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Abstract. This work presents a novel approach for characterizing the mechani-
cal behavior of atrial tissue using constitutive neural networks. Based on experi-
mental biaxial tensile test data of healthy human atria, we automatically discover
the most appropriate constitutive material model, thereby overcoming the limita-
tions of traditional, pre-defined models. This approach offers a new perspective
on modeling atrial mechanics and is a significant step towards improved simula-
tion and prediction of cardiac health.

Keywords: atrial mechanics - material model discovery - constitutive
modeling - constitutive neural networks

1 Introduction

The atria, the upper chambers of the heart, play an indispensable role in coordinat-
ing the cardiac cycle by efficiently receiving blood and transferring it to the ventri-
cles. Although the ventricles have traditionally received more attention due to their pri-
mary blood pumping capacities [4,6,40,45,49,57], there is increasing recognition that
the atria significantly influence overall cardiac performance and disease progression as
well [5,11,15,16,18,20,23,36]. Mechanical changes in atrial tissue - due to structural
remodeling, fibrosis, or age-related alterations - can profoundly affect their capacity to
modulate blood flow, leading to conditions such as atrial fibrillation and chronic heart
failure [32,38,55]. Consequently, accurate mechanical characterization and modeling
of atrial tissue is crucial for improving our understanding of cardiac health, guiding
the development of therapeutic strategies, and informing the design of medical devices
aimed at treating atrial pathologies.

Historically, atrial tissue was long assumed to show similar mechanical behav-
ior to myocardial tissue. Consequently, the constitutive models used for these tissues
evolved from isotropic to anisotropic, from (quasi-)linear to non-linear, and from strain-
based to invariant-based models [30]. Over the past two decades, the evolution towards
microstructurally informed constitutive models has led to increasingly more tissue-
specific constitutive models for atrial tissue. The common practice towards constitutive
modeling a priori assumes a user-designed constitutive model, followed by a calibration
of the associated material parameters that best fit the studied experimental tissue test-
ing data. Hence, atrial tissue has been modeled using transversally iostropic Fung-type
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strain-based constitutive models [8,9,20], or transversally isotropic mixed Demiray-
Gasser invariant-based constitutive models [5,13, 14]. Originally developed for other
tissue types, these a priori constitutive model choices do not necessarily reflect the
intrinsic constitutive behavior of atrial tissues. In this work, we adopt the paradigm
of constitutive neural networks [25,27,28,42,43] to autonomously discover the best
microstructure-informed constitutive model and parameters for atrial tissue from a large
library of constitutive models.

2 Methods

Biaxial Tissue Testing Data. We leverage biaxial extension tests performed on human
atrial tissue by Bellini et al. [8]. In this work, thin, square-shaped atrial tissue specimens
were extracted from the anterior and posterior regions of the left and right atria, and
subsequently mounted in a planar biaxial tensile testing apparatus [50]. Based on naked
eye observations of the fibers in the studied tissue specimens, each sample was mounted
with both orthogonal fiber families [9] parallel to either one of the sample edge pairs.
Orthogonal tensions were applied along each edge of these samples, and the protocol
consisted of five distributed #,:f; tension ratios which were set to 1:0.5, 1:0.75, 1:1
(equibiaxial tension), 0.75:1, and 0.5:1 respectively. We digitized the Green-Lagrage
strain and second Piola Kirchoff stress pairs from the original work, and used standard
pull-back transformations to compute the experimentally measured Ay, A, stretch and
Py, P> Piola stress component pairs.

Kinematics. For the special case of homogeneous deformation during biaxial extension,
we apply the stretches A; > 1 and A, > 1 in two orthogonal directions, and adopt an
incompressibility condition, det(F') = A; A, A3 = 1, to compute the stretch in the thick-
ness direction, A3 = (A; A;)~! < 1. Based on polarized light microscopy testing of atrial
tissue [8], we impose two orthogonal fiber families in each sample. We assume these
fiber pairs remain orthogonal during tissue testing, such that the deformation remains
homogeneous and shear free, and the deformation gradient,

F:diag{ll,lz,(/lllz)*l} (D

remains diagonal at all times. Based on these assumptions, the deformation of our
transversally isotropic tissue samples can be completely characterized using the two
isotropic invariants [42]:

L=[F"F|:T=A+A}+(MA) 2

2)
L=[}~[F"F]:[F'"F]| =272+ + (ML)
and the anisotropic invariants for each of the orthogonal fiber families:
14711:[Ft~F]:[n(1)®n(f]:l12 14.22=[Ft-F]:[ng®ng]=2.22 (3)
15’]1 = [FtF]z : [’I’L?@TL?} = A14 15722 = [FtF}z : [ng@)ng] = 2,24

where n? and nj represent the atrial tissue’s unit vector internal fiber directions in the
reference configuration.
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Constitutive Equations. To maintain thermodynamic consistency, we define the
Helmholtz free energy y as a function of the deformation gradient, y = y(F).
Under the assumption of no dissipative energy losses in the material, and by rewrit-
ing the Clausius-Duhem entropy inequality [47] in line with the Coleman-Noll prin-
ciple [12], we obtain the Piola stress tensor P = d¥/JdF. By defining the free
energy function in terms of the isotropic and anisotropic invariants discussed above

v =y (I1,h,1s11,1422,1511,1522), we get:

OV (I, 1o, 1s11,1422,15 11,15.22)
JoF

To guide the selection of constitutive material models that are polyconvex, we note
that mixed products of convex functions are generally not convex. Following [17], we
therefore focus on a special subclass of free energy functions in which the free energy
function is the sum of individual polynomial polyconvex subfunctions Y1, Y, W4 ;;, and
Ys,ii» such that w (F) = yi () + w2 (b) + -1 2 Wai (Iaii) + Xi—1.2 Ws,i (5,ii). Follow-
ing this design choice, we obtain the following explicit expression for the Piola stress:

P:

. “4)

p_dwoh 0yibh < 3y i Ay ks
0l dF 0L OF o 0lui OF 5054 OF

&)

Given the homogeneous and shear free nature of the studied biaxial tensile tests
and a zero stress condition in the tissue sample’s normal direction, we can derive the
following analytical expressions [42] for the Piola stresses P; and P in terms of the
stretches A; and A;:

P1=2|:)~1 ! :|aw+2[)ylﬂqz—]:|aw+2)~1 oy +403 oy

S A2 on A3 ohn FI TR T T
P zp S ]‘9"’+2[AZA 1]‘9‘”+2z AT F A “
2T Az an I ) A FT A 9522

Constitutive Neural Network. To discover the best material model and parameters to
explain the biaxial testing data of atrial tissue, we adopt the concept of constitutive
neural networks — a special class of neural networks that satisfy the conditions of ther-
modynamic consistency, material objectivity, material symmetry, perfect incompress-
ibility, polyconvexity, and physical constraints by design [27]. Figure 1 illustrates our
atrial microstructure-informed transversely isotropic, perfectly incompressible neural
network with three hidden layers containing six, eight, and sixteen nodes respectively.
The zeroth layer maps the network input, i.e. the deformation gradient, into six nor-
malized invariant contributions: the isotropic invariants [I; — 3] and [123/ o 3v/3], and
the microstructurally informed anisotropic invariants [Is 11 — 1], [Is.00 — 1], [I5,11 — 1],
and [I5 5> — 1] respectively. Here, we include normalization terms to guarantee zero free
energy when there is no deformation, i.e. F' = I [19,24,27]. The first layer generates
powers (o) and (o)? of these zeroth layer corrected invariants, and the second layer
applies the identity (o) and the exponential function (exp(o)) to these powers. Our
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Fig. 1. Constitutive neural network. Transversely isotropic, perfectly incompressible, con-
stitutive neural network with three hidden layers to approximate the free-energy function
(I, 14,11,1422,15,11,1522) as a function of the deformation gradient F using sixteen terms.
The zeroth layer computes the no growth corrected deformation invariants from the network
input. The first layer generates powers (o) and (o)? of the zeroth and the second layer applies the
identity (o) and exponential function (exp(o)) to these powers.

choice for these monotonic, continuously differentiable, smooth, and unbounded acti-
vation functions is informed by our aim to fulfill all common constitutive constrictions
[24,27] and polyconvexity [17] by construction. The total free energy function of our
network takes the following explicit form,

v =wy wi [I—3] +wan [exp(wip [I1 —3] )—1]
+wa3 wiz [ —3] +waa [exp(wia [h—3] )—1]
+was wis (572 =3V3] +wag [expiwie 157 -3V3] )—1]

+ w27 wig [3/ 3\f] +wag [exp(wig [I [%/2—3\@]2)—1] (7)
+wao wig s —1%  +waio [exp(wiio [la1—1° ) —1]
+wonnwinn Taoa— 12 +woin [exp(winn [lapa — 12 ) —1]
+waiswiis =12 +woa [expwia 51— 12 ) —1]
+wais wis Iso— 1%+ woe [exp(wiie 52— 12 ) —1],

Leveraging automatic differentiation in TensorFlow [54], we compute the free
energy function derivatives dy/dI\, dy/dhL, dy/dls 11, OW/dIls 2, dy/dls 11, and
dy/dIs » which complete the definition of the computed Piola stresses in Eq. (5).
The network has two times sixteen weights w, which we constrain to remain non-
negative, i.e. w > 0. We learn the network weights w by minimizing a loss function
L that penalizes the error between model and data. We characterize this error as the
mean squared error, the Lp-norm of the difference between the stresses predicted by
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the network model, P;, P>, and the experimentally measured stresses, Py, P, divided
by the number of training points nyy,, and add a penalty term, o ||w|[5, to allow for L,
regularization,

Nt

1 b 112
L=— Y IPi(Aj, h25) =Pl
Mm ;=

1 Nirn R (8)
+ S IPo(R s Ao j) — Poj||* + o] [ w5 — min.
trn J':]

Here o > 0 is a non-negative penalty parameter and ||w|[ = X |w;|” is the L,

norm of the vector of the network weights w. We train the network by minimizing
the loss function (Eq. 8) using the ADAM optimizer, a robust adaptive algorithm for
gradient-based first-order optimization [21].

3 Results

We discover the best model and parameters for both left and right atrial tissue of patient
A4 [9]. This task requires carefully balancing the number of terms in the discovered
model with the accuracy of the fit [34]. By applying L; regularization and tuning
the penalty parameter over the range o = [10.0,1.0,0.1,0.01], we learn that setting
o = 1.0 strikes a desirable compromise between model sparsity and fit quality (Eq. 8).
For the anterior left atrium, we discover a four-term model, with a linear and exponential
quadratic second-invariant term contribution describing the tissue’s isotropic response,
and two quadratic fifth-invariant terms aligning with the microstructural collagen ori-
entations respectively:

v=u {1;/2—3\@} +a [exp (b [15/2—3\@r> - 1}

]2

)
2
+ai[Is1— 1) +ax[Isp— 1

where y = 1.37 kPa, a = 0.0622 kPa, b = 0.0988, a; = 0.957 kPa, and a; = 0.394
kPa respectively. Figure 2 showcases each term’s individual contribution to the overall
stress response. Our discovered models showcases individual tension rate-specific R?
goodness of fits ranging from 0.963 to 0.999. Our average R> goodness of fit, i.e. across
all tension rations, amounts to 0.993.

Figure 3 discloses the discovered constitutive model for the right atrial tissue sample
taken from patient A4 [9]. Strikingly, out of 26 — 1 = 65,535 possible models, we dis-
cover a highly similar model for both left and right atrial tissue. More specifically, our
discovered four-term model features the same linear and exponential quadratic second-
invariant term contribution to describe the tissue’s isotropic response. Moreover, the
anisotropic response of right atrial tissue is again best described using fifth-invariant
terms, albeit here exponential quadratic features produce a better fit:

y=u[B?-3v3] +a [exp (b 57 -3v3] 2) - 1]

+ a; [eXP (bl s — 1]2> - 1} +az [CXP (bz (s — 1]2) - 1}

(10)
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Fig. 2. Discovered constitutive model for left atrial tissue. Piola stresses P as functions of
stretches A of the constitutive neural network from Fig. I, trained with all 1:0.5, 1:0.75, 1:1,
0.75:1, and 0.5:1 (left-to-right columns) #,:#; tension ratios experiments on the anterior left atrial
tissue sample of patient A4 simultaneously. Each individual stretch-stress curve’s R? goodness of
fit with respect to the original experimental data is shown in the top left corner.

Here, = 0.953 kPa, a = 0.0583 kPa, b = 0.852, a; = 0.0694 kPa, b; =0.542, a, =
0.386 kPa, and b, = 0.498 respectively. Our worst and best individual R goodness of fit

amount to 0.989 and 0.998 respectively, with a total R> goodness of fit of 0.994 across
all biaxial tension rations.
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Fig. 3. Discovered constitutive model for right atrial tissue. Piola stresses P as functions
of stretches A of the constitutive neural network from Fig. 1, trained with all 1:0.5, 1:0.75, 1:1,
0.75:1, and 0.5:1 (left-to-right columns) #,:; tension ratios experiments on the right atrial tissue
sample of patient A4 simultaneously. Each individual stretch-stress curve’s R? goodness of fit
with respect to the original experimental data is shown in the top left corner.
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4 Discussion

This study presents a novel constitutive material model for atrial tissue that is dis-
covered automatically using transversally isotropic microstructurally informed consti-
tutive neural networks. Out of 65,535 model combinations, we consistently find the
same isotropic constitutive contributions for both left and right atrial tissue featuring a
linear and exponential quadratic second-invariant term [22]. Concomitantly, both dis-
covered models highlight the predictive value of fifth-invariant features to capture the
anisotropic non-linear stiffness attributed to the two orthogonal collagen fiber families
present in atrial tissue [42,56]. With an average R? goodness of fit of 0.993 and 0.994
for left and right atrial tissue respectively, our work provides two highly accurate four-
term constitutive models for the passive mechanical behavior of healthy human atrial
tissue.

Given the intrinsic inter-sample variability of biological tissues, future work should
focus on the validation of these discovered material models with biaxial tensile testing
data taken on additional samples from the studied anatomical regions of the left atrium
and the right atrium respectively. Towards this goal, we envision a data-driven approach
in which we hierarchically pool [38,44] the biaxial tensile testing data of multiple sam-
ples and patients together towards the identification of an overarching best-fit material
model, as was recently done for pulmonary arterial tissue [56]. In this approach, we
will balance the trade-off between sample-specific R?> goodness of fit metrics with an
overarching R? goodness of fit metric across all samples [1,26,33,56].

This work provides an essential reference point for understanding how atrial tis-
sue mechanics are altered by diseases such as atrial fibrillation, and further understand
how these tissue changes affect the hemodynamic loading of the ventricles, and the
whole cardiovascular system throughout [2,39,46,51]. Moreover, our discovered mate-
rial model provides a important basis for the design of tissue engineered constructs that
successfully take over the function of impaired regions of the atria. The implementation
of the discovered constitutive model into finite element models [41] can provide a pow-
erful tool to assist in the planning of surgical procedures, such as the ablation of atrial
tissues or the obliteration of the appendages [7,10,37]. Personalizing these atrial mod-
eling approaches with two-stage ex vivo (biaxial tensile testing) to in vivo (combining
non-invasive inter-atrial pressure estimation [52] and medical imaging-based deforma-
tion analysis [3,35,48,53]) mechanical stiffness calibration approaches [31,40,45] and
electroanatomical mapping-inferred fiber orientation maps [29] will form an important
stepping stone towards the modeling-supported precision medicine of the future [37].
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mechanics. M.P. acknowledges support through the NWO Veni Talent Award 20058.
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