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UiQT `B;?iV q2B;?ib �TTHB2/ iQ i?2 ?m2 +?�MM2HX LQi2 i?�i � H�`;2` r2B;?i +Q``2bTQM/b iQ
#`B;?i2` TBt2HbX U#QiiQK 7`QK H27i iQ `B;?iV q2B;?ib 7Q` i?2 b�im`�iBQM �M/ p�Hm2 +?�MM2H
`2bT2+iBp2HvX LQi2 i?�i i?2 p�Hm2 +?�MM2H Bb MQi BMp�`B�Mi iQ b?�/BM; �M/ i?2`27Q`2 `2+2Bp2b
�HKQbi MQ r2B;?i BM i?2 b?�/2/ �`2�X h�F2M 7`QK wBKK2`- "`m?M �M/ q2B+F2`i- kyRRX X 98

jX9 AHHmbi`�iBQM Q7 H�`;2 /BbTH�+2K2Mi Q7 bK�HH bi`m+im`2bX UH27iV h?2 irQ BMTmi BK�;2b Qp2`@
H�v2/X UKB//H2V 6HQr }2H/ T`Q/m+2/ #v "`Qt- "`m?M- S�T2M#2`; �M/ q2B+F2`i- kyy9X
h?2 ~Qr }2H/ +QHQ` +Q/BM; +�M #2 7QmM/ BM �TT2M/Bt " rBi? i?2 2t+2TiBQM i?�i #H�+F
BMbi2�/ Q7 r?Bi2 +Q``2bTQM/b iQ x2`Q ~QrX U`B;?iV 6HQr }2H/ T`Q/m+2/ #v "`Qt �M/ J�HBF-
kyRRX LQi2 i?2 BKT`Qp2/ QTiB+�H ~Qr 2biBK�iBQM 7Q` i?2 ?�M/b �M/ #�HHbX h�F2M 7`QK
"`Qt �M/ J�HBF- kyRRX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9d

jX8 h?2 �`+?Bi2+im`2 Q7 .22T6HQrX h?2 i�`;2i BK�;2 Bb +QMpQHp2/ rBi? 9t9 T�i+?2b Q7 i?2
`272`2M+2 BK�;2X h?2 `2bTQMb2 K�Tb �`2 i?2M �;;`2;�i2/ iQ Q#i�BM i?2 `2bTQMb2 K�Tb
Q7 +QMpQHmiBQMb rBi? i?2 `272`2M+2 BK�;2 �i /Bz2`2Mi b+�H2bX �/�Ti2/ 7`QK q2BMx�2T72H-
_2p�m/- >�`+?�QmB �M/ a+?KB/- kyRjX X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9d

jXe oBbm�HBx�iBQM Q7 i?2 `2bTQMb2 K�T �i /Bz2`2Mi b+�H2b mb2/ BM .22T6HQrX h?Bb BHHmbi`�i2b
i?�i i?2 H�`;2` b+�H2 T�i+?2b 2HB+Bi KQ`2 /BbiBM+i `2bTQMb2b �M/ i?2`27Q`2 `2+2Bp2 � H�`;2`
r2B;?iX h�F2M 7`QK q2BMx�2T72H- _2p�m/- >�`+?�QmB �M/ a+?KB/- kyRjX X X X X X X X X X 9d

jXd 1tTH�M�iBQM Q7 ǵ1TB+6HQrXǶ h?2 K�i+?2b ;2M2`�i2/ mbBM; i?2 K�i+?BM; T�`i Q7 i?2 .22T@
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8XR GBM2 y1 �M/ y2 /2MQi2 � bBM2@r�p2 rBi? fx1 = 1
20 �M/ fx2 = 1

10 +v+H2b T2` TBt2H `2bT2+iBp2HvX
LQi2 i?�i i?2 p2HQ+Biv Bb v = 5 TBt2Hb T2` 7`�K2X h?Bb +Q``2bTQM/b iQ � i2KTQ`�H 7`2[m2M+v
Q7 ft1 = 5

20 �M/ ft2 = 5
10 +v+H2b T2` 7`�K2X h?Bb K2�Mb y1 Bb /BbTH�+2/ � [m�`i2` Q7 Bib
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8Xk �HH bT�iBQi2KTQ`�H 7`2[m2M+v +QKTQM2Mib 7Q` � r�p2 KQpBM; �i � +QMbi�Mi p2HQ+Biv v rBHH
HB2 QM � HBM2 T�bbBM; i?`Qm;? i?2 Q`B;BM rBi? bHQT2 arctan ft
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X X X X X X X X X X X X X X X X X 8k

8Xj �7i2` b�KTHBM; � bT�iBQi2KTQ`�H bB;M�H i`�MbH�iBM; rBi? p2HQ+Biv v i?2 ?B;?2bi bT�iB�H
�M/ i2KTQ`�H 7`2[m2M+B2b �`2 /2MQi2/ #v (ft0 , fx0)X h?2 /Qii2/ HBM2b M2�` i?2 +Q`M2`b
Q7 i?2 bT�iBQi2KTQ`�H rBM/Qr `272`b iQ 7`2[m2M+v +QKTQM2Mib rBi? � bB;MB}+�Mi K�;@
MBim/2 r?B+? Q++m`b /m2 iQ �HB�bBM; r?2M i?2 bB;M�H Bb MQi T`QT2`Hv #�M/@HBKBi2/ T`BQ` iQ
b�KTHBM;X �/�Ti2/ 7`QK .X 6H22i �M/ C2TbQM- RN3NX X X X X X X X X X X X X X X X X X X X X 8j

8X9 U�V P`B;BM�H bB;M�H g(x, y)X U+V � bT�iBQi2KTQ`�H `2T`2b2Mi�iBQM Q7 i?2 Q`B;BM�H bB;M�H
KQpBM; rBi? x2`Q p2HQ+Biv �HQM; i?2 `2/ b+�MHBM2X U/Vh?2 bT�iBQi2KTQ`�H `2T`2b2Mi�@
iBQM Q7 i?2 Q`B;BM�H bB;M�H KQpBM; rBi? � TQbBiBp2 p2HQ+BivX U2V h?2 b�K2 `2T`2b2Mi�iBQM
�7i2` �TTHvBM; � p2`iB+�H #Hm` iQ i?2 iBK2 �tBb r?B+? +Q``2bTQM/b iQ � b?mii2` }Hi2`X U#V
JQiBQM #Hm``2/ p2`bBQM Q7 g(x, y) �7i2` �TTHvBM; i?2 p2`iB+�H KQiBQM #Hm`X U7-;-?V 6Qm`@
B2` i`�Mb7Q`K Q7 U+V- U/V �M/ U2V `2bT2+iBp2HvX LQi2 i?�i U?V ?�b 7`2[m2M+B2b HBKBi2/ iQ
Ωt ∈ [−Ωmax

t , Ωmax
t ] +Q``2bTQM/BM; iQ b?mii2` }Hi2`X h�F2M 7`QK 1;�M- hb2M;- >QHxb+?m+?-
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8Xe UiQT H27iV :�mbbB�M rBM/Qr g(t) rBi? σ = 6X UiQT `B;?iV aBM2 rBi? 7`2[m2M+vft = 1
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i?2 Q`B2Mi�iBQM θ0 `2T`2b2Mib i?2 Q`B2Mi�iBQM Q7 i?2 #Hm2 :�#Q` }Hi2` T�B`X h?2 K2i?Q/
Q7 >22;2`- RN33 mb2b 9 }Hi2` T�B`b imM2/ iQ bi�iBQM�`v T�ii2`Mb U`2/V �M/ 3 }Hi2` T�B`b
imM2/ iQ p�`vBM; Q`B2Mi�iBQMb �M/ KQiBQMb U#Hm2VX �/�Ti2/ 7`QK >22;2`- RN33X X X X X X 8d

8X3 UH27iV � /BH�iBM; bBMmbQB/ ;Bp2M #v I(x, t) = sin (2πxft0(1 − αt))X q?2`2 ft0 = 1
12.5 +v+H2b

T2` TBt2H- alpha = 0.005 �M/ i?2 BK�;2 rB/i? �M/ ?2B;?i Bb R8y TBt2HbX hBK2 Bb QM
i?2 p2`iB+�H �tBb �M/ i?2 bT�iB�H p�`B�#H2 x QM i?2 ?Q`BxQMi�H �tBbX UKB//H2 �M/ `B;?iV
h?2 K�;MBim/2 �M/ T?�b2 QmiTmi Q7 i?2 BK�;2 +QMpQHp2/ rBi? � :�#Q` F2`M2HX LQi2
i?�i i?2 :�#Q` F2`M2H Bb imM2/ iQ � p2HQ+Biv Q7 y �M/ i?2 b�K2 7`2[m2M+v ft0 �b i?2
/BH�iBM; bBMmbQB/X 6`QK i?2b2 BK�;2b Bi +�M #2 b22M i?�i r?2M i?2`2 Bb � bK�HH /2pB�iBQM
7`QK i`�MbH�iBQM i?2 K�;MBim/2 Q7 i?2 `2bTQMb2 [mB+FHv p�MBb?2b r?BH2 i?2 +QMbi�Mi T?�b2
+QMiQm`b biBHH T`QpB/2 � `2�bQM�#H2 �TT`QtBK�iBQM iQ i?2 KQiBQM }2H/X �b i?2 +QMbi�Mi
T?�b2 +QMiQm`b +QBM+B/2 rBi? i?2 HBM2b 7`QK i?2 /BH�iBM; bBMmbQB/ �HQM; i?2 iBK2 �tBbX
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8XN UH27iV AHHmbi`�iBQM Q7 i?2 �T2`im`2 T`Q#H2K ?�M/HBM; #v i?2 �`+?Bi2+im`2 Q7 :�mi�K� �M/
o�M >mHH2- kyykX � +B`+H2 i`�MbH�iBM; rBi? � p2HQ+Biv Q7 v = (1.5, 0.5) TBt2Hbf7`�K2 �M/
i?2 +QKTQM2Mi p2HQ+Biv 2biBK�i2bX U`B;?iV *QMp2`;2M+2 Q7 i?2 _LL iQ i?2 +Q``2+i ~Qr
p2+iQ` bi�i2X h�F2M 7`QK :�mi�K� �M/ o�M >mHH2- kyykX X X X X X X X X X X X X X X X X X X 8N

eXR � KQiBQM }2H/ +�M #2 `2T`2b2Mi2/ �b � HBM2�` bmK Q7 Q`i?Q;QM�H #�bBb ~QrbX h�F2M 7`QK
.X CX 6H22i- "H�+F- u�+QQ# �M/ C2TbQM- kyyyX X X X X X X X X X X X X X X X X X X X X X X X X ek

eXk h?2 ?B;? /BK2MbBQM�H +QMpQHmiBQM QT2`�iBQM BM *QMpQHmiBQM�H L2m`�H L2irQ`Fb U*LLbVX
h?2 BMTmi 72�im`2 K�Tb �`2 L@/BK2MbBQM�H +Q``2bTQM/BM; iQ #�i?@bBx2 L �M/ ?�p2 *
+?�MM2HbX *QMbB/2` i?2 k. +QMpQHmiBQM Q7 � bBM;H2 _:" UL4R- *4jV BK�;2 rBi? J
}Hi2`bX LQi2 i?�i i?2 +?�MM2H@rBb2 +QMpQHmiBQMb Q7 i?2 }Hi2`b rBi? i?2 BMTmi 72�im`2 K�Tb
�`2 bmKK2/ �M/ Q7i2M � #B�b i2`K Bb �//2/X h?2 �KQmMi Q7 +?�MM2Hb BM i?2 QmiTmi
72�im`2 K�Tb Bb i?2`27Q`2 2[m�H iQ i?2 �KQmMi Q7 }Hi2`bX �/�Ti2/ 7`QK ax2- *?2M- u�M;
�M/ 1K2`- kyRd X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ej



tBp GBbi Q7 6B;m`2b

eXj UiQTV h?2 +QMi`�+iBp2 T�`i Q7 i?2 �`+?Bi2+im`2 Q7 6HQrL2iaX hrQ _:" TB+im`2b �`2 +QM@
pQHp2/ rBi? b2p2`�H H�v2`b Q7 +QMpQHmiBQM�H }Hi2`b 7QHHQr2/ #v � bi`B/2 Q7 kX U#QiiQKV
h?2 +QMi`�+iBp2 T�`i Q7 i?2 6HQrL2i* �`+?Bi2+im`2 rBi? i?`22 +QMpQHmiBQM�H H�v2`b r?B+?
b?�`2 B/2MiB+�H r2B;?ibX AM i?2 +Q``2H�iBQM H�v2`- T�i+?rBb2 KmHiBTHB+�iBp2 bBKBH�`Biv b+Q`2b
�`2 +QKTmi2/X h�F2M 7`QK .QbQpBibFBv 2i �HX- kyR8X X X X X X X X X X X X X X X X X X X X X X e9

eX9 1tT�MbBp2 T�`i Q7 i?2 �`+?Bi2+im`2 mb2/ BM #Qi? 6HQrL2ia �M/ 6HQrL2i*X lT@+QMpQHmiBQM
Bb mb2/ iQ Q#i�BM � ?B;? `2bQHmiBQM TBt2H@rBb2 T`2/B+iBQMX h�F2M 7`QK .QbQpBibFBv 2i �HX-
kyR8X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e9

eX8 �`+?Bi2+im`2 Q7 6HQrL2ikX PM2 6HQrL2i* �M/ irQ 6HQrL2ia �`+?Bi2+im`2b �`2 bi�+F2/
BM b2`B2b �M/ +QK#BM2/ BM T�`�HH2H rBi? � bBM;H2 6HQrL2ia. �`+?Bi2+im`2X h?2B` QmiTmi
Bb 72/ iQ i?2 6mbBQM �`+?Bi2+im`2 iQ T`Q/m+2 � }M�H ~Qr 2biBK�i2X AM i?2 6HQrL2ik@*aa
�`+?Bi2+im`2 i?2 irQ BMTmi BK�;2b �HQM; rBi? i?2 r�`T2/ BK�;2- BMBiB�H ~Qr 2biBK�i2
�M/ #`B;?iM2bb 2``Q`R�`2 +QM+�i2M�i2/ �M/ mb2/ �b BMTmi 7Q` i?2 BMi2`K2/B�i2 6HQrL2ia
�`+?Bi2+im`2bX h?2 #`�+2b BM/B+�i2 +QM+�i2M�iBQM Q7 /Bz2`2Mi 2H2K2MibX h�F2M 7`QK AH;
2i �HX- kyRdX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e8

eXe �`+?Bi2+im`2 Q7 aTvL2i 7Q` � j@H2p2H Tv`�KB/ M2irQ`FX h?2 G0 M2irQ`F T`Q/m+2b �M
BMBiB�H ~Qr 2biBK�iBQM v0 mbBM; i?2 BK�;2b I1

0 �M/ I2
0 �b BMTmi r?B+? +Q``2bTQM/ iQ �

/QrMb�KTH2/ p2`bBQM Q7 i?2 Q`B;BM�H BMTmi BK�;2b I2
2 �M/ I2

1 X h?2 BMBiB�H ~Qr 2biBK�i2 v0
Bb mTb�KTH2/ �M/ mb2/ iQ r�`T I2

1 X h?2M- i?2 QmiTmi Q7 G1- v1- Bb �//2/ iQ i?2 mTb�KTH2/
~Qr V0 r?B+? H2�/b iQ V1X h?Bb T`Q+2bb `2T2�ib BM 2p2`v H�v2` BM i?2 Tv`�KB/X h�F2M
7`QK _�MD�M �M/ "H�+F- kyRdX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ee

eXd UH27iV oBbm�HBx�iBQM Q7 i?2 }Hi2`b Q7 i?2 }`bi +QMpQHmiBQM�H H�v2` Q7 i?2 i?B`/ H2p2H Q7 i?2
Tv`�KB/ Q7 aTvL2iX h?2 H27i �M/ `B;?i }Hi2`b �`2 mTb�KTH2/ mbBM; M2�`2bi@M2B;?#Q` �M/
#BHBM2�` BMi2`TQH�iBQM `2bT2+iBp2HvX LQi2 i?�i t1 − t2 `2T`2b2Mib i?2 i2KTQ`�H /Bz2`2M+2
#2ir22M i?2 bT�iB�H }Hi2`bX h?2 }Hi2`b `2b2K#H2 b2+QM/ /2`Bp�iBp2 :�mbbB�M Q` :�#Q`
}Hi2`bX h�F2M 7`QK _�MD�M �M/ "H�+F- kyRdX U`B;?iV 6BHi2`b i�F2M 7`QK i?2 }`bi H�v2` Q7
6HQrL2i*X h?2 }Hi2`b b?Qr � ?B;? 7`2[m2M+v bi`m+im`2 mMHBF2 i?2 +H�bbB+ bT�iBQi2KTQ`�H
}Hi2`bX h�F2M 7`QK .QbQpBibFBv 2i �HX- kyR8X X X X X X X X X X X X X X X X X X X X X X X X X X ee

eX3 6mHHv +QMpQHmiBQM�H M2irQ`F 7Q` ~Qr }2H/ `2}M2K2MiX �M BMBiB�H UbT�`b2V ~Qr }2H/ Bb mb2/
�b BMTmi �HQM; rBi? �M 2/;2 K�T �M/ #BM�`v K�bF +QMi�BMBM; �HH i?2 KBbbBM; TBt2Hb �M/
� KmHiB@H�v2` HQbb Bb mb2/ 7Q` i`�BMBM;X h�F2M 7`QK wr2B; �M/ qQH7- kyRdX X X X X X X X X X ed

eXN lM+2`i�BMiv �M/ QTiB+�H ~Qr 2biBK�iBQM #v 6HQrL2i>X UG27iV `272`2M+2 BK�;2 Q7 BK�;2
T�B` i�F2M 7`QK EAhhA kyR8X UJB//H2V h?2 2biBK�i2/ QTiB+�H ~QrX U_B;?iV lM+2`i�BMiv
2biBK�iBQM- ?B;?2` p�Hm2b +Q``2bTQM/ iQ `2/X LQi2 i?�i i?2 b?�/Qr ?�b � ?B;? mM+2`i�BMiv
p�Hm2 mMHBF2 i?2 +�`X h�F2M 7`QK AH;- Px;mM 2i �HX- kyR3X X X X X X X X X X X X X X X X X X e3

eXRy �M 2t�KTH2 Q7 i?2 i?`22 /Bz2`2Mi HB;?iBM; KQ/2Hb mb2/ 7Q` ;2M2`�iBM; � bvMi?2iB+ /�i�b2i
mb2/ iQ i`�BM 6HQrL2i* �M/ i2bi QM JSA@aBMi2HX UH27i iQ `B;?iV h?2 /vM�KB+- bi�iB+ �M/
b?�/2H2bb HB;?iBM; KQ/2H `2bT2+iBp2HvX h�F2M 7`QK J�v2` 2i �HX- kyR3X X X X X X X X X X X X eN

eXRR 6HQr T`2/B+iBQMb 7Q` /Bz2`2Mi BK�;2 T�B`b 7`QK JSA@aBMi2HX 6HQrM2i* Bb `2i`�BM2/ mbBM;
i`�BMBM; b+?2/mH2 rBi? � /Bb`mTiBp2 H2�`MBM; `�i2Xh?2 `2i`�BM2/ *LL Bb +�HH2/ 6HQrL2i*YX
h�F2M 7`QK amM- u�M;- GBm �M/ E�mix- kyR3X X X X X X X X X X X X X X X X X X X X X X X X X dy

3XR h?2 TBt2H +QQ`/BM�i2 bvbi2K mb2/ #v i?2 SBHHQr Tvi?QM KQ/mH2X h?2 Q`B;BM +Q``2bTQM/b
iQ i?2 iQT H27i +Q`M2` Q7 i?2 BK�;2X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dN

3Xk "�+F;`QmM/ mb2/ 7Q` i?2 +`2�iBQM Q7 bvMi?2iB+ QTiB+�H ~Qr ;`QmM/ i`mi?X X X X X X X X X X dN

NXR U*QHmKM R iQ jV h?2 r2B;?ib Q7 i?2 }`bi +QMpQHmiBQM�H H�v2` Q7 6HQrL2ika 7Q` t0-t1 �M/
t0 − t1 `2bT2+iBp2HvX U*QHmKM 9 iQ eV h?2 r2B;?ib Q7 i?2 }`bi +QMpQHmiBQM�H H�v2` Q7
aTvL2i 7Q` i?2 }`bi Tv`�KB/ H2p2H 7Q` t0-t1 �M/ t0 − t1 `2bT2+iBp2HvX h?2 `Qrb +Q``2bTQM/
iQ /Bz2`2Mi }Hi2`bX _2/ /2i�BHb � ?B;? p�Hm2 �M/ #Hm2 � HQr p�Hm2X � `2H�iBp2 /2Ti? K�T
T2` }Hi2` Bb mb2/- K2�MBM; 2p2`v 2Mi`v ?�b Bib +QHQ`b b+�H2/ iQ i?2B` QrM }Hi2`bX h?2b2
}Hi2`b �`2 pBbm�HBx2/ rBi?Qmi i?2 #B�b i2`K �//2/ iQ i?2KX h?Bb Bb #2+�mb2 rBi? � `2H�iBp2
/2Ti? K�T i?2 �//BiBQM Q7 � #B�b i2`K /Q2b MQi BM~m2M+2 i?2 pBbm�H �TT2�`�M+2 Q7 i?2
}Hi2`X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3k



GBbi Q7 6B;m`2b tp

NXk avMi?2iB+ i2bi b2[m2M+2 mb2/ 7Q` i?2 KQiBQM K�;MBim/2 2tT2`BK2MiX � #�+F;`QmM/ rBi? �
#H�+F b[m�`2 Q7 bBx2 e9te9 Bb i`�MbH�i2/ ?Q`BxQMi�HHv- bvKK2i`B+�HHv �#Qmi i?2 p2`iB+�H �tBb-
rBi? �M BM+`2�bBM;Hv H�`;2` ?Q`BxQMi�H p2HQ+Biv K�;MBim/2X h?Bb BK�;2 T�B` +Q``2bTQM/b
iQ � p2HQ+Biv K�;MBim/2 Q7 v = (100, 0)X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3j

NXj UiQT iQ #QiiQKV JQiBQM K�;MBim/2 p2`bmb i?2 �p2`�;2 1M/TQBMi 1``Q` U�11V 7Q` �HH
TBt2Hb- TBt2Hb BMbB/2 i?2 b[m�`2 �M/ TBt2Hb QmibB/2 i?2 b[m�`2 `2bT2+iBp2Hv 7Q` i?2 6HQrL2ika-aTvL2i-
6HQrL2ik* �M/ G.P6 KQ/2HbX h?2 K�;MBim/2 Q7 i?2 b[m�`2 mb2/ �b BMTmi Bb e9te9 TBt2HbX 39

NX9 U�HHV 6HQr 2biBK�iBQM T`Q/m+2/ #v i?2 7Qm` /Bz2`2Mi KQ/2Hb 7Q` v = (218, 0) +Q``2bTQM/BM;
iQ � #`B;?i `2/ ;`QmM/ i`mi? +QHQ`X LQi2 i?�i i?2 +QHQ` +Q/BM; Bb bBKBH�` iQ "�F2` 2i
�HX- kyRR Bb mb2/ �M +�M #2 7QmM/ BM �TT2M}t "X UiQT H27iV 6HQr K�T +Q``2bTQM/BM;
iQ i?2 6HQrL2ika KQ/2HX h?2 KQ/2H T`2/B+ib i?�i i?2 b[m�`2 Bb KQpBM; Qmir�`/ UiQ
i?2 H27iV Q7 i?2 7`�K2X UiQT `B;?iV 6HQr K�T +Q``2bTQM/BM; iQ i?2 aTvL2i KQ/2HX �i
H�`;2` p2HQ+BiB2b aTvL2i ?�b /B{+mHiv K�i+?BM; i?2 b[m�`2b �i /Bz2`2Mi iBK2bi2Tb �M/
i?2 2biBK�i2 +QMi�BMb KmHiBTH2 +QHQ`b +Q``2bTQM/BM; iQ /Bz2`2Mi p2HQ+Biv �M;H2bX U"QiiQK
`B;?iV 6HQr K�T +Q``2bTQM/BM; iQ i?2 6HQrL2ik* KQ/2HX �HbQ 6HQrL2ik* ?�b i`Qm#H2
K�i+?BM; i?2 +QKTH2i2 T�i+? �i ?B;? p2HQ+BiB2bX �i ?B;? p2HQ+BiB2b 6HQrL2ik* /Q2b ?�p2
i?2 #2bi T2`7Q`K�M+2X U"QiiQK `B;?iV 6HQr K�T +Q``2bTQM/BM; iQ i?2 G.P6 KQ/2HX
h?Bb KQ/2H T`Q/m+2b � ~Qr 2biBK�i2 +Q``2bTQM/BM; iQ /Bb�TT2�`BM; 2/;2b �M/ �TT2�`BM;
i2tim`2X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 38

NX8 UiQT H27iV �11 7Q` 6HQrL2ika- aTvL2i �M/ 6HQrL2ik* 7Q` � b[m�`2 i`�MbH�iBM; rBi?
∥v∥ ≈ 100 �i /Bz2`2Mi Q`B2Mi�iBQMb rBi? `2bT2+i iQ i?2 ?Q`BxQMX UiQT `B;?i +HQ+FrBb2 iQ
#QiiQK H27iV h?2 /2pB�iBQM 7`QK i?2 K2�M �11 BM T2`+2Mi�;2 �i /Bz2`2Mi Q`B2Mi�iBQMb Q7
i?2 KQ/2H 7Q` aTvL2i- 6HQrL2ika �M/ 6HQrL2ik* `2bT2+iBp2HvX X X X X X X X X X X X X X X 3e

NXe UiQT iQ #QiiQKV �11 7Q` 6HQrL2ika- aTvL2i �M/ 6HQrL2ik* 7Q` � /B�;QM�HHv i`�MbH�iBM;
b[m�`2 rBi? p2HQ+Biv v = (50, 50) bvKK2i`B+�HHv �`QmM/ i?2 Q`B;BM p2`bmb i?2 bBx2 Q7 i?2
b[m�`2 7Q` �HH TBt2Hb- TBt2Hb BMbB/2 i?2 b[m�`2 �M/ TBt2Hb QmibB/2 i?2 b[m�`2X X X X X X X X X 33

NXd UiQT iQ #QiiQKV �11 7Q` 6HQrL2ika- aTvL2i �M/ 6HQrL2ik* 7Q` � i`�MbH�iBM; b[m�`2
rBi? p2HQ+Biv v = (50, 50) r?B+? Bb Q++Hm/2/ BM i?2 b2+QM/ 7`�K2 #v � `2+i�M;H2 Q7 BM@
+`2�bBM; rB/i? 7Q` �HH TBt2Hb- TBt2Hb BMbB/2 i?2 b[m�`2 �M/ TBt2Hb QmibB/2 i?2 b[m�`2X X X X 3N

NX3 avMi?2iB+ i2bi b2[m2M+2 mb2/ 7Q` i?2 Q++HmbBQM 2tT2`BK2MiX � #�+F;`QmM/ rBi? � #H�+F
b[m�`2 Q7 bBx2 e9te9 Bb i`�MbH�i2/ ?Q`BxQMi�HHv- bvKK2i`B+�HHv �#Qmi i?2 p2`iB+�H �tBbX Ai
Bb Q++Hm/2/ BM i?2 b2+QM/ 7`�K2 #v � `2+i�M;H2 Q7 BM+`2�bBM; rB/i?X h?Bb BK�;2 T�B`
+Q``2bTQM/b iQ � p2HQ+Biv K�;MBim/2 Q7 v = (64, 0) �M/ �M Q++HmbBQM `2+i�M;H2 rB/i? Q7
jk TBt2HbX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ny

NXN UH27iV h?2 ~Qr K�T Q7 6HQrL2ik* 7Q` �M Q++HmbBQM `2+i�M;H2 rB/i? Q7 jk TBt2Hb- K2�MBM;
?�H7 i?2 b[m�`2 Bb Q++Hm/2/ BM i?2 b2+QM/ 7`�K2X h?2 KQ/2H Bb QMHv �#H2 iQ K�i+? i?2
2/;2b Q7 i?2 b[m�`2 BM i?2 irQ 7`�K2bX U`B;?iV h?2 ~Qr K�T Q7 aTvL2i 7Q` �M Q++HmbBQM
`2+i�M;H2 rB/i? Q7 e9 TBt2Hb- K2�MBM; i?2 b[m�`2 Bb +QKTH2i2Hv Q++Hm/2/ BM i?2 b2+QM/
7`�K2X >2`2 i?2 KQ/2H 2biBK�i2b i?2 b[m�`2 /Bb�TT2�`b BM i?2 b2+QM/ 7`�K2X X X X X X X X Ny

"XR 6HQr }2H/ +QHQ` +Q/BM; i�F2M 7`QK "�F2` 2i �HX- kyRRX 6QHHQrBM; i?2 +QHQ` +Q/BM; `B;?ir�`/
KQiBQM +Q``2bTQM/b iQ � `2/ +QHQ`X LQi2 i?�i 2p2`v ~Qr }2H/ K�T BM i?Bb i?2bBb Bb
MQ`K�HBx2/ mbBM; i?2B` H�`;2bi �M/ HQr2bi KQiBQM K�;MBim/2bX X X X X X X X X X X X X X X X Nd



GBbi Q7 h�#H2b

kXR Pp2`pB2r Q7 #Qi? bvMi?2iB+ �M/ M�im`�H /�i�b2ib rBi? /2Mb2 QTiB+�H ~Qr ;`QmM/ i`mi?X
LQi2 i?�i /�i�b2ib rBi? � T`Bp�i2 i2bib2i +�M #2 mb2/ � #2M+?K�`FX h?2 #2M+?K�`F KQbi
Q7i2M mb2/ Bb JSA@aBMi2HX �/�Ti2/ 7`QK J�v2` 2i �HX- kyR3X X X X X X X X X X X X X X X X X jN

jXR S2`7Q`K�M+2 Q7 i?2 +QMbi�M+v �bbmKTiBQM 7Q` /Bz2`2Mi +QM+2Tib rBi? BMi2MbBiv +?�MM2Hb
+QMi�BMBM; T?QiQK2i`B+�HHv BMp�`B�Mib mM/2` Q`B;BM�H- KmHiBTHB+�iBp2 �M/ �//BiBp2 HB;?iBM;
BM �p2`�;2 �M;mH�` 1``Q` U��1V QM i?2 bi`22i b2[m2M+2 U?iiT,ffQ7@2p�HXbQm`+27Q`;2X
M2iVX h�#H2 Bb �/�Ti2/ 7`QK JBH2p�- "`m?M �M/ q2B+F2`i- kyydX X X X X X X X X X X X X X X 99

eXR .2i�BH2/ #`2�F/QrM Q7 i?2 T2`7Q`K�M+2 Q7 aTvL2i- 6HQrL2ia �M/ 6HQrL2i* QM i?2 JSA@
bBMi2H +H2�M T�bb 7Q` /Bz2`2Mi p2HQ+BiB2b UbV �M/ /Bbi�M+2b U/V 7`QK KQiBQM #QmM/�`B2bX
ǵY7iǶ +Q``2bTQM/b iQ i`�BM2/ QM i?2 6HvBM;*?�B`b /�i�b2i �M/ }M2imM2/ QM i?2 JSA@aBMi2H
+H2�M T�bb Ub22 a2+iBQM eX9V X o�Hm2b +Q``2bTQM/ iQ �11 T2` #`2�F/QrM 2H2K2MiX LQi2
i?2 /2+`2�b2/ T2`7Q`K�M+2 �i ?B;? p2HQ+BiB2b 7Q` i?2 bT�iBQi2KTQ`�H }Hi2`@#�b2/ *LLb
UaTvL2i �M/ 6HQrL2iaV �M/ M2�` KQiBQM #QmM/�`B2bX h?2 `2H�iBp2 2``Q` M2�` KQiBQM
#QmM/�`B2b �b 7`�+iBQM Q7 �HH �11 Bb �HbQ ?B;?2` 7Q` 6HQrL2ia �M/ aTvL2iX h�F2M 7`QK
_�MD�M �M/ "H�+F- kyRdX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e8

eXk Pp2`pB2r Q7 #Qi? bvMi?2iB+ �M/ M�im`�H /�i�b2ib rBi? /2Mb2 QTiB+�H ~Qr ;`QmM/ i`mi?X
LQi2 i?�i /�i�b2ib rBi? � T`Bp�i2 i2bib2i +�M #2 mb2/ � #2M+?K�`FX h?2 #2M+?K�`F KQbi
Q7i2M mb2/ Bb JSA@aBMi2HX �/�Ti2/ 7`QK J�v2` 2i �HX- kyR3X X X X X X X X X X X X X X X X X dy

�XR JQ/2H /2i�BHb Q7 6HQrL2iaX h?2 2tT�MbBp2 T�`i Q7 i?2 M2irQ`F bi�`ib �i ǵ~QreǶX LQi2 i?2
/Bz2`2M+2 BM i?2 2tT�MbBp2 T�`i Q7 i?2 M2irQ`F Bb /Bz2`2Mi i?�M i?2 /BK2MbBQMb T`QpB/2/
BM .QbQpBibFBv 2i �HX- kyR8X �HbQ MQi2 i?�i 2p2M BM J�v2` 2i �HX- kyR3 i?2 /BK2MbBQMb �`2
MQi +Q``2+iHv bT2+B}2/ 7Q` i?2 bBx2b Q7 i?2 mT+QMpQHmiBQM�H F2`M2Hb Q7 6HQrL2ik*X X X X X Ne

�Xk JQ/2H /2i�BHb Q7 aTvL2iX ǵ~QryǶ `272`b iQ x2`Q@p�Hm2/ BMBiB�H ~Qr K�T 2biBK�i2X "2ir22M
Tv`�KB/ H2p2Hb i?2 ~Qr 2biBK�i2 Bb #BHBM2�`Hv mTb�KTH2/X X X X X X X X X X X X X X X X X X X Ne

tpB



R
AMi`Q/m+iBQM

AM i?2 }2H/ Q7 QTiB+�H ~Qr ;2M2`�HHv irQ ivT2b Q7 KQiBQM }2H/b �`2 /Bb+2`M2/X h?2 �TT�`2Mi KQiBQM �M/
i?2 KQiBQM }2H/X h?2 7Q`K2` `272`b iQ i?2 �TT�`2Mi KQiBQM Q7 #`B;?iM2bb T�ii2`Mb BM i?2 BK�;2 �M/ i?2
H�ii2` iQ i?2 k. T`QD2+iBQM Q7 i?2 j. KQiBQM Q7 bm`7�+2b BM i?2 rQ`H/X h?2 �TT�`2Mi KQiBQM }2H/ Bb mb2/
7Q` 7`�K2 BMi2`TQH�iBQM iQ 2M�#H2 pB/2Q +QKT`2bbBQMX q?2`2�b i?2 KQiBQM }2H/ ?�b �TTHB+�iBQMb bm+?
�b Q#D2+i i`�+FBM;- M�pB;�iBQM �M/ pBbm�H Q/QK2i`v Ui?2 2biBK�iBQM Q7 2;Q@KQiBQM Q7 i?2 Q#b2`p2` mbBM;
b2[m2MiB�H BK�;2bV 7Q` `Q#QiB+b BM+Hm/BM; JB+`Q �B` o2?B+H2b UJ�obVX o�`B�iBQM�H �TT`Q�+?2b U*?�Ti2`
jV ?�p2 /QKBM�i2/ QTiB+�H ~Qr 2biBK�iBQM 2p2` bBM+2 i?2 TBQM22`BM; rQ`F Q7 "X EX >Q`M �M/ a+?mM+F-
RN3RX J�Mv BKT`Qp2K2Mib ?�p2 #22M BMi`Q/m+2/ bBM+2 U"`Qt- "`m?M- S�T2M#2`; � q2B+F2`i- kyy9c
wBKK2`- "`m?M � q2B+F2`i- kyRRVX

a2p2`�H K�+?BM2 H2�`MBM; i2+?MB[m2b ?�p2 #22M �TTHB2/ iQ QTiB+�H ~Qr 2biBK�iBQMX h?2 K2i?Q/ Q7
amM- _Qi?- G2rBb �M/ "H�+F- kyy3 r�b �KQM; i?2 }`bi iQ 2M/@iQ@2M/ i`�BM2/ QTiB+�H ~Qr 2biBK�iBQM
K2i?Q/bX .m2 iQ i?2 H�+F Q7 i`�BMBM; /�i�- Bi /B/ MQi 7mHHv b?Qr i?2 7mHH T`QKBb2 Q7 H2�`MBM;@#�b2/
QTiB+�H ~Qr �TT`Q�+?2bX qBi? i?2 MQi�#H2 2t+2TiBQM Q7 qmHz �M/ "H�+F- kyR8- K�+?BM2 H2�`MBM; QTiB+�H
~Qr 2biBK�iBQM K2i?Q/b ?�p2 MQi #22M �#H2 iQ �+?B2p2 i?2 b�K2 H2p2H Q7 T2`7Q`K�M+2 �b p�`B�iBQM�H
K2i?Q/bX

h?2 �p�BH�#BHBiv Q7 KQ`2 T`Q+2bbBM; TQr2`- � M2r /22T H2�`MBM; �`+?Bi2+im`2 +�HH2/ *QMpQHmiBQM�H L2m`�H
L2irQ`Fb U*LLbV- �M/ bvMi?2iB+�HHv ;2M2`�i2/ /�i�b2ib ?�p2 BMbTB`2/ .QbQpBibFBv 2i �HX- kyR8 iQ T`QTQb2
irQ M2r 2M/@iQ@2M/ i`�BM2/ 2M+Q/2`@/2+Q/2` �`+?Bi2+im`2b 7Q` QTiB+�H ~Qr 2biBK�iBQMX 1M/@iQ@2M/ K2�Mb
� bBM;H2 722/@7Q`r�`/ �`+?Bi2+im`2 Bb mb2/ r?B+? i�F2b BK�;2b �b BMTmi �M/ T`Q/m+2b � ~Qr K�T �b
QmiTmiX LQi2 i?�i i?2 �p�BH�#BHBiv Q7 H�`;2 �KQmMib Q7 i`�BMBM; /�i� ?�b +�mb2/ *LLb iQ #2+QK2 i?2
bi�i2@Q7@i?2@�`i K2i?Q/ QM � p�`B2iv Q7 +QKTmi2` pBbBQM i�bFb bm+? �b bi2`2Q- b2;K2Mi�iBQM �M/ Q#D2+i
/2i2+iBQMX P#i�BMBM; bm{+B2Mi ;`QmM/@i`mi? /�i� 7Q` QTiB+�H ~Qr ?�b T`Qp2M iQ #2 /B{+mHiX "2+�mb2
i?2`2 �`2 +m``2MiHv MQ b2MbQ`b 7Q` /B`2+iHv +�Tim`BM; QTiB+�H ~Qr ;`QmM/@i`mi? �M/ K�Mm�H H�#2HBM; Bb
/B{+mHi �M/ iBK2@+QMbmKBM;X avMi?2iB+�HHv ;2M2`�i2/ /�i�b2ib ?�p2 Qp2`+QK2 i?Bb T`Q#H2K �M/ �HHQr2/
/22T *LLb iQ #2 2M/@iQ@2M/ i`�BM2/X AMbTB`2/ #v i?2 *LL �`+?Bi2+im`2 Q7 Qi?2` TBt2H@H2p2H T`2/B+iBQM
i�bFb- bm+? �b #BQK2/B+�H BK�;2 b2;K2Mi�iBQM U_QMM2#2`;2`- 6Bb+?2` � "`Qt- kyR8V- .QbQpBibFBv 2i
�HX- kyR8 T`QTQb2 irQ ?Qm`;H�bb@HBF2 *LL �`+?Bi2+im`2bX PM2 Bb � +Q``2H�iBQM@#�b2/ �`+?Bi2+im`2 r?B+?
}`bi 2ti`�+ib HQr@H2p2H 72�im`2b �M/ i?2M +QKTmi2b � T�i+?rBb2 bBKBH�`Biv K2�bm`2X h?2 Qi?2` Bb �
bT�iBQi2KTQ`�H }Hi2`@#�b2/ �`+?Bi2+im`2 r?B+? i�F2b irQ bi�+F2/ BK�;2b �b BMTmiX

.QbQpBibFBv 2i �HX- kyR8 ?�p2 T`QpB/2/ � #`B27 2tTH�M�iBQM Q7 i?2 rQ`FBM;b Q7 +Q``2H�iBQM@#�b2/ �`+?Bi2+@
im`2b �M/ AH;- Px;mM 2i �HX- kyR3 ?�p2 b?QrM i?�i #v bHB;?iHv KQ/B7vBM; i?2 +Q``2H�iBQM@#�b2/ �`+?Bi2+@
im`2- i?2 *LL T`Q/m+2b ?B;? mM+2`i�BMiv BM +�b2b r?2`2 QTiB+�H ~Qr 2biBK�iBQM Bb /B{+mHiX AH; 2i �HX-
kyRd b?Qr2/ i?�i i?2 +Q``2H�iBQM@#�b2/ �`+?Bi2+im`2 Bb bmT2`BQ` BM i2`Kb Q7 T2`7Q`K�M+2X h?2`27Q`2-
`2+2Mi �/p�M+2b ?�p2 T`BK�`BHv 7Q+mb2/ QM 2ti2M/BM; �M/ BKT`QpBM; i?2 �++m`�+v Q7 +Q``2H�iBQM@#�b2/
�`+?Bi2+im`2b �M/ b2iiBM; � #2M+?K�`F QM Tm#HB+ i2bi b2ib bm+? �b JSA@aBMi2H "miH2`- qmHz- ai�MH2v �M/

R
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Abstract—End-to-end trained Convolutional Neural Networks

have led to a breakthrough in optical flow estimation. The most

recent advances focus on improving the optical flow estimation

by improving the architecture and setting a new benchmark on

the publicly available MPI-Sintel dataset. Instead, in this article,

we investigate how deep neural networks estimate optical flow. A

better understanding of how these networks function is important

for (i) assessing their generalization capabilities to unseen inputs,

and (ii) suggesting changes to improve their performance. For

our investigation, we use a filter identification method that has

played a major role in uncovering the motion filters present

in animal brains in neuropsychological research. The method

shows that the filters in the deepest layer of the encoder-decoder

neural network are sensitive to a variety of motion patterns. Not

only do we find translation filters, as demonstrated in animal

brains, but thanks to the easier measurements in artificial neural

networks, we even unveil dilation, rotation, and occlusion filters.

Furthermore, we find similarities in the refinement part of the

network and the perceptual filling-in process which occurs in the

mammal primary visual cortex.

Index Terms—Optical flow, convolutional neural networks,

Gabor filters, neuropsychology

I. INTRODUCTION

Optical flow is a visual cue defined as the appearance of
spatiotemporally varying brightness patterns [1], which can be
perceived by both biological vision systems and cameras. This
cue is important for the behavior of animals of varying size [2],
ranging from small flying insects [3] to humans [4], as it allows
these animals to estimate their ego-motion. Optical flow is also
important in computer vision and robotics applications, e.g.
Micro Air Vehicles (MAVs), for tasks such as object tracking
[5], navigation [6], [7], and image interpolation [8].

Many algorithms have been introduced to determine optical
flow, including, correlation-based matching methods [9], [10],
frequency-based methods [11], [12], and differential meth-
ods [13], [14]. Correlation-based matching methods try to
maximize the similarity between different intensity regions
across multiple frames. Finding the best match then corres-
ponds to finding the shift which maximizes the similarity
score. Frequency-based methods exploit either the amplitude
or phase component of the complex valued response of a
Gabor quadrature filter pair [15] convolved with an image
sequence. Differential methods compute optical flow based on
a Taylor expansion of the brightness constancy assumption.

⇤MSc student, †supervisor

Correlation-based, frequency-based, and differential-based
methods all compute flow based on the assumption that the
brightness of a moving pixel remains constant over time and
when applied locally are subject to the aperture problem [16];
the true motion of a one-dimensional structure (such as a
bar or an edge) cannot be estimated unambiguously. Instead,
only the motion component that is normal to this structure
can be perceived. In functional form, this corresponds to one
equation with two unkowns (the horizontal and vertical flow
component) and thus additional constraints are needed to solve
for this equation.

For example, for differential methods a global smoothness
constraint has been added [13], which assumes that neighbor-
ing pixels undergo a similar motion. Then, the global differ-
ential method can be formulated as a global energy function
consisting of a data term based on the brightness constancy
assumption and a global smoothness term. The global energy
term can be minimized using the Euler-Lagrange equations
[17], which belong to the mathematical field calculus of
variations. Methods based on the minimization of a global
energy term using this numerical scheme are called variational
methods and have played a dominant role for many years due
to their performance. However, variational methods have two
significant drawbacks. First, the iterative minimization of the
energy function leads to long computation times. Second, the
brightness constancy assumption is a coarse approximation
to reality and this limits the performance. Deviations like
illumination changes and occlusion violate this assumption
[18], [19]. Research has focused on incorporating extra energy
terms to deal with deviations from the brightness constancy
assumption and improving the robustness of global smoothness
constraints, leading to slow but steady progress.

As in many other computer vision areas, currently, the best-
performing algorithms are trained deep neural networks. A ma-
jor challenge that had to be overcome to be able to train such
networks was obtaining ground-truth training data. Obtaining
this data for the task of optical flow is difficult due to the
lack of ground-truth sensing and the excessive human effort
required for manual optical flow labeling. Dosovitskiy et al.
[20] were the first to successfully train deep neural networks to
estimate optical flow by using a synthetically generated dataset
with optical flow ground truth. Their networks, FlowNetS and
FlowNetC, initially performed slightly worse than the state-of-
the-art variational methods [21]. However, trained deep neural
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Figure 1: Schematic representation of the FlowNetS architecture. The network consists of a contracting and expanding part.
The contracting part compresses spatial information through the use of strided convolutions, and the expanding part uses
upconvolutions to refine the flow maps. The predict-flow (pf) layers transform the activations in the feature maps to a
horizontal and vertical flow component. The final flow map f2 is bilinearly upsampled to achieve the same resolution as the
input. The feature map corresponding to the output of the c6 layer will be studied in Section IV & V. The flow refinement
process will be discussed in Section VI.

networks became the new state-of-the-art method for optical
flow estimation by subsequent researchers who focused on
improving the architecture and training data [22]–[24].

Until now, the functioning of these networks is poorly
understood. In this article we investigate how deep neural
networks perform optical flow estimation. There are two
main reasons why this is important. First, it is difficult to
guarantee correct behavior outside of the publicly available
testsets without knowing what the network does. Second, a
better understanding of what the architecture does may lead to
valuable recommendations for improving the performance, for
instance, by changing properties of the architecture or training
data. To the best of our knowledge this is the first work which
provides extensive insight into the workings of deep neural
networks for optical flow estimation.

In our analysis of deep optical flow networks, we make use
of a method that has helped unveiling the workings of motion-
sensitive brain areas in neuropsychology [25]. Specifically,
we measure the response of neurons in the deepest layer of
the contracting part of FlowNetS [20] to stimuli with varying
spatio-temporal frequencies, and construct a spectral response
profile. The input stimuli used are translating plane waves, as
this input type proved to be more selective in the frequency
domain than moving bars [26]. Based on the earlier findings of

Gabor filters [15] in biological vision systems [27], [28] and
other learning-based methods, such as independent component
analysis [29] and learned basis functions for sparse image
representation [30], we expect to find these filters in FlowNetS
as well. Therefore, we fit a Gabor function to the spectral
response profile and study the residual error patterns. We find
that the Gabor translational motion filter model is suitable for
the majority of the filters. Additionally, we find filters sensitive
to motion patterns such as dilation, rotation, and occlusion.
Interestingly, neurons sensitive to these motion patterns have
not been mentioned in neuropsychology literature. Further-
more, our analysis strongly suggests that the resolution in
the temporal frequency domain can be significantly improved
if more than two frames would be used as input to the
neural network. Lastly, we find that the optical flow refinement
process in the decoder part of the network behaves similarly
in function to flow refinement in biological vision systems.

The structure of this paper is as follows. Section II provides
an account of the related work regarding neural response iden-
tification methods used in neurosychology and deep-learning.
In Section III an explanation of the architecture of our version
of FlowNetS [20], which can be seen in Figure 1, is given.
Also, the motivation behind the minor changes in training and
architecture is discussed here. In Section IV, translating plane



waves are used as input to FlowNetS and the fit of the Gabor
filter model [15] to the response of filters in the c6 layer is
analysed. Next, the limitations of the methodology of Section
IV is discussed in Section V. Furthermore, Section V discusses
the response of filters in the c6 layer of FlowNetS to dilating
and rotating waves. Section VI outlines until what scale the
neural network is able to resolve the aperture problem and
highlights the filling-in effect which occurs in the expanding
part of the network. A discussion based on the findings takes
place in Section VII and outlines potential future work. Lastly,
the conclusion drawn from the experiments can be found in
Section VIII.

II. RELATED WORK

A. End-to-end trained neural networks for optical flow estim-
ation

Every since the pioneering work of Horn et al. [13],
variational optical flow methods [31] have played a dominant
role in optical flow estimation due to their performance. Most
modern variational optical flow estimation pipelines consist of
four stages: matching, filtering, interpolation, and variational
refinement. Various improvements have been proposed over
time to deal with issues such as long-range matching [32] and
occlusion [33]. Furthermore, improvements such as dense cor-
respondence matching based on convolution response maps of
the reference image with the target image [34], and supervised
data-driven interpolation of a sparse optical flow map [35]
were also proposed. These last two improvements introduced
elements of deep learning into the variational optical flow
estimation pipeline.

Dosovitskiy et al. [20], however, were the first to introduce a
supervised end-to-end trained Convolutional Neural Network
(CNN). CNNs have three major advantages when it comes
to estimating optical flow. First, as shown by subsequent
researchers [22]–[24], CNNs outperform variational optical
flow estimation methods in terms of accuracy, thus establishing
a new state-of-the-art in this problem. Second, the runtime
of CNN-based optical flow algorithms is significantly lower
than variational methods [22]. Third, CNN-based methods can
learn from data and can exploit statistical patterns not realized
by a human designer. This is an advantage over variational
methods which require explicit assumptions on the input
which are coarse approximations to reality. However, CNN-
based methods also have three disadvantages. First, the results
obtained depend on the quality and size of the training data
used. Second, CNN-based methods face the risk of overfitting,
which is especially the case for optical flow estimation because
it is difficult to obtain ground truth [21]. Third, there is no
guarantee that the trained models will generalize to scenarios
which are not encountered in the training dataset. Due to the
black-box nature of these methods there is also no insight into
the limitations of the networks and the workings of the learned
solution. There are also two difficulties which arise when
using CNN-based methods. First, due to the large amount of
parameters, the memory footprint of these models is typically
large. Second, the learning process is significantly affected by

the setting of hyperparameters [23] and the loss function used
[36].

Dosovitskiy et al. [20] introduced two architectures, i.e.
FlowNetS and FlowNetC, based on the U-net architecture [37],
which consists of a contracting and an expanding part. In the
contracting part information is spatially compressed and in
the expanding part information is refined. While FlowNetS is
a rather generic network consisting of simple convolutions,
FlowNetC creates two separate processing streams and com-
bines these streams in a correlation-layer. This layer performs
a multiplicative patch comparison between feature maps. Due
to the explicit use of a correlation-layer, it is more straight-
forward to understand the workings of FlowNetC. Subsequent
researchers have focused on improving the correlation-based
architecture by using an image pyramid with warping in
between pyramid levels [23], and a flow regularization method
based on variational energy minimization principles [24].
However, not much is known about the workings of FlowNetS.
Ranjan et al. [38] introduced SpyNet, a spatial image pyramid
with simple convolutional layers at each pyramid level and a
warping operation between pyramid levels. They visualized the
weights of the first layer of their network and claim that these
filters resemble Gabor filters [15]. This provided a glimpse
into the working principle of SpyNet. Finally, Teney et al.
[39] built a shallow CNN-architecture by integrating domain
knowledge, such as invariance to brightness and in-plane
rotations, and using signal processing principles. On small
motion, their architecture performs well, but their shallow
CNN performs poorly on large motion near occlusions. They
conclude good occlusion performance requires reasoning over
a larger spatiotemporal extent, which their shallow architecture
is not able to do.

Ilg et al. [40] tried to quantify the uncertainty of CNN-
based methods to handle the black-box nature of deep neural
networks. They used a modified FlowNetC which produces
multiple hypotheses per forward pass, which are then merged
to a single distributional flow output. They showed that their
network produces flow estimations with high uncertainty in
cases where optical flow estimation is difficult (shadows,
transparant motion, etc.). Lastly, Ranjan et al. [41] highlighted
another downside of deep neural networks, which is the ability
of adversarial examples to fool neural networks and produce
erroneous results. They showed that especially networks using
an encoder-decoder architecture are affected, while networks
using a spatial pyramid framework are less vulnerable. None
of the works above, however, provide an explanation of how
their architecture performs optical flow estimation.

B. Receptive field mapping
In order to understand what neural networks have learned,

two threads of research in neural network interprability can
be discerned: attribution and feature visualization. Attribution
methods [42], [43] are used to attribute filter outputs, like
optical flow, to parts of the input by visualizing the gradient.
However, it is hard to see where an optical flow estimate comes
from. On the other hand, feature visualization is concerned



with understanding what neurons, filters, or layers in a neural
network are sensitive to by optimizing the input [44]. When
optimizing the input, the result is usually an image with noisy
and visually difficult to interpret high-frequency patterns [45].
Three methods of regularization can be applied to cope with
this phenomenon. First, frequency penalization discourages the
forming of these patterns. The downside is that this approach
also discourages the forming of legitimate high-frequency pat-
terns which are of interest for optical flow estimation. Second,
small transformations like scaling, rotation, or translation can
be applied in between optimization steps [46]. This approach
is also not viable because transformation affects the ground
truth of optical flow. Third, priors can be used which can keep
the optimized input interpretable. Such approaches typically
involve learning a generative model [47] or enforcing priors
based on statistics from the training data [48]. Also, this
approach is often very complex and it may be unclear what
can be attributed to the prior and what can be attributed to
what the network has learned.

Due to these reasons, we look at the field of neuropsy-
chology and specifically study what methods researchers have
used to determine what stimuli activate neurons in mammalian
vision systems and what functions best describe the responses.
It was shown that Gabor functions [15] best modeled the spa-
tial response of simple cells in the mammal visual cortex [27],
[49], [50]. It can be shown that Gabor filters are optimal for
simultaneously localizing a signal in the spatial and frequency
domain [51], making them ideal for motion estimation. Later,
DeAngelis et al. [52] examined the spatiotemporal response of
cells and their space-time separability. If a cell is space-time
separable, it can be described as the multiplication of a func-
tion of space and a function of time. If the response of a cell is
not space-time separable, a spatial description of the receptive
field profile does not suffice. In functional form, space-time
separable Gabor filters are frequency-tuned with a stationary
Gaussian envelope and space-time inseperable Gabor filters
are velocity-tuned with a moving Gaussian envelope [53]. In
this work we only considered fitting frequency-tuned Gabor
filters, due to their simplicity and the low number of frames
used by FlowNetS and FlowNetC.

Two approaches to receptive field mapping in neuropsy-
chology can be discerned: the reverse-correlation based ap-
proach and the spectral response profile approach. The reverse-
correlation-based approach presents a rapid random sequence
of flashing bars at various imaging locations to the mammal.
The spike train emitted by the neuron in the subject is
correlated to the sequence in which the stimuli were presented.
This approach allows for a rapid measurement of the receptive
field profile in the spatiotemporal domain [28]. On the other
hand, the spectral response profile approach presents translat-
ing plane waves to the mammal at varying orientations and
spatiotemporal frequencies [54], [55]. Jones et al. used both
the reverse-correlation approach to construct a spatial receptive
field profile [56] and measured the response to plane waves
to construct a spectral response profile [25]. Subsequently, the
spatial and spectral responses obtained were compared to the

Gabor filter model in the spatial and frequency domain and
the filter parameters obtained from both methods proved to be
highly correlated [27]. Deangelis et al. [52] used the reverse-
correlation approach to measure the spatiotemporal receptive
field profiles in visual cortex of cats. In a follow-up work, they
examine the linearity in the spatial and temporal responses
[55]. Therefore, they compared the Fourier-transformed re-
sponses obtained using the reverse-correlation procedure to
the spectral responses obtained using translating plane waves.

In this work we extend the approach of Jones et al. [27]
to the spatiotemporal domain and measure spectral responses
of the network to translating plane waves to which frequency-
tuned spatiotemporal Gabor filters will be fitted. A benefit of
measuring the spatiotemporal spectral responses for optical
flow is that translation is more easily described in the fre-
quency domain [53]. Although there has been research into
non-Fourier motion, such as theta motion [57], translucency
[58], and occlusion [59], an analytical description of dilation
and rotation in the frequency domain is, to the best of our
knowledge, missing. Therefore we simulate the response of
dilation and rotation filters to translating plane waves, which
can be found in Section V.

C. Aperture problem

Optical flow estimations methods are only able to resolve
motion components normal to the orientation of an edge in
the intensity pattern. If motion takes place tangent to an edge,
then we are not able to resolve it locally. This is known as
the aperture problem [16]. In CNNs the size of the aperture
of a neuron is referred to as the receptive field. The receptive
field is defined as the region in the input which affects the
activation of the neuron. For a neuron in a given layer, it
can be calculated what the receptive field size is using simple
arithmetic [60]. In this work we show that the receptive field
size is related to the aperture problem by training different
versions of FlowNetS with varying receptive field sizes.

In neuropsychology, Komatsu [61] has shown the existence
of a perceptual filling-in mechanism in the mammalian visual
cortex for cues such as colour, brightness, texture, or motion.
While the precise neural workings are still under discussion,
edge structure [62] and the interaction between neighboring
neurons play an important role in this process [63].

In neural networks attempts have been made to implement
such a mechanism as well. To allow for the interaction between
neurons, a recurrent model can be used [64]. Zweig et al. [35],
however, used an unfolded feed-forward version of a recurrent
network and a multi-layer loss to allow for interaction between
neurons. Their CNN-based motion interpolation architecture
takes a sparse flow map and edge structure as input. They
showed their motion interpolation method refines motion es-
timates similarly to the human visual cortex by demonstrating
the filling-in effect of the network on a Kanizsa illusion [65].
FlowNetS also features a multi-layer loss, and in Section VI
the ability of the expanding part of FlowNetS to interpolate
and refine flow maps is highlighted.
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Figure 2: The receptive field size corresponding to the activa-
tion of a filter in the c6 layer of our FlowNetS projected onto
two 1024x768 input frames. The cross marks the center pixel
and corresponds to the origin of the coordinate system. Image
is drawn to scale in the xy-plane.

III. MODEL DETAILS

In this section we specify the model which was used
during the experiments. In Figure 1 a schematic representation
of the architecture of FlowNetS can be seen, which takes
two consecutive images as input. The network consists of a
contrating part which uses strided convolutions to compress
spatial information, and an expanding part that uses upcon-
volutions and a multi-layer loss function. The flow map f2
is bilinearly upsampled to achieve an output flowmap of the
same resolution as the input.

We slightly modify the original FlowNetS in order to
improve the interpretability of the motion filter analysis.
First, we use a ReLU activation function as opposed to a
leakyReLU1 activation function to simplify the spectral Gabor
fitting process discussed in Section IV. Furthermore, in the
predict-flow (pf) layers the bias terms are removed because
the flow is assumed to be zero-centered. Also, the kernel size
in the pf layers is reduced from 3x3 to 1x1, meaning that the
activations in the c6 layer are converted to motion in u and
v image coordinates2 by means of a simple multiplication,
resulting in the coarsest flow map f2. This brings the total
receptive field size in the c6 layer to 383 pixels as opposed
to the original size of 511 pixels. The size of the receptive

1Dosovitskiy et al. [20] mention the use of the ReLU activation function
in their work. The release of their pre-trained models, however, uses a
leakyReLU activation function.

2u and v correspond to motion in x and y direction respectively.

field is depicted in Figure 2. The full details of our version of
FlowNetS can be found in Table I in Appendix A.

Regarding training, as in [20] we use the same data aug-
mentation on both frames, but we do not use incremental flow
and color augmentation between frames since the authors do
not specify the parameters of the latter data augmentation
scheme. Furthermore, the network is trained for fewer iter-
ations (300K iterations versus 600K iterations) due to limited
availability of computational resources. Evaluation on the
MPI-Sintel dataset and FlyingChairs dataset shows comparable
performance between our FlowNetS and the original version,
as can be seen in Table II in Appendix A.

The synthetic dataset FlyingChairs, which was used to train
the original and our slightly modified FlowNetS, consists of
approximately 22k image pairs. The image pairs are composed
of a varying numbers of chairs and background images from
natural scenes. Between image pairs, a composition of trans-
lation, rotation, and scaling motion is applied. The size of the
chairs is sampled from a Gaussian with a mean and standard
deviation of 200 pixels, clamped between 50 and 640 pixels.
Note that the synthetic scenes also contain occlusion. Details
about the composition of affine motion can be found in [20].

IV. GABOR SPECTRAL RESPONSE PROFILE FITTING FOR
TRANSLATION

In this section we investigate what motion patterns the filters
in the c6 layer of our FlowNetS are sensitive to. Instead of
analyzing the selectivity of all FlowNetS filters, we focus our
study on the filters of the c6 layer. As shown in Figure 1, the
activations of the feature maps of these layers are directly
transformed by two multiplicative values (i.e. pf6) into a
horizontal and vertical motion estimate (i.e. f6). Subsequently,
this initial flow estimate is also used for refinement. For these
reasons, we believe that the most compressed representation
of what optical flow is and how to estimate it, is encoded in
this layer.

In this section, first the theory behind Gabor filters and the
Gabor spectral response fitting method is discussed. Second,
the result obtained are presented. Third, we discuss the resol-
ution in the temporal frequency domain of the fitted filters.

A. Methodology
As in [11], [15], [53], the spatiotemporal frequency-tuned

Gabor filter g in Cartesian coordinates centered in the origin
(0, 0, 0) can be written as the product of a spherical Gaussian
w and a translating plane wave s:

g(x, y, t) = s(x, y, t)w(x, y, t) (1)

where the spherical Gaussian w is defined by:

w(x, y, t) = exp

✓
�⇡

✓
x2
r

�2
x

+
y2r
�2
y

+
t2

�2
t

◆◆
(2)

where �x, �y , and �t control the spread of the spatiotemporal
Gaussian window. The spherical Gaussian w can be centered at
any spatial location using an offset. To decrease the number
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Figure 3: Gabor filters g1, g2, g3, and g4 in the xt-domain and the power spectrum of the corresponding Fourier-transformations
G1, G2, G3, and G4. g1 and g2 are sensitive to the same velocity v0. g3 is tuned to the same spatial frequency fx as g1 but
to a lower temporal frequency ft and is thus sensitive to a lower velocity v0. g4 is tuned to the same frequencies as g1 but at
phase '0 of 90 degrees.

of parameters in the fitting process, it is assumed that the
center of the Gaussian coincides with the center pixel of the
receptive field. Furthermore, the subscript r denotes a rotation
operation which allows the spherical Gaussian to be aligned
along orientation ✓0 and is defined as:

xr = x cos(✓0) + y sin(✓0)

yr = �x sin(✓0) + y cos(✓0)
(3)

where a positive value of ✓ corresponds to a clockwise rotation
with respect to the positive x-axis. Note the use of a clockwise
convention due to the use of the pixel-coordinate system which
uses a downward positive y-axis as can be seen in Figure 2.
The subscript 0 indicates the parameter value corresponding
to the peak response of the filter. The center of the coordinate
system corresponds to the center of the receptive field as
indicated by the cross in Figure 2.

Furthermore, a translating plane wave s in the Cartesian
coordinate system can be written as:

s(x, y, t) = cos (2⇡ (F0xr � ft0t) + '0) (4)

where the spatial frequency magnitude F0 in cycles per pixel
is related to the spatial frequency in x and y direction via
F0 =

q
f2
x0

+ f2
y0

, and the preferred direction of motion ✓0 to
the spatial frequencies via ✓0 = tan�1 (fy0/fx0). A higher
spatial frequency F0 allows tracking of motion of thinner
image structures. Note that velocity v0 is defined as pixels

per frame and is related to spatial frequency F0 and temporal
frequency ft0 via v0 = ft0/F0 [11]. When a signal is sampled
in time or space, frequency components which are larger
than or equal to 0.5 cycle per frame (the Nyquist frequency)
become undersampled and aliasing occurs. Thus, if we limit
ourselves to signals which do not suffer from aliasing, the
maximum velocity a signal can have is limited by its spatial
frequency F0.

Now consider two Gabor filters in the xt-domain, g1 and
g2, as depicted in Figure 3. The spatial frequency F0 and
temporal frequency ft0 of g2 are twice as large as for g1 and
thus both filters are sensitive to the same velocity v0. In fact, it
can be seen that all spatiotemporal frequency components with
velocity v0 lie on a straight line passing through the origin,
and the slope corresponds to the velocity magnitude |v0|. In
Figure 4a the 3D frequency space with the half-magnitude
profile of a Gabor filter g is visualized and the slope of the
velocity magnitude |v0| can be seen. Furthermore, g3 in Figure
3 depicts a filter tuned to the same spatial frequency fx as g1
and a lower temporal frequency ft , resulting in a filter tuned
to a different velocity v0.

Lastly, '0 denotes the phase, and the filter is even when
'0 = 0 and odd when '0 = ±⇡. An example of this can be
seen in g4 and g1 which depict a sine and cosine respectively.

Because we will fit the response of phase-sensitive filters,
we highlight three phase-dependent convolution phenoma.
Note that a valid convolution of two tensors with equal size
corresponds to the sum of the dot product of two tensors. First,
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Figure 4: (a) Illustration of the half-magnitude profile in the 3D frequency domain of a spatiotemporal Gabor filter. (b) The
three ranges along which the responses of the Gabor half-magnitude profile will be evaluated for the fitting process.

because a sine is an odd signal, the dot product of two sines
at opposite frequencies �f and +f is negative as can be seen
in the top plot in Figure 5. Second, the dot product of a cosine
(an even signal) at opposite frequencies will be positive due
to the even nature of the function as can be seen in the middle
plot in Figure 5. Third, sine and cosine are decorrelated and
thus the dot product will be zero between these two signals
which is illustrated in the bottom plot in Figure 5.
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Figure 5: Dot product of waves with the same frequencies of
different phase. Top: Dot product of two sines with opposite
frequencies resulting in a negative activation. This demon-
strates the odd nature of a sine. Middle: Dot product of two
cosines with opposite frequencies resulting in a positive activ-
ation. This demonstrates the even nature of a cosine. Bottom:
Dot product of a sine and cosine at the same frequency.
Because sine and cosine are decorrelated this results in zero
activation.

Gabor spectral response profile fitting

In the Gabor spectral response fitting process, translating
plane waves s are used as input and we try to minimize the
difference in response between filters in the c6 layer of our
FlowNetS and fitted Gabor filters g. To better approximate the
response of the filters in the c6 layer, we enhance the Gabor
filter output with a gain term K, bias term b, and pass the
response through a ReLU non-linearity. Then the response r
to a convolution with a translating plane wave s and a Gabor
filter g is given by:

r = ReLU (K(s(x, y, t) ⇤ g(x, y, t) + b)) (5)

where the response r is a function of nine parameters. These
parameters are estimated in a two-step process.

First, a gridsearch is performed to determine the location in
the spatiotemporal frequency domain with the highest response
per filter in the c6 layer. We denote the response of the filters
in the network by r̂ and the peak response value by r̂0. Because
the fitted Gabor filters are phase sensitive, this amounts to
estimating four parameters (F0, ✓0, ft0 , '0). Therefore, a four-
dimensional grid is constructed of all combinations of these
parameters within a given range and step size. The range and
step size per parameter used for a translating plane wave s can
be seen in Table III in Appendix B. The range for the value of
half spatial wavelength �0/2 = 1/(2F0) is chosen so that it
captures the sizes of the chairs present in the training dataset
(as explained in Section III).

Second, the spatiotemporal spread of the Gaussian, de-
termined by (�x,�y,�t), and the non-linear transformation
parameters (K, b) are estimated. This is done by varying
the F0, ✓0, and ft parameters along three separate ranges.
A depiction of the dimensions along which the response r̂ is
evaluated in the spatiotemporal frequency space can be seen in
Figure 4b. The range per parameter along which the responses
are evaluated can be found in Table IV in Appendix B. Then,
we define the cost function L as the squared difference in
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Figure 6: Location of peak response r̂0 per filter (n = 592) in the spatiotemporal frequency domain in response to translating
plane waves. Left: Half spatial wavelength �0/2 and orientation ✓0 corresponding to peak response r̂0 per filter. The radial
limit of the axis is set to 500 pixels to improve readability. Right: Half spatial wavelength �0/2 and temporal frequency ft0
corresponding to peak response r̂0 per filter. The distribution of half spatial wavelength exhibits a peak around 200 pixels,
indicated by the black dashed line, which is to be expected due to the nature of the training data.

response between the fitted Gabor filter per datapoint r, and
the filter r̂ in the c6 layer per datapoint i along three ranges
of varying parameters in response to a convolution with a
translating plane wave s:

(6)
L =

X

i

kri � r̂ikF +
X

j

krj � r̂jk✓ +
X

k

krk � r̂jkft

= LF + L✓ + Lft

where LF , L✓, and Lft denote the Sum of Squared Errors
(SSE) along their respective intervals. In order to compare the
obtained cost values between filters, we construct a normalized
cost value Lnorm by dividing the cost by the squared peak
response of the filter:

Lnorm = L/r̂20 (7)

We constrain the bounds of the Gabor filter parameters to
obtain reasonable values. This leads to a non-linear bounded
convex optimization problem which can be solved using the
robust trust-region-reflective algorithm [66], [67]

B. Results
We found 592 of the 1024 filters in the c6 layer of

FlowNetS to have an activation larger than 0. This indicates
that our network has a lot of ‘dead neurons’, a problem which
can be attributed to the ReLU activation function [68]. The
location of the peak response of the active filters in terms
of half spatial wavelength �0/2, orientation ✓0, and temporal
frequency ft0 can be seen in Figure 6. In the left plot of
Figure 6 it can be seen that the locations of the peak responses

of the filters are well distributed over all angles. Radially,
there is a concentration around a half spatial wavelength
of 200 pixels (indicated by the red dotted line), which is
to be expected based on the nature of the training data as
the average size of the chairs in the training dataset is 200
pixels. The concentration of the peak responses becomes even
more apparent in the right plot of Figure 6 which shows the
distribution along the temporal and half spatial wavelength
axes. Furthermore, we note that the distribution of the temporal
frequencies is skewed toward the Nyquist limit of 0.5 cycle
per frame. A possible reason for this is the low resolution in
the temporal frequency due to the low number frames used as
input. This will be further discussed in Section IV-C.

The fitted modified Gabor functions (Equation 5) seem to
capture the selectivity of the c6 filters of FlowNetS accurately.
In order to give insight into the goodness of fits for all neural
responses in the c6 layer, we show three example responses
corresponding to different normalized cost values Lnorm in
Figure 7. Note that the red and green filters fit the data
reasonably well, but the red filter shows a systematic deviation
from the fitted Gabor filter near ✓ = 0. For this reason, all
the fits and error patterns above the 75% percent threshold,
corresponding to the green filter, were visually inspected
for systematic deviations. A visual inspection is performed
because an auto-correlation procedure is not possible due to a
non-uniformly spaced polar 3D frequency grid[27].

Figure 9A shows a filter in the c6 layer whose response fits
nicely in the Gabor filter framework. Note that the measured
data, fit, and error are visualized in the 2D polar spatial
frequency domain at peak response temporal frequency ft0
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Figure 7: Quantitative results of the spectral Gabor filter fitting process. Left: Boxplot containing the total normalized cost
Lnorm per filter (n = 592). The blue, green and red cross correspond to a filter at the median, near the 75th percentile and
near the upper whisker limit, respectively. The grey diamonds denote the outliers. Right 3x3 plots: Row-wise the measured
responses of three different filters in c6. The top, middle and bottom row correspond to the cost value as indicated in the
boxplot. The dotted line per row denotes the response of the fitted Gabor filter.

and phase '0. Furthermore, we find three types of systematic
deviations (Figure 9B, 9C, 9E) from the Gabor model and
conclude that some patterns are too complex for interpretation,
such as Figure 9D, partly due to the limitations of the
methodology, which will be further discussed in Section V.

First, note the red filter in Figure 7 which shows a systematic
deviation from the fitted Gabor filter 180 degrees away from
✓0. The red filter is responsive to edge structure (|'0|⇡ 90�)
and is thus approximately odd. Remember that the dot product
of two odd signals at opposite frequencies results in a negative
value (see Figure 5). However, this filter is sensitive to edge
structure and still produces a positive activation at the opposite
spatial frequency �F0, corresponding to 180 degrees away
from ✓0. In Figure 8 the distribution of the phase values '0

versus orientation cost L✓ for all filters is depicted. It can be
seen that there are multiple filters responsive to edge structure
which have a high orientation cost L✓. One possible reason for
this systematic deviation from the Gabor response is that the
network is able to learn a successful flow filter that is invariant
to polarity (meaning white-black or black-white transitions).
This mechanism can be seen as an improvement over a phase-
sensitive Gabor filter, and merits further investigation in future
work. In Figure 9B the 2D spatial frequency response is
visualized of such a filter.

Second, we find two filters which exhibit weak directional
bias. It should be noted that these types of filters are also found
in the Lateral Geniculate Nucles (LGN) of mammals [28]. An
example of such a filter can be found in Figure 9C.

Third, we also find filters which exhibit two or more Gaus-
sian peaks with similar peak response magnitudes tuned to
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Figure 8: Orientation cost L✓ per filter as a function of peak
response phase '0. It can be seen that a number of filters
activating on edge structure near ±90 degrees phase have a
orientation cost.

different spatial frequencies F0, orientations ✓0, and temporal
frequencies ft0 . An example of such a filter can be found in
Figure 9E and the 2D spatiotemporal representation corres-
ponding to this filter can be found in Figure 10. A possible
explanation is that these filters are sensitive to occlusion which
will be further discussed in Section V.

Lastly, we also find filters which appear noisy and are hard
to interpret given the limitations of our methodology. Such an
example can be seen in Figure 9D and the limitations of our
methodology will be discussed in Section V.
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Figure 9: Qualitative analysis of the error patterns of the spectral Gabor fitting process. The spectral response profiles are shown
as a function of spatial frequency F and orientation ✓. Data corresponds to the measured response of a single filter, Fit is
the response of the fitted Gabor filter, and Error shows the difference between these responses. Evaluations are with respect
to temporal frequency ft0 and phase '0 corresponding to peak filter response. These dimensions are omitted for brevity. (A)
The spectral response profile of a filter which does not show any systematic deviation. (B) A filter which activates on opposite
spatial Frequency �F0 although the peak response phase '0 is around 90 degrees.
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Figure 9: (continued) Qualitative analysis of the error patterns of the spectral Gabor fitting process. (C) Filter with a very weak
directional bias. Filters with a weak directional bias are also found in the Lateral Geniculate Nucles (LGN) of mammals[28].
(D) Noisy filter pattern which is difficult to interpret given the current limitations of our approach, which will be discussed in
Section V.



Figure 9: (continued) Qualitative analysis of the error patterns of the spectral Gabor fitting process. (E) For this filter the
spectral response profile for three different temporal frequency ft values is visualized. Two different Gaussian peak responses
at opposite orientation at ft = 0.3 and ft = 0.5 cycle per frame can be seen. The blue and red lines correspond to the axes
of the 2D representation which can be seen in Figure 10.

Figure 10: 2D representation of the measured filter response
corresponding to Figure 9E. The positive and negative spatial
frequency (F ) axis can be seen in blue and red which
correspond to the blue and red lines in Figure 9E. Two
different Gaussian lobes can be identified tuned to different
spatiotemporal frequencies.

C. Temporal bandwidth
For orientation ✓ and temporal frequency ft, the bandwidth

is defined as the width of the filter which provides an output
above half the maximum filter output r̂0. This leads to a
bandwidth in degrees �✓1/2 and cycles per frame �ft1/2 for
orientation and temporal frequency respectively:

�ft1/2 = ftmax � ftmin (8)

�✓1/2 = ✓max � ✓min (9)

For spatial frequency F , the bandwidth is defined in terms
of octaves as follows:

�F1/2 = log2 (Fmax/Fmin) (10)

Although we estimate the true parameters of the filters in
the fitting process, due to the non-linear transform in Equation
5 the apparent bandwidth of the filter differs. The bandwidth is
therefore measured based on the fitted Gabor filter response. In
Figure 11 the bandwidth of 75% of the filters with the lowest
normalized cost Lnorm can be seen as we deem the fit of these
filters sufficient to analyze. In this figure it can be seen that the



Inter Quartile Range (IQR) for spatial frequency bandwidth is
between 1 and 2 octaves and the median orientation bandwidth
is approximately 50�. Lastly, this figure illustrates that the
temporal frequency bandwidth is of large extent with a median
of approximately 0.27 cycle per frame. We note that the
network is able to narrow the extent of the filter response
in the temporal domain using the non-linear transformation
K, b, and the ReLU activation function. An illustration of
this mechanism can be seen in Figure 12. In the top plot, the
fitted filter and the measured response r̂ over the temporal
frequency range can be seen. In the middle plot the response
without the gain K, bias b, and ReLU activation function can
be seen. The extent of the half-magnitude profile is wider in
the middle plot. Hence, the nonlinear transformation allows
to reduce the filter’s temporal extent, so that more precise
motion can be measured. The bottom plot indicates what
happens when more frames are added to the input and the other
parameters are kept the same. The dotted line in the bottom
plot corresponds to the dotted line in the top plot. Figure 11
suggests that an even narrower extent could be reached by
feeding the network with more images over time than just
the two subsequent images in FlowNetS. Note that a higher
resolution in the frequency domain is beneficial as this allows
for a more precise measurement of the flow.
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Figure 11: Bandwidth of spatial frequency F left orientation
✓ (middle) and temporal frequency ft (right) for the 75%
filters with the lowest normalized cost Lnorm (n = 397).
This corresponds to all filters upto and including the green
filter in Figure 7. Bandwidth values are determined using the
responses from the fitted Gabor filters.

V. NETWORK RESPONSE TO DILATION & ROTATION

In this section, the sensitivity of the filters in the c6 layer
of our FlowNetS to dilation and rotation is analysed. First,
we explain the limitations of the spectral Gabor response
profile fitting process and why we are not able to discern
filters activating on translation, dilation, and rotation with this
methodology. Also, we simulate the response of an occlusion
filter to this methodology. Second, the methodology used
to identify filters sensitive to dilation and rotation will be
presented. Lastly, our results will be discussed.
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Figure 12: Illustration of how the network is able to decrease
the extent of the filter response in the temporal domain. Top:
Fit and measured data for the median filter of the FlowNetS
network, corresponding to the bottom-right plot in Figure 7.
Middle: The response of the fitted Gabor filter without the bias
term and ReLU non-linearity. Note that the bandwidth of the
signal before this transformation is wider. Bottom: Response
of the fitted Gabor filter when the number of frames are
increased. Note that filter is able to achieve a higher temporal
resolution when more input frames are used.

It should be noted that Gabor translation filters [15] and
occlusion filters [59] already have an analytical description in
both the space-time and frequency domain. Such a description
of dilation and rotation is, to the best of our knowledge,
missing. Therefore, fitting responses of a filter to a dilation
and rotation motion model requires a novel mathematical
foundation which is outside of the scope of this work. In
the following section the analytical description of dilation and
rotation in the space-time is simply multiplied with a Gaussian
to simulate a response.

A. Limitations of Gabor spectral response profile fitting
During the first part of the spectral response profile fitting

process, a gridsearch is performed to find the peak response.
In the subsequent fitting process three response lines are
generated by varying either spatial frequency F0, temporal
frequency ft0 , or orientation ✓0, whilst keeping phase '0

constant. This method only allows the measurement of the
relative attenuation in amplitude with respect to the peak
response r̂0. This procedure is sufficient for translation which
can be defined as a single constant phase Gaussian in the
3D frequency spectrum and thus produces a Gaussian in
response. In this section, we convolve translating plane waves
with dilation, rotation, and occlusion filters to simulate their
response. Due to the ReLU activation function the convolution
of two translating plane waves at the same frequency, which
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Convolution response

Figure 13: Simulation of convolution response of a dilation filter dw with a translating plane wave s evaluated with
spatiotemporal frequencies at k integer multiples of the fundamental frequency. Left: Dilating wave d multiplied with a
Gaussian w centered at the origin. Middle left: The power spectrum of the Fourier-transformed dilation filter. Middle right:
The angle  indicating the phase difference between the Fourier components of the dilation filter and the translating plane wave
s at the k integer multiples of the fundamental frequency. A larger phase difference corresponds to a darker color with black
being equal to or greater than ⇡/2. Also, a red mask is applied to frequency components with low power. Right: Convolution
response between dilation filter dw and translating plane waves s. The lines indicate the Gaussian pattern perceived by our
methodology.

are more than or equal to 90 degrees out-of-phase, will be
zero (see Figure 5).

In order to determine which frequency components of
dilation and rotation are more than 90 degrees out of phase,
the Discrete Fourier Transform (DFT) [51] is used to trans-
form a simulated space-time signal to a representation in the
frequency domain. The DFT is defined as:

X[k] =
N�1X

n=0

x[n]e�jk 2⇡
N n (11)

where k 2⇡
N is the k-th discrete frequency and N the total length

of the discrete signal. When the discrete signal is real, the DFT
of the signal will result in a complex number:

X[k] = Aei' (12)

where the magnitude is denoted by A and the phase value
by '. Remember that a valid convolution of two tensors with
equal size corresponds to the dot product of these two tensors.
Furthermore, note that a convolution in the space-time domain
equals to multiplication in the frequency domain according
to the convolution theorem[51]. Because we evaluate the
convolution response only at discrete frequencies of k integer
multiples along the fx, fy , and ft, axis only a single frequency
component of S will contain power3. Then, if we define the k-
th frequency component of the Fourier-transformed translating
plane wave S as the complex vector p, and the k-th frequency
component of the Fourier transformation of the filter to be
analysed (rotation, dilation, or occlusion) as q, the phase
difference between these two complex vectors is defined as
the angle  and given by:

 = cos�1(
p · q
|p||q| ) (13)

3Not taking into account the complex conjugate frequency component.

where the maximum value of  is ⇡, and values of  larger
than or equal than ⇡/2 will result in a zero response due to
the ReLU non-linearity in Equation 5. Thus,  is a measure
for how much out-of-phase the frequency components of the
two signals are.

Convolution response: Dilation & rotation filters

In Figure 13, in the left-most plot, the space-time represent-
ation of a dilating wave d (see Equation 14) multiplied with
a Gaussian window w can be seen. In the middle-left plot
the power spectrum of this dilation filter can be seen. In the
middle-right plot, the angle  indicates how much out of phase
each frequency component of the occlusion filter is with the
corresponding translating plane wave frequency component.
The right-most plot indicates the convolution response of
the dilation filter dw to translating plane waves s in which
a diamond-like pattern emerges. Because we evaluate the
responses along lines orthogonal to the peak response, the
pattern perceived by our methodology is indicated by the
dashed and solid gray line. These line patterns correspond
to the line patterns in the 3D frequency space in Figure 4b.
Thus, along the varying spatial frequency F range (solid line)
and the varying temporal frequency range ft (dashed line) a
Gaussian will be perceived. Hence, given the limitations of
our methodology we are not able to discern between dilation
and translation filters.

Similarly, in Figure 14 in the two left-most columns the rep-
resentation of a rotating wave c (see Equation 18) multiplied
with a Gaussian window w in the space-time and frequency
domain can be seen. Note that the 3D power spectrum in
the second column is different from a spherical Gaussian.
In the third column the angle  is depicted, and at high
temporal frequencies (±0.2 cycle per frame) the frequency
components of the rotation filter cw and translating plane
waves s are out-of-phase. Thus, as can be seen in the fourth
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Figure 14: Simulation of convolution response of a rotation filter cw with a translating plane wave s evaluated with
spatiotemporal frequencies at k integer multiples of the fundamental frequency. Left column: A cosine rotating wave c multiplied
with a Gaussian w at five timesteps. Middle left column: The 3D power spectrum of the Fourier-transformed rotation filter.
Middle right column: The angle  indicating the phase difference between the Fourier components of the rotation filter and
the translating plane wave s at k integer multiples of the fundamental frequency. A larger phase difference corresponds to a
darker color with black being equal to or greater than ⇡/2. Also, a red mask is applied to frequency components with low
power. Right column: Convolution response between rotation filter cw and translating plane waves s. The circle indicates the
double lobe Gaussian pattern which will be perceived by our methodology by varying orientation ✓0.
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Convolution response

Figure 15: Simulation of convolution response of an occlusion filter with a translating plane wave s evaluated with
spatiotemporal frequencies at k integer multiples of the fundamental frequency. Left: Example occlusion signal following
the description of Beauchemin et al.[59] concerning occlusion in the frequency domain. The signal is composed of a Gaussian,
two cosine translating plane waves s with different spatiotemporal frequencies fx and ft, and a Heaviside step function. Middle
left: The power spectrum of the Fourier-transformed occlusion filter. In the power spectrum two pairs of Gaussian lobes can
be seen with long ‘tails’ due to the Heaviside step function. Middle right: The angle  indicating the phase difference between
the Fourier components of the rotation filter and the translating plane wave at k integer multiples of the fundamental frequency.
A larger phase difference corresponds to a darker color with black being equal to or greater than ⇡/2. Also, a red mask is
applied to frequency components with low power. Right: Convolution response between the occlusion filter and translating
plane waves s. The pattern above the gray line is perceived in Figure 10 as well.

column, these frequency components will not be detected
by our methodology. Note that the pattern perceived along
the varying ✓0, as indicated by the circle in the third row
and the fourth column (which corresponds to the circle in
3D frequency space in Figure 4b), is two Gaussian lobes at
opposite frequency. This pattern is similar to the convolution
response of a cosine Gabor filter tuned to stationary patterns
(zero temporal frequency). Therefore, our methodology is also
not able to detect rotation filters.

Convolution response: Occlusion filters

Furthermore, we convolve an occlusion filter, using the
description of Beauchemin et al. [59], with translating plane
waves s. Occlusion in the spatiotemporal domain can be
described as the combination of a Gaussian g, a Heaviside
step function, and two translating plane waves translating
with different frequencies (fx0 , fy0 , ft0 ) as can be seen in
the right-most plot in Figure 15. The power spectrum of the
Fourier-transformed filter can be described as two Gaussian
filter pairs with ‘tails’ due to the Heaviside step function and
can be seen in the middle-left plot. In the middle-left plot the
angle  is depicted which demonstrates that the ‘tails’ have
a large phase difference. Consequently, in the right-most plot,
only the two pairs of Gaussian lobes will be detected using
our methodology. The pattern above the solid gray line thus
corresponds to two different Gaussian lobes tuned to different
frequencies. This pattern can also be seen in Figure 10, thus
making it likely that this filter is responsive to occlusion.
However, it should be noted that we are not able to discern
such a pattern from the superposition of two regular Gabor
filter pairs tuned to different frequencies.

B. Methodology
In order to assess the sensitivity of the filters to dilation

and rotation, two gridsearches will be performed. We assess
the locations of the peak responses for filters which have a
higher response to dilation or rotation than to translation. We
do not classify a filter as either a rotation or dilation filter, since
a filter can be sensitive to a composition of these respective
motions. This is to be expected given the nature of the training
dataset.
Dilation parametrization

As in [12], a dilating wave d is given by:

d(x, y, t) = cos (2⇡F0(xr � ↵xrt) + '0) (14)

where ↵ denotes the dilation factor. The training dataset used
to train FlowNetS defines scaling motion in terms of scaling
factor h. Because FlowNetS only takes two frames as input, we
define the relation between affine scaling factor h and dilation
factor ↵ between t = 0 and t = 1 as follows:

h =
1

1� ↵
(15)

The gridsearch is performed for a scale factor h range of
0.5 till 2.0, as this range encapsulates the scaling factor h
encountered during the training process. The scaling factor
encountered is a combination of scaling motion present in
the dataset and scaling factors applied by the online data
augmentation process. The search space used for the dilation
gridsearch can be found in Table V in Appendix B. In order to
mitigate the effect of temporal aliasing (see Section IV), the
search space is constrained so that the velocity of a point in
the motion field is not more than half its spatial wavelength
�0/2. It can be shown that the velocity of a point in the motion
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Figure 16: Location of peak response r̂0 per filter (n = 88) in the spatiotemporal frequency domain in response to dilating
waves. Note that only filters are shown whose peak response r̂0 was higher than the maximum found in the translation
gridsearch. Left: Half spatial wavelength �0/2 and initial orientation ✓0. Right: Half spatial wavelength �0/2 and scale factor
h. The black dashed line indicates the temporal aliasing constraint given by Equation 17.

field for a dilating wave in Equation 14 at t = 0 is given by
the following relation:

v = (
1

1� ↵
� 1)x = (h� 1)x (16)

Then the temporal aliasing constraint for dilating waves is
given by:

(h� 1)x  1

2
�0 (17)

Rotation parametrization

For rotation the following equation is used to define the
input:

c(x, y, t) = cos (2⇡F0xr(t) + '0) (18)

where xr(t) varies with time and is defined as:

xr(t) = x cos(✓0 + !t) + y sin(✓0 + !t) (19)

where ! denotes the angular velocity in radians per frame. The
search space for the rotation gridsearch can be found in Table
VI in Appendix B. A constraint was added to the rotation
gridsearch as well to limit the effect of temporal aliasing. The
angular velocity ! can be related to a point at distance m from
the center of rotation by v = !m. The maximum distance from
the center of rotation to the edge is equal to half the receptive
field size, which is 383 pixels in the c6 layer of our FlowNetS.
As the wave rotates around the center pixel and the distance
from the center pixel to the outside pixel is 191.5 pixels, the
velocity at this point should thus be lower than half the spatial
wavelength. The constraint is given by the following relation:

!mmax  1

2
�0 (20)

C. Results

Dilation results

The peak responses of filters which have a higher activation
to dilation than to translation can be seen in Figure 16. We find
that approximately 15% of the filters (i.e. 88 filters) respond
more strongly to dilation than to translation. Furthermore, the
filters show a radially dispersed pattern along the orientation
axis (✓) as can be seen in the left plot in Figure 16. In the
right plot in Figure 16 a peak in the distribution of half spatial
wavelengths �0/2 can be seen near 200 pixels which is to be
expected due to the fact that the average size of a chair in
the training data is 200 pixels. Lastly, the peak responses are
often close to the temporal aliasing limit and the maximum
scaling value of the gridsearch. This is similar to the temporal
peak response location for the translation gridsearch.

Rotation results

In Figure 17, the peak responses of the filters for the rotation
gridsearch can be seen. The left plot in Figure 17 shows an
angular dispersion of the peak responses along the orientation
axis (✓0). In the right plot in Figure 17 it can be seen that most
filters are active near the temporal translation and temporal
rotational aliasing limit. Also, a peak in the distribution of half
spatial wavelengths �0/2 can be identified around 250 pixels,
which is slightly higher than expected from the training data.
A possible explanation for this discrepancy is that rotation is
actually a 3D motion and thus the scale should also be limited
along its radial axis. Approximately 45% of the filters activate
more on rotation than on translation. A possible explanation
for this high number of filters is that we do not limit the
wavelength along the axis of rotation. The points in the motion
field at the far end of the receptive field then move with a very
high velocity and therefore the response of the filters in our
FlowNetS will be higher.
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Figure 17: Location of peak response r̂0 per filter (n = 272) in the spatiotemporal frequency domain in response to rotating
waves. Note that only filters are shown whose peak response r̂0 was higher than the maximum found in the translation
gridsearch. Left: Half spatial wavelength �0/2 and initial orientation ✓0. Right: Half spatial wavelength �0/2 and angular
temporal frequency !. The black dashed line indicates the temporal aliasing constraint given by Equation 20.

VI. SOLVING THE APERTURE PROBLEM

The previous section showed that individual neurons in the
c6 layer of FlowNetS act as Gabor-like filters for translation,
rotation, and dilation. In this section, we study the aperture
problem and the flow refinement process. We first explain our
methodology and then present the results.

A. Methodology

In order to determine until what scale of input stimuli
FlowNetS can resolve the aperture problem three different ver-
sions of FlowNetS are trained under the same circumstances
with varying receptive field sizes. The receptive field size is
defined as the region in the input images which affects the
value of the feature map at a particular layer and feature
map location. Therefore, we modify the filter size of the
convolutional kernels in layer c6. Layer c6 is composed of
two convolutional layers c6_0 and c6_1. FlowNetS has two
3x3 kernels for layers c6_0 and c6_1. We train two models
with kernels sizes (1x1, 3x3) (1x1, 1x1) in the last two layers
in the contracting part of the network. We name these models
FlowNetXS and FlowNetXXS, and the receptive field size of
the f6 flow map is 255 pixels and 191 pixels respectively.
Our FlowNetS has a receptive field size of 383 pixels. The
expanding part of FlowNetS features upconvolutional layers
which also increases the receptive field size. The receptive
field size of the f2 flow map is calculated to be 551, 615
and 743 pixels for FlowNetXXS, FlowNetXS and FlowNetS
respectively.

As input, a diagonally translating bar with magnitude |u|=
64 pixels is used. For an input of 1024x768 pixels, the coarsest
flow map f6 size is 16x12 after 6 convolutions with stride 2.
We determine the error of the flow estimate at location (8, 6) of
f6, which can be seen in Figure18a marked by the red square,
and therefore center the bar in the input image accordingly.

B. Results

Two translating bar image input pairs are fed into the
network, one pair translating upward right and one translating
downward left. In Figure 18a, the responses to the upward right
translating image pair are shown. The flow field color coding
used is similar to Baker et al.[69] and can be found in Figure
19 in Appendix C. Column-wise, the f6, f4 and f2 flow maps
can be seen. The first row shows that the flow becomes more
refined. Row-wise the scale of the bar is increased. The second
and third row indicate that the network is able to extrapolate
motion cues from the edges of the bar towards the center.
The receptive field size in the expanding part of the network
increases due to the size of the upconvolutional kernels.

In Figure 18b, the average End-Point-Error (EPE) of
FlowNetS, FlowNetXS, and FlowNetXSS can be seen in
response to two diagonally translating input image pairs. The
region in which the flow is measured is indicated by the red
square outline in Figure 18a. From this figure it can be seen
that the ability of the network to resolve the aperture problem
is related to its receptive field size, and the networks with
larger receptive field sizes are able to resolve the aperture
problem at larger scales.

VII. DISCUSSION AND FUTURE WORK

A. Impact on Computer Vision

Due to the emergence of Gabor-like filters in other learning-
based methods our work started out with the expectation
of also finding Gabor-like filters. Traditional Gabor filters
for optical flow estimation had certain disadvantages. They
deal badly with deviations from translation, varying contrast
due to changing lighting conditions, and are subject to the
uncertainty relation, which corresponds to the balance between
localization of the stimuli in the spatial domain and resolution
in the frequency domain. FlowNetS copes with all of these
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Figure 18: Response of FlowNetS, FlowNetXS, and FlowNetXXS to diagonally translating bars (|u|= 64). (a) Column-wise, the
f6, f4 and f2 of FlowNetS in response to upward-right diagonally translating bars. Row-wise, the output flow corresponding
to bars of different scales. The red square denotes the output region used for evaluating the error. (b) End-Point-Error (EPE)
versus scale of the bar in pixel coordinates. The EPE is the average between a bar moving upward to the right and downward
to the left with the same motion magnitude. The ground truth is |u|=64 pixels and an EPE at this level corresponds to no
motion detected by the network. RF f6 indicates the diagonal receptive field size in pixel coordinates corresponding to the 6
flow map. The diagonal receptive field sizes in pixel coordinates of the f2 flow map is omitted because they are greater than
the largest evaluated translating bar.

issues. We have shown that deviations from translations are
dealt with by additional neurons that are sensitive to deviations
from translation. Moreover, Mayer et al. [70] showed that
FlowNet is able to cope with varying contrast over time due
to changing lighting conditions. Lastly, we have demonstrated
that FlowNetS is able to achieve a better spatial localization
of motion cues in the expanding part of the network thus
overcoming the uncertainty relation.

Based on the high similarity of the neurons to the fitted
Gabor-like filters, it would be worth studying a hybrid ap-
proach, in which there is a fixed Gabor filter bank (extended
with rotation and dilation features), followed by a convolu-
tional multi-layer loss flow refinement part. This would reduce
training time and greatly increase computational efficiency.

In terms of accuracy, FlowNetS did not reach the levels of
state-of-the-art methods. For example, it has poor performance
on sub-pixel flow [22]. One reason for this might be the large
number of strides utilized before the initial flow prediction
is made. Strides reduce the amount of spatial information
available. Hence, future work should investigate the effects
of strides on the performance of FlowNetS.

Also, our analysis shows that a Gabor filter based on two
frames indeed has a large temporal frequency bandwidth, and
hence limited performance concerning flow velocity estima-
tion. This is narrowed somewhat by the non-linear transform-
ations due to the ReLU activation function and bias term.
However, our analysis indicates that this could be further
improved by using more frames and thus providing more
temporal information to the network.

B. Impact on biology

We have used and extended methods from neuropsychology
for determining the types of filters represented by neurons
in FlowNetS’ deep c6 layer. The analysis gave very sim-
ilar results to those on neurons in the mammalian visual
cortex. First, many filter responses fit very accurately with
Gabor filters that capture translational motion. Second, the
spatial and orientation bandwidth statistics show similarity to
bandwidths found in the mammalian visual cortex. Regarding
spatial frequency bandwidth, we report a median bandwidth
of 1.36 octaves, while De Valois et al. [71] found a spatial
frequency bandwidth of 1.4 octaves in the macaque visual
cortex. Similarly, we find a median orientation bandwidth of
52 degrees, while De Valois et al. [72] report a orientation
half-magnitude profile width of 65 degrees. This may be due
to the network having been subjected to optical flow statistics
as also perceived by animals. Third, as in neuropsychological
experiments [52], we observed that some neurons respond
poorly to translating plane waves. In fact, also the reverse-
correlation does not provide an adequate signal-to-noise ratio
for the reconstruction of spatiotemporal receptive field profiles
of these neurons [52]. Our analysis shows that such poor
response may be due to the neurons being sensitive to more
complex motions such as dilation and rotation. Indeed, in the
human brain, channels sensitive to dilation have been found
[73]. However, this did not provide conclusive evidence of
neurons sensitive to dilation. Our analysis and results suggest
that it is worth looking for dilation- and rotation-sensitive
neurons in animal brains. In fact, one could even extend the



analysis to also check for shear, as this forms an additional
basis for the flow field derivatives [74].

VIII. CONCLUSION

In this work we have demonstrated that FlowNetS learns
a bank of spatiotemporal Gabor filters, tuned to different
spatiotemporal frequencies and values of phase, by means of
a spectral response fitting approach used in neuropsychology.
Moreover, our results indicate that the network also learns
a large number of filters that are sensitive to dilation and
rotation. Furthermore, we have demonstrated that the receptive
field size is linked to the scale at which the network can
resolve the aperture problem and that the expanding part of
the network performs a filling-in function which is similar
in function to the filling-in process which occurs in mammal
vision systems.

While we were able to identify the response of filters
to translation, dilation, and rotation separately, we were not
able to show the exact motion patterns causing the maximum
activation of a filter. In reality some filters are most likely
sensitive to a combination of these motions. We are not able
to quantify this due to limitations in our methodology. Future
work should improve our methodology to be able to identify
more complex motion patterns like compositions of affine and
3D motion. The latter of which is present in more realistic
synthetic training datasets like FlyingThings [75].

The novel insights in FlowNetS provide avenues for im-
proving its performance, such as using smaller strides and
providing the network with more input images. Additionally, it
provides interesting avenues for neuropsychological research,
specifically to use our extended method to investigate if animal
brains have dilation- and rotation-sensitive neurons as well.

In this work we studied FlowNetS and we believe this
model is prototypical for fully convolutional networks used
for optical flow determination due to its generic architecture.
This being said, it would be useful in the future to also study
other networks like SpyNet [38] using our methodology.
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APPENDIX A
MODEL DETAILS

Table I outlines the full details of our version of FlowNetS.
The name of the ‘conv’, ‘flow’ and ‘predict_flow’ layer is
abbreviated to c, f and pf respectively throughout the paper.
The output of the ‘predict_flow’ layer is called ‘flow’.

In Table II a performance comparison between our version
of FlowNetS and the original version of Dosovitskiy et al.
[20] can be found on the FlyingChairs [20] and MPI sintel
[76] datasets.

APPENDIX B
GRID SEARCH PARAMETERS

In Table III the parameter ranges used for the translation
gridsearch can be found. Furthermore, in Table IV the para-
meters used for the spectral Gabor response profile fitting can
be found. These are the three ranges along which the output
of the FlowNetS c6 filters will be evaluated. The parameter
ranges used for the dilation gridsearch can found in Table V.
Note that due to rotational symmetry the initial orientation ✓0
only varies from 0 to 170 degrees. The parameters used for
the rotation gridsearch can be found in Table VI. Also for this
gridsearch the ✓0 is constrained from 0 to 170 degrees due to
rotational symmetry. Note that the half spatial wavelength �/2
can be transformed to spatial frequency F0 using the relation
F0 = 1

2� .

APPENDIX C
FLOW FIELD COLOR CODING

In Figure 19 the flow field color coding from Baker et al.
[69] is shown. Note that a pixel coordinate system is used
which defines the positive y-axis downward.

Figure 19: Flow field color coding similar to Baker et al. [69].



Name Kernel Stride Padding Ch I/O In Res Out Res Input

conv1 7x7 2 3 6/64 512x384 256x192 Images
conv2 5x5 2 2 64/128 256x192 128x96 conv1
conv3_0 5x5 2 2 128/256 128x96 64x48 conv2
conv3_1 3x3 1 1 256/256 64x48 64x48 conv3_0
conv4_0 3x3 2 1 256/512 64x48 32x24 conv3_1
conv4_1 3x3 1 1 512/512 32x24 32x24 conv4_0
conv5_0 3x3 2 1 512/512 32x24 16x12 conv4_1
conv5_1 3x3 1 1 512/512 16x12 16x12 conv5_0
conv6_0 3x3 2 1 512/1024 16x12 8x6 conv5_1
conv6_1 3x3 1 1 1024/1024 8x6 8x6 conv6_0

predict_flow6 1x1 1 1 1024/2 8x6 8x6 conv6_1

upconv5 4x4 2 1 1024/512 8x6 16x12 conv6_1
predict_flow5 1x1 1 1 1026/2 16x12 16x12 upconv5+conv5_1 +flow6
upconv4 4x4 2 1 1026/256 16x12 32x24 upconv5+conv5_1 +flow6
predict_flow4 1x1 1 1 770/2 32x24 32x24 upconv4+conv4_1 +flow5
upconv3 4x4 2 1 770/128 32x24 64x48 upconv4+conv4_1 +flow5
predict_flow3 1x1 1 1 386/2 64x48 64x48 upconv3+conv3_1 +flow4
upconv2 4x4 2 1 386/64 64x48 128x96 upconv3+conv3_1 +flow4
predict_flow2 1x1 1 1 192/2 128x96 128x96 upconv2+conv2+flow3

Table I: Full details of our version of FlowNetS. Note that the expansive part of the network starts at ‘flow6’.

Model name Model details FlyingChairs test [EPE] MPI Sintel clean train [EPE] MPI Sintel Final train [EPE]

FlowNetS [20] original 2,71 4,50 5,45
FlowNetS-ours ReLu activation function, pf layers with 1x1 kernels

and no bias term, 300K training iterations, no data
augmentation between frames

3,10 5,06 5,81

Table II: Performance comparison between the original version of FlowNetS and ours on the MPI-Sintel [76] and FlyingChairs
[20] datasets.

Parameter Unit Range [start, stop, step size]

�0/2 pixels [16, 800, 16]
✓0 degrees [0, 350, 10]
ft0 cycle per frame [0.0, 0.5, 0.01]
'0 degrees [-180, 170, 10]

Table III: Parameter ranges used for the translating plane wave
gridsearch.

Parameter Unit Range [start, stop, number of points]

�0/2 cycle per pixel [16, 800, 50]
✓0 degrees [0, 350, 36]
ft0 cycle per frame [-0.5, 0.5, 50]

Table IV: Parameter ranges used for the Gabor spectral profile
fitting process.

Parameter Unit Range [start, stop, step size]

�0/2 pixels [50, 400, 10]
✓0 degrees [0, 170, 10]
sf - [0.5, 2.0, 0.1]
'0 degrees [-180, 170, 10]

Table V: Parameter ranges used for the dilating wave grid-
search.

Parameter Unit Range [start, stop, step size]

�0/2 pixels [50, 400, 10]
✓0 degrees [0, 170, 10]
!0 cycle per frame [-0.5, 0.5, 0.1]
'0 degrees [-180, 170, 10]

Table VI: Parameter ranges used for the rotation gridsearch.
The angular velocity ! is limited between �0.5 and 0.5 cycle
per sample which corresponds to � 1

2⇡ and 1
2⇡ radians per

frame respectively.





AA
GBi2`�im`2 aim/v

jR





k
hBK2@p�`vBM; AK�;2 6Q`K�iBQM

h?2 +QM+2Ti Q7 QTiB+�H ~Qr r�b }`bi /2}M2/ #v :B#bQM- RN8y �b 7QHHQrb, +QMbB/2` � KQpBM; T�ii2`M Q7
HB;?i r?B+? ?Bib i?2 `2iBM� r?2M �M Q#b2`p2` KQp2b `2H�iBp2 iQ i?2 2MpB`QMK2MiX h?2 /Bbi`B#miBQM Q7
i?2b2 T�ii2`Mb Bb +�HH2/ QTiB+�H ~QrX h?Bb BM7Q`K�iBQM +�M #2 2tTHQBi2/ #v i?2 Q#b2`p2` 7Q` 2;Q@KQiBQM
�M/ b+2M2 BMi2`T`2i�iBQMX >Qr2p2`- i?2 ;Q�H Q7 QTiB+�H ~Qr Bb �TTHB+�iBQM /2T2M/2MiX "�F2` 2i �HX-
kyRR bi�i2- #�b2/ QM i?2 i�tQMQKv Q7 "X >Q`M- RN3e- i?�i i?2 KQiBQM }2H/ Bb i?2 k. T`QD2+iBQM Q7 i?2
j. KQiBQM bm`7�+2b BM i?2 rQ`H/X h?2 QTiB+�H ~Qr Bb i?2 �TT�`2Mi KQiBQM Q7 i?2 #`B;?iM2bb T�ii2`Mb
BM i?2 BK�;2X h?2b2 irQ �`2 MQi �Hr�vb i?2 b�K2- �M/ i?2 ;Q�H Bb �TTHB+�iBQM /2T2M/2MiX _2;�`/BM;
�TTHB+�iBQMb r?2`2 i?2 KQiBQM Bb mb2/ iQ BMi2`T`2i Q` `2+QMbi`m+i i?2 j. rQ`H/- i?2 KQiBQM }2H/ Bb r?�i
Bb /2bB`2/X AM i?2 b+QT2 Q7 i?Bb i?2bBb- i?2 KQiBQM }2H/ Bb Q7 BMi2`2biX >2M+27Q`i?- B7 � `272`2M+2 Bb K�/2 iQ
QTiB+�H ~Qr- i?2 KQiBQM }2H/ Bb r?�i Bb `272``2/ iQX LQi2 i?�i i`�MbT�`2M+v Bb 2t+Hm/2/ BM i?Bb �M�HvbBb-
r?B+? `2[mB`2b i?2 2biBK�iBQM Q7 KmHiBTH2 KQiBQMb T2` TBt2HX h?Bb Q++m`b r?2M �K Q#D2+i Bb i`�MbHm+2Mi
2MQm;? iQ 2KBi HB;?i i?`Qm;? Bib bm`7�+2X AM i?Bb +?�Ti2`- � /2`Bp�iBQM Q7 QTiB+�H ~Qr rBHH #2 ;Bp2MX
�7i2` i?Bb- T?QiQK2i`B+ 7�+iQ`b rBHH #2 /Bb+mbb2/X G�biHv- +�Tim`BM; QTiB+�H ~Qr ;`QmM/ i`mi? �M/ 2``Q`
K2i`B+b rBHH #2 /Bb+mbb2/X �M 2tTH�M�iBQM �#Qmi i2KTQ`�H b�KTHBM; �M/ KQiBQM #Hm` +�M #2 7QmM/ BM
a2+iBQM 8XR #2+�mb2 Bi `2H�i2b iQ i?2 7`2[m2M+v /QK�BMX

kXR JQ/2HBM; QTiB+�H ~Qr

AM i?Bb b2+iBQM � /2`Bp�iBQM Q7 QTiB+�H ~Qr #�b2/ QM i?2 TBM?QH2 +�K2`� KQ/2H rBHH #2 ;Bp2MX LQi2 i?�i
?2`2 i?2 K�BM [m�MiBiB2b Q7 BMi2`2bi �`2 i?2 pBbm�H Q#b2`p�#H2b r?B+? +�M #2 /2`Bp2/ mbBM; i?2 �bbmKTiBQM
i?�i i?2 `Qi�iBQM�H `�i2b Q7 i?2 Q#b2`p2` �`2 FMQrMX h?Bb b2+iBQM Bb HBKBi2/ iQ i?2 /2`Bp�iBQM Q7 QTiB+�H
~Qr 7Q` TQBMi +Q``2bTQM/2M+2bX 6Q` � /2`Bp�iBQM Q7 QTiB+�H ~Qr 7Q` TH�M�` T�i+?2b- `2H�iBM; /Bz2`2Mi j.
bm`7�+2 KQ/2Hb- j. KQiBQM KQ/2Hb- +�K2`� KQ/2Hb �M/ k. KQiBQM }2H/ KQ/2Hb- Q7i2M mb2/ BM 7`�K2
BMi2`TQH�iBQM �M/ bi`m+im`2 7`QK KQiBQM �TTHB+�iBQMb- i?2 `2�/2` Bb `272``2/ iQ EQM`�/- RNNNX

kXRXR h?2 TBM?QH2 +�K2`� KQ/2H

GQM;m2i@>B;;BMb �M/ S`�x/Mv- RN3y r2`2 i?2 }`bi iQ 7Q`KmH�i2 QTiB+�H ~QrX 6Q` i?Bb /2`Bp�iBQM- i?2
�mi?Q`b �bbmK2/ � TBM?QH2 +�K2`� KQ/2HX h?Bb K2�Mb i?�i i?2 ?QH2 BM r?B+? HB;?i 2Mi2`b i?2 +�K2`�
+�M #2 KQ/2H2/ �b � TQBMi �M/ i?2 `2iBM� +�M #2 b22M �b � TH�M2X LQi2 i?�i i?2b2 �bbmKTiBQMb �`2 MQi
p�HB/ 7Q` +�K2`�b rBi? � rB/2@�M;H2 H2MbX *QMbB/2` TQBMi � rBi? +QQ`/BM�i2b UX, Y, ZV BM i?2 Q#b2`p2`
`272`2M+2 7`�K2 OXY Z r?2`2 O Bb i?2 �T2`im`2 Q7 i?2 +�K2`� �b /2TB+i2/ BM 6B;m`2 kXRX LQi2 i?�i
i?2 BK�;2 TH�M2 (x, y) Bb QM2 7Q+�H H2M;i? f �r�v 7`QK i?2 �T2`im`2 OX h?2 Q#b2`p2` KQp2b i?`Qm;?

jj



j9 hBK2@p�`vBM; AK�;2 6Q`K�iBQM

Z

X

Y

O

W

U

V

ay

x
o

A

q

r

p

6B;m`2 kXR, h?2 TBM?QH2 +�K2`� rBi? +QQ`/BM�i2 bvbi2K PsuwX �/�Ti2/ 7`QK GQM;m2i@>B;;BMb �M/ S`�x/Mv- RN3yX

i?2 2MpB`QMK2Mi rBi? p2HQ+BiB2b U, V, W �M/ `Qi�iBQM�H p2HQ+BiB2b p, q, rX Ai +�M i?2 #2 b?QrM i?�i i?2
p2HQ+Biv +QKTQM2Mi Q7 rQ`H/ TQBMi A `2H�iBp2 iQ i?2 KQpBM; �T2`im`2 O �`2 ;Bp2M #v,

Ẋ = −U − qZ + rY

Ẏ = −V − rX + pZ

Ż = −W − pY + qX

UkXRV

LQi2 i?2 KBMmb bB;Mb- �b i?2 p2HQ+BiB2b Q7 A �`2 QTTQbBi2 iQ i?2 Q#b2`p2` BM OX h?2 TQbBiBQM Q7 i?2
T`QD2+iBQM Q7 A QM i?2 BK�;2 TH�M2 ;Bp2M #v TQBMi a �`2 `2H�i2/ iQ 2�+? Qi?2` #v,

(x, y, f)T = f

Z
(X, Y, Z)T UkXkV

h?2M- 7Q` MQi�iBQM�H +QMp2MB2M+2 f = 1 Bb �bbmK2/ bQ i?�i i?2 HQ+�iBQM Q7 TQBMib QM i?2 BK�;2 TH�M2
+�M #2 r`Bii2M �b p2+iQ`b irQ /BK2MbBQMbX h?2M- mbBM; i?2 [mQiB2Mi `mH2- QTiB+�H ~Qr +QKTQM2Mib u
�M/ v +�M #2 +QKTmi2/ #v i�FBM; i?2 iBK2 /2`Bp�iBp2 Q7 x �M/ y,

u = Ẋ/Z − XŻ/Z2 = (−U/Z − q + ry) − x(−W/Z − py + qx)
v = Ẏ /Z − Y Ż/Z2 = (−V/Z − rx + p) − y(−W/Z − py + qx)

UkXjV

q?B+? +�M �HbQ #2 `2r`Bii2M BM � 7Q`K i?�i b2T�`�i2b i?2 QTiB+�H ~Qr +QKTQM2Mib BM i2`Kb Q7 � i`�Mb@
H�iBQM uT , vT �M/ `Qi�iBQM�H uR, vR +QKTQM2Mi Q7 i?2 KQiBQM Q7 i?2 Q#b2`p2`,

u = uT + uR v = vT + vR UkX9V
uT = (−U + xW ) /Z vT = (−V + yW ) /Z UkX8V
uR = −q + ry + pxy − qx2 vR = −rx + p + py2 − qxy UkXeV



kXR JQ/2HBM; QTiB+�H ~Qr j8

kXRXk oBbm�H Q#b2`p�#H2b 7`QK QTiB+�H ~Qr

AM i?2 T`2pBQmb b2+iBQM- i?2 `2H�iBQM #2ir22M � TQBMi QM i?2 BK�;2 TH�M2 �M/ i?2 KQiBQM Q7 �M Q#b2`p2`
BM � bi�iB+ 2MpB`QMK2Mi r�b /2`Bp2/X 6Q` i?Bb b2iiBM;- i?2 bi�i2 Q7 i?2 Q#b2`p2` Bb i?mb 2[m�H 7Q` �HH rQ`H/
TQBMib- r?BH2 i?2 /2Ti? Z Bb mMFMQrM �M/ p�`B2b T2` TQBMiX >2M+2- KmHiBTH2 TQBMib QM i?2 BK�;2 TH�M2
+�M #2 +QK#BM2/ iQ 2biBK�i2 i?2 mMFMQrM [m�MiBiB2bX >Qr2p2`- /m2 iQ i?2 ?B;? MmK#2` Q7 mMFMQrMb
�M/ ?B;? +QKTmi�iBQM�H +QKTH2tBiv Q7i2M � b2i Q7 bBKTHB7vBM; �bbmKTiBQMb Bb mb2/X h?2b2 `2bmHi BM b2ib
Q7 T�`�K2i2`b `2H�i2/ iQ i?2 KQiBQM Q7 i?2 Q#b2`p2` �M/ �`2 +�HH2/ pBbm�H Q#b2`p�#H2bX

.2`Qi�iBQM

A7 i?2 Q#b2`p2` ?�b �++2bb iQ Bib QrM `Qi�iBQM�H `�i2b- mbBM; ;v`Qb+QT2b 7Q` 2t�KTH2- i?2 ~Qr +�M
#2 /2`Qi�i2/X oBbBQM@#�b2/ �TTHB+�iBQMb BM J�ob Q7i2M mb2 i?Bb �bbmKTiBQM U/2 *`QQM 2i �HX- kyRjVX
GQM;m2i@>B;;BMb �M/ S`�x/Mv- RN3y b?Qrb i?�i BMi2`b2+iBQM Q7 i?2 HBM2 Q7 KQiBQM Q7 i?2 Q#b2`p2` rBi?
i?2 BK�;2 TH�M2 +�M #2 r`Bii2M �b,

x0 = U/W y0 = V/W UkXdV

�bbmKBM; i?2 `Qi�iBQM +QKTQM2Mib uR �M/ vR iQ #2 x2`Q- 2[m�iBQM kX8 +�M #2 `2r`Bii2M mbBM; 2[m�iBQM
kXd �b 7QHHQrb,

u = (x − x0) W/Z v = (y − y0) W/Z UkX3V

6`QK r?B+? 7QHHQrb i?�i,

u/v = (y − y0) / (x − x0) UkXNV

h?mb- Bi +�M #2 b22M i?�i �i TQBMi (x0, y0) QM i?2 BK�;2 TH�M2 i?2 QTiB+�H ~Qr rBHH #2 x2`Q �M/ MQi
/2T2M/2Mi QM i?2 /2Ti? Z Q7 i?2 rQ`H/ TQBMiX SQBMib 7m`i?2` �r�v 7`QK i?Bb TQBMi Q7 2tT�MbBQM rBHH
?�p2 �M BM+`2�bBM; K�;MBim/2 �M/ i?2`27Q`2 i?2 TQBMi Bb `272``2/ iQ �b i?2 6Q+mb Q7 1tT�MbBQM U6Q1V
r?2M i?2 Q#b2`p2` Bb KQpBM; iQr�`/ i?2 rQ`H/ TQBMi Q` 6Q+mb Q7 *QMi`�+iBQM U6Q*V r?2M Bi Bb KQpBM;
�r�vX �HbQ- i?2 `2H�iBp2 /2Ti? Z/W Q7 rQ`H/ TQBMib +�M #2 2biBK�i2/ r?2M i?2 HQ+�iBQM Q7 i?2 6Q1 Q`
6Q* QM i?2 BK�;2 TH�M2 Bb FMQrMX AM +�b2 i?2 /2Ti? Z Bb FMQrM i?2 hBK2@iQ@*QMi�+i Uhh*V Bb ;Bp2M
#v τ = Z/W X h?Bb ;Bp2b �M 2biBK�i2 ?Qr 7�bi i?2 Q#b2`p2` �TT`Q�+?2b i?2 6Q1 rQ`H/ TQBMiX

SH�M�` ~Qr

/2 *`QQM 2i �HX- kyRj BMi`Q/m+2b- �T�`i 7`QK i?2 bi�iB+ b+2M2 �bbmKTiBQM- �HbQ i?2 �bbmKTiBQM Q7 �
TH�M�` b+2M2 BM Q`/2` iQ bBKTHB7v i?2 b2i Q7 2[m�iBQMb 7Q` QTiB+�H ~Qr +�M #2 bBKTHB}2/ 2p2M 7m`i?2`X
h?2M- h Bb /2}M2/ �b i?2 /Bbi�M+2 #2ir22M i?2 Q#b2`p2`Ƕb +�K2`� TBM?QH2 O �M/ i?2 TH�M�` bm`7�+2X
6m`i?2`KQ`2- i?2 �M;H2b α �M/ β �`2 i?2 bHQT2b #2ir22M i?2 s �M/ u@�tBb Q7 i?2 Q#b2`p2`X G�biHv- i?2
p2HQ+Biv +QKTQM2Mib Q7 i?2 Q#b2`p2` �`2 b+�H2/ rBi? i?2 /2Ti? u0 = U/h, v0 = V/h �M/ w0 = W/h-
i?2M i?2 i?2 2tT`2bbBQM 7Q` i?2 TH�M�` ~Qr }2H/ +�M #2 /2}M2/ �b,

u = −u0 + (αu0 + w0) x + βu0y − αw0x2 − βw0xy

v = −v0 + αv0x + (βv0 + w0) y − βw0y2 − αw0xy
UkXRyV



je hBK2@p�`vBM; AK�;2 6Q`K�iBQM

A7 i?2 bHQT2b α �M/ β �`2 Q7 M2;HB;B#H2 K�;MBim/2- r?B+? Bb i?2 +�b2 r?2M i?2 TH�M�` bm`7�+2 Bb T2`T2M@
/B+mH�` iQ i?2 w@�tBb- i?2 2[m�iBQMb 7m`i?2` bBKTHB7v iQ,

u = −u0 + w0x

v = −v0 + w0y
UkXRRV

6`QK i?2b2 2[m�iBQMb Bi #2+QK2b �TT�`2Mi i?�i i?2 /2Ti?@b+�H2/ p2HQ+BiB2b Q7 i?2 Q#b2`p2` �`2 2bb2MiB�H
7Q` QTiB+�H ~Qr 2biBK�iBQM Q7 TH�M�` ~QrX h?2b2 MQ`K�HBx2/ p2HQ+BiB2b �`2 i?2 T`BK�`v +m2b- �HbQ FMQrM
�b pBbm�H Q#b2`p�#H2b- mb2/ 7Q` M�pB;�iBQMX lbBM; i?2b2 p2HQ+BiB2b i?2 T`2pBQmbHv BMi`Q/m+2/ hh* +�M #2
2biBK�i2/ �b τ= Z/W = 1/w0X 6m`i?2`KQ`2- mbBM; i?2 K�i?2K�iB+�H /2}MBiBQM Q7 /Bp2`;2M+2,

∇ · (x, y) = ∂u

∂x
(x, y) + ∂v

∂y
(x, y) UkXRkV

*QK#BM2/ rBi? 2[m�iBQM kXRR- H2�/b iQ i?2 /2}MBiBQM Q7 QTiB+�H ~Qr /Bp2`;2M+2 .X q?B+? Bb /2}M2/ �b

D = 2w0 = 2
τ

UkXRjV

kXk S?QiQK2i`B+ 7�+iQ`b

AM i?Bb b2+iBQM T?QiQK2i`B+ 7�+iQ`b �`2 /Bb+mbb2/ r?B+? BM~m2M+2 iBK2@p�`vBM; BK�;2 BMi2MbBivX aQK2
QTiB+�H ~Qr 2biBK�iBQM K2i?Q/b K�F2 mb2 Q7 TBt2H BMi2MbBiv `2T`2b2Mi�iBQMb r?B+? �`2 BMp�`B�Mi iQ
/Bz2`2Mi ivT2b Q7 +?�M;2b BM HB;?iBM; Qp2` iBK2 �M/ �`2 +�HH2/ T?QiQK2i`B+ BMp�`B�MibX 6Q` 7m`i?2`
/Bb+mbbBQM `272` iQ b2+iBQM jXjXRX

S?QiQK2i`B+ 7�+iQ`b BM+Hm/2 i?2 /Bz2`2Mi BHHmKBM�iBQM bQm`+2b- K�i2`B�H `2~2+i�M+2 T`QT2`iB2b �M/ i?2
BHHmKBM�iBQM Q7 � b+2M2 iQ �++QmMi 7Q` ?B;?HB;?ib �M/ b?�/QrbX �HH i?2b2 7�+iQ`b �`2 /B{+mHi iQ KQ/2H
�++m`�i2HvX h?2`27Q`2- BMbi2�/ Q7 T`QpB/BM; � +QKTH2t KQ/2H 7Q` i?2 ;2M2`�H +�b2- i?2 /B+?`QK�iB+
`2~2+iBQM KQ/2H Ua?�72`- RN38V Bb mb2/- r?B+? B;MQ`2b �HH #mi i?2 bBKTH2bi 7Q`Kb Q7 `2~2+i�M+2 �M/
BHHmKBM�iBQMX h?2 KQ/2H bi�i2b i?�i +QHQ` /Bbi`B#miBQMb rBHH 7Q`K � T�`�HH2HQ;`�K BM _:" bT�+2 �b +�M
#2 b22M BM 6B;m`2 kXkX h?Bb KQ/2H `2H�i2b i?2 Q#b2`p2/ _:" +QHQ` cx) = (R(x), G(x), B(x))T �i �
+2`i�BM HQ+�iBQM �b i?2 bmK Q7 �M BMi2`7�+2 `2~2+iBQM +QKTQM2Mi ci(x) �M/ � #Q/v `2~2+iBQM +QKTQM2Mi
cb(x),

c(x) = ci(x) + cb(x) UkXR9V

q?2`2 i?2 BMi2`7�+2 `2~2+iBQM +QKTQM2Mi Bb +�mb2/ #v bT2+mH�` U/B`2+iBQM@bT2+B}+V +QKTQM2Mib Q7 `2~2+@
iBQMX LQi2 i?�i i?2 bT2+mH�` +QKTQM2Mi Bb /2T2M/2Mi mTQM i?2 bm`7�+2 MQ`K�H �M/ i?2 pB2rBM; /B`2+iBQM
Q7 i?2 +�K2`�X 6Q` � T2`72+iHv /Bzmb2 UG�K#2`iB�MV bm`7�+2- ?Qr2p2`- i?2 #Q/v +QKTQM2Mi /2T2M/b
QMHv QM i?2 �M;H2 #2ir22M i?2 bm`7�+2 MQ`K�H �M/ i?2 bQm`+2b Q7 BHHmKBM�iBQM �M/ MQi QM i?2 pB2rBM;
/B`2+iBQM Q7 i?2 +�K2`�X h?Bb KQ/2H /Q2b MQi i�F2 BMiQ �++QmMi i?2 +?�`�+i2`BbiB+b Q7 i?2 +�K2`�X lbBM;
i?2 �bbmKTiBQM i?�i i?2 BHHmKBM�iBQM Bb bT2+i`�HHv mMB7Q`K- 2[m�iBQM kXR9 +�M #2 r`Bii2M BM i2`Kb Q7
Qp2`�HH BMi2MbBiv Q7 i?2 HB;?i bQm`+2 e- ;2QK2i`B+�H `2~2+iBQM 7�+iQ` m(x) �M/ i?2 `2~2+i�M+2 +QHQ` ĉ,

c(x) = e (mi(x)ĉi(x) + mb(x)ĉb(x)) UkXR8V

h?mb- Bi Bb �bbmK2/ i?�i i?2 BMi2`7�+2 UĉiV �M/ #Q/v UĉbV `2~2+i�M+2 +QHQ`b +QK#BM2 HBM2�`Hv �M/ i?2
;2QK2i`B+�H `2~2+iBQM 7�+iQ`b m(x)- r?B+? /2T2M/ QM K�i2`B�H T`QT2`iB2b- b2`p2 �b r2B;?ibX "2+�mb2
Q7 i?2 �bbmKTiBQM Q7 bT2+i`�HHv mMB7Q`K BHHmKBM�iBQM- QMHv �+?`QK�iB+ +QHQ`b UUr?Bi2 iQ ;`�v iQ #H�+FV



kXj PTiB+�H ~Qr T2`7Q`K�M+2 2p�Hm�iBQM jd

6B;m`2 kXk, UH27iV GBM2�` +QK#BM�iBQMb Q7 ĉi �M/ ĉi- /2MQi2/ #v Ci �M/ Cb `2bT2+iBp2Hv- HB2 QM � T�`�HH2HQ;`�KX
U`B;?iV h?2 TQbBiBQM rBi?BM i?2 T�`�HH2HQ;`�K /2i2`KBM2b i?2 K�;MBim/2 Q7 i?2 ;2QK2i`B+�H `2~2+iBQM 7�+iQ`b mi(x)

�M/ mb(x)- /2MQi2/ #v mb �M/ mi `2bT2+iBp2HvX "Qi? };m`2b i�F2M 7`QK a?�72`- RN38X

+�M #2 KQ/2H2/X h?2M �HH +?�MM2Hb Q7 ĉi +QMi`B#mi2 T`QTQ`iBQM�HHvc R̂i(x) = Ĝi(x) = B̂i(x) =: wi(x)X
G�biHv- B7 � M2mi`�H BMi2`7�+2 `2~2+iBQM UG22- "`2M2K�M � a+?mHi2- RNNyV Bb �bbmK2/- i?2 p�Hm2 Q7 wi(x)
#2+QK2b BM/2T2M/2Mi Q7 i?2 bT�iB�H TQbBiBQM �M/ 2[m�iBQM kXR8 +�M #2 `2r`Bii2M �b,

c(x) = e (mi(x)wi1 + mb(x)ĉb(x)) UkXReV

q?2`2 1 = (1, 1, 1)T X 1[m�iBQM kXRe Bb i?2 /B+?`QK�iB+ KQ/2H �b T`2b2Mi2/ BM a?�72`- RN38X "�b2/ QM
i?2 /B+?`QK�iB+ KQ/2H i?`22 ivT2b Q7 T?QiQK2i`B+ BMp�`B�Mib UBM/2T2M/2M+2 Q7 T?QiQK2i`B+ p�`B�#H2bV
+�M #2 /BbiBM;mBb?2/,

RX :HQ#�H KmHiBTHB+�iBp2 BHHmKBM�iBQM +?�M;2b, *QM+2`MBM; 2tT`2bbBQMb Q7 c(x) BM/2T2M/2Mi Q7
i?2 HB;?i bQm`+2 BMi2MbBiv eX

kX a?�/Qr �M/ a?�/BM;, *QM+2`MBM; 2tT`2bbBQMb Q7 c(x) BM/2T2M/2Mi Q7 HB;?i bQm`+2 BMi2MbBiv e
�M/ #Q/v `2~2+iBQM 7�+iQ` mb- ;Bp2M mi = 0 Ur?B+? Bb i?2 +�b2 7Q` K�ii2 bm`7�+2bVX

jX >B;?HB;?ib �M/ bT2+mH�` `2~2+iBQMb, *QM+2`MBM; 2tT`2bbBQMb Q7 c(x) BM/2T2M/2Mi Q7 HB;?i
bQm`+2 BMi2MbBiv e �M/ #Q/v `2~2+iBQM 7�+iQ` mb �M/ �HbQ BMi2`7�+2 `2~2+iBQM 7�+iQ` miX

h?2 K�BM HBKBi�iBQMb Q7 i?2 /B+?`QK�iB+ KQ/2H �`2 i?2 7�+i i?�i Bb /Q2b MQi �++QmMi 7Q` �K#B2Mi HB;?i
�M/ +�mb2b T`Q#H2Kb 7Q` mM+�HB#`�i2/ BK�;2b Up�M /2 q2BD2` � "2B;TQm`- kyRRVX

kXj PTiB+�H ~Qr T2`7Q`K�M+2 2p�Hm�iBQM

6Q` Qi?2` +QKTmi2` pBbBQM �`2�b bm+? �b bi2`2Q- b2;K2Mi�iBQM �M/ Q#D2+i `2+Q;MBiBQM- ;`QmM/ i`mi? /�i�
+�M #2 +�Tim`2/ #v mbBM; bT2+B�HBx2/ b2MbQ`b Q` K�Mm�H H�#2HBM;X h?2 +`2�iBQM Q7 ;`QmM/@i`mi? /�i� 7Q`
QTiB+�H ~Qr Bb /B{+mHi #2+�mb2 i?2`2 �`2 MQ b2MbQ`b �p�BH�#H2 7Q` QTiB+�H ~Qr �M/ K�Mm�H H�#2HBM; Bb
Q7i2M /B{+mHi �M/ p2`v iBK2@+QMbmKBM;X h?Bb b2+iBQM /2�Hb rBi? i?2 +�Tim`BM; Q7 ;`QmM/ i`mi? QTiB+�H
~Qr �M/ i?2 2p�Hm�iBQM i?2`2Q7X

kXjXR *�Tim`BM; QTiB+�H ~Qr ;`QmM/ i`mi?

h?Bb b2+iBQM /2�Hb rBi? i?2 +�Tim`BM; Q7 QTiB+�H ~Qr ;`QmM/ i`mi? /�i� 7Q` i?2 bT2+B}+ Tm`TQb2 Q7 i2biBM;
QTiB+�H ~Qr 2biBK�iBQM K2i?Q/b QM `2�H@rQ`H/ b+2M�`BQb �M/fQ` T`QpB/BM; � #2M+?K�`F iQ +QKT�`2 i?2



j3 hBK2@p�`vBM; AK�;2 6Q`K�iBQM

T2`7Q`K�M+2 Q7 /Bz2`2Mi QTiB+�H ~Qr 2biBK�iBQM K2i?Q/bX LQi2 i?�i i?2 KQiBp�iBQM 7Q` i?2 +`2�iBQM Q7
i?2b2 /�i�b2ib Bb ?B;?HB;?iBM; /B{+mHiB2b Q7 QTiB+�H ~Qr- r?B+? BM+Hm/2,

Ç h?2 �T2`im`2 T`Q#H2K �M/ `2;BQMb rBi? MQ Q` r2�F i2tim`2X �KTHB7vBM; i?2 7�+i i?�i i?2 QTiB+�H
~Qr 2biBK�iBQM T`Q#H2K Bb BHH@TQb2/X 6m`i?2` /2i�BHb rBHH #2 /Bb+mbb2/ BM a2+iBQM jXRX

Ç LQM`B;B/ KQiBQM- KQiBQM /Bb+QMiBMmBiB2b �M/ Q++HmbBQMbX

Ç G�`;2 KQiBQM Q7 bK�HH b+�H2 bi`m+im`2 r?B+? Bb � r2HH@FMQr /`�r#�+F Q7 i?2 +Q�`b2@iQ@}M2 b+?2K2X
6m`i?2` /Bb+mbb2/ BM a2+iBQM jXjX

Ç AHHmKBM�iBQM +?�M;2b- ?B;?HB;?ib �M/ bT2+mH�` `2~2+iBQMbX

Ç JQiBQM #Hm`- /27Q+mb #Hm` �M/ �iKQbT?2`B+ 2z2+ib Ubm+? �b 7Q;VX

Ç *�K2`� MQBb2

�M Qp2`pB2r Q7 i?2 /�i�b2ib mb2/ 7Q` #2M+?K�`FBM; �M/ i2biBM; +�M #2 b22M BM eXkX � bm#pBbBQM #2ir22M
i?2 /�i�b2ib Bb K�/2 #�b2/ QM i?2 K2i?Q/ mb2/ 7Q` Q#i�BMBM; i?2 ;`QmM/ i`mi? Q7 i?2 BK�;2 b2[m2M+2b,
ǵL�im`�H b2[m2M+2bǶ `272` iQ b2[m2M+2b K�/2 rBi? � `2�H +�K2`� �M/ ǵbvMi?2iB+ b2[m2M+2bǶ �`2 K�/2
/B;Bi�HHvX

L�im`�H b2[m2M+2b

h?2 ǵJB//H2#m`vǶ U"�F2` 2i �HX- kyRRV- ǵEAhhA kyRkǶ U:2B;2`- G2Mx � l`i�bmM- kyRkV- ǵEAhhA kyR8Ƕ
UJ2Mx2 � :2B;2`- kyR8V �M/ ǵ>.REǶ UEQM/2`K�MM 2i �HX- kyReV +QMi�BM ;`QmM/ i`mi? /�i� 7`QK M�im`�H
b+2M2bX "�F2` 2i �HX- kyRR mb2 ~mQ`2b+2Mi T�BMi Ur?B+? Bb QMHv pBbB#H2 iQ i?2 ;`QmM/ i`mi? +�K2`�V-
/QrM@b�KTHBM; Q7 ?B;?@`2bQHmiBQM BK�;2b �M/ b2[m2MiB�H i`�+FBM; Q7 bK�HH KQiBQM iQ Q#i�BM � /2Mb2-
bm#@TBt2H �++m`�i2 ;`QmM/ i`mi? +QMi�BMBM; MQM@`B;B/ KQiBQMX :2B;2` 2i �HX- kyRk mb2 � +�` rBi? irQ
?B;?@`2bQHmiBQM +�K2`�b- � H�b2` b+�MM2`- �M/ � ?B;?@�++m`�+v HQ+�HBx�iBQM bvbi2KX h?2B` /�i�b2i Bb
7Q+mb2/ QM i?2 �TTHB+�iBQM Q7 �miQMQKQmb /`BpBM;X q?BH2 EAhhA kyRk +QMi�BMb b2[m2M+2b 7`QK /Bz2`2Mi
;2QbT�iB�H HQ+�iBQMb- EQM/2`K�MM 2i �HX- kyRe +`2�i2 �M �miQMQKQmb /`BpBM; /�i�b2i r?B+? Bb `2+Q`/2/
BM QMHv � bBM;H2 bi`22i mbBM; � bBKBH�` b2imT iQ EAhhA kyRkX h?2B` K�BM KQiBp�iBQM 7Q` +`2�iBM; i?Bb
/�i�b2i Bb i?�i Bi `2T`2b2Mib +?�HH2M;2b bT2+B}+ iQ m`#�M �miQMQKQmb /`BpBM;X h?2 EAhhA kyR8 mb2b
� /�i� �+[mBbBiBQM K2i?Q/ bBKBH�` iQ EAhhA kyRk- ?Qr2p2` i?2v T`Q/m+2 � b+2M2 ~Qr /�i�b2i r?B+?
K2�Mb � j. `2T`2b2Mi�iBQM Q7 i?2 KQiBQM }2H/ Bb K�/2X h?Bb j. KQiBQM }2H/ +�M #2 T`QD2+i2/ QMiQ i?2
k. TH�M2 iQ Q#i�BM ;`QmM/ i`mi? r?B+? r2 `272` iQ �b QTiB+�H ~QrX

avMi?2iB+ b2[m2M+2b

"Qi? i?2 JB//H2#m`v �M/ ǵJSA@aBMi2HǶ U"miH2` 2i �HX- kyRkV /�i�b2ib +QMi�BM bvMi?2iB+ QTiB+�H ~Qr
;`QmM/ i`mi?X h?2 K�BM �/p�Mi�;2 Q7 ;2M2`�iBM; bvMi?2iB+ /�i�b2ib Bb i?�i i?2 ;`QmM/ i`mi? �++m`�+v Bb
QTiBK�HX h?2 /`�r#�+F Bb i?�i i?2 `2M/2`2/ ;`QmM/ i`mi? Bb QMHv �b +HQb2 iQ `2�H@rQ`H/ b+2M�`BQb �b i?2
KQ/2Hb i?�i /2b+`B#2 i?2KX "�F2` 2i �HX- kyRR mb2 i?2 `2M/2`BM; T`Q;`�K ǵj.2HB;?iǶ iQ ;2M2`�i2 ;`QmM/
i`mi? rBi?Qmi KQiBQM #Hm`X "miH2` 2i �HX- kyRk KQ/B7v i?2 `2M/2`BM; T`Q;`�K ǵ"H2M/2`Ƕ iQ Q#i�BM /2Mb2
QTiB+�H ~Qr ;`QmM/ i`mi? 7Q` i?2 QT2M@bQm`+2 �+iBQM KQpB2 ǵaBMi2HǶX h?2B` bvMi?2iB+ /�i�b2i +QMi�BMb HQM;@
b2[m2M+2b- H�`;2 KQiBQMb- KQiBQM #Hm`- �M/ �iKQbT?2`B+ 2z2+ibX h?2 KQpB2 Bb `2M/2`2/ mbBM; /Bz2`2Mi
T�bb2b- �i r?B+? /Bz2`2Mi BHHmKBM�iBQM KQ/2Hb �`2 �+iBp2X h?2 ǵ�H#2/Q T�bbǶ Bb 7Q` ~�i mMb?�/2/ bm`7�+2b-
i?2 ǵ*H2�M T�bbǶ BM+Hm/2b b?�/BM; �M/ bT2+mH�` `2~2+iBQMb �M/ i?2 ǵ6BM�H T�bbǶ BM+Hm/2b KQiBQM #Hm` �M/
�iKQbT?2`B+ 2z2+ib Ubm+? �b 7Q;VX



kXj PTiB+�H ~Qr T2`7Q`K�M+2 2p�Hm�iBQM jN

.�i�b2i Sm#HBb?2/ BM avMi?2iB+fM�im`�H O6`�K2b 7Q` i2biBM; _2bQHmiBQM

JB//H2#m`v "�F2` 2i �HX- kyRR afL 3 e9y t 93y
EAhhA kyRk :2B;2`- G2Mx �M/ l`i�bmM- kyRk L RN9 R-k9k t jd8
JSA@aBMi2H "miH2`- qmHz- ai�MH2v �M/ "H�+F- kyRk a R-ye9 R-yk9 t 9je
EAhhA kyR8 J2Mx2 �M/ :2B;2`- kyR8 L kyy R-k9k t jd8
>.RE EQM/2`K�MM 2i �HX- kyRe L j-8ej k-8ey t Ry3y

h�#H2 kXR, Pp2`pB2r Q7 #Qi? bvMi?2iB+ �M/ M�im`�H /�i�b2ib rBi? /2Mb2 QTiB+�H ~Qr ;`QmM/ i`mi?X LQi2 i?�i
/�i�b2ib rBi? � T`Bp�i2 i2bib2i +�M #2 mb2/ � #2M+?K�`FX h?2 #2M+?K�`F KQbi Q7i2M mb2/ Bb JSA@aBMi2HX �/�Ti2/

7`QK J�v2` 2i �HX- kyR3X

kXjXk 6HQr 2``Q` K2i`B+b

AM i?Bb b2+iBQM- i?2 ~Qr 2``Q` K2i`B+b +QKKQMHv mb2/ BM HBi2`�im`2 �`2 T`2b2Mi2/X h?2 �M;mH�` 1``Q`
U�1V r�b }`bi BMi`Q/m+2/ #v .X 6H22i �M/ C2TbQM- RN3N #mi ;�BM2/ rB/2 �/QTiBQM i?�MFb iQ i?2 mb2
Q7 i?2 K2�bm`2 BM i?2 rQ`F Q7 "�``QM- 6H22i �M/ "2�+?2KBM- RNN9X h?2 �1 ~Qr }2H/ p2+iQ` 2biBK�i2
Uu, vV �M/ i?2 ;`QmM/@i`mi? ~Qr p2+iQ` UuGT , vGT V Bb /2}M2/ �b i?2 j. �M;H2 BM bT�iBQi2KTQ`�H bT�+2
#2ir22M Uu, v, 1.0V �M/ UuGT , vGT , 1.0VX Ai Bb /2}M2/ �b,

AE = cos−1

(
1.0 + u × uGT + v × vGT√

1.0 + u2 + v2
√

1.0 + u2
GT + v2

GT

)
UkXRdV

h?2 +QMb2[m2M+2 Q7 mbBM; i?Bb 2``Q` K2i`B+ Bb i?�i 2``Q`b BM ~Qr }2H/b rBi? H�`;2 K�;MBim/2 �`2 T2M�HBx2/
H2bb i?�M 2``Q`b BM ~Qr }2H/b rBi? � bK�HH K�;MBim/2X Pii2 �M/ L�;2H- RNN9 /2}M2/ QTiB+�H ~Qr 2``Q`
BM i2`Kb Q7 K�;MBim/2 Q7 i?2 /Bbi�M+2 p2+iQ` #2ir22M i?2 ;`QmM/ i`mi? �M/ ~Qr }2H/ p2+iQ` 2biBK�i2X
h?Bb Bb �HbQ FMQrM �b i?2 1M/TQBMi 1``Q` U11V �M/ Bb /2}M2/ �b,

EE =
√

(u − uGT )2 + (v − vGT )2 UkXR3V





j
.Bz2`2MiB�H J2i?Q/b

AM i?Bb *?�Ti2` /Bz2`2MiB�H BK�;2 BMi2MbBiv K2i?Q/b �`2 /Bb+mbb2/X 6B`biHv- i?2 QTiB+�H ~Qr +QMbi`�BMi
2[m�iBQM rBHH #2 /2`Bp2/- 7QHHQr2/ #v �M 2tTH�M�iBQM Q7 i?2 �T2`im`2 T`Q#H2KX L2ti- i?2 i�tQMQKv Q7
aX aX "2�m+?2KBM �M/ "�``QM- RNN8 Bb mb2/ 7Q` i?2 /BbiBM+iBQM #2ir22M HQ+�H �M/ ;HQ#�H K2i?Q/bX AM
i?2 b2+iBQM �#Qmi ;HQ#�H K2i?Q/b i?2 i�tQMQKv Q7 "�F2` 2i �HX- kyRR Bb mb2/- �M/ � +QM/2Mb2/ Qp2`pB2r
Q7 ;HQ#�H 2M2`;v K2i?Q/b Bb ;Bp2MX 6Q` �M BM@/2Ti? `2pB2r Q7 i?2 2MiB`2 }2H/ Q7 /Bz2`2MiB�H@#�b2/ QTiB+�H
~Qr 2biBK�iBQM K2i?Q/b i?2 `2�/2` Bb 2M+Qm`�;2/ iQ bim/v "�``QM 2i �HX- RNN9 �M/ "�F2` 2i �HX- kyRRX

jXR PTiB+�H ~Qr +QMbi`�BMi

*QMbB/2` i?2 BK�;2 BMi2MbBiv 7mM+iBQM I(x, t) r?B+? T`QpB/2b i?2 #`B;?iM2bb Q7 � TBt2H �i BK�;2 TH�M2
HQ+�iBQM x = (x, y)T �i iBK2 t �M/ H2i i?2 QTiB+�H ~Qr #2 /2MQi2/ #v v = (u, v)T X "X EX >Q`M �M/
a+?mM+F- RN3R r2`2 i?2 }`bi iQ BMi`Q/m+2 i?2 #`B;?iM2bb +QMbi�M+v �bbmKTiBQM- �bbmKBM; i?�i mM/2` �
b?Q`i T2`BQ/ Q7 iBK2 i?2 BMi2MbBiv Q7 � TBt2H- r?2M Bi ~Qrb 7`QK QM2 BK�;2 iQ �MQi?2`- /Q2b MQi +?�M;2X
h?Bb +QK#BM2b � MmK#2` Q7 �bbmKTiBQMbc i?�i i?2 b+2M2 Bb G�K#2`iB�M- i?2 BHHmKBM�iBQM BM i?2 b+2M2
Bb mMB7Q`K �M/ i?�i i?2`2 Bb MQ pB;M2iiBM; BM i?2 +�K2`�X h?2 H�ii2` K2�Mb i?2`2 Bb MQ `2/m+iBQM BM
#`B;?iM2bb iQr�`/b i?2 2/;2b Q7 i?2 +�K2`� +QKT�`2/ iQ i?2 +2Mi2` Q7 i?2 BK�;2 TH�M2X LQr +QMbB/2`
i?2 bBKTH2 +�b2 Q7 i`�MbH�iBQM,

I(x, t) = I(x + v, t + 1) UjXRV

h?Bb 2[m�iBQM +�M #2 HBM2�`Bx2/ #v �TTHvBM; � }`bi@Q`/2` h�vHQ` 2tT�MbBQM �M/ H2�/b iQ i?2 PTiB+�H 6HQr
*QMbi`�BMi 2[m�iBQM,

∇I(x, t) · v + It(x, t) = 0 UjXkV

q?2`2 It(x, t) /2MQi2b i?2 i2KTQ`�H BK�;2 BMi2MbBiv /2`Bp�iBp2 �M/ ∇I(x, t) = (Ix(x, t), Iy(x, t))T X
LQi2 i?�i 1[m�iBQM jXk ?�b i?2 irQ QTiB+�H ~Qr +QKTQM2Mib (u, v)T �b mMFQrMbX aX aX "2�m+?2KBM
�M/ "�``QM- RNN8 b?Qrb i?�i 2[m�iBQM jXk H2�/b iQ i?2 �T2`im`2 T`Q#H2K UlHHK�M- RNdNVX J2�MBM;-
QMHv BK�;2 p2HQ+Biv BM i?2 /B`2+iBQM Q7 i?2 HQ+�H BK�;2 ;`�/B2Mi +�M #2 /2i2`KBM2/X "2+�mb2 Q7 i?2 irQ
mMFMQrMb- QMHv QM2 +QKTQM2Mi Q7 p2HQ+Biv +�M #2 `2bQHp2/ bBKmHi�M2QmbHvX h?Bb T`Q#H2K Bb BHHmbi`�i2/
BM 6B;m`2 jXR 7Q` � /B�;QM�HHv i`�MbH�iBM; BMi2MbBiv T�ii2`MX

9R



9k .Bz2`2MiB�H J2i?Q/b

vn vn

vn

"�

*

6B;m`2 jXR, AHHmbi`�iBQM Q7 i?2 �T2`im`2 T`Q#H2K 7Q` � /B�;QM�HHv i`�MbH�iBM; BMi2MbBiv T�ii2`MX LQi2 i?�i i?`Qm;?
i?2 �T2`im`2b � �M/ " QMHv i?2 p2HQ+Biv +QKTQM2Mi MQ`K�H iQ i?2 BMi2MbBiv T�ii2`M +�M #2 2biBK�i2/X AMbB/2
�T2`im`2 " #Qi? p2HQ+Biv +QKTQM2Mib +�M #2 `2bQHp2/X �/�Ti2/ 7`QK aX aX "2�m+?2KBM �M/ "�``QM- RNN8X

LQi2 i?�i i?2 QTiB+�H ~Qr +QKTQM2Mib (u, v)T +�M #2 `2r`Bii2M BM i2`Kb Q7 i?2 p2HQ+Biv +QKTQM2Mi
T2`T2M/B+mH�` iQ i?2 +QMiQm`b Q7 +QMbi�Mi BMi2MbBiv- �HbQ FMQrM �b +QKTQM2Mi p2HQ+Biv vnX LQi2 i?�i
vn = sn- r?2`2 s Bb i?2 MQ`K�H bT22/ �M/ n i?2 MQ`K�H /B`2+iBQMX 1[m�iBQM jXk +�M i?2M #2 `2r`Bii2M
�b 7QHHQrb,

s(x, t) = −It(x, t)
∥∇I(x, t)∥ , n(x, t) = ∇I(x, t)

∥∇I(x, t)∥ UjXjV

AM Q`/2` iQ bQHp2 7Q` 1[m�iBQM jXk KQ`2 +QMbi`�BMib �`2 M22/2/ r?B+? rBHH #2 /Bb+mbb2/ BM i?2 7QHHQrBM;
b2+iBQMbX

jXk GQ+�H K2i?Q/b

Gm+�b �M/ E�M�/2- RN3R BMi`Q/m+2 �//BiBQM�H +QMbi`�BMib BM i?2 7Q`K Q7 � HQ+�H bKQQi?M2bb �bbmKTiBQMX
h?Bb K2�Mb Bi Bb �bbmK2/ i?2 QTiB+�H ~Qr BM � HQ+�H `2;BQM Bb +QMbi�MiX *QMbB/2` � rBM/Qr 7mM+iBQM
W (x)- r?B+? ;Bp2b KQ`2 r2B;?i iQ i?2 +2Mi`2X h?2M i?2 QTiB+�H ~Qr v +�M #2 2biBK�i2/ �`QmM/ i?2
bK�HH bT�iB�H M2B;?#Q`?QQ/ Ω mbBM;,

∑

x∈Ω
W 2(x)

[
∇I(x, t) · v + It(x, t)

]2
UjX9V

q?B+? +�M #2 b22M �b � r2B;?i2/ KBMBKBx�iBQM Q7 i?2 HQ+�H H2�bi@b[m�`2b bQHmiBQM Q7 i?2 QTiB+�H ~Qr +QM@
bi`�BMiX aBKQM+2HHB- �/2HbQM �M/ >22;2`- RNNR 2ti2M/ i?2 �TT`Q�+? iQ BM+Q`TQ`�i2 i?2 2B;2Mp�Hm2b Q7 i?2
H2�bi@b[m�`2b K�i`Bt �b � +QM}/2M+2 K2�bm`2X "�b2/ QM i?2 >�``Bb +Q`M2` /2i2+iQ` U>�``Bb � ai2T?2Mb-
RN33V- r?B+? K�F2b mb2 Q7 i?2 b�K2 H2�bi@b[m�`2b K�i`Bt U�HbQ FMQr �b i?2 b2+QM/ KQK2Mi K�i`BtV-
i?2 BMi2`T`2i�iBQM Q7 i?2 2B;2Mp�Hm2b i?`2b?QH/ 7Q` 2B;2Mp�Hm2b Bb �b 7QHHQrbc r?2M #Qi? 2B;2Mp�Hm2b �`2
bK�HH- Bi Bb +QMbB/2`2/ � ~�i `2;BQMX q?2M QM2 Q` irQ 2B;2Mp�Hm2b �`2 H�`;2 i?2`2 Bb �M 2/;2- �M/ B7
#Qi? �`2 H�`;2 � +Q`M2` Bb /2i2+i2/X "�``QM 2i �HX- RNN9 }M/ i?�i mbBM; � i?`2b?QH/ 7Q` #Qi? 2B;2Mp�Hm2b
QmiT2`7Q`Kb mbBM; � i?`2b?QH/ 7Q` i?2 bmK Q7 i?2 2B;2Mp�Hm2bX

l`�b- :B`QbB- o2``B �M/ hQ``2- RN33 K�F2 mb2 Q7 i?2 b2+QM/@Q`/2` BMi2MbBiv /2`Bp�iBp2b iQ 7m`i?2` +QMbi`�BM
1[m�iBQM jXk,



jXj :HQ#�H K2i?Q/b 9j

(∇∇I(x, t))vT = −∇It(x, t) UjX8V

�Hi?Qm;? i?Bb 2[m�iBQM T`QpB/2b 2MQm;? +QMbi`�BMib 7Q` i?2 p2HQ+Biv iQ #2 `2bQHp2/ 7Q` � bBM;H2 BK�;2
TQBMi- 2biBK�i2b 7`QK �M 3t3 `2;BQM �`2 mb2/ �b BMTmi- 7`QK r?B+? i?2v b2H2+i i?2 2B;?i 2biBK�i2b r?B+?
#2bi }i i?2 +QMbi`�BMi ∥(∇v)T ∇I(x, t)∥ ≪ ∥∇It(x, t)∥X h?2 /`�r#�+F Q7 i?Bb K2i?Q/ Bb i?2 7�+i i?�i
i?2 +QMbi�M+v �bbmKTiBQM QM i?2 ;`�/B2Mi Ub2+QM/@Q`/2` /2`Bp�iBp2bV �`2 BMp�HB/ 7Q` `Qi�iBQM- /BH�iBQM-
�M/ b?2�`X q?BH2 i?2 #`B;?iM2bb +QMbi�M+v �bbmKTiBQMb �HHQrb 7Q` �{M2 /27Q`K�iBQMbX L�;2H �M/
1MF2HK�MM- RN3e r2`2 i?2 }`bi iQ b?Qr i?�i BK�;2 TQBMib r?B+? ?�p2 ?B;? :�mbbB�M +m`p�im`2- bm+? �b
+Q`M2`b- +�M bQHp2 i?2 �T2`im`2 T`Q#H2KX LQi2 i?�i :�mbbB�M +m`p�im`2 Bb 2tT`2bb2/ �b det(∇∇I(x, t))X
Ai Bb 7Q` i?Bb `2�bQM "�``QM 2i �HX- RNN9 mb2 � i?`2b?QH/ QM det(∇∇I(x, t)) 7Q` i?2 K2i?Q/ Q7 l`�b 2i �HX-
RN33 iQ Q#i�BM `2HB�#H2 2biBK�i2bX

jXj :HQ#�H K2i?Q/b

JQbi ;HQ#�H BMi2MbBiv@#�b2/ /Bz2`2MiB�H K2i?Q/b T?`�b2 i?2 QTiB+�H ~Qr 2biBK�iBQM T`Q#H2K BM i2`Kb Q7
� ;HQ#�H 2M2`;v 7mM+iBQM,

E :HQ#�H = E .�i� + λE S`BQ` UjXeV

q?2`2 E.�i� Bb i?2 /�i� i2`K �M/ ES`BQ` i?2 T`BQ` i2`K �M/ λ Bb � r2B;?i 7�+iQ` #2ir22M #Qi? i2`KbX
h?2 /�i� i2`K K2�bm`2b i?2 +QMbBbi2M+v Q7 i?2 ~Qr rBi? i?2 BMTmi BK�;2b- ?B;? 2M2`;v +Q``2bTQM/b iQ
KQ`2 /2pB�iBQMb 7`QK i?Bb +QMbBbi2M+vX h?2 T`BQ` i2`K 7�pQ`b +2`i�BM ivT2b Q7 ~Qr }2H/b Qp2` Qi?2`bX AM
i?2 7QHHQrBM; b2+iBQMb- i?2 /�i� i2`K- T`BQ` i2`K- �M/ QTiBKBx�iBQM Q7 1[m�iBQM jXe rBHH #2 /Bb+mbb2/X
G�biHv- bT�`b2@iQ@/2Mb2 +Q``2bTQM/2M+2 K�i+?BM; �TT`Q�+?2b rBHH #2 /Bb+mbb2/X h?2b2 K2i?Q/b mb2
bT�`b2 72�im`2 K�i+?2b �b �M BMBiB�HBx�iBQM 7Q` i?2 ;HQ#�H 2M2`;v 7mM+iBQMX

jXjXR .�i� i2`K

�b � bi�`iBM; TQBMi 7Q` i?2 /�i� i2`K 2Bi?2` i?2 MQM@HBM2�`Bx2/ #`B;?iM2bb +QMbi�M+v �bbmKTiBQM U1[m�@
iBQM jXRV Q` i?2 QTiB+�H ~Qr +QMbi`�BMi U1[m�iBQM jXkV Bb mb2/X q?2M i?2 MQM@HBM2�`Bx2/ #`B;?iM2bb
+QMbi�M+v �bbmKTiBQM Bb mb2/- Bi Bb mbm�HHv +QMp2`i2/ iQ i?2 QTiB+�H ~Qr +QMbi`�BMi /m`BM; QTiBKBx�@
iBQMX q?B+? rBHH #2 7m`i?2` /Bb+mbb2/ BM a2+iBQM jXjXjX LQi2 i?�i #Qi? Q7 i?2b2 2[m�iBQMb T`QpB/2 �M
2``Q` K2�bm`2 T2` TBt2HX "X EX >Q`M �M/ a+?mM+F- RN3R mb2/ � [m�/`�iB+ 2``Q` 7mM+iBQM UGk MQ`KV iQ
�;;`2;�i2 i?2 2``Q`X h?Bb H2�/b iQ i?2 7QHHQrBM; /�i� i2`K,

EData =
∑

x

[
∇I(x, t) · v + It(x, t)

]2
UjXdV

"`Qt 2i �HX- kyy9 MQi2 i?�i mbBM; � [m�/`�iB+ T2M�Hiv 7mM+iBQM ;Bp2b iQQ Km+? r2B;?i iQ QmiHB2`b BM
i?2 2biBK�iBQMX h?2`27Q`2 i?2 GR MQ`K rBi? � bK�HH TQbBiBp2 +QMbi�Mi ϵ Bb mb2/ r?B+? #2M2}ib i?2
QTiBKBx�iBQM #2+�mb2 Bi 2Mbm`2b i?2 `2bmHiBM; 7mM+iBQM Bb biBHH +QMp2tX h?Bb `2bmHib BM i?2 7QHHQrBM; /�i�
i2`K,

EData =
∑

x

√
∥∇I(x, t) · v + It(x, t)∥2

1 + ϵ2 UjX3V

q?2`2 ∥ · ∥1 /2MQi2b i?2 GR MQ`K Q7 i?2 2``Q`bX
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*QM+2Ti S?QiQK2i`B+ BMp�`B�M+2 O*? ��1 Q`B;X �11 KmHiX �11 KmHiX Y �//X
ai�M/�`/ _:" LQM2 j kXe8 ◦ 9jX99 ◦ 9jX99 ◦

*QHQ` bT�+2 >aG U>m2V a?�/BM;- ?B;?HB;?ib �M/ bT2+mH�`BiB2b R 9Xk3 ◦ 9Xk3 ◦ 9Xk3 ◦

bT?2`B+�H Uφ- θV a?�/BM; k kXyd ◦ kXyd ◦ jXjd ◦

LQ`K�HBx�iBQM _:" U�`Bi?KX K2�MV a?�/BM; j kXkk ◦ kXkk ◦ jXdR ◦

_:" U;2QKX K2�MV a?�/BM; j kXke ◦ kXke ◦ 8Xe9 ◦

GQ;@/2`Bp�iBp2b ∇HMU_:"V a?�/BM; e kX3N ◦ jXy9 ◦ 9Xj8 ◦

"`Qt 2i �HX Uk.V _:" Y ∇_:" >B;?HB;?ib �M/ bT2+mH�`BiB2b N kXe9 ◦ jX3N ◦ jXNk ◦

h�#H2 jXR, S2`7Q`K�M+2 Q7 i?2 +QMbi�M+v �bbmKTiBQM 7Q` /Bz2`2Mi +QM+2Tib rBi? BMi2MbBiv +?�MM2Hb +QMi�BMBM;
T?QiQK2i`B+�HHv BMp�`B�Mib mM/2` Q`B;BM�H- KmHiBTHB+�iBp2 �M/ �//BiBp2 HB;?iBM; BM ��1 QM i?2 bi`22i b2[m2M+2

U?iiT,ffQ7@2p�HXbQm`+27Q`;2XM2iVX h�#H2 Bb �/�Ti2/ 7`QK JBH2p�- "`m?M �M/ q2B+F2`i- kyydX

S?QiQK2i`B+�HHv BMp�`B�Mi 72�im`2b �M/ +QHQ`

h?2 #B;;2bi /`�r#�+F Q7 i?2 #`B;?iM2bb +QMbi�M+v �bbmKTiBQM Bb i?�i Bi Bb MQi �#H2 iQ +QT2 rBi? BHHmKBM@
�iBQM +?�M;2b Qp2` iBK2X h?2`27Q`2- � ;`�/B2Mi +QMbi�M+v Bb mb2/ #v "`Qt 2i �HX- kyy9- r?B+? K�F2b i?2
/�i� i2`K KQ`2 `Q#mbi iQ �//BiBp2 BHHmKBM�iBQM +?�M;2bX q?2M i�FBM; i?2 ;`�/B2Mi Q7 i?2 #`B;?iM2bb
+QMbi�M+v �bbmKTiBQM,

∇I(x, t) = ∇I(x + v, t + 1) UjXNV

h?2 ;`�/B2Mi +QMbi�M+v �bbmKTiBQM �bbmK2b i?2 ~Qr iQ #2 HQ+�HHv i`�MbH�iBQM�HX J2�MBM; i?�i i?2
;`�/B2Mi +QMbi�M+v �bbmKTiBQM +�M #2 pBQH�i2/ #v HQ+�H b+�H2 +?�M;2b- r?BH2 i?2 #`B;?iM2bb +QMbi�M+v
�bbmKTiBQM biBHH ?QH/bX LQi2 i?�i r?2M 2[m�iBQM jXN Bb HBM2�`Bx2/ mbBM; � }`bi@Q`/2` h�vHQ` 2tT�MbBQM
i?2 `2bmHi rBHH #2 i?2 b�K2 �b 2[m�iBQM jX8X

AMbi2�/ Q7 mbBM; i?2 ;`�/B2Mi +QMbi�M+v �bbmKTiBQM- JBH2p�- "`m?M �M/ q2B+F2`i- kyyd +QMbB/2` /Bz2`2Mi
+QM+2Tib rBi? T?QiQK2i`B+�HHv BMp�`B�Mi BMi2MbBiv +?�MM2HbX h?2 T2`7Q`K�M+2 Q7 i?2 /Bz2`2Mi +QM+2Tib
QM � bvMi?2iB+ b2[m2M+2 Bb K2�bm`2/ 7Q` #Qi? KmHiBTHB+�iBp2 �M/ �//BiBp2 HB;?iBM; �b +�M #2 b22M BM h�#H2
jXRX 6`QK i?Bb- Bi +�M #2 b22M i?�i i?2 #`B;?iM2bb +QMbi�M+v �bbmKTiBQM QM _:" BMi2MbBiv +?�MM2Hb 7�BHb
r?2M KmHiBTHB+�iBp2 HB;?iBM; Bb �//2/ iQ i?2 i2bi b2[m2M+2X AM i?2 >ao +QHQ` bT�+2- i?2 >m2 +?�MM2H Bb
T?QiQK2i`B+�HHv BMp�`B�Mi iQ #Qi? b?�/Qr �M/ b?�/BM; �b r2HH �b ?B;?HB;?ib �M/ bT2+mH�`BiB2bX h?2`27Q`2-
i?2 >ao +QHQ` bT�+2 Bb �#H2 iQ �+?B2p2 i?2 b�K2 H2p2H Q7 T2`7Q`K�M+2 7Q` #Qi? KmHiBTHB+�iBp2 �M/ �//BiBp2
HB;?iBM; Ub2+iBQM kXkVX >Qr2p2`- #2+�mb2 i?2 i`�Mb7Q`K Q7 _:" iQ >ao +QHQ` bT�+2 BMpQHp2b i?2 `�iBQ Q7
+QHQ` +?�MM2H /Bz2`2M+2b- Bi �HbQ /Bb+�`/b BM7Q`K�iBQMX h?2 +?�MM2Hb φ �M/ θ Q7 i?2 bT?2`B+�H +QHQ` bT�+2
Ur, φ, θV �`2 BMp�`B�Mi iQ b?�/Qr �M/ b?�/BM; �M/ T`QpB/2 i?2 #2bi `2bmHibX �HbQ- MQi2 i?2 `Q#mbiM2bb Q7
i?2 K2i?Q/ Q7 "`Qt 2i �HX- kyy9 iQ �//BiBp2 BHHmKBM�iBQM +?�M;2bX

wBKK2` 2i �HX- kyRR T`QTQb2 i?2 mb2 Q7 i?2 >ao +QHQ` bT�+2 7Q` i?2 /�i� i2`KX "v �HHQrBM; � b2T�`�i2
`Q#mbiB}+�iBQM Q7 2�+? +?�MM2H- i?2 KQbi bmBi�#H2 +?�MM2H 7Q` 2�+? bT�iB�H HQ+�iBQM +�M #2 +?Qb2MX �b +�M
#2 b22M BM 6B;m`2 jXk- /Bz2`2Mi +?�MM2Hb BM i?2 >ao +QHQ` bT�+2R TQbb2b p�`BQmb /2;`22b Q7 T?QiQK2i`B+
BMp�`B�M+2X AM 6B;m`2 jXj �M 2t�KTH2 Q7 i?2 /Bz2`2Mi r2B;?ib ;Bp2M iQ /Bz2`2Mi >ao +?�MM2Hb 7Q` /Bz2`2Mi
bT�iB�H HQ+�iBQMb �`2 ;Bp2MX >2`2 Bi +�M #2 b22M- /Bz2`2Mi +?�MM2Hb `2+2Bp2 H�`;2` Q` bK�HH2` r2B;?ib BM
b?�/Qr `2;BQMbX 1bT2+B�HHv- MQi2 i?2 #H�+F `2;BQMb r?B+? +Q``2bTQM/ iQ MQ r2B;?i BM i?2 p�Hm2 +?�MM2H
U#QiiQK `B;?iV r?B+? Bb b2MbBiBp2 iQ b?�/BM; BM 6B;m`2 jXjX

jXjXk S`BQ` i2`K

"2+�mb2 i?2 /�i� i2`K ?�b KQ`2 mMFMQrMb i?�M +QMbi`�BMib- i?2 T`Q#H2K Bb BHH@TQb2/X h?2`27Q`2- KQ`2
+QMbi`�BMib �`2 M22/2/X JQbi T`BQ` i2`Kb 7�pQ` bKQQi?Hv@p�`vBM; ~Qr }2H/bX h?2 bBKTH2bi T`BQ` Bb #v
Rh?2 ?m2 +?�MM2H Bb 2tT`2bb2/ �b �M �M;H2 BM #2ir22M 0◦ �M/ 360◦ �M/ BM Q`/2` iQ K�F2 i?2 ?m2 +?�MM2H /Bz2`2MiB�#H2
i?2 +QbBM2 �M/ bBM2 Q7 i?2 �M;H2 �`2 mb2/ �b BMTmiX

http://of-eval.sourceforge.net
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6B;m`2 jXk, >ao /2+QKTQbBiBQM Q7 i?2 _m##2`r?�H2
BK�;2 7`QK i?2 JB//H2#m`v QTiB+�H ~Qr /�i�b2i U"�F2`
2i �HX- kyRRVX UiQT H27iV _:" BK�;2 rBi? � xQQK BM QM
i?2 b?�/Qr Q7 i?2 r?22HX hQT `B;?i, >m2 +?�MM2H rBi?
K�tBKmK p�Hm2b BM i?2 b�im`�iBQM �M/ p�Hm2 +?�MM2HbX
U#QiiQK 7`QK H27i iQ `B;?iV h?2 b�im`�iBQM �M/ p�Hm2

+?�MM2H `2bT2+iBp2HvX LQi2 i?�i BM i?2 ?m2 �M/
b�im`�iBQM +?�MM2H i?2 b?�/Qr Bb MQi pBbB#H2X h�F2M

7`QK wBKK2`- "`m?M �M/ q2B+F2`i- kyRRX

6B;m`2 jXj, h?2 r2B;?ib pBbm�HBx2/ 7Q` /Bz2`2Mi
+?�MM2Hb BM i?2 >ao +QHQ` bT�+2X UiQT H27iV wQQK BM Q7
i?2 _m##2`r?�H2 BK�;2 Q7 i?2 JB//H2#m`v QTiB+�H ~Qr

/�i�b2iU"�F2` 2i �HX- kyRRVX UiQT `B;?iV q2B;?ib
�TTHB2/ iQ i?2 ?m2 +?�MM2HX LQi2 i?�i � H�`;2` r2B;?i
+Q``2bTQM/b iQ #`B;?i2` TBt2HbX U#QiiQK 7`QK H27i iQ
`B;?iV q2B;?ib 7Q` i?2 b�im`�iBQM �M/ p�Hm2 +?�MM2H

`2bT2+iBp2HvX LQi2 i?�i i?2 p�Hm2 +?�MM2H Bb MQi
BMp�`B�Mi iQ b?�/BM; �M/ i?2`27Q`2 `2+2Bp2b �HKQbi MQ

r2B;?i BM i?2 b?�/2/ �`2�X h�F2M 7`QK wBKK2`- "`m?M
�M/ q2B+F2`i- kyRRX

mbBM; �M Gk MQ`K 7Q` i?2 QTiB+�H ~Qr ;`�/B2Mib- }`bi mb2/ #v "X EX >Q`M �M/ a+?mM+F- RN3RX h?Bb +�M
#2 r`Bii2M �b,

ES`BQ` =
∑

x

[
∥∇u∥2

2 + ∥∇v∥2
2

]
UjXRyV

q?2`2 ∥ · ∥2 /2MQi2b i?2 Gk MQ`K- �M/ ∇ = (∂x) Bb i?2 bT�iB�H ~Qr ;`�/B2MiX h?2 +QK#BM�iBQM Q7
i?2 Gk MQ`K 7Q` i?2 /�i� U1[m�iBQM jXdV �M/ T`BQ` U1[m�iBQM jXRyV H2�/b iQ i?2 2M2`;v 7Q`KmH�iBQM Q7
"X EX >Q`M �M/ a+?mM+F- RN3RX LQi2 i?�i B7 KQ`2 i?�M irQ 7`�K2b �`2 mb2/- � bT�iBQi2KTQ`�H ;`�/B2Mi-
/2}M2/ �b ∇ = (∂x, ∂t)- +�M �HbQ #2 BM+Q`TQ`�i2/X "`Qt 2i �HX- kyy9 mb2 �M GR MQ`K rBi? � bK�HH TQbBiBp2
+QMbi�Mi ϵ bBKBH�` iQ 1[m�iBQM jX3 r?2`2 i?2 �#bQHmi2 p�Hm2b Q7 i?2 ;`�/B2Mib �`2 }`bi �//2/- �7i2` r?B+?
i?2 T2M�Hiv 7mM+iBQM Bb mb2/X � bT�iB�H r2B;?iBM; 7mM+iBQM �b � 7mM+iBQM Q7 i?2 ;`�/B2Mi w(∇I) iQ `2/m+2
i?2 BM~m2M+2 Q7 i?2 T`BQ` i2`K M2�` 2/;2b +�M �HbQ #2 mb2/,

ES`BQ` =
∑

x
w(∇I)

[
∥∇u∥2

2 + ∥∇v∥2
2

]
UjXRRV

h?2 mb2 Q7 bm+? � 7mM+iBQM Bb #�b2/ QM i?2 �bbmKTiBQM 2/;2b ?�p2 � ?B;? ;`�/B2Mi- �M/ i?�i KQiBQM
#QmM/�`B2b Q7i2M +QBM+B/2 rBi? 2/;2bX h?Bb i2`K +�M �HbQ #2 mb2/ BM +QK#BM�iBQM rBi? � b2;K2Mi�iBQM
�H;Q`Bi?K iQ p�`v i?2 r2B;?i #2ir22M /Bz2`2Mi b2;K2Mib Ua2Bix � "�F2`- kyyNVX LQi2 i?�i BM 2[m�iBQM
jXRR i?2 r2B;?iBM; 7mM+iBQM i`2�ib �HH /B`2+iBQMb 2[m�HHvX L�;2H �M/ 1MF2HK�MM- RN3e mb2 �M �MBbQi`QTB+
r2B;?iBM; 7mM+iBQM r?B+? T2M�HBx2b i?2 /B`2+iBQM �HQM; i?2 BK�;2 ;`�/B2Mi KQ`2 i?�M i?2 /B`2+iBQM
T2`T2M/B+mH�` iQ BiX

jXjXj PTiBKBx�iBQM

PM2 �TT`Q�+? mb2/ BM i?2 KBMBKBx�iBQM Q7 i?2 ;HQ#�H 2M2`;v 7mM+iBQM Bb +�HH2/ ;`�/B2Mi /2b+2MiX G2i f
/2MQi2 i?2 p2+iQ` r?B+? `2bmHib 7`QK i?2 +QM+�i2M�iBQM Q7 �HH QTiB+�H ~Qr +QKTQM2Mib 7Q` 2p2`v TBt2HX
"�F2` �M/ J�ii?2rb- kyy9 mb2 i?2 bBKTH2bi 7Q`K Q7 ;`�/B2Mi /2b+2Mi +�HH2/ bi22T2bi /2b+2Mi- r?B+?
K�F2b bi2Tb BM i?2 /B`2+iBQM Q7 i?2 ;`�/B2Mi − ∂EGlobal

∂f X �HbQ- KQ`2 �/p�M+2/ �TT`Q�+?2b ?�p2 #22M
mb2/ r?B+? mT/�i2 i?2 bi2T bBx2 7Q` 2p2`v Bi2`�iBQM #�b2/ QM i?2 b2+QM/ /2`Bp�iBp2b Q7 i?2 ;HQ#�H 2M2`;v
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7mM+iBQM rBi? `2bT2+i iQ f UJX CX "H�+F � �M�M/�M- RNNeVX 6Q` � MQM@HBM2�` ;HQ#�H 2M2`;v 7mM+iBQM-
i?2`2 Bb MQ ;m�`�Mi22 Bi rBHH +QMp2`;2 iQ i?2 ;HQ#�H KBMBKmK- ?Qr2p2`X

h?2 �TT`Q�+?2b Q7 "`Qt 2i �HX- kyy9c "X EX >Q`M �M/ a+?mM+F- RN3Rc wBKK2` 2i �HX- kyRR �HHQr i?2
7Q`KmH�iBQM Q7 i?2 ;HQ#�H 2M2`;v 7mM+iBQM iQ #2 r`Bii2M �b,

E :HQ#�H =
∫

E (u(x), v(x), x, ux, vx) dx UjXRkV

q?2`2 Uux, vxV /2MQi2 i?2 bT�iB�H /2`Bp�iBp2 Q7 i?2 QTiB+�H ~Qr +QKTQM2Mib �M/ i?2 QTiB+�H ~Qr +QK@
TQM2Mib �`2 i`2�i2/ �b mMFMQrM k. 7mM+iBQMb `�i?2` i?�M mMFMQrM p�Hm2bX h?2M i?2 1mH2`@G�;`�M;2
2[m�iBQMb U�;`�r�H- kyykV +�M #2 mb2/ iQ }M/ i?2 KBMBK� Q7 i?2 /Bz2`2MiB�#H2 ;HQ#�H 2M2`;v 1[m�iBQM
jXRkX LQi2 i?�i 1mH2`@G�;`�M;2 2[m�iBQMb #2HQM;b iQ i?2 K�i?2K�iB+�H �M�HvbBb }2H/ +�HH2/ ǵ+�H+mHmb
Q7 p�`B�iBQMbǶX h?Bb }2H/ bim/B2b i?2 mb2 Q7 bK�HH p�`B�iBQMb BM 7mM+iBQMb iQ }M/ HQ+�H KBMBK�X 6Q` i?Bb
`2�bQM QTiB+�H ~Qr K2i?Q/b i?�i mb2 i?Bb QTiBKBx�iBQM b+?2K2 �`2 +�HH2/ p�`B�iBQM�H K2i?Q/bX LQi2
i?�i 7Q` i?2 K2i?Q/ Q7 "X EX >Q`M �M/ a+?mM+F- RN3R i?2 1mH2`@G�;`�M;2 2[m�iBQMb �`2 HBM2�` �M/
i?2 HBM2�` bvbi2K Q7 2[m�iBQMb +�M #2 bQHp2/ mbBM; bi�M/�`/ K2i?Q/b HBF2 :�mbb@a2B/2H Q` am++2bbBp2
Pp2`@_2H�t�iBQMX "`Qt 2i �HX- kyy9 MmK2`B+�HHv �TT`QtBK�i2 i?2B` MQM@HBM2�` KQ/2H iQ /2`Bp2 � HBM2�`
b2i Q7 2[m�iBQMb r?B+? +�M #2 bQHp2/ mbBM; i?2 b�K2 K2i?Q/bX 6Q` MQM@HBM2�` 1mH2`@G�;`�M;2 2[m�iBQMb-
Bi +�M #2 bQHp2/ mbBM; �M Bi2`�iBp2 K2i?Q/ +QKT�`�#H2 iQ ;`�/B2Mi /2b+2MiX

J�Mv �TT`Q�+?2b mb2 � +Q�`b2@iQ@}M2 bi`�i2;v iQ /2�H rBi? H�`;2 KQiBQMb �M/ bB;MB}+�MiHv `2/m+2
+QKTmi�iBQM iBK2 UJX CX "H�+F � �M�M/�M- RNNec "`m?M- q2B+F2`i � a+?Mƺ``- kyy8V BM i?2 7Q`K Q7
�M BK�;2 Tv`�KB/X 6`QK #QiiQK iQ iQT- i?2 BK�;2 Bb /QrM@b�KTH2/- `2bmHiBM; BM `2/m+2/ `2bQHmiBQMX
h?2 QTiB+�H ~Qr Bb i?2M }`bi 2biBK�i2/ 7Q` i?2 iQT T�`i Q7 i?2 Tv`�KB/- +Q``2bTQM/BM; iQ i?2 +Q�`b2bi
`2bQHmiBQMX h?2M- i?2 ~Qr Bb mT@b�KTH2/ �M/ mb2/ �b �M BMBiB�HBx�iBQM 7Q` i?2 M2ti H2p2HX "2+�mb2 i?2
iQT@H2p2H `2[mB`2b 72r2` T�`�K2i2`b iQ #2 2biBK�i2/ �M/ Bb mb2/ �b BMBiB�HBx�iBQM 7Q` i?2 M2ti H2p2H- i?2
�KQmMi Q7 +QKTmi�iBQM iBK2 Bb bB;MB}+�MiHv `2/m+2/X h?2 K�BM HBKBi�iBQM Q7 i?2 +Q�`b2@iQ@}M2 �TT`Q�+?
Bb i?�i Bi i2M/b iQ T`Q/m+2 2``QM2Qmb ~Qr QM bK�HH b+�H2 7�bi@KQpBM; Q#D2+ib- r?B+? rBHH #2 /Bb+mbb2/ BM
i?2 7QHHQrBM; a2+iBQMX

jXjX9 J�i+?BM;@#�b2/ 2ti2MbBQMb

�b K2MiBQM2/- i?2 /`�r#�+F Q7 i?2 +Q�`b2@iQ@}M2 r�`TBM; b+?2K2 Bb i?�i �b bQQM �b i?2 KQiBQM Q7
bK�HH@b+�H2 bi`m+im`2b Bb H�`;2` i?�M Bib b+�H2- i?2 KQiBQM 2biBK�iBQM Bb Q7i2M BM+Q``2+iX >mK�M KQiBQM
2biBK�iBQM Q7i2M bmz2`b 7`QK i?Bb T`Q#H2K �b bK�HH HBK#b +�M KQp2 p2`v 7�bi- �b +�M #2 b22M BM 6B;m`2 jX9X
"`Qt �M/ J�HBF- kyRR T`QTQb2 iQ bQHp2 i?Bb T`Q#H2K #v �//BM; � /2b+`BTiQ` K�i+?BM; i2`K iQ i?2B` ;HQ#�H
2M2`;v 7mM+iBQMU"`Qt 2i �HX- kyy9VX h?Bb K�i+?BM; i2`K K�F2b mb2 Q7 >BbiQ;`�K Q7 P`B2Mi2/ :`�/B2Mib
U>P:V /2b+`BTiQ`b U.�H�H- >BbiQ;`�Kb � h`B;;b- kyy8V iQ T`Q/m+2 bT�`b2 72�im`2 +Q``2bTQM/2M+2bX h?2
/`�r#�+F Q7 mbBM; >P: /2b+`BTiQ`b Bb i?�i i?2v BKTHB+BiHv �bbmK2 `B;B/ KQiBQMbX

q2BMx�2T72H- _2p�m/- >�`+?�QmB �M/ a+?KB/- kyRj mb2 +QMpQHmiBQMb 7`QK i?2 i�`;2i BK�;2 rBi? T�i+?2b
7`QK i?2 `272`2M+2 BK�;2 iQ T`Q/m+2 /2Mb2 K�i+?2b �b +�M #2 b22M BM 6B;m`2 jX8X h?2 `2bTQMb2 K�Tb Q7
i?2b2 +QMpQHmiBQMb �`2 i?2M ǵ�;;`2;�i2/Ƕ iQ Q#i�BM `2bTQMb2 K�Tb 2[mBp�H2Mi iQ +QMpQHmiBQMb Q7 i?2 i�`;2i
BK�;2 rBi? H�`;2` T�i+?2b Q7 i?2 `272`2M+2 BK�;2 �i /Bz2`2Mi b+�H2bX 6Q` /2i�BHb �#Qmi i?2 ǵ�;;`2;�iBQMǶ
T`Q+2bb i?2 `2�/2` Bb 2M+Qm`�;2/ iQ `2�/ q2BMx�2T72H 2i �HX- kyRjX 6B;m`2 jXe b?Qrb i?�i i?2 H�`;2`
T�i+?2b Q7 i?2 `272`2M+2 BK�;2 T`QpB/2 KQ`2 /BbiBM+i �+iBp�iBQMb BM i?2 `2bTQMb2 K�TbX h?2 K�i+?BM;
�`+?Bi2+im`2 rQ`Fb BM � #QiiQK@mT 7�b?BQM- i?2 +QMpQHmiBQMb Q7 i?2 i�`;2i BK�;2 rBi? i?2 bK�HH2bi
T�i+?2b Q7 i?2 `272`2M+2 BK�;2 �`2 +QMbB/2`2/ }`biX �b i?2 �H;Q`Bi?K KQp2b QM iQ +Q�`b2` `2bTQMb2
K�Tb- i?2 K�i+?BM; T`Q#H2K ;2ib 2�bB2`- �M/ H�`;2` T�i+? K�i+?2b `2+2Bp2 � H�`;2` r2B;?iX h?2v b?Qr
i?�i i?2B` �TT`Q�+? +�HH2/ ǵ.22T6HQrǶ Bb �#H2 iQ +QT2 rBi? MQM@`B;B/ /27Q`K�iBQMb- bm+? �b b+�H2 +?�M;2b
�M/ `Qi�iBQMbX

_2p�m/- q2BMx�2T72H- >�`+?�QmB �M/ a+?KB/- kyR8 i�+FH2 i?2 T`Q#H2K Q7 H�`;2 /BbTH�+2K2Mib rBi?



jXj :HQ#�H K2i?Q/b 9d

6B;m`2 jX9, AHHmbi`�iBQM Q7 H�`;2 /BbTH�+2K2Mi Q7 bK�HH bi`m+im`2bX UH27iV h?2 irQ BMTmi BK�;2b Qp2`H�v2/X UKB//H2V
6HQr }2H/ T`Q/m+2/ #v "`Qt- "`m?M- S�T2M#2`; �M/ q2B+F2`i- kyy9X h?2 ~Qr }2H/ +QHQ` +Q/BM; +�M #2 7QmM/ BM

�TT2M/Bt " rBi? i?2 2t+2TiBQM i?�i #H�+F BMbi2�/ Q7 r?Bi2 +Q``2bTQM/b iQ x2`Q ~QrX U`B;?iV 6HQr }2H/ T`Q/m+2/ #v
"`Qt �M/ J�HBF- kyRRX LQi2 i?2 BKT`Qp2/ QTiB+�H ~Qr 2biBK�iBQM 7Q` i?2 ?�M/b �M/ #�HHbX h�F2M 7`QK "`Qt �M/

J�HBF- kyRRX

6B;m`2 jX8, h?2 �`+?Bi2+im`2 Q7 .22T6HQrX h?2 i�`;2i BK�;2 Bb +QMpQHp2/ rBi? 9t9 T�i+?2b Q7 i?2 `272`2M+2 BK�;2X
h?2 `2bTQMb2 K�Tb �`2 i?2M �;;`2;�i2/ iQ Q#i�BM i?2 `2bTQMb2 K�Tb Q7 +QMpQHmiBQMb rBi? i?2 `272`2M+2 BK�;2 �i

/Bz2`2Mi b+�H2bX �/�Ti2/ 7`QK q2BMx�2T72H- _2p�m/- >�`+?�QmB �M/ a+?KB/- kyRjX

6B;m`2 jXe, oBbm�HBx�iBQM Q7 i?2 `2bTQMb2 K�T �i /Bz2`2Mi b+�H2b mb2/ BM .22T6HQrX h?Bb BHHmbi`�i2b i?�i i?2 H�`;2`
b+�H2 T�i+?2b 2HB+Bi KQ`2 /BbiBM+i `2bTQMb2b �M/ i?2`27Q`2 `2+2Bp2 � H�`;2` r2B;?iX h�F2M 7`QK q2BMx�2T72H- _2p�m/-

>�`+?�QmB �M/ a+?KB/- kyRjX



93 .Bz2`2MiB�H J2i?Q/b

6B;m`2 jXd, 1tTH�M�iBQM Q7 ǵ1TB+6HQrXǶ h?2 K�i+?2b ;2M2`�i2/ mbBM; i?2 K�i+?BM; T�`i Q7 i?2 .22T6HQr KQ/2H �`2
BMi2`TQH�i2/ mbBM; i?2 BK�;2 +QMiQm`b Q#i�BM2/ #v �M 2/;2 /2i2+iQ`X h?2 +QMiQm`b �M/ K�i+?2b �`2 mb2/ �b �M

BMTmi BMiQ i?2 P6> KQ/2HX h�F2M 7`QK _2p�m/- q2BMx�2T72H- >�`+?�QmB �M/ a+?KB/- kyR8X

bB;MB}+�Mi Q++HmbBQMb �M/ #mBH/ mTQM i?2 �bbmKTiBQM i?�i KQiBQM /Bb+QMiBMmBiB2b Q7i2M +QBM+B/2 rBi?
+QMiQm`bX h?2`27Q`2- i?2v BMi2`TQH�i2 K�i+?2b Q#i�BM2/ #v i?2 K�i+?BM; T�`i Q7 i?2 .22T6HQr �`+?B@
i2+im`2- mbBM; i?2 +QMiQm`b Q7 i?2 `272`2M+2 BK�;2 �b /2TB+i2/ BM 6B;m`2 jXd �b �M �//BiBQM�H BMTmiX
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*Q``2H�iBQM@#�b2/ J2i?Q/b

h?Bb *?�Ti2` /Bb+mbb2b +Q``2H�iBQM@#�b2/ K2i?Q/bX aX aX "2�m+?2KBM �M/ "�``QM- RNN8 +QM+Hm/2 i?�i
bT�iBQi2KTQ`�H b�KTHBM; `�i2b 7Q` i?2 +QKTmi�iBQM Q7 bT�iBQi2KTQ`�H /2`Bp�iBp2b �`2 Q7i2M mM/2`2biBK@
�i2/ BM i?2B` BKTQ`i�M+2- �M/ iQQ Q7i2M i?2 �bbmKTiBQM Q7 �HB�bBM; 7`22 BK�;BM; Ub22 *?�Ti2` 8V Bb K�/2X
�i i?2B` iBK2 Q7 r`BiBM; i?2 �mi?Q`b +QM+Hm/2 i?�i +QMp2MiBQM�H +�K2`�b Q7i2M T`Q/m+2 BK�;2`v r?B+?
+QMi�BMb b2p2`2 �HB�bBM;X AM+`2�bBM; i?2 bT�iBQi2KTQ`�H b�KTHBM; Q` T`2}Hi2`BM; i?2 BK�;2b Q7i2M ?2HTbX
>Qr2p2`- r?2M i?2 MmK#2` Q7 BK�;2 7`�K2b Bb bK�HH- Q` i?2 BK�;2 KQiBQM Bb H�`;2- �++m`�i2 �M/ `2HB@
�#H2 bT�iBQi2KTQ`�H /2`Bp�iBp2b �`2 MQi �Hr�vb Q#i�BM�#H2X AM bm+? � +�b2- +Q``2H�iBQM@#�b2/ K�i+?BM;
�TT`Q�+?2b �`2 � M�im`�H +?QB+2X LQi2 i?�i +Q``2H�iBQM@#�b2/ T�`�K2i`B+ �TT�`2Mi KQiBQM 2biBK�iBQM Q7
BK�;2 `2;BQMb Bb Q7i2M mb2/ BM pB/2Q@+QKT`2bbBQM �H;Q`Bi?Kb bm+? �b JS1: UEQM`�/- RNNNVX

*Q``2H�iBQM@#�b2/ K2i?Q/b i`v iQ K�tBKBx2 i?2 bBKBH�`Biv #2ir22M irQ /Bz2`2Mi BMi2MbBiv `2;BQMb
#2ir22M /Bz2`2Mi 7`�K2bX 6BM/BM; i?2 #2bi K�i+? Bb i?2M /2}M2/ �b }M/BM; i?2 b?B7iR d =Udx, dyV
r?B+? K�tBKBx2b � bBKBH�`Biv b+Q`2 Q` KBMBKBx2b � /Bbi�M+2 K2�bm`2- bm+? �b i?2 amK@Q7@a[m�`2/ .B7@
72`2M+2b Uaa.V,

SSD(x, d) =
n∑

j=−n

n∑

i=−n

W (i, j)(I(x + (i, j), t) − I(x + (i, j), t + 1))2 U9XRV

q?2`2 W (i, j) /2MQi2b � k. rBM/Qr 7mM+iBQM Qp2` b2�`+? bT�+2 ΩX LQi2 i?�i 2[m�iBQM 9XR +�M #2 b22M
�b � rBM/Qr@r2B;?i2/ �p2`�;2 Q7 � }`bi@Q`/2` �TT`QtBK�iBQM iQ i?2 i2KTQ`�H /2`Bp�iBp2 It(x, t) U"�``QM
2i �HX- RNN9VX

�M�M/�M- RN3N BKTH2K2Mib � G�TH�+B�M Tv`�KB/ �M/ � +Q�`b2@iQ@}M2 K�i+?BM; bi`�i2;v mbBM; i?2 aa.
�b � /Bbi�M+2 K2�bm`2X lbBM; i?2 +Q�`b2@iQ@}M2 bi`�i2;v- r?B+? }`bi 2biBK�i2b bK�HH KQiBQMb �M/ H�i2`
bK�HH KQiBQMb- K�F2b i?Bb K2i?Q/ KQ`2 +QKTmi�iBQM�HHv i`�+i�#H2X �HbQ- i?2 G�TH�+B�M Tv`�KB/ ?2HTb
iQ 2M?�M+2 BK�;2 bi`m+im`2 bm+? �b 2/;2b r?B+? �`2 mb27mH 7Q` K�i+?BM;X h?2 K2i?Q/ Q7 aBM;?- RNNR
Bb p2`v bBKBH�` iQ i?2 QM2 Q7 �M�M/�M- RN3N #2+�mb2 Bi �HbQ KBMBKBx2b i?2 aa. /Bbi�M+2 K2�bm`2X Ai
+QMbBbib Q7 � irQ@bi�;2 +QKTmi�iBQMX AM i?2 }`bi bi�;2- i?2 aa.b Q7 i?`22 iBK2@�/D�+2Mi BK�;2b �`2
+QKTmi2/X h?2 KQiBp�iBQM 7Q` mbBM; irQ aa. bm`7�+2b Bb i?�i Bi �pQB/b ;2iiBM; i`�TT2/ BM HQ+�H KBMBK�
/m2 iQ MQBb2 Q` T2`BQ/B+ i2tim`2X "Qi? K2i?Q/b bmz2` b2p2`2Hv 7`QK i2KTQ`�H �HB�bBM; Ub22 *?�Ti2` 8V
�b #2+QK2b �TT�`2Mi QM i?2 aBMmbQB/R bvMi?2iB+ b2[m2M+2 U"�``QM 2i �HX- RNN9VX PM iQT Q7 i?Bb- i?2
T2`7Q`K�M+2 QM bm#@TBt2H KQiBQMb 7Q` +Q``2H�iBQM@#�b2/ K�i+?BM; i2+?MB[m2b Bb �HbQ TQQ`X

�MQi?2` /`�r#�+F Q7 +Q``2H�iBQM@#�b2/ K2i?Q/b Bb i?�i i?2 b2�`+? bT�+2 Ω b+�H2b rBi? O(n2) �b n
BM+`2�b2bX *�Kmb- RNNd /2b+`B#2b � r�v iQ K�F2 i?2 +QKTmi�iBQM�H +QKTH2tBiv Q7 i?2 b2�`+? bT�+2 7Q`
Rr?B+? Bb �M �TT`QtBK�iBQM iQ p2HQ+Biv

9N



8y *Q``2H�iBQM@#�b2/ J2i?Q/b

+Q``2H�iBQM@#�b2/ K2i?Q/b b+�H2 rBi? O(n) #v mbBM; � bT�iBQi2KTQ`�H b2�`+? `�M;2X >2 �+?B2p2b i?Bb #v
7Q`KmH�iBM; � bT�iBQi2KTQ`�H b2�`+? bT�+2 /2}MBiBQM r?B+? ;`Qrb HBM2�` BM iBK2X
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6`2[m2M+v@#�b2/ J2i?Q/b

AM i?Bb *?�Ti2`- 7`2[m2M+v@#�b2/ K2i?Q/b rBHH #2 /Bb+mbb2/X 6B`biHv- i?2 `2T`2b2Mi�iBQM Q7 bT�iBQi2K@
TQ`�H BK�;2 bi`m+im`2 BM i?2 7`2[m2M+v /QK�BM Bb 2tTH�BM2/X L2ti- i?2 i`�/2@Qz #2ir22M 7`2[m2M+v
`2bQHmiBQM �M/ HQ+�HBx�iBQM BM i?2 bT�+2@iBK2 rBHH #2 /Bb+mbb2/X 6BM�HHv- �KTHBim/2@#�b2/ U>22;2`- RN3dV
�M/ T?�b2@#�b2/ U.X 6H22i � C2TbQM- RN3Nc :�mi�K� � o�M >mHH2- kyykV K2i?Q/b 7Q` QTiB+�H ~Qr
2biBK�iBQM rBHH #2 /Bb+mbb2/X

8XR AK�;2 p2HQ+Biv BM i?2 7`2[m2M+v /QK�BM

*QMbB/2` � KQpBM; bBM2 r�p2X h?2 bT�iB�H 7`2[m2M+v fx Q7 i?Bb bBM2 r�p2 Bb 2tT`2bb2/ BM i?2 MmK#2` Q7
+v+H2b T2` TBt2HX h?2 H�ii2` Q7 r?B+? Bb TBt2Hb BM Qm` +�b2X h?2 i2KTQ`�H 7`2[m2M+v UftV Bb 2tT`2bb2/ BM
i?2 MmK#2` Q7 +v+H2b T2` 7`�K2X lbBM; i?Bb `2H�iBQM p2HQ+Biv Ur?B+? Bb 2tT`2bb2/ BM TBt2Hb T2` 7`�K2V Bb
7QmM/ iQ #2,

v = ft/fx U8XRV

LQr +QMbB/2` � bB;M�H +QKTQb2/ Q7 irQ bBMmb2b y1 �M/ y2 rBi? 2�+? � /Bz2`2Mi bT�iB�H 7`2[m2M+v fxX h?2
bB;M�H KQp2b rBi? � p2HQ+Biv v- r?B+? K2�Mb i?�i 2�+? bBM2 ;Bp2M i?2B` bT�iB�H 7`2[m2M+v ?�b � i2KTQ`�H
7`2[m2M+v Q7 ft = vfxX h?Bb K2�Mb i?�i y2- r?B+? ?�b � bT�iB�H 7`2[m2M+v +QKTQM2Mi irB+2 �b ?B;? �b
r�p2 y1- �HbQ ?�b � i2KTQ`�H 7`2[m2M+v r?B+? Bb irB+2 �b ?B;? �b y2X h?Bb +Q``2bTQM/b K�i?2K�iB+�HHv
iQ ft1 = fx1v = 2ft2 = 2fx2v �M/ i?Bb Bb BHHmbi`�i2/ BM 6B;m`2 8XRX LQr +QMbB/2` � r�p2 KQpBM; �i
p2HQ+Biv v i?�i ?�b K�Mv bT�iBQi2KTQ`�H 7`2[m2M+B2bX LQi2 i?�i �HH i?2b2 7`2[m2M+B2b rBHH HB2 QM � HBM2
T�bbBM; i?`Qm;? i?2 Q`B;BM �b BHHmbi`�i2/ BM 6B;m`2 8XkX

1[m�iBQM 8XR +�M #2 2ti2M/2/ iQ k. p2HQ+Biv r?2`2 i?2 bT�iB�H �M/ i2KTQ`�H 7`2[m2M+B2b +�M #2 `2H�i2/
iQ 2�+? Qi?2` mbBM; i?2 7QHHQrBM; 2[m�iBQM,

ft = ufx + vfy U8XkV

q?2`2 v = (u, v) Bb i?2 k. p2HQ+Biv Q7 � i`�MbH�iBM; T�ii2`MX LQr +QMbB/2` � i2tim`2 i`�MbH�iBM; rBi?
� +QMbi�Mi p2HQ+Biv BM i?2 k. /QK�BMX Ai Bb 2tT2+i2/ i?�i �HH 7`2[m2M+v +QKTQM2Mib Q7 i?Bb i`�MbH�iBM;
i2tim`2 rBHH HB2 QM � TH�M2 BM i?2 j. bT�iBQi2KTQ`�H 7`2[m2M+v bT�+2 �M�HQ;QmbHv iQ i?2 HBM2 BM i?2 k.

8R



8k 6`2[m2M+v@#�b2/ J2i?Q/b

+�b2X LQi2 i?�i i?2 bHQT2 Q7 i?2 TH�M2 +Q``2bTQM/b iQ i?2 K�;MBim/2 Q7 i?2 k. p2HQ+Biv p2+iQ` v �M/
i?2 /B`2+iBQM Q7 v +Q``2bTQM/b iQ i?2 Q`B2Mi�iBQM Q7 i?2 TH�M2 �`QmM/ i?2 ft �tBbX

6B;m`2 8XR, GBM2 y1 �M/ y2 /2MQi2 � bBM2@r�p2 rBi? fx1 = 1
20 �M/ fx2 = 1

10 +v+H2b T2` TBt2H `2bT2+iBp2HvX LQi2 i?�i
i?2 p2HQ+Biv Bb v = 5 TBt2Hb T2` 7`�K2X h?Bb +Q``2bTQM/b iQ � i2KTQ`�H 7`2[m2M+v Q7 ft1 = 5

20 �M/ ft2 = 5
10 +v+H2b

T2` 7`�K2X h?Bb K2�Mb y1 Bb /BbTH�+2/ � [m�`i2` Q7 Bib r�p2H2M;i? �M/ y2 ?�H7 Bib r�p2H2M;i? r?BH2 i?2v �`2 #Qi?
KQpBM; �i i?2 b�K2 p2HQ+BivX

fx

ft
ft = fxv

fx1 fx2

6B;m`2 8Xk, �HH bT�iBQi2KTQ`�H 7`2[m2M+v +QKTQM2Mib 7Q` � r�p2 KQpBM; �i � +QMbi�Mi p2HQ+Biv v rBHH HB2 QM � HBM2
T�bbBM; i?`Qm;? i?2 Q`B;BM rBi? bHQT2 arctan ft

fx
X

h2KTQ`�H b�KTHBM; �M/ KQiBQM #Hm`

*QMbB/2` � bB;M�H x(t) r?B+? Bb #�M/@HBKBi2/X J2�MBM;- Bi ?�b TQr2` mT iQ �M/ BM+Hm/BM; � +2`i�BM ftK�t X
h?2M- �++Q`/BM; iQ a?�MMQMǶb b�KTHBM; i?2Q`2K Ua?�MMQM- RN93V- Bi b?QmH/ #2 b�KTH2/ rBi? � b�KTHBM;
7`2[m2M+v H�`;2` i?�M 2ftK�t X h?2`27Q`2- i?2 `2[mB`2K2Mi 7Q` 7`2[m2M+v Q7 i?2 b�KTHBM; 7mM+iBQM fs BM
Q`/2` iQ �pQB/ �HB�bBM;- �HbQ FMQrM �b i?2 Lv[mBbi 7`2[m2M+v- +Q``2bTQM/b iQ fs/2 > ftK�t X

A7 � bB;M�H Bb MQi bm{+B2MiHv #�M/@HBKBi2/ #27Q`2 Bi Bb b�KTH2/- �HB�bBM; +�M Q++m`X 6B;m`2 8Xj BHHmbi`�i2b
i?2 ǵrBM/Qr Q7 pBbB#BHBivǶ U.X 6H22i � C2TbQM- RN3NV Q7 � bT�iBQi2KTQ`�H bB;M�H BM i?2 7`2[m2M+v /QK�BM
�M/ i?2 HQ+�iBQM Q7 i?2 �HB�b2/ TQr2`X LQi2 i?�i i?2 i2KTQ`�H b�KTHBM; rBHH `2KQp2 ?B;? bT�iB�H



8XR AK�;2 p2HQ+Biv BM i?2 7`2[m2M+v /QK�BM 8j

7`2[m2M+B2b KQpBM; �i 7�bi bT22/bX JQiBQM #Hm` BM i?2 bT�iB�H �M/ 7`2[m2M+v /QK�BM Bb BHHmbi`�i2/ BM
6B;m`2 8X9X

ωx

ft
v = ft

fx

(ft0 , fx0)

6B;m`2 8Xj, �7i2` b�KTHBM; � bT�iBQi2KTQ`�H bB;M�H i`�MbH�iBM; rBi? p2HQ+Biv v i?2 ?B;?2bi bT�iB�H �M/ i2KTQ`�H
7`2[m2M+B2b �`2 /2MQi2/ #v (ft0 , fx0 )X h?2 /Qii2/ HBM2b M2�` i?2 +Q`M2`b Q7 i?2 bT�iBQi2KTQ`�H rBM/Qr `272`b iQ
7`2[m2M+v +QKTQM2Mib rBi? � bB;MB}+�Mi K�;MBim/2 r?B+? Q++m`b /m2 iQ �HB�bBM; r?2M i?2 bB;M�H Bb MQi T`QT2`Hv

#�M/@HBKBi2/ T`BQ` iQ b�KTHBM;X �/�Ti2/ 7`QK .X 6H22i �M/ C2TbQM- RN3NX

6B;m`2 8X9, U�V P`B;BM�H bB;M�H g(x, y)X U+V � bT�iBQi2KTQ`�H `2T`2b2Mi�iBQM Q7 i?2 Q`B;BM�H bB;M�H KQpBM; rBi? x2`Q
p2HQ+Biv �HQM; i?2 `2/ b+�MHBM2X U/Vh?2 bT�iBQi2KTQ`�H `2T`2b2Mi�iBQM Q7 i?2 Q`B;BM�H bB;M�H KQpBM; rBi? � TQbBiBp2
p2HQ+BivX U2V h?2 b�K2 `2T`2b2Mi�iBQM �7i2` �TTHvBM; � p2`iB+�H #Hm` iQ i?2 iBK2 �tBb r?B+? +Q``2bTQM/b iQ � b?mii2`
}Hi2`X U#V JQiBQM #Hm``2/ p2`bBQM Q7 g(x, y) �7i2` �TTHvBM; i?2 p2`iB+�H KQiBQM #Hm`X U7-;-?V 6Qm`B2` i`�Mb7Q`K Q7 U+V-

U/V �M/ U2V `2bT2+iBp2HvX LQi2 i?�i U?V ?�b 7`2[m2M+B2b HBKBi2/ iQ Ωt ∈ [−Ωmax
t , Ωmax

t ] +Q``2bTQM/BM; iQ b?mii2`
}Hi2`X h�F2M 7`QK 1;�M- hb2M;- >QHxb+?m+?- .m`�M/ �M/ _�K�KQQ`i?B- kyyNX

h?2 �T2`im`2 T`Q#H2K BM i?2 7`2[m2M+v /QK�BM

LQi2 i?�i i?2 �T2`im`2 T`Q#H2K BM i?2 7`2[m2M+v /QK�BM +Q``2bTQM/b iQ i?2 7�+i i?�i i?2`2 �`2 irQ
/2;`22b Q7 7`22/QK BM 2[m�iBQM 8Xk �M/ QMHv QM2 Q7 irQ p2HQ+Biv +QKTQM2Mib +�M #2 2ti`�+i2/ �i � iBK2X
h?Bb K2�Mb i?�i � bBM;H2 HBM2 HBF2 i?2 QM2 BHHmbi`�i2/ BM 6B;m`2 8Xk +Q``2bTQM/b iQ i?2 K�Mv TH�M2b
TQbbB#H2 i?�i +QMi�BM i?2 HBM2 Q7 i?2 bBM;H2 +QKTQM2Mi p2HQ+Biv 2biBK�i2X
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8Xk h?2 mM+2`i�BMiv `2H�iBQM

*QMbB/2` � bKQQi? :�mbbB�M rBM/Qr 7mM+iBQM g(t) �M/ Bib 6Qm`B2` i`�Mb7Q`K /2TB+i2/ BM 6B;m`2 8X8X
LQi2 i?�i i?2 M�``Qr :�mbbB�M rBM/Qr BM i?2 iBK2 /QK�BM #2+QK2b Ƕ#`Q�/Ƕ BM i?2 7`2[m2M+v /QK�BM
UJmH/2`- p�M /2` o��`i- p�M ai�p2`2M- *?m � JmH/2`- kyReV �M/ pB+2 p2`b�X LQi2 i?�i �b i?2 rB/i? Q7
i?2 :�mbbB�M rBM/Qr BM iBK2 /2+`2�b2b i?2 :�mbbB�M rBM/Qr BM 7`2[m2M+v bT�+2 rBHH BM+`2�b2 �M/ i?mb
i?2 �#BHBiv iQ `2bQHp2 /Bz2`2Mi 7`2[m2M+B2b rBHH #2 `2/m+2/X
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6`2[m2M+v (+v+H2b T2` b�KTH2 H2M;i?)

J
�;

MB
im

/2

|G(f)|

6B;m`2 8X8, � :�mbbB�M rBM/Qr 7mM+iBQM g(t) �M/ i?2 K�;MBim/2 Q7 BiǶb 6Qm`B2` i`�Mb7Q`K |G(f)| 7Q` σ = 2X

h?Bb BM�#BHBiv iQ �+?B2p2 #Qi? `2bQHmiBQM BM iBK2 �M/ i?2 7`2[m2M+v /QK�BM Bb `272``2/ iQ �b i?2 mM@
+2`i�BMiv `2H�iBQM U"`�+2r2HH- RN3ec :�#Q`- RN98VX :�#Q` 7Q`KmH�i2/ � i?2Q`2iB+�H KBMBKmK QM i?2
T`Q/m+i Q7 i?2 i2KTQ`�H rB/i? Q7 � bB;M�H �M/ i?2 rB/i? Q7 i?2 bB;M�HǶb TQr2` bT2+i`mKX .Bz2`2Mi
/2}MBiBQMb Q7 rB/i? UQ` Ƕ2ti2MiǶV BM i?2 +QMi2ti Q7 i?Bb 7Q`KmH�iBQM 2tBbiX h?2 KQbi +QKKQM /2}MBiBQM
Bb ;Bp2M BM i2`Kb Q7 i?2 p�`B�M+2 Q7 i?2 bB;M�H BM #Qi? i?2 i2KTQ`�H �M/ 7`2[m2M+v /QK�BMX LQi2 i?�i
7Q` � R. iBK2 bB;M�H f(t) i?2 mM+2`i�BMiv T`BM+BTH2 Bb �b 7QHHQrb,

σtσω ≥ 1
2 , σtσf ≥ 1

4π
≈ 0.08 +v+H2b U8XjV

h?Bb K2�Mb i?�i i?2`2 Bb � HQr2` #QmM/ QM r?�i +�M #2 �+?B2p2/ BM i2`Kb Q7 `2bQHmiBQM BM iBK2 �M/
i?2 7`2[m2M+v /QK�BMX Ai +�M #2 b?QrM i?�i � :�mbbB�M rBM/Qr �+im�HHv �ii�BMb i?Bb HQr2` #QmM/X
*QMbB/2` � :�mbbB�M rBM/Qr 7mM+iBQM g(t) �M/ BiǶb 6Qm`B2` i`�Mb7Q`K G(f),

g(t) = e−πσ2t2
, G(f) = 1

σ
e

πf2
σ2 U8X9V

h?2M i?2 p�`B�M+2b �M/ HQr2` #QmM/ Q7 i?2 mM+2`i�BMiv `2H�iBQM �`2 ;Bp2M #v,

σ2
t =

∫
t2|f(t)|2dt∫
|f(t)|2dt

= 1
4πσ2 , σ2

f =
∫

f2|G(f)|2df∫
|G(f)|2df

= σ2

4π
U8X8V

σtσf = 1
σ

√
4π

σ√
4π

= 1
4π

U8XeV

�M 2ti2MbBQM Q7 i?2 T`QQ7 �#Qp2 7Q` KmHiB@/BK2MbBQM�H bB;M�Hb Bb ;Bp2M BM .X 6H22i �M/ C2TbQM- RN3N
�TT2M/Bt "X
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8Xj :�#Q` }Hi2`b

AM Q`/2` iQ 2ti`�+i KQiBQM 7`QK BK�;2b Bi /2bB`�#H2 iQ #2 �#H2 iQ 2ti`�+i 7`2[m2M+v `�M;2b �M/ iQ HQ+�HBx2
i?Bb `2bTQMb2 BM i?2 bT�+2@iBK2 /QK�BMX h?2b2 M�im`�HHv H2�/b iQ � :�#Q` }Hi2` U:�#Q`- RN98V #2+�mb2
i?2b2 }Hi2`b QT2`�i2 QM i?2 7mM/�K2Mi�H HBKBi Q7 i?2 mM+2`i�BMiv `2H�iBQM �M/ �`2 i?mb QTiBK�HHv HQ+�HBx2/
BM #Qi? i?2 iBK2 �M/ 7`2[m2M+v /QK�BMX �M Q//@T?�b2 :�#Q` }Hi2` Bb /2}M2/ �b � :�mbbB�M rBM/Qr
KmHiBTHB2/ rBi? � bBM2,

g(t)h(t) = 1√
2πσ

exp
{

−t2

2σ2

}
sin(2πft0t) U8XdV
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6`2[m2M+v (+v+H2b T2` b�KTH2)

J
�;

MB
im

/2

G(f) ∗ H(f)

6B;m`2 8Xe, UiQT H27iV :�mbbB�M rBM/Qr g(t) rBi? σ = 6X UiQT `B;?iV aBM2 rBi? 7`2[m2M+vft = 1
16 (+v+H2bfb�KTH2)X

U#QiiQK `B;?iV JmHiBTHB+�iBQM Q7 � :�mbbB�M rBM/Qr g(t) �M/ bBM2 r�p2 h(t) H2�/b iQ i?2 :�#Q` }Hi2` g(t)h(t)X h?2
6Qm`B2` i`�Mb7Q`K Q7 i?2 :�#Q` }Hi2` +Q``2bTQM/b iQ � +QMpQHmiBQM Q7 i?2 irQ 6Qm`B2` i`�Mb7Q`K2/ bB;M�Hb BM i?2

7`2[m2M+v /QK�BM G(f) ∗ H(f)X h?2 `2bmHiBM; bB;M�H BM i?2 7`2[m2M+v /QK�BM +�M Bb +?�`�+i2`Bx2/ #v i?2 k
:�mbbB�Mb +2Mi2`2/ �`QmM/ +ft �M/ −ftX

h?2 :�#Q` F2`M2H +�M �HbQ #2 ;2M2`�HBx2/ iQ j. bT�+2@iBK2 bB;M�Hb >22;2`- RN33 �M/ Bb ;Bp2M #v i?2
7QHHQrBM; 2[m�iBQM,



8e 6`2[m2M+v@#�b2/ J2i?Q/b

g(x, y, t) = 1√
2π3/2σxσyσt

× exp
{

−
(

x2

2σ2
x

+ y2

2σ2
y

+ t2

2σ2
t

)}

× sin (2πfx0x + 2πfy0y + 2πft0t)

U8X3V

q?2`2 (fx0 , fy0 , ft0) �`2 i?2 bT�iBQi2KTQ`�H +2Mi2` 7`2[m2M+B2b iQ r?B+? i?Bb }Hi2` Bb imM2/ iQ �M/
(σx, σy, σt) �`2 i?2 bi�M/�`/ /2pB�iBQMb r?B+? +QMi`QH i?2 bT`2�/ Q7 i?2 j. :�mbbB�M rBM/QrX h?2M iQ
+?�M;2 i?2 imMBM; Q7 i?2 }Hi2`- i?2 bT�iBQi2KTQ`�H +2Mi2` 7`2[m2M+B2b +�M #2 �/Dmbi2/ b2T�`�i2HvX �HbQ-
/2+`2�bBM; i?2 rB/i? Q7 i?2 :�mbbB�M rBM/Qr BM i?2 bT�+2@iBK2 /QK�BM #`Q�/2Mb i?2 :�mbbB�M rBM/Qr
BM i?2 7`2[m2M+v /QK�BM- i?2`2#v i`�/BM; 7`2[m2M+v `2bQHmiBQM 7Q` HQ+�HBx�iBQM BM i?2 bT�+2@iBK2 /QK�BMX

:�#Q` }Hi2`b �`2 Q7i2M mb2/ BM [m�/`�im`2RX h?mb- i?2 `2bTQMb2 Q7 i?2 HBM2�` +QMpQHmiBQM #2ir22M �
:�#Q` }Hi2` T�B` �M/ �M BK�;2 b2[m2M+2 Bb +QKTH2t@p�Hm2/,

S(x, t) = ρ(x, t)eiφ(x,t) = I(x, t) ∗ Gabor (x, t) U8XNV

"v i�FBM; i?2 ρ(x, t) Q7 i?2 [m�/`�im`2 }Hi2` T�B`- � T?�b2 BMp�`B�Mi `2bTQMb2 Bb �+?B2p2/X J2�MBM; i?2
`2bTQMb2 Q7 i?2 K�;MBim/2 Q7 i?2 :�#Q` F2`M2H Bb BMp�`B�Mi iQ HQ+�H T?�b2X "v i�FBM; i?2 �`;mK2Mi Q7
i?2 `2�H �M/ i?2 +QKTH2t T�`i Q7 i?2 :�#Q` F2`M2H- i?2 HQ+�H T?�b2 φ(x, t) +�M #2 Q#i�BM2/X h?2 7Q`K2`
Bb i?2 bB;M�H QM r?B+? i?2 1M2`;v@#�b2/ K2i?Q/ Q7 >22;2`- RN33 Bb #�b2/X h?2 H�i2` Bb i?2 bB;M�H r?B+?
.X 6H22i �M/ C2TbQM- RN3N 2tTHQBi 7Q` i?2 K2�bm`2K2Mi Q7 BK�;2 p2HQ+BivX

8X9 1M2`;v@#�b2/ K2i?Q/b

>22;2`- RN33 mb2b i?2 K�;MBim/2 Q7 :�#Q` F2`M2Hb iQ 2ti`�+i KQiBQM 7`QK BK�;2 b2[m2M+2bX h?2v mb2
� 7�KBHv Q7 :�#Q` }Hi2`b r?B+? �`2 �HH imM2/ iQ /Bz2`2Mi bT�iB�H Q`B2Mi�iBQMb #mi iQ i?2 b�K2 bT�iB�H
7`2[m2M+v #�M/ UK2�MBM; F0 =

√
f2

x0 + fy02VX h?2v mb2 � iQi�H Q7 ir2Hp2 }Hi2`b T�B`b- r?2`2 2B;?i �`2
imM2/ iQ T�ii2`Mb KQpBM; BM � +2`i�BM /B`2+iBQM- �M/ i?2 `2K�BMBM; 7Qm` �`2 imM2/ iQ bi�iBQM�`v T�ii2`Mb
�i /Bz2`2Mi Q`B2Mi�iBQMbX LQi2 i?�i i?2 :�#Q` }Hi2`b T�B`b mb2/ �`2 MQi p2HQ+Biv b2H2+iBp2 #mi imM2/ iQ �
i2KTQ`�H 7`2[m2M+v ftX AMbi2�/- BM Q`/2` iQ 2ti`�+i KQiBQM- >22;2` /2`Bp2b �M 2tT`2bbBQM 7Q` i?2 2tT2+i2/
`2bTQMb2 Q7 � :�#Q` }Hi2` T�B` 7Q` i`�MbH�iBM; r?Bi2 MQBb2X _2K2K#2` i?�i i?2 TQr2` bT2+i`mK Q7 �
KQpBM; i2tim`2 Bb +QMi�BM2/ BM � iBHi2/ TH�M2 rBi? Bib +2Mi2` BM i?2 Q`B;BM BM i?2 bT�iBQi2KTQ`�H 7`2[m2M+v
/QK�BMX � /Bz2`2Mi iBHi Q7 i?2 TH�M2 +Q``2bTQM/b iQ � /Bz2`2Mi p2HQ+Biv K�;MBim/2- �M/ � /Bz2`2Mi
p2HQ+Biv /B`2+iBQM +Q``2bTQM/b iQ � /Bz2`2Mi Q`B2Mi�iBQM Q7 i?2 TH�M2 �#Qmi i?2 Q`B;BM �b BHHmbi`�i2/ BM
6B;m`2 8XdX h?2 2tT2+i2/ 2M2`;v `2bTQMb2 Q7 � :�#Q` }Hi2`- imM2/ iQ +2`i�BM +2Mi2` 7`2[m2M+B2b- Bb �
7mM+iBQM Q7 i?2 ~Qr p2+iQ` UR (u, v)VX h?2M H2i i?2 K2�bm`2/ KQiBQM 2M2`;v #v i?2 :�#Q` }Hi2`b #2
/2MQi2/ #v mi(i = 1 − 12) �M/ i?2 +Q``2bTQM/BM; 2tT2+i2/ KQiBQM 2M2`;v #v Ri (u, v)X 6m`i?2`KQ`2-
H2i i?2 bmK Q7 i?2 K2�bm`2/ �M/ T`2/B+i2/ KQiBQM 2M2`;v 7Q` }Hi2`b rBi? i?2 b�K2 bT�iB�H Q`B2Mi�iBQM
#2 /2MQi2/ #v i?2 7QHHQrBM;,

mi =
∑

j∈Mi

mj U8XRyV

RaBM2 �M/ +QbBM2 �`2 BM [m�/`�im`2- K2�MBM; i?2v �`2 Ny /2;`22b Qmi Q7 T?�b2 rBi? 2�+? Qi?2`X



8X8 S?�b2@#�b2/ K2i?Q/b 8d

fx

fy

ft

θ0

v0

6B;m`2 8Xd, h?2 ?�H7@K�;MBim/2 TQr2` T`Q}H2 Q7 irQ :�#Q` }Hi2` T�B`b BM i?2 bT�iBQi2KTQ`�H 7`2[m2M+v /QK�BMX
h?2 #Hm2 }Hi2` T�B` Bb imM2/ iQ i`�MbH�iBM; T�ii2`Mb r?BH2 i?2 `2/ }Hi2` T�B` `2�+ib iQ bi�iBQM�`v T�ii2`Mb Qp2` iBK2X
h?2 TH�M2 +QMi�BMb �HH i?2 TQr2` `2H�i2/ iQ i`�MbH�iBQM rBi? p2HQ+Biv v0X h?2 iBHi Q7 i?2 TH�M2 `2T`2b2Mib i?2 KQiBQM
K�;MBim/2 �M/ i?2 Q`B2Mi�iBQM θ0 `2T`2b2Mib i?2 Q`B2Mi�iBQM Q7 i?2 #Hm2 :�#Q` }Hi2` T�B`X h?2 K2i?Q/ Q7 >22;2`-

RN33 mb2b 9 }Hi2` T�B`b imM2/ iQ bi�iBQM�`v T�ii2`Mb U`2/V �M/ 3 }Hi2` T�B`b imM2/ iQ p�`vBM; Q`B2Mi�iBQMb �M/
KQiBQMb U#Hm2VX �/�Ti2/ 7`QK >22;2`- RN33X

Ri =
∑

j∈Mi

Rj(u, v) U8XRRV

h?2M � +Qbi 7mM+iBQM L +�M #2 /2}M2/ r?B+? KBMBKBx2b i?2 /Bz2`2M+2 #2ir22M i?2 T`2/B+i2/ �M/
K2�bm`2/ KQiBQM 2M2`;v,

L(u, v) =
12∑

i=1

[
mi − mi

Ri(u, v)
Ri(u, v)

]2
U8XRkV

JBMBKBxBM; i?Bb +Qbi 7mM+iBQM Bb �M�HQ;Qmb iQ i?2 k. T`Q#H2K Q7 /2i2`KBMBM; i?2 bHQT2 Q7 i?2 HBM2 T�bbBM;
i?`Qm;? i?2 Q`B;BM r?BH2 QMHv #2BM; �#H2 iQ ǶpB2rǶ Bi rBi? � +2`i�BM �KQmMi Q7 +B`+mH�` rBM/QrbX h?2M
i?2 QTiBKBx�iBQM T`Q#H2K +Q``2bTQM/b iQ /2i2`KBMBM; i?2 bHQT2 Q7 i?2 HBM2 r?B+? KBMBKBx2b i?2 H2�bi@
b[m�`2b /Bbi�M+2 #2ir22M i?2 HBM2 �M/ i?2 +2Mi2` Q7 i?2 +B`+mH�` rBM/QrbX q?2`2 i?2 +B`+mH�` rBM/Qrb
+Q``2bTQM/ iQ � k. bB/2@pB2r Q7 i?2 ?�H7@K�;MBim/2 T`Q}H2 Q7 :�#Q` }Hi2`bX

"�``QM 2i �HX- RNN9 `2TQ`i i?�i i?2 7`2[m2M+v@#�b2/ K2i?Q/b QMHv T`Q/m+2 b�iBb7�+iQ`v `2bmHib B7 i?2
BMTmi BK�;2b +QMi�BM i`�MbH�iBQM rBi? bT�iB�H �M/ i2KTQ`�H 7`2[m2M+B2b +HQb2 iQ i?2 +2Mi2` 7`2[m2M+B2b
Q7 i?2 :�#Q` }Hi2`bX h?2 T`BK�`v bQm`+2 Q7 2``Q` 7Q` `2�HBbiB+ BK�;2 b2[m2M+2b Bb i?2 7�+i i?�i i?2 KQ/2H
QMHv �bbmK2b BK�;2 i`�MbH�iBQM �b KQiBQM �M/ Bb mM�#H2 iQ /2�H rBi? /2pB�iBQMb 7`QK i?Bb �bbmKTiBQM
bm+? �b `Qi�iBQM- /BH�iBQM �M/ Q++HmbBQMX

8X8 S?�b2@#�b2/ K2i?Q/b

AM i?Bb a2+iBQM i?2 T?�b2@#�b2/ K2i?Q/b Q7 .X 6H22i �M/ C2TbQM- RN3N �M/ :�mi�K� �M/ o�M >mHH2-
kyyk rBHH #2 /Bb+mbb2/X h?2 7Q`K2` Bb � K2i?Q/ #�b2/ QM bT�iBQi2KTQ`�H +QMpQHmiBQMb- r?BH2 i?2 H�ii2`
mb2b bT�iB�H +QMpQHmiBQMbX
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8X8XR aT�iBQi2KTQ`�H }Hi2`@#�b2/

.X 6H22i �M/ C2TbQM- RN3N /2}M2 p2HQ+Biv BM i2`Kb Q7 i?2 T?�b2 #2?�pBQ` Q7 p2HQ+Biv@imM2/ :�#Q`
}Hi2`b U2[m�iBQM 8XNVX h?2v b?Qr T?�b2 Bb KQ`2 bi�#H2 iQ MQBb2 �b r2HH �b bK�HH /2pB�iBQMb 7`QK BK�;2
i`�MbH�iBQMb r?B+? �`2 ivTB+�H BM j. b+2M2bX �b �M 2t�KTH2- i?2v b?Qr i?�i i?2 +QMbi�Mi T?�b2 +QMiQm`b
Q7 � :�#Q` F2`M2H T`QpB/2 � #2ii2` �TT`QtBK�iBQM iQ i?2 KQiBQM }2H/ Q7 /BH�iBM; bBMmbQB/ �b /2TB+i2/ BM
6B;m`2 8X3X

6B;m`2 8X3, UH27iV � /BH�iBM; bBMmbQB/ ;Bp2M #v I(x, t) = sin (2πxft0 (1 − αt))X q?2`2 ft0 = 1
12.5 +v+H2b T2` TBt2H-

alpha = 0.005 �M/ i?2 BK�;2 rB/i? �M/ ?2B;?i Bb R8y TBt2HbX hBK2 Bb QM i?2 p2`iB+�H �tBb �M/ i?2 bT�iB�H p�`B�#H2 x
QM i?2 ?Q`BxQMi�H �tBbX UKB//H2 �M/ `B;?iV h?2 K�;MBim/2 �M/ T?�b2 QmiTmi Q7 i?2 BK�;2 +QMpQHp2/ rBi? � :�#Q`
F2`M2HX LQi2 i?�i i?2 :�#Q` F2`M2H Bb imM2/ iQ � p2HQ+Biv Q7 y �M/ i?2 b�K2 7`2[m2M+v ft0 �b i?2 /BH�iBM; bBMmbQB/X

6`QK i?2b2 BK�;2b Bi +�M #2 b22M i?�i r?2M i?2`2 Bb � bK�HH /2pB�iBQM 7`QK i`�MbH�iBQM i?2 K�;MBim/2 Q7 i?2
`2bTQMb2 [mB+FHv p�MBb?2b r?BH2 i?2 +QMbi�Mi T?�b2 +QMiQm`b biBHH T`QpB/2 � `2�bQM�#H2 �TT`QtBK�iBQM iQ i?2 KQiBQM
}2H/X �b i?2 +QMbi�Mi T?�b2 +QMiQm`b +QBM+B/2 rBi? i?2 HBM2b 7`QK i?2 /BH�iBM; bBMmbQB/ �HQM; i?2 iBK2 �tBbX �/�Ti2/

7`QK .X 6H22i �M/ C2TbQM- RN3NX

h?2`27Q`2- bQHmiBQMb iQ +QMbi�Mi `2bTQMb2 U2[m�iBQM8XNV T?�b2 Uφ(x, t) = cV �`2 +QMbB/2`2/X h?2 +QK@
TQM2Mi Q7 p2HQ+Biv T2`T2M/B+mH�` iQ i?2 H2p2H T?�b2 +QMiQm`b Bb /2MQi2/ #v vn = sn- r?2`2 i?2 bT22/
�M/ /B`2+iBQM �`2 ;Bp2M #v,

s = −φt(x, t)
∥∇φ(x, t)∥ , n = ∇φ(x, t)

∥∇φ(x, t)∥ U8XRjV

6`QK i?Bb /2}MBiBQM- Bi +�M #2 b22M i?�i i?Bb K2i?Q/ Bb- BM 7�+i- � /Bz2`2MiB�H i2+?MB[m2 �TTHB2/ iQ
T?�b2 `�i?2` i?�M i?2 TBt2H BMi2MbBiB2b Ub22 2[m�iBQM jXjVX h?2v �HbQ b?Qr i?�i T?�b2 BM7Q`K�iBQM
+�M #2 mMbi�#H2- �M/ i?2v BKTQb2 irQ +QMbi`�BMib QM i?2 `2bTQMb2 Q7 i?2 :�#Q` F2`M2HbX � 7`2[m2M+v
+QMbi`�BMi �M/ �M �KTHBim/2 +QMbi`�BMiX h?2 7Q`K2` Bb � +QMbi`�BMi r?B+? +QMbi`�BMb i?2 �++2Ti2/
7`2[m2M+v iQ k8W Q7 i?2 MQKBM�H imMBM; `�M;2 Q7 i?2 }Hi2` U ∥(f̃x0 , f̃y0 , f̃t0) − (fx0 , fy0 , ft0 , )∥ ≤ σf 1.25
VX h?2 H�ii2` Bb � +QMbi`�BMi i?�i K�F2b bm`2 i?2 HQ+�H bB;M�H �KTHBim/2 Bb �b H�`;2 �b i?2 �p2`�;2 HQ+�H
�KTHBim/2 �M/ �i � KBMBKmK 8W Q7 i?2 H�`;2bi `2bTQMb2 �+`Qbb �HH }Hi2`bX h?2 +QKTQM2Mi p2HQ+Biv
2biBK�i2b Q7 i?2 /Bz2`2Mi }Hi2`b �`2 +QK#BM2/ BMiQ � bBM;H2 k. p2HQ+Biv 2biBK�i2 mbBM; � H2�bi@b[m�`2b
i2+?MB[m2X 1biBK�i2b �`2 +QK#BM2/ 7`QK 8t8 T�i+?2b- �M/ iQ i?Bb- i?2 #2bi HBM2�` k. p2HQ+Biv KQ/2H Bb
}ii2/ r?B+? KBMBKBx2b i?2 H2�bi@b[m�`2b 2``Q`X

"�``QM 2i �HX- RNN9 `2TQ`i i?�i i?2 K2i?Q/ T2`7Q`Kb �KQM; i?2 #2bi QM2b i?2v i2bi2/X >Qr2p2`- /m2
iQ i?2 ?B;? �KQmMi Q7 +QMpQHmiBQMb M2+2bb�`v iQ Q#i�BM i?2 T?�b2 BM7Q`K�iBQM- i?2 +QKTmi�iBQM�H HQ�/
Bb ?B;?X h?2v �HbQ +QM+Hm/2 i?�i i?2 K2i?Q/ Bb b2MbBiBp2 iQ i2KTQ`�H �HB�bBM;- r?B+? i?2v +H�BK Bb /m2
iQ i?2 7`2[m2M+v imMBM; Q7 i?2 }Hi2`bX



8X8 S?�b2@#�b2/ K2i?Q/b 8N

8X8Xk aT�iB�H }Hi2`@#�b2/

:�mi�K� �M/ o�M >mHH2- kyyk i�F2 � bT�iB�H }Hi2`@#�b2/ �TT`Q�+? �b QTTQb2/ iQ � bT�iBQi2KTQ`�H
}Hi2`@#�b2/ �TT`Q�+? #v .X 6H22i �M/ C2TbQM- RN3NX h?2v }Hi2` �M BK�;2 b2[m2M+2 mbBM; � #�MF Q7 k.
bT�iB�H :�#Q` }Hi2`bX 6`QK i?Bb }Hi2` QmiTmi- i?2 i2KTQ`�H T?�b2 ;`�/B2Mi Bb +QKTmi2/X A7 i?2 i2KTQ`�H
T?�b2 ;`�/B2Mi Bb MQi bm{+B2MiHv HBM2�` Qp2` � bT2+B}+ T2`BQ/- i?2 2biBK�i2 Bb /22K2/ mM`2HB�#H2 �M/
`2D2+i2/X h?2 /Bz2`2Mi +QKTQM2Mi p2HQ+Biv 2biBK�i2b �`2 +QK#BM2/ iQ 7Q`K k. p2HQ+Biv 2biBK�i2b mbBM; �
_2+m``2Mi L2m`�H L2irQ`F U_LLVX h?2 +QKTQM2Mi p2HQ+Biv 2biBK�i2b Q7 i?2 /Bz2`2Mi }Hi2`b 2�+? BKTQb2
� +QMbi`�BMi QM i?2 }M�H bi�i2 Q7 i?2 ~Qr p2+iQ` v = (u, v)X h?2 _LL KBMBKBx2b i?2 /Bbi�M+2 #2ir22M
i?2 +QMbi`�BMib BKTQb2/ #v i?2 +QKTQM2Mi p2HQ+BiB2b �M/ i?2 ~Qr p2+iQ` bi�i2X h?2v BHHmbi`�i2 ?Qr i?Bb
�TT`Q�+? +�M i�+FH2 i?2 �T2`im`2 T`Q#H2K #v +QMbB/2`BM; � +B`+H2 i`�MbH�iBM; rBi? p2HQ+Biv v = (1.5, 0.5)
TBt2Hb T2` 7`�K2X h?2 +QKTQM2Mi p2HQ+BiB2b Q#i�BM2/ 7`QK i?2 /Bz2`2Mi }Hi2`b +�M #2 b22M BM T�`i �
Q7 6B;m`2 8XN /2MQi2/ #v i?2 Q`B2Mi2/ HBM2bX h?2 i?B+F #H�+F HBM2 BM T�`i " Q7 6B;m`2 8XN /2MQi2b i?2
Q`i?Q;QM�H /Bbi�M+2 #2ir22M i?2 +QMbi`�BMib �M/ i?2 ~Qr p2+iQ` bi�i2 vX u �M/ v �`2 /2MQi2/ #v i?2
i?BM bQHB/ HBM2 �M/ i?BM /�b?2/ HBM2 `2bT2+iBp2HvX

6B;m`2 8XN, UH27iV AHHmbi`�iBQM Q7 i?2 �T2`im`2 T`Q#H2K ?�M/HBM; #v i?2 �`+?Bi2+im`2 Q7 :�mi�K� �M/ o�M >mHH2-
kyykX � +B`+H2 i`�MbH�iBM; rBi? � p2HQ+Biv Q7 v = (1.5, 0.5) TBt2Hbf7`�K2 �M/ i?2 +QKTQM2Mi p2HQ+Biv 2biBK�i2bX
U`B;?iV *QMp2`;2M+2 Q7 i?2 _LL iQ i?2 +Q``2+i ~Qr p2+iQ` bi�i2X h�F2M 7`QK :�mi�K� �M/ o�M >mHH2- kyykX

:�mi�K� �M/ o�M >mHH2- kyyk `2TQ`i i?�i i?2B` K2i?Q/ Bb QmiT2`7Q`K2/ #v 7�` #v i?2 K2i?Q/ Q7 .X
6H22i �M/ C2TbQM- RN3NX h?2v �ii`B#mi2 i?Bb iQ i?2 7�+i i?�i i?2v HBKBi i?2B` �TT`Q�+? iQ 2biBK�i2b �i �
bBM;H2 HQ+�iBQM- r?2`2�b i?2 K2i?Q/ Q7 .X 6H22i �M/ C2TbQM- RN3N TQQHb +QKTQM2Mi p2HQ+Biv 2biBK�i2b
7`QK � bK�HH bT�iB�H M2B;?#Q`?QQ/X h?2v K2MiBQM i?2 TQbbB#BHBiv Q7 BM+Q`TQ`�iBM; bT�iB�H TQQHBM; BMiQ
i?2B` �`+?Bi2+im`2 �b r2HHX >Qr2p2`- #v 7Q`72BiBM; i?2 Tm`2Hv HQ+�H �bT2+i Q7 +QKTmi�iBQMb- Bi rQmH/ #2
?�`/2` iQ BKTH2K2Mi T�`�HH2H +QKTmi�iBQMb �M/ K�F2 �M 2{+B2Mi BKTH2K2Mi�iBQMX �M �/p�Mi�;2 Q7
i?2B` i2+?MB[m2 Bb i?�i Bi �HHQrb +QKTmi�iBQM Q7 ~Qr p2+iQ`b Qp2` �`#Bi`�`v iBK2 bT�MbX h?2v +QM+Hm/2
i?�i BM+`2�bBM; i?2 MmK#2` Q7 7`�K2b 7Q` QTiB+�H ~Qr 2biBK�iBQM 7`QK irQ iQ }p2 7`�K2b BKT`Qp2b i?2
`2bmHib BMBiB�HHv- #mi �7i2` }p2 7`�K2b- i?2 T2`7Q`K�M+2 `2K�BMb +QMbi�MiX A7 � i`�MbH�iBM; Q#D2+i KQp2b
#2vQM/ � :�#Q` }Hi2`Ƕb bT�iB�H 2ti2Mi- i?2 T?�b2 2biBK�iBQM #2+QK2b MQM@HBM2�` �M/ i?mb `2D2+i2/X h?2
HQM;2` i?2 iBK2 bT�M- i?2 ?B;?2` i?2 +?�M+2b Q7 i?Bb ?�TT2MBM;X h?2 �mi?Q`b bi�i2 i?�i i?2 HQr2` ~Qr
/2MbBiB2b Q7 i?2 K2i?Q/b Q7 .X 6H22i �M/ C2TbQM- RN3N �M/ Gm+�b �M/ E�M�/2- RN3R �`2 /m2 iQ i?2B`
HQM; iBK2 bT�MbX





e
G2�`MBM;@#�b2/ �TT`Q�+?2b

AM i?Bb *?�Ti2` H2�MBM;@#�b2/ QTiB+�H ~Qr 2biBK�iBQM �TT`Q�+?2b �`2 /Bb+mbb2/X 6B`biHv- i?2 K�+?BM2@
H2�`MBM; #�b2/ �TT`Q�+?2b �`2 2tTH�BM2/ BM a2+iBQM eXRX a2+QM/Hv- i?2 #�bB+ i?2Q`v #2?BM/ *LLb Bb
2tTH�BM2/X h?B`/Hv- i?2 *LL@#�b2/ �`+?Bi2+im`2b 7Q` QTiB+�H ~Qr 2biBK�iBQM �`2 T`2b2Mi2/X G�biHv- i?2
/Bz2`2Mi �bT2+ib Q7 i`�BMBM; *LLb 7Q` QTiB+�H ~Qr 2biBK�iBQM �`2 BMi`Q/m+2/X

eXR J�+?BM2@H2�`MBM;@#�b2/ �TT`Q�+?2b

JX "H�+F- u�+QQ#- C2TbQM �M/ 6H22i- RNNdc .X CX 6H22i- "H�+F- u�+QQ# �M/ C2TbQM- kyyy �`2 i?2 }`bi
iQ T`QTQb2 � +QKTH2t BK�;2 KQiBQM `2T`2b2Mi�iBQM �b � HBM2�` bmK Q7 H2�`M2/ Q`i?Q;QM�H #�bBb ~Qrb
�b +�M #2 b22M BM 6B;m`2 eXRX "2+�mb2 i?2 HBM2�` bmK Q7 Q`i?Q;QM�H #�bBb ~Qrb +�M �TT`QtBK�i2 �
H�`;2 p�`B2`iv Q7 KQiBQMb }2H/bX JX "H�+F 2i �HX- RNNd 2ti`�+i i?2 H2�`M2/ #�bBb ~Qrb 7`QK � bK�HH
bvMi?2iB+ i`�BMBM; b2i mbBM; S`BM+BT�H *QKTQM2Mi �M�HvbBb US*�VX qmHz �M/ "H�+F- kyR8 i�F2 � bBKBH�`
�TT`Q�+?X >Qr2p2`- BM Q`/2` iQ +QKTmi2 i?2 Q`i?Q;QM�H #�bBb ~Qrb- i?2v mb2 i?2 QTiB+�H ~Qr �H;Q`Bi?K
ǵ:Sl6HQrǶ Uq2`H#2`;2` 2i �HX- kyyNV iQ +QKTmi2 i?2 QTiB+�H ~Qr 7Q` 7Qm` >QHHvrQQ/ KQpB2bX h?2M-
i?2v mb2 `Q#mbi S*� iQ 2ti`�+i i?2 Q`i?Q;QM�H #�bBb ~Qr }2H/bX �HbQ- i?2v mb2 bT�`b2 72�im`2 K�i+?BM;
�b BMBiB�HBx�iBQM iQ +QT2 rBi? HQM;@`�M;2 +Q``2bTQM/2M+2b �M/ `2;`2bb i?2b2 K�i+?2b iQ � /2Mb2 ~Qr }2H/
mbBM; i?2 Q`i?Q;QM�H #�bBb ~Qr }2H/bX

_Qi?- "H�+F- _Qi? �M/ "H�+F- kyyN T`QTQb2 � 6B2H/@Q7@1tT2`ib KQ/2H r?B+? +�M #2 mb2/ iQ H2�`M BK�;2
T`BQ`b i?�i `2~2+i i?2 bT�iB�H bi�iBbiB+b Q7 M�im`�H b+2M2bX h?2 6B2H/@Q7@1tT2`ib KQ/2H +�M #2 b22M �b �
b?�HHQr *LLX amM 2i �HX- kyy3 mb2 i?Bb 6Q1 �M/ mb2 � ;HQ#�H 2M2`;v 7mM+iBQM BM r?B+? i?2 T`BQ` i2`K
Bb `2TH�+2/ #v i?2 6B2H/@Q7@1tT2`ib KQ/2H �M/ i?2 /�i� i2`K +QMbBbib Q7 � bK�HH b2i Q7 +QMpQHmiBQM�H
}Hi2`bX "2+�mb2- �i i?2 iBK2- i?2`2 r�b MQi bm{+B2Mi i`�BMBM; /�i� �M/ QMHv � bK�HH MmK#2` Q7 }Hi2`b
r�b mb2/- Bi /B/ MQi /BbTH�v i?2 TQi2MiB�H Q7 H2�`MBM;@#�b2/ �TT`Q�+?2bX

o�M >�i2`2M �M/ _m/2`K�M- RNN3 ?�b b?QrM i?�i AM/2T2M/2Mi *QKTQM2Mi �M�HvbBb UA*�V Q7 M�im`�H
BK�;2 b2[m2M+2b H2�/ iQ :�#Q` }Hi2`b Ur?B+? �`2 �HbQ 7QmM/ BM bBKTH2 +2HHb BM i?2 T`BK�`v pBbm�H +Q`i2t
BM i?2 ?mK�M #`�BMVX h?mb r?2M �TTHvBM; i?2b2 }Hi2`b Bi Bb TQbbB#H2 iQ 2ti`�+i KQiBQM 7`QK BK�;2
b2[m2M+2bX A*� Bb /Bz2`2Mi 7`QK S*� BM i?�i Bi BKTQb2b �M ?B;?2` Q`/2` BM/2T2M/2M+2X S*� QMHv
�HHQrb 7Q` b2+QM/@Q`/2` BM/2T2M/2M+2X

eR



ek G2�`MBM;@#�b2/ �TT`Q�+?2b

6B;m`2 eXR, � KQiBQM }2H/ +�M #2 `2T`2b2Mi2/ �b � HBM2�` bmK Q7 Q`i?Q;QM�H #�bBb ~QrbX h�F2M 7`QK .X CX 6H22i-
"H�+F- u�+QQ# �M/ C2TbQM- kyyyX

eXk *QMpQHmiBQM�H L2m`�H L2irQ`Fb

6B`bi mb2/ #v G2*mM- RN3N- *LLb �`2 /2bB;M2/ iQ T`Q+2bb /�i� i?�i +QK2 BM i?2 7Q`K Q7 �``�vb UG2*mM-
"2M;BQ � >BMiQM- kyR8VX *QKKQMHv mb2/ BMTmi bB;M�Hb �`2 R. �``�vb 7Q` bB;M�Hb �M/ b2[m2M+2b Ubm+?
�b H�M;m�;2V- k. �``�vb 7Q` BK�;2b- �M/ j. �``�vb 7Q` pB/2QX AM Q`/2` iQ +�i2;Q`Bx2 � M2m`�H M2irQ`F
�b � *LL Bi M22/b iQ +QMi�BM �i H2�bi QM2 +QMpQHmiBQM�H H�v2`X *QMbB/2` 6B;m`2 eXk- i?2 bQHB/ `2/
b[m�`2b BM i?2 QmiTmi 72�im`2 K�Tb +Q``2bTQM/ iQ � +QMpQHmiBQM QT2`�iBQM r?B+? r�b T2`7Q`K2/ #v i?2
KmHiBTHB+�iBQM Q7 � r2B;?i K�i`Bt +�HH2/ +QMpQHmiBQM�H F2`M2H UG2*mM- RN3NV rBi? � HQ+�H T�i? BM i?2
BMTmi 72�im`2 K�TX LQi2 i?�i i?Bb KmHiBTHB+�iBQM ?�TT2Mb +?�MM2H@rBb2- �M/ Q7i2M � #B�b i2`K Bb �//2/X

Ai 7QHHQrb i?�i 2p2`v bBM;H2 p�Hm2 BM � +?�MM2H BM i?2 QmiTmi 72�im`2 K�Tb +Q``2bTQM/b iQ � /Bz2`2Mi
bT�iB�H HQ+�iBQM BM i?2 BMTmi 72�im`2 K�Tb KmHiBTHB2/ rBi? i?2 b�K2 +QMpQHmiBQM�H F2`M2HX h?2`27Q`2- i?2
r2B;?ib �`2 b?�`2/ �+`Qbb /Bz2`2Mi `2;BQMb Q7 i?2 BK�;2X h?Bb K�F2b b2Mb2 7Q` BK�;2bc B7 � T�ii2`M Bb iQ
#2 2ti`�+i2/ 7`QK �M BK�;2- i?Bb T�ii2`M +�M #2 HQ+�i2/ BM �Mv T�`i Q7 i?2 BK�;2X �HbQ- HQ+�H ;`QmTb Q7
TBt2H BMi2MbBiB2b �`2 Q7i2M ?B;?Hv +Q``2H�i2/ �M/ 7Q`K /BbiBM+iBp2 72�im`2b UG2*mM 2i �HX- kyR8VX

h?2 +QMpQHmiBQM�H QT2`�iBQM Bb Q7i2M 7QHHQr2/ #v � TQQHBM; QT2`�iBQMc b2K�MiB+�HHv bBKBH�` 72�im`2b �`2
bT�iB�HHv K2`;2/ BMiQ QM2X � K�t@TQQHBM; mMBi +QKTmi2b i?2 K�tBKmK Q7 � HQ+�H T�i+? BM � 72�im`2 K�T
�M/ Q7i2M � bi`B/2R Q7 KQ`2 i?�M QM2 Bb mb2/ iQ `2/m+2 i?2 /BK2MbBQM Q7 i?2 QmiTmi 72�im`2 K�TbXh?2
TQQHBM; QT2`�iBQM K�F2b i?2 BMTmi BMp�`B�Mi iQ bK�HH b?B7ibX *LLb 2tTHQBi i?2 7�+i i?�i K�Mv bB;M�Hb �`2
+QKTQb2/ Q7 b2p2`�H HQr2`@H2p2H QM2bX 6Q` BK�;2b- HQ+�H T�i+?2b 7Q`K 2/;2b- 2/;2b 7Q`K T�ii2`Mb- T�ii2`Mb
7Q`K BMiQ T�`ib �M/ T�`ib 7Q`K BMiQ Q#D2+ibX *LLb Q7i2M ?�p2 K�Mv H�v2`bX AM i?2 }`bi +QMpQHmiBQM�H
H�v2`b HQr2`@H2p2H 72�im`2b bm+? �b HBM2b �`2 2ti`�+i2/ �M/ BM i?2 /22T2` H�v2`b KQ`2 +QKTH2t T�ii2`Mb
+�M #2 /BbiBM;mBb?2/X �7i2` i?2 TQQHBM; H�v2` mbm�HHv �M �+iBp�iBQM 7mM+iBQM Bb mb2/X h?2 KQbi TQTmH�`
�+iBp�iBQM 7mM+iBQM Bb +�HH2/ _2+iB}2/ GBM2�` lMBi U_2GlV- ;Bp2M #v i?2 7mM+iBQM f(z) = max(z, 0)X h?2
_2Gl �+iBp�iBQM 7mM+iBQM 2M�#H2b Km+? 7�bi2` BM M2m`�H M2irQ`Fb rBi? � HQi Q7 H�v2`b UG2*mM 2i �HX-
kyR8VX

1p2` bBM+2 i?2 Q#D2+i `2+Q;MBiBQM +QKT2iBiBQM +�HH2/ AK�;2L2i BM kyRk- i?2 `2b2�`+? BMi2`2bi BM *LLb ?�b
BKT`Qp2/ /`�K�iB+�HHvX � *LL /2bB;M2/ #v E`Bx?2pbFv- amibF2p2` �M/ >BMiQM- kyRk +�HH2/ ǵ�H2tL2iǶ
�+?B2p2/ bT2+i�+mH�` `2bmHib #v �HKQbi ?�HpBM; i?2 2``Q` `�i2b Q7 i?2 #2bi +QKT2iBiQ`bX h?2 K�BM
�/p�M+2b Q7 i?Bb �TT`Q�+? r2`2 �M 2{+B2Mi :Sl BKTH2K2Mi�iBQM r?B+? BKT`Qp2/ i`�BMBM; iBK2b- �M/ �
M2r `2;mH�`Bx�iBQM i2+?MB[m2 +�HH2/ /`QTQmi Ua`Bp�bi�p�- >BMiQM- E`Bx?2pbFv � a�H�F?mi/BMQp- kyR9VX
�H2tL2i +�mb2/ � `2pQHmiBQM BM +QKTmi2` pBbBQM �M/ *LLb ?�p2 bBM+2 #22M i?2 bi�i2@Q7@i?2@�`i �TT`Q�+?
QM �HKQbi �HH `2+Q;MBiBQM �M/ /2i2+iBQM i�bFb U_�x�pB�M- �xBxTQm`- amHHBp�M � *�`HbbQM- kyR9VX

eXj *LL �`+?Bi2+im`2b 7Q` QTiB+�H ~Qr 2biBK�iBQM

AM i?Bb a2+iBQM /Bz2`2Mi *LLb �`+?Bi2+im`2b Q7 QTiB+�H ~Qr 2biBK�iBQM �`2 /Bb+mbb2/X 6B`biHv- i?2 2M+Q/2`@
/2+Q/2` ivT2 M2irQ`Fb �`2 T`2b2Mi2/X q?B+? ?�p2 #22M i?2 /QKBM�Mi �TT`Q�+? BM *LL@#�b2/ K2i?Q/b
7Q` QTiB+�H ~Qr 2biBK�iBQMX LQi2 i?�i �HbQ i?2 K�Mv �//BiBQMb iQ i?2 Q`B;BM�H 2M+Q/2`@/2+Q/2` bi`m+im`2
�`2 BM+Hm/2/X �7i2` r?B+? �M �`+?Bi2+im`2 #�b2/ QM bB;M�H T`Q+2bbBM; T`BM+BTH2b Bb /Bb+mbb2/X

Rh?2 MmK#2` Q7 bT�iB�H b?B7ib BM i?2 BMTmi 72�im`2 K�T #2ir22M +QMpQHmiBQMb BM i?2 BMTmi 72�im`2 K�Tb



eXj *LL �`+?Bi2+im`2b 7Q` QTiB+�H ~Qr 2biBK�iBQM ej

6B;m`2 eXk, h?2 ?B;? /BK2MbBQM�H +QMpQHmiBQM QT2`�iBQM BM *LLbX h?2 BMTmi 72�im`2 K�Tb �`2 L@/BK2MbBQM�H
+Q``2bTQM/BM; iQ #�i?@bBx2 L �M/ ?�p2 * +?�MM2HbX *QMbB/2` i?2 k. +QMpQHmiBQM Q7 � bBM;H2 _:" UL4R- *4jV

BK�;2 rBi? J }Hi2`bX LQi2 i?�i i?2 +?�MM2H@rBb2 +QMpQHmiBQMb Q7 i?2 }Hi2`b rBi? i?2 BMTmi 72�im`2 K�Tb �`2 bmKK2/
�M/ Q7i2M � #B�b i2`K Bb �//2/X h?2 �KQmMi Q7 +?�MM2Hb BM i?2 QmiTmi 72�im`2 K�Tb Bb i?2`27Q`2 2[m�H iQ i?2

�KQmMi Q7 }Hi2`bX �/�Ti2/ 7`QK ax2- *?2M- u�M; �M/ 1K2`- kyRd X

eXjXR 1M+Q/2`@/2+Q/2`

AM .QbQpBibFBv 2i �HX- kyR8 i?2 }`bi 2M/@iQ@2M/ i`�BM2/ *LLb 7Q` QTiB+�H ~Qr 2biBK�iBQM r2`2 BMi`Q/m+2/X
"�b2/ QM i?2 l@L2i �`+?Bi2+im`2 U_QMM2#2`;2` 2i �HX- kyR8V- irQ �`+?Bi2+im`2b +�HH2/ ǵ6HQrL2iaBKTH2Ƕ
�M/ ǵ6HQrL2i*Q``Ƕ U7m`i?2` `272``2/ iQ �b 6HQrL2ia �M/ 6HQrL2i*V �`2 /2bB;M2/ r?B+? i�F2 �M BK�;2
T�B` �b BMTmi �M/ T`Q/m+2 � +Q``2bTQM/BM; QTiB+�H ~Qr }2H/ �b QmiTmiX "Qi? Q7 i?2b2 �`+?Bi2+im`2b
�`2 #mBHi QM i?2 mM/2`HvBM; B/2� i?�i BM i?2 +QMi`�+iBp2 T�`i Q7 i?2 M2irQ`F i?2 bT�iB�H BK�;2 BM@
7Q`K�iBQM Bb +QKT`2bb2/ �M/ i?2 �KQmMi Q7 /BbiBM+i 72�im`2b BM+`2�b2b- r?BH2 BM i?2 2tT�M/BM; T�`i
mT@+QMpQHmiBQMbU1B;2M- Sm?`b+? � 62`;mb- kyR9V �`2 mb2/ iQ BM+`2�b2 i?2 `2bQHmiBQM Q7 i?2 QTiB+�H ~Qr
}2H/X 6HQrL2ia i�F2b irQ bi�+F2/ _:" BK�;2b BM � bBt@+?�MM2H BMTmiX AM i?2 }`bi i?`22 H�v2`b Q7
6HQrL2i* irQ b2T�`�i2 BK�;2 T`Q+2bbBM; bi`2�Kb �`2 mb2/ r?B+? +QMi�BM i?2 b�K2 r2B;?ib U�HbQ FMQrM
�b � aB�K2b2 M2irQ`FVX �7i2` i?2b2 i?`22 H�v2`b- � +Q``2H�iBQM@H�v2` Bb mb2/ r?B+? +QKTmi2b i?2 bBKBH�`@
Biv b+Q`2 #2ir22M i?2 irQ BMTmi bi`2�KbX h?2 QmiTmi Q7 i?2 +Q``2H�iBQM@H�v2` Bb +�HH2/ � +Qbi@pQHmK2X AM
Q`/2` iQ K�F2 i?2 K2i?Q/ +QKTmi�iBQM�HHv i`�+i�#H2- i?2 K�tBKmK /BbTH�+2K2Mi 7Q` T�i+? +QKT�`BbQM
Bb HBKBi2/X h?Bb K2�Mb i?2 K�tBKmK QTiB+�H ~Qr r?B+? 6HQrL2i* +�M `2;Bbi2` Bb �HbQ HBKBi2/X aFBT
+QMM2+iBQMb �`2 mb2/ BM #Qi? 6HQrL2ia �M/ 6HQrL2i* iQ i`�Mb72` BM7Q`K�iBQM 7`QK � `2bQHmiBQM H2p2H
BM i?2 +QMi`�+iBM; T�`i iQ Bib +Q``2bTQM/BM; `2bQHmiBQM BM i?2 2tT�MbBp2 T�`iX h?2 +QMi`�+iBM; T�`i Q7
#Qi? 6HQrL2ia �M/ 6HQrL2i* +�M #2 b22M BM 6B;m`2 eXj �M/ i?2 2tT�MbBp2 T�`i BM 6B;m`2 eX9X

1�+? +QMpQHmiBQM�H #HQ+F +QMbBbib Q7 � #�MF Q7 +QMpQHmiBQM�H }Hi2`b �M/ � _2Gl �+iBp�iBQM 7mM+iBQMX AM
i?2 +QMi`�+iBp2 T�`i Q7 i?2 M2irQ`F i?2 }Hi2` bBx2 /2+`2�b2b- r?BH2 i?2 MmK#2` Q7 72�im`2 K�Tb BM+`2�b2bX
6Q` i?2 `2/m+iBQM Q7 bT�iB�H `2bQHmiBQM- 2�+? +QMpQHmiBQM BM i?2 +QMi`�+iBM; T�`i mb2b � bi`B/2 Q7 kkX
AM Q`/2` iQ BM+`2�b2 i?2 `2bQHmiBQM BM i?2 2tT�MbBp2 T�`i- � bi`B/2 Q7 k Bb mb2/ 7Q` i?2 mT@+QMpQHmiBQMb
�b r2HHX h?2 �mi?Q`b ;2M2`�i2 � bvMi?2iB+ /�i�b2i BM Q`/2` iQ i`�BM i?2B` *LL Ur?B+? rBHH #2 7m`i?2`
/Bb+mbb2/ BM bm#b2+iBQM eX9XRVX AM AH; 2i �HX- kyRd Bi r�b 7QmM/ i?�i 6HQrL2i* +QMbBbi2MiHv QmiT2`7Q`Kb
6HQrL2iajX AM h�#H2 eXR � /2i�BH2/ #`2�F/QrM Q7 i?2 T2`7Q`K�M+2 Q7 6HQrL2ia- 6HQrL2i* �M/ aTvL2i
U� Tv`�KB/ bT�iBQi2KTQ`�H }Hi2`@#�b2/ *LL /Bb+mbb2/ M2ti b2+iBQMV +�M #2 b22MX 6`QK i?Bb i�#H2 Bi +�M
#2 b22M i?�i i?2 2biBK�i2b T`Q/m+2/ #v 6HQrL2ia �`2 KQ`2 #Hm``v �M/ i?2 2``Q` 7Q` H�`;2 p2HQ+BiB2b Bb
bB;MB}+�MiHv ?B;?2` i?�M 6HQrL2i*X

k�++Q`/BM; iQ aT`BM;2M#2`;- .QbQpBibFBv- "`Qt �M/ _B2/KBHH2`- kyR9- i?2 K�t@TQQHBM; QT2`�iBQM BM �M 2M+Q/2`@/2+Q/2`
M2irQ`F +�M #2 `2TH�+2/ #v �M BM+`2�b2/ bi`B/2 rBi?Qmi HQbb BM �++m`�+v QM b2p2`�H BK�;2 `2+Q;MBiBQM #2M+?K�`FbX

jP`B;BM�HHv- .QbQpBibFBv 2i �HX- kyR8 `2TQ`i bBKBH�` T2`7Q`K�M+2 Q7 6HQrL2ia �M/ 6HQrL2i*X >Qr2p2`- AH; 2i �HX- kyRd H�i2`
+QM+Hm/2 � KBbi�F2 BM i`�BMBM; 6HQrL2i* Bb K�/2 i?mb b?Qr i?�i 6HQrL2i* bB;MB}+�MiHv QmiT2`7Q`Kb 6HQrL2iaX



e9 G2�`MBM;@#�b2/ �TT`Q�+?2b

6B;m`2 eXj, UiQTV h?2 +QMi`�+iBp2 T�`i Q7 i?2 �`+?Bi2+im`2 Q7 6HQrL2iaX hrQ _:" TB+im`2b �`2 +QMpQHp2/ rBi?
b2p2`�H H�v2`b Q7 +QMpQHmiBQM�H }Hi2`b 7QHHQr2/ #v � bi`B/2 Q7 kX U#QiiQKV h?2 +QMi`�+iBp2 T�`i Q7 i?2 6HQrL2i*
�`+?Bi2+im`2 rBi? i?`22 +QMpQHmiBQM�H H�v2`b r?B+? b?�`2 B/2MiB+�H r2B;?ibX AM i?2 +Q``2H�iBQM H�v2`- T�i+?rBb2

KmHiBTHB+�iBp2 bBKBH�`Biv b+Q`2b �`2 +QKTmi2/X h�F2M 7`QK .QbQpBibFBv 2i �HX- kyR8X

6B;m`2 eX9, 1tT�MbBp2 T�`i Q7 i?2 �`+?Bi2+im`2 mb2/ BM #Qi? 6HQrL2ia �M/ 6HQrL2i*X lT@+QMpQHmiBQM Bb mb2/ iQ
Q#i�BM � ?B;? `2bQHmiBQM TBt2H@rBb2 T`2/B+iBQMX h�F2M 7`QK .QbQpBibFBv 2i �HX- kyR8X



eXj *LL �`+?Bi2+im`2b 7Q` QTiB+�H ~Qr 2biBK�iBQM e8

JQ/2H �HH d0−10 d10−60 d60−140 s0−10 s10−40 s40+

6HQrL2iaY7i eXNe 8XNN jX8e kXRN RX9k jX3R 9yXRy
6HQrL2i*Y7i eX38 8X8d jXR3 RXNN RXek jXNd jjXjd
aTvL2iY7i eXe9 8X8y jXRk RXdR yX3j jXj9 9jX99

h�#H2 eXR, .2i�BH2/ #`2�F/QrM Q7 i?2 T2`7Q`K�M+2 Q7 aTvL2i- 6HQrL2ia �M/ 6HQrL2i* QM i?2 JSA@bBMi2H +H2�M
T�bb 7Q` /Bz2`2Mi p2HQ+BiB2b UbV �M/ /Bbi�M+2b U/V 7`QK KQiBQM #QmM/�`B2bX ǵY7iǶ +Q``2bTQM/b iQ i`�BM2/ QM i?2

6HvBM;*?�B`b /�i�b2i �M/ }M2imM2/ QM i?2 JSA@aBMi2H +H2�M T�bb Ub22 a2+iBQM eX9V X o�Hm2b +Q``2bTQM/ iQ �11 T2`
#`2�F/QrM 2H2K2MiX LQi2 i?2 /2+`2�b2/ T2`7Q`K�M+2 �i ?B;? p2HQ+BiB2b 7Q` i?2 bT�iBQi2KTQ`�H }Hi2`@#�b2/ *LLb
UaTvL2i �M/ 6HQrL2iaV �M/ M2�` KQiBQM #QmM/�`B2bX h?2 `2H�iBp2 2``Q` M2�` KQiBQM #QmM/�`B2b �b 7`�+iBQM Q7 �HH

�11 Bb �HbQ ?B;?2` 7Q` 6HQrL2ia �M/ aTvL2iX h�F2M 7`QK _�MD�M �M/ "H�+F- kyRdX

6B;m`2 eX8, �`+?Bi2+im`2 Q7 6HQrL2ikX PM2 6HQrL2i* �M/ irQ 6HQrL2ia �`+?Bi2+im`2b �`2 bi�+F2/ BM b2`B2b �M/
+QK#BM2/ BM T�`�HH2H rBi? � bBM;H2 6HQrL2ia. �`+?Bi2+im`2X h?2B` QmiTmi Bb 72/ iQ i?2 6mbBQM �`+?Bi2+im`2 iQ

T`Q/m+2 � }M�H ~Qr 2biBK�i2X AM i?2 6HQrL2ik@*aa �`+?Bi2+im`2 i?2 irQ BMTmi BK�;2b �HQM; rBi? i?2 r�`T2/ BK�;2-
BMBiB�H ~Qr 2biBK�i2 �M/ #`B;?iM2bb 2``Q`9�`2 +QM+�i2M�i2/ �M/ mb2/ �b BMTmi 7Q` i?2 BMi2`K2/B�i2 6HQrL2ia

�`+?Bi2+im`2bX h?2 #`�+2b BM/B+�i2 +QM+�i2M�iBQM Q7 /Bz2`2Mi 2H2K2MibX h�F2M 7`QK AH; 2i �HX- kyRdX

.QK�BM FMQrH2/;2, r�`TBM;- Tv`�KB/ bi`m+im`2- �M/ ~Qr `2}M2K2Mi

AM � 7QHHQr@mT- AH; 2i �HX- kyRd mb2 � bi�+F2/ �`+?Bi2+im`2- r�`T i?2 i�`;2i BK�;2 iQr�`/b i?2 `272`2M+2
BK�;2 mbBM; BMi2`K2/B�i2 QTiB+�H ~Qr �M/ ;2M2`�i2 KQ`2 bvMi?2iB+ i`�BMBM; /�i� rBi? � ?B;?2` /2;`22 Q7
+QKTH2tBiv Ub22 b2+iBQM eX9XRVX ai�+FBM; � M2irQ`F rBi? QM2 6HQrL2i* �M/ irQ bm#b2[m2Mi 6HQrL2ia
KQ/2Hb U7m`i?2` `272``2/ iQ �b ǵ6HQrL2ik@*aaǶV T2`7Q`Kb #2biX >Qr2p2`- 6HQrL2ik@*aa biBHH T2`7Q`Kb
TQQ`Hv �i 2biBK�iBM; bK�HH /BbTH�+2K2Mib- �M/ i?2`27Q`2 � M2r �`+?Bi2+im`2 +�HH2/ ǵ6HQrL2ia.Ƕ Bb /2@
bB;M2/X h?2 6HQrL2ik@*aa �M/ 6HQrL2ik@a. QmiTmi �`2 72/ BMiQ � ǵ6mbBQMǶ M2irQ`F iQ Q#i�BM i?2 }M�H
~Qr 2biBK�i2X h?2 +QKTH2i2 �`+?Bi2+im`2 Bb +�HH2/ ǵ6HQrL2ikǶ �b +�M #2 b22M BM 6B;m`2 eX8X

�HbQ- i?2 M2irQ`F rB/i? Q7 6HQrL2ia p2`bmb T2`7Q`K�M+2 Bb BMp2biB;�i2/- �M/ � rB/2` M2irQ`F Ur?B+?
+Q``2bTQM/b iQ �M BM+`2�b2/ �KQmMi Q7 +QMpQHmiBQM�H }Hi2`bV /Q2b MQi bB;MB}+�MiHv BKT`Qp2 T2`7Q`K�M+2X
� M2irQ`F rB/i? 7�+iQ` Q7 3

8 T`Q/m+2b 7�bi 2t2+miBQM iBK2b r?BH2 biBHH T`Q/m+BM; `2�bQM�#H2 `2bmHibX
6HQrL2ik �+?B2p2b M2�` bi�i2@Q7@i?2@�`i T2`7Q`K�M+2 �i � `mMiBK2 Q7 irQ Q`/2`b Q7 K�;MBim/2 HQr2`X Ai
b?QmH/ #2 MQi2/ i?�i i?2 `mMiBK2 Bb +QKT�`2/ iQ Qi?2` K2i?Q/b bm+? �b 1TB+6HQr U_2p�m/ 2i �HX- kyR8V
�M/ .22T~Qr Uq2BMx�2T72H 2i �HX- kyRjV r?B+? �`2 2t2+mi2/ QM � *Sl r?BH2 6HQrL2ik `mMb QM � :SlX

ǵaTvL2iǶ U_�MD�M � "H�+F- kyRdV �//`2bb2b i?2 KQ/2H bBx2 Bbbm2 Q7 6HQrL2i #v mbBM; � bT�iB�H Tv`�KB/
M2irQ`F �M/ r�`TBM; Q7 i?2 i�`;2i BK�;2 iQr�`/b i?2 `272`2M+2 BK�;2 BM #2ir22M /Bz2`2Mi Tv`�KB/
H2p2HbX aTvL2i mb2b � bT�iBQi2KTQ`�H }Hi2`@#�b2/ �TT`Q�+? bBKBH�` iQ 6HQrL2iaX h?2 �`+?Bi2+im`2 Q7
aTvL2i +�M #2 b22M BM 6B;m`2 eXeX h?2v }M/ i?�i mMHBF2 i?2 }Hi2`b BM 6HQrL2i* i?2 }Hi2`b 7QmM/ BM
aSvL2i `2b2K#H2 :�#Q` }Hi2`b- �b +�M #2 b22M BM 6B;m`2 eXd- �M/ KQbi �`2 2[m�HHv b2MbBiBp2 iQ �HH +QHQ`
+?�MM2Hb �M/ i?mb �TT2�` ;`�vb+�H2X "2+�mb2 aTvL2i mb2b � Tv`�KB/ bi`m+im`2- Bi `mMb BMiQ i?2 r2HH@
9h?2 /Bz2`2M+2 #2ir22M i?2 `272`2M+2 �M/ i?2 i�`;2i BK�;2 r�`T2/ rBi? i?2 T`2pBQmbHv 2biBK�i2/ ~QrX



ee G2�`MBM;@#�b2/ �TT`Q�+?2b

6B;m`2 eXe, �`+?Bi2+im`2 Q7 aTvL2i 7Q` � j@H2p2H Tv`�KB/ M2irQ`FX h?2 G0 M2irQ`F T`Q/m+2b �M BMBiB�H ~Qr
2biBK�iBQM v0 mbBM; i?2 BK�;2b I1

0 �M/ I2
0 �b BMTmi r?B+? +Q``2bTQM/ iQ � /QrMb�KTH2/ p2`bBQM Q7 i?2 Q`B;BM�H BMTmi

BK�;2b I2
2 �M/ I2

1 X h?2 BMBiB�H ~Qr 2biBK�i2 v0 Bb mTb�KTH2/ �M/ mb2/ iQ r�`T I2
1 X h?2M- i?2 QmiTmi Q7 G1- v1- Bb

�//2/ iQ i?2 mTb�KTH2/ ~Qr V0 r?B+? H2�/b iQ V1X h?Bb T`Q+2bb `2T2�ib BM 2p2`v H�v2` BM i?2 Tv`�KB/X h�F2M 7`QK
_�MD�M �M/ "H�+F- kyRdX

6B;m`2 eXd, UH27iV oBbm�HBx�iBQM Q7 i?2 }Hi2`b Q7 i?2 }`bi +QMpQHmiBQM�H H�v2` Q7 i?2 i?B`/ H2p2H Q7 i?2 Tv`�KB/ Q7
aTvL2iX h?2 H27i �M/ `B;?i }Hi2`b �`2 mTb�KTH2/ mbBM; M2�`2bi@M2B;?#Q` �M/ #BHBM2�` BMi2`TQH�iBQM `2bT2+iBp2HvX LQi2

i?�i t1 − t2 `2T`2b2Mib i?2 i2KTQ`�H /Bz2`2M+2 #2ir22M i?2 bT�iB�H }Hi2`bX h?2 }Hi2`b `2b2K#H2 b2+QM/ /2`Bp�iBp2
:�mbbB�M Q` :�#Q` }Hi2`bX h�F2M 7`QK _�MD�M �M/ "H�+F- kyRdX U`B;?iV 6BHi2`b i�F2M 7`QK i?2 }`bi H�v2` Q7
6HQrL2i*X h?2 }Hi2`b b?Qr � ?B;? 7`2[m2M+v bi`m+im`2 mMHBF2 i?2 +H�bbB+ bT�iBQi2KTQ`�H }Hi2`bX h�F2M 7`QK

.QbQpBibFBv 2i �HX- kyR8X

FMQrM HBKBi�iBQM 7Q` /2�HBM; rBi? H�`;2 KQiBQMb Q7 bK�HH b+�H2 bi`m+im`2bX aK�HH b+�H2 Q#D2+ib i?�i KQp2
rBi? � ?B;? p2HQ+Biv i?mb Q7i2M `2bmHi BM 2``QM2Qmb ~Qr 2biBK�iBQMbX

amM- u�M;- GBm �M/ E�mix- kyR3 mb2 � +Q``2H�iBQM@#�b2/ �`+?Bi2+im`2- bBKBH�` iQ i?2 QM2 BM 6HQrL2i*-
72�im`2 r�`TBM;- Tv`�KB/ bi`m+im`2- �M/ � +QMi2ti M2irQ`F 7Q` ~Qr `2}M2K2MiX >Qr2p2`- BM i?2B`
�`+?Bi2+im`2- +�HH2/ ǵSq*@L2iǶ i?2v +QKTmi2 i?2 +Qbi@pQHmK2 �7i2` bBt +QMpQHmiBQM�H H�v2`b BMbi2�/ Q7
i?`22 HBF2 6HQrL2i*X h?mb i?2 b2�`+? `�M;2 Bb bK�HH2` r?BH2 i?2 `2+2TiBp2 }2H/ Bb H�`;2`X �7i2` Q#i�BMBM;
�M BMBiB�H ~Qr 2biBK�i2- i?2 �mi?Q`b r�`T i?2 72�im`2 K�Tb Q7 i?2 HQr2` H2p2H +QMpQHmiBQM�H H�v2`bX
Ai b?QmH/ #2 MQi2/ i?�i Sq*@M2i �HbQ 7�BHb iQ /2i2+i H�`;2 KQiBQM Q7 bK�HH b+�H2 Q#D2+ib- r?B+? Bb �
+QMb2[m2M+2 Q7 i?2 Tv`�KB/ bi`m+im`2X AM � bBKBH�` K�MM2` iQ :ɃM2v �M/ :2B;2`- kyRd- i?2 BMBiB�H
~Qr 2biBK�i2 Bb mb2/ �b �M BMTmi iQ � +QMi2ti M2irQ`F r?B+? K�F2b mb2 Q7 /BH�i2/ +QMpQHmiBQMb r?B+?
BM+`2�b2 i?2 `2+2TiBp2 }2H/ BM Q`/2` iQ BMi2;`�i2 +QMi2ti BM7Q`K�iBQM BMiQ i?2 }M�H ~Qr 2biBK�i2 Uum �
EQHimM- kyR8VX LQi2 i?�i Sq*@L2i Bb Q7i2M mb2/ �b � bi�`iBM; TQBMi 7Q` bm#b2[m2Mi `2b2�`+?2`bX

AM #Qi? hX qX >mB- h�M; �M/ GQv- kyR3 �M/ wr2B; �M/ qQH7- kyRd- i?2 �mi?Q`b b?Qr i?�i � 7mHHv
+QMpQHmiBQM�H M2irQ`F UrBi?Qmi bi`B/2 �M/ K�t@TQQHBM;V Bb �#H2 iQ T2`7Q`K ~Qr `2}M2K2Mi 2{+B2MiHvX
hX qX >mB 2i �HX- kyR3 mb2 ~Qr `2}M2K2Mi �7i2` i?2B` +Q``2H�iBQM@#�b2/ �`+?Bi2+im`2 T2`7Q`Kb �M BMBiB�H
~Qr 2biBK�iBQMX lbBM; i?2 r�`T2/ 72�im`2 K�Tb �M/ BMBiB�H ~Qr 2biBK�i2- i?2 ~Qr Bb 7m`i?2` `2}M2/ iQ
bm#@TBt2H H2p2HX wr2B; �M/ qQH7- kyRd b?Qr i?�i � /�i�@/`Bp2M �TT`Q�+? 7Q` bT�`b2 iQ /2Mb2 BMi2`TQH�iBQM
mbBM; � UbT�`b2V QTiB+�H ~Qr- 2/;2 K�T �b �M 2ti`� BMTmi �M/ KmHiB@H�v2` HQbb QmiT2`7Q`Kb 1TB+6HQrX
h?2 �`+?Bi2+im`2 Q7 wr2B; �M/ qQH7- kyRd +�M #2 b22M BM 6B;m`2 eX3X LQi2 i?�i i?Bb �`+?Bi2+im`2 Bb MQi �
7mHHv 2M/@iQ@2M/ i`�BM2/ *LL 7Q` QTiB+�H ~Qr 2biBK�iBQMX AMbi2�/- Bi BMi2`TQH�i2b UbT�`b2V ~Qr K�Tb iQ



eXj *LL �`+?Bi2+im`2b 7Q` QTiB+�H ~Qr 2biBK�iBQM ed

6B;m`2 eX3, 6mHHv +QMpQHmiBQM�H M2irQ`F 7Q` ~Qr }2H/ `2}M2K2MiX �M BMBiB�H UbT�`b2V ~Qr }2H/ Bb mb2/ �b BMTmi �HQM;
rBi? �M 2/;2 K�T �M/ #BM�`v K�bF +QMi�BMBM; �HH i?2 KBbbBM; TBt2Hb �M/ � KmHiB@H�v2` HQbb Bb mb2/ 7Q` i`�BMBM;X

h�F2M 7`QK wr2B; �M/ qQH7- kyRdX

� /2Mb2 ~Qr QmiTmiX h?Bb M2irQ`F b2`p2b �b �M 2tTH�M�iBQM Q7 i?2 /2+Q/2` T�`i mb2/ BM #Qi? 6HQrL2ia
�M/ 6HQrL2i*X

P++HmbBQM 2biBK�iBQM

AH;- a�BFB�- E2mT2` �M/ "`Qt- kyR3 2ti2M/ 6HQrL2ik iQ T2`7Q`K DQBMi 2biBK�iBQM Q7 Q++HmbBQMb- KQiBQM
#QmM/�`B2b- �M/ QTiB+�H ~QrX h?2 �mi?Q`b BM+Hm/2 `2bB/m�H +QMM2+iBQMb BM #2ir22M i?2 /Bz2`2Mi KQ/2Hb
BM i?2 bi�+F2/ �`+?Bi2+im`2 �M/ QKBi i?2 #`B;?iM2bb 2``Q` �b BMTmibX h?2v +QM+Hm/2 i?�i DQBMi 2biBK�iBQM
Q7 QTiB+�H ~Qr �M/ Q++HmbBQMb /Q2b MQi BKT`Qp2 MQ` /2;`�/2 i?2 `2bmHibX "�b2/ QM i?Bb }M/BM;- i?2v
+QM+Hm/2 i?�i 6HQrL2i �H`2�/v BKTHB+BiHv T2`7Q`Kb �HH M2+2bb�`v Q++HmbBQM `2�bQMBM; �M/ #v K�FBM; i?2
Q++HmbBQM QmiTmi 2tTHB+Bi- i?2 Q++HmbBQM QmiTmi Bb Q#i�BM2/ �b �M �//BiBQM�H QmiTmi r?BHbi T2`7Q`K�M+2
bi�vb i?2 b�K2X

L2Q`�H- ȑQ+?K�M �M/ J�i�b- kyRN 2ti2M/ i?2 �`+?Bi2+im`2 Q7 Sq*@L2i iQ BM+Hm/2 BM7Q`K�iBQM 7`QK
KmHiBTH2 7`�K2b �M/ BKT`Qp2 Q++HmbBQM T2`7Q`K�M+2X h?2v T2`7Q`K �M 2tTHB+Bi Q++HmbBQM 2biBK�iBQM
#�b2/ QM i?2 QmiTmi Q7 i?2 +Qbi pQHmK2 �M/ i?2 QTiB+�H ~Qr 2biBK�iBQM 7`QK i?2 T`2pBQmb 7`�K2 T�B`X
h?2v T2`7Q`K Q++HmbBQM 2biBK�iBQM #�b2/ QM i?2 +Qbi pQHmK2 #2+�mb2 BMimBiBp2Hv r?2M i?2 +Qbi 7Q` �HH
M2�`#v /BbTH�+2K2Mib Bb ?B;? 7Q` � TBt2H- Bi Bb HBF2Hv Q++Hm/2/ BM i?2 M2ti 7`�K2X "2+�mb2 i?2v mb2 i?2
+Qbi@pQHmK2 BMbi2�/ Q7 QTiB+�H ~Qr 7Q` i?2B` Q++HmbBQM T`2/B+iBQM- i?2v �pQB/ i?2 mb2 Q7 ~Qr �H`2�/v
+Q``mTi2/ #v Q++HmbBQMX h?2 �mi?Q`b b2i � M2r bi�i2@Q7@i?2@�`i QM Q++Hm/2/ `2;BQMb QM i?2 JSA@bBMi2H
6BM�H T�bbX

GBm- Gvm- EBM; �M/ sm- kyRN �HbQ 2ti2M/ i?2 �`+?Bi2+im`2 Q7 Sq*@L2i iQ BM+Hm/2 KmHiBTH2 7`�K2b 7Q`
QTiB+�H ~Qr 2biBK�iBQM �M/ BKT`Qp2/ Q++HmbBQM 2biBK�iBQMX >Qr2p2`- i?2v mb2 � b2H7@bmT2`pBb2/ �TT`Q�+?
mbBM; irQ b2T�`�i2 M2irQ`Fb +�HH2/ i?2 ǵMQM@Q++Hm/2/@KQ/2HǶ ULP*@KQ/2HV �M/ i?2 ǵQ++Hm/2/@KQ/2HǶ
UP**@KQ/2HVX q?2`2 i?2 7Q`K2` Bb 7Q+mb2/ QM �++m`�i2 ~Qr 2biBK�iBQM 7Q` MQM@Q++Hm/2/ TBt2HbX h?Bb
QmiTmi Bb mb2/ �b � ;mB/2 7Q` i?2 H2�`MBM; Q7 QTiB+�H ~Qr Q7 Q++Hm/2/ TBt2Hb UP**@KQ/2HV r?2`2 i?2
;`QmM/ i`mi? Bb QTiB+�H ~Qr rBi? b2H7@BM/m+2/ Q++HmbBQMbX h?Bb K2i?Q/ Bb +m``2MiHv Qp2`�HH bi�i2 Q7 i?2
�`i 7Q` �HH #Qi? bmT2`pBb2/ �M/ mMbmT2`pBb2/ K2i?Q/b QM i?2 JSA@aBMi2H 6BM�H T�bb 2p2M i?Qm;? i?2
K2i?Q/ Q7 L2Q`�H 2i �HX- kyRN T2`7Q`Kb bB;MB}+�MiHv #2ii2` QM Q++Hm/2/ TBt2HbX

lM+2`i�BMiv 2biBK�iBQM

JQiBp�i2/ #v i?2 +H�BK i?�i mM+2`i�BMiv BM7Q`K�iBQM Bb pBi�H K�FBM;b /2+BbBQM #�b2/ QM bmT2`pBb2/
H2�`MBM; 2biBK�i2b- ǵ6HQrL2i>Ƕ Bb BMi`Q/m+2/ #v AH;- Px;mM 2i �HX- kyR3 r?B+? T`Q/m+2b `2�H@iBK2 mM+2`@
i�BMiv 2biBK�i2b 7Q` QTiB+�H ~Qr 2biBK�iBQMX 6HQrL2i> Bb #�b2/ QM i?2 �`+?Bi2+im`2 Q7 6HQrL2i*X h?2
�mi?Q`b `2+Q;MBx2 i?2 /`�r#�+Fb Q7 #H�+F@#Qt H2�`MBM;@#�b2/ �TT`Q�+?2b �M/ bi�i2 i?2`2 Bb MQ ;m�`�M@
i22 i?�i � *LL 7Q` QTiB+�H ~Qr 2biBK�iBQM bm+? �b 6HQrL2ik rBHH rQ`F mM/2` +?�HH2M;BM; b+2M�`BQbX



e3 G2�`MBM;@#�b2/ �TT`Q�+?2b

6B;m`2 eXN, lM+2`i�BMiv �M/ QTiB+�H ~Qr 2biBK�iBQM #v 6HQrL2i>X UG27iV `272`2M+2 BK�;2 Q7 BK�;2 T�B` i�F2M 7`QK
EAhhA kyR8X UJB//H2V h?2 2biBK�i2/ QTiB+�H ~QrX U_B;?iV lM+2`i�BMiv 2biBK�iBQM- ?B;?2` p�Hm2b +Q``2bTQM/ iQ `2/X

LQi2 i?�i i?2 b?�/Qr ?�b � ?B;? mM+2`i�BMiv p�Hm2 mMHBF2 i?2 +�`X h�F2M 7`QK AH;- Px;mM 2i �HX- kyR3X

AMbTB`2/ #v i?2 �TT`Q�+? Q7 _mTT`2+?i 2i �HX- kyRd- 6HQrL2i> Bb �/�Ti2/ iQ K�F2 KmHiBTH2 ?vTQi?2b2b
�M/ qBMM2`@h�F2b@�HH HQbb U:mxK�M@`Bp2`�- "�i`� � EQ?HB- kyRkV Bb mb2/ iQ QMHv T2M�HBx2 i?2 #2bi
T`2/B+iBQMX 6HQrL2i> T`Q/m+2b bi�i2@Q7@i?2 �`i mM+2`i�BMiv 2biBK�iBQMb �M/ i?2 �mi?Q`b /2KQMbi`�i2
i?�i i?2 mM+2`i�BMiv 2biBK�iBQM Bb ?B;? 7Q` p�`BQmb /B{+mHi +�b2b8- QM2 Q7 i?2K +�M #2 b22M 6B;m`2 eXNX

eXjXk aB;M�H T`Q+2bbBM; T`BM+BTH2b

AM h2M2v �M/ >2#2`i- kyRe i?2 �mi?Q`b /2bB;M � b?�HHQr *LL #�b2/ QM bB;M�H T`Q+2bbBM; T`BM+BTH2b �M/
`2pBbBi i?2 �TT`Q�+? Q7 >22;2`- RN33X AMbi2�/ Q7 T`Q/m+BM; �M QmiTmi QTiB+�H ~Qr K�T i?�i T`Q/m+2b
TBt2H@rBb2 2biBK�iBQMb- i?2B` �TT`Q�+? QmiTmib � /Bbi`B#mi2/ `2T`2b2Mi�iBQM Q7 Q`B2Mi�iBQMb �M/ bT22/b
T2` TBt2HX h?2 M2irQ`F +QMbBbib Q7 irQ +QMpQHmiBQM�H H�v2`b- R TQQHBM; H�v2` �M/ irQ TBt2HrBb2 r2B;?ib
URtR +QMpQHmiBQMbVX h?Bb �HHQrb i?2K iQ 2biBK�i2 i`�MbT�`2Mi �M/ Qp2`H�TTBM; KQiBQMb r?B+? KQbi
i`�/BiBQM�H QTiB+�H ~Qr K2i?Q/b �`2 MQi +�T�#H2 Q7X h?2v /2bB;M i?2B` *LL BM bm+? � r�v i?�i Bi Bb
BMp�`B�Mi iQ �//BiBp2 #`B;?iM2bb +?�M;2b- BM@TH�M2 `Qi�iBQMb- HQ+�H BK�;2 T?�b2- �M/ HQ+�H BK�;2 bi`m+im`2X
GQ+�H BK�;2 bi`m+im`2 BMp�`B�M+2 Bb /2bB`2/ iQ �++QmMi 7Q` BMi2MbBiv /Bz2`2M+2b Q7 T�ii2`Mb �i /Bz2`2Mi
Q`B2Mi�iBQMb KQpBM; rBi? � /Bz2`2Mi p2HQ+Biv K�;MBim/2 �M/ /B`2+iBQM U2X;X- � ;`B/ T�ii2`M Q7 ?Q`BxQMi�H
HBM2b +`QbbBM; 7�BMi2` p2`iB+�H QM2bVX h?2 `2bmHi Bb � `2H�iBp2Hv b?�HHQr *LL rBi? 7Qm` +QMpQHmiBQM�H
H�v2`bX h?2 +QMb2[m2M+2 Q7 i?2B` /2bB;M Bb i?�i i?2 2biBK�iBQM Q7 H�`;2 KQiBQMb Bb HBKBi2/ /m2 iQ i?2 bK�HH
`2+2TiBp2 }2H/ bBx2X h?2`27Q`2- � +Q�`b2@iQ@}M2 r�`TBM; bi`�i2;v Bb BM+Q`TQ`�i2/ BMiQ i?2 �`+?Bi2+im`2-
r?B+? �HHQrb i?2 M2irQ`F iQ 2biBK�i2 i?2 ~Qr Bi2`�iBp2HvX h?2 �TT`Q�+? 7�BHb M2�` Q++HmbBQMb #QmM/�`B2b-
�M/ i?2 �mi?Q`b +QM+Hm/2 i?�i T`QT2` T2`7Q`K�M+2 M2�` Q++HmbBQM #QmM/�`B2b `2[mB`2b `2�bQMBM; Qp2` �
#`Q�/ i2KTQ`�H �M/fQ` bT�iB�H 2ti2Mi r?B+? i?2B` b?�HHQr *LL Bb MQi �#H2 iQ /QX h?2 �mi?Q`b +QM+Hm/2
i?�i i?2 /Bz2`2Mi /2bB;M +?QB+2b BM 6HQrL2i �M/ i?2B` *LL b22K +QKTHBK2Mi�`v �M/ i?�i Bi rQmH/ #2
BMi2`2biBM; iQ BMp2biB;�i2 � +QK#BM�iBQM Q7 i?2 irQX

eX9 h`�BMBM; *LLb 7Q` QTiB+�H ~Qr 2biBK�iBQM

AM i?Bb a2+iBQM i?2 /Bz2`2Mi �bT2+ib r?B+? +QK2 BMiQ TH�v r?2M i`�BMBM; *LLb 7Q` QTiB+�H ~Qr 2biBK�iBQM
rBHH #2 /Bb+mbb2/X 6B`biHv- i?2 ?m;2Hv +QMi`B#miBM; 7�+iQ` Q7 bvMi?2iB+ i`�BMBM; /�i�b2ib Bb T`2b2Mi2/X
a2+QM/Hv- i?2 /�i� �m;K2Mi�iBQM �M/ H2�`MBM; `�i2b �`2 /Bb+mbb2/X

eX9XR avMi?2iB+ i`�BMBM; /�i�b2ib

1p2M i?Qm;? JSA@aBMi2H ?�b Qp2` � R-yyy BK�;2 T�B`b �p�BH�#H2 7Q` i`�BMBM;- .QbQpBibFBv 2i �HX- kyR8
7QmM/ i?Bb �KQmMi MQi bm{+B2Mi 7Q` i`�BMBM; � *LL �M/ `2M/2`2/ i?2B` QrM bvMi?2iB+ i`�BMBM; /�i�b2i
+�HH2/ ǵ6HvBM;b*?�B`bǶX *?�B`b r2`2 +?Qb2M #2+�mb2 i?2v +QK2 BM K�Mv /Bz2`2Mi b?�T2b UiQTQHQ;B+�HHv
/Bp2`b2V �M/ i2tim`2b �M/ i?2 7�+i i?�i i?2v �`2 MQi b2K�MiB+�HHv bBKBH�` iQ `2�H@rQ`H/ b+2M2bX J2�MBM;-
i?�i i?2 i`�BM2/ M2irQ`Fb �`2 �#H2 iQ ;2M2`�HBx2 TQBMi +Q``2bTQM/2M+2 2biBK�iBQM 7`QK i?2 bvMi?2iB+ /�i�

8?iiTb,ffrrrXvQmim#2X+QKfr�i+?\p4>pvQpqaQ3m1

https://www.youtube.com/watch?v=HvyovWSo8uE


eX9 h`�BMBM; *LLb 7Q` QTiB+�H ~Qr 2biBK�iBQM eN

6B;m`2 eXRy, �M 2t�KTH2 Q7 i?2 i?`22 /Bz2`2Mi HB;?iBM; KQ/2Hb mb2/ 7Q` ;2M2`�iBM; � bvMi?2iB+ /�i�b2i mb2/ iQ i`�BM
6HQrL2i* �M/ i2bi QM JSA@aBMi2HX UH27i iQ `B;?iV h?2 /vM�KB+- bi�iB+ �M/ b?�/2H2bb HB;?iBM; KQ/2H `2bT2+iBp2HvX

h�F2M 7`QK J�v2` 2i �HX- kyR3X

iQ `2�H@rQ`H/ b+2M2bX LQi2 i?�i 6HvBM;*?�B`b QMHv +QMi�BMb k. �{M2 i`�Mb7Q`K�iBQMbX AMbTB`2/ #v i?2
bm++2bb Q7 6HvBM;*?�B`b � M2r /�i�b2i +�HH2/ ǵ6HvBM;bh?BM;bj.Ƕ UJ�v2` 2i �HX- kyReV r�b K�/2 +QMi�BMBM;
j. KQiBQM- j. Q#D2+ib KQ/2Hb- +�K2`� KQiBQM- �M/ `2�HBbiB+ HB;?iBM;X AM AH; 2i �HX- kyRd 6HQrL2ia r�b
i`�BM2/ QM #Qi? i?2b2 /�i�b2ib- �M/ Bi r�b 7QmM/ i?�i i`�BMBM; QM 6HvBM;*?�B`b QmiT2`7Q`K2/ i`�BMBM;
QM i?2 KQ`2 `2�HBbiB+ �M/ /Bp2`b2 6HvBM;bh?BM;bj. /�i�b2iX

h?Bb r�b i?2 KQiBp�iBQM 7Q` �M 2ti2MbBp2 �#H�iBQM bim/v #v J�v2` 2i �HX- kyR3 iQ /2i2`KBM2 r?�i 7�+iQ`b
K�F2 � bvMi?2iB+ /�i�b2i 7Q` QTiB+�H ~Qr 2biBK�iBQM bm++2bb7mHX _2;�`/BM; i?2 bmT2`BQ` T2`7Q`K�M+2
Q7 6HvBM;*?�B`b- i?2 �mi?Q`b `2�bQM i?�i BMi`Q/m+BM; � iQQ bQT?BbiB+�i2/ /�i�b2i iQQ 2�`Hv KB;?i +QM@
7mb2 i?2 M2irQ`F #2+�mb2 Bi ?�b MQi v2i /2p2HQT2/ �M mM/2`bi�M/BM; Q7 i?2 +QM+2Ti Q7 }M/BM; TQBMi
+Q``2bTQM/2M+2bX h?2`27Q`2- +m``B+mHmK H2�`MBM;e Bb mb2/ BM AH;- Px;mM 2i �HX- kyR3 iQ }`bi i`�BM i?2
M2irQ`F QM 6HvBM;*?�B`b �M/ i?2M QM 6HvBM;h?BM;bj.X h?2v �HbQ +QM+Hm/2 i?�i /Bp2`bBiv 7Q` � bvMi?2iB+
/�i�b2i Bb BKTQ`i�Mi- �M/ ?�pBM; FMQrH2/;2 �#Qmi i?2 +�K2`� ?2HTbX q?2M +�K2`� /BbiQ`iBQMb- bm+? �b
"�v2`@�`iB7�+ib �M/ H2Mb@/BbiQ`iBQM- r2`2 BMi`Q/m+2/ BM i?2 bvMi?2iB+ /�i�b2i- i?2 T2`7Q`K�M+2 BKT`Qp2/
QM `2�H /�i�X 6m`i?2`KQ`2- i?`22 /Bz2`2Mi HB;?iBM; KQ/2Hb BM i?2 bvMi?2iB+ /�i�b2i r2`2 mb2/ iQ i2bi
i?2 2z2+i QM T2`7Q`K�M+2X PM2 KQ/2H rBi?Qmi HB;?iBM; Q` b?�/BM;- � bi�iB+ HB;?iBM; KQ/2H r?2`2 �
}t2/ ǵb?�/Qr i2tim`2Ƕ Bb mb2/ 7Q` 2�+? Q#D2+i �M/ � /vM�KB+ KQ/2H rBi? � bBM;H2 bQm`+2 b?BMBM; QMiQ
i?2 b+2M2 7`QK � `�M/QK /B`2+iBQM r?B+? �HbQ BM+Hm/2b bT2+mH�` ?B;?HB;?ibX h?2 M2irQ`F i`�BM2/ QM i?2
bi�iB+ HB;?iBM; KQ/2H /�i�b2i T2`7Q`Kb #2bi 2p2M i?Qm;? i?2 i2bib2i UJSA@aBMi2HV +QMi�BMb #Qi? bT2+mH�`
?B;?HB;?ib �M/ G�K#2`iB�M bm`7�+2bX q?BH2 i?2 M2irQ`F +�M 2z2+iBp2Hv 2tTHQBi i?2 H�ii2`- 7Q` i?2 7Q`K2`-
Bi M22/b iQ /BbiBM;mBb? #2ir22M /Bz2`2Mi bm`7�+2 K�i2`B�Hb �M/ i?Bb +QM7mb2b i?2 M2irQ`FX "�b2/ QM i?2B`
�#H�iBQM bim/v- J�v2` 2i �HX- kyR3 +QM+Hm/2 i?�i bvMi?2iB+ i`�BMBM; /�i� +�M #2 BKT`Qp2/ B7 Bi Bb TQbbB#H2
iQ `2�bQM �#Qmi i?2 i�`;2i /QK�BM Q` i2bib2iX h?2v /B/ }M/ i?�i r?2M i?2v +`2�i2/ bm+? bvMi?2iB+
i`�BMBM; /�i�b2ib rBi? 2ti`� 2z2+ib i?2v MQiB+2/ � /`QT BM T2`7Q`K�M+2 QM i?2 Q`B;BM�H /�ib2iX h?Bb
BKTHB2b i?�i i?2`2 Bb MQ bBM;H2 #2bi ;2M2`�H@Tm`TQb2 bvMi?2iB+ i`�BMBM; /�i�b2iX � +QM+HmbBQM r?B+? i?2v
}M/ ǵ/Bb�TTQBMiBM;ǶX

_2+2MiHv- 2p2M KQ`2 bvMi?2iB+ /�i�b2ib ?�p2 #2+QK2 �p�BH�#H2 7Q` QTiB+�H ~Qr +QM+2`MBM; � bT2+B}+
�TTHB+�iBQMX GBF2 oB`im�H EAhhA U:�B/QM- q�M;- *�#QM � oB;- kyReV 7Q` �miQMQKQmb /`BpBM; �M/
a+2M2L2i 7Q` BM/QQ` b+2M2b UJ+*Q`K�+- >�M/�- G2mi2M2;;2` � .�pBbQM- kyRdVX �M Qp2`pB2r Q7 QTiB+�H
~Qr /�i�b2ib- #Qi? bvMi?2iB+ �M/ M�im`�H +�M #2 7QmM/ BM h�#H2 eXkX

eX9Xk .�i� �m;K2Mi�iBQM �M/ H2�`MBM; `�i2b

.�i� �m;K2Mi�iBQM Bb /22K2/ � +`m+B�H bi2T BM i?2 i`�BMBM; Q7 *LLb 7Q` QTiB+�H ~Qr 2biBK�iBQMU.QbQpBibFBv
2i �HX- kyR8c AH; 2i �HX- kyRdc J�v2` 2i �HX- kyR3c amM 2i �HX- kyR3VX J�v2` 2i �HX- kyR3 T2`7Q`K �M �#@
H�iBQM bim/v 7Q` �m;K2Mi�iBQMb QM +QHQ` �M/ ;2QK2i`v U+`QTTBM;- `Qi�iBM;- 2i+XV QM QM2 7`�K2 Q` #Qi?
7`�K2b �M/ +QM+Hm/2 i?�i �HH i?2 �m;K2Mi�iBQMb mb2/ iQ i`�BM 6HQrL2ia- 6HQrL2i* �M/ 6HQrL2ik rQ`F
+QKTHBK2Mi�`vX *QKT�`BM; i?2 i`�BMBM; Q7 6HQrL2i* rBi? �M/ rBi?Qmi �m;K2Mi�iBQM- Bi Bb 7QmM/ i?�i
� Ryy@7QH/ `2/m+iBQM BM i?2 i`�BMBM; /�i� rBi? �m;K2Mi�iBQM biBHH T`QpB/2b #2ii2` `2bmHib i?�M i`�BMBM;
rBi?Qmi /�i� �m;K2Mi�iBQMX >Qr2p2`- i?2 #2bi `2bmHib r2`2 �+?B2p2/ r?2M mbBM; #Qi? �m;K2Mi�iBQM

eh`�BMBM; � M2irQ`F QM � ;`�/m�HHv BM+`2�bBM; +QKTH2t i�bF



dy G2�`MBM;@#�b2/ �TT`Q�+?2b

.�i�b2i Sm#HBb?2/ BM avMi?2iB+fM�im`�H S`Bp�i2 i2bib2i O6`�K2b 7Q` i`�BMBM; _2bQHmiBQM

l*G J�+ �Q/?�- "`QbiQr �M/ SQHH272vb- kyRy a 9 e9y t 93y
JB//H2#m`v "�F2` 2i �HX- kyRR L ✓ 3 e9y t 93y
EAhhA kyRk :2B;2`- G2Mx �M/ l`i�bmM- kyRk L ✓ RN9 R-k9k t jd8
JSA@aBMi2H "miH2`- qmHz- ai�MH2v �M/ "H�+F- kyRk a ✓ R-ye9 R-yk9 t 9je
EAhhA kyR8 J2Mx2 �M/ :2B;2`- kyR8 L ✓ kyy R-k9k t jd8
6HvBM;*?�B`b .QbQpBibFBv 2i �HX- kyR8 a kR-3R3 8Rk t j39
6HvBM;h?BM;bj. J�v2` 2i �HX- kyRe a kk-3dk Ney t 89y
JQMF�� J�v2` 2i �HX- kyRe a 3-8NR Ney t 89y
.`BpBM; J�v2` 2i �HX- kyRe a 9-jNk Ney t 89y
oB`im�H EAhhA :�B/QM- q�M;- *�#QM �M/ oB;- kyRe a kR-key R-k9k t jd8
>.RE EQM/2`K�MM 2i �HX- kyRe L ✓ j-8ej k-8ey t Ry3y
a+2M2L2i _:"@. J+*Q`K�+- >�M/�- G2mi2M2;;2` �M/ .�pBbQM- kyRd a ∼8-yyy-yyy jky t k9y

h�#H2 eXk, Pp2`pB2r Q7 #Qi? bvMi?2iB+ �M/ M�im`�H /�i�b2ib rBi? /2Mb2 QTiB+�H ~Qr ;`QmM/ i`mi?X LQi2 i?�i
/�i�b2ib rBi? � T`Bp�i2 i2bib2i +�M #2 mb2/ � #2M+?K�`FX h?2 #2M+?K�`F KQbi Q7i2M mb2/ Bb JSA@aBMi2HX �/�Ti2/

7`QK J�v2` 2i �HX- kyR3X

6B;m`2 eXRR, 6HQr T`2/B+iBQMb 7Q` /Bz2`2Mi BK�;2 T�B`b 7`QK JSA@aBMi2HX 6HQrM2i* Bb `2i`�BM2/ mbBM; i`�BMBM;
b+?2/mH2 rBi? � /Bb`mTiBp2 H2�`MBM; `�i2Xh?2 `2i`�BM2/ *LL Bb +�HH2/ 6HQrL2i*YX h�F2M 7`QK amM- u�M;- GBm �M/

E�mix- kyR3X

�M/ �b Km+? i`�BMBM; /�i� �b TQbbB#H2X

amM 2i �HX- kyR3 KQ/B7v i?2 �m;K2Mi�iBQM b+?2/mH2 Q7 6HQrL2i �M/ `2TQ`i BKT`Qp2/ T2`7Q`K�M+2c
?Q`BxQMi�H ~BTb �`2 �//2/- �M/ i?2v MQ HQM;2` �// �//BiBp2 :�mbbB�M MQBb2 iQ i`�BMBM; /�i�X �HbQ-
i?2v mb2 � /Bb`mTiBp2 H2�`MBM; `�i2 b+?2/mH2 7Q` i?2B` Sq*@L2i �`+?Bi2+im`2X � /Bb`mTiBp2 H2�`MBM; `�i2
b+?2/mH2 Bb � b+?2/mH2 r?B+? �HbQ BM+`2�b2b i?2 H2�`MBM; `�i2 Qp2` iBK2 �i +2`i�BM BMi2`p�HbX q?2M i?2v
�TTHB2/ i?Bb /Bb`mTiBp2 b+?2/mH2 iQ 6HQrL2ia �M/ 6HQrL2i*- i?2v r2`2 �#H2 iQ `2/m+2 i?2 �11 QM
JSA@aBMi2H #v �#Qmi ≈ 20% �M/ ≈ 50% `2bT2+iBp2Hv- r?B+? `2bmHib BM 6HQrL2i* 2p2M QmiT2`7Q`KBM;
6HQrL2ikX Zm�HBi�iBp2 `2bmHib +�M #2 b22M BM 6B;m`2 eXRRX



d
avMi?2bBb Q7 HBi2`�im`2

AM i?Bb *?�Ti2` � bvMi?2bBb Q7 i?2 +QM/m+i2/ HBi2`�im`2 bim/v Bb T2`7Q`K2/X �HH i?2 `2H2p�Mi HBi2`�im`2
7Q` i?2 mM/2`bi�M/BM; Q7 bT�iBQi2KTQ`�H }Hi2`@#�b2/ *LLb ?�b #22M +QHH2+i2/ �M/ �M�Hvx2/- �M/ i?2
FMQrH2/;2 ;�T +�M #2 B/2MiB}2/X

dXR *QMp2MiBQM�H QTiB+�H ~Qr 2biBK�iBQM K2i?Q/b

GQ+�H /Bz2`2MiB�H K2i?Q/b ?�p2 T`Qp2M iQ #2 7�bi- `2HB�#H2- �M/ +QKTmi�iBQM�HHv i`�+i�#H2 7Q` +QKTmiBM;
bT�`b2 QTiB+�H ~Qr }2H/bX 6Q` i?Bb `2�bQM- Bi Bb Q7i2M mb2/ BM `Q#QiB+ M�pB;�iBQM �TTHB+�iBQMb 7Q` p2?B+H2b
bm+? �b J�obX h?2 /`�r#�+F Q7 b2+QM/@Q`/2` /Bz2`2MiB�H K2i?Q/b Bb i?�i i?2v �`2 MQi �#H2 iQ /2�H
rBi? /2pB�iBQMb 7`QK i`�MbH�iBQM bm+? �b �{M2 KQiBQMX :HQ#�H K2i?Q/b T`Q/m+2 /2Mb2 ~Qr }2H/b
mbBM; �//BiBQM�H +QMbi`�BMibX >Qr2p2`- i?2 p2`v `2bi`B+iBp2 BbQi`QTB+ ;HQ#�H bKQQi?M2bb �bbmKTiBQM Q7
"X EX >Q`M �M/ a+?mM+F- RN3R /Q2b MQi ?QH/ 7Q` `2�HBbiB+ b+2M2bX "�``QM 2i �HX- RNN9 �HbQ TQBMib Qmi
i?�i i?2 HQ+�H bKQQi?M2bb �bbmKTiBQM Q7 Gm+�b �M/ E�M�/2- RN3R Bb KQ`2 bi�#H2 iQ MQBb2 i?�M i?2
;HQ#�H bKQQi?M2bb �bbmKTiBQMX 1p2` bBM+2 i?2 rQ`F Q7 "`Qt 2i �HX- kyy9- ;HQ#�H /Bz2`2MiB�H K2i?Q/b
?�p2 /QKBM�i2/ i?2 QTiB+�H ~Qr 2biBK�iBQM #2M+?K�`Fb 7Q` Qp2` � /2+�/2X o�`BQmb BKT`Qp2K2Mib ?�p2
#22M K�/2 iQ /2�H rBi? HQM;@`�M;2 KQiBQMb �M/ Q++HmbBQMbX >Qr2p2`- � bB;MB}+�Mi /`�r#�+F Bb i?2
HQM; +QKTmi�iBQM@iBK2 Q7 i?2b2 K2i?Q/bX .Bz2`2MiB�H K2i?Q/b �`2 #�b2/ QM �bbmKTiBQMb- bm+? �b i?2
#`B;?iM2bb +QMbi�M+v �bbmKTiBQM U2[m�iBQM jXRV- r?B+? �`2 +Q�`b2 �TT`QtBK�iBQMb iQ `2�HBiv �M/ i?2b2
�bbmKTiBQMb HBKBi i?2 T2`7Q`K�M+2X _2b2�`+? ?�b 7Q+mb2/ QM BKT`QpBM; i?2b2 �bbmKTiBQMb �M/ K�FBM;
i?2 K2i?Q/b KQ`2 `Q#mbi iQ /2pB�iBQMb 7`QK i?2b2 �bbmKTiBQMbX h?mb- H2�/BM; iQ bHQr #mi bi2�/v
T`Q;`2bbX

>22;2`- RN33 /2`Bp2b �M 2tT2+i2/ `2bTQMb2 Q7 :�#Q` }Hi2`b #�b2/ QM i`�MbH�iBM; r?Bi2 MQBb2X h?2v
b�+`B}+2 i?2 K�BM �/p�Mi�;2 Q7 7`2[m2M+v@#�b2/ K2i?Q/bc i?2 �#BHBiv iQ `2bQHp2 p2HQ+Biv +QKTQM2Mib
Q7 BMi2MbBiv T�ii2`Mb �i /Bz2`2Mi Q`B2Mi�iBQMb U2X;X � ;`B/ T�ii2`M Q7 p2`iB+�H HBM2b +`QbbBM; 7�BMi2`
?Q`BxQMi�H QM2bVX 6m`i?2`KQ`2- i?2 �KTHBim/2 bB;M�H Bb MQi bi�#H2 iQ /2pB�iBQMb 7`QK k. KQiBQM �M/
BHHmKBM�iBQM +?�M;2b U.X 6H22i � C2TbQM- RN3NVX S?�b2 Bb KQ`2 `Q#mbi iQ /2pB�iBQMb iQ ;HQ#�H b+2M2
BHHmKBM�iBQM +?�M;2b i?�M �KTHBim/2 �M/ /Bz2`2MiB�H K2i?Q/bX >Qr2p2`- #Qi? K2i?Q/b T`Q/m+2 #Hm``v
~Qr K�Tb /m2 iQ i?2 mM+2`i�BMiv `2H�iBQM �M/ i?Bb ?�b ?BbiQ`B+�HHv TH�v2/ BM 7�pQ` Q7 i?2 ;HQ#�H /Bz2`2MiB�H
K2i?Q/bUh2M2v � >2#2`i- kyReVX LQi2 i?�i p�`BQmb iBK2@p�`vBM; BK�;2 BMi2MbBiv T?2MQK2M� �`2 KQ`2
2�bBHv /2b+`B#2/ BM i?2 7`2[m2M+v /QK�BM- BM+Hm/BM; KQiBQM #Hm`- �HB�bBM;- �M/ Q++HmbBQM UaX "2�m+?2KBM
� "�``QM- kyyyVX h?2 K2i?Q/ Q7 .X 6H22i �M/ C2TbQM- RN3N +�M #2 b22M �b � HQ+�H /Bz2`2MiB�H K2i?Q/
�TTHB2/ iQ i?2 T?�b2 bB;M�H Q7 :�#Q` F2`M2HbX "�``QM 2i �HX- RNN9 �HbQ +QM+Hm/2 i?�i T?�b2@#�b2/ K2i?Q/b
�`2 KQ`2 b2MbBiBp2 iQ �HB�bBM; i?�M HQ+�H /Bz2`2MiB�H@#�b2/ K2i?Q/bX

dR



dk avMi?2bBb Q7 HBi2`�im`2

aT�iBQi2KTQ`�H b�KTHBM; `�i2b �`2 Q7 ;`2�i BKTQ`i�M+2X A7 b�KTHBM; `�i2b �`2 MQi ?B;? 2MQm;? �HB�bBM;
+�M Q++m` BM #Qi? i?2 bT�iB�H �M/ i2KTQ`�H /QK�BM UaX aX "2�m+?2KBM � "�``QM- RNN8VX �HB�bBM;@
7`22 BK�;2`v Bb BKTQ`i�Mi 7Q` /Bz2`2MiB�H@#�b2/ K2i?Q/b BM Q`/2` iQ +QKTmi2 �++m`�i2 /2`Bp�iBp2b 7Q`
+Q``2H�iBQM@#�b2/ K2i?Q/b iQ `2/m+2 i?2 b2�`+? �`2� #2+�mb2 Q7 i?2 BM+`2�b2/ i2KTQ`�H `2bQHmiBQM �M/
7Q` 7`2[m2M+v@#�b2/ K2i?Q/b iQ HBKBi i?2 MmK#2` Q7 7`2[m2M+v +QKTQM2Mib BM i?2 6Qm`B2` /QK�BM /m2 iQ
�HB�bBM;X q?2M Bi Bb MQi TQbbB#H2 iQ BM+`2�b2 i?2 i2KTQ`�H b�KTHBM; `�i2 �M/ Q#i�BM �++m`�i2 /2`Bp�iBp2b-
Bi Bb M�im`�H iQ mb2 +Q�`b2@iQ@}M2 +Q``2H�iBQM@#�b2/ K�i+?BM; �TT`Q�+?2bX Ai b?QmH/ #2 MQi2/ i?�i i?2b2
�TT`Q�+?2b /Q bmz2` 7`QK i?2 BM?2`2Mi HBKBi�iBQM Q7 +Q�`b2@iQ@}M2 b+?2K2bc ;2iiBM; bim+F BM HQ+�H QTiBK�X

dXk G2�`MBM;@#�b2/ K2i?Q/b

J�+?BM2@H2�`MBM;@#�b2/ K2i?Q/b
amM 2i �HX- kyy3 r�b �KQM; i?2 }`bi iQ T`QTQb2 �M 2M/@iQ@2M/ i`�BM2/ H2�`MBM;@#�b2/ QTiB+�H ~Qr
2biBK�iBQM K2i?Q/X �Hi?Qm;? i?2 }`bi `2bmHib b22K2/ T`QKBbBM;X Ai /B/ MQi 7mHHv b?Qr i?2 TQi2MiB�H
Q7 H2�`MBM;@#�b2/ �TT`Q�+?2b �i i?2 iBK2X qmHz �M/ "H�+F- kyR8 ;2M2`�i2/ KQ`2 i`�BMBM; /�i� mbBM;
� +QKTmi�iBQM�HHv 2tT2MbBp2 QTiB+�H ~Qr 2biBK�iBQM K2i?Q/ iQ ;2M2`�i2 ;`QmM/@i`mi? /�i� 7`QK 7Qm`
>QHHvrQQ/ KQpB2bX AMi2`2biBM;Hv- i?2B` K2i?Q/ r�b �#H2 iQ QmiT2`7Q`K i?2 K2i?Q/ r?B+? r�b mb2/ iQ
Q#i�BM i?2 ;`QmM/@i`mi? ~QrX h?2 T2`7Q`K�M+2 Q7 i?2B` K2i?Q/ r�b biBHH@#2HQr i?2 bi�i2@Q7@i?2@�`i-
?Qr2p2`X

*LL@#�b2/ K2i?Q/b
1p2` bBM+2 i?2 rQ`F Q7 .QbQpBibFBv 2i �HX- kyR8 i?2 `2b2�`+? BMi2`2bi BM *LL@#�b2/ QTiB+�H ~Qr 2biBK�iBQM
K2i?Q/b ?�b bm`;2/X .m2 iQ i?2 ;2M2`�iBQM Q7 bvMi?2iB+ /�i�b2ib- i?2 mb2 Q7 �M 2M+Q/2`@/2+Q/2` *LL
�`+?Bi2+im`2 �M/ KQ`2 +QKTmiBM; TQr2`- *LL@#�b2/ QTiB+�H ~Qr 2biBK�iBQM K2i?Q/b ?�p2 #2+QK2 i?2
bi�i2@Q7@i?2@�`i QM +QKT2iBiBp2 #2M+?K�`Fb bm+? �b JSA@aBMi2HU"miH2` 2i �HX- kyRkVX .QbQpBibFBv 2i �HX-
kyR8 T`QTQb2 � +Q``2H�iBQM@#�b2/ �`+?Bi2+im`2 r?B+? T2`7Q`Kb TBt2H@rBb2 bBKBH�`Biv K�i+?BM; U6HQrL2i*V
�M/ � bT�iBQi2KTQ`�H }Hi2`@#�b2/ �`+?Bi2+im`2 r?B+? i�F2b irQ bi�+F2/ BK�;2b �b BMTmi U6HQrL2iaVX AH;
2i �HX- kyRd +QM+Hm/2 i?�i 6HQrL2i* QmiT2`7Q`Kb 6HQrL2iaRX am#b2[m2Mi `2b2�`+?2`b ?�p2 Q7i2M 7Q+mb2/
QM BKT`QpBM; i?2 T2`7Q`K�M+2 Q7 i?2 +Q``2H�iBQM@#�b2/ �`+?Bi2+im`2 UhX@qX >mB- h�M; � GQv- kyRNc amM
2i �HX- kyR3V- rBi? i?2 MQi2�#H2 2t+2TiBQM Q7 _�MD�M �M/ "H�+F- kyRd r?Q BMi`Q/m+2/ � bT�iBQi2KTQ`�H
}Hi2`@#�b2/ �`+?Bi2+im`2 rBi? � Tv`�KB/ bi`m+im`2X

_2�H@rQ`H/ �TTHB+�iBQM +QMbB/2`�iBQMb
AH; 2i �HX- kyRd `2TQ`i i?�i QM2 Q7 i?2 HBKBi�iBQMb 7Q` `2�H@rQ`H/ �TTHB+�iBQMb Bb i?2 7�+i i?�i #Qi?
6HQrL2i �`+?Bi2+im`2b +�MMQi /2i2+i bK�HH Ubm#@TBt2HV KQiBQMbX 6Q` i`�/BiBQM�H K2i?Q/b- bK�HH KQiBQMb
�`2 2�bB2`X h?2 JSA@aBMi2H �M/ 6HvBM;*?�B`b /�i�b2i #Qi? +QMi�BM `2H�iBp2Hv H�`;2 KQiBQMb �M/ i?2`2@
7Q`2 � M2r /�i�b2i +QMi�BMBM; bK�HH KQiBQMb Bb +QMbi`m+i2/ +�HH2/ *?�B`ba.>QKX 6HQrL2i* T2`7Q`Kb
TBt2H@rBb2 bBKBH�`Biv K�i+?2b �M/ Bb i?2`27Q`2 MQi �#H2 iQ 2ti`�+i bm#@TBt2H KQiBQMX aT�iBQi2KTQ`�H
#�b2/ +QMpQHmiBQM�H }Hi2`b �`2 �#H2 iQ 2ti`�+i bm#TBt2H KQiBQMUhX@qX >mB 2i �HX- kyRNVX >Qr2p2`- i?2`2
Bb MQ [m�MiBi�iBp2 2p�Hm�iBQM QM i?2 bm#@TBt2H T2`7Q`K�M+2 Q7 6HQrL2ia �M/ 6HQrL2i*X AM Q`/2` iQ 2b@
iBK�i2 bm#@TBt2H KQiBQMb- AH; 2i �HX- kyRd KQ/B7v i?2 Q`B;BM�H �`+?Bi2+im`2 Q7 6HQrL2ia #v mbBM; bK�HH2`
+QMpQHmiBQM�H F2`M2Hb BM i?2 }`bi 72r H�v2`b Q7 M2r M2irQ`F- �M/ 2ti`� +QMpQHmiBQM�H H�v2`b �`2 �//2/
BM i?2 2tT�MbBp2 T�`i Q7 i?2 M2irQ`F iQ /2�H rBi? MQBb2X

�HbQ- J�v2` 2i �HX- kyR3 7QmM/ i?�i r?2M i?2 +�K2`� /272+ib r?B+? Q++m` BM `2�H BK�;BM; UH2Mb /BbiQ`iBQM-
#Hm` �M/ "�v2`@�`iB7�+ibV �`2 bvMi?2bBx2/ BMiQ i?2 bvMi?2iB+ i`�BMBM; /�i�b2i i?2 T2`7Q`K�M+2 BKT`Qp2bX
h?Bb Bb �M �/p�Mi�;2 Q7 H2�`MBM;@#�b2/ K2i?Q/b Qp2` +QMp2MiBQM�H QTiB+�H ~Qr 2biBK�iBQM K2i?Q/bX
"2+�mb2 +QMp2MiBQM�H K2i?Q/b `2[mB`2 BK�;2`v 7`22 Q7 +�K2`� /BbiQ`iBQMb 7Q` i?2 +QKTmi�iBQM Q7 �++m`�i2
/2`Bp�iBp2bX
RP`B;BM�HHv- .QbQpBibFBv 2i �HX- kyR8 /Q MQi T`QpB/2 i?2 +QKTH2i2 #`2�F/QrM Q7 i?2 T2`7Q`K�M+2 QM i?2 JSA@aBMi2H /�i�b2i
Q7 i?2B` 6HQrL2i �`+?Bi2+im`2b rBi?Qmi p�`B�iBQM�H `2}M2K2MiX h?2v bi�i2 i?�i i?2 T2`7Q`K�M+2 Q7 6HQrL2i* QM H�`;2`
KQiBQMb Bb rQ`b2 i?�M i?�i Q7 6HQrL2iaX >Qr2p2`- BM AH; 2i �HX- kyRd Bi Bb bi�i2/ i?�i BM i?2B` T`2pBQmb rQ`F i?2v K�/2 �
KBbi�F2 �M/ +QM+Hm/2 i?�i .QbQpBibFBv 2i �HX- kyR8 /B/ MQi i`�BM 6HQrL2ia mM/2` i?2 b�K2 +QM/BiBQMb �b 6HQrL2i*X h?Bb
+H�BK Bb bmTTQ`i2/ #v i?2 rQ`F Q7 _�MD�M �M/ "H�+F- kyRd r?Q `2TQ`ib i?2 /2i�BH2/ T2`7Q`K�M+2 #`2�F/QrM Q7 aTvL2i-
6HQrL2i* �M/ 6HQrL2ia QM i?2 JSA@aBMi2H +H2�M T�bbX



dXk G2�`MBM;@#�b2/ K2i?Q/b dj

P++HmbBQM `2�bQMBM;
h?2 b?�HHQr 2M/@iQ@2M/ i`�BM2/ *LL Q7 h2M2v �M/ >2#2`i- kyRe Bb �#H2 iQ 2biBK�i2 QTiB+�H ~Qr #mi
Bi 7�BHb M2�` Q++HmbBQM #QmM/�`B2bX h?2`27Q`2- i?2 �mi?Q`b +QM+Hm/2 i?�i Q++HmbBQM 2biBK�iBQM `2[mB`2b
`2�bQMBM; Qp2` � H�`;2` i2KTQ`�H Q` bT�iB�H bT�MX AH;- a�BFB� 2i �HX- kyR3 i`�BM 6HQrL2ia iQ T2`7Q`K
Q++HmbBQM 2biBK�iBQM 7`QK Dmbi irQ BMTmi BK�;2b rBi?Qmi ;BpBM; QTiB+�H ~Qr �b BMTmi �M/ +QM+Hm/2
i?Bb Bb 72�bB#H2X q?2M �//BM; i?2 ~Qr �b BMTmi- i?2 2biBK�i2b +H2�`Hv BKT`Qp2X 6m`i?2`KQ`2- i?2v
i`�BM p�`B�Mib Q7 6HQrL2i* iQ T2`7Q`K QTiB+�H ~Qr 2biBK�iBQM- Q++HmbBQM 2biBK�iBQM- �M/ � p2`bBQM
i?�i 2biBK�i2b i?2K DQBMiHvX h?2v `2TQ`i MQ MQiB+2�#H2 /`QT BM T2`7Q`K�M+2 r?2M DQBMiHv 2biBK�iBM;
QTiB+�H ~Qr �M/ Q++HmbBQMb �M/ +QM+Hm/2- #�b2/ QM i?Bb }M/BM;- i?�i #Qi? 6HQrL2i �`+?Bi2+im`2b �H`2�/v
T2`7Q`K Q++HmbBQM `2�bQMBM;X

EMQrH2/;2 ;�T
q?BH2 i?2 rQ`FBM;b Q7 i?2 +Q``2H�iBQM@#�b2/ �`+?Bi2+im`2 �`2 FMQrM /m2 iQ i?2 2tTHB+Bi T�i+?@rBb2
bBKBH�`Biv +QKTmi�iBQM- i?2`2 ?�b #22M MQ `2b2�`+? QM i?2 rQ`FBM;b Q7 i?2 bT�iBQi2KTQ`�H }Hi2`@#�b2/
�`+?Bi2+im`2X PMHv � pBbm�HBx�iBQM Q7 i?2 }Hi2`b Q7 i?2 }`bi H�v2` Q7 aTvL2i ?�b #22M /QM2 #v _�MD�M �M/
"H�+F- kyRd r?2`2 i?2v +H�BK i?�i i?2 }Hi2`b Q7 i?2 }`bi H�v2` `2b2K#H2 :�#Q` }Hi2`bX Ai `2K�BMb mM+H2�`
B7 6HQrL2ia mb2b :�#Q` }Hi2`b iQ 2biBK�i2 KQiBQM �M/ B7 6HQrL2ia bmz2`b 7`QK #Hm``v ~Qr K�Tb /m2
iQ i?2 mM+2`i�BMiv `2H�iBQMX AM i?2 /2i�BH2/ T2`7Q`K�M+2 #`2�F/QrM BM h�#H2 eXR Bi +�M #2 b22M i?�i
i?2 ~Qr K�Tb T`Q/m+2/ #v 6HQrL2ia �`2 KQ`2 #Hm``v i?�M 6HQrL2i*X >Qr2p2`- wr2B; �M/ qQH7- kyRd
?�p2 b?QrM i?�i � 7mHHv +QMpQHmiBQM�H M2irQ`F +�M #2 mb2/ iQ BMi2`TQH�i2 KQiBQM +m2b BMbB/2 KQiBQM
#QmM/�`B2bX am+? � K2+?�MBbK Bb i?mb �#H2 iQ Qp2`+QK2 i?2 K�BM /`�r#�+F Q7 }Hi2`@#�b2/ KQiBQM
2biBK�iBQMX AM Q`/2` iQ ;�BM � #2ii2` BMbB;?i BMiQ i?2 rQ`FBM;b Q7 6HQrL2ia bvMi?2iB+ BMTmi Bb ;2M2`�i2/
iQ 2t�KBM2 i?2 #2?�pBQ` Q7 6HQrL2ia BM S�`i AAAX





AAA
S`2HBKBM�`v 1p�Hm�iBQM Q7

aT�iBQi2KTQ`�H }Hi2`@#�b2/ *LLb

d8





3
J2i?Q/QHQ;v

h?2 ;Q�H Q7 i?2b2 T`2HBKBM�`v 2p�Hm�iBQMb Bb iQ ;�BM BMbB;?i BMiQ ?Qr bT�iBQi2KTQ`�H }Hi2`@#�b2/ *LLb
T2`7Q`K QTiB+�H ~Qr 2biBK�iBQMX h?2b2 2tT2`BK2Mib b2`p2 �b bim/v Q7 i?2 #2?�pBQ` Q7 i?2b2 M2irQ`Fb
�M/ r?�i i?2B` HBKBi�iBQMb �`2X h?2 2``Q` +?�`�+i2`BbiB+b Q7 i?2b2 M2irQ`Fb +�M �HbQ #2 +QKT�`2/ iQ
+QMp2MiBQM�H K2i?Q/b iQ /2i2`KBM2 i?2B` bBKBH�`BiB2b �M/ /Bz2`2M+2bX h?2 H�ii2` /Q2b MQi T`QpB/2 �
/2}MBiBp2 �Mbr2` �b iQ ?Qr i?2b2 *LLb #mi Bi +�M T`QpB/2 �M BM/B+�iBQMX

h?Bb *?�Ti2` }`biHv T`2b2Mi �M QmiHBM2 Q7 i?2 �M�HvbBb BM b2+iBQM 3XRX a2+QM/Hv- i?2 bT2+B}+�iBQM �M/
BKTH2K2Mi�iBQM Q7 i?2 KQ/2Hb mb2/ BM i?Bb T`2HBKBM�`v 2p�Hm�iBQM Bb ;Bp2M BM a2+iBQM 3XkX G�biHv- i?2
+`2�iBQM Q7 bvMi?2iB+ QTiB+�H ~Qr ;`QmM/ i`mi? rBHH #2 /Bb+mbb2/ BM a2+iBQM 3XjX

3XR PmiHBM2 Q7 i?2 2tT2`BK2Mib

AM i?Bb a2+iBQM �M QmiHBM2 Q7 i?2 2tT2`BK2Mib rBHH #2 ;Bp2MX h?2b2 2tT2`BK2Mib b2`p2 iQ �Mbr2` UT�`ib
Q7V i?2 `2b2�`+? [m2biBQM ;Bp2M BM *?�Ti2` RX � iQi�H Q7 }p2 2tT2`BK2Mib rBHH #2 T2`7Q`K2/ r?B+?- �`2
/2b+`B#2/ #2HQr,

Ç 1tT2`BK2Mi R, oBbm�HBxBM; i?2 }`bi H�v2` Q7 i?2 }Hi2` BM i?2 bT�iBQi2KTQ`�H }Hi2`@#�b2/ *LLbX

Ç h?2 ;Q�H Q7 2tT2`BK2Mi R, :�BM BMbB;?i BMiQ r?�i FBM/ Q7 bB;M�Hb i?2b2 M2irQ`Fb 2tTHQBiX AM i?2
T�bi- Bi ?�b #22M b?QrM i?�i Q7i2M bT�iBQi2KTQ`�H }Hi2`b 2K2`;2 7Q`K H2�`MBM;@#�b2/ �TT`Q�+?2bX

Ç 1tT2`BK2Mi k, � #`2�F/QrM Q7 i?2 �11 p2`bmb i?2 KQiBQM K�;MBim/2 7Q` bBKTH2 i`�MbH�iBQM�H
KQiBQMX

Ç h?2 ;Q�H Q7 2tT2`BK2Mi k, hQ +QKT�`2 i?2 QTiB+�H ~Qr 2``Q` +?�`�+i2`BbiB+b iQ +QMp2MiBQM�H
K2i?Q/b �M/ iQ 2t�KBM2 i?2 T2`7Q`K�M+2 BM 7Q` /Bz2`2Mi p2HQ+BiB2bX

Ç 1tT2`BK2Mi j, � #`2�F/QrM Q7 i?2 �11 p2`bmb i?2 �M;H2 rBi? � mMBi +B`+H2 Q7 +QMbi�Mi K�;@
MBim/2X

Ç h?2 ;Q�H Q7 2tT2`BK2Mi j, hQ /2i2`KBM2 B7 i?2 }Hi2`b BM i?2 M2irQ`F �`2 Q`B2Mi�iBQM b2MbBiBp2
�M/ B7 i?2v �`2 bi�#H2 7Q` /Bz2`2Mi Q`B2Mi�iBQMb Q7 +QMbi�Mi K�;MBim/2X

Ç 1tT2`BK2Mi 9, � #`2�F/QrM Q7 i?2 �11 p2`bmb i?2 b+�H2 Q7 � /B�;QM�HHv i`�MbH�iBM; Q#D2+iX

Ç h?2 ;Q�H Q7 2tT2`BK2Mi 9, hQ /2i2`KBM2 ?Qr i?2 M2irQ`Fb +QT2 rBi? i?2 �T2`im`2 T`Q#H2K
�M/ iQ 2biBK�i2 i?2B` T2`7Q`K�M+2 QM H�`;2 KQiBQM Q7 bK�HH@b+�H2 bi`m+im`2bX

dd



d3 J2i?Q/QHQ;v

Ç 1tT2`BK2Mi 8, � #`2�F/QrM Q7 i?2 �11 p2`bmb i?2 �KQmMi Q7 Q++HmbBQM 7Q` � ?Q`BxQMi�HHv
i`�MbH�iBM; Q#D2+iX

Ç h?2 ;Q�H Q7 2tT2`BK2Mi 8, hQ 2biBK�i2 i?2 Q++HmbBQM ǵ`2�bQMBM;Ƕ �#BHBiB2b Q7 i?2 M2irQ`FbX

h?2 `2bmHib Q7 i?2b2 2tT2`BK2Mib rBHH #2 ;Bp2M BM *?�Ti2` NX

3Xk JQ/2H bT2+B}+�iBQM

AM i?Bb a2+iBQM i?2 KQ/2Hb r?B+? �`2 ;QBM; iQ #2 2p�Hm�i2/ �`2 /Bb+mbb2/X h?2 KQ/2Hb mb2/ 7Q` 2p�Hm�iBQM
�`2 bT�iBQi2KTQ`�H }Hi2`@#�b2/ *LLb U6HQrL2ika �M/ aTvL2iV- � +Q``2H�iBQM@#�b2/ *LL U6HQrL2ik*V
�M/ � K�i+?BM;@#�b2/ ;HQ#�H 2M2`;v K2i?Q/ UG.P6VX LQi2 i?�i 6HQrL2ika /Bz2`b 7`QK 6HQrL2ia BM
i?�i Bi Bb }`bi i`�BM2/ QM 6HvBM;*?�B`b �M/ i?2M QM 6HvBM;bh?BM;bj.X 6HvBM;*?�B`b +QMi�BMb QMHv TH�M�`
KQiBQM r?BH2 6HvBM;bh?BM;bj. +QMi�BMb i`m2 j. KQiBQMX AH; 2i �HX- kyRd +QM+Hm/2 i?�i 6HQrL2ia �M/
6HQrL2i* r2`2 MQi i`�BM2/ mM/2` i?2 b�K2 +QM/BiBQMb- �M/ i?2`27Q`2 � +QKT�`BbQM #2ir22M i?2b2 KQ/2Hb
Bb MQi /22K2/ 72�bB#H2X LQi2 i?�i aTvL2i r�b QMHv i`�BM2/ QM 6HvBM;*?�B`bX "2+�mb2 i?2 2tT2`BK2Mib
QMHv BM+Hm/2 TH�M�` KQiBQM �M/ i?2 2``Q` +?�`�+i2`BbiB+b �`2 Q7 T`BK�`v BMi2`2bi i?Bb Bb MQi /22K2/ �M
Bbbm2X 6Q` 6HQrL2ika �M/ 6HQrL2ik* i?2 SvhQ`+?R BKTH2K2Mi�iBQM Q7 LoA.A�k r�b mb2/X h?2 r2B;?ib
Q7 i?2 Q`B;BM�H KQ/2H UAH; 2i �HX- kyRdV- r?B+? r�b BKTH2K2Mi2/ BM *�z2 j- r2`2 +QMp2`i2/ iQ SvhQ`+?X
h?2 BKTH2K2Mi�iBQM r�b p2`B}2/ #v +?2+FBM; i?2 QmiTmi QM i?2 i`�BMBM; b2i Q7 i?2 JSA@aBMi2H +H2�M
T�bb rBi? i?2 T2`7Q`K�M+2 bT2+B}2/ #v i?2 �mi?Q`bX _2;�`/BM; aTvL2i Ui?2 Q`B;BM�H KQ/2H Bb r`Bii2M BM
hQ`+?9V- � SvhQ`+? `2BKTH2K2Mi�iBQM8 Bb mb2/ rBi? i?2 Q`B;BM�H r2B;?ib T`QpB/2/ #v i?2 �mi?Q`X LQi2
i?�i hQ`+? �M/ SvhQ`+? mb2 Gm� �M/ Svi?QM �b i?2B` BMi2`7�+2 H�M;m�;2- `2bT2+iBp2HvX >Qr2p2`- i?2v
#Qi? K�F2 mb2 Q7 h>LLe- � T�`i Q7 hQ`+? r?B+? r�b r`Bii2M BM *X G�biHv- 7Q` i?2 G.P6 K2i?Q/- �M
2t2+mi�#H2 7`QK i?2 �mi?Q`Ƕb r2#bBi2 r�b mb2/dX

3Xj *`2�iBM; bvMi?2iB+ QTiB+�H ~Qr ;`QmM/ i`mi?

AM i?Bb a2+iBQM i?2 K2i?Q/QHQ;v 7Q` i?2 +`2�iBQM Q7 QTiB+�H ~Qr ;`QmM/ i`mi? rBHH #2 ;Bp2MX LQi2 i?�i 7Q`
i?2 +`2�iBQM Q7 QTiB+�H ~Qr ;`QmM/ i`mi? i?2 SBHHQr3 Tvi?QM KQ/mH2 r�b mb2/X h?Bb KQ/mH2 T`QpB/2b
K2i?Q/b 7Q` BK�;2 K�MBTmH�iBQM �M/ i?2 +`2�iBQM Q7 ;2QK2i`vX h?2 +QQ`/BM�i2 bvbi2K mb2/ #v i?Bb
SBHHQr +�M #2 b22M BM 6B;m`2 3XRX SBHHQr /Q2b MQi bmTTQ`i BMi2`TQH�iBQM Q7 � TBt2H r?2M � ;2QK2i`v /Q2b
MQi bT�M � +QKTH2i2 TBt2HX h?2`27Q`2 Bi Bb MQi TQbbB#H2 iQ +`2�i2 bm#@TBt2H �++m`�i2 ;`QmM/@i`mi? rBi?
i?Bb KQ/mH2X Ai Bb �HbQ /m2 iQ i?Bb BM�#BHBiv iQ /2�H rBi? bm#@TBt2H /BbTH�+2K2Mi i?�i bQH2Hv `2+i�M;mH�`
Q#D2+ib r2`2 mb2/ BM i?2 2tT2`BK2MibX

JQbi Q7 i?2 KQ/2Hb �`2 i`�BM2/ QM i?2 6HvBM;*?�B`b bvMi?2iB+ /�i�b2iX h?Bb /�i�b2i +QMi�BMb #�+F;`QmM/
BK�;2b i�F2M 7`QK 6HB+F` BM i?2 +�i2;Q`B2b ǵ+BivǶ- ǵH�M/b+�T2Ƕ �M/ ǵKQmMi�BMǶX Ai r�b 7QmM/ i?�i i?2 *LLb
i`�BM2/ QM i?Bb /�i�b2i T2`7Q`K2/ TQQ`Hv B7 � #�+F;`QmM/ BK�;2 r�b MQi T`2b2MiX h?2`27Q`2- �M BK�;2
7`QK i?2 ǵKQmMi�BMǶ +�i2;Q`v r�b `2i`B2p2/ 7`QK 6HB+F` �M/ +�M #2 b22M BM 6B;m`2 3XkX h?2 BK�;2 bBx2
mb2/ BM �HH 2tT2`BK2Mib Bb 8Rktj39X h?Bb Bb i?2 b�K2 bBx2 �b i?2 BK�;2b BM i?2 JSA@aBMi2H /�i�b2i- �
#2M+?K�`F mb2/ #v �HH *LL@#�b2/ K2i?Q/bX

R?iiTb,ff;Bi?m#X+QKfTviQ`+?fTviQ`+?
k?iiTb,ff;Bi?m#X+QKfLoA.A�f~QrM2ik@TviQ`+?
j?iiTb,ff;Bi?m#X+QKf"oG*f+�z2
9?iiTb,ff;Bi?m#X+QKf�Mm`�;`�MDfbTvM2i
8?iiTb,ff;Bi?m#X+QKfbMBFH�mbfTviQ`+?@bTvM2i
e?iiTb,ff;Bi?m#X+QKfiQ`+?fMMfi`22fK�bi2`fHB#fh>LL
d?iiTb,ffHK#XBM7Q`K�iBFXmMB@7`2B#m`;X/2f`2bQm`+2bfbQ7ir�`2XT?T
3?iiTb,ff;Bi?m#X+QKfTvi?QM@TBHHQrfSBHHQr



3Xj *`2�iBM; bvMi?2iB+ QTiB+�H ~Qr ;`QmM/ i`mi? dN

y

x

0, 0 1, 0

0, 1 1, 1

6B;m`2 3XR, h?2 TBt2H +QQ`/BM�i2 bvbi2K mb2/ #v i?2 SBHHQr Tvi?QM KQ/mH2X h?2 Q`B;BM +Q``2bTQM/b iQ i?2 iQT H27i
+Q`M2` Q7 i?2 BK�;2X

6B;m`2 3Xk, "�+F;`QmM/ mb2/ 7Q` i?2 +`2�iBQM Q7 bvMi?2iB+ QTiB+�H ~Qr ;`QmM/ i`mi?X





N
S`2HBKBM�`v _2bmHib

AM i?Bb *?�Ti2` i?2 `2bmHib Q7 i?2 T`2HBKBM�`v 2tT2`BK2Mib rBHH #2 /Bb+mbb2/X 6B`biHv- i?2 }Hi2`b �`2
pBbm�HBx2/ BM Q`/2` iQ /2i2`KBM2 B7 i?2v b?Qr �Mv `2b2K#H�M+2 iQ bT�iBQi2KTQ`�H }Hi2`bX a2+QM/Hv- i?2
2``Q` p2`bmb KQiBQM K�;MBim/2 Bb T`2b2Mi2/X �7i2` r?B+?- i?2 Q`B2Mi�iBQM b2MbBiBpBiv rBHH #2 �M�Hvx2/X
6m`i?2`KQ`2- i?2 b+�H2 mT �M/ mMiBH i?2 KQ/2Hb +�M `2bQHp2 i?2 �T2`im`2 T`Q#H2K rBHH #2 2p�Hm�i2/ �M/
i?2 #2?�pBQ` Q7 M2irQ`F M2�` Q++Hm/2/ BK�;2 bi`m+im`2 Bb 2t�KBM2/X

NXR 6BHi2` pBbm�HBx�iBQMb

AM i?Bb a2+iBQM i?2 }Hi2`b Q7 6HQrL2ika �M/ aTvL2i rBHH #2 pBbm�HBx2/X LQi2 i?�i _�MD�M �M/ "H�+F-
kyRd ?�p2 �H`2�/v b?QrM BM i?2B` rQ`F i?�i i?2 }Hi2`b BM i?2 }`bi +QMpQHmiBQM�H H�v2` Q7 aTvL2i `2b2K#H2
:�#Q` }Hi2`bX h?2`27Q`2- i?2 }Hi2` pBbm�HBx�iBQM- r?B+? +�M #2 b22M BM 6B;m`2 NXR- K�BMHv b2`p2b �b �
+QKT�`BbQM #2ir22M 6HQrL2ika �M/ aTvL2iX 6`QK i?2 6HQrL2ika KQ/2H- i2M }Hi2`b �`2 `�M/QKHv
b2H2+i2/ 7`QK i?2 }`bi +QMpQHmiBQM�H H�v2`b- r?B+? ?�b � iQi�H Q7 e9 }Hi2`bX 6`QK i?2 aTvL2i KQ/2H
i2M }Hi2`b �`2 �HbQ `�M/QKHv b2H2+i2/ #mi 7`QK i?2 }`bi Tv`�KB/ H2p2HX aTvL2i Bb i`�BM2/ b2[m2MiB�HHv-
K2�MBM; i?2v i`�BM QM2 Tv`�KB/ H2p2H }`bi �M/ i?2M �// KQ`2 Tv`�KB/ H2p2Hb �i ?B;?2` `2bQHmiBQM rBi?
i?2 T`2pBQmb Tv`�KB/ H2p2H �b BMBiB�HBx�iBQMX h?2`27Q`2- }Hi2`b �i /Bz2`2Mi H2p2Hb Q7 i?2 Tv`�KB/ i?2 }Hi2`b
#2+QK2 KQ`2 /2}M2/ U_�MD�M � "H�+F- kyRdVX "Qi? i?2 }Hi2` i?2 }Hi2`b Q7 bBx2 dtd �M/ �`2 #B@HBM2�`Hv
mTb�KTH2/ iQ bBx2 R9tR9X AM 6B;m`2 NXR i?2 r2B;?ib Q7 #Qi? KQ/2Hb �`2 pBbm�HBx2/X LQi2 i?�i i?2 i?B`/
�M/ bBti? +QHmKM +Q``2bTQM/ iQ i?2 i2KTQ`�H /Bz2`2M+2X 6Q` aTvL2i bQK2 Q7 i?2 }Hi2`b +H2�`Hv `2b2K#H2
:�#Q` }Hi2`b U2X;X- `Qr 9- d �M/ RyVX 6Q` 6HQrL2ika i?2 }Hi2`b /Q MQi 2t?B#Bi bm+? +H2�` `2b2K#H�M+2
iQ :�#Q` }Hi2`bX

NXk JQiBQM K�;MBim/2

� bvMi?2iB+ i2bi b2[m2M+2 Bb ;2M2`�i2/ iQ BMp2biB;�i2 i?2 +?�`�+i2`BbiB+b Q7 i?2 2``Q` T�ii2`Mb Q7 i?2
/Bz2`2Mi KQ/2HbX AM 6B;m`2 NXk i?2 BMTmi b2[m2M+2 mb2/ 7Q` i?Bb 2tT2`BK2Mi Bb pBbm�HBx2/X JmHiBTH2
BK�;2 T�B`b �`2 ;2M2`�i2/ 7Q` � i`�MbH�iBM; #H�+F b[m�`2 rBi? �M BM+`2�bBM;Hv ?B;?2` ?Q`BxQMi�H p2HQ+Biv
+QKTQM2MiX h?2 �11 7Q` �HH TBt2Hb- BMbB/2 �M/ QmibB/2 i?2 b[m�`2 p2`bmb i?2 K�;MBim/2 Q7 i?2 ?Q`BxQMi�H
p2HQ+Biv +QKTQM2Mi +�M #2 b22M BM 6B;m`2 NXjX JmHiBTH2 Q#b2`p�iBQMb +�M #2 K�/2 7`QK i?2b2 i?`22
;`�T?bX 6B`biHv- 7Q` i?2 G.P6 KQ/2H i?2 �11 Bb BM+`2�bBM; HBM2�`Hv 7`QK k iBHH �#Qmi 3y �7i2` r?B+?
Bi 7�BHbX h?Bb +�M #2 b22M 2p2M KQ`2 +H2�`Hv 7`QK i?2 �11 BMbB/2 i?2 b[m�`2 r?B+? bTBF2b �`QmM/ i?Bb
K�;MBim/2X "Qi? 6HQrL2ika �M/ aTvL2i 2t?B#Bi bBKBH�` 2``Q` T�ii2`MbX h?2 K�BM /Bz2`2M+2 Bb i?�i
aTvL2i b?Qrb #2ii2` Qp2`�HH T2`7Q`K�M+2 7Q` HQr2` p2HQ+BiB2b �M/ 7�BHb KQ`2 `�TB/Hv �M/ �i � HQr2`

3R



3k S`2HBKBM�`v _2bmHib

6B;m`2 NXR, U*QHmKM R iQ jV h?2 r2B;?ib Q7 i?2 }`bi +QMpQHmiBQM�H H�v2` Q7 6HQrL2ika 7Q` t0-t1 �M/ t0 − t1
`2bT2+iBp2HvX U*QHmKM 9 iQ eV h?2 r2B;?ib Q7 i?2 }`bi +QMpQHmiBQM�H H�v2` Q7 aTvL2i 7Q` i?2 }`bi Tv`�KB/ H2p2H 7Q`

t0-t1 �M/ t0 − t1 `2bT2+iBp2HvX h?2 `Qrb +Q``2bTQM/ iQ /Bz2`2Mi }Hi2`bX _2/ /2i�BHb � ?B;? p�Hm2 �M/ #Hm2 � HQr
p�Hm2X � `2H�iBp2 /2Ti? K�T T2` }Hi2` Bb mb2/- K2�MBM; 2p2`v 2Mi`v ?�b Bib +QHQ`b b+�H2/ iQ i?2B` QrM }Hi2`bX h?2b2

}Hi2`b �`2 pBbm�HBx2/ rBi?Qmi i?2 #B�b i2`K �//2/ iQ i?2KX h?Bb Bb #2+�mb2 rBi? � `2H�iBp2 /2Ti? K�T i?2 �//BiBQM Q7
� #B�b i2`K /Q2b MQi BM~m2M+2 i?2 pBbm�H �TT2�`�M+2 Q7 i?2 }Hi2`X



NXj P`B2Mi�iBQM b2MbBiBpBiv 3j

6B;m`2 NXk, avMi?2iB+ i2bi b2[m2M+2 mb2/ 7Q` i?2 KQiBQM K�;MBim/2 2tT2`BK2MiX � #�+F;`QmM/ rBi? � #H�+F b[m�`2
Q7 bBx2 e9te9 Bb i`�MbH�i2/ ?Q`BxQMi�HHv- bvKK2i`B+�HHv �#Qmi i?2 p2`iB+�H �tBb- rBi? �M BM+`2�bBM;Hv H�`;2` ?Q`BxQMi�H

p2HQ+Biv K�;MBim/2X h?Bb BK�;2 T�B` +Q``2bTQM/b iQ � p2HQ+Biv K�;MBim/2 Q7 v = (100, 0)X

p2HQ+Biv K�;MBim/2X h?Bb #2+QK2b �TT�`2Mi BM i?2 ǵ�11 BMbB/2 i?2 b[m�`2Ƕ THQiX 6m`i?2`KQ`2- Bi +�M
#2 b22M i?�i i?2 �11 7Q` #Qi? 6HQrL2ika �M/ aTvL2i BM+`2�b2 BM � HBM2�` 7�b?BQM mMiBH i?2v 7�BHX h?2
2``Q` T�ii2`M 7Q` 6HQrL2ik* QmibB/2 i?2 +B`+H2 Bb [mBi2 2``�iB+X Ai b?QmH/ �HbQ #2 MQi2/ i?�i i?2 7Qm`
/Bz2`2Mi KQ/2Hb 7�BH BM /Bz2`2Mi r�vb- �M/ i?Bb +�M #2 b22M BM 6B;m`2 NX9X

NXj P`B2Mi�iBQM b2MbBiBpBiv

AM Q`/2` iQ i2bi i?2 b2MbBiBpBiv �M/ bi�#BHBiv Q7 QTiB+�H ~Qr 2biBK�iBQM rBi? `2bT2+i iQ /Bz2`2Mi Q`B2Mi@
�iBQMb Q7 +QMbi�Mi BK�;2 i`�MbH�iBQM K�;MBim/2 �MQi?2` bvMi?2iB+ i2bi b2[m2M+2 Bb ;2M2`�i2/X 6Q` i?Bb
b2[m2M+2- � #H�+F b[m�`2 Bb TH�+2/ BM i?2 +2Mi2` Q7 i?2 BK�;2 �M/ KQp2/ rBi? � +QMbi�Mi iQi�H p2HQ+Biv
K�;MBim/2 Q7 ∥v∥ = 100 �i /Bz2`2Mi �M;H2b rBi? `2bT2+i iQ i?2 ?Q`BxQMX .m2 iQ i?2 7�+i i?�i i?2
SBHHQr HB#`�`v /Q2b MQi bmTTQ`i bm#@TBt2H `2M/2`BM; 7Q` i?2 �M;H2b Q7 45◦ +k90◦ i?2 p2HQ+Biv +QKTQM2Mib
�`2 `QmM/2/ iQ i?2 M2�`2bi BMi2;2`X h?Bb `2bmHib BM � iQi�H K�;MBim/2 Q7

√
2 ∗ (71)2 = 100.409X h?Bb

/Bz2`2M+2 BM K�;MBim/2 Bb /22K2/ M2;HB;B#H2X h?2 `2bmHiBM; 2``Q` T�ii2`Mb +�M #2 b22M BM 6B;m`2 NX8X
LQi2 i?�i i?2 iQT@H27i `�/�` THQi +Q``2bTQM/b iQ i?2 �11X h?2 Qi?2` i?`22 `�/�` THQib +Q``2bTQM/ iQ
i?2 /2pB�iBQM BM T2`+2Mi�;2 Q7 i?2 �11 iQ i?2 K2�M Q7 i?2 �11 7Q` �HH `Qi�iBQMbX Ai Bb BMi2`2biBM; iQ
b22 i?�i i?2 KQ/2Hb �HH ?�p2 i?2 ?B;?2bi /2pB�iBQM 7`QK i?2B` K2�M �11 �i /Bz2`2Mi Q`B2Mi�iBQMb 2p2M
i?Qm;? i?2v r2`2 i`�BM2/ QM KQbiHv i?2 b�K2 /�i�X Ai b?QmH/ #2 MQi2/ i?�i aTvL2i b2�Kb T�`iB+mH�`Hv
mMbi�#H2 �i �M Q`B2Mi�iBQM Q7 315◦X lTQM BMbT2+iBQM- Bi r�b 7QmM/ i?�i 7Q` i?Bb Q`B2Mi�iBQM aTvL2i /Q2b
2biBK�i2 i?2 +Q``2+i �M;H2 #mi Qp2`2biBK�i2b i?2 K�;MBim/2 Q7 i?2 p2HQ+Biv #v ≈ 12%X

NX9 �T2`im`2 �M/ b+�H2 T`Q#H2K

hQ i2bi ?Qr i?2 KQ/2Hb +QT2 rBi? i?2 �T2`im`2 T`Q#H2K �M/ rBi? i?2 p2HQ+Biv Q7 bK�HH b+�H2 bi`m+im`2b
� b[m�`2 Bb /B�;QM�HHv i`�MbH�iBM; rBi? +QMbi�Mi p2HQ+Biv v = (50, 50) 7Q` BM+`2�bBM; b[m�`2 bBx2bX h?2
`2bmHib +�M #2 b22M BM 6B;m`2 NXeX AM i?2 iQT THQi- Bi +�M #2 b22M i?�i i?2 #2?�pBQ` Bb 7�B`Hv +QMbBbi2Mi
2t+2Ti 7Q` i?2 H�`;2bi b[m�`2- r?B+? KQp2b 7`QK 2/;2 iQ 2/;2- r?B+? T`Q/m+2b TQQ` 2biBK�i2b 7Q`
6HQrL2ika �M/ 6HQrL2ik*X h?2`2 Bb MQ Q#pBQmb `2�bQM �b iQ r?v i?2v 7�BH i?Bb r�vX h?2 iQi�H K�tBKmK
bT�M Q7 i?2 KQp2K2Mi Bb 334 + 50 = 384 TBt2HbX lbBM; i?2 KQ/2H /2i�BHb 7`QK 6HQrL2ika �b bT2+B}2/
BM h�#H2 �XR �M/ � `2�/BHv �p�BH�#H2 b+`BTiR r?B+? �HHQrb 7Q` i?2 +�H+mH�iBQM Q7 i?2 `2+2TiBp2 }2H/ bBx2X
h?2 `2+2TiBp2 }2H/ bBx2 Bb /2}M2/ �b i?2 `2;BQM BM i?2 BMTmi bT�+2 i?�i � T�`iB+mH�` QmiTmi 72�im`2 Bb
�z2+i2/ #vX 6Q` i?2 ǵ~QreǶ H�v2`- i?2 `2+2TiBp2 }2H/ bBx2 r�b +�H+mH�i2/ iQ #2 9dN TBt2HbX lbBM; h�#H2
�Xk i?2 `2+2TiBp2 }2H/ bBx2 r�b +�H+mH�i2/ 7Q` aTvL2iX h?Bb `2bmHi2/ BM � p�Hm2 Q7 jR TBt2HbX h?2 HQr2bi
H2p2H Q7 i?2 Tv`�KB/ ?�b �M BMTmi bBx2 Q7 jktk9X h?mb- r?2M �++QmMiBM; 7Q` i?2 MmK#2` Q7 iBK2b i?2
~Qr 2biBK�i2 Bb mTb�KTH2/X h?2 `2+2TiBp2 }2H/ bBx2 Bb 2[mBp�H2Mi iQ 31 ∗ 24 = 496X 6`QK i?2 KB//H2
R?iiTb,ff;BbiX;Bi?m#X+QKfLBF�b�R33Nfd3R�32#ky+8#jk732jd3j8j+/29/��8R
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6HQrL2ika aTvL2i 6HQrL2ik* G.P6

6B;m`2 NXj, UiQT iQ #QiiQKV JQiBQM K�;MBim/2 p2`bmb i?2 �11 7Q` �HH TBt2Hb- TBt2Hb BMbB/2 i?2 b[m�`2 �M/ TBt2Hb
QmibB/2 i?2 b[m�`2 `2bT2+iBp2Hv 7Q` i?2 6HQrL2ika-aTvL2i- 6HQrL2ik* �M/ G.P6 KQ/2HbX h?2 K�;MBim/2 Q7 i?2

b[m�`2 mb2/ �b BMTmi Bb e9te9 TBt2HbX



NX9 �T2`im`2 �M/ b+�H2 T`Q#H2K 38

6B;m`2 NX9, U�HHV 6HQr 2biBK�iBQM T`Q/m+2/ #v i?2 7Qm` /Bz2`2Mi KQ/2Hb 7Q` v = (218, 0) +Q``2bTQM/BM; iQ � #`B;?i
`2/ ;`QmM/ i`mi? +QHQ`X LQi2 i?�i i?2 +QHQ` +Q/BM; Bb bBKBH�` iQ "�F2` 2i �HX- kyRR Bb mb2/ �M +�M #2 7QmM/ BM

�TT2M}t "X UiQT H27iV 6HQr K�T +Q``2bTQM/BM; iQ i?2 6HQrL2ika KQ/2HX h?2 KQ/2H T`2/B+ib i?�i i?2 b[m�`2 Bb
KQpBM; Qmir�`/ UiQ i?2 H27iV Q7 i?2 7`�K2X UiQT `B;?iV 6HQr K�T +Q``2bTQM/BM; iQ i?2 aTvL2i KQ/2HX �i H�`;2`

p2HQ+BiB2b aTvL2i ?�b /B{+mHiv K�i+?BM; i?2 b[m�`2b �i /Bz2`2Mi iBK2bi2Tb �M/ i?2 2biBK�i2 +QMi�BMb KmHiBTH2 +QHQ`b
+Q``2bTQM/BM; iQ /Bz2`2Mi p2HQ+Biv �M;H2bX U"QiiQK `B;?iV 6HQr K�T +Q``2bTQM/BM; iQ i?2 6HQrL2ik* KQ/2HX �HbQ

6HQrL2ik* ?�b i`Qm#H2 K�i+?BM; i?2 +QKTH2i2 T�i+? �i ?B;? p2HQ+BiB2bX �i ?B;? p2HQ+BiB2b 6HQrL2ik* /Q2b ?�p2 i?2
#2bi T2`7Q`K�M+2X U"QiiQK `B;?iV 6HQr K�T +Q``2bTQM/BM; iQ i?2 G.P6 KQ/2HX h?Bb KQ/2H T`Q/m+2b � ~Qr

2biBK�i2 +Q``2bTQM/BM; iQ /Bb�TT2�`BM; 2/;2b �M/ �TT2�`BM; i2tim`2X



3e S`2HBKBM�`v _2bmHib

6B;m`2 NX8, UiQT H27iV �11 7Q` 6HQrL2ika- aTvL2i �M/ 6HQrL2ik* 7Q` � b[m�`2 i`�MbH�iBM; rBi? ∥v∥ ≈ 100 �i
/Bz2`2Mi Q`B2Mi�iBQMb rBi? `2bT2+i iQ i?2 ?Q`BxQMX UiQT `B;?i +HQ+FrBb2 iQ #QiiQK H27iV h?2 /2pB�iBQM 7`QK i?2 K2�M

�11 BM T2`+2Mi�;2 �i /Bz2`2Mi Q`B2Mi�iBQMb Q7 i?2 KQ/2H 7Q` aTvL2i- 6HQrL2ika �M/ 6HQrL2ik* `2bT2+iBp2HvX



NX8 P++HmbBQM 3d

THQi- Bi +�M #2 b22M i?�i �HH KQ/2Hb biBHH ?�p2 Bbbm2b rBi? KQiBQM H�`;2` i?�M i?2 b+�H2 Q7 i?2 BMTmiX h?Bb
Bbbm2 b22Kb iQ �z2+i aTvL2i i?2 KQbiX h?Bb Bb KQbi HBF2Hv /m2 iQ i?2B` Tv`�KB/�H bi`m+im`2- r?B+? Bb
FMQrM iQ #2 T`QM2 iQ i?Bb Bbbm2X PM2 Q7 i?2 K�BM KQiBp�iBQMb 7Q` i?2 l@M2i �`+?Bi2+im`2 Q7 6HQrL2ika
�M/ 6HQrL2ik* Bb i?2 7�+i i?�i Bi +�M +QK#BM2 72�im`2b 7`QK KmHiBTH2 b+�H2bX >Qr2p2`- #Qi? KQ/2Hb
�HbQ b22K iQ bmz2` 7`QK i?2 Bbbm2 Q7 H�`;2 KQiBQM Q7 bK�HH b+�H2 bi`m+im`2bX

NX8 P++HmbBQM

AM Q`/2` iQ i2bi i?2 Q++HmbBQM `2�bQMBM; +�T�#BHBiB2b- � i`�MbH�iBM; b[m�`2 rBi? p2HQ+Biv v = (64, 0) Bb
Q++Hm/2/ #v � r?Bi2 `2+i�M;H2 BM i?2 b2+QM/ 7`�K2- �b +�M #2 b22M BM 6B;m`2 NX3- rBi? BM+`2�bBM; rB/i?X
h?2 `2bmHib +�M #2 b22M BM 6B;m`2 NXdX AM i?2 iQT THQi- Bi +�M #2 b22M i?�i i?2 �11 7Q` �HH TBt2Hb Q7
6HQrL2ika Bb 7�B`Hv +QMbi�MiX 1p2M B7 i?2 Q#D2+i Bb +QKTH2i2Hv Q++Hm/2/ BM i?2 b2+QM/ 7`�K2- Bi Bb �#H2
iQ T`Q/m+2 �M 2biBK�i2 rBi? +QMbBbi2Mi �++m`�+vX aTvL2i Bb �#H2 iQ +QT2 rBi? i?2 Q++HmbBQM 7Q` HQr2`
Q++HmbBQM `2+i�M;H2 rB/i?X h?2 T2`7Q`K�M+2 bi�`ib iQ /2i2`BQ`�i2 `�TB/Hv �7i2` � `2+i�M;H2 rB/i? Q7 9y
TBt2HbX h?2 T2`7Q`K�M+2 Q7 6HQrL2ik* Bb i?2 rQ`bi 7Q` K2/BmK Q++HmbBQMX h?2 `2�bQM 7Q` i?Bb +�M #2
b22M BM 6B;m`2 NXNX Ai Bb QMHv �#H2 iQ +Q``2H�i2 i?2 2/;2b Q7 i?2 b[m�`2 #2ir22M i?2 irQ BMTmi 7`�K2bX
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6HQrL2ika aTvL2i 6HQrL2ik*

6B;m`2 NXe, UiQT iQ #QiiQKV �11 7Q` 6HQrL2ika- aTvL2i �M/ 6HQrL2ik* 7Q` � /B�;QM�HHv i`�MbH�iBM; b[m�`2 rBi?
p2HQ+Biv v = (50, 50) bvKK2i`B+�HHv �`QmM/ i?2 Q`B;BM p2`bmb i?2 bBx2 Q7 i?2 b[m�`2 7Q` �HH TBt2Hb- TBt2Hb BMbB/2 i?2

b[m�`2 �M/ TBt2Hb QmibB/2 i?2 b[m�`2X
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6HQrL2ika aTvL2i 6HQrL2ik*

6B;m`2 NXd, UiQT iQ #QiiQKV �11 7Q` 6HQrL2ika- aTvL2i �M/ 6HQrL2ik* 7Q` � i`�MbH�iBM; b[m�`2 rBi? p2HQ+Biv
v = (50, 50) r?B+? Bb Q++Hm/2/ BM i?2 b2+QM/ 7`�K2 #v � `2+i�M;H2 Q7 BM+`2�bBM; rB/i? 7Q` �HH TBt2Hb- TBt2Hb BMbB/2 i?2

b[m�`2 �M/ TBt2Hb QmibB/2 i?2 b[m�`2X



Ny S`2HBKBM�`v _2bmHib

6B;m`2 NX3, avMi?2iB+ i2bi b2[m2M+2 mb2/ 7Q` i?2 Q++HmbBQM 2tT2`BK2MiX � #�+F;`QmM/ rBi? � #H�+F b[m�`2 Q7 bBx2
e9te9 Bb i`�MbH�i2/ ?Q`BxQMi�HHv- bvKK2i`B+�HHv �#Qmi i?2 p2`iB+�H �tBbX Ai Bb Q++Hm/2/ BM i?2 b2+QM/ 7`�K2 #v �

`2+i�M;H2 Q7 BM+`2�bBM; rB/i?X h?Bb BK�;2 T�B` +Q``2bTQM/b iQ � p2HQ+Biv K�;MBim/2 Q7 v = (64, 0) �M/ �M Q++HmbBQM
`2+i�M;H2 rB/i? Q7 jk TBt2HbX

6B;m`2 NXN, UH27iV h?2 ~Qr K�T Q7 6HQrL2ik* 7Q` �M Q++HmbBQM `2+i�M;H2 rB/i? Q7 jk TBt2Hb- K2�MBM; ?�H7 i?2
b[m�`2 Bb Q++Hm/2/ BM i?2 b2+QM/ 7`�K2X h?2 KQ/2H Bb QMHv �#H2 iQ K�i+? i?2 2/;2b Q7 i?2 b[m�`2 BM i?2 irQ 7`�K2bX

U`B;?iV h?2 ~Qr K�T Q7 aTvL2i 7Q` �M Q++HmbBQM `2+i�M;H2 rB/i? Q7 e9 TBt2Hb- K2�MBM; i?2 b[m�`2 Bb +QKTH2i2Hv
Q++Hm/2/ BM i?2 b2+QM/ 7`�K2X >2`2 i?2 KQ/2H 2biBK�i2b i?2 b[m�`2 /Bb�TT2�`b BM i?2 b2+QM/ 7`�K2X



Ry
.Bb+mbbBQM Q7 S`2HBKBM�`v _2bmHib

h?2 T`2HBKBM�`v 2p�Hm�iBQMb ?�p2 T`QpB/2/ BMbB;?i BMiQ i?2 }Hi2`b T`2b2Mi UBM i?2 }`bi H�v2`V �M/ ?�p2
;Bp2M �M BM/B+�iBQM Q7 i?2 2``Q` +?�`�+i2`BbiB+b Q7 /Bz2`2Mi *LL@#�b2/ QTiB+�H ~Qr 2biBK�iBQM K2i?Q/bX
AM i?Bb *?�Ti2` i?2 `2bmHib 7`QK i?2b2 T`2HBKBM�`v 2p�Hm�iBQMb rBHH #2 /Bb+mbb2/X

AM a2+iBQM NXR i?2 }Hi2`b Q7 6HQrL2ika �M/ aTvL2i r2`2 pBbm�HBx2/X Ai +QmH/ #2 b22M i?�i bQK2 }Hi2`b
Q7 aTvL2i `2b2K#H2 :�#Q` }Hi2`bX AM a2+iBQM eXR Bi r�b 2bi�#HBb?2/ i?�i :�#Q` }Hi2`b Q7i2M 2K2`;2
7`QK H2�`MBM;@#�b2/ �TT`Q�+?2bX h?Bb Bb /m2 iQ i?2 7�+i i?�i i?2v �`2 QTiBK�HHv HQ+�HBx2/ BM bT�+2@iBK2
Ua2+iBQM 8XkVX h?2 }Hi2`b Q7 6HQrL2ika QM i?2 Qi?2` /Q MQi b?Qr bm+? � +H2�` i2KTQ`�H bi`m+im`2X amM
2i �HX- kyR3 b?Qr2/ i?�i mbBM; � /Bb`mTiBp2 H2�`MBM; `�i2- i?2 T2`7Q`K�M+2 Q7 6HQrL2ia +�M #2 p�biHv
BKT`Qp2/RX h?Bb Bb �M BM/B+�iBQM i?�i i?2 T2`7Q`K�M+2 Q7 i?2 6HQrL2ia �`+?Bi2+im`2 +�M biBHH #2 p�biHv
BKT`Qp2/X h?2 }Hi2`b QM �HH i?`22 M2irQ`Fb �TT2�`2/ Q`B2Mi�iBQM b2MbBiBp2X aQK2iBK2b /2pB�iBM; �b
Km+? �b jyW 7`QK i?2 K2�M �11 Q7 �HH Q`B2Mi�iBQMb �b +�M #2 b22M BM 6B;m`2 NX8X 1p2M i?Qm;? i?2
�11 7Q` aTvL2i Bb `2H�iBp2Hv bK�HH Bi Bb mM/2bB`�#H2 iQ ?�p2 H�`;2 /2pB�iBQMb 7`QK i?2 K2�M 7Q` /Bz2`2Mi
Q`B2Mi�iBQMbX

6m`i?2`KQ`2- Bi +QmH/ #2 b22M i?�i i?2 2``Q` QmibB/2 Q7 i?2 b[m�`2 BM+`2�b2/ 7Q` i?2 bT�iBQi2KTQ`�H
}Hi2`@#�b2/ KQ/2HbX h?Bb +QmH/ #2 � +QMb2[m2M+2 Q7 i?2 TQbbB#H2 T`2b2M+2 Q7 :�#Q` }Hi2`b r?B+? bmz2`
7`QK i?2 mM+2`i�BMiv `2H�iBQMX 1p2M i?Qm;? 6HQrL2ika �M/ 6HQrL2ik* ?�p2 #22M i`�BM2/ QM KQ`2
/�i� �M/ ?�p2 KQ`2 T�`�K2i2`b- 7Q` i?2 bBKTH2 +�b2 Q7 BK�;2 i`�MbH�iBQM- aTvL2i QmiT2`7Q`Kb #Qi?
i?2b2 KQ/2Hb mT mMiBH p2HQ+BiB2b �`QmM/ Rky TBt2Hb T2` 7`�K2X h?Bb +H2�`Hv b?Qrb i?2 #2M2}ib Q7 i?2
Tv`�KB/�H bi`m+im`2 Q7 aTvL2i- r?B+? Bb /Bz2`2Mi 7`QK i?2 2M+Q/2`@/2+Q/2` �`+?Bi2+im`2 Q7 6HQrL2ika
�M/ 6HQrL2ik*X h?2 /QrMbB/2 Bb i?�i Bi /Q2b bmz2` KQbi 7`QK i?2 T`Q#H2K Q7 H�`;2 KQiBQM 7`QK bK�HH
b+�H2 bi`m+im`2bX 1p2M i?Qm;? QM2 Q7 i?2 K�BM KQiBp�iBQMb 7Q` i?2 l@M2i �`+?Bi2+im`2 BM #Qi? 6HQrL2i
Bb iQ �pQB/ i?Bb T`Q#H2K- #Qi? KQ/2Hb biBHH bmz2` 7`QK BiX �HH KQ/2Hb /Q ?�p2 � `2+2TiBp2 }2H/ bBx2 BM
i?2B` ?B;?2bi H�v2` bm{+B2MiHv ?B;? 2MQm;? iQ /2�H rBi? i?2 �T2`im`2 T`Q#H2KX h?Bb Bb MQi bm`T`BbBM;-
;Bp2M i?2 7�+i i?�i BM i?2 i`�BMBM; /�i�- Q7i2M i?2 #�+F;`QmM/ Q` +�K2`� KQp2b- �M/ i?mb H�`;2 `2;BQMb
�`2 KQpBM; rBi? i?2 b�K2 p2HQ+BivX

6Q` KQ`2 /B{+mHi QTiB+�H ~Qr T`Q#H2Kb- bm+? �b Q++HmbBQM- bQK2i?BM; BMi2`2biBM; ?�TT2MbX 6Q` i?2 +�b2b
rBi? ?B;?Hv Q++Hm/2/ Q#D2+ib BM i?2 b2+QM/ 7`�K2 #Qi? 6HQrL2ika �M/ 6HQrL2ik* ǵ;m2bbǶ Q` ǵ`2�bQMǶ
i?�i i?2 Q#D2+i Kmbi #2 #2?BM/ i?2 Qi?2` Q#D2+iX aTvL2i 2biBK�i2b i?�i i?2 b[m�`2 ǵ/Bb�TT2�`bǶ �M/
b?Qrb �M BMp2`b2 +QHQ` r?22HX 6Q` i?2 KQiBQM K�;MBim/2 2tT2`BK2Mi- bBKBH�` 7�BHm`2 +�b2 +QmH/ #2 b22MX
�7i2` � K�;MBim/2 Q7 R8y TBt2Hb- 6HQrL2ika 2biBK�i2b i?�i i?2 b[m�`2 KQp2b QmibB/2 Q7 i?2 7`�K2 iQ
i?2 H27iX h?2 G.P6 K2i?Q/- QM i?2 Qi?2` ?�M/- 2biBK�i2b � /Bb�TT2�`BM; b[m�`2 7Q` H�`;2 KQiBQM
K�;MBim/2bX Zm�HBi�iBp2Hv- � +�b2 +�M #2 K�/2 7Q` 2Bi?2` 7�BHm`2 KQ/2X Zm�MiBi�iBp2Hv- i?2 /Bb�TT2�`BM;
7�BHm`2 KQ/2 Bb #2ii2`X

Rh?2 �11 QM JSA@aBMi2H BKT`Qp2/ 7`QK jXdN iQ kX3y 7Q` 6HQrL2iaX
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JQ/2H .2i�BHb

h?Bb �TT2M/Bt +QMi�BMb /2i�BHb �#Qmi i?2 6HQrL2ia �M/ aTvL2i KQ/2Hb r?B+? �`2 mb2/ BM i?2 T`2HBK�`v
2p�Hm�iBQMbX h?2 KQ/2H /2i�BHb Q7 6HQrL2ia +�M #2 b22M BM h�#H2 �XR �M/ i?2 /2i�BHb Q7 aTvL2i �`2
;Bp2M BM h�#H2 �XkX

N8



Ne JQ/2H .2i�BHb

L�K2 E2`M2H ai`B/2 S�//BM; *? AfP AM _2b Pmi _2b AMTmi

+QMpR dtd k j efe9 8Rktj39 k8etRNk AK�;2b
+QMpk 8t8 k k e9fRk3 k8etRNk Rk3tNe +QMpR
+QMpj 8t8 k k Rk3fk8e Rk3tNe e9t93 +QMpk
+QMpjnR jtj R R k8efk8e e9t93 e9t93 +QMpj
+QMp9 jtj k R k8ef8Rk e9t93 jktk9 +QMpjnR
+QMp9nR jtj R R 8Rkf8Rk jktk9 jktk9 +QMp9
+QMp8 jtj k R 8Rkf8Rk jktk9 RetRk +QMp9nR
+QMp8nR jtj R R 8Rkf8Rk RetRk RetRk +QMp8
+QMpe jtj k R 8RkfRyk9 RetRk 3te +QMp8nR
+QMpenR jtj R R Ryk9fRyk9 3te 3te +QMpe

~Qre jtj R R Ryk9fk 3te 3te +QMpenR

mT+QMp8 9t9 k R Ryk9f8Rk 3te RetRk +QMpenR
~Qr8 jtj R R Rykefk RetRk RetRk mT+QMp8Y+QMp8nRY~Qre
mT+QMp9 9t9 k R Rykefk8e RetRk jktk9 mT+QMp8Y+QMp8nRY~Qre
~Qr9 jtj R R ddyfk jktk9 jktk9 mT+QMp9Y+QMp9nRY~Qr8
mT+QMpj 9t9 k R ddyfRk3 jktk9 e9t93 mT+QMp9Y+QMp9nRY~Qr8
~Qrj jtj R R j3efk e9t93 e9t93 mT+QMpjY+QMpjnRY~Qr9
mT+QMpk 9t9 k R j3efe9 e9t93 Rk3tNe mT+QMpjY+QMpjnRY~Qr9
~Qrk jtj R R RNkfk Rk3tNe Rk3tNe mT+QMpkY+QMpkY~Qrj

h�#H2 �XR, JQ/2H /2i�BHb Q7 6HQrL2iaX h?2 2tT�MbBp2 T�`i Q7 i?2 M2irQ`F bi�`ib �i ǵ~QreǶX LQi2 i?2 /Bz2`2M+2 BM
i?2 2tT�MbBp2 T�`i Q7 i?2 M2irQ`F Bb /Bz2`2Mi i?�M i?2 /BK2MbBQMb T`QpB/2/ BM .QbQpBibFBv 2i �HX- kyR8X �HbQ MQi2

i?�i 2p2M BM J�v2` 2i �HX- kyR3 i?2 /BK2MbBQMb �`2 MQi +Q``2+iHv bT2+B}2/ 7Q` i?2 bBx2b Q7 i?2 mT+QMpQHmiBQM�H F2`M2Hb
Q7 6HQrL2ik*X

L�K2 E2`M2H ai`B/2 S�//BM; *? AfP AM _2b Pmi _2b AMTmi

+QMpTv`�KB/y dtd R j U3-jk-e9-jk-ReVfk jktk9 jktk9 AK�;2bY~Qry
+QMpTv`�KB/R dtd R j U3-jk-e9-jk-ReVfk e9t93 e9t93 AK�;2bY+QMpTv`�KB/y
+QMpTv`�KB/k dtd R j U3-jk-e9-jk-ReVfk Rk3tNe Rk3tNe AK�;2bY+QMpTv`�KB/R
+QMpTv`�KB/j dtd R j U3-jk-e9-jk-ReVfk k8etRNk k8etRNk AK�;2bY+QMpTv`�KB/k
+QMpTv`�KB/9 dtd R j U3-jk-e9-jk-ReVfk 8Rktj39 8Rktj39 AK�;2bY+QMpTv`�KB/j

h�#H2 �Xk, JQ/2H /2i�BHb Q7 aTvL2iX ǵ~QryǶ `272`b iQ x2`Q@p�Hm2/ BMBiB�H ~Qr K�T 2biBK�i2X "2ir22M Tv`�KB/ H2p2Hb
i?2 ~Qr 2biBK�i2 Bb #BHBM2�`Hv mTb�KTH2/X



"
6HQr 6B2H/ J�T

h?2 ~Qr}2H/ +QHQ` +Q/BM; mb2/ i?`Qm;?Qmi i?Bb i?2bBb +�M #2 7QmM/ BM 6B;m`2 "XRX

6B;m`2 "XR, 6HQr }2H/ +QHQ` +Q/BM; i�F2M 7`QK "�F2` 2i �HX- kyRRX 6QHHQrBM; i?2 +QHQ` +Q/BM; `B;?ir�`/ KQiBQM
+Q``2bTQM/b iQ � `2/ +QHQ`X LQi2 i?�i 2p2`v ~Qr }2H/ K�T BM i?Bb i?2bBb Bb MQ`K�HBx2/ mbBM; i?2B` H�`;2bi �M/ HQr2bi

KQiBQM K�;MBim/2bX

Nd





"B#HBQ;`�T?v

�;`�r�H- PX SX UkyykVX 6Q`KmH�iBQM Q7 1mH2`@G�;`�M;2 2[m�iBQMb 7Q` 7`�+iBQM�H p�`B�iBQM�H T`Q#H2KbX
CQm`M�H Q7 J�i?2K�iB+�H �M�HvbBb �M/ �TTHB+�iBQMb- kdkURV- je3ĜjdNX

�M�M/�M- SX URN3NVX � +QKTmi�iBQM�H 7`�K2rQ`F �M/ �M �H;Q`Bi?K 7Q` i?2 K2�bm`2K2Mi Q7 pBbm�H
KQiBQMX AMi2`M�iBQM�H CQm`M�H Q7 *QKTmi2` oBbBQM- kUjV- k3jĜjRyX

"�F2`- aX � J�ii?2rb- AX Ukyy9VX Gm+�b@E�M�/2 ky u2�`b PM, � lMB7vBM; 6`�K2rQ`FX AMi2`M�iBQM�H
CQm`M�H Q7 *QKTmi2` oBbBQM- 8eUjV- kkRĜk88X

"�F2`- aX- a+?�`bi2BM- .X- G2rBb- CX SX- _Qi?- aX- "H�+F- JX CX � ax2HBbFB- _X UkyRRVX � /�i�#�b2 �M/
2p�Hm�iBQM K2i?Q/QHQ;v 7Q` QTiB+�H ~QrX AMi2`M�iBQM�H CQm`M�H Q7 *QKTmi2` oBbBQM- NkURV- RĜjRX

"�``QM- CX- 6H22i- .X CX � "2�+?2KBM- aX URNN9VX S2`7Q`K�M+2 Q7 PTiB+�H 6HQr h2+?MB[m2bX AMi2`M�iBQM�H
CQm`M�H Q7 *QKTmi2` oBbBQMX

"2�m+?2KBM- aX aX � "�``QM- CX GX URNN8VX h?2 *QKTmi�iBQM Q7 PTiB+�H 6HQrX �*J *QKTmiX am`pX
kdUjV- 9jjĜ9eeX

"2�m+?2KBM- aX � "�``QM- CX UkyyyVX h?2 7`2[m2M+v bi`m+im`2 Q7 QM2@/BK2MbBQM�H Q++Hm/BM; BK�;2 bB;M�HbX
A111 h`�Mb�+iBQMb QM S�ii2`M �M�HvbBb �M/ J�+?BM2 AMi2HHB;2M+2- kkUkV- kyyĜkyeX

"H�+F- JX- u�+QQ#- uX- C2TbQM- �X � 6H22i- .X URNNdVX G2�`MBM; T�`�K2i2`Bx2/ KQ/2Hb Q7 BK�;2 KQiBQMX
AM S`Q+22/BM;b Q7 A111 *QKTmi2` aQ+B2iv *QM72`2M+2 QM *QKTmi2` oBbBQM �M/ S�ii2`M _2+Q;MBiBQM
UTTX 8eRĜ8edVX

"H�+F- JX CX � �M�M/�M- SX (SX)X URNNeVX h?2 `Q#mbi 2biBK�iBQM Q7 KmHiBTH2 KQiBQMb, S�`�K2i`B+ �M/
TB2+2rBb2@bKQQi? ~Qr }2H/bX *QKTmi2` oBbBQM �M/ AK�;2 lM/2`bi�M/BM;- ejURV- d8ĜRy9X

"`�+2r2HH- _X URN3eVX h?2 6Qm`B2` i`�Mb7Q`K �M/ Bib �TTHB+�iBQMb UoQHX jRNNNVX L2r uQ`F, J+:`�r@>BHHX

"`Qt- hX- "`m?M- �X- S�T2M#2`;- LX � q2B+F2`i- CX Ukyy9VX >B;? �++m`�+v PTiB+�H 6HQr 1biBK�iBQM
"�b2/ QM � h?2Q`v 7Q` q�`TBM;X AM 1m`QT2�M +QM72`2M+2 QM +QKTmi2` pBbBQM UTTX k8ĜjeVX

"`Qt- hX � J�HBF- CX UkyRRVX G�`;2 /BbTH�+2K2Mi QTiB+�H ~Qr, .2b+`BTiQ` K�i+?BM; BM p�`B�iBQM�H KQiBQM
2biBK�iBQMX A111 h`�Mb�+iBQMb QM S�ii2`M �M�HvbBb �M/ J�+?BM2 AMi2HHB;2M+2- jjUjV- 8yyĜ8RjX

"`m?M- �X- q2B+F2`i- CX � a+?Mƺ``- *X Ukyy8VX Gm+�bfE�M�/2 J22ib >Q`Mfa+?mM+F, *QK#BMBM; GQ+�H
�M/ :HQ#�H PTiB+ 6HQr J2i?Q/bX AMi2`M�iBQM�H CQm`M�H Q7 *QKTmi2` oBbBQM- eRUjV- RĜkRX

"miH2`- .X CX- qmHz- CX- ai�MH2v- :X "X � "H�+F- JX CX UkyRkVX � M�im`�HBbiB+ QT2M bQm`+2 KQpB2 7Q`
QTiB+�H ~Qr 2p�Hm�iBQMX AM 1m`QT2�M +QM72`2M+2 QM +QKTmi2` pBbBQM UTTX eRRĜek8VX

*�Kmb- hX URNNdVX _2�H@iBK2 [m�MiBx2/ QTiB+�H ~QrX _2�H@hBK2 AK�;BM;- jUkV- dRĜ3eX

.�H�H- LX- >BbiQ;`�Kb- "X hX � h`B;;b- "X Ukyy8VX >BbiQ;`�Kb Q7 P`B2Mi2/ :`�/B2Mib 7Q` >mK�M .2@
i2+iBQMX AM kyy8 A111 +QKTmi2` bQ+B2iv +QM72`2M+2 QM +QKTmi2` pBbBQM �M/ T�ii2`M `2+Q;MBiBQM
U*oS_Ƕy8V UTTX 33eĜ3NjVX

/2 *`QQM- :X- >Q- >X qX- q�;i2`- *X .X- p�M E�KT2M- 1X- _2K2b- "X � *?m- ZX SX UkyRjVX PTiB+@6HQr
"�b2/ aHQT2 1biBK�iBQM 7Q` �miQMQKQmb G�M/BM;X AMi2`M�iBQM�H CQm`M�H Q7 JB+`Q �B` o2?B+H2b-
8U9V- k3dĜkNdX

NN



Ryy "B#HBQ;`�T?v

.QbQpBibFBv- �X- 6Bb+?2`v- SX- AH;- 1X- >�mbb2`- SX- >�xB`#�b- *X- :QHFQp- oX- Ę "`Qt- hX UkyR8VX 6HQrL2i,
G2�`MBM; QTiB+�H ~Qr rBi? +QMpQHmiBQM�H M2irQ`FbX S`Q+22/BM;b Q7 i?2 A111 AMi2`M�iBQM�H *QM@
72`2M+2 QM *QKTmi2` oBbBQM- kyR8 AMi2`- kd83ĜkdeeX

1;�M- EX- hb2M;- uX- >QHxb+?m+?- LX- .m`�M/- 6X � _�K�KQQ`i?B- _X UkyyNVX 6`2[m2M+v �M�HvbBb �M/
a?2�`2/ _2+QMbi`m+iBQM 7Q` _2M/2`BM; JQiBQM "Hm`X �*J h`�MbX :`�T?- k3UNjVX

1B;2M- .X- Sm?`b+?- *X � 62`;mb- _X UkyR9VX .2Ti? J�T S`2/B+iBQM 7`QK � aBM;H2 AK�;2 mbBM; � JmHiB@
a+�H2 .22T L2irQ`FX AM �/p�M+2b BM M2m`�H BM7Q`K�iBQM T`Q+2bbBM; bvbi2Kb UTTX kjeeĜkjd9VX

6H22i- .X � C2TbQM- �X URN3NVX *QKTmi�iBQM Q7 MQ`K�H p2HQ+Biv 7`QK HQ+�H T?�b2 BM7Q`K�iBQMX AM S`Q+22/@
BM;b *oS_Ƕ3N, A111 *QKTmi2` aQ+B2iv *QM72`2M+2 QM *QKTmi2` oBbBQM �M/ S�ii2`M _2+Q;MBiBQM
UTTX jdNĜj3eVX

6H22i- .X CX- "H�+F- JX CX- u�+QQ#- uX � C2TbQM- �X .X UkyyyVX .2bB;M �M/ mb2 Q7 HBM2�` KQ/2Hb 7Q` BK�;2
KQiBQM �M�HvbBbX AMi2`M�iBQM�H CQm`M�H Q7 *QKTmi2` oBbBQM- jeUjV- RdRĜRNjX

:�#Q`- .X URN98VX h?2Q`v Q7 +QKKmMB+�iBQMX CQm`M�H Q7 i?2 AMbiBimiBQM Q7 1H2+i`B+�H 1M;BM22`b @ S�`i
A, :2M2`�H- N9UdjV- 83Ĝ83X

:�B/QM- �X- q�M;- ZX- *�#QM- uX � oB;- 1X UkyReVX oB`im�HqQ`H/b �b S`Qtv 7Q` JmHiB@Q#D2+i h`�+F@
BM; �M�HvbBbX AM kyRe A111 *QM72`2M+2 QM *QKTmi2` oBbBQM �M/ S�ii2`M _2+Q;MBiBQM U*oS_V
UTTX 9j9yĜ9j9NVX

:�mi�K�- hX � o�M >mHH2- JX JX UkyykVX � T?�b2@#�b2/ �TT`Q�+? iQ i?2 2biBK�iBQM Q7 i?2 QTiB+�H ~Qr
}2H/ mbBM; bT�iB�H }Hi2`BM;X A111 h`�Mb�+iBQMb QM L2m`�H L2irQ`Fb- RjU8V- RRkdĜRRjeX

:2B;2`- �X (�X)- G2Mx- SX � l`i�bmM- _X UkyRkVX �`2 r2 `2�/v 7Q` �miQMQKQmb /`BpBM;\ h?2 EAhhA
pBbBQM #2M+?K�`F bmBi2X AM kyRk A111 *QM72`2M+2 QM *QKTmi2` oBbBQM �M/ S�ii2`M _2+Q;MBiBQM
UTTX jj89ĜjjeRVX

:B#bQM- CX CX URN8yVX h?2 T2`+2TiBQM Q7 i?2 pBbm�H rQ`H/X Pt7Q`/- 1M;H�M/, >Qm;?iQM JB|BMX

:ɃM2v- 6X � :2B;2`- �X (�M/`2�b)X UkyRdVX .22T .Bb+`2i2 6HQrX AM *QKTmi2` oBbBQM Ĝ �**o kyRe
UTTX kydĜkk9VX

:mxK�M@`Bp2`�- �X- "�i`�- .X � EQ?HB- SX UkyRkVX JmHiBTH2 *?QB+2 G2�`MBM;, G2�`MBM; iQ S`Q/m+2
JmHiBTH2 ai`m+im`2/ PmiTmibX AM �/p�M+2b BM M2m`�H BM7Q`K�iBQM T`Q+2bbBM; bvbi2Kb k8 UTTX RdNNĜ
R3ydVX *m``�M �bbQ+B�i2b- AM+X

>�``Bb- *X � ai2T?2Mb- JX URN33VX � +QK#BM2/ +Q`M2` �M/ 2/;2 /2i2+iQ`X *Bi2b22`X

>22;2`- .X CX URN3dVX JQ/2H 7Q` i?2 2ti`�+iBQM Q7 BK�;2 ~QrX CQm`M�H Q7 i?2 PTiB+�H aQ+B2iv Q7 �K2`B+�
�- 9U3V- R988X

>22;2`- .X CX URN33VX PTiB+�H ~Qr mbBM; bT�iBQi2KTQ`�H }Hi2`bX AMi2`M�iBQM�H CQm`M�H Q7 *QKTmi2`
oBbBQM- RU9V- kdNĜjykX

>Q`M- "X EX � a+?mM+F- "X :X URN3RVX .2i2`KBMBM; QTiB+�H ~QrX �`iB}+B�H AMi2HHB;2M+2- RdUR@jV- R38ĜkyjX

>Q`M- "X URN3eVX _Q#Qi pBbBQMX JAh S`2bbX

>mB- hX qX- h�M;- sX � GQv- *X *X UkyR3VX GBi26HQrL2i, � GB;?ir2B;?i *QMpQHmiBQM�H L2m`�H L2irQ`F
7Q` PTiB+�H 6HQr 1biBK�iBQMX S`Q+22/BM;b Q7 i?2 A111 *QKTmi2` aQ+B2iv *QM72`2M+2 QM *QKTmi2`
oBbBQM �M/ S�ii2`M _2+Q;MBiBQM- 3N3RĜ3N3NX

>mB- hX@qX- h�M;- sX � GQv- *X *X UkyRNVX � GB;?ir2B;?i PTiB+�H 6HQr *LL @ _2pBbBiBM; .�i� 6B/2HBiv
�M/ _2;mH�`Bx�iBQMX �`sBp T`2T`BMi �`sBp,RNyjXyd9R9- RĜRjX

AH;- 1X- J�v2`- LX- a�BFB�- hX- E2mT2`- JX- .QbQpBibFBv- �X � "`Qt- hX UkyRdVX 6HQrL2i kXy, 1pQHmiBQM
Q7 QTiB+�H ~Qr 2biBK�iBQM rBi? /22T M2irQ`FbX S`Q+22/BM;b @ jyi? A111 *QM72`2M+2 QM *QKTmi2`
oBbBQM �M/ S�ii2`M _2+Q;MBiBQM- *oS_ kyRd- kyRd@C�Mm�- Re9dĜRe88X
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AH;- 1X- Px;mM- *X- :�H2bbQ- aX- EH2BM- �X- J�F�MbB- PX- >mii2`- 6X � "`Qt- hX UkyR3VX lM+2`i�BMiv 1biBK@
�i2b �M/ JmHiB@>vTQi?2b2b L2irQ`Fb 7Q` PTiB+�H 6HQrX AM S`Q+22/BM;b Q7 i?2 1m`QT2�M *QM72`2M+2
QM *QKTmi2` oBbBQM U1**oV UTTX e8kĜeedVX

AH;- 1X- a�BFB�- hX- E2mT2`- JX � "`Qt- hX UkyR3VX P++HmbBQMb- JQiBQM �M/ .2Ti? "QmM/�`B2b rBi? �
:2M2`B+ L2irQ`F 7Q` .BbT�`Biv- PTiB+�H 6HQr Q` a+2M2 6HQr 1biBK�iBQMX AM S`Q+22/BM;b Q7 i?2
1m`QT2�M *QM72`2M+2 QM *QKTmi2` oBbBQM U1**oV UTTX eR9ĜejyVX

EQM/2`K�MM- .X- L�B`- _X- >QM�m2`- EX- E`BbTBM- EX- �M/`mHBb- CX- "`Q+F- �X- Ę C�?M2- "X UkyReVX h?2
>*A "2M+?K�`F amBi2, ai2`2Q �M/ 6HQr :`QmM/ h`mi? rBi? lM+2`i�BMiB2b 7Q` l`#�M �miQMQKQmb
.`BpBM;X AM kyRe A111 *QM72`2M+2 QM *QKTmi2` oBbBQM �M/ S�ii2`M _2+Q;MBiBQM qQ`Fb?QTb
U*oS_qV UTTX RNĜk3VX

EQM`�/- CX URNNNVX *?`BbiQT? aiBHH2` 1biBK�iBM; JQiBQM BM AK�;2 a2[m2M+2bX A111 aB;M�H S`Q+2bbBM;
J�;�xBM2- RĜjeX

E`Bx?2pbFv- �X- amibF2p2`- AX � >BMiQM- :X UkyRkVX AK�;2M2i +H�bbB}+�iBQM rBi? /22T +QMpQHmiBQM�H M2m`�H
M2irQ`FbX T�T2`bXMBTbX++X

G2*mM- uX URN3NVX :2M2`�HBx�iBQM �M/ M2irQ`F /2bB;M bi`�i2;B2bX AM *QMM2+iBQMBbK BM T2`bT2+iBp2 UTTX R9jĜ
R88VX

G2*mM- uX- "2M;BQ- uX � >BMiQM- :X UkyR8VX .22T H2�`MBM;X L�im`2- 8kRUd88jV- 9jeĜ999X

G22- >X@*X- "`2M2K�M- 1X � a+?mHi2- *X URNNyVX JQ/2HBM; HB;?i `2~2+iBQM 7Q` +QKTmi2` +QHQ` pBbBQMX
A111 h`�Mb�+iBQMb QM S�ii2`M �M�HvbBb �M/ J�+?BM2 AMi2HHB;2M+2- RkU9V- 9ykĜ9yNX

GBm- SX- Gvm- JX- EBM;- AX � sm- CX UkyRNVX a2H6HQr, a2H7@amT2`pBb2/ G2�`MBM; Q7 PTiB+�H 6HQrX AM
S`Q+22/BM;b Q7 i?2 A111 *QM72`2M+2 QM *QKTmi2` oBbBQM �M/ S�ii2`M _2+Q;MBiBQM UTTX 98dRĜ
983yVX

GQM;m2i@>B;;BMb- >X *X � S`�x/Mv- EX URN3yVX h?2 BMi2`T`2i�iBQM Q7 � KQpBM; `2iBM�H BK�;2X S`Q+22/BM;b
Q7 i?2 _Qv�H aQ+B2iv Q7 GQM/QMX a2`B2b "X "BQHQ;B+�H a+B2M+2b- ky3URRdjV- j38ĜjNdX

Gm+�b- "X .X � E�M�/2- hX URN3RVX �M Ai2`�iBp2 AK�;2 _2;Bbi`�iBQM h2+?MB[m2 rBi? �M �TTHB+�iBQM iQ
ai2`2Q oBbBQMX

J�+ �Q/?�- PX- "`QbiQr- :X CX � SQHH272vb- JX UkyRyVX a2;K2MiBM; pB/2Q BMiQ +H�bb2b Q7 �H;Q`Bi?K@
bmBi�#BHBivX AM kyRy A111 *QKTmi2` aQ+B2iv *QM72`2M+2 QM *QKTmi2` oBbBQM �M/ S�ii2`M _2+Q;@
MBiBQM UTTX Ry89ĜRyeRVX

J�v2`- LX- AH;- 1X- 6Bb+?2`- SX- >�xB`#�b- *X- *`2K2`b- .X- .QbQpBibFBv- �X- Ę "`Qt- hX UkyR3VX q?�i J�F2b
:QQ/ avMi?2iB+ h`�BMBM; .�i� 7Q` G2�`MBM; .BbT�`Biv �M/ PTiB+�H 6HQr 1biBK�iBQM\ AMi2`M�iBQM�H
CQm`M�H Q7 *QKTmi2` oBbBQM- Rke- N9kĜNeyX

J�v2`- LX- AH;- 1X- >�mbb2`- SX- 6Bb+?2`- SX- *`2K2`b- .X- .QbQpBibFBv- �X � "`Qt- hX UkyReVX � G�`;2
.�i�b2i iQ h`�BM *QMpQHmiBQM�H L2irQ`Fb 7Q` .BbT�`Biv- PTiB+�H 6HQr- �M/ a+2M2 6HQr 1biBK�@
iBQMX AM S`Q+22/BM;b Q7 i?2 A111 *QKTmi2` aQ+B2iv *QM72`2M+2 QM *QKTmi2` oBbBQM �M/ S�ii2`M
_2+Q;MBiBQM UoQHX kyRe@.2+2K- TTX 9y9yĜ9y93VX

J+*Q`K�+- CX- >�M/�- �X- G2mi2M2;;2`- aX � .�pBbQM- �X CX UkyRdVX a+2M2L2i _:"@., *�M 8J avMi?2iB+
AK�;2b "2�i :2M2`B+ AK�;2L2i S`2@i`�BMBM; QM AM/QQ` a2;K2Mi�iBQM\ AM kyRd A111 AMi2`M�iBQM�H
*QM72`2M+2 QM *QKTmi2` oBbBQM UA**oV UTTX keNdĜkdyeVX

J2Mx2- JX � :2B;2`- �X (�M/`2�b)X UkyR8VX P#D2+i b+2M2 ~Qr 7Q` �miQMQKQmb p2?B+H2bX AM S`Q+22/BM;b
Q7 i?2 A111 *QKTmi2` aQ+B2iv *QM72`2M+2 QM *QKTmi2` oBbBQM �M/ S�ii2`M _2+Q;MBiBQM UoQHX yd@
Rk@CmM2- TTX jyeRĜjydyVX

JBH2p�- uX- "`m?M- �X � q2B+F2`i- CX UkyydVX AHHmKBM�iBQM@_Q#mbi o�`B�iBQM�H PTiB+�H 6HQr rBi? S?Q@
iQK2i`B+ AMp�`B�MibX S�ii2`M _2+Q;MBiBQM- R8kĜRekX
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JmH/2`- CX �X- p�M /2` o��`i- CX *X- p�M ai�p2`2M- qX >X CX CX- *?m- ZX SX � JmH/2`- JX UkyReVX �B`+`�7i
_2bTQMb2b iQ �iKQbT?2`B+ hm`#mH2M+2X

L�;2H- >X@>X � 1MF2HK�MM- qX URN3eVX �M AMp2biB;�iBQM Q7 aKQQi?M2bb *QMbi`�BMib 7Q` i?2 1biBK�iBQM
Q7 .BbTH�+2K2Mi o2+iQ` 6B2H/b 7`QK AK�;2 a2[m2M+2bX A111 h`�Mb�+iBQMb QM S�ii2`M �M�HvbBb �M/
J�+?BM2 AMi2HHB;2M+2- S�JA@3U8V- 8e8Ĝ8NjX

L2Q`�H- JX- ȑQ+?K�M- CX � J�i�b- CX UkyRNVX *QMiBMm�H P++HmbBQM �M/ PTiB+�H 6HQr 1biBK�iBQMX AM
G2+im`2 LQi2b BM *QKTmi2` a+B2M+2 UBM+Hm/BM; bm#b2`B2b G2+im`2 LQi2b BM �`iB}+B�H AMi2HHB;2M+2
�M/ G2+im`2 LQi2b BM "BQBM7Q`K�iB+bV UoQHX RRje9 GL*a- TTX R8NĜRd9VX

Pii2- JX � L�;2H- >X X@X@>X URNN9VX PTiB+�H ~Qr 2biBK�iBQM, �/p�M+2b �M/ +QKT�`BbQMbX AM *QKTmi2`
oBbBQM ě 1**o ǶN9 UTTX 9NĜeyVX

_�MD�M- �X � "H�+F- JX CX UkyRdVX PTiB+�H ~Qr 2biBK�iBQM mbBM; � bT�iB�H Tv`�KB/ M2irQ`FX S`Q+22/BM;b
@ jyi? A111 *QM72`2M+2 QM *QKTmi2` oBbBQM �M/ S�ii2`M _2+Q;MBiBQM- *oS_ kyRd- kyRd@C�Mm�-
kdkyĜkdkNX

_�x�pB�M- �X aX- �xBxTQm`- >X- amHHBp�M- CX � *�`HbbQM- aX UkyR9VX *LL 72�im`2b Qz@i?2@b?2H7, �M �biQmM/@
BM; #�b2HBM2 7Q` `2+Q;MBiBQMX A111 *QKTmi2` aQ+B2iv *QM72`2M+2 QM *QKTmi2` oBbBQM �M/ S�ii2`M
_2+Q;MBiBQM qQ`Fb?QTb- 8RkĜ8RNX

_2p�m/- CX- q2BMx�2T72H- SX- >�`+?�QmB- wX � a+?KB/- *X UkyR8VX 1TB+6HQr, 1/;2@T`2b2`pBM; BMi2`TQH�iBQM
Q7 +Q``2bTQM/2M+2b 7Q` QTiB+�H ~QrX S`Q+22/BM;b Q7 i?2 A111 *QKTmi2` aQ+B2iv *QM72`2M+2 QM
*QKTmi2` oBbBQM �M/ S�ii2`M _2+Q;MBiBQM- yd@Rk@CmM2- RRe9ĜRRdkX

_QMM2#2`;2`- PX- 6Bb+?2`- SX � "`Qt- hX UkyR8VX l@M2i, *QMpQHmiBQM�H M2irQ`Fb 7Q` #BQK2/B+�H BK�;2
b2;K2Mi�iBQMX AM AMi2`M�iBQM�H *QM72`2M+2 QM J2/B+�H BK�;2 +QKTmiBM; �M/ +QKTmi2`@�bbBbi2/
BMi2`p2MiBQM UoQHX Nj8R- TTX kj9Ĝk9RVX

_Qi?- aX- "H�+F- JX CX- _Qi?- aX � "H�+F- JX CX UkyyNVX 6B2H/b Q7 1tT2`ibX AMi C *QKTmi oBb- 3k- ky8ĜkkNX

_mTT`2+?i- *X- G�BM�- AX- .BTB2i`Q- _X- "�mbi- JX- hQK#�`B- 6X- L�p�#- LX � >�;2`- :X .X UkyRdVX G2�`M@
BM; BM �M lM+2`i�BM qQ`H/, _2T`2b2MiBM; �K#B;mBiv h?`Qm;? JmHiBTH2 >vTQi?2b2bX AM S`Q+22/BM;b
Q7 i?2 A111 AMi2`M�iBQM�H *QM72`2M+2 QM *QKTmi2` oBbBQM UoQHX kyRd@P+iQ#- TTX jeRRĜjekyVX

a2Bix- aX JX � "�F2`- aX UkyyNVX 6BHi2` ~QrX AM kyyN A111 Rki? AMi2`M�iBQM�H *QM72`2M+2 QM *QKTmi2`
oBbBQM UTTX R9jĜR8yVX

a?�72`- aX �X URN38VX lbBM; +QHQ` iQ b2T�`�i2 `2~2+iBQM +QKTQM2MibX *QHQ` _2b2�`+? � �TTHB+�iBQM-
RyU9V- kRyĜkR3X

a?�MMQM- *X 1X URN93VX � J�i?2K�iB+�H h?2Q`v Q7 *QKKmMB+�iBQMX "2HH avbi2K h2+?MB+�H CQm`M�H-
kdUjV- jdNĜ9kjX

aBKQM+2HHB- 1X- �/2HbQM- 1X � >22;2`- .X URNNRVX S`Q#�#BHBiv /Bbi`B#miBQMb Q7 QTiB+�H ~QrX AM S`Q+22/BM;bX
RNNR A111 *QKTmi2` aQ+B2iv *QM72`2M+2 QM *QKTmi2` oBbBQM �M/ S�ii2`M _2+Q;MBiBQM UTTX jRyĜ
jR8VX

aBM;?- �X URNNRVX PTiB+ 6HQr *QKTmi�iBQM, � lMB}2/ S2`bT2+iBp2X A111 *QKTmi2` aQ+B2iv S`2bb GQb
�H�KBiQbX

aT`BM;2M#2`;- CX hX- .QbQpBibFBv- �X- "`Qt- hX � _B2/KBHH2`- JX UkyR9VX ai`BpBM; 7Q` aBKTHB+Biv, h?2 �HH
*QMpQHmiBQM�H L2iX �`sBp T`2T`BMi �`sBp,R9RkXe3yeX

a`Bp�bi�p�- LX- >BMiQM- :X- E`Bx?2pbFv- �X � a�H�F?mi/BMQp- _X UkyR9VX .`QTQmi, � aBKTH2 q�v iQ
S`2p2Mi L2m`�H L2irQ`Fb 7`QK Pp2`}iiBM;X CQm`M�H Q7 J�+?BM2 G2�`MBM; _2b2�`+?- R8URV- RNkNĜ
RN83X

amM- .X- _Qi?- aX- G2rBb- CX SX � "H�+F- JX CX Ukyy3VX G2�`MBM; QTiB+�H ~QrX AM G2+im`2 LQi2b BM
*QKTmi2` a+B2M+2 UBM+Hm/BM; bm#b2`B2b G2+im`2 LQi2b BM �`iB}+B�H AMi2HHB;2M+2 �M/ G2+im`2 LQi2b
BM "BQBM7Q`K�iB+bV UoQHX 8jy9 GL*a- S�_h j- TTX 3jĜNdVX
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amM- .X- u�M;- sX- GBm- JX@uX � E�mix- CX UkyR3VX JQ/2Hb J�ii2`- aQ .Q2b h`�BMBM;, �M 1KTB`B+�H
aim/v Q7 *LLb 7Q` PTiB+�H 6HQr 1biBK�iBQMX �`sBp T`2T`BMi �`sBp,R3yNXy88dR- RĜR8X

ax2- oX- *?2M- uX >X- u�M;- hX CX � 1K2`- CX aX UkyRdVX 1{+B2Mi S`Q+2bbBM; Q7 .22T L2m`�H L2irQ`Fb,
� hmiQ`B�H �M/ am`p2vX S`Q+22/BM;b Q7 i?2 A111- Ry8URkV- kkN8ĜkjkNX

h2M2v- .X � >2#2`i- JX UkyReVX G2�`MBM; iQ 2ti`�+i KQiBQM 7`QK pB/2Qb BM +QMpQHmiBQM�H M2m`�H M2irQ`FbX
AM �bB�M *QM72`2M+2 QM *QKTmi2` oBbBQM UTTX 9RkĜ9k3VX aT`BM;2`- *?�KX

lHHK�M- aX URNdNVX h?2 BMi2`T`2i�iBQM Q7 pBbm�H KQiBQMX JAh S`2bbX

l`�b- aX- :B`QbB- 6X- o2``B- �X � hQ``2- oX URN33VX � +QKTmi�iBQM�H �TT`Q�+? iQ KQiBQM T2`+2TiBQMX
"BQHQ;B+�H *v#2`M2iB+b- eyUkV- dNĜ3dX

p�M /2 q2BD2`- CX � "2B;TQm`- aX UkyRRVX h?2 .B+?`QK�iB+ _2~2+iBQM JQ/2H@6mim`2 _2b2�`+? .B`2+iBQMb
�M/ �TTHB+�iBQMbX AMiX CQBMi *QM7X QM *QKTmi2` oBbBQM- AK�;BM; �M/ *QKTmi2` :`�T?B+b h?2Q`v
�M/ �TTHB+�iBQMb- UC�Mm�`vV- RRX

o�M >�i2`2M- CX >X � _m/2`K�M- .X GX URNN3VX AM/2T2M/2Mi +QKTQM2Mi �M�HvbBb Q7 M�im`�H BK�;2
b2[m2M+2b vB2H/b bT�iBQ@i2KTQ`�H }Hi2`b bBKBH�` iQ bBKTH2 +2HHb BM T`BK�`v pBbm�H +Q`i2tX S`Q+22/BM;b
Q7 i?2 _Qv�H aQ+B2iv ", "BQHQ;B+�H a+B2M+2b- ke8UR9RkV- kjR8ĜkjkyX

q2BMx�2T72H- SX- _2p�m/- CX- >�`+?�QmB- wX � a+?KB/- *X UkyRjVX .22T6HQr, G�`;2 /BbTH�+2K2Mi QTiB+�H
~Qr rBi? /22T K�i+?BM;X S`Q+22/BM;b Q7 i?2 A111 AMi2`M�iBQM�H *QM72`2M+2 QM *QKTmi2` oBbBQM-
Ua2+iBQM kV- Rj38ĜRjNkX

q2`H#2`;2`- JX- h`Q#BM- qX- SQ+F- hX- q2/2H- �X- *`2K2`b- .X � "Bb+?Q7- >X UkyyNVX �MBbQi`QTB+ >m#2`@G
R PTiB+�H 6HQrX "Jo*- R- jX

qmHz- CX � "H�+F- JX CX UkyR8VX 1{+B2Mi bT�`b2@iQ@/2Mb2 QTiB+�H ~Qr 2biBK�iBQM mbBM; � H2�`M2/ #�bBb
�M/ H�v2`bX AM kyR8 A111 *QM72`2M+2 QM *QKTmi2` oBbBQM �M/ S�ii2`M _2+Q;MBiBQM U*oS_V
UTTX RkyĜRjyVX

um- 6X � EQHimM- oX UkyR8VX JmHiB@a+�H2 *QMi2ti �;;`2;�iBQM #v .BH�i2/ *QMpQHmiBQMbX �`sBp T`2T`BMi
�`sBp,R8RRXydRkkX

wBKK2`- >X- "`m?M- �X � q2B+F2`i- CX UkyRRVX PTiB+ ~Qr BM ?�`KQMvX AMi2`M�iBQM�H CQm`M�H Q7 *QKTmi2`
oBbBQM- NjUjV- je3Ĝj33X

wr2B;- aX � qQH7- GX UkyRdVX AMi2`TQL2i- � #`�BM BMbTB`2/ M2m`�H M2irQ`F 7Q` QTiB+�H ~Qr /2Mb2 BMi2`@
TQH�iBQMX AM S`Q+22/BM;b @ jyi? A111 *QM72`2M+2 QM *QKTmi2` oBbBQM �M/ S�ii2`M _2+Q;MBiBQM-
*oS_ kyRd UoQHX kyRd@C�Mm�- TTX ejejĜejdkVX
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