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Curvature ofn-Dimensional Space Curves
In Grey-Value Images

Bernd Rieger and Lucas J. van Vliet

Abstract—tocal curvature represents an important shape pa- is well-known [1], [10], but in 3-D it remained an obstacle
rameter of space curves which are well described by differential that prevented the computation of curvature in 3-D. Therefore,
geometry. We have developed an estimator for local curvature of traditional 3-D methods are applied to segmented images, or

space curves embedded in-dimensional ¢i-D) grey-value images. . .
There is neither a segmentation of the curve needed nor a para- even on curves represented by ordered points, which enables

metric model assumed. Our estimator works on the orientation ©One to fit a parametric model to the curve [11]-[14]. These
field of the space curve. This orientation field and a description of methods rely heavily on the preceding segmentation, labeling,

local structure is obtained by the gradient structure tensor. The ori-  and orderings steps, which may fail due to noise or the presence

entation field has discontinuities; walking around a closed contour ¢ 5 pyndle of space curves comparable to a lock of hair.
yields two such discontinuities in orientation. This field is mapped

via the Knutsson mapping to a continuous representation; from a
n-D vector to a symmetric n2-D tensor field. The curvature of a
space curve, a coordinate invariant property, is computed in this First we present the mathematics of differential geometry that

tensor field representation. An extensive evaluation shows that our gescribe space curves. We have adopted a formulation that can
curvature estimation is unbiased even in the presence of noise, in- be applied to grey-value images (Section I1)

dependent of the scale of the object and furthermore the relative . . .
error stays small. In 2-D, the curvature of a curve in every point describes the

shape of this curve completely. In 3-D, a second parameter, the

torsion, is needed to give a full description, in 4-D another, and

so forth. For an-dimensional curve, we know from the central

theorem of space curves, that for given curvaturgd < i <

|. INTRODUCTION n — 1 there exists a curve with thesgand any two such curves

N THIS PAPER, we present a method suitable for curvatufliffer only by a translation followed by a rotation [elem_ent of

estimation of space curves, implicitly represented by grep Q)] [15], [16]. The curvatures therefore totally determine the
Shape of a space curve but do not tell anything about its position.

level isophotes (level-sets),irdimensional ¢-D) images. The >''¢ : >
curve is embedded in the image by a grey-level difference wililis makes these parameters well suited as curve descriptors.
e curvatures, is a first order feature of a-D curve.

respect to the background. Our method works directly on ay ? L i .
grey-value information of the image; neither a segmentation is-€t/ & R be aninterval, then &°-mappingk: I — R™ is
needed to detect the curve nor a parametric fit is done at 43//éd aparameter curvandk(I) is called aspace curvefur-

time during the analysis. The method exploits the differentidfier. |6t € I be the parameter éfthen thetanger.\ttdk/flt =k
structure of images. exists for all curves. Tharc lengths(¢) is s(¢) := jto V k2 dt. If

Curvature in two-dimensional (2-D) images has been WeLks/dt =V k2 #0, V¢t ie.,kisaregularcurve then— tand
studied, both in segmented and in grey-level images [1]-[3]— s are valid parameter transformations. In the followisg,
Curvature is the first-order shape descriptor of an object angij| be the arc length antthe derivative with respect to it. In this
therefore, an important feature. In 2-D, it totally determines thgyrameterization, we have the favorable propertie§ = 1

A. Mathematics

Index Terms—Curvature, gradient structure tensor, Knutsson
mapping, space curves im-D.

shape of a curve. andx’'k” = 0.
Isophote curvature [6]-[8] can successfully be applied to A local orthonormal basigv; } can be constructed iteratively
edges in 2-D and three-dimensional (3-D) grey-value imagesy a curve if k(t), k(t), ..., k"~ (t) are linearly indepen-

but it fails when applied to lines (space curves) [9]. To oveftent [15]. In this basis, the Frenet-equations can be formulated

come the problems associated with isophote curvature, qne]. For a parameter curve I — R™, unambiguous numbers
transforms the grey-value image into an orientation map from ... x,_; exist

which the curvature can be derived after solving the disconti-

nuity problem [1]. In 2-D, the use of the double angle method 0 =k 0 - e 0
K1 0 — K2 M 0
0 159 0 0
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immediately how to compute the curvatute = x asv; = &/ B. Discontinuity of the Orientation Field

and from the iterative construction of the basjs= " /||k"| Unfortunately the calculated orientation fielg) contains a
we obtain discontinuity modr [18], i.e., the direction of the line is un-
defined. Computation of partial spatial derivatives of the orien-
= |I&". (2)  tation field are not possible without some preparation. In gen-
eral, a mapping to a higher dimensional space is heeded to solve
From (2), we see that the curvature is always greater or equajig discontinuity problem. For example, in 2-D, the phase jump

zero. Indeed for space curves it does not make sense t0 Sp&#be resolved by doubling the angle of the gradient vector [1],
of a signed curvature in a coordinate independent descrlptlch]_

In contrary to closed surfaces there is no border separating two
distinct parts of space. By choosing an origin one can speak®f Knutsson Mapping
signed curvature also for space curves.

. . o Removing the phase jump inraD field is not a trivial task.
Example: The circular helix, a parameterization is g P Jump

Knutsson has introduced a mapping

t

k(t) = (rcost, rsint, hi), teR 3) M) = =l )

whereh is the pitchy the radius, and the helix is winding aroundhat removes that discontinuity [18] while being distance
the z-axis. With the parameterization of the curve and the apreserving. The mapping satisfies the following three require-
length factords/dt = /72 + h2, x can be computed using thements: letz € R™
previous formulas * uniquenessM(z) = M(—z), this removes the phase
jump;
(4) « uniformity: ||6M (z)|| = v2||8x|| for ||z|| = const, lo-
cally preserves the angle metric;
* polar separability:||M(z)|| = f(||z||]), information car-
ried by the magnitude of normally does not depend on
Il. THEORY OF SPACE CURVES IN GREY-VALUE IMAGES the angle.
For a comprehensive review on the problem of orientation rep-
resentation, the connection between the Knutsson mapping, and
the gradient structure tensor, see [22].

p—— /T)
- r2 + h?'

The local orthonormal basigy; } can be obtained from the
grey-level images itself by local orientation analysis.

A. Orientation Field: A Local Orthonormal Basis D. Curvature inn-D Grey-Value Images

In order to obtain the orientation field along a space curve Qur goal is to compute the curvature via @)= IE”||. We
embedded in &-D image we use the gradient structure tensetart with the tangent orientatian, = 7 = &’ obtained with
(GST) [3], [9], [17]-[20]. For any imagé, we can always com- the GST. Here, we already have the first derivative. The discon-
pute the GSTG;; = [;1;, 1 < 4, j < n, where the lower tinuity problem (discussed previously) prevents direct computa-
index denotes a partial spatial derivative. The overhead bar @ien of the derivative ofl” alongw,,. This is solved by mapping
notes smoothing which is done per elementhfwhere each the tangent orientatiofi via the quadratic mappingy/ to a con-
element is an-D image. The GST can be expanded in termgnuous representation. The elementdbf7’) form a newn?-D
of the eigenvalues; and eigenvectors; asG = " Mjusuf,  vectorw. The ordering of the elements in this vectodoes not
with Ay > A» > --- > A,. The eigenvectors of the GST con-influence our curvature estimation, because we only evaluate a
tain information about the local structure in the image. We caform, as shown in (8), which is independent of a permutation
compute the largest; and smallest eigenvalue, and the as- of the elements ofy.
sociated eigenvector for any dimension of the image by usingNow, we calculate the derivative af in the direction of the
the power method [21]. For the smallest eigenvaldehas to tangent?” [15], which is again a2-D vector
be inverted, which becomes time consuming for laigén the
2-D or 3-D case analytic solutions are possible and much faster w —-DM.-T (6)

[9], [19]. For line like structures the tangent orientation is given or
by the “smallest” eigenvectar,,. A normalized line detector is \whereDM is then? x n functional matrix
the ratio(A,,—1 — A\n)/(An—1 + An) [9], [219].

All derivatives are implemented as convolutions with Gwi  Ow - dwn
Gaussian derivatives. The scalg denotes the resolution at gz Ow Iy
which the Gaussian derivatives are computed. The size of the DM = : : . (7
tensor smoothingr defines how local the image structure is Ow..  Ow,e O s
computed.
ozt 0o Oz,

The local set of eigenvectofs:; } of the GST consists of the
same set of vector§y; } as the local orthonormal basis. The=rom the uniform stretch requirement 8f we know how to
ordering, however, is different. scale the norm of a variation vectér. Thus, starting from (2)
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and the mappind{ (T") we obtain a new expression for the cur-
vature

OM(T) H ' ®)

1
-2

We are aware of the fact that we cannot take it for granted that
(8) represents the curvature of the original curve. First, we apply
a nonlinear mapping/ to the tangent orientatidfi and then in

the mapped space linear operations, derivative and projection,
are done. The reason why (8) is indeed another form of (2), is
the uniform stretch requirement imposed on the mapgihg

that ensures that there is a fixed relation between the norms of
the mapped and the original vector.

E. Method in 2-D

Let us assume that the 2-D tangent orientation is given
T= (§E§’§§),Wheref, g: R? — R are arbitrary functions. The —
mapped vectot is

Fig. 1. Center line of a grey-level helix.

f2
1 fa | (@) A TestImages
/ £2 2 .. . .
ity 9f Definition: Under a space curve in a grey-value image, we
g* understand a line of constant grey-value, i.e., an isophote (level-

set). It should be noted that such isophotes are implicitly repre-

Having the vectotw explicitly, we construct the functional Ma- _lted by the voxel-values of a proverly sampled bandlimited
trix, compute the projection onto the tangent direction (6) and y property P

: image.
then we can calculated the curvature using (8) .
To evaluate the algorithm on space curves, some proper test
L ‘gf(amf) — [(929) + *(9yf) — fa(9,9)

images are needed that reflect this definition.
21 g2 ‘ - (10) A general method of creating smooth and approximately ban-
dlimited space-curves in images is described in the following.
If we have the 2-D orientation field(x, ») given, then the tan- One has to consider that a suitable test image must be bandlim-
gentT = (*;‘;‘ig’ Z) ). Filling in this tangent in (10) and sim- ited before sampling, otherwise one might encounter problems
plifying the expression with the help of the trigonometric reladue to aliasing [8]. We do this by computing the distance from
tions, we get every voxel in the image to the mathematical function and as-
sign it to the voxel. In the next step, the image is multiplied by
sin ¢ 9 _ cos ¢ 9¢ ‘ - ‘ 9¢ (11) itself to create a steeper slope; subsequently, an erfclip operation
Ox dy Jc [23] is applied to produce a smooth space-curve, embedded in

wherec is the contour. an image. imple i . fi
At this point, we are able to state that our method of calcu- " 2-D: We use a simple ring as a testimage. In 3-D, as afirst
lating the curvature via the mapping in a higher dimensionSieP We create a torus of arbitrarily orientation. In a second step

space is consistent with the standard definition of curvatufé Study the simplest possible test objectn 3-D notonly having
in 2-D. Also the isophote curvature formula in 2-D can pgurvature. The object with constant curvature and torsion is the

obtained by (10) with the gradient being = (L, I,), the circular helix (3). So we finally get a smooth representation of
contourc = (—1I,, I,) and therefore the isopﬂoté 'tangen? torus/helix which looks like a string spaghetti shaped into a
- Yy tx

- ) _torus/helix. This guarantees a sub-pixel precision and approxi-
— — (_ 2 2
T'=cfllell = (~1y, I)//Ii + Iy. The indices being partial o1 handwidth limitation. The image consists of an isophote

derivatives. Filling in this tangent in (10), we get the isophot@;ame grey level) center line and isocylinders around it.

curvature formula [1], 7], [8] In Fig. 1, the center line of a grey-level helix is shown, where

(Lyol? = 20,0, Loy + I,y 12) the line indicates constant grey-value. The vectors given in the
Y TTYTrY | TYyTe (12) figure represent the local orthonormal basis (Section A}

(17 +I§)3/2 v1 being the tangentY = v, the normal andB = w3 the
binormal vector. In Fig. 2, an isosurface plot of the smooth
string shaped into a spaghetti is shown. The isocap through
the spaghetti shows the isocylinder around the imaginary center

To assess the performance of the proposed estimator we Viile. In Fig. 3, a cross section through a test object is shown,
apply it to synthetic test images of various scales and hampeyed can clearly see the Gaussian profile with the top being the
by noise. centerline.

kR =

:>I€I‘

I1l. EVALUATION OF THE ALGORITHM
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Fig. 4. Average curvature estimation on a 2-D ring for different noise levels.
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Fig. 5. Average curvature estimation on a torus for different noise levels.

3 ] the average relative error is smaller than 10%. The estimator is
oL | unbiased.

1+ . C. Torus

0 } ‘ . ‘ ‘ ‘ The torus image has a grey-value range from zero to one;
Q 5 10 15 20 25 30 35 40

therefore, SNR= —20log o,,. Again, we userr = 5 ando, =

1. The performance of the estimator is tested over 20 runs for
different noise levels (see Fig. 5). The error bars indicate the
] standard deviation. The different noise levels are again shifted
B. Ring in the figure for better display. The error bars include even for

To start off in 2-D, we generate smooth rings with di1‘fererH1e high noise level (3 dB) the true value.
radii and signal strengthi = 1. To measure the robustness of the
estimator we add different levels of Gaussian noise. We use e
definition SNR= 201log(S/o,,), whereo? is the variance of the  The curvatures = r/(r% + h?) (4) of the helix depends on
Gaussian noise. The results are depicted in Fig. 4. The differém two parametersandh which scale the helix. For increasing
noise levels are always calculated at the same radii, but slightige of the helix radius the curvature first rises, being at its max-
shifted in the figure for a better display. The error bars indicatenum atr = & and then decreasing (Fig. 12). In order to make
the standard deviation over 40 runs. A tensor smoothing= 5 a scale invariant statement about the performance of our algo-
and a gradient smoothing, = 1 was used. For SNR- 10 dB  rithm we sample the scale spage:, generate the according test

Fig. 3. Cross section through a test object.

Helix



742

-

IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 11, NO. 7, JULY 2002

0.9r b
0.8 ~ % -7 ]
07} ﬁé’ i 1
0.6t ﬁé :
0.5 %m ;
4
4 -~ true
0.4 g —— stoch error ]
o A db13
0.3r S — stoch error .
o db19
0.2r A — stoch error -
’ 0 db25
0.1F S _
O - Il 1 J. I3
0 0.5 1 1.5 2 2.5
r’h
Fig. 8. Curvature estimation with added noise.
0.15 T T
0.1+ b
0.05- ]
A( & }m % {
_______ PR S ¥} P RN U5 [ U R 0 U I A
0 4 i
i Y
-0.05+ ]
JR— 5
s db13
04 — ,
o db19
—0.15+| o db25 E
_02 s . ‘ .
0.5 1 1.5 2 2.5

o]
0.9r ?“ T
0.8} I .
0.7
0.7r . J
- 2 N
*q,) 081 vfa? x r15 ) *‘D
S,cl o o r20 | 5
§05 / © r25 s
g ¢ o ras s
0.4 o ' 1 3
o 7 - h2o o
0.3} o * h 25 B
' £ + h35
0.2f ¥ v h40 ]
¥ > h50
0.1t 4 - - true 4
1
¥
O - 1 i 1 i i I
0 0.5 1 1.5 2 25 3
r’h
Fig. 6. Curvature of the helix, scale invariant.
0.04 . . T 3
0.02 b
o 0 1
= O,
= > A=)
g 2F % w0 =
002 S A TIN i
3 o q )
— D o* f% * x o
£-0.04 4 o
& 00 vV x 115 B
o o r20 o
£-0.06 o 125 4 2
© o r35
2 - h20
-0.08 * h2b ]
+ h35
v h40
0.1 > h50
0.5 1 1.5 2 25 3
r/h
Fig. 7. Relative error, scale invariant.

r'h

Fig. 9. Relative error in curvature estimation with added noise.

images and compute the curvature of the center line. Therefore,
we rewrite (4) to

K =

r

Rz

1+

and kr =

r2
h?

2

1422’

x

_r
=

(13)

Now, we deal with dimensionless quantitiesand «», which
are suitable to show that our estimation works fine over a wide
range of scales. In Fig. 6, we plot the theoretical prediction and
our calculations, in which the different symbols indicate helices
having either the same radius or pitch. Because our estimation
stays so close to the true value over a wide range of scales, we
conclude that for all values in between our sampled grid points
the estimation works as well. The relative error of the estimation

shown in Fig. 7 is smaller than 5% over a range frofh €
[0.1, 3.0].

1) Influence of Noise:

» Noise for different helix scales

In the same scale invariant manner as for Fig. 6, we
investigate the performance under noisy circumstances. In

Fig. 8, the results are shown for 13, 19, and 25 dB, where
the error bars indicate the standard deviation for 20 runs.
The estimation is unbiased, since the error bars always
intersect the true curvature. The relative error is shown in
Fig. 9.
Studies along a cross section of the helix profile

For one helix £ = 10, h = 20), we add noise (SNR
= 19 dB) to the image and plot the computed curvature
(mean over 20 runs) and the standard deviation in Fig. 10
along a cross section of the helix (see Fig. 3). Again we see
that the mean remains around the true value, and the vari-
ation stays approximately constant. It should be pointed
out that we see here not only the isophote line at the point
where the mathematical helix would lie but a cross sec-

tion through the 15 pixel diameter of the helix. Due to the

regularization effect of the GST, we can estimate the true
curvature even if we are not at the exact position. If we

choose a small tensor smoothing, then the relative error

at the exact point becomes smaller but for the surrounding
values it becomes larger.
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2) Influence of the Gaussian Derivative in the Mappec

Space: For a limited number of heliced.(= 50, » = 10-25),
we investigate the dependency of the relative error of the cu %

vature ons g, the standard deviation of the Gaussian derivativ.

in the mapped space (6) (compare Fig. 11). Here, we observe

-0.0161

-0.018+

-0.02

L L L : 1

20 25 30 35 40
radius [pixel]

45

5 . . Fig. 13. Relative error for curvature estimation of a 2-D ring.
an overallo3, dependency in the relative error.

free 2-D rings, our method performs with a relative error of
about 0.5% for radii greater than 25 pixels (see Fig. 13). For
Coeurjollyet al.[14] presented a purely discrete algorithm t@maller radii, the estimation is less reliable due to the influence
compute curvature in images based on discrete osculating of-opposing ring edges in the smoothing of the gradient struc-
cles as an extension to the method classification done by Warre tensor elements fer = 5, but still more accurate than
ring and Smeulders [4]. the discrete approach. In the case of noisy images, the segmen-
The estimation error of Coeurjollgt al. is dependent on the tation algorithm plays a key role for the quality of the curvature
resolution of the grid. Our algorithm is independent of this quaestimation; this is not the case for our proposed method.
tity as long as the object is not undersampled. Their estimationMeasuring the curvature along the boundary of a circle (40
error on a 2-D noise free disk is about 2.5% for a circle withixel radius) they get a relative error of abotfi5% due to
radius 50 and about 1% for a circle with radius 100 pixels (coguantization. Our method gives only a relative erroexdf.2%
responding to grid step size of 1/50 and 1/100 resp.). On no{s®mpare Fig. 14).

IV. COMPARISONWITH A SEGMENTATION BASED APPROACH
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clearly indicates that our work is consistent with older work.

Furthermore, the estimation is unbiased, which even holds in the
presence of noise. The curvature calculation is clearly indepen-
dent of the scale of the objects as shown by our computations.
Our grey-value based approach is clearly superior to a discrete

0.0252

Curvature

0.0248
0.0246 - b
0.0244 - b

0.0242 - i

(1]

0.024 . ‘ . - L
0 20 40 80 100 120

80
Curvlinear abscissa

(2]

Fig. 14. Curvature along a circle contour.

V. APPLICATIONS (3]
[4]

In fluorescent confocal microscopy, especially in biological
life time applications, 3-D time series are acquired [24], [25].
Typically, these images contain moving bright spots. Here, it
could be of interest to compute the acceleration of the spots[€]
The acceleration is related to the curvature of the spatiotempor
space curve formed by the moving spots. The acceleration
can be computed from the 4-D image with the notation as in
Section I-A as follows [26]: (8]

ds\? .
(%) =l = b
a = 0|7 + |v|*r(s)N.

w ©

(15)

[10]
This is the classical expression of the tangential and the normal
components of the acceleration.

The velocityv can be computed by, e.g., optical flow [24],
[17] or via the gradient structure tensor. In a spatiotemporal 4-(1]
image(z, y, z, t), the orientation of the space curve, formed by [12]
amoving spot, is ameasure for the velocity of the spot [27], [28].
It should be noted that the eigenvalue analysis of the gradie
structure tensor which is used to measure the 4-D orientatio
does not give direction information. We can, however, retrieveg14]
the velocity vector if we shift the discontinuity of the orientation
field to the time dimension. This is reasonable as we know there
is a causal connection between the time frames,Ae;, > 0. [15]
We can retrieve the components of the velocity vector as fol-
lows: [16]

&)

L — ~ [17]
YT 0 T A,

1<i<3 (16)

(18]
whereu,; are the eigenvectors of the gradient structure tensor.

VI. CONCLUSION (el
We have shown that the curvature of space curves embedded
in n-D grey-value images can be estimated using the formulas
given by differential geometry adjusted to the higher dimen{20]
sional space mapped by the Knutsson mapping. Our new estim@l]
tion formula (8) reduces in 2-D to the known expression, which

i curvature estimation.
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