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4 r 
I n deze s t u d i e zi.in twee modellen met êlKaar vergeleken v/elke e l k 

de waarden voor een g o l f p o t e n t i a a l v o o r s p e l l e n ( numeriek )o 

Het eerste model, " Side. View Model " , i s gebaseerd op de verge¬

l i j k i n g van Laplace en b e s c h r i j f t i n een v e r t i c a a l v l a k . Het tweede 

model, " Top View Model geeft een b e s c h r i j v i n g i n een ho r i z o n 

t a a l v l a k ( het oppervlak ) en i s gebaseerd op de R e f r a c t i e - L i f f r a c 

t i e v e r g e l i j k i n g , zoals gepresenteerd door Berkhoff (1976)• 

Doel van het onderzoek vms: het komen t o t een i n z i c h t ten aan¬

zien van de gevo e l i g h e i d voor de verandering van de bodenhelling, 

i n het Top View Model. 

Voor de s t u d i e i s een computerprogramma gemaakt dat, voor e l k der 

twee modellen, de waarde van de g o l f p o t e n t i a a l aan het oppervlak 

berekent, voor een gekozen bodemconfiguratie. Het computerpro

gramma i s gebaseerd op de eindige elementen methode en g e b r u i k t 

het i n D e l f t ontwikkelde pakket "AFEP" . 

Als bodemconfiguratie i s gekozen: een trapeziiimvormige dam op 

een vlakke bodemj de hoogte van de dam, de h e l l i n g en de lengte 

van het t a l u d van de dam z i j n gevarieerd en de voorspelde waarden 

z i j n voor beide modellen vergeleken voor de i d e n t i e k e g e v allen. 

Het i s gebleken dat er geen d u i d e l i j k e di'recte c o r r e l a t i e i s 
• r 

tussen de vergeleken waarden ( van de beide modellen ) en een 

verandering van de bodemhelling b i j de g e b r u i k t e t o e t s i n g s p a r a 

meter ( welke a f g e l e i d i s van de door Berkhoff gepresenteerde 

toetsingsparameter ) . Uitgaande van de h i e r gepresenteerde r e s u l -
j 

L 

t a t e i i \ z o u verdergaand onderzoek t o t meer i n z i c h t kunnen l e i d e n . 

j 

• + • 

I 



I n t r o d u c t i o n 

Wave phenomena have been stu d i e d w i t h great i n t e r e s t 

throughout the ages, due t o the importance of knowledge 

of t h i s m.atter f o r various human a c t i v i t i e s ( such as 

comm.erce: shipping ; h a b i t a t i o n : shore p r o t e c t i o n j# 

A number of models have been designed, " equations 

Yfhich p r e d i c t the changes i n the c h a r a c t e r i s t i c s of 

water waves as a r e s u l t of the v a r i a t i o n s of the water-
r 

depth over v/hich the vmve t r a v e l s . 
I 

One of these models, the " r e f r a c t i o n - d i f f r a c t i o n equa

t i o n has been published by Berkhoff (1976) . 

The equation describes a w a v e f i e l d w i t h a f r e e surface 

c o n d i t i o n over an impermeable r i g i d bottom, which i s f l a t 
J 

or 'nearly* f l a t . 

The requirement of the bottom t o be at most 'nearly' f l a t 

f o l l o w s from the way the equation has been derived: 
^ 

Using a known s o l u t i o n f o r the case of a f l a t and h o r i z o n ¬

t a l bottom ( Lamb,1975 ) , Berkhoff has assumed t h a t t h i s 

s o l u t i o n might also be used as an- approximative d e s c r i p 

t i o n f o r a 'nearly' f l a t bottom, w i t h ' r a t h e r gentle' ( i n 
I 

q u a n t i t a t i v e sense ) slopes. 

This study has been undertaken i n order t o f i n d out what 

i s to be understood by " r a t h e r gentle " slopes. 

That i s , i t i s an i n q u i r y i n t o the l i m i t s of a p p l i c a b i l i t y 

of the r e f r a c t i o n - d i f f r a c t i o n equation. 



I n t h i s study, the r e f r a c t i o n - d i f f r a c t i o n equation, 

as w e l l as the set of equations from which i t has "been 

derived, are used to p r e d i c t the values of the wave po

t e n t i a l a t the water surface. The computation i s done 
^ 

n u m e r i c a l l y , using A F i n i t e Element Package ( " AFEP " ) 

which has been developed a t D e l f t U n i v e r s i t y ( Segal, 1975 ) 
* 

The p r e d i c t i o n s by the two models are compared f o r i d e n 

t i c a l cases and a c o r r e l a t i o n between the slope of the 
X 

bottom and the discrepancy i n the p r e d i c t i o n s i s sought.. 

Only simple l i n e a r waves are considered i n t h i s study. 
• 

This t h e s i s i s made up as f o l l o w s : 
4-

+ 

Chapter 2 contains the p r e s e n t a t i o n of the a n a l y t i c a l 

core of the study: the set of equations which describe 

the wave f i e l d over a r i g i d impermeable bottom w i t h a 

fr e e surface c o n d i t i o n , the r e f r a c t i o n - d i f f r a c t i o n 

equation which i s derived from i t and the r e l a t i o n 

between the two. 
• * * 

Two models are created based on these d e s c r i p t i o n s , 

r e s p e c t i v e l y : " Side view model '' and " Top' view model " 
X 

m 

of which the p r e d i c t i o n s are t o be compared f o r i d e n t i 

c a l cases. 
• é 

h 

Chapter 5 presents the numerical form of these two 

models as they are t o be used i n AFEP. 

Chapter 4 gives a d e s c r i p t i o n of the computer program. 



The correctness of the p r e d i c t i o n s , of the Gomputermodel 

are v e r i f i e d , f o r the case of a f l a t and h o r i z o n t a l bottom 

i n chapter 5-

The experimentation, described i n chapter 6, i n v o l v e s the 

s e l e c t i o n of the. c o n f i g u r a t i o n of tne Doi^xom and. a discus¬

s i o n of the c h a r a c t e r i s t i c parameters ^of tne problem. 

This leads t o the selected combinations of parameters f o r 

the experimentation. : 

Chapter 7 presents the output of the computer program: 

the generated mesh; the form of p r e s e n t a t i o n of the pre

d i c t e d values of the wave p o t e n t i a l and the r e s u l t s . 

The r e s u l t s are i n t e r p r e t e d i n chapter 8 and discussed i n 

chapter 9, v^^here the i n f l u e n c e of a l l the parameters on 

the d i f f e r e n c e i n the p r e d i c t i o n s of the two models i s 

i n v e s t i g a t e d . ' " 

These i n v e s t i g a t i o n s show t h a t no d i r e c t correspondence 

can be found between the v a r i a t i o n of the c h a r a c t e r i s t i c 
É 

parameters and the d i f f e r e n c e i n the p r e d i c t i o n s of t h e * 

two models. These conclusions are described i n chapter 10. 

Chapter 11 contains a number of recommendations f o r 

f u r t h e r s t u dies which f o l l o w from t h i s study. 

Chapter 12 con t a i n s acknowledgements. 
• b • 

; 

É 
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2 A n a l y t i c a l D e s c r i p t i o n 

2.00 I n t r o d u c t i o n 

This chapter s t a r t s w i t h a b r i e f summary of p o t e n t i a l 

f o r m u l a t i o n , using v e c t o r n o t a t i o n . 

The concepts are then used t o describe a p o t e n t i a l f l o w 

and boundary c o n d i t i o n s of the f l u i d f i e l d : a f r e e sur

face c o n d i t i o n and impermeable r i g i d bottom. 

The equations are presented which describe the same f i e l d 

i n l i n e a r i s e d form, i n a v e r t i c a l plane, f o r a simple 

harmonic wave. ( " Side view model ) . 

The a n a l y t i c a l s o l u t i o n of these equations i s shown as 

i t has been derived f o r the case of a f l a t bottom. 

I t i s shown, b r i e f l y , how t h i s s o l u t i o n i s used by 

Berkhoff (1976) t o reduce the i n i t i a l set of equations 

to the r e f r a c t i o n - d i f f r a c t i o n equation, d e s c r i b i n g 

the wave c h a r a c t e r i s t i c ( the p o t e n t i a l ) a t the water 

surface. ( " Top view model " ) * , 

The Side View Model and the Top View Model are compared 

and a simple setup i s presented which may be used to 

i n d i c a t e the d i f f e r e n c e i n p r e d i c t i o n s by the two models 

I 
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This study deals only w i t h simplé harmonic l i n e a r water 

waves. The f l u i d f i e l d i s assiomed to be f r e e of c u r r e n t s ; 

t o be cha r a c t e r i s e d by the Laplace equation. 

Ignored are the e f f e c t s of v i s c o s i t y , c o m p r e s s i b i l i t y , 

u r f a c e t e n s i o n . 

The v/ave p o t e n t i a l <̂  i s described i n the complex plane 

( i : imaginary u n i t ) 

Dimensionless parameters are used f o r the d e s c r i p t i o n . 
' 1 - ' 

d mean water depth 

A T wave pe r i o d 

mean bottom slope 
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2.01 Concepts of v e c t o r a n a l y s i s 

The d e s c r i p t i o n of the waves w i l l be presented using the 

wave p o t e n t i a l as the c h a r a c t e r i s i n g parameter. 

For t h i s reason the neccessary concepts from v e c t o r 
i 

I 

a n a l y s i s are presented, l e a d i n g t o the d e s c r i p t i o n of 
r thé p o t e n t i a l 

a v e c t o r f i e l d may be defined by r ^ : (x,y,z) 

- a 
3 

r a d i e n t i s the v e c t o r , a t l o c a t i o n (x,y,z) which 

shows the d i r e c t i o n of l a r g e s t increment of a s c a l a r -

f i e l d "($)"5 the l e n g t h of the ve c t o r i n d i c a t e s the 

size of t h i s l a r g e s t increment. 
m 

- the divergence of a v e c t o r f i e l d i s a s c a l a r vfhich, 

at a l o c a t i o n ( x , y , z ) , i n d i c a t e s the s t r e n g t h of the 

source ( o r : sink ) a t t h a t p o i n t of the v e c t o r f i e l d . 

vr 4d - V^'vr 2»c 
JU 

( 2.01.1 ) 

( 2.01.2 ) 

- the r o t a t i o n of a v e c t o r f i e l d i s a v e c t o r which, a t a 

l o c a t i o n ( x , y , z ) , i n d i c a t e s the i n t e n s i t y and d i r e c t i o n 

of the change of o r i e n t a t i o n of the v e c t o r f i e l d . 

1 sr. 

2 

( 2.01.5 ) 



- f o r a f i e l d w i t h o u t sources or sinks 

( 2 .01 .4 ) 

f o r a f i e l d w i thout r o t a t i o n : 

( 2 ,01 .5 ) 

- " nabla i s the v e c t o r operator: 

V 2) 

2.02 P o t e n t i a l f l o w 

A f l u i d f i e l d may he ch a r a c t e r i s e d by i t s v e l o c i t y vec

t o r f i e l d . More convenient than the d e s c r i p t i o n as a 

v e c t o r f i e l d i s a d e s c r i p t i o n u s i n g a s c a l a r f i e l d , 
V 

" P o t e n t i a l u s i n g equation ( 2.01.1 ) : 

h-ere \r i s : the v e l o c i t y v e c t o r f i e l d . 

For a y e l o c i t y . f i e l d which is,expressed as the g r a d i e n t 

of the p o t e n t i a l the c o n d i t i o n of a r o t a t i o n f r e e f i e l d , 

( 2 .01 .5 ) , w i l l always be f u l f i l l e d : 

V •It \ r 1 ^ ^ . 1 . ^ - ^ . ^ ' ^ ^ ^ - ^ - ^ 
2^ 3 
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For a v e l o c i t y f i e l d which i s .expressed as the gr a d i e n t 

of a p o t e n t i a l and which i s f r e e of sources and.sinks 

the c o n d i t i o n w i l l he: 

V • V 

That i s : a f l u i d f i e l d w i t h o u t sources or sinks i s cha

r a c t e r i s e d by ; 

the II Laplace equation " 

This d e s c r i p t i o n i s used f o r the f l u i d f i e l d o f t h i s 

study: 

The v e l o c i t y v e c t o r f i e l d i s described u s i n g a " p o t e n t i a l " 

V <P 
0 ( 2.02.1 ) 

The f l u i d f i e l d i s assumed t o be f r e e of sources and 

sinks : 

V 

This i s the f i e l d c o n d i t i o n . 

( 2 .02 .2 ) 

1-

The next s e c t i o n presents the boundary c o n d i t i o n s . 
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2.05 Boundar c ondi t i o n s _ o 0 1 l 2 - J ^ - - ^ 

Any f i e l d i s determined by f i e l d c o n d i t i o n and the 

"boundary c o n d i t i o n s 

Disregarding ( u n t i l l s e c t i o n 2.09 ) 

the boundary c o n d i t i o n s are: 

the 'side' boundaries, 

the _ l i n e a r i s e d - f r e e surface c o n d i t i o n ( see appendix 1 ) : 

o 
at z = 0 

and the r i g i d imperme able bottom c o n d i t i o n : 

( 2.05.1 ) 

^ n 
at z = d 

d. = waterdepth 

( 2 .05 .2 ) 

2.04 Side View Model 

O c M n l n g the f i e l d oonditien ( s e c t i o n 2.02 ) w i t h the 

boundary oonditionn of the f i e l d ( s e c t i o n 2,03 ) <>nd 

di s r e g a r d i n g the v a r i a t i o n i n the " . y - d i r e c t i o n " a 

aet of equations i . obtained whioh w i l l he o a l l e d the 

A-

" Side View Model " 

v i s u a l i s e , 
\ 

V i 
-So 

( 2.04.1 
o 

where: 2> 2i 
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2.05 P l a t bottom' so lu t ion-

An a n a l y t i c a l s o l u t i o n i s known Tor the Side View Model 

f o r the case of a f l a t h o r i z o n t a l hottöm. ( | | = o> ) • 

i n d e r i v i n g t h i s s o l u t i o n i t has been assumed t h a t 

p o t e n t i a l i s time-space p e r i o d i c a l . 

the 

Lamb (1975) shows t h a t t h i s s o l u t i o n xs": 

g a cosh ( k j _ h ^ ) ) _ . e ^ M -
cosh ( kh ) 

where: g : g r a v i t a t i o n a l g r a d i e n t i n t e n s i t y 

a : : amplitude 

wave time freduency: " wave frequency 

k : wave space frequency: " wave number " 
4 

h : waterdepth 
: depth helow the water surface 

t : time 

i : u n i t of the imaginary number set 
4 

The displacement a t the surface i s : 

i(ciot- kx) 
r | = 1 a . e 

There i s a r e l a t i o n between the wave time frequency 

and the wave space frequency determined by the 

" e l a s t i c i t y ' of the surface: 

2 / \ cx£) = g k . tanh (. kh ) 
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The p o t e n t i a l " ̂  " has three main components: 

1) g a an amplitude f a c t o r depending on ^ 2 .05 .4 ) 

2) cosh(k(h+z)) g_ d i s t r i b u t i o n f a c t o r ( over the 
CO sh(kh) v e r t i c a l ) ^ 2'.05.5 ) 

3) g i ( ^ t ~ kx) ^ pj^g^ge f a c t o r 
( 2 .05.6 ) 

This knowledge w i l l be used i n the f o r m u l a t i o n of the 

Top View Model. 

2,o6 Top View Model 

I n case the bottom v a r i a t i o n i s 'very small' ( a s / ^ 

assumed by Berkhoff ) the s o l u t i o n f o r the case of a 

f l a t bottom ( 2.05.1 ) w i l l be approximately v a l i d : 

, , cosh(k(h+z)) -kx) 
cp < x , y , z , t V = c^.<x,yy. ^^^^^^^^ - e ( 2 . O 6 . I ) 

where: c ^ ^ < t . , i ^ > i s a f i r s t order approximation of 

c^<v-,.^,^> i n case of a n e a r l y f l a t bottom. 

Berkhoff (1976) shows t h a t the set of equations ( 2 .O4.I ) 

then reduces t o : ( see appendix 5 f o r a short d e r i v a t i o n ) : 

V .(ccg?cp3) + k^CCgC^o = 0 
( 2 .06 .2 ) 

where: c : wave c e l e r i t y 

o : wave group c e l e r i t y 

qp̂  : wave p o t e n t i a l a t the surface ( 2=0-) 

\i : wave number 
• 

S - r ^ ^ ^ and, 
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4 ' 

é O = ( 2 .06 ,3 ) 

kh 
c = g 

1 ̂ 
( 2 .06 .4 ) 

2 = gk . tanh(kh) ( 2 .06 .5 ) 

F i e l d equation ( 2 .06 .2 ) , togethe r w i t h the boundary 

co n d i t i o n s o f the f i e l d , v / i l l be c a l l e d the " Top 

View Model " 

v i s u a l i s e , 

where 

1 ^ 

( 2 .06 .6 ) 

2.07 Comparison 

Two methods are now a v a i l a b l e f o r the p r e d i c t i o n of the 
• 

values of the p o t e n t i a l throughout the wave f i e l d : . 

- ( -2 .04 .1 ) •the Side View Model, based on the 

Laplace equation 

- ( 2 .06.6 ) : the Top View Model, based on the 

Since the 

r e f r a c t i o n - d i f f r a c t i o n equation, 

time displacement f a c t o r , e^^"^ \ i s known and 

the same f o r both models, t h i s f a c t o r may be i s o l a t e d 

tnd f i l t e r e d out of the d e s c r i p t i o n ; 
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I 
The f a c t o r e t ) . i-K-^^) j_g f u r t h e r disregarded 

The two models which w i l l he compared are: 

Side View Model 

1 ^ 

^ o ( 2.07.1 ) 

Top View Model: 

I I 

0 O 
( 2 .07 .2 ) 

These two models should b o t h he able t o p r e d i c t the 

values of the wave p o t e n t i a l i n the f i e l d . 

The Side View Model and the Top View Model d i f f e r i n the 

f o l l o w i n g aspects: 

- The Side View Model provides the values of the wave 

p o t e n t i a l i n a v e r t i c a l plane whereas the Top View 

Model provides them f o r a h o r i z o n t a l plane: the 

. 4 

water surface. 

This has the p r a c t i c a l consequence t h a t , f o r the com¬

parison, ónly the oommon surface values have t o be . ' 

• compared. 



The d e r i v a t i o n of the r e f r a c t i o n - d i f f r a c t i o n equation 

( see appendix 5-. ) I s based on the assumption t h a t 

the v a r i a t i o n of the bottom w i l l be »very small' . The 

Top View Model i s based on t h i s equation and thus may

be s e n s i t i v e to the bottom slope i n i t s p r e d i c t i o n s ; 

the Side View Model works f o r any bottom slope. 
• 

This d i f f e r e n c e forms the basis of t h i s study which'is 

meant t o provide i n s i g h t i n t h i s p a r t i c u l a r characte

r i s t i c of the Top View Model. 

The Top View Model i s capable of d e a l i n g w i t h v a r i a 

t i o n s i n the plane of the h o r i z o n t a l which the Side 

View Model can not. ( A 3-D model could. ) 

This has the p r a c t i c a l consequence t h a t , f o r the com¬

parison, v a r i a t i o n s t o the side of the common a x i s are 

disregarded. ( The Top View Model i s thus used essen

t i a l l y one-dimensional This i s the consequence of the 
• 

aim t o use the model f o r i n v e s t i g a t i o n s of v a r i a t i o n s 

i n the h o r i z o n t a l plane a f t e r succesful completion of 

the study. U n f o r t u n a t e l y t h i s has not been po s s i b l e and, 
i n r e t r o s p e c t , a one-dimensional model would have s u f f i c 
The Top View Model i s based upon a d i s t r i b u t i o n of the 

p o t e n t i a l over the v e r t i c a l as described by ( 2.06.1 ) ; 

The d i s t r i b u t i o n of the p o t e n t i a l over the v e r t i c a l has 

to be pre s c r i b e d f o r the Side View Model. 

This has the p r a c t i c a l consequence t h a t , f o r the com

pari s o n , a t the i n f l u x boundary the p o t e n t i a l of the 

Top View Model i s also p r e s c r i b e d f o r the Side View Mo¬

d e l . 



P r a o t i c a l aspeats of the comparison: 
• 

- The "bottom c o n f i g u r a t i o n s must be the same f o r both 

models per t e s t e d p r e d i c t i o n of the p o t e n t i a l . 

- The p o t e n t i a l d i s t r i b u t i o n over the v e r t i c a l i s made 

the same a t the inf l u ^ c boundary of both models. 

- The i n f l u x boundaries should be s u f f i c i e n t l y f a r r e ¬

moved from the bottom s e c t i o n w i t h the v a r i a t i o n of 

the bottom slope. 

- P r e d i c t i o n s of the p o t e n t i a l a t the surface w i l l be 

. compared. 
w 

w 

2.08 A model f o r comparative c a l c u l a t i o n 
V • 

b • 

' m 

The important d i f f e r e n c e between.the Side View Model and' 
4 

the Top View Model i s the i m p l i e d dependency on the 

bottom slope of the Top View Model. 

The bottom contour whioh i s t o be used f o r the comparison 

of both models must t h e r e f o r e have a s e c t i o n .characterised 

by the bottom slope which may be v a r i e d . 
r 

A very simple bottom contour has been select e d which f i t s 

t h i s d e s c r i p t i o n : 

A t r a p e z o i d a l submerged b a r r i e r on a f l a t , h o r i z o n t a l 

bottom. 
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+1 

V i s u a l i s e the t r a p e z o i d a l submerged b a r r i e r 

I 

The Side View Model uses: 

9 z If 
9 

The Top View Model uses 

1 

I ! ( 

«.6 1 

O 

where the values of c, c , and k have t o be provided 

throughout the f i e l d , 

For the side boundaries we have 5̂j>* •= 0 , because v a r i 

a t i o n i n the y - d i r e o t i o n i s not considered. 

The i n f l u x and e f f l u x boundaries s t i l l have to be 

considered. This w i l l be done next. 
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2.09 The i n f l u x and e f f l u x "boundaries 

Up to t h i s p o i n t tv/o boundaries have not yet been con 

sidered: the i n f l u x and e f f l u x boundaries, where the 

incoming and outgoing waves are. t o be described. 

Both the Side Yiew Model and the Top View Model r e q u i r e 

t h i s i n f o r m a t i o n . 

I n t h i s study only simple harmonic waves.are considered. 

These are described by: 

( 2.09.1 ) 

( Recall t h a t the time v a r i a t i o n i s disregarded. ) 

outgoing wave 

Any wave coming from w i t h i n the f i e l d must be able t o 

pas f r e e l y t h r o u ^ the boundary. 
+ At any place w i t h i n the f i e l d : 

^ ^ ^ r c - ^ - W ^ ) ( 2 .09 .2 ) 

t h a t i s : i -

3 ̂  ' ( 2 .09 .5 ) 

This should also be the case f o r the outgoing waves a t 

the boundary. 

By us i n g 3^ in s t e a d of the o r i e n t a t i o n of the e f f l u x 

i s i n a l l cases c o r r e c t l y accounted f o r i n the equations; 

2>r> ^ ( 2 .09 .4 ) 



This i s c a l l e d the " r a d i a t i o n c o n d i t i o n ^ - ̂  k^P 

With the r a d i a t i o n , c o n d i t i o n imposed at the boundary 

ives can f r e e l y leave the f i e l d . 

The r a d i a t i o n c o n d i t i o n holds f o r both the Side View 

Model and the Top View Model. 

incoming wave 

I t i s assumed t h a t a wave enters the f i e l d a t the l e f t -

hand boundary. ( See ( 2.08.2 ) and ( 2.08.5 ) ) . 

At t h a t boundary, at any time, two waves may e x i s t 

together: an incoming wave and an outgoing wave: 

where: cD- ' incoming wave 
: outgoing wave 

The outgoing wave,cp^ , can i n the computation be de t e r 

mined only from: 

( 2 .09 .5 ) 

( 2 .09 .6 ) 

This outgoing wave has to f u l f i l l the r a d i a t i o n c o n d i t i o n 

( 2 .09 .4 ) : ^ . . 

4 

4 

2> f 

^<p: may be determined from the r a d i a t i o n c o n d i t i o n f o r 
an 
the incoming wave ( f o r which the d i r e c t i o n of t r a v e l i s 

opposite t o the normal a t the boundary ) : 

( 2 .09 .7 ) 
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Taking ^ = 1 the i n f l i i x c o n d i t i o n becomes, 

f o r the Top View Model: 

( 2 .09 .8 ) 

f o r the Side View Model: 

2 
2i n 1̂  ( 2 .09 .9 ) 

( As has been s t a t e d i n s e c t i o n 2.07 the Side View Model 

has to be given the same d i s t r i b u t i o n of the p o t e n t i a l 

over the v e r t i c a l as i s i m p l i e d f o r the Top View Model, 

a t the i n f l u x boundary. At t h i s boundary the bottom must 

be h o r i z o n t a l . ) 

The choice of c^c = 1 does not a f f e c t the g e n e r a l i t y 

of the d e s c r i p t i o n due to the l i n e a r i t y of the d e s c r i p 

t i o n . 
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2.10 Summary of the a n a l y t i c a l i o n 

These are the two models- which w i l l he used f o r the 

comparative c a l c u l a t i o n : 

Side View Model : 

2>o 
V 

( 2.10.1 ) 

Top View Model : 

+ z 
A 

I 
I 

I 

O 

I 1 

1 ^ 1 I ^ 
1 

L 

( To ensure t h a t the Top Yiew Model uses the same hottom 

( 2.10.2 ) 

c o n f i g u r a t the Side Yiew Model the values of 

g and k , as r e q u i r e d f o r the Top Yiew Model, w i l l 

be determined u s i n g the values of the l o c a l depth i n the 

Side Yiew Model. ) 
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3 ITumerical 

5.00 I n t r o d u c t i o n 

The sets of equations ( 2.10.1 ) , the Side Yiew Model, 

and ( 2 .10 .2 ) , the Top Yiew Model, need t o be w r i t t e n 

i n numerical form, i n order t o prepare them f o r compu

t a t i o n i n the computer. 

The t r a n s l a t i o n from a n a l y t i c a l t o numerical form i s 

done i n t h i s chapter. 

The r e s u l t i n g sets of equations are: ( 5*07.1 ) and 

( 5 .07.2 ) . 

The numerical form of the d e s c r i p t i o n i s based on the 
F i n i t e Element Package ( " AFEP " ) which has been 

developed a t the T.H. D e l f t . 

I n or'der to provide some background i n f o r m a t i o n f o r the 
r » 

F i n i t e Element Method, the chapter s t a r t s o f f w i t h a 

v e r ^ h r i e f general d e s c r i p t i o n of the concepts of the 

F i n i t e Element Method, f o l l o w e d by a d e s c r i p t i o n of 

Lagrange Polynomials and the G a l e r k i n Method, used i n 

AFEP. 



^ 
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W 

• 

3.01 F i n i t e Element Method 

This s e c t i o n presents a Very b r i e f d e s c r i p t i o n of the 

concepts of the F i n i t e Element Method. 
i 

For a more complete covering consult any of the many 

"books on the t o p i c , such as Zienkiewicz (1971)> van Kan 

& Segal (1979) , Strang & Fix (1975).. 

The F i n i t e Element Method i s based on " elements 

which are small subregions of the f i e l d i n whioh the 

computation i s t o be done. 

The elements are generated by 'covering' the f i e l d 

w i t h a mesh. 

The unknowns are determined i n the nodes of the mesh. 

By i n t e r p o l a t i n g between the nodes, u s i n g an assumed 

i n t e r p o l a t i o n f u n c t i o n , an approximation of the 

continuous d e s c r i p t i o n can be achieved. 

Depending on the t o t a l number of nodes and t h e i r d i s 

t r i b u t i o n i t i s possible , w i t h i n c e r t a i n l i m i t s , t o 
. 4 

determine a balance between accuracy and l a b o r i o u s -

ness. 
• 

h 

B a s i c a l l y the F i n i t e Element Method works as f o l l o w s 

( Segal, 1975 ) : 



- a f i n i t e continuous r e g i o n i s d i v i d e d i n t o subregions 

c a l l e d " elements 

- nodal p o i n t s are selected w i t h i n each element. 

- i t i s i n d i c a t e d which unknowns are associated w i t h each 

nodal p o i n t . I t i s not neccessary t h a t these be the 

same at each nodal p o i n t . 

- a n approximate s o l u t i o n generating a l g o r i t h m u s i n g the 

selecte d unknov/ns i s provided f o r each element. 

- the approximate s o l u t i o n , expressed i n the selected 

unknowns, i s determined f o r each element. 

- the c o n t r i b u t i o n s from each element t o the systom of 
1 

equaTiions are sto r e d i n an element m a t r i x rosp. element 

vector. 

- the system of equations i s constiructed by 'adding' the 

c o n t r i b u t i o n s per element together. 

- the system of equations i s solved f o r the 'unknowns, 

thereby p r o v i d i n g the s o l u t i o n . 

The e s s e n t i a l p a r t of t h i s procedure i s the d e s c r i p t i o n 

of the a l g o r i t h m f o r the approximate s o l u t i o n per element 

I n doing t h i s use can.be made of a method of weighted 

r e s i d u a l s ( Pinlayson, 1972 ) i n combination w i t h i n ¬

t e r p o l a t i o n f u n c t i o n s . 

I n AFEP Lagrange polynomials of the f i r s t k i n d are used 

f o r the i n t e r p o l a t i o n but also as w e i g h t i n g f u n c t i o n s . 

This k i n d of method of weighted r e s i d u a l s i s o a l l e d the 

" G a l e r k i n Method ". Both the G a l e r k i n Method and the 

Lagrange polynomials w i l l now be described. 
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5.02 The G a l e r k i n Method 

The Gal e r k i n Method i s a method of weighted r e s i d u a l s 
which uses the same f u n c t i o n s f o r the w e i g h t i n g as f o r 

i n t e r p o l a t i o n . 

The method of weighted.residuals aims a t reducing the. 

r e s i d u a l which r e s u l t s when an o p e r a t i o n i s performed 

i n d i s c r e t e space i n s t e a d of i n continuous space. 

Let the o p e r a t i o n i n continuous space he 

L . = 0 

where L : l i n e a r operator. 

( 3.02.1 ) 

I n d i s c r e t e space t h i s y r i l l g e n e r a l l y be: 

L = R 

where the approximation of <p 
r e s i d u a l i4 

( 5 .02.2 ) 

I n order to minimalise the r e s i d u a l ( t h a t i s : t o 

ob t a i n a b e t t e r approximation of the o p e r a t i o n i n the 

d i s c r e t e form ) a wei g h t i n g f u n c t i o n i s i n t r o d u c e d i n 

the o p e r a t i o n . . 

A requirement f o r t h i s w e i g h t i n g f u n c t i o n i s t h a t i t 

n u l l i f i e s the r e s i d u a l , a t l e a s t averaged over an 

, 1 . 

i n t e r v a l " p 

dP = 0 

where: W : we i g h t i n g f u n c t i o n 

( 3 .02 .3 ) 
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• * 

The o p e r a t i o n then becomes 

.W.dF ( 5 .02.4 ) 

I n d i s c r e t e form, continuous f u n c t i o n s are described 

u s i n g i n t e r p o l a t i o n f u n c t i o n s between the nodes. 

The G a l e r k i n Method uses the same f u n c t i o n <t>- as 

we i g h t i n g f u n c t i o n ( W =: <p- ) and as i n t e r p o l a t i o n 

f u n c t i o n ( üp = : • ) . 

Using the G a l e r k i n Method the o p e r a t i o n w i l l be: 

F 
L. ̂  . ct>-.dF 

where: F : i n t e r v a l of the w e i g h t i n g o p e r a t i o n 
^ : i n t e r p o l a t i o n polynomial 
J : nodal index 
L : l i n e a r operator 

I n t h i s study the G a l e r k i n method i s used i n the 
V 

t r a n s l a t i o n of the a n a l y t i c a l d e s c r i p t i o n of the 
models i n t o numerical form. 

The i n t e r p o l a t i o n i s done u s i n g Lagrange Polynomials. 

( 5 .02 .5 ) 

5.05 Lagrange Polynomials 

A continuous f u n c t i o n can be approximated by a d i s c r e t e 
f u n c t i o n u s i n g nodal p o i n t s ( where the values of the 
unknowns are determined ) and i n t e r p o l a t i o n polynomials 



. 26 -

A general i n t e r p o l a t i o n formula i s the Lagrange I n t e r p o ¬

l a t i o n Formula ( Abramowitz, 1970) 

n 
f ^ x > = 5 : i ^ < x > . f < x ^ > + R n < x > 

where 1. X 
(x-x.)lt <x.> 

(x-Xq)...(x-x. . .)(x-x. . ) . . . ( x - x ) 1-1^^ 1+1^ ^ . 
(Xj_-x^). . . (x^-x^_^) (Xj_-Xj_ + 1 )...(x^-x^) 

R n Tt^<x>. f n+1 

Cn+1) 1 
: the remainders 

I n t h i s study only the l i n e a r Lagrange Polynomial w i l l 

he used: 

l.<x> = 1 
1 1-1 

: the Lagrange Polynomial a t p o i n t x^. 

Likewise f o r p o i n t x^^^ : 

( X i - x . _ ^ ) 

V i s u a l i se the l i n e a r Lagrange Polynomials 

t I 

The i n t e r p o l a t i o n f u n c t i o n , x, i s composed of l i n e a r 

Lagrange Polynomials. 

For b r e v i t y 4).<x> w i l l be w r i t t e n as <i?i , etc 
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Describing a continuous f u n c t i o n u s i n g the l i n e a r 

Lagrange Polynomials f o r the approximation i s done as 

f o l l o w s : 
- at the nodes the value of the f u n c t i o n i s used. 

- between the nodes i n t e r p o l a t i o n i s used, u s i n g the 

l i n e a r Lagrange Polynomials, 
- the d e s c r i p t i o n over the i n t e r v a l w i l l be composed 

of the l o c a l approximated d e s c r i p t i o n s using'superpo-

s i t i o n . 
- the l o c a l d e s c r i p t i o n w i l l have th© f o l l o w i n g form 

c<r3 

where : the value of<p.at p o i n t x^ ( =<j>^x^)- ) 

V i s u a l i s e the r e s u l t of an approximation done t h i s way 

one dimensional 

two dimensional ( the l o c a l d e s c r i p t i o n uses 4><x,y> ) 

A 

I n d e a l i n g w i t h .approximations^done t h i s way the genera

l i s e d d i f f e r e n t i a l of the Sobolev space i s t o be used, 

due to n o n - d i f f e r e n t i a b i l i t y of the f u n c t i o n cj> a t the 
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nodes and boundaries o f . t h e element. See Segal (1974) 

f o r a more d e t a i l e d d e s c r i p t i o n . 

3.04 A l g o r i t h m f o r the t r a n s l a t i o n 

The f o l l o w i n g i s a b r i e f o u t l i n e of the method f o r r e w r i 

t i n g the a n a l y t i c a l equations ( ( 2.10.1 ) , ( 2 .10 .2 ) ) 

i n t o numerical form ( ( 3 . 0 7 . l ) , ( 3 .07 .2 ) ) : 

1 ) - Rewrite the f i e l d equations using the G a l e r k i n 
Method ( . 5 . 0 2 . 5 ) usi n g l i n e a r Lagrange Polynomials 

• f o r the approximative d e s c r i p t i o n i n d i s c r e t e form. 

2 ) - Apply Gauss' theorem: 

+ 

5 ) - Apply Greens' theorem: 

4) - S u b s t i t u t e the boundary c o n d i t i o n s . ( I n t h i s case 

these are of the general form: *̂ <̂  = - 3cp + OJ ) . 

5) - Provide the computer w i t h an a l g o r i t h m f o r the evalu¬

a t i o n of the i n t e g r a l . 

6) - Store, separately, the c o n t r i b u t i o n s from each element 

to the systëm of equations ( as described i n s e c t i o n 

3.01 ) to the element m a t r i x resp. the element v e c t o r . 
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Due to the d i f f e r e n c e between f i e l d elements and boundary 

elements the c o n t r i b u t i o n s from the f i e l d elements aud 
• 

the boundary elements are t r e a t e d d i f f e r e n t l y . 

7 ) - Assemble a l l the c o n t r i b u t i o n s t o the m a t r i x and the 

v e c t o r and solve the system A 

Standard methods may be used f o r t h i s purpose. 

These steps w i l l be a p p l i e d t o the eqations ( 2.10.1 ) 
F 

and ( 2 .10 .2 ) . 

3.05 Describing the equations i n numerical form 

I n the f o l l o w i n g the Side Yiew Model and the Top Yiew Model 
w i l l be considered together so as to show the s i m i l a r i t i e s 

between the operations performed.on the two models. 

The f i e l d equations are: 

Side Yiew Model: 

Top Yiew Model : 

( The negative sign i s chosen i n order to adhere t o AFEP 

usage. ) 
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4 

1 ) - Apply Galerkins Method: 

S.Y.M. O 

T.V.M. • C c c O 

F 

I n thiü d e s c r i p t i o n use has heen made of the p r o p e r t y of 

i n t e r p o l a t i o n by l i n e a r Lagrange Polynomials: 

<f < "^c^ 4>c 4>c ( summation being i m p l i e d ) 

Prom now on ̂  i s w r i t t e n as V , the tv;o d i m e n s i o n a l i t y 

already being i m p l i e d i n the i n t e g r a t i o n s i g n . 

2)t- Apply the Gauss' theorem and Green's theorem. 

3)^-

S.Y.M. -V 

T.V.M. 
m 

a ^ O 

where: b oundary 

4)- S u b s t i t u t e the general boundary c o n d i t i o n s 

a 
Br, 

S.V.M 4 

T.V.M. ^ 

k 

ca - <̂  

( The boundary may be considered i n p a r t s and described 

i n the summation i n the equations. ) 



Separating the IReal and Ilmaginary p a r t s of the complex 

niimhers: 
( The IReal pa r t i s given index " 1 the Umaginary 

pa r t has index " 2 " . ) 

S.YoM 
J 

4-
a i t 

T.V.M. 

F 

4 F -
C3 

F 

R e w r i t i n g these sets of equation u s i n g v e c t o r d e s c r i p t i o n 

and the a l g o r i t h m : 

O 

S.V.M. 

2. 

4 ^. 45. i a 

a 



- I 

I t i s GonveniGnt to use the p r o p e r t y of s u p e r p o s i t i o n t o 
m 

separate the matrices i n t o p a r t s . 

This a l s o has the advantage of a l l o w i n g a sepa r a t i o n 

i n t o matrices d e s c r i b i n g the d i f f e r e n t aspects: 

the f i e l d c o n d i t i o n versus the boundary c o n d i t i o n s . 

4 
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I t can be seen t h a t f o r both models the f i r s t s e c t i o n 
É 

i s a ( symmetrical ) m a t r i x d e s c r i b i n g the f i e l d con¬

d i t i o n i n the element. 

The second part i s a ( non symmetrical ) m a t r i x f o r the 

boundary elements. 
The l a s t p a r t , the r i g h t hand side of the equation, i s 

the v e c t o r of the boundary elements. 

The three p a r t s are c a l l e d , r e s p e c t i v e l y : 

the element m a t r i x of the f i e l d , 

the element m a t r i x of the boundary, 

the element vector- of the boundary. 

Note the s i m i l a r i t y between the tv^o models. 

5 ) - Evaluate the i n t e g r a l s . 
M 

W 

Equations ( 3.05.1 ) and ( 3 .05 .2 ) c o n t a i n i n t e g r a l s . 

That i s an o p e r a t i o n which has t o be d e f i n e d f o r the 

computer. 

This can be done e i t h e r by p r o v i d i n g an a l g o r i t h m which 

computes the value of the s o l u t i o n , or, i n the case of 

a simple i n t e g r a t i o n , by p r o v i d i n g t h e s o l u t i o n d i r e c t ¬

l y . Because.of the s i m p l i c i t y of the i n t e g r a t i o n i n v o l v e d 

i n t h i s study the- l a t t e r method has been used. 

I t i s demonstrated how t h i s i s done us i n g the boundary 

element. For the f i e l d element the i n t e g r a t i o n i s done 

analogously; t h i s i s not demonstrated. 
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Lagrange PolynomialR are nsed f o r the d e s c r i p t i o n of the 

approximation of the unlcnovms i n the element. 

Po«- a two-point boundary element the Lagrange Polynomial 
w i l l have e i t h e r of two forms: 

CD 

The nodes have been l a b e l e d (T) resp CD • 

I n an i n t e g r a l a m u l t i p l e of combinations of ct»̂  may e x i s t . 

e.g. : c c 
ë 

• 

c Cg a^ ) d 

( a.. has heen r e w r i t t e n u sing Lagrange Polynomials 1 i ) 

I n the i n t e g r a t i o n ' i , j , k may each take e i t h e r value v3]) or 

<2>* Thus a number of possible combinations of may 
e x i s t i n the i n t e g r a t i o n , depending upon the nodal p o i n t 

from which the computation i s done (CDorC^)) and which 
combination i s made to the other nodes w i t h i n the element 

( © o r © ) . 
' m 

As an example i t i s demonstrated how t h i s i s done f o r 

the e v a l u a t i o n of the i n t e g r a l 

A)-

G c a. g 1 

Fpy 

3 3 
d£=, = = J cc„a,(^) dx g 1 

CO a.. H 
g 1 4 

B ) -

For =: ; =: '^0 2 

CO a . ( x ) ( l - x ) dx I 2 ^ cc a^( X _ 2x^ 
2H ' 3H 

-̂

4 O C & J X - 7 

H 

4H^ 
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cc a.. g 1 12 

F o l l o w i n g t h i s method 

a ca = H 
2 

= I ( i=.j ) 

= H 
6 ( iT^j ) 

Per element the m a t r i x d e s c r i p t i o n of ĉ ^ ̂  and cp^^ may 

be expanded. 

i = 1 ,2 j5 ( f i e l d element •) produces a 6 x 6 m a t r i x , 
1 

i = 1,2 ( boundary element ) produces a 4 ^ 4 m a t r i s . 
( The r i g h t hand" p a r t of the equation f o r the boun

dary element w i l l be a 1 x 4 m a t r i x : " the element v e c t o r 

e v a l u a t i n g the i n t e g r a l s i n the manner described above 

whil e expanding the m a t r i x over the number of nodes per 

element the equation w i l l take the form i n d i c a t e d below; 

The general form of the m a t r i x of the boundary element 

( compare w i t h the second term i n equations ( 3.05*1 ) 

and ( 3 .05 .2 ) . ) : 

5d11+d12 -(3d21+d22) d11+d12 -(d21+d22) 
H 3d21+d22 5d11+d12 d21+d22 d11+d12 

12 d11+d12 - ( d21+d22) 5d11+d12 -(3d21+d22) 
d21+d22 d11+d12 3d21+d22 3d11+d12 
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rm 

( compare w i t l i the t h i r d term i n equations ( 5*05.1 . 

and ( 5.05.2 ) . ) : 

H 
6 

2e11+ e21 
2e21+ e22 

e11+2e12 
e21+2e22 

where: H : the l e n g t h of the i n t e r v a l 

d. . 
I J 

e. . I J 

the c o e f f i c i e n t of ct>̂- i n node " j It 
M A II the c o e f f i c i e n t of i n node " j 

d. . = 10 

e. . = I J 

a. , 
I J 
% .#00 I J g 

f o r the Side View Model 
f o r the Top View Model 

f o r the Side View Model 
= g...cc f o r the Top View Model ^ i J g 

t 

( see equations ( 5.O5.I ) and ( 3.05.2 ) . ) 

For the matrices of the f i e l d element the d e s c r i p t i o n 

i s obtained i n a s i m i l a r way. 

3.06 Gomputine: element matrices and vectors 

The subroutines ( of the computer program ) which com¬

pute the c o n t r i b u t i o n s of each element t o thé system 

of equations ( f o l l o w i n g the method described i n sec

t i o n 3.05 ) are c a l l e d : 

Side View Model: 

ELMI48 f i e l d element m a t r i x 

ELMI49 boundary element m a t r i x 

ELRI49 boundary element v e c t o r 
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ELM501 

Top View Model: 
f i e l d element m a t r i x 

ELM502 boundary element m a t r i x 

ELR302 boundary element v e c t o r 

That i s : 

ELMI48 describes the Laplace equation 

ELM5OIV describes the r e f r a c t i o n - d i f f r a c t i o n equation 

The boundary c o n d i t i o n c)cp 3 

i s described by: 

ELM 149 and ELRI49 

ELM 302 and ELR302 

( f o r the Side View Model ) 

( f o r the Top View Model ) 

A l i s t i n g of these subroutines i s presented i n Appen

d i x 7. 

Note t h a t the boundary elements a l l r e q u i r e i n p u t : a, g 

and a l l the elements of the Top View Model r e q u i r e 

the i n p u t : cc ( f o r the f i e l d elements: kcc ) • g S 

These data have t o be provided i n the program f o r compu

t a t i o n * 
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5.07 Suinmary of the numerical d e s c r i p t i o n 

numerical form 

f o r the comparative c a l c u l a t i o n i s : 

Side View Model : 

a1= 0 
a2= k 
g1= 0 
g2= 2k»cosh(k( 

osh(kl ) 

a1 = oo\ 
a2= 0 

g1= 0 
g2= 0 

ELMI48 

a2=. 0 g2= 0 

a1 
a2 

0 k 
g1= 0 
g2= 0 

( 3.07.1 ) 

Top View Model : 

a1= 0 
a2= k 
g1= 0 
g2= 2k 

a1= 0 
a2= 0 

g1= 0 
g2= 0 

a1= 0 
a2= 0 

g1= 0 
g2= 0 

For the d e s c r i p t i o n of the boundary elements, 

the Side View Model uses: ELMI49 and E L R I 4 9 

the Top View Model uses: ELM302 and ELR302 . 

The r e q u i r e d i n p u t data are i n d i c a t e d above. 

a1= 0 
a2= k 
g1= 0 
g2= 0 

( 3 .07 .2 ) 
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4 D e s c r i p t i o n of the compntation 

4 .00 I n t r o d u c t i o n 

This chapter presents the general s t r u c t u r e of the 

computer program ( and the way AFEP i s used ) f o r the 

comparison of the two models: the Side View Model and 

the Top View Model. 

The comparison i s done hy, f o r each model, computing 

the values of .the p o t e n t i a l of the wave f i e l d f o r 

i d e n t i c a l c o n f i g u r a t i o n s o f - t h e hottom p r o f i l e and 

w i t h i d e n t i c a l incoming wave 

Equations ( 3.07.1 ) and ( 3.07.2 ) form the basis of 

the computer program. 

The l i s t i n g of the program and an i n t r o d u c t i o n t o under-
M. > 

standing the subroutines can "be found i n Appendix 4« 
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4-01 • Basic s t r u c t u r e of the program 

The program contains the complete d e s c r i p t i o n of a l l the 

ac t i o n s t o be performed by the computer f o r the a c h i e v i n g of 

the d e sired"goal: o b t a i n i n g p r e d i c t i o n s of the p o t e n t i a l s 

of the wave f i e l d f o r the two.models: the Side View Model 

and the Top View Model. (These p r e d i c t i o n s are then 

compared, ) 
— * 

For both models the l i n e of a c t i o n i s s i m i l a r : 

1) - Preparing the computer f o r the job 
* 

2) - Generate elements f o r the f i n i t e element method 

3) - Prescribe the equations f o r the approximate 

s o l u t i o n per element ( ELM148,ELM149,... ) 

4) - Provide the r e q u i r e d i n p u t f o r " 3) " 
i 

5) - Compute the c o n t r i b u t i o n from each element t o the 

system of equations. 

6) - Asseiable the l a r g e m a t r i x " " and the v e c t o r 

" g '* from the l o c a l c o n t r i b u t i o n s . 

7) - Solve '* from the system of equations; 1.^= g 
% 

8) - Present the s o l u t i o n . 

9) - Signal the computer t h a t the job i s done. 

The steps 1 through 9 are described i n the f o l l o w i n g pa

ragraphs. The program can be found i n Appendix 4« 

4 



- 41 -

J 

4.01.1 Preparing the computer f o r the job 
t 

A number of t h i n g s have to be taken care of before 

the job can be executed by the computer. ( the " j o b " 
• ^ 

i s the set of statements which command the a c t i o n s t o 

be/performed f o r the computation. ) ^ 

The a d m i n i s t r a t i v e a f f a i r s ' of how the computer i s t o 

t r e a t and execute the program i s described i n the Job 

Control Language ( '*JCL" ) s e c t i o n of the program: 

- Assign a memory space f o r the job and. a maximal time 
w 

i n t e r v a l t o be used. 
- I n d i c a t e the account where the costs of the job are 

to be charged. 

- I n d i c a t e which computer language and compiler are t o 

be used. 

- Specify a l l i n p u t and output datasets. 

- Specify a l l l i b r a r i e s t o be used ( AFEP, ... ) . 

- Provide the program of the j o b . 

- Provide datacards as r e q u i r e d by the j o b . 

- Mark the end of the program. 

w 

AÏÏ1P forms an e s s e n t i a l p a r t of the s t r u c t u r e of the 

program. I n f o r m a t i o n concerning a l l AFEP subroutines 

i s t o be found i n the AFEP User Manual. 
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* 

The job program consists of a main program and a set 

of subroutines which are c a l l e d by the main program. 

I n case the subroutines are not already a v a i l a b l e i n 

one of the l i b r a r i e s l i n k e d t o the program they have 
4 

F 

t o be added a f t e r the main program, 

F o r t r a n IV i s used as the computer language f o r the 

program of t h i s study. 

This r e q u i r e s t h a t i n every main program the f o l l o v / i n g 

i n f o r m a t i o n i s presented: 

- the amount of memory space t o be reserved f o r every 

array which i s used. 
t 

- the code which i s used f o r v a r i a b l e s which are t o be 

t r e a t e d as IReal numbers. 
• 

- the v a r i a b l e s which are t o be used i n "common blocks". 

For more d e t a i l e d i n f o r m a t i o n on F o r t r a n IV consult 

any of the a v a i l a b l e books, e.g. C h i r l i a n ( 1 9 7 3 ) « 

4 « 0 1 . 2 Generate elements f o r the f i n i t e element method 

The f i e l d i s d i v i d e d i n t o subregions c a l l e d " elements " 

usin g an AFEP subroutine: " MESB2D ". ( See the AFEP 

Manual f o r d e t a i l s . ) 

This meshgenerator creates a mesh w i t h i n v e r t i c e s on the 

boundary of which the user provides the coordinates. 

The user also has t o s p e c i f y hoWfnany nodal p o i n t s are 
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4 

t o "be made on each s e c t i o n of the -boundary and how the 
I 

spacing i s t o be done, .( Segal, -1975 ) 

The " meshgenerator " then uses t h i s i n f o r m a t i o n t o 

generate the mesh i n the f i e l d . 

Subroutine " INTAKE " provides the i n f o r m a t i o n the mesh-

generator r e q u i r e s . ( See Appendix 4 . ) 

The form of the f i e l d ( l a i d down i n INTAKE ) i s v a r i e d 

i n t h i s study. The v a r i a t i o n of INTAKE i s done by the 

subroutine " VARY 

4«01#3 P r e s c r i p t i o n of the equations 

The equations to be used f o r the computations, f o r 
T 

both f i e l d and boundaries, are i n d i c a t e d by t h e i r 

number i n a datacard i n p u t s e c t i o n a t the end^of the 

program f o l l o w i n g APEP convention^ 

( See ( 3.07.1 ) , ( 3.07.2 ) and the AFEP User Manual ) 

I 

4.01 ,4 P r o v i d i n g the i n p u t f o r the equations 

As i s described on page - 44 - the equations ( 3*07.1 ) 

and ( 3 . 0 7 .2 ) r e q u i r e i n p u t . 
* 

This i n f o r m a t i o n i s made a v a i l a b l e u s i n g arrays " USER " 

and " lUSER " v/hich, f o l l o w i n g APEP convention provide 

the i n p u t f o r the subroutines d e s c r i b i n g the equations 

( ELMI48, ELMI49, ELR149; ELM 301, ELM302, ELR302 ) . 
• 

( See AFEP User Manual, Appendix 4 and Appendix 5 ) . 
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Before the values of the r e q u i r e d parameters of the 

i n p u t ( a,c,c ,k ) can "be st o r e d they have t o be calc u ¬

l a t e d . 

This i s done i n subroutine " DEEP " ( Side View Model ) 

resp. subroutine " LOCAL " ( Top View Model ) . . 

Subroutine " AUSER " stores the c a l c u l a t e d values i n the 

arrays " USER " and " lUSER '». ( Appendix 5 ) • 

4 .01 .5 Computing m.atrices and vectors per element 

APEP subroutine ti GOMvIAT It does the j o b . 
' ' r -

4.01.6 Assembling ma.trix " ̂  " and v e c t o r " II 

Done by AFEP subroutines-" MATRIX " resp. " RHSI3E ". 

4 .01 .7 Solving from 1 

APEP subroutine " SOLVE " does the j o h . SOLVE i s based 

on a d i r e c t method. M a t r i x T i s subjected t o LU decom¬

p o s i t i o n and used i n the c a l l of SOLVE i n t h a t form. 

SOLVE con s i s t s of 10 subroutines. A d e s c r i p t i o n can 

be found i n the AFEP Programmerjs Guide. 
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4 .01 .8 s e n t i n g the sol-ution 

The s o l u t i o n oan "be presented i n several vmys 

Subroutine PRINRV p r i n t s the values of the p o t e n t i a l 

( f ̂ 2) a t each -nodal p o i n t . 

PLOTCN makes a c o n t o u r p i o t u s i n g the 

r e s u l t s of PRINRV. In p u t i s r e q u i 

red f o r PLOTCN; t h i s i s provided by 

GRAPH 

subroutine INPLOT. 

p r i n t s a graph of the values along 

a s p e c i f i e d boundary, drawing on 

the r e s u l t s of PRINRV. 

I n t h i s study the l a s t foim •of p r e s e n t a t i o n has'been used 

( using the surface boundary of the Side View Model and 

the corresponding side boundary of the Top View Model ) . 

4 .01 .9 S i g n a l i n g the end of the program 

This i s done by the statement " end " a t the end of the 

program 
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4 ,02 Using the computer program 
F 

The computer program has been constructed i n such a,way 

t h a t equations ( 3.07.1 ) and ( 3 .07 .2 ) are each d e s c r i 

hed completely i n a program. 
i 

A l i n k has been created between these tv^o programs such 
M 

t h a t the parameters of the Top Yiew Model ( cc and k O 
are c a l c u l a t e d u sing the values of the depth of the 

c o n f i g u r a t i o n of the Side Yiew Model. 

The p o s i t i o n of the nodal p o i n t s i s ensured t o be the 

same f o r both models ( along the axis where the values 

of the p r e d i c t i o n s _ w i l l be compared ) by us i n g the 

coordinates of the Side Yi.ew Model ( v/hich have been 

generated by the mesh generator ) f o r the Top Yiew 

Model as w e l l . 

I n t h i s manner i t i s c e r t a i n t h a t the two models both 

compute the p o t e n t i a l s f o r i d e n t i c a l c o n f i g u r a t i o n s . 

A p r a c t i c a l consequence f o r the use of the program i s 

t h a t the- computation of the Side Yiew Model always has 
t o be done p r i o r t o the computation of the Top Yiew 

Model f o r the same c o n f i g u r a t i o n . 
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The computer program, as i t has been designed, r e a d i l y 
w 

m 

permits v a r i a t i o n of: 
* 

( See Appendix 4* ) 

- the bottom c o n f i g u r a t i o n 

- the waterdepth 

- the wavefrequency 

( " ITEST ", " RATIO 

( 

( 

It SCD II ) 
It OMEGA ti ) 

The next chapter describes how the program i s t e s t e d 

Chapter 6 describes how the program i s used. 
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5 T e s t i n g the program 
* * I 

• 

5*00 I n t r o d u c t i o n 

The computer program which has been described i n chapter 
I 

4 ( the program can be found i n Appendix 4 ) has t o be 

t e s t e d . This i s done by u s i n g the program t o p r e d i c t 

the values of the p o t e n t i a l cj) f o r a c o n f i g u r a t i o n f o r 
• 

which there e x i s t s another method of determining the va¬
lues of the p o t e n t i a l . 

This chapter shows which c o n f i g u r a t i o n has been used f o r 

t h i s purpose and- how the p r e d i c t i o n s are v e r i f i e d . 

5.01 ConfiCTiration f o r the v e r i f i c a t i o n 

A f l a t and h o r i z o n t a l bottom has been se l e c t e d as the 

c o n f i g u r a t i o n f o r the v e r i f i c a t i o n . 

I 

F igure 5.01.1 
i 

Sketch of the selected bottom 

c o n f i g u r a t i o n f o r the t e s t i n g 

of the program. 

The wave p o t e n t i a l can- be determined a n a l y t i c a l l y f o 
t h i s case . 
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5.02 V e r i f y i n g the p r e d i c t i o n s 

There e x i s t two ways f o r v e r i f y i n g the computed values 

of the wave p o t e n t i a l (J) : 

1) The wavelength must he c o r r e c t l y p r e d i c t e d , 
m 

2) The magnitude of the p o t e n t i a l , Il f H , must be i n v a r i a n t . 

( A d e s c r i p t i o n of the r e l a t i o n s h i p between the wave po¬

t e n t i a l and i t s magnitude i s provided i n s e c t i o n 6 .05 ) 

5.02.1 Wavelength 
r ~ - ' ^ — " ~ ~ 

The wavelength has been determined f o r two values of the 

waterdepth. These two values are the same as have been 
m 

w 

used i n the computations f o r the c o n f i g u r a t i o n s d e s c r i -
+ 

bed i n the next chapter. 

To determine the wavelength f o r the f l a t and h o r i z o n t a l 
F 

bottom case •using' a n a l y t i c a l methods i s a simple mat¬

t e r , described i n any book on wave mechanics (e.g. Lamb, 

J 

1975 ) . 

To determine the wavelength f o r the'same case from the 
I 

computer r e s u l t s i s also r a t h e r s t r a i g h t f o r w a r d but does 

r e q u i r e some f u r t h e r d e s c r i p t i o n of the i n t e r p r e t a t i o n 

of the r e s u l t s as presented by the computer ( t h i s i s 

done i n s e c t i o n 7 .02 ) and the way the accuracy of the 
• 

thus obtained values ( which w i l l be done next ) . 
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4 

Figure ( 5 .02.1 .1 ) shows the computed values of the IReal 

p a r t of the wave p o t e n t i a l <j3. 

The f i g u r e c l e a r l y shows the wave p a t t e r n . 

Observe t h a t the depicted v^ave p a t t e r n i s not e x a c t l y 

s i n u s o i d a l . This i s caused by the f a c t t h a t the s t e p l e n g t h 

i s not the same throughout the f i e l d . ( The stepsize has 

been made smaller i n the area where the g r e a t e s t change' i n 

the value of the p o t e n t i a l would be expected: over the dam 
See f i g u r e s ( 7*01.1 ) and ( 7-01.2 ) . ) 

( A discus s i o n on the numerical aspects of the chosen step 

l e n g t h can be found i n Appendix 6 . ) 

The exact l o c a t i o n of each node can always be determined from 

the i n p u t data of the program. 

Since the l o c a t i o n of a node e v i d e n t l y does not have t o 

coin c i d e w i t h the l o c a t i o n of a maximum or minimum,an e r r o r 

w i l l be made.in determining the wavelength. 

I f the wavelength i s determined from the l o c a t i o n of the 

maxima ( See Figure ( 5 .01 .1 .1 ) , the u n c e r t a i n t y of the 

value w i l l be as great as the s t e p l e n g t h , as f o l l o w s from 
If 

the f o l l o w i n g sketch: 
2. 

( I n the s t u d i e d cases: A>c= 0.11 ) 

: max of cp , continuous 
f u n c t i o n . 

: max of , approximate 
f u n c t i o n . 

: s t e p l e n g t h . ( 5 . 0 1 . 1 . 2 ) 

A more accurate value of the wavelength may be obtained by 

i n t e r p o l a t i n g f o r the l o c a t i o n of the zero-crossings of the 

sinus f u n c t i o n . I n t h a t case the u n c e r t a i n t y w i l l be twice 

4 



as la r g e as the round-off e r r o r of ihe value of the x - c o o r d i -
nate. ( Vftiich, f o r the st u d i e d cases . i s : + o^O^ round-off .) 

The r e s u l t s of the c a l c u l a t e d and g r a p h i c a l l y determined values 

of the wavelength are compared: 

Tahle 5 -01 .1 .5 

Comparison of the g r a p h i c a l l y determined v/avelength 
• 

versus the c a l c u l a t e d wavelength f o r a h o r i z o n t a l 
f l a t bottom. ( SVM= Side View Model; TVM= Top View Model 

Depth 

0.4 

0.6 

wavelength SVM 

( 3.71 + .02 

4.39 + . 0 2 ) 

wavelength TVM c a l c u l a t e d wavelength 

( 5.71 + .02 

4.59 + .02 

( 5.71 H-

4.58 + 

These r e s u l t s show t h a t the r e s u l t s of the computation do 
indeed correspond w i t h the c a l c u l a t e d values of the v/avelength 

5 .02 .2 Magnitude of the p o t e n t i a l : j | 

Discussion of the r e l a t i o n s h i p hetv^een the wave p o t e n t i a l and 

i t s magnitude, as w e l l as t h e i r i n t e r p r e t a t i o n , w i l l be done 

i n chapter 6. 
w 

At t h i s moment i t s u f f i c e s t o observe the behaviour of )) || 

f o r the case of a f l a t and h o r i z o n t a l bottom. I n t h i s case the 
value of ) <̂  1 should be constant. 

The values of j j ^ j j f o r both the Side View Model and the Top 

View Model are dis p l a y e d i n f i g u r e s ( 5 -02 .2 .2 ) and ( 5 . 0 2 . 2 . 5 ) 

The two cases are the same as v/hich have been used i n s e c t i o n 

( 5 « 0 2 . 1 ) f o r the v e r i f i c a t i o n of the computed wavelength. 
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I n s p e o t i o n of the r e s u l t s shows that' the p r e d i c t e d 

values of H(^l are indeed constant f o r these cases: 

Depth 

0.4 

0.6 

Table 5 .02.2 .3 

Predicted values of \\ (^(j f o r a f l a t h o r i z o n t a l 

bottom. ( See f i g u r e s ( 5 .02 .2 .1 ) and ( 5 . 0 2 . 2 . 2 ) 

( 0.9996 + 0.0004 ) 

( 0.9994 + 0.0003 ) 

Top Yiew Model 

( 1.0000 + 0.0013 ) 
i 

( 1.0000 + 0.0009 ) 

5,03 A l t e r n a t i v e v e r i f i c a t i o n 

I t has been p o s s i b l e t o check the computations by the 
F 

computer program f o r the Top View Model by comparing 

the r e s u l t s versus r e s u l t s obtained f o r i d e n t i c a l cases 

usi n g a one dimensional model bases on the R e f r a c t i o n -
r 

D i f f r a c t i o n equation. This model, made by N. Booy, pro¬

duced i d e n t i c a l r e s u l t s ( f o r the compared cases ) as 

the model which has been used i n t h i s study. 
ë 

Appendix 6 shows the r e s u l t s of the model by ÏT. Booy. 
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6 Experimentation 

6.00 I n t r o d u c t i o n 

. The preceding chapters described, how the Side Viev/ Model 

and the Top View Model have been d e r i v e d and how a compu¬

t e r program has been made which, f o r both models, can 

compute the p o t e n t i a l s of the w a v e f i e l d f o r a s e l e c t e d 

bottom c o n f i g u r a t i o n 

This chapter shows how t h i s program has been used f o r 

t h i s study and which bottom c o n f i g u r a t i o n s have been 
sel e c t e d f o r the comparison. 

* Beginning w i t h a summary of the parametric d e s c r i p t i o n 

f o r the general case of wave propagation and the speci

f i c case which i s selec t e d f o r t h i s study, the chapter 

then continues w i t h a d e s c r i p t i o n of the c h a r a c t e r i s t i c 

parameter which has been s e l e c t e d f o r the comparison. 

F i n a l l y a d e s c r i p t i o n of three main types of v a r i a t i o n s 

of the selec t e d bottom c o n f i g u r a t i o n - i s presented. 
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6.01 Goal of the t e s t 

The goal of the t e s t i s : t o determine the d i f f e r e n c e i n 

the p r e d i c t i o n of the Side Yiew Model and the Top View 

Model as a f u n c t i o n of a d i f f e r e n c e i n the bottom 

c o n f i g u r a t i o n . ( cq to determine i f such a d i f f e r e n c e 
i 

does e x i s t . ) 

6,02 Parameters of the v/ave f i e l d 

A number of r e s t r i p t i o n s and assumptions u n d e r l i e the 

mathematical models ("2.07.-1 ) and ( 2.07.2 ) . 

Figure 2 .00 .1 , repeated here f o r convenience, shows 

the c h a r a c t e r i s t i c q u a n t i t i e s and parameters which are 

important i n wave propagation problems. (Be r k h o f f , I976 ) 

where 

I 

"D 

mean water depth. 

( 6.02.1 ) 

H wave h e i g h t 

or mean slope of the bottom over a -distance D. 



For a l i n e a r model i t i s assumed that the wave steepness 

= H f ^ ^ i s s m a l l . 
. -•• 

I n the case of a small (^aterdept)i the r a t i o oc = H t D 
^4 

must a l s o he s m a l l . 

I n the r e f r a c t i o n - d i f f r a c t i o n e q u a t i o n , i t i s assumed 

that the v a r i a t i o n of the hottom i s moderately small and 

no t i c e a b l e f o r the surfa c e waves 

The curvature of the wave amplitude i s taken i n t o account. 

A two dimensional equation i n the h o r i z o n t a l i s obtained 
• 

by i n t e g r a t i o n over the waterdepth. 

( See Appendix 2. ) -

These assumptions do not have to be made f o r the Laplace 

model. 

6,05 S e l e c t e d bottom c o n f i g u r a t i o n 

A t r a p e z o i d a l dam has been s e l e c t e d because of the s i m p l i 

c i t y of i t s contour and the c l e a r l y d e f i n e a b l e bottom 

slope, 
• 

The s e l e c t e d setup i s depicted i n f i g u r e ( 6.03.1 ) -

This f i g u r e shows the c h a r a c t e r i s t i c q u a n t i t i e s and para¬

e t e r s which are important f o r the comparison of the 

Side View Model versus the Top View Model. 
* 

( Compare . with ( 6.02.1 ) ) 
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I n dimensional form: 

( 6.03.1 ) 

where 

H 
D 
D d 

L 

f 
g 
A x 

wave time frequency-
wave length at deep water 
wave height 

_¥ 

waterdepth 
waterdepth over the dam 
slope of the i n c l i n e of the dam 
width of the c r e s t of the dam 
length of the zone l e f t of the dam 
wave p o t e n t i a l a t the s u r f a c e : <̂  = 

gr a v i t A o n a l p o t e n t i a l 
numerical s t e p l e n g t h of the computation 

I t i s more convenient to use dimensionless parameters, 
i h e coordinates are made dimensionless u s i n g the f r e e 
sur f a c e c h a r a c t e r i s t i c length ko= ë * ^ 

AS Berkhoff (1976) h a . done, the gradient of the water-
ri r 

depth-can he made of the order one hy t a k i n g new horizon-

t a l coordinates ( y' ) i n the ( dimensionless ) 

waterdepth f u n c t i o n D -<x,. y> 

/ 

As a consequence of t h i s the hottom slope i s c h a r a c t e r i s e d 

by the parameter ( see f i g u r e ( 6.05.5 ) ) ' 

( 6 .05 
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I n dimensionle form: 

ScD 

where: ScD 
r a t i o 
ScB 
ScL 

= D * \ 

= B *• Ac, 
= L fr X. 

ScAx„ = Ax^* X« 
6 = cr 

R a t i o . ScD 

SoB 

( • D i-X^ 

( 6 .05.3 ) 

From the d e r i v a t i o n of the r e f r a c t i o n - d i f f r a c t i o n 
i 

equation ( Berkhoff, • 1976 ) i t may "be expected that t h i s 

parameter w i l l "be important f o r d i f f e r e n c e s i n p r e d i c t i o n s , 

by the two models, of the val u e s of the wave p o t e n t i a l . 

Because of the importance of the assujnption ( i n the d e r i 

v a t i o n by Berkhoff ) of the bottom v a r i a t i o n being mode

r a t e l y small ( see ( 6.03.5 ) and Appendix 3. )f 

the computer program and the experimentation have been 

made to focus on the v a r i a t i o n of 

For that reason £ has been v a r i e d i n a number of cases 

where, per case, the other parameters remained constant, 

as depicted i n the f o l l o w i n g system sketch: 



System sketch. The computer program as a system f o r 
p r e d i c t i n g "values of<p f o r v a r y i n g 
v a l u e s of £with a chosen s e t t i n g of 
v a l u e s of ratio,ScD,ScB. 

• 

6,04 D i s c u s s i o n of the parameters 

I n t h i s s e c t i o n the parameters ScD, R a t i o and ScB w i l l 

be discussed-
Parameter ^ has a l r e a d y been described i n ( 6.05.2 ) , and 

i 

^ w i l l be described i n the next s e c t i o n . 

The i n f l u e n c e of parameters A l ( length of the zone 

upwave of the dam ) and of A^S s t e p l e n g t h ) i s d e s c r i b e d 

i n Appendix 6 . T h e s e parameters do not have to be v a r i e d 

i n the computational model once they have been s u i t a b l y 

determined. 

ScD : Dimensionless measure of the depth of "che w a v e f i e l d . 

Values of ScD g r e a t e r than 1.0 w i l l not be u s e f u l : 
• 

the e f f e c t of the bottom w i l l not be n o t i c e a b l e . 

For t h i s reason four v a l u e s have been s e l e c t e d : 
* 

ScD = 0.6 ; 0.5 ; 0.-4 ; O.25 . 
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^ 

* 

R a t i o : Dimensionless measure of the waterheight over the 

dam. ' ' 

The value of Rat i o i s to he g r e a t e r than zero, i n order 
^^^^^^^^^^^^^^ ^ ^ ' ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ " ^ 

to he ahle to use the mesh generator. ( See s e c t i o n 7*0'' ) • 

I n t h i s study no troughs are considered, that i s : 

Ratio i s not g r e a t e r than 1.0 . 
/ 

4 

I n t h i s study values f o r R a t i o have heen s e l e c t e d i n 

the i n t e r v a l ( O . I - J ^ I . O ) . 
+ 

r 

F 

ScB : Dimensionless measure of the width of the c r e s t 

of the dam. 

The value of ScB may i n p r i n c i p l e v a r y between zero 
h 

and i n f i n i t e . However, because of the requirement t h a t 

the i n f l u x and e f f l u x boundaries be s u f f i c i e n t l y f a r removed 

from the b a r r i e r , there e x i s t s a maximum value of ScB which 

i s determined by, amongst others, the length of the b a s i n . 

( The length of the b a s i n i s r e s t r i c t e d by the maximum number 

of nodes of the computation, i . e . , the c o s t s of the computa¬

t i o n . ) 

This r e s t r i c t i o n has r e s t r i c t e d the v a l u e s of ScB i n t h i s 

study to a maximum of ScB = 0 . 6 • 
r 

By l e t t i n g the c r e s t of the dam go to the downwave s i d e 

( e f f l u x ) boundary, an a d d i t i o n a l v a l u e of ScB = oo i s 

obtained. 
4 

L 
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6.05 C h a r a c t e r i s t i o parameter of the v/avefield 

The computational model determines the value of the 

wave p o t e n t i a l , fji , a t the surfa c e f o r the var i o u s com-
I 

h i n a t i o n s of the parameters £ , ScD, Ra t i o and ScB which 

determine the hottom p r o f i l e . 

The wave p o t e n t i a l , P̂, c o n s i s t s of three components: 

^ ( : the i n c i d e n t wave 

f r Ï the r e f l e c t e d wave 

cp̂, : the transmitted wave 

The comparison of the pred i c t e d wave p o t e n t i a l s of the 

Side View Model and the Top View Model w i l l ho done u s i n g 

the magnitudes of the p o t e n t i a l : ( \\(^\ = ( c?, + ) ^ 
1. 

|\ ̂ .(( : magnitude i f the i n c i d e n t v/ave 

I Cp̂ d : magnitude of the r e f l e c t e d wave 

II • ̂ ^S^i"*^^^® "̂ ^̂  t r a n s m i t t e d wave 

There i s a f i x e d r e l a t i o n s h i p between these three 

components ( Lamb, 1975 ) 

2. 
( 6.05.1 ) 

With the a i d of f i g u r e ( 6.05.2 ) i t w i l l be shown how, 

from a graph d e p i c t i n g the val u e s of||c|)l(, the three 
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i 

c h a r a c t e r i s t i c components may t e determined. 

where: (i .11 = -§•(! max + 

max 
mxn 
min 

A 

) 

) 

( 6 .05.2 ) 

I n t h i s study the value of the imposed 1<̂ I i s equal to 

one. 

The o s c i l l a t i o n s of l e f t of the h a r r i e r are caused 

by the i n t e r f e r e n c e of and of 

the o s c i l l a t i o n s i s the amplitude of the r e f l e c t e d 

component. 

The average value of t h e . o s c i l l a t i o n i s the value of the 

p o t e n t i a l of the incoming wave. 

The height of the p o t e n t i a l downwave of the "barrier 

i s the magnitude of the p o t e n t i a l of the tra n s m i t t e d wave. 

Due to the chosen magnitude of the imposed wave, |{ C!̂- 9 

and because of the e x i s t e n c e of the r e l a t i o n s h i p between 

^ i ' ^ r *^t described by equation ( 6.O5.I ) , 

the c h a r a c t e r i s a t i o n of the ymv e f i e l d may be done u s i n g 

e i t h e r \\<^r\\ or l l ^ ^ l l '^^^ c h a r a c t e r i s t i c parameter 

of the wave f i e l d . 
• * 

Because of the g r e a t e r ease of determining |j (j ( see 

f i g u r e 6 .05.2 ) , llCp^U has been s e l e c t e d as the 

c h a r a c t e r i s t i c parameter of the wav e f i e l d i n the compa

r i s o n of the two models. 
1 * .' y ' 



* - f 

- 65 -

' — I 

t 

w 1 

t 

* i i 

* -

4 * f 

Thus: the comparison of the Side View Model versus th-
I 

Top View Model w i l l he done hy comparing the p r e d i c t e d 
I 

v a l u e s of \(^ \\ of the two models f o r v a r i o u s bottom 

c o n f i g u r a t i o n s . 

The p r e d i c t i o n s w i l l be compared i n r e l a t i v e form 

v. M- \ 
S 

( 6.05.5 ) 

: The r e s u l t s of the Top View Model ( r e f r a c t i o n - d i f -
I • 

f r a c t i o n equation ) are compared versus those of the 

Side View Model ( ' l a p l a c e equation') which i s taken as 

r e f e r e n c e . 
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6.06 
+ 

Three main types of v a r i a t i o n a 

From the descriptions of s e c t i o n s ( 6.03 ) and ( 6.04 ) i t 

follows that there are four b a s i c types of v a r i a t i o n s , 

a s s o c i a t e d with the parameters f ,' ScD, R a t i o and ScB : 

TYPE A TYPE B 

TYPE G TYPE D 

F o r the computations these four b a s i c types have been 

combined i n t o one type which allows f o r the v a r i a t i o n s 

of the four parameters; ITYPE 2 . ' 

4 

I n order to allow f o r the case of SoB = 030 ( as d e s c r i b e d 

i n s e c t i o n ( 6.O4 ) ) ITYPE 3 has been designed. 

ITYPE 1 has been designed to provide diredst i n s i g h t i n t o 

the e f f e c t s of the v a r i a t i o n of the damheight. 

I n each ITYPE the value of t i s v a r i e d f o r a chosen s e t t i n g 

of the v a l u e s of ScD, Ratio, ScB. 

The three ITYPEs a r e : 

I I 
\ 

IT^YPE 1 

Thie height of a sym-
me; t r i c a l t r a p e z o i d a l 
dsim i s v a r i e d 
stxeps of 0.1xScD. 

( 6.06.1 
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ITYPE 2 

The slope of .the i n c l i n e 
of the dam ( -of constant 
height ) i s v a r i e d by-
changing the length of 
the toe of the dam. 

( 6 .06 ,2 ) 

ITYPE 3 

I d e n t i c a l to ITYPE 2 
but f o r the i n f i n i t e 
orestwidth. 

( 6 . 06 .3 ) 

6.0'7 S e l e c t e d parameter combinations 

Diagram ( 6 .0 7.1 ) presents the va l u e s of the parameters 
_ ^ 

which have been used f o r the computations, f o r the three 

d i f f e r e n t ITYPEs. 

( The d e s c r i p t i o n of the ITYPEs can be found i n 
• + 

Appendix 4-f ^^cL s e c t i o n 6 .06- ) 

The r e s u l t s of the computations f o r these three ITYPEs 

ire presented i n the next chapter. 

4 , 



Diagram 6.O7.I Tested configu.rations 

ITYPE 1 

ITYPE 2 

ITYPE 3 

CASE nr 

1 
2 

3 

4 
5 
6 

7 
8 
9 
10 
11 

12 

SoD 

0.4 

0.6 

0.6 
0.6 

0.6 

0.6 

0.6 

0.6 

R a t i o 

' 0'. 6 

0 .5 

0.4 

0.25^ 

va r . 1 , e s 
v a r i e s 

^̂^̂^̂^̂  

1*3 

11-3 

1*3 

1*3 

l«-5 • 
1*1.5 
1*2 

1*3 

1*3 

1*3 

two cases are a l s o computed f o r v e r i f i c a t i o n 

ScB 

0.6 

0.6 

0.6 

0.6 

0.6 

0.6 

0.6 

0.6 

0.6 

0.4 

0.21/ 

00 

extended upwave length " L " 
A 

' • 1 

0.6 1*3 0.6 

double s t e p s i z e 1 

• 

0.6 1*3 0.6 

I t can he seen from the above diagram .that with r e s p e c t to 
CASE 3 the i n f l u e n c e ox parameter " ScD " i s i n v e s t i g a t e d 
i n cases 4 through 6; the i n f l u e n c e of " R a t i o " i n cases 
7 through 9 and the i n f l u e n c e of 
through 12: 

ScB M i n cases 10 

R a t i o 

I n v e s t i g a t e d v a r i a t i o n s 
of the parameters r e l a 

t i v e to CASE 3. 
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m 

m 

T h e - v a r i a t i o n s whioh are a l r e a d y implied i n the ITYPEs 

are the following: ( see s e c t i o n 6,06 ) : 
w 

4; 

4 

ITYPE 1 v a r i e s the height of the dam i n steps of a tenth 
w 

of the waterdepth. 
t 

The only required e x t r a information i s the length of 
m 

the toe of the dam: " toe 

( I n t h i s study Toe i s ke-pt constant: Toe 0.2 i n ITYPE 1 
— • * é • * 

* -• -

ITYPE 2 v a r i e s the length of the toe of the dam f o r a 

f i x e d damheight. ( That i s : the slope ^ i s made to vary 

"by changing the run, keeping the r i s e constant. ) 

t 

ITYPE 5 i s i d e n t i c a l to ITYPE 2 except f o r the c r e s t w i d t h . 

( See page - 67 - . ) 

Two cases are computed f o r the purpose of v e r i f i c a t i o n ; 
— - » p 

m 

4 - . . * • ^ — 

CASE A T h i s case i s i d e n t i c a l to'CASE 3 except 
• 

f o r the extension of the length "S6L'* upwave 

of the dam ( see f i g u r e ( 6.03*3 ) ) • 

T h i s case a c t s as a t e s t f o r the l o c a t i o n 

of the infloix boundary, which shou!).d be 

. s u f f i c i e n t l y f a r removed from the b a r r i e r . 

CASE B I n order to t e s t the s t e p s i z e the most 

c r i t i c a l case of CASE 3 i s a l s o c a l c u l a t e d 

^ . with double s t e p s i z e . 
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( Doubling s t e p s i s e means l e s s nodes, thus a cheaper 

computation. I f the r e s u l t s are acceptable t h i s does 

provide s u f f i c i e n t information. See the d i s c u s s i o n on 

t h i s t o p i c i n Appendix 6 . ) 



7 RESULTS 

7 .00 I n t r o d u c t i o n 

I n t h i s chapter the r e s u l t s are presented of the com¬
4 -

r 

p a r a t i v e computation. 

( I n s e c t i o n ( 6.O7 ) i t has been shown which cases 

have been s e l e c t e d f o r the three ITYPEs. ) 

T y p i c a l examples are given of a mesh generated by the 

mesh generator and of the r e s u l t s as presented by the 

computer program. 

A d e s c r i p t i o n i s given of the manner i n which the 
r 

computer presented data are i n t e r p r e t e d to provide the 

data r e q u i r e d f o r the comparison. 

The pr e d i c t e d values of the wave p o t e n t i a l s are pre

sented. 
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L 

Y * 01 The generated Mesh 

One of the r e s u l t s which the computer program produces 

i s the mesh. 

This mesh plays an e s s e n t i a l r o l e i n the computation 
m 

because by the mesh the l o c a t i o n of the nodes where the 
r 

computation i s done i s determined* 

Thus the mesh a l s o shows the steplength with which the 

computation i s done. 

i 

m 

The mesh i s generated by AFEPls meshgenerator MESB2D, 

based on us e r provided c h a r a c t e r i s t i c nodes ( v e r t i c e s 
I 

of the f i e l d , e t c . ) . • 

I n t h i s study the mesh generator i s made to generate a 

mesh which has a refinement i n the region 

where i t i s expected that the p o t e n t i a l changes most: 

over the b a r r i e r . 
* 

F i g u r e s 7^01.1 and 7.01.2 show, at d i f f e r e n t s c a l e s , 
r 

t y p i c a l examples of generated meshes f o r the Top Tie-w 

Model resp. the Side Yiew Model. 

F 

I t i s p o s s i b l e to l e t the computer d i s p l a y the d e t a i l s 

of the generated mesh such as the s e c t i o n s of which the 

t o t a l mesh i s composed and the nodal numbering. 

An example of the s e c t i o n s of the mesh i s shown i n 
w 

f i g u r e 7 .01 .3 . 

* • 
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X 

Figure 7.01.. 1 Example of a mesh 
generated i n the 
Top View Model. 

* 

m m 

t 

1. /[\\ / 

L I 

\ 
•i 

• 7 > 

'i/-vi. 0 

\ 

\ 

\ I \ \ 
^^^^ 

s m a m \ 

Figure 7.01 .2 Example of a mesh 
p:enerated i n the 
Side View Model. 

r-
i 

t 

u t 

• t , . 

Figure 7.01 ,3 

h 

Example of the 
d i v i s i o n of the f i e l d 
i n t o s u b f i e l d s as done 
"by the mesh generator 
of the Side View Model. 

• - V » * - \ 

m 

•> 

I h 

i 

• f 

• 

- % 
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7.02 Poim of Dresentation of the r e s u l t s 

AFEP permits a number of forms of pre s e n t a t i o n , such as 

the drawing of co n t o u r l i n e s of the p o t e n t i a l ( see f o r 

an example f i g u r e ( 7*02,2 ) ) or a graph of the values 

of the p o t e n t i a l along a s e l e c t e d i n t e r v a l . Both are 

made on the p l o t t e r . 

I n t h i s study an a l t e r n a t i v e method has heen used: 

the v a l u e s of the p o t e n t i a l along the su r f a c e boundary 

have been p r i n t e d ( confonn the remarks made i n s e c t i o n 

2,07 ) and presented i n the form of a graph of | [| • 

I n t h i s way the r e s u l t s became more r e a d i l y a v a i l a b l e 

and at s m ^ a l l e r costs ( as compared to the r a t h e r ex¬

pensive p l o t t e r ) . 

An example of the p r e s e n t a t i o n of the r e s u l t s can be 

found i n f i g u r e ( 7.-02,5 ) . 

Figure 7.02.1 Example of the p l o t t e d 
v a l u e s of the p o t e n t i a l 
at the water surf a c e 
( i n t h i s case: f o r a 
f l a t h o r i z o n t a l bottom. ) 
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I 

watersurface 

9 

6 u 
c 
af 

4 

Figure 7. 0^2 

* 
• 

An example of a 
contourpiot of the 
v a l u e s of the p o t e n t i a l 
( i n t h i s case: of a s e c t i o n 
.of the f i e l d of the Side 
Vievf Model with a h a r r i e r 
height which i s 0.6 times 
the waterdepth. ) 

P r e s e n t a t i o n i n compressed 
s c a l e . 
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F i g u r e 7*02.3 Example of the form of 
p r e s e n t a t i o n used f o r t h i s 
study. 

P r e s e n t a t i o n of the v a l u e s 
of llipjj a t the nodes along 
the s u r f a c e and a represen 
t a t i o n of these v a l u e s i n 
a graph. 

For a d e s c r i p t i o n of the meaning of the presented charac

t e r i s t i c parameter i n t h i s graph c o n s u l t s e c t i o n 6.05 . 



Gathering data from the graphs 

The r e s u l t s of the com_putations of the Side View Model 

and the Top View Model a l l are presented i n graphs of 

the form presented i n f i g u r e ( 7 » 0 ? . 3 ) • 

Those graphs are i n t e r p r e t e d as d e s c r i h e d i n s e c t i o n 

6.05 . 

7.04 R e s u l t s i n t a h l e s 

The f o l l o w i n g are the r e s u l t s of the computations f o r 

the cases d e s c r i h e d i n s e c t i o n 6*07, i n t e r p r e t i n g the 

data as de s c r i b e d i n s e c t i o n 6.O.5 . 

The nujnbering of the cases i s the same as i n s e c t i o n 

6 , 0 7 . 
4 h 

U.. ... T - t 
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Table 7 .O4.I The r e s u l t s of the computations, per CASE, continued 

CASE 7 ScD Ratio 

* 

ScB , A D A X . sigma 
w 

e p s i l o n 

0.6 1*5 0.6 0.48 0.6 
0.5 
0.4 
0.3 

m 

b.80 
0.96 
1 .20 
1 .60 

8.58 
10.05 
12.57 
16.76 

.991 

.979 

.965 

.944 

.968 - .025 

.950 - .050 

.929 - .035 

.908 - .038 

CASE 8 

0.6 1*1,5 0.6 0 .2 0.6 0.33 3.49 .992 .997 .005 
0.5 '0.40 • 4 .19 .990 .996 .006 
0.4 0.50 5.24 -989 .996 .007 
Oc5 0.67 6.98 -993 c996 .008 

I 

CASE 9 

0.6 ^f2 0.6 0.50 0.6 .50 • 5.24 .983 .990 .007 
0.5 .60 6.28 .977 .907 .010 
0.4 .75 7.85 .972 .985 .013 
0 .3 1.00 10.47 .967 .985 .017 

CASE 10 

0.6 1*3 0.4 0.4 0.6 0.667 6.98 .949 .963 .015 
0,5 0.80 8.58 .956 .957 .022 
0.4 1.00 10.47 .924 .955 .051 
0 .5 1.555 15.96 .915 .951 .059 

CASE 11 

0 . 6 U 5 0.2 0.4 0.6 0.667 6.98 .956 .965 .031 
0.5 0.80 8.58 .927 .964 .040 
Oc4 1.00 10.47 .922 .965 .047 
0 .5 1.553 15.96 .919 .969 -054 

CASE 12 

0.6 1*-5 '00' 0.4 0.6 0.667 6.98 1.168 1.176 .007 
0 .5 0.80 8.58 1.166 1.175 .008 
0.4 1.00 10.47 1.165 1.174 .009 
Oo3 1.555 15.96 1.160 1.172 .010 

CASE A 

0.6 '1*3 0.6 0.4 0 .5 1.533 extended upwave f i e l d l e n g t h 
.959 

CASE B 

0.6 1*3 0.6 0.4 0 .5 1.555 double s t e p s i z e 
.954 

D i s c u s s i o n of these testcases i s done i n the next chapter. 
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8 Interüretatioii of the r e s u l t s 

8 . 0 0 I n t r o d u c t i o n 

The r e s u l t s of t a b l e { 7.0.4-1 ) are i n t e r p r e t e d i n t h i s 

chapter. 

The pre d i c t e d v a l u e s of \\̂ \̂\ are di s p l a y e d i n graphs f o r 

both the Side View Model and the Top View Model. 

The p r e d i c t i o n s of the two models, compared u s i n g the 

parameter \ , are a l s o d i s p l a y e d i n graphs 

The e f f e c t of the v a r i a t i o n of the parameters ScD, Rat i o 

and ScB i s i n v e s t i g a t e d . 

T h i s leads to a d i s c u s s i o n of the r e s u l t s i n the next 

chapter. 

?.01 P r e s e n t a t i o n per model and per CASE 

The p r e d i c t i o n s of jj Cffcij have been presented i n graph 

( 8 .01 .1 ) f o r the Side View Model and i n graph ( 8 .01.2 ) 

f o r the Top View Model. 

The r e s u l t s have a l s o been grouped per CASE, as d i s p l a y e d 

i n graph ( 8 ,01.3 ) . Eor the ease of the comparison the 

curves have been untangled, providing b e t t e r i n s i g h t i n the 
• 

r e l a t i v e p r e d i c t i o n s per case. 
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8.02 Evalu a t i o n of the p r e d i c t i o n s of \\ tf.lf 

From the data i n graphs ( 8.01.1 ) through ( 8.01,3 ) 

i n s i g h t might he obtained concerning the propagation of 

a wave over a t r a p e z o i d a l dam. As can be seen i n graph 

( 8.01.3 ) remarkable d i f f e r e n c e s e x i s t between the 

p r e d i c t i o n s by the two models. Since r e l a t i v e l y l i t t l e 

i nformation i s a v a i l a b l e of the c h a r a c t e r i s t i c s of the 

propagation of waves over a t r a p e z o i d a l dam i t r e q u i r e s 

a s p e c i a l study, outside of the scope of t h i s study, to 

f u r t h e r evaluate t h i s information. 

Only f o r CASE 1 and 2 i t may be concluded that the be

haviour which i s p r e d i c t e d by the computation i s i n 

accordance with the behaviour described i n other .studies 

Mobarek ( 1974 ) has done h y d r a u l i c s c a l e model experiments 

f o r the wave propagation over a t r a p e a o i d a l dam and found 

that the c o e f f i c i e n t of tr a n s m i s s i o n v a r i e s with the 

parameter Ratio as depicted i n f i g u r e ( 8.02.1 ) . 

(II t a n 

Figure 8.02.1 

I 1> PA 

Schematic r e p r e s e n t a t i o n of 
the c h a r a c t e r i s t i c behaviour 
of t r a n s m i s s i o n over a 
t r a p e z o i d a l dam. 

As can be seen i n graph ( 8.01.3 ) t h i s i s indeed the form 

of the computed c o e f f i c i e n t s of t r a n s m i s s i o n . Only f o r 

low values of Rat i o do the p r e d i c t i o n s deviate from the 



- -

expected behaviour. ( l e s s than 0 .4 Dj approximately ) d 
w * 

According to the data of Mobarek h o n l i r e a r behaviour w i l l 

have to be taken i n t o account f o r these values of Ratio, 
which means that the computer model could not be used 

f o r these c a s e s . 

8.03 E v a l u a t i o n of the values of \1 cp^lU 1-

Graph ( 8.O3.I ) presents the comparison of the p r e d i c t e d 
v a l u e s of \1 (-Dt! per model u s i n g the parameter ü̂ îlïT | 

mapped versus £. 

- 5 

The errorband i n the graph has magnitude 4-10 

( See Appendix 6.) 

Within the errorband the r e s u l t s of the two models w i l l 

he c a l l e d " equal ". 

I t i s c l e a r from the r e s u l t s i n graph ( 8.O3.I ) that 

there i s no s t r a i g h t f o r w a r d r e l a t i o n s h i p between the 

parameter £ and the d i f f e r e n c e i n t h e . p r e d i c t i o n s by the 

two models. 

The r e s u l t s of the v a r i o u s CASEs w i l l be compared i n the 

next chapter. 

4 
4 



- - *̂  4 — 

t + 

: • • H 
^ • 

I. 

É >-

•;: 1 

- t • F * 

r r : 

1 • 

t ' 

- r -

- ¥ 

* * * • i t - - ' • t • 
: T l : : r - * i . , 

i — 

1 ^ 

f - ' 
4 ^ 

I 

I • J I 

I -
— t 

l 

1 

1 - ' 

7 J : — 4 h r T" 

• 

4 -

-A:'-. 
4 -

- - - * 

T — -

- * * 

. P * . 

* * • -

^ • 1 • 

' • ^ > ^ 

1 1 T k * * ' 4 

- ^ 

+ P-

I . . . . I . -
4 

1 ^ 

• i 

. ; 1. . . 

1 -

• 1 

4 ^ 

* 4 4 >- i F f 

- - t 

V h T -b 

_ r 

1 / 

- - ^ i 

I • • 4 + 

- I 

> — 

- 4 
^ -

> -

I — - 4 -

r -
i 

. . 1 -

. ... 1 > .. 
1 - • 

' • - 4 

- T 1 •- H 

1 j 
• - — - - J - , - !-:r 

p 

t f •- • r r r ) b L 

- f 

m i 
- * 

Z4 

p - - - -

t - -

- ( 

f — ^ < - f 1 * , 

• " F : -~-|—"- - -! 
f t , } J _E - , 

, — f c . - » . - — . - - - — • - i - ^ ^ - ^ H — 4 ^ » — ^ H — . — ^ — ^ 

4 ̂  -
^ T l " H ' l i — 

oi 010 

- 1 i 

T - -
^ ; \ 

ï - - i - + * : . . - , : l | 

•- * 

. r-

' i ̂  - — - -
- i " l 

; ̂^̂ ,.:___}_\̂ :4—-y - - V " - • [ — ^ • ̂ i ' ^--- - f 
' ' - i - ; • 'k • • l . - - - - i _^ , 4 ^ 1 . 1 > » , . . . . T 

^ ; ^ t 1 , 
- - — 

- t -
r 

• - - t • : 
t . t- *-

i -
^ - l i z T T . t i i r i i z " — : z : = 7 : i — t r r r r l r r i ^ r r : : . : : r r : - : " t r : i : : \ i - : r - - ! ; - : - - ; l : : - _ t - . r : - i . - r r ^ — r r h : • j . ; : . : : 
— — l " - — — . — — — ; ̂  - - ; ^ ^ i - - - - — ^ — . — . — - - i l - • i - -

— . £ . i - • „ ^ — ; ; L- : . 1 . . • 1̂  j — — « — . - - ^ — — • — — ' — ^ .- , 

' ^ • ' * V L ^ — r V *— -4- • «- - ^ -1 —1 T T J | v B - V H ^ H d _ J l H k H K . ^ 

- ( — 

- d • f * : : • 1 
- 1 * - - - - I 

4 — -

4 - - > 

- I ::-t :•• 

:: r. 

* -

t - ' -

h 

^4 >- * -m * ^-

- * - - * 

+ V — h j X _ X * 

I I • " ' 
+ h - i -

, • , i , 

^ t 

! 
- h — . ^ 

- • - t 4-
4 T 1 • 

• ^ - ' 

.1 

i -

. - f — • b 

-r * • " I T ^ * — *-

- - J - - ^ 

. ( — j 

'X 

t l , - \ . - - , t - . . - | ^ . , , l ^ 
I 

--4 -4-

4 t T 

- , - 1 
, l . , - . , . , j _ . . .- .— ^. .^ - - * • 

l H 

i . 
"n 

* r 
- T 

- h 

r -- 4 

^ - ' • I — 1 " 

r : : 

' r y - ' --

f-

V b -

-r i 

1 

I -

* -

1 I . , , . 

• ^ - -

1 : : ; : 

- 4 

- * + 

, _ t -. t - * • -

- 4 

4 ' 

i -

: : 1 

F t » 1 -
- * - V -

I t 

— — ^ 

"'-4 - I- " 

— - -

1 -

# — - - , 

+ -

F -
- -

— i • • 

r - - - r * f - * 

- 1 

: t : : - : 

: t : : ; 
rrr. n 

- ( 

* * 

-l-

* • r * t - ~ 

* - • • t + - * - ^ 
L . j ^ r 

* -

J • 
- + 

. ^1 

* + 

•w- V 

P + -

t -

f ' ¥ 

G r a p h ' O I S A O J . V . J 

i + 4 

- * * * ' 

* J 
* * # 1 T I 

1 : : : : - r 1 * - • -

r 

i 
F t h 

I : . : • ! : . : . 

- V h 

h + 

4 4 

• • V - • 

— , 4-
P ^ 

4 -

* I 1 

- J + + 

4 — .Values 

— * -

t - * » , 

, t 

4 4 

4 

P ̂  h I X - • 1 

T * 

1 - H + 
- * 

4 4 

J 4 

. fuiia-H:ion of, 
I 

.the. a-omputed cases 
' 4 r 

4 ^ ri 4 - r t 

4 ' 

I j 

f 
? - I J p ^ " 

t h 4 

^ 4 

T 
k F . H i 4 I 

4 1 I ' 

. . . , ( . . . I . . . 
- : 'I • ' I ' : : • I 

:1 
i 



- 87 -

9 D i s c u s s i o n of the r e s u l t s 

9.00 ' I n t r o d u c t i o n 

I n t h i s chapter the r e s u l t s w i l l "be d i s c u s s e d 

I n the d e r i v a t i o n of the r e f r a c t i o n - d i f f r a c t i o n equation 

( see Appendix 3 ) the most- important assumption made by 

Berkhoff was the ' near f l a t n e s s ' of the bottom, f o r 

which the parametric requirement i s : 

must be s m a l l . 

The aim of t h i s study i s : to determine the l i m i t of a p p l i c a 

b i l i t y of the r e f r a c t i o n - d i f f r a c t i o n equation. 

For t h i s purpose a computer program has been made by which 

the values of the wave p o t e n t i a l a t the water s u r f a c e can 

be determined u s i n g the r e f r a c t i o n - d i f f r a c t i o n equation 

( Top View Model ) . Also the program computes the v a l u e s 

of the wave p o t e n t i a l u s i n g the s e t of equations from which 

the r e f r a c t i o n - d i f f r a c t i o n equation has been deri v e d 

( The Side View Model ) . " 

T h i s leads to the p r a c t i c a l r e i n t e r p r e t a t i o n of the aim of 

t h i s study: to determine when the p r e d i c t i o n s of the Side 
«4 

View Model and the Top Viaw Model w i l l be s i g n i f i c a n t l y 

d i f f e r e n t , whereby the expectation e x i s t s that the d i f f e 

rence w i l l be r e l a t e d to the value of £ 

The r e s u l t s ( Graph 8.03»1 ) show 'that there i s no d i r e c t 

r e l a t i o n s h i p betv^eën the d i f f e r e n c e i n the p r e d i c t i o n s and 

the value of 6. 



I n t h i s chapter the i n f l u e n c e of bhe other parameters 

( ScD, E a t i o and ScB ) w i l l be i n v e s t i g a t e d . 
^ 

These i n f l u e n c e s w i l l be compared v/ith the r e s u l t s of 
• 

CASE 3. 

« 

9.01 R e s u l t s of CASE 3 

'A oase i n which the slope i s the only parameter v/hich i s 

v a r i e d , i s CASE 3 ( see diagram 6.O7.I ) . 
t 

The r e s u l t s f o r t h i s case are f o r convenience repeated 

. i n graph ( 9.OI.1 ) . 

The r e s u l t s of t h i s 'case seem to confirm the expectations 
• 

with an i n c r e a s e of £ the d i f f e r e n c e i n the p r e d i c t i o n s 

of the two models i n c r e a s e s . 

The d i f f e r e n c e becomes s i g n i f i c a n t , u s i n g the c r i t e r i o n 

defined i n Appendix 6 , f o r a value of 10 . 

T h i s r e s u l t , however, i s to be considered with great 

caution. 

The r e s u l t s f o r the other.cases ( graph 8.O5.I ) show 

that t h i s behaviour i s not at a l l c h a r a c t e r i s t i c . 

I n the next s e c t i o n the i n f l u e n c e of the other parameters 

w i l l be studied^ f o r £ having v a l u e s of approximately 

e= 10. 
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I 

9.02 I n f l u e n c e of the parameters ScD, Ratio and ScB 

The cases which d i f f e r only i n the value of ScD are 

presented i n graph ( 9*02,1 ) . 

I t i s evident that v a r i a t i o n of ScD g r e a t l y i n f l u e n c e s 

the r e s u l t s and that from the r e s u l t s i n graph ( 9 .02.1 ) 

no r e g u l a r i t y can "be discovered i n the way the v a r i a t i o n 

of the ScD a f f e c t s the r e s u l t s . 

The same i s the case f o r those CASEs which only d i f f e r i n 

the value of Ratio ( graph 9*02.2 ) r e s p e c t i v e l y i n the 

value of ScB ( graph 9*02.3 ) . 

Notably the r e s u l t s of graph ( 9.02.3 ) suggests that 

l o c a l e f f e c t s have to be accounted f o r i n the comparison 

of the two models ( and thi;s: i n the search f o r the l i m i t s 
• 

of a p p l i c a b i l i t y of the r e f r a c t i o n - d i f f r a c t i o n equation ) 

T h e ' r e s u l t of CASE 7 ( Rat i o = 1*5 ) f a l l s i n the i n t e r v a l 

of n o n l i n e a r behaviour d e s c r i b e d i n s e c t i o n 8 .02 , where 

the p r e d i c t i o n s f o r CASEs 1 and 2 show a b e r r a t i o n a l beha

v i o u r . Perhaps t h i s i s r e l a t e d to the 'fact t h a t the r e s u l t 

f o r t h i s case d i f f e r s g r e a t l y from the other r e s u l t s i n 

graph ( 9.02.2 ) . 
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10 Conoluaiona 

T h i s study has been undertaken i n order to f i n d out what 
$ 

I 

i s to be understood by a ^ nearly f l a t bottom ' which 
+ 

forms the basio assumption i n Berkhof f s d e r i v a t i o n of 

the r e f r a c t i o n d i f f r a c t i o n equation. 

That i s , i t i s an i n q u i r y i n t o the l i m i t s of a p p l i c a b i l i t y 

of the r e f r a c t i o n - d i f f r a c t i o n equation. 

For the study a computational program has teen made which 

c a l c u l a t e s the wave p o t e n t i a l at the water sur f a c e u s i n g 

the r e f r a c t i o n - d i f f r a c t i o n equation ( Top View Model ) 

and a l s o u s i n g the s e t of equations from which the r e f r a c 

t i o n - d i f f r a c t i o n equation has been derived, based on the 

l a p l a c e equation ( Side View Model ) . 

The magnitude of the t r a n s mitted wave p o t e n t i a l i s used 
• 

as the c h a r a c t e r i s t i c parameter: | " ^ ^ l * 

The r e s u l t s of the computation are compared i n the form 

i i i l 1 

A measure of s i g n i f i c a n c e of the d i f f e r e n c e of the pre

d i c t i o n s i s determined. 

The expectation was that a c o r r e l a t i o n would e x i s t between 

the c h a r a c t e r i s t i c parameter of the bottomslope, t j Q-nd 

the discrepancy i n the p r e d i c t i o n s by the two models. 

T h i s c o r r e l a t i o n does indeed e x i s t f o r one s p e c i f i c case 

( CASE 5 of the examined cases ) , but the behaviour i s not 

a t a l l c h a r a c t e r i s t i c . 
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I t f ollows from the study, that l o c a l parameters, c h a r a c t e -
ft 

r i s t i c f o r the bottom c o n f i g u r a t i o n , .are of importance: 

'I 

ScD 
Ratio 

I 

ScB 

waterdepth 
r e l a t i v e water-
depth over dam 
c r e s twidth 
bottomslope 

Due to the i n f l u e n c e of these parameters i t has not been 

p o s s i b l e to reach the goal of t h i s study and to determine 
+ 

l i m i t s of a p p l i c a b i l i t y of the r e f r a c t i o n - d i f f r a c t i o n 

equation 

* 4 

F u r t h e r study w i l l be r e q u i r e d to f i n d a more s u i t a b l e 
I 

formulation of the c h a r a c t e r i s t i c parameter of the 

bottom slope, encorporating l o c a l c h a r a c t e r i s t i c s of the 

bottom p r o f i l e . 

A major s p i n o f f of t h i s study has been the develop¬

ment of a standard element of AFEP which contains .a 

two dimensional d e s c r i p t i o n of the r e f r a c t i o n -

d i f f r a c t i o n equation with general f i r s t order boundary 

cond i t i o n s ( complex number plane )# 

T h i s model can handle a very broad s e t of bottom 

c o n f i g u r a t i o n s . 
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11 Recommendations f o r f u r t h e r stud 

This study has produced a very v e r s a t i l e and g e n e r a l l y 

u s e f u l computer program f o r the c a l c u l a t i o n of wave 

p o t e n t i a l u s i n g e i t h e r the Laplace equation or the 

r e f r a c t i o n - d i f f r a c t i o n equation with general f i r s t 

order "boundary conditions i n the complex plane. 

I t i s recommended that the program be t e s t e d f o r i t s 

numerical behaviour ( s t a b i l i t y , optimal s t e p s i z e , e t c . ) 

f o r the va r i o u s general cases f o r which i t may be used 

so that i t can be used as a standard program, without 

r e q u i r i n g each u s e r to go through tie tedious and 

c o s t l y a c t i o n s of numerical t e s t i n g . 

I t i s recommended that the c h a r a c t e r i s t i c parameter of 

the bottom p r o f i l e , be reformulated i n such a way • 

onfigu 

accounted f o r . 

Once t h i s has been done i t w i l l be p o s s i b l e to t r y to 

determine the l i m i t s of a p p l i c a b i l i t y of the r e f r a c t i o n -

d i f f r a c t i o n equation 

I t i s recommended that the TOP VIEW MODEL ( ELM301 ) 

be checked a g a i n s t experimental r e s u l t s , two dimen-

i o n a l l y 
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I t i s recommended that the Top 'View Model be used to 

determine the c h a r a c t e r i a t i c s of wave t r a n s m i s s i o n 

over a submerged b a r r i e r f o r oblique wave i n c i d e n c e . 

The e x i s t i n g information i s s c a r c e , and d e s c r i b e s mainly-

experimental r e s u l t s on s c a l e models^for simple cases 

( of orthogonal wave incidence ) . 

Comparison of the two dimensional Top View Model a g a i n s t 

a three dimensional 'Laplace model' w i l l provide more 

i n s i g h t i n t o the p r a c t i c a l i t y of the two models, 

e s p e c i a l l y when compared to experimental r e s u l t s or 

f i e l d data. 

I t i s recommended that the models used i n t h i s study 

be p o l i s h e d making them f i t f o r general usage. 

- economisation of storage and time. 

- mesh generation c o n s i d e r i n g the requ i r e d s t e p s i z e as 

foll o w s from numerical requirements and the a n t i c i p a ¬

ted wavelength. 

- adapting the boundary conditions f o r oblique waves. 
4-

I t i s a l s o recommended that the x? * 

i n i t i a l phase of the students"'encounters vdth* the- compu

t e r be c l o s e l y guided. T h i s g r e a t l y i n c r e a s e s the e f f e c -

t i v i t y of ope-rating with the computer and saves much 

time and money. 
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Appendix 2 

4 

D e r i v a t i o n of the f r e e surface boundary c o n d i t i o n 

The s u r f a c e of the f l u i d v a r i e s i n place and time. 
The general d e s c r i p t i o n of a time and-place dependent 
v a r i a t i o n , f o r any f u n c t i o n <^ has the form: 

Si 

( 2. 

I n a f i e l d where the v a r i a t i o n of momentum (cJJ)=:^\r. ) 
i s the c h a r a c t e r i s t i c parameter and where conservation 
of momentum may be assumed = 0 ) the equation 
expands to the Navier Stokes equation ( Hinze, 19751 

R. Booy, 1978 )2 

where p 
F 

pressure 
f o r c e f i e l d 

V Pc 
( 2. 

u s i n g 1) ( \ r . V ) ^ ? 
2 . XT ^(^V * -J" ) 

2) ( no r o t a t i o n : ( 2 .01.5) ) 

3) F v n . f o r c e p o t e n t i a l 

t h i s becomes: 

+ V 
( 2 
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u s i n g 4) 

5) 

6) 

.0" uniform and 
homogenous density-
d i s t r i b u t i o n 

( follows from 2) ) 

7) "3 V'h V ^ 

t h i s becomes: 

V ^ 
V 

( 2.4 ) 

u s i n g 8) 3 "zooming i n on 
the s u r f a c e " 

9) p 

t h i s becomes: 

\ + ( 2 .5 ) 

u s i n g 10) 

11) 

12) 

only g r a v i t y i s 
considered f o r the 
p o t e n t i a l f o r c e 
a t the s u r f a c e 

t h i s becomes: 

( 2.6 ) 
at the surf a c e 

" the B e r n o u l l i equation ' 
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j ' 

L i n e a r i s i n g the equation by d i s r e g a r d i n g the higher 
order v a r i a t i o n s of : 

at the average 
surface l e v e l . 

( 2.7 ) 

d e s c r i b e s the p o s i t i o n of the surface ( r | ^ ^ x , y , t ^ ) 
but i s not known e x p l i c i t l y . 

A d e s c r i p t i o n may be determined by assuming that, a par
t i c l e at the s u r f a c e moves with the s u r f a c e : 

7) 
^ • 

1 ( 2 .8 ) 

Disregarding the higher order ( n o n - l i n e a r ) v a r i a t i o n s : 

c>o . dx 
55" dt 

and cKo • 
S l i dt 

u s i n g 
dt 
dz = c)<4:) 

and 

t h i s becomes: 

( 2.9 ) 

Combining the equation of the p o s i t i o n of the s u r f a c e 
( 2.9 ) with the l i n e a r i s e d B e r n o u l l i equation ( 2.7 ) 

( 2.7 ) : 1^1 3 

( 2.9 ) : 2) 17 

t h i s produces: 

3 2 
a t the s u r f a c e ( 2.10 ) 

• + 
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T h i s i s the f r e e s u r f a c e boundary "condition 

2) ^ 

i . 
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Appendix 5 

D e r i v a t i o n of the r e f r a c t i o n - d i f f r a c t i o n equation 

The equations f o r the f l u i d f i e l d are ( 2.04.1 ) : 

o 

4 4 

D: mean water depth 
"bottom slope 
deepwater wave

length 

( 3 .1 ) 

A s o l u t i o n e x i s t s f o r the case of a f l a t h o r i z o n t a l 

bottom ( 2.05.1 ) : 

cosh(k(h+z)) 
CO cos h(kh) 

i(c»3t-kx) 

Th i s s o l u t i o n can be considered to be the s o l u t i o n at 

the su r f a c e ( <p = 
ga ^ ̂ i(c-?t-kx) ) 

and a f u n c t i o n d e s c r i b i n g the d i s t r i b u t i o n of t h i s 

s o l u t i o n over the v e r t i c a l ; ^ ^ ^ ^ ( ^ ^ ' ^ ^ t ^ ^ ^ • 
cosh^kh; 

Berkhoff (1976) assumed that f o r a ' r e l a t i v e l y f l a t ' 

bottom t h i s s o l u t i o n would s t i l l be approximately 

v a l i d : 

He assumed a s o l u t i o n of the form: 

( 3.2 ) 

t > = cosh(k(h+z))  
Gosh(kh) c^<x,y,zy i(ca3t-kx) 

( 3.3 ) 

• 



- 11.0 . 

The p o t e n t i a l cp(x,y,2)- w i l l be a- v e r y weak f u n c t i o n 

of z, so i t i s assumed, most of the v a r i a t i o n i n the 
I 

d i r e c t i o n of the v e r t i c a l a l r e a d y being gescribed by 
the term co3h(k(h+z)), ^ 

cosh(kh) 

Th e f u n c t i o n .cp^x, y, z^ may be expanded i n a power s e r i e s : 

c^<x,y,zy = <y^<x,yy +o^z^^^<x,y> + a^z^^J^^^Xyj} + ê # 

( 3.4 ) 

At the surface: z=0 and the power s e r i e s w i l l provide 

the o r i g i n a l p o t e n t i a l : <^^x,y,z=0)- =• (^^(x^y^ 

At the bottom z has i t s maximal valu e : z=D and n e g l e c t i o n 

of the higher order terms w i l l introduce an e r r o r of 
2 2 -

order of magnitude: o D • 

Therefore, i f o - ^ D ^ « 1 , then: <̂  <x, y, z> ::=̂  <]p^<x,y> 

R e s c a l i n g the equation, u s i n g " D " as a u n i t of d i s t a n c e 

along the bottom {<J D ^ c r i t e r i o n becomes: 

O « 1 ( 5.5 ) 

Using the f r e e s u r f a c e c h a r a c t e r i s t i c length to make the 

parameter dimensionless: 

( 3.6 ) 

Using t h i s the equations of the r e s c a l e d s e t become 

( see next page ) 



^ 

- 1 1 1 -

\7 

( 3.7 ) 

u s i n g 1) = a cosh(k(h+z)) cosh(kh) 
i(ca>t-kx) 

2) averaging f o r the mean energy f l u x by i n t e 
g r a t i o n over the v e r t i c a l from bottom to 

• 

s u r f a c e 

Berkhoff obtains: 
- ̂  

( 3.8 ) 

the I I R e f r a c t i o n - D i f f r a c t i o n equation " 

The b a s i c assumption ( thus: the major p o s s i b l e r e s t r i c 

t i o n of the v a l i d i t y of the equation ) i s : 

which i n s c a l e d and dimensionless form becomes ( 3»6 ) : 

where: 
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Appendix 

L i s t i n g of the computer program 

T h i s appendix contains the complete l i s t i n g of the computer 
* 

program used f o r t h i s study. 

The program, v/ritten i n Fortran, i s hased on the F i n i t e 

Element Package AFEP, 

Next to the program l i s t i n g a "brief d e s c r i p t i o n of the 

purpose and workings of i t s parts i s presented. 

For a more complete understanding of the program a l s o 
F 

cons\ilt chapters 5 and 4, the AFEP User Manual and t e x t s 

on F o r t r a n IV i f required. 

4 
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Appendix 5 

Input f o r subroutines lUSER and USER 

The input f o r the "boundary conditions ( the values of 
• 

the parameters a, g f o r = - aó» + g ) i s provided u s i n g 

a r r a y s " USER " and " lUSER " ( APEP convention ) . 

lUSER: a r r a y c o n t a i n i n g " i n t e g e r " numbers. 

USER: , , " r e a l " 

I n order to save memory space these a r r a y s operate 

i n -the f o l l o w i n g way: 

- the p o s i t i o n i n a r r a y lUSER corresponds with a value 

of a boundary c o n d i t i o n of a s p e c i f i c boundary. 

- a s h i f t i n the p o s i t i o n s i n the a r r a y s may be 

accounted f o r by u s i n g s h i f t parameter ISTART ( which 

i s a l s o u s e f u l when other v a l u e s are a l s o s t o r e d i n lUSER ) 

- The number ( " :ttr " ) i n a p o s i t i o n of a r r a y lUSER 

i n d i c a t e s the p o s i t i o n ( s ) i n a r r a y USER v^here the 

requir e d v a l u e ( s ) i s stored belonging to the s p e c i 

f i c parameter of the considered boundary, ( That i s : 

a c t s as a "pointer" ) 

The f o l l o w i n g convention i s used 

i*. < o ! The value of the parameter i s constant along 
the boundary. The value i s stored i n p o s i t i o n 

I 

":tt- " of a r r a ^ USER, and i s to be used i n a l l 
nodes belonging to the boxxndary. 

cr o : The value of the parameter i s zero. ( No 
va l u e s are st o r e d i n a r r a y USER. ) 
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•^>o : The value of the parameter v a r i e s along the 
i 

boundary. The value f o r each consecutive node 
4 

i s s tored i n consecutive p o s i t i o n s of a r r a y 

USER, beginning at p o s i t i o n " f o r the f i r s t 

node • 

Apart from t h i s information concerning the val u e s of 

the parameters f o r the boundary co n d i t i o n s , a r r a y lUSER 

contains some a d m i n i s t r a t i v e information as w e l l con

cerning the s t r u c t u r e c f a r r a y IU3ER i t s e l f . 

Apart from that, i t a l s o contains a s e t of "switches" 

which i n d i c a t e i f a boundary has only zero-values f o r 

i t s parameters ("0") or not ("1"). 

I f a l l the val u e s . o f the parameters are zero, the 
switch i s " o f f " ("0"), the c o n t r i b u t i o n s of the boun¬
dary element matrices and ve c t o r s do not have to be 
computed f o r that boundary ( due to the n a t u r a l boun-. 
dary co n d i t i o n s of the f i n i t e element method ) . 

The a d m i n i s t r a t i v e s e c t i o n of lUSER d e s c r i b e s the 

numb numb 

of parameters per boundary; the p o s i t i o n of t h e f i r s t 
h 

I 

"pointer" per boundary. 

I t w i l l be shovm how t h i s i s done u s i n g the .boundary 

conditions of the Side View Model as an example. 

The parameter ( a l , a2, g1, g2 ) of boundary "^ " i s 

denoted by: a1bfr, a2b*, • # 
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ISTART 10 

A s h i f t of 10 p o s i t i o n s i s i n d i c a t e d . ^ 

Apart from the standard 5 p o s i t i o n s r e s e r v e d f o r APEP, 

10 p o s i t i o n s are used f o r the " a d m i n i s t r a t i v e s e c t i o n " : 

- 5 p o s i t i o n s containing the "switches", one f o r the f i e l d 

and four f o r the "boundaries, i n d i c a t i n g whether the 

element matrix i s to he computed or not ( "0" ) . 

- 5 p o s i t i o n s with po i n t e r s f o r the f i r s t p o s i t i o n s 

occupied hy the parameters. 

IUSER : 1 ft. 2» 5 

& 
1 T 

1 0 1 1 

16 20 
<3 
24 28 

f i e l d : 
lb 

0 
•7 

0 
TS 

0 
It 
0 

boundary 1 0 9 0 -6 

boundary 2 0 
15 
0 

j-t 
0 0 

boundary 5 0 0 0 -7 

boundary 4 
SI 
0 0 -8 

55 
0 

g1 g2 al a2 

5 AFEP p o s i t i o n s 

" switches " 

pointers per 
boundary 

po i n t e r s to the 
p o s i t i o n s i n 
a r r a y USER, per 
parameter, per 
boundary. 

Compare versus 
( 2.10.1 ) , 

2.10.2 ) , 
3.07.1 
5.07.2 

and 

( APEP r e q u i r e s a d e s c r i p t i o n of the parameter f o r the 

f i e l d c o n d i t i o n . See the APEP User \vianual. ) 



USER : 

p o s i t i o n : 1 
2 
5 [ APEE re s e r v e d 
4 
. 5 
6 a2b1 = k 

7 a2b5 = k 
2 

8 anD4 = ' « J t grav 
9 g2b1 f o r node 1 
10 2 

5 t • 

form 

and the Top View Model: 

( See. ( 2.10.1 ) ) 

4 

( See ( 2.10.2 ) ) 

5 

5. 

g1 I g2 a1 

0 0 0 

0 0 

0 

0 

0 

0 0 

a2 

0 

k 

0 

0 0 

0 

k 

0 

f i e l d { 

1 

a 2 

a 5 

4 

1 g1 • 
r- - • 1 1 
g2• a l • a2 1 

1 0 0 1 0 0 f i e l d 

Co 0 1 0 k 1 a 1 

1 ° 0 0 0 a 2 

I 0 0 0 k 

.0 0 0 0 a 4 
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Appendix 6 

Numerical aspeota 

I n t h i s appendix four f a c e t s w i l l he d e a l t with: 

1) v e r i f i c a t i o n of the l o c a t i o n of t h e ' i n f l u x boundary, 

2) v e r i f i c a t i o n of the steplength of the numerical compu-
4 

t a t i o n , 

. 3 ) ( c o r o l l a r y of ( 2 ) ) : v e r i f i c a t i o n of the p r e d i c t i o n s 

of the Top Yiew Model f o r some cases, 

4) determination of a c r i t e r i o n f o r the s i g n i f i c a n c e of 

the d i f f e r e n c e i n the p r e d i c t i o n s of the two models. 

1) P o s i t i o n of the i n f l u x boundary 

F 

Only f o r the Side View Model i s i t required to check the 

l o c a t i o n of the i n f l u j c boundary, which has to be s u f f i " 

c i e n t l y f a r removed from bhe b a r r i e r . [ Thi s follows 

from the p r o p e r t i e s of the znodel, a l l o w i n g a r e d i s t r i b u t i o n 

of the p o t e n t i a l along the v e r t i c a l ) . 

CASE A has been computed to check the e f f e c t of the v a r i a ¬

t i o n of the length of the wav e f i e l d upwave of the dam. 
^ 

The only d i f f e r e n c e between CASE A and CASE 3 i s the 

value of ScL ( See f i g u r e 6 .03.3 ) ) • 

The length of the w a v e f i e l d i s on^ u n i t longer, upwave of 

the dam, i n CASE A. T h i s amounts to an i n c r e a s e of approxi¬

mately 50^ compared to CASE 3 
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The r e s u l t s of the two cases a r e : 

Table A6.1*1 e f f e c t s of v a r i e d steplength 

11 ĉ t̂  
.CASE A ( 0.939 + 0.002 ) 

CASE 5 ( 0.941 + 0.002 ) 

The d i f f e r e n c e between the two p r e d i c t i o n s i s not s i g n i f i 

cant. 

-The i n f l u x boundary i s indeed s u f f i c i e n t l y f a r removed from 

the dam. 

2) Steplength 

The computational accuracy depends upon the s i z e of the 

steplength; the computational c o s t s a l s o ; accuracy improves 

v^ith decrease of steplength; c o s t s go down with i n c r e a s e 

of steplength* 

The steplength v a r i e s throughout the f i e l d of computation, 

the mesh being r e f i n e d where the v a r i a t i o n s of the poten¬

t i a l w i l l be greater: over the dam. See f i g u r e ( 7.01.2 ) 

The s i z e of the steplength i s v e r i f i e d by comparing CASE B 

versus CASE 3 f o r the Side Yiew Model, and by comparing 

CASE 3 versus computations done u s i n g a one dimensional 

model bases on the r e f r a c t i o n - d i f f r a c t i o n equation, made 

by N. Booy. ( These computations a l s o provide a p o s s i b i l i t y 

to v e r i f y the r e s u l t s of the Top Yiew Model. This w i l l be 
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di s c u s s e d i n paragraph (3) ) • 

Because of-requirements from the program concerning memory 
I 

space i n the program, the comparison of CASE 3 versus 

CASE B has heen done u s i n g a douhle steplength f o r CASE B« 

The numerical e r r o r may be determined as f o l l o w s . 

For a l i n e a r model the r e l a t i o n between the e r r o r s i n 

the r e s u l t s and the steplength may be described by: 

4 2 „ 2 
E ; - E^ = C.(Ax^ - ) ( A 6.2 . 1 . 

g i v e s : « ( A6.2.2 

where: E : r e s u l t of coaiputation with steplength x i ^ 

: e r r o r i n the r e s u l t . 

C : c o e f f i c i e n t ; 

( See Kan & Segal, 1979 ) 

I n t h i s case: E^= .94I ( CASE 5, 6> * item, t a t l e ( 7. 04.I ) . ) 

.934 ( CASE 9 ) 

Ax^= .1 

AX2= . 2 1 ' 

S u b s t i t u t i o n i n ( 7*05*1 ) gi v e s : 
• ^ 

C = .2025 

S u b s t i t u t i o n i n ( 7.05.2 ) gi v e s : 
2 Ot = (0.2025) .(O.l)''^ 0.002 
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The c a l c u l a t i o n shows that the steplength of the- Side View 

Model has a s u i t a b l e size-. 

The s t e p s i z e i n the Top Viev/ Model i s v e r i f i e d by compu

t a t i o n done using the one dimensional model made by N. Booy, 

based on the r e f r a c t i o n - d i f f r a c t i o n equation. 

These computations have been done u s i n g the same number of 

nodes as w e l l as with the double number of nodes ( thus 

with h a l f the steplength ) as has been used i n CASE 3* 

The r e s u l t s are i d e n t i c a l f o r these three cases: 

Table. A6 .2 .3 

P r e s e n t a t i o n of _the r e s u l t s of the comparison of 
the r e s u l t s of the Top View Model versus the 
model by 'E, Booy with v a r i a t i o n of steplength. 

Top View Model • 

Booy model 
* 

1 Booy model 
CASE 3 same steplength h a l f s t e p l e n g t h 

.941 .941 

The comparison shows that the steplength of the Top View 

Model has a s u i t a b l e s i z e . 

3 V e r i f i c a t i o n of the Top View Model 

I t has been p o s s i b l e to check the values of 

as p r e d i c t e d by the Top View Model, by u s i n g the model 

made by DT. Booy to compute f o r i d e n t i c a l c o n f i g u r a t i o n s . 
The r e s u l t e s were i d e n t i c a l . 
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The model by Booy has a l s o been used to provide some 

valu e s of WOy^/: f o r those combinations of parameters 

which l e a d to doubtful r e s u l t s ( See s e c t i o n 8.02 ) , 

The r e s u l t s are presented i n the f o l l o w i n g t a b l e . 

4 

Table A6.5.I 
Values of H full computed using the model made 
by N. Booy. Compare versus diagram 6.O7. 1 
and t a b l e 7.O4.I , CASE 2. 

ScD Ratio ScB AD Ax Sigma e p s i l o n 
1 0.6 1*12 0.6 .55 0.2 2.75 31 .27 .980 
2 1*20 • .570 2.85 52.30 .788 
3 1*24 .575 2.875 32.59 .624 
4 1*40 .585 2.925 55.25 .447 

•5 1*60 .590 2.9^ 53.54 .440 
6 

1 
1*3 .40 2.0 0,2 2.27 .999 

These r e s u l t s L I S O presented i n the f o l l o w i n g graph. 
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Graph A6 .3 .2 P r e s e n t a t i o n of the r e s u l t s of table A6 .3.I 

The r e s u l t s of the computaions with the model made by 

N. Booy confirm the p r e d i c t i o n s made u s i n g the Top View 

Model, even i n the behaviour which does not conform with 

the expectations, as des c r i b e d i n s e c t i o n 3#02, f o r low 

va l u e s of Ra t i o . F u r t h e r i n v e s t i g a t i o n w i l l be required to 

e x p l a i n these r e s u l t s • 
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4) Acoaracy of the values of II ff 11 

As has been described i n s e c t i o n ( 6.O4 ) j !( ̂ j^^ll has been 
m 

s e l e c t e d as c h a r a c t e r i s t i c parameter of the comparative 

c a l c u l a t i o n . 

+ 

I n t h i s paragraph the error, i n determining w i l l be 

determined.. ( For comparison t h i s w i l l a l s o be done f o r 

H (^Jl and 5 i t w i l l be seen that; the unodrtainty i n 

these parameters i s g r e a t e r . ) 

The r e s u l t s of the computations f o r t h i s study are presen

ted i n the form depicted i n f i g u r e ( 7-02.5 ) . 

The roundoff e r r o r i n the r e s u l t s i s , f o r a l l cases. 

one u n i t of the f i f t h s i g n i f i c a n t d i g i t . 

The u n c e r t a i n t y i n [ (̂ \̂\ 

The u n c e r t a i n t y i n | ̂ (.Ij ^'^'^ be determined d i r e c t l y from 

the graphs of which form the output of the computer 

program 

There i s a s l i g h t f l u c t u a t i o n , a " f u z z i n e s s " , i n the 

value s of |[ ( See e.g. f i g u r e ( 7-02.3 ) ) . 

T h i s f u z z i n e s s i s a measure of the u n c e r t a i n t y of the 

va l u e s of 11 dj^]] 

For a l l cases the f u z z i n e s s has been determined from the 

graphs. The r e s u l t s are dis p l a y e d i n Table ( A6.4*1 ) • 
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Table A6 . 4 . I 
É 

Order of magnitude of the f u z z i n e s s of per 
computed case, ( m u l t i p l i e d times 10^ 

CASE 

h 

1 

1 2 3 4 5 6. 7 8 9 10 11 12 

Side 
View M, 

.4 . 5 . 6 , ' , 2 , 2 . 4 . 5 , 4 , 7 . 5 . 5 1 . 

Top 
View M, 

.3 . .5 .5 -4 .6..4 .4 . 4 1 . . 4 . 5 2 . 
* 

The u n c e r t a i n t y i n ^̂ 1̂1 and 11 (P,ll 

The v a l u e s of a i i d have to he determined from 

the maximuja and minimum values of h i , as de s c r i h e d i n 

s e c t i o n ( 6.05 ) . 

Because the l o c a t i o n s of the maxima and minima w i l l not 

n e c o e s s a r i l y coincide with the l o c a t i o n of the nodes of 

the computation, an e r r o r w i l l he introduced i n the value 

of the maxima and minima. 

An estimate of the s i z e of t h i s e r r o r ̂ may he made u s i n g 

the f o l l o w i n g sketch 
( A6.4.2 

o 5 > X . 

A 
1 

With t h i s information the u n c e r t a i n t y i n the value of 

at the l o c a t i o n of the maxima and minima may he determined 
1- ^ 



The steplength Ax can be expressed i n the wavelength: 

The -uncertainty i s : 

A\\<^\\ = cos 0 - cos ̂  = 2.10"^ 

E r r o r c a l c u l u s shows that the e r r o r i n the values of 

and llc^^n w i l l be d e s c r i b e d by: 
- 2 > -3 -3 

( Using the order of magnitude of \1 ̂ \\ and \i ̂ \\ .) 

I t i s c l e a r that the u n c e r t a i n t y i n s m a l l e r than 

II and 

The u n c e r t a i n t y i n )( {|)̂  [( = 2.10 -5 

e r r o r 
t 

= 2.10 -5 
( Table A6.4.I ) 

( Paragraph 2 ) 

T h i s leads to the c r i t e r i o n to be used f o r the unoerud^inty 

of l |q)Jl : All 9̂ ,11 = 2.10 -3 

As a consequence the e r r o r i n the parameter of comparison 

w i l l be: 0 
1\ '^kfts 

5 
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The l i s t i n g s of the elements of the 
element v e c t o r s and element matrices 
f o r hoth the Laplace equation and 

• 

the r e f r a c t i o n - d i f f r a c t i o n equation 
are presented on the next pages. 
A d e s c r i p t i o n of the d e r i v a t i o n of the 
elements i s presented i n chapter 5* 

Appendix 7 

4 4 
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04 1v81 - ^7 P a j e 1 
w 

V 

3 u o r o u t i n ' ? o l m 1 4 7 ( c o o r / i : . o r k / i u s Q r / ' U S ' ? r 
i m p l L C i t r : > a l *ci (-:i-h/o-::) 
o i ^ i o n s i c n c c o r d ) x uork (1 ) / u s - ? r ( 1 ) y l u s"3 
c o iim on / CCOCK/ i nd --X 1 ( 1 CO ) /• i n O X 2 (1 O 3 ) 

10 0 i 1 
= i n d f j x 1 ( 2 ) 
= 1 ,T a 3 X1 ( '3 ) 

x1 i 1 ) 
x2 i 2 ) 
X 3 = c o o r ( 4 + 2 * i 3 ) 

= c o o r ( 5 + 2x l i ) 
y 2 = c o o r < 3 •••2'' i 2 ) 
y 3 = c o o r < 5 + 2 « 

= y 2 - y 3 

= y 1 - / 2 
= x 3 - x 2 

o2 = x 1 - x 3 
a3 = x 2 - x 1 

a l 1 = (^1 * ,>1 +cJl * J1 ) * n 

31 J = ( 3 1 * ? J TO 1 * O 3 ) * h 

a 2 3 = < e 2 * ' 3 3 - ü 2 * J 3 ) ^ h 
a 3 3 = ( :? i * '? 3 •'•d 3 * J 3 ) h 
oiork ( o ) = 1 
j o r k <3) = :i1 2 

üjork <1 :)) =a1 2 
^ j o r k ( 2 " . ) ) ^ 3 2 2 
üjork(22)-^a23 
u i o r k ( 3 . : ) ) = a 1 3 
u o r k ( 3 2 ) ~ a 2 3 
uJorK ( 3 4 ) = a 3 3 
0 0 132 1 3 0 / 1 2 
oo 1 0 2 j=1 / 5 / 2 
ü i o r k ( i ^ - J + o ) - - j j o r k ( i - * - j - 1 ) 

uiork < i + j + = 'JdO 
1u2 c o n t i n j 9 

r & t u r n 
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Jun 13 04; :D4 

1 s u b r o u t i n e e l ml 4 i(coor/aiork / i u s e r/us ' 3 r ) 
2 i m p l i c i t r e a l *3 ( a - i / O - - : ) 

4 d m e n s i c n coor(1)/jjork (1 ) / i U 3 3 f ( 1 ) / u s e r ( l ) 
5 J n i e n 5 i c n x ( . ^ / 2 ) 

common / c u i O T K / ^ n J ? x 1 ( 1 0 u ) / 1 nd 3x 2 ( 1 00 ) 
7 V / c a c t i / i ' 3 i 3 m / i t y p ' 3 / i s o o r t / i r . . D a i r r x i c o u n t / 

r 

data n e n m /nh^lom/ 
c • e l a m m t i 3 t r i c 3 = for the l a p l a c e equat ion (oo^Jnda 

I C c i t y p 3 = l C 5 1 1 0 3 ar conforming el9m'3nt (rr ixedtyqe 
11 c * i o c a l para-Tiet^^rs 
12 c * X a r r a y containin3 t h ? c o o r d i n a t e s 
13 c i h haip v z r i a b i e 
14 c n1/h2 h j l p V c r i a ö l e s to computa h 
15 c h f a c t o r h Cs-^e d e s c r i p t i o n ) 
16 c l u s r t p o s i t i o n m a r r a y u s e r ( l u s a r C n s t a r t ) ) 
1 7 c a 1/aj f a c t o r s 31^32 (se-3 a e s c r i p t i o n ) 
18 c * c o ^ p j t a t i o n of x and h 
19 do 10 1=1x2 
20 in=Z* i n d e x l ( i ) 
21 x ( i/1 ) = c o o r ( i n+4) 
22 10 x ( i / 2 ) = c o ö r<in^ ' 5 ) 
23 • n 1 = x(1/1 ) - x ( 2 / 1 ) 
24 n 2 = x ( 1 , 2 ) - x ( 2 / 2 ) 
25 
26 l f ( h . n 3 . 0 ) ; o t o 3 0 
27 • c ' • error 1: voiu.ne i s 0 
23 c a i i e r t r a p C n o a-Ti / l / l 5x i t y p e / i e l 3 m / 0 ) 
29 30 l f ( i t i r s t . 3 : ï . 1 ) jo to tO 
30 c * i t i r s t = 0 / t o s t inp'3lfr and i c o u n t 
31 i f ( i r p 3 l i 7 i , 9 q . 2 ) ^oto 40 
32 c *3rror 2: i n p 3 l n P 2 
33 C e l l e r t r c p ( n a a m / 2 / 2 Q / i t y p e / i G l ^ n / i n p 3 i m ) 
34 i f ( i c o j n t . e q t ^ ) 'j-oto 50 
35 . c * 3rror 3: ico'jntf*4 
36 • c a l l 3 r t r £ p C n a e n / 3 r 2 0 / i t y p 3 / i 3 l e n i / i c o a n t ) 
37 50 n 3 t a r t = i u 5 3 r ( i s 3 o r t + i s t a r t ) 
35 c tos t n s t a r t . 
39 . i f ( n s t a r t . ' j t . 5 ) goto 55 
40 • c K j r r o r ^ : | i u 5 e r ( n 3 t a r t ) | < 6 
41 C c i i 3 r t r c p ( n a 3 n i / 4 y 1 5 / i t y p o / i e l e r n / O ) 
42 55 l u s r t i = i u s 3 r ( n 3 t 3 r t " * - 2 ) 
43 i u 5 r t 2 = i ' J S o r < n 5 t - 3 r t + 5 ) 
44 i t ( l u s r t1 ) 1 /2 /3 ' 
45 1 L s r t l = l a b s ( i ü s r t l ) 
46 a l 1 = us 3 r ( i s r t l ) 
47 a1 2 = a l l 
48 n1 = i s r t l 
49 to 4 
SO 2 a l l = OdO 
51 al 2 = OdO 
52 n1 = 0 
53 r •JO to 4 
54 3 i s r t l - i u 3 r t l • 
55 n1 = i s r t l üjork (4 ) 
56 i i f ( l u s r t ^ ) 5 / 0/7 

_- i 
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Jun 13 0^^:04 1931 

57 
56 
59 

:>1 

o4 
o5 
0 0 
o7 
ó9 
70 

72 
73 
74 
75 
70 
77 

5 

79 
30 
31 
32 
33 
34 
35 
36 
57 
33 
39 
9Q 
91 
92 
93 
94 
95 
9c 
97 
93 
99 
100 
1G1 
1G2 
10 5 
104 
105 
106 
107 
1C3 
109 
110 
111 
112 

7 

60 

11 

c 
c 
c 
c 
c 
c 
c 

i s r t 2 = i a o s < x u s r t 2 ) 
32 1 - ' j 3 9 r ( i 3 r t 2 ) 
a22 = a21 

n2 = i s r t 2 
jo to 3 
321 = OoO 
a2 2 - 'JdO 

n2 = O 
ô to 3 

L s r t 2 = i u 5 r t 2 
n2 = I 3 r t 2 ii'orkC4) 

c a i l pm3lCnaa ( r . / 5 h i ü S 3 r/n3t^ r t + 3 / 6 / dumiry/ iusor) 
nu = P1 
l t ( n ; i . j t . n t ) n j = n2 

c a l i p m a L ( n a a i T , 4 h u 3 o r / n u / - 7 , u s 3 r / d u r T i y ) 
th ? va lu3S of 31 end 3-2 hcve baen 3 t t r i b u t 

I f ( l u s r t l . n - . O . o r . i u ö r t 2 l i n e . 0 ) 'so to óO 
not=1 
r e t u r n 

ed 

t l + 1 

i f ( l u s r t l . l 3 . 0 ) go to 11 
a l l = u3-3rCisrt1) 

L s r t i = 
a l 2 = i.3 9 r ( i 3 r t 1 ) 

Lf ( i u 3 r t 2 . l o . O ) go to 22 
aZI - U 3 e r ( i 5 r t 2 ) 

i s r t Z = i s r t 2 + 1 
'a22 = L s e r C i 3 r t 2 ) 

22 fac= h/24 
u" O r k ( 6) 
UiOrk ( 7 ) 
iü O r k ( i ) 

iLork (1 0) 
uork<11) 
u o r k C I 2 ) 
u;ork C1 3) 
a o r k ( 1 4 ) 
iLorkCI 5) 
u;ork (1 o) 
UJ or k ( 1 7) 
u.ork (1 3) 
ujorkCI 9) 
ii-orkC 20) 
aorkC 21) 

f a c * ( o * 3 l 1 + 2 * 3 l 2 ) 
- fac*Cb*321 + 2''a22) 

f ac* ( 2* 3l 1 ••'i* 31 2) 
- f a c * ( 2 * 3 2 1 + 2* 322) 

tac*Ci*321+2*322) 
f 3 C - ( t ï * 3 l 1 + 2 * 3 l 2 ) 
f ac* C 2* 321+2* 322) 
f 3C*(2*311+2*312) 
f 3C*(2*311+2*312). 

- f3^^(2*321+2*322) 
f 3C* ( 2*3l 1 +ti*^1 Z) 

- f 3c*( 2*321+6* 322) 
fOC* C 2* 321 + 2*32 2) 
f 9C*(2*311 + 2*312) 
f 3C * (2* 321+6* 322) 
f3C*(2*311+0*312) 

re turn 
» s r r o r m-s 

1 
2 

4 

i s a j -3 s 
v c i u n ö of element = O 
inpelm 2 . 

ount 2 
l i u s e r C i s c o r t + i s t a r t ) |<6 
s i jma <- O 
l<3njth of a r r a y i u s e r too s m a l l 

a-

J u n 13 0H:04 1 V 3 1 e l f T l 4 B Pajo 3 

113 
114 

7: l e n j t h of a r r a y 
end 

us*3r too s m a l l 
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.'irU j fa 1 

1 
5 

7 

10 
11 
12 
13 
15 
16 
17 
19 

23 
2^ 
25 
26 
27 
2i 
29 

51 
3É 
33 

35 

i9 

44 
45 
46 
47 
4V 
50 
51 

53 

35 
5o 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

1'J 

40 

50 

c 
Q 

55 

1 

3 u : t r o u t i n 3 'jlrHoCcoor/aork/iuser/usar) 
i m p l i c i t r:*ol '•i i ̂ -)^r o- z) 
r e J1 *• n d a «71 • 

c i T L ^ n s i c n c o o r C 1 ) / a J o r k ( 1 ) / i u 3 t r ' ( 1 ) y u 5 i 3 r ( 1 ) 
01l3n51C1X< u / 2 ) 
coriiiT. o n / cüj ork/ i n d -̂x 1 C1 C .5) / ioc ?x 2 (1 ó 3) 

V /c=ict*/ I 9 i 3 r r / i t y p ^ / i 3 0 o r t / i n o e l r r / i c 0 ü n t / i f i r 5 t / n o t / i 5 t 3 r t 
data njani / 3 n 5 l r n s / 

'eiemint vectors for tno laplac? equation (oo'jndarycontions) 
i t y p j = lC4 Im-sar conforming 3l3m'3nt (neurrann type) 
it/p3-1C3 linx33r confcrtnmj olamjnt (mixe'J type) 

* l o c a l p c r a T e t 3 r 5 
X 

ih 
n 1/h2 
h . 
lu s r t 

arr '^y containmj the coord mates 
n . - l p 7 3 r i 3 b l e 

h:*ip variables to compute h 
factor n (s3e cescription) 
p j a i t i c n m array u s 3 r ( i u i e r ( i 5 0 0 ' ~ t ' * ' i 5 t 3 r t ) ) 

j array c o n t a i n i r j the functionvaiues ( d e r i v a t i v e s ) 
*comput3tion of x and h 

0 0 1'J 1=1/2 
m ^ J ^ i n j i x l d ) t 
x(i/1)=coor(in+4) 

bi 

x(i/c)=coor(in+5) 
nl=x(1/1)-x(2/1) 
n2=x(1/Z)-x(2/2) 
n=js ir tCil-h1+n2'^2) 
1 f ( h . n ̂? • J) j O t 3 3 0 

A'^rrar 1: v o i u n ^ i s O 
C 3 l l ^ r t r a p ( n 3 E ' n / 1 x 1 5 / i t y D a / i e l ? m / 0 ) 

i f ( l f i r s t . j q . l ) jotoóO 
' ' i r i r s t - " ' / t 7 S t in.:elni and icount 

c a l l prin3x<na3m/3nius9r/isoort+istart/é/djm^ny/iuser.) 
1 r ( 1 n p j 1 m , q . 2 ) o d t o 40 

* 3 r r O r 1 : n p 1 " 2 
C e l l ertrap(naam/2/20/itype/ isle-^/ inpelm) 

lf(lC3unt.'3q.^)'::3to50 
* ? r r o r i : i c o - j n t - 4 

C e l l ertr£p<na3m/3/20 / i t y p 5/ielem/icount) 
n a t a r t ^ i u s i - r d s o o r t - ^ i s t a r t ) 

tes t nstart 
1 f ins tart.'jt.S) go t o 5 5 

"error t*: |iu3er(nst£'rt)|<c ' " 
C e l l ert-'3p(.na3rn/4y1 5 / itype/ielem/0) 

lusrt1 = iusr*r(nsC3rt) 
srtZ = LJs:?r(nst:»rt + 1) 

l f <lusr t1) 1 / 2 / j 
i s r t l = 

j1 I -

. j12 = 
i a o s d j ' z r t i ) 
•jb icii ̂ r t1 ) 
J1 I 

n1 = 1srt1 
JO to 

.1- = 
''J J O 
O J ü 

n1 = O 
;o t O 4 

= I J r 11 

' 4 I 

t • 
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57 
5S 
59 

61 

63 

65 

o7 

70 
71 
72 
73 
74 
75 
7o 
77 
78 

<ii 

35 

a? 

39 
90 
91 
92' 
y3 
94 
95 . 
96 ' 
97 
9S 
99 
100 
101 
102 
1G3 

4 
5 

7 

11 

22 

n1 = i s r t l + uorkCA) 
I f ( i j i r t 2 ) i)/5/7 

J 2 I = J 3 J r (1 r 12 ) 
J22 = j Z l 

n2 = i s r t 2 
JO to 3 
j21 = OdJ 
j2 2 = Od'J 

n2 = 0 
JO to 3 

i 5 r t 2 = iu'»rt2 
r\2 = i s r t 2 .+ work (4) 

c a l l prinalCna5T / 5 h i J s . 3 r/n3t3rt + 5 / 0 / J u T f r y/lu33r) 
nu = P1 
I t ( n 2 . j t . n 1 ) nu " n2 

c a i l prinal(na? r r/^,n ( j 3 e r/nu/*7 / L i s ?r/o jmiy) 
The values of j1 ano neve been attributed 
for the case j1/'g2 constcnt 

I t (iusrt'l.n<*.j.or.iusrt2,ne . O ) jo to 6C 
not = 1 
return 
i f C i u s r t 1 - l ? . J) ':o to 11 

^11 = L s e r d s r t D 
i s r t l = 

j12 = u 3 » r C i s r t l ) 
i f < i u 3 r x 2 . 1 e . 3 ) j O to 22 
• ^21 = u s e r C i s r t : ) 

i s r t 2 = 
j22 = u se^i i s r t 2 ) 

i s r t l 1 

i s r t ? + 1 

h = h/o 
uork(o )=n*(2* ;11+c12) 
jork(7)=n*<:*^21+c22) 
•ojcrk ( 5) = (-11 '^2y^'-^ 2) 
' jcrk Cy)^n* ('̂ 21 +2*s22) 

r 3turn 
c * error ' .11 e s s 3 J e s 
c 1 : v c i u T o 0^ eisment = 0 
c 2: inpalm 2 

icount a 2 - • ~" " 
c iius-*r ( i 5 c o r t + i s t c r t ) |<6 
c 5: 3 i J m il < = C 
c o: ien j t h of c i r r a y iuser too small 
c 7: ien-jth of a r r 3 y user too small 

end 

> t 

4 ^ 

4 

• t 
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J 12 0^:K)'S 1V<51 •3 i r r30D P a j o 1 

1 
2 

5 

10 

12 
13 

15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
23 
29 
30 
31 
32 
33 
34 
35 

37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
4 ? 
43 
49 

53 
54 
55 
56 

s u b r o u t i n e o - i m 3 G 0 ( c o o r / u j ó r k / i u 5 3 r / u s ^ r ) 

i m p l i c i t r ^ a l - » S ( a - h y O - 2 ) 
d m o n s i o n c o o r d ) / u j o r k ( 1 ) r i u s e r C 1 ) / u s ö r < 1 ) r 

co.-nmon / C U O T K / i n d ?X1 ( 1 CO ) / indox 2 (1 0 0 ) 
/ n i u o r k / i n d ^ ( 3 ) 
/ c a c t i / i ^ l 5 m / L t y p 3 / i . s o o r " : / i n p 9 l . T ' / i c o u n t / i f i r 5 t 

6 0 0 

5 )10 

6 2 0 

7 1 0 

720 

n p o m t = c o o r ( 4 ) 
n p a r n 5 = n p o m t 
COTiput£lt 
do 

do oOO J 

m d3 < 1 ) -

= 1 / 
o f e a n d c i e l t a i n r 2 

i3 
= 1 / 3 

m J o x l ( 1 ) 
1 n d 2 ( 2 ) = m d 3 X1 (3 ) 
i n d 9 ( 3 ) = xnJ -3x1 ( A ) 
c a i l ^^ I t rSOl ( c o o r / u j o r k / i u s e r y ' j s o r ) 

I 

o o 6 1 0 1 = 1 / 
CO 6 1 0 J 

s n (1 / 
i n J2 ( 1 ) = 
i n ' J 2 < 2 ) = 2 
i n d 2 ( 3 ) = 5 
i n d 2 ( 4 ) = o 
i n d 2 ( 5 ) = ? 
i n d 2 ( o ) = 
do c 20 1 

= 1 / 0 
j ) = u ; o r k ( j - * " 0 * i - 1 ) 
1 

3 
= 1 , 
= 1 / 6 

i 1 = i n d 2 ( i ) 
j 1 = i n r 2 ( j ) 
t < i 1 / 

m d e (1 ) = 
: 1 ) 
m d 

= x ( i 1 / j 1 ) + 5 n ( i / j ) 
2 X 1 ( 1 ) 

i n d -3 < 2 ) - 1 nd u X1 ( 2 ) 
i n d 3 ( 5 ) = 1 n a e X1 ( J ) 

301 ( c o o r / L j o r k x i u s e r / u s a r ) c Ó i i in-
ao 7 1 Ü 1 = 1 / 
ao 7 1 0 j = 1 y 

i n ( i / j ) = a . o r k < j + ó + i - 1 ) 
i n d 2 ( 1 ) = 1 
i n 
i n 
m 
i n 

d 2 < 2 ) = 2 
d2 ( 3 ) = 3 
J 2 ( 4 ) ^ 4 
J 2 <5 ) = 3 

1 n d 2 (6 ) = 
do 7 20 1=1 y d • 
a o 7 2 0 ^ = 1 / 6 

i 1 ^ i n d 2 ( i ) 
j 1 ^ i r . y 2 ( j ) 
t ( i 1 / j 1 ) ( i 1 / j 1 ) + 5n ( 1 / j ) 

ind'3 ( 1 ) - m d ' ^ x l ( 1 ) 
i n d ^ ; ( 2 > = :. n d v x 1 < 2 ) 
m d e ( 3 ) = m o o x1 ( 4 ) 
c 11 c L fT 3 *J 1 < c o o r / u 0 r k / 1 u -J 0 r / u s ? r ) 
d o 
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J u n 1 0 ^ : 0 3 1 9 ^ 1 e i ir. 3 O J P a g e 2 

57 
58 
59 
6Ü 
Ó1 
62 
ó3 
64 
65 
6 ó 
67 
63 
69 
7Ü 
71 
72 
73 
74 
75 
76 
77 
73 
79 
3Ü 
SI 
32 
33 
34 
85 

87 
38 
39 
9ü 
91 
92 
93 
94 
95 

Öl O 

320 

910 

92Ö 

940 

it** 

do 8 1 0 j = 1 / 0 
3 h < i / j ) = u j o r k ( j * 6 ^ i - 1 ) 

i n d 2 ( 1 ) = 1 
i n a 2 ( 2 ) = 2 
i n d 2 ( 3 ) = 3 
LHO 2 ( 4 ) = ^ 
i n d 2 ( 5 ) = 7 
i n d 2 < i ) ) = 3 
do 8 2 0 
d o 8 2 0 

i = 1 / 6 
j =1 / O 

i 1 = i n d 2 < i ) 
j 1 = i n 3 2 ( j ) 
t < i 1 / j 1 ) = t ( i 1 + s h < i y j ) 

i n d s ( 1 ) = i n . 1 3 x 1 ( 2 ) 

L n J 3 ( 3 ) = i . n j 3 x 1 ( 4 ) 
c a l l f ? i r r 3 ü 1 ( c o o r / U D r k / i ü 3 e r / u s ^ r ) a o 9 1 0 = 1/0 
d o 91 u j =1 / O 

s n ( i y j ) = u J o r k ( j + 6 * i - 1 ) 
i n o 2 ( 1 ) = 3 
i n d 2 C2) = 4 
x n j 2 < 3 ) = 5 ' - - ' 
i n a 2 ( 4 ) = 6 
i n d 2 ( 3 ) = 7 
i n o 2 ( o ) = ï 
ao 9 2 0 i = 1 ; ' ó 
00 92C J = 1 / ö 

i 1 = i r J 2 ( i ) 
j l = i n j 2 < j ) 
t ( i 1 / j 1 ) = t ( i 1 ^ j 1 ) + s h < i / j ) 

do 9HO 1=1 / b 
d o 9 4 n j = 1,<j 

j j o r k ( j - * - 3 * i ~ 3 ) = t < i / j ) / 2 
c o n t i n u e 
r e t u r n 

1: voluïT? of e l e m e n t e q u a l s z e r o 
e n d 

* 
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J u n 13 0 ^ : 0 3 1 v 3 1 e i r 3 0 0 P a j o 1 

1 
2 
3 
4 
5 
6 
7 
3 
V 
10 
11 
12 
13 
1 4 
1 5 
1ó 
1 7 
18 
19 
20 
21 
22 
23 
24 

s u o r o u t i T G ü l r 3 0 ' j ( c o ' o r / u j o r k / i u 5 G r / u S 3 r ) 

i m p l i c i t r e a l * 8 ( a - h x o - z ) 
d i m e n s i C i T c o o r d ) y'Jork ( 1 ) / i u 5 e r ( 1 ) / j 3 c - r ( 1 ) y 

x ( 3 / 2 ) / ü ( 2 ) / f l ( 4 ) 
i n J Q x l d J G ) / i n d . 3 x 2 d O 0 ) co.TifTion / c j J o r K / 

/ C 3C t 1 / 
1ÜÜ do 1 1 0 1 = 1 / 2 

i G l e m / i t y p e / i s o o r t 

1 1 0 

I h = 2 * i n d 2 x 1 ( i ) 
x < i / 1 ) = c o o r ( i h + 4 ) 
x < i / 2 ) = c o o r ( i n + 5 ) 
b { i ) = ü 5 e r ( 9 + i n d e x 1 ( i ) ) 

p = d s q r t < ( x ( 2 x 1 ) - x ( 1 , 1 ) ) * ( x ( 2 , 1 ) - x ( 1 / 1 ) ) + 
( x ( 2 / 2 ) - x ( 1 x 2 ) ) - ( x ( 2 / 2 ) - x d / 2 ) ) > 

p / ó . 
U 3 G ( 8 ) 

f a c = 
t l = 
f 2 = usG ^ r ( 9 ) 

( 3 ) r ( 9 ) u S e r V 7 

( 2 * 3 ( 1 ) + - ( 2 ) ) * f 1 
u 3 3 r 

u j o r k ( o ) = f a c * 
a j o r k ( 7 ) = f a C * ( 2 - 0 ( 1 ) + D ( 2 ) ) * f 2 
j o r k ( 3 ) =• f a c * ( j ( 1 ) + 2 * b ( 2 ) ) * f 1 
• j j o r k ( 9 ) = rac* ( D ( 1 ) + 2 * D ( 2 ) ) * f 2 

c o n t a i n " f 1 " r G s p f I f 2 " 

r e t u r n 
e n d 

« É 

' 4 
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o u D r o o t i n . » o i m 3 . C 1 < c o o r , u . o r k , i u s e r , u s s r ) 

7 
3 

10 
11 
12 
13 
14 
15 

17 
13 
19 
20 
21 
22 
23 
2< 
25 
20 
27 
23 
29 
iO 
31 
52 
33 
34 
35 
36 
37 
3Ö 
39 
40 
41 

hl 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 

i m p l i c i t r..̂  a l * =5(3 -n /O-^) - ^ r d ^ ^ 

V / n j o r k / inou-xl < 3) , V * • 
a a t a i n c / 1 / 2 / 5 ,1 / Z / / n 4 h 3 l ^ t r / 
n p a r ns = c J o r ( 4 ) 

do 10 1=1'5 
i n - 2 * i n j 3 x 1 ( 1 ) 
X ( 1 / 1 ) = c o o r ( i h + 4) 
x C i / 2 ) = c o j r ( i n + 5 ) 
r ( i ) = u 3 G r ( i n J w - x 1 ( i ) ' * ' ^ ) 

x h i 5 s G C T i o n ot " ü 5 - r " contains: c*cg 

10 n ( i ) = u 3 ' 3 r ( i n j j x 1 ( 1 ) 5 + np arms ) 
s a c t i o n of c o n t a i n s : c*C3* k * k . 

do 

20 

21 

22 

3 5 

100 
110 

t n i s 
2 0 1=1/5 
e ( i / l ) = x ( i n o ( i + 1 ) / 2 ) - x ind i ^ 2 ) / 2 
• e ( i / I ) = x C i n 3 ( i + 2 ) / 1 ) - x ( i n d ( i + 1 ) / 1 ) 

ö e l t 3 = 3 C 1 / 2 ) * e ( : / 1 ) - 3 ( l / 1 ) * e ( 3 / 2 ) 
l f ( j L ^ i t a ) 22 /21 /25 
a r r o r 1: v o l j n - i s O , ' 
c a i l e r t r a p ( n a 3 i r . , 1 / 1 5 ^ i t y p 3 / i e l e ' n / 0 ) 

a 3 l t 3 = - a 3 l t a 
n.Ti1=icoont + 1 
nff l2=3'Cicoun*-1) 
i k = icoo .nt* icount + 5 
ao 3 5 1= 0/ ik 

ujork( i )=0 . ^ 

f e c 2 - - J ^ i x 3 / 1 2 0 
-3 0 110 1=1/3 
do 110 j = 1 / i 

. s ( j / i ) = 3 ( i / j ) 

5 u ' j ! ^ U C x / 1 ) - . ( j . 1 ) * e C i / 2 ) * . ( j / 2 ) ) * f a c l 

s ( 1 / l ) = ' n / n - ( o ^ n ( 1 ) - 2 ^ n ( 2 ) ^ 2 ^ h ( 3 ) ) * f a c 2 
C * , v ) . c ( P , 2 ) + C 2 - n ( 1 ) * ^ * n ( 2 ) + 2 * h ( 3 ) ) * f 3 c 2 

! r ; - - ( L - ) ) + (2-n(1 ) + 2*n(2)^-o*h ( 3 ) ) *f 3c2 

*4 

^ ( ^ / n = s ( ? / 1 ) + C2*h(1) + 2*nC2)+1^h(3)) *f 3c2 
rC - ^ / 1 ) = - ( 3 , 1 ) ^ ( 2 - n ( 1 ) M * n ( 2 ) ^ 2 - h ( 3 ) ) - f 3 c 2 
3 ( S / ^ ) = s ( 3 / 2 ) - ^ ( 1 - ^ ^ ( 1 ^ + 2 « ^ ( 2 ) + 2 * h C 3 ) ) * f ^ c 2 

s C 1 / 2 ) - - s ( 2 / 1 ) 
s ( 1 / 3 ) = 3 ( 3 / 1 ) 
3 ( 2 / 3 ) = i C 3 / 2 ) 
do 2 00 k=1/2 * 

k l =k* nm1 -nfn2 
do 2CÓ 1=1/3 
do 2C0 j = 1 / 3 

ih=2*( i*o+j )+k1 

J u n 13 04:03 1-̂ ?1 olm301 Paj-a 2 

>7 
5 8 
5 9 
6 0 

2üO j c r k d h ) - - s ( i / j ) 
icoun*=i 
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s u o r o u t i n ? • 3 l m 3 C 2 ( c o o r / U J 3 r k / i u s e r / ü S 5 r ) 

mal * 2 naa'n 
di'Tiiinsicn c o o r C l ) / ' j o r k (1 ) / i ü s e r ( 1 ) / u 5 e r ( 1 ) / 

V • X C 2 / : ) / D ( 2 ) 
common / c u o r k / i n d ^ x 1 C l C D ) / i n d ? x 2 ( 1 0 0) 

V / c a c t l / i 3 l 3 r r / i t y p e / i s o o r t / i n p e l f T / i c o j n t / i f l r 5 t / n o t / i 3 t 3 r t 

np ar rns = c jo r ( 4 ) 
* e l 3 m ? n t n a t r i c i s f o r tne barkhof"^ equat ion ( o o u n d a r y c o n d i t i o r s s ) 

i t / p ? = 5 C 2 i i n G 3 » * conforming o l 3 m 3 n t ( f r i x j d t y p e ) 
• i o c a i p c r a . ^ e t a ' ^ s 

X 

i h 
h1 /h2 
n 
l u s r t 
a l / a 2 

arr c o n t a i n i n g tha c o o r i i n a t o s 
a r r a y c o n t a i n i n g th»? l o c a l v a l u 3 5 of c * C 5 * q 

lp vari.ab 1 ?̂ 
h ü i p v e r i a b i s s to conpute h 
f a c t o r h (s-?? G ? s c r i p t i on ) 

3y U 5 $ r ( i u 5 « ? r ( n s t a r t ) ) 
( s e ? a e s c r i p t i o n ) 

position in a 
f ac tors al/32 

of X and h 

I I the v a l u e s of " c * C 3 " are s t o r e d . 

2 

* co npu t at ion 
ao 1 'J 1= 1/ 2 

i n = 2* m J e x l C i ) 
x ( i / 1 ) = c o o r C i n + a ) 
x ( i r 2 ) = c o o r ( i W + 5 ) 
D ( I ) = u s ^ r ( 5 * i n d 9 X 1 ( i ) ) 
m th .3se p o s i t i o n s ot " j s ^ r 
s ? e : suoroutin-^ " l o c a l " . 

n 1 = x ( 1 , 1 ) - x ( 2 / 1 ) 
n 2 = x C 1 / 2 ) - x C 2 / : ) 
n-ds :jr t ( n1 - h l + -i2*n 2)* 
1 f ( h . n'? . J ) O t O 5 O ^ 

* 3 r r o r 1: v o l u n i i s ü 
c a i i 3 r t r a p ( n 3 a . i / 1 / 1 5 / i t y p e / i e l e m / O ) 

L f ( i t i r s t . ^ q . l ) jo to 60 
. * j . t i r s t = 0 / t e s t inpelm ano i c o u n t 

i f ( i n p e l n i . e q , 2 ) goto 40 
• 3 r r o r 2: i n p 3 l m ^ 2 

c a l l e r x r a p<naani/2/2 O / i t / p ^ / i e l 3 T i / inpe lm) 
i f ( i c o u n t . s ? q . 4 ) j o t o 50 

* e r r o r 5: i c o u n t f 4 
c a l l e r t r £ p ( n o a m / 3 / 2 0 / i t y p e / i e l e m / i c o u n t ) 

n s t j r t = i u s e r ( i s o o r t + i 5 t a r t ) 
t ' ï s t n s t a r t 

l f ( n s t a r t . g t . 5 ) goto 55 
* 3 r r o r 4 : j i u s e r C n s t a r t ) | < 6 

c a l l e r t r a p ( n a 3 n / 4 y 1 5 / i t y p e / i e l e m / 0 ) 
l u s r t l = i u 3 3 r ( n 3 t D r t + 2 ) 
l u s r t Z = l u s 3 r < n s t li r t + 5) 
i f < i u s r t 1 ) 1 / 2 / 5 
i s r t 1 = l a o s ( i u s r t l ) : 

u 5 r (1 i r 11 ) 
.-.11 • . . 

nl = i s r t l 

Oa j 

J11 = 
al 2 = 

JO to 
al 1 =̂  
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57 n1 = 0 
5S j 0 to 4 ^ 

59 3 i s r t l = i o s r t l 
n1 = i s r t l ^ • j 0 r k C 4) 

61 - 4 l f ( i u 3 r t 2 ) l/^j-T 

o2 5 i s r t 2 = i a : ? s C i u s r t 2) t 

63 a21 = ' j s e r C i s r t u ) • 

* 

64 a22 = .T2'I * 

65 n2 = i s r t 2 
66 30 to 3 
ö7 a a i = OdO 4 

a?2 = OdO 
0 9 ri n2 = 0 
70 go to 3 / 

71 - 7 i s r t 2 = i u s r t 2 
72 n2 = i s r t 2 'jjork < 4 )* 
73 6 c a i l p r i n a l C n a 3 f r / 5 n 1 u 3 i- r / n s t a r f ' 3/0 / dUi^iTy / l u s e r 
74 nu = n1 
75 i T ( n 2 . j t . n 1 ) nu = n2 -

76 c a l l p r i o a l C naan: /4nu5er /nu / - 7y j s ^ r / d u m - n y ) 
77 c the v a l u e s of al end a 2 have been 
78 c f o r the c a s o : a l / 3 2 con 
79 i f ( l u s r t l . n e . O . o r . 1 us r t 2 . no . 0) 30 to 60 
30 not = 1 
31 ro t u r n 
d2 c 
d3 60 l f ( l u s r t l . 1 e . 0 ) JO tc 11 

a l l = u s e r ( i s r t l ) 
35 i s r t l = i s r t1 + 1 

a12 = u s e r C i s r t I ) -

37 11 l f < i u s r t 2 . 1 ' ? . 0 ) j 0 to 22 
a21 = L 3 e r ( i 5 r t 2 ) 

S 9 i s r t2 = i s r t2 + 1 
90 a22 = U 3 e r < i 3 r t 2 ) 
91 c 
92 22 fac= h/2H • 

93 liork Co) = f ac ^ (0*a1 1 * 0 ( 1)*2 * a 12 * b ( 2 ) ) 
94 i t ork (7 ) - f a c * ( 0 * ? 1 * b ( 1) + 2 * a 2 2 * b ( 2 ) ) 
95 a o r k ( o ) = f ac^ (2*a11*o ( 1 ) * 2 * 3 l 2 * b ( 2 ) ) 
96 aorkC*^) = - + aC * ( 2 * a 2 1 * 0 ( 1 ) ^ 2 * 3 2 2 * 0 ( 2 ) ) 
97 U!orK(1G) = f a c * (0*321*0 ( 1)+2 * a 2 2 * b ( 2 ) ) 
9S uiork (11) = f ac ( O* £i1 1*0 ( 1 ) + 2 * a 1 2 * b ( 2 ) ) 
99 a o r k ( 1 2 ) = f ac * (2*a21*D (1 ) + 2 * a 2 2 * b ( 2 ) ) 
100 i L o r k (13) = f a c * (2*a1 1 ̂  b (1)'-2*d12>b(2)) 
101 u o r k d n ) ' f a c * ( 2 * al 1 * D ( 1)'^2* a 1 2 * b<2)) 
102 iLorkCIS) = - f ac* ( 2 * a 21 * 0 ( 1 ) + 2 * a 2 2 * b ( 2 ) ) 
103 u.ork (16) = ( 2 * :i1 1 *b ( 1 ) + o * a 12* b<2)) 
104 a o r k d ? ) = - f a c * (2*n21*o ( 1 ) 6 * a 2 2 * b ( 2 ) ) 
105 

+ . \ iork(13) = f a c * ( 2 * a 21 * 0 ( 1 ) + 2 * a 2 2 * b ( 2 ) ) 
106 a o r k ( l 9 ) = f a c * (2 * 3 l 1 * b ( 1)+2 * a 1 2 * b ( 2 ) ) 
107 u.ork( 20) = f a c * ( 2 * a 21 * b ( 1 ) + ö * a 2 2 * b ( 2 ) ) 
103 U)ork(21) = •fac* (2* a 1 1 * 0 ( 1 ) + 6 * a 1 2 * b ( 2 ) ) 
109 c 

( 1 ) + 6 * a 1 2 * b ( 2 ) ) 

n o c 
111 r e t u r n * 

4 

11 ^ c * e r r c r messaces 

31 t r ibut ed 

0 - : 0»» 1 981 eliT 30 2 Page 3 4 

113 c 1 : velum e of 3 lefn'?nt = 0 
11 <• c 2: in :>:i lm r*- 2 

115 c 3: i c o u n t »1 2 
11 i c :̂ 1 1 j s e r ( i 5 ü o r t+is tar t ) | < 6 
117 c 5: S I JTlii <- 0 
113 c 0 : l « n ; t h of ;irray er too smal 
n y c 7: i u n j t h of J r r - y u ^ ̂  r xoo S-nall 
120 en j 
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2 

s u D r o u t i n < ? 3 i r 3 C 2 ( c o o r / ' U J o r l < x i . u 5 G r / u s ? r ) 
i m p l i c i t r o 3 l *-3 ( a - h / o - z ) 
r a 1 * <; n n a ;n 
a i m e n s i o n c o o r d ) . r j o r k ( 1 ) / i u s < ? r < 1 ) r u 5 G r < 1 ) 
a i i n e n s i o n x ( 2 / 2 ) / o < 2 ) 
common / c u j o r k / i n d ^ x 1 ( 1 G * J ) / i n d ? x 2 ( 1 0 0 ) 

/ c a c t i / i ^ i o m y i t y p e / i a o o r t / i n p o l o i / i c o u n t / i f i r s t / n o t / 
d a t a n a a n / S n e i r n s / 
n p 3 r m 3 = c o o r < 4 ) 

• A e i e i r . ï n t v e c t o r s f o r t h ^ o e r k n o f f e q u a t i o n ( o o u n d s r / c o n t i o n - ? 
11 y p = 3 C 2 i i n s T i r c o n f c r f n i n ^ e l e n a n t ( f n i x ^ j t y p e ) 

* i o c e l p a r a n e t o r s 
X 
i h 
h l x h 2 
n 
i u s r t 

a r r a y c o n t a i n i n g t h ? c o o r d i n a t e s 
' h s i p v a r i a b i - a 

h ^ l p v a r i a b l e s t o c o n p u t e h 
f a c t o r h ( s ^ e d j s c r i p t i o n ) 

^ c o T i p u t a t i o n oT 
10 1 = 1 / 2 

p o s i t i o n m a r r a y u s e r 
a r r a y c o n t a i n i n g t h a 

a n d h 

( l u S ' 3 r ( i s o o r t + i s t a r t ) ) 
f u n c t i o n v c i u 3 5 ( l e r i v a t i v ^ s ) 

ao 
1 h= 2 * i n . j 3 X 1 ( i ) 
X ( i / 1 ) = c o o r ( i h + 4 ) 
x ( i / 2 ) = c o o r ( i h + 5 ) 
b ( i ) = u s a r C S - ^ i n -9X1 ( l ) ) 

" u s a r " t h i s S'^c t l on c f 
n 1 = x ( 1 / 1 ) " x < 2 / 1 ) 
n 2 = x ( 1 / 2 ) - x ( 2 / 2 ) ' 
h = d s - r t ( n 1 > ^ h 1 + n 2 ^ h 2 ) 
i l = < h . n 9 . 3) j o t o 30 

^rurror 1 : v o l u m e 1 3 0 
c a l l r x r v^pCn a 2 ̂ r 1 / 1 5 x i t y p ? / I 5 i 3 m / 0 ) 

i t d f i r s t . a q . l ) j o t o 

c o n t a i n ^ : c * c g * 

6 0 
' ' i f i r s t " t t a n d i c o u n t i n p e im 

c a l l p r i n a i < n a a f n / 5 h i u s ? r / i 5 0 o r f * - a s t a r t / 6 / d . u m m y / i u s 9 r ) 
1 f ( i n p3 i m . e g . 2 ) g o t o AO 

* 3 r r o r 2 : 1 n p 1 n 2 . 
C a l l ' ^ r t r a p < n a a . n / 2 - r 2 0 / i t y p 9 / i G l c * ' n / i n p ' 3 l m ) 

1 f ( i c o u n t « c^q. H ) 
3 : 

g o t o 
1 c 0 0 n 

50 
* - r 

c e l l - j r t r e p C n a a m / 3 / 2 0 / i t y P ' : ^ / i o l e ' n / i c o u n t ) 
. n S t a r t ^ l u 5 e r ( 1 s o o r t 1 3 1 a r t ) 

t i S t n s t a r t 
i t ( n s t a r t . g t . 5 ) Q o t o 5 5 

* ? r r o r 4 : | i u s o r ( n 3 t a r t ) l < 6 
c a l l e r t r a p ( n a a m / 4 / 1 5 / i t y p - ^ / i e l e a i / 0 ) 

l u s r t l = l u s . ^ r ( n s t a r t ) 
i U 5 r t 2 = i u s - : ? r ( n 5 t a r ^ . + 1 ) 
i f ( l u s r t 1 ) 1 / 2 / 3 
i s r t l = l o o s ( i u s r t l ) 

;5l 1 = u s e r (-1 s r t 1 ) • 
j 1 2 = j l l 

n1 = i s r t l 
jO t o ' 
j 1 1 = OdO 
j 1 2 = OdO 

n1 = 0 

\ 4 
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57 

59 
ÓO 
o1 
ó2 
63 
64 

óó 
67 
68 
69 
70 
71 
72 
73 
74 
75 
7ó 
77 
76 
79 

Dl 
32 
33 
34 
Ö5 
36 
37 
38 
3 9 
90 
91 

4 
:> 

7 

11 

22 

JO t o 4 
1 s r t l = i u s r t i 

n1 - i s r t l w o r k < 4) 
l f ( i U 3 r t 2 ) 5/Ó/7 
i s r t 2 = I 3 0 3 < i u s r t 2 ) 

d - ü 3 ̂  r C1 5 r 12 ) 
^22 = g21 

n2 = i s r t 2 
30 t o 3 

•g21 = QdO 
g22 = OdO 

n2 = O 
JO t o 3 

i s r t 2 = i U 5 r t 2 
n2 = i s r t ? u j o r k ( A ) 

c a i l prin3i<na3iT;/3'niu5?r/n3t£ïrf^3/0/dj'^rry/'iü5er) 
nu = n 1 
i f ( n 2 . j t . n 1 ) nu = n2 

c a l l p r i n a i C n a a r r y i + n u s e r / n u / - ? / j s r / d . J m ny) 
t h 9 v/alues o f J^ end g2 ^nav? b?<?n 
" f o r t h e c^se J^ /c2 c o n s t a n t 

l f ( i u s r t 1 . n e - 0 . o r . i u 5 r t 2 , n e , 0 ) ;̂c t o 60 
n o t = 1 
r '9 t u r n 

a t t r 1 b u t O 

l f ( i u s r t l . i ' . ^ . O ) go t o 11 
3 I I = u s o r C i s r t D 

i s r t l = i s r t l + 1 
g12 = u 

l f ( l u s r 
g21 ---

s e r ( i 3 r t 1 ) 
t 2 . 1 ? ^ 0 ) . j o 
3 e r ( i s r t 2 ) 

t o 22 

t 2 = i s r t 2 + 1 
- L 3 e r < i s r t 2 ) 

f a c = h / 6 
92 ü J c r k ( o ) = f ac*<2* i ) 1 1 ^o C 1 ) * g 1 2 ^ b ( 2 ) ) 
93 uJorK ( 7 ) = f a c ^ ( 2 * j 2 1 * o ( l ) + g 2 2 ^ c ( 2 ) ) 
94 ' j c r k < 8 ) = f a c ^ C g l 1*:o< 1)T2 ^ g 1 2 * b ( 2 ) ) 
95 u j c r k ( 9 ) = f a c ^ < g 2 1 * b ( 1 ) ^ 2 * 3 2 2 - b ( 2 ) ) 
96 r 3 t u r n 
97 c * e r r c r -ne s s a g e s 
9d c 1 ; ; vo l u ne 0 f e l e m e n t = 0 
99 c 2: ; i n p o i m ;̂  2 
I C ü c ; i c o u n t ^ 2 
101 c ^ ; : ) i ' j 3 v r ( i s o o r t + I S t a r t ) 1<6 
102 c 5: : 51 j m a <.- 0 • 

103 c 0; : l e n g t h o f a r r a y l u s e r t o o s m a l l 
104 c 7; ; l e n g t h o f • a r r a y u S ' j r t o o s m a l l 
105 ^n J 


