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1. ESfTRODUCTION 

This paper reports an extensive experimental investigation of electrical-trans­
port properties in alloys based on either nickel or iron, as representatives of the 
ferromagnetic metals. 

Electrical conduction is phenomenologically different in ferromagnetic metals 
as compared to non-magnetic metals. In the first place the residual resistivities 
due to small amounts of two metals dissolved in iron or nickel cannot be simply 
added in order to derive the total resistivity of the corresponding ternary alloy. 
In a ferromagnetic solvent deviations from this rule of additivity, Matthiessen's 
rule, can easily be as large as a factor two. 

A phenomenon that is characteristic of ferromagnetic metals and does not 
occur in non-magnetic metals is the resistivity anisotropy. The effect is illustrated 
in fig. 1.1. Two extreme situations can be distinguished for the resistivity, in 
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Fig. 1.1.The resistivity of a sample of Ni98.5Mnx_5 at 4.2 K as a function of B^ for the two 
extreme cases B\\i and BJ./ . We define B = / f^ j , + ^dem + 4TCM^. The anisotropy effect 
is defined as the ratio Ag/gn at B = 0. 

which the saturation magnetization of the ferromagnetic metal is either parallel 
or perpendicular to the electrical current. The resistivity anisotropy is defined 
as (̂ 11 — Q±)/Q\\, in which the g values are obtained from the values measured 
in external magnetic fields, sufficiently high to saturate the sample magnetically 
by extrapolation to zero induction B (see fig. 1.1). At low temperatures the 
anisotropy effect can be quite large (13.5% in NiCo alloys, 11% in FeV alloys). 
At room temperature the effect can still be considerable, up to 6% in concen-
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trated NiCo alloys )̂ and has been found of technical interest in the field of 
magnetic recording ^•^•*). 

The Hall effect of ferromagnetic metals is also quite diiTerent as compared to 
non-magnetic metals. In non-magnetic metals the Hall voltage V^ is simply 
proportional to B. In a ferromagnetic metal there is an additional contribution 
to the Hall effect, which contribution does not vary with B. Its magnitude is 
established by extrapolating to 5 = 0 the values of the Hall efTect experimen­
tally observed in fields that are sufficiently high to saturate the samples magneti­
cally (see fig. 1.2). Contrary to the normal Hall efïect the anomalous effect varies 

Q]^ 1 1 1 1 
0 10 20 30 

«• e (kG) 

Fig. 1.2. The Hall resistivity QH as a function of fi; ^H is obtained from the Hall voltage Va 
according to gn = ^H ^11 where d is the thickness of the sample and / is the total current. 

markedly with resistivity. As a consequence, the anomalous Hall effect tends 
to zero in pure ferromagnetic metals at zero temperature while in ferromagnetic 
alloys it depends both on the concentration and the kind of the solute metal. 

Although the above peculiar effects have been known to exist in ferro­
magnetic metals for a long time, the fundamental understanding of their origin 
has remained far from complete. This is at least partially due to the lack of an 
extensive coherent set of experimental data. There is a relatively large number 
of papers (see below) dealing with experimental studies of electrical transport 
in ferromagnetic metals. In most cases, however, the relevant properties were 
not measured in the same alloys which makes it difficult to obtain an overall 
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picture. In addition in many studies the influence of impurities on the transport 
properties was examined by studying their temperature dependence. In those 
studies a fairly detailed model is required to take scattering by phonons into 
account. In these scattering processes the spin direction of the current carriers 
is not necessarily conserved. 

We have obtained a coherent set of experimental data on the electrical-trans­
port properties of nickel- and iron-based alloys at low temperatures which can 
be analysed without making assumptions on scattering by phonons or spin 
waves. About 475 binary and ternary alloys representing practically all elements 
that can be dissolved in nickel or iron up to concentrations of 3 at%, were 
investigated. At low temperature the resistivity, the resistivity anisotropy, the 
normal and the anomalous Hall effect of all these alloys was measured in 
magnetic fields up to about 50 kOe. Details of the experiments are given in 
chapter 3. 

The resistivity of elements dissolved in iron or nickel is insufficiently charac­
terized by their residual resistivity in fxücm/at%. It turns out that the residual 
resistivity produced by a given impurity should preferably be resolved into two 
components, representing the two residual resistivities in a two-current model. 
Here the two currents are the charge carriers with magnetic moment either 
parallel or antiparallel to the magnetization of the ferromagnetic metal. The 
principle of two-current conduction in ferromagnetics has been proposed by 
Mott in 1936 ^•^•''). Recently its usefulness has been amply demonstrated as, 
for instance, in a review by Fert and Campbell *). The two-current model is 
also essential in a description of the thermo-electric power (see Cadeville and 
Roussel') and further references given there). 

In nearly all investigations the two residual resistivities for a given impurity 
were derived from an analysis of the temperature dependence of the resistivity 
of the corresponding binary alloy. Temperature-dependent deviations from 
Matthiessen's rule were observed in binary Fe-based alloys by Campbell et 
al.^°) and by Schwerer et al.^^). Deviations from Matthiessen's rule as a func­
tion of temperature have been studied by Loegel and Gautier ^ )̂ for Co-based 
alloys, by Durand and Gautier '^) and Hugel '*) for both Co- and Ni-based 
alloys, and by Price and Williams '*) for Fe-, Co- and Ni-based alloys. Similar 
studies for Ni-based alloys have been made by Fert and Campbell '*), Farrell 
and Greig ^'), Gautier and Loegel '^) and Schwerer and Conroy ^'). 

A more direct method to derive sub-band residual resistivities consists in 
analysing the low-temperature resistivities of ternary alloys. In the past this 
method has been applied in a few cases only, mainly because of the large 
amount of preparative work involved. This method was used by, for example. 
Fert and Campbell '*) in an analysis of NiCrMn alloys, Leonard et al.^°) for 
NiCoCr alloys and Fert and Campbell ^) for NiCoV and NiFeV alloys. 
Hugel '*) analysed NiCoGe, NiCoGa and NiCrGe alloys. The same method 



292 J. W. F. DORLEIJN 

has been used by Durand and Gautier ^ )̂ for CoIrRe alloys and by Loegel 
and Gautier '^) for CoIrFe, CoRuFe and CoOsFe alloys. Deviations from the 
rule of additivity of individual impurity resistivities at 4.2 K in ternary iron-
based alloys were observed by Campbell et al.'°). 

We opted for this method to derive the two residual resistivities for impurity 
metals in general. By combining a given element with different partners, e.g. 
Cr in NiCrAl, NiCrFe, NiCrMn or NiCrTi, the validity of the description of 
the resistivity due to Cr in nickel in terms of two residual resistivities can be 
investigated (see chapters 2 and 4). 

The dependence of the resistivity of a ferromagnetic metal on the angle 
between magnetization and current (resistivity anisotropy) was first described 
as long ago as 1858, by Thomson (Phil. Mag. IV, 15, p. 469), but a hundred 
years passed before the first systematic investigations of the effect were carried 
out by Smit 2'), Van Elst and Gor ter" ) , Van Elst i) and Berger"). More 
recently the effect has been studied by Campbell ^'^), Campbell et al.^^), 
Vasilyev " ) , Campbell " ) , Dedié ^^) and Jaoul and Campbell ^^). 

To understand the origin of the resistance anisotropy it would be desirable 
to have a fairly complete knowledge of the magnitude of the effect due to a 
large variety of solutes. This means experiments on dilute binary alloys at low 
temperatures for all impurity metals that can be dissolved in a given ferro­
magnetic metal at a sufficiently high concentration. At the start of the present 
investigation extensive experimental information was available only for nickel-
based alloys. See for a survey of numerical data McGuire and Potter ^°) and 
Jaoul '^). The information concerning iron-based alloys was scarce. A small 
effect was known to exist in pure iron at room temperature ^^) and a large 
effect in FeV alloys at low temperature ^^). We investigated the effect for prac­
tically all metals that can be dissolved in iron and nickel in maximum concen­
trations of about 5 at%. The observations could in a consistent way be described 
in the two-current model (see chapters 2 and 5). 

The anomalous Hall effect, too, has a long history. One of the first descrip­
tions was given by Kundt ^*) in 1893. A vast amount of experimental infor­
mation on this effect is available for the case of concentrated ferromagnetic 
alloys. A review is given by Hurd ^ ' ) ; see also Cohen et al.^*). Much less 
information, however, is available on dilute alloys at low temperatures. Such 
information is preferred because the source of scattering is well defined. In­
vestigations of this type have been performed by Jaoul ^'), Fert and Jaoul ^''), 
Huguenin and Rivier ^^•'''*°-'*'), Rivier*^) and Rivier and Huguenin * )̂ on 
dilute nickel-based alloys and that by Majumdar and Berger **) on two binary 
iron-based alloys. It appears from these investigations that the anomalous Hall 
resistivity paH can be resolved into two contributions which depend linearly 
and quadratically, respectively, on the resistivity gj. 

eM = <PskQ_^ + bgj-. (1.1) 
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We investigated both (psi, and b in great detail for both iron and nickel alloys 
and find that ^̂ sk and b depend on the impurity. Furthermore, the values of 9?̂ ^ 
and b can be described quite satisfactorily in terms of the two-current model. 

The two-current model is used throughout this paper in the analysis of our 
measurements. The model is introduced in chapter 2, where the main body of 
data is presented also in order to demonstrate the relevance of the model. 
Chapter 2 in fact is the central part of the paper. In the succeeding chapters 
we give more details concerning the analysis of experimental data and the 
accuracy of the results. We also give an extensive comparison between the 
present results and the experimental and theoretical work reported in the 
literature. 

One of the conclusions of this paper is that the theory of electrical transport 
properties of ferromagnetic metals is still far from satisfactory. It is thus im­
portant to have the bare experimental data accessible for future (alternative) 
interpretation. Our data can be found in the appendix. 
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2. THE TWO-CURRENT MODEL FOR IRON AND NICKEL ALLOYS 

2.1. Electrical conduction in ferromagnetic metals 

The electrical conduction in ferromagnetic metals such as iron and nickel 
differs from that in ordinary metals such as aluminium or copper for two 
reasons: iron and nickel are transition metals and they are ferromagnetic. 

In ordinary metals the electrons can be devided into core electrons and 
valence electrons. Core electrons have a large probability density near the 
center of the atom and a very small one at the boundaries of the Wigner-Seitz 
atomic cells. As a consequence core electrons hardly contribute to the cohesive 
energy of the solid metal. If treated in a band model they are housed in fully 
occupied narrow bands. Valence electrons on the contrary are divided approx­
imately uniformly throughout the crystal. They occupy a broad conduction 
band which is not very different from a parabolic one (e oc k^), see fig. 2.1. 

Li Pd Cu 
Na Pt Ag 

'^n(e) 

Fig. 2.1. The conduction-band density of states n(f) as a function of the energy e for simple 
metals, transition metals and the noble metals; Cp is the Fermi energy. The drawing is 
schematical i.e. the width of the d band is not necessarily always the same. 

For such a parabolic band of nearly free electrons the electrical conductivity 
can be expressed in terms of the electronic charge e, an effective electron 
mass m*, a relaxation time T and the density of electrons « as 

a =ne^ r/m*. (2.1) 

Transition metals are metals belonging to groups IIIB, IVB, VB, VIB, VIIB 
and Vlll of the Periodic Table. They are special because the electrons of the 
partially fiUed d shell cannot easily be classified as either core or valence elec­
trons. They differ from valence electrons as their spatial distribution is far from 
uniform. Consequently bands formed from d electrons are much narrower than 
a normal conduction band. Neither are they core electrons, since the d bands 
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are not completely full and d electrons have an important probability density 
in the region between neighbouring atoms. The latter is clearly reflected in the 
high cohesive energies or boiling points of transition metals (see table 2-1). 

The difference between a non-transition metal and a paramagnetic transition 
metal can be schematically illustrated by means of fig. 2.1. The strict separation 
of s, p and d electrons in the range of energies that the two bands have in 
common is rather artificial since hybridization will occur. 

In fig. 2.1 we have also sketched the band filling for the noble metals Cu, 
Ag and Au. There is a d band and hence a contribution to the cohesive energy 
but, in contrast to the situation in transition metals, this band of d electrons 
is fiOed up. 

The effect on the electrical conduction of adding d electrons to a metal in 
which conduction takes place by s-Iike carriers can be understood qualitatively 
using relationship (2.1). On the one hand additional d electrons will increase 
the conductivity via the increase in n. The effect of increasing n is only moderate 
since m* is large for d electrons (m* is connected with the curvature of the 
band: m* = h^/{b^s/l)k^)). On the other hand the conductivity is decreased 
since the introduction of d states enhances the density of states at the Fermi 
surface «(ep), which directly influences the characteristic time for scattering T; 
this relaxation time r will be shorter when the number of states into which an 
electron can be scattered becomes greater. The increase of n{ep) expected from 
fig. 2.1 is clearly demonstrated in table 2-1 where we have collected values for 
the coefficient y of the linear term in the low-temperature heat capacity. It will 
be seen that as a rule y, which is approximately proportional to «(sp), has a 
considerably larger value for transition metals than for other metals. Assuming 
that the relaxation time T is inversely proportional to the number of states 
into which a charge carrier can be scattered, it becomes plausible that the 
electrical resistivity of transition metals exceeds that of noble metals. In 
table 2-1 this is qualitatively demonstrated by the resistivities of metals at a 
comparable temperature, i.e. the Debije temperature (&o). 

For the electrical-conduction properties of iron and nickel it is important 
not only that they are transition metals but also that they are ferromagnetic. 
In ferromagnetic metals it is appropriate to distinguish the electrons according 
to the direction of their magnetic moment, either parallel or antiparallel to the 
total magnetization. In this paper we will indicate the charge carriers with 
magnetic moment parallel to the total magnetization, i.e. the majority-spin 
band, with "up" or | . Charge carriers in the minority-spin band are indicated 
with "down" or J,. Throughout this work we will use the word spin in the 
sense of magnetic moment, regardless of the negative g value of the electron. 
This division according to spin direction leads to a picture like that in fig. 2.2, 
where the two bands are shifted over some distance as regards energy. Now 
the two bands will not be filled equally, leading to a non-zero magnetization. 



I A TABLE 2-1 VIIIA 

H 
20 

Li 
1615 
1.63 
10.9 

Na 
1156 
1.38 
2.54 

K 
1032 
2.08 
2.22 

Rb 
961 

2.41 
2.37 

Cs 
944 

3.20 
2.58 

Fr 

IIA 

Be 
2745 
0.17 
15.9 

Mg 
1363 

1.3 
5.83 

Ca 
1757 
2.9 

2.81 

Sr 
1650 
3.6 

10.7 

Ba 
2171 

2.7 
14.5 

Ra 

IIIB 

Sc 
3104 
10.7 
57.1 

Y 
3611 
10.2 
55.5 

La 
3730 
10.0 
38.0 

Ac 

— 
IVB VB 

Ti 
3562 
3.35 
61.4 

Zr 
4682 
2.80 
41.8 

Hf 
4876 
2.16 
26.1 

key 

V 
3682 
9.26 
25.6 

Nb 
5017 
7.79 
]3.5 

Ta 
5731 

5.9 
10.7 

Ni 
3187 

7.02 
10.7 

transit ion metals 

" 
v i n vi iR ,_ Vlll 

Cr 
2945 
1.40 
27.5 

Mo 
4912 

2.0 
8.08 

W 
5828 

1.3 
7.19 

Mn 
2335 
9.20 
193 

Tc 
(4538) 

Re 
5869 

2.3 
27.1 

Fe 
3135 
4.98 
15.6 

Ru 
4423 

3.3 
15.1 

Os 
5285 

2.4 
15.4 

Co 
3201 
4.73 
8.75 

Rh 
3970 

4.9 
7.81 

Ir 
4701 

3.1 
7.26 

- ^ 

Ni 
3187 
7.02 
10,7 

Pd 
3237 
9.42 
9.75 

Pt 
4100 

6.8 
8.46 

IB 

Cu 
2836 
0.695 
1.98 

Ag 
2436 
0.646 
1.23 

Au 
3130 
0.729 
1.23 

IIB 

Zn 
1180 
0.64 
6.56 

Cd 
1040 

0.688 
5.15 

Hg 
630 
1.79 

IIIA IVA 

B 
4275 

Al 
2793 
13.5 
3.98 

Ga 
2478 
0.596 
16.1 

In 
2346 
1.69 
3.20 

Tl 
1746 
1.47 
4.36 

C 
4100 

Si 
3540 

Ge 
3107 

Sn 
2876 
1.78 
7.46 

Pb 
2023 
2.98 
7.47 

-> boiling point in K at 1 atm, data from Hultgren et al.*°). 
—»- electronic heat capacity 
-* res stivity 

constant y in 

VA 

N 
77 

P 
550(w) 

As 
876 

0.19 

Sb 
1860 
0.11 
29.5 

8i 
1837 

0.008 
46.8 

VIA VllA 

O 
90 

S 
718 

Se 
958 

Te 
1261 

Po 

F 
85 

Cl 
239 

Br 
332 

1 
458 

At 

mJ/(mol K^), data from Kittel <-'). 

He 
4,2 

Nc 
27 

Ar 
87 

Xr 
120 

Xe 
165 

Rn 
211 

n (xficm at the Debije temperature, calculated from data given by Kittel * 
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nfe) -^ —o^ n(e) n(e)-^ —K-n(e) 

Fig. 2.2. Density of states curves for ferromagnetic nickel top and iron (bottom). Curves 
on the left are purely schematic, those on the right are results of band-structure calculations 
by Langlinais and Callaway * ' ) for nickel and by Duff and Das *^) for iron, in the form 
of summations over the Brillouin zones. A quantitatively similar result for iron was obtained 
by Tawil and Callaway ^ ' ) . 

Moreover, the densities of states may be quite different for majority {])- and 
minority(J.)-spin bands. For nickel the resulting difference in «(cp) is very large 
since the majority d band becomes practically filled. The schematic band pic­
tures in fig. 2.2 have been drawn in accordance with density of states histo­
grams obtained in band-structure calculations such as those of Langlinais and 
Callaway *^) for nickel, and those of Duff and Das **) for iron. In the band-
structure calculations only the total density of states can be given for each spin 
direction. The s-band density of states, however, is apparent at both low and 
high energies; in the intermediate energy region the separation into s, p or d 
electrons is arbitrary. Since in the schematic representation the density of states 
of s and p electrons is relatively small, the question of whether or not there 
is a magnetic polarization of s and p electrons is of little importance here. 

The separation of electrons into two spin bands is of central importance to 
the electrical conduction at low temperatures. As was suggested by Mott •̂*-•') 
scattering events with conservation of spin direction become much more 
probable at low temperature (i.e. temperatures much lower than the Curie tem­
perature) than scattering events in which the spin direction is changed. Mott's 
suggestions lead to a description of conduction by two independent currents 
in parallel (fig. 2.3). Since the Fermi surfaces for majority (t) and minority (J.) 
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itoiat 

Fig. 2.3. The two-current model for ferromagnetic metals at low temperatures. An impurity A 
is characterized by two specific residual resistivities Q/J^ and Q^K 

electrons can be very different there is no reason to assume equal relaxation 
times or conductivities for the two spin currents. 

A division of charge carriers according to the direction of their magnetic 
moment may seem somewhat arbitrary in view of the many other subdivisions 
that can imagined (e.g. electrons versus holes, s versus d electrons, carriers with 
different T values). It will be found that Mott's suggestion on its own offers a 
simple and fairly complete explanation of the experimental data. The con­
sequences of this first subdivision according to spin direction will prove to be 
much more important than further refinements can be, mainly because of the 
larger differences in densities of states and hence in relaxation times that can be 
accounted for in a two-spin-current description. 

2.2. The residual resistivity of dilute ternary alloys 

If two impurity metals A and B, are dissolved simultaneously at concentra­
tions CA and CB in an ordinary metal, e.g. copper, the electrical resistivities 
caused by the impurities can be simply added. This is Matthiessen's rule: 

e = CA PA + CB QB, (2.2) 

where o^ and Q^ are the specific residual resistivities (in [j,ncm/at%) measured 
in the corresponding binary alloy. Relation (2.2) presupposes that the impurities 
scatter independently. For instance it is required that the concentration of the 
impurities is small enough for the resistivity of corresponding binary alloys to 
be linearly dependent on the concentration. 

In the same range of concentrations, however, relation (2.2) does not apply 
to ferromagnetic alloys, which is a consequence of the two-current model intro­
duced above. In the two-current model the residual resistivity due to a given 
impurity (A) is characterized by two numbers giving the specific resistivity 
(?A^ or PA^) for each of the two currents. This immediately leads to the schematic 
representation of the resistivity in dilute ternary alloys given in fig. 2.4. It shows 
that Matthiessen's rule applies to each current separately but not to the total 
resistivity. The model in fig. 2.4 leads to 

Q = ; i • (2.3) 
CA 9A'' + CB OB^ + CA QA^ + CB QB^ 
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CA9A <:B9B 

i 
^A9A <=BSB 

Fig. 2.4. The low-temperature resistivity of a ferromagnetic metal containing two different 
types of solutes. Matthiessen's rule would be valid if the switch S were closed. 

If relation (2.2) were valid the total resistivity should, at low temperatures, equal 

QA' QA^ QB^ QB 
Q =c^ —-— + CB —; . (2.4) 

9A + 9A^ 9B' + 9E 

It will be readily seen that relation (2.3) leads to a higher value for g than 
relation (2.4). We demonstrate this by means of the switch in fig. 2.4; the situa­
tion leading to relation (2.4) can be obtained by closing the switch, which is 
open if relation (2.3) applies. Since closing the switch can only lower the resis­
tivity it follows that in the two-current model only positive (or zero) deviations 
from Matthiessen's rule are to be expected. 

The deviations from Matthiessen's rule can in principle be very large, as can 
be seen from the following numerical example. Suppose we have a ternary alloy 
NiggAo.sBo.s for which the specific residual resistivities of metal A are PA^ = 10 
and É»Â  = 1 (in |i.ücm/at%) and those of metal B are simply the reverse 
QB^ = 1 and QB^ = 10. The residual resistivities of the binary alloys NiggA 
and NiggB are equal: 10/11 (xücm. Matthiessen's rule, relation (2.2), would 
predict Q = 10/11 for the resistivity of all alloys Ni99A,_;,B;t- In the two-
current model, however, relation (2.3) yields (10 + l)/2 = 5.5 [iQcm for both 
Q^ and Q^ in NiggAo.sBo.s. Thus the total resistivity is 2.75 [j.Qcm, which is 
very different from 10/11 (xOcm. The differences at other concentrations are 

j -
10 

2) NiggAo,5Bo,s 

0.5 \ 
—C=D-

5 t 

5 I 0.5 I 

Fig. 2.5. Deviations from Matthiessen's rule for the resistivity of an alloy NiggAi.^^Bj^ for 
which QA IQA = 10 and SB^IQB^ = 0.1. The broken line (curve 1) is drawn according to 
Matthiessen's rule, the drawn curve (2) is in agreement with the two-current model. 
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shown in fig. 2.5. This numerical example may seem highly exaggerated. Devia­
tions of a comparable magnitude nevertheless occur in experiments, as we show 
in fig. 2.6 for NiCoRh and FeCoV alloys. 

Owing to the fact that there are large deviations from Matthiessen's rule in 
the two-current model, an obvious method to derive the sub-band residual 
resistivities for impurity metals in a ferromagnetic matrix is to fit numerically 
relation (2.3) to experimentally obtained points such as those in fig. 2.6. In this 
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/V/c»^ 
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^.-^^ 
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I-»7^ 
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Fig. 2.6. The residual resistivities in (xQcm of a set of ternary alloys Ni99Coi_;tRh;t and 
Fe99Coi_j:V;j as a function of A-. The broken line is in agreement with Matthiessen's rule. 
The sohd curve for NiggCoi.^tRh^^ is identical to the one given in the appendix, fig. A.5. 
The curve for FegqCoi.;^^^; differs from the one in fig. A.28 since here we fitted the theoretical 
curve of the two-current model to the experimental points of this set of alloys only. 

investigation q^^ and ^A^ were determined for a large number of impurity 
metals A in nickel and iron by studying the resistivity of ternary alloys (19 sys­
tems on the basis of nickel and 16 systems based on iron, see appendix). 

The necessary condition for the above analysis to be applicable is that the 
resistivity of binary alloys of the impurities considered depends linearly on their 
concentration in the range of concentrations studied. For a few examples 
— NiRu, NiCo, FeAl and FeV — this can be seen from fig. 2.7; the specific 
residual resistivity Q (in [j.Ücm/at%) is obtained from the slope of the straight 
lines drawn through the experimental points. Similar measurements have been 
reported earlier for many more systems (Arajs et al.'*''-*^), Chen •*') and Cade-
viUe and Durand ^°), see also table 4-1). In all cases the hnear dependence *) 
on the concentration is observed for concentrations up to at least 5 at%. 

Investigations into different ternary alloy systems Ni99Ai_;cB;r, in which the 
element A is the same and in which element B is different for different ternaries, 
offer the possibility to assess the validity of the two-parallel-current description. 
If the model were rigorously valid (and there were no experimental uncertainties 
involved), the values for o^^ and OA^ derived from different sets of alloys would 

*) The possibility that for very dilute alloys, say a few p.p.m. of impurity, the behaviour 
of the residual resistivity is similar to that of Kondo alloys (dilute alloys of magnetic 
impurities in a non-magnetic matrix) cannot be excluded. In this work dilute alloys mean 
concentrations higher than 0.1 at% and lower than 3 at%. 
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Fig. 2.7. The residual resistivity in the orientation B11 / (at 5 = 0) as a function of the nominal 
solute concentration for different binary alloys based on nickel or iron. The concentration .Y 
is in at%. 

TABLE 2-II 

Validity of the two-current model. The specific sub-band resistivities ([j.ücm/ 
at%) in the parallel configuration at 4.2 X, determined in the two-current 
model for different solute elements in nickel or in iron with various partners. 

alloy 

NiCrAl 

NiCrFe 

NiCrMn 

NiCrTi 

9c.' 
((jtQcm/at%) 

29 

40 

22 

25 

9c.' 
(piQcm/at%) 

6.1 

5.5 

6.5 

6.3 

alloy 

FeCoMo 

FeCoOs 

FeCoRu 

FeCoV 

9c.' 
((zOcm/at%) 

6.6 

11 

3.4 

5.8 

9co 
((xficm/at%) 

1.1 

1.0 

1.3 

1.1 

not depend on the alloying partner B. The actual results of experiments of this 
kind are quite satisfactory as can be seen from table 2-II where results derived 
for Cr in nickel with Al, Fe, Mn or Ti as partners are compared. The same 
has been done for Co in iron. The differences in the results derived from different 
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sets of alloys are of the order of those expected from the experimental uncer­
tainties (see chapter 3); we therefore concluded that it is meaningful to attribute 
one set of Q^ and g^ values to each solute metal, independent of the alloying 
partner. These two resistivities were obtained by fitting all resistivity data 
simultaneously (see chapter 4); the results are given in table 2-I1I. The resistivity 
depends on the orientation of the current density with respect to the saturation 
magnetization. The resistivities Q^,' and PA* for an impurity element A corre­
spond to parallel orientation of / and M^. The ratio PA VPA^ is denoted by the 
parameter a. It follows then that the parameter /? denoting the fraction of the 
current, /V'totai, transported by carriers with spin j in the corresponding binary 
alloy at low temperatures, equals a/(l + a). 

Apart from studying ternary alloys there is another way to obtain values for 
Q^ and Q^, which consists in analysing the temperature dependence of the 

TABLE 2-III 

The specific sub-band resistivities at 4.2 K calculated in the two-current model 
for different solute elements in nickel or in iron. The configuration is the 
parallel one with M^ II i. Values of g^ and g^ were estimated for asterisked 
iron-based alloys; see chapter 4. 

alloys based on nickel 

solute 
element 

Al 
Au 
Co 
Cr 
Cu 
Fe 
Ir 
Mn 
Pt 
Re 
Rh 
Ru 
Si 
Sn 
Ti 
V 
Zn 

9' 
([j.i^cm/at%) 

3.4 
0.44 
0.20 

29 
1.3 
0.44 

21 
0.83 
3.6 

24 
8.0 

72 
5.0 
4.4 
7.6 

14 
1.3 

9' 
(ixDcm/at%) 

5.8 
2.6 
2.6 
6.1 
3.8 
4.8 
5.0 
5.2 
0.85 
7.5 
2.3 
5.4 
6.4 
7.2 
7.2 
6.4 
2.9 

iV'to.al 

0.63 
0.86 
0.93 
0.17 
0.74 
0.92 
0.19 
0.86 
0.19 
0.24 
0.23 
0.07 
0.56 
0.62 
0.49 
0.31 
0.70 
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TABLE 2-III (cont.) 

alloys based on iron 

solute 
element 

Al 
Be* 
Co 
Cr* 
Ga* 
Ge* 
Ir* 
Mn 
Mo 
Ni 
Os 
Pt* 
Re 
Rh 
Ru 
Si 
Ti* 
V 
W* 
Zn* 

9' 
(l^Ocm/at %) 

48 
29 
4.5 
2.6 

44 
49 
20 

1.5 
2.3 

17 
4.3 

12 
2.7 
6.4 
2.8 

36 
4.4 
1.0 
1.8 

9' 
iliQcm/at %) 

5.6 
4.7 
1.2 
7.0 
5.4 
7.9 
2.2 
8.5 

11 
2.4 

13 
1.5 
8.7 
1.1 
7.3 
6.4 
6.6 
7.5 
7.5 

' /'total 

0.11 
0.14 
0.21 
0.73 
0.11 
0.14 
0.10 
0.85 
0.83 
0.13 
0.75 
0.11 
0.77 
0.15 
0.72 
0.15 
0.60 
0.88 
0.81 
0.35 

resistivity of binary nickel- and iron-based alloys. In a sense binary alloys at 
non-zero temperatures can also be considered as ternary alloys; the phonons 
can be treated as one of the impurity elements in a ternary alloy, the concen­
tration of which increases with increasing temperature. We have used deviations 
from Matthiessen's rule at room temperature to determine the sub-band resis­
tivities of the asterisked elements in table 3-III. For details see chapter 4. A com­
plication which is inherent in the analysis of the temperature dependence of 
resistivities is the occurrence of spin-flip processes (due for instance, to long-
wavelength spin-waves) tending to equalize the two currents. Also, it is not 
evident a priori that the impurity resistivity does not change with temperature. 
Another, more practical, disadvantage of most of the temperature-dependence 
investigations reported is that the direction of the spontaneous magnetization 
is not specified. 

In practice the two methods for deriving g^ and g^ compare favourably with 
each other in spite of these additional problems (see the discussion in chapter 4). 
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It will be clear, however, that if values for o^ and o' derived from experiments 
on ternary alloys are available for a given impurity metal, these values are to 
be preferred. 

The convention of associating the t or | direction of the magnetic moment 
of the electrons with the two residual resistivities of a given solute element is, 
to some extent, only a matter of taste. In the case of nickel an argument ad­
vanced for the choice made has been that with this convention the resistivity 
due to phonons is smaller in the f band, i.e. the majority band with the smaller 
density of states, than the phonon resistivity in the J. band. Once this choice 
for «piionon has been made, the convention as to which resistivity represents t 
and which represents J, is completely decided for all solute elements. A satis­
factory aspect of this convention is that Co as a solute metal in nickel has its 
expected value for a > 1, the d^ states in cobalt metal, too, being fully occupied 
(see also discussion in sec. 4.3). 

For iron the situation is less clear as far as the phonon resistivities are con­
cerned. The differences in densities of states at e^, as obtained in band-structure 
calculations, do not differ much. Furthermore, calculations of different authors 
do not agree quantitatively (cf Tawil and Callaway ^^ and Duff and Das **)). 
Our choice is based on the connection that can be made between experimental 
information on the magnetic moment of solute atoms in iron (from neutron 
diffraction or NMR experiments) and our results for the two sub-band 
resistivities. For details we refer to sec. 4.3. 

2.3. The resistivity anisotropy 

In this section we consider the resistivity anisotropy in terms of the two-
current model. We define the resistivity anisotropy in poly-crystalline alloys as 

^9/9\\ =i9\\ — 9±)l9\\, (2.5) 

where || and 1 stand for the orientation of the saturation moment with respect 
to the current direction and g is extrapolated to zero magnetic induction B. 

A first observation is that for a given solute metal the anisotropy effect in 
principle does not depend on the concentration. It can, however, be very dif­
ferent for different impurities. This can be seen from table 2-IV where values 
for (Ap/g||) for a number of iron- and nickel-based alloys are listed for different 
solutes at concentrations between 1 and 5 at%. For concentrations lower than 
1 at% the parasitic impurities causing the residual resistivity of our nominally 
pure nickel may start to interfere *). Large positive values of ^glg^ result 
from Co and Fe solutes in nickel-based alloys and from Mo in iron-based alloys. 

*) As a result the experimental values of the effect in, for instance, NiCo alloys decreases 
at Co concentrations near 0.1 at % (Co is the metal that causes the lowest residual resistivity 
in Ni). Jaoul and Campbell ^^) attributed this effect to the occurrence of spin-flip scattering 
even at very low temperatures, becoming considerable if the electron mean free path for 
impurity scattering becomes long. 
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TABLE 2-IV 

The resistivity anisotropy for some alloys with different solute concentrations 
at 4.2 K 

al loy 

F e 9 7 M o 3 

Fe98Mo2 

F e g g . s M o i . s 

FCjgMOi 

FeggAU 

Fe97Al3 

FeggAl j 

Fegg.sAl j . s 

FCggAli 

FC99.5A10.5 

^el9\\ 
(%) 

+8.3 
+8.4 
+8.5 
+8.9 

-0.2 
0.0 

-0.8 
-0.2 
-0.1 
-0.3 

al loy 

N i g j C o j 

Ni96C04 

Ni97C03 

NiggCO^ 

Nigg.sCOi.s 

N i 9 9 C o , 

N i g s F e j 

N i g e F e ^ 

Ni97Fe3 

NiggFe^ 

N i g g F e , 

Ni95.5C03.6Rho.9 

Ni97C02.4Rho.6 

Ni98.5CO1.2Rho.3 

Ni97Si3 

N198.5S11.5 

N i g j R u s 

N i g g R u * 

N i 9 7 R u 3 

NiggRUj 

NiggRUi 

^9/9\\ 
(%) 

+ 14.2 
+ 13.0 
+ 14.2 
+ 12.3 
+ 12.4 
+ 10.2 

+ 12.7 
+ 12.5 
+ 11.9 
+ 11.7 
+ 10.8 

+ 4.6 
+ 5.2 
+4.4 

+2.6 
+2.1 

-0.4 
-1.1 
-0.5 
-0.6 
-0.7 

Small negative values of Ag/pn are found for Ru in nickel and for Al in iron. 
For completeness' sake we also include data on ternary NiCoRh to illustrate 
that in ternary alloys with the same relative concentration of solute metals but 
varying total concentration, the anisotropy effect is a constant. 

A number of data for Ag/g^^ in nickel have been reported in previous 
investigations, e.g. Van Elst ') , Jaoul ^ )̂ and Jaoul and Campbell ^ ') . We 
compare these values with the present ones in chapter 5. For iron-based alloys 
there is experimental information for FeV alloys (Sueda and Fujiwara ^^)). 

http://Ni98.5CO1.2Rho
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One of the reasons why the effect for iron was not investigated more extensively 
in the past is probably that, on theoretical speculations (Campbell ^'')), large 
effects such as those we report in table 5-11 were not expected for iron alloys. 

As a consequence of the two-current model the anisotropy in the total 
resistivity can be resolved into the resistivity anisotropics of the two spin cur­
rents. In terms of the two-current model the total conductivity is written as 

(Til = ( r | | f + ( T | / . (2.6) 

When the magnetization is rotated from M^\\ i to M^ J_ / the conductivities 
will change by ACT, ACT̂  and Aa^: 

Ao- = Aa^ + AaK (2.7) 

Rewriting this expression in terms of the resistivities g =a~^ we obtain 

Ap/ei,^ = AeV(eiiO' + AeV(eii')'- (2.8) 

Multiplying by ^n and replacing ^n/pn^ by 0'V'totai)ii we obtain 

Ae/e,, = ('V'to.a.)ii (^9l9nV + ('V'-,otai),i (Ae/e,,)^. (2.9) 

In the description of the resistivity anisotropy in a binary alloy we have to 
deal with two parameters {Ag/g^)^^ and (Ap/g||)A^ that characterize the solute 
metal A in the matrix under consideration. The introduction of these two new 
parameters in fact means that it is not easy to predict the total effect Ag|g^^ 
for a given impurity. If, however, it is assumed that {Ag^g^^y and (Ap/gn)^ 
are quantities that characterize the spin currents rather than the solute metals, 
relation (2.9) predicts a linear relation between Ag/g^^ and ('V'totai)ii- The 
experiments demonstrate that the above assumption is at least approximately 
correct. In figures 2.8 and 2.9 we have plotted the observed values of Ag|g^^ 
as a function of ('V'totai)ii and ('V'totai)ii for binary nickel and binary iron 
alloys, respectively. For iron in particular, the data agree quite well with a straight 
line i.e. (Ag/g^^V = +10%, {Ag/g,,y = - 2 % for nickel; (Aglg,,)^ = +9%, 
(Ag/^ii)^ = — 1 % for iron alloys. 

As a matter of fact, the actual values of (Ag/g^^)^ and (Ag/^n)^ for solute 
elements can be derived individually, too. In the same way *) as we determined 
sub-current resistivities for impurity metals for the situation M^ \\ i, we can 
also determine these resistivities for the case of M^ ]_ i. The results are col­
lected in table 2-V for nickel alloys and in table 5-11 for iron alloys, where 
(Ag/pii)A^ and {Aglg^^p^^ are given for different impurities A arranged accord­
ing to their values for (/V'totaOii- Indeed the anisotropy in nickel-based afioys 

*) Strictly speaking, the determination of ô  and Q^ from an analysis of resistivities of ternary 
alloys is less straight-forward in the case of M, J_ i. Hall voltages produced by the two 
subcurrents individually will tend to couple the two currents. Since the experimentally 
observed Hall angles for our alloys do not exceed 2%, this coupUng is not expected to 
be important. 
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aVi total) II 

Fig. 2.8. The resistivity anisotropy for various solute metals in binary Ni-based alloys as a 
function of the fraction of the current carried by spin-up electrons. If (Ag/gn)^ and (Ag/^n)^ 
were constants independent of the impurity, the relation would be linear. 
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Fig. 2.9. As fig. 2.8 but now for solute metals in Fe. For the filled circles we derived / V'loiai 
from experiments on ternary alloys. For the open circles i V'totai is estimated from temperature-
dependent resistivity measurements. 
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TABLE 2-V 

The resistivity anisotropy for nickel alloys. The effects for the two spin direc­
tions were determined separately. Since the effect is positive in the up band 
and is negative in the down band, the total effect correlates with /7'totai-

solute 
element 

Co 
Fe 
Mn 
Au 
Cu 
Zn 
Al 
Sn 
Si 
Ti 
V 
Re 
Rh 
Ir*) 
Pt 
Cr 
Ru 

(' / 'total) | | 

0.93 
0.92 
0.86 
0.86 
0.74 
0.70 
0.63 
0.62 
0.56 
0.49 
0.31 
0.24 
0.23 
0.19 
0.19 
0.17 
0.07 

Ao/oii 
(%) 

+ 13.5 
+ 12.5 
+ 7.8 
+ 7.5 
+ 6.8 
+ 4.6 
+ 3.8 
+ 2.9 
+ 2.1 
+ 0.55 
+ 0.15 
- 0.50 
+ 0.05 
- 1.48 
+ 0.40 
- 0.35 
- 0.60 

i^9/9uV 
(%) 

+ 14.4 
+ 14.0 
+ 9.6 
+ 8.1 
+ 9.7 
+ 7.8 
+ 7.3 
+ 6.3 
+ 6.2 
+ 4.2 
+ 7.9 
+ 6.5 
+ 7.8 
- 2.5 
+ 5.8 
+ 5.8 
+ 7.6 

(Ao/0||)i 

(7o) 

-1 .5 
-2 .2 
-3 .3 
-2 .2 
-2 .1 
-2 .9 
-2 .3 
-2 .7 
-3 .2 
-3 .2 
-3 .1 
-2 .4 
-2 .3 
-1 .4 
-0 .8 
-1 .7 
-1.1 

*) From Jaoul et al.'"^) we learned that Ir was an exception to the rule of a "constant effect" 
for the spin-up and the spin-down bands which we published earlier (Dorleijn and Miede-
ma " ' ) ) . We checked this exception by also investigating the NiAuIr system. The 
results show that Jaoul et al. are correct. 

has (apart from a single exception Ir) one sign for the f current and the other 
sign for the i current. So for practically all alloys investigated, including both 
binary and ternary nickel-based alloys, the resistivity of the t band decreases 
while that of the [ band increases when the magnetization is rotated from 
Ms II ito M,_ii. 

As we shall demonstrate in chapter 5, table 5-II, the results for iron-based 
alloys show a similar pattern. In the spin-down band the anisotropy effect is 
large and positive (with one exception out of 11 solutes, i.e. Al) while it is varying 
around zero for the opposite spin direction. 

A simple result as we obtained here for the resistivity anisotropy due to 
different solutes in nickel or iron has not been predicted theoretically. The 
present experimental result leads to the following picture. As far as their 
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effective cross-section for scattering is concerned impurities look like oblate 
ellipsoids with their short axes parallel to the magnetization direction in both 
the majority-spin band in nickel and the minority-spin band in iron. Contrarily, 
as seen by the charge carriers of the minority band in nickel or the majority 
band in iron impurities look like prolate ellipsoids. A discussion of possible 
explanations will be given in chapter 5. 

2.4. The anomalous Hall effect: skew scattering and side displacement 

The anomalous Hall effect is obtained by subtracting the normal Hall voltage 
from the observed voltage, see fig .1.2. Written in terms of the Hall resistivity 
PH we have 

9H =9aH + PnH- (2.10) 

If the normal Hall coeflScient RQ is independent of the field B the subtraction 
is easy since g^n = RQ B. An example of such a case is the alloy Ni97Al3 in 
fig. 1.2. In practice, however, there are a number of nickel alloys and many iron-
based alloys for which RQ is not independent of the field, in the fields B > AnM, 
in which the actual measurements are made. By way of example in fig. 2.10 we 
show the experimental data plotted as the Hall angle 9?H = 9H/9A. versus the 

B/gJlo'^G/iiQcm) 

Fig. 2.10. The Hall angle (pa = QtilQ± as a function of the reduced magnetic field Bjq^^ for a 
series of nickel and iron alloys. The hatched region defines fields for which B < Bsat.- It 
can be seen that, as expected, the region of a field-independent normal Hall coefficient ex­
tends to about the same value of S/gĵ  for all four cases. 
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reduced magnetic induction Bjg^ for a number of NiFe alloys. It will be ob­
served that the Hall coefficient starts to depend on the field at Bjg^ ^ 20 kG/ 
((xDcm). At this field the transverse Kohier magnetoresistivity is about 3%, see 
fig. 4.2a. The value of the normal Hall angle is not a sufficient criterion for 
deciding whether or not one is in the low-field Hall region. In cases of a nearly 
compensated Hall effect, as in NiFe alloys, an additional criterion for the 
presence of a low-field Hall region is a small value of the Kohier magneto­
resistivity. The value of 3% indicates that one is in the transition region from 
low-field to high-field Hall effect. It is not possible to perform measurements 
in fields below saturation, i.e. in the hatched region in fig. 2.10. A concentration 
of about 2 at% Fe in nickel is the smallest that can be studied *). 

Experiments on a large number of binary and ternary nickel-based alloys 
show that the anomalous Hall angle is a linear function of the concentration 
of the solute metals. Since the concentration and the residual resistivity for a 
given impurity are proportional to each other we can write 

(PM = fsi^ + bg^. (2.11) 

The validity of this relation is demonstrated in fig. 2.11 for NiRu, NiFe, FeAl 
and Ni(Cuo.6iRho.39). Relation (2.11) is generally obeyed for concentrations 
up to about 5 at%. The parameter ip^y^ is found by extrapolating the straight 
line to g^ = 0. The slope of the line corresponds to the value of b. It may be 
noted that different signs for both ^̂ ^ and b occur for different nickel-based 
alloys. 

Relation (2.11) means that the anomalous Hall resistivity tends to zero 
(PaH = T'aH 9A) Ï" pufc irou and nickel at low temperatures. This was verified 
experimentally several years ago by Smit and Volger '^) for nickel and by 
Jan and Gijsman '^) for iron. 

A phenomenological picture of the anomalous Hall effect, and one which 
reproduces expression (2.11), was given by Berger '̂*). We show his suggestion 
as fig. 2.12. The first term {(p^]^, called skew scattering, reffects the fact that 
on the average there is a correlation between the direction of motion of a 
charge carrier before and after scattering. The figure defines a deflection angle, 
characteristic of the source of scattering, which will lead to a linear relation 
between g^ and gan- This skew-scattering mechanism was first proposed by 
Smit *^). Berger suggests that in addition there may be a mechanism which 
he calls side displacement: on the average the electron trajectories before and 
after scattering will not cross at the impurity centre. Berger defines a displace­
ment Ay which again characterizes the scattering centre. The corresponding 

*) For alloys with low resistivity it is still possible to analyse the Hall effect in terms of 
normal and anomalous contributions provided the normal Hall effect shows a Kohier 
type behaviour i.e. e„H = 0nHW0±)- However, for nickel alloys with OV'totai)x > 0.5, 
e.g. nickel with Co, Fe, Mn, Au or Cu, the low-field Hall effect is found to vary with 
the concentration. See chapter 6 and the next section. 
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10 20 
— ^ g J l i Q c m ) -g (jiQcm) 

Fig, 2.11. The anomalous Hall angle as a function of the concentration of the solute metals. 
We take the resistviity gĵ  as a measure of the concentration. The straight lines drawn in 
correspond to relation (2.11). Note the positive sign of cp,a for FeAl. The open point for NiRu 
is due to Jaoul ^^). 

"skew scattering" "side displacement" 

Fig. 2.12. Berger's phenomenological description of two contributions to the anomalous Hall 
effect. The average motion of an electron before and after scattering is shown. Scattering 
centres are represented by circles. The magnetization is perpendicular to the plane of the 
drawing. Generally both skew scattering and side displacement are present. The net current, 
owing to the influence of the electric Hall field, skew scattering and side displacement, will 
be in the vertical direction. 
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Hall angle will be proportional to Ayjl, where / is the average distance between 
two successive scattering events, i.e. the average mean free path. Since / will 
be inversely proportional to g^^ it follows that the mechanism of side displace­
ment results in an anomalous Hall angle proportional to g^. 

Systematic experimental investigations of the relation between g^ and the 
residual resistivity for a given impurity in nickel at low temperatures have 
previously been reported by Huguenin and Rivier *'), Fert and Jaoul ^'') and 
Jaoul ^'). These experimental data concern the region of low concentration, 
less than 1 at%, with g^ smaller than 1 (xQcm, so that only the first term 
(99sk) in relation (2.11) is studied. A problem at these lov,' resistivities is that 
the separation of normal and anomalous Hall effect is a complicated mat­
ter *). Because of this the present results for the 95.,̂  and b of solute metals 
in nickel with a. = g^jg^ > \ may be different from the values reported by 
other investigators. For solute elements in nickel with a < 1 there are not 
such problems. For iron-based alloys the situation is more complicated be­
cause of the larger M, value. Our results for iron are less complete than those 
for nickel, we discuss them in chapters 6 and 7. 

Values for 995̂  and b obtained from our experiments on binary nickel-based 
alloys are collected in table 2-Vl. The elements are arranged according to the 
ratio ('V'totai)_L- This arrangement demonstrates a striking correlation between 
both cpsy^ and b on the one hand and (/V'totai)± on the other. For binary alloys 
in which the current is mainly carried by t carriers cp^^^ is negative and b is 
positive. For the opposite spin direction, i.e. (/V'totai)± < 0-5, ^̂ sk as well as 
b change signs. This suggests that spin-up charge carriers are characterized by 
an approximately constant negative value q>^y„ while spin-down carriers have 
an approximately constant positive value (p^^^. 

This suggests the following relation: 

9'sk = ('V'total)± '̂sk^ + ('V'total)± ï'sk^- (2.12) 

In fig. 2.13 we demonstrate that such a simple description holds remarkably 
well for nickel-based alloys. In this figure the straight line corresponds to rela­
tion (2.12) with 9s^^ = —7.5 and q>^^^ = +4.5 mrad. Only the result for Cu 
clearly deviates from this general relation. 

Bearing in mind the analysis of the resistivity anisotropy of ternary alloys 
from which it was possible to derive (Ao/o||)^ and (Ao/^n)^ for each individual 
impurity, one might imagine that the same type of analysis could be used to 
derive q)^^' and (p^^, ̂  for individual impurities. In fact we measured the anom­
alous Hall effect as a function of the concentration for about 40 ternary alloys, 
keeping the ratio of the two solute concentrations the same. The determination 

*) In our preliminary report on the anomalous Hall effect in dilute NiCo and NjFe alloys 
(Dorleijn and Miedema '*)), the field dependence of the Hall effect was not well antici­
pated, resulting in too high values for (ps .̂ 
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TABLE 2-VI 
Parameters characterizing the anomalous Hall effect in binary nickel-based 
alloys. The skew scattering is described by cp^k, the side displacement by b. 

solute 
element 

Co 
Fe 
Mn 
Au 
Cu 
Al 
Sn 
Si 
Ti 
V 
Re 
Rh 
Pt 
Ir 
Cr 
Ru 

('•V/tota,)x 

0.94 
0.93 
0.88 
0.87 
0.77 
0.65 
0.64 
0.58 
0.51 
0.34 
0.25 
0.25 
0.20 
0.19 
0.18 
0.08 

9'sk 
(mrad) 

- 6.2 
- 6.25 
- 6.5 
- 4.8 
- 1 0 
- 3.7 
- 2.7 
+ 1.1 
+ 1.5 
+ 3 
+ 1 

0 
+ 1.7 
+ 3.2*) 
+ 2.8 
+ 2.5 

b 
(mrad/(i.Ocm) 

+4.2 
+2.25 
+ 1.6 
+ 1.1 
+2.0 
-0.42 
-0.90 
-0.93 
-1.05 
-1.26 
-1.25 
-1.10 
-2.25 
-1.17 
-1 .3 
-1.43 
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Fig. 2.13. The linear relation between ipst, the parameter for skew scattering, and the fraction 
of the current carried by spin f charge carriers. The open point for Ir is due to Jaoul 3') . 
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of ipgH at low resistivities remains somewhat uncertain and because of that the 
accuracy of cp^y^ is not better than about 1 mrad. Still, having a large amount 
of data on ternary alloys, an analysis in terms of (pŝ ^ and 955̂ ^ is possible. 
Details are given in chapter 7. The results are shown in table 2-VII. One may 
see that indeed (p^J has the negative sign for all impurities while cp^^^^ always 
has the positive sign, with the exception of Sn. 

Comparing formula (2.9) for the resistivity anisotropy and formula (2.12) 
for the skew scattering, it appears that for approximately constant (Ap/pn)^, 
(Aglg^y, (p^^^^ and f^k' the two quantities depend on /V'totai in the same way. 
We neglect here the difference between ('V'totai)ii> used in (2.9), and O'V'totaOj., 
used in (2.12). One may eliminate ambiguities in the determination of J V'totai, 
due to uncertainties in the sub-band resistivities, by plotting directly Ag/g^^ 
versus 99̂ ^ for all alloys. This is realized in fig. 2.14. A linear correlation is 
found indeed. 

Considering the results for the side displacement term b in more detail, we 
learn from table 2-VI that for nickel alloys there is a clear relationship be­
tween b and (iV'totai)±- Including ternary alloys, too, this relation is given in 
a graphical form as shown in fig. 2.15 according to which the b values plotted 
versus (/'V'ioiai)j. all fall on a single curve. We note that the experimental un­
certainties in the derivation of b are much smaller than in that of «pŝ , owing 

TABLE 2-Vll 

Results of an analysis of the skew scattering in terms of a two-current model. 
For each solute metal the resulting skew scattering angles, one for each spin 
band, are given in mrad. The negative sign indicates that the deflection angle 
is in the same direction as the normal Hall effect of electrons. 

solute 
element 

Co 
Fe 
Cu 
Al 
Sn 
Ti 
V 
Rh 
Pt 
Cr 
Ru 

(''V'total)± 

0.94 
0.93 
0.77 
0.65 
0.64 
0.51 
0.34 
0.25 
0.20 
0.18 
0.08 

«^'sk^ 

(mrad) 

- 6.8 
- 7.2 
- 1 4 
- 7.3 
- 3.8 
- 3.4 
- 3.9 
- 1.4 
- 2.6 
- 3.0 
- 4.7 

9'sk' 
(mrad) 

+2.4 
+ 5.7 
+ 3.5 
+3.2 
-0.06 
+ 5.5 
+6.3 
+ 1.3 
+2.8 
+4.2 
+3.1 
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to the fact that alloys with a high resistivity now have a larger weight. It can 
be seen that the values for b derived for ternary alloys are fully consistent with 
those for the binary alloys. 

In contradistinction to the relation of both cpst, and Ap/pn versus «V'totai 
previously discussed, there is no a priori reason to expect a relation of com­
parable simplicity between b and /V'totai- Within the two-current model we have 

9'slde = (/V'total)± 9'side^ + O'V/totaOx 9'slde ' (2.13) 
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and 

9'slde' = * ' ? i V 9'side =bgj_. 

Since (/̂  ?V'totai)x = 9± we immediately obtain 

b=b^-^bK (2.14) 

In words: the anomalous Hall angle due to side displacement for a given spin 
current is larger according as the resistivity for this spin current is larger. With 
a larger resistivity, however, the carriers of that spin direction carry a smaller 
fraction of the current, so that the resulting Hall angle does not depend on 
the distribution of the current over the two spin directions. 

It is still possible to subdivide the experimentally found value of b into the 
respective contributions b^ and b^ from the two spin currents. 

For ternary alloys the total value of b is 

b = (CA 9AL' * A ' + CB 9BA.' bB')l9^' + 

+ (CA 9AI. ' * A ' + CB PBJ. ' *B ')l9±'• (2-15) 

The concentrations c^ and CB, the specific sub-band resistivities PAXV 9A±K 

gBj_' and gB±K and the total resistivities g^'' and o^^ are known for ternary 
alloys, so that b^\ b^', ^ B ' and 6 B ' can be found for those systems for which 
b is measured for a number of compositions with different ratios CJCB- In fact, 
there are not four parameters b for a given ternary systems but only three since 
a given constant b may be added to both Z>A' and b^' provided that constant 
is simultaneously subtracted from b^' and ^B^. If this is done in relation (2.15) 
the result is 

( C A ? A ± ' + CB(?BX') , ( C A Ö A X ' + CaPBi ' ) , , , ^ , ^ , 

b=^b^ bo • bo=b. (2.16) 
9i: 9x' 

Results for b^ and b^ are given in table 2-VllI for nickel alloys. As will be 
clear from relation (2.16), the values for b remain the same when values b'^ for 
all solute elements are increased by the same amount bo and at the same time 
values b^ are decreased by ÖQ. Thus table 2-VIII represents a particular choice 
of this constant b^. We have used the commonsense argument that if the specific 
residual resistivity for a given impurity and a given spin direction is small, the 
spatial extension of the scattering centre can also be expected to be small and 
hence the side displacement A^ in that case will be small too. We have chosen 
Ao such that for Co and Fe in nickel, which have rather small specific resistivities 
in the ] band, the value of 6^ will be near zero. This assumption proves adequate 
to obtain a general correlation between èV b^ and Oĵ V Px', respectively, as can 
be seen from table 2-VIII and fig. 7.5. The correlation in fact means that the 
spin current, which is relatively unimportant for the resistance, the resistance 
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TABLE 2-VIII 

The side-displacement term in the anomalous Hall effect of nickel-based alloys, 
broken down into the contribution of the separate spin currents 

solute 
element 

Co 
Fe 
Mn*) 
Au*) 
Cu 
Zn*) 
Al 
Sn 
Si*) 
Ti 
V 
Re*) 
Rh 
Pt 
Ir*) 
Cr 
Ru 

('V'.o.al)x 

0.94 
0.93 
0.88 
0.87 
0.77 
0.72 
0.65 
0.64 
0.58 
0.51 
0.34 
0.25 
0.25 
0.20 
0.19 
0.18 
0.08 

b^ +bo 
(mrad/j^Ocm) 

0.0 
-1 .6 
-2 .3 
-3 .0 
-2 .1 
-4.1 
-4 .5 
-5 .8 
-5 .4 
-5 .0 
-5 .8 
-5 .6 
-5 .6 
- 4 . 0 
-3 .9 
-5 .5 
-5 .6 

9.' 
(^tDcm/at%) 

0.17 
0.38 
0.75 
0.41 
1.2 
1.2 
3.2 
4.1 
4.7 
7.3 

13 
22 
7.3 
3.4 

21 
27 
66 

b^-bo 
(mrad/[iOcm) 

+4.2 
+ 3.9 
+ 3.8 
+4.1 
+4.1 
+4.0 
+4.2 
+4.9 
+4.5 
+4.0 
t-4.6 

+4.4 
+4.4 
+ 1.7 
+2.6 
+4.2 
+4.2 

9.' 
([xDcm/at%) 

2.6 
4.9 
5.4 
2.7 
3.9 
3.0 
5.9 
7.4 
6.6 
7.5 
6.6 
7.7 
2.4 
0.86 
5.1 
6.2 
5.5 

*) For some solute elements we needed not only data on the concentration dependence of 
the anomalous Hall angle in ternary alloys but also ternary alloy data, for which only 
one concentration (3 at %) was studied. In these cases we estimated the skew-scattering 
angle from fig. 2.13 and calculated b directly from the Hall angle observed. 

anisotropy and the skew scattering, dominates the side-displacement contribu­
tion to the anomalous Hall effect. 

The combination of positive 9̂ 5̂ ' and b^ values and negative (p^t^^ and b^ 
values leads to a simple picture that is related to a phenomenological descrip­
tion proposed by Hurd •''). One considers the scattering centres as being in-
transparent for electrons, at least for part of their volume, see fig. 2.16. The 
connection of the sign of orbital moment to that of the spin moment will 
induce a preference to pass the impurity centre either on the right or on the 
left side, depending on the electron-spin direction. For this to be true it suffices 
that the incoming electron, which may have only little d character, resides for 
some time in an intermediate, more d-like, state. This leads to a side displace­
ment of the order of the radius of the intransparent section of the impurity. 
Now the skew scattering has to do with the fact that for an outgoing electron, 
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Fig. 2.16. (a) A simple picture of an impurity in a transition metal. The dark central region 
is considered to be intransparant for conduction electrons, i.e. the scattering probability for 
an electron travelling to that region is near 1. In the dotted region the scattering probability 
gradually decreases to zero with increasing radial distance. 
(b) For a given spin direction of the incoming electron there is a preference to bypass the 
impurity on the right hand or the left hand side, which leads to a "side displacement". An 
outgoing electron, starting from B, cannot be emitted in the space angle, covered by the 
intransparant section of the impurity. An averaging leads to a non-zero "skew-scattering" 
angle ip^t,-

Starting from point B in fig. 2.16, there is a forbidden space angle, i.e. the one 
covered by the intransparant impurity centre. 

For iron-based alloys we have studied the concentration dependence of the 
anomalous Hall effect in binary alloys only. The results can be found in chap­
ter 7. At this place it suffices to mention that a simple pattern as observed in 
nickel-based alloys does not exist in iron alloys. For instance q>^i^ can be large 
and positive on both ends of the scale (/V'totai)j.- This may have to do with 
the fact that the normal Hall effect has either sign in iron alloys, depending 
on the solute. 

2.5. The normal Hall effect 

In the two-current model it is assumed that the first step in the subdivision 
of the charge carriers is that according to the direction of their magnetic 
moment. From the resistivity of ternary alloys (sec. 2.2) it has been seen that 
this assumption is justified for both iron and nickel. If the two-current model 
were rigorously valid it would be possible to define two normal Hall coefficients 
RQ^ and /?o' and two Kohier curves, one for each band, independent of the 
type of impurity. In the two-current model we obtain for the normal Hall 
coeflncient RQ • 

Ro = (/V'tota.)x' ^0^ + (/V'.otaOx' ^0 ' • (2-17) 

This means that RQ is quadratically related to (/V'totaOx with Ro^ and 
RQ^ as parameters. If ^o^ and RQ^ are equal, then the Hall coefficient as 
('V'lotaOj. = 0.5 is two times smaller than the value at (/V'totai)± = 0 or 1, 
see fig. 2.17. This is easy to understand since basically the Hall coefficient is 
inversely proportional to the number of current carriers. The corresponding 
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• (iVitotal)l 

Fig. 2.17. The normal Hall coefficient in the two-current model for two cases. 
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Fig. 2.18. The normal Hall coefficient for various solute elements in binary nickel alloys 
plotted versus the parameter of the two-current model (/V'toiai)- In principe the data represent 
the low-field condition and a solute concentration of 3 at %. The broken line would correspond 
to relation (2.17) with i?oV^o' = 3. In the present units RQ = —0.73 would correspond 
to 1 electron per nickel atom in the free electron approximation. The error bars indicate 
our estimate of the experimental uncertainty. 

plot for various nickel-based alloys is shown in fig. 2.18. The broken curve 
corresponds to RQ' =—0.65 and RQ' =—1.95 (lO-^^ Ocm/G). The sign is 
that of electron-like charge carriers. The curve may represent the data for 
('V'totaOa. < 0-8, but at larger values of (/V'iotai)j. there is a discrepancy (Au, 
Mn, Fe and Co). 
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The reason for this is the following. The Hall coefficient for a given band 
is not a constant. Firstly, it is a function of the magnetic field, i.e. if Bjg_^_ is 
sufficiently large, the Hall effect may become a function of B; see fig. 2.10. 
For this reason, the Hall effects given in fig. 2.18, are values measured for 
3 at% solute concentration so that we can be sure we are dealing with the 
low-field condition (w,. T < 1). Secondly, however, the HaU coeflScient for the 
spin t current is found to be a function of the resistivity, i.e. of the mean free 
path of the carriers. At first sight this seems highly surprising but information 
from completely different experiments gives similar indications. We are referring 
here to the work of Franse et al.'"'-'^). Franse measured the magneto-crystalline 
anisotropy energy for single crystals of nickel and nickel-based alloys. At low 
temperatures in pure nickel the magnetocrystalline anisotropy energy shows a 
detailed structure as a function of the crystal direction and terms up to (cos i?)̂  
are needed to describe the results. At high temperatures, and at low tempera­
tures in alloys with 1% impurities, the detailed structure is lost; see fig. 2.19. 
Franse et al.**) were able to show that the effect that adding impurities has on 
the higher-order terms in the magnetocrystalline anisotropy energy is related 
to the impurity resistivity. When the mean free path of the current carriers is 
reduced the Fermi surface starts to loose details of its structure. Apparently 

1 1 

0° 90° 
. • \ > 

Fig. 2.19. A comparison of the contribution of higher-order constants to the torque curves 
in nickel crystals for pure and less pure nickel at 4.2 K, and for pure nickel at 77 K. In the 
vertical direction is plotted the torque between magnetization and field, in arbitrary units, 
in the horizontal direction the angular coordinate in the (100) plane of nickel. The drawn 
line is for pure nickel at 77 K. The broken line is for impure nickel at 4.2 K. The dotted 
line is for pure nickel at 4.2 K. Taken from Franse *^). Impurities can be, for instance, Cu 
or Co. which have the same effect. It is suggested that a reduction of the mean free path 
blurs the detailed structure of the Fermi surface. 
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the magnetocrystalline anisotropy energy is a property which is highly sensitive 
to this loss of detail. We find the Hall effect for the | band to be another such 
property. 

We analysed our data on the Hall effect of nickel alloys in terms of the two-
current formula (2.17) but have allowed the coefficients RQ' and i?o' to be 
dependent on the resistivity. For RQ^ we find no systematic dependence on 
the resistivity g^^^, though the result for different impurities may differ some­
what. This can be seen in fig. 2.20 where values for RQ^ are plotted, derived 
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Fig. 2.20. The normal Hall effect of nickel-based alloys in the two-current model. The Hall 
coefficient for j carriers is plotted vs the resistivity for these carriers Q^'- Filled circles ( • ) 
represent binary alloys, open circles (O) represent ternary alloys. 

from alloy data for which (/V'totai)j. > 0-75, i.e. alloys in which the Hall effect 
is dominated by | carriers. /?o' is within the range (0.65 ± 0.30)10~^^-ncm/G 
for all the alloys investigated. 

The corresponding results for the up band derived from alloys with 
('V'totai)± > 0.5 are shown in fig. 2.21. The results undoubtedly indicate a 
systematic variation of RQ'^ with g^^ in the range of resistivities from 1 to 
10 [xDcm. This explains the deviating behaviour of the four solute metals in 
fig. 2.18. For alloys with 3 at% of Mn, Au, Co or Fe the resistivity is about 
1 [jiDcm, which is much lower than for the other solute metals. We like to 
stress that the dependence of RQ'^ on gj^ which we observe here is a real 
dependence on ^ j . ' and not a dependence on Bjg^'^. The data are all within 
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Fig. 2.21. The normal effect RQ^ for t carriers as a function of the relevant resistivity QJ' . 
Filled circles ( • ) represent binary alloys, open circles (O) ternary alloys. The Hall coefficient 
of nickel "up" carriers changes from a low value at low resistivity to the value expected for 
about 0.35 electron per atom at high resistivity. In view of our interpretation of this dependence 
of ^0^ on Q^^ in terms of a blurring of the Fermi surface we opted for a representation of 
gj on a logarithmic scale. If plotted linearly RQ^ extrapolates to zero for low resistivities. 

the low-field limit, which is the range of fields where the Kohier magneto­
resistivity is never more than a few percent. 

The remarkable behaviour of the Hall effect in nickel, i.e. low values of i?o' 
and Ro' dependent on the resistivity pĵ V can be understood in terms of a 
representation of the band structure in nickel given by Reed and Fawcett ^'). 
The essence is that there are small numbers of d-type holes in the up band 
while the contribution of d-type carriers to the down band is mainly electron­
like. For details see chapter 6. 
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3. EXPERIMENTAL ARRANGEMENTS 

In this chapter we describe the experimental set-up for measuring electrical 
resistivities and Hall effects at low temperatures. We also describe the prepara­
tion and the metallurgical treatment of our samples. 

A primary objective in the organization of the experimental work, i.e. the 
method chosen and the inaccuracies that have been considered acceptable, was 
to make it possible for us to investigate a relatively large number of samples 
(about 475) in a reasonable time. The preparation of the samples had there­
fore, where possible, to fit into the standard procedures of our laboratory. 
Also, the experimental set-up had to permit easy replacement of the samples. 

3.1. Measuring apparatus 

I n our investigations we measured rods measuring approximately 1 0 x 2 x 2 mm 
and strips measuring approximately 30 x 1.5x0.15 mm. A cross-section of the 
apparatus for measuring rods is given in fig. 3.1. The rods are mounted on a 
sample-holder of a synthetic-resin bonded fabric and positioned with clamps 
which also act as current contacts. The samples are pushed onto the voltage 
contacts which consist of platinum wires with rounded tips. 

The apparatus for measuring strips is illustrated in fig. 3.2, where we give a 
sketch (3.2ö) and a photograph {3.2b) of the apparatus. Its central part consists 
of a glass-fibre epoxy plate with a thickness of 1.6 mm carrying a pattern of 

pp X \ pp 

Fig. 3.1. Sketch of the cross-section of the sample holder for measuring rods. The sample (sa) 
is mounted with copper screws (sc) and brass clamps (cl) onto the base plate (pi). The current 
wires are soldered to cl, the potential wires are soldered to pp. 
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HI ly 

Fig. 3.2. (a) Top view of the sample holder for measuring strips. The conductor pattern is 
hatched. The position of the sample, which is tightened on top of the base plate, is outlined 
with a dashed line. The current wires are soldered to the bonding flaps C while the potential 
wires and the wires for the Hall voltage are soldered to the flaps P and H respectively. The 
plate can be tilted around the y-axis. 
(6) Photograph of the sample holder. 
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copper conductors with a thickness of 30 [xm. The conductors are coated with 
a 10 (xm-thick gold layer. Six bonding ffaps enable the connection of electric 
wiring, namely Cl and C2 for current contacts, PI and P2 for potential probes 
and HI and H2 for Hall probes. The plate shown in fig. 3.2fl is mounted in a 
U-shaped holder (see photograph 3.2b) at the end of a stainless steel tube which 
can be moved up and down through the flange at the top of the cryostat. The 
sample-holder is immersed in liquid helium. In our experiments, in which the 
magnetic field produced by a super-conductive solenoid magnet was directed 
vertically, it was important to ensure that the sample could be oriented both 
horizontally and vertically. By means of a second tube connected to point x 
and working like a hinge, the sample can be changed from the position in which 
it is parallel to the magnetic field to the perpendicular position, by rotating 
the holder along the y-axis. 

The magnetic field is produced by a superconductive solenoid magnet made 
by Thor Cryogenics Ltd. It has a clear bore of 63 mm and an overall length 
of 230 mm. The maximum central-field intensity is about 50 kOe. The central-
field homogeneity is 0.2% over a cylinder with a diameter of 20 mm and a 
length of 50 mm. Since the magnetic field had to be changed frequently, a large 
helium consumption resulted from the heating of the superconductive switch 
with which the magnet was provided for measuring in the persistent current 
mode. We therefore removed this switch. 

The cryostat consists of an outer and an inner glass vessel. The inner vessel 
has an internal diameter of about 120 mm and a length of 1 m. On top of the 
cryostat was a large-diameter safety valve, which opened at a gauge pressure 
of 0.1 atm to protect the cryostat against explosion upon quenching of the 
magnet. 

The voltage along the specimen and the Hall voltage were recorded with a 
Keithley microvoltmeter (model 149) and a Keithley nanovoltmeter (model 
148), respectively. One of the Hall probes was earthed, while the potential 
probes were kept floating. The output of the microvoltmeter was displayed on 
a Philips PM 2433 digital voltmeter; the Hall voltage was shown on an analogue 
scale. The current through the specimen was measured using a digital voltmeter, 
namely a Schneider Electronique VN 654, and a standard 1 Ü resistor (Bleeker). 
The correct operation of the electrical part of the experimental apparatus was 
checked by connecting standard voltages to the contacts of the sample-holder. 
The voltages measured were of the order of 10 mV for the resistivity and 10 [xV 
for the Hall voltage. The readings of all meters were recorded manually. 

The width of the samples was determined with an accuracy of about 2 [xm 
by means of a microscope. The thickness was found by measuring the displace­
ment of a mechanical probe electrically with an accuracy of about 2 [xm. The 
distance between the potential contacts of the sample holder described in fig. 3.2 
was 24.98 mm. 
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3.2. Preparation of the samples 

The alloys were made in the form of 10-g buttons by melting the pure com­
ponents in an arc melting furnace under argon pressure. The components were 
weighed with an accuracy of 0.5 mg. The nickel used was carbonyl nickel, pro­
duced by International Nickel, in which the main impurity was 0.01% iron. 
The iron used was electrolytic iron, produced by Johnson and Matthey. In 
both cases carbon was removed by heating the powder in a vacuum and sub­
sequently reducing it in a hydrogen atmosphere after which the nickel was 
99.99% pure and the iron 99.999% pure. All the solute elements had a purity 
of at least 99.99%. For all the alloys studied it was known (Hansen, Elliott and 
Shunk ''•*)) that the solid solubility was considerably greater than the concen­
tration prepared. 

The elements dissolved in nickel were chosen such that a representative cross-
section of the Periodic Table would be obtained, resulting in 17 different solute 
elements. For the iron-based system we decided to prepare binary alloys of all 
elements (except As) that could be dissolved in iron at a concentration of at 
least 3 at %, resulting in 20 different binary alloy systems. In the choice of the 
ternary alloy systems we aimed at obtaining large deviations from Matthiessen's 
rule. For the nickel system our choice was based on information from the 
literature about the sub-band resistivities of solute elements. We therefore 
preferably combined elements with a > 1 (a = eV?^) and elements with 
a < 1 into one ternary alloy. Practically no information was available from 
literature with regard to deviations from Matthiessen's rule in iron-based alloys. 
Our choice in this case was based rather on trial and error. The relation between 
the different sets of ternary nickel and iron-based alloys is illustrated in fig. 3.3, 
where elements that were dissolved in a full set of ternary alloys (consisting of 
about 6 different compositions) are connected by a black band. Elements that 
were combined in only one or two ternary alloys are connected by a white band. 
As a rule the total solute concentration was 3 at%, thus providing residual 
resistivities and Hall effects that could be measured easily. At this solute con­
centration the influence of contaminations of the pure nickel (with a residual 
resistivity of about 0.04 ixQcm) and the pure iron (with a residual resistivity of 
about 0.1 fxOcm) is negligible as compared to the effect of the solutes. 

In our first experiments we measured the resistivity and resistivity anisotropy 
of nickel rods with dimensions 11x1.8x1.8 mm. These rods were obtained 
from the ingot buttons using a spark-erosion technique. This technique was 
time-consuming and to eliminate it we decided, after measuring the resistivity 
and the resistivity anisotropy of about 35 samples in the systems NiAuRh, 
NiCoRh, NiCuRh and NiZnRh, to prepare our samples by cold-rolling. The 
resistivity and the resistivity anisotropy of these 35 samples was measured on 
spark-eroded rods and on rolled samples. No systematic difference was found. 
The buttons were cold-rolled to bands about 0.15 mm thick. From these bands 
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Fig. 3.3. The relation between different sets of ternary nickel- or iron-based alloys. Elements 
that were dissolved in a full set of ternary alloys (about 6 different compositions) are con­
nected by a black band, a white band indicates a set consisting of one or two different com­
positions. 

a piece with a length of about 5 cm was cut, then cleaned to remove lubricants. 
To remove possible surface contamination by iron introduced by the steel rol­
lers, the nickel strips were cleaned in a solution of 65 cm^ of nitric acid, 18 cm* 
of acetic acid and 17 cm* of water. They were subsequently annealed at 1000 °C 
in quartz tubes in a vacuum of about 10"' Torr for at least 15h. The iron strips 
used in the second part of the investigation were treated in the same way except 
that they were not etched. The annealing temperature of most iron samples 
was 700 °C. 

The resistivity and resistivity anisotropy of 37 binary and ternary iron-based 
alloys of composition FeAlMo, FeCoMo, FeCoOs, FeCoRu, FeCoV, FeNiV 
and FeRhV were measured on rods which were machined from the ingot but-
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tons. Neither the spark-eroded nickel rods previously mentioned nor the 
machined iron rods were annealed. 

3.3. Discussion of the experimental procedures 

In each measurement of the Hall effect the electric current and the magnetic 
field were reversed separately, thus eliminating contributions due to misalign­
ment of the Hall probes with respect to the magnetic field and the current density 
and contributions due to thermo-electric voltages. The resistance was calculated 
from the average of the voltage over the sample in these four situations. The 
resistance in the situation with Ö || / was obtained from the two values of the 
voltage by reversing the current through the sample, thus eliminating the in­
fluence of thermo-electric voltages. For each measurement the sample was 
precooled to the temperature of liquid nitrogen. The voltage across the sample 
at room temperature and that at the temperature of liquid nitrogen were 
recorded. 

The point of contact between Hall probes and sample is vitally important 
for measurements of the Hall effect in a strip with the sample-holder shown 
in fig. 3.2. The way in which the strips are cut from the rolled bands introduces 
sharp edges at the long side of the samples, which are slightly bent to one side. 
It was found that the Hall probes made electrical contact at the extreme edges, 
as can be deduced from the results presented in table 3-1, in which we have 
collected Hall measurements on strips of different width cut from the same 
band. In calculating the Hall resistivity we took the width of the strips as the 
distance between the Hall probes. Since the results do not differ significantly 
for the various strips, it follows that our assumption was justified. 

The current through the specimen was chosen as 700 mA. The magnetic field 
due to the current is perpendicular to the sample, so it will tend to orient the 

TABLE 3-1 

The anomalous Hall resistivity of strips of different widths cut from the same 
band of Ni97Ru3. We calculate g^ from paH = ^an d/I, where d is the thick­
ness of the sample, I the total current and F^H the anomalous Hall voltage 
(at B = 0). 

width (mm) 

1.821 
1.492 
1.281 
1.257 
1.246 

QM (nQcm) 

-272 
-273 
-272 
-265 
-267 
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magnetization perpendicular to the sample, thus inffuencing the measurement. 
In the direct neighbourhood of the sample this field was estimated to be about 
10 Oe which is clearly too small to have any effect. We also varied the current 
intensity but did not find any indication that the current intensity inffuenced 
the galvanomagnetic properties of the samples investigated. 

The total concentration of solutes in most alloys was 3 at%. This concen­
tration may seem high as compared to values usually quoted in investigations 
of diluted alloys. The advantages of using such a concentration are that the 
residual resistivities can be measured relatively easily and that the effects due 
to dissolved elements are much larger than those due to possible contaminations 
of the nominally pure nickel or iron matrix (the Room-temperature Resistance 
Ratio of nickel was about 200; for iron we found RRR «w 100). The field-
dependence of galvanomagnetic properties provides another reason to study 
samples with rather high resistivity, see chapter 6. 

For all binary iron and nickel alloys, and a large number of ternary nickel 
alloys with the same ratio of solute elements, we checked the dependence of 
the residual resistivity on the total solute concentration up to at least 3 at%. 
A linear correlation was found betv/een the residual resistivity and the total 
solute concentration for all solutes. This linear dependence was observed even 
for solutes with high specific residual resistivities such as Ru in Ni or Al in Fe, 
as can be seen in fig. 2.7. We concluded therefore that the alloys with a total 
concentration of up to 3 at % can still be considered as dilute for this study. 

The chemical composition of our samples was checked in some cases of 
nickel-based alloys and more of iron-based alloys, usually by X-ray fluorescence 
techniques. 

Owing to the better form factor (the thickness was reduced by a factor of 
10 and the distance between the potential contacts was increased from 5 to 
25 mm) both the voltage along the sample and the Hall voltage were much 
larger for rolled strips than for rods. A disadvantage of cold-rolling is the pos­
sibility of introducing textures. 

Textures can be observed with X-ray techniques. An indication for the pres­
ence of textures was found in the large difference in X-ray intensities as com­
pared to the intensities expected in an X-ray powder diffraction pattern. For 
our cold-rolled samples this difference was generally quite large. For this reason 
pole diagrams were made for a number of nickel and iron samples before and 
after annealing. A pole diagram gives information about the preferred orienta­
tion of grains. However, a quantitative statement about the amount of texture 
(How much differs the sample from a single crystal as far as the resistivity is 
concerned?) is diflScult to give. For a sample NiggCo, it was found that the 
rolling direction becomes [111] while the [1 1 2] direction is perpendicular 
to the strip. After annealing at 1000 °C the main difference with the not an­
nealed sample turned out to be the grain size. For a Ni96Fe4 sample the 
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situation was very similar as was deduced from a (1 1 1) pole diagram*). An 
analysis of the annealed sample was very difficult because of the large grains: 
in this case there were indications for a more complex texture after annealing. 

Since it is difficult to obtain a quantitative measure for the texture we con­
sidered our measurements on the galvanomagnetic properties decisive. The 
resistivity anisotropy basically depends on the direction of the electric current 
and the magnetization with respect to the crystallographic axes. For a cubic crys­
tal one can express this orientation dependence in terms of the direction cosines 
y.i,2,i and /3i,2,3 with coefficients k^, 2̂> ^3 etc. Dedié ^ )̂ has derived the 5 
coefficients k^ . . . k^ for a number of nickel-based alloys. His results make it 
possible to compare the resistivity anisotropy in a single crystal with an orien­
tation which corresponds to our texture, with ideally polycrystalline material. 
From Dedié's result one expects a difference of a factor 1.5 for our NjFe samples 
(polycrystalline samples having a larger anisotropy effect than single crystals 
with the same orientation as the texture observed). However, we observed no 
difference in the resistivity anisotropy of rods, without texture, which were not 
annealed and foiles where textures were observed. We also checked that the 
resistivity and the resistivity anisotropy were the same in strips which were 
parallel and perpendicular to the rolling direction. It was therefore concluded 
that the inffuence of texture is still unimportant. 

In iron-based alloys, too, textures were observed. A (1 1 0) pole diagram 
was constructed for FcgjMoj and FcgvOsj. Two kinds of textures could be 
identified. For both the rolling direction is the [1 1 0] direction. In the first 
texture the rolling plane is (0 0 1), in the other texture the rolling plane is 
(1 12). The main difference introduced by annealing in the b.c.c. phase 
(FegvMoa) is the larger grains. Upon annealing in the fee . phase (Fe970s3 
at 1000 °C) a complicated pattern is obtained. 

Also for iron we concluded that the presence of textures does not interfere 
much with our investigations of conduction properties. For a large number 
of binary alloys we checked that the resistivity anisotropy of cold-rolled and 
spark-eroded samples was the same. We verified that in FeggOs,, Feg7Ni3 and 
FcgvCos the anomalous Hall effect was not different for samples annealed in 
the b.c.c. phase and in the f ee . phase. 

•) I like to thank Mrs. C. Langereis and J. L. C. Daams for performing the X-ray analysis 
and constructing the pole diagrams. 
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4. THE RESIDUAL RESISTIVITY OF DILUTE IRON- AND NICKEL-
BASED ALLOYS 

4.1. Determination of the resistivity at 4.2 K 

The definition of the electrical resistivity in ferromagnetic alloys is not as 
self-evident as in non-magnetic metals. The phenomena of resistivity anisotropy 
and field-dependent magnetoresistivity give rise to some complications. 

In choosing between the two extreme configurations of the saturation 
magnetization with respect to the electric current, i.e. the perpendicular orien­
tation, in which M^ is perpendicular to the current /, and the parallel configura­
tion, in which M, is oriented parallel to the current, we opted for the parallel 
configuration as the reference orientation. This choice was motivated by the 
consideration that a model of two independent currents cannot be rigorously 
correct for the perpendicular situation since the electric Hall field caused by 
the anomalous Hall effect will induce a coupling between the two currents. 

Another problem is whether the unperturbed situation at low temperatures 
is reached at 5 = 0 or at / / = 0. The magnetic induction B is equal to 
B = //ext — ^̂ dem + 47C M^, wlth H^xi thc cxtcmal magnetic field and H^^^ the 
demagnetizing field. De Haas-Van Alphen measurements by Joseph and 
Thorsen ''^) for nickel and by Anderson and Gold ''^) for iron have shown 
that the De Haas-Van Alphen oscillations are periodic in B~*, proving that 
the effective field acting on the current carriers in a ferromagnet is B rather 
than H. In addition, the enhancement of the resistivity due to a magneto-
resistance effect in the internal induction was studied for iron at low tempera­
ture by Berger and De Vroomen ''*) and for nickel by Schwerer and Silcox ''^). 
At low temperatures we therefore define as the reference situation for measure­
ment of the resistivities of ferromagnetic metals that of S = 0 and the satura­
tion magnetization parallel to the electric current *). 

In the actual measurements an external field is needed to saturate the sample 
magnetically in the desired direction. The dependence of the resistivity at 4.2 K 
on the external field in the two configurations is shown in fig. 4.1 for two 
examples: NiggsMuis and Feg7Mn3. On the horizontal axis we plotted the 
magnetic induction B, taking H^^^ = 4n N M^ for the demagnetizing field, 
with TV the demagnetization coefficient (Osborn ''*)). Since the sample is 
saturated magnetically in fields //e,, > //dem an extrapolation over a distance 
47T Ms is needed to correct for the Kohier magnetoresistance, which results in 

*) At room temperature there is reason to adopt ff = 0 rather than B = 0 as the reference 
state since part of the room-temperature resistivity is due to magnetic excitations (spin 
waves) which are suppressed by a magnetic field H. Here it has to be decided which 
magnetoresistance effect is more important: the suppression of spin waves by a magnetic 
field H or the curvature of the electron trajectories under the influence of the magnetic 
induction B. 
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Fig. 4.1. The residual resistivity of an iron-based alloy (top) and a nickel-based alloy (bottom) 
as a function of the magnetic induction B in the two extreme configurations. In the nickel 
alloy a near quadratic behaviour of g = g{B) is apparent (curves have been drawn to assist 
the eye), in contrast to the iron alloy where g = Q(,B) is linear. 

greater uncertainties for iron alloys where 47T Af̂  = 21.9 kG than for nickel 
alloys where A-K M^ = 6.4 kG. 

The Kohier ''') magnetoresistance curves for iron and nickel alloys are quite 
different as is shown in figs 4.2a, A.2b, 4.3 and 4.4. g(B)/Qo is plotted along 
the vertical axis and B/OQ along the horizontal one, g{B) being the value of 
the resistivity as a function of B and go being the value of the resistivity at 
Ö = 0. In the perpendicular orientation we have according to the definition 
of gj^ given above go = 9±, in the parallel configuration OQ = g||. Fig. 4.2a 
(for B JL /) shows that the Kohier curves for binary nickel alloys with solutes 
Co, Fe, Mn, Ti, Al, V, Cr, Pt and Ru behave nearly quadratically at low 
values of B/OQ. Exceptions which do not fit readily into this pattern are NiCu 
and NiAu alloys as given in fig. 4.26. 

It can be seen in fig. 4.3 that the longitudinal magnetoresistance for NiFe 
alloys is similar to but somewhat smaller than the transverse. In view of the 
nearly quadratic dependence of g(B)/go on B we determined resistivities for 
our alloys from a plot of g{B) versus B^ (see fig. 1.1). For iron alloys, too, the 
transverse and longitudinal magnetoresistance show a similar dependence on 
B, the longitudinal being smaller (for FeCo alloys see fig. 4.4). However, our 
measurements on iron alloys suggest, in contradistinction to nickel alloys, a 

Nigs,sMn,s 
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Fig. 4.2a. Kohier plot for the residual resistivity in the transverse configuration of some 
binary nickel-based alloys at 4.2 K. 
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Fig.4.2è.Asfig. 2a but now for NiCu (white symbols) and NiAu (black symbols).The various sym­
bols denote different alloys.The quadratic behaviour of the curves in fig. 2a is less apparent here. 
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Fig. 4.3. Kohier plots for the residual resistivity in the transverse (Jj and parallel (||) con­
figuration of diluted nickel-based iron alloys (NiFe). The various symbols denote alloys with 
different Fe concentrations. 

linear Kohier function for values of B/go between 5 and 20 kG/[xQcm. If there 
is a positive curvature of the Kohier plots for iron alloys similar to the curva­
ture of the Kohier functions for nickel alloys, it will be at fields below 
B/go = 5 kG/fxücm. Since the minimum value of 5 = 22 kG high resistivities 
of about 10 [xQcm would be needed in order to investigate the Kohier plots 
in that region, which means leaving the dilute alloy concentration range. It 
was therefore decided to plot the resistivity of iron-based alloys as a function 
of B and to extrapolate linearly to fi = 0 *). 

Taking the above considerations into account we estimate the resulting in­
accuracies of the resistivities to be 0.3 and 0.7% in the transverse configuration 
and 0.1 and 0.3% in the parallel configuration for nickel- and iron-based alloys, 
respectively. This error is small compared to other errors as far as the actual 
resistivity is concerned. It is, however, the main source of inaccuracy in the 
resistivity anisotropy; see chapter 6. The main errors in our values for the 
resistivities are due to the form factor (i.e. the ratio of the distance between 

*) It is conceivable that a coupling between the normal Hall effect and the anomalous Hall 
effect makes a contribution to the resistivity which is proportional to B, resulting in a 
Kohier function without a horizontal tangent at B/go = 0. 
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Fig. 4.4. Kohier plots for the resistivity at 4.2 K of some iron-based alloys: FeV is determined 
in the transverse configuration (indicated by V J , FeCo in both the transverse (Co^) and the 
parallel (C0||) configuration. 

the voltage probes and the cross-section of the sample) and deviations from 
the nominal composition. These errors can be assessed by considering fig. 2.7 
where the resistivity gn is plotted versus the nominal composition. It is found 
that for the smaller values of g^^ (e.g. in the NiCo-alloys) the scatter in Pn is 
up to a few %. Another way of assessing our results is to compare them with 
the results of other investigators; see table 4-IA and 4-IB for nickel- and iron-
based alloys, respectively. Our data, given in these tables, refer to the parallel 
configuration at 5 = 0. The majority of authors do not specify the direction 
of the magnetization with respect to the current, their data referring in fact 
to a magnetically unsaturated state. All data included were obtained at low 
temperatures *). 

Some of our values, notably for Fe, Co and Au in nickel, differ from the 
values we gave in an earlier publication ^^). This is due to the fact that more 
experimental data were used for the present results, thus reducing the uncer­
tainties in the impurity concentrations. The residual resistivities were deter­
mined from at least three binary alloys with different solute concentrations. 

*) Values for impurity resistivities quoted in textbooks have sometimes been derived from 
room-temperature data, assuming the validity of Matthiessen's rule of additivity. This 
assumption is not justified for ferromagnetic metals. 
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TABLE 4-IA 

Specific residual resistivities of nickel-based alloys at 4.2 K. Resistivities are in 

[xficm/at%. 

solute 

element 

Ti 

V 

Cr 

Mn 

Fe 

Co 

Zr 

Nb 

Mo 

Ru 

Rh 

Pd 

Hf 

Ta 

W 

Re 

Os 

Ir 

Pt 

Cu 

Au 

Zn 

Al 

Ga 

C 

Si 

Ge 

Sn 

As 

present 

work 

3.7 

4.4 

5.0 

0.72 

0.39 

0.185 

2.4 

4.96 

1.80 

4.0 

6.0 

3.86 

0.70 

0.98 

0.36 

0.91 

2.13 

2.83 

2.78 

data from literature 

3.317) 2.9») 3.4*9) 
4.217) 5 0*7) 4 5 8 ) 4 2 49) 
5.019) 4 g l 7 ) 5 049) 4 5 16) 5 0 20) 5 0 65) 

0.7917) 0.64») 0.7*9) 0.561*) 0.75 31) 
0.3319) 0.3917) 0.32 8) 

0.1417) 0.138) 0.191*) 0.20 2°) 0 . 1 4 " ) 

3.313) 
5.0*7) 4 9 31) 

7 " ) 5.813) 

4.7*°) 5.013) 5.131) 

1.5*0) 1913) 2.0 31) 

0.15 17) 0 . 2 " ) 0.24 70) 

3.313) 

5.2 6*) 
6.31) 6 . 9 " ) 5.113) 
5.5*0) 6 213) 6 31) 
5.0*0) 5 813) 5 9 31) 

3.6*°) 3.813) 4.0 31) 

0.9617) 0.7*°) 1.013) 0.8 3') 

1.0*2) 0.77'7) 0.77 31) 

1.1"*) 

1.91*) 

3.5 71) 

2.8 1*) 
3.01) 3 6 63) 3515) 

4.51*) 
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TABLE 4-IB 

Specific residual resistivities of iron-based alloys at 4.2 K. Resistivities are in 
(i.Qcm/at %. 

solute 
element 

Ti 
V 
Cr 
Mn 
Co 
Ni 

Mo 
Ru 
Rh 
Pd 

Ta 
W 
Re 
Os 
Ir 
Pt 

Be 

Al 
Ga 

C 
Si 
Ge 
Sn 

present 
work 

2.6 
0.88 
1.90 
1.30 
0.93 
2.13 

1.90 
2.00 
0.95 

1.5 
2.23 
3.08 
2.0 
1.3 

4.0 

5.08 
4.80 

5.40 
6.8 

data from literature 

3.0*8) 2.510) 2.9*9) 
1.2*8) , 410 ) 1469) 

2.1*8) 2.5*7) 2.6*9) 2.5**) 

1.4*8) 1.44 67) 1 7 10) 17 69) 

0.8*8) 0.99*7) 1.0*9) 1 0 44) 
1.9*8) 2.2*7) 2.010) 1.8*9) 

1.6*8) 

2.0 *8) 2.0 *7) 

1.7*8) 

2.5*8) 

1.7*8) 1.6*7) 
2.3*8) 3 3 . 0 ) 
4.0 10) 

5.5*8) 5 210) 

4.9 *8) 
6.2*8) 6.5*7) 5.810) 11.668) 
6.6*8) 7 0 67) 
8.0*8) 9415) 

Exceptions to this rule are the residual resistivities of NiZr and NiHf, which 
were determined for a single alloy with a solute concentration of 0.5 at%, be­
cause of their low solubility in nickel. The residual resistivities of Ir and Zn, 
too, were determined from single Nilr and NiZn alloys. 

4.2. Analysis of the resistivities 

As pointed out in chapter 2, the resistivity due to solute elements in ferro­
magnetic alloys is insufficiently described by a single value for the specific 
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residual resistivity at low temperature as given in table 4-1. Deviations from 
the rule of additivity of individual impurity resistivities in dilute ternary alloys 
of the type M99Ai_;tBj,, where M stands for Ni or Fe and A and B are different 
solute elements, suggest a description in terms of a two-current model. The 
need for such a model also follows from an analysis of the temperature depen­
dence of the resistivity of ferromagnetic metals, see sec. 4.4 of this chapter. 
In terms of a two-current model, with each current identified with a particular 
direction of the magnetic moment of the charge carriers, the residual resistivity 
of a particular solute element A is characterized by two specific resistivities 
PA^ and PA^> one for each spin current. 

The specific sub-band resistivities were determined by fitting the residual 
resistivities of a set of ternary alloys of the type M99Ai_^B;(, with various 
values of x with 0 < x < 1, to the theoretical formula (2.3) with C/^ = \—x 
and CB = X. The adjustable parameters are g^.^ PAS 9B'' and PB^- The fitting 
was done by numerically minimizing the sum of the squares of the relative 
deviations. We used the Direct Search procedure as given by Hooke and 
Jeeves 79) and modified by Bell and Pike 8°). By comparing the results for a 
particular element A as obtained from sets of alloys where a difTerent element 
is taken for B in each different set, it is possible to obtain an impression of the 
validity of the two-current model. Results of this kind of experiment are given 
in table 2-II, where we consider Cr in nickel with different partners and Co in 
iron with different partners. 

In assessing the validity of the two-current model from these numbers several 
aspects should be considered. The sub-division of current carriers according 
to the direction of their magnetic moment is not the only conceivable one. 
Other sub-divisions such as electrons and holes or s-like and d-like electrons 
could also be imagined. If, for a given spin direction, different groups of charge 
carriers were scattered by different types of impurities, then the result for g^^ 
and g^' measured from a set of alloys M.ggA.y_^^x would depend on the part­
ner B. However, we did find from the analysis that the values p^^ and g^' are 
to a good approximation independent of the partner B in the ternary alloy. 

The main reason for the difference in results from different sets of alloys as 
shown in table 2-II is the limited accuracy. An impression of the influence of 
a different choice of adjustable parameters can be obtained from fig. 4.5. In 
fig. 4.5a we have plotted curves of the calculated two-current formula (2.3) for 
the resistivity of a set of alloys MggAj.̂ ^B ĉ as a function of x. The residual 
resistivities of the binary alloys were kept the same, viz. ?A = OB = 1- The 
ratio of the sub-band resistivities for A was assumed to be the reciprocal of 
the ratio for 5 : a^ = 9A'/9A' = I/O^B- The parameter for the different curves 
in fig. 4.5a is «A = l/aB- The curves in fig. 4.5b were determined as in fig. 4.5a 
but now with ^A = 1 and Og = 2. The curves in fig. 4.5c were calculated as­
suming aA = 16 ccg. The varying parameter for these curves is aA. Owing to 
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Fig. 4.5. Numerical examples of the resistivity of sets of ternary alloys MggAi.^^B;! as a 
function of x for different values of the parameter a: 
(«) «A = a; «B = I/a; ÖA = OB = 1 (iiicm 
(è) aA = a; «B = 1/a; ?A = 1 (i^cm; go = ^ (JLflcm 
(c) aA = a; «B = a/16; SA = OB = 1 nHcm. 

the complex relationship between the sub-band resistivities and the residual 
resistivities of ternary alloys it is difficult to indicate in a clear-cut statement 
the uncertainty of the sub-band resistivities in connection with a given scatter 
in the experimental data. Clearly, the differences in a for the solute metals are 
more easily determined than the absolute values. 

We decided to determine "average" values for the two residual resistivities 
by fitting all our experimental resistivity values of binary and ternary nickel- or 
iron-based alloys to relation (2.3) in a single computer fit. The experimental 
data used and the computer fit are recorded in the figures in the appendix. 
The black points ( # ) indicate that the actual value was determined from two 
or more (in most cases three) alloys with different total solute concentrations. 
The ratio of the concentrations of the solute elements was, of course, kept the 
same for these data points. The white circles (O) represent measurements on 
a single alloy, usually with a total solute concentration of 3 at%. All data 
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points plotted in the figures, whether plotted as 9 or O, were given equal 
weight in the fitting procedure. In the figures in the appendix all the resistivity 
data are reduced to a total solute concentration of 1 at%. 

The number of data points for nickel-based alloys was 100 and the number 
of adjustable parameters 34, corresponding to 17 solute elements, each having 
a value for g'^ and a value for g^. The corresponding numbers for iron-based 
alloys were 63 data points and 22 adjustable parameters. Data for binary alloys 
have got a larger weight, proportional to the number of sets of ternary alloys 
in which the corresponding solute occurred. The sum of the squares of the 
relative deviations was minimized with the previously mentioned Direct Search 
procedure. After this fitting the r.m.s. deviation was 4.3% for the nickel alloys 
and 4.1% for the iron alloys investigated, which agrees with our estimate of 
the experimental error. The sub-band resistivities thus found are recorded in 
table 2-III. 

A computer fit in which all data points are included simultaneously has the 
obvious advantage that the influence of accidental errors, due to inaccuracies 
of the measurements, on the final result is reduced to a minimum. It is more 
important that, basically, the two-current model will only be an approximation 
and "average" values should preferably be obtained by combining a given solute 
with different solute metals as partners in different sets of ternary alloys. This 
advantage is absent when a values are based on the temperature-dependent 
resistivity of binary alloys or on detailed measurements on one ternary alloy 
system only (e.g. NiCoRh in fig. 2.6; NiCoCr in Leonard et al.^°)). 

Inspection of the plots in the appendix shows that, as expected, large devia­
tions from the rule of additivity occur in sets of ternary alloys in which one 
of the solute elements has a = g^/g^ > 1 and the other has a < 1, e.g. 
NiggAuj-jcRh,, Ni99C0i_;tRU;(, etc. However, the presence of sets of alloys 
with small deviations from the rule of additivity is important since it confirms 
that either both solute elements have a > 1, as in NiggAui-^Co^t or both solute 
elements have a < 1, as in NiggRh^.^Ru,. 

It is of interest to note that our analysis is incapable of determining which 
g value is to be associated with the "up" or "down" band. However, as soon 
as we have made a choice for one solute element the convention is fixed for all 
solutes since all sets of ternary alloys are interrelated (fig. 3.3). Our convention 
is explained in the next sec. (4.3). 

For a number of elements dissolved in iron we did not determine the sub-
band resistivities from an analysis of the residual resistivity of ternary alloys. 
For these solute elements, the elements asterisked in table 2-III, we estimated 
the sub-band resistivities by analysing the temperature dependence of the 
resistivity of binary alloys. In a sense binary alloys at higher temperatures can 
be considered as ternary alloys in which one of the solute elements is replaced 
by phonons and spin waves. At higher temperatures in a scattering process the 
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spin direction is no longer rigorously conserved and scattering processes in 
which the spin of the current carriers flips from the one direction to the other 
have to be taken into account. For the simplest model of two sub-bands with 
equal numbers of electrons, each having the same effective mass Campbell et 
al.io) and Fert 68.si) showed that the resistivity can be described by 

g^ g^ + g^ ^(g^ + gi) 
? = . . , . • . , > ( 4 - 1 ) 

g^ -^ g^ -]- 4g t i 

where g ^ and g ^ are the sums of the impurity resistivity and the temperature-
related resistivity in the two sub-bands. The spin flip scattering is characterized 
by g^K When g^^ = 0 we have a rigorous two-current model. When 
g" > Q\ g^ we have 

9=i(9' + 9'), (4.2) 

since both bands have the average resistivity ^{g' + g') and the total resist­
ivity is half of this. In a later publication Fert and Campbell *') claimed 
that the simple formula (4.1) is quite general and that the resistivity in a two-
current model with interband scattering can always be described by a formula 
like (4.1). 

For the solutes in iron, which are not marked with an asterisk in table 2-III, 
we determined (/V'totai)ii at low temperature from ternary afioys in the way 
described before. For the corresponding binary alloys we also measured the 
deviations from Matthiessen's rule at room temperature. By interpolation we 
obtained for each solute in iron the deviations from Matthiessen's rule which 
would correspond to alloys with a residual resistivity (at 4.2 K) of 3 and 6 [j,Ocm. 
It is clear from relation (4.1) that when the residual resistivity of a particular 
solute in iron is given the deviation from Matthiessen's rule only depends on 
0 V'totai)] I for that particular solute since all other parameters occurring in 

Fig. 4.6. Deviations from Matthiessen's rule in iron-based alloys as a function of the solute 
parameter at 4.2 K: /V'totai- In the vertical direction we have plotted feaoo^ QFe)lQ4..2 
where ^300 is the room-temperature resistivity of a particular alloy, gpe is the resistivity of 
pure iron at room temperature (about 10 [xQcm) and g^ 2 is the residual resistivity of the 
iron-based alloy. 
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(4.1) are determined by the temperature dependent scattering in the iron matrix. 
For these alloys we plotted as open circles in fig. 4.6 the deviations from 
Matthiessen's rule at room temperature versus (/V'iotai)ii at 4.2 K, derived from 
ternary alloys. The curve drawn through the points shows a minimum at 
('V'totai)ii =0.35 which suggests that for the temperature-dependent part of 
the resistivity in iron at room temperature (/V''totai)ii 's near that value. When 
the deviations from Matthiessens' rule at 300 K for additional solutes (marked 
with an asterisk in table 2-III) are measured, there is a choice between two 
values of (/V'totai)ii- The choice to be made, however, is quite obvious. It is 
based on the general correlation we found between the solute parameter 
('V'totai)ii and the anisotropy effect (see chapter 5) where 0'V''totai)ii was deter­
mined from ternary alloys. Once this solute parameter is known ^A^ and ^A^ 
can be calculated separately from p^.j. 

Earlier an extensive study of the deviations from Matthiessen's rule at room 
temperature in binary iron-based alloys was carried out by Arajs et al.**). 
Though they do not analyse their results in terms of a two-current model, 
they observe an apparent subdivision of all solute elements. One group of 
elements (Mn, Mo, Re, Cr, V, Ti, W and possibly Pd) is associated with large 
deviations from Matthiessen's rule at room temperature. The other group 
(formed by non-transition elements such as Si, Ge, Al and the transition 
elements Co and Ni) is associated with small deviations, in agreement with 
our results. 

4.3. Interpretation and discussion of the resistivities 

In this section we shall deal with the problem of the convention as to which 
are the "up" and which the "down" carriers. We will simultaneously dem­
onstrate that the sub-band residual resistivities correlate in a simple way with 
experimental data from neutron diffraction, magnetization and heat-capacity 
experiments. This correlation can be considered as a strong support for the 
validity of the two-current model, which is independent of transport properties. 

Our up-down convention for nickel is based on the fact that g^ and g^ have 
also been found to be different for phonon scattering at room temperature. 
Since the densities of states for the two nickel sub-bands differ considerably it 
is a straightforward matter to identify the spin band with the high density of 
states, i.e. the minority one, as the one having the high resistivity. An alternative 
way to arrive at this result is to use existing information about the magnetic 
moments of Co, Fe and Mn in nickel, as found in Collins and Low 8̂ ) and 
Low *^). The magnetic moment of Co as a solute in nickel is about 1.5 /<B> 
i.e. 1 piB larger than that of nickel, and Co has 1 valence electron less than 
nickel. The fact that the magnetic moment is 1 piB larger must mean *) that 
the missing valence electron is one with the minority-spin direction. But since 
*) We ignore here the amount by which g differs from 2. 
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Co and Ni are nearly indistinguishable for the majority-spin direction while 
the number of minority-spin electrons is different, we would expect g^ > g\ 
which is the case. 

In this example, as in the following ones, we assume that the impurity 
resistivity is correlated with the diff'erence in valence between the solute and 
the solvent atoms. Such a correlation is known to exist in non-ferromagnetic 
metals (Linde's rule **)). Here we extend this rule to the case of ferromagnetic 
aUoys. 

Similar considerations can be applied to other solutes in nickel. Iron has two 
valence electrons less than nickel and its magnetic moment in nickel exceeds 
2 JUB', for Mn the magnetic moment is about 3 /ZB and AZ = —3; a for Mn 
and Fe in nickel is therefore expected to be similar to Co in nickel, as is indeed 
the case; see table 2-III. A contrasting example is Cr, for which AZ = —4, 
but the magnetic moment is smaller than that of nickel. Consequently, g' > g' 
for Cr in nickel *). 

For solute metals in iron the experimental information on impurity magnetic 
moments is much more accurate than in nickel because the spatial extent of the 
magnetic disturbances is smaller and the magnetic moment of iron is larger. 
Furthermore, extensive NMR experiments have been providing accurate values 
for ŝolute for a number of solutes. From this information the up and down 
convention for iron is obvious. Mn, which has one valence electron less than 
iron, has a magnetic moment which is about 1.2 JUB smaller, indicating that 
this valence electron is taken from the up band: g^ > g^ is expected for Mn 
in iron. Similarly, V in iron has AZ = —3 and the magnetic moment of V is 
2.4 piB smaUer than that of iron (—0.2 as compared to +2.2). Clearly, the 
reduction in number of valence electrons in particular affects the up band and 
thus V will resemble Mn as a solute in iron. For Pt in iron, on the other hand, 
we have AZ = + 2 while A^ = —2 ^ B , since the magnetic moment of Pt in 
iron is near 0. Thus the two additional electrons are added to the down band 
and we expect g^ > g'. 

In table 4-II we give the results of this type of analysis for all the solute 
metals investigated. We estimated AZ^ and AZ^ from 

/«solute - /«Fe = AZ^ - A Z ^ (4.3a) 

and 
AZ = AZ^ + AZV {4.3b) 

where AZis the valence difference between solute and solvent, and /̂ soiute and /ip^ 
are expressed in Bohr magnetons JUB- In cases where data from both neutron and 
NMR experiments were available, we preferred the NMR values. The expected 
correlation between g'^ and g^ on the one hand and AZ^ and AZ^ on the other 

•) A more sophisticated treatment of this problem, involving self-consistent energy-band 
calculation, can be found, among others, in Demangeat 84) and Campbell and Gomes 8'). 
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is clearly seen in table 4-II. When AZ^ is large compared to AZV ĝ  is large 
compared to gK This is also shown in fig. 4.7, where /V'totai 's plotted versus 
| A Z ^ | / ( | A Z ^ | + |AZ^|). In view of the drastic simplifications involved in the 
calculations (e.g. charge neutrality for impurities) and experimental uncer­
tainties in /̂ sciuie, the agreement is surprisingly good. 

In addition to the comparison of the ratio of the resistivities to that of the 
changes in the numbers of valence electrons, one can also compare resistivities 
for a given sub-band with values of AZ in that band. If a kind of Linde's 
rule **) would apply to each sub-band individually it makes sense to plot 
g^ vs | A Z ^ | and o^ vs |^Z^|. This plot is shown in fig. 4.8. Values for g^ and 
g^ are taken from table 2-III; AZ^ and AZ^ are from table 4-II. The curves 
suggest that the resistivity becomes very small if AZ for the sub-band con­
sidered is small, independent of AZ for the other sub-band. 

TABLE 4-II 

A correlation between impurity sub-band resistivities and their magnetic 
moment in iron-based alloys. Residual resistivities are characterized by /'V'totan 
while the magnetic moment offers a value for | A Z ^ | / ( | A Z ^ | + |AZ^|), where 
AZ is the difference in the number of valence electrons between solute and 
solvent. 

sol­
ute 

Ti 
V 
Cr 
Mn 
Co 
Ni 

Mo 
Ru 
Rh 

W 
Re 
Os 
Ir 
Pt 

data on ŝoi in Bohr 
masnetons M» 

1 

-0 .7 
-0 .4 
-0 .7 

0 
+2.1 
+0.9 

-0 .1 
+0.9 
+0.5 

-0 .7 
-0 .3 

0 
0 
0 

2 

-1 .2 
-0 .9 
-0 .9 

0 
+2.1 
+ 1.2 

-0 .7 
+0.7 
+0.5 

-0 .5 
-0 .5 
+0.1 
+0.2 
-1-0.1 

3 

-0 .2 

+ 1.0 
+ 1.9 
+ 1.4 

+0.2 
+ 1.0 
+ 1.1 

4 

-1 .2 
-0 .2 
-0 .9 
+ 1.0 
+ 1.9 
+ 1.4 

+ 0.2 
+ 1.0 
+ 1.1 

-0 .5 
-0 .5 
+0.1 
+0.2 
+0.1 

A/x/flB 

-3 .4 
-2 .4 
-3.1 
-1 .2 
-0 .3 
-0 .8 

-2 .0 
-1 .2 
-1 .1 

-2 .7 
-2 .7 
-2 .1 
-2 .0 
-2 .1 

AZ 

4 
- 3 
- 2 
- 1 

+ 1 
+ 2 

- 2 
0 

+ 1 

- 2 
- 1 

0 
+ 1 
+ 2 

AZ^ 

-0 .3 
-0 .3 
+0.55 
+0.1 
+0.65 
+ 1.4 

0 
+0.6 
^1.05 

+0.35 
+0.85 
+ 1.05 
+ 1.5 
+2.05 

AZÏ 

- 3 . 7 
- 2 . 7 
-2 .55 
— 1.1 
+0.35 
+0.6 

- 2 . 0 
—0.6 
-0 .05 

-2 .35 
-1 .85 
-1 .05 
- 0 . 5 
-0 .05 

JAZ^I 
|AZ^| + |AZi| 

0.93 
0.90 
0.82 
0.92 
0.35 
0.30 

1.00 
0.50 
0.04 

0.87 
0.69 
0.50 
0.25 
0.02 

/ i 

' t o t a l 

0.60 
0.88 
0.73 
0.85 
0.21 
0.13 

0.83 
0.72 
0.15 

0.81 
0.77 
0.75 
0.10 
0.11 
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sol­
ute 

(,Zn 
^Be 

^Ga 
^Al 

(Ge 
^Si 

Pd 

Cu 

data on pi, 

1 

(0) 
(0) 

0 
0 

0 
0 

+0.4 

0 

2 

0, in Bohr 

3 

+ 1.0 

4 

0 
0 

0 
0 

0 
0 

+ 1.0 

0 

Afl/f^B 

(-2.2) 

-2 .2 

-2 .2 

-1 .2 

-2 .2 

AZ 

+ 4 

+ 5 

+ 6 

+ 2 

+ 3 

AZ' 

+ 3.1 

+ 3.6 

+4.1 

+ 1.6 

+2.6 

AZT 

+0.9 

+ 1.4 

+ 1.9 

+0.4 

+0.4 

AZ^ 

AZ^ + AZ' 

0.23 

0.28 

0.32 

0.20 

0.13 

/' 

'total 

0.35 
0.14 

0.11 
0.11 

0.14 
0.15 

1 

7 

Experimental data on /<s„i in the first column are from neutron diffraction experiments: 
Holden et al.^'), Comly et al. '^) and Collins and Low 8^). Data in the second column are 
from a reanalysis by Campbell ^^) of data from Collins and Low. In the third column we 
give results from NMR experiments by Stearns ^*'ioi-) ou r preferred values are collected 
in the fourth column. A/ti is the difference between the magnetic moments of solute atoms 
and iron atoms (as solvent). Estimated values are between brackets. 

1.0 

0.8 

0.6 

0.4. 

0.2 

iron-based alloys 

9 0s 

/ 

/ 
/ 

/ 

/ 

/ ' 

/ 

.Co 

l^'UGe tRh / 
*Pt/ /ro»GG 
/ 

71 
/ 

/ 

0.2 O.i 0.6 0.8 ;.o 
\nA/(\AïH + \£2:-\) 

Fig. 4.7. A plot of the two-current parameter at 4.2 K: (i /(|„,ai)|| as a function of 
|AZ^|/(|AZ^| + |AZ ' | ) . Data points are also recorded in table 4-II. 
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Fig. 4.8. Plots of the specific residual resistivities Q^ and g' of different solute elements in 
iron as a function of |AZ^| and |Az' | , respectively. 

As has been extensively demonstrated by Caudron et al.*')^ there is a close 
resemblance between the variation of y with solute concentration for a given 
solute element in nickel and the value of g^ for that solute. Here y is the 
coefficient of the linear term in the electronic heat capacity and its variation 
is expressed as (l/yo) (öy/öc), where yo is the electronic heat-capacity coefficient 
for pure nickel (7.02 mJ/K'^ mol). In principle y may be taken as a measure 
for the total density of states at the Fermi surface, which in pure nickel is pre­
dominantly due to the minority-spin band. If the densities of states n^(ep) 
and «'(fip) in nickel would be of a comparable order of magnitude we would 
expect that dissolving foreign atoms might increase as well as decrease the 
total density of states, depending on the solute involved. Since in pure nickel 
n\ep) is very small it is expected that n\sp) can only increase by dissolving 
foreign atoms. Then considering different solutes we expect that on the average 
the total density of states will increase when adding impurities to pure nickel. 
The large positive change in y which can occur (1/yo) O^vl'^c) up to 10% per 
at %, is therefore mainly due to effects in the up band. We demonstrate this 
by plotting (1/y) {^y/hc) versus g^ in fig. 4.9. The heat-capacity information 
is taken from Caudron et al.87'88) ^nd from Gregory and Moody 8'). Values 
for o^ are either from table 2-III or from table 4-1II in the next section. The 
correlation is convincing. 

In the case of iron alloys the situation of a low density of states in one of 
the bands does not exist and consequently changes in y upon alloying are 
smaller, viz. —2% per at % < (1/y) {hy/lic) < + 2 % per at %. In this case y will 
be related to comparable effects in both bands, which may have either sign. 

4.4. Discussion of temperature-dependent resistivities 

In this section we compare our values for g^ and g^ for nickel-based alloys 
as derived from ternary alloys at low temperatures, with data from other 
authors. As far as the latter data have been obtained from ternary alloys at 
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Fig. 4.9. The variation of the electronic heat capacity (l/yo) (öy/öc) in % per at % solute 
versus the specific residual resistivity in the spin-up band for different solute elements in 
nickel. 

TABLE 4-III 

The residual sub-band resistivities in [i.Ocm/at% of nickel-based alloys, anal­
ysed in terms of a two-current model 

solute 
element 

Ti 

V 

Cr 

Mn 

Fe 

Co 

present 
work 

7.6 
7.2 

14 
6.4 

29 
6.1 
0.83 
5.2 
0.44 
4.8 
0.20 
2.6 

data from literature 

4.517) 

12.3 
6.017) 

14.1 
17.6^0) 

7 
0.9417) 

5.1 
0.4517) 

3.3 
0.21 20) 

4.3 

4.18) 

9.9 
11.6«) 
7.5 

30*^) 
6.0 
0.68«) 
9.9 
0.34 8) 

7.3 
0.15*5) 

3.2 

4.4 1*) 

13.1 

2817) 

5.8 
0.61*) 

9.7 

0.1517) 

2.0 

16.4 8) 

7.3 

0.13 8) 

4.4 

18.3 1*) 
5.9 

0.21*) 

6.0 
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TABLE 4-111 (continued) 

Zr t 

Nb t 

Mo t 

Ru T 

Rh T 

Pd t 

Hf T 

Ta t 

w t 

Re t 

Os t 

Ir T 

Pt t 

Cu t 

Au T 

Zn t 

Al t 

Si T 

Sn t 

72 
5.4 
8.0 
2.3 

24 
7.5 

21 
5.0 
3.6 
0.85 

1.3 
3.8 
0.44 
2.6 

1.3 
2.9 

3.4 
5.8 

5.0 
6.4 
4.4 
7.2 

413) 

30 
16 13) 

7 
2913) 

8 
4013) 

6 
1213) 

2 
0.317) 

0.3 

3.5 13) 

30 
16'3) 

7.6 
17.413) 

7.0 
2913) 

7.6 
5 0 ' 3 ) 

6.4 
35 13) 

4.7 
6.9 13) 

1.2 

0.9817) 

3.6 

7.115) 

7.1 
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4.2 K, direct comparison is possible (e.g. Co and Cr by Leonard et al.-^°)). We 
prefer our own values because they were obtained by fitting a large number of 
data simultaneously. 

However, most values were derived from the temperature dependence of the 
resistivity and merit further discussion. According to formula (4.1), 5 is a func­
tion of three parameters: g\ g^ and g^^. For a binary alloy Niioo-xA:t we have 
Q' = X OJS^^ + gj^ and g* = ^ PA^ + 9T'- The three parameters which charac­
terize the temperature-dependent part of the resistivity viz. gj^ gx^ and p^ ̂  are 
assumed to be independent of the alloy and hence to be parameters of the pure 
nickel. Furthermore, g^^ and g^^ are assumed to be independent of T. By meas­
uring the deviations from Matthiessen's rule either as a function of x or as a func­
tion of temperature for a given alloy, it is possible in principle to determine the 
parameters involved. For the analysis the resistivity of pure nickel as a function 
of T and the residual resistivity of the alloy are also needed. In practice the 
number of parameters proves too large to enable variations in ĝ  Mo be dis­
tinguished from complimentary variations in a-p = 9T'/9T'- This has led dif­
ferent investigators to arrive at somewhat different conclusions. 

Fert and Campbell'*) suggest that for nickel a^ = 2.3 at temperatures 
below 50 K and that the spin-flip resistivity varies as g^^ ^ A T^, with 
A = 5- 10~5 [i.0cmK"2. FarreU and Greig i7) assume that the spin-mixing 
resistivity at room temperature is very large, so that the current carriers have 
an equal probability of having up spin or down spin. The resistivity is then 
given by expression (4.2) and the residual sub-band resistivities for different 
solute elements are easily obtained. Durand ^o) and Durand and Gautier") 
found oc-y = 2.6 and g^ ̂  = 0 . 3 [xDcm at 77 K, in fair agreement with the above 
result of Fert and Campbell. At 297 K Durand finds g^^ = 0 and a a-r value 
between 1.60 and 1.86. Fert *8), however, proposes g^ ̂  = 1 1 [iQcm and 
a-j- = 4 at room temperature; Fert's values for the thermal resistivities are 
reproduced as table 4-1V. Price and Williams " ) fitted data for NiSn alloys 

TABLE 4-IV 

Values of g^^{T), g\T) and g^{T) for nickel at 77, 200 and 300 K, taken from 
Fert *8) and Fert and Campbell *') 

T 

9"iT) 

« T 

9\T) 

9'(T) 

77 K 

0.9 ± 0.3 [xücm 

5 + 1 

0.38 [xücm 

1.9 [j.Ücm 

200 K 

5 + 2 |j.ncm 

5 + 2 

3 (xücm 

15 (i,Ocm 

300 K 

1 1 + 4 |j,Ocm 

4 + 2 

6.7 [iQcm 

26.8 iiücm 
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over the entire temperature range (up to 300 K) with a^ = 3.6 and 
A = 2 • 10"5 [j.QcmK"^ but the fit was not very satisfactory. In experiments 
on a few nickel-based alloys with non-transition metals Hugel i*) corroborated 
the above-mentioned results of Durand and Gautier 13). Greig and Rowlands 7°) 
denied the need to introduce a spin-mixing term at temperatures below 273 K 
provided a^ is taken as < 1. These results have been criticized by Fert and 
Campbell *»). 

In conclusion, values for «x and g^^ remain uncertain since experimental 
results are not very sensitive to simultaneous changes in gj\ gj^ and g^ ̂  such 
that they leave the resistivity of Ni at room temperature unchanged. For 
practical purpose, e.g. predicting the resistivity anisotropy at room tempera­
ture, g^^ !=si 0 can be taken as a good approximation. 

The determination of g^^ and g^' from temperature-dependent investiga­
tions is less ambiguous than that of the other three parameters. The agreement 
between the ternary alloy data and the temperature-dependent data is quite 
reasonable; see table 4-III. This shows that the temperature dependence of the 
impurity resistivity cannot be large since otherwise P^^ and g^' determined 
from room-temperature measurements would not agree with our low-tempera­
ture results. A similar conclusion was reached by Durand and Gautier ".so). 
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5. THE RESISTIVITY ANISOTROPY OF DILUTE ALLOYS AT 4.2 K 

5.1. Determination of the resistivity anisotropy 

For polycrystalline alloys we define the resistivity anisotropy as the rate of 
decrease of the resistivity when, at zero induction, the magnetization is tilted 
from parallel to perpendicular to the current: 

^9l9\\ =i9\\-9±)/9u- (5.1) 

Our reasons for choosing B = 0 and Pn as the reference situation have already 
been explained in chapter 4. The definition is at variance with that of most 
other authors who put g = (e,, + 2 gj_)/3 in the denominator of (5.1). In some 
cases g is defined more pragmatically at ƒ/ = 0 instead of at 5 = 0 (e.g. 
McGuire ^^)). 

The way in which we determined g^ and gj_, and hence the anisotropy effect 
Ap/pii expressed in %, is illustrated in fig. 1.1. For reasons already discussed 
in chapter 4, the resistivities of nickel-based alloys were extrapolated quadratic-
ally to zero induction, while for the iron-based alloys this extrapolation was 
done linearly. 

Since the resistivity anisotropy is a relative effect the main source of error 
which is present in a measurement of the resistivity, i.e. the form factor, is 
absent in the anisotropy effect. Taking this into account we estimate the abso­
lute error in our data for the resistivity anisotropy to be of the order of about 
0.3% for nickel-based alloys and about 0.7% for iron-based alloys. The differ­
ence in inaccuracy between nickel and iron alloys is due to the difference in 
the range of extrapolation (4:^ M^ = 6.4 kG for nickel and 21.9 kG for iron). 

It might be thought that the accuracy of Ao/gn could be improved by con­
structing a detailed Kohier plot for g^^ and Pn and extrapolating according to 
9i.B)/go = f {B/go). Since at least two different Kohier functions are involved, 
one for each spin-current, the resulting Kohier function will be different for 
each solute metal; see fig. 4.2a. For the alloys with the lowest resistivity go, 
and a large transverse magnetoresistivity, e.g. Co, Fe, Mn and Au in nickel, 
we verified that using the proper Kohier function results in values for Ag/g^^ 
which are not significantly different from those obtained from a nearly quadratic 
low-field extrapolation. In addition, we note that there is no reason why 
Kohler's rule should be rigorously valid since the normal Hall coefficient for 
nickel alloys, for instance, varies with solute concentration; see chapter 2. 
Moreover, the side-displacement contribution to the anomalous Hall effect will 
interfere with the magnetoresistance. Berger '*) and Majumdar and Berger "**). 

In table 5-1 we compare our results with data from the literature on the 
anisotropy effect in nickel-based alloys. As a rule all results to which we refer 
were obtained at 4.2 K except those reported by Van Elst and Gorter ^ )̂ and 
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TABLE 5-1 

Survey of literature data on the anisotropy effect of nickel alloys. We selected 
values with concentrations as near as possible to 3 at %. In general 7" = 4.2 K 
and B =0. Effects have been recalculated in accordance with expression (5.1) 
used as the definition of the effect. The upper value for each element represents 
anisotropy effect in % and the lower the solute concentration in at % 

solute 
element 

Ti 

V 

Cr 

Mn 

Fe 

Co 

Nb 

Mo 

Ru 

Rh 

W 

Re 

Os 

Ir 

Pt 

anisotropy effect in % from literature 
solute concentration in at % between 

brackets 

+0.6») 
(3.5) 

-0.6») -0 .3 0 
(1.1) (0.9) 

+9.5») +8.7 ' ) +8.9 0 
(2.4) (2.0) (2.0) 

+ 14") +11.8') +9.9") +12.1''^) 
(1) (3) (2.3) (3) 

+ 14.2') +8.2 ' ) +14.9 0 +14^) 
(3) (2.5) (3) (2.8) 

+0 .10 
(1.6) 

+0.1») 0 0 
(3.1) (3.4) 

-0 .8 0 
(3.8) 

+0 .10 
(2.3) 

+0.4») 
(3.2) 

- 0 . 4 0 
(0.9) 

+0 .20 
(1.6) 

- 1 . 5 0 
(3) 

+0 .40 
1 (4) 

present 
results 
in% 

+ 0.55 

+0.15 

-0.35 

+7.8 

+ 12.5 

+ 13.5 

- 0 . 6 

+0.05 

- 0 . 5 

- 1 . 5 

+0.4 
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TABLE 5-1 (continued) 

solute 
element 

Cu 

Au 

Zn 

Al 

C 

Si 

Sn 

phonons 

dislocations 

anisotropy effect in % from literature 
solute concentration in at % between 

brackets 

+ 6.8 0 
(2.9) 

+ 5.5 0 
(1.0) 

+ 5.6») 
(4.5) 

+4.6») 
(2.2) 

+ 1.8") 
(0.4) 

+2.5») 
(1.7) 

+3.3») 
(3.0) 

+3.5") 

+3.3") 

present 
results 

in% 

+6.8 

+7.5 

+4.6 

+ 3.8 

+2.1 

+2.9 

») Van Elst and Gorter ^^) and Van Elst ^); H = 0, T = 14 K. 
") Schwerer and Silcox i"^). 
' ) Fert ^8) and Campbell et a l .^0 . 
") McGuire and Potter ^°); H = 0. 
' ) McGuire ^ ' ) and McGuire and Potter ^°); H = 0. 
') Jaoul ^1). 
«) Jaoul et al.i°3). 

Van Elst 0, which are for 14 K, and by Smit ^0, which are for 20 K. Data 
from Vasilyev ^*) on binary alloys at 77 K are not included. Unless otherwise 
indicated, the anisotropy effect is defined at 5 = 0. It will be seen that there 
is generally good agreement between our values and those reported by other 
authors. Only in the case of NiCo and NiFe is there a rather large scatter 
between results from different authors but in view of the relatively small 
resistivity this is not too surprising. It will also be observed that of the solute 
metals not considered in our work Nb is similar to V, while Mo and W, as 
was to be expected, do not differ greatly from Cr. 
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For iron-based alloys there are no hterature data with which to make com­
parisons. The only information available, with solute concentrations near 3 at % 
concerns FeV, for which Sueda and Fujiwara 33), quoted by McGuire and 
Potter 30), report an effect of 6%. 

5.2. Concentration dependence of the anisotropy effect 

For isolated solute atoms in an otherwise ideally pure matrix, the anisotropy 
effect is expected to be concentration independent, as we have in fact demon­
strated for a number of nickel- and iron-based alloys in table 2-IV. Solute atoms 
clearly cannot be considered isolated if the concentration becomes too high. 
For fee . nickel an atomic concentration of 8% must be considered high since 
each solute atom will have on the average one other solute atom as its neigh­
bour. In this region of concentration the effect may be expected to become 
dependent on the concentration. The effect will also change for concentrations 
for which the resistivity becomes comparable to the residual resistivity due to 
non-deliberate impurities or lattice defects. This is because the unwanted scat­
tering centres will generally have a different value of Ag/g^^ and because for 
low values of g the procedure of extrapolation may introduce ambiguities into 
the determination of the effect. The effect should therefore be determined at 
concentrations between 1 and 5 at%. 

In fig. 5.1 we have plotted the concentration dependence of Ag/g^^ for NiCo, 
NiFe and FeV alloys, combining experimental information from different sour­
ces. The concentration dependence of Ag/g^^ for FeV may represent the general 
behaviour that interaction of impurities reduces the effect. This holds for many 

* A Ni,oo-xCOx 
• o Nijoo-xPey 

• a Fe,oO-x '^x 

J I I I I I 1 I I f . » 

7 2 i 6 a 10 20 iO 60 80100 
i^ X (at %) 

Fig. 5.1. The concentration dependence of the resistivity anisotropy of Niioo-jCO;^, 
Niioo-jFC;, and Feioo-;cV;, at 4.2 K. 

s? «s 

20^ 

10 

n 
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nickel alloys as well, because ferromagnetism is gradually lost upon alloying. 
Favourable exceptions in the sense that interaction between solute atoms tends 
to increase the effect are NiCo and NiFe. This "accidental" increase is quite 
important for applications of the anisotropy effect in recording devices. Here 
it is desirable to have a large effect at room temperature so that the impurity 
producing the effect should also produce a resistivity comparable to the room 
temperature resistivity of the pure matrix. 

5.3. Analysis of the resistivity anisotropy 

In our analysis of the data for the resistivity anisotropy we assume that the 
model of two independent currents is valid not only in the parallel but also in 
the transverse configuration. In the first section of chapter 4 we argued that 
owing to a coupling between the two currents by means of the (anomalous) 
Hall electric field the two-current model cannot be rigorously valid in the per­
pendicular configuration. However, maximum anomalous Hall angles observed 
are only a few % so that we expect this coupling to be unimportant. 

When the magnetization is tilted from the parallel to the perpendicular orien­
tation we generally observe a decrease Ag of the resistivity. In terms of the 
two-current model this results from the decrease of the sub-band resistivities: 
A^^ and Ag^. For small variations we differentiated the resistivity in the two-
current model and obtained expression (2.9) which is repeated here: 

Ap/gii = (/VWai)ii (Ap/Pii)^ + ('V'.o.ai)ii (Ae/eii)^. (5.2) 

Since in a ternary alloy M99Ai_;tB;t 

? ^ = ( 1 

and 

g' ={[ 

we write 

Ag^ ={l 

and 

Ag^ ={l 

In (5.2), of course, we have 

( ' /'lotal)|| 

and 

( ' A'total)|| 

X)9A^ + .^^B^ 

(5.2a) 

X)9A' + . ^^8^ 

x)Ag^^ +xAeB^ 

{5.2b) 

•x)Agj^^ -i-xAgsK 

9u^K9n^ + 9u') 

(5.2c) 

9n'Keu^ + 9n')-
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For each binary or ternary alloy of known composition the resistivities of the 
spin-up and the spin-down band can be calculated with expression 5.2a and 
the specific sub-band resistivities given in table 2-1II. We determined the change 
Â i of the resistivities for different solute elements within each sub-band by 
fitting all our data points, plotted in the appendix, simultaneously to the 
theoretical curve (5.2). The adjustable parameters were Ag^^ and ^QA'- For 
each solute element A in a particular matrix only one value Ao^^ and one 
value AgA^ were allowed. The fitting was effected by minimizing the sum of 

TABLE 5-II 

The resistivity anisotropy for iron-based alloys. The effects for the two spin 
directions were determined separately. Since the effect is positive in the down 
band and about zero in the up band, the total effect correlates with ('V'totai)i|. 
Elements marked * were not investigated in sets of ternary alloys. The total 
effect has therefore not been broken down into contributions from the separate 
spin currents. 

solute 
element 

V 
Mn 
Mo 
W* 
Re 
Os 
Cr* 
Ru 
Ti* 
Zn* 
Co 
Rh 
Si 
Be* 
Ge* 
Ni 
Pt* 
Al 
Ga* 
Ir* 

('V'total)ll 

0.88 
0.85 
0.83 
0.81 
0.77 
0.75 
0.73 
0.72 
0.60 
0.35 
0.21 
0.15 
0.15 
0.14 
0.14 
0.13 
0.11 
0.11 
0.11 
0.10 

^9l9n 
(%) 

+ 11.0 
+ 8.0 
+ 8.4 
+ 8.0 
+ 8.3 
+ 6.8 
+ 5.6 
+ 4.7 
+ 3.0 
+ 3.6 
+ 0.40 
+ 1.0 
- 0.20 
+ 0.45 

0.0 
+ 1.6 
+ 0.60 
- 0.30 
+ 0.15 
+ 0.30 

i^9l9uy 
(%) 

+ 12.3 
+ 9.4 
+ 9.8 

+ 9.1 
+ 8.7 

+ 6.7 

+ 3.7 
+ 2.4 
+ 2.7 

+ 0.9 

- 2.5 

(^9l9uV 
(%) 

+ 3.1 
-1.8 
+2.1 

+2.7 
+ 1.5 

-0.4 

-0.5 
+0.7 
-0.8 

+2.1 

-0.1 
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the squares of differences between the experimental value and the theoretical 
value of the resistivity anisotropy. We used the numerical Direct Search proce­
dure referred to in sec. 4.2. The results of this fitting procedure have already 
been given in table 2-V for nickel-based alloys. For iron alloys the results are 
given in table 5-11, where we tabulate the resistivity anisotropy for individual 
solute elements within each spin band. 

With these values for the anisotropy the r.m.s. deviation between the data 
points and the calculated curves (see the figures in the appendix) was 0.65% 
for iron-based alloys and 0.37% for nickel-based alloys. Note that this is an 
absolute, not a relative, deviation, since the resistivity anisotropy is expressed 
in %; we minimized the absolute deviations. The accuracy of the fit may be 
assessed from the figures in the appendix where we plotted the experimental 
points together with the best fitting curves calculated in the two-current model 
with the optimum parameters. The remaining deviations can safely be attributed 
to experimental uncertainties. For nickel-based alloys we determined 34 param­
eters, corresponding to the values A^^^ and A^A^ for 17 solute elements A, 
from 108 data points. For iron-based alloys we determined 22 parameters, 
corresponding to 11 solute elements, from 66 data points. The black data 
points ( # ) for the resistivity anisotropy given in the appendix represent data 
which were obtained from two or more (in most cases three) alloys with dif­
ferent total solute concentration. The ratio of the solute element concentrations 
was kept the same for these data points. The white points (O) represent meas­
urements on a single alloy, in most cases with a total solute concentration of 
3 at%. All points plotted in the figures in the appendix were given equal weight 
in the fitting procedure. However, data points for binary alloys were given extra 
weight proportional to the number of sets of alloys in which the solute con­
cerned did occur. 

The results given in tables 2-V and 5-II reveal a pattern of striking simplicity. 
For the nickel alloys it appears that, with Ir as a single exception, the anisotropy 
effects for all solute elements in the spin-up band are positive. In the spin-down 
band the anisotropy effects for all solute elements investigated are found to be 
negative, without a single exception. In other words this means that in the spin-
up band the resistivity always decreases, except in the case of Ir, by a certain 
ratio when the magnetization is tilted from the parallel to the perpendicular 
orientation. In the spin-down band the resistivity always increases when the 
magnetization is tilted. It can also be seen that the effect in the spin-up band 
is on the average significantly larger than in the spin-down band. In the spin-up 
band the effect is of the order of + 10% while in the spin-down band it is of the 
order of—2%; see also fig. 2.8. 

A similar pattern can be observed for iron-based alloys, although less pro­
nounced than in nickel. In the spin-down band the resistivity anisotropy is 
positive for all solute elements investigated, except Al. It is roughly of the 
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order of +8%. In the spin-up band the effect varies around zero, depending 
on the solute element; see also fig. 2.9. 

5.4. Interpretation of the resistivity anisotropy effect 

Our results on the resolution of the resistivity anisotropy data in a two-current 
model can be summarized in a straightforward manner. The cross-section for 
scattering by solute elements depends systematically on the orientation of the 
magnetization. For the t band in nickel and the | band in iron the cross-section 
is largest for M^ || /. The reverse situation applies to the other band of nickel 
and iron. An anisotropic scattering cross-section fits naturally into a picture 
of impurities which are non-transparent for electrons, as we proposed at the 
end of sec. 2.3. Other reasoning, however, may also produce an effective cross-
section which is anisotropic. 

For nickel alloys in particular Smit related the resistivity anisotropy with the 
typical band filling of ferromagnetic nickel. For one spin direction the d band 
is practically full, so that scattering of electrons is predominantly of the s-s type, 
whereas for the other spin direction s-d-type scattering is dominant. According 
to Smit, there is some mixing of d^ states into the f band due to spin-orbit inter­
action. This interaction is also seen in the deviation of the g factor from 2. 
The introduction of d^ states into the f band is anisotropic with respect to the 
direction of the magnetization which leads to an anisotropic resistivity. Camp­
bell et al.^'^"''^') formulated Smit's suggestion as follows: 

9u^=9.' + C9j, 

Q\\ — 9± ^ Q± • 

The extra resistivity in the t band is higher according as the density of states 
in the J, band is higher, the down resistivity being taken as the measure. The 
mixing coefficient is C '^ I {A/H^)^, where A is the coefficient of the L-S coup­
ling and //e the exchange field. It would follow from the above that Smit's 
theory applies to solutes in nickel that do not affect the full d band of nickel; 
in other words, this model applies specifically to Mn, Fe, Co, Cu and Au in 
nickel. For Zn, Al, Si and Sn, also, it is reasonable to expect the s-d scattering 
in the f band to be relatively small compared to s-s scattering. In the case of 
Ti, V, Cr, Re, Ru, Rh, Ir and Pt, however, there is a large local density of states 
in the | band so that Smit's assumption of dominant s-s scattering no longer 
applies. 

We compare our experimental results with Smit's model in table 5-III. 
The values for 9\\^ — 9x^ and 9\\'^g±' are directly obtained from our 
analysis using the computer fit described above. If formula (5.3) were valid 
(9\\^ ~ 9±'')l9±' would give the value of +C while {g\\' — g±')/9±' would 
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TABLE 5-III 

Test of the Smit-Campbell description of the resistivity anisotropy in nickel-
based alloys 

solute 
element 

9u'-9.' 
((xQcm/at%) 

9\\'-9±' 
((xücm/at%) 

1 1 1 
little s-d scattering in the spin-up band 

Mn 
Fe 
Co 
Cu 
Au 

relatively we 

Zn 
Al 
Si 
Sn 

large local c 

Ti 
V 
Cr 
Re 
Ru 
Rh 
IT 

Pt 

+0.08 
+0.06 
+0.03 
+0.13 
+0.04 

ak s-d scatterii 

+0.10 
+0.25 
+0.31 
+0.28 

ensity of states 

+0.32 
+ 1.11 
+ 1.7 
+ 1.6 
+ 5.4 
+0.62 
-0.52 
+0.20 

-0.17 
-0.11 
-0.04 
-0.08 
-0.06 

ig in the spin-u 

-0.08 
-0.13 
-0.20 
-0.19 

in the spin-up 

-0.23 
-0.20 
-0.10 
-0.18 
-0.06 
-0.05 
-0.07 
-0.01 

(9n' -9J)/9J 
(%) 

+ 1.5 
+ 1.2 
+ 1.1 
+3.3 
+ 1.3 

p band 

+ 3.3 
+4.2 
+4.7 
+3.8 

band 

+4.3 
+ 17 
+27 
+20 
+99 
+26 
- 1 0 
+24 

i9u'-9J)/Q^' 
(%) 

-3 .2 
-2 .2 
-1 .5 
-2 .0 
-2 .1 

-2 .8 
-2 .2 
-3 .1 
-2 .6 

-3 .1 
-3 .0 
-1 .7 
-2 .3 
-1 .1 
-2 .3 
-1 .4 
-0 .8 

yield —C. For the solute metals for which Smit's theory is most likely to be 
valid, the results are quite satisfactory with C about 0.02. For non-transition 
solutes, the results combine favourably with those above, although they 
indicate a slightly higher C value. As expected, the remaining impurities behave 
differently, but only for the f band. For the J. band (5 , / — gj_')/9j_' remains 
about —2%. 

In the case of iron-based alloys, too, the mechanism of mixing of d-up and 
d-down bands might be expected to lead to a formula (5.3) for the band with 
the low density of states, carrying the main fraction of the current. This would 
mean that for solute metals with large (zVWaOn, i9\\' ~ 9±')/9i.^ would be 
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TABLE 5-IV 

Smit's model applied to iron-based alloys for which (/V'toiaOii differs consider­
ably from 0.5 

solute 
element 

V 
Mo 
Mn 
Re 
Ru 
Os 

(' /''total)|| 

0.88 
0.83 
0.85 
0.77 
0.72 
0.75 

9n'-9±' 
(!a-Qcm/at%) 

+0.13 
+0.22 
+0.14 
+0.24 
^0.19 
+0.37 

{9u'-9J)l9^' 
(%) 

+ 1.7 
+2.1 
+ 1.6 
+2.9 
+2.6 
+ 3.0 

solute 
element 

Co 
Rh 
Ni 
Al 
Si 

( ' / ' t o t a l ) | | 

0.21 
0.15 
0.13 
0.11 
0.15 

9\\^ -9±'' 
(^Dcm/at%) 

-0.01 
+0.01 
+0.05 
-0.01 
-0.05 

i9ü^-9^^)l9J 
(%) 

-0.1 
+0.1 
+0.3 
-0 .0 
-0.1 

an approximate constant: for solute metals with small (/V'toiai)ii the reverse 
situation would apply, i.e. (pn ^ — 9±_^)/g±' would be an approximate constant. 
The expectation is well borne out, as we demonstrate in table 5-IV. 

Although there is a fair agreement between the experimental results and the 
predictions from Smit's model a firm conclusion about its validity cannot be 
drawn. It has been demonstrated in tables 5-III and 5-IV that for the solute 
elements for which agreement is expected, it is indeed obtained. For those 
remaining — Ti, V, Cr, Re, Ru, Rh, Ir and Pt — the experimental result is 
quite simple with respect to the sign of Ag/g^ (see table 2-V) but it is not 
predicted by this model. 

Smit's model has recently been criticized by Potter '' ') who performed more 
detailed calculations to derive an anisotropic conductivity. Surprisingly enough, 
Potter finds that within the formalism proposed by Smit it is the charge carriers 
of the minority-spin direction that produce the large anisotropy effect. 

A difficulty we have with both Smit's paper and Potter's is the rigorous 
separation of all energy states into s and d states. A number of 0.3 s electron 
per atom and per spin band would lead to a value for the normal Hall effect 
of about —2.5 10"'^ Dcm/G, a value which is much higher than that derived 
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from experiment; see fig. 2.20. Another objection we have is that the theoretical 
calculations are made within the Born approximation and that perturbation 
theory is used, which, in the case of residual resistivities of, say, 2 [i.Qcm/at%, 
cannot be justified. For this value of the specific residual resistivity the mean 
free path is smaller than 100 atomic distances at a solute concentration of 
1 at%. 

Leaving the Born approximation, and considering impurities as non-trans­
parent for current carriers, we naturally arrive at a picture in which the shape 
of the scattering centre determines the anisotropy effect. In the picture presented 
in fig. 2.16 the shape will correspond with the region where the transmission 
coefficient is near 0.5. In this picture the resistivity anisotropy might reflect the 
lack of spherical symmetry of 3d wave functions. 

It is not unreasonable that the band properties of the matrix metal should 
be determinant. Combining our data on the f and the J. band of nickel and 
iron alloys we observe that the anisotropy effect is large and positive when the 
numbers of carriers of one spin direction is either 5.3 (Ni up band) or 3.0 elec­
trons per atom (Fe down band). It is about zero for a band containing 5.0 car­
riers (Fe up band) and small and negative for a spin band with 4.7 carriers 
per atom (Ni down band). A relation between cross-section and band filling 
might reflect the symmetry of 3d wave functions. At this moment there is no 
serious theoretical support for this simple picture. The fact that b.c.c. and f ee . 
are treated similarly is open to criticism. 

A unique sign for the anisotropy effect for carriers with a given spin direction 
could also be accounted for if the Fermi surface properties depended closely 
on the direction, i.e. if the effective mass, the Fermi velocity or the number of 
carriers were anisotropic with respect to the magnetization. Eff"ects of this type 
have indeed been found for nickel, both experimentally and in theoretical cal­
culations. In nickel some pockets increase in size as the field is rotated from 
parallel to transverse (Hodges et al.^^). Gold *") and Stark and Tsui i°°). 
However, these pockets are assumed to be part of the minority band. In addi­
tion, it is difficult to imagine that they carry a major fraction of the current. 
In any case Fermi-surface anisotropics must be considered as a possible 
mechanism. 

It is disappointing that in the above explanation of the anisotropy effect in 
terms of anisotropic mixing of up-spin and down-spin densities of states, or 
other anisotropic Fermi-surface properties, there is no straightforward con­
nection to be seen between the resistivity anisotropy and the anomalous Hall 
effect. A priori one would expect that the two effects have a similar origin. 
For strongly scattering solute atoms (effective cross section for scattering of 
the order of the cross-section of the atom) a mechanism that leads to a large 
side displacement would also be expected to inffuence the resistivity. The side 
displacements involved are of the order of A units! See also chapter 7. The 
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side-displacement contribution to the Hall effect is only observed in the Hall 
geometry. However, its effect on the resistivity will be present in the parallel 
configuration as well. Without a detailed theoretical insight into the mechanism 
of side displacement, it is not even possible to conclude whether P|| > gj_ or 
vice versa is obtained from this. 
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6. NORMAL GALVANOMAGNETIC EFFECTS IN NICKEL AND IRON 

6.1. The normal Hall effect 

In chapter 2 we discussed the normal galvanomagnetic properties of nickel-
and iron-based alloys in terms of a simple two-current model. The normal Hall 
effect is a sensitive means of detecting the limitations of this model. As a matter 
of fact, metals with complicated Fermi surfaces such as iron and nickel may 
have several distinguishable groups of carriers with different relaxation times. 
A division according to spin is only one of many possibilities. It is only mean­
ingful if the largest differences in relaxation times occur for carriers with oppo­
site spin. If the two-current model were rigorously valid, the two spin bands 
would each be characterized by a single Hall coeflScient RQ ̂  and RQ ̂ . The total 
Hall coefficient would then be determined by 

^0 = ('"V/-,„.a.) '̂ ^0^ + (i'/ho^J±^ Ro'. (6.1) 

In chapter 2 we showed that for nickel-based alloys a relation (6.1) holds, 
although 7?ô  varies around (—0.7 ± 0.3) 10"'^ Ocm/G for different impurities, 
while Ro^ also varies systematically with the resistivity for the spin-up current. 
For g_^^ =0.5 (i,Ocm it is about (—0.3 ± 0.1) lO-i^ Ocm/G while for 
p^^ = 10 (lOcm it equals (—2.5 ± 1) lO'i^ Ocm/G (see figs 2.20 and 2.21). 
The negative sign corresponds to conduction by electrons, as expected. We note, 
however, that these small values for the Hall effect imply that the simple picture 
of conduction by free s electrons, namely 0.3 per spin band, is unrealistic. For 
0.3 electron per atom both RQ^ and RQ' would have had a value of about 
-2 .5 10-12 Qcm/G. 

The curves in figs 2.20 and 2.21 were derived as follows. From eq. (6.1) it 
appears that for /V'lotai > 0.75 the contribution of the down band to Ro is 
less than 11% of that of the up band. Hence, knowing /V'totai for all our 
binary and ternary alloys and estimating RoK we can easily obtain RQ^ from 
the experimental value of RQ. We can then derive Ro' in the range /V'totai < 0.25 
from experimental values of RQ and the Ro^ values derived above. There 
is no need to repeat the procedure to obtain self-consistency. Since, as fol­
lows from fig. 2.20, RQ^ is a real constant, and quite small, alloys for which 
0.5 < /'V'totai < 0.75, comprising most of the ternary aUoys, can also be 
included to derive ^o^ (see fig. 2.21). 

The values of Ro ^ and Ro' derived here represent the Hall effect in the low-
field approximation. Since there exists a lower limit for B: B^^t = 4n M„ the 
low-field Hall coëfficiënt can only be studied for alloys with a sufficiently high 
resistivity. For this reason binary alloys of the low specific residual resistivity 
solutes, e.g. Fe, Co, Mn, Cu and Au, should have concentrations of at least 
1 at%. From fig. 2.10 it can be seen that if the current is dominated by spin-up 
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carriers, the Hall coefficient becomes field-dependent at B/g i_ = 2 - 1 0 * G/ 
ptOcm. Measurements by Huguenin and Rivier *i) of the Hall effect of NiFe, 
NiCo and NiCu alloys in the concentration range below 1 at % therefore can­
not be expected to represent the true low-field value. The same difficulty holds 
for Jaoul's 3i) results for NjMn alloys. 

This additional difficulty of a field-dependent Hall coefficient applies specific­
ally to the spin-up carriers. For nickel alloys in which spin-down carriers carry 
the main fraction of the current the field dependence of Ro can be neglected 
up to field values of at least B/g^ = 5 • 10* G/(xOcm. 

The actual experimental data on the Hall effect can be found in the appendix, 
where the Hall coefficient is given for all sets of ternary alloys as a function 
of the relative solute concentration for alloys with a total concentration of 
3 at.% For nickel-based alloys the curves are calculated from formula (6.1), 
using Ro' = - 0 . 6 5 . 10"'^ Ocm/G and the average dependence of Ro^ on 
the resistivity as displayed by fig. 2.21. The fit obtained gives an indication 
of the variation of Ro^ and /?o' with the type of impurity. For many alloy 
systems deviations remain within the experimental uncertainties. 

As we have already suggested in chapter 2, the variation of the Hall effect 
with resistivity, as observed for the spin-up band, can be easily explained. 
Increasing the resistivity means reducing the mean free path of the carriers 
involved. This introduces an uncertainty in all electron wave numbers {k values) 
and a corresponding uncertainty in the electron energy. For example, the mean 
free path in a metal with 1 electron per atom is about 100 atomic distances at 
a resistivity of a few jj.Ocm, so that the uncertainty in k is about 1%. Details 
of the Fermi surface corresponding to variations in k of the order of 1% are 
consequently devoid of meaning. 

In the case of pure nickel small pockets have been observed with De Haas-Van 
Alphen experiments. These details are, however, considered to be part of the 
minority-carrier surface, but the possibility that similar small pockets also exist 
for the majority-spin band cannot be excluded. Franse et al.̂ ^-'**) have ascribed 
the loss, upon alloying, of detailed structure in the magneto-crystalline aniso­
tropy with respect to the crystallographic direction (fig. 2.19) to mean free path 
effects in the spin-down band. In view of our observations on the normal Hall 
effect it seems likely, however, that the higher-order terms of the magneto­
crystalline anisotropy are a property of the majority-spin band in nickel. 

It is interesting to compare the present information about the normal Hall 
effect in nickel-based alloys with information about the type of carriers — elec­
trons and holes — that one can obtain from band-structure calculations or high-
field galvanomagnetic effects in nickel. A rough sketch, due to Reed and Faw­
cett *'), of the band structure that would agree with the high-field galvano­
magnetic effects is reproduced as fig. 6.1. All but one of the d sub-bands is 
entirely full and the exchange splitting is such that spin-down d states become 
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Fig. 6.1. Schematic band structure of nickel. From Reed and Fawcett"). 

electron-like at the Fermi surface. For the majority-spin band, which is nearly 
full, the d states are hole-like. The splitting of the s band is assumed to be 
negligible in comparison. The s band has an electron-like character. The pic­
ture of Reed and Fawcett clearly leads to a normal Hall effect of the electron 
sign for spin-down carriers. Since the density of states is very high one expects 
RQ^ to be negative and smaU. There is no reason that a change in mean free 
path of carriers should inffuence RQ^ drastically. In the spin-up band, however, 
we have electron-like s carriers and a relatively small number of d type holes. 
Our results for RQ suggest that these holes contribute to the current in low 
resistivity alloys but are lost when the spin-up part of the Fermi surface is 
blurred. In the literature there has been much discussion on whether the d^ band 
really crosses the Fermi surface or not. Our experiments strongly support the 
idea that smaU hole pockets are present. 

The existence of a relation between the mean free path of current carriers and 
band structure, can be expected to be quite general for complicated metals. 
Systematic experimental information on this type of effect is lacking. 

In the case where the Hall coefficient becomes field-dependent Majumdar and 
Berger '**) proposed a procedure to derive both contributions to the anomalous 
Hall effect and the normal Hall effect. It is assumed that the skew-scattering 
term and the normal Hall effect are jointly described by a Kohler-type func­
tion *). Treating the side-displacement term as an additive field-independent 

' ) The theoretical proof that in the absence of side displacement, the Hall effect for a given 
band is described by a Kohler-type curve, has been given by Berger '^) . 
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contribution we have 

Q 

R R V / R \ 
„/eo = fsR + ^ - 1 + f +b9o. (6.2) 

9o L \9oJ. 
If this expression applied, data for a number of alloys with diflferent concen­
trations of the same solute could be combined, thus varying ^o. so as to construct 
the Kohier curve for the Hall effect. However, this procedure does not work for 
nickel-based alloys with dominant spin-up conduction since Ro also depends 
on go in a complicated way. 

Campbell ^*) has already derived Ro^ and Ro' in an analysis of data pub­
lished by Huguenin and Rivier *i), on the temperature dependence of the 
ordinary Hall coefficient of NiFe alloys. In this analysis Ro' is estimated at 
—2.4 • 10"'^ Ocm/G, which is a factor of 3 too high. Huguenin and Rivier's 
results indicate that Ro^ varies with the iron concentration in the way de­
scribed above. 

For iron-based alloys the complications in the derivation of the normal Hall 
coefficient that were already present in nickel alloys are increased in principle 
by the fact that ^^ t̂ = 4Tr Af, is three times higher. It is therefore difficult to 
derive Ro straightforwardly as it is not desirable to have to rely on data from 
alloys with solute concentrations of more than 3 at %. An alternative is to use 
formula (6.2), which turns out to be an acceptable approximation for resistivities 
that are not too large. However, the field regions, expressed as B/go, in which 
data with diff'erent concentrations of the same solute have been studied, show 
little overlap. Data on nickel alloys were obtained in a field range from 7 to 
50 kG but for iron the field range was only a factor of two, i.e. 25 to 50 kG. 
In conclusion we must say that if a Kohler-type curve is assumed to exist, it 
can be constructed from the data. The merits of this procedure remain some­
what uncertain. 

The derivation of the Kohier plot for the Hall effect is illustrated in fig. 6.2 
where fig. 6.2fl present the resuls of FeOs, which apparently has no side dis­
placement. A single curve can be drawn through the data points corresponding 
to alloys with different Os concentrations. In the iron-based alloys with Ir, Ni 
or Re b can also be taken as zero. In fig. 6.2b we recorded the Kohier plot of 
FeCo which exemplifies a significant side-displacement contribution to the Hall 
effect. It is assumed that expression (6.2) may describe the total Hall effect. By 
shifting the observed values of the Hall angle gn/go (white symbols) by an 
amount proportional to PQ, a common curve can be obtained (indicated by 
black symbols). This procedure provides values of (p^^,, b and Ro- If, however, 
it is accepted that the Hall effect can vary somewhat with concentration, it is 
equally possible to arrive at è = 0. The three straight lines through the data 
points intersect the vertical axis in the same point. Similar results are obtained 
when Ru, Rh or Pt are dissolved in iron. 
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Fig. 6.2. Normal and anomalous Hall effects for some iron-based alloys. Experimental Hall 
angles are plotted in a type of Kohier plot (versus B/go). 
(a) A Kohier plot for FeOs which is an example of no side displacement where experimental 
data for different concentrations of a given solute fall on a single curve. Values of go in 
(xOcm are: O 8.98, x 5.88, + 2.79, D 2.94. The last sample was annealed at 1000°C, 
see chapter 3. 
(6) Kohier plots for FeCo which exemplify a significant side displacement. A common curve 
is obtained by shifting curves of different Co concentrations (white symbols) by an amount 
of Agyilgo = * Qo- Values of QQ in (j.ücm are: O and • 2.7, A and A 1.9, D and • 1.2. 
(c) An example of a markedly field-dependent Hall effect, found in all binary alloys with 
large iV'toiai. The correction for side displacement has already been applied. Included are 
FeW with 1, 2 and 3 at % W (A, • and • , respectively) and FeMo with 1, 2 and 3 at % 
Mo (dashed A, • and • , respectively). 
(d) An example of FeAl alloys with relatively high resistivity where the normal Hall effect 
varies with the resistivity; the side-displacement contribution is very clear. The resistivities 
are O = 14, A = 9, D = 4 [xücm. 

The results for FeMo and FeW after a small correction is applied for side 
displacement are shown in fig. 6.2c. It will be seen that a sharp change in slope 
occurs around B/gg = 10 kG/[xOcm. This behaviour is also shown by FeV. 
Finally, we have recorded in fig. 6.2^ the Kohier plot for the Hall angle of some 
FeAl alloys, in which the specific resistivity is much higher and the differences 
between the three curves corresponding to solute concentrations of 1, 2 and 3 
3 at % Al are dominated by the side-displacement contribution. The slopes of 
the three curves are different, which indicates that either Ro depends on the 
resistivity when ^o is around 10 ptOcm or formula (6.2) does not apply when 
the third term is large. 

The resulting Ro values for binary iron-based alloys are given in table 6-1. 
In all cases, except Co dissolved in iron, the normal Hall coefficient has the 
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TABLE 6-1 

The normal Hall effect in binary iron-based alloys. Where the low-field Hall 
coefficient depends on the resistivity, the value of Ro at go '^ 5 [xOcm is quoted. 
For comparison we also give the magnetoresistivity at a fixed value of the 
reduced field 

solute 
element 

Al 
Ga 
Si 
Ge 

Rh 
Ir 
Co 
Ni 
Pt 

Cr 
Re 
Ru 
Os 

V 
Mo 
W 
Mn 

(' /'total)II 

0.11 
0.11 
0.15 
0.14 

0.15 
0.10 
0.21 
0.13 
0.11 

0.73 
0.77 
0.72 
0.75 

0.88 
0.83 
0.81 
0.85 

Ro 
(10-1^ Ocm/G) 

+0.6 
+ 1.0 
+0.7 
+0.5 

+0.8 
+ 1.1 
-0 .6 
+ 1.4 
+0.1 

+0.3 
+2.3 
+ 1.8 
+2.3 

(+1) 
+0.7 
+0.6 

(2.5) 

(9{B)-Oo)/go{%) 
at B/oo = 20 kG/[xOcm 

3.0 
1.8 
2.5 
1.0 

2.0 
2.7 
7.0 
8.0 
2.2 

12 
9 
5.5 
5 

18 
11 
11 

(16) 

sign of conduction by holes. If the solute elements are distinguished into those 
with small «V'totai and those with large /'V'toiaî  the average values are +0.6 
and +1.4- 10" i^ Ocm/G, respectively. The scatter, however, is much too 
large for there to be any point in analysing the Hall effect in terms of Ro^ 
and Ro', as we did for nickel-based alloys. 

In table 6-1 Co is a clear exception in the sense that the normal Hall coefficient 
of FeCo has the electron-like sign. Since /'V'totai is small when Co is dissolved 
in iron, this negative sign is connected with the spin-up current. The fact that 
for some of the solute metals with large 'V'totai the Hall effect in the spin-up 
band has the electron-like sign clearly cannot be excluded from the data in 
this table. Information on this point can be obtained from the Hall effect of 
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ternary alloys. For example, if we replace some of the Co in iron by Mn the 
Hall effect keeps the electron-like sign, even when pco and g^n become about 
equal. This indicates that the scattering of spin-up carriers by Mn produces a 
Hall effect of the same sign as scattering by Co. On the other hand, if some of 
the Co is replaced by Re, the measured Hall effect changes sign immediately 
(see fig. 6.3), indicating that when spin-up carriers are scattered by Re a positive 
Hall effect is produced. From the experimental data on the ternary alloys (see 
appendix) we concluded that Mo, Ru and Os behave like Re. The information 
on Ro^ for other impurities is insufficient. Inversely, it can also be deduced 
that Al and Si in iron produce a positive Hall effect in the spin-down band. 

A number of authors (for a review see Hurd 3')) have indicated that both 
spin bands in iron contain electron-like as well as hole-like states. According 
to Kondorskii 1°'') the volume enclosed by the electron surface dominates in 
the spin-up band while in the spin-down band the volume enclosed by the hole 
surface is largest. This agrees qualitatively with our results. In the spin-down 
band the normal Hall effect always has the hole-like sign indeed. In the spin-up 
band we find both signs depending on the scattering centre. 

6.2. The Kohier magnetoresistivity 

Another transport property which tests the applicability of a simple two-
current model is the Kohier magnetoresistivity. If we had to deal with two 
currents, each with a single type of carrier, the magnetoresistivity would be 
correlated with /'V'totai. It would be small when /'V'totai is near 0 or near 1. 
A significant effect occurs for /'V'totai near 0.5. In fig. 4.2 we have recorded the 
Kohier magnetoresistivity of a number of nickel-based binary alloys. Alloys 
with Co, Fe, Mn, Cu and Au have a large magnetoresistivity in a reduced field 
scale, while Ru, Cr and Pt produce a much smaller magnetoresistivity. If the 
spin-up band would be uniform we would expect the first group of solutes to 
produce a small magnetoresistivity. We note that the large value of the Kohier 
magnetoresistivity correlates with a field-dependent Hall effect. 

0 

C| 

^ 0 

~^0 0.5 1 
*'dVitotal)i. 

Fig. 6.3. The normal Hall effect of some ternary FeCoMn (•) and FeCoRe (A) alloys as 
a function of (V'totai ^t 4.2 K. The curves are drawn to guide the eye. 

1 



370 J. W. F. DORLEIJN 

The Kohier plots of nickel-based alloys in figs 4.2 and 4.3 agree reasonably 
well with those reported by Fert et al.i""') and Schwerer and Silcox ''^•^°^). 
Our results refer to somewhat higher resistivities and consequently lower values 
of B/go. Schwerer and Silcox have developed an elegant method for constructing 
a Kohier curve. The zero-field resistivity PQ is treated as an unknown parameter. 
In their procedure both the Kohier curve and the PQ values involved are obtained 
with much care. Nevertheless it is questionable whether the procedure gives 
accurate results as the Kohier curve is obtained only by assuming first of aU 
that the Kohier curve is unique. If the normal Hall effect varies with go, such 
an assumption is questionable. It is for this reason that in the derivation of 
resistivities and corresponding resistivity anisotropics we decided to use a simple 
quadratic extrapolation rather than the procedure proposed by Schwerer and 
Silcox. 

We did not resolve the observed magnetoresistivity into contributions by two 
currents. Clearly, in order to reproduce the high effects of, for example, NiCo 
alloys, it is necessary to introduce different types of carriers, e.g. holes and 
electrons, within the up band. 

As far as the Kohier magnetoresistivity is concerned, iron- and nickel-based 
afioys are comparable, as can be learned from a comparison of figs 4.2 with 
table 6-1. In table 6-1 we included the resistivity increment [g{B) —goj/go at 
a fixed value of the reduced field B/go = 20 kG/[i.Ocm. It will be seen that 
the effect is quite large when /'V'totai is near unity and much smaller when 
'V'totai is only 10%. 

To summarize we have found that in nickel- and iron-based alloys the spin 
current which produces the large resistivity anisotropy also has a large Kohier 
magnetoresistivity and a markedly field-dependent Hall effect. 

Although the two-current model proved very successful in describing residual 
resistivities, resistivity anisotropics and anomalous Hall effects, the present 
chapter indicates that the two-current model should not be "pushed" to far. 
Conduction by holes and conduction by electrons clearly takes place simultane­
ously within a single (spin-) band. The positive Hall effect of most iron alloys 
also indicates that a picture of conduction in transition metals by s electrons 
which are scattered predominantly into d states, without significant conductivity 
by d-like carriers, is too simple. 
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7. THE ANOMALOUS ÏL\LL EFFECT 

7.1. Determination of the anomalous Hall effect in nickel-based alloys 

The anomalous Hall effect as it is observed experimentally is displayed in 
fig. 7.1, where the data for three NiAl alloys are given. It will be noted that 
in addition to the normal Hall effect, linear in B, there is a large contribution 
which is attributed to the ferromagnetism. This contribution is present when 
the sample is magnetized. Thus the Hall eff"ect of nickel alloys increases steeply 
between 5 = 0 and B = AT: M^ = 6.4 kG. In fig. 7.1 the anomalous Hall effect 
is obtained by extrapolating the experimental data obtained ai B > 4ix M^ by 
means of 

g„ = RoB + e,H. (7.1) 

The linear extrapolation may be criticized in the case of low resistivities which 
are small enough to correspond to a field-dependent normal Hall effect; see 
fig. 2.10. For nickel alloys this is not a serious drawback since it only interferes 
in alloys of nickel with Co, Fe, Mn and Au at low concentrations. 

In the literature the parameter R, defined by 

g» =ROB + R,4TZM, 

is often introduced to characterize the anomalous Hall effect. The use of this 
expression suggests a proportionality between g^^ and the magnetization M^. 
In our opinion it is misleading. There is no reason why the anomalous Hall 
effect should be a linear function of the magnetization or the band-splitting, 
except in the range of very small splittings, e.g. M^ corresponding to about 
0.1 flB. 

Fig. 7.1. The Hall resistivity of some NiAl alloys as a function of the magnetic induction B. 
The parameter x indicates the nominal concentration of Al. The resistivities measured in 
the transverse configuration are 6.3, 1.7 and 1.1 [ificm for x = 3, I and 0.5, respectively. 
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In fig. 7.1 it will be observed that paH for Al in nickel depends on the con­
centration. The anomalous Hall effect increases with increasing resistivity. Also, 
the anomalous Hall angle (p^f^ = ganl9x increases with concentration. This 
behaviour can be described by 

<PM = 9'sk + ^ 9x- (7.2) 

The relation implies that the anomalous Hall angle converges to some finite 
value 97sK, which is determined by the solute element involved, when the 
resistivity is decreased by decreasing the solute concentration. Thus the 
anomalous Hall resistivity disappears when the resistivity decreases. For pure 
nickel this has been verified (Jan '°^) and Smit and Volger ^^)). Relation (7.2) 
might be introduced formally by arguing that a function of the resistivity which 
is zero at g = 0 can always be expanded in a Taylor series in terms of increasing 
powers of g. Relation (7.2) then includes only the first two terms. A physical 
picture, reproducing these two terms, was given by Berger'*); see fig. 2.12. 
In this picture 9'sk, termed skew-scattering angle, represents the average angle 
between electron trajectories before and after scattering, while b represents the 
displacement sidewards of the trajectories. 

For nickel-based alloys experiments on the resistivity dependence of cp^ for 
a particular impurity or a particular combination of impurities are in good 
agreement with formula (7.2) as may be seen from figs 2.11 and 7.2. This formula 
may be expected to break down at sufficiently high concentrations since solute 
atoms will interact, or since the band structure will be seriously affected. An 

10 15 
^ gJliQcm) 

Fig. 7.2. The anomalous Hall angle in some NiV alloys as a function of the resistivity; O: 
value of (psit given by Jaoul 3'), 0 : present work. 
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Fig. 7.3. The anomalous Hall angle in some NiRu and NjRe alloys as a function of the 
resistivity. Black symbols: present work; white symbols: values given by Jaoul ^i) for the 
skew-scattering angle. At small resistivities the solid line corresponds to values of tp^k and 
b given for NiRu in table 2-VI. 

impression of the upper concentration required for relation (7.2) to be valid 
can be obtained from fig. 7.3 for NiRu and NiRe alloys. The linear dependence 
of 9?aH on the resistivity breaks down at resistivities around 20 (xOcm, corre­
sponding to concentrations of about 4 at %. Ru and Re may be expected to 
represent less favourable cases: both solute elements produce a large specific 
resistivity and considerably reduce the Curie temperature (Crangle and Par­
sons i"*)). 

In table 7-1 we compare our measurements on the anomalous Hall angle at 
solute concentrations of 3 at % and the derived values of q)^^ with results 
reported in the literature. To permit comparison with literature data relating 
to different concentrations we calculated the anomalous Hall angle at the 
resistivity reported by means of relation (7.2), using our values of 9̂ 5̂  and b. 
This calculated Hall angle is given between brackets. The present values for 
NiAl, NiSn and NiSi are in good agreement with those reported by Smit and 
Volger " ) . For NiV there is a large diff'erence. However, since the alloys studied 
by Smit and Volger contain 7 at % of V and our parameters refer to alloys with 
concentrations below 3 at %, this is not surprising. Similarly, the differences 
between values observed by Smit * )̂ for NiCo, NiFe and NiCu and our cal­
culated values, based on low concentrations, cannot be considered as a serious 
discrepancy. That relation (7.2) becomes invalid for concentrations near 10 at % 
is clear from the fact that the same anomalous Hall angle is reported for 
NigjCug as for NigaCujg. 
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TABLE 7-1 

A comparison between data from literature on the anomalous Hall effect in 
nickel-based alloys and the present work. The numerical subscript to 93 denotes 
the solute concentration of the alloy involved. The anomalous Hall angles 
between brackets were calculated with the parameters cp^f^ and b from the 
present work and the resistivity cited in literature. 

solute 
element 

Al 
Co 
Cu 
Fe 

Mo 
Si 
Sn 
V 
W 

present work 

9^3 

(mrad) 

- 6.0 
- 4.0 
- 4.2 
- 3.7 

- 6.5 
- 1 0 
-13.8 

9'sk 

(mrad) 

- 3.7 
- 6.2 
- 1 0 
- 6.2 

+ 1.1 
- 2.7 
+ 3 

b 
(mrad/ 
(xOcm) 

-0.42 
+4.2 
+2.0 
+2.25 

-0.93 
-0.90 
-1.26 

data from literature 

9sk 

(mrad) 

-lO"'"^) 
-23''-'=) 
-10"'^) 

- 0") 

- 5 " ) 
- 4 " ) 

other information 

n = - 9 . 3 " ) (-8.9) 
cp.o = - 1.8") (+3) 
9)9 = - 4 . 5 " ) (+6.6) 
9^10.7=- 3.4") (+2.3) 

<P3 = - 5 ^ ) 
9'3 =—19"), g = 2\ [xOcm 
9)3 = - 9.2") (-7.7) 
9)3 = - 8 . 3 " ) (-12.4) 
9), = - 2 2 " ) (-39) 
y^g =_10.7") , P = l l iiQcm 

") Smit and Volger " ) at 7 = 20 K and Smit ^^). 
") J a o u p i ) . 
") Huguenin and Rivier *i). 

For nickel with Co, Fe or Cu Jaoul ^i) reports values for q)^), obtained by 
analysing experimental data published by Huguenin and Rivier *i). Table 7-1 
clearly shows that Jaoul's values of 95̂ ^ are higher than the present ones. The 
difference can be attributed to the field dependence of the normal Hall effect; 
see fig. 2.10. The values derived by Jaoul for the skew scattering are based on 
aUoys in which the impurity resistivity becomes as low as 0.3 [xOcm, which is 
much too low in view of our fig. 2.10. 

Jaoul's data on the skew scattering due to solute elements with /V'totai < 0.5 
can in principle be compared with the present results in spite of the much lower 
concentration used in Jaoul's work. If /V'totai < 0.5, the Kohier magneto­
resistivity and the curvature of the normal Hall effect remain unimportant, 
even at solute concentrations of a few tenths of a percent. The comparison with 
Jaoul's work is given in tables 7-1 and 7-II. 

For the solute metals Cr, Re, Rh and Ru there is reasonable agreement 
between Jaoul's results and ours. For Mn and Au the difference is small. This 
difference may be due to the low solute concentration considered by Jaoul, 
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TABLE 7-II 

A comparison between data reported by Jaoul ' i ) and results from the present 
work 

solute 
in nickel 

Ti 
Cr 
Mn 
Nb 
Ru 
Rh 
Re 
Os 
Ir 
Pt 
Au 

9'sk 

(mrad) 
(Jaoul) 

-^.5 
+2 
-9 .5 
- 0 
+3 
-0 .4 
-0 .2 
+ 1.8 
+3.2 
-2 .5 
- 3 

9'sk 

(mrad) 
(present work) 

+ 1.5 
+2.8 
-6 .5 

+2.5 
0 

+ 1 

+ 1.7 
^ . 8 

b 
(m rad/[X 0cm) 
(present work) 

-1.0= 
-1 .3 
+ 1.6 

-1 .4 
-1 .1 
-1.2= 

- i . r 
-2.2= 

+ 1.1 

9>3 

(mrad) 
(present work) 

-10.9 
- 1 7 
- 3.6 

-19.3 
- 5.6 
-19.6 

-10.6 
- 3.5 
- 3.4 

which may have led to complications due to the low-field range. There is a 
large difference between his results and our values for the skew scattering in 
nickel alloys with Ti, V and Pt. This diff'erence is difficult to explain. Our result 
for NiV was derived by measuring the anomalous Hall effect at three different 
solute concentrations. From the data in fig. 7.2 it is clear that they do not 
extrapolate to a negative cp^y,. 

We note that the values for 9)5,̂  reported by Jaoul were derived from ex­
perimental data (partly on temperature-dependent quantities) assuming relation 
(7.2) to be valid and treating & as a single constant, irrespective of the solute 
element. As Jaoul's resistivities are rather low, the use of constant b is not 
expected to lead to poor results. 

A few solute elements which we did not consider were studied by Jaoul, viz. 
Nb, Mo, W, Os and Ir. The large negative value of W as compared to Mo 
and Cr may be somewhat surprising. 

A comparison with earlier work such as we make here for the skew scattering 
cannot be made for the side-displacement coefficient b. Data in the literature 
on the anomalous Hall effect of alloys with a reasonably high resistivity have 
been predominantly obtained at high temperatures, where it was possible to 
describe all data assuming a single value ofb (which was taken about —0.6 mrad/ 
[j,Ocm). This value of è is about the linear average for a large number of solutes 
we observed in the present work. 
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7.2. Analysis of the anomalous Hall effect in nickel-based alloys 

In terms of the two-current model it is not sufficient to characterize the 
anomalous Hall effect due to a solute element in nickel by single values for 
<p^y and b. Instead, these values should be resolved into contributions from the 
separate spin bands. For each impurity A this leads to: (p^^^ cpx', bfj and ft^V 
In the same way as we determined sub-band resistivity anisotropics (see chap­
ter 5) we can derive (p-fj^ and rpf^''- once 9?,̂  h^s been determined for a number 
of alloys with different compositions. In fact, the formulae describing the skew 
scattering and the resistivity anisotropy are completely identical 

9'sk = (/V'total)± 9'sk^ + ('V'total)i. 9'sk ̂  (7.3) 

with 

9'sk^ = (CA 9AA} 9'A^ + CB ^BJ.^ (pB^)lQ±^ 

and 

9'sk̂  = (CA 9AI.' (PA' + CB 9BI.' (PB')/QI.'-

Having measured rp^y, at a number of ternary alloys in a system NiAB, where 
the concentrations of A and B in at % are CA and CB, and using the values 
of 9A± •> 9A1.'-, 9BA.^ and ^BJ.^ as derived from tables 2-III and 2-V, we can 
find 9'AV 9'AV 9)3^ and CPB'- The experimental data on binary and ternary 
alloys from which we derived (p^y^ and q^y^ for Al, Co, Cr, Cu, Fe, Pt, Rh, 
Ru, Sn, Ti and V dissolved in nickel are given in table 7-IIIA. Each data 
point is obtained from a linear relation between the experimental total 
anomalous Hall angle and the solute concentration. 

The theoretical relation (7.3) was fitted to the experimental points by 
minimizing the sum of the squared deviations between the experimental and 
the theoretical value of the skew-scattering angle, giving binary alloys some 
extra weight. We used the numerical Direct Search procedure mentioned in 
sec. 4.2. The results of the fitting procedure were given in table 2-VII. After 
this fitting procedure the r.m.s. deviation between the data points in table 7-IIIA 
and the calculated curves, which are given in the appendix, was 0.4 mrad. We 
determined 22 parameters cp^y^ and 9̂ 5̂ ^ from 42 data points. The accuracy 
of the sub-band angles determined is estimated at about 0.5 mrad. By way of 
example we show the result for the NiCuV system in fig. 7.4. Other systems 
are given in the appendix. 

The main result of this analysis is that for a given spin direction (p^y, always 
has one sign, namely 99̂ ^̂  < 0 and f^y^ > 0, independent of the particular 
solute element, which seems quite significant. Jaoul, too, has resolved rp^y into 
the contributions by the two separate spin currents. However, his analysis 
heavily relies on experimental information on the temperature dependence of 
the anomalous Hall angle, in which b is considered to be a constant. In spite 
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TABLE 7-IIIA 

Experimental data on the skew-scattering angle and the side-displacement 

coefficient of nickel-based alloys. The data were obtained by varying the total 

concentration of the solute elements, keeping the ratio of the solute elements, 

indicated in the left hand column, the same for each composition. The data 

in this table were used to determine the values of (psk\ (Psk', b^ and b^ for 

the elements Al, Co, Cr, Cu, Fe, Pt, Rh, Ru, Sn, Ti and V dissolved in nickel. 

alloy 

All.00 

Alo.976Cro.024 
Alo.9iCro.o9 

Alo.72cro.28 
Cri.00 

Co,.00 

COo.8oRho.20 
COQ 5oRho.5Q 

Coo.33pho.67 
Ph,.oo 

Cr,.oo 

cro.073Feo.927 

Fei.00 

Cri.oo 
Cro.6iSno.39 

Cro.28Sno.72 
Cro.09Sno.g1 

Cro.023Sno.977 

Sn,.oo 

Cui.00 
CUo.607Rho.393 

Phi.00 

Cui.00 

Cuo.927Puo.073 

CUo.76PU0.24 

PUj.oo 

9'sk 
(mrad) 

— 

— 
— 

— 

+ 
— 

— 

+ 
+ 
— 

+ 
— 

— 

+ 
+ 
— 
— 

— 

— 

— 

+ 
— 

— 

— 

+ 
+ 

3.7 

2.6 

1.2 

0 

2.8 

6.2 

0.4 

0.3 

1.1 
0 

2.8 

0.4 

6.25 

2.8 

1.5 

1.0 
2.2 

1.6 

2.7 

10.0 

0.4 

0 

10.0 

0.9 

1.5 

2.5 

b 

(mrad/ 
ijiOcm) 

- 0 . 4 2 

- 0 . 3 4 

- 0 . 9 3 

- 0 . 9 8 

- 1 . 3 0 

+4 .20 

- 0 . 9 6 

- 0 . 9 8 

- 1 . 3 8 

- 1 . 1 0 

- 1 . 3 0 

- 1 . 1 4 

+2 .25 

- 1 . 3 0 

- 0 . 9 6 
- 0 . 8 4 

- 0 . 6 5 

- 1 . 0 0 

- 0 . 9 0 

+2 .00 
- 0 . 9 4 

- 1 . 1 0 

+ 2 . 0 

- 0 . 7 6 

- 1 . 1 9 

- 1 . 4 3 

alloy 

Cui.00 

CUo.78Vo.22 
CU0.72V0.28 

CUo.56'0.4.4 

CU0.39V0.6l 

Vi.00 

FCLOO 

FCo.76Pto.24 
FCo.6lPto.39 

Feo.25Pto.75 

Pti.oo 

Phi.oo 

ph0.95RU0.05 
Pho.9oRUo.io 

Rh0.87RU0.13 
PUi.00 

PUi.00 

RU0.967TI0.033 

RUo.9oTlo.lO 

RUo.loTlo.90 

RU0.033TI0.967 

Til.00 

Alo.726RUo.274 

Feo.74RUo.26 

RUo.306Sno.694 

9'sk 
(mrad) 

- 1 0 . 0 

- 1.5 

- 0.5 

+ 0.55 

+ 1.4 

+ 3.0 

- 6.25 

- 2.25 

+ 0.1 

+ 1.3 

+ 1.7 

- 0 

+ 1.2 

+ 1.7 
+ 1.4 

+ 2.5 

+ 2.5 

+ 1.8 
+ 3.2 

+ 2.4 

+ 0.5 
+ 1.5 

+ 1.8 

+ 2.7 

- 0.5 

b 

(mrad/ 

(xOcm) 

+2 .00 
- 0 . 5 6 

- 1 . 0 0 

- 0 . 9 5 

- 0 . 9 6 

- 1 . 2 6 

+2 .25 

+0 .77 

- 0 . 3 4 

- 0 . 8 7 

- 2 . 2 5 

- 1 . 1 0 
- 1 . 3 2 

- 1 . 4 9 

- 1 . 3 3 

- 1 . 4 3 

- 1 . 4 3 
- 1 . 1 8 

- 1 . 4 2 

- 1 . 3 6 
- 1 . 0 4 

- 1 . 0 5 

- 1 . 3 0 

- 1 . 4 5 

- 0 . 9 9 

http://Alo.976Cro.024
http://Alo.72cro.28
http://Coo.33pho.67
http://cro.073Feo.927
http://Cro.6iSno.39
http://Cro.09Sno.g1
http://Cro.023Sno.977
http://CUo.607Rho.393
http://Cuo.927Puo.073
http://CU0.72V0.28
http://CU0.39V0.6l
http://Feo.25Pto.75
http://ph0.95RU0.05
http://Rh0.87RU0.13
http://RU0.967TI0.033
http://RU0.033TI0.967
http://Alo.726RUo.274
http://Feo.74RUo.26
http://RUo.306Sno.694
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Fig. 7.4. A comparison between the values of the skew-scattering angle (p^y (# , left-hand 
scale) and the side-displacement coefficient b (A, right-hand scale) experimentally observed 
in a set of ternary NifCui.̂ ^V t̂) alloys and a best fitting curve calculated in a two-current 
model with the parameters given in chapter 2. The solid line indicates the skew-scattering 
angle, the broken line the side-displacement coefficient. 

of this, he reports the same sign as we do for 9)^ '̂ and f^k' for most solutes, 
viz. Au, Co, Cr, Cu, Fe, Mn and Re. Jaoul reports a different sign for <pic\ 
(pf^J and 99vV while for Nb and Mo, impurities that we did not study, both 
signs are found to be diflferent from the general pattern observed by us. In view 
of the fact that our results were obtained from more straightforward experi­
ments on ternary alloys, these differences should not be considered too seriously. 

Having also derived b for a number of ternary alloys (see table 7-IIIA), we 
can resolve the total side-displacement coefficient of a solute element A into the 
contributions from the two spin bands b^. ̂  and 6A '. The relevant formula was 
given in (2.15) where we showed that b values can only be obtained apart from 
an arbitrary constant bo which is to be added to all b^ values and to be sub­
tracted from all b^ values. In fact, therefore a fit of a separate ternary system 
NiAB, with adjustable parameters bf,\ 6AV ^B^ and bs', involves only three 
parameters since one side-displacement coefficient can be taken as zero. 

In the same way as described for the skew scattering we fitted the relation 
(2.15) to the experimental points for b, recorded in table 7-IIIA, by minimizing 
the sum of the squared deviations between the experimental and the theoretical 
value of the side displacement-coefficient b, giving binary alloys some extra 
weight. The resulting b^^ and ÖAV where A stands for Al, Co, Cr, Cu, Fe, 
Pt, Rh, Ru, Sn, Ti or V, are given in table 2-VIII. The r.m.s. deviation between 
the data points and the calculated values of b is found to be 0.12 mrad/[xOcm. 
We determined 21 parameters, corresponding to 11 elements dissolved in nickel, 
from 42 data points. An example of a fit is given for the NiCuV system in 
fig. 7.4. Clearly, it is now important that impurities should be studied in dif-
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ferent ternary systems so that once we have chosen, for example, b^ for one 
impurity, all other b values are connected. For this reference we chose ^co^ = 0. 
The reason for this is found in Berger's phenomenological picture (see fig. 2.12) 
from which it may be expected that if the spatial extension of an impurity is 
small, the side displacement Ay and correspondingly b will also be small. The 
resistivity of Co for up electrons is the smallest of all specific resistivity values, 
so bco^ may be expected to be the smallest that occurs. In our system it is 
defined as to be zero. 

The resulting values of b^ and b^ are also recorded as black symbols in 
fig. 7.5. It is striking that by defining bco^ = 0 all other b^ values become 
negative and all b^ values become positive. In other words, skew scattering 

- 8 

Ci 

/ . 
/ C o ' •\/gf(lincm/at%)'' 

\ ~]/§^(fincrn/at%)" 

\ 
^Ir 

^ • ' • ^ ^ 

Fig. 7.5. The side-displacement coefficient b per sub-band as a function of the square root 
of the specific residual resistivity within that sub-band. The circles represent various impurity 
elements. Black circles represent impurity elements that were investigated in detail in sets 
of ternary alloys with various total impurity concentration, as in fig. 7.4. White circles repre­
sent impurity elements for which the side-displacement contribution was analysed after 
applying a correction (p^y to 913, which was estimated from fig. 2.13; see text. Significant 
deviations from the general pattern are observed in Nilr. 

and side displacement are to the left for one spin direction and to the right 
for the other. Fig. 7.5 also displays a correlation between the numerical value 
of b and the corresponding sub-band resistivity. Relating the side-displacement 
coefficient to the spatial extension of the scattering centre involved, it seems 
natural to connect the side-displacement coefficient with the cross section for 
scattering of the solute element, which is proportional to the square root of 
the specific residual sub-band resistivity. From fig. 7.5 it can be seen that such 
a correlation is in fact found. 

Only 11 solute elements have been included in table 7-IIIA. We decided to 
derive b^ and b^ for 6 other impurities from the experimental value of 9)3, the 
anomalous Hall angle of the alloy with a total solute concentration of 3 at %, 
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thus avoiding the elaborate experimental work involved in studying the con­
centration dependence of the anomalous Hall angle of a large number of alloys. 
The b values of the ternary alloys given in table 7-IIIB were determined from 
b = {<Pi — 9'5k)/?3> where 9̂ 3 and 03 are the anomalous Hall angle and the 
resistivity of alloys with total solute concentrations of 3 at %. rp^y^ is usually 
much smaller than 9̂ 3. We therefore decided to estimate 9)5̂  from the straight 
line in fig. 2.13, calculating (("V'lotaOx from the known sub-band resistivities. 

TABLE 7-IIIB 

Experimental data on the side-displacement coefficient of nickel-based alloys. 
The data were obtained from the difference between the anomalous Hall angle 
of the corresponding alloy with a total solute concentration of 3 at % and the 
skew-scattering angle which was estimated from the correlation between cp^y 
and («V'totaOi. as given in fig. 2.13. The values of the binary alloys of nickel 
with Au, Ir, Mn, Re, and Si were determined in the usual way by studying 
alloys with different solute concentrations. 

al loy 

Auj .00 

AUo.5oCOo.50 

Aui .00 

Auo.93Iro.07 

Auo.87lro.13 

Auo.73Iro.27 

AUo.6ofro.40 

AUo.4oIro.60 

'•"LOO 

Aui .oo 

AUo.9]Rho.o9 

AUo.76Rho.24 

AU0.44Rh0.56 

AU0.09Rh0.91 

cro.44Mno.56 
cro.39Mno.61 
cro.24Mno.76 
cro.14Mno.86 

M u i . o o 

b 

( m r a d / | j , ü c m ) 

+ 1.10 

+ 1.80 

+ 1.10 

+ 0 . 4 5 

- 0 . 1 3 

- 0 . 5 1 

- 0 . 8 4 

- 0 . 9 7 

- 1 . 1 7 

+ 1.10 

- 0 . 6 0 

- 1 . 5 0 

- 1 . 1 4 

- 1 . 2 0 

- 1 . 3 4 

- 1 . 5 1 

- 1 . 3 5 

- 1 . 2 6 

+ 1.60 

al loy 

Feo.95Reo.05 

Feo.84R60.i6 

Fe0.72RS0.28 

RCl.OO 

'^ho.91'^no.09 

Rho.7iZno.29 

Rho.24Zno.76 

Rno.09Zno.91 

Rh0.67SI0.33 

Rho.5oSio.50 

Rh0.33SI0.67 

Sii.oo 

AU0.85RU0.15 

Mno.73RUo.27 

b 

( m r a d / [ x ü c m ) 

- 0 . 8 2 

-1.27 
-1.34 
-1.25 

-1.26 
-1.22 
-1.08 
-0.65 

-1.15 
-1.05 
-0.96 
-0.93 

-1.10 

-1.25 

http://AUo.5oCOo.50
http://Auo.93Iro.07
http://Auo.87lro.13
http://Auo.73Iro.27
http://AU0.44Rh0.56
http://AU0.09Rh0.91
http://cro.44Mno.56
http://cro.39Mno.61
http://cro.24Mno.76
http://cro.14Mno.86
http://Feo.95Reo.05
http://Feo.84R60.i6
http://Fe0.72RS0.28
http://Rho.24Zno.76
http://Rno.09Zno.91
http://Rh0.67SI0.33
http://Rh0.33SI0.67
http://AU0.85RU0.15
http://Mno.73RUo.27
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The fitting was then extended to these new data to find b'^ and b^ for Au, Ir, 
Mn, Re, Si and Zn. In this fitting procedure the values of b^ and b^, which 
had already been determined from the data in table 7-IIIA, were kept constant 
(this concerns the side-displacement coefficients of Co, Cr, Fe and Rh). The 
fitting procedure was effected in the same way as described before. We deter­
mined 12 adjustable parameters, corresponding to 6 solute elements, from 33 
data points. After the fitting procedure the r.m.s. value was 0.14 mrad/(j,ncm. 
The results, plotted as white circles in fig. 7.5, combine nicely with the other 
data. 

A complete survey of the experimental values of the anomalous Hall angles 
of the alloys with a total solute concentration of three at % is given in the 
appendix. There we compare these values with the calculated ones using the 
values of b^ and b^ from table 2-VIII and the values of 9?,̂ ^ and cp^y^ from 
table 2-VII, together with a few estimated values of the skew-scattering angles. 

Above and in chapter 2 we have already stressed the simple result for the 
two contributions to the anomalous Hall effect in nickel alloys, viz. that carriers 
of the majority-spin direction have negative (p<^y and b values, while carriers of 
the minority-spin direction have positive (p^y and b values. The negative sign 
means that the anomalous Hall voltage has the same polarity as the normal 
Hall voltage due to free electrons. A phenomenological explanation assuming 
that impurities are at least partly non-transparent for electrons which can only 
bypass the impurities sideways was introduced in chapter 2. In this explanation 
the sign of (p^y'^ and b'^ is determined by the orbital moment of the current 
carriers with respect to the impurity. This orbital moment, the sign of which 
is known when the spin direction is known, leads to a preference to bypass 
the impurity at a given side. In fact, it follows from this consideration that the 
anomalous Hall effect of electrons with the majority-spin direction should have 
the negative sign and electrons with the minority-spin direction a positive 
anomalous Hall effect (see table 7-IV). 

A similar reversal of sign both with spin direction or with a change from 
electrons to holes was proposed by Kondorskii ^°''). His sign convention, 
however, is just the reverse. 

TABLE 7-IV 

direction of the 
magnetic moment 

"up" (majority) 
"up" (majority) 
"down" (minority) 
"down" (minority) 

type of 
carriers 

electrons 
holes 
electrons 
holes 

sign of 

9M 

— 

+ 
+ 
— 
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As explained in chapter 6, there is reason to believe that the conduction in 
nickel is predominantly by electron-like current carriers in both spin bands, i.e. 
the largest contribution to "(ep)^ and «(EF)^ is due to electron-like states, so 
that in the spin-down band, too, the anomalous Hall effect should have the 
sign of electrons. In iron the situation may be different, a point which will be 
discussed below. 

Finally it may be wondered whether the values of the side-displacement 
coefficient b displayed in table 2-Vlll correspond to side displacements Ay of the 
order of atomic dimensions, b values may be associated with Ay under certain 
assumptions as to the number of carriers and their properties. For an order-
of-magnitude calculation we may take 1 electron/atom, with the mass of a free 
electron for the effective mass. Then b = 1 mrad/[xOcm corresponds to side 
displacements Ay of about 0.4 A which is of the right order of magnitude in 
terms of Berger's phenomenological picture. 

7.3. The anomalous Hall effect in iron-based alloys 

For experimental purposes iron-based alloys are less accessible than the cor­
responding nickel-based alloys, the main reason being the large value of the 
saturation magnetization which is 47r A/j =21.9 kG in iron compared to 6.4 kG 
in nickel and makes it difficult to study the low-field region. In order to have 
B/go sufficiently small, resistivities of a few [xücm are needed which for many 
impurities would result in solute concentrations of about 3 at % or more. An 
additional difficulty is that the field range over which the Hall effect can be 
measured in our experimental situation is only a factor of two. The upper field 
limit, which is determined by the instrument, is about 55 kOe. The lower limit 
is due to the magnetization and is about 22 kOe. Consequently, the uncertainties 
in Ro have quite a considerable inffuence on the anomalous Hall effect. 

For the experimental determination of q^y and b it is necessary to study 9)aH 
as a function of the total impurity concentration. Since concentrations larger 
than about 3 at % are not suitable and linear extrapolation of the normal Hall 
effect is not permissible in alloys with impurity concentrations of about 1 at %, 
the only possibility is to assume that a Kohier type of relation, i.e. relation (6.2), 
holds for the normal Hall effect. The procedure for deriving 9)5̂  and b has been 
described in fig. 6.2. We would like to emphasize that (p^y and b values derived 
here only have a meaning if a single Kohier curve is thought to exist. If, as we 
found for nickel, the normal Hall coefficient varies with the resistivity, apart 
from being a function of B/go, the Kohier procedure is invalid. In view of the 
restricted field range over which Hall angles are measured at various concen­
trations of a given impurity, it is impossible to investigate the limitations of 
this procedure in detail. 

In table 7-V we collate information about (p^y^ and b for iron alloys with 
impurities of relatively large specific resistivity, i.e. alloys in which at impurity 
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TABLE 7-V 

The anomalous Hall effect of solutes in iron with a relatively high specific 
resistivity. Included are 993, the Hall angle at 3 at % solute concentration, and 
two sets of values for 9",,̂  and b. The first set was obtained in a Kohler-type 
analysis, the second by correcting linearly for the normal Hall effect. 

solute 

Al 
Ga 
Si 
Ge 
Rh 
Ir 
Pt 
Ru 
Os 

9'3 

(mrad) 

+ 18.5 
+ 22 
+ 15 
+ 23 
+ 6 
+ 10 
+ 4.5 
+ 5 
+ 8 

Kohier 

9''sk 

(mrad) 

+ 1 
- 2 
- 3 
- 1 
+ 2 
+ 10 
+ 1 
+ 3.5 
+ 8 

b 
(mrad/(j.Ocm) 

+ 1.3 
+ 1.5 
+ 1.1 
+0.9 
+ 2 

0 
+0.9 
+ 1.5 

0 

linear 

9)sk 

(mrad) 

+ 1 
- 2 

0 
- 3 
- 2 
+ 10 
+ 3 
+ 2 
+ 1 

b 
(mrad/ptiicm) 

+ 1.1 
+ 1.6 
+0.85 
+0.9 
+2.6 

0 
+0.4 
+ 1.2 
+0.8 

concentrations of 1 at % the Kohier magntioresistivity remains below 5%. Both 
the values derived from the Kohler-type analysis and those obtained by linear 
extrapolation, assuming a field-independent normal Hall effect, are given. The 
differences between the two values reffect the uncertainties involved. Note that 
the anomalous Hall angle at a solute concentration of 3 at % does not include 
these uncertainties. In table 7-V there are 7 solute elements which have /'V'totai 
near 0 and two which have «V'totai above 0.5. Within the uncertainties of the 
determination it is clear that the systematics observed earlier in nickel-based 
alloys are not found in iron-based alloys. As a rule we find b to be positive. 
However, (p^y is found to have different signs even in alloys in which the same 
spin current dominates. 

The values of 9'3, (p^y and b for the remaining impurities are given in table 7-VI. 
Since the Kohier magnetoresistivity here exceeds 5% in the 1 at % alloys, only 
the Kohler-type analysis has been used to derive (p^y and b. The diflference 
relative to the systematics found in nickel-based alloys becomes even more 
clear, if, for example FeV and FeMn, which have about the same value of 
' V'toiai are compared. This difference can not be accounted for by experimental 
uncertainties only since the Hall angles in the 3 at % alloys are also very dif­
ferent. Independently of the analysis, it can be concluded that Co, Cr, Mn and 
V as impurity metals in Fe behave differently from the impurities recorded in 
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TABLE 7-VI 

The anomalous Hall angle of impurity metals in iron which have a low resistivity 
and a Kohier magnetoresistivity larger than 5% in the 1 at % alloy. 99̂ ^ and b 
were derived by a Kohler-type analysis. Values between brackets are less cer­
tain than the others. 

solute 

Ni 
Co 
Re 
Cr 
Mo 
W 
Mn 
V 

9̂ 3 

(mrad) 

+ 12 
+34 
+ 8 
+53 
+ 3 
+ 3 
+38 
-10 

9'sk 

(mrad) 

+ 12 
(+38) 
+ 5 
+28 
+ 7 
+ 11 

(+21) 
(0) 

b 
(mrad/[xücm) 

0 
(-2) 

0 
+4.5 
- 1 
- 2 

(+3) 
(-3) 

table 7-V. The small values of cp^y^ and b found in table 7-V can never lead to 
the large Hall angles observed in iron alloys with 3 at % of Co, Cr, Mn or V. 

Earlier information about the anomalous Hall effect in iron alloys was given 
for FeCo and FeCr by Majumdar and Berger"^*) and Carter and Pugh'°^). 
Majumdar and Berger studied FeCo alloys with concentrations between 0.25 
and 1 a t% Co from which they concluded that 95̂1, is 14 mrad and b about 
zero. The difference in relation to our value can be easily accounted for by the 
fact that even at the highest concentration of Co in the experiment by Majumdar 
and Berger the Hall coefficient is still field-dependent in the lowest field of 
measurement. Nevertheless, the large difference between the two values stresses 
the difficulties encountered in these investigations. Majumdar and Berger ob­
served 9)aH in iron with 0.25 to 0.7% Cr; Carter and Pugh studied iron alloys 

700 

I 

°Ó 5 10 15 
^ gJlxQcm) 

Fig. 7.6. The anomalous Hall angle in FeCr alloys as a function of the resistivity, (p^^ is 
obtained by treating RQ as a constant, which will be doubtfuU for resistivities below 2 jj.ncm. 
A: Majumdar and Berger**), O: Carter and Pugh '"*), • : present work. 

feCr 
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with 0.7, 2 and 5 at % Cr. The data are compared in fig. 7.6. The anomalous 
Hall angles were obtained by linear extrapolation. The agreement between dif­
ferent experiments is quite good and one tends to the conclusion that q^y is 
small and b is unusually large. The maximum in (p^i, of 50 mrad is reached at 
a Cr concentration of 5 at %, suggesting that at higher concentrations impurities 
start to interact. 

An important question is whether or not the picture for (Psk\ <Psk'> b^ andb^ 
may be a simple one, as in the case of nickel, taking into account the possibility 
that additional sign changes in iron occur when holes and electrons are inter­
changed. For iron alloys the two-current model might then be better replaced 
by a four-current model, viz. f electrons, t holes, J, electrons and | holes. Taking 
for granted that ^gy and b have opposite signs for electrons as compared to 
holes, the resulting sign for a given spin sub-band is difficult to predict. It is 
possible to construct a four-current model so that the trends of tables 7-V and 
7-VI and the observed normal Hall effect are reproduced. It should be borne 
in mind that such a model is very speculative. It serves to show that the anomal­
ous Hall effect may be basically simple, even in iron. 

We assume that the conduction in iron takes place through 4 currents, i.e. the two spin 
currents are each subdivided into equal numbers of electrons and holes having the same 
«(cp), Vp, m etc. If the four currents are scattered differently, their contributions are weighted 
differently. The contributions are weighted according to l/g^ in the normal Hall effect and 
according to Ijg in the skew-scattering angle. In a four-current model the side-displacement 
coefficient in a binary alloy is given by 6 = bj + b^,^ + b^^ + b^,^. If, as we derived for 
nickel alloys, the value of b is larger according as the resistivity is larger, we have a reversed 
weighting factor for the side-displacement contribution. The group of carriers that contributes 
least to the current, and has a large resistivity, contributes most to the side displacement. 
For simplicity we suppose additionally that 935̂  is small, as observed in table 7-V, so that 
(p3 is mainly due to side displacement. We now investigate whether the sign convention 
adopted in table 7-IV applies to iron. 

In the spin-down current we found that the normal Hall effect of all impurities has the 
hole sign and consequently b is expected to have the sign of J, electrons, which is the positive 
sign. If we now take as an example Co in iron, the Hall effect in the t band has the electron 
sign. Hence in this band b^ has the hole sign, which is also positive. The resulting b of Co 
in iron now has the same sign for both spin directions so that a large positive value of qj^ 
is to be expected. Mn and Cr are similar to Co in the sense that here, too, the normal Hall 
effect has the electron sign in the down band. These two impurities likewise produce very 
large positive 9J3 values. 

The impurities Al, Ga, Si, Ge, Ir, Rh, Ni and Pt, which have g^ > g^ and a normal Hall 
effect with the hole sign in both spin bands, are expected to have a side-displacement coefficient 
whose sign is determined by the band with the higher resistivity. Hence (p3 will be positive, 
but not as large as for Co and Mn in iron. 

The reverse holds for V in iron where the normal Hall effect again has the hole sign in 
both spin bands and g^ < g'^- b is then expected to be negative. In fact, 953 is negative in 
Fe97V3. 

We conclude that the anomalous Hall effects observed in iron alloys are not inconsistent 
with the scheme shown in table 7-IV. 

If a distinction has to be made between electrons and holes in a two-spin-
current model, calculation of the anomalous Hall effect would necessitate know­
ing four specific residual resistivities associated with each impurity element. 
Since this is beyond our possibilities we studied only 9̂ 3 in ternary alloys. The 
results are given without further analysis in the appendix. 
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7.4. Some remarks on the theory of the anomalous Hall effect 

Since the paper of Karplus and Luttinger '°^) the anomalous Hall effect in 
ferromagnetic metals has been the subject of many theoretical studies. A review 
of this literature up to 1972 is given by Hurd ^^). All the theories have one 
common feature: they are too complicated to be accessible for experimental 
physicists. Furthermore, the various authors disagree with each other on major 
points. For example, one discrepancy which has never been settled completely 
is whether an anomalous effect can exist in a fully periodic lattice (Karplus and 
Luttinger versus Smit *^)). More recently Smit " ° ) and Berger "*) have argued 
about the possible existence of a side-displacement contribution. 

Several requirements for a reliable theoretical description of the anomalous 
Hall effect due to dissolved elements may be inferred from the present work. 
(i) Conduction by parallel non-interacting currents of carriers with opposite 

spin direction should be taken into account. 
(ii) The use of perturbation theory and the calculation of resistivities by inte­

grating a scattering probability over a volume occupied by the impurity 
are not allowed. 

(iii) A model in which conduction is assumed to be exclusively by s carriers 
•̂̂  which are scattered into d states is not acceptable. 

Furthermore, impurities have, from our point of view, to be considered as 
large compared to the electron wavelength and non-transparent. There is no 
need for the anomalous Hall effect due to phonons and magnons (Ryshanova 
and Voloshinskiy '^^)) to be treated on the same footing as that due to impurity 
scattering. In all theories in which the anomalous Hall effect disappears in the 
pure metal the effect can be expected to be a function of the resistivity that may 
well contain a linear and a quadratic term. It is therefore dangerous to consider 
the side displacement due to phonons as additive to that due to impurities. The 
quadratic term in the anomalous Hall effect due to phonons can only be added 
to the quadratic term in the anomalous Hall effect due to impurities if the 
physical mechanism that causes these terms is known, e.g. if both terms are 
known to originate in real displacements sidewards. 

In view of criticisms (i), (ii) and (iii), all that remains is a phenomenological 
model combining skew scattering, proposed by Smit, and side displacement as 
proposed by Berger. The change of sign of the anomalous effects upon reversal 
of the spin direction was suggested by Kondorskii'°''). No quantitative com­
parison with theory can be made since Lyo and Holstein ^' ̂ ) found that the 
side displacement coefficient è is a constant which depends not on the im­
purity but only on the matrix. 
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8. CONCLUSIONS 

We reported experimental data on the electrical-transport properties of 
ferromagnetic iron- and nickel-based alloys. Binary and ternary alloys, 
representing aff metals that can be dissolved in nickel and iron at a concen­
tration of at least 3 at % have been investigated at 4.2 K. A main conclusion 
from this work is that in a description of electrical conduction properties of 
ferromagnetic metals one should take into account that conduction takes place 
by two mutually independent currents associated with the two possible spin 
orientations. 

For 17 solute metals in nickel and 20 solute metals in iron we have derived 
two specific residual resistivities, one for each spin current. The identification 
of the two resistivities with the majority- and the minority-spin direction is 
made by correlating quantitatively resistivities with the magnetic-moment dis­
turbance observed in nickel- and iron-based alloys with neutron diffraction and 
nuclear magnetic resonance techniques. That this correlation can be made 
strongly supports the validity of the two-spin-current model for nickel as well 
as iron. 

For all alloys we determined the resistivity anisotropy (i.e. the dependence 
of the resistivity on the angle between the current and the magnetization). It 
was found that in iron alloys, too, large effects can occur, which makes iron-
and nickel-based alloys very similar. The resistivity anisotropy is characteristic 
for the solute metal, being different for different solutes. These differences find 
a simple interpretation in terms of the two-current model. Within a given spin 
band the anisotropy effect depends only fittle on the solute. It is positive in the 
majority-spin band of nickel and the minority-spin band of iron, it is negative 
in the minority-spin band of nickel and around zero in the majority-spin band 
of iron. Thus the observed resistivity anisotropy is determined by the distribu­
tion of the total current over the two spin currents. 

The present experiments on the anomalous Hall effect in nickel-based alloys 
show that for a given solute (or a combination of solutes) the Hall voltage is 
well described by a sum of two terms, one of which is linear in the resistivity 
and the other which varies quadratically with the resistivity. The linear term 
is associated with the mechanism of skew scattering, the quadratic term with 
that of a displacement sidewards during the scattering process. We found that 
both terms depend on the solute metal. As regards the skew scattering this result 
is in agreement with data from the literature, for the side displacement it is 
unexpected. 

Within the two-current model the picture that emerges is simple. For the 
majority-spin band in nickel both terms have a negative sign, while for the 
minority-spin direction both terms are positive. From experiments on iron-
based alloys there are indications that besides the above described change of 
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sign upon spin reversal, the anomalous Hall effects also change their sign when 
going from electron conduction to hole conduction. 

Information about the limits of validity of the two-current model has been 
obtained from an extensive study of the normal Hall effect and the Kohier 
magnetoresistivity. In nickel we deduced that in the majority-spin band the 
Hall coefficient is not a constant but a parameter which varies systematically 
with the resistivity in that band, i.e. the mean free path of current carriers. 
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APPENDIX 

In this appendix we give the experimental data on the electrical transport 
properties of nickel- and iron-based alloys at 4.2 K. The data for nickel-based 
alloys are given in figs A.1 up to A. 19 inclusive. For iron-based alloys the data 
are given in figs A.20 up to and including A.35. White circles represent data 
which were determined for only one alloy. Black circles were determined by 
measuring more than one alloy with dilferent total solute concentration. 

In the top left-hand figures of figs A.1 to A. 19 we recorded the resistivity in 
(i,Qcm in the parallel configuration {M^ || /) at fl = 0 for ternary nickel-based 
alloys as a function of the relative solute concentration. The resistivities are 
recalculated to a total solute concentration of 1 at %. In the top right-hand 
figures we give the resistivity anisotropy in %. In the bottom left-hand figures 
the anomalous Hall angle in mrad at a total solute concentration of 3 at % 
is plotted as white circles. The black circles represent the skew-scattering angle 
in mrad. The bottom right-hand figures give the normal Hall coefficient in 
10"^^ flcm/G for alloys with a total solute concentration of 3 at %. In table A-I 
we give some data on nickel-based alloys which were not included in the figures. 

In figs A.20 up to and including A.35 we give the resistivity in (xücm, left-
hand figures, and the resistivity anisotropy in %, right-hand figures, for iron-
based alloys. The data for the resistivity are recalculated to a total solute con­
centration of 1 at %. In table A-II we give experimental data on the Hall 
effects in ternary iron-based alloys. 

The solid curves (for the skew scattering of nickel-based alloys the broken 
curve) are best fitting curves calculated in the two-current model. In the bottom 
left-hand figures of A.1 up to and including A. 19 the solid curve is the best 
fitting curve, calculated in the two-current model, for the total anomalous Hall 

TABLE A-I 

Experimental data for some nickel-based alloys 

alloy 

Alo.726RUo.274 

AU0.854RU0.146 
Feo.9oRho.io 

Feo.985RUO.015 

Fe0.74RU0.26 

Feo.93vo.07 
Mn0.733RU0.267 

RUo.306^^*0.694 

9u 
{y.Q.cm) 

4.51 

2.54 

1.01 

1.20 

4.17 

4.3 

4.36 

5.12 

^QIQW 

(7o) 

0.0 

- 0 . 2 

+ 7 . 2 

+ 6 . 6 

+ 0 . 2 

+ 6.6 

- 0 . 4 

- 0 . 2 

9'sk 
(mrad) 

+ 1.8 

0.0 

+ 2 . 7 

+ 0 . 5 

—0.5 

b 

(mrad/iJ.Ocm) 

—1.3 

—1.1 

—1.4 

—1.25 

—1.0 

http://Alo.726RUo.274
http://AU0.854RU0.146
http://Feo.985RUO.015
http://Fe0.74RU0.26
http://Feo.93vo.07
http://Mn0.733RU0.267
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angle in alloys with a total solute concentration of 3 at %. The broken line 
represents the calculated value of the skew-scattering angle. The diflference 
between the two curves represents the Hall angle due to the side-displacement 
mechanism in alloys with solute concentrations of 3 at %. 

TABLE A-II 

Experimental data for the anomalous Hall angle and the normal Hall coefficient 
in iron-based alloys 

al loy 

M u s . o 

Mn2.5Sio.5 

Mn2.oSi i .o 

M u i . o S i j . o 

Mno.5Si2.5 

Si3.o 

M03.0 

M02 .5Rho .5 

M o 2 . o R h i . o 

MOo.5Rh2.5 

R h s . o 

OS3.0 

OS2.5Sio.5 

Os2.oSii .o 

OS1.0S12.0 

OSo.5Si2.5 

Sis.o 

Rh3.0 

Rh4 .06Rul .23 

Rh2 .10Rul .15 

Rhl .13RU3.58 

Rho.58RU2.50 

RU3.0 

RU3.0 

RU2.4lVo.5 

RU1.74V1.0 

RUo.94» 2.0 

RU0.54V2.5 

V3.0 

(mrad 

+38 
+ 5.4 
+ 10.7 
+ 12.3 
+21.2 
+ 15 
+ 3.0 
+ 5.1 
+ 4.1 
+ 6.5 
+ 6.0 
+ 8 
+ 7.1 
+ 7.8 
+ 10.1 
+ 11.8 
+ 15 
+ 6.0 
+ 7.9 
+ 2.5 
+ 5.5 
+ 2.8 
+ 5.0 
+ 5 

0 
+ 0.8 
+ 3.6 
- 5.0 
-10 

^ 0 

( 1 0 - ' ^ Q c m / G ) 

+2.5 
+0.9 
+ 1.2 
+0.5 • 
-0.4 
+0.7 
+0.7 
+0.6 
+0.7 
+ 1.8 
+0.8 
+2.3 
+3.3 
+0.9 
+ 1.0 
+ 1.1 
+0.7 
+0.8 
+ 1.8 
+ 1.5 
+2.0 
+ 1.8 
+ 1.8 
+ 1.8 
+2.3 
+2.0 
+ 1.7 
+2.0 
+ 1.0 

aUoy 

AI3.0 

AI2.5C00.5 

AI2.0C01.0 

AI1.0C02.0 

AI0.5C02.5 

C03.0 

AI3.0 

AI2.5V0.5 

A l l . 5 4 » i . o 

AI1.0V2.0 

AI0.5V2.5 

V3.0 

CO3.0 

CO2.73Mno.27 

CO1.82Mn1.18 

CO0.86Mn2.14 

CO0.27Mn2.73 

M u j . o 

C03.0 

Co2.5Reo.5 

COi.ggRCo.gg 

Coi .oRe2.o 

Coo.59Re1.89 

Re3.o 

VM 

( m r a d ) 

+ 18.5 
+ 16.4 
+ 13.5 
+ 9.5 
+ 6.7 
+34 

+ 18.5 
+21.9 
+ 18.0 
+ 12.2 
+ 9.0 
-10 

+34 
+34.3 
+36.4 
+36.2 
+36.2 
+ 38 

+34 
+ 13.1 
+ 13.0 
+ 5.8 
+ 3.3 
+ 8 

^ 0 

(10-12 Q c m / G ) 

+2.0 
+ 1.5 
+0.9 
+0.3 
+0.4 
-0.6 

+2.0 
+ 1.1 
+2.0 
+3.2 
+2.7 
+ 1.0 

-0.6 
-0.6 
-0.6 
+0.1 
+ 1.6 
+2.5 

-0.6 
+ 1.3 
+ 1.3 
+ 1.4 
+2.3 
+2.3 

http://Rh4.06Rul.23
http://Rh2.10Rul.15
http://Rhl.13RU3.58
http://Rho.58RU2.50
http://CO2.73Mno.27
http://CO1.82Mn1.18
http://CO0.86Mn2.14
http://CO0.27Mn2.73
http://Coo.59Re1.89


ELECTRICAL CONDUCTION IN FERROMAGNETIC METALS 391 

Ni(Al,.^CrJ 
4r 

*•- X 

Fig. A.2 
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M (Au,jf Jr^) 

Fig. A.3 

Ni(Auj.yRhx) 

Fig. A.4 
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Fig. A.5 

Ni(Coj^jfRUx) 
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Fig. A.6 
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NKCrj.^FeJ 

Fig. A.7 
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Fig. A.8 
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Fig. A. 10 



396 J. W. F. DORLEIJN 

Ni(Cu,.yRhy) 

Fig. A. 11 

Ni(Cu,-),RU),) 

Fig. A. 12 
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Nl(Cu,.,V,) 

Fig. A. 13 

Ni(Fe,.xPtx) 

Fig. A.14 
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Ni{Fe,.yRey) 

Fig. A. 15 

Ni(Rbj.xRu^) 

4r 

Fig. A. 16 
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NiC^t^l-x^'x) 

Fig. A. 17 

Ni(/^f^hxZnJ 

*'X 
Fig. A. 18 
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Fig.A.19 

Fe(Al,.,Co,) 

4r 

Fig. A.20 
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Fe(Al,.yM0y) 

Fig. A.21 

Fe(Al,.,Vx) 

Fig. A.22 

Fe(Coj_yMn)f) 

Fig. A.23 
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Fe(Co,.xMo^) 

Fig. A.24 

Fe(Co,.^OsJ 

Fig. A.25 

Fe(Co,.j,ReJ 

Fig. A.26 
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Fe(Co,_^RUy) 

Fig. A.27 

Fe(Co,.,V,) 

Fig. A.28 

Fe(Mn,-ySiy) 
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Fig. A.29 
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Fe(Mo,.yRhy) 

Fig. A.30 

Fe(Ni,_,V,) 
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Fig. A.31 

FefOsf-ySiy) 

Fig. A.32 
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Fe(Rhj.yRUy) 

Fig. A.33 

Fe(Rh,.,V,) 

Fig. A.34 

Fe(Ru,.,V,) 

Fig. A.35 
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SUMMARY 409 

Summary 
Experiments are reported on the electrical-conduction properties of a large 

number of binary and ternary alloys based on either nickel or iron. The solutes 
represent the elements that can be dissolved in nickel or iron at a concentration 
of 3 at %. At 4.2 K the resistivity, the resistivity anisotropy, the normal and 
the anomalous Hall effect have been measured. 

The results were analysed in terms of a two-current model. In this model 
two mutually independent currents are associated with the two possible direc­
tions of the electron spin, viz. the majority- and the minority-spin direction. 
For 17 solutes in nickel and 20 solutes in iron we determined the two specific 
residual resistivities corresponding to the two currents. The trends among the 
specific resistivities found can be explained in terms of existing data on magnetic-
moment disturbances around solute metals in the ferromagnetic matrix. 

It was found that a simple phenomenological description of the resistivity 
anisotropy in nickel- or iron-based alloys can be given in terms of the two-
current model. It appears that the anisotropy effect is mainly due to one of 
the two bands, viz. the majority-spin band in nickel and the minority-spin 
band in iron. 

In nickel-based alloys the anomalous Hall effect, too, can satisfactorily be 
described in terms of the two-current model, taking into account the mechanisms 
of skew scattering and of side displacement. The skew-scattering angles and the 
coefficients for side displacement in the two bands were determined for different 
solutes in nickel. In the majority-spin band of nickel both the skew-scattering 
term and the side-displacement term are negative, in the minority-spin band 
of nickel both terms are found to be positive. 

The limits of validity of the two-current model were observed in a study of 
the normal Hall effect in nickel-based alloys. It was found that within the 
majority-spin band of nickel the Hall coefficient varies systematically with the 
mean free path of the current carriers. 
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Samenvatting 
In dit proefschrift worden experimentele resultaten weergegeven betreffende 

de elektrische geleidingseigenschappen van een groot aantal binaire en ternaire 
legeringen met nikkel of ijzer als meerderheidselement. De opgeloste elementen 
zijn representatief voor die elementen uit het periodiek systeem welke in nikkel 
of ijzer kunnen worden opgelost tot een concentratie van 3 at %. Bij een tem­
peratuur van 4.2 K. is de weerstand, de weerstandsanisotropie, het normale en 
het anomale Halleffect gemeten. 

De resultaten zijn geanalyseerd in termen van het tweestromenmodel. In dit 
model wordt de totale elektrische stroom opgebouwd gedacht uit twee onderling 
onafhankelijke componenten die geassocieerd worden met de twee mogelijke 
richtingen van de elektronenspin, d.w.z. de meerderheids- en de minderheids-
elektronenspin-richting. We hebben de specifieke restweerstand voor elk van 
de twee deelstromen bepaald voor 17 verschillende in nikkel opgeloste elemen­
ten en voor 20 verschillende in ijzer opgeloste elementen. Globaal kunnen de 
gevonden specifieke restweerstanden verklaard worden in termen van bestaande 
gegevens over de verstoring, rondom opgeloste atomen, van het magnetisch 
moment van de ferromagnetische matrix. 

We hebben gevonden dat de weerstandsanisotropie in nikkel of ijzer lege­
ringen phenomenologisch eenvoudig beschreven kan worden in termen van het 
tweestromenmodel. Het blijkt dat het anisotropie-effect voornamelijk te wijten 
is aan één van de twee stromen, en wel aan die welke hoort bij de meerderheids­
spin-richting in nikkel en die welke hoort bij de minderheidsspin-richting in 
ijzer. 

In nikkellegeringen kan het anomale Halleffect eveneens bevredigend be­
schreven worden in termen van het tweestromen-model. Hierbij moet rekening 
worden gehouden met de mechanismen van scheve verstrooiing ("skew scat­
tering") en zijwaartse verplaatsing ("side displacement"). De hoeken voor 
scheve verstrooiing en de coëfficiënten voor zijwaartse verplaatsing zijn be­
paald voor verschillende in nikkel opgeloste elementen voor beide deelstromen. 
Voor nikkellegeringen blijkt dat in de deelstroom met de meerderheidsspin-
richting zowel de scheve verstrooiing als de zijwaartse verplaatsing negatief is, 
in de deelstroom met de minderheidsspin-richting hebben beide bijdragen tot 
het anomale Halleflfect het positieve teken. 

Een grensgeval voor wat betreft de geldige toepassing van het tweestromen­
model blijkt het normale Halleffect in nikkellegeringen te zijn. We hebben 
gevonden dat de Hallcoefficient van de meerderheidsspin-richting systematisch 
varieert met de gemiddelde vrije weglengte van de ladingsdragers. 
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List of frequently used symbols 

b side-displacement coefficient in mrad/jxiicm 
B magnetic induction in G 
C A concentrat ion of solute element A in at % 
e electron charge in C 
H magnetic field in Oe 
7/ex( external magnet ic field in Oe 
Hicm demagnet izat ion field in Oe 
/ current density in A/cm^ 
k wave number of electrons in c m " ̂  
/ mean free pa th of electrons in cm 
m* effective electron mass in kg 
Ms sa turat ion magnetizat ion in G 
« density of electrons in cm~ ̂  
n{ep) density of states a t the Fermi energy 
TV demagnet izat ion coefficient 
Ro normal Hall coefficient in Dcm/G 
T temperature in K 
K„ Hall voltage in V 
X coefficient denot ing solute concentrat ion (e.g. N i99Co ,_ ; tRhJ 
a rat io of sub-band resistivities (a^ = 9A'/9A^) 

/3 fraction of the total current carried by the majority-spin band 

(/S = '• V',o.a.) 
y coefficient for the electronic specific heat in J/mol K^ 
Ay side displacement in cm 
Ap/gii resistivity anisotropy in % 
êo Debije temperature in K 
pi impuri ty magnet ic moment in Bohr magnetons piB 
g^^ electrical resistivity in the configuration with M , | | j a t 5 = 0 in 

(j.Ocm 

g_^ electrical resistivity in the configuration with M^ ] _ i ai B = Q ia 
|i.Dcm 

go electrical resistivity at .5 = 0 in \iQ.cm 
PA specific residual resistivity due to solute A in [xl2cm/at % 
g'^^ spin-flip resistivity in \LQ.cm 
g-Y resistivity due to thermal excitations (phonons and spin waves) in 

(xDcm 
PH total Hal l resistivity in Dcm 
paH anomalous Hall resistivity in Qcm 
e„H normal Hall resistivity in Ücm 
a electrical conductivity in (fxOcm)"* 
r characteristic time for scatterinir in s 
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9?H total Hall angle in mrad 
99aH anomalous Hall angle in mrad 
9?„H normal Hall angle in mrad 
<Psy Hall angle due to skew scattering in mrad 
t symbol for indicating electrons with the majority-spin direction 
l symbol for indicating electrons with the minority-spin direction 



STELLINGEN 
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I 

Indien bij het vermelden van de Hallcoefficient van zuivere metalen bij lage 
temperatuur, in het bijzonder voor wat betreft de Hallcoefficient in de laag veld 
benadering, naast de zuiverheid van het metaal niet tevens vermeld wordt 
welke elementen als onzuiverheid voorkomen, verliest deze informatie veel van 
haar betekenis. 

C. M. Hurd , The Hall effect in metals and alloys. Plenum-press, New 
York, 1972. 

II 

Bij de berekening van de verdeling van de elektrische stroom in complexe 
structuren van ferromagnetische metalen, zoals de "barber pole" voor het uit­
lezen van magneetbanden, dient rekening gehouden te worden met het twee­
stromenmodel. 

III 

De in sommige leerboeken gestelde regel dat atomen in legeringen gekenmerkt 
kunnen worden door een voor elk element karakteristiek atomair volume is 
niet algemeen geldig. 

IV 

Het is onwaarschijnlijk dat het door Coldea en Pop waargenomen NMR spec­
trum gedeeltelijk afkomstig is van Cu atomen op een niet-kubische rooster-
plaats. 

M. C o l d e a en I. Pop . Magnetism Letters 1, 11, 1976. 

V 

Het verschijnsel dat de specifieke lichtstroom van een TL-lamp afneemt met 
toenemende kwikdruk, wordt door Waymouth toegeschreven aan herhaalde 
absorptie en emissie van fotonen, door hem "imprisonment" van de straling 
genoemd. Deze verklaring is al te eenvoudig. 

J. F. W a y m o u t h , Electric discharge lamps, The M.I.T. Press, Cam­
bridge, Massachusetts, 1971. 

VI 

De methode van Hooke en Jeeves ter minimalisatie van een funktie van N 
variabelen zonder nevenvoorwaarden vormt een compromis tussen enerzijds 
eenvoud en inzichtlijkheid der methode en anderzijds snelheid van conver­
gentie. 

R. H o o k e en T. A. Jeeves , J. ACM 8, 212, 1961. 



VII 

De fiscale scheiding, volgens artikel 5 van de wet op de inkomstenbelasting van 
1964, van inkomstenbestanddelen van echtgenoten, is in strijd met het grond­
beginsel dat belasting geheven dient te worden naar draagkracht. 

VIII 

De zinspreuk "Door meten tot weten", geponeerd door H. Kamerlingh Onnes, 
wordt ten onrechte door velen als verouderd beschouwd. 

H . K a m e r l i n g h O n n e s , Redevoering uitgesproken bij de aanvaarding 
van het hoogleraarsambt aan de Rijks-Universiteit te Leiden, E. J. Brill, 
1882. 

IX 

In het licht van het tweestromenmodel voor de elektrische geleiding in ferro­
magnetische metalen, bieden verschijnselen aan het grensvlak tussen een ferro-
magnetisch metaal en een tweede metaal een boeiend en geheel onontgonnen 
terrein van onderzoek. 


