኻ, Ω፬፠፧ , 𝑅, 𝑎ኺ, 𝑎ኻ, 𝑀፛፥)
(see section B.3 )

𝐶ፓ ፁፄፌ = 𝑓(𝜌, �̂�፜ , �̂�፜ , 𝑝, 𝑞, 𝑟, Ωፑፙፑ , 𝜃ኻ፬ , 𝜂, 𝛿, 𝐼፛፥ , 𝛾፛፥ , 𝜃፛፥ኺ, 𝜃፛፥ኻ,

continues on next page
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Ω፬፠፧ , 𝑅, 𝑎ኻ, 𝜆።)
(see section B.4 )

𝐶ፇ = 𝑓(𝜌, �̂�፜ , �̂�፜ , 𝑝, 𝑞, 𝑟, Ωፑፙፑ , �̇�, 𝜂, 𝛿, 𝜃ኻ፬ , 𝐼፛፥ , 𝛾፛፥ , 𝜃፛፥ኺ, 𝜃፛፥ኻ, Ω፬፠፧ , 𝑅, 𝑁,
𝐶፥ᒆ፛፥ , 𝑐፝Ꮂ , 𝑐፝Ꮃ , 𝑐፝Ꮄ , 𝑎ኺ, 𝑎ኻ, 𝑏ኻ, 𝜆።)
(see section B.5 )

𝐶ፒ = 𝑓(𝜌, �̂�፜ , �̂�፜ , 𝑝, 𝑞, 𝑟, Ωፑፙፑ , �̇�, 𝜂, 𝛿, 𝜃ኻ፬ , 𝐼፛፥ , 𝛾፛፥ , 𝜃፛፥ኺ, 𝜃፛፥ኻ, Ω፬፠፧ , 𝑅, 𝑁,
𝐶፥ᒆ፛፥ , 𝑐፝Ꮃ , 𝑐፝Ꮄ , 𝑎ኺ, 𝑎ኻ, 𝑏ኻ, 𝜆።)
(see section B.6 )

ℱ፰ፚፃፏ
⎡
⎢
⎢
⎢
⎣

−𝐶ፇ,፰ፚፃፏ
−𝐶ፒ,፰ፚፃፏ

−𝐶ፓ ፁፄፌ,፰ፚፃፏ

⎤
⎥
⎥
⎥
⎦

= 𝐓፰ፚፂፏኼ፰ፚፃፏ
⎡
⎢
⎢
⎢
⎣

−𝐶ፇ
−𝐶ፒ

−𝐶ፓ ፁፄፌ

⎤
⎥
⎥
⎥
⎦

𝐶ፓ ፆፋፀፔ = 2𝜆። √𝑎ኻኼ �̂�ኼ፜ − 2𝑎ኻ 𝜆። �̂�፜ + 𝜆።ኼ − 2𝜆። �̂�፜ + �̂�ኼ፜ + �̂�ኼ፜
𝐹(𝜆።) = 𝐶ፓ ፁፄፌ,፰ፚፃፏ − 𝐶ፓ ፆፋፀፔ

ℱ፰ፚፂፏ 𝐶ፓ = 𝐶ፓ,ፁፄፌ
𝐶ፎ =

ፍ፛Ꮃፊᒇ
ኼ᎞᎝጖ᎴፑᎷ

𝐶ፏ =
ዅፍፚᎳፊᒇ
ኼ᎞᎝጖ᎴፑᎷ

𝐶ፐ = 𝑓(𝜌, �̂�፜ , �̂�፜ , 𝑝, 𝑞, 𝑟, Ωፑፙፑ , 𝜂, 𝛿, 𝜃ኻ፬ , 𝐼፛፥ , 𝛾፛፥ , 𝜃፛፥ኺ, 𝜃፛፥ኻ, Ω፬፠፧ , 𝑅, 𝑁,
𝐶፥ᒆ፛፥ , 𝑐፝Ꮂ , 𝑐፝Ꮃ , 𝑐፝Ꮄ , 𝑎ኺ, 𝑎ኻ, 𝑏ኻ, 𝜆።)
(see section B.7 )

𝐅 =
⎡
⎢
⎢
⎢
⎣

−𝐶ፇ
−𝐶ፒ
−𝐶ፓ

⎤
⎥
⎥
⎥
⎦

𝜌𝜋Ωኼ𝑅኿

𝐌 =
⎡
⎢
⎢
⎢
⎣

−𝐶ፎ
−𝐶ፏ
−𝐶ፐ

⎤
⎥
⎥
⎥
⎦

𝜌𝜋Ωኼ𝑅ዀ

ℱ፛ 𝐅 = 𝐓ፂፏኼ፛𝐓፰ፚፂፏኼፂፏ𝐅
𝐌 = 𝐓ፂፏኼ፛𝐓፰ፚፂፏኼፂፏ𝐌

3.3.3. Module: MAC (Mean Aerodynamic Chord)
The module ’MAC’ is used to to calculate the mean aerodynamic chord of the lifting surfaces of the aircraft.
This module applies to the wings and horizontal and vertical stabilizers, and is used for components 3 to
14. The MAC of different components are required for multiple different modules. The MAC of the wing
components are required to compute the rotor wake interference with the wings themselves. Furthermore
the MAC is used to compute the aerodynamic forces and moments created by the lifting surfaces. The
distinction between the left and right lifting surfaces is made by the input 𝑑፬፠፧. The inputs required for
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this module are mainly geometric parameters of the lifting body surface, which is indicated in the module
as ’component’ and with the subscript ’c’. The distance vectors [𝑑፱,፜ , 𝑑፲,፜ , 𝑑፳,፜]ፓ are the distances from the
body c.g. to the root of the lifting surface.

The module essentially consists of two different parts. In the first part the MAC along the surface of the
component is computed. This MAC, which is defined as MAC፬፮፫፟ፚ፜፞, is a position vector with respect to
the root of the lifting surface defined in the reference frame of the component itself (ℱ፜). This vector is
then converted to the body frame of reference. The distance vector from the body c.g. to the root of the
lifting surface, defined as MAC፫፨፨፭, is then added to MAC፬፮፫፟ፚ፜፞. This results in the final position vector
MAC፜, which defines the position of the point on the lifting surface at which the aerodynamic forces act
with respect to the body centre of gravity.

Input parameters
Component parameters 𝑑፱,፜ 𝑑፲,፜ 𝑑፳,፜ 𝑏፜ 𝑐፫,፜ 𝑐፭,፜ Γ፜ 𝑖፜ Λ፜

If:
Left component 𝑑፬፠፧ = −1
Right component 𝑑፬፠፧ = 1

Transformation matrices

ℱ፛ → ℱ፜ 𝐓፛ኼ፜ =
⎡
⎢
⎢
⎢
⎣

cos 𝑖፜ − sin 𝑖፜ sinΓ፜ sin 𝑖፜ cosΓ፜
0 cosΓ፜ sinΓ፜

− sin 𝑖፜ − cos 𝑖፜ sinΓ፜ cos 𝑖፜ cosΓ፜

⎤
⎥
⎥
⎥
⎦

ℱ፜ → ℱ፛ 𝐓፰ኼ፛ = 𝐓ዅኻ፛ኼ፜

Calculations
ℱ፜ 𝜆፜ =

፜ᑥ
፜ᑣ

MAC፬፩ፚ፧ =
፛ᑔ(ኻዄኼ᎘ᑔ)
ዀ(ኻዄ᎘ᑔ)

MAC፬፮፫፟ፚ፜፞ =
⎡
⎢
⎢
⎢
⎣

−MAC፬፩ፚ፧ tanΛ፜

MAC፬፩ፚ፧
0

⎤
⎥
⎥
⎥
⎦

ℱ፛ MAC፫፨፨፭ =
⎡
⎢
⎢
⎢
⎣

𝑑፱,፜
𝑑፲,፜
𝑑፳,፜

⎤
⎥
⎥
⎥
⎦

[0 𝑑፬፠፧ 0]

MAC፬፮፫፟ፚ፜፞ = 𝐓፜ኼ፛MAC፬፮፫፟ፚ፜፞

MAC፜ =
⎡
⎢
⎢
⎢
⎣

MAC፱
MAC፲
MACፙ

⎤
⎥
⎥
⎥
⎦

= MAC፫፨፨፭ +MAC፬፮፫፟ፚ፜፞
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3.3.4. Module: Rotor Wake
The goal of the ’Rotor Wake’ module is to check whether there is interaction between the wake of the rotor
system and the wings of the tiltrotor. If so, it is computed how this interaction affects the airflow around
the wings. This module should be applied to all wing components, so number 3 to 8 of Table 3.1. The
interference between the rotor wake and the wing is calculated based on fixed wake theory and the projection
relationship between the rotor disc and wing [5]. How the projection works is visualized in Figure 3.6.

Figure 3.6: Schematic diagram visualizing the interference of the rotor wake with the wing [5]

The position and the orientation of the two rotors is determined in the ’Articulated Rotor’ module. The
position of the MAC of the wing components is determined in the ’MAC’ module. The distance vector
between the hub and the wing component MAC can be computed using both their positions with respect to
the body c.g. and is then converted to the control plane reference frame ℱፂፏ. To determine whether the wing
component is located in the rotor wake two conditions have to be met. The first condition checks whether
of the MAC of the component is located behind the hub. If not, the component can never be located in the
wake. The second condition checks whether the MAC of the wing component is located within projection
of the rotor disc on the wing. If both conditions are met the effect of the rotor wake on the velocity states
can be computed. A few gross assumptions are made for this rotor wake effect computation. To fully take
account of the rotor wake effects a complex vortex wake, distorted by itself and the aircraft motion should be
modelled. For flight dynamics purposes this simplified representation of the rotor wake, based on actuator
disc theory, is assumed sufficient [2]. Some of the assumptions made are listed below:

• The component is either as a whole or not at all affected by the rotor wake. This is completely
dependent on the position of the MAC.

• The rotor has an infinite number of blades, able to uniformly accelerate the air through the rotor disc
(rotor actuator disc theory).

• Only the the normal component of the rotor inflow is considered, i.e. the rotor-induced downwash.
• The wake is assumed to be steady, inviscid and incompressible.

The module requires a few rotor parameters which come from the ’Articulated Rotor’ module and the MAC
positions of the wing components computed in the ’MAC’ module. If the component is located in the wake
the velocity states u, w and z are recomputed for that specific component. These new states should then
be used for the component in the ’Lifting Surface’ module, which is discussed hereafter.

Input parameters
Rotor parameters 𝑅 𝑣። 𝐓፛ኼፂፏ 𝐓ፂፏኼ፛

continues on next page
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Nacelle parameters 𝑑፱,፧ 𝑑፲,፧ 𝑑፳,፧
Component parameters MAC፜
Aircraft states 𝑢 𝑣 𝑤
Calculations

ℱፂፏ
⎡
⎢
⎢
⎢
⎣

𝑑፱,፡ኼፌፀፂ
𝑑፲,፡ኼፌፀፂ
𝑑፳,፡ኼፌፀፂ

⎤
⎥
⎥
⎥
⎦

= T፛ኼፂፏ(
⎡
⎢
⎢
⎢
⎣

MAC፱
MAC፲
MACፙ

⎤
⎥
⎥
⎥
⎦

−
⎡
⎢
⎢
⎢
⎣

𝑑፱,፧
𝑑፲,፧
𝑑፳,፧

⎤
⎥
⎥
⎥
⎦

)

Check if the component is in the wake of the rotor:
Condition 1: 𝑑፳,፡ኼፌፀፂ > 0
Condition 2: √𝑑ኼ፱,፡ኼፌፀፂ + 𝑑ኼ፲,፡ኼፌፀፂ < 𝑅

If both conditions are met:
𝜂፰ =

፝ᑫ,ᑙᎴᑄᐸᐺ
ፑ

𝑤፰ = 𝑣።(1 +
᎔ᑨ

√ኻዄ᎔Ꮄᑨ
)

ℱ፛
⎡
⎢
⎢
⎢
⎣

𝑢፰ፚ፤፞
𝑣፰ፚ፤፞
𝑤፰ፚ፤፞

⎤
⎥
⎥
⎥
⎦

= T፰ፚፂፏኼ፛
⎡
⎢
⎢
⎢
⎣

0
0
𝑤፰

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

𝑢
𝑣
𝑤

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

𝑢
𝑣
𝑤

⎤
⎥
⎥
⎥
⎦

−
⎡
⎢
⎢
⎢
⎣

𝑢፰ፚ፤፞
𝑣፰ፚ፤፞
𝑤፰ፚ፤፞

⎤
⎥
⎥
⎥
⎦

If not ∶
⎡
⎢
⎢
⎢
⎣

𝑢
𝑣
𝑤

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

𝑢
𝑣
𝑤

⎤
⎥
⎥
⎥
⎦

3.3.5. Module: Wing Downwash
In this module the downwash on the horizontal stabilizers caused by the wake of the wing is computed. This
module is only used for the wing parts containing the flaps, so its concerns components WFLR and WFLL.
The downwash angle is obtained from GTRS model tables[8], and is implemented as a function of wing
angle of attack, flap deflection and nacelle angle. The downwash angle that is found by interpolating the
GTRS data can then be subtracted from the effective horizontal stabilizer angle of attack. This is done in
the ’Lifting Surface module’. The flap can be deflected under 4 different angles. XFL is defined as the flap
setting. The flap deflection angles that come with the different flap settings are shown in Table 3.6 [12]. In
helicopter and conversion mode usually XFL 3 is used, in airplane mode XFL 1. These settings are also used
for the trim analysis at the end of this chapter.
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Table 3.6: Different flap settings

XFL Flap angle (deg)
1 0
2 20
3 40
4 75

Table 3.8: An overview of the lifting surface components and their control surfaces

Nr. Component Control Surface ᎑ፂፋ
᎑ፗ

᎑ፂፃ
᎑ፗ

3,4 WFL, WFR - - -

5,6 WFLL, WFLR flap ᎑ፂፋ
᎑᎑ᑗ

᎑ፂፃ
᎑᎑ᑗ

7,8 WAL, WAR aileron ᎑ፂፋ
᎑᎑ᑒ

-

9,10 HSL, HSR elevator ᎑ፂፋ
᎑᎑ᑖ

-

11,12 VSTL, VSTR rudder ᎑ፂፋ
᎑᎑ᑣ

-

13,14 VSBL, VSBR - - -

Input parameters
Wing parameters 𝑀𝐴𝐶፱ 𝑀𝐴𝐶፲ 𝑀𝐴𝐶፳ 𝑋𝐹𝐿 𝑖፜ Γ፜

Aircraft states 𝑢 𝑣 𝑤 𝑝 𝑞 𝑟 𝜂

Transformation matrices

ℱ፛ → ℱ፜ 𝐓፛ኼ፜ =
⎡
⎢
⎢
⎢
⎣

cos 𝑖፜ − sin 𝑖፜ sinΓ፜ sin 𝑖፜ cosΓ፜
0 cosΓ፜ sinΓ፜

− sin 𝑖፜ − cos 𝑖፜ sinΓ፜ cos 𝑖፜ cosΓ፜

⎤
⎥
⎥
⎥
⎦

ℱ፜ → ℱ፛ 𝐓፰ኼ፛ = 𝐓ዅኻ፛ኼ፜

Calculations

ℱ፛ V፜ =
⎡
⎢
⎢
⎢
⎣

𝑢
𝑣
𝑤

⎤
⎥
⎥
⎥
⎦

+
⎡
⎢
⎢
⎢
⎣

𝑝
𝑞
𝑟

⎤
⎥
⎥
⎥
⎦

𝑥
⎡
⎢
⎢
⎢
⎣

MAC፜
MAC፜
MAC፜

⎤
⎥
⎥
⎥
⎦

ℱ፜ V፜ =
⎡
⎢
⎢
⎢
⎣

𝑢፜
𝑣፜
𝑤፜

⎤
⎥
⎥
⎥
⎦

= 𝐓፛ኼ፜V፜

𝛼፜ = arctan ፰ᑔ
፮ᑔ
+ 𝑖፜

𝛼፝ = interpolate(𝛼፜ , [−90, 90], 𝜂, [90, 60, 30, 15, 0], table(𝑋𝐹𝐿))
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3.3.6. Module: Lifting Surface
The purpose is this module is to compute the aerodynamic forces and moments induced by the lifting surfaces.
This means that this module should be applied to the wing and horizontal and vertical stabilizers, which are
components 3 to 14 in Table 3.1. These are the exact same components to which module ’MAC’ should be
applied, but both modules are separated because the ’Rotor Wake’ module has to be applied to the wings in
between. The module primarily requires some geometric parameters of the lifting surface component, which
is indicated by the subscript ’c’ for component. Two parameters have a different definition among the com-
ponents, ፝ፂᑃ፝ፗ and ፝ፂᐻ

፝ፗ . These parameters define the change in lift and drag coefficients respectively due to a
control surface deflection. The type of control surface varies per component. Which type of control surface
each component contains can be found in Table 3.8. In the table it is also indicated if the control surface
influences the aerodynamic coefficients in the 6-DoF model. The flaps, ailerons, elevators and rudder deflec-
tions all influence the lift coefficient, but contributions to the drag coefficient of the latter three are neglected.

The lift and drag coefficients are computed using a combination of linear aerodynamics and the flat plate
area theory. The former method gives inaccurate results at low airspeeds (H-mode) due to the large angle
of attack of the wings as a result of the rotor wake interference. The latter method is less accurate at
high airspeeds (A-mode). Therefore, 𝐶ፋ and 𝐶ፃ are computed using a combination of both methods. The
dependency on the two methods has been implemented as a function of nacelle angle. In helicopter mode the
flat plate area method is used. When the nacelles are rotated towards airplane mode this method is phased
out while the linear aerodynamics method is phased in. In airplane mode the coefficients are computed using
solely the linear aerodynamics method.

Input parameters
Aircraft states 𝑢 𝑣 𝑤 𝑝 𝑞 𝑟
Component parameters MAC፜ 𝑏፜ 𝑐፫,፜ 𝑐፭,፜ Γ፜ 𝑖፜ Λ፜ 𝐶ፋᒆ ,፜ 𝐶ፃኺ,፜

𝐶፦ᑒᑔ ,፜ 𝛼ኺፋ,፜ 𝑒፜
፝ፂᑃ
፝ፗ

፝ፂᐻ
፝ፗ

Environmental parameters 𝜌

If:
Left component 𝑑፬፠፧ = −1
Right component 𝑑፬፠፧ = 1

Transformation matrices

ℱ፛ → ℱ፜ 𝐓፛ኼ፜ =
⎡
⎢
⎢
⎢
⎣

cos 𝑖፜ − sin 𝑖፜ sinΓ፜ sin 𝑖፜ cosΓ፜
0 cosΓ፜ sinΓ፜

− sin 𝑖፜ − cos 𝑖፜ sinΓ፜ cos 𝑖፜ cosΓ፜

⎤
⎥
⎥
⎥
⎦

ℱ፜ → ℱ፛ 𝐓፰ኼ፛ = 𝐓ዅኻ፛ኼ፜

Calculations

ℱ፛ V፜ =
⎡
⎢
⎢
⎢
⎣

𝑢
𝑣
𝑤

⎤
⎥
⎥
⎥
⎦

+
⎡
⎢
⎢
⎢
⎣

𝑝
𝑞
𝑟

⎤
⎥
⎥
⎥
⎦

𝑥
⎡
⎢
⎢
⎢
⎣

MAC፱
MAC፲
MAC፳

⎤
⎥
⎥
⎥
⎦

continues on next page
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ℱ፜ V፜ =
⎡
⎢
⎢
⎢
⎣

𝑢፜
𝑣፜
𝑤፜

⎤
⎥
⎥
⎥
⎦

= 𝐓፛ኼ፜V፜

𝑉፭፨፭ = √𝑢ኼ፜ + 𝑣ኼ፜ +𝑤ኼ፜
𝛼 = arctan ፰ᑔ

፮ᑔ
+ 𝑖፜ − 𝛼፝

𝛽 = arctan ፯ᑔ
፮ᑔ

𝐶ፋ,፥ = 𝐶ፋᒆ(𝛼 − 𝛼ኺፋ cos𝛽) +
፝ፂᑃ
፝ፗ 𝑋

𝜆 = ፜ᑥ
፜ᑣ

𝐴𝑅 = ፛
፜ᑣ(ኻዄ᎘)

𝐶ፃ,፥ = 𝐶ፃኺ +
ፂᎴᑃ
᎝ፀፑ፞ +

፝ፂᐻ
፝ፗ 𝑋

𝐶ፋ,፟ = 2 sin(𝛼) cos(𝛼)𝐶ፋ,፦ፚ፱ +
፝ፂᑃ
፝ፗ 𝑋

𝐶ፃ,፟ = sin(𝛼 − 𝛼ኺፋ)ኼ𝐶ፃ,፦ፚ፱ +
፝ፂᐻ
፝ፗ 𝑋

𝑛 = (ዅኼ᎔᎝ )
𝐶ፋ = 𝑛𝐶ፋ,፥ + (1 − 𝑛)𝐶ፋ,፟
𝐶ፃ = 𝑛𝐶ፃ,፥ + (1 − 𝑛)𝐶ፃ,፟
𝑆 = ኻ

ኾ𝑏(𝑐፭ + 𝑐፫)
𝐿 = ኻ

ኼ𝜌𝑉
ኼ𝑆𝐶ፋ

𝐷 = ኻ
ኼ𝜌𝑉

ኼ𝑆𝐶ፃ
𝐹፱ = 𝐿 sin𝛼 − 𝐷 cos𝛼
𝐹፳ = −𝐿 cos𝛼 − 𝐷 sin𝛼
𝑀፲ =

ኻ
ኼ𝜌𝑉

ኼ𝑆𝐶፦ᑒᑔ

𝐅 =
⎡
⎢
⎢
⎢
⎣

𝐹፱
0
𝐹፳

⎤
⎥
⎥
⎥
⎦

𝐌 =
⎡
⎢
⎢
⎢
⎣

0
𝑀፲
0

⎤
⎥
⎥
⎥
⎦

ℱ፛ 𝐅 = 𝐓፜ኼ፛𝐅
𝐌 = 𝐓፜ኼ፛𝐌

3.3.7. Module: Fuselage
In the ’Fuselage’ module the aerodynamic forces created by the fuselage are computed. Obviously this
module only applies to the fuselage component. The initial fuselage module used the assumption that the
fuselage only produces drag. The lift and moments created by the fuselage were assumed to equal zero. The
drag was computed using
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𝐷፟ =
1
2𝜌𝑉

ኼ
፥፨፧𝐴፞፪ (3.5)

which then lead to the following force and moment vector

𝐅 =
⎡
⎢
⎢
⎢
⎣

−𝐷፟ cos𝛼
0

−𝐷፟ sin𝛼

⎤
⎥
⎥
⎥
⎦

𝐌 =
⎡
⎢
⎢
⎢
⎣

0
0
0

⎤
⎥
⎥
⎥
⎦

(3.6)

According to multiple sources in literature the fuselage however quite significantly affects among others the
pitching motion of the aircraft [2, 3, 6]. This would also result in a significant contribution to the pitching
moment derivatives during the stability analysis. Therefore it was decided to use a look-up table for the
aerodynamic coefficients of the fuselage. The GTRS model data provides tables for the lift, drag and pitching
moment coefficient of the fuselage of the XV-15[8], and these are implemented as a function of angle of
attack. The table can be found in section C.2. Interpolation is used to compute the coefficients. The 0 angle
of attack force coefficients are added to the coefficient found by the interpolation. The resulting scheme is
shown below. The force and moment vector calculated in this module serve as inputs to the ’Main’ module.

Input parameters
Fuselage parameters 𝐶ፋ,ኺᎎ 𝐶ፃ,ኺᎎ 𝐶ፌ,ኺᎎ
Environmental parameters 𝜌
Aircraft states 𝑢 𝑤

Calculations
ℱ፛ 𝑉፥፨፧ = √𝑢ኼ +𝑤ኼ

𝛼 = arctan ፰
፮

𝑞 = ኻ
ኼ𝜌𝑉

ኼ
፥፨፧

𝐶ፋ = 𝐶ፋ,ኺᎎ + interpolate(𝛼, [−28, 28], table(𝐶ፋ))
𝐶ፃ = 𝐶ፃ,ኺᎎ + interpolate(𝛼, [−28, 28], table(𝐶ፃ))
𝐶ፌ = 𝐶ፌ,ኺᎎ + interpolate(𝛼, [−28, 28], table(𝐶ፌ))
𝐿 = 𝑞𝐶ፋ
𝐷 = 𝑞𝐶ፃ
𝑀 = 𝑞𝐶ፌ
𝐹፱ = 𝐿 sin𝛼 − 𝐷 cos𝛼
𝐹፳ = −𝐿 cos𝛼 − 𝐷 sin𝛼

𝐅 =
⎡
⎢
⎢
⎢
⎣

𝐹፱
0
𝐹፳

⎤
⎥
⎥
⎥
⎦

𝐌 =
⎡
⎢
⎢
⎢
⎣

0
𝑀
0

⎤
⎥
⎥
⎥
⎦
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3.3.8. Module: Main
All the forces and moments created by the different components serve as input to the final module: the main
module. In this module all force vectors converted to the body frame of reference are added up to compute
the resultant force vector acting on the aircraft. The same is done for the resultant moment vector, however
the moments due to the forces also have to be considered. These resultant forces and moments are then
inserted into the equations of motion together with the aircraft states to compute the accelerations acting
on the vehicle.

Input parameters
Aircraft parameters 𝑚 𝐼፱ 𝐼፲ 𝐼፳ 𝐽፱፳
Components parameters 𝐅𝐜 𝐌𝐜 𝑑፱,፜ 𝑑፲,፜ 𝑑፳,፜
Environmental parameters 𝑔
Aircraft states 𝑢 𝑣 𝑤 𝑝 𝑞 𝑟 𝜙 𝜃 𝜓

Calculations

ℱ፛
⎡
⎢
⎢
⎢
⎣

𝑋
𝑌
𝑍

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

−𝑚𝑔 sin(𝜃)
𝑚𝑔 cos𝜃 sin𝜙
𝑚𝑔 cos𝜃 cos𝜙

⎤
⎥
⎥
⎥
⎦

+ ∑ኻ኿፜዆ኻ 𝐅𝐜

⎡
⎢
⎢
⎢
⎣

𝐿
𝑀
𝑁

⎤
⎥
⎥
⎥
⎦

= ∑ኻ኿፜዆ኻ( 𝐌𝐜 + 𝐅𝐜 𝑥
⎡
⎢
⎢
⎢
⎣

𝑑፱,፜
𝑑፲,፜
𝑑፳,፜

⎤
⎥
⎥
⎥
⎦

)

�̇� = ፗ
፦ − 𝑞𝑤 + 𝑟𝑣

�̇� = ፘ
፦ − 𝑟𝑣 + 𝑝𝑤

�̇� = ፙ
፦ − 𝑝𝑣 + 𝑞𝑢

�̇� = ፈᑩ
ፈᑫዅፉᎴᑩᑫ

(𝑁 − (𝐼፲ − 𝐼፱)𝑝𝑞 + 𝐽፱፳(
ፋዅ(ፈᑫዅፈᑪ)፪፫ዄፉᑩᑫ፩፪

ፈᑩ
− 𝑟𝑞))

�̇� = ኻ
ፈᑪ
(𝑀 − (𝐼፱ − 𝐼፳)𝑟𝑝 − 𝐽፱፳(𝑝ኼ − 𝑟ኼ))

�̇� = ኻ
ፈᑫ
(𝐿 − (𝐼፳ − 𝐼፲)𝑞𝑟 + 𝐽፱፳(�̇� + 𝑝𝑞))

3.4. Trim results
Trim curves are often used to verify and validate a model. An aircraft is said to be in trim when the resultant
of the applied forces and moments equals zero [3]. In the trim condition the pilot controls are fixed and
are the unknowns in the trim computation. A trim state is found by solving the differential equations which
describe the motion of the body. These differential equations are defined in the ’Main’ module described in
subsection 3.3.8.

In this section the 6-DoF model trim curves are validated against the GTRS model curves documented by
Ferguson [6]. Both models use the XV-15 as reference aircraft so their trim curves should be very similar.
The aircraft has been trimmed in steady, horizontal flight conditions for various nacelle angles and airspeeds.
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The trim curves of the body pitch angle 𝜃፛, the collective stick defection 𝑋ፂፎፋ and the longitudinal stick
deflection 𝑋ፋፎፍ are shown in Figure 3.7. For each parameter five different flight configurations have been
plotted, ranging from 90 to 0 degrees nacelle angle. The curves are shown as a function of airspeed.

0 50 100 150 200 250 300

Airspeed [kts]

-10

-5

0

5

10

b
 [
d
e
g
]

0 50 100 150 200 250 300

Airspeed [kts]

0

20

40

60

80

100

X
C

O
L
 [
%

]

0 50 100 150 200 250 300

Airspeed [kts]

30

40

50

60

70

80

X
L
O

N
 [
%

]

Figure 3.7: Body pitch angle (᎕ᑓ), collective stick deflection ፗᐺᑆᑃ and longitudinal cyclic stick ፗᑃᑆᑅ trim curves compared
with GTRS model data [6].

The H-mode 𝜃፛ trim curves look very similar. In hover the body pitch angle is very close to zero, but the
angle decreases when airspeed increases. The maximum trim speed is 100 kts for both models. In conversion
mode three different nacelle angle configurations are compared; a 75, 60 and 30 degrees configuration. For
all three configurations the 6-DoF model has a relatively higher trim body pitch angle. Furthermore, the
trim airspeed ranges of both models in C-mode are of almost equal lengths, but the 6-DoF model is able to
find trim solutions at higher airspeeds. In airplane mode the curves look again very alike. Both models find
a maximum trim speed of 280 kts.

The XV-15 collective stick can have a deflection of 0 to 10 inch. The trim collective stick curves are shown
as a percentage of the maximum deflection instead of as a function of the deflection in inch. This has
been done because the gearing between the collective stick and the collective pitch angle required a different
approach for the 6-DoF model. The XV-15 contains a rotor governor, which also has control over the
collective pitch angle. While the pilot control over the collective pitch angle using the collective stick is
phased out when the nacelles are rotated towards airplane mode, the rotor governor has control over the
collective pitch in all flight modes. The collective rotor governor is superimposed on on the collective stick
input. This rotor governor is implemented in the GTRS model, but not in the 6-DoF model. This means
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that, without changing the collective stick to collective pitch phasing, the 6-DoF model has no control over
the collective pitch angle in airplane mode. This also has as a result that the 6-DoF is not able reach the
high collective pitch angles which the XV-15 is able to achieve. In order to compensate for the absence of
the rotor governor, the boundaries of the collective stick have been altered. The governor collective pitch
bound is translated and superimposed on the collective stick bound. This altered bound allows collective
stick deflections higher than 10 inch. The new lower and upper bound of the collective stick (which are
usually 0 and 10) are computed using

𝑋ፂፎፋ,ፔፋ = 10(1 +
𝜂
0.5𝜋) +

𝜃ኺ,ፔፋ,ፑ
Ψ፜፨፥→ኺ

𝑋ፂፎፋ,ፋፋ =
𝜃ኺ,ፋፋ,ፑ
Ψ፜፨፥→ኺ

The collective stick upper limit 𝑋ፂፎፋ,ፔፋ is now dependent on the phasing of the collective stick gearing with
nacelle angle and the rotor governor collective pitch upper bound 𝜃ኺ,ፔፋ,ፑ. For the XV-15 this means that
the collective stick can be deflected 30.94in in H-mode and 20.94in in A-mode. Since the rotor governor can
also give a negative collective pitch input the collective stick now also has a negative lower bound, which
equals in this case -3.125. The 6-DoF model 𝑋ፂፎፋ[%] is then calculated using

𝑋ፂፎፋ[%] =
𝑋ፂፎፋ + 𝑋ፂፎፋ,ፋፋ

𝑋ፂፎፋ,ፔፋ + |𝑋ፂፎፋ,ፋፋ|
∗ 100 (3.7)

The GTRS model 𝑋ፂፎፋ[%] is computed using

𝑋ፂፎፋ[%] =
𝑋ፂፎፋ
10 ∗ 100 (3.8)

with the original 0 to 10 inch bounds. Although both stick deflections have been converted to a percentage of
their boundaries, it is not a perfect method to validate the 6-DoF collective stick trim results. In Figure 3.7
we see that there are quite some discrepancies between the two models due to the different calculation
methods. The percentage stick deflection of the GTRS model is significantly higher in H-mode and C-mode.
Nevertheless, The shapes of the curves look quite similar which gives some validation for the results. In
A-mode the curves look very similar and there is quite some overlap.

The longitudinal cyclic stick trim results have also been plotted as a percentage of their deflection range.
The cyclic stick can have a deflection between -4.8 and 4.8 inch. This means that 𝑋፥፨፧[%] can be computed
using

𝑋ፋፎፍ[%] =
𝑋ፋፎፍ
10 ∗ 100 (3.9)

This equation holds for both models, so the percentages should show similarities. In the bottom plot of
Figure 3.7 it is shown that the shapes of the curves look quite similar and there is some overlap. Only the 90
degrees nacelle angle curves look very different. The GTRS curve grows exponentially with airspeeds while
the 6-DoF curve converges to a value around 70 %. Furthermore, the GTRS conversion and airplane mode
curves are a lot steeper than those of the 6-DoF model.

The cyclic stick can also have a lateral deflection between -4.8 and 4.8 inch. The trim curves of the lateral
cyclic stick have not been included in this report. Since the aircraft is trimmed in steady, horizontal flight
conditions the lateral cyclic stick is fixed at 0 inch deflection. The GTRS model data also shows no lateral
stick deflection in similar trim conditions. Since the plot would only contain straight horizontal lines at a
50% deflection the plots have not been included.

The trim collective pitch angle (𝜃ኺ), cyclic pitch angle (𝜃ኻ፬) and elevator deflection (𝛿፞) curves are compared
with the GTRS data in in Figure 3.8. All three control variables are a function of the pilot inputs. In horizontal,
symmetrical trim (which means 𝑋ፏፄፃ and 𝑋ፋፀፓ equal zero) the following relations for the control variables
with the pilot inputs hold:
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Figure 3.8: Collective pitch angle (᎕Ꮂ), longitudinal cyclic angle (᎕Ꮃᑤ) and elevator deflection angle (᎑ᑖ) trim curves compared
with GTRS model data [6].

𝜃ኺ = 1.6𝑋ፂፎፋ + 𝜃ኺ,ፋፋ (3.10)
𝜃ኻ፬ = 2.1 cos 𝜂𝑋ፋፎፍ + 1.5(1 − cos 𝜂) (3.11)
𝛿፞ = 4.17𝑋ፋፎፍ (3.12)

The collective pitch angle curves look very similar. In helicopter mode the trim collective angle first de-
creases and then increases with airspeed. At low nacelle angle configurations the angle increases linearly
with airspeed. Since 𝜃ኺ is controlled using the collective stick, the shapes of the trim curves of both variables
look very similar. The trim plots of the longitudinal cyclic angle 𝜃ኻ፬ and elevator deflection angle 𝛿፞ look
very alike. The differences between the models are also identical to what was found for the longitudinal
cyclic curves. The GTRS model has generally steeper curves. The 𝜃ኻ፬ trim curves in airplane mode perfectly
coincide. This is because the longitudinal cyclic angle is fixed at 1.5 degrees in this configuration.

In Figure 3.9 the trim curves of the flapping angles are shown. The first plot shows the coning angle 𝑎ኺ,
while the second and third plot show the longitudinal and lateral cone tilt angles 𝑎ኻ and 𝑏ኻ respectively. In
order to validate the results by comparing them with the GTRS model some modifications to the validation
data had to be made. The disk tilt angles of the GTRS model are derived in the mast axis system [8], while
the 6-DoF model derives the angles with respect to the control plane. To transform the flapping angles
from the mast axis reference frame to the control plane reference frame the cyclic pitch angles have to be
added. Because the 6-DoF model assumes that there is no lateral cyclic input, the lateral tilt angles 𝑏ኻ of
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Figure 3.9: Flapping angle trim curves compared with GTRS model data [6].

the models are equivalent. The GTRS longitudinal coning angle 𝑎ኻ has to be offset by the longitudinal cyclic
𝜃ኻ፬ in order to match the 6-DoF model angle. Unfortunately, no comparable coning angle 𝑎ኺ data was found
for the GTRS model, so the first plot only shows the 6-DoF model data. Angle 𝑎ኺ has a value between 2.5
and 2.6 degrees in all flight conditions. The pre-coning angle 𝑎፨,፩፫፞, which has a fixed value of 2.5 degrees,
mainly determines the value of 𝑎ኺ. The 𝑎ኻ curves look quite comparable. In helicopter and conversion mode
the longitudinal tilt angle increases with airspeed, while in airplane mode the angle decreases. The 6-DoF
model angle is slightly higher than the GTRS model angle in conversion mode. In airplane mode there is a
good overlap. The bottom figure shows the lateral tilt angle 𝑏ኻ. In hover, 𝑏ኻ is approximately zero for both
models. When airspeed increases 𝑏ኻ decreases up to 40 kts after which it increases again. The trends of
both curves in helicopter mode look comparable, although 𝑏ኻ of the GTRS model is about 3 times larger in
magnitude. The difference in magnitude is also quite clearly present in conversion mode. In airplane mode
the lateral tilt angle is almost zero for the 6-DoF model while the GTRS model angle increases with airspeed.



4
Linear Model

Stability is concerned with the behavior of an aircraft following a disturbance from an equilibrium state.
Although the response of an aircraft to pilot inputs or atmospheric disturbances is a nonlinear problem,
many stability characteristics can be determined from an analysis of the linearized model. In this chapter
the linear version of the nonlinear model elaborated upon in chapter 3 is described. Firstly, the methodology
behind the linearization is described in section 4.1. Thereafter, the derivatives following from the linearization
are analysed. Firstly, the stability derivatives are analysed in section 4.2. Thereafter, the control derivatives
are investigated in section 4.3.

4.1. Linearized Equations of Motion
In this section the methodology behind the linearization of the nonlinear equations of motion is described.
The linearization always happens at an equilibrium state. The trim results described in section 3.4 are used
for this purpose. The nonlinear equations of motion can described in the following form:

�̇� = 𝑓(𝐱, 𝐮, 𝑡) (4.1)

The equations of motions are written in expanded form in subsection 3.3.8. Just as a small recap, 𝐱 is the
state vector and 𝐮 is the control vector. The state vector of the 6-DoF model contains nine different states:

𝐱 = [𝑢, 𝑣, 𝑤, 𝑝, 𝑞, 𝑟, 𝜙, 𝜃, 𝜙] (4.2)

The nacelle angle could also be considered an aircraft state, but since this angle is kept constant throughout
this analysis it is left out of the state vector. The input vector consists out of four different pilot inputs:

𝐮 = [𝑋ፂፎፋ , 𝑋ፋፎፍ , 𝑋ፋፀፓ , 𝑋ፏፄፃ] (4.3)

With these four pilot inputs the aircraft can be controlled by altering the symmetrical and differential collective
pitch (𝜃ኺ, 𝜃ኺ፝), symmetrical and differential longitudinal cyclic pitch (𝜃ኻ፬, 𝜃ኻ፬፝), and elevator (𝛿፞), aileron
(𝛿ፚ) and rudder (𝛿፫) deflections. For the control analysis of the 6-DoF model it is more interesting to look
at these controls than at the pilot inputs. The aircraft response due to pilot inputs can quite easily be altered
by changing the gearing of the control system. This has already been done for the collective pitch angle to
be able to reach 280 kts in airplane mode. The aircraft responses to pilot inputs are therefore also harder
to validate. For this reason, the input vector of the 6-DoF model has been altered to the following form:

𝐮 = [𝜃ኺ, 𝜃ኺ፝ , 𝜃ኻ፬ , 𝜃ኻ፬፝ , 𝛿፞ , 𝛿ፚ , 𝛿፫] (4.4)

Now, returning to Equation 4.2. At the equilibrium state, all moments are forces are in equilibrium or in
other words: the aircraft does not accelerate linearly or rotationally. This means that the following condition
holds:

�̇� = 0 (4.5)

69
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It can be assumed, using small perturbation theory, that during disturbed motion the behavior of the aircraft
can be described as a perturbation from the trim condition

𝐱 = 𝐱𝟎 + 𝛿𝐱 (4.6)

In this equation 𝐱𝟎 is the trim condition. Linearization relies on the assumption that all forces and moments
can be written as a Fourier series approximation of the nonlinear equations of motion and truncating the
series at the first derivative. This results in a steady state term and linear derivatives. All forces and moments
can then be described in the form shown below:

𝑋 = 𝑋ኺ +
𝜕𝑋
𝜕𝑢 𝜕𝑢 +

𝜕𝑋
𝜕𝑣 𝜕𝑣 +

𝜕𝑋
𝜕𝑤𝜕𝑤 + ... +

𝜕𝑋
𝜕𝜃ኺ

𝜕𝜃ኺ (4.7)

All six forces and moments can be expanded in the same manner. The derivatives are generally written in
the following form:

𝜕𝑋
𝜕𝑢 = 𝑋፮ (4.8)

The obtained linear equations of motion of the perturbed motion around a trim condition can then be written
as:

�̇� = 𝐀𝐱 + 𝐁𝐮(𝑡) (4.9)

In this equation 𝐀 is the system matrix containing all force and moment derivatives with respect to the
aircraft states:

𝐀 = (𝜕𝐅𝜕𝐱)፱዆፱Ꮂ (4.10)

Similarly, 𝐁 is the control matrix containing all force and moment derivatives with respect to the control
inputs:

𝐁 = (𝜕𝐅𝜕𝐮)፱዆፱Ꮂ (4.11)

The derivatives in matrix 𝐀 are called stability derivatives, and those in matrix 𝐁 are called control derivatives.
The full expanded linear system is shown below.

⎡
⎢
⎢
⎢
⎣

፮̇
፰̇
፪̇
᎕̇
፯̇
፩̇
Ꭻ̇
፫̇

⎤
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

ፗᑦ ፗᑨዅ፪Ꮂ ፗᑢዅ፰Ꮂ ዅ፠ cos᎕Ꮂ ፗᑧዄ፫Ꮂ ፗᑡ ኺ ፗᑣዄ፯Ꮂ
ፙᑦዄ፪Ꮂ ፙᑨ ፙᑢዄ፮Ꮂ ዅ፠ cosᎫᎲ sin᎕Ꮂ ፙᑧዅ፩Ꮂ ፙᑡዅ፯Ꮂ ዅ፠ sinᎫᎲ cos᎕Ꮂ ፙᑣ
ፌᑦ ፌᑨ ፌᑢ ኺ ፌᑧ

ፌᑡዅኼ፩Ꮂፈᑩᑫፈᑪ
ዅ፫Ꮂ(ፈᑩዅፈᑫ)ፈᑪ ኺ

ፌᑣዅኼ፫Ꮂፈᑩᑫፈᑪ
ዅኼ፩Ꮂ(ፈᑩዅፈᑫ)ፈᑪ

ኺ ኺ cos᎕Ꮂ ኺ ኺ ኺ ዅΩᎲ cos᎕Ꮂ ዅ sin᎕Ꮂ
ፘᑦዅ፫Ꮂ ፘᑨዄ፩Ꮂ ፘᑢ ዅ፠ sinᎫᎲ sin᎕Ꮂ ፘᑧ ፘᑡዄ፰Ꮂ ፠ cosᎫᎲ cos᎕Ꮂ ፘᑣዅ፮Ꮂ
ፋᖤᑦ ፋᖤᑨ ፋᖤᑢዄ፤Ꮃ፩Ꮂዅ፤Ꮄ፫Ꮂ ኺ ፋᖤᑧ ፋᖤᑡዄ፤Ꮃ፪Ꮂ ኺ ፋᖤᑣዅ፤Ꮄ፪Ꮂ
ኺ ኺ sinᎫᎲ tan᎕Ꮂ ΩᎲ sec᎕Ꮂ ኺ ኻ ኺ cosᎫᎲ tan᎕Ꮂ
ፍᖤᑦ ፍᖤᑨ ፍᖤᑢዅ፤Ꮃ፫Ꮂዅ፤Ꮅ፩Ꮂ ኺ ፍᖤᑧ ፍᖤᑡዅ፤Ꮅ፪Ꮂ ኺ ፍᖤᑣዅ፤Ꮃ፪Ꮂ

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎣

፮
፰
፪
᎕
፯
፩
Ꭻ
፫

⎤
⎥
⎥
⎦

(4.12)

+

⎡
⎢
⎢
⎢
⎢
⎢
⎣

ፗᒍᎲ ፗᒍᎲᑕ ፗᒍᎳᑤ ፗᒍᎳᑤᑕ ፗᒉᑖ ፗᒉᑒ ፗᒉᑣ
ፙᒍᎲ ፙᒍᎲᑕ ፙᒍᎳᑤ ፙᒍᎳᑤᑕ ፙᒉᑖ ፙᒉᑒ ፙᒉᑣ
ፌᒍᎲ ፌᒍᎲᑕ ፌᒍᎳᑤ ፌᒍᎳᑤᑕ ፌᒉᑖ ፌᒉᑒ ፌᒉᑣ
ኺ ኺ ኺ ኺ ኺ ኺ ኺ
ፘᒍᎲ ፘᒍᎲᑕ ፘᒍᎳᑤ ፘᒍᎳᑤᑕ ፘᒉᑖ ፘᒉᑒ ፘᒉᑣ
ፋᖤᒍᎲ ፋᖤᒍᎲᑕ ፋᖤᒍᎳᑤ ፋᖤᒍᎳᑤᑕ ፋᖤᒉᑖ ፋᖤᒉᑒ ፋᖤᒉᑣ
ኺ ኺ ኺ ኺ ኺ ኺ ኺ
ፍᖤᒍᎲ ፍᖤᒍᎲᑕ ፍᖤᒍᎳᑤ ፍ

ᖤ
ᒍᎳᑤᑕ

ፍᖤᒉᑖ ፍᖤᒉᑒ ፍᖤᒉᑣ

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

᎕Ꮂ
᎕Ꮂᑕ
᎕Ꮃᑤ
᎕Ꮃᑤᑕ
᎑ᑖ
᎑ᑒ
᎑ᑣ

⎤
⎥
⎥
⎥
⎦

(4.13)

(4.14)

Besides the linearized aerodynamic forces and moments, the kinematic, perturbation inertial and gravitational
effects of the equations of motion are also incorporated in the linear system. The inertial effects in the A
matrix are denoted by

[𝜙ኺ, 𝜃ኺ, 𝑢ኺ, 𝑣ኺ, 𝑤ኺ, 𝑝ኺ, 𝑞ኺ, 𝑟ኺ] (4.15)



4.1. Linearized Equations of Motion 71

Furthermore, the derivatives in Equation 4.12 are written in semi-normalized form. This means that the force
derivatives are divided by the mass of the system and the moment derivatives by the appropriate moment of
inertia.

𝑋፮ ≡
𝑋፮
𝑚 , 𝑀፮ ≡

𝑀፮
𝐼፲

(4.16)

The rolling and yawing moment equation are often coupled. Because of this reason, primed derivatives are
usually introduced [2, 12]. An example of a primed derivative is shown below:

𝐿ᖣ፩ =
𝐼፳፳

𝐼፱፱𝐼፳፳ − 𝐼ኼ፱፳
𝐿፩ +

𝐼፱፳
𝐼፱፱𝐼፳፳ − 𝐼ኼ፱፳

𝑁፩ (4.17)

The stability and control derivatives can be determined in different ways. Firstly, analytic differentiation of
the force and moment equations can be used to determine the exact values of the derivatives. One advantage
of this method is that the derived equations for the derivatives shows exactly what parameters affect the
derivative and to what extent. This method is however very time-consuming and might not be the most
effective and error-prone method when a rigorous model has to be analysed.

By far the most popular method used is the numerical perturbation method method [3, 4, 12, 20, 26]. The
aircraft states at trim are known as well as the initial values of the forces and moments which are zero. Now,
perturbing one of the states will disturb the equilibrium of the aircraft. By investigating the effect of the
disturbance on the forces and moments, their variations can be quantified. These variations are the numerical
values for the stability derivatives. Similarly, the control inputs can be varied one by one to determine the
values of the control derivatives.

A third method involves a model matching process, in which a linear model is adapted such that the responses
fit the responses of the nonlinear system [17, 22]. This method can also be used to match flight data, and
is a type of system identification. The accuracy of this method depends on the degree of nonlinearity, the
noise of the flight data and the correlation between the states and the responses. The system identification
approach seeks to find the best overall fit with the nonlinear response, and varies all derivatives simultane-
ously until this best fit is found.

It was decided that the stability and control derivatives of the 6-DoF model can best be determined using
the numerical perturbation method. The derivatives are estimated using a finite central difference. If the
motion of the aircraft is denoted by 𝑓(𝐱) with 𝐱𝟎 the trim state and 𝛿 the perturbation size, the following
generic finite central difference scheme can be used [7]:

𝐷𝑓(᎑) = 𝑓(𝑥ኺ + 𝛿) − 𝑓(𝑥ኺ − 𝛿)
2𝛿 (4.18)

As mentioned, this is only an estimation of the derivative. Complete accuracy would only be achieved if the
number of significant numbers would be infinite and the perturbation would be infinitesimal. The level of
inaccuracy of this method depends on two error sources. Firstly, we have the truncation error. The nonlinear
functions are represented by Taylor-expansions where the higher order terms are neglected. Therefore, the
accuracy of this method is dependent on the dominance of the constant, linear and quadratic terms of terms
of the expansion with respect to the higher-order terms [7]. The error arises by truncating the higher order
terms, or in other words truncating the Taylor expansion. In order to minimize the truncation error, the per-
turbation size should be as small as possible. Secondly, there is the problem of round-off errors. Computers
have limited precision, meaning that they will never yield the exact result. Decreasing the perturbation to
an arbitrary small value leads to the quantities 𝑓(𝑥ኺ + 𝛿) and 𝑓(𝑥ኺ − 𝛿) becoming almost equal. At this
point, the finite central difference scheme starts losing accuracy again due to round-off errors.

Therefore, a trade-off between truncation and round-off errors has to be considered in order to achieve
the most accurate linearization results. There exists an operational region in which the the error of the
linearization is minimized. This region is shown in Figure 4.1. It can be seen that if the perturbation size
is too small, the round-off error is relatively big. On the other side, if the perturbation size is too big, the
truncation error plays the biggest role.
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Figure 4.1: Conceptional relation between perturbation size and linearization error [7]

To determine which perturbation size gives the smallest error, an iterative process is introduced. This process
is visualized in the flow chart in Figure 4.2. By picking an arbitrary large number as initial perturbation,
the linearization error is most probably in the truncation region. The derivative can be computed using
this perturbation size, after which the perturbation size is reduced and the derivative is recalculated. The
two derivatives are compared, and as long as the difference between the two is above some threshold, the
perturbation size keeps on reducing. At some point the derivative has converged to some value, indicating
that the optional region is reached and the error is minimized. This process is repeated for all derivatives,
resulting in the linear state space system.

Figure 4.2: Linearization process

4.2. The Stability Derivatives
In this section the stability derivatives of the 6-DoF linear tiltrotor model are discussed. From these deriva-
tives a lot can already be told about the stability of the aircraft. All derivatives are defined in the body
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orthogonal axes system, which is shown in Figure 4.3. The origin of this reference system coincides with the
body centre of gravity. The X-axis is aligned with the the centerline of the fuselage and points towards the
nose. the velocity component along this axis is denoted by 𝑢. The Y-axis points towards the starboard of the
aircraft and the lateral velocity component 𝑣 is aligned with this axis. The Z-axis points down perpendicular
to the centerline. The velocity component along this axis is denoted by 𝑤. The angular velocities in this
reference frame follow the right-hand rule.

Figure 4.3: The orthogonal body axes system [2]

The derivatives are analysed at different combinations of airspeed and nacelle angle. The variations of the
derivatives are analysed as a function of airspeed in all three flight modes. Furthermore, the influence of the
nacelle angle variation on the derivatives is investigated. The 6-DoF model derivatives are also compared
with data obtained from other models. This serves as validation for the results, but the differences between
the models can also say a lot about the effects of the different assumptions made during the modelling
process. All derivatives have been converted to the same units, which are shown in Table 4.1. Furthermore,
no longitudinal-lateral coupling derivatives are described, only direct derivatives. The reason for this is that
the coupling derivatives are usually negligibly small. Firstly the longitudinal stability derivatives are discussed.
Thereafter, the lateral/directional stability derivatives are elaborated upon.

Table 4.1: The S.I. units of the stability derivatives

Force/translational velocity e.g. 𝑋፮ 1/s
Force/angular velocity e.g. 𝑋፪ m/s/rad
Moment/translational velocity e.g. 𝑀፮ rad/s/m
Moment/angular velocity e.g. 𝑀፪ 1/s

4.2.1. Longitudinal Stability Derivatives
In this subsection the longitudinal stability derivatives are described. These are the derivatives which describe
the symmetric motions along the X- and Z-axis of the body frame of reference. The longitudinal derivatives
of the 6-DoF model are compared with three different other models: the preliminary 3-DoF model, the GTRS
model and the FLIGHTLAB model (FXV-15).

Stability Derivative 𝑋፮
The 𝑋፮ derivative practically reflects the drag of the aircraft, according to Padfield [2]. The derivative usually
shows a linear relationship with speed and should be negative at any condition in order to have stability.
This means that 𝑋፮ decreases with increasing airspeed which is also usually the case for a fixed-wing aircraft
and a conventional helicopter. The tiltrotor drag damping derivative should actually decrease faster with
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Figure 4.4: Stability derivative ፗᑦ in helicopter mode, conversion mode and airplane mode, and as a function of nacelle angle ᎔

increasing speed compared to a conventional helicopter, because of its additional rotor and wings which
significantly increases its drag. For a conventional helicopter the phugoid is usually unstable in hover, but
the mode stabilizes with increasing airspeed. The tiltrotor phugoid shows similar behavior, but because of
its higher drag damping the mode stabilizes at a lower airspeed [4].
In Figure 4.4 𝑋፮ is plotted for several models in several different configurations. From the four subfigures it
can be concluded that the requirement that 𝑋፮ should be negative is satisfied for all models in all configura-
tions. The curves of the derivatives in helicopter mode are expected to show similarities with curves we know
from conventional helicopters, which show a linear descent [2]. This linear decrease with airspeed is indeed
the case for both the FLIGHTLAB and GTRS model. The 𝑋፮ derivative of both the 3-DoF and 6-DoF model
do not show this behavior and appear to be almost unaffected by the airspeed. Padfield mentions that the
𝑋፮ reflects the drag of the whole aircraft, but while the drag does increase with airspeed, the rotor forces
are the dominant contributor to 𝑋፮ in this mode for both models. This contribution which is mainly due to
the longitudinal in-plane forces of the rotors does not increase with airspeed and this the main reason why
the 𝑋፮ derivative also remains fairly constant.

The linear slope that was expected in helicopter mode is more visible in conversion mode. The derivative
decreases in value with increasing airspeed, and shows a similar trend for all four models. The X-component
of the fuselage drag, the thrust and H-force decrease in value when the horizontal velocity component 𝑢 is
increased, all contributing to the negative value of 𝑋፮. The biggest contributor to this derivative is still the
rotor system, with a contribution of around 85% for the 6-DoF model.

In airplane mode the magnitude of 𝑋፮ is larger than we saw in conversion and helicopter mode. This is
because the thrust vector is now aligned with the body X-axis making the contribution of the rotors to 𝑋፮
even more dominant in this mode. The derivatives of the 3-DoF model and 6-DoF model decrease slightly
with airspeed, which makes sense as the drag still increases with airspeed. The FLIGHTLAB and GTRS
model derivatives are more or less constant with speed.

In subplot (d) the variation of the derivative is plotted as a function of nacelle angle, using the 6-DoF model.
As the nacelles are tilted from helicopter mode towards airplane mode the magnitude of the derivative
increases. This happens because the thrust vector is tilted as well, increasing its force component along the
x-axis and thus also its contribution to 𝑋፮.
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Stability Derivative 𝑋፰
Derivative 𝑋፰ is shown in Figure 4.5. Subplot (a) shows the derivative in helicopter mode. In hover, 𝑋፰ is
approximately zero, but as airspeed increases the derivative slowly decreases. This is the case for all models.
As airspeed increases, the wing becomes the main contributor to the decreasing value of the derivative for
the 3-DoF model with a contribution of around 70%. The angle of attack of the tiltrotor in helicopter mode
is negative and decreases with increasing airspeed. This also means that the angle of attack of the wing
becomes increasingly negative, which eventually leads to a negative 𝐶ፋ and thus a negative lift force. A
positive perturbation in 𝑤 decreases the total airspeed as 𝑤 is negative, and thus the magnitude of the
negative lift force decreases which decreases the X-direction force created by the wing. For the 6-DoF model
the same principle applies, however the contribution of the wing to the derivative is significantly smaller,
around 45 %. The rotor system which makes 𝑋፰ more positive has a larger contribution for the 6-DoF model
than for the 3-DoF model which explains the difference between the two plots.

While 𝑋፰ is negative at high airspeeds in helicopter mode, positive derivative values are found in conversion
mode. This is mainly because the horizontal X-component of the thrust force increases when the nacelles
are tilted towards airplane mode. A positive perturbation in 𝑤 causes an increase in thrust force, which
largely contributes to the positive value of 𝑋፰. With increasing airspeed the derivative decreases for the
3-DoF model, FLIGHTLAB model and GTRS model which was also observed in helicopter mode and can
be explained using similar logic. For the 6-DoF model a more constant value with airspeed is found. The
trim angle of attack in a 60 degrees nacelle angle configuration decreases from approximately 10 to -1 de-
grees when the airspeed is increased from 100 to 160 kts. Because the angle of attack approaches zero the
aerodynamic forces created by the wing decrease and thus also its contribution to 𝑋፰. For this reason 𝑋፰ is
mainly determined by the rotor forces, which contribution remains roughly constant with airspeed.

In airplane mode the decreasing trend with airspeed is present for all 4 models. All curves start at a positive
𝑋፰. The 3-DoF model decreases with airspeed and approaches zero, while the 6-DoF, FLIGHTLAB and
GTRS models become negative at some point. At positive angles of attack the rotor thrust, the wing and
the horizontal stabilizer have a positive contribution to 𝑋፰ for both the 3-DoF and 6-DoF model. The 3-DoF
model trim angle of attack decreases from 6.3 to 1.3 along the airspeed range of 140 to 200 kts. The 6-DoF
and GTRS model can be trimmed at higher airspeeds and reach 280 kts. At airspeeds higher than 240 kts
both models have a negative trim angle of attack. This change in sign of angle of attack is the reason why
𝑋፰ changes sign as well for these two models and not for the 3-DoF model. The X-component of the lift
force is directed along the negative x-axis when the angle of attack becomes negative. This could cause the
derivative to change sign at high airspeeds.

In sub-figure (d) the variation of 𝑋፰ with nacelle angle is shown. When the nacelles are tilted from helicopter
mode towards airplane mode the derivative increases up to approximately 40 degrees where a peak appears
to be reached. The increase in value can be explained by looking at the thrust vector which rotates towards
the positive X-axis, and thus increasingly affects the resultant force in that direction. When the nacelles are
tilted further towards airplane mode, the effect of a perturbation in 𝑤 on the thrust force decreases because
their vectors are approaching orthogonality. This also explains why 𝑋፰ decreases again at some point.

Stability Derivative 𝑋፪
In helicopter mode the 𝑋፪ derivative increases exponentially with speed as shown by Figure 4.6 (a). The
increase in value is mainly due to the increasing magnitude of the inertial trim velocity 𝑤ኺ, which is subtracted
from the derivative (see Equation 4.12). According to Ferguson [6], the only contributor to this derivative
in hover is the rotor system. This is also in accordance with the memorandum by Pavel [32], who derived
the following equation for 𝑋፪ of a helicopter:

𝑥፪ = −𝐶ፓ
𝛿𝑎ኻ
𝛿𝑞 − 𝛼ፃ

𝛿𝐶ፓ
𝛿𝑞 −

𝛿𝐶ፇᐻ
𝛿𝑞 (4.19)

This shows that the derivative in helicopter mode is dependent on the longitudinal coning angle 𝑎ኻ, the
thrust force T and the longitudinal in-plane H-force. As airspeed increases, −𝑤ኺ increases which mainly
causes the increase in the curves.
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Figure 4.5: Stability derivative ፗᑨ in helicopter mode, conversion mode and airplane mode, and as a function of nacelle angle
᎔

Subplot (b) shows that in conversion mode the derivative starts at a negative value and then increases
somewhat linearly with velocity and becomes positive. The change in sign of angle of attack with increasing
airspeed also causes the 𝑤ኺ to change sign, which then causes the 𝑋፪ derivative to change sign as well.

In airplane mode the 𝑋፪ derivative plot is just as in the helicopter and conversion mode mainly dominated
by 𝑤ኺ. The trim velocity component is equal to 𝑉 sin(𝜃፟). In the analysis of the 𝑋፰ derivative it was
mentioned that the angle of attack of the 3-DoF model is positive along the entire velocity range in A-mode,
but the GTRS model and 6-DoF model angle of attack decreases below zero with increasing velocity. This
also explains why the 𝑋፪ derivative of the 3-DoF model remains negative while the derivative of the other
two models changes sign when a certain flight speed is reached.

When the airspeed is kept constant and the nacelles are tilted towards airplane mode the angle of attack
decreases and becomes negative at some point. This also means that the 𝑤ኺ increases with decreasing 𝜂.
Because the 𝑤ኺ is subtracted from the derivative subplot (d) shows a decrease with nacelle angle.

Stability Derivative 𝑍፮
The 𝑍፮ derivative shows the same trend with increasing airspeed in helicopter mode for all four models
(Figure 4.7). In hover, a perturbation in 𝑢 barely affects the resultant Z-force, but as velocity increases the
derivative decreases fast up to around 40 knots after which it starts increasing again. This effect mainly
occurs due to the wing. At low speeds the wing generates a positive lift force, meaning a negative resultant
Z-force contributing to a negative 𝑍፮. As airspeed keeps on increasing, the angle of attack of the wing
decreases and eventually becomes negative, which eventually results in a negative lift force. This negative
lift force has a positive contribution to 𝑍፮, causing the derivative to increase in value.

In conversion mode the curves of the models differ quite a lot. The 3-DoF and 6-DoF model curves look
very comparable but are positive while the FLIGHTLAB and GTRS model curves are negative. The deriva-
tive is for ±90 % determined by the wing and rotor system, which have an nearly equal share. A positive
perturbation in 𝑢 causes an increases in lift by the wings and thus a negative change in Z-force, while for
the same perturbation the rotor system creates a positive change in Z-force. For the 3-DoF and 6-DoF
models the rotor system slightly dominates the derivative, which leads to its positive value. For the GTRS
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Figure 4.6: Stability derivative ፗᑢ in helicopter mode, conversion mode and airplane mode, and as a function of nacelle angle ᎔

and FLIGHTLAB models this is the other way around; the wing is the dominant factor hence its negative
value. For all four models the derivative slightly increases with airspeed. This happens because the angle of
attack of the aircraft decreases with speed, resulting in a smaller lift force and thus a decreased influence of
the wing on the derivative.

In airplane mode the 𝑍፮ derivative is negative for all four models. The 3-DoF and 6-DoF models and
FLIGHTLAB model barely show any variation in 𝑍፮ with speed, while the GTRS model shows a small
decrease. The derivative is mainly determined by the contribution of the wings which provide the lift in
A-mode. An increase in airspeed usually also increases the lift force, but as the angle of attack decreases
with increasing airspeed the lift force remains fairly constant. The data of the GTRS model however does
show a small increase in lift with increasing airspeed, leading to the marginal decrease of 𝑍፮ [6].

Subplot (d) shows that the 𝑍፮ derivative increases with decreasing nacelle angle up to an angle of 40
degrees after which it starts decreasing again. When the nacelles are rotating from H-mode towards A-
mode the influence of 𝑢 on the rotor forces increases which causes the 𝑍፮ to increase at high nacelle
angles. Simultaneously, the magnitude of the Z-component of the rotor forces decreases which decreases
the dominance of the rotor system on the derivative, eventually causing the derivative to decreases in value
again at low nacelle angles.

Stability Derivative 𝑍፰
The heave-damping derivative 𝑍፰ should be negative in order to have stability. At low airspeeds, the heave-
damping derivative is generally larger for rotary aircraft than for fixed-wing aircraft [2]. A helicopter is more
sensitive to gust loads below approximately 50 knots. As speed increases, the heave response of the rotary
aircraft flattens of while for the fixed-wing aircraft it increases linearly, as shown in Figure 4.8. This is
because of the increasing contribution of the wings on the derivative as speed increases. As the tiltrotor
also has fixed wings, the 𝑍፰ curve is more similar to the fixed-wing aircraft. This is also clearly visible in
Figure 4.9. Subfigures (a), (b) and (c) show that a linear decrease of 𝑍፰ with airspeed is present for the
four models in all flight modes. Furthermore, the derivative is negative along the flight envelope so there the
aircraft is stable along the heave axis. At low airspeeds the derivative is mainly determined by the rotors, but
with increasing airspeed the wings and horizontal stabilizers start creating lift and also affect the derivative.
All subsystems contribute to the negative value of the derivative.
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Figure 4.7: Stability derivative ፙᑦ in helicopter mode, conversion mode and airplane mode, and as a function of nacelle angle ᎔

In subfigure (d) the variation of the 6-DoF model derivative with nacelle angle is shown. The derivative is
approximately constant with 𝑒𝑡𝑎. Tilting the nacelle angle decreases the Z-component of the rotor force
and thus its contribution to 𝑍፰ derivative. Simultaneously, the trim angle of attack of the aircraft increases
resulting in more lift created by the wings. This increases the contribution of the wings to 𝑍፰. The decrease
and increase of the rotor and wing contributions respectively happens at a similar rate, which explains why
𝑍፰ remains approximately constant with nacelle angle.

Stability Derivative 𝑍፪
In Figure 4.10 the 𝑍፪ derivative is depicted. The results of the models look very similar in all three flight
modes. This is not that surprising, while the horizontal trim velocity 𝑢ኺ is also included in the graph, which
is added to derivative itself. This horizontal velocity component is almost identical for the three models and
has a much larger magnitude that the derivative 𝑍፪ solely, thus is the dominant factor in the plot. The small
differences between the models are due to the differences in trim angle of attack which means that 𝑢ኺ is also
different for the models. The nacelle angle barely affects 𝑍፪ as seen in subfigure (d). The angle of attack of
the tiltrotor increases when the nacelles are tilted towards A-mode which decreases 𝑢ኺ slightly. This results
in a slightly negative slope which is barely observable in the figure.

Stability Derivative 𝑀፮
The speed stability derivative 𝑀፮ has a mayor effect on the longitudinal stability and handling qualities of
an aircraft [3]. For a conventional airplane 𝑀፮ is practically zero at subsonic speeds, because all moments
induced by the aerodynamic surfaces are proportional with dynamic pressure, so they cancel each other out
during perturbations. For a conventional helicopter however 𝑀፮ is important along the entire flight envelope.
The moments induced by the main rotor due to changes in speed are roughly constant, but the aerodynamic
loads acting on the fuselage and empennage vary strongly with increasing airspeed. Primarily the horizontal
stabilizer produces a strong pitching moment around the centre of mass, affecting the speed stability deriva-
tive. According to Padfield [2] a positive 𝑀፮ is beneficial for good handling qualities, but it can degrade the
dynamic stability of the helicopter. If a positive perturbation in 𝑢 causes a positive pitching up moment, the
drag of the aircraft increases, which in turn decreases forward speed again. For a conventional helicopter 𝑀፮
is usually positive, so a positive speed stability derivative can also be expected for a tiltrotor in helicopter
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Figure 4.8: Variation of the heave-damping derivative ፙᑨ for both rotary- and fixed-wing aircraft [2]
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Figure 4.9: Stability derivative ፙᑨ in helicopter mode, conversion mode and airplane mode, and as a function of nacelle angle
᎔
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Figure 4.10: Stability derivative ፙᑢ in helicopter mode, conversion mode and airplane mode, and as a function of nacelle angle
᎔

mode. As airspeed increases and the nacelles are tilted towards airplane mode 𝑀፮ should approach zero
according to Berger et al. [3]. At high airspeeds the tiltrotor is expected to behave like a conventional
fixed-wing aircraft, so the moments induced by the lifting surfaces should all be proportional to dynamic
pressure and should cancel eachother out.

Looking at the curves for the speed stability derivative 𝑀፮ in helicopter mode in Figure 4.11 (a), quite
some significant differences between the models can be observed. The FLIGHTLAB model derivative is
positive and increases with airspeed up to 40 knots after which it decreases again. The 6-DoF and 3-DoF
models are positive at low airspeeds but start decreasing linearly after 20 kts. After approximately 60 and
90 knots the derivative becomes negative for the 6-DoF and 3-DoF model respectively. This is caused by
the pitching moment induced by the horizontal stabilizers. At low airspeeds the effect of the horizontal
stabilizer is relatively small and the derivative mainly depends on the rotor forces, but as airspeed increases
an increasingly negative pitching moment is induced which eventually causes 𝑀፮ to become negative. This
horizontal stabilizer dominance is clearly not present in the GTRS model, which has a completely different
curve. The GTRS data provided by Ferguson [6] shows the total airframe (including fuselage, wing, stabiliz-
ers) contributes positively to 𝑀፮ which is definitely not the case for the 3-DoF and 6-DoF models.

In conversion mode the results of the models look a lot more comparable than in helicopter mode, but there
are still quite some significant differences. The plot of the 3-DoF shows that 𝑀፮ starts at a positive value
but decreases and becomes negative when airspeed increases. Similar as in helicopter mode this is caused
by the horizontal stabilizer. The negative moment induced by this horizontal surface dominates the speed
stability derivative at high airspeeds. The 6-DoF model derivative shows a similar trend but has a higher
value and remains positive. The rotor system creates a positive pitching up moment which outweighs the
negative pitching moment induced by the horizontal stabilizers for this model. For the GTRS model the
airframe pitching moment is still very dominant, hence its relatively higher derivative values.

In airplane mode the 𝑀፮ derivative is positive for all models at all airspeeds. According to Berger et al. [3],
𝑀፮ should approach zero in airplane mode as airspeed increases. However, this is the case for none of the
models. The GTRS and 6-DoF models show an increase in 𝑀፮ with speed. For the 3-DoF and 6-DoF models
it is found that the positive pitching moment induced by the rotor system is very dominant in airplane mode
when 𝑢 is disturbed, preventing the derivative from approaching zero.



4.2. The Stability Derivatives 81

Stability derivative M
u

0 20 40 60 80 100 120

Airspeed [kts]

-0.02

-0.01

0

0.01

0.02

0.03

0.04

0.05

0.06
(a) H-mode (  = 90)

80 90 100 110 120 130 140 150 160

Airspeed [kts]

-0.01

0

0.01

0.02

0.03

0.04

0.05
(b) C-mode (  = 60)

6-DoF Model

3-DoF Model

FLIGHTLAB Model

GTRS Model

Legend (a), (b) & (c)

120 140 160 180 200 220 240 260 280

Airspeed [kts]

0.06

0.065

0.07

0.075

0.08

0.085

0.09

0.095

0.1

(c) A-mode (  = 0)

0102030405060708090

Nacelle angle [deg]

-0.02

0

0.02

0.04

0.06

0.08

0.1
(d) 6-DoF Derivative

V = 0 kts

V = 40 kts

V = 80 kts

V = 120 kts

V = 160 kts

V = 200 kts

V = 240 kts

V = 280 kts

Legend (d)

Figure 4.11: Stability derivative ፌᑦ in helicopter mode, conversion mode and airplane mode, and as a function of nacelle
angle ᎔

From subfigure (d) is becomes apparent that the speed stability derivative increases in magnitude with
decreasing nacelle angle. This happens mainly because the thrust force is rotated towards the positive
x-axis. The thrust force decreases in magnitude when a positive perturbation in the horizontal velocity
component 𝑢 occurs. Since the thrust force creates a negative pitching moment, this moment also decreases
resulting in a positive resultant moment 𝑀. The thrust force is increasingly sensitive to disturbances in 𝑢
when the 𝜂 decreases, which leads to an increase of 𝑀፮ when rotating towards the airplane configuration.

Stability Derivative 𝑀፰
The incidence static derivative, also called the longitudinal static stability derivative 𝑀፰ represents the
change of pitching moment about the centre of mass of an aircraft due to a perturbation in the vertical
velocity component 𝑤. Together with 𝑀፮ this derivative largely affects the longitudinal stability of an air-
craft [2]. If a positive perturbation in 𝑤 causes a positive pitching moment, then 𝑀፰ is positive and the
aircraft is said to be statically unstable. For a conventional airplane this derivative is extremely important.
Helicopters, however, are often inherently unstable in pitch. If a positive incidence occurs, the advancing
blade creates more lift than the retreating blade. As a result of this differential lift in combination with
the 90 deg phase shift, the rotor disc will flap back creating a positive pitching moment around the centre
of gravity. This effect increases with increasing speed. For a tiltrotor, 𝑀፰ is usually negative along the
entire velocity range and thus the aircraft is statically stable. According to Lu et al.[4] the wing and the
fuselage of a tiltrotor have a destabilizing contribution to 𝑀፰ because the centre of gravity is located after
the aerodynamic center. However, the aircraft is still stable due to the stabilizing effect of the large tailplane.

Figure 4.12 shows the 𝑀፰ curves for the different models. In hover, 𝑀፰ is approximately zero, but the
derivative decreases with speed increasing the static stability. This is the case for all four models mean-
ing that they are statically stable. A linear trend can be observed for the FLIGHTLAB, 3-DoF and 6-DoF
model, although the slopes are significantly different. For the 3-DoF model the aerodynamic centre and the
centre of gravity of the fuselage are assumed to coincide, which means that the fuselage is not stabilizing
nor destabilizing for this model. For the other models the fuselage is destabilizing which partly explains the
steeper curve of the 3-DoF model. Besides that, the destabilizing effect of the wings is very small compared
to the stabilizing effect of horizontal stabilizers for the 3-DoF model which also results in a steeper curve.
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Figure 4.12: Stability derivative ፌᑨ in helicopter mode, conversion mode and airplane mode, and as a function of nacelle
angle ᎔

The GTRS model shows a statically unstable aircraft at 40 knots with an 𝑀፮ of 0.027. While the airframe
as a whole has a stabilizing effect for all other velocities, it appears to be destabilizing at 40 knots.

In conversion mode 𝑀፰ is negative for all models at all airspeeds, meaning that they are statically stable
in this configuration. Just as we saw in helicopter mode, the derivative of the 3-DoF model has a larger
magnitude than the other three models because the model does not consider the destabilizing effect of the
fuselage. The tailplane of the aircraft has a big stabilizing effect, which increases with flight speed. The
wings are destabilizing, while the rotors provide a stabilizing contribution.

In airplane mode the 𝑀፰ derivative of the 3-DoF model and FLIGHTLAB model look quite similar. The
derivative is negative and decreases with speed. The wings have a destabilizing effect, but the stabilizing
effect of the horizontal stabilizer makes the aircraft overall statically stable. The 6-DoF model derivative
looks more similar to the GTRS model derivative and has relatively small values compared to the other two
models. In airplane mode the rotors have a destabilizing contribution to 𝑀፰.

In subfigure (d) the 6-DoF derivative is plotted as a function of nacelle angle. At low airspeeds the nacelle
angle does not significantly affect the speed stability derivative. At higher airspeeds the curves decrease
slightly with nacelle angle, which means that the aircraft becomes more statically stable. The trim angle
of attack increases with nacelle angle, meaning that the horizontal stabilizers create more lift and have a
larger stabilizing contribution to the static stability derivative. This causes the negative slope with decreasing
nacelle angle at high nacelle angle configurations. When the nacelles rotated further towards A-mode, the
rotor contribution changes from negative to positive. This causes the increase in slope at low values of 𝜂.

Stability Derivative 𝑀፪
The pitch damping derivative 𝑀፪ plays a very important role in the longitudinal short-term handling charac-
teristics, which means that the derivative hugely affects the short-period of the aircraft. A positive pertur-
bation in 𝑞 should always results in a restoring pitching down moment, meaning that 𝑀፪ should be negative
[3]. The magnitude of the pitch damping derivative usually increases linearly with airspeed. Lu et al. [4]
mention that this is due to the tailplane, which is the main source contribution to this derivative. According
to Padfield [2], 𝑀፪ reduces in magnitude as the rotors are being tilted from helicopter to airplane mode.
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Figure 4.13: Stability derivative ፌᑢ in helicopter mode, conversion mode and airplane mode, and as a function of nacelle
angle ᎔

This is due to in-plane lift components of the proprotors, which have a positive contribution to the derivative.

The pitch damping derivative 𝑀፪ is shown in Figure 4.13. For all four models the derivative is negative
along the entire velocity range, which is desirable for stability. In hover (subfigure (a)) the pitch damping
derivative is almost entirely determined by the rotor system, which is stabilizing. When the airspeed increases
the horizontal stabilizer also creates a stabilizing contribution to 𝑀፪, leading to a linear decrease in value.
In subfigure (b) the conversion mode derivatives are shown. All four models show a linear decrease in value
with airspeed. The 6-DoF curve is significantly less steep than the other three model curves. The rotor forces
which are stabilizing for the other models are destabilizing for the 6-DoF model in conversion mode with
airspeed. This destabilizing contribution is still present in airplane in airplane mode. The biggest contributor
to the derivative is however still the horizontal stabilizer system which is stabilizing.

According to Padfield [2] the derivative should decrease in magnitude when the proprotors are tilted towards
airplane mode, because the destabilizing effects of the in-plane rotor forces increase. From subfigure (d) it
can be concluded that 𝑀፪ increases in magnitude with nacelle angle for the 6-DoF model. The destabilizing
effect of the rotor indeed increases when rotating towards airplane mode, but so does the trim angle of
attack. This means that the horizontal stabilizers create more lift and as a result the stabilizing contribution
to 𝑀፪ increases as well. This stabilizing effect by the horizontal stabilizers is bigger than the destabilizing
effect of the rotor causing the negative slope. One possible explanation for this difference could be the
difference in modelled rotor hub. The FXV-15 is modelled with a gimballed rotor hub which has usually
larger in-plane forces than an articulated rotor hub [2].

4.2.2. Lateral/directional Stability Derivatives
In this subsection, the lateral/directional stability derivatives are discussed. These are the derivatives with
respect to the lateral velocity component 𝑣, the roll rate 𝑝 and the yaw rate 𝑟. Similarly as the longitudinal
stability derivatives the lateral/directional derivatives will be compared with the GTRS model and FLIGHT-
LAB model data. The 3-DoF model data is not included in the comparison as this model is limited to
symmetrical motion.
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Figure 4.14: Stability derivative ፘᑧ in helicopter mode, conversion mode and airplane mode, and as a function of nacelle angle
᎔

Stability Derivative 𝑌፯
The direct side force damping derivative 𝑌፯ derivative is depicted in Figure 4.14. The behavior of this deriva-
tive should be similar to the drag damping derivative 𝑋፮ and the heave damping derivative 𝑍፰, and thus
should always be negative in order to have stable side force damping [2]. Subfigure (a), (b) and (c) show that
this requirement is satisfied at a 90, 60 and 0 nacelle angle for all three models. During hover in H-mode the
derivative is mainly determined by the rotor system which has a stabilizing contribution. There is however
also a small destabilizing contribution from the wings due to rotor wake induced velocities. This contribution
is significantly higher in hover when the nacelles are at a 80 degrees inclination. This causes an unstable side
force damping at these conditions as seen in subfigure (d). When the airspeed increases the contribution of
the vertical stabilizers increases which is stabilizing as well. The GTRS model shows an unexpected bump
in the helicopter mode plot at 40 kts, which we also saw for the 𝑀፰ derivative. The GTRS data shows that
both the rotor and vertical stabilizers are stabilizing at this airspeed, but their contribution to the derivative
is much smaller than at other airspeeds. It is hard to find an explanation for the bump in the graph and
unfortunately no explanation about the data is given by Ferguson [6]. In conversion and airplane a similar
linear trend is observable. The contribution of both the rotor system and the vertical stabilizers increases
linearly with airspeed.

Besides the instability in hover, subfigure (d) shows that the 𝑌፯ derivative is barely affected by the nacelle
angle. At high airspeeds a small decrease in value can be observed. The influence of the vertical stabilizers
is barely affected by the nacelle angle, meaning that this small decrease is due to the rotor system side force
component which increases with nacelle angle.

Stability Derivative 𝑌፩
In Figure 4.15 the 𝑌፩ derivative has been plotted. Similar to 𝑋፪, the inertial trim velocity component 𝑤ኺ
contributes to the derivative and is also included in the graph. In helicopter mode the aircraft is trimmed
at a negative angle of attack, which also means that 𝑤ኺ is negative. As airspeed increases the velocity
vector increases in magnitude and the angle of attack decreases resulting in an exponential grow of the 𝑤ኺ
component. This is also clearly visible for all three models in subfigure (a). The differences between the
models are mainly due to the differences in trim angle of attack. For example, the trim angle of attack of
the GTRS model at 100 kts is slightly lower than for the 6-DoF model (-12.6 versus -11.2 degrees). This
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Figure 4.15: Stability derivative ፘᑡ in helicopter mode, conversion mode and airplane mode, and as a function of nacelle angle
᎔

means that the 𝑤ኺ component of the former model is obviously significantly bigger than the latter, which
explains the somewhat steeper curve of the GTRS model.

In conversion mode 𝑌፩ decreases with airspeed for the same reason as we saw in helicopter mode. The
graphs all start at a positive value but cross the zero border at some point. At this point the angle of attack
changes from positive to negative. For every model this moment happens at a different airspeed, hence the
differences between them. Because the angle of attack is not constantly increasing in magnitude a linear
trend can be observed instead of a exponential one. The 6-DoF curve is significantly higher than the GTRS
curve. This could be expected because we saw in section 3.4 that the trim angle of attack at a 60 degrees
nacelle angle of the model was also significantly higher than for the GTRS model. In airplane mode the
three models show a lot of overlap.

As mentioned before, the angle of attack of the aircraft increases when the nacelles are tilted towards airplane
mode while the airspeed is kept constant. Consequently, 𝑤ኺ increases hence the positive slope observable in
subfigure (d). At zero airspeed 𝑤ኺ is obviously zero thus the graph merely shows the aerodynamic effects of
𝑌፩ which are relatively small.

Stability Derivative 𝑌፫
The inertial velocity component 𝑢ኺ completely dominates the 𝑌፫ derivative, making the aerodynamic effects
almost negligible, as shown in Figure 4.16. In all flight modes a strong linear relationship with airspeed can
be observed and the results of the three models almost perfectly coincide. When the nacelles are rotated
towards airplane mode the contribution of the rotor system to 𝑌፫ increases. However, the inertial effect of
𝑢ኺ is very dominant thus although there is small increase in value with decreasing nacelle angle this is barely
visible in subfigure (d).

Stability Derivative 𝐿፯
One of the two most important sideslip derivatives is 𝐿፯, also called the dihedral stability derivative. If the
aircraft is disturbed by a positive 𝑣 perturbation the aircraft is deflected from its path to the right. This
means that a negative roll response is required to bring the aircraft back on its path. Therefore it is desirable
for stability that 𝐿፯ is negative. This is the case for both convectional helicopters and airplanes, thus logically



86 4. Linear Model

Stability derivative Y
r

0 10 20 30 40 50 60 70 80 90 100

Airspeed [kts]

-60

-50

-40

-30

-20

-10

0
(a) H-mode (  = 90)

80 90 100 110 120 130 140 150 160

Airspeed [kts]

-90

-80

-70

-60

-50

-40
(b) C-mode (  = 60)

6-DoF Model

FLIGHTLAB Model

GTRS Model

Legend (a), (b) & (c)

120 140 160 180 200 220 240 260 280

Airspeed [kts]

-150

-100

-50
(c) A-mode (  = 0)

0102030405060708090

Nacelle angle [deg]

-150

-100

-50

0

(d) 6-DoF Derivative

V = 0 kts

V = 40 kts

V = 80 kts

V = 120 kts

V = 160 kts

V = 200 kts

V = 240 kts

V = 280 kts

Legend (d)

Figure 4.16: Stability derivative ፘᑣ in helicopter mode, conversion mode and airplane mode, and as a function of nacelle angle
᎔

this also applies to tiltrotor aircraft. The 𝐿፯ curves of the models are shown in Figure 4.17. From subfigure
(a) it can be concluded that the derivative is indeed negative in helicopter mode. The GTRS derivative curve
has an unexpected peak at 40 kts which we also saw for the 𝑀፰ and 𝑌፯ derivatives. For helicopters the main
rotor is usually the main contributor to 𝐿፯ [2]. This is also the case for the tiltrotor in H-mode according to
the 6-DoF model results. The rotor contribution is the most dominant, while the vertical stabilizers also have
a significant contribution. Both contributions are stabilizing. The rotor contribution remains fairly constant
with airspeed, while the contribution of the vertical stabilizers increases. For the GTRS and FLIGHTLAB
model curves a clear linear decrease with airspeed is found. For these models the contribution of the vertical
stabilizers might be larger.

In conversion and airplane mode a similar linear decrease with airspeed is found for all three models. The
vertical stabilizer is in these modes the main contributor to 𝐿፯. The contribution of the rotor decreases when
the nacelle are tilted towards airplane mode. The thrust vector of the rotor which creates a rolling moment
in helicopter mode is parallel with the rolling axis in airplane mode, meaning that the induced rolling moment
vanishes. The contribution of the vertical stabilizers increases with nacelle angle while the rotor contribution
decreases with a similar magnitude.. This explains why the derivative is roughly constant with nacelle angle
as seen in subfigure (d).

Stability Derivative 𝐿፩
The roll-damping derivative plays an important roll in the short-term handling qualities about the x-axis. A
positive perturbation in 𝑝 should result in a restoring negative rolling moment 𝐿, meaning that 𝐿፩ should
be negative. The roll-damping derivatives have been plotted in Figure 4.18. Although this derivative is in-
sensitive to speed for a conventional helicopter, the speed highly affects the tiltrotor roll damping derivative
in all flight modes [4]. In subfigure (a) a clear decrease in 𝐿፩ with airspeed is visible. In helicopter mode
the two rotors are the dominant contributors to 𝐿፩. The contribution from the wings becomes increasingly
more important with increasing airspeed which explains the decrease of the 𝐿፩ curves.

In conversion mode the contribution of the wings becomes more important while the contribution of the
rotor system decreases. This happens because the rotors become less aligned with the airflow resulting
from a rolling motion. At a nacelle angle of 60 degrees the rotor system however still remains the biggest
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Figure 4.17: Stability derivative ፋᑧ in helicopter mode, conversion mode and airplane mode, and as a function of nacelle angle
᎔

contributor. According to Lu et al. [4] and Berger et al. [3] the contribution of the rotor system is much
smaller than the contribution of the wing in airplane mode. Johnson [23] however states that the rotor
contributions to the roll damping derivative during cruise is of the same order as the contributions of the
wings. Both the H-force and torque of the rotors have the same sign and contribute significantly to the
roll damping in airplane mode. The latter claim is more in alignment with the results found for the 6-DoF
model in A-mode. Although the contribution is the biggest in A-mode, the contribution of the rotor is still
of the same order of magnitude. Even though the influence of the rotors on 𝐿፩ is significant the entire flight
envelope, its decrease of influence with nacelle angle is clearly visible subfigure (d). The derivative decreases
in absolute value with decreasing nacelle angle.

Stability Derivative 𝐿፫
The stability derivative 𝐿፫ couples the roll and yaw motions together with 𝑁፩. This derivative is positive in
helicopter mode, mainly due to the contribution of the rotor system. Why the rotors have a positive contri-
bution to 𝑁፫ can be explained with the help of Figure 4.19. If the yaw rate r is positive the advancing blade
of the left rotor has a higher velocity than the advancing blade of the right rotor. Therefore, the left rotor
creates more lift than the right rotor, causing a positive rolling moment to the right. In Figure 4.20(a) the
derivatives of the different models in helicopter mode are shown, which confirms that 𝐿፫ is indeed possible
in helicopter mode. The models show a very similar trend in this configuration. In hover the roll response
to a perturbation in 𝑟 is quite small, but as soon as the airspeed increases the derivative stabilizes around a
value of 0.35. The contribution of the rotor decreases with airspeed while the the contribution of the vertical
stabilizers increases at the same rate.

When the nacelles are tilted the rotor response to a positive yaw rate becomes a negative rolling moment
instead of a positive one. Subfigure (b) shows that 𝐿፫ is already negative at a nacelle angle angle of 60
degrees. There are some differences between the models in this configuration. The FLIGHTLAB curve
decreases with airspeed while the other two models show an increase. For the 6-DoF model the negative
rotor contribution significantly decreases when airspeed increases, causing an increase in 𝐿፫.

In airplane mode the opposite happens. The FLIGHTLAB curve is increasing while the other two curves are
decreasing. The 6-DoF curve shows quite a steep decrease with airspeed. The wing and vertical stabilizers
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Figure 4.18: Stability derivative ፋᑡ in helicopter mode, conversion mode and airplane mode, and as a function of nacelle angle
᎔

Figure 4.19: The in-plane velocity distribution of the tiltrotor in helicopter mode with a positive yaw rate leads to a positive ፋᑣ
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Figure 4.20: Stability derivative ፋᑣ in helicopter mode, conversion mode and airplane mode, and as a function of nacelle angle
᎔

have a positive contribution to 𝐿፩, but the negative contribution of the rotors is dominant for the 6-DoF
model. The influence of the rotors increases significantly with airspeed and this causes the decreasing 𝐿፩.
In subfigure (d) the decrease of the positive rotor contribution with nacelle tilt is clearly visible. When the
nacelles are almost in airplane mode the derivative starts increasing again. This mainly happens due to the
increase in angle of attack with decreasing nacelle angle. An increase in angle of attack means that the lift
force created by the wings increases and thus also its positive induced resultant moment.

Stability Derivative 𝑁፯
According to Padfield [2], the weathercock stability derivative 𝑁፯ is critically important for both static and
dynamic stability. This derivative basically defines the ability of the aircraft to turn in to the wind in order
to maintain directional equilibrium [33]. Together with 𝐿፯ they form the most important sideslip derivatives.
A positive perturbation in the lateral velocity component 𝑣 should result in restoring positive yawing mo-
ment meaning that 𝑁፯ should be positive. Up to moderate airspeeds the derivative should be linear with
airspeed [2]. Looking at Figure 4.21(a) this is indeed the case for the 6-DoF and FLIGHTLAB model in heli-
copter mode. The GTRS model once again shows a unexpected unstable derivative at 40 kts. The negative
weathercock stability derivative value at this airspeed would mean that the aircraft is directionally/laterally
unstable. For a helicopter this derivative is mainly determined by the tail rotor, the vertical fins and the
fuselage. Since a tiltrotor does not have a tail rotor the latter two remain. Additionally, the rotors of the
tiltrotor have a relatively large moment arm compared to a conventional helicopter which means that they
could also have a significant contribution to 𝑁፯. The results of the 6-DoF model in helicopter mode indeed
show that the weathercock stability derivative is dependent on the rotor system and the vertical stabilizers
which are both stabilizing. The yawing moment created by the fuselage has not been modelled in the 6-DoF
model so its contribution to 𝑁፯ is missing.

In conversion mode a similar linear trend is apparent. The vertical stabilizers have a contribution of approxi-
mately 90%, while the rotor system covers the other 10%. The former has a stabilizing effect while the latter
in this configuration is destabilizing. In airplane mode the destabilizing contribution of the rotor increases to
up to 20%. While the induced negative yawing moment by the rotor system increases when the nacelles are
rotated towards airplane mode, the positive moment created by the vertical stabilizers increases as well. The
latter increases slightly more which causes an increase of 𝑁፯ with decreasing nacelle angle. This explains the
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Figure 4.21: Stability derivative ፍᑧ in helicopter mode, conversion mode and airplane mode, and as a function of nacelle angle
᎔

increasing curves in Figure 4.21(d).

Stability Derivative 𝑁፩
The second derivative that couples roll and yaw motions is the 𝑁፩ derivative. The coupling effects of 𝑁፩
are more significant than those of 𝐿፫ according to Padfield [2]. For a conventional helicopter we know that
𝑁፩ is negative. Large negative values of 𝑁፩ causes strong adverse yaw effects. Adverse yaw is the tendency
to yaw into the opposite direction of the roll. In Figure 4.22(a) the 𝑁፩ curves of the three different models
in helicopter mode are compared. The tiltrotor derivative is positive for all models, which is different than
what we know from conventional helicopters. The rotors and vertical stabilizers mainly determine the value
of 𝑁፩, and both have a positive contribution in H-mode. The 6-DoF model curve shows significantly lower
values of 𝑁፩ than the other two models.

In conversion mode the derivative is negative instead of positive. The rotors have a negative contribution to
𝑁፩ and mainly determine its value. The wings also have a negative contribution while the vertical stabilizers
contribution is positive. The FLIGHTLAB and 6-DoF derivatives are roughly constant with airspeed while
the GTRS shows quite a strong increase. In airplane mode the contribution of the vertical stabilizers has
increased. The negative contribution of the rotors and the positive contribution of the vertical stabilizers
grow at the same rate with airspeed which explains the roughly constant 𝑁፩. In subfigure (d) it is clearly
visible that the rotor contribution decreases in value when the nacelles are tilted towards A-mode. Up to 30
degrees 𝑁፩ decreases due to the rotor influence. Thereafter the rotor contribution increases again, which is
why 𝑁፩ increases as well.

Stability Derivative 𝑁፫
The yaw damping derivative is depicted in Figure 4.23. A positive yawing rate 𝑟 should create a negative
restoring yawing moment 𝑁, thus 𝑁፫ should be negative. In subfigure (a) it can be seen that the yaw
damping derivative decreases linearly with speed. The GTRS model has an unstable yaw-damping derivative
at 40 kts. For a conventional helicopter the tail rotor is the main contributor to the yaw damping, especially
at low velocities. Since the tiltrotor has no tail rotor the magnitude of the yaw damping is very small at low
airspeeds causing an unstable spiral mode [3]. The stabilizing contribution of the vertical stabilizers increases
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Figure 4.22: Stability derivative ፍᑡ in helicopter mode, conversion mode and airplane mode, and as a function of nacelle
angle ᎔

when the airspeed increases.

In airplane mode yawing moment created by the rotors is almost constant with airspeed. The negative
moment created by the vertical stabilizers increases however, which explains the decrease of 𝑁፫ with airspeed.
The GTRS curve shows a similar rate of decrease with airspeed. The FLIGHTLAB curve remains fairly
constant. In general, when the nacelles are tilted forward the stabilizing effect of the proprotors to the yaw
damping increases as the thrust force becomes aligned with the airflow resulting from a yawing motion. This
increase in yaw damping with decreasing nacelle angle is clearly visible in subfigure (d).

4.3. The Control Derivatives
In this subsection the control derivatives of the linearized 6-DoF model are elaborated upon. The control
derivatives are shown in the B matrix of Equation 4.12 Similar to the stability derivatives the control
derivatives are analysed as a function of airspeed and nacelle angle. In order to see whether the results
make sense, they are compared to the FLIGHTLAB results [2]. All control derivatives have been converted
to the units shown in Table 4.2. Firstly the longitudinal control derivatives are analysed. Thereafter, the
lateral/directional control derivatives.

Force/control angle e.g. 𝑋᎕Ꮂ m/sኼ/rad
Moment/control angle e.g. 𝑀᎕Ꮂ 1/s

Table 4.2: Units of the control derivatives

4.3.1. Longitudinal Control Derivatives
In this section the longitudinal control derivatives of the XV-15 are discussed. The outcomes of the 6-DoF
model are compared with those of the FXV-15 [2]. The collective stick and longitudinal movement of the
cyclic stick provide the longitudinal control in the XV-15. Collective pitch control is used in helicopter mode
to ascent or descent while longitudinal cyclic control is used to alter the tip-path plane and move the aircraft
horizontally. When the nacelles are tilted towards airplane mode the longitudinal cyclic control vanishes
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Figure 4.23: Stability derivative ፍᑣ in helicopter mode, conversion mode and airplane mode, and as a function of nacelle angle
᎔

and elevators are used instead for pitch control. The longitudinal derivatives with respect to the blade-
root collective pitch angle 𝜃ኺ, the longitudinal cyclic angle 𝜃ኻ፬ and the elevator deflection 𝛿፞ are discussed
respectively.

Control Derivatives with respect to 𝜃ኺ
By increasing the blade-root pitch angle 𝜃ኺ the total average blade pitch increases. This means that the
blades create more lift and thus the total rotor thrust force is increased. In Figure 4.24 the longitudinal
derivatives with respect to 𝜃ኺ are shown. On the left side the derivatives are shown as a function of airspeed
with the nacelle angle kept constant. The results for both the 6-DoF model and the FLIGHTLAB model are
shown in H-mode (𝜂 = 90deg), C-mode (𝜂 = 60deg) and A-mode (𝜂 = 0deg). In helicopter mode the
thrust vector points in negative Z-direction. The thrust force increases when 𝜃ኺ increases, so 𝑍᎕Ꮂ should be
negative in H-mode. This is indeed the case, as shown in subfigure (b1). The derivatives for both models
look very alike. At a nacelle angle of 60 degrees the Z-component of the thrust force is still dominant. When
the nacelles are however rotated to A-mode, the thrust is more aligned with the X-axis. This explains the
smaller value of 𝑍᎕Ꮂ and bigger value of 𝑋᎕Ꮂ in this configuration. On the right figures the same derivatives
of the 6-DoF model are shown as a function of nacelle angle with the airspeed 𝑉 kept constant. The decrease
of 𝑍᎕Ꮂ and increase of 𝑋᎕Ꮂ is also clearly visible in these figures.

The 𝑀᎕Ꮂ derivative seems to be almost independent of airspeed, but quite dependent on nacelle angle.
The derivative is positive in H-mode, but becomes increasingly negative with decreasing nacelle angle. An
increase in thrust results in a positive pitching up moment when 𝜂 equals 0 degrees. When the nacelles
are rotated the moment arm of the thrust force decreases until the line of action passes through the centre
of gravity of the aircraft and the induced moment equals zero. When the nacelles are rotated further and
negative pitching moment is created and while the moment arm increases 𝑀᎕Ꮂ decreases.

Control Derivatives with respect to 𝜃ኻ፬
Symmetric longitudinal cyclic control is used in helicopter mode to move the aircraft horizontally. Simul-
taneously increasing the longitudinal cyclic angle on both rotors causes the tip-path plane to tilt forward
resulting in an increase in forward speed [31]. This means that the resultant force along the X-axis increases,
thus 𝑋᎕Ꮃᑤ should be positive. In the top left corner of Figure 4.25 it can be seen that this is indeed the



4.3. The Control Derivatives 93

0 50 100 150 200 250 300

Airspeed [kts]

0

50

100

(a1) X
0

0102030405060708090

Nacelle angle [deg]

0

50

100

(a2) X
0

0 50 100 150 200 250 300

Airspeed [kts]

-60

-40

-20

0

(b1) Z
0

0102030405060708090

Nacelle angle [deg]

-100

-50

0

(b2) Z
0

0 50 100 150 200 250 300

Airspeed [kts]

-20

-15

-10

-5

0

(c1) M
0

6-DoF Model,  = 90 deg

6-DoF Model,  = 60 deg

6-DoF Model,  = 0 deg

FLIGHTLAB Model,  = 90 deg

FLIGHTLAB Model,  = 60 deg

FLIGHTLAB Model,  = 0 deg

Legend (a1,b1,c1)

0102030405060708090

Nacelle angle [deg]

-15

-10

-5

0

5

(c2) M
0

V = 0 kts

V = 40 kts

V = 80 kts

V = 120 kts

V = 160 kts

V = 200 kts

V = 240 kts

V = 280 kts

Legend (a2,b2,c2)

Figure 4.24: Control derivatives with respect to the collective pitch angle ᎕Ꮂ

case for both models in H-mode. The derivative appears to be almost independent of airspeed. At a nacelle
incidence of 60 degrees we suddenly see a negative value for this derivative. An increase in 𝜃ኻ፬ still causes
the thrust vector to tilt forward but simultaneously the total thrust force drops. This results in a negative
derivative for the 6-DoF model in this configuration and the FLIGHTLAB curve shows similar behavior. In
airplane mode the derivative is negative at low airspeeds but increases with airspeed. The derivatives with
respect to 𝜃ኻ፬ are however meaningless in airplane mode, because the longitudinal cyclic angle is fixed in
this configuration.

By tilting the tip-path plane forward in helicopter mode the Z-component of the the rotor which is negative
decreases in magnitude. This causes the resultant Z-force to increases which means that 𝑍᎕Ꮃᑤ is positive. A
clear increase in value with airspeed is seen in subfigure (b1). The results for this derivative in helicopter
mode and conversion mode look very similar. In airplane mode the models show clearly different results.
These curves are however meaningless because 𝜃ኻ፬ is fixed in A-mode. Graph (b2) shows that the derivative
is almost constant with nacelle angle at low speeds. At higher speeds in a low nacelle angle configuration a
small decrease can be observed.

Looking at the 𝑀᎕Ꮃᑤ curves we see that a negative pitching is induced when 𝜃ኻ፬ increases. This pitching
moment is approximately constant with airspeed but gets smaller when the nacelles are rotated towards
A-mode. When the nacelles are almost aligned with the wings the derivative decreases again.
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Figure 4.25: Control derivatives with respect to the longitudinal cyclic angle ᎕Ꮃᑤ

Control Derivatives with respect to 𝛿፞
The longitudinal control derivatives with respect to the elevator deflection are shown in Figure 4.26. Down-
ward deflection of the elevator is defined as positive. The 6-DoF and FLIGHTLAB model 𝑋᎑ᑖ derivative
clearly deviate a lot; the FLIGHTLAB derivative is approximately a factor 10 larger. The drag of the elevator
is not incorporated in the 6-DoF model which is most likely the reason for this distinction. This means that
the change in lift force created by the elevator is the only contributor to this derivative. The change in lift
force due to the elevator increases with airspeed, which is also clearly visible in the graphs. The following
relationship for 𝑍᎑ᑖ can be derived from the 6-DoF model:

𝑑𝑍
𝑑𝛿፞

= −12𝜌𝑉
ኼ
፡፬𝑆፡፬

𝑑𝐶ፋ,፡፬
𝑑𝛿፞

cos𝛼፡፬ (4.20)

The derivative grows proportionally with 𝑉ኼ. The same goes for the 𝑀᎑ᑖ derivative. The nacelle angle has
no influence on the derivative at all.

4.3.2. Lateral/directional Control Derivatives
The lateral/directional control derivatives will be analysed in a very similar manner as the longitudinal ones
which were treated in the previous section. In helicopter mode, differential collective pitch 𝜃ኺ፝ is used to
control roll and differential cyclic pitch 𝜃ኻ፬ to control yaw. In airplane mode the ailerons and rudders are
used to control roll and yaw respectively. All lateral/directional control derivatives with respect to these four
controls are discussed in this section.
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Figure 4.26: Control derivatives with respect to the elevator deflection angle ᎑ᑖ

Control Derivatives with respect to 𝜃ኺ፝
Differential collective 𝜃ኺ፝ is used to generate a rolling motion in helicopter mode. An increase and decrease
of the collective pitch on the right and left rotor respectively is defined as a positive differential collective
control input. The top two figures of Figure 4.27 represent the 𝑌᎑Ꮂᑕ derivative. A clear difference in derivative
magnitude between the models can be observed. The FLIGHTLAB derivative is between a factor 10 and
100 larger than the 6-DoF derivative. The FLIGHTLAB model has implemented a gimballed rotor hub while
the 6-DoF assumes an articulated rotor hub. The lateral hub forces are significantly higher for a gimballed
hub compared to an articulated hub [2], which could explain this difference in magnitude.

The middle two figures of Figure 4.27 show the rolling moment as a response to a differential collective
input. If the right rotor collective is higher than the left rotor collective the right rotor creates more lift.
This leads to a negative rolling moment L which is why 𝐿᎕Ꮂᑕ is negative. When the nacelles rotate towards
A-mode the derivative significantly decreases in magnitude. The FLIGHTLAB derivative is approximately
three times larger than the 6-DoF model derivative. This difference is also most likely due to the higher
in-plane forces of the gimballed rotor hub which also create a significant rolling moment.

The bottom two plots show the yawing moment due to differential collective derivative 𝑁᎕Ꮂᑕ . This derivative
has a similar order of magnitude as 𝐿᎕Ꮂᑕ but is small in H-mode and large in A-mode. This makes sense
because in airplane mode the thrust vector is more aligned with the yawing motion. This derivative however
appears to be less dependent on airspeed, concluding from the horizontal trends in the left graph.
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Figure 4.27: Control derivatives with respect to differential collective pitch angle ᎕Ꮂᑕ

Control Derivatives with respect to 𝛿ፚ
In airplane mode the rolling motion of the XV-15 can be controlled using the ailerons. If the right aileron is
deflected downward and the left aileron upward 𝛿ፚ is defined positive. In the top left corner of Figure 4.28
𝑌᎑ᑒ is shown as a function of airspeed. The lateral force created by aileron deflection is approximately zero
for straight wings [34], but since the XV-15 has a swept wing this derivative is nonzero. There are some clear
differences between the 6-DoF and FLIGHTLAB derivative. First of all, in hover the FLIGHTLAB derivative
is zero while the 6-DoF derivative is nonzero. The flight speed is equal to zero but the rotor wake interference
with the wing induces aerodynamic forces. Therefore it makes perfect sense that the 6-DoF derivative is
nonzero. When airspeed increases the FLIGHTLAB derivative increases wile the 6-DoF derivative decreases.
The Y-component of the lift forces created by the ailerons has a negative contribution to the derivative
which is why the 6-DoF derivative is negative. The drag of the aileron is not incorporated in the 6-DoF
model but most likely is in the FLIGHTLAB model. This could be a possible explanation for the differences
in sign between the models. Nevertheless, the influence of 𝑌᎑ᑒ on the flight dynamics is very small and often
is usually neglected [34].

A much more important derivative is 𝐿᎑ᑒ . As mentioned earlier, a positive aileron deflection means that the
right aileron is deflected downward and the left aileron upward. The result of this deflection is that the right
wing will produce more lift than the left wing, resulting in a negative rolling moment 𝐿. The derivative can
analytically be defined as:

𝐿᎑ᑒ =
𝛿𝐿
𝛿𝑎𝑖𝑙 =

𝛿𝐶ፋ
𝛿ፚ

1
2𝜌𝑉

ኼ𝑆ፚ𝑏ፚ (4.21)
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This equation shows that 𝐿᎑ᑒ decreases proportionally with 𝑉ኼ, which is also clearly visible in subfigure (b1)
for both models. The magnitude of the derivative is also dependent on ᎑ፂᑃ

᎑ᑒ
, which is defined as the aileron

effectiveness. The magnitude of ᎑ፂᑃ
᎑ᑒ

strongly depends on the dimensions and the spanwise location of the
ailerons [34]. Since both models consider the XV-15 as reference aircraft the aileron effectiveness should
be equal. The fact that there is a clear distinction between the steepness of the curves, primarily at high
airspeeds indicates that most likely different values for the aileron effectiveness are used.

If the lift over the right wing increases the drag increases on that side as well, while both aerodynamic forces at
the left wing decrease. Consequently, the right wing is pulled back and a positive yawing moment is created.
If the pilot wants to turn left he/she deflects the lateral cyclic stick to the left which creates a positive
aileron deflection. This initiates a negative rolling moment but simultaneously a positive yawing moment.
This unwanted yawing response of the aircraft is called ’adverse yaw’. Since the drag of the aileron is not
modelled in the 6-DoF model this adverse yaw effect is not expected to be visible in simulations. In subfigure
(c1) the yaw derivative with respect to aileron deflection 𝑁᎑ᑒ is plotted as a function of airspeed. The 6-DoF
derivative is small compared to the FLIGHTLAB one which is expected since it is only dependent on the lift
force created by the aileron. The behavior of the FLIGHTLAB derivative is also somewhat unexpected. The
derivative appears to be heavily dependent on the nacelle angle and increases from negative to positive in
C-mode and A-mode.
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Figure 4.28: Control derivatives with respect to the aileron deflection angle ᎑ᑒ
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Figure 4.29: Control derivatives with respect to differential longitudinal cyclic angle ᎕Ꮃᑤᑕ

Control Derivatives with respect to 𝜃ኻ፬፝
In Figure 4.29 the derivatives with respect to differential longitudinal cyclic 𝜃ኻ፬፝ are plotted. Differential
longitudinal cyclic is used at low airspeeds to control yaw. An increase and decrease of the longitudinal
cyclic on the right and left rotor respectively is defined as a positive differential longitudinal cyclic input.
In the top two figures 𝑌᎕Ꮃᑤᑕ is shown. Similar to 𝑌᎕Ꮂᑕ there is huge discrepancy between the two models.
The FLIGHTLAB derivative is a factor 10-100 larger in magnitude. The most logical explanation for this
difference is the different hub incorporated in the models. The gimballed hub modelled in FLIGHTLAB is
expected to create larger in-plane forces than the articulated hub used in the 6-DoF model.

The 𝐿᎕Ꮃᑤᑕ curve shows some similarities between the models. In helicopter and conversion mode the deriva-
tive is positive and increases with airspeed. When the right rotor increases its longitudinal cyclic its thrust
vector is tilted forward while the left rotor thrust vector is tilted aft. An increase in longitudinal cyclic
however decreases the total force created by the rotor. Therefore the left rotor creates a larger thrust force
than the right rotor which results in a positive rolling moment. In airplane mode the longitudinal cyclic angle
is fixed so the airplane curves can be neglected. From graph (b2) it can be concluded that the derivative
is somewhat constant as a function of nacelle angle. At high nacelle angles a small decrease can be observed.

Since the main purpose of differential longitudinal cyclic is to control the yawing motion of the aircraft 𝑁᎕Ꮃᑤᑕ
is its primary derivative. When a positive 𝜃ኻ፬፝ input is initiated the thrust vector on the right side is tilted
forward and decreases in magnitude. Simultaneously the thrust vector on the left rotor is tilted aft and
increases in magnitude. In helicopter mode the thrust vectors have a negative X-component thus both the
tilting and change in magnitude of the vectors contribute to a negative yawing moment. It can be seen that
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the curves of both models for 𝑁᎕Ꮃᑤᑕ are indeed negative in H-mode. When the nacelles are tilted forward the
thrust vectors are also tilted forward resulting in a positive X-component. The consequence of this change
in sign is that the change in thrust magnitude of the rotors now has a positive contribution to 𝑁᎕Ꮃᑤᑕ . The
tilting of the vectors still has a negative contribution to the derivative but the former mentioned contribution
is larger, resulting in a positive 𝑁᎕Ꮃᑤᑕ after a certain nacelle tilt. This effect is also clearly visible in subfigure
(c2). At low nacelle angle configurations the derivative decreases again, but 𝑁᎕Ꮃᑤᑕ is less meaningful at low
values of 𝜂 because differential longitudinal cyclic control is phased out towards A-mode.

Control Derivatives with respect to 𝛿፫
In airplane mode directional control of the XV-15 is achieved using rudders. The XV-15 has two vertical
stabilizers which both have a rudder mounted on the top half. A positive rudder deflection creates a
lateral force in positive Y-direction. Therefore 𝑌᎑ᑣ is positive. The derivative (before normalization) can be
computed using [34]:

𝑌᎑ᑣ =
𝛿𝑌
𝛿፫
= 𝛿𝐶ፋ
𝛿፫

1
2𝜌𝑉

ኼ𝑆 (4.22)

This equation shows that the derivative grows proportionally with 𝑉ኼ and this is also clearly visible in
Figure 4.30 (a1). The FLIGHTLAB curve is a bit steeper than the 6-DoF model curve which indicates that
a different ᎑ፂᑃ

᎑ᑣ
is used. A similar difference is visible for the 𝐿᎑ᑣ derivative. This is not surprising since 𝐿᎑ᑣ

(before normalization) can be approximated using:

𝐿᎑ᑣ = 𝑌᎑ᑣ𝑑፳,፯፬ (4.23)
We know 𝑌᎑ᑣ is positive and since the vertical stabilizers are located higher than the body centre of gravity
𝑑፳,፯፬ is also positive. Therefore 𝐿᎑ᑣ is logically also positive. Since the rudders are used for yaw control 𝑁᎑ᑣ
is the primary rudder derivative. This derivative (before normalization) can be approximated using:

𝑁᎑ᑣ = −𝑌᎑ᑣ𝑑፱,፯፬ (4.24)
Both 𝑌᎑ᑣ and 𝑑፱,፯፬ are positive so 𝑁᎑ᑣ is negative. Furthermore, from the three graphs on the right hand
side of Figure 4.30 it can be concluded that the nacelle angle does not affect the rudder control derivatives.
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Figure 4.30: Control derivatives with respect to the rudder deflection angle ᎑ᑣ



5
Natural Eigenmodes

The dynamic stability of an aircraft can usually be described by two different subsets. The first subset
contains the longitudinal motions, which can be described using the surge (𝑢), heave (𝑤) and pitch (𝑞)
states of the aircraft. The second subset contains the lateral/directional modes, described by the sway (𝑣),
roll (𝑝) and yaw (𝑟) states. The coupling between these two subsets is usually small for conventional aircraft
and can thus be neglected. Helicopters are much more affected by this coupling, primarily at low speeds.
Nevertheless, for describing the dynamic modes of both type of aircraft the assumption that the coupling be-
tween the subsets is small is usually made. This allows the simplification of the linearized equations of motion.

For a tiltrotor the uncoupling of the two types of modes is also assumed to be valid. In section 5.1 the
longitudinal eigenmodes are analysed. The variation of the eigenvalues with airspeed and nacelle angle are
investigated and how this variation affects the stability of the aircraft. In section 5.2 a similar analysis is
conducted on the lateral/directional modes. To verify the validity of the uncoupling of the modes the results
of the full linear model are compared with the uncoupled models in section 5.3. Furthermore, the results of
the 6-DoF model are compared with data from the FLIGHTLAB model for validation purposes.

5.1. Uncoupled Longitudinal Modes
It is assumed that the longitudinal eigenmodes can be described by using only the longitudinal aircraft states.
This means that the state vector can be simplified to the following form

𝑥 = [𝑢,𝑤, 𝜃, 𝑞]ፓ (5.1)

This reduces the full 8x8 state space system given by Equation 4.12 to the following simplified 4x4 form

⎡
⎢
⎢
⎢
⎢
⎣

�̇�
�̇�
�̇�፟
�̇�

⎤
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎣

𝑋፮ 𝑋፰ −𝑔 cos(𝜃ኺ) 𝑋፪ −𝑤ኺ
𝑍፮ 𝑍፰ −𝑔 sin(𝜃ኺ) 𝑍፪ + 𝑢ኺ
0 0 0 1
𝑀፮ 𝑀፰ 0 𝑀፪

⎤
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎣

𝑢
𝑤
𝜃
𝑞

⎤
⎥
⎥
⎥
⎥
⎦

+

⎡
⎢
⎢
⎢
⎢
⎣

𝑋ፗᐺᑆᑃ 𝑋ፗᑃᑆᑅ
𝑍ፗᐺᑆᑃ 𝑍ፗᑃᑆᑅ
0 0

𝑀ፗᐺᑆᑃ 𝑀ፗᑃᑆᑅ

⎤
⎥
⎥
⎥
⎥
⎦

[𝑋ፂፎፋ
𝑋ፋፎፍ

] (5.2)

For the analysis of the natural modes the free response of the aircraft is of interest meaning a disturbance to
one of the aircraft states. Therefore the controls are assumed fixed and only the first matrix is of interest.
This reduces the system to the following from

�̇� = 𝐀𝐱 (5.3)

To analyse the stability of this system the eigenvalues have to be computed. The eigenvalues can be found
using

𝐀 − 𝜆𝐈 = 𝟎 (5.4)
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The eigenvalues of the longitudinal state space model represent the phugoid, the short-period and the heave
and pitch modes. The heave and pitch mode merge together to form the short period when the airspeed
increases. Firstly, this short period will be discussed, after which the phugoid will be analysed.

Figure 5.1: XV-15 uncoupled longitudinal eigenmodes in helicopter mode (᎔ = 90deg)

Figure 5.2: XV-15 uncoupled longitudinal eigenmodes in conversion mode (᎔ = 60deg)

5.1.1. Short period
The short period is a relatively highly damped oscillatory dynamic mode, which consists of a pitching and
heaving motion [35]. At low airspeeds in helicopter mode the short period is split up in these two subsidences.
Their eigenvalues are located on the real axis. In Figure 5.1 the eigenvalues in helicopter mode are shown. The
different dynamic modes are indicated in the figure. The real eigenvalue on the left is the pitch subsidence,
the one on the right the heave subsidence. In order to validate the results, the 6-DoF model eigenvalues of
these motions in hover are compared to the results of other models in Table 5.1.
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Figure 5.3: XV-15 uncoupled longitudinal eigenmodes in airplane mode (᎔ = 0deg)

Table 5.1: Pitch and heave subsidence eigenvalues validation in hover

Model Pitch subsidence Heave subsidence
6-DoF model -0.703 -0.227
3-DoF model -0.794 -0.212
GTRS model[6] -0.373 -0.201
FLIGHTLAB model [2] -0.681 -0.141
Flight test [4] -1.320 -0.105

The pitch subsidence is stable for all models. The eigenvalue of the 6-DoF model is quite comparable to the
3-DoF model and FLIGHTLAB eigenvalue. The GTRS model value is significantly smaller while none of the
models come really close to the flight test value. The heave subsidence eigenvalue looks more comparable
between the models. The FLIGHTLAB model eigenvalue comes closest to the flight test data. To analyse
what causes the differences between the results the modes can be approximated analytically. This allows us
to see which derivatives affect the modes and get a better physical understanding of the results. The short
period typically occurs so quickly that the velocity of the aircraft is approximately constant throughout the
motion [35]. For this reason 𝑢 can be set equal to zero. This allows us to simplify the linear state space
model to:

[�̇�
�̇�
] = [𝑍፰ 𝑍፪ + 𝑢ኺ

𝑀፰ 𝑀፪
] [𝑤
𝑞
] (5.5)

This leads to the following characteristic equation for the short period:

𝜆ኼ፬፩ − (𝑍፰ +𝑀፪)𝜆፬፩ + 𝑍፰𝑀፪ −𝑀፰𝑢ኺ = 0 (5.6)
Where the damping and frequency are given by:

2𝜁፬፩𝜔፬፩ = −(𝑍፰ +𝑀፪) (5.7)
𝜔ኼ፬፩ = 𝑍፰𝑀፪ −𝑀፰𝑢ኺ (5.8)

The short period eigenvalues can then be computed using:
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Figure 5.4: XV-15 uncoupled longitudinal eigenmodes in airplane mode as a function of nacelle angle (V = 120 kts)

𝜆፬፩ = −𝜁፬፩𝜔፬፩ ± 𝜔፬፩√1 − 𝜁ኼ፬፩𝑖 (5.9)

In order to verify whether this approximation is valid for tiltrotor aircraft the numerical eigenvalues are
compared with the approximated eigenvalues. This is done for different combinations of 𝑉 and 𝜂. The
results are shown in Table 5.2. In the last two columns of the table the errors of the approximations are
shown. It can be concluded that the approximation is not completely valid in hover. The approximation
equation results in two eigenvalues which are close to the heave subsidence eigenvalue but far away from the
pitch subsidence eigenvalue. This is not surprising, while we know that both modes are critically damped,
which means that the damping ratio 𝜁 = 1. Substituting this in Equation 5.9 leads to 𝜆፬፩ = -𝜔፬፩, which
gives only one eigenvalue. Instead of using Equation 5.9, the following approximation equations should be
valid for the heave and pitch subsidences [2]:

𝜆፡ = 𝑍፰ (5.10)
𝜆፩ = 𝑀፪ (5.11)

This means that the subsidence eigenvalues can be assumed approximately equal to their damping derivatives.
Derivatives 𝑍፰ and 𝑀፪ equal -0.226 and -0.284 respectively in hover. This shows that the heave damping
derivative very accurately represents the heave subsidence (-0.227). The pitch subsidence (-0.703) has a lot
more damping than the pitch damping derivative would suggest. The relatively low value of 𝑀፪ results in
translational velocities building up during pitching motion, resulting in a strongly coupled pitch-surge mode
[2]. Going back to Table 5.1 we saw that the GTRS heave mode eigenvalue in hover equals -0.373, while
a value of -0.3017 was found for 𝑀፪. According to this data there is not that much coupling between the
pitch and surge mode as the 6-DoF model results would suggest. However, it should be mentioned that the
GTRS data are extracted from two different references [12][6], meaning that the model setup could be not
completely similar. When the airspeed is nonzero and the modes are coupled Equation 5.9 leads to quite
accurate results, with errors below 10%. This shows that the short period is indeed mainly dependent on
𝑍፰, 𝑀፰ and 𝑀፪.

A sensitivity analysis on the stability derivatives has also been conducted for all dynamic modes. The results
of this analysis can be found in Appendix D. Each derivative of the 4x4 reduced system has been varied
from 0 to twice the value of the original. The effect of this variation on the frequency and damping of each
mode has been plotted. The purpose of this sensitivity analysis is to shows which derivatives are the most
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Table 5.2: Comparison of exact and approximation short period eigenvalues

𝜂 [deg] Airspeed [kts] 𝜆፬፩ (model) 𝜆፬፩ (approximation) error Re(𝜆፬፩) [%] error Im(𝜆፬፩) [%]
90 0 -0.703, -0.227 -0.287, -0.223 138.2 1.7
90 100 -0.628 ± 1.287i -0.630 ± 1.228i 0.4 4.5
60 100 -0.713 ± 1.907i -0.694 ± 1.836i 2.6 3.7
60 140 -0.800 ± 2.380i -0.784 ± 2.370i 2.1 0.4
0 140 -1.043 ± 2.134i -1.051 ± 2.019i 0.8 5.4
0 240 -1.702 ± 2.744i -1.724 ± 2.781i 1.3 1.4

prominent for each mode [36]. The derivatives which are mainly determined by inertial effects such as 𝑍፪
are left out of this analysis. The variations in short period frequency and damping due to the variation of the
derivatives are shown in Figure D.1 and Figure D.2. From the graphs showing the derivatives with respect
to 𝑢 it can be concluded that the short period is indeed almost independent on variations in 𝑢. The graphs
verify that 𝑍፰, 𝑀፰ and 𝑀፪ are the most important derivatives for the short period. Primarily the effect
of 𝑀፰ on the frequency is very dominant at high airspeeds. This is not surprising when we look back at
Equation 5.8; the contribution of 𝑀፰ to the frequency is amplified by 𝑢ኺ.

In general, from the eigenvalue figures and Table 5.2 it can be concluded that the frequency of the short
period increases with airspeed. The damping of the modes behaves less predictable with airspeed. In heli-
copter mode (Figure 5.1) and conversion mode (Figure 5.2) the damping decreases slightly with airspeed.
In airplane mode (Figure 5.3) the damping increases slightly with airspeed. The more significant jump in
damping between 120 and 140 kts can be explained by looking back at the 𝑀፰ derivative, which also jumped
from approximately -0.75 to -0.6 between these speeds and then remained constant with increasing airspeed.

Lastly, the variation of the short period eigenvalues with decreasing nacelle angle is shown in Figure 5.4.
The airspeed is kept constant at 120 kts. This speed has been chosen because it has the largest range
of possible nacelle angle configurations at which a trim solution exists. According to the 6-DoF model
conversion corridor the XV-15 can be trimmed at 120 kts in a 80deg nacelle angle configuration as well as
in a 0deg configuration. The figure shows that at high nacelle angles the short period frequency increases
when the rotors are tilting towards airplane mode. It can be determined from Figure 4.12 that the incidence
static stability derivative 𝑀፰ decreases with nacelle angle up to 40 degrees after which it remains somewhat
constant. This is also the point at which the frequency in Figure 5.4 stops increasing rapidly. The damping
ratio of the short period is less affected by the rotations of the rotors. Along the 𝜂 range the damping is
constantly between 0.3 and 0.4 at an airspeed of 120 kts.

5.1.2. Phugoid
The phugoid is an oscillatory mode with a variation of airspeed, pitch angle and altitude over time [35]. The
mode has a large period because of which the angle of attack remains almost constant over time. There is a
very slow interchange between kinetic and potential energy during the mode, while the aircraft attempts to
restore the steady horizontal equilibrium state. From Figure 5.1 it can be concluded that in hover the phugoid
is unstable. To validate this conclusion, the hover eigenvalues are compared with results from other models
in Table 5.3. We see that indeed the phugoid is unstable in hover for all models. Compared to the GTRS,
FLIGHTLAB and 3-DoF model the 6-DoF model most accurately reproduces the flight test eigenvalues.
When the airspeed increases the phugoid becomes stable and the damping increases. The damping increases
so fast that at approximately 70 kts the phugoid becomes non-oscillatory. This non-oscillatory behavior of
the phugoid is not something that is found in literature. To analyse what causes this behavior, a closer look
has to be taken at the derivatives affecting the phugoid. Constructing an accurate approximation equation
for the phugoid is less straightforward for tiltrotor aircraft than for helicopters or conventional airplanes.
For helicopters, the heave velocity component 𝑤 contribution to the phugoid is small so all derivatives with
respect to this state are set to zero. For an airplane 𝑀፰ heavily affects the longitudinal stability due to
wing and large fuselage thus its contribution to the phugoid is not negligible [2]. The same goes for the
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Table 5.3: Phugoid eigenvalue validation in hover

Hover Phugoid
6-DoF model 0.1880 ± 0.4827i
3-DoF model 0.1281 ± 0.4335i
GTRS [6] 0.0810 ± 0.2352i
FLIGHTLAB [2] 0.1471 ± 0.4208i
Flight test [4] 0.2681 ± 0.5132i

tiltrotor. The Lanchester approximation which is often used for conventional airplanes assumes that the
phugoid is simply an exchange between height and speed with �̇� equal to zero [28]. Derivative 𝑀፮, which
couples the phugoid with pitch is usually zero for conventional airplanes but nonzero for tiltrotors as we saw
in subsection 4.2.1. Therefore the Lanchester approximation does not hold in this case. Padfield suggests
the following approximation for tiltrotor aircraft [2]

𝜆ኼ፩፡ − (𝑋፮ − 𝑋፰
𝑀፮
𝑀፰

)𝜆፩፡ −
𝑔
𝑢ኺ
(𝑍፮ − 𝑍፰

𝑀፮
𝑀፰

) = 0 (5.12)

The damping of and the frequency of the phugoid mode can then be computed using

2𝜁፩፡𝜔፩፡ = −(𝑋፮ − 𝑋፰
𝑀፮
𝑀፰

) (5.13)

𝜔ኼ፩፡ = −
𝑔
𝑢ኺ
(𝑍፮ − 𝑍፰

𝑀፮
𝑀፰

) (5.14)

Using these two expressions, the eigenvalues of the phugoid can be found

𝜆፩፡ = −𝜁፩፡𝜔፩፡ ± 𝜔፩፡√1 − 𝜁ኼ፩፡𝑖 (5.15)

In order to verify the accuracy of this approximation equation the exact values and the approximation values
are compared for all three configurations in Table 5.4. The first conclusion that can be drawn from the
equation itself is that it can not be used to approximate the hover eigenvalues. The trim horizontal velocity
component 𝑢ኺ is zero in hover which gives an undefined solution. At low airspeeds the approximation will
also lead to inaccurate high values of the frequency. When the airspeed increases the equation becomes
reasonably accurate with errors around ± 50%. Equation 5.15 is also able to approximate the critically
damped phugoid at high airspeeds in H-mode. According to the approximation the damping ratio can be
computed using:

𝜁፩፡ =
−(𝑋፮ − 𝑋፰

ፌᑦ
ፌᑨ
)

2√− ፠
፮Ꮂ
(𝑍፮ − 𝑍፰

ፌᑦ
ፌᑨ
)

(5.16)

The eigenvalues of the phugoid are located on the real axis when the damping is equal to 1. According to
this equation the damping is dependent on 𝑋፮, 𝑋፰, 𝑍፰, 𝑍፪, 𝑀፮ and 𝑀፰. To see which of these derivatives
causes the phugoid to become non-oscillatory the sensitivity analysis results in Appendix D can be used.
Figure D.4 shows how the damping of the phugoid varies when the stability derivatives are varied from 0 to
2 times the original value.

From the graphs it can be concluded that the high damping in airplane mode is mainly due to the large
magnitudes of 𝑋፮ and 𝑀፰. The same holds for the conversion mode, although 𝑍፮, 𝑍፰ and 𝑀፮ also affect
the damping. If 𝑀፮ or 𝑍፰ would be one fourth of their magnitudes the phugoid would be critically damped
as well. In helicopter mode 𝑋፮ is relatively small because the rotor contribution to the drag damping is
insignificant. Therefore doubling or halving its value does not do much to the damping. Derivatives 𝑍፮ and
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Table 5.4: Comparison of exact and approximation phugoid eigenvalues

𝜂 [deg] Airspeed [kts] 𝜆፩፡ (model) 𝜆፩፡ (approximation) error Re(𝜆፩፡) [%] error Im(𝜆፩፡) [%]
90 0 0.1880 ± 0.4827i - - -
90 100 0.1490, -0.2050 0.1865 -0.2342 25.1 14.3
60 100 -0.0418 ± 0.2094i 0.0007 ± 0.2389i 101.6 14.1
60 140 -0.0558 ± 0.1247i -0.0415 ± 0.1402i 25.6 12.4
0 140 -0.2731 ± 0.2479i -0.1748 ± 0.4024i 36.0 62.3
0 240 -0.3145 ± 0.1806i -0.2862 ± 0.3061i 9.0 69.5

𝑍፰ are also important for the phugoid damping in H-mode. However, the primary reason why the phugoid is
non-oscillatory in H-mode is not visible in the sensitivity analysis graphs. Comparing the 6-DoF 𝑀፮ derivative
in H-mode with other models in Figure 4.11 leads to the observation that the 6-DoF model derivative is
the only derivative that is negative at high airspeeds. This means that the second term in Equation 5.16
increases the damping instead of decreasing it. This results in damping values reaching 1.

In Figure D.3 the sensitivity analysis results on the frequency of the phugoid are shown. In A-mode and
C-mode the frequency appears to be mostly affected by 𝑀፰, 𝑍፰ and 𝑀፮ also have a contribution. In H-mode
the frequency is unaffected by the X derivatives. Derivatives 𝑍፮, 𝑍፰, 𝑀፮ and 𝑀፰ all affect the 𝜔፩፡ according
to the approximation:

𝜔፩፡ = √−
𝑔
𝑈፞
(𝑍፮ − 𝑍፰

𝑀፮
𝑀፰

) (5.17)

(5.18)

The pitch damping derivative 𝑀፪ is not considered in the approximation equation but significantly affects
the phugoid frequency at low airspeeds in H-mode according to the sensitivity analysis plot.

The variation of the phugoid eigenvalues with nacelle angle is shown in Figure 5.4. The airspeed is kept
at 120 kts while the nacelles are tilted from 80 to 0 degrees. The fact that the phugoid is oscillatory at
at nacelle angles between 80 and 0 degrees shows that the mode is only non-oscillatory at nacelle angles
very close to hover. As the nacelle are rotating away from helicopter mode the 𝑀፮ derivative increases as
shown in Figure 4.11(d). At the same time the drag damping 𝑋፮ becomes larger and 𝑋፰ increases. The
combination of these three results in an increase in damping with decreasing nacelle angle. At the same time
the frequency of the phugoid increases slightly.

5.2. Uncoupled Lateral/directional Modes
For the analysis of the lateral/directional modes of the tiltrotor it will be assumed that the contribution of
the longitudinal states to the modes is negligible. This means that the state vector can be reduced to the
following form:

𝑥 = [𝑣, 𝑝, 𝜙, 𝑟]ፓ (5.19)
Furthermore, only the free response of the aircraft will be analysed meaning that only the A-matrix is of
interest. The reduced 4x4 lateral/directional state space system is given by:
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(5.20)
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The aircraft response to the lateral/directional perturbations consists of three different modes; one oscillatory
mode and two non-oscillatory modes. The non-oscillatory modes are the spiral mode and the rolling mode,
of which the former is usually unstable and the latter is heavily damped. The oscillatory mode is the Dutch
Roll mode, which consists of a combination of rolling, yawing and sideslipping. Firstly the roll mode will be
discussed, whereafter the spiral mode and Dutch Roll mode will be elaborated upon.

Figure 5.5: XV-15 uncoupled lateral eigenmodes in helicopter mode as a function of airspeed (᎔ = 90deg)

Figure 5.6: XV-15 uncoupled lateral eigenmodes in conversion mode as a function of airspeed (᎔ = 60deg)

5.2.1. Rolling mode
The rolling mode is usually a pure roll subsidence, which is stable, highly damped and non-oscillatory.
In Figure 5.5 the lateral/directional eigenmodes in helicopter configuration are shown. The roll subsidence
eigenvalues are located on the real axis, meaning that the mode is critically damped. When airspeed increases
the roll mode eigenvalue moves to the left which indicates that the frequency of the mode increases. The
roll motion can be written in the first-order differential form of a rate response type :
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Figure 5.7: XV-15 uncoupled lateral eigenmodes in airplane mode as a function of airspeed (᎔ = 0deg)

�̇� = 𝐿፩𝑝 (5.21)
Which simply leads to the following approximation for the roll mode eigenvalue:

𝜆፫ = 𝐿፩ (5.22)
The accuracy of this approximation is investigated in Table 5.5. The error is below 25 % for all conditions,
so the approximation can be assumed to be reasonable. The relatively lower value of 𝐿፩ shows that there is
some coupling with the sway motion, meaning that there are translational velocities building up along the
y-axis during the rolling motions. The sensitivity analysis results for the roll mode frequency are shown in
Figure D.5. As expected the figures show that the roll mode frequency is mainly dependent on the value
of 𝐿፩. In helicopter mode the derivatives with respect to the yawing moment 𝑁 have a negligible effect on
the roll. Higher values of 𝐿፫ and 𝐿፯ would increase the frequency of the roll mode. In conversion mode and
airplane mode the rotors are tilted so the thrust force is more aligned with the x-axis. This results in more
coupling between roll and yaw when a perturbation in 𝑝 occurs. This is also clearly visible in the yawing
moment derivatives, which all have some effect on the roll mode eigenvalue.

Table 5.5: Comparison of exact and approximation roll mode eigenvalues

𝜂 [deg] Airspeed [kts] 𝜆፫ (exact) 𝜆፫ (approximation) error [%]
90 0 -0.6691 -0.5041 24.7
90 100 -1.3380 -1.1976 10.5
60 100 -1.2465 -1.1111 10.9
60 140 -1.4745 -1.3127 11.0
0 140 -0.8697 -0.7397 14.9
0 240 -1.5428 -1.3457 12.8

In conversion and airplane mode the roll mode frequency similarly increases with airspeed as seen in Figure 5.6
and Figure 5.7, which mainly happens because 𝐿፩ increases in magnitude. In Figure 5.8 the variation of
the lateral eigenvalues with nacelle angle are shown. The airspeed is again kept constant at 120 kts.
The roll mode eigenvalue moves moves to the right on the real axis when the nacelle angle decreases. In



110 5. Natural Eigenmodes

Figure 5.8: XV-15 uncoupled lateral eigenmodes in airplane mode as a function of nacelle angle (V = 120 kts)

Figure 4.18(d) it is shown that 𝐿፩ decreases in magnitude with decreasing nacelle angle. The rotors have a
smaller contribution to the roll damping derivative when the thrust vectors are oriented more horizontally.

5.2.2. Spiral mode
The spiral mode is the second non-oscillatory mode and is determined by the other real root from the 4x4
lateral state space system. The mode is usually developed very slowly and involves a combination of roll,
yaw and sideslip. The spiral mode for conventional helicopters at low speeds is usually primarily a yawing
motion, meaning 𝜆፬ = 𝑁፫. Since 𝑁፫ is a damping derivative the spiral is a stable mode and equilibrium is
restored by the helicopter itself [2]. The dihedral effect is destabilizing the spiral mode [29], and this effect
is much more prominent for tiltrotors than for conventional helicopters. In Figure 5.5 we see a negative real
eigenvalue for the spiral mode in hover, meaning that the mode is stable. The hover eigenvalue is validated
with data from other models in Table 5.6. The GTRS model and flight test data show a stable eigenvalue
in hover as well, while the FLIGHTLAB model finds an unstable spiral mode. The differences in magnitude
between the eigenvalues are quite significant.

Table 5.6: Spiral mode eigenvalue validation in hover

Hover Roll mode
6-DoF model -0.0265
GTRS [6] -0.0008
FLIGHTLAB [2] 0.136
Flight test [4] –0.105

To get a better understanding what could cause these differences it can help to look at a spiral mode
approximation equation. Padfield gives the following approximation equation for the spiral mode [2]

𝜆፬ =
𝑔
𝐿፩
(𝐿፯𝑁፫ − 𝑁፯𝐿፫)
(𝑢ኺ𝑁፯ + 𝜎፬𝐿፯)

(5.23)

with
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𝜎፬ =
𝑔 − 𝑁፩𝑢ኺ
𝐿፩

(5.24)

In table Table 5.7 the results of this approximation are compared with the real spiral eigenvalues and it can
be concluded that the approximation is quite accurate. The approximation can be simplified in hover when
𝑢ኺ is equal to zero, leading to

𝜆፬ = 𝑁፫ −
𝑁፯
𝐿፯
𝐿፫ (5.25)

The first term in this approximation is the yaw damping derivative, which is negative and thus stabilizing.
In subsection 4.2.2 it was mentioned that the yaw damping derivative for tiltrotor in H-mode is significantly
lower than for helicopters due to the absence of a tail rotor. The second term consist of the dihedral effect
𝐿፯ and weathercock stability derivative 𝑁፯ which are negative and positive respectively. Besides the two
sideslip derivatives the yaw-roll coupling derivative 𝐿፫ is included in the equation which is positive in H-mode.
This means that the second term of the approximation equation is destabilizing. For the 6-DoF model the
stabilizing 𝑁፫ term is bigger than the destabilizing second term, although they are not far off (-0.0883
and 0.0618 respectively). In Figure 4.2.2(a) it is shown that the 6-DoF model finds a larger 𝑁፫ than the
FLIGHTLAB and GTRS models, which explains why its spiral mode is the most stable. When the airspeed
increases to moderate airspeeds 𝑁፫ does not significantly increase, while the other derivatives affecting the
spiral do. This causes the 6-DoF model spiral mode to become unstable as seen in Figure 5.5. The peak of
instability is reached at approximately 30 kts, where the real positive eigenvalue is at its largest. Thereafter
the eigenvalue moves towards the stable axis again which mainly happens because 𝑁፫ starts increasing in
magnitude.

Table 5.7: Comparison of exact and approximation spiral mode eigenvalues

𝜂 [deg] Airspeed [kts] 𝜆፬ (exact) 𝜆፬ (approx eq1) error [%]
90 0 -0.0265 -0.0265 0.0
90 100 0.0216 0.0229 6.2
60 100 -0.0476 -0.0484 1.7
60 140 -0.0304 -0.0305 0.2
0 140 -0.1000 -0.0991 0.9
0 240 -0.0519 -0.0527 1.5

In Figure 5.6 the spiral mode eigenvalues as a function of airspeed in C-mode are shown. In this configuration
the spiral mode is barely affected by the airspeed. The frequency remains fairly constant over the airspeed
range. The yaw damping in this configuration is higher than in helicopter mode and the destabilizing positive
𝐿፫ in H-mode is now negative. The result is a stable spiral mode. In airplane mode (Figure 5.7) the spiral
mode is also stable but the frequency decreases with airspeed. The roll damping derivative 𝐿፩ increases in
magnitude with airspeed which contributes to the decrease in magnitude of 𝜆፬.

Looking at the frequency plots of the sensitivity analysis results for the spiral in Figure D.7 also confirms the
influence of 𝐿፩ on the spiral mode. Furthermore the dependency of the spiral mode on the yaw moment 𝑁
other roll moment 𝐿 derivatives is clearly visible, primarily in airplane mode. In helicopter mode the deriva-
tives from Equation 5.25 mainly influence the spiral frequency. The roll-yaw coupling derivative contribution
is amplified by the horizontal trim velocity component 𝑢ኺ which explains the small contribution in H-mode
and large contribution in A-mode. In Figure D.8 a sensitivity analysis on the damping of the spiral has
been conducted. In helicopter mode the destabilizing effects of 𝑁፯ and 𝐿፫ are visible. If these derivatives
would be significantly smaller the spiral mode would be stable at 40 kts. It is also interesting to see what
would happen if 𝐿፩ would decrease in magnitude in airplane mode. This would result in slow roll damping
causing other angular rates and translational airspeeds to build up, eventually resulting in an oscillatory mode.
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In Figure 5.8 the spiral eigenvalues as a function of nacelle angle are shown. It can be concluded from the
figure that the spiral mode becomes more stable when the nacelles are rotated towards airplane mode. The
positive roll-yaw coupling derivative 𝐿፫ is destabilizing at high nacelle angles. The derivative decreases and
becomes negative when the nacelles are rotated towards 0 degrees. This contributes to the stabilization of
the spiral mode. Simultaneously the roll damping derivative 𝐿፩ decreases in size which also contributes to
the spiral becoming more stable.

5.2.3. Dutch roll
The Dutch roll mode is an oscillatory lateral/directional mode which consists of a combination of yawing,
rolling and sidesliping motion. The Dutch roll has quite a short period and is usually lightly damped. The
Dutch roll is often considered an undesirable mode since it interferes with the pilot’s ability to hold a trim.
Besides this, the mode is quite unpleasant for passengers [27]. In Figure 5.5 the Dutch roll eigenvalues in
helicopter mode as a function of airspeed are shown. In hover the mode is unstable which is also sometimes
the case for conventional helicopters [2]. If we compare the 6-DoF model hover eigenvalues with the the
values found by the GTRS model and the one measured during a flight test we find a similar instability.
The comparison is shown in Table 5.8. The real part of the Dutch roll eigenvalue found by 6-DoF model
is significantly lower than the other two eigenvalues. The imaginary part however comes quite close to the
flight test value.

Table 5.8: Eigenvalue validation in hover

6-DoF model 0.0381 ± 0.3028i
Flight test [4] 0.1868 ± 0.4061i
GTRS [6] 0.1866 ± 1.0826i

When the airspeed increases the Dutch roll becomes a very lightly damped stable mode. The frequency
increases with airspeed, while the damping remains roughly constant. The eigenvalues in conversion mode
and airplane mode show a similar trend, as shown in Figure 5.6 and Figure 5.7. The frequency increases
linearly with airspeed.

To get a better understanding of which derivatives affect the mode it is useful to have a look at how the
Dutch roll is often approximated. Padfield proposes the following first-order approximation characteristic
equation for the Dutch roll eigenvalues for conventional helicopters[2]:

𝜆ኼ፝ − (𝑁፫ + 𝑌፯ + 𝜎፝
𝐿፫
𝑢ኺ
)𝜆፩ + (𝑢ኺ𝑁፯ + 𝜎፝𝐿፯) = 0 (5.26)

with

𝜎፝ =
𝑔 − 𝑁፩𝑢ኺ
𝐿፩

(5.27)

The damping of and the frequency of the Dutch roll can then be computed using

𝜁፝ =
−(𝑁፫ + 𝑌፯ + 𝜎፝

ፋᑣ
፮Ꮂ
)

2√(𝑢ኺ𝑁፯ + 𝜎፝𝐿፯)
(5.28)

𝜔፝ = √𝑢ኺ𝑁፯ + 𝜎፝𝐿፯ (5.29)

Leading to the following approximation for the Dutch roll eigenvalues

𝜆፝ = −𝜁፝𝜔፝ ± 𝜔፝√1 − 𝜁ኼ፝𝑖 (5.30)

There are many different Dutch roll approximations used in literature for both airplanes and helicopters.
This first-order approximation for helicopters proved to be one of the most accurate ones for applications to
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Table 5.9: Comparison of exact and approximation Dutch roll mode eigenvalues using the first-order approximation equation

𝜂 [deg] Airspeed [kts] 𝜆፝፫ (exact) 𝜆፝፫ (approx) error Re(𝜆፝፫)[%] error Im(𝜆፝፫) [%]
90 0 0.0381 ± 0.3028i -0.0576 ± 0.3466i 251.1 14.4
90 100 -0.0749 ± 0.8499i -0.1550 ± 0.8611i 106.9 1.3
60 100 -0.1040 ± 1.0050i -0.1518 ± 1.0501i 45.9 4.5
60 140 -0.1513 ± 1.3983i -0.2238 ± 1.4719i 47.9 5.3
0 140 -0.5384 ± 1.5416i -0.6350 ± 1.6613i 17.9 7.8
0 240 -0.7405 ± 2.6312i -0.8388 ± 2.7812i 13.3 5.7

the tiltrotor, surprisingly primarily in C-mode and A-mode. The approximations are compared with the exact
values in Table 5.9. Unfortunately this approximation is unable to capture the instability of the Dutch roll in
hover. 𝑁፫ and 𝑌፯ are both damping derivatives which are negative, so they have a positive contribution to
the damping. The third term in the numerator contains the inertial velocity component 𝑢ኺ which is zero in
hover, so this term can be disregarded. To see which derivatives are destabilizing at low airspeeds we have
to extend the analysis to second-order terms. This leads to the following characteristic equation [2]:

𝜆ኼ፝ − (𝑁፫ + 𝑌፯ + 𝜎፝(
𝐿፫
𝑢ኺ
− 𝐿፯𝐿፩

)/(1 − 𝜎፝𝐿፫𝐿፩𝑢ኺ
))𝜆፩ + (𝑢ኺ𝑁፯ + 𝜎፝𝐿፯)/(1 −

𝜎፝𝐿፫
𝐿፩𝑢ኺ

) = 0 (5.31)

with

𝜎፝ =
𝑔 − 𝑁፩𝑢ኺ
𝐿፩

(5.32)

The damping of and the frequency of the Dutch roll can then be computed using

𝜁፝ =
−(𝑁፫ + 𝑌፯ + 𝜎፝(

ፋᑣ
፮Ꮂ
− ፋᑧ
ፋᑡ
)/(1 − ᎟ᑕፋᑣ

ፋᑡ፮Ꮂ
))

2√𝑢ኺ𝑁፯ + 𝜎፝𝐿፯)/(1 −
᎟ᑕፋᑣ
ፋᑡ፮Ꮂ

)
(5.33)

𝜔፝ = √𝑢ኺ𝑁፯ + 𝜎፝𝐿፯)/(1 −
𝜎፝𝐿፫
𝐿፩𝑢ኺ

(5.34)

In hover, these equations can be simplified using 𝑢ኺ = 0

𝜁፝ =
−(𝑁፫ + 𝑌፯ −

ፋᑧ
ፋᎴᑡ
)

2√𝜎፝𝐿፯)
(5.35)

𝜔፝ = √𝜎፝𝐿፯ (5.36)

A comparison between this second-order approximation and the exact results is made in Table 5.10. The
results show that this approximation is able to capture the unstable Dutch roll mode at low airspeeds.
According to the approximation, the Dutch roll damping is also affected by the dihedral effect 𝐿፯. In sub-
section 4.2.2 it was explained that the dihedral derivative is preferably negative, which is also the case in
H-mode. According to Equation 5.35 this has a destabilizing effect to the Dutch roll mode. At low air-
speed the damping derivatives are quite small which is why the destabilizing 𝐿፯ is dominant for the mode.
When airspeed increases the damping derivatives increase in magnitude while the dihedral effect remains
roughly constant. Therefore the Dutch roll is stable after a certain airspeed (approx. 20kts) is reached. At
high airspeeds the second-order approximation produces less accurate results than the first-order approxi-
mation. Primarily in A-mode the first-order approximation shows more coherence with the exact eigenvalues.
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Table 5.10: Comparison of exact and approximation Dutch roll mode eigenvalues using the second-order approximation
equation

𝜂 [deg] Airspeed [kts] 𝜆፝፫ (exact) 𝜆፝፫ (approx) error Re(𝜆፝፫)[%] error Im(𝜆፝፫) [%]
90 0 0.0381 ± 0.3028i 0.0648 ± 0.3453i 70.0 14.0
90 100 -0.0749 ± 0.8499i -0.1262 ± 0.8815i 68.4 3.7
60 100 -0.1040 ± 1.0050i -0.0259 ± 1.0213i 75.1 1.6
60 140 -0.1513 ± 1.3983i -0.0563 ± 1.4616i 62.8 4.5
0 140 -0.5384 ± 1.5416i -0.1629 ± 1.7282i 69.7 12.1
0 240 -0.7405 ± 2.6312i -0.3353 ± 2.8301i 54.7 7.6

In Figure D.10 the sensitivity analysis results on the Dutch roll damping are shown. The stabilizing contri-
butions of the damping derivatives 𝑌፯, 𝐿፩ and 𝑁፫ in H-mode are clearly visible. Primarily 𝐿፩ which reduces
the destabilizing effect of the dihedral effect 𝐿፯ plays an important role. The weathercock stability derivative
𝑁፯ and the roll-yaw coupling derivative 𝐿፫ also seem to have a significant stabilizing effect on the damping.
When the nacelles are rotated towards airplane mode the importance of 𝑁፫ and 𝐿፩ on the damping increases
and reduces respectively. The coupling derivative 𝐿፫ becomes less important while the importance of the
other coupling derivative 𝑁፩ increases. Derivatives 𝑁፯ and 𝑁፩ have a destabilizing effect to the Dutch roll
of the same order as 𝐿፯ in airplane mode. From Equation 5.29 and Equation 5.34 and the eigenvalue figures
it could already be concluded that the frequency of the mode is very dependent on the horizontal speed
component. From Figure D.9 a similar conclusion can be drawn; the derivatives barely affect the frequency.
Only 𝑁፯ which is amplified by 𝑢ኺ clearly affects the frequency. The higher the velocity, the higher the
sensitivity to changes in 𝑁፯.

Figure 5.8 shows the Dutch roll eigenvalues as a function of nacelle angle. From the figure it can be concluded
that the frequency of the mode slowly increases with decreasing nacelle angle. It was established that the
tiltrotor Dutch roll frequency was mainly determined by 𝑁፯ and 𝑢ኺ. Since the forward speed is kept constant
the effect of 𝑢ኺ can be neglected. From Figure 4.21 it can be concluded that 𝑁፯ slightly increases with
decreasing nacelle which explains the slight increase in frequency. The increase of the damping slowly builds
up with decreasing nacelle. This mainly happens due to the increase in yaw damping 𝑁፫. Furthermore, the
roll-yaw coupling derivative 𝑁፩ first increases in magnitude up to ≈30 degrees which withholds the damping
from increasing faster. Thereafter the derivative decreases again, which explains why the damping suddenly
increases faster with nacelle angle.

5.3. Coupled Modes
In the previous two sections the longitudinal and lateral eigenmodes of the tiltrotor have been analysed
by using a reduced state space system. The assumption has been made that the longitudinal modes can
be decoupled from the lateral modes. In this section the validity of this assumption will be investigated.
The eigenvalues of the full 8x8 state space A-matrix will be analysed and compared with the results of the
reduced systems. The comparison is elaborated upon in subsection 5.3.1. The full uncoupled A-matrix is
shown below.
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ኺ ኺ cos᎕Ꮂ ኺ ኺ ኺ ዅΩᎲ cos᎕Ꮂ ዅ sin᎕Ꮂ
ፘᑦዅ፫Ꮂ ፘᑨዄ፩Ꮂ ፘᑢ ዅ፠ sinᎫᎲ sin᎕Ꮂ ፘᑧ ፘᑡዄ፰Ꮂ ፠ cosᎫᎲ cos᎕Ꮂ ፘᑣዅ፮Ꮂ
ፋᖤᑦ ፋᖤᑨ ፋᖤᑢዄ፤Ꮃ፩Ꮂዅ፤Ꮄ፫Ꮂ ኺ ፋᖤᑧ ፋᖤᑡዄ፤Ꮃ፪Ꮂ ኺ ፋᖤᑣዅ፤Ꮄ፪Ꮂ
ኺ ኺ sinᎫᎲ tan᎕Ꮂ ΩᎲ sec᎕Ꮂ ኺ ኻ ኺ cosᎫᎲ tan᎕Ꮂ
ፍᖤᑦ ፍᖤᑨ ፍᖤᑢዅ፤Ꮃ፫Ꮂዅ፤Ꮅ፩Ꮂ ኺ ፍᖤᑧ ፍᖤᑡዅ፤Ꮅ፪Ꮂ ኺ ፍᖤᑣዅ፤Ꮃ፪Ꮂ
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Furthermore, the validity of the whole linear 6-DoF model will be tested by comparing the uncoupled eigen-
values results with the FLIGHTLAB results. The differences between the two models will be analysed and
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Figure 5.9: XV-15 coupled longitudinal eigenmodes compared with the uncoupled modes in helicopter mode

explained by looking at the differences in modelling approaches and stability derivatives. This is done in
subsection 5.3.2.

5.3.1. Comparison with Uncoupled Modes
In order to verify whether the uncoupling of the longitudinal and lateral eigenmodes is valid for tiltrotor
aircraft the coupled system eigenvalues are compared with those of the uncoupled systems. The eigenval-
ues of the three different systems have been plotted in the three different configurations, as a function of
airspeed. The comparison in helicopter mode is shown in Figure 5.9. It can be observed that there is a lot
of overlap between the uncoupled models and the coupled model. The longitudinal modes (phugoid and
short period) show an almost perfect resemblance, meaning that there is little to no coupling with lateral
motion. For the lateral modes there appears to be slightly less overlap. The coupled Dutch Roll is a little
bit less damped than the uncoupled one. Investigation of the longitudinal-lateral coupling derivatives shows
that none of the derivatives in helicopter mode has a significant magnitude that could influence the dynamic
modes. The differences are caused by the assumption for the uncoupled lateral/directional system that the
modes are independent of the pitch angle. This means that cos𝜃ኺ and tan𝜃ኺ are assumed to be equal to
1 and 0 respectively. This assumption is not made for the uncoupled system and is mainly the reason for
the observed differences.

In conversion mode the eigenvalues are also very similar. This is shown in Figure 5.10. The longitudinal
eigenvalues have an almost perfect overlap, while the lateral eigenvalues have a small discrepancy. This
shows that the longitudinal-lateral coupling is also negligible in conversion mode. At an airspeed of 100 kts
the Dutch Roll eigenvalues are clearly not perfectly equal while at 160 there is a perfect overlap. This can be
related to the the absence of the pitch angle influence to the uncoupled lateral eigenmodes. At an airspeed
of 100 kts the pitch angle is approximately 10 degrees while at 160 kts the angle is around zero Figure 3.7.
Therefore the assumption that cos𝜃ኺ = 1 and tan𝜃ኺ = 0 for the uncoupled lateral/directional modes is
less valid at 100 kts.

In airplane mode there are also no noteworthy differences between the coupled model and the uncoupled
models (Figure 5.11). There is even more overlap than in helicopter and conversion mode. Generally, the
conclusion can be drawn that for the 6-DoF model the uncoupling of the modes is valid for the entire flight
envelope. There appears to be little to no coupling between the longitudinal and lateral motion in these
flight conditions. However, the results of the FLIGHTLAB model show quite some coupling between the
subsets, primarily in helicopter mode. The following A-matrix is found by the FLIGHTLAB model for the
XV-15 at a 20 kts H-mode horizontal trim condition [2]:
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Figure 5.10: XV-15 coupled longitudinal eigenmodes compared with the uncoupled modes in conversion mode
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At the same conditions the following A-matrix is found by the 6-DoF model:
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While the coupling derivatives of the 6-DoF are almost infinitesimally small the FLIGHTLAB model has quite
some significant coupling derivatives e.g. 𝑍፩, 𝑀፩ and 𝑍፫. These nonzero coupling derivatives are mostly the
result of the rotor wake interference with the wing [2]. The aerodynamics for the rotor wake on the wing
and empennage used in the FLIGHTLAB model are derived from wind tunnel tests conducted in support
of the preflight simulation development. The 6-DoF model uses the rather simplistic method described in
subsection 3.3.4 to compute this interaction. In order to better predict the longitudinal-lateral coupling
effects a better interaction model should be incorporated in the 6-DoF model.

5.3.2. Comparison with FLIGHTLAB Results
In this subsection the results obtained by the 6-DoF model will be validated by comparing them with the
FLIGHTLAB model (FXV-15) results. The eigenvalues of the two linearized models will be compared by
plotting them together in the same figure as a function of airspeed. This will be done for three different
nacelle configurations; H-mode (90deg), C-mode (60deg) and A-mode (0deg). For both models the cou-
pled state space systems are used. The FLIGHTLAB eigenvalues are plotted with steps of 20 kts, while the
6-DoF model uses steps of 2 kts.

Figure 5.12 presents the eigenvalues of the two models in helicopter mode. The airspeed of both models
ranges from 0 to 100 kts. Subfigure (a) presents the full set of eigenmodes while in subfigure (b) the low
frequency modes are expanded. Some eigenvalues which are located on the real axis have been plotted



5.3. Coupled Modes 117

Figure 5.11: XV-15 coupled longitudinal eigenmodes compared with the uncoupled modes in airplane mode

with some vertical offset in order to distinguish between the different modes and models in the figures.
In hover, the phugoid and the Dutch Roll are unstable for both models. The roll mode, spiral mode and
heave and pitch subsidences take their place on the real axis. The frequency of the roll mode increases
with airspeed. The spiral mode is unstable for both models at moderate airspeeds. The 6-DoF model spiral
mode is however stable in hover while the FLIGHTLAB model mode is unstable. Both eigenvalues move to
right on real axis up until 20-30 kts, after which they move towards the stable side of the graph again. The
spiral stabilizes at around 80 kts for both models. According to Padfield, the increase in instability up to
20-30 kts can be attributed to the increasing interaction of the rotor wakes with the wings [2]. There is a
significant increase in the destabilizing derivative 𝐿፫ which is captured by both models (Figure 4.20). The
weathercock stability derivative 𝑁፯ is the second derivative that destabilizes the spiral mode according to
Equation 5.25. In Figure 4.21 we saw that the FLIGHTLAB weathercock stability derivative is a factor 2
or 3 larger than the 6-DoF derivative. The most obvious reason for this difference was explained to be the
fuselage contribution to the yawing moment which is not modelled in the 6-DoF model. Consequently, this
also explains the differences in spiral eigenvalues at low airspeeds.

The Dutch Roll mode stabilizes shortly after the airspeed is increased from hover according to both models.
The Dutch Roll damping is also quite similar while the frequency of the FLIGHTLAB model increases faster
with speed. In subsection 5.2.3 it became clear that the frequency of the mode is mainly dependent on 𝑢ኺ
and 𝑁፯. Trim velocity component 𝑢ኺ is obviously almost equal for both models at the same speed. The
larger weathercock stability of the FLIGHTLAB model thus causes the bigger increase in frequency. The
short period of both models show a similar trend. The frequency increases with airspeed while the damping
decreases. However, the FLIGHTLAB mode presents a stronger increase in frequency and is more heavily
damped. The damping and frequency of the short period are both heavily dependent on 𝑀፪ (Equation 5.9).
From Figure 4.13 it became clear that the pitch damping derivative is significantly higher for the FLIGHT-
LAB model than for the 6-DoF model. This was mainly attributed to the destabilizing rotor contribution for
the latter model which is stabilizing for the former. Lastly, the most striking difference between the models
in helicopter mode is the phugoid mode. In subsection 5.1.2 we saw that the phugoid damping increases
with airspeed until the mode is critically damped and decouples. From Figure 5.12 it can be concluded that
this is only the case for the 6-DoF model. The FLIGHTLAB model phugoid damping increases as well but
the mode remains oscillatory. This happens because the speed stability derivative 𝑀፮ is positive for the
FLIGHTLAB derivative while for the 6-DoF model the derivative is negative at high airspeeds. A negative
𝑀፮ amplifies the damping according to Equation 5.16.

A similar comparison between the models is presented in Figure 5.13 for the XV-15 in conversion mode with
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a 60 degrees nacelle angle configuration. The 6-DoF model eigenvalues range from 100 to 160 kts while
those of the FLIGHTLAB model range from 100 to 140 kts. The roll mode eigenvalue are quite comparable.
The frequency of the mode increases with airspeed for both models. The FLIGHTLAB roll damping deriva-
tive is larger than the 6-DoF derivative in this configuration which also explains why the former model its
eigenvalues are located more to the left on the real axis. Similarly as in helicopter mode the FXV-15 short
period is more heavily damped than the 6-DoF model mode, which is caused by the larger 𝑀፪ value. The
FLIGHTLAB Dutch Roll mode is also slightly more damped, but the results look already more comparable
than in helicopter mode. This is because the differences between the 𝑁፯ derivatives have decreased. In
subfigure (b) the low frequency modes are expanded. The spiral mode of both models is stable and the
frequency increases slightly with airspeed. The FLIGHTLAB spiral mode frequency is however roughly double
the frequency of the 6-DoF model. From Figure D.7 it can be concluded that larger 𝑁፫ and 𝐿፯ increase the
spiral frequency. These two derivatives are significantly larger for the FLIGHTLAB model. In contrary to
the H-mode both models have an oscillatory phugoid along the entire airspeed range. In this configuration
the 𝑀፮ derivative is positive for both models. The phugoid damping increases with speed for both models
while the frequency slightly decreases.

In Figure 5.14 the eigenvalues of the models in airplane mode are compared. The 6-DoF model has an
airspeed range of 120 to 280 kts in this configuration. For the FLIGHTLAB model data was available at
140, 180 and 220 kts so this has been used for this comparison. In subsection 5.2.1 we already saw that
the roll mode frequency of the 6-DoF model increases with airspeed. This is also the case for the FXV-15.
The short period of the 6-DoF model is more heavily damped than the FLIGHTLAB model while the latter
model has a higher frequency. Both observations can be explained by looking at differences in static stability
derivative 𝑀፰ in airplane mode (Figure 4.12(c)). The 6-DoF model derivative is a factor 2-3 smaller. A
smaller value of 𝑀፰ increases the damping of the short period while it decreases the frequency, according
to Equation 5.7 and Equation 5.8. The Dutch roll modes look quite comparable. In contrary to H-mode
and C-mode the 6-DoF model now has a more highly damped Dutch roll. Both 𝑁፫ and 𝑌፯ which influence
the Dutch roll damping significantly according to Equation 5.28 have increased more for the 6-DoF model
compared to the FLIGHTLAB model. In Figure 5.14b the spiral mode is shown, which becomes less stable
with airspeed for both models. According to Padfield, this happens due to the reduction in yaw damping (𝑁፫)
and increase in the roll-yaw coupling (𝑁፩). However, the 6-DoF yaw damping increases while 𝑁፩ decreases
so this does not explain the behavior of the 6-DoF model. The roll damping 𝐿፩ significantly influences the
spiral frequency which causes its decrease with airspeed. The phugoid damping mode in A-mode increases
slightly with airspeed for both models. The frequency is more or less constant with airspeed.

In general, the XV-15 stability characteristics obtained by both models are quite similar. Both models have
an unstable phugoid and Dutch roll in hover. The spiral mode is unstable at moderate airspeed in helicopter
mode. The curves of the eigenvalues with airspeed also show a lot of similarities. The trends of the frequency
and damping of the modes with speed are more or less the same for both models. The main discrepancy
between the two models is phugoid in helicopter mode. The 6-DoF model phugoid is non-oscillatory at high
airspeeds, which is caused by the negative speed stability derivative 𝑀፮. Other than that, the 6-DoF model
has proved to be a valid model for stability research.
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(a) Full picture

(b) Low frequency modes

Figure 5.12: XV-15 6-DoF model coupled eigenmodes in helicopter mode compared with the FLIGHTLAB eigenmodes
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(a) Full picture

(b) Low frequency modes

Figure 5.13: XV-15 6-DoF model coupled eigenmodes in conversion mode compared with the FLIGHTLAB eigenmodes



5.3. Coupled Modes 121

(a) Full picture

(b) Low frequency modes

Figure 5.14: XV-15 6-DoF model coupled eigenmodes in airplane mode compared with the FLIGHTLAB eigenmodes





6
Conclusions and Recommendations

In this final chapter the research conducted is concluded. The research questions are answered and conclusions
are drawn following from the research objective. Lastly, recommendations are provided for future work about
this topic.

6.1. Conclusions
The objective of this research was to to investigate the stability characteristics of tiltrotor aircraft theo-
retically by using the technique of linearized stability derivatives on a six-degrees-of-freedom tiltrotor flight
dynamics model. In order to reach this objective several research subquestions were posed in the introduction
of this report, which answers together serve as an answer to the main research question. The answers to
these subquestions can be find below. Afterwards, a general conclusion about the research is drawn.

1. Which features characterize a tiltrotor aircraft?
The most promising feature of the tiltrotor aircraft is its capability of performing vertical manoeuvres like a
conventional helicopter as well as reaching high flight speeds and long ranges like a fixed-wing airplane. This
can be achieved by tilting the rotors which are located at the tips of the wing. Because of this capability, the
tiltrotor also requires a special control strategy. Both helicopter and airplane control strategies are combined
to have good control at both very low and very high flight speeds. A tail rotor which is a necessity for a con-
ventional helicopter has become redundant as the two counter rotating rotors cancel out each others torque.
Longitudinal cyclic is used to control the pitch motion in helicopter mode. In the same mode differential
collective and cyclic pitch is used to control yawing and rolling motions. Ailerons, elevators and rudders are
also included to control the tiltrotor in airplane mode. The controls in helicopter mode are gradually phased
out while the airplane controls are phased in when rotating the nacelles towards the horizontal axis. In all
flight modes the pilot uses a center cyclic stick to control pitch and roll while pedals are used to control
yaw. A collective stick is included to control the collective pitch of the blades in helicopter mode, and the
same stick functions are a power lever in airplane mode.

2. How can the dynamic behavior of the tiltrotor most accurately be predicted by modelling its principles into
a flight dynamics model? In order to investigate the stability characteristics of a tiltrotor a flight dynamics
model has to be developed. In prior research conducted at Delft University of Technology a six-degrees-
of-freedom tiltrotor flight dynamics model has been developed (6-DoF model). This model describes the
motion of the tiltrotor using 9 different states; 3 translational velocity states, 3 rotational velocity states
and three Euler angles describing the orientation of the aircraft with respect to the earth. Furthermore, the
motion of the aircraft can be controlled using 4 different inputs; the longitudinal and lateral cyclic stick
deflection, the collective stick deflection and the pedal deflection. The 6-DoF model divides the tiltrotor
into 15 different components and the forces and moments acting on each component are computed and
converted to the same reference frame. In order to improve the prediction of the dynamic behavior of the
aircraft some important additions are made to the model. The aerodynamic coefficients of the lifting surfaces
are computed using a combination of flat plate area theory and linear aerodynamics, solving issues with the
rotor wake-wing interference. Furthermore, the centre of gravity and moments of inertia of the aircraft are
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made dependable on the nacelle angle. This improves primarily the prediction of the pitching moments.
Look-up tables have been implemented to the model to add the aerodynamic contributions of the fuselage.
Moreover, the interference between the wing wake and the empennage has been implemented into the model.
The effective angle of attack of the horizontal stabilizers is influenced by this interference and results in a
more accurate prediction of the empennage aerodynamic forces.

3. Which conclusions can be drawn about the stability characteristics of the tiltrotor from the linearized
stability and control derivatives? The nonlinear 6-DoF model has been linearized and the stability and con-
trol derivatives following from the linearization have been analysed as a function of airspeed and nacelle
angle. The derivatives are also compared with data obtained from other models. This serves as validation
for the results, but the differences between the models can also say a lot about the effects of the different
assumptions made during the modelling process. Generally, most of the derivatives in H-mode have con-
ventional helicopter characteristics while in A-mode they have fixed-wing airplane characteristics. There are
however some exceptions, such as 𝑋፮ in helicopter mode for example. The drag damping derivative of a
tiltrotor in this mode is much larger than for a conventional helicopter due to the extra drag of the wings
and the second rotor. Furthermore, the damping derivatives (𝑋፮, 𝑍፰, 𝐿፩ etc.) are all negative along the
entire flight envelope which is required for the stability of the subsidences. The rotor contribution to 𝑍፰ is
large in helicopter mode and large to 𝑋፮ in airplane mode. The heave-surge coupling derivatives 𝑍፮ and 𝑋፰
are the largest when the nacelle angles are approximately at a 45 degrees inclination. The same goes for
the roll-yaw coupling derivatives 𝑁፩ and 𝐿፫. The models’ stability derivatives show a lot of similarities. The
speed stability derivative 𝑀፮ curves look less similar. The 6-DoF model derivative is negative at high air-
speeds in H-mode while the derivatives of the GTRS and FLIGHTLAB models remain positive. The negative
contribution of the horizontal stabilizers to 𝑀፮ is very dominant for the 6-DoF model, which seems to be
not the case for the other models. Furthermore, the weathercock stability derivative 𝑁፯ and dihedral effect
𝐿፯ are positive and negative respectively. Lastly, the yaw damping derivative 𝑁፫ is relatively small at low
airspeeds compared to conventional helicopters due to the absence of a tail rotor. The control derivatives
of the 6-DoF model show a lot of similarities with the FXV-15 and the control inputs lead to the desired
responses. The assumption that elevators, ailerons and rudders create no drag results in differences between
the curves of the models. The effectiveness’s of the control surfaces of the models seem to be dissimilar
while they should be equal.

4. Which conclusions can be drawn about the stability characteristics of the tiltrotor from the eigenvalues
of the dynamic modes? Firstly, the dynamic modes have been evaluated by uncoupling the longitudinal and
lateral modes. In hover, the heave and pitch subsidences are both non-oscillatory but stable. As airspeed
increases, the heave an pitch subsidence couple together and form the short period. The frequency of the
short period increases with airspeed while the damping slightly decreases at high nacelle angle configura-
tions. At low nacelle angle configurations the damping increases with airspeed. When the airspeed is kept
constant and the nacelle angle decreases the frequency slowly increases while the damping remains roughly
constant. In hover the phugoid is oscillatory but unstable. The mode stabilizes when the airspeed increases
and becomes at some point non-oscillatory. This can be attributed to the negative value of 𝑀፮ which
amplifies the phugoid damping. In C-mode and A-mode the phugoid is oscillatory and stable. At constant
airspeed and decreasing nacelle angle the phugoid damping increases. At the same time the frequency of
the mode increases slightly. The roll mode is mostly a pure roll subsidence which is stable, highly damped
an non-oscillatory. Its frequency increases with airspeed but decreases with decreasing nacelle angle. The
coupling with yaw increases with decreasing nacelle angle. The spiral mode is mostly unstable in helicopter
mode. In hover the mode is stable, but as airspeed increases the mode destabilizes. The instability increases
with airspeed up to ± 30 kts, after which it decreases again. At airspeeds higher than ± 80kts in H-mode the
spiral is again stable. The spiral mode also becomes more stable with decreasing nacelle angle. In hover the
Dutch roll is also unstable, but becomes stable after airspeed increases. The dutch roll frequency increases
with airspeed while the damping remains constant. Decreasing the nacelle angle however clearly increases
the damping of the mode. Furthermore it was found that the uncoupling of the modes is valid for the 6-DoF
model since the coupling derivatives are approximately zero. The 6-DoF model eigenmodes results showed
a lot of similarities with the FXV-15. Both models have an unstable phugoid and Dutch roll in hover. The
spiral modes are often unstable in helicopter mode and have similar trends with airspeed. The FXV-15 spiral
is however already unstable in hover, due to its lower value of 𝑁፫. The FXV-15 short period in H-mode and
C-mode is relatively more damped due to its higher pitch damping 𝑀፪. The biggest difference in modes
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between the two models is the phugoid in helicopter mode. The 6-DoF model phugoid is non-oscillatory
at high airspeeds because of the negative 𝑀፮ at those flight conditions. In the same flight conditions the
FLIGHTLAB 𝑀፮ is positive and thus the phugoid remains oscillatory.

In general, the 6-DoF model shows good agreement with previously published data from other tiltrotor
models. The trim data of the 6-DoF model looked similar to the GTRS trim data. The linearized model
derivatives also showed a lot of resemblance with derivatives from other models with a few exceptions such
as 𝑀፮. This gives confidence in using the model for future research related to flight dynamics, stability,
control or handling qualities.

6.2. Recommendations for Future Work
Now that the thesis research is concluded and the research questions have been answered, there are still
some recommendations for future research. These recommendations are mainly focused on improvement
of the nonlinear model, since the accuracy of the predicted stability characteristics heavily depends on the
accuracy of the nonlinear model.

The first recommendation I would propose is a further investigation into the 𝑀፮ derivative. The nega-
tive value of the speed stability derivative at high airspeeds in helicopter mode is not in line with what
is found in literature. This negative 𝑀፮ amplifies the phugoid damping, which results in a non-oscillatory
phugoid. The negative contribution of the airframe, with in particular the horizontal stabilizers, causes the
negative value of 𝑀፮. According to the GTRS model data the airframe should have a positive contribution
to the derivative, but what the actual cause is for this difference has not been discovered during this research.

Furthermore, the comparison between the eigenmodes of the coupled and uncoupled linear state space sys-
tems showed that there is almost no coupling at all between the longitudinal and lateral modes. The FXV-15
however showed quite some significant values for the coupling derivatives, primarily at low airspeeds in he-
licopter mode. This was mainly attributed by Padfield to the interference between the rotor wake and the
airframe. For example, any perturbation in yaw or sideslip should lead to variations in rotor downwash at the
horizontal stabilizers resulting in a pitching moment. For this reason, the 𝑀፫ and 𝑀፯ derivatives are non-zero
for the FXV-15. Rotor wake-empennage interference has not been implemented in the 6-DoF model which
is most likely the cause why these derivatives are zero for the 6-DoF model. The interference between the
rotor wake and the wing of the 6-DoF model is modelled rather simplistic and far away from reality. The
interference model is also dependent on the the induced velocity which is computed using basic momentum
theory. This theory assumes that the induced velocity is constant along the rotor disc, which is a rather
big assumption. An improved induced flow model which does not make this assumption is expected to give
more realistic results. In order to more accurately investigate the coupling between longitudinal and lateral
motions, the interference models between the rotors and airframe should be improved.

Lastly, in the introduction of this report the accident of the AW609 during flight testing was mentioned. The
accident happened after diverging yaw- and roll oscillations were experienced. The accident was described as
an unstable Dutch Roll. During the dynamic stability analysis conducted in this research no stability issues
were found for the Dutch Roll. However, the research was limited to steady, horizontal, symmetrical flight.
The accident occured while exiting a turn after a high-speed test dive was performed. This means that the
aircraft was probably not flying level. The effect of for example the glide slope angle or sideslip angle on the
Dutch Roll stability was not investigated. It would be interesting to further investigate what the effect is of
these two angles on the Dutch roll stability and investigate more deeply what caused the instability before
the accident.
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6-DoF Model Equations

B.1. Equation 𝑎0
Simplified equation

𝑎ኺ =
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Full equation
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− 20𝐼፛፥Ωኼ𝛾፛፥𝜆።
+ 20𝐼፛፥Ωኼ𝛾፛፥�̂�፜
+ 15𝐼፛፥Ωኼ𝛾፛፥𝜃፛፥ኺ
+ 60 cos 𝛿𝑀፛፥ sin𝜃ኻ፬𝑎ኻ𝑎፳,፡
+ 12𝐼፛፥Ωኼ𝑅𝛾፛፥𝜃፛፥ኻ
+ 10𝐼፛፥Ωኼ𝑎ኻ𝛾፛፥�̂�፜
+ 15𝐼፛፥Ωኼ𝛾፛፥�̂�ኼ፜𝜃፛፥ኺ
+ 60 cos 𝛿 cos𝜃ኻ፬𝑀፛፥𝑎ኻ𝑎፱,፡
+ 10𝐼፛፥Ωኼ𝑅𝛾፛፥�̂�ኼ፜𝜃፛፥ኻ
+ 15 cos𝜃ኻ፬ኼ𝐼፛፥Ωኼ sin 𝜂ኼ𝛾፛፥𝑝

ኼ𝜃፛፥ኺ
− 10𝐼፛፥ΩኼΩ፬፠፧Ω̄ፑፙፑ𝑎ኻ𝛾፛፥�̂�፜
+ 15 cos 𝜂ኼ cos𝜃ኻ፬ኼ𝐼፛፥Ωኼ𝛾፛፥𝑟

ኼ𝜃፛፥ኺ
+ 10𝐼፛፥ΩኼΩ፬፠፧ sin 𝛿𝛾፛፥�̂�፜𝑞

133
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+ 20 cos 𝜂 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧𝛾፛፥𝜆።𝑟
− 20 cos 𝜂 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧𝛾፛፥�̂�፜𝑟
− 30 cos 𝜂 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧𝛾፛፥𝑟𝜃፛፥ኺ
+ 12 cos 𝜂ኼ cos𝜃ኻ፬ኼ𝐼፛፥Ωኼ𝑅𝛾፛፥𝑟

ኼ𝜃፛፥ኻ
− 20 cos 𝜂𝐼፛፥ΩኼΩ፬፠፧ sin𝜃ኻ፬𝛾፛፥𝜆።𝑝
+ 20 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧ sin 𝜂𝛾፛፥𝜆።𝑝
+ 20 cos 𝜂𝐼፛፥ΩኼΩ፬፠፧ sin𝜃ኻ፬𝛾፛፥�̂�፜𝑝
− 20 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧ sin 𝜂𝛾፛፥�̂�፜𝑝
+ 30 cos 𝜂𝐼፛፥ΩኼΩ፬፠፧ sin𝜃ኻ፬𝛾፛፥𝑝𝜃፛፥ኺ
− 30 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧ sin 𝜂𝛾፛፥𝑝𝜃፛፥ኺ
+ 12 cos𝜃ኻ፬ኼ𝐼፛፥Ωኼ𝑅 sin 𝜂ኼ𝛾፛፥𝑝

ኼ𝜃፛፥ኻ
− 20𝐼፛፥ΩኼΩ፬፠፧ sin 𝜂 sin𝜃ኻ፬𝛾፛፥�̂�፜𝑟
− 30𝐼፛፥ΩኼΩ፬፠፧ sin 𝜂 sin𝜃ኻ፬𝛾፛፥𝑟𝜃፛፥ኺ
− 10𝐼፛፥ΩኼΩ፬፠፧ sin 𝛿𝑎ኻ𝛾፛፥�̂�፜𝑞
− 15𝐼፛፥ΩኼΩ፬፠፧ sin 𝛿𝑎ኻ𝛾፛፥𝑞𝜃፛፥ኺ
+ 10 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧𝛾፛፥�̂�፜𝑝
+ 10 cos 𝛿 cos 𝜂𝐼፛፥ΩኼΩ፬፠፧ sin𝜃ኻ፬𝛾፛፥�̂�፜𝑟
− 10 cos 𝛿 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧ sin 𝜂𝛾፛፥�̂�፜𝑟
− 24 cos 𝜂 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧𝑅𝛾፛፥𝑟𝜃፛፥ኻ
− 30 cos 𝜂 cos𝜃ኻ፬𝐼፛፥Ωኼ sin 𝜂 sin𝜃ኻ፬𝛾፛፥𝑝

ኼ𝜃፛፥ኺ
− 10 cos 𝜂 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧𝑎ኻ𝛾፛፥�̂�፜𝑟
+ 10 cos 𝛿𝐼፛፥ΩኼΩ፬፠፧ sin 𝜂 sin𝜃ኻ፬𝛾፛፥�̂�፜𝑝
+ 24 cos 𝜂𝐼፛፥ΩኼΩ፬፠፧𝑅 sin𝜃ኻ፬𝛾፛፥𝑝𝜃፛፥ኻ
− 24 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧𝑅 sin 𝜂𝛾፛፥𝑝𝜃፛፥ኻ
− 10 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧ sin 𝜂𝑎ኻ𝛾፛፥�̂�፜𝑝
− 24𝐼፛፥ΩኼΩ፬፠፧𝑅 sin 𝜂 sin𝜃ኻ፬𝛾፛፥𝑟𝜃፛፥ኻ
+ 30 cos 𝜂 cos𝜃ኻ፬ኼ𝐼፛፥Ωኼ sin 𝜂𝛾፛፥𝑝𝑟𝜃፛፥ኺ
− 12𝐼፛፥ΩኼΩ፬፠፧𝑅 sin 𝛿𝑎ኻ𝛾፛፥𝑞𝜃፛፥ኻ
− 10 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧𝑎ኻ𝛾፛፥�̂�፜𝑝
− 15 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧𝑎ኻ𝛾፛፥𝑝𝜃፛፥ኺ
+ 10 cos 𝛿 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧ sin 𝜂𝑎ኻ𝛾፛፥�̂�፜𝑟
− 15 cos 𝛿 cos 𝜂𝐼፛፥ΩኼΩ፬፠፧ sin𝜃ኻ፬𝑎ኻ𝛾፛፥𝑟𝜃፛፥ኺ
+ 15 cos 𝛿 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧ sin 𝜂𝑎ኻ𝛾፛፥𝑟𝜃፛፥ኺ
− 15 cos 𝛿𝐼፛፥ΩኼΩ፬፠፧ sin 𝜂 sin𝜃ኻ፬𝑎ኻ𝛾፛፥𝑝𝜃፛፥ኺ
+ 24 cos 𝜂 cos𝜃ኻ፬ኼ𝐼፛፥Ωኼ𝑅 sin 𝜂𝛾፛፥𝑝𝑟𝜃፛፥ኻ
− 12 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧𝑅𝑎ኻ𝛾፛፥𝑝𝜃፛፥ኻ
− 12 cos 𝛿 cos 𝜂𝐼፛፥ΩኼΩ፬፠፧𝑅 sin𝜃ኻ፬𝑎ኻ𝛾፛፥𝑟𝜃፛፥ኻ
+ 12 cos 𝛿 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧𝑅 sin 𝜂𝑎ኻ𝛾፛፥𝑟𝜃፛፥ኻ
− 12 cos 𝛿𝐼፛፥ΩኼΩ፬፠፧𝑅 sin 𝜂 sin𝜃ኻ፬𝑎ኻ𝛾፛፥𝑝𝜃፛፥ኻ)
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B.2. Equation 𝑎1
Simplified equation

𝑎ኻ =
− ኻዀ
᎐ᑓᑝ

፪
጖ −

፩
጖Ω፬፠፧ cos 𝜂 −

፫
጖Ω፬፠፧ sin 𝜂 − 2𝜇፜(𝜆። − 𝜆፜) +

ዂ
ኽ𝜃ኺ𝜇፜ + 2𝜃፛፥Ꮃ𝜇፜𝑅

1 − ኻ
ኼ𝜇

ኼ፜
(B.2)

Full equation

𝑎ኻ = 0.4000(30𝐼፛፥Ωኼ𝛾፛፥𝜆።�̂�፜
− 120 cos 𝛿𝑀፛፥Ω፬፠፧𝑎ኺ𝑎፲,፡
− 120𝐼፛፥Ω፬፠፧ sin 𝛿�̇�
− 30𝐼፛፥Ωኼ𝛾፛፥�̂�፜�̂�፜
− 40𝐼፛፥Ωኼ𝛾፛፥�̂�፜𝜃፛፥ኺ
− 120 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝐼፛፥Ω፬፠፧�̇�
+ 240 cos 𝛿𝐼፛፥ΩኼΩ፬፠፧ ̄Ωፑፙፑ�̇�
+ 120 cos 𝛿 cos𝜃ኻ፬𝐼፛፥Ω፬፠፧ sin 𝜂�̇�
+ 240 cos 𝛿𝐼፛፥ΩኼΩ፬፠፧ ̄Ωፑፙፑ𝑞
− 120 cos 𝛿𝐼፛፥Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬�̇�
+ 120 cos𝜃ኻ፬𝑀፛፥Ω፬፠፧ sin 𝛿𝑎ኺ𝑎፱,፡
− 15𝐼፛፥ΩኼΩ፬፠፧ sin 𝛿�̇�𝛾፛፥
− 15𝐼፛፥ΩኼΩ፬፠፧ sin 𝛿𝛾፛፥𝑞
− 30𝐼፛፥Ωኼ𝑅𝛾፛፥�̂�፜𝜃፛፥ኻ
+ 30 cos 𝛿𝐼፛፥Ωኼ𝑎ኺ𝛾፛፥𝑞𝜃፛፥ኺ
− 240𝐼፛፥ΩኼΩ፬፠፧ ̄Ωፑፙፑ sin 𝛿 sin 𝜂 sin𝜃ኻ፬𝑝
− 15 cos 𝛿𝐼፛፥ΩኼΩ፬፠፧ sin 𝜂 sin𝜃ኻ፬𝛾፛፥𝑝
+ 15 cos 𝛿 cos 𝜂ኼ cos𝜃ኻ፬ኼ𝐼፛፥Ωኼ𝛾፛፥𝑝𝑟
+ 15 cos 𝜂 cos𝜃ኻ፬𝐼፛፥Ωኼ sin 𝛿𝛾፛፥𝑞𝑟
+ 15 cos𝜃ኻ፬𝐼፛፥Ωኼ sin 𝛿 sin 𝜂𝛾፛፥𝑝𝑞
+ 24 cos 𝛿𝐼፛፥Ωኼ𝑅𝑎ኺ𝛾፛፥𝑞𝜃፛፥ኻ
+ 15 cos 𝛿 cos 𝜂 cos𝜃ኻ፬ኼ𝐼፛፥Ωኼ sin 𝜂𝛾፛፥𝑝

ኼ

− 15 cos 𝛿 cos 𝜂 cos𝜃ኻ፬ኼ𝐼፛፥Ωኼ sin 𝜂𝛾፛፥𝑟
ኼ

− 15 cos 𝛿 cos𝜃ኻ፬ኼ𝐼፛፥Ωኼsin 𝜂ኼ𝛾፛፥𝑝𝑟
− 240 cos 𝜂 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧ ̄Ωፑፙፑ sin 𝛿𝑝
− 15 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧𝛾፛፥𝑝
− 240 cos 𝜂𝐼፛፥ΩኼΩ፬፠፧ ̄Ωፑፙፑ sin 𝛿 sin𝜃ኻ፬𝑟
+ 240 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧ ̄Ωፑፙፑ sin 𝛿 sin 𝜂𝑟
− 15 cos 𝛿 cos 𝜂𝐼፛፥ΩኼΩ፬፠፧ sin𝜃ኻ፬𝛾፛፥𝑟
+ 15 cos 𝛿 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧ sin 𝜂𝛾፛፥𝑟
− 20 cos 𝜂 cos𝜃ኻ፬𝐼፛፥Ωኼ sin 𝛿𝑎ኺ𝛾፛፥�̂�፜𝑝
− 30 cos 𝜂 cos𝜃ኻ፬𝐼፛፥Ωኼ sin 𝛿𝑎ኺ𝛾፛፥𝑝𝜃፛፥ኺ
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+ 20 cos𝜃ኻ፬𝐼፛፥Ωኼ sin 𝛿 sin 𝜂𝑎ኺ𝛾፛፥�̂�፜𝑟
+ 40 cos 𝜂 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧𝛾፛፥�̂�፜𝑟𝜃፛፥ኺ
+ 30 cos𝜃ኻ፬𝐼፛፥Ωኼ sin 𝛿 sin 𝜂𝑎ኺ𝛾፛፥𝑟𝜃፛፥ኺ
− 40 cos 𝜂𝐼፛፥ΩኼΩ፬፠፧ sin𝜃ኻ፬𝛾፛፥�̂�፜𝑝𝜃፛፥ኺ
+ 40 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧ sin 𝜂𝛾፛፥�̂�፜𝑝𝜃፛፥ኺ
+ 40𝐼፛፥ΩኼΩ፬፠፧ sin 𝜂 sin𝜃ኻ፬𝛾፛፥�̂�፜𝑟𝜃፛፥ኺ
+ 60 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝐼፛፥Ωኼ sin 𝜂 sin𝜃ኻ፬𝛾፛፥𝑝𝑟
− 24 cos 𝜂 cos𝜃ኻ፬𝐼፛፥Ωኼ𝑅 sin 𝛿𝑎ኺ𝛾፛፥𝑝𝜃፛፥ኻ
+ 30 cos 𝜂 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧𝑅𝛾፛፥�̂�፜𝑟𝜃፛፥ኻ
+ 24 cos𝜃ኻ፬𝐼፛፥Ωኼ𝑅 sin 𝛿 sin 𝜂𝑎ኺ𝛾፛፥𝑟𝜃፛፥ኻ
− 30 cos 𝜂𝐼፛፥ΩኼΩ፬፠፧𝑅 sin𝜃ኻ፬𝛾፛፥�̂�፜𝑝𝜃፛፥ኻ
+ 30 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧𝑅 sin 𝜂𝛾፛፥�̂�፜𝑝𝜃፛፥ኻ
+ 30𝐼፛፥ΩኼΩ፬፠፧𝑅 sin 𝜂 sin𝜃ኻ፬𝛾፛፥�̂�፜𝑟𝜃፛፥ኻ)
/
(𝐼፛፥Ωኼ(3𝛾፛፥�̂�ኼ፜
− 6Ω፬፠፧ ̄Ωፑፙፑ𝛾፛፥
+ 6 cos 𝜂 cos𝜃ኻ፬ ̄Ωፑፙፑ𝛾፛፥𝑟
− 6 cos 𝜂 ̄Ωፑፙፑ sin𝜃ኻ፬𝛾፛፥𝑝
+ 6 cos𝜃ኻ፬ ̄Ωፑፙፑ sin 𝜂𝛾፛፥𝑝
+ 6 ̄Ωፑፙፑ sin 𝜂 sin𝜃ኻ፬𝛾፛፥𝑟
− 48 cos 𝛿 cos 𝜂ኼ cos𝜃ኻ፬ኼΩ፬፠፧ sin 𝛿𝑝

ኼ

− 4Ω፬፠፧ sin 𝛿𝛾፛፥�̂�፜𝑞𝜃፛፥ኺ
− 3Ω፬፠፧𝑅 sin 𝛿𝛾፛፥�̂�፜𝑞𝜃፛፥ኻ
+ 96 cos 𝛿 cos 𝜂 cos𝜃ኻ፬ኼΩ፬፠፧ sin 𝛿 sin 𝜂𝑝𝑟
− 4 cos 𝛿 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝛾፛፥�̂�፜𝑝𝜃፛፥ኺ
+ 4 cos 𝛿 cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝛾፛፥�̂�፜𝑟𝜃፛፥ኺ
− 3 cos 𝛿 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑅𝛾፛፥�̂�፜𝑝𝜃፛፥ኻ
+ 3 cos 𝛿 cos𝜃ኻ፬Ω፬፠፧𝑅 sin 𝜂𝛾፛፥�̂�፜𝑟𝜃፛፥ኻ))
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B.3. Equation 𝑏1
Simplified equation

𝑏ኻ =
−8𝐾ᎏ

𝛾፛፥Ω፬፠፧Ωኼ𝐼፛፥
(
−2𝜇፜(𝜆። − 𝜆፜) −

ዂ
ኽ𝜇፜𝜃ኺ +

ኻዀ
᎐ᑓᑝ

፪
጖ −

፩
጖Ω፬፠፧ cos 𝜂 − 2𝑅𝜇፜𝜃፛፥Ꮃ

ኻ
ኼ𝜇

ኼ፜ − 1
)

− 𝑞
ΩΩ፬፠፧ +

16
𝛾፛፥

𝑟
Ω +

4
3𝜇፜𝑎ኺΩ፬፠፧ −

16
𝛾፛፥

𝑝
Ω cos 𝜂

Full equation

𝑏ኻ =
0.0333

𝐼፛፥ΩኼΩፑፙፑ𝛾፛፥
(240𝐾ᎏ𝑎ኻ

+ 240 cos 𝛿𝐼፛፥�̇�
− 240𝑀፛፥ sin 𝛿𝑎0𝑎፲,፡
+ 480𝐼፛፥ΩኼΩፑፙፑ sin 𝛿�̇�
+ 240 cos𝜃ኻ፬𝐼፛፥ sin 𝛿 sin 𝜂�̇�
+ 30 cos 𝛿𝐼፛፥Ωኼ�̇�𝛾፛፥
+ 480𝐼፛፥ΩኼΩፑፙፑ sin 𝛿𝑞
− 180 cos 𝛿ኼ𝐼፛፥Ωኼ𝑎ኻ𝑝

ኼ

− 240𝐼፛፥ sin 𝛿 sin 𝜂 sin𝜃ኻ፬�̇�
+ 30 cos 𝛿𝐼፛፥Ωኼ𝛾፛፥𝑞
− 40𝐼፛፥Ωኼ𝑎0𝛾፛፥�̂�፜
− 240 cos 𝜂 cos𝜃ኻ፬𝐼፛፥ sin 𝛿�̇�
− 240 cos 𝛿 cos𝜃ኻ፬𝑀፛፥𝑎0𝑎፱,፡
+ 180 cos 𝛿ኼ cos 𝜂ኼ𝐼፛፥Ωኼ𝑎ኻ𝑝

ኼ

+ 180 cos 𝛿ኼ cos𝜃ኻ፬ኼ𝐼፛፥Ωኼ𝑎ኻ𝑝
ኼ

− 120 cos 𝜂ኼ cos𝜃ኻ፬ኼ𝐼፛፥Ωኼ𝑎ኻ𝑝
ኼ

+ 480 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝐼፛፥ΩኼΩፑፙፑ𝑝
− 240 cos 𝛿ኼ cos 𝜂ኼ cos𝜃ኻ፬ኼ𝐼፛፥Ωኼ𝑎ኻ𝑝

ኼ

+ 480 cos 𝛿 cos 𝜂𝐼፛፥ΩኼΩፑፙፑ sin𝜃ኻ፬𝑟
− 480 cos 𝛿 cos𝜃ኻ፬𝐼፛፥ΩኼΩፑፙፑ sin 𝜂𝑟
+ 480 cos 𝛿𝐼፛፥ΩኼΩፑፙፑ sin 𝜂 sin𝜃ኻ፬𝑝
− 30 cos 𝜂 cos𝜃ኻ፬𝐼፛፥Ωኼ sin 𝛿𝛾፛፥𝑝
+ 240 cos𝜃ኻ፬𝐼፛፥Ωኼ sin 𝛿 sin 𝜂�̇�𝑝
− 30 cos 𝜂𝐼፛፥Ωኼ sin 𝛿 sin𝜃ኻ፬𝛾፛፥𝑟
+ 30 cos𝜃ኻ፬𝐼፛፥Ωኼ sin 𝛿 sin 𝜂𝛾፛፥𝑟
− 30𝐼፛፥Ωኼ sin 𝛿 sin 𝜂 sin𝜃ኻ፬𝛾፛፥𝑝
+ 360 cos 𝛿ኼ cos 𝜂ኼ cos𝜃ኻ፬ኼ𝐼፛፥Ωኼ𝑎ኻ𝑟

ኼ

− 360 cos 𝛿ኼ cos 𝜂𝐼፛፥Ωኼ sin 𝜂𝑎ኻ𝑝𝑟
+ 240 cos 𝜂 cos𝜃ኻ፬ኼ𝐼፛፥Ωኼ sin 𝜂𝑎ኻ𝑝𝑟
+ 40𝐼፛፥ΩኼΩ፬፠፧ sin 𝛿𝑎0𝛾፛፥�̂�፜𝑞
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+ 60𝐼፛፥ΩኼΩ፬፠፧ sin 𝛿𝑎0𝛾፛፥𝑞𝜃፛፥ኺ
+ 20 cos 𝛿𝐼፛፥Ωኼ𝑎ኻ𝛾፛፥�̂�፜𝑞𝜃፛፥ኺ
− 360 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝐼፛፥Ωኼ sin 𝛿𝑎ኻ𝑝𝑞
+ 480 cos 𝛿ኼ cos 𝜂 cos𝜃ኻ፬ኼ𝐼፛፥Ωኼ sin 𝜂𝑎ኻ𝑝𝑟
− 720 cos 𝛿ኼ cos 𝜂ኼ cos𝜃ኻ፬𝐼፛፥Ωኼ sin𝜃ኻ፬𝑎ኻ𝑝𝑟
− 30 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧𝛾፛፥𝑞𝑟
+ 360 cos 𝛿 cos𝜃ኻ፬𝐼፛፥Ωኼ sin 𝛿 sin 𝜂𝑎ኻ𝑞𝑟
− 30 cos 𝛿 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧ sin 𝜂𝛾፛፥𝑝𝑞
+ 30 cos 𝜂ኼ cos𝜃ኻ፬ኼ𝐼፛፥ΩኼΩ፬፠፧ sin 𝛿𝛾፛፥𝑝𝑟
+ 40 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧ sin 𝜂𝑎0𝛾፛፥�̂�፜𝑝
+ 48𝐼፛፥ΩኼΩ፬፠፧𝑅 sin 𝛿𝑎0𝛾፛፥𝑞𝜃፛፥ኻ
+ 15 cos 𝛿𝐼፛፥Ωኼ𝑅𝑎ኻ𝛾፛፥�̂�፜𝑞𝜃፛፥ኻ
+ 30 cos 𝜂 cos𝜃ኻ፬ኼ𝐼፛፥ΩኼΩ፬፠፧ sin 𝛿 sin 𝜂𝛾፛፥𝑝

ኼ

− 30 cos 𝜂 cos𝜃ኻ፬ኼ𝐼፛፥ΩኼΩ፬፠፧ sin 𝛿 sin 𝜂𝛾፛፥𝑟
ኼ

− 30 cos𝜃ኻ፬ኼ𝐼፛፥ΩኼΩ፬፠፧ sin 𝛿sin 𝜂ኼ𝛾፛፥𝑝𝑟
+ 40 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧𝑎0𝛾፛፥�̂�፜𝑝
+ 60 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧𝑎0𝛾፛፥𝑝𝜃፛፥ኺ
− 40 cos 𝛿 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧ sin 𝜂𝑎0𝛾፛፥�̂�፜𝑟
− 60 cos 𝛿 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧ sin 𝜂𝑎0𝛾፛፥𝑟𝜃፛፥ኺ
+ 60 cos 𝛿𝐼፛፥ΩኼΩ፬፠፧ sin 𝜂 sin𝜃ኻ፬𝑎0𝛾፛፥𝑝𝜃፛፥ኺ
− 20 cos 𝜂 cos𝜃ኻ፬𝐼፛፥Ωኼ sin 𝛿𝑎ኻ𝛾፛፥�̂�፜𝑝𝜃፛፥ኺ
+ 20 cos𝜃ኻ፬𝐼፛፥Ωኼ sin 𝛿 sin 𝜂𝑎ኻ𝛾፛፥�̂�፜𝑟𝜃፛፥ኺ
+ 48 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧𝑅𝑎0𝛾፛፥𝑝𝜃፛፥ኻ
+ 120 cos 𝜂 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧ sin 𝛿 sin 𝜂 sin𝜃ኻ፬𝛾፛፥𝑝𝑟
− 48 cos 𝛿 cos𝜃ኻ፬𝐼፛፥ΩኼΩ፬፠፧𝑅 sin 𝜂𝑎0𝛾፛፥𝑟𝜃፛፥ኻ
+ 48 cos 𝛿𝐼፛፥ΩኼΩ፬፠፧𝑅 sin 𝜂 sin𝜃ኻ፬𝑎0𝛾፛፥𝑝𝜃፛፥ኻ
− 15 cos 𝜂 cos𝜃ኻ፬𝐼፛፥Ωኼ𝑅 sin 𝛿𝑎ኻ𝛾፛፥�̂�፜𝑝𝜃፛፥ኻ
+ 15 cos𝜃ኻ፬𝐼፛፥Ωኼ𝑅 sin 𝛿 sin 𝜂𝑎ኻ𝛾፛፥�̂�፜𝑟𝜃፛፥ኻ)
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B.4. Equation 𝐶𝑇,𝐵𝐸𝑀
Simplified equation

𝐶ፓ,ፁፄፌ =
𝐶፥ᒆ𝜎
4 (𝜃ኺ(

2
3 + 𝜇

ኼ
፜ ) +

1
2𝜃፛፥Ꮃ𝑅(1 + 𝜇

ኼ
፜ ) − (𝜆። − 𝜆፜)) (B.3)

Full equation

𝐶ፓ,ፁፄፌ =
−0.0133𝐼፛፥𝑁𝛾፛፥

𝑅኿𝜌 (6𝜆።

− 6�̂�፜
− 4𝜃፛፥ኺ
− 3𝑅𝜃፛፥ኻ
− 3𝑎ኻ�̂�፜
− 6�̂�ኼ፜𝜃፛፥ኺ
− 3𝑅�̂�ኼ፜𝜃፛፥ኻ
+ 3Ω፬፠፧ ̄Ωፑፙፑ𝑎ኻ�̂�፜
− 4 cos𝜃ኻ፬ኼ sin 𝜂ኼ𝑝

ኼ𝜃፛፥ኺ
− 3Ω፬፠፧ sin 𝛿�̂�፜𝑞
− 6 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝜆።𝑟
+ 6 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧�̂�፜𝑟
+ 8 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑟𝜃፛፥ኺ
+ 6 cos 𝜂Ω፬፠፧ sin𝜃ኻ፬𝜆።𝑝
− 6 cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝜆።𝑝
− 6 cos 𝜂Ω፬፠፧ sin𝜃ኻ፬�̂�፜𝑝
+ 6 cos𝜃ኻ፬Ω፬፠፧ sin 𝜂�̂�፜𝑝
− 8 cos 𝜂Ω፬፠፧ sin𝜃ኻ፬𝑝𝜃፛፥ኺ
+ 8 cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑝𝜃፛፥ኺ
− 3 cos𝜃ኻ፬ኼ𝑅 sin 𝜂ኼ𝑝

ኼ𝜃፛፥ኻ
+ 6Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬�̂�፜𝑟
+ 8Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬𝑟𝜃፛፥ኺ
+ 3Ω፬፠፧ sin 𝛿𝑎ኻ�̂�፜𝑞
+ 4Ω፬፠፧ sin 𝛿𝑎ኻ𝑞𝜃፛፥ኺ
− 3cos 𝜂ኼ cos𝜃ኻ፬ኼ𝑅𝑟

ኼ𝜃፛፥ኻ
− 3 cos 𝛿 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧�̂�፜𝑝
− 3 cos 𝛿 cos 𝜂Ω፬፠፧ sin𝜃ኻ፬�̂�፜𝑟
+ 3 cos 𝛿 cos𝜃ኻ፬Ω፬፠፧ sin 𝜂�̂�፜𝑟
+ 6 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑅𝑟𝜃፛፥ኻ
+ 8 cos 𝜂 cos𝜃ኻ፬ sin 𝜂 sin𝜃ኻ፬𝑝

ኼ𝜃፛፥ኺ
+ 3 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑎ኻ�̂�፜𝑟
− 3 cos 𝛿Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬�̂�፜𝑝
− 6 cos 𝜂Ω፬፠፧𝑅 sin𝜃ኻ፬𝑝𝜃፛፥ኻ
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+ 6 cos𝜃ኻ፬Ω፬፠፧𝑅 sin 𝜂𝑝𝜃፛፥ኻ
+ 3 cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑎ኻ�̂�፜𝑝
+ 6Ω፬፠፧𝑅 sin 𝜂 sin𝜃ኻ፬𝑟𝜃፛፥ኻ
− 8 cos 𝜂 cos𝜃ኻ፬ኼ sin 𝜂𝑝𝑟𝜃፛፥ኺ
+ 3Ω፬፠፧𝑅 sin 𝛿𝑎ኻ𝑞𝜃፛፥ኻ
+ 3 cos 𝛿 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑎ኻ�̂�፜𝑝
+ 4 cos 𝛿 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑎ኻ𝑝𝜃፛፥ኺ
− 3 cos 𝛿 cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑎ኻ�̂�፜𝑟
+ 4 cos 𝛿 cos 𝜂Ω፬፠፧ sin𝜃ኻ፬𝑎ኻ𝑟𝜃፛፥ኺ
− 4 cos 𝛿 cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑎ኻ𝑟𝜃፛፥ኺ
+ 4 cos 𝛿Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬𝑎ኻ𝑝𝜃፛፥ኺ
− 6 cos 𝜂 cos𝜃ኻ፬ኼ𝑅 sin 𝜂𝑝𝑟𝜃፛፥ኻ
+ 3 cos 𝛿 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑅𝑎ኻ𝑝𝜃፛፥ኻ
+ 3 cos 𝛿 cos 𝜂Ω፬፠፧𝑅 sin𝜃ኻ፬𝑎ኻ𝑟𝜃፛፥ኻ
− 3 cos 𝛿 cos𝜃ኻ፬Ω፬፠፧𝑅 sin 𝜂𝑎ኻ𝑟𝜃፛፥ኻ
+ 3 cos 𝛿Ω፬፠፧𝑅 sin 𝜂 sin𝜃ኻ፬𝑎ኻ𝑝𝜃፛፥ኻ)
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B.5. Equation 𝐶𝐻
Simplified equation (further reductions lead to inaccuracies)

𝐶ፇ =
𝜎
24(4𝐶፥ᒆ፛፥𝑎ኻ𝜃ኺ

− 9𝐶፥ᒆ፛፥𝑎ኻ(𝜆። − 𝜆፜)
+ 6𝐶፥ᒆ፛፥𝜇፜𝜃ኺ(𝜆። − 𝜆፜)
+ 3𝐶፥ᒆ፛፥𝑅𝑎ኻ𝜃፛፥ኻ
+ 3𝐶፥ᒆ፛፥𝑅𝜇፜𝜃፛፥ኻ(𝜆። − 𝜆፜)
+ 𝑐፝Ꮂ6𝜇፜
+ 𝑐፝Ꮃ(−2𝑎ኻ
− 6𝜇፜(𝜆። − 𝜆፜))
+ 𝑐፝Ꮄ(−4𝑎ኻ𝜃ኺ
+ 6𝑎ኻ(𝜆። − 𝜆፜)
+ 6𝜇፜(𝜃ኺኼ + 𝜃ኺ)
+ 3𝑎ኻ𝜇ኼ፜𝜃ኺ
− 12𝜇፜𝜃ኺ(𝜆። − 𝜆፜)
− 3𝑅𝑎ኻ𝜃፛፥ኻ
+ 4𝑅𝜇፜𝜃፛፥ኻ
+ 3/2𝑅𝑎ኻ𝜇ኼ፜𝜃፛፥ኻ
+ 3𝑅ኼ𝜇፜𝜃ኼ፛፥Ꮃ
+ 8𝑅𝜇፜𝜃ኺ𝜃፛፥ኻ
− 6𝑅𝜇፜𝜃፛፥ኻ(𝜆። − 𝜆፜)))

Full equation (next page)
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𝐶ፇ =
1

𝐶፥ᒆ፛፥𝑅኿𝜌
0.0033𝐼፛፥𝑁𝛾፛፥(24𝑐፝Ꮂ �̂�፜

− 12𝐶፥ᒆ፛፥𝑎ኻ𝜆።
+ 12𝐶፥ᒆ፛፥𝑎ኻ�̂�፜
+ 8𝐶፥ᒆ፛፥𝑎ኻ𝜃፛፥ኺ
− 24𝑐፝Ꮃ𝜆።�̂�፜
+ 24𝑐፝Ꮃ �̂�፜�̂�፜
+ 24𝑐፝Ꮄ �̂�፜𝜃፛፥ኺ
+ 24𝑐፝Ꮄ �̂�፜𝜃ኼ፛፥Ꮂ
+ 12𝑎ኻ𝑐፝Ꮄ �̂�ኼ፜𝜃፛፥ኺ
− 48𝑐፝Ꮄ𝜆።�̂�፜𝜃፛፥ኺ
+ 48𝑐፝Ꮄ �̂�፜�̂�፜𝜃፛፥ኺ
− 8 cos 𝛿𝐶፥ᒆ፛፥𝑎ኺ𝑞
− 8Ω፬፠፧Ω̄ፑፙፑ𝑎ኻ𝑐፝Ꮃ
+ 6𝐶፥ᒆ፛፥𝑅𝑎ኻ𝜃፛፥ኻ
+ 24𝐶፥ᒆ፛፥𝜆።�̂�፜𝜃፛፥ኺ
− 24𝐶፥ᒆ፛፥�̂�፜�̂�፜𝜃፛፥ኺ
+ 16𝑅𝑐፝Ꮄ �̂�፜𝜃፛፥ኻ
+ 12𝑅ኼ𝑐፝Ꮄ �̂�፜𝜃ኼ፛፥Ꮃ
− 24𝐶፥ᒆ፛፥Ω፬፠፧Ω̄ፑፙፑ𝑎ኻ𝜆።
+ 24𝐶፥ᒆ፛፥Ω፬፠፧Ω̄ፑፙፑ𝑎ኻ�̂�፜
+ 8𝐶፥ᒆ፛፥Ω፬፠፧Ω̄ፑፙፑ𝑎ኻ𝜃፛፥ኺ
+ 24𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝛿�̇�𝜆።
− 24𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝛿�̇��̂�፜
− 8𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝛿�̇�𝜃፛፥ኺ
+ 24𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝛿𝜆።𝑞
− 24𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝛿�̂�፜𝑞
− 8𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝛿𝑞𝜃፛፥ኺ
+ 24Ω፬፠፧Ω̄ፑፙፑ𝑎ኻ𝑐፝Ꮄ𝜆።
− 24Ω፬፠፧Ω̄ፑፙፑ𝑎ኻ𝑐፝Ꮄ �̂�፜
− 16Ω፬፠፧Ω̄ፑፙፑ𝑎ኻ𝑐፝Ꮄ𝜃፛፥ኺ
+ 24Ω፬፠፧ sin 𝛿𝑐፝Ꮄ �̇��̂�፜
+ 16Ω፬፠፧ sin 𝛿𝑐፝Ꮄ �̇�𝜃፛፥ኺ
+ 12𝐶፥ᒆ፛፥𝑅𝜆።�̂�፜𝜃፛፥ኻ
− 12𝐶፥ᒆ፛፥𝑅�̂�፜�̂�፜𝜃፛፥ኻ
− 24Ω፬፠፧ sin 𝛿𝑐፝Ꮄ𝜆።𝑞
+ 24Ω፬፠፧ sin 𝛿𝑐፝Ꮄ �̂�፜𝑞
+ 16Ω፬፠፧ sin 𝛿𝑐፝Ꮄ𝑞𝜃፛፥ኺ
+ 6𝑅𝑎ኻ𝑐፝Ꮄ �̂�ኼ፜𝜃፛፥ኻ
− 24𝑅𝑐፝Ꮄ𝜆።�̂�፜𝜃፛፥ኻ
+ 24𝑅𝑐፝Ꮄ �̂�፜�̂�፜𝜃፛፥ኻ
+ 32𝑅𝑐፝Ꮄ �̂�፜𝜃፛፥ኺ𝜃፛፥ኻ
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+ 8 cos 𝛿 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑐፝Ꮃ𝑝
+ 8 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝛿𝑎ኺ𝑝
− 8𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝛿 sin 𝜂𝑎ኺ𝑟
+ 6𝐶፥ᒆ፛፥Ω፬፠፧Ω̄ፑፙፑ𝑅𝑎ኻ𝜃፛፥ኻ
− 6𝐶፥ᒆ፛፥Ω፬፠፧𝑅 sin 𝛿�̇�𝜃፛፥ኻ
− 6𝐶፥ᒆ፛፥Ω፬፠፧𝑅 sin 𝛿𝑞𝜃፛፥ኻ
+ 8𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ sin 𝜂ኼ𝑎ኻ𝑝
ኼ𝜃፛፥ኺ

− 3𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝛿𝑎ኻ�̂�፜𝑞
− 12Ω፬፠፧Ω̄ፑፙፑ𝑅𝑎ኻ𝑐፝Ꮄ𝜃፛፥ኻ
+ 12Ω፬፠፧𝑅 sin 𝛿𝑐፝Ꮄ �̇�𝜃፛፥ኻ
+ 12 cos 𝛿𝐶፥ᒆ፛፥𝑎ኺ�̂�፜𝑞𝜃፛፥ኺ
+ 12Ω፬፠፧𝑅 sin 𝛿𝑐፝Ꮄ𝑞𝜃፛፥ኻ
− 16 cos𝜃ኻ፬ sin 𝛿 sin 𝜂𝑐፝Ꮄ𝑝𝑞𝜃፛፥ኺ
− 24Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኺ
− 24Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑟𝜃ኼ፛፥Ꮂ
− 24 cos 𝛿𝑅𝑎ኺ𝑐፝Ꮄ𝑞𝜃፛፥ኺ𝜃፛፥ኻ
+ 24 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝜆።𝑝
− 24 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧�̂�፜𝑝
− 8 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝑝𝜃፛፥ኺ
+ 8 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ sin 𝜂𝑝ኼ𝜃፛፥ኺ
− 8 cos 𝛿 cos 𝜂ኼ𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin𝜃ኻ፬𝑝

ኼ𝜃፛፥ኺ
− 8 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ sin 𝜂𝑟ኼ𝜃፛፥ኺ
+ 24 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥Ω፬፠፧ sin𝜃ኻ፬𝜆።𝑟
− 24 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝜆።𝑟
− 24 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥Ω፬፠፧ sin𝜃ኻ፬�̂�፜𝑟
+ 24 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝜂�̂�፜𝑟
− 8 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥Ω፬፠፧ sin𝜃ኻ፬𝑟𝜃፛፥ኺ
+ 8 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑟𝜃፛፥ኺ
+ 8 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝜂ኼ sin𝜃ኻ፬𝑝

ኼ𝜃፛፥ኺ
+ 12 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝑎ኻ𝜆።𝑟
− 12 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝑎ኻ�̂�፜𝑟
− 24 cos 𝛿 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑐፝Ꮄ𝜆።𝑝
+ 24 cos 𝛿 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑐፝Ꮄ �̂�፜𝑝
+ 24 cos 𝛿𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬𝜆።𝑝
− 24 cos 𝛿𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬�̂�፜𝑝
− 16 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝑎ኻ𝑟𝜃፛፥ኺ
− 8 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω̄ፑፙፑ𝑎ኻ𝑟𝜃፛፥ኺ
+ 16 cos 𝛿 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑐፝Ꮄ𝑝𝜃፛፥ኺ
− 8 cos 𝛿𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬𝑝𝜃፛፥ኺ
+ 8 cos 𝛿 cos 𝜂ኼ𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ𝑝𝑟𝜃፛፥ኺ
− 16 cos 𝛿 cos 𝜂 cos𝜃ኻ፬ኼ sin 𝜂𝑐፝Ꮄ𝑝

ኼ𝜃፛፥ኺ
+ 12𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑎ኻ𝜆።𝑝
+ 12 cos 𝜂𝐶፥ᒆ፛፥Ω፬፠፧ sin𝜃ኻ፬𝑎ኻ�̂�፜𝑝
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− 12𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑎ኻ�̂�፜𝑝
+ 24 cos 𝛿 cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑐፝Ꮄ𝜆።𝑟
+ 24 cos 𝛿 cos 𝜂Ω፬፠፧ sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑟
− 24 cos 𝛿 cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑐፝Ꮄ �̂�፜𝑟
+ 16 cos 𝜂𝐶፥ᒆ፛፥Ω፬፠፧ sin𝜃ኻ፬𝑎ኻ𝑝𝜃፛፥ኺ
− 16𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑎ኻ𝑝𝜃፛፥ኺ
+ 8 cos 𝜂𝐶፥ᒆ፛፥Ω̄ፑፙፑ sin𝜃ኻ፬𝑎ኻ𝑝𝜃፛፥ኺ
− 8𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω̄ፑፙፑ sin 𝜂𝑎ኻ𝑝𝜃፛፥ኺ
+ 16 cos 𝛿 cos 𝜂Ω፬፠፧ sin𝜃ኻ፬𝑐፝Ꮄ𝑟𝜃፛፥ኺ
− 16 cos 𝛿 cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑐፝Ꮄ𝑟𝜃፛፥ኺ
− 8 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ sin 𝜂ኼ𝑝𝑟𝜃፛፥ኺ
+ 8 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝛿𝑞𝑟𝜃፛፥ኺ
− 12𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬𝑎ኻ�̂�፜𝑟
− 24Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኺ
− 24Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑟𝜃ኼ፛፥Ꮂ
− 24 cos 𝛿𝑅𝑎ኺ𝑐፝Ꮄ𝑞𝜃፛፥ኺ𝜃፛፥ኻ
+ 24 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝜆።𝑝
− 24 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧�̂�፜𝑝
− 8 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝑝𝜃፛፥ኺ
+ 8 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ sin 𝜂𝑝ኼ𝜃፛፥ኺ
− 8 cos 𝛿 cos 𝜂ኼ𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin𝜃ኻ፬𝑝

ኼ𝜃፛፥ኺ
− 8 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ sin 𝜂𝑟ኼ𝜃፛፥ኺ
+ 24 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥Ω፬፠፧ sin𝜃ኻ፬𝜆።𝑟
− 24 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝜆።𝑟
− 24 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥Ω፬፠፧ sin𝜃ኻ፬�̂�፜𝑟
+ 24 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝜂�̂�፜𝑟
− 8 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥Ω፬፠፧ sin𝜃ኻ፬𝑟𝜃፛፥ኺ
+ 8 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑟𝜃፛፥ኺ
+ 8 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝜂ኼ sin𝜃ኻ፬𝑝

ኼ𝜃፛፥ኺ
+ 12 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝑎ኻ𝜆።𝑟
− 12 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝑎ኻ�̂�፜𝑟
− 24 cos 𝛿 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑐፝Ꮄ𝜆።𝑝
+ 24 cos 𝛿 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑐፝Ꮄ �̂�፜𝑝
+ 24 cos 𝛿𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬𝜆።𝑝
− 24 cos 𝛿𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬�̂�፜𝑝
− 16 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝑎ኻ𝑟𝜃፛፥ኺ
− 8 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω̄ፑፙፑ𝑎ኻ𝑟𝜃፛፥ኺ
+ 16 cos 𝛿 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑐፝Ꮄ𝑝𝜃፛፥ኺ
− 8 cos 𝛿𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬𝑝𝜃፛፥ኺ
+ 8 cos 𝛿 cos 𝜂ኼ𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ𝑝𝑟𝜃፛፥ኺ
− 16 cos 𝛿 cos 𝜂 cos𝜃ኻ፬ኼ sin 𝜂𝑐፝Ꮄ𝑝

ኼ𝜃፛፥ኺ
+ 12𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑎ኻ𝜆።𝑝
+ 12 cos 𝜂𝐶፥ᒆ፛፥Ω፬፠፧ sin𝜃ኻ፬𝑎ኻ�̂�፜𝑝
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− 12𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑎ኻ�̂�፜𝑝
+ 24 cos 𝛿 cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑐፝Ꮄ𝜆።𝑟
+ 24 cos 𝛿 cos 𝜂Ω፬፠፧ sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑟
− 24 cos 𝛿 cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑐፝Ꮄ �̂�፜𝑟
+ 16 cos 𝜂𝐶፥ᒆ፛፥Ω፬፠፧ sin𝜃ኻ፬𝑎ኻ𝑝𝜃፛፥ኺ
− 16𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑎ኻ𝑝𝜃፛፥ኺ
+ 8 cos 𝜂𝐶፥ᒆ፛፥Ω̄ፑፙፑ sin𝜃ኻ፬𝑎ኻ𝑝𝜃፛፥ኺ
− 8𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω̄ፑፙፑ sin 𝜂𝑎ኻ𝑝𝜃፛፥ኺ
+ 16 cos 𝛿 cos 𝜂Ω፬፠፧ sin𝜃ኻ፬𝑐፝Ꮄ𝑟𝜃፛፥ኺ
− 16 cos 𝛿 cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑐፝Ꮄ𝑟𝜃፛፥ኺ
− 8 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ sin 𝜂ኼ𝑝𝑟𝜃፛፥ኺ
+ 8 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝛿𝑞𝑟𝜃፛፥ኺ
− 12𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬𝑎ኻ�̂�፜𝑟
+ 24 cos 𝛿Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑝
+ 16 cos 𝜂 cos𝜃ኻ፬Ω̄ፑፙፑ𝑎ኻ𝑐፝Ꮄ𝑟𝜃፛፥ኺ
− 16𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬𝑎ኻ𝑟𝜃፛፥ኺ
− 8𝐶፥ᒆ፛፥Ω̄ፑፙፑ sin 𝜂 sin𝜃ኻ፬𝑎ኻ𝑟𝜃፛፥ኺ
+ 16 cos 𝛿Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ𝑝𝜃፛፥ኺ
+ 16 cos 𝜂 cos𝜃ኻ፬ sin 𝛿𝑎ኺ𝑐፝Ꮄ𝑝𝜃ኼ፛፥Ꮂ
+ 8𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝛿 sin 𝜂𝑝𝑞𝜃፛፥ኺ
− 16 cos 𝛿 cos 𝜂ኼ cos𝜃ኻ፬ኼ𝑐፝Ꮄ𝑝𝑟𝜃፛፥ኺ
+ 8 cos 𝛿𝐶፥ᒆ፛፥𝑅𝑎ኺ�̂�፜𝑞𝜃፛፥ኻ
− 24 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኺ
− 24 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑐፝Ꮄ �̂�፜𝑟𝜃ኼ፛፥Ꮂ
− 16 cos 𝜂Ω̄ፑፙፑ sin𝜃ኻ፬𝑎ኻ𝑐፝Ꮄ𝑝𝜃፛፥ኺ
+ 16 cos𝜃ኻ፬Ω̄ፑፙፑ sin 𝜂𝑎ኻ𝑐፝Ꮄ𝑝𝜃፛፥ኺ
+ 16 cos 𝛿 cos𝜃ኻ፬ኼ sin 𝜂ኼ𝑐፝Ꮄ𝑝𝑟𝜃፛፥ኺ
+ 24 cos 𝜂Ω፬፠፧ sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኺ
− 24 cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኺ
+ 24 cos 𝜂Ω፬፠፧ sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑝𝜃ኼ፛፥Ꮂ
− 24 cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑐፝Ꮄ �̂�፜𝑝𝜃ኼ፛፥Ꮂ
− 6 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥Ω፬፠፧𝑅 sin𝜃ኻ፬𝑟𝜃፛፥ኻ
+ 6 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝑅 sin 𝜂𝑟𝜃፛፥ኻ
+ 3 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑎ኻ�̂�፜𝑟
− 12 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝑅𝑎ኻ𝑟𝜃፛፥ኻ
− 6 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω̄ፑፙፑ𝑅𝑎ኻ𝑟𝜃፛፥ኻ
+ 12 cos 𝛿 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑅𝑐፝Ꮄ𝑝𝜃፛፥ኻ
− 6 cos 𝛿𝐶፥ᒆ፛፥Ω፬፠፧𝑅 sin 𝜂 sin𝜃ኻ፬𝑝𝜃፛፥ኻ
+ 6 cos 𝛿 cos 𝜂ኼ𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ𝑅𝑝𝑟𝜃፛፥ኻ
− 12 cos 𝛿 cos 𝜂 cos𝜃ኻ፬ኼ𝑅 sin 𝜂𝑐፝Ꮄ𝑝

ኼ𝜃፛፥ኻ
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+ 12 cos 𝜂𝐶፥ᒆ፛፥Ω፬፠፧𝑅 sin𝜃ኻ፬𝑎ኻ𝑝𝜃፛፥ኻ
− 12𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝑅 sin 𝜂𝑎ኻ𝑝𝜃፛፥ኻ
+ 6 cos 𝜂𝐶፥ᒆ፛፥Ω̄ፑፙፑ𝑅 sin𝜃ኻ፬𝑎ኻ𝑝𝜃፛፥ኻ
− 6𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω̄ፑፙፑ𝑅 sin 𝜂𝑎ኻ𝑝𝜃፛፥ኻ
+ 12 cos 𝛿 cos 𝜂Ω፬፠፧𝑅 sin𝜃ኻ፬𝑐፝Ꮄ𝑟𝜃፛፥ኻ
− 12 cos 𝛿 cos𝜃ኻ፬Ω፬፠፧𝑅 sin 𝜂𝑐፝Ꮄ𝑟𝜃፛፥ኻ
− 6 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ𝑅 sin 𝜂ኼ𝑝𝑟𝜃፛፥ኻ
+ 6 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅 sin 𝛿𝑞𝑟𝜃፛፥ኻ
− 12 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝛿𝑎ኺ�̂�፜𝑝𝜃፛፥ኺ
+ 12 cos 𝜂 cos𝜃ኻ፬Ω̄ፑፙፑ𝑅𝑎ኻ𝑐፝Ꮄ𝑟𝜃፛፥ኻ
− 12𝐶፥ᒆ፛፥Ω፬፠፧𝑅 sin 𝜂 sin𝜃ኻ፬𝑎ኻ𝑟𝜃፛፥ኻ
− 6𝐶፥ᒆ፛፥Ω̄ፑፙፑ𝑅 sin 𝜂 sin𝜃ኻ፬𝑎ኻ𝑟𝜃፛፥ኻ
+ 12 cos 𝛿Ω፬፠፧𝑅 sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ𝑝𝜃፛፥ኻ
+ 6𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅 sin 𝛿 sin 𝜂𝑝𝑞𝜃፛፥ኻ
+ 16 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ sin 𝜂𝑎ኻ𝑝𝑟𝜃፛፥ኺ
− 16 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑅𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኻ
− 12 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑅ኼ𝑐፝Ꮄ �̂�፜𝑟𝜃ኼ፛፥Ꮃ
+ 12 cos𝜃ኻ፬Ω̄ፑፙፑ𝑅 sin 𝜂𝑎ኻ𝑐፝Ꮄ𝑝𝜃፛፥ኻ
+ 12𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝛿 sin 𝜂𝑎ኺ�̂�፜𝑟𝜃፛፥ኺ
+ 16 cos 𝜂Ω፬፠፧𝑅 sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኻ
− 16 cos𝜃ኻ፬Ω፬፠፧𝑅 sin 𝜂𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኻ
+ 12 cos 𝜂Ω፬፠፧𝑅ኼ sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑝𝜃ኼ፛፥Ꮃ
− 12 cos𝜃ኻ፬Ω፬፠፧𝑅ኼ sin 𝜂𝑐፝Ꮄ �̂�፜𝑝𝜃ኼ፛፥Ꮃ
− 16Ω፬፠፧𝑅 sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኻ
− 12Ω፬፠፧𝑅ኼ sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑟𝜃ኼ፛፥Ꮃ
− 6 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝑅𝑝𝜃፛፥ኻ
+ 6 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ𝑅 sin 𝜂𝑝ኼ𝜃፛፥ኻ
− 6 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ𝑅 sin 𝜂𝑟ኼ𝜃፛፥ኻ
− 3 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝑎ኻ�̂�፜𝑝
+ 32 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝜂 sin𝜃ኻ፬𝑝𝑟𝜃፛፥ኺ
− 8 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅 sin 𝛿𝑎ኺ�̂�፜𝑝𝜃፛፥ኻ
+ 12 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ𝑅 sin 𝜂𝑎ኻ𝑝𝑟𝜃፛፥ኻ
+ 8𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅 sin 𝛿 sin 𝜂𝑎ኺ�̂�፜𝑟𝜃፛፥ኻ
+ 24 cos 𝜂 cos𝜃ኻ፬𝑅 sin 𝛿𝑎ኺ𝑐፝Ꮄ𝑝𝜃፛፥ኺ𝜃፛፥ኻ
− 32 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑅𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኺ𝜃፛፥ኻ
− 24 cos𝜃ኻ፬𝑅 sin 𝛿 sin 𝜂𝑎ኺ𝑐፝Ꮄ𝑟𝜃፛፥ኺ𝜃፛፥ኻ
+ 32 cos 𝜂Ω፬፠፧𝑅 sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኺ𝜃፛፥ኻ
− 32 cos𝜃ኻ፬Ω፬፠፧𝑅 sin 𝜂𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኺ𝜃፛፥ኻ
− 32Ω፬፠፧𝑅 sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኺ𝜃፛፥ኻ
+ 24 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅 sin 𝜂 sin𝜃ኻ፬𝑝𝑟𝜃፛፥ኻ
− 8 cos 𝛿 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑅𝑎ኻ𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኺ𝜃፛፥ኻ)
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B.6. Equation 𝐶𝑆
Simplified equation (Extra assumption: 𝑐፝Ꮄ = 0)

𝐶፬ = −
𝐶፥ᒆ𝜎
2 (𝜇ኼ፜ (

𝑅𝑏ኻ𝜃፛፥ኻ
4

+ 𝑏ኻ𝜃ኺ2 )

+ 𝑏ኻ𝜃ኺ3
− 3𝑏ኻ(𝜆። − 𝜆፜)4
+ 𝑅𝑏ኻ𝜃፛፥ኻ4
+
3Ω፬፠፧𝑎ኺ𝜇፜(𝜆። − 𝜆፜)

2
−
3Ω፬፠፧𝑎ኺ𝜇፜𝜃ኺ

4
−

Ω፬፠፧𝑅𝑎ኺ𝜇፜𝜃፛፥ኻ
2

+
Ω፬፠፧𝑎ኺ𝑐፝Ꮃ𝜇፜
4𝐶፥ᒆ፛፥

)

Full equation (next page)
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𝐶ፒ =
6.6315𝑒 − 04𝐼፛፥𝑁𝛾፛፥

𝐶፥ᒆ፛፥𝑅኿𝜌
(60𝐶፥ᒆ፛፥𝑏ኻ𝜆።

− 60𝐶፥ᒆ፛፥𝑏ኻ�̂�፜
− 40𝐶፥ᒆ፛፥𝑏ኻ𝜃፛፥ኺ
+ 60𝑏ኻ𝑐፝Ꮄ �̂�ኼ፜𝜃፛፥ኺ
+ 40 cos 𝛿Ω፬፠፧𝑐፝Ꮃ𝑞
+ 40𝐶፥ᒆ፛፥ sin 𝛿𝑎ኺ𝑞
− 30𝐶፥ᒆ፛፥𝑅𝑏ኻ𝜃፛፥ኻ
− 60Ω፬፠፧𝑎ኺ𝑐፝Ꮃ �̂�፜
− 120𝐶፥ᒆ፛፥𝑏ኻ�̂�ኼ፜𝜃፛፥ኺ
+ 120 cos 𝛿𝐶፥ᒆ፛፥Ω፬፠፧�̇�𝜆።
− 120 cos 𝛿𝐶፥ᒆ፛፥Ω፬፠፧�̇��̂�፜
− 40 cos 𝛿𝐶፥ᒆ፛፥Ω፬፠፧�̇�𝜃፛፥ኺ
+ 120𝐶፥ᒆ፛፥Ω፬፠፧Ω̄ፑፙፑ𝑏ኻ𝜆።
− 120𝐶፥ᒆ፛፥Ω፬፠፧Ω̄ፑፙፑ𝑏ኻ�̂�፜
+ 120 cos 𝛿𝐶፥ᒆ፛፥Ω፬፠፧𝜆።𝑞
− 120 cos 𝛿𝐶፥ᒆ፛፥Ω፬፠፧�̂�፜𝑞
− 40𝐶፥ᒆ፛፥Ω፬፠፧Ω̄ፑፙፑ𝑏ኻ𝜃፛፥ኺ
− 40 cos 𝛿𝐶፥ᒆ፛፥Ω፬፠፧𝑞𝜃፛፥ኺ
+ 120 cos 𝛿Ω፬፠፧𝑐፝Ꮄ �̇��̂�፜
− 360𝐶፥ᒆ፛፥Ω፬፠፧𝑎ኺ𝜆።�̂�፜
+ 360𝐶፥ᒆ፛፥Ω፬፠፧𝑎ኺ�̂�፜�̂�፜
+ 80 cos 𝛿Ω፬፠፧𝑐፝Ꮄ �̇�𝜃፛፥ኺ
− 120Ω፬፠፧Ω̄ፑፙፑ𝑏ኻ𝑐፝Ꮄ𝜆።
+ 120Ω፬፠፧Ω̄ፑፙፑ𝑏ኻ𝑐፝Ꮄ �̂�፜
− 120 cos 𝛿Ω፬፠፧𝑐፝Ꮄ𝜆።𝑞
+ 120 cos 𝛿Ω፬፠፧𝑐፝Ꮄ �̂�፜𝑞
+ 180𝐶፥ᒆ፛፥Ω፬፠፧𝑎ኺ�̂�፜𝜃፛፥ኺ
+ 80Ω፬፠፧Ω̄ፑፙፑ𝑏ኻ𝑐፝Ꮄ𝜃፛፥ኺ
− 60𝐶፥ᒆ፛፥𝑅𝑏ኻ�̂�ኼ፜𝜃፛፥ኻ
+ 80 cos 𝛿Ω፬፠፧𝑐፝Ꮄ𝑞𝜃፛፥ኺ
+ 240Ω፬፠፧𝑎ኺ𝑐፝Ꮄ𝜆።�̂�፜
− 240Ω፬፠፧𝑎ኺ𝑐፝Ꮄ �̂�፜�̂�፜
− 120Ω፬፠፧𝑎ኺ𝑐፝Ꮄ �̂�፜𝜃፛፥ኺ
+ 80 sin 𝛿𝑎ኺ𝑐፝Ꮄ𝑞𝜃፛፥ኺ
+ 80 sin 𝛿𝑎ኺ𝑐፝Ꮄ𝑞𝜃ኼ፛፥Ꮂ
+ 40 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑎ኺ𝑝
+ 40 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ sin𝜃ኻ፬𝑎ኺ𝑟
− 40 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝜂𝑎ኺ𝑟
− 40 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧ sin 𝛿𝑐፝Ꮃ𝑝
+ 40 cos 𝛿𝐶፥ᒆ፛፥ sin 𝜂 sin𝜃ኻ፬𝑎ኺ𝑝
− 30 cos 𝛿𝐶፥ᒆ፛፥Ω፬፠፧𝑅�̇�𝜃፛፥ኻ
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− 105 cos 𝛿𝐶፥ᒆ፛፥Ω፬፠፧𝑎ኻ�̇��̂�፜
− 30𝐶፥ᒆ፛፥Ω፬፠፧Ω̄ፑፙፑ𝑅𝑏ኻ𝜃፛፥ኻ
− 30 cos 𝛿𝐶፥ᒆ፛፥Ω፬፠፧𝑅𝑞𝜃፛፥ኻ
+ 40 cos𝜃ኻ፬Ω፬፠፧ sin 𝛿 sin 𝜂𝑐፝Ꮃ𝑟
− 105 cos 𝛿𝐶፥ᒆ፛፥Ω፬፠፧𝑎ኻ�̂�፜𝑞
+ 60 cos 𝛿Ω፬፠፧𝑅𝑐፝Ꮄ �̇�𝜃፛፥ኻ
− 75𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝛿𝑏ኻ�̂�፜𝑞
+ 120𝐶፥ᒆ፛፥Ω፬፠፧𝑅𝑎ኺ�̂�፜𝜃፛፥ኻ
+ 60Ω፬፠፧Ω̄ፑፙፑ𝑅𝑏ኻ𝑐፝Ꮄ𝜃፛፥ኻ
+ 60 cos 𝛿Ω፬፠፧𝑅𝑐፝Ꮄ𝑞𝜃፛፥ኻ
+ 90 cos 𝛿Ω፬፠፧𝑎ኻ𝑐፝Ꮄ �̂�፜𝑞
− 80Ω፬፠፧𝑅𝑎ኺ𝑐፝Ꮄ �̂�፜𝜃፛፥ኻ
+ 60𝐶፥ᒆ፛፥ sin 𝛿𝑎ኺ𝜆።𝑞𝜃፛፥ኺ
− 60𝐶፥ᒆ፛፥ sin 𝛿𝑎ኺ�̂�፜𝑞𝜃፛፥ኺ
+ 60𝑅 sin 𝛿𝑎ኺ𝑐፝Ꮄ𝑞𝜃፛፥ኻ
+ 48𝑅ኼ sin 𝛿𝑎ኺ𝑐፝Ꮄ𝑞𝜃ኼ፛፥Ꮃ
+ 120 sin 𝛿𝑎ኺ𝑐፝Ꮄ �̂�፜𝑞𝜃፛፥ኺ
+ 20 cos 𝛿𝐶፥ᒆ፛፥ sin 𝛿𝑎ኻ𝑞

ኼ𝜃፛፥ኺ
− 80 cos𝜃ኻ፬ኼ sin 𝛿 sin 𝜂ኼ𝑐፝Ꮄ𝑝𝑟𝜃፛፥ኺ
+ 30 cos 𝛿Ω፬፠፧𝑎ኻ𝑐፝Ꮄ �̂�፜𝑞𝜃፛፥ኺ
+ 30 cos 𝛿Ω፬፠፧𝑎ኻ𝑐፝Ꮄ �̂�፜𝑞𝜃ኼ፛፥Ꮂ
+ 120 cos𝜃ኻ፬ sin 𝜂𝑎ኺ𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኺ
+ 80𝑅 sin 𝛿𝑎ኺ𝑐፝Ꮄ �̂�፜𝑞𝜃፛፥ኻ
+ 120𝑅 sin 𝛿𝑎ኺ𝑐፝Ꮄ𝑞𝜃፛፥ኺ𝜃፛፥ኻ
− 120 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝛿𝜆።𝑝
+ 120 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝛿�̂�፜𝑝
+ 40 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝛿𝑝𝜃፛፥ኺ
− 40 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ sin 𝛿 sin 𝜂𝑝ኼ𝜃፛፥ኺ
+ 40 cos 𝜂ኼ𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝛿 sin𝜃ኻ፬𝑝

ኼ𝜃፛፥ኺ
+ 40 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ sin 𝛿 sin 𝜂𝑟ኼ𝜃፛፥ኺ
− 40 cos 𝜂ኼ𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝛿 sin𝜃ኻ፬𝑟

ኼ𝜃፛፥ኺ
+ 60 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝑏ኻ�̂�፜𝑟
− 120 cos 𝜂𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝛿 sin𝜃ኻ፬𝜆።𝑟
+ 120𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝛿 sin 𝜂𝜆።𝑟
+ 120 cos 𝜂𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝛿 sin𝜃ኻ፬�̂�፜𝑟
− 120𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝛿 sin 𝜂�̂�፜𝑟
+ 80 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝑏ኻ𝑟𝜃፛፥ኺ
+ 40 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω̄ፑፙፑ𝑏ኻ𝑟𝜃፛፥ኺ
+ 40 cos 𝜂𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝛿 sin𝜃ኻ፬𝑟𝜃፛፥ኺ
− 40𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝛿 sin 𝜂𝑟𝜃፛፥ኺ
+ 40 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑞𝑟𝜃፛፥ኺ
− 40𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝛿 sin 𝜂ኼ sin𝜃ኻ፬𝑝

ኼ𝜃፛፥ኺ
+ 40 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝜂�̇�𝑝𝜃፛፥ኺ
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+ 40𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝛿 sin 𝜂ኼ sin𝜃ኻ፬𝑟
ኼ𝜃፛፥ኺ

+ 60𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑏ኻ�̂�፜𝑝
+ 120 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧ sin 𝛿𝑐፝Ꮄ𝜆።𝑝
− 120 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧ sin 𝛿𝑐፝Ꮄ �̂�፜𝑝
− 120𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝛿 sin 𝜂 sin𝜃ኻ፬𝜆።𝑝
+ 120𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝛿 sin 𝜂 sin𝜃ኻ፬�̂�፜𝑝
− 80 cos 𝜂𝐶፥ᒆ፛፥Ω፬፠፧ sin𝜃ኻ፬𝑏ኻ𝑝𝜃፛፥ኺ
+ 80𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑏ኻ𝑝𝜃፛፥ኺ
+ 40𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω̄ፑፙፑ sin 𝜂𝑏ኻ𝑝𝜃፛፥ኺ
− 80 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧ sin 𝛿𝑐፝Ꮄ𝑝𝜃፛፥ኺ
+ 40𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝛿 sin 𝜂 sin𝜃ኻ፬𝑝𝜃፛፥ኺ
+ 80 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝑎ኺ𝑐፝Ꮄ𝑝𝜃፛፥ኺ
+ 80 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝑎ኺ𝑐፝Ꮄ𝑝𝜃ኼ፛፥Ꮂ
− 40 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ sin𝜃ኻ፬𝑝𝑞𝜃፛፥ኺ
+ 40 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝜂𝑝𝑞𝜃፛፥ኺ
− 40 cos 𝜂ኼ𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ sin 𝛿𝑝𝑟𝜃፛፥ኺ
+ 80 cos 𝜂 cos𝜃ኻ፬ኼ sin 𝛿 sin 𝜂𝑐፝Ꮄ𝑝

ኼ𝜃፛፥ኺ
− 80 cos 𝜂ኼ cos𝜃ኻ፬ sin 𝛿 sin𝜃ኻ፬𝑐፝Ꮄ𝑝

ኼ𝜃፛፥ኺ
− 80 cos 𝜂 cos𝜃ኻ፬ኼ sin 𝛿 sin 𝜂𝑐፝Ꮄ𝑟

ኼ𝜃፛፥ኺ
+ 120 cos 𝜂Ω፬፠፧ sin 𝛿 sin𝜃ኻ፬𝑐፝Ꮄ𝜆።𝑟
− 120 cos𝜃ኻ፬Ω፬፠፧ sin 𝛿 sin 𝜂𝑐፝Ꮄ𝜆።𝑟
− 120 cos 𝜂Ω፬፠፧ sin 𝛿 sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑟
+ 120 cos𝜃ኻ፬Ω፬፠፧ sin 𝛿 sin 𝜂𝑐፝Ꮄ �̂�፜𝑟
− 180 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑎ኺ�̂�፜𝑟𝜃፛፥ኺ
+ 80𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝜂 sin𝜃ኻ፬𝑏ኻ𝑟𝜃፛፥ኺ
− 80 cos 𝜂Ω፬፠፧ sin 𝛿 sin𝜃ኻ፬𝑐፝Ꮄ𝑟𝜃፛፥ኺ
+ 80 cos𝜃ኻ፬Ω፬፠፧ sin 𝛿 sin 𝜂𝑐፝Ꮄ𝑟𝜃፛፥ኺ
+ 40𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ sin 𝛿 sin 𝜂ኼ𝑝𝑟𝜃፛፥ኺ
− 80 cos 𝛿 cos𝜃ኻ፬ sin 𝜂𝑎ኺ𝑐፝Ꮄ𝑟𝜃፛፥ኺ
− 80 cos 𝛿 cos𝜃ኻ፬ sin 𝜂𝑎ኺ𝑐፝Ꮄ𝑟𝜃ኼ፛፥Ꮂ
− 80 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝑐፝Ꮄ𝑞𝑟𝜃፛፥ኺ
+ 40 cos 𝛿𝐶፥ᒆ፛፥ sin 𝜂 sin𝜃ኻ፬𝑞𝑟𝜃፛፥ኺ
+ 80 cos𝜃ኻ፬ sin 𝛿 sin 𝜂ኼ sin𝜃ኻ፬𝑐፝Ꮄ𝑝

ኼ𝜃፛፥ኺ
+ 120Ω፬፠፧ sin 𝛿 sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ𝜆።𝑝
− 120Ω፬፠፧ sin 𝛿 sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑝
+ 180 cos 𝜂𝐶፥ᒆ፛፥ sin𝜃ኻ፬𝑎ኺ�̂�፜𝑝𝜃፛፥ኺ
− 180𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝜂𝑎ኺ�̂�፜𝑝𝜃፛፥ኺ
− 80 cos𝜃ኻ፬Ω̄ፑፙፑ sin 𝜂𝑏ኻ𝑐፝Ꮄ𝑝𝜃፛፥ኺ
− 80Ω፬፠፧ sin 𝛿 sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ𝑝𝜃፛፥ኺ
− 80 cos 𝛿 cos𝜃ኻ፬ sin 𝜂𝑐፝Ꮄ𝑝𝑞𝜃፛፥ኺ
+ 80 cos 𝜂ኼ cos𝜃ኻ፬ኼ sin 𝛿𝑐፝Ꮄ𝑝𝑟𝜃፛፥ኺ
− 40𝐶፥ᒆ፛፥𝑅 sin 𝛿𝑎ኺ�̂�፜𝑞𝜃፛፥ኻ
+ 120 cos 𝜂 cos𝜃ኻ፬𝑎ኺ𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኺ
− 180𝐶፥ᒆ፛፥ sin 𝜂 sin𝜃ኻ፬𝑎ኺ�̂�፜𝑟𝜃፛፥ኺ
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+ 30 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝑅 sin 𝛿𝑝𝜃፛፥ኻ
− 20 cos 𝛿 cos 𝜂ኼ𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ sin 𝛿𝑎ኻ𝑝
ኼ𝜃፛፥ኺ

− 30 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬
ኼ𝑅 sin 𝛿 sin 𝜂𝑝ኼ𝜃፛፥ኻ

+ 30 cos 𝜂ኼ𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅 sin 𝛿 sin𝜃ኻ፬𝑝
ኼ𝜃፛፥ኻ

+ 30 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬
ኼ𝑅 sin 𝛿 sin 𝜂𝑟ኼ𝜃፛፥ኻ

− 30 cos 𝜂ኼ𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅 sin 𝛿 sin𝜃ኻ፬𝑟
ኼ𝜃፛፥ኻ

+ 105 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝛿𝑎ኻ�̂�፜𝑝
+ 75 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝜂𝑏ኻ�̂�፜𝑟
+ 60 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝑅𝑏ኻ𝑟𝜃፛፥ኻ
+ 30 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω̄ፑፙፑ𝑅𝑏ኻ𝑟𝜃፛፥ኻ
+ 30 cos 𝜂𝐶፥ᒆ፛፥Ω፬፠፧𝑅 sin 𝛿 sin𝜃ኻ፬𝑟𝜃፛፥ኻ
− 30𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝑅 sin 𝛿 sin 𝜂𝑟𝜃፛፥ኻ
+ 30 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅𝑞𝑟𝜃፛፥ኻ
− 30𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅 sin 𝛿 sin 𝜂ኼ sin𝜃ኻ፬𝑝

ኼ𝜃፛፥ኻ
− 20 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ sin 𝛿 sin 𝜂ኼ𝑎ኻ𝑟
ኼ𝜃፛፥ኺ

+ 30𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅 sin 𝛿 sin 𝜂ኼ sin𝜃ኻ፬𝑟
ኼ𝜃፛፥ኻ

+ 105 cos 𝜂𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝛿 sin𝜃ኻ፬𝑎ኻ�̂�፜𝑟
− 105𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧ sin 𝛿 sin 𝜂𝑎ኻ�̂�፜𝑟
+ 60 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑎ኺ𝜆።𝑝𝜃፛፥ኺ
− 60 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑎ኺ�̂�፜𝑝𝜃፛፥ኺ
− 60 cos 𝜂𝐶፥ᒆ፛፥Ω፬፠፧𝑅 sin𝜃ኻ፬𝑏ኻ𝑝𝜃፛፥ኻ
+ 60𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝑅 sin 𝜂𝑏ኻ𝑝𝜃፛፥ኻ
+ 30𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω̄ፑፙፑ𝑅 sin 𝜂𝑏ኻ𝑝𝜃፛፥ኻ
− 60 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑅 sin 𝛿𝑐፝Ꮄ𝑝𝜃፛፥ኻ
+ 30𝐶፥ᒆ፛፥Ω፬፠፧𝑅 sin 𝛿 sin 𝜂 sin𝜃ኻ፬𝑝𝜃፛፥ኻ
+ 20 cos 𝛿ኼ cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑎ኻ𝑝𝑞𝜃፛፥ኺ
+ 60 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝑅𝑎ኺ𝑐፝Ꮄ𝑝𝜃፛፥ኻ
− 30 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥𝑅 sin𝜃ኻ፬𝑝𝑞𝜃፛፥ኻ
+ 30 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅 sin 𝜂𝑝𝑞𝜃፛፥ኻ
+ 48 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝑅ኼ𝑎ኺ𝑐፝Ꮄ𝑝𝜃ኼ፛፥Ꮃ
− 30 cos 𝜂ኼ𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ𝑅 sin 𝛿𝑝𝑟𝜃፛፥ኻ
+ 60 cos 𝜂 cos𝜃ኻ፬ኼ𝑅 sin 𝛿 sin 𝜂𝑐፝Ꮄ𝑝

ኼ𝜃፛፥ኻ
− 60 cos 𝜂 cos𝜃ኻ፬ኼ𝑅 sin 𝛿 sin 𝜂𝑐፝Ꮄ𝑟

ኼ𝜃፛፥ኻ
− 90 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧ sin 𝛿𝑎ኻ𝑐፝Ꮄ �̂�፜𝑝
+ 105𝐶፥ᒆ፛፥Ω፬፠፧ sin 𝛿 sin 𝜂 sin𝜃ኻ፬𝑎ኻ�̂�፜𝑝
− 120 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅𝑎ኺ�̂�፜𝑟𝜃፛፥ኻ
− 60 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝜂𝑎ኺ𝜆።𝑟𝜃፛፥ኺ
− 60 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ sin𝜃ኻ፬𝑎ኺ�̂�፜𝑟𝜃፛፥ኺ
+ 60 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝜂𝑎ኺ�̂�፜𝑟𝜃፛፥ኺ
+ 60𝐶፥ᒆ፛፥Ω፬፠፧𝑅 sin 𝜂 sin𝜃ኻ፬𝑏ኻ𝑟𝜃፛፥ኻ
− 20 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝛿ኼ𝑎ኻ𝑝𝑞𝜃፛፥ኺ
− 60 cos 𝜂Ω፬፠፧𝑅 sin 𝛿 sin𝜃ኻ፬𝑐፝Ꮄ𝑟𝜃፛፥ኻ
+ 60 cos𝜃ኻ፬Ω፬፠፧𝑅 sin 𝛿 sin 𝜂𝑐፝Ꮄ𝑟𝜃፛፥ኻ
− 20 cos 𝛿ኼ𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝜂𝑎ኻ𝑞𝑟𝜃፛፥ኺ
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+ 30𝐶፥ᒆ፛፥ cos𝜃ኻ፬
ኼ𝑅 sin 𝛿 sin 𝜂ኼ𝑝𝑟𝜃፛፥ኻ

− 60 cos 𝛿 cos𝜃ኻ፬𝑅 sin 𝜂𝑎ኺ𝑐፝Ꮄ𝑟𝜃፛፥ኻ
− 60 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝑅𝑐፝Ꮄ𝑞𝑟𝜃፛፥ኻ
+ 30 cos 𝛿𝐶፥ᒆ፛፥𝑅 sin 𝜂 sin𝜃ኻ፬𝑞𝑟𝜃፛፥ኻ
− 48 cos 𝛿 cos𝜃ኻ፬𝑅ኼ sin 𝜂𝑎ኺ𝑐፝Ꮄ𝑟𝜃ኼ፛፥Ꮃ
+ 90 cos𝜃ኻ፬Ω፬፠፧ sin 𝛿 sin 𝜂𝑎ኻ𝑐፝Ꮄ �̂�፜𝑟
+ 120 cos 𝜂𝐶፥ᒆ፛፥𝑅 sin𝜃ኻ፬𝑎ኺ�̂�፜𝑝𝜃፛፥ኻ
− 120𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅 sin 𝜂𝑎ኺ�̂�፜𝑝𝜃፛፥ኻ
+ 120 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝑎ኺ𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኺ
− 60 cos 𝛿𝐶፥ᒆ፛፥ sin 𝜂 sin𝜃ኻ፬𝑎ኺ�̂�፜𝑝𝜃፛፥ኺ
− 60 cos𝜃ኻ፬Ω̄ፑፙፑ𝑅 sin 𝜂𝑏ኻ𝑐፝Ꮄ𝑝𝜃፛፥ኻ
− 60Ω፬፠፧𝑅 sin 𝛿 sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ𝑝𝜃፛፥ኻ
− 60 cos 𝛿 cos𝜃ኻ፬𝑅 sin 𝜂𝑐፝Ꮄ𝑝𝑞𝜃፛፥ኻ
+ 60 cos 𝜂ኼ cos𝜃ኻ፬ኼ𝑅 sin 𝛿𝑐፝Ꮄ𝑝𝑟𝜃፛፥ኻ
+ 20𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝛿ኼ sin 𝜂𝑎ኻ𝑞𝑟𝜃፛፥ኺ
− 90Ω፬፠፧ sin 𝛿 sin 𝜂 sin𝜃ኻ፬𝑎ኻ𝑐፝Ꮄ �̂�፜𝑝
− 120𝐶፥ᒆ፛፥𝑅 sin 𝜂 sin𝜃ኻ፬𝑎ኺ�̂�፜𝑟𝜃፛፥ኻ
− 120 cos 𝛿 cos𝜃ኻ፬ sin 𝜂𝑎ኺ𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኺ
− 60 cos𝜃ኻ፬ኼ𝑅 sin 𝛿 sin 𝜂ኼ𝑐፝Ꮄ𝑝𝑟𝜃፛፥ኻ
+ 20 cos 𝛿Ω፬፠፧𝑅𝑎ኻ𝑐፝Ꮄ �̂�፜𝑞𝜃፛፥ኻ
+ 15 cos 𝛿Ω፬፠፧𝑅ኼ𝑎ኻ𝑐፝Ꮄ �̂�፜𝑞𝜃ኼ፛፥Ꮃ
+ 80 cos𝜃ኻ፬𝑅 sin 𝜂𝑎ኺ𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኻ
− 75 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧𝑏ኻ�̂�፜𝑝
− 15 cos 𝛿 cos 𝜂ኼ𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ𝑅 sin 𝛿𝑎ኻ𝑝
ኼ𝜃፛፥ኻ

− 15 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬
ኼ𝑅 sin 𝛿 sin 𝜂ኼ𝑎ኻ𝑟

ኼ𝜃፛፥ኻ
+ 40 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅𝑎ኺ𝜆።𝑝𝜃፛፥ኻ
− 40 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅𝑎ኺ�̂�፜𝑝𝜃፛፥ኻ
+ 15 cos 𝛿ኼ cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅𝑎ኻ𝑝𝑞𝜃፛፥ኻ
− 160 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝛿 sin 𝜂 sin𝜃ኻ፬𝑝𝑟𝜃፛፥ኺ
− 40 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥𝑅 sin𝜃ኻ፬𝑎ኺ�̂�፜𝑟𝜃፛፥ኻ
+ 40 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅 sin 𝜂𝑎ኺ�̂�፜𝑟𝜃፛፥ኻ
− 15 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅 sin 𝛿ኼ𝑎ኻ𝑝𝑞𝜃፛፥ኻ
+ 80 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝑅𝑎ኺ𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኻ
− 40 cos 𝛿𝐶፥ᒆ፛፥𝑅 sin 𝜂 sin𝜃ኻ፬𝑎ኺ�̂�፜𝑝𝜃፛፥ኻ
+ 120 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝑅𝑎ኺ𝑐፝Ꮄ𝑝𝜃፛፥ኺ𝜃፛፥ኻ
+ 320 cos 𝜂 cos𝜃ኻ፬ sin 𝛿 sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ𝑝𝑟𝜃፛፥ኺ
− 30 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧ sin 𝛿𝑎ኻ𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኺ
− 30 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧ sin 𝛿𝑎ኻ𝑐፝Ꮄ �̂�፜𝑝𝜃ኼ፛፥Ꮂ
− 80 cos 𝛿 cos𝜃ኻ፬𝑅 sin 𝜂𝑎ኺ𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኻ
− 120 cos 𝛿 cos𝜃ኻ፬𝑅 sin 𝜂𝑎ኺ𝑐፝Ꮄ𝑟𝜃፛፥ኺ𝜃፛፥ኻ
+ 30 cos𝜃ኻ፬Ω፬፠፧ sin 𝛿 sin 𝜂𝑎ኻ𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኺ
+ 30 cos𝜃ኻ፬Ω፬፠፧ sin 𝛿 sin 𝜂𝑎ኻ𝑐፝Ꮄ �̂�፜𝑟𝜃ኼ፛፥Ꮂ
+ 120 cos 𝛿𝑅 sin 𝜂 sin𝜃ኻ፬𝑎ኺ𝑐፝Ꮄ𝑝𝜃፛፥ኺ𝜃፛፥ኻ



B.6. Equation 𝐶ፒ 153

+ 40 cos 𝛿Ω፬፠፧𝑅𝑎ኻ𝑐፝Ꮄ �̂�፜𝑞𝜃፛፥ኺ𝜃፛፥ኻ
+ 20 cos𝜃ኻ፬Ω፬፠፧𝑅 sin 𝛿 sin 𝜂𝑎ኻ𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኻ
+ 15 cos𝜃ኻ፬Ω፬፠፧𝑅ኼ sin 𝛿 sin 𝜂𝑎ኻ𝑐፝Ꮄ �̂�፜𝑟𝜃ኼ፛፥Ꮃ
+ 40 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ sin 𝛿 sin 𝜂𝑎ኻ𝑝𝑟𝜃፛፥ኺ
− 120 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅 sin 𝛿 sin 𝜂 sin𝜃ኻ፬𝑝𝑟𝜃፛፥ኻ
+ 240 cos 𝜂 cos𝜃ኻ፬𝑅 sin 𝛿 sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ𝑝𝑟𝜃፛፥ኻ
− 20 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑅 sin 𝛿𝑎ኻ𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኻ
− 15 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑅ኼ sin 𝛿𝑎ኻ𝑐፝Ꮄ �̂�፜𝑝𝜃ኼ፛፥Ꮃ
+ 30 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼ𝑅 sin 𝛿 sin 𝜂𝑎ኻ𝑝𝑟𝜃፛፥ኻ
− 40 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧𝑅 sin 𝛿𝑎ኻ𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኺ𝜃፛፥ኻ
+ 40 cos𝜃ኻ፬Ω፬፠፧𝑅 sin 𝛿 sin 𝜂𝑎ኻ𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኺ𝜃፛፥ኻ)
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B.7. Equation 𝐶𝑄
Simplified equation

𝐶ፐ =
−𝜎Ω፬፠፧
8 (4𝜆።𝜆፜ − 2(�2

c +�2
i ) +

4(𝜆። − 𝜆፜)𝜃፛፥ኺ
3

+
𝑐፝Ꮂ
𝐶፥ᒆ፛፥

+ 𝑅(𝜆። − 𝜆፜)𝜃፛፥ኻ + 2𝑎ኻ(𝜆። − 𝜆፜)𝜇፜

−
4𝑐፝Ꮃ(𝜆። − 𝜆፜)

3𝐶፥ᒆ፛፥
+
𝑐፝Ꮃ𝜃፛፥ኺ
𝐶፥ᒆ፛፥

+
4𝑅𝑐፝Ꮃ𝜃፛፥ኻ
5𝐶፥ᒆ፛፥

)

Full equation

𝐶ፐ = −
0.0013𝐼፛፥𝑁𝛾፛፥
𝐶፥ᒆ፛፥𝑅኿𝜌

(30Ω፬፠፧𝑐፝Ꮂ
− 60𝐶፥ᒆ፛፥Ω፬፠፧𝜆ኼ።
− 60𝐶፥ᒆ፛፥Ω፬፠፧�̂�ኼ፜
− 40Ω፬፠፧𝑐፝Ꮃ𝜆።
+ 40Ω፬፠፧𝑐፝Ꮃ �̂�፜
+ 60Ω፬፠፧𝑐፝Ꮄ𝜆ኼ።
+ 60Ω፬፠፧𝑐፝Ꮄ �̂�ኼ፜
+ 30Ω፬፠፧𝑐፝Ꮃ𝜃፛፥ኺ
+ 30Ω፬፠፧𝑐፝Ꮄ𝜃ኼ፛፥Ꮂ
+ 120𝐶፥ᒆ፛፥Ω፬፠፧𝜆።�̂�፜
+ 40𝐶፥ᒆ፛፥Ω፬፠፧𝜆።𝜃፛፥ኺ
− 40𝐶፥ᒆ፛፥Ω፬፠፧�̂�፜𝜃፛፥ኺ
+ 24Ω፬፠፧𝑅𝑐፝Ꮃ𝜃፛፥ኻ
+ 20Ω፬፠፧𝑅ኼ𝑐፝Ꮄ𝜃ኼ፛፥Ꮃ
− 120Ω፬፠፧𝑐፝Ꮄ𝜆።�̂�፜
− 80Ω፬፠፧𝑐፝Ꮄ𝜆።𝜃፛፥ኺ
+ 80Ω፬፠፧𝑐፝Ꮄ �̂�፜𝜃፛፥ኺ
+ 30Ω፬፠፧𝑐፝Ꮃ �̂�ኼ፜𝜃፛፥ኺ
+ 30Ω፬፠፧𝑐፝Ꮄ �̂�ኼ፜𝜃ኼ፛፥Ꮂ
+ 30𝐶፥ᒆ፛፥Ω፬፠፧𝑅𝜆።𝜃፛፥ኻ
− 30𝐶፥ᒆ፛፥Ω፬፠፧𝑅�̂�፜𝜃፛፥ኻ
+ 60𝐶፥ᒆ፛፥Ω፬፠፧𝑎ኻ𝜆።�̂�፜
− 60𝐶፥ᒆ፛፥Ω፬፠፧𝑎ኻ�̂�፜�̂�፜
− 60 cos 𝜂 cos𝜃ኻ፬𝑐፝Ꮃ𝑟𝜃፛፥ኺ
− 60 cos 𝜂 cos𝜃ኻ፬𝑐፝Ꮄ𝑟𝜃ኼ፛፥Ꮂ
− 20𝐶፥ᒆ፛፥Ω፬፠፧𝑎ኻ�̂�፜𝜃፛፥ኺ
+ 20𝐶፥ᒆ፛፥Ω̄ፑፙፑ𝑎ኻ�̂�፜𝜃፛፥ኺ
− 60 cos𝜃ኻ፬ sin 𝜂𝑐፝Ꮃ𝑝𝜃፛፥ኺ
+ 60 cos 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ𝑝𝜃ኼ፛፥Ꮂ
− 60 cos𝜃ኻ፬ sin 𝜂𝑐፝Ꮄ𝑝𝜃ኼ፛፥Ꮂ
− 60Ω፬፠፧𝑅𝑐፝Ꮄ𝜆።𝜃፛፥ኻ
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+ 60Ω፬፠፧𝑅𝑐፝Ꮄ �̂�፜𝜃፛፥ኻ
+ 20Ω፬፠፧𝑅𝑐፝Ꮃ �̂�ኼ፜𝜃፛፥ኻ
+ 15Ω፬፠፧𝑅ኼ𝑐፝Ꮄ �̂�ኼ፜𝜃ኼ፛፥Ꮃ
− 20𝐶፥ᒆ፛፥ sin 𝛿�̂�፜𝑞𝜃፛፥ኺ
+ 48Ω፬፠፧𝑅𝑐፝Ꮄ𝜃፛፥ኺ𝜃፛፥ኻ
− 60Ω፬፠፧𝑎ኻ𝑐፝Ꮄ𝜆።�̂�፜
+ 60Ω፬፠፧𝑎ኻ𝑐፝Ꮄ �̂�፜�̂�፜
− 60 sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ𝑟𝜃ኼ፛፥Ꮂ
+ 40Ω፬፠፧𝑎ኻ𝑐፝Ꮄ �̂�፜𝜃፛፥ኺ
− 40Ω̄ፑፙፑ𝑎ኻ𝑐፝Ꮄ �̂�፜𝜃፛፥ኺ
− 30 sin 𝛿𝑎ኻ𝑐፝Ꮄ𝑞𝜃ኼ፛፥Ꮂ
+ 40 sin 𝛿𝑐፝Ꮄ �̂�፜𝑞𝜃፛፥ኺ
− 15 cos 𝛿ኼ cos 𝜂ኼ𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼΩ፬፠፧𝑝
ኼ

− 15 cos 𝜂ኼ𝐶፥ᒆ፛፥ cos𝜃ኻ፬
ኼΩ፬፠፧ sin 𝛿ኼ𝑝

ኼ

− 15 cos 𝛿ኼ𝐶፥ᒆ፛፥ cos𝜃ኻ፬
ኼΩ፬፠፧ sin 𝜂ኼ𝑟

ኼ

− 15𝐶፥ᒆ፛፥ cos𝜃ኻ፬
ኼΩ፬፠፧ sin 𝛿ኼ sin 𝜂ኼ𝑟

ኼ

+ 30𝐶፥ᒆ፛፥Ω፬፠፧Ω̄ፑፙፑ sin 𝛿𝑎ኻ𝑞
− 40 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝜆።𝑟𝜃፛፥ኺ
+ 40 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬�̂�፜𝑟𝜃፛፥ኺ
− 48 cos 𝜂 cos𝜃ኻ፬𝑅𝑐፝Ꮃ𝑟𝜃፛፥ኻ
− 40 cos 𝜂 cos𝜃ኻ፬𝑅ኼ𝑐፝Ꮄ𝑟𝜃ኼ፛፥Ꮃ
− 15𝐶፥ᒆ፛፥Ω፬፠፧𝑅𝑎ኻ�̂�፜𝜃፛፥ኻ
+ 15𝐶፥ᒆ፛፥Ω̄ፑፙፑ𝑅𝑎ኻ�̂�፜𝜃፛፥ኻ
− 30Ω፬፠፧Ω̄ፑፙፑ sin 𝛿𝑎ኻ𝑐፝Ꮄ𝑞
+ 40 cos 𝜂𝐶፥ᒆ፛፥ sin𝜃ኻ፬𝜆።𝑝𝜃፛፥ኺ
− 40𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝜂𝜆።𝑝𝜃፛፥ኺ
− 40 cos 𝜂𝐶፥ᒆ፛፥ sin𝜃ኻ፬�̂�፜𝑝𝜃፛፥ኺ
+ 40𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝜂�̂�፜𝑝𝜃፛፥ኺ
− 48 cos𝜃ኻ፬𝑅 sin 𝜂𝑐፝Ꮃ𝑝𝜃፛፥ኻ
+ 40 cos 𝜂𝑅ኼ sin𝜃ኻ፬𝑐፝Ꮄ𝑝𝜃ኼ፛፥Ꮃ
− 40 cos𝜃ኻ፬𝑅ኼ sin 𝜂𝑐፝Ꮄ𝑝𝜃ኼ፛፥Ꮃ
− 15𝐶፥ᒆ፛፥𝑅 sin 𝛿�̂�፜𝑞𝜃፛፥ኻ
+ 80 cos 𝜂 cos𝜃ኻ፬𝑐፝Ꮄ𝜆።𝑟𝜃፛፥ኺ
− 80 cos 𝜂 cos𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኺ
− 40𝐶፥ᒆ፛፥ sin 𝜂 sin𝜃ኻ፬𝜆።𝑟𝜃፛፥ኺ
+ 40𝐶፥ᒆ፛፥ sin 𝜂 sin𝜃ኻ፬�̂�፜𝑟𝜃፛፥ኺ
− 40𝑅ኼ sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ𝑟𝜃ኼ፛፥Ꮃ
+ 30Ω፬፠፧𝑅𝑎ኻ𝑐፝Ꮄ �̂�፜𝜃፛፥ኻ
− 30Ω̄ፑፙፑ𝑅𝑎ኻ𝑐፝Ꮄ �̂�፜𝜃፛፥ኻ
+ 20𝐶፥ᒆ፛፥ sin 𝛿𝑎ኻ�̂�፜𝑞𝜃፛፥ኺ
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+ 80 cos𝜃ኻ፬ sin 𝜂𝑐፝Ꮄ𝜆።𝑝𝜃፛፥ኺ
+ 80 cos 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኺ
− 80 cos𝜃ኻ፬ sin 𝜂𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኺ
− 20𝑅ኼ sin 𝛿𝑎ኻ𝑐፝Ꮄ𝑞𝜃ኼ፛፥Ꮃ
+ 40Ω፬፠፧𝑅𝑐፝Ꮄ �̂�ኼ፜𝜃፛፥ኺ𝜃፛፥ኻ
+ 30𝑅 sin 𝛿𝑐፝Ꮄ �̂�፜𝑞𝜃፛፥ኻ
− 80 sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኺ
− 40 sin 𝛿𝑎ኻ𝑐፝Ꮄ �̂�፜𝑞𝜃፛፥ኺ
+ 96 cos 𝜂𝑅 sin𝜃ኻ፬𝑐፝Ꮄ𝑝𝜃፛፥ኺ𝜃፛፥ኻ
− 96 cos𝜃ኻ፬𝑅 sin 𝜂𝑐፝Ꮄ𝑝𝜃፛፥ኺ𝜃፛፥ኻ
− 60𝑅 sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኻ
− 96𝑅 sin 𝜂 sin𝜃ኻ፬𝑐፝Ꮄ𝑟𝜃፛፥ኺ𝜃፛፥ኻ
− 30𝑅 sin 𝛿𝑎ኻ𝑐፝Ꮄ �̂�፜𝑞𝜃፛፥ኻ
− 48𝑅 sin 𝛿𝑎ኻ𝑐፝Ꮄ𝑞𝜃፛፥ኺ𝜃፛፥ኻ
− 20 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬�̂�፜𝑝𝜃፛፥ኺ
− 30 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅𝜆።𝑟𝜃፛፥ኻ
+ 30 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅�̂�፜𝑟𝜃፛፥ኻ
− 20 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ sin𝜃ኻ፬�̂�፜𝑟𝜃፛፥ኺ
+ 20 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝜂�̂�፜𝑟𝜃፛፥ኺ
− 30 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝑎ኻ𝑐፝Ꮄ𝑝𝜃ኼ፛፥Ꮂ
+ 30 cos 𝜂𝐶፥ᒆ፛፥𝑅 sin𝜃ኻ፬𝜆።𝑝𝜃፛፥ኻ
− 30𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅 sin 𝜂𝜆።𝑝𝜃፛፥ኻ
− 30 cos 𝜂𝐶፥ᒆ፛፥𝑅 sin𝜃ኻ፬�̂�፜𝑝𝜃፛፥ኻ
+ 30𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅 sin 𝜂�̂�፜𝑝𝜃፛፥ኻ
+ 20 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑎ኻ�̂�፜𝑟𝜃፛፥ኺ
+ 40 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኺ
− 20 cos 𝛿𝐶፥ᒆ፛፥ sin 𝜂 sin𝜃ኻ፬�̂�፜𝑝𝜃፛፥ኺ
+ 30 cos 𝛿 cos𝜃ኻ፬ sin 𝜂𝑎ኻ𝑐፝Ꮄ𝑟𝜃ኼ፛፥Ꮂ
+ 20𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝜂𝑎ኻ�̂�፜𝑝𝜃፛፥ኺ
+ 60 cos 𝜂 cos𝜃ኻ፬𝑅𝑐፝Ꮄ𝜆።𝑟𝜃፛፥ኻ
− 60 cos 𝜂 cos𝜃ኻ፬𝑅𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኻ
− 30𝐶፥ᒆ፛፥𝑅 sin 𝜂 sin𝜃ኻ፬𝜆።𝑟𝜃፛፥ኻ
+ 30𝐶፥ᒆ፛፥𝑅 sin 𝜂 sin𝜃ኻ፬�̂�፜𝑟𝜃፛፥ኻ
− 40 cos 𝛿 cos𝜃ኻ፬ sin 𝜂𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኺ
− 96 cos 𝜂 cos𝜃ኻ፬𝑅𝑐፝Ꮄ𝑟𝜃፛፥ኺ𝜃፛፥ኻ
+ 15𝐶፥ᒆ፛፥𝑅 sin 𝛿𝑎ኻ�̂�፜𝑞𝜃፛፥ኻ
+ 60 cos𝜃ኻ፬𝑅 sin 𝜂𝑐፝Ꮄ𝜆።𝑝𝜃፛፥ኻ
+ 60 cos 𝜂𝑅 sin𝜃ኻ፬𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኻ
− 60 cos𝜃ኻ፬𝑅 sin 𝜂𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኻ
+ 30 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼΩ፬፠፧ sin 𝛿ኼ sin 𝜂𝑝𝑟
+ 30 cos 𝛿 cos𝜃ኻ፬Ω፬፠፧Ω̄ፑፙፑ sin 𝜂𝑎ኻ𝑐፝Ꮄ𝑟
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− 15 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅�̂�፜𝑝𝜃፛፥ኻ
− 20 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑎ኻ𝜆።𝑝𝜃፛፥ኺ
+ 20 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑎ኻ�̂�፜𝑝𝜃፛፥ኺ
− 15 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥𝑅 sin𝜃ኻ፬�̂�፜𝑟𝜃፛፥ኻ
+ 15 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅 sin 𝜂�̂�፜𝑟𝜃፛፥ኻ
− 20 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝑅ኼ𝑎ኻ𝑐፝Ꮄ𝑝𝜃ኼ፛፥Ꮃ
+ 15 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅𝑎ኻ�̂�፜𝑟𝜃፛፥ኻ
+ 20 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ sin𝜃ኻ፬𝑎ኻ�̂�፜𝑟𝜃፛፥ኺ
− 20 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬ sin 𝜂𝑎ኻ�̂�፜𝑟𝜃፛፥ኺ
+ 30 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝑅𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኻ
− 15 cos 𝛿𝐶፥ᒆ፛፥𝑅 sin 𝜂 sin𝜃ኻ፬�̂�፜𝑝𝜃፛፥ኻ
+ 20 cos 𝛿 cos𝜃ኻ፬𝑅ኼ sin 𝜂𝑎ኻ𝑐፝Ꮄ𝑟𝜃ኼ፛፥Ꮃ
+ 15𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅 sin 𝜂𝑎ኻ�̂�፜𝑝𝜃፛፥ኻ
− 40 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝑎ኻ𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኺ
+ 20 cos 𝛿𝐶፥ᒆ፛፥ sin 𝜂 sin𝜃ኻ፬𝑎ኻ�̂�፜𝑝𝜃፛፥ኺ
− 30 cos 𝛿 cos𝜃ኻ፬𝑅 sin 𝜂𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኻ
+ 60 cos 𝜂 cos𝜃ኻ፬ኼΩ፬፠፧ sin 𝜂𝑐፝Ꮄ𝑝𝑟𝜃ኼ፛፥Ꮂ
+ 40 cos 𝛿 cos𝜃ኻ፬ sin 𝜂𝑎ኻ𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኺ
+ 48 cos𝜃ኻ፬ኼΩ፬፠፧𝑅 sin 𝜂ኼ𝑐፝Ꮄ𝑝

ኼ𝜃፛፥ኺ𝜃፛፥ኻ
+ 30 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧Ω̄ፑፙፑ𝑎ኻ𝑝
+ 30 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥Ω፬፠፧Ω̄ፑፙፑ sin𝜃ኻ፬𝑎ኻ𝑟
− 30 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬Ω፬፠፧Ω̄ፑፙፑ sin 𝜂𝑎ኻ𝑟
+ 30 cos 𝛿ኼ cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬

ኼΩ፬፠፧ sin 𝜂𝑝𝑟
− 30 cos 𝛿 cos 𝜂 cos𝜃ኻ፬Ω፬፠፧Ω̄ፑፙፑ𝑎ኻ𝑐፝Ꮄ𝑝
+ 30 cos 𝛿𝐶፥ᒆ፛፥Ω፬፠፧Ω̄ፑፙፑ sin 𝜂 sin𝜃ኻ፬𝑎ኻ𝑝
+ 15 cos 𝛿 cos 𝜂𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅𝑎ኻ�̂�፜𝑝𝜃፛፥ኻ
− 15 cos 𝛿𝐶፥ᒆ፛፥ cos𝜃ኻ፬𝑅 sin 𝜂𝑎ኻ�̂�፜𝑟𝜃፛፥ኻ
− 30 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝑅𝑎ኻ𝑐፝Ꮄ �̂�፜𝑝𝜃፛፥ኻ
+ 15 cos 𝛿𝐶፥ᒆ፛፥𝑅 sin 𝜂 sin𝜃ኻ፬𝑎ኻ�̂�፜𝑝𝜃፛፥ኻ
− 48 cos 𝛿 cos 𝜂 cos𝜃ኻ፬𝑅𝑎ኻ𝑐፝Ꮄ𝑝𝜃፛፥ኺ𝜃፛፥ኻ
+ 30 cos 𝛿 cos𝜃ኻ፬𝑅 sin 𝜂𝑎ኻ𝑐፝Ꮄ �̂�፜𝑟𝜃፛፥ኻ
+ 48 cos 𝛿 cos𝜃ኻ፬𝑅 sin 𝜂𝑎ኻ𝑐፝Ꮄ𝑟𝜃፛፥ኺ𝜃፛፥ኻ
+ 96 cos 𝜂 cos𝜃ኻ፬ኼΩ፬፠፧𝑅 sin 𝜂𝑐፝Ꮄ𝑝𝑟𝜃፛፥ኺ𝜃፛፥ኻ)





C
GTRS look-up tables

C.1. Horizontal stabilizers downwash angle

𝛼(deg) 𝜂 = 90 deg 𝜂 = 60 deg 𝜂 = 30 deg 𝜂 = 15 deg 𝜂 = 0 deg

-90 0 0 0 0 0
-16 0 0 0 0 0
-12 0 0 0 0 0
-8 0.06 0 0 0 0.09
-4 1.32 1.2 1.8 1.26 1.62
0 2.58 2.6 2.7 2.8 3.15
4 3.84 4 4.22 4.34 4.68
8 5.1 5.2 5.74 5.88 6.21
12 5.9 6.4 7 7.1 7.1
16 6.3 6.8 7.3 7.3 7.5
20 6 6.3 6.7 6.7 7
24 4 4.1 4.1 4.1 4.8
28 0 0 0 0 0
90 0 0 0 0 0

Table C.1: Horizontal stabilizers downwash angle due to wake of the wing, XFL = 1 [8]
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𝛼(deg) 𝜂 = 90 deg 𝜂 = 60 deg 𝜂 = 30 deg 𝜂 = 15 deg 𝜂 = 0 deg

-90 0 0 0 0 0
-16 0 0 0 0 0
-12 0.45 0 0 0.4 0.8
-8 1.25 0.9 0.7 1.2 1.6
-4 2.6 2.25 2.1 2.7 3.1
0 4.08 3.8 3.6 4.3 4.7
4 5.35 5.3 5.2 6 6.2
8 6.6 6.8 6.7 7.1 7.8
12 7.4 7.8 7.9 8.7 8.5
16 7.55 8.2 8.2 8.9 8.6
20 6.7 7.4 7.4 8.2 7.5
24 4.4 4.8 4.8 5.3 4.9
28 0 0 0 0 0
90 0 0 0 0 0

Table C.2: Horizontal stabilizers downwash angle due to wake of the wing, XFL = 2 [8]

𝛼(deg) 𝜂 = 90 deg 𝜂 = 60 deg 𝜂 = 30 deg 𝜂 = 15 deg 𝜂 = 0 deg

-90 0 0 0 0 0
-16 0 0 0 0 0
-12 0.95 0 0 0.7 1.47
-8 2.54 1.78 1.3 2.4 3.03
-4 3.92 3.38 2.9 4.1 4.59
0 5.4 4.98 4.5 5.8 6.15
4 6.88 6.58 6.1 7.5 7.71
8 8.26 8.18 7.7 9.2 9.27
12 8.9 9.2 8.9 10.4 9.8
16 8.8 9.5 9.1 10.8 9.7
20 7.3 8.4 8.1 9.8 8
24 4.8 5.5 5.5 6.4 5
28 0 0 0 0 0
90 0 0 0 0 0

Table C.3: Horizontal stabilizers downwash angle due to wake of the wing, XFL = 3 [8]
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𝛼(deg) 𝜂 = 90 deg 𝜂 = 60 deg 𝜂 = 30 deg 𝜂 = 15 deg 𝜂 = 0 deg

-90 0 0 0 0 0
-16 0 0 0 0 0
-12 0.95 0 0 0.7 1.47
-8 2.54 1.78 1.3 2.4 3.03
-4 3.92 3.38 2.9 4.1 4.59
0 5.4 4.98 4.5 5.8 6.15
4 6.88 6.58 6.1 7.5 7.71
8 8.26 8.18 7.7 9.2 9.27
12 8.9 9.2 8.9 10.4 9.8
16 8.8 9.5 9.1 10.8 9.7
20 7.3 8.4 8.1 9.8 8
24 4.8 5.5 5.5 6.4 5
28 0 0 0 0 0
90 0 0 0 0 0

Table C.4: Horizontal stabilizers downwash angle due to wake of the wing, XFL = 4 [8]
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C.2. Fuselage aerodynamic coefficients

𝛼፟ 𝐶ፋ,፟ 𝐶ፃ,፟ 𝐶ፌ,፟
-28 -1.5794 2.3226 -12.4594
-24 -1.3935 1.8581 -12.1762
-20 -1.0099 1.4298 -10.7604
-16 -0.6735 1.0015 -10.4772
-12 -0.3372 0.5732 -8.3535
-8 -0.0009 0.2787 -6.2014
-4 0.3354 0.1672 -4.0352
0 0.6717 0.1449 -1.8831
4 1.008 0.1672 0.269
8 1.3443 0.2137 2.4211
12 1.6806 0.341 3.4971
16 2.0169 0.537 4.0352
20 2.3532 0.733 3.7661
24 2.6013 0.929 2.6901
28 2.9729 1.3935 2.6901

Table C.5: Fuselage aerodynamic coefficients [8]
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Figure D.1: Sensitivity Analysis of the Stability Derivatives on the Frequency of the Short Period
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Figure D.2: Sensitivity Analysis of the Stability Derivatives on the Damping of the Short Period
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Figure D.3: Sensitivity Analysis of the Stability Derivatives on the Frequency of the Phugoid
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Figure D.4: Sensitivity Analysis of the Stability Derivatives on the Damping of the Phugoid
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Figure D.5: Sensitivity Analysis of the Stability Derivatives on the Frequency of the Roll Mode
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Figure D.6: Sensitivity Analysis of the Stability Derivatives on the Damping of the Roll Mode
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Figure D.7: Sensitivity Analysis of the Stability Derivatives on the Frequency of the Spiral Mode
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Figure D.8: Sensitivity Analysis of the Stability Derivatives on the Damping of the Spiral Mode
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Figure D.9: Sensitivity Analysis of the Stability Derivatives on the Frequency of the Dutch Roll
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Figure D.10: Sensitivity Analysis of the Stability Derivatives on the Damping of the Dutch Roll
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