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Abstract The properties of vortical structures at high Reynolds number in uniform
flows and near rigid boundaries are reviewed. New properties are derived by
analysing the dynamics of the main flow features and the related integral constraints,
including the relations between mean swirl and bulk speed, the relative level of
internal fluctuations to bulk properties, and connections between the steadiness and
topology of the structures. A crucial property that determines energy dissipation and
the transport of inertial particles (with finite fall speed) is the variation across the
structure of the ratio of the mean strain rate (�) to the mean vorticity (�). It is
shown how, once such particles are entrained into the vortical regions of a coherent
structure, they can be transported over significant distances even as the vortices grow
and their internal structure is distorted by internal turbulence, swirling motions and
the presence of rigid boundaries. However if the vortex is strongly distorted by a
straining motion so that � is greater than �, the entrained particles are ejected quite
rapidly. These mechanisms are consistent with previous studies of entrained and
sedimenting particles in disperse two phase flows over flat surfaces, and over bluff
obstacles and dunes. They are also tested in more detail here through laboratory
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observations and measurements of 50–200-μm particles entrained into circular and
non-circular vortices moving first into still air and then onto rigid surfaces placed
parallel and perpendicular to the direction of motion of the vortices.

Keywords Turbulence · Vortices · Deposition

1 Introduction

In many environmental and industrial flow processes small inertial particles are
entrained into eddies and vortices [9, 13] and typically transported over significant
distances before being expelled or falling out as the flow structures impact on rigid
surfaces or obstacles placed in the flow. Because of the general properties of vortical
flows, similar structures occur in many types of turbulent and unsteady flows. Vortical
structures have a common property that they propagate forwards in stationary fluid
as a result of their own vorticity distribution. The simplest and best understood
examples are circular vortex rings which propagate without changing their shape.
Non-circular structures oscillate as they propagate [29] or the vorticity may be
diffused through the whole structure which becomes a turbulent puff. In practical
problems, the movement of these flow structures is greatly affected by external flows,
which may be turbulent, and by the kinematic and dynamic effects of rigid surfaces.
The distortion of the vortex structures also greatly influences the movements of
particles within them and leads to the particles being deposited onto the ground [30].

In this paper, these flow and particle transport mechanisms are reviewed in general
terms using the theory of vortical structures and particle dynamics (in Sections 2
and 3). New laboratory airflow experiments are described (in Section 4) of laminar
and turbulent vortical structures expelled from various orifice shapes. In some cases
these structures impacted onto a rigid plane surface, and their sensitivity to external
air currents was also studied. Subsequently observations and qualitative measure-
ments were made of the transport of 50–200-μm particles released into the flow at
the orifice over a distance of about 1m from the orifice. The particles either settled
out of the vortices or directly impacted onto a plane surface placed normal to the
flow. Many previous studies on particles in vortical flows have focussed on turbulent
flows such as jets [39] in which the vortices formed and moved randomly. Batchelor
and Nitsche [5] and Gilbertson and Yates [21] examined the ejection of dense
particles from vertical translating spherical vortices while Eames and Gilbertson [16]
examined how particles outside the vortex are entrained and transported over a finite
vertical distance. However in this paper we propose a broader understanding by
relating the general characteristics of the flow kinematics to particle motion within
isolated vortical structures.

This study was also motivated by the practical need to calculate two-phase flows
where particles are entrained into isolated vortical structures such as line or ring
vortices, which have a finite circulation around the vortical region. This process
can be observed, for example, in flow over sand ripples; the flow separates at
the crest of the ripple and vortices are generated in the shear layer downstream
(see Fig. 1a). These entrain particles from the bed, which remain trapped inside
the vortices and are transported by them, until they fall out; either because the
vortex has decayed or because it impinges on another ripple downstream and



Flow Turbulence Combust (2007) 79:207–234 209

Fig. 1 a Vortices being shed by the oscillatory flow over a sand ridge, notice the clear region in the
vortices (courtesy of Dr. Voropayev, A.S.U.) and b small and large droplets created by sneezing
(taken from Tang et al. [44])

become sufficiently distorted to eject the particles. The particles are then deposited
on the bed, where they contribute to the formation of other ripples. This process
of vortex entrainment and deposition has been identified as a mechanism for the
growth and persistence of ripples and dunes [3, 49]. A similar process has been
exploited to improve the efficiency of the filtration of molten aluminium; surface
roughness elements generate vortices which entrain the small solid particles and
concentrate them in the core regions. This clustering of the small particles promotes
agglomeration into larger particles which are then ejected from the vortices and
deposited on the surface [1].

Biological and medical studies also involve considering how droplets and particles
are transported in vortical structures generated, for instance, by coughing, breathing
and sneezing (eg Hawthorne [22]). Both breathing and sneezing provide ample
opportunity to generate droplets ladenwith bacteria and this is important for the
transmission of some airborne diseases (see Fig. 1b and Tang et al. [44]). This process
also featured in a recent court case in London [6]. The important issue was whether
droplets of about 50–200 μm in diameter exhaled at 1 m/s from a human mouth
could travel a distance of about 0.5 m, possibly in a turbulent environment with a
weak cross-wind. Although it had been argued by the prosecution that such droplets
could only travel about 0.2 m, the analysis presented here (which greatly benefited
from conversations with Frans Nieuwstadt) shows that vortical structures (ignored by
the prosecution) even if quite imperfect and turbulent, can transport particles over
significantly greater distances than uniform flow.

2 Dynamics of Vortical Structures

2.1 Isolated structures

Observations and theoretical arguments show that in high Reynolds number flows
(with velocity u), the vorticity (ω) tends to be concentrated in coherent structures
or eddies [48]. These can be studied by approximating them as regions Dω with a
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a

b

Fig. 2 Schematic showing a inviscid, idealised vortical structures and b turbulent vortical structures.
Xω is the reference location of the structure and Eb is the conditional average speed of the interface
moving outwards through viscosity or turbulent entrainment. L is a typical lengthscale of the vortex

bounding surface Bω outside which the vorticity is negligible (see Fig. 2). Some eddy
structures are formed where vortex lines are concentrated within elongated regions
of finite length (such as vortex tubes). Then Bω is an open surface on which there
is a small region Bo where vortex lines enter and leave. The characteristics of these
structures depend broadly on whether their shapes are elongated in the form of thin
tubes and sheets with thickness l, or whether they are spheroidal or circular in the
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form of vortical lumps, puffs or rings. The typical mean square magnitude of the
velocity and vorticity in these structures are uω and ωω. The initial value of uω is u0.
In all cases they are assumed to have finite overall length scales L(t) where L(0) = L0

[4, 23, 41].
The topology or genus g of the structures as defined by the geometrical form

of Bω is usually no more complex than that corresponding to a sphere (g = 0) or
a ring (g = 1) (eg [18, 26]). The topology of the vortex lines within the structures on
their surface may sometimes be quite complex [2, 7]. Within these vortical structures
the square of the mean square vorticity �2 = ω2

i , where ωi = εijk∂u j/∂xk in tensor
notation, is comparable with or greater than the mean square strain rate (�2 =
�ij�ij where �ij = 1

2 (ui, j + u j,i)) [25]. For high Reynolds number flows (Re � 1),
�2/�2 � 1 outside Dω, while �2/�2 ≤ 1 inside the structure. Since ∇ · ω = 0, the
normal component of vorticity ω · n is also zero outside the bounding surfaces Bω,
where n is the unit vector normal to the boundary Bω. The discontinous form of
the tangential component of vorticity ωs = |n · (ω × n)| is either defined by a finite
step in vorticity ��s, in which case ωs = (1 − H(n))��s, or it may have a singularity
so that ωs = |�us × n|δ(n) if there is a finite jump �us in the tangential component
of velocity. Here H(n), δ(n) are the usual Heaviside step and delta functions [51].
For viscous laminar flows (at high Re) there is intense diffusion of vorticity from
the surface Bω but this is generally confined to a viscous boundary or shear layer
of thickness (in the normal direction) lB. For high Re, lB is small compared with
the overall scale L of the structure. A recirculating vortical flow within an isolated
structure is generally unstable to small amplitude disturbances (eg [36, 42]) so that
the motions within Bω become turbulent. The bulk velocity 〈uω〉 and displacement
Xω of the coherent structure are defined as

〈uω〉 = 1

Vω

∫
Dω

u dV, Xω =
∫ t

0
〈uω〉 dt. (1)

Although the shapes and even the topologies of isolated eddy structures change
as they move, depending on their initial form, they have in common certain broad
characteristic flow features and overall dynamics, with the magnitude of the motions
determined by relevant invariant integral conditions.

2.1.1 Fluid volume

For incompressible inviscid flow, the volume Vω of Dω remains constant, ie

dVω

dt
= 0. (2)

Depending on its initial form and the velocity distribution in Dω, the shape may not
change significantly. However, for viscous and turbulent flows, as the thickness of the
vortical region expands at a velocity Eb (see Fig. 2), Vω increases, ie

dVω

dt
∼ Eb SB, (3)

where SB is the area of the bounding surface, SB ∼ 4π L2 for a spheroid of radius L
or SB ∼ 2π Ll for a tube of radius l and length L, and Eb is the boundary entrainment
velocity [46] which is of the order of the rms velocity u0. The boundary entrainment
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coefficient αB = Eb /|〈uω〉| is quite sensitive to the shape of the structure, for example
being smaller for ring vortices than for spheroidal puffs.

2.1.2 Internal volume flux

Consider a vortex tube with genus g = 1 connected like a vortex ring, in which there
is an ‘axial’ component us = u · s parallel to the axis of the tube, where s is the unit
vector parallel to the vortex tube. Since Bω is a material surface in an inviscid flow
there is a constraint on the volume flux Qs parallel to the tube, ie

Qs(s, t) =
∫

As

us dA,

where As is the cross-section area of the vortex tube, so that

DAs

Dt
= −∂ Qs

∂s
, (4)

where s is the distance along the tube (see Fig. 2). Thus Qs is constant if the cross
sectional area As does not vary in time or spatially along the vortex tube. In a viscous
flow, Bω is not a material surface, and (4) is only approximately valid.

2.1.3 Circulation and helicity

For an inviscid fluid, by Kelvin’s theorem, the circulation �(s, t) taken on any
material loop L around a vortex tube is constant with time even if As or l varies
with time, ie

d�(s, t)
dt

= d
dt

∮
L

u · ds = d
dt

∫
As

ω · dA = 0. (5)

Equation 5 holds true for a vortex tube (genus 1) even if viscous stresses are
significant within the shear layer surrounding the vortex. The classical description
of the swirl velocity uθ in a straight vortical tube is provided by Lamb [32]:

uθ = �

2πr

(
1 − exp

(
− r2

2l2

))
, (6)

which is valid even when the radius grows through the diffusion of vorticity. How-
ever, for a vortical lump with a continuous and chaotic vorticity distribution within
Bω, the conservation of � along fluid loops does not provide an integral constraint for
the structure as a whole, when other integral constraints are relevant. The volume
integral of vorticity is zero within Dω, even when the shape and mean velocity are
changing, the total helicity Hv is constant, ie

∫
Dω

ω dV = 0, and
dHv

dt
= d

dt

∫
Dω

u · ω dV = 0. (7)

For a vortex tube with a helical flow, ie u · ω 	= 0, there is a finite helicity flux H A
v =∫

As
u · ω dA. For example if a vortex ring with swirl is distorted (eg by reducing its

circumference by a factor λ as it passes through a contraction), then since ωθ ∼ λ

and the volume of the vortical tube Vω is constant, u ∼ 1/λ. In other words the swirl
velocity increases (since λ < 1).
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2.1.4 Linear and angular momentum

Vortical structures move and distort as a result of the flow induced by the non-
uniform distribution of ω within Dω. Vortex lines, with a curvature Rω, induce a
velocity field u(x, t) which extends outside Dω. When the total vorticity in the whole
flow domain D is zero (

∫
D ω dV = 0), the flow in the whole domain D may have a

finite momentum integral or impulse,

IM = 1

2
ρ

∫
D

x × ω dV, (8)

for three-dimensional flows (for two-dimensional flows, the coefficient 1/2 is
dropped). For an isolated vortical structure u and ω vary in space and time, but the
impulse is constant even in a viscous flow, providing the flow is unbounded (as can
be shown by integrating the equation of motion).

The impulse of a steadily propagating two-dimensional or axisymmetric vortex
can be related to the mean velocity of propagation and vortex geometry through

IM = ρ(1 + Cm)Vc〈uω〉, (9)

where Vc is the volume enclosed by the bounding streamlines and Cm is a geometrical
coefficient akin to (but different from) the added-mass coefficient of a rigid body.
Expression (9) is sometimes used by experimentalists to estimate the impulse of a
vortex, eg Stamhuis and Nauwelaerts [43] and Dabiri et al. [10].

The impulse associated with the fluid carried with the vortex is Vc〈uω〉 while
the impulse associated with the flow outside the vortex is CmVc〈uω〉. The volume
Vc corresponds to the volume of matter transported with the vortex. For a point
dipolar vortex consisting of cores of radius l separated by a distance L, Vω = 2πl2,
Vc ≈ π L2, Cm ≈ 1; for a Hill’s spherical vortex of radius L, Vω = 4π L3/3,Vc = Vω

and Cm = 1/2. For a vortex ring with curvature Rω and core radius l, Vω ≈ 2π2 Rωl2

and IM = ρπ R2
ω�, so that CmVc = 4π R3

ω/(log(8Rω/ l) − 1/4).
Other important conservation conditions can only be defined for certain

geometries, for example, the total angular momentum AM, defined by

AM = 1

3
ρ

∫
D

x × (x × ω) dV, and
dAM

dt
= 0, (10)

[4, p 520]. Thus, in the absence of body forces, the angular momentum of the vortex
is conserved.

2.1.5 Kinetic energy

The total kinetic energy in the whole domain D, denoted by KE, is defined as

KE = 1

2
ρ

∫
D

u · udV. (11)

In inviscid flows the kinetic energy of an isolated vortical structure is finite, either
because u · n = 0 on an external boundary or because |u| decays sufficiently rapidly
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with distance from the centre of the structure (|u| ∝ (r/L)−3). Then in the absence of
body forces KE is conserved:

dKE
dt

= 0. (12)

It is useful to decompose the contributions to the total kinetic energy of an eddy into
the contributions from the internal motions (KEint) and the exterior flow (KEext). If
the vortex moves at an average velocity 〈uω〉,

KEint = 1

2
ρ

∫
D
(u − 〈u〉ω)2 dV, KEext = 〈u〉ω · IM, (13)

then

dKE
dt

= dKEint

dt
+ dKEext

dt
. (14)

Even with no boundaries, the total kinetic energy decreases as a result of viscous
dissipation:

dKE
dt

= −
∫
D

ε (x, t) dV, (15)

where ε = −μu · ∇2u. The local dissipation ε may be negative or positive, especially
as it varies rapidly from positive to negative in thin layers with high gradients of
vorticity and velocity. Over the whole flow domain (if |u|, |ω| → 0 as r → ∞),∫

D
ε dV = μ

∫
D

ω2 dV + μ

∫
S

n · u × ω dS, (16)

[41, p 69] and the second term in (16) is zero and the total dissipation is∫
D

εdV = μ

∫
D

ω2 dV. (17)

Note that the local variation of ε in the flow does not generally correspond to
the variation of ω2. For a laminar flow characterised by the Reynolds number
Rev = Uωl/ν � 1, the total dissipation is

∫
D

ε dV ∼ μ
U2

ω

l2
lL2 ∼ ρ

U3
ω

L2
L3 Re−1

v , (18)

where Uω = |〈uω〉|. For a turbulent structure, small scale eddies lead to a much larger
level of dissipation, which scales as U3

ω L2.

2.2 Integral constraints for vortical structures

2.2.1 Vortex tubes and rings

As shown in Fig. 2, the vortex lines are clustered in a vortex tube (of core
radius l). In general, tubes are not straight but have a curvature, Rω, which is typically
of the same order as the vortex length L and large compared with tube radius l. For
a simple tube, the characteristic pattern of the relative magnitude of the vorticity and
strain rate is defined by �2/�2 � 1 within the tube and �2/�2 � 1 outside the tube.
For complex shapes of tubes (eg elliptical or even knotted, where Rω ∼ l) �2/�2
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may be significant even within the tubes. Note that if there is flow along the tube,
ie Q 	= 0, the vortex lines are twisted helically. In such a case the helicity integral Hv

has a non-zero constant value. If the tubes are in the form of isolated rings they have
a closed boundary Bω around which the circulation � is constant.

Let b be the binormal vector perpendicular to the plane of the curvature and to the
axis of the vortex s. The vortex curvature creates a self-induced flow, which causes
the vortex to move with a component parallel to the direction of b determined by the
Biot–Savart law [4]. As a result this local region of the flow makes a contribution to
the impulse IM in the direction parallel to b. The magnitude of 〈uω〉 · b is inversely
proportional to Rω but is also weakly dependent on the core radius l. Around an
idealised ring vortex with no swirl, the curvature is constant, so that in a static fluid,
it moves steadily along its central axis with velocity

Uω = 〈uω〉 · b = �

4π Rω

(
log

(
8Rω

l

)
− 1

4

)
. (19)

The impulse and kinetic energy associated with the vortex ring are

IM = ρπ�R2
ωb, KE = 1

2
ρ�2 Rω

(
log

(
8Rω

l

)
− 7

4

)
, (20)

[41, 45]. Motions parallel to the vortex tube us = u · s can also occur in a curved
vortex tubes. The radial inertial force u2

s /Rω is either balanced by the unsteady radial
growth of the ring or by a radial external pressure gradient (for inviscid flow) ∇p
in the irrotational flow outside Dω for example when a ring vortex is generated
with swirl in a converging flow. Experiments show that swirling or helical vortex
rings move quite unsteadily [40]. Elliptical vortex rings however are always unsteady
because the radius of curvature varies along the tube, being smallest at the sharp
ends and largest in the middle. Consequently these vortex tubes deform and oscillate
as they move because the tube moves faster at the sharp ends which move out of
the plane of the ring, causing complex oscillatory bending around the ring on a time
scale of order R2

ω/� log(Rω/ l) (eg [29]). Figure 3 shows numerical calculations of an
oscillating elliptical vortex ring showing the oscillating nature of the vortex motion.
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Fig. 3 Simulated elliptical vortex ring, moving from left to right where a and b show respectively
angled and side views. On its path, initially the highly curved top and bottom part travel forward
with the highest speed, thereby losing curvature; at the same time folding the side parts of the ring
and increasing their curvature. As a result, the roles reverse; the sides increase speed, and pick up
and overtake the top and bottom part, and so it continues
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Despite these irregular motions, the vortex continues to move in the same
direction as it did initially because IM is conserved. Since a significant component
of the kinetic energy of the vortex is now associated with the oscillations and IM is
constant, it follows from (13) that the average speed Uω of the vortex is reduced. The
same mechanism causes curved vortex tubes that typically occur in turbulent and
complex flows to deform, oscillate and sometimes reconnect into ring vortices. The
effect of viscosity when Rev = �/ν � 1 does not change these results qualitatively
over the inertial vortex timescale TI ∼ Rω/Uω, which is also the time taken for the
vortex to move a distance of order Rω and to undergo distortion. However, over
greater time scales other qualitative effects also occur. Firstly, for laminar flows,
during this period the thickness of the vortex tube is slightly increased by order

(νTI)
1
2 ∼ lRe

− 1
2

v , but as the tube moves with velocity 〈uω〉 the vorticity field is slightly
deformed and diffuses into a thin ‘wake’ (with thickness lw). The straining flow field
around the moving vortex ring of radius Rω limits the growth of the wake thickness
[24], to a value

lw ∼
(

νl
|〈uω〉|

) 1
2

∼ Re
− 1

2
v l

(log(Rω/ l))
1
2

. (21)

Thus lw is much less than the outer radius of the vortex ring Rω (eg [47]). The
converging flow in the near wake of a vortical structure, causes vorticity on one side
of the wake to diffuse into vorticity of the opposite sign on the other side of the
wake. This effective annihilation of wake vorticity means that negligible vorticity is
left behind as the vortex moves. For turbulent dipolar vortices, virtually no wake
vorticity is deposited because it is entrained over the rear of a moving vortex (see
Flor [15]). For turbulent vortex rings, a fraction of the vorticity is detrained from
[50]. Consequently the dynamics of moving vortical structures in complex flows can
be considered in isolation due to the rapid decay of the flow perturbation. There may
be a background flow field generated by the other eddies. Note that when vortices
are generated by the injection of a volume of fluid much larger than Vc, a great deal
of the excess fluid is lost during its adjustment phase.

The second critical effect of viscosity is also associated with the cancellation
of opposite sign vorticity when elements of oscillating vortex tubes collide with
each other. This enables new vortex rings to be formed, which can separate from
each other, transporting kinetic energy away from the original location of the vortex
tube. But the impulse is not changed by such significant topological changes.

The third general effect occurring over the time scale TI Rev is caused by viscous
stresses acting over the radius of the ring. Damping of oscillations and the smoothing
of paths of vortex lines eventually causes vortex rings of any initial shape to form into
spheroidal vortex rings.

2.2.2 Vortical puffs or fluid lumps

In spheroidal vortical structures (such as puffs or fluid lumps) with genus g = 0 and
bounding surface Bω the major and minor axes of the structure are typically of similar
magnitude L, and the strain rate is also significant in the puff with �2/�2 ∼ 1. As
with vortex tubes, their behaviour depends on the type of eddy motion and also on
the relative magnitude of the impulse and the total kinetic energy KE. This ratio is
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defined by K̃Eext = KEext/KE (ie 〈uω〉 · IM/KE). The relative magnitude H̃ of the
helicity integral to the KE, is also a defining property where H̃ = Hv L/KE.

When K̃Eext ∼ 1 and |H̃| � 1, the eddy can move steadily under its own induc-
tion (like Hill’s spherical vortex [4]). When turbulent entrainment is important,
the volume of the vortex puff Vω (≈ Vc) grows according to (3). Approximating
Vω ∼ 4

3π L3 and the impulse by IM ∼ (1 + Cm)VcUωb, then the radius of the puff
grows as

L ∼ L0

(
1 + 12αBUω(t = 0)t

L0

) 1
4

(22)

Since impulse is conserved, then the velocity of the coherent structure decays
approximately as

〈uω〉 ∼ 〈uω〉(t = 0)

(
1 + 12αBUω(t = 0)t

L0

)− 3
4

, (23)

where αB ≈ 0.1 (see [42]).
When K̃Eext � 1 or if |H̃| ∼ 1 (eg two vortex rings are positioned opposite

to each other or an ellipsoidal vortex with elliptical vortex lines, or a swirling
spherical vortex), the internal flow is primarily an unsteady motion, and the largest
diameter L increases as a result of the twisted vortex lines inducing motion in
all directions. When u0 � Uω, the vortex grows in size due to the self induced
motion of the vortex lines with L ∼ u0t. Since the kinetic energy is largely deter-
mined by the internal motion within the vortex and is approximately conserved,
then u0 ∼ (KE/ρ)

1
5 t−3/5 and L ∼ (KE/ρ)

1
5 t2/5. The mean speed then decreases as

Uω ∼ Uω(0)(KE/ρ)−3/5t−6/5. This shows that as unsteady oscillations within a vorti-
cal eddy grow, its advective speed Uω decreases faster than the fluctuations u0 over
a period of order L/u0. In general such eddies are rotating and non-spherical so
that they have finite angular momentum AM. As is commonly observed the average
swirl velocity 〈uS〉 decreases faster (∼ t−8/5) than the advective speed Uω and the rms
fluctuations u0. The relatively fast decay of advective and swirl velocities may be one
reason why the decay of fluctuations in turbulent eddies is not sensitive to the initial
form of the eddy motion [11].

Vortex rings and puffs become turbulent when the Reynolds number is high
enough. Depending on the level of external velocity fluctuations (uE/u0) and on the
form of the vortical structure (eg elliptical or circular) the critical Reynolds number
is reduced and the level of fluctuations in the structure (u0/Uω) can be amplified.
However the sharp gradients of turbulence at the bounding surfaces Bω of these
structures amplify the mean vorticity near Bω and ensure that (provided uE/u0 ≤ 1)
the boundary interface is approximately continuous and does not naturally break up
into smaller structures (eg Hunt et al. [28], Westerweel et al. [51]).

2.3 Interactions with resistive surfaces

There are two main types of mutual interactions between vortical structures and
plane resistive surfaces (where u · n = 0) at high Reynolds numbers according to
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whether the initial impulse is (1) parallel to the surface (IM · n = 0) or (2) perpen-
dicular to the surface (IM × n = 0). The interaction of a vortical structure and a plane
surface is through kinematic ‘blocking’ by the boundaries and the dynamic effect
through the no-slip condition, acting as a source of vorticity. From the invariants of
Sections 2.1 and 2.2, the main features of the interaction can be defined mathemati-
cally and physically at high Reynolds numbers when viscous stresses can be neglect-
ed. These studies are provide insight into interactions between vortical structures.

The qualitative effects of a plane surface on the vorticity ω(0)(x, t) of the flow
(for n > 0) can be studied by analysing the image vorticity field ω(I)(x, t) (for n < 0).
The irrotational velocity field u(I) induced by ω(I) (in n < 0) satisfies the kinematic
condition u(I) · n = −u(0) · n, where u(0) is the velocity field induced by ω(0). Thus
u = u(0) + u(I). Note that although ω(0) is affected by the image flow field u(I), the
vorticity of fluid elements can be amplified or reduced but only change sign in
inviscid flows if the fluid elements change direction, which does not occur for vortex
structures with simple shapes.

2.3.1 Impulse parallel to the surface

A typical example in this case is where a vortex ring or puff moves in the x-direction
parallel to a surface, ie IM · n = 0. The flow field of the image vorticity bends the
vortex tubes so that the distorted vortex deflects towards the surface inducing vertical
fluctuations and also the whole vortex spreads out so that L increases. We now
apply the conservation condition of Section 2.1 and the analysis of Section 2.2. It
follows that, as for an isolated vortex puff, since IM × n is conserved and since L and
KEint increase, 〈uω〉 × n/u0 decreases at approximately the same rate as for a non-
symmetric vortical structure. This is consistent with experiments on vortices and puffs
along a surface (Section 4). The distortion of the vortex develops an impulse in the
velocity field with a vertical component ie IM · n 	= 0. But since no net vertical force
is applied to the flow, this is balanced by a vertical force F exerted by pressure on
the rigid surface, ie F = ∫

p(n = 0)n dA = −(IM · n)n. Near the surface the vortex
lines are bent and there is an increase in the strain rate � relative to the vorticity �

which is important for particle dispersion.

2.3.2 Impulse perpendicular to the surface

When a vortical structure moves towards a rigid surface, the image vorticity field
induces stretching of the vortex lines, a large increase in the radius L and the
velocity components parallel to the surface. As the structure approaches the surface
the normal component 〈uω〉 · n → 0 and IM(t)/IM(t = 0) → 0. The impulse causes a
reactive force at the surface.

It is not possible for any type of vortical structure in a homogeneous fluid to
‘bounce’ or be reflected off the surface. Since KE is constant in inviscid or high Re
flows, the perturbation velocity u0 becomes much larger than the mean velocity 〈uω〉
over a period of order L0/u0. The opposing effect of the image vortex produces a
large strain rate � throughout the structure, even where vorticity is maximum. This
is because as the vortical region is flattened, �/� increases. Because the radius l(t) is
so reduced by the distortion near the surface, this type of vortex-surface interaction
is in practice greatly influenced by viscosity. In fact l(t) becomes of the same order as
the thickness of the viscous boundary layer (∼ LRe−1/2

v for laminar flows).
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2.3.3 Vortical structures advected through complex flows

In many flows, vortical structures are advected through larger scale flows where
the velocity gradients can change their strength, form and orientation, including
the ratio �/�. For example, certain integral properties are also changed, such as
impulse, kinetic energy, but others such as the helicity integral (if the external flow
is irrotational) may be invariant. Examples are considered in Section 3 with particle
dynamics.

3 Particle Dynamics in Vortex Structures

Having identified the general properties of the flow in vortex tubes and eddies, it is
now possible to describe how small inertial particles behave in these structures and
under which circumstances they are expelled as a result of their inertial and buoyancy
forces. The governing equation is derived for the displacement X = (X, Y, Z ) of a
small inertial particle with terminal fall speed vT and response time tp. The equation
of motion of a dense particle moving with velocity v in a fluid with local velocity
u(x, t), is

dv

dt
= 1

tp
(u − v − vT ẑ),

dX
dt

= v, (24)

where for spherical particles of diameter dp, the response time is tp = d2
p(ρp/18μ),

and vT = gtp. For an earlier review of the particle transport phenomena in turbulence
and key dimensionless variables and justification of (24), see Hunt et al. [27].

One of the keys to understanding the movement of particles in unsteady complex
flows is to study the critical points in the particle trajectories, principally particle
stagnation points (PSP). Davila and Hunt [13] and Eames and Gilbertson [16] studied
the influence of critical points on the average settling velocity and dispersivity of
particles settling near stationary and moving coherent structures and the geometry of
the shadow regions. More recently, Chen et al. [8] have begun to analyse the spatial
and temporal statistical distribution of these points in KS and DNS simulations of
the flow field.

3.1 Particle motion near vortex tubes

In the first instance we consider the example of dense particles falling near a
horizontal vortical tube.

3.1.1 Particles in the core

In this first example, the flow u is two-dimensional and described by the streamfunc-
tion, ψf , where

u =
(

−∂ψf

∂z
,
∂ψf

∂x

)
. (25)
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Here we are concerned with the flow within the vortex which is affected by an
external straining flow, and described by

ψf (x, z) = 1

2
�

(
x2 + z2

) − �

(
1

2
sin 2γ (z2 − x2) + xz cos 2γ

)
, (26)

where γ is the inclination of the strain field to the horizontal axis. Particle dynamics
are characterised by a Stokes number, St = tp/(�

2 + �2)
1
2 . For St = 0, it follows from

(24) that the particles fall relative to the local fluid velocity so that

v = u − vT ẑ. (27)

Under these conditions, the particle paths can be described by a particle streamfunc-
tion that is simply related to the flow streamlines by

ψp = ψf − vT x. (28)

The critical point in the flow, where the particle velocity is zero, has coordinates

Xc = −vT(� + sin 2γ�)

�2 − �2
, Zc = �vT cos 2γ

�2 − �2
. (29)

A critical point cannot exist if � = �, when the flow is a locally rectilinear shear
flow. For � > �, the particle paths are elliptical with an aspect ratio of ((� − �)/

(� + �))
1
2 and the critical point is a stable centre, while for � < � the particle paths

are hyperbolae and the critical point is unstable.
For finite St, the particle acceleration needs to be taken into account. For γ = 0,

the normalised equations for X, Z are

¨̃X = −�̃Z̃ + �̃ X̃ − ˙̃X (30)

¨̃Z = �̃X̃ − �̃ Z̃ − ˙̃Z (31)

where derivatives are taken with respect to t̃ = t/tp, �̃ = �tp, �̃ = �tp, and

Z̃ = Z − Zc, X̃ = X − Xc. (32)

The basic solutions to the linear system (30, 31) are exponential, ie

X̃ = X̂ exp
(
iσ t̃

)
, Z̃ = Ẑ exp

(
iσ t̃

)
, (33)

where the dispersion relation is

σ̃ 4 + (�̃2 − �̃2) − 2iσ 3 − σ = 0. (34)

For particles with small inertia, |�̃|, |�̃| � 1, σ = σ0 + ε where σ0 = (�̃2 − �̃2)
1
2 and

ε = −i(�̃2 − �̃2). Therefore, for �2/�2 > 1 the leading order term in the solution
for inertial particles consists of elliptical trajectories around the critical point at a
frequency σ0/tp which depends only on the vorticity � and the strain rate �. To the
next approximation, the particle orbits expand exponentially so that over a time tej

the particles escape from the vortex. Particles located a distance R0 from the stable
centre are ejected from a vortex of radius l in time

tej ∼ log(l/R0)

(�2 − �2)tp
. (35)
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Fig. 4 Trajectories of two particles released near a strained vortex core. From a–c, the ratio of
vorticity to strain is �/�=1/0, 1/0.5, 1/0.9 and γ = 0. The trajectories are plotted as a dark line over
the time range t̃ = 0 to 20, with vT = 1, tp = 0.1

An alternative view is to examine the radial equation of motion of the particle, which
for small St � 1 reduces to a balance between the radial drag force and centrifugal
force (ie Ṙ/tp ∼ (�2 − �2)R), so that R ∼ R0 exp(

∫ t
0 tp(�

2 − �2)dt), which is equiv-
alent to (35). Thus the smaller the particle response time and the closer to the critical
point, the longer it takes for particles to be ejected from the vortex.

Figure 4 shows the trajectories of particles released near the centre of the strained
vortex. As the strain rate increases, the average radial distance moved by the particles
decreases progressively, increasing the particle residence time. This effect may be of
importance for particles remaining within the strained vortices shed from ripples,
shown in Fig. 1a.

3.1.2 Particles outside the vortex core

The vortex tube is moving horizontally with speed Uω (from right-to left) and consists
of a concentrated region of vorticity. In the frame moving with the vortex, the flow
is azimuthal. A suitable model for the flow field is given by (6) (Lamb’s vortex)—this
is also the similarity solution studied by Marcu et al. [37] for dense particles moving
near a Burgers vortex (where there is an external irrotational straining flow). The
streamfunction corresponding to a fixed Rankine vortex (6) is

ψf (x, y) = �

2π

[
log r + 1

2
E1

(
r2

2l2

)]
, (36)

where E1 is the exponential integral. The maximum azimuthal speed of the vortex
is Um ∼ �/2πl. The usual Stokes number of the particles is St = tpUm/ l. For St = 0,
we can define a particle streamfunction

ψp = ψf + Uωz + vT x = �

2π

[
log r + 1

2
E1

(
r2

2l2

)]
− Uωz − vT x, (37)

where Uω is the horizontal vortex speed. Figure 5 shows the topology of the particle
streamlines for vT/Um=0.01, 0.2, 5 and positive circulation. For vT/Um < 1 there
are two critical points: a stable centre located at x ∼ 4πvTl2/� (from (25)) and a
saddle point located at Rpsp ∼ �/2πvT . A separatrix is created which encapsulates
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Fig. 5 Particles trajectories sedimenting past a Rankine vortex moving with at a constant speed
along the x-axis. The trajectories are plotted in the frame moving with the vortex. The vortex speed
is fixed at Uω = 0.01, with � = 1, l = 1. The 3 panels correspond to a vT/Um = 0.01, b 0.2 and c 5,
respectively

the vortex. The saddle point is usually referred to as the PSP and essentially controls
the bulk settling properties of the particles because the particle residence time
increases with the logarithm of the initial distance from the stagnation streamline.

The characteristics of the movement of particles around the vortex can be defined
by a local value of the modified Stokes number

S∗
t = vTtp/(�/vT) = (vT/Um)2St, (38)

[13, 37], which is based on an advective timescale characterised by the size of
the shadow region. If S∗

t ≤ 1 and vT < Um the inertia of the particle causes the
value of Rpmx to increase by �Rpmx ∼ −τ 2

pdV/dt ∼ −τpvT . The trajectories of all the
particles on the left-hand side of the PSP progressively move further from the vortex
so that they do not get swept back towards the lower side of the PSP. This is why they
descend faster. Similarly particles on the upward moving (or right-hand) side of PSP
are deflected further from the vortex where the upward velocity is weaker. These
also descend faster than inertia-less particles. However when St∗ ≥ 1 and vT > Um,
the particles to the left of the PSP simply descend past the right-hand side of the
vortex and do not pass around it. There is no longer an excluded shadow region for
settling particles.
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Fig. 6 Trajectories of particles released from inside a moving Rankine vortex. The parameters are
the same as in Fig. 5
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Figure 6 shows the trajectories of dense particles released from within a steadily
moving Rankine vortex in the vortex frame of reference. As the vortex moves with
speed Uω to the left, particles starting in the vortex initially move with the vortex
before being ejected from the core. A particle starting a distance R0 from the core
centre is effectively transported a distance

Xd ∼ −Uωtej = Uω log(R0/Rpsp)

(�2 − �2)tp
= Uω(log(2πvTl/�) + log(R0/ l))

(�2 − �2)tp
, (39)

where R0 is the initial distance from the centre. Since the particles are initially
released along a line through the core of the vortex, the deposition is anticipated to
decay exponentially with distance. Figure 7 shows the deposition profile for particles
which are released with uniform spacing along a line starting from the centre and
extending to the saddle point. The distance over which the particles are permanently
transported, Xd, is normalised according to Xdtp(�/4πl2)2/Uω and is plotted as a
probability density function for vt/Uω = 0.1 and 0.2. As St decreases, the curves
collapses on to an exponential curve.
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Fig. 7 Deposition profile of particles which initially lie within the shadow region of a Rankine vortex
which is moving left to right. The number density corresponds to the fraction of the initial particles
which deposited a distance Xd from the initial starting point within the vortex. The particles are
distributed uniformly along a line connecting the centre and the saddle point. The dashed curve
corresponds to an exponential fit. The full curves correspond to numerical calculations for vT/Uω =
0.1 and 0.2, where l = 1, � = 1
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Fig. 8 Sedimentation of particles initially released above a propagating vortex ring for l = 0.1, � = 1,
Rω = 1, τp = 0.01 and a vT = 0.05, b 0.2, and c 0.9. The particles are released in the plane y = 0.
Note how particles are excluded from the inner vortex and the significant shadow region around the
structure

3.1.3 Effect of vortex growing

For laminar flow structures, the diffusion of vorticity causes the characteristic radius
l to grow as: l2 = l2

0 + 2νt. The vorticity in the core, which scales as �/4πl2, therefore
decreases, as does the maximum velocity which scales as Um = �/2πl. The size
of the region where particles are trapped scales as Rpsp ∼ �/2πvT so after a time
∼ R2

psp/2ν, l > Rpsp and the trapping region decreases in size. The time the particles
remain trapped in the vortex scales as 4π2l4

0/�2tp. The particle residence time within
the vortex is maximum when the time taken for particles to be expelled is comparable
to the time the trapping region persists, ie 4π2l4

0/�2tp ∼ �2/8π2v2
Tν, or

�4

32π4g2tpνl4
0

∼ 1 ,

as confirmed by the numerical calculations of Fung [19].
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Fig. 9 Sedimentation of particles initially located in the core of a ring vortex, for l = 0.1, � = 1,
Rω = 1, τp = 0.01 and a vT = 0.05, b 0.2, and c 0.9. The particle trajectories are plotted in the vortex
frame of reference
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3.2 Particle motions near steadily propagating vortex rings

The calculations of Section 3.1 provide a leading order description of particle motion
in and around the horizontal cores of a vortex ring. The flow generated by a vortex
ring is described in the Appendix. From (35), the ejection time of particles from the
vortex core scales as 4π2l4/(�2tp) and is therefore very sensitive to the core radius,
although the propagation speed Uω is not.

Figure 8 shows the trajectories of particles starting above the vortex ring (where
the particles are released above the vortex ring along Y = 0). The trajectories are
plotted in the frame moving with the vortex – in this frame, the increased inclination
of the particle paths is due to their increasing fall velocity, from Fig. 8a to c. An
excluded shadow region is created—the top portion of the vortex apparently shields
the lower vortex from particles. Figure 8b shows incident particles trapped in a path
around the vortex ring, before they are ejected. For higher fall velocities, the PSP
disappears. Figure 9 shows the paths of particles released within the vortex ring.

The horizontal distance Xd travelled by dense particles released into the vortex
core is plotted in Fig. 10 for varying vT/Uω and a fixed value of St = Uωtp/Rω. The
horizontal distance was defined as the horizontal distance travelled by the particles
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Fig. 10 Horizontal distances Xd transported by dense particles before sedimenting to a surface 10Rω

below the vortex centre. The particles introduced at the core of the vortex ring (at X = 0, Z = ±Rω ,
Y = 0). Xd plotted as a function of vT/Uω . +, � correspond to particles released in the lower and
upper branch of the vortex. The particle Stokes number, St = tpUω/Rω = 120, is comparable to the
values in the experimental study described in Section 4. The vertical lines bound the range expected
in the experimental study
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whilst falling through a vertical distance equal to 10Rω. The positions of particles
introduced at the core of the vortex ring (at X = 0, Z = ±Rω, Y = 0) are plotted
as a function of vT/Uω. The results are sensitive to the location of the rigid wall. The
particle Stokes number in these calculations are chosen to be St = tpUω/Rω = 120,
which is comparable to those in the experimental study described in Section 4. The
two vertical lines correspond to the range of vT/Uω in the experimental study.

4 Laboratory Experiments

A series of laboratory experiments were performed to compare with the theoretical
models described in the previous sections. In order to provide results that are
relevant to the medical application described in the introduction, the vortices were
created by ejecting air through an orifice with the typical dimensions of the mouth
(3–8 cm) with particles of similar density to water or blood.

4.1 Experimental set-up

4.1.1 The vortex ring box

A schematic of the experimental arrangements is shown in Fig. 11. The main
component is a cylindrical hollow acrylic tube (internal diameter 31 cm, length
45 cm). An interchangeable rigid plate with various orifice shapes was fitted to the
front of the cylinder. The back end of the cylinder was covered with an elastic sheet
2 mm thick. Deflecting the elastic sheet created a flow through the orifice, resulting in
the generation of a vortex. The sheet was typically deflected by 1 cm over a duration
of about 0.1 s when gently tapped, and 0.5 s when gently pushed. The amount of air
expelled from the nozzle for a 1-cm deflection is approximately 250 cm3, typical of
the tidal exchange volume of a childs’ lung.

Fig. 11 Schematic of the experimental apparatus, illustrating the types of orifice shapes used.
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The vortex ring box is positioned so that the centre of the orifice was between
3–25 cm above a horizontal floor. The experiments were undertaken in a controlled
environment with no significant background air motion; in one series of tests, a
turbulent mean flow was introduced by placing a fan 1.5m from the orifice blowing
from the back side at an angle of about 30◦ to the main axis.

4.1.2 Smoke visualisation and particles

To study the dispersion of small dense particles, we used dry milk powder (of density
ρp = 1 g.cm−3) whose size distribution, measured using a Malvern 2600D particle
size analyser, is plotted in Fig. 12a. The mean particle diameter is dp = 180μm.
The terminal fall speed was measured to be about vT = 70 − 100 cm/s, consistent with
the estimate based on Stokes settling velocity (which lies in the range 60–160 cm/s, for
dp = 100 − 500μm). The particle response time is tp = vT/g ≈ 0.7 − 1 s. The particle
Stokes number, defined in relation to the vortex speed, is St = Uωtp/Rω ≈ 100 and
vT/Uω ≈ 0.15 − 0.3.

The particles were placed in a small pile (4 mm high) on the top a thin vertical rod
(of diameter 8 mm) (see Fig. 12b). The top of the pile was located at various places
in the orifice; mainly in the middle or near the edge. The deposition of the particles
was visualised by placing black paper on the table. The vertical displacement of the
particles was visualised by placing a black vertical plane parallel to the main axis of
the cylinder, 40 cm to one side of it.

The vortex was visualised using ‘smoke tablets’ (Weco-Eitorf, Nr. 8105), which
were ignited inside the vortex generator. To avoid the influence of buoyancy and
residual motion in the plenum, the flow inside the apparatus was left to settle for
about half a minute before performing the experiments. In some cases we produced
intriguingly stable rings with visible net circulation around the ring axis (see Fig. 13),
probably because some internal circulation in the vortex ring box remained when the
experiment was started. The small size of the smoke particles (about 1 μm) means
that over the course of the experiment, they will not typically be ejected from the

Milk powder: Sauter mean (d32) = 180 m
contribution to volume
contribution to numbers a

b

Fig. 12 The size distribution of milk powder is shown in a. A photograph detailing the particle pile
placed in front of a semi-circular orifice is shown in b
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Fig. 13 Elevated view of a
vortex ring, with net swirl,
emitted from the vortex
generator and visualised with
smoke. The background image
shows the vortex generator

vortex core. The smoke pattern and particle deposition were recorded using a colour
digital camera (Sony DSC-P5) fixed on a tripod, giving a resolution of 2048×1360
pixels for photographs and a lower resolution of 320×240 pixels, at 25 fps.

4.2 Experimental results

4.2.1 Vortex speed

Vortices generated from a circular orifice produced thick circular vortex ‘rings’ or
‘vortex puffs’; a typical front and side view is shown in Fig. 13. The vortex speed
was estimated from a frame-by-frame analysis of the video images and was typically
Uω = 300 − 500 cm/s.

A volume of air Va = 250cm3 was ejected over a period of �t = 0.2s through a hole
of radius Rh = 1.5cm. The characteristics of the vortex can be estimated using the
concepts described in Section 2, where the circulation, impulse and KE are conserved
during the adjustment phase (see [45]). To understand this, we approximate the
initial state of the flow (generated by the exit from the hole) as a cylindrical vortex
sheet of radius Rh and circulation � = Ua La, where La = Va/π R2

h is the length of the
slug and Ua = La/�t is the flow through the orifice. The flow generated by the forcing
generates an impulse IM = ρUaVa, kinetic energy of the flow is KE = 1

2ρU2
a Laπ R2

h,
and the total circulation (assuming that a cylindrical vortex sheet is created) is
� = (Va/π R2

h)
2/�t. From the conservation of impulse, the final state of the inviscid

vortex should be a ring vortex whose curvature is Rω = Rh. From the conservation
of energy, the speed of the vortex is Uω = (Va/π R2

h)
2/(4π Ra�t)

(
π2 R2

h/Va + 3
2

) ≈
300 − 500 cm/s (for �t = 0.1 − 0.2s). The vortex core radius is estimated to be
approximately l/Rω = 8 exp(−π2 R3

h/Va) ≈ 1.1, ie comparable with the radius of
curvature. The conservation of energy, impulse and circulation provide insight into
the adjustment process of the vortex. Since the slug of air Va ejected from the cylinder
is much larger than the enclosed volume of the vortex Vc (typically Va/Vc ≥ 50), a
large volume of smokey air will be detrained from the vortex during the adjustment
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a b

Fig. 14 a Vortex ring with smoke, front view. b Vortex puff with smoke, side view

process. The vorticity associated with the detrained air is weak compared with the
vorticity inside the vortex.

The vortex grew from 4 to 8 cm in diameter as it moved from the orifice to a
distance 100 cm away. This is consistent with the estimates of the adjustment process,
since although the core will be comparable with the hole diameter, the vortex has a
final diameter of 2(Rω + l) ≈ 5.5 cm, even before entrainment is taken into account.
This physical interpretation is further supported by the fact that the vortex speed
hardly changes during this initial phase—if entrainment were responsible for the
increase in diameter (by a factor of 2), there would have been a corresponding
decrease (by a factor of 10) in the speed of translation.

Since the vortex Reynolds number is Rev = 2Uω Rω/ν ∼ 8000, the core is turbu-
lent. The internal turbulent motion disperses smoke throughout the internal core.
This is a more vigorous kind of motion than the delicate, slow moving ‘smoke rings’
produced by smokers, in which there are no small-scale eddies to disperse the smoke.
The side view (Fig. 14a,b) indicates that the ring loses smoke by turbulent transport
over its boundaries.

4.2.2 Effect of orifice shape

The shape of the orifice had a significant effect on the vortex. In the first case, the
circular orifice was replaced by an elliptical orifice of aspect ratio 1:1.85; the large and
small diameters being 11.5 and 6.2 cm, respectively. The elliptical ring oscillated as
it moved forward and the internal motion became significantly more turbulent than
the circular vortex ring. This is well-known and is caused by the varying curvature of
the vortex loop in the vortex ring [35], see also Section 2.2.

In the second case, the orifice was semi-circular. The vortex became significantly
distorted as well as oscillating and becoming more turbulent. Some elements of the
vortex loop, especially near the sides moved upwards (carrying smoke with them)
while the central lower part of the vortex descends. These effects are caused by the
strong variation of the curvature of the loop varying from a tight curve in the corners
to being only slightly curved elsewhere. The difference with the previous case of the
elliptical vortex is that here the curvature is different on the top and bottom halves
of the vortex, and the curvature at the corners is not symmetric with respect to the
horizontal axis.
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Fig. 15 Photograph showing three superimposed images of a smoke vortex ring colliding with a rigid
plane surface. They show the smoke ring bending down towards a rigid floor, and lifting up again as
a puff of smoke. A schematic of the vortex deformation as it interacts with the floor is shown on
the right

4.2.3 Effect of a wall

In another modification, a wall was placed just below the orifice, parallel to the axis
of the cylinder. This situation is similar but not identical to two parallel vortex rings
in open space. As known from literature [34], at higher Reynolds numbers, the
friction with the wall is less important than the interaction with the ‘image’ vortex,
which in this case slows down the part of the ring nearest the wall. As a result, the
trajectory of the ring bends towards the wall. Whereas with two parallel vortex rings
the touching parts can merge (‘reconnection’), leading to a single, larger vortex ring.
However, with a solid wall, the vortex further tilts towards the wall, and after much
internal motion bounces off again, as shown in Fig. 15.

4.2.4 Effect of external turbulence

Next the effects of external turbulent air stream were studied. The strength and
nature of this stream was assessed qualitatively by placing a candle on the axis. The
flame was fluctuating and was close to extinction, indicating that the velocity of the
imposed air stream was about 1 m/s or larger. When a vortex was propelled into this
disturbed air flow it was quite noticeable from the smoke flow visualization that the
vortex ring/puff was more turbulent and disorganized, i.e. the eddying motions in the
puff were stronger and larger scale than without the external airstream. The diameter
of the ring/puff increased to about 20 cm at a distance 50 cm from the orifice.

Finally, disturbed flows were also considered when the vortices and jet impacted
onto a vertical plate placed perpendicular to the path of the vortex. The dimensions
of the plate were 75 cm high (above the table) and 35 cm wide. The strength of the
vortex reaching the plate was gauged by the fact that it extinguished a candle placed
about 5 cm in front of the plate. This means that the velocity of the air flow was about
1–2 m/s. The vortex motion was visualized with smoke. This showed that diameter
of the vortex ring increased to about 12–15 cm as it impacted onto the plate. In the
absence of the plate the diameter was about 8 cm.

4.2.5 Particle dispersion and deposition

The particles were observed to be resuspended only when the vortex core passed
over them. The white particles were deposited onto black paper placed on the
workbench. Few particles were found between the orifice and about 0.4 m along the
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axis, most lay between 0.4 and 0.6 m, but a significant number were carried beyond
0.8 m. A striking feature of the distribution was that the width of the strip of particles
on the black paper grew quite markedly from about 0.1 m to about 0.2 m at the
critical distance of 0.4–0.5 m downwind. This is consistent with the numerical results
in Fig. 10, where the particles are entrained by the lower portion of the vortex ring
(the vertical lines show the range of particle fall velocity). It appears that the eddying
in the vortex throws the particles outwards (as in the experiments of Perkins et al.
[39]). Observation of the particle movement against the background of a vertical
black sheet showed that a significant number of particles travelled with the vortex
over the distance 0.6–0.8 m and are thrown upwards, sideways and downwards. The
fact that the fall speed (about 0.7–1.0 m/s) is less than the vortex speed shows that
the distribution of particles on the ground is mainly determined by the eddying of
the vortex.

When the orifice diameter is changed no great change occurs in the particle distri-
bution. When the shape is changed from circular to elliptical the particle deposition
increases. However when the shape is changed to semicircular the particles are
deposited on the ground from below the orifice to about 0.5 m down wind, with a
few particles travelling to 0.7 m (there is no maximum concentration at 0.5 m as with
the circular orifice). Particles on the centre line of the vortex were carried upwards
by the upward moving elements of the vortex that occur with such a distorted vortex.
In this case the width of the strip of deposited particles does not suddenly increase,
as with the circular jet. It remains at about 10–15 cm along the axis.

The presence of weak ambient winds (of about 1 m/s) affects the particle dis-
persion. The width of the strip is not only greater (at about 20 cm), but it steadily
increases with downwind distance. This is associated with the vortex ring/puff being
a wholly turbulent puff with the vortex ring element of the structure having been
destroyed. Nevertheless particles are transported by this turbulent flow as the
deposition data demonstrates.

The presence of a plate placed across the path of the vortex (at 75 cm from the
orifice) also affects the dispersion of particles. The impact of particles was measured
by spraying the surface with a light lubricating oil. It was found that with a strong
circular vortex (i.e. one that extinguished a candle) the particles impacted onto the
plate over a diameter of 15 cm. The height of this impact circle was about 15 cm. In
other words its average height was only about 5 cm lower than the orifice. With a
weaker vortex the particles tended to settle out more strongly; most particles were
spread over a strip of about 15 cm wide. The strip extended vertically from the
level of the table up to about 10 cm above it. When a semicircular orifice was used
this caused some of the particles to rise higher and also impact onto the plate at a
higher level.

5 Conclusion

The analysis in this paper of isolated vortical structures shows that their main
flow features can be described in terms of general dynamical and, in some cases,
topological concepts about the local and overall properties of flows, such as the
strain/vorticity ratio, the helicity, the genus of vortical surfaces, and an important
new parameter—the ratio of the kinetic energy of the variance to that of the bulk
flow that tends to increase during their life time. The latter property shows how the
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detailed profiles of vortical structures tend to disappear over their lifetime. It has
been shown here that these concepts are applicable to non-ideal structures, including
the effects of rigid boundaries and other disturbances, as our laboratory experiments
on simple and complex vortices have largely confirmed.

Further research with more detailed numerical simulations are needed to test the
concepts proposed here and their robustness in more complex flows, and with various
initial conditions. Theoretical studies might be able to extend our understanding of
which kinds of structure are steady and stable (see the reviews in Hunt and Vassilicos
[25]). Many of these questions are of great practical importance, for instance, mixing
in engines [36].

Increasingly it is realised that the properties of the large scale eddies of homoge-
nous turbulent flows may depend as much on the dynamics and integral properties of
individual vortical structures and on the local and global interactions between them
(cf [12, 38]) rather than on the tendency towards statistical equilibrium that might be
insensitive to such dynamics [33]. If the former mechanism is significant, research is
clearly needed to necessary to calculate the aggregate properties of all the structures
in order to compare with statistical measurements and theory.

The results presented here on inertial particles in vortical structures have been
referred to previously in the literature. But the general analysis developed here
based on considering the combined effects of vorticity and strain provides a physical
concept for understanding inertial particle motions in quite complex flows, such as
strained vortices in turbulence. The next phase of this research involves estimating
how, as the particles become concentrated, their motions through the fluid can
significantly affect the distribution of mean vorticity in the structures [31].
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Appendix

Here we consider the dynamics of particles released near to a ring vortex of curvature
Rω with a core radius l and circulation �. The Stokes streamfunction, �f , describing
the flow in the frame moving with the vortex is

�f = �(yRω)
1
2

2π

((
2

k
− k

)
K(k) − 2

k
E(k)

)
, k2 = 4yRω

x2 + (y + Rω)2
, (40)

where K and E are elliptic functions of the first and second kind. The self-induced
velocity of the vortex is Uω = �/4π Rω(log(8Rω/ l) − 1/2). The flow induced is
ux = −1/y∂ψ/∂y, uy = 1/y∂ψ/∂x.
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