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Summary
Project Background Demands for bandwidth are ever increasing and free-space optical technology
is expected to meet these needs [41]. Compared to radio frequency, laser communication is safer, does
not occupy regulated frequency bands, requires less power and offers much higher data-rates. Satellite
constellations are expected to provide global, high-speed, secure communications [41], but Laser Inter-
satellite Links (LISL) remain difficult due to narrow beam divergence angles and fast relative velocities.
For the Pointing, Tracking and Acquisition system to acquire a LISL within 1-2 minutes, it requires initial
pointing knowledge, which is challenging to precisely determine on-board (OB) the satellite [20].

Mynaric develops Laser Communication Terminals (LCT) and are focused on aerospace applica-
tions. Mynaric was founded in 2009, as a spin-off of DLR’s Institute of Navigation and Communication,
which has worked on LCT’s for 20 years. Separate branches of terminals include LCT’s for ground com-
munications, LCT’s for aviation and for the space environment. Mynaric’s LCT’s for space applications
are called CONDOR terminals and are specialized for LISL.

The project aims to analyse, develop, and evaluate OB GNSS-based orbit determination (OD) and
prediction algorithms for Low and Medium Earth Orbit (LEO, MEO) satellite laser communication. To
meet OB limitations and laser communication accuracy needs, the algorithms’ computational load and
contribution to the pointing uncertainty cone will be quantified. A baseline of 0.5 mrad PE contribution
is set as a conservative threshold to evaluate whether the Orbit Prediction (OP) quality is sufficient.

Research Scope This research will be focused on improving the host and target satellite’s pointing
knowledge and quantifying its impact on the pointing UC for LISL in a LEO/MEO constellation. This
will be done with 3 focuses in mind.

1. Analyzing the LISL variables in a LEO/MEO Satellite constellation and quantifying the expected
available communication windows for terminals matching CONDOR Mk2 and Mk3 viewing limita-
tions.

2. Implementing and testing Novel Kalman Filters (KF), improving the Preprocessing Extended
Kalman Filter, quantifying expectations for GNSS-OD performance in the LEO/MEOSatellite Con-
stellation.

3. Evaluating performance of GNSS-based OD-OP algorithms in various link case scenarios and
testing their applicability for Satellite Laser communication.

Simulated LEO/MEO Constellation The orbital scenarios will be dictated by specific LISL cases.
These were determined by simulating a LEO-MEO satellite constellation in TUDAT and defining several
link cases, representative of increasingly challenging link dynamics. The constellation parameters are
based on previous link analyses and expected use cases- to provide global communication capabilities,
include MEO satellites and cover the most populated Earth regions.

Table 1: Orbital parameters of the circular Laser communication Satellite Constellation.

Constellation h [km] i [deg] Nr. Planes [-] Sat/Plane [-] Nr. Total sat. [-]
LEO near-polar 1000 89 13 14 182
LEO med. Incl. 1000 53 13 14 182
MEO 13892 0 1 5 5

Link Availability Implementing the pointing limitations and slant range limits of CONDOR Mk2 as
LCT1 and Mk3 as LCT2, it was determined how many links can potentially be established by the ter-
minals of each satellite. Over 2 hours, on a LEO Polar satellite, LCT1 would have a maximum of 227
links with LEO Polar satellites (mostly in the 10-15 minute region), 240 with LEO Inclined (mostly 5-10
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minute long) and 9 with MEO Satellites (10-15 minute or 60 minute links). In the same orbital conditions,
LCT2 has 294 links available to LEO Polar satellites (mostly 10-20 minute), 327 to LEO Inclined (mostly
10-25 minute) and 9 to MEO satellites (40+ minutes). This showed that the wider angular coverage of
LCT2 enables both more and longer links from a LEO Polar Host.

The same analysis on a LEO Inclined and a MEO host was made for both terminals. Using LCT1,
it showed 154 links to LEO Inclined (1-15 minutes), 233 to LEO Polar (mostly 1-15 minute long) and
8 to MEO satellites (30- minutes). More links were again seen for LCT2 - 227 to LEO Inclined, 327
to LEO Polar and 9 to MEO links, with 5 minute longer link windows than LCT1. For MEO, LCT1 did
not cover the required pointing angles and did not have any available link windows. In contrast, LCT2
indicates over 700 possible links with LEO Inclined and Polar hosts over an 8 hour window with mostly
long windows (60+ minutes), where Earth occultation was the main limitation. 2 links were detected to
MEO targets, namely the nearest leader and follower in the MEO plane.

Table 2: Overview of the 6 selected link cases to be used to benchmark the OD-OP algorithms.

Link nr. Length [min] Host Target Max AE
Rate [deg/s]

Max. Link
Dist. [km]

Min. Link
Dist. [km]

1 60 MEO MEO 0 24000 24000
2 60 MEO LEO I 2 23000 13000
3 60 LEO P MEO 0.3 22500 13000
4 60 LEO P LEO P 0 3500 3500
5 20 LEO P LEO I 4 7000 50
6 60 LEO I LEO I 0.4 3300 100

As shown above, six link cases were selected for the subsequent algorithm implementation. 3 were
chosen to cover links with MEO satellites and 3 between satellites in LEO. MEO links to each shell
were chosen- a co-planar link to a MEO follower representing the easiest linking conditions in terms
of PE due to prediction errors and slightly more challenging links to LEO Inclined and Polar satellites
flying directly under the MEO satellite. The LEO link cases were also chosen to vary the link conditions
difficulty. The easiest LEO link case was the co-planar LEO Polar satellite with constant distance and
pointing angles. The 5th LEO Polar-Inclined case was among the most difficult links, as the satellites
fly in opposite directions and have an extremely close approach. The sixth case included a cross-plane
link of LEO Inclined satellites, which also represented difficult link conditions due to high angular rates,
varying link distance and cross-track link direction.

4 Prediction window lengths were selected to evaluate the OD-OP algorithms. First, a 100 second
window for the minimum link acquisition time requirement. The remaining windows were 10, 30 and 60
minutes, covering most of LEO and MEO cases, respectively.

GNSS-OD Performance 4 KF formulations were implemented and tested with the single-frequency
L1 pseudorange measurements of GRACE-FO, CHAMP and Jason-3 satellites. Using elevation-based
measurements selection, the filters showed varying performances. The novel Single-propagation Un-
scented Kalman and Preprocessing Extended Kalman Filters (SPUKF and PEKF, respectively) per-
formed similarly worse than the basic Extended Kalman Filter (EKF) and the Unscented Kalman Filter
(UKF). Using CHAMP data, the EKF indicated 3D RMSOD errors around 40 m and the remaining filters
around 100 m. For Grace-FO data, EKF performed at around a 10 m accuracy, while the remaining
filters had accuracies below 25 m. Using Jason-3 data, all 4 filters performed at a similar 50 m accuracy.
Although this showed that the Novel SPUKF and PEKF perform competitively with the standard EKF,
their added complexity and computational load indicate that EKF is the recommended choice.

An Improved PEKF was implemented, which utilized a higher efficiency Newton-Raphson Predictor-
Corrector (NRPC), leading to the NRPC-PEKF. The original PEKF used Newton-Raphson method in
the Preprocessing block. After comparison, the NRM-PEKF and NRPC-PEKF performed identically in
terms of accuracy. Additionally, it was found the the NRPC provided the same solutions as the original
NRM, while in rare occasions requiring more computations. It is also more complex and therefore, it
was concluded that the NRPC-PEKF shows no benefits over the NRM-PEKF in GNSS-OD.
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GNSS-OD-OP Analysis 3 OD-OP algorithms were defined to be evaluated in each link case with
different initial OD errors and OP methods. These were 1) Kinematic Algorithm (KA)- using only kine-
matic methods for OD and quadratic extrapolation for OP; 2) Basic-Dynamic Algorithm (BDA), using
pseudorange-basedODmethods and basic J2 propagation, and 3) Complex-Dynamic Algorithm (CDA),
using carrier-phase ODmethods and complex dynamic orbit propagation. The Initial OD errors for each
algorithm are shown below. For KA and BDA, the observed errors using Kinematic-OD and an EKF
with Jason-3 satellite data was chosen. The CDA initial errors were selected from literature for the
PROBA-2 satellite’s flight experience.

Table 3: State Errors for each Orbit Determination algorithm, showing the mean and standard deviation.

OD Algorithm Kinematic SPP PR-based EKF CP-based EKF
Radial Pos. Error [m] 11.0+/-46.0 6.5+/-33.6 0.5+/-0.5
Along-track Pos. Error [m] -5.9+/-27.0 -4.1+/-28.2 0.3+/-1.2
Cross-track Pos. Error [m] 0.7+/-32.0 -2.2+/-25.0 0.0+/-0.3
Radial Vel. Error [m/s] 0.0040+/-5.80 0.0230+/-2.51 -0.0030+/-0.0009
Along-track Vel. Error [m/s] 0.2000+/-6.90 0.0130+/-2.86 -0.0001+/-0.0006
Cross-track Vel. Error [m/s] -0.0004+/-12.80 0.0030+/-2.49 0.0001+/-0.0004

Short predictions for all 3 algorithms were done with predictions starting throughout different times
of the link window and evaluating the PE contribution after 100 s. The CDA showed minimum PE
contributions, peaking at 5 �rad for the LEO Polar-LEO Inclined link. The KA and BDA performed
similarly, contributing below 100 �rad for the 3 MEO link cases. For LEO link cases, supported the
LEO Polar link case with contributions below 200 �rad. The LEO Polar- Inclined and cross-plane LEO
Inclined link PE contributions exceeded the 0.5 mrad threshold whenever the link distance was below
3500 km. At larger link distances, the PE contributions were 100-200 �rad.

Results for longer predictions are shown below. Again the CDA’s impact on PE was found to be well
below the threshold of 0.5 mrad for link cases and windows. The BDA now outperformed the KA, as the
extrapolation-based predictions diverge severely for longer windows. For MEO cases, the KA could
still support a 10 minute window for Co-planar MEO satellites. The BDA could support all MEO cases
up to 10 minutes. Neither of the two could support any LEO link cases, although the BDA’s impact was
at least 2 factors smaller than the KA’s at 10 minutes.

Table 4: 99.7th percentile of the maximum PE [µrad] for the 10/30/60 min. predictions.

t pred. Copl. MEO - MEO Inter-orb. MEO - LEO I Inter-orb. LEO P - MEO
[min] KA BDA CDA KA BDA CDA KA BDA CDA
10 400 300 0.2 7500 400 0.2 5400 400 0.2
30 9700 900 0.4 148100 2000 1.1 400500 1900 1.1
60 64000 1800 0.9 2153500 2500 1.2 1457400 3700 1.2
t pred. Copl. LEO P - LEO P Inter-shell LEO P - LEO I Intra-shell LEO I - LEO I
[min] KA BDA CDA KA BDA CDA KA BDA CDA
10 31600 2200 1.2 1590800 43300 21.3 5100 2800 3
30 154200 7800 3.1 1590800 43300 21.3 24100 15500 6.3
60 1038300 14500 4.6 - - - 2330800 127900 39.9

It was therefore concluded that with the considered OD performance, CDA can provide accurate
coarse pointing knowledge, while the KA and BDA can perform well in short-term predictions.

For future research, it was recommended to analyze the impact of different numerical integra-
tors, state representations and the impact of simplified rotation/ephemeris models. Also, as only
pseudorange-based models were implemented during this research, it is recommended to also imple-
ment a carrier-phase based OD algorithm to test whether its performance is in-line with the expectations
in literature. The benefit of having the analyzed CDA for OD-OP is immense, as long-term predictions
could be made with minimal PE contributions. However, in order to cope with CP-based OD issues
such as cycle-slips, a robust real-time method to determine the quality of an OD solution would be
needed.
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NRPC Newton-Raphson Predictor-Corrector
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OB On-board
OBC On-board Computer
OD Orbit Determination
OD-OP Orbit Determination and Orbit Prediction
OP Orbit Prediction
OSA Optical System Assembly
PAA Point Ahead Angle
PAT Pointing Acquisition and Tracking
PEKF Preprocessing Extended Kalman Filter
PR Pseudorange
PRN Pseudorandom Noise
RDOD Reduced Dynamic Orbit Determination
RF Radio Frequency
RK Runge-Kutta
RQ Research Question
RMS Root Mean Square
SF Single-Frequency
SGP4 Simplified General Perturbations 4
SLR Satellite Laser Ranging
SP Special Perturbation
SPP Single Point Positioning
SPUKF Single Propagation Unscented Kalman Filter
SRP Solar Radiation Pressure
SST Semianalytical Satellite Theory
STM State Transition Matrix
SV Space Vehicle
SVM Support Vector Machine
TLE Two-line Element
TUDAT TU Delft Astrodynamic Toolbox
UC Uncertainty Cone
UKF Unscented Kalman Filter
ZD Zero-Difference

Symbols

Symbol Definition Unit
a Acceleration [m/s2]
ae Empirical accelerations [m/s2]
apert Perturbing acceleration terms [m/s2]
apmg Earth spherical acceleration term [m/s2]
A Pseudo-ambiguity Vector [-]
AD Effective area exposed to aerodynamic drag [m2]
ASRP Effective area exposed to solar radiation [m2]
A1; A2 Unmodulated L1 and L2 carrier wave amplitude [-]
AE Azimuth and Elevation [deg]
bxi; byi; bzi Direction cosines [-]
B Unknown number of Carrier Phase Cycles [m]
B Vector of Unknown number of Carrier Phase Cycles [m]
c Speed of light [m/s]
CD Drag Coefficient [-]
CR Radiation Pressure Coefficient [-]
d Geometrical distance [m]
dr Receiver specific group delay [s]
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ds Navigation satellite specific group delay [s]
dI Ionospheric delay [m]
dT Tropospheric delay [m]
dtr GNSS receiver clock error [s]
dt̂r GNSS receiver true clock error [s]
dts Navigation satellite clock error [s]
DC Navigation message [-]
f () State derivative function [-]
f0 Fundamental GPS signal frequency [MHz]
f1; f2 L1 and L2 carrier frequency [MHz]
h Altitude [km]
h() Observation model [-]
H Observation Sensitivity Matrix [-]
i Inclination [deg]
I Identity Matrix [-]
J Zonal Earth Gravity terms [-]
J() Jacobian Matrix [-]
K Kalman gain Matrix [-]
L() Loss function [-]
L1; L2 L1 and L2 Modulated Carrier Wave Signal [-]
nd Number of days [d]
nhr Number of hours [h]
nmin Number of minutes [min]
nmo Number of months [mo]
nLS Number of Leap Seconds [s]
ns Number of seconds [s]
nyr Number of years [yr]
m Mass [kg]
me Empirical Acceleration Damping Term [-]
n̂ Surface normal Vector [-]
N Nutation Rotation Matrix [-]
pT Loop transient errors [m]
P Precession Rotation Matrix [-]
Pa Augmented Covariance Matrix [-]
Pd;o Legendre polynomial [-]
PXW Cross Covariance Matrix [-]
P � Predicted Covariance Matrix [-]
P + Corrected Covariance Matrix [-]
PC Precision Code [-]
q Earth dynamic parameters [-]
Q Error Covariance Matrix [-]
r Cartesian Position [m]
r̂ True satellite position [m]
rh Host Satellite Cartesian Position [m]
rpred Predicted Cartesian Position [m]
rt Target Satellite Cartesian Position [m]
_r Cartesian Velocity [m/s]
•r Satellite Cartesian acceleration [m/s2]
R Covariance of measurement errors [-]
RE Mean Earth Radius [m]
ROT Rotation Matrix [-]
ROT1/2/3 Rotation matrices around principal axes [-]
s Sought numerical solution [-]
ŝ Predicted numerical solution [-]
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S Sensitivity Matrix [-]
SCR; SCD; Sa Sensitivity to SRP, drag and ae [-]
t Time [s]
tJD Julian Date [d]
tMJD Modified Julian Date [d]
tT AI Universal Atomic Time [date]
tT GP S GPS Time [date]
tT GP S;s GPS Time in second format [s]
tT T Terrestrial Time [date]
TUT 1 Julian Centuries since 2000-1-1.5 at current UT1 [centuries]
U Earth Potential Terms [m2/s2]
tUT C Coordinates Universal Time [date]
tUT 1 Universal Time [date]
v Measurement errors [-]
W Process Noise [-]
WC Encryption Code [-]
x; y; z Cartesian position components [m]
_x; _y; _z Cartesian velocity components [m/s]
•x; •y; •z Cartesian acceleration components [m/s2]
xp; yp Earth’s polar motion angles [”]
X Filter State [-]
Xa Augmented Filter State [-]
_X Filter State Derivative [-]

X+ Corrected State [-]
X � Predicted State [-]
Y Singular Measurement [m]
Y Measurement Vector [m]
YC1L1 C/A and L1 pseudorangeMeasurement combination [m]
YC/A C/A pseudorange Measurement [m]
YL1; YL2 L1 and L2 pseudorange measurement [m]
YL12 L1 and L2 pseudorange measurement combination [m]
YP 1; YP 2 P1 and P2 pseudorange Measurement [m]
YP 12 P1 and P2 pseudorange Measurement combination [m]
zk Predicted measurement for navigation satellite k [m]

� Reference angle [rad]
� Change in value [-]
� Step in value [-]
� Unmodelled errors [m]
�mp Multipath errors [m]
�n Tracking noise errors [m]
� Attitude [rad]
�ERA Earth Rotation Angle [rad]
�GMST Greenwich Mean Sidereal Time rotation [rad]
�E Earth Gravitational Parameter [m3/s2]
� Polar motion Matrix [-]
�atm Atmospheric density [kg/m3]
� Correlation time [s]
� Complete transition Matrix [-]
� r State transition Matrix [-]
!E Earth rotational velocity [rad/s]
!E Earth rotational velocity Vector [rad/s]

 Sidereal time rotation Matrix [-]
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cental Central body
d Degree of Spherical Harmonic terms
drag Aerodynamic drag
E Earth
GNSS Navigation satellite
h Host Satellite
i Tracked navigation satellite index
int Truncation to integer value
j Iteration number.
k Discrete value at time-step k
o Order of Spherical Harmonic terms
pert Perturbing
pmg Point-mass Gravity
pred Predicted
r GNSS receiver
rel Relative
R; d Diffuse reflection term
R; s Specular reflection term
s Sigma point
sun Pointing towards the Sun
SRP Solar Radiation Pressure
t Target Satellite
0 Initialized value
3rd Third body
Superscripts Definition

BF Body-fixed
ECEF Earth-centered Earth-Fixed
ECI Earth-centered Inertial
LCT Laser Communication Terminal
s Navigation Satellite
� Computed value when using Broadcast ephemeris
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Introduction

The goals for this introductory chapter are explaining the importance of Satellite Laser communication,
necessity of relative navigation knowledge and where this research fits in the industrial and academic
fields. This is done by first providing background of the project in section 1.1. Subsequently, previous
laser communication missions and communication satellite constellations and the constellation used for
this research are documented in section 1.2. Afterwards, attention is be brought to orbit determination
and prediction options in section 1.3, where the analysed methods are defined. The research aims and
their importance are discussed in section 1.4, where the central research questions are listed. Finally,
the outline of the entire report is presented in section 1.5.

1.1. Project Background
In subsection 1.1.1, the benefits and potential applications of laser communications are introduced. In
subsection 1.1.2, the importance of Pointing, Acquisition and Tracking schemes are mentioned. Finally,
the background of Mynaric and its developed and manufactured laser communication terminals are
documented in subsection 1.1.3.

1.1.1. Laser Communication Benefits
Laser communication provides various benefits over typical Radio Frequency (RF) communication.
Compared to RF, optical communication requires considerably less power, does not occupy regulated
frequency bands, provides much higher data rates, has lower risk of jamming and are much safer due
to having a beam width of around 10 urad [50]. With the demand for bandwidth continuously increasing,
RF communication systems have the inherit issue of restricted and limited spectrum usage, whereas
optical communication does not have frequency usage restrictions. Additionally, optical frequencies
can be reused, which is made possible by the small beam divergence of communication laser beams
[20]. Due to all the aforementioned benefits, free-space optical technology is expected to meet the ever
increasing bandwidth needs [41].

Optical links can be further utilized for space applications. Specific use cases include relay of high-
resolution Earth observation data or providing global internet connectivity. Laser Inter-satellite Links
(LISL) can be used for communication between individual satellites or entire satellite constellations.
Links are also possible from space to aircraft or UAV’s. The potential optical link categories are shown
in Figure 1.1. These technologies can provide connectivity to commercial aircraft, enable high-speed
communication between satellites, enable capabilities to downlink higher volumes of Earth Observa-
tion. Finally, providing global communication would connect all- urban, rural and areas that cannot be
reached by radio-towers, even providing maritime connectivity.

1.1.2. Pointing, Acquisition and Tracking
Although LISL have extremely favourable qualities, they also require significant efforts. Optical beamwidth
for long-range communication is in the range of 10-30 urad. In contrast, Pointing Errors (PE) due to
platform motion, Point-ahead angles, imperfect initial relative position and attitude knowledge are in
the mrad range- over 100 times larger than the beam divergence. Thus, a Pointing, Acquisition and
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Figure 1.1: System architecture diagram of the Mynaric laser communication network. [43]

Tracking (PAT) system is critical to compensate for these PE and systematically acquire, and maintain
a LISL [20].

In order to reduce the PE from mrad to sub-urad levels, the PAT system first performs an acquisition
scan of the initial Uncertainty Cone (UC), searching for the receiving beacon, then links the beams,
switches to narrow beam communication and maintains alignment. At this point, communication can
be initialized and tracking follows.

A critical goal is to minimize the link acquisition time andmaximize acquisition success rates, leading
to overall more communication time. Link acquisition by itself is a key technology for satellite laser com-
munication. However, this will not be looked into during this thesis, as in general- the bigger the initial
Pointing UC is, the more time and lower success rates for link acquisition can be expected. Therefore,
the thesis instead will be focused on minimizing a specific UC contribution.

Among these UC contributions is the relative Line of Sight (LOS) vector error. The LOS depends
on the relative position knowledge between the host and target satellites, as well as the host’s atti-
tude. While the attitude knowledge is provided by common attitude sensors, position information is
challenging to quickly and accurately determine for the host satellite [20].

While there is no hard limit on the total UC to enable link acquisition, a general threshold shall
be setup. In previous missions, experimental and simulation tests have indicated various results. In
[58] it is mentioned that the SILEX Laser Communication Terminal (LCT) on-board the ARTEMIS satel-
lite spirally scanned a 1.7 mrad pointing UC with a wide beacon laser and succeeded in most of the
attempted LISL with the SPOT-4 satellite. [76] indicated that using numerical simulations, spatial ac-
quisition could be established with an average of 10s for a 1-mrad UC. Considering the LOS error, it
is only one of many UC components. Therefore, a more conservative threshold will be set-up of 0.5
mrad to accommodate for other PE contributions.

1.1.3. Mynaric CONDOR Terminals
Mynaric develops LCTwhich are specifically focused on free-space optical communication in aerospace
applications. Mynaric was founded in 2009, as a spin-off of DLR’s Institute of Navigation and Commu-
nication, which has worked on LCT’s for 20+ years. Since then, Mynaric has demonstrated high-speed
links in air-air, air-ground and ground-ground scenarios. Now, some of Mynaric’s goals include devel-
oping and manufacturing LCT’s for large satellite constellations in LEO [41] and providing LCT’s for
LEO-MEO relay links [23].
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Mynaric’s LCT’s for space applications are called CONDOR terminals and are specialized for LISL.
An overview of the 1st-generation CONDOR Mk1 LCT can be seen in Figure 1.2. CONDOR Mk1 was
designed for a link distance <4500 km in LEO and providing data rates of 10 Gbps. Its Optical System
Assembly (OSA) consisted of [41]:

• Coarse Pointing Assembly (CPA) - consisting of a steerable mirror and responsible for establish-
ing steady pointing toward the target satellite. It provides large angular motions to cope with the
link dynamics for initial open loop pointing and acquisition.

• Telescope Assembly - an afocal telescope, tasked with magnifying or reducing the received/out-
going beam diameter to achieve the required optical quality of the laser.

• Transmitting (Tx)/Receiving (Rx) Optics - containing an inner optical subsystem, which collimates
the Tx beam, stabilizes/separates the Tx/Rx beams, actuates the Point-Ahead Angle (PAA) of the
Tx beam, tracks error feedback measurements, etc.

Figure 1.2: CONDOR Mk1 system overview [41]

The 2nd and 3rd generation LCT’s- CONDOR Mk2 and CONDOR Mk3 can be seen in Figure 1.3.
CONDOR Mk2 was built to establish intra-plane and cross-plane LISL in LEO, supporting distances
up to 5000 km. Meanwhile, CONDOR Mk3 supports link distances over 10000 km, thus enabling
links to MEO. In CONDOR’s case, satellite laser communication is split into 2 pointing procedures-
coarse and fine pointing. The CPA covers the large field of range due to the satellite link dynamics and
compensates for the target satellite’s attitude actuators. It leads to a small enough pointing uncertainty
cone, such that the Fine Pointing Assembly (FPA) can detect the target beacon and establish a link.

A diagram of the coarse pointing knowledge flow and its key algorithms can be seen in Figure 1.4.
The entire system here is split into 3 components- the CONDOR LCT, Host Satellite Platform and the
Ground Segment. The initial pointing knowledge processing steps are as follows:

• Orbit Determination. The GLoban Navigation Satellite System (GNSS) receiver provides discrete
pseudorange/carrier phase measurements yk, which are processed by the Orbit Determination
(OD) algorithm to determine the host satellite position xh at time tk

• Orbit Prediction. The OP algorithm receives the determined host satellite position xh at time tk
and the uplinked target satellite position xt at time tT . Both of the positions are propagated for
the communication time window t, resulting in the predicted target xt;pred(t) and host xh;pred(t)
positions.

• Relative Pointing Calculation. The Cartesian host and target satellite coordinates are converted
to a relative LOS vector, which goes through transformations to the horizontal vehicle-carried
reference frame. Using the host satellite’s attitude information �h(t), the body-fixed frame LOS is
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(a) CONDOR Mk2 [24]. (b) CONDOR Mk3 [25].

Figure 1.3: Optical System Assemblies of Mynaric’s 2nd and 3rd generation Space LCTs.

computed, which can then be converted to the terminal frame. This leads to the pointing vector
representation in Azimuth/Elevation angles for the prediction window �pred(t).

• The Coarse Pointing Assembly points the Tx/Rx optics towards the the target satellite, providing
the pointing at an accuracy of �coarse(t), which leads to the Initial Uncertainty Cone to be scanned
by the Pointing Acquisition and Tracking system.

Figure 1.4: Initial Coarse Pointing knowledge components and the relevant algorithms.

This thesis will be contribute to Mynaric’s goals by improving the host and target satellite’s pointing
knowledge and quantifying its impact on the UC. This will be done by analysing the initial OD and sub-
sequent OP. The analysis will be done in the context of LEO and MEO satellite LISL with the pointing
limitations of CONDOR Mk2 and Mk3, evaluating the resulting UC in various link cases and communi-
cation windows lengths. In the future, the results will be used as guidelines for the software to be used
on Mynaric’s LCTs.

1.2. Satellite Laser Communication
In this section, the state of the art in satellite laser communication will be presented and the constel-
lation to be analyzed in this report will be defined. First, past laser communication satellites will be
documented in subsection 1.2.1. Subsequently, in subsection 1.2.2. Finally, the chosen LEO/MEO
constellation parameters will be presented in subsection 1.2.3.
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1.2.1. Past Laser Communication Satellites
Optical communication between satellites began in late 20th century, in various link cases. In 1980s, an
experimental demonstration, as described by [52], a LISL was established from LEO to Geostationary
Orbit (GEO) and vice-versa between the French Earth observation SPOT-4 AND European telecom-
munication ARTEMIS satellites [12]. GEO-ground links were established by the Japanese OICETS
in 2006, as described by [27]. In LEO, LISL were established in 2008 between the TerraSAR-X and
NFIRE satellites, while [19] describes the ground-LEO uplink to NFIRE in 2010. In 2013, NASA’s
LLCD program established Lunar-ground links [42]. LEO-ground downlinks were done in 2014, on
SOCRATES [8]. European Data Relay System (EDRS) established GEO-ground downlinks in 2016
using TESAT’s second generation LCT [49]. In 2017, LEO-ground downlinks were established by on
a cubesat by NASA’s OCSD program [54]. [32] mentions the microsatellite RISESAT, which estab-
lished LEO-ground downlinks in 2019. DLR’s OSIRIS program is developing LEO-ground LCT’s for
small satellites [13]. The upcoming CLICK mission aims at demonstrating full-duplex LISL in addition
to downlinks from cubesats in LEO [56]. Despite LISL being demonstrated between ground, the Moon,
LEO and GEO, none have yet been done in MEO.

1.2.2. Planned Laser Communication Constellations
An overview of currently planned communication satellite constellation shells can be seen in Table 1.1.
Of the listed constellations, Amazon’s Kuiper plans to utilize Ka-band without specifying if they intend to
utilize ISL. Telesat will operate in the Ku-band and will utilize intra and cross-plane ISL. Both OneWeb
and SpaceX will utilize Ku-band. OneWeb does not intend to utilize ISL from the start of operations,
while SpaceX’s Starlink plans to utilize LISL.

It can be seen that the constellations mainly target the highly populated area coverage. The majority
of the satellites will be in inclined orbital planes. While all the shells of Kuiper are inclined, the other
constellations have smaller numbers of satellites in near-polar orbits to provide coverage to the less
populated areas.

Table 1.1: Orbital Parameters of Communication Satellite Constellations, according to their FCC filings

Constellation h [km] i [deg] Nr. Planes [-] Sat/Plane [-] Nr. Total sat. [-]

SpaceX’s Starlink [60]

550 53 72 22

4408
540 53.2 72 22
570 70 36 20
560 97.6 6 58
560 97.6 4 43

Telesat [65] 1015 98.98 27 13 16711325 50.88 40 33

OneWeb [45]
1200 87.9 36 49

63721200 40 32 72
1200 55 32 72

Amazon’s Kuiper [63]
630 51.9 34 34

3236610 42 36 36
590 33 28 28

1.2.3. Chosen Constellation
The constellation used in the link analysis will consist of two LEO and a single equatorial MEO shell. A
thorough constellation design will not be performed in this research. Firstly, it is outside of the chosen
scope. Furthermore, Mynaric aim to deliver the LCT as a payload module, but are not involved with
the LEO/MEO satellite platform or constellation design. Nevertheless, a choice must still be made on
the basic constellation structure, as this will dictate the LISL dynamics. The constellation shells are
summarized in Table 1.2.

This constellation will be simulated for 24 hours using TUDAT. The constellation choice is loosely
based on expected use cases, previously analyzed orbital scenarios and historical constellation design
choices. The argumentation is as follows:

• The LEO shell altitudes are chosen to match fitting orbital scenarios for Laser Communication.
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Table 1.2: Orbital parameters of the selected Laser communication Satellite Constellation. All considered shells are in circular
orbits.

Constellation h [km] i [deg] Nr. Pl. [-] Sat/Pl. [-] Nr. tot. sat. [-] T [hr]
LEO near-polar 1000 89 13 14 182 1.75
LEO med. Incl. 1000 53 13 14 182 1.75
MEO 13892 0 1 5 5 7.97

• The adjacent orbital plane spacing within a single LEO shell was chosen to provide cross-plane
link opportunities. This means the maximum distance does not exceed 4000 km. With 13 planes
per shell, the cross-plane distance at the equator is roughly 3520 km. This leaves an additional
margin for maximum link distance increase due to the satellite relative phasing.

• The intra-orbit spacing for the LEO shells is roughly 3300 km with 14 satellites per plane at the
chosen altitude. This is well within the maximum link distance supported by the CONDOR Mk2.

• Two LEO shells were chosen- near-polar and medium inclination. The medium inclination shell is
a common use case, as this inclination is inexpensive in terms of � V needed for the launch and
covers the most populated regions of Earth. The near-polar orbit was added to add coverage to
the high latitude and polar regions, in addition to being a desired inclination for maximum coverage
in observation missions [36]. The two shells combined will provide global coverage and will be
sufficient to quantify the challenging fast-dynamic cross-plane LEO link cases.

• The MEO shell was chosen rather loosely- simply to provide challenging LEO-MEO, LISL cases.
It was intentionally chosen not to have small relative velocities w.r.t. Earth’s surface, as MEO-
ground links are not a link case of interest for the CONDOR terminals.

1.3. Orbit Determination and Prediction Background
In this section, a brief overview of orbit determination and prediction methods is provided. This is done
in subsection 1.3.1 and subsection 1.3.2, respectively. In subsection 1.3.3, it is explained which of
those methods will be analyzed in this report.

1.3.1. Overview of Orbit Determination Methods
OD can be done on-ground and uplinked to the satellite or performed entirely on-board. Ground-based
tracking systems include the French Doppler Orbitography and Radiopositioning Integrated by Satellite
(DORIS) [74], the Satellite Laser Ranging (SLR) system [46] and the Two-line Element (TLE) tracking
data provided by the US Space Surveillance Network. However, these methods depend on Ground
Stations (GS) and generally have a poor latency, which leads to increasingly degraded OD accuracy be-
fore new measurements are available. In contrast, On-board (OB) Global Navigation Satellite System
(GNSS) receivers can provide continuous measurements and can be processed on-board, delivering
orbit solutions minutes or seconds after observations are made [71]. Therefore, only on-board GNSS-
based OD methods will be considered.

Using Global Positioning System (GPS) data for OD has been done in the 1990s by JPL and GSFC,
where the GEODE navigation software was developed. Using pseudorange measurements, EUVE OD
was accurate to 10 m RMS, and TOPEX/POSEIDON- 7.8 m, as documented by [17]. The German
Aerospace Center (DLR) developed the PHOENIX-XNS receiver, equipped with an integrated RTOD
software for LEO satellites, which operated on X-SAT and PROBA-2 mini-satellites, as described by
[14] and [39]. Utilizing an Extended Kalman filter (EKF), a high-fidelity reduced dynamic (RD) orbit
model and using a linear combination of GPS 1 C/A code and carrier phase (CP) measurements, it
provided an OD accuracy of 1 m [35]. [38] presented a prototype algorithm, compatible with current
OB processors, using Group and Phase Ionospheric Correction (GRAPHIC) measurements, an EKF
and a careful trade-off of the Dynmical Model (DM) achieving an OD accuracy of 0.4-0.6 m, using
broadcast ephemerides.

Methods other than the EKF also show promise in GNSS-based OD. [70] points out the EKF uses
first-order linearization of the nonlinear system, which can introduce large errors in the true posterior
mean and covariance of the transformed state distribution, leading to sub-optimal performance/diver-
gence of the filter, thus proposing using the Unscented Kalman Filter (UKF), which was first formulated
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by [28] and uses nonlinear propagation. [29] stated that in GPS navigation, the EKF issues are relevant.
[9] applied the UKF in GPS-based OB OD of CHAMP and KOMPTSAT-2, achieving more stable and
accurate OD than the EKF. [51] compared the UKF and EKF and found the UKF converges faster and
is less likely to diverge for low-fidelity DM, which is relevant for computationally limited OB OD meth-
ods. [5] investigated Single Propagation UKF (SPUKF), where only the sigma point representing the
a-posteriori mean state vector was propagated. Compared to an UKF, the SPUKF was 92.6% faster
with a similar accuracy. Another modification to the classical EKF OD was investigated by [3], who
added a preprocessing block to the EKF. First resolving the pseudorange measurements into a coarse
position solution using the multivariate Newton-Raphson Method (NRM). It can be used for EKF initial-
ization and as the measurement, for an overall simpler filter formulation. Compared to a typical EKF,
the Preprocessing-EKF (PEKF) lead to a slightly increased OD accuracy, but the run-time increased
by 50%.

1.3.2. Overview of Orbit Prediction Methods
An exact number of orbit prediction schemes is difficult to establish, as these algorithms can differ
both in fundamental formulation ways and in very minor modifications. Fortunately, in general, Orbit
Prediction methods can be summarized into 3 distinct categories [68]:

1. General Perturbation (GP) methods, where the orbit is calculated analytically. These methods
are generally computationally light but are limited in their achievable accuracy. They require ana-
lytical approximations of the considered accelerations, are generally formulated in element space
(Keplerian, Equinoctial), They require the considered perturbations to be separated in terms of
long and short periodic, and secular terms [6] and are usually expressed in series expansions.
The most commonly used implementation is the Simplified General Perturbations 4 (SGP4) orbit
propagator, based on modified Brouwer’s theory [7], which includes different perturbing acceler-
ations based on the orbital period. SGP4 is the currently used theory to maintain the NORAD
catalogue.

2. Special Perturbation (SP) methods, which numerically integrate the EOM. These techniques are
generally computationally much heavier, but can also produce very accurate results compared
to GP methods. SP require accurate modelling of the perturbing effects, which allow to express
them as perturbing accelerations in the EOM. Provided with initial conditions, the EOM can then
be numerically integrated to the next step. Therefore, SP techniques not only suffer from limited
physical model accuracy, but also contain Truncation Errors (TE)- due to the limited order of
the numerical integrator and Rounding Errors (RE) due to the limited numerical representation,
Nevertheless, these techniques are often used to derive the ”truth” trajectories in analyses.

3. Semianalytical Sattelite Theory (SST) techniques, which combine the features of GP and SP,
leading to a mix between their accuracy and efficiency. While the fast-varying elements are
expressed with analytical approximations, numerical integrators are used for the slow varying
elements.

Significant effort in OP research has been aimed towards utilizing Machine Learning (ML) techniques.
There is a lack of knowledge of the space/time variation of Earth gravity, atmospheric drag, solar radi-
ation pressure and the space object’s initial state [47], which limits the accuracy of physics-based OP
methods. In contrast, ML presents different modelling capabilities, as they are based on large amounts
of data. In [47], the potential of ML applied to OP was analyzed by simulating LEO satellite truth or-
bits and GS measurements. First, the orbit was predicted with a reduced dynamic method and then
corrected with the Support Vector Machine (SVM) method. It was shown that from the simulated track-
ing data, SVM can indeed learn the underlying unmodelled orbit pattern. In [55], it was proposed to
improve the Simplified General Perturbations 4 (SGP4) model using Lost Short-Term Memory (LSTM).
OP accuracy was also improved by training a SVM with TLE data [48], showing potential in using these
methods for collision avoidance.

1.3.3. Chosen Approaches
While many options are available for both OD and OP, only a limited number of techniques can be
analyzed further. Therefore, multiple OD and a single OP technique will be selected based on their
applicability to LISL.
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�E�R�G�\ �V�H�W�W�L�Q�J�V�� �D�F�F�H�O�H�U�D�W�L�R�Q �I�R�U�P�X�O�D�W�L�R�Q�V�� �W�R �V�H�W�X�S �W�K�H �Y�D�U�L�R�X�V���S�U�H�F�L�V�L�R�Q �R�U�E�L�W �V�L�P�X�O�D�W�L�R�Q�V �I�R�U �W�K�L�V �U�H�S�R�U�W��
�$�G�G�L�W�L�R�Q�D�O�O�\�� �L�W �L�V �D �I�U�H�H �Y�H�U�L�I�L�H�G �W�R�R�O��

�*�1�6�6���2�' �D�O�J�R�U�L�W�K�P�V �D�Q�G �D�O�O �Q�H�F�H�V�V�D�U�\ �E�O�R�F�N�V �Z�L�O�O �E�H �L�P�S�O�H�P�H�Q�W�H�G �X�V�L�Q�J �E�D�V�H �S�\�W�K�R�Q �O�L�E�U�D�U�L�H�V��
�7�K�H�V�H �L�Q�F�O�X�G�H �P�X�O�W�L�S�O�H �.�D�O�P�D�Q �)�L�O�W�H�U�V ���.�)���� �W�K�H �N�L�Q�H�P�D�W�L�F �2�' �P�H�W�K�R�G�V �D�V �Z�H�O�O �D�V �V�S�H�F�L�I�L�F �E�O�R�F�N�V �U�H��
�T�X�L�U�H�G �I�R�U �*�1�6�6 �G�D�W�D �S�U�R�F�H�V�V�L�Q�J�� �7�K�R�V�H �L�Q�F�O�X�G�H �U�H�D�G�L�Q�J �D�Q�G �S�U�R�F�H�V�V�L�Q�J �5�,�1�(�; �I�L�O�H�V �D�Q�G �F�R�Q�Y�H�U�W�L�Q�J
�*�1�6�6 �E�U�R�D�G�F�D�V�W �H�S�K�H�P�H�U�L�G�H�V �L�Q�W�R �Q�D�Y�L�J�D�W�L�R�Q �Y�H�K�L�F�O�H �R�U�E�L�W�V��

�$�I�W�H�U �D�Q�D�O�\�V�L�Q�J �D�Q�G �G�H�W�H�U�P�L�Q�L�Q�J �W�K�H �U�H�F�R�P�P�H�Q�G�H�G �2�' �D�Q�G �2�3 �V�R�I�W�Z�D�U�H�� �D�W �V�R�P�H �S�R�L�Q�W �L�W �Z�L�O�O �E�H
�L�P�S�O�H�P�H�Q�W�H�G �D�Q�G �W�K�X�V �Q�H�H�G�V �W�R �F�R�Q�V�L�G�H�U �2�% �&�R�P�S�X�W�H�U ���2�%�&�� �Q�H�H�G�V�� �$�O�W�K�R�X�J�K �L�W �L�V �Q�R�W �U�H�T�X�L�U�H�G �W�R
�S�U�R�Y�L�G�H �W�K�H �D�F�W�X�D�O �V�R�I�W�Z�D�U�H �W�R �E�H �X�V�H�G �R�Q���E�R�D�U�G�� �D �E�O�X�H�S�U�L�Q�W �I�R�U �W�K�L�V �V�R�I�W�Z�D�U�H �P�R�G�X�O�H �Z�L�O�O �E�H �G�H�O�L�Y�H�U�H�G��
�7�K�L�V �L�P�S�R�V�H�V �W�Z�R �U�H�T�X�L�U�H�P�H�Q�W�V�� �I�L�U�V�W�� �W�K�H �2�'���2�3 �V�R�I�W�Z�D�U�H �V�K�D�O�O �E�H �L�Q�G�H�S�H�Q�G�H�Q�W �R�I �D�Q�\ �H�[�W�H�U�Q�D�O �O�L�E�U�D�U�L�H�V��
�V�H�F�R�Q�G�O�\�� �W�K�H �2�'���2�3 �P�H�W�K�R�G�V �V�K�D�O�O �E�H �F�R�P�S�D�W�L�E�O�H �Z�L�W�K �F�X�U�U�H�Q�W�O�\ �D�Y�D�L�O�D�E�O�H �2�%�&�� �7�K�L�V �P�H�D�Q�V�� �W�K�D�W �W�K�H
�&�/ �R�I �W�K�H �F�K�R�V�H�Q �P�H�W�K�R�G�V �P�X�V�W �E�H �R�Q �W�K�H �V�D�P�H �R�U �O�R�Z�H�U �&�/ �W�K�D�Q �S�U�H�Y�L�R�X�V�O�\ �X�V�H�G �2�'���2�3 �D�O�J�R�U�L�W�K�P�V
�W�K�D�W �K�D�Y�H �I�O�L�J�K�W �H�[�S�H�U�L�H�Q�F�H��

�7�K�H �*�3�6 �P�R�G�X�O�H�V �W�R �E�H �X�V�H�G �I�R�U �0�\�Q�D�U�L�F�¶�V �&�2�1�'�2�5 �W�H�U�P�L�Q�D�O�V �D�U�H �Q�R�W �N�Q�R�Z�Q�� �7�K�H�U�H�I�R�U�H�� �Z�K�H�Q
�W�H�V�W�L�Q�J �W�K�H �P�H�W�K�R�G�V�� �S�X�E�O�L�F�O�\ �D�Y�D�L�O�D�E�O�H �*�3�6 �U�H�F�H�L�Y�H�U �D�Q�G �U�H�S�U�H�V�H�Q�W�D�W�L�Y�H �V�D�W�H�O�O�L�W�H �G�D�W�D �Z�L�O�O �E�H �X�V�H�G�� �7�K�L�V
�L�Q�F�O�X�G�H�V �G�D�W�D �I�U�R�P �&�+�$�0�3�� �*�5�$�&�(���)�2 �D�Q�G �-�D�V�R�Q���� �P�L�V�V�L�R�Q�V��

�������������5�H�V�H�D�U�F�K �4�X�H�V�W�L�R�Q�V
�%�U�R�D�G �F�H�Q�W�U�D�O �5�H�V�H�D�U�F�K �4�X�H�V�W�L�R�Q�V ���5�4�� �D�Q�G �W�K�H �V�X�E�V�H�T�X�H�Q�W �Q�D�U�U�R�Z�H�U �V�X�E���T�X�H�V�W�L�R�Q�V �Z�H�U�H �V�H�W �X�S �W�R
�F�R�Y�H�U �H�D�F�K �D�V�S�H�F�W �R�I �W�K�H �W�K�H�V�L�V�� �2�Q�F�H �W�K�H �V�X�E���T�X�H�V�W�L�R�Q�V �D�U�H �D�Q�V�Z�H�U�H�G�� �L�Q �F�R�P�E�L�Q�D�W�L�R�Q �Z�L�O�O �S�U�R�Y�L�G�H �D�Q
�D�Q�V�Z�H�U �W�R �H�D�F�K �F�H�Q�W�U�D�O �T�X�H�V�W�L�R�Q��

�7�K�H �I�L�U�V�W �T�X�H�V�W�L�R�Q �F�R�Y�H�U�V �W�K�H �O�L�Q�N �J�H�R�P�H�W�U�\ �D�Q�G �F�R�P�P�X�Q�L�F�D�W�L�R�Q �Z�L�Q�G�R�Z�V �I�R�U �H�D�F�K �W�H�U�P�L�Q�D�O �F�R�Q�I�L�J�X�U�D��
�W�L�R�Q �L�Q �W�K�H �D�Q�D�O�\�]�H�G �/�(�2���0�(�2 �F�R�Q�V�W�H�O�O�D�W�L�R�Q�� �$�Q �D�L�P �L�V �W�R �T�X�D�Q�W�L�I�\ �W�K�H �F�U�L�W�L�F�D�O �F�R�P�P�X�Q�L�F�D�W�L�R�Q �Z�L�Q�G�R�Z�V
�Z�K�L�F�K �G�H�W�H�U�P�L�Q�H �W�K�H �/�2�6 �S�U�H�G�L�F�W�L�R�Q �W�L�P�H �O�H�Q�J�W�K �D�Q�G �W�R �V�H�O�H�F�W �D �Q�X�P�E�H�U �R�I �R�F�F�X�U�U�L�Q�J �O�L�Q�N �F�D�V�H�V �Z�K�L�F�K
�F�D�S�W�X�U�H �W�K�H �V�F�R�S�H �R�I �H�D�V�\���G�L�I�I�L�F�X�O�W �O�L�Q�N �F�R�Q�G�L�W�L�R�Q�V �L�Q �W�K�H �/�(�2���0�(�2 �F�R�Q�V�W�H�O�O�D�W�L�R�Q�� �7�K�H �F�R�P�P�X�Q�L�F�D�W�L�R�Q
�Z�L�Q�G�R�Z�V �D�Q�G �O�L�Q�N �F�D�V�H�V �Z�L�O�O �E�H �X�V�H�G �W�R �E�H�Q�F�K�P�D�U�N �W�K�H �L�Q�W�H�J�U�D�W�H�G �2�'���2�3 �D�O�J�R�U�L�W�K�P �S�H�U�I�R�U�P�D�Q�F�H �L�Q
�5�4����

�7�K�H �V�H�F�R�Q�G �T�X�H�V�W�L�R�Q �L�V �D�L�P�H�G �D�W �F�R�Y�H�U�L�Q�J �V�R�P�H �J�D�S�V �L�Q �*�1�6�6���E�D�V�H�G �2�' �D�Q�G �G�H�W�H�U�P�L�Q�L�Q�J �W�K�H �R�S��
�W�L�P�X�P �D�O�J�R�U�L�W�K�P �I�R�U �R�Q���E�R�D�U�G �X�V�H�� �1�R�Y�H�O �.�) �Z�L�W�K �S�U�R�P�L�V�L�Q�J �D�F�F�X�U�D�F�\���&�/ �T�X�D�O�L�W�L�H�V �� �3�(�.�) �D�Q�G �6�3�8�.�)
�Z�L�O�O �E�H �L�P�S�O�H�P�H�Q�W�H�G �D�Q�G �I�R�U �W�K�H �I�L�U�V�W �W�L�P�H �W�H�V�W�H�G �Z�L�W�K �*�1�6�6 �U�H�F�H�L�Y�H�U �P�H�D�V�X�U�H�P�H�Q�W�V �F�R�O�O�H�F�W�H�G �R�Q �W�K�H
�&�+�$�0�3�� �-�D�V�R�Q���� �D�Q�G �*�5�$�&�(���)�2 �P�L�V�V�L�R�Q�V�� �7�K�H�L�U �D�F�F�X�U�D�F�\ �Z�L�O�O �D�O�V�R �E�H �T�X�D�Q�W�L�I�L�H�G �Z�L�W�K �V�S�D�U�V�H�U �P�H�D��
�V�X�U�H�P�H�Q�W�V �X�S�G�D�W�H �U�D�W�H�V�� �,�Q �D�G�G�L�W�L�R�Q�� �W�\�S�L�F�D�O �*�1�6�6���2�' �P�H�W�K�R�G�V �Z�L�O�O �E�H �L�P�S�O�H�P�H�Q�W�H�G �D�Q�G �W�K�H�L�U �S�H�U�I�R�U��
�P�D�Q�F�H �Z�L�O�O �E�H �T�X�D�Q�W�L�I�L�H�G �D�Q�G �F�R�P�S�D�U�H�G �W�R �W�K�H �Q�R�Y�H�O �I�L�O�W�H�U�V �W�R �S�U�R�Y�L�G�H �L�Q�L�W�L�D�O �2�' �H�U�U�R�U�V �I�R�U �W�K�H �V�X�E�V�H�T�X�H�Q�W
�2�3�� �)�L�Q�D�O�O�\�� �D�Q �D�W�W�H�P�S�W �Z�L�O�O �E�H �P�D�G�H �W�R �L�P�S�U�R�Y�H �W�K�H �R�U�L�J�L�Q�D�O �3�(�.�) �X�V�L�Q�J �1�5�0 �E�\ �L�P�S�O�H�P�H�Q�W�L�Q�J �D �1�5�3�&��
�3�(�.�) �D�Q�G �W�H�V�W�L�Q�J �Z�K�H�W�K�H�U �W�K�H �K�L�J�K�H�U �H�I�I�L�F�L�H�Q�F�\ �Q�X�P�H�U�L�F�D�O �P�H�W�K�R�G �F�R�P�S�H�Q�V�D�W�H�V �I�R�U �W�K�H �D�G�G�H�G �&�/ �R�I
�W�K�H �R�U�L�J�L�Q�D�O �3�(�.�)��

�7�K�H �W�K�L�U�G �F�H�Q�W�U�D�O �T�X�H�V�W�L�R�Q �L�Q�W�H�U�I�D�F�H�V �W�K�H �R�X�W�F�R�P�H�V �I�U�R�P �W�K�H �I�L�U�V�W �W�Z�R �5�4 �Z�L�W�K �V�X�E�V�H�T�X�H�Q�W �2�3 �D�O�J�R��
�U�L�W�K�P�V �W�R �H�Y�D�O�X�D�W�H �W�K�H �R�Y�H�U�D�O�O �3�( �F�R�Q�W�U�L�E�X�W�L�R�Q �R�I �W�K�H�V�H �D�O�J�R�U�L�W�K�P�V �L�Q �/�,�6�/ �X�V�H �F�D�V�H�V�� �7�K�H�V�H �2�'���2�3
�D�O�J�R�U�L�W�K�P�V �Z�L�O�O �X�V�H �L�Q�F�U�H�D�V�L�Q�J�O�\ �F�R�P�S�O�H�[ �2�' �R�S�W�L�R�Q�V �D�Q�G �2�3 �P�H�W�K�R�G�V�� �U�D�Q�J�L�Q�J �I�U�R�P �I�X�O�O�\ �N�L�Q�H�P�D�W�L�F �W�R
�F�R�P�S�O�H�[���G�\�Q�D�P�L�F�� �/�,�6�/ �F�D�V�H�V �T�X�D�Q�W�L�I�L�H�G �L�Q �5�4�� �Z�L�O�O �E�H �X�V�H�G �W�R �T�X�D�Q�W�L�I�\ �W�K�H �3�( �F�R�Q�W�U�L�E�X�W�L�R�Q �R�I �H�D�F�K �2�'��
�2�3 �D�O�J�R�U�L�W�K�P �I�R�U �W�K�H �F�U�L�W�L�F�D�O �F�R�P�P�X�Q�L�F�D�W�L�R�Q �Z�L�Q�G�R�Z�V�� �)�X�U�W�K�H�U�P�R�U�H�� �W�K�H �2�'���2�3 �D�O�J�R�U�L�W�K�P �S�H�U�I�R�U�P�D�Q�F�H
�Z�L�O�O �E�H �H�Y�D�O�X�D�W�H�G �I�R�U �O�L�Q�N���D�F�T�X�L�V�L�W�L�R�Q �S�X�U�S�R�V�H�V�� �D�Q�D�O�\�]�L�Q�J �W�K�H �P�D�[�L�P�X�P �3�( �F�R�Q�W�U�L�E�X�W�L�R�Q �G�H�S�H�Q�G�L�Q�J �R�Q
�W�K�H �O�L�Q�N �F�R�Q�G�L�W�L�R�Q�V�� �&�R�Q�F�O�X�V�L�R�Q�V �U�H�J�D�U�G�L�Q�J �W�K�H �D�S�S�O�L�F�D�E�L�O�L�W�\ �R�I �H�D�F�K �2�'���2�3 �D�O�J�R�U�L�W�K�P �I�R�U �H�D�F�K �O�L�Q�N �F�D�V�H
�Z�L�O�O �E�H �P�D�G�H �Z�K�L�O�H �U�H�J�D�U�G�L�Q�J �W�K�H ������ �P�U�D�G �P�D�[�L�P�X�P �3�( �F�R�Q�W�U�L�E�X�W�L�R�Q �W�K�U�H�V�K�R�O�G��

���� �:�K�D�W �/�D�V�H�U �,�Q�W�H�U���V�D�W�H�O�O�L�W�H �O�L�Q�N �S�U�R�S�H�U�W�L�H�V �R�F�F�X�U �L�Q �D �F�R�P�E�L�Q�H�G �/�(�2���0�(�2 �V�D�W�H�O�O�L�W�H �F�R�Q�V�W�H�O�O�D�W�L�R�Q�"

���D���:�K�D�W �D�U�H �W�K�H �D�Y�D�L�O�D�E�O�H �F�R�P�P�X�Q�L�F�D�W�L�R�Q �Z�L�Q�G�R�Z �W�L�P�H �G�L�V�W�U�L�E�X�W�L�R�Q�V �I�R�U �W�K�H �L�Q�W�U�D���R�U�E�L�W�� �L�Q�W�H�U���R�U�E�L�W
�D�Q�G �L�Q�W�H�U���V�K�H�O�O �L�Q �/�(�2���/�(�2�� �0�(�2���0�(�2�� �/�(�2���0�(�2 �D�Q�G �0�(�2���/�(�2 �O�L�Q�N�V�"

���E���:�K�D�W �D�U�H �W�K�H �F�U�L�W�L�F�D�O �F�R�P�P�X�Q�L�F�D�W�L�R�Q �W�L�P�H �F�X�W���R�I�I�V �L�Q �W�H�U�P�V �R�I �D�Y�D�L�O�D�E�O�H �F�R�P�P�X�Q�L�F�D�W�L�R�Q �Z�L�Q��
�G�R�Z�V�"

���F���:�K�D�W �D�U�H �W�K�H �U�D�Q�J�H�V �D�Q�G �U�D�W�H�V �R�I �D�]�L�P�X�W�K�� �H�O�H�Y�D�W�L�R�Q �D�Q�G �O�L�Q�N �G�L�V�W�D�Q�F�H �I�R�U �W�K�H �L�Q�W�U�D���R�U�E�L�W��
�L�Q�W�H�U���R�U�E�L�W �D�Q�G �L�Q�W�H�U���V�K�H�O�O �L�Q �/�(�2���/�(�2�� �0�(�2���0�(�2�� �/�(�2���0�(�2 �D�Q�G �0�(�2���/�(�2 �O�L�Q�N�V�"

���G���+�R�Z �P�D�Q�\ �O�L�Q�N�V �R�I �H�D�F�K �W�\�S�H �F�D�Q �E�H �H�V�W�D�E�O�L�V�K�H�G �E�\ �V�D�W�H�O�O�L�W�H�V �L�Q �/�(�2 �D�Q�G �0�(�2 �W�R �H�D�F�K �R�U�E�L�W�D�O
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�7�*�3�6 �� �*�3�6 �W�L�P�H�*�3�6 �W�L�P�H �D�O�V�R �Z�R�U�N�V �R�Q �W�K�H �D�W�R�P�L�F �W�L�P�H �V�F�D�O�H�� �,�W�V �R�U�L�J�L�Q �L�V �W�K�H �V�D�P�H �R�I �&�R�R�U�G�L�Q�D�W�H�G
�8�Q�L�Y�H�U�V�D�O �7�L�P�H ���8�7�&�� �D�W �������� �-�D�Q�X�D�U�\ �� ���������������� �8�7�&�� �,�W �L�V �D�K�H�D�G �R�I �R�I �8�7�& �E�\ �W�K�H �Q�X�P�E�H�U �R�I �O�H�D�S
�V�H�F�R�Q�G�VnLS �� �D�G�G�H�G �V�L�Q�F�H ����������

tT GP S = tUT C + nLS ����������

�,�W �L�V �L�Q�Y�D�U�L�D�Q�W�� �M�X�V�W �O�L�N�H �D�W�R�P�L�F �W�L�P�H �D�Q�G �H�[�D�F�W�O�\ ���� �V�H�F�R�Q�G�V �E�H�K�L�Q�G �7�$�,�� �D�V �W�K�H �8�7�& �W�L�P�H���V�F�D�O�H �Z�D�V �E�D�F�N
�L�Q ���������� �-�D�Q�X�D�U�\ ���W�K��

����
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�7�K�H �*�3�6 �W�L�P�H �V�\�V�W�H�P �L�V �R�I�W�H�Q �X�V�H�G �L�Q �V�H�F�R�Q�G �I�R�U�P�D�W �V�L�Q�F�H �W�K�H �V�W�D�U�W �R�I �W�K�H �H�S�R�F�KtT GP S;s �� �7�K�L�V �I�R�U�P�D�W
�L�V �X�W�L�O�L�]�H�G �W�R �S�U�R�F�H�V�V �*�3�6 �P�H�D�V�X�U�H�P�H�Q�W�V �R�U �W�K�H �*�3�6 �E�U�R�D�G�F�D�V�W �H�S�K�H�P�H�U�L�G�H�V��tT GP S;s �L�V �G�H�I�L�Q�H�G �D�V
�Q�X�P�E�H�U �R�I �V�H�F�R�Q�G�V �V�L�Q�F�H �W�K�H ���W�K �*�3�6 �H�S�R�F�K ���������� �-�D�Q�X�D�U�\ ���� ���������������� �8�7�& �>���� �@��

tT GP S;s = tT GP S � tT GP S; 0 ����������

�Z�K�H�U�HtT GP S;s �L�V �W�K�H �Q�X�P�E�H�U �R�I �V�H�F�R�Q�G�V �E�H�W�Z�H�H�Q �W�K�H �U�H�I�H�U�H�Q�F�H �G�D�W�H �L�Q �*�3�6tT GP S �D�Q�G �W�K�H ���W�K �*�3�6
�W�L�P�H �H�S�R�F�KtT GP S; 0��

�,�Q ���������� �W�K�H �8�7�& �W�L�P�H �Z�D�V �V�H�W �W�R �E�H ���� �V�H�F�R�Q�G�V �E�H�K�L�Q�G �D�W�R�P�L�F �W�L�P�H �7�$�,�� �7�K�H �O�H�D�S �V�H�F�R�Q�G�V �D�G�G�H�G
�V�L�Q�F�H �W�K�H�Q �L�Q�F�U�H�D�V�H �W�K�H �J�D�S �D�Q�G �L�Q ���������� �8�7�& �L�V ���� �V�H�F�R�Q�G�V �E�H�K�L�Q�G �7�$�,��

�*�0�6�7 �� �*�U�H�H�Q�Z�L�F�K �0�H�D�Q �6�L�G�H�U�H�D�O �7�L�P�H� GMST �U�H�S�U�H�V�H�Q�W�V �W�K�H �D�Q�J�O�H �E�H�W�Z�H�H�Q �W�K�H �P�H�D�Q �Y�H�U�Q�D�O
�H�T�X�L�Q�R�[ �R�I �G�D�W�H �D�Q�G �W�K�H �*�U�H�H�Q�Z�L�F�K �0�H�U�L�G�L�D�Q��� GMST �F�D�Q �E�H �H�[�S�U�H�V�V�H�G �I�R�U �D �J�H�Q�H�U�D�O �W�L�P�H �R�I �G�D�\ �X�V�L�Q�J��

� GMST = 67310:54841 + (876000 + 8640184:812866)TUT 1 + 0 :093104T2
UT 1 � 6:2 � 10� 6T3

UT 1 ����������

�:�K�H�U�HTUT 1 �D�U�H �W�K�H �-�X�O�L�D�Q �F�H�Q�W�X�U�L�H�V �V�L�Q�F�H ���������� �-�D�Q�X�D�U�\ ���� ���������������� �D�W �W�K�H �F�X�U�U�H�Q�W �8�7�� �W�L�P�H��

TUT 1 =
tJD;UT 1 � 2451545

36525
����������

�-�X�O�L�D�Q �'�D�W�H�-�X�O�L�D�Q �'�D�W�H ���-�'�� �L�V �P�H�D�V�X�U�H�G �L�Q �G�D�\�V �V�L�Q�F�H �-�D�Q�X�D�U�\ ���� �������� �%���&���� ������������ �,�W �J�H�Q�H�U�D�O�O�\
�L�P�S�O�L�H�V �E�H�L�Q�J �E�D�V�H�G �R�Q �8�7���� �:�K�H�Q �S�U�R�Y�L�G�H�G �D �G�D�W�H �L�Q �W�K�H �I�R�U�P�D�W �\�U���P�R���G�� �K���P�L�Q���V �L�V �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J��

tJD = 367 �

 
7(nyr + ( n mo +9

12 ) int

4

!

int

+
�

275nmo

9

�

int
+ nd + 1721013:5 +

n s /60+ n min

60 + nhr

24
����������

�Z�K�H�U�HtJD �L�V �W�K�H �-�X�O�L�D�Q �G�D�W�H�� �V�X�E�V�F�U�L�S�Wint �U�H�I�H�U�V �W�R �L�Q�W�H�J�H�U �W�U�X�Q�F�D�W�L�R�Q �R�I �W�K�H �I�O�R�D�W �Q�X�P�E�H�U�� �D�Q�Gnyr ��nmo ��
nd �D�U�H �W�K�H �L�Q�W�H�J�H�U �Y�D�O�X�H�V �I�R�U �Q�X�P�E�H�U �R�I �\�H�D�U�V�� �P�R�Q�W�K�V �D�Q�G �G�D�\�V �R�I �W�K�H �U�H�I�H�U�H�Q�F�H �G�D�W�H�� �6�L�P�L�O�D�U�O�\��nhr ��
nmin ��ns �D�U�H �L�Q�W�H�J�H�U �Y�D�O�X�H�V �I�R�U �K�R�X�U�V�� �P�L�Q�X�W�H�V �D�Q�G �V�H�F�R�Q�G�V �R�I �W�K�H �U�H�I�H�U�H�Q�F�H �W�L�P�H��

�$�Q�R�W�K�H�U �X�V�H�G �I�R�U�P �L�V �W�K�H �0�R�G�L�I�L�H�G �-�X�O�L�D�Q �'�D�W�H ���0�-�'���� �H�[�S�U�H�V�V�H�G �D�V��

tMJD = tJD � 2400000:5 ����������

�V�R�P�H �F�R�P�P�R�Q�O�\ �X�V�H�G �-�X�O�L�D�Q �G�D�W�H �H�S�R�F�K�V �D�U�H �D�V �I�R�O�O�R�Z�V��

�7�D�E�O�H ���������&�R�P�P�R�Q�O�\ �X�V�H�G �-�X�O�L�D�Q �'�D�W�H�V �D�Q�G �W�K�H�L�U �U�H�V�S�H�F�W�L�Y�H �H�S�R�F�K�V �D�Q�G �G�D�W�H�V �>���� �@��

�(�S�R�F�K �-�X�O�L�D�Q �'�D�W�H�'�D�W�H�� �W�L�P�H �V�\�V�W�H�P
���W�K �*�3�6 �(�S�R�F�K������������������ �-�D�Q�X�D�U�\ ���� ���������� ������������������ �8�7�&
�-�������� ������������������ �-�D�Q�X�D�U�\ ���� ���������� ������������������ �7�7
�-�������� ������������������ �-�D�Q�X�D�U�\ ���� ���������� ������������������ �8�7��

�8�7 �� �8�Q�L�Y�H�U�V�D�O �7�L�P�H�8�Q�L�Y�H�U�V�D�O �W�L�P�H �D�L�P�V �W�R �D�F�K�L�H�Y�H �D �F�R�Q�V�W�D�Q�W �D�Y�H�U�D�J�H �V�R�O�D�U �G�D�\ �O�H�Q�J�W�K �R�I ���� �K�R�X�U�V��
�+�R�Z�H�Y�H�U�� �W�K�H �O�H�Q�J�W�K �R�I �R�Q�H �V�H�F�R�Q�G �L�V �Q�R�W �F�R�Q�V�W�D�Q�W�� �D�V �L�W �G�H�S�H�Q�G�V �R�Q �W�K�H �D�S�S�D�U�H�Q�W �P�R�Y�H�P�H�Q�W �R�I �W�K�H �6�X�Q
�D�Q�G �(�D�U�W�K�¶�V �U�R�W�D�W�L�R�Q�� �7�K�H �R�I�I�V�H�W �E�H�W�Z�H�H�Q �8�7�� �D�Q�G �7�$�, �L�V �S�X�E�O�L�V�K�H�G �E�\ �W�K�H �,�Q�W�H�U�Q�D�W�L�R�Q�D�O �(�D�U�W�K �5�R�W�D�W�L�R�Q
�6�H�U�Y�L�F�H�V ���,�(�5�6�� �L�Q �%�X�O�O�H�W�L�Q �%��

���������5�H�I�H�U�H�Q�F�H �)�U�D�P�H�V
�,�Q �W�K�L�V �V�H�F�W�L�R�Q�� �W�K�H �U�H�O�H�Y�D�Q�W �U�H�I�H�U�H�Q�F�H �I�U�D�P�H�V �D�Q�G �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q�V �E�H�W�Z�H�H�Q �W�K�H�P �Z�L�O�O �E�H �G�R�F�X�P�H�Q�W�H�G��
�$�O�O �R�I �W�K�H �X�V�H�G �U�H�I�H�U�H�Q�F�H �I�U�D�P�H�V �D�U�H �F�D�U�W�H�V�L�D�Q�� �U�L�J�K�W���K�D�Q�G�H�G �I�U�D�P�H�V��

�������������9�H�K�L�F�O�H���F�D�U�U�L�H�G �)�U�D�P�H�V
�5�6�: �� �5�D�G�L�D�O�� �$�O�R�Q�J���W�U�D�F�N�� �&�U�R�V�V���W�U�D�F�N �)�U�D�P�H
�7�K�H �5�6�: �I�U�D�P�H �D�O�L�J�Q�H�G �Z�L�W�K �W�K�H �R�U�E�L�W�D�O �W�U�D�F�N �D�Q�G �W�K�H �1�7�: �I�U�D�P�H �D�O�L�J�Q�H�G �Z�L�W�K �W�K�H �Y�H�O�R�F�L�W�\ �Y�H�F�W�R�U �D�U�H
�V�K�R�Z�Q �L�Q�)�L�J�X�U�H �������� �$�O�W�K�R�X�J�K �E�R�W�K �R�I �W�K�H�V�H �I�U�D�P�H�V �F�R�L�Q�F�L�G�H �Z�L�W�K �W�K�H �V�D�W�H�O�O�L�W�H�¶�V �R�U�E�L�W�D�O �S�R�V�L�W�L�R�Q�� �W�K�H�\
�G�R �G�L�I�I�H�U �V�O�L�J�K�W�O�\�� �7�K�H �5�6�: �I�U�D�P�H �K�D�V �L�W�V �5 �D�[�L�V �D�O�L�J�Q�H�G �Z�L�W�K �W�K�H �J�H�R�F�H�Q�W�U�L�F �S�R�V�L�W�L�R�Q �Y�H�F�W�R�U�� �6 �L�V �Q�R�U�P�D�O
�W�R �W�K�H �U�D�G�L�D�O �Y�H�F�W�R�U �D�Q�G �J�H�Q�H�U�D�O�O�\ �Q�R�W �H�[�D�F�W�O�\ �F�R�L�Q�F�L�G�L�Q�J �Z�L�W�K �W�K�H �Y�H�O�R�F�L�W�\ �Y�H�F�W�R�U�� �,�Q �F�R�Q�W�U�D�V�W�� �W�K�H �1�7�:
�V�\�V�W�H�P �K�D�V �L�W�V �7 �D�[�L�V �S�D�U�D�O�O�H�O �W�R �W�K�H �Y�H�O�R�F�L�W�\ �Y�H�F�W�R�U �D�Q�G �L�V �W�K�H�U�H�I�R�U�H �Q�R�W �D�O�L�J�Q�H�G �Z�L�W�K �W�K�H �U�D�G�L�X�V �Y�H�F�W�R�U
�>���� �@�� �7�K�H �V�X�E�V�H�T�X�H�Q�W �I�U�D�P�H�V �Z�L�O�O �E�H �H�[�S�U�H�V�V�H�G �Z�L�W�K �U�H�V�S�H�F�W �W�R �W�K�H �5�6�: �I�U�D�P�H��
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�)�L�J�X�U�H ���������>���� �@ �5�6�: �D�Q�G �1�7�: �I�U�D�P�H�V��

�/�) �� �/�D�V�H�U �&�R�P�P�X�Q�L�F�D�W�L�R�Q �7�H�U�P�L�Q�D�O �)�U�D�P�H
�7�K�H �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �W�K�H �/�&�7 �I�U�D�P�H ���/�)�� �L�Q �� �V�H�S�D�U�D�W�H �R�U�L�H�Q�W�D�W�L�R�Q�V �Z�L�W�K �U�H�V�S�H�F�W �W�R �W�K�H �V�D�W�H�O�O�L�W�H�¶�V �E�R�G�\
�D�Q�G �W�K�H �5�6�: �I�U�D�P�H �D�U�H �V�K�R�Z�Q �L�Q �W�K�H �O�H�I�W �R�I�)�L�J�X�U�H �������� �,�W �L�V �L�P�S�R�U�W�D�Q�W �W�R �Q�R�W�H�� �W�K�D�W �L�W �L�V �D�V�V�X�P�H�G �W�K�D�W
�W�K�H �V�D�W�H�O�O�L�W�H�¶�V �E�R�G�\���I�U�D�P�H �F�R�L�Q�F�L�G�H�V �Z�L�W�K �W�K�H �5�6�: �I�U�D�P�H�� �7�K�X�V�� �L�Q �W�K�H �V�L�P�X�O�D�W�L�R�Q�� �W�K�H �W�H�U�P�L�Q�D�O�V �D�U�H
�H�I�I�H�F�W�L�Y�H�O�\ �R�Q �W�K�H �(�D�U�W�K���I�D�F�L�Q�J �V�L�G�H �R�I �W�K�H �V�D�W�H�O�O�L�W�H��

�(�D�F�K �/�&�7 �I�U�D�P�H �L�V �Y�H�U�\ �V�L�P�L�O�D�U �D�Q�G �R�Q�O�\ �G�L�I�I�H�U �L�Q �P�L�Q�R�U �W�U�D�Q�V�O�D�W�L�R�Q�D�O �D�Q�G �U�R�W�D�W�L�R�Q�D�O �W�H�U�P�V�� �7�K�H
�U�R�W�D�W�L�R�Q �Y�D�U�L�H�V �I�R�U �W�K�H �;���< �D�[�H�V �Z�L�W�K �U�H�V�S�H�F�W �W�R �W�K�H �V�D�W�H�O�O�L�W�H�¶�V �I�O�L�J�K�W �G�L�U�H�F�W�L�R�Q�� �Z�L�W�K �I�U�D�P�H�V �/�)�� �D�Q�G �/�)��
�K�D�Y�L�Q�J �W�K�H �; �D�[�H�V �S�D�U�D�O�O�H�O �W�R �W�K�H �I�O�L�J�K�W �G�L�U�H�F�W�L�R�Q �D�Q�G �/�)������ �� �S�H�U�S�H�Q�G�L�F�X�O�D�U �W�R �W�K�H �I�O�L�J�K�W �G�L�U�H�F�W�L�R�Q�� �7�K�H
�W�U�D�Q�V�O�D�W�L�R�Q�D�O �W�H�U�P�V �G�H�S�H�Q�G �R�Q �W�K�H �V�D�W�H�O�O�L�W�H�¶�V �E�X�V �G�L�P�H�Q�V�L�R�Q�V �D�Q�G �H�[�D�F�W �S�O�D�F�H�P�H�Q�W �R�I �H�D�F�K �W�H�U�P�L�Q�D�O�� �,�Q
�W�K�L�V �F�D�V�H�� �L�W �Z�D�V �D�V�V�X�P�H�G �W�K�D�W �W�K�H�\ �D�U�H �V�\�P�P�H�W�U�L�F�D�O�O�\ �V�S�D�F�H�G �R�X�W �L�Q �H�D�F�K �F�R�U�Q�H�U �R�I �W�K�H �(�D�U�W�K���I�D�F�L�Q�J
�V�L�G�H �R�I �D �����X�Q�L�W �F�X�E�H�V�D�W��

�)�L�J�X�U�H �����������O�H�I�W�� �/�&�7 �I�U�D�P�H�V ������ �V�K�R�Z�Q �R�Q �D �F�X�E�H�V�D�W �E�X�V �Z�L�W�K �W�K�H �5�6�: �I�U�D�P�H �F�R�L�Q�F�L�G�L�Q�J �Z�L�W�K �L�W�V �J�H�R�P�H�W�U�L�F�D�O �F�H�Q�W�H�U�� ���U�L�J�K�W��
�$�]�L�P�X�W�K �D�Q�G �(�O�H�Y�D�W�L�R�Q �D�Q�J�O�H �F�R�Q�Y�H�Q�W�L�R�Q�V �I�R�U �D �/�2�6 �L�Q �W�K�H �/�&�7 �I�U�D�P�H��
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�������������(�D�U�W�K���&�H�Q�W�H�U�H�G �)�U�D�P�H�V
�(�&�,�� �-��������
�7�K�H �I�L�U�V�W �I�U�D�P�H �W�R �G�H�I�L�Q�H �L�V �W�K�H �,�Q�W�H�U�Q�D�W�L�R�Q�D�O �&�H�O�H�V�W�L�D�O �5�H�I�H�U�H�Q�F�H �I�U�D�P�H ���,�&�5�)���� �$�Q �,�Q�H�U�W�L�D�O �I�U�D�P�H �L�V
�J�H�Q�H�U�D�O�O�\ �P�R�V�W �F�R�Q�Y�H�Q�L�H�Q�W �W�R �I�R�U�P�X�O�D�W�H �W�K�H �(�T�X�D�W�L�R�Q�V �R�I �0�R�W�L�R�Q ���(�2�0�� �D�Q�G �G�H�W�H�U�P�L�Q�L�Q�J �W�K�H �S�R�V�L�W�L�R�Q�V
�R�I �R�W�K�H�U �E�R�G�L�H�V�� �V�X�F�K �D�V �6�X�Q �R�U �W�K�H �0�R�R�Q��

�7�K�H �(�D�U�W�K���&�H�Q�W�H�U�H�G �,�Q�H�U�W�L�D�O ���(�&�,�� �U�H�I�H�U�H�Q�F�H �I�U�D�P�H �L�V �D�Q �,�&�5�) �G�H�I�L�Q�H�G �D�W �W�K�H �F�H�Q�W�H�U �R�I �(�D�U�W�K�� �$�V
�V�K�R�Z�Q �L�Q�)�L�J�X�U�H �������� �W�K�H �D�[�L�V �, �S�R�L�Q�W �W�R�Z�D�U�G�V �W�K�H �9�H�U�Q�D�O �H�T�X�L�Q�R�[�� �- �L�V �U�R�W�D�W�H�G ���� �G�H�J�U�H�H�V �(�D�V�W �D�Q�G �.
�J�R�H�V �W�K�U�R�X�J�K �W�K�H �1�R�U�W�K �S�R�O�H�� �Z�K�L�O�H �W�K�H �R�U�L�J�L�Q �L�V �D�W �W�K�H �F�H�Q�W�H�U �R�I �(�D�U�W�K�� �$ �Y�H�U�\ �F�R�P�P�R�Q�O�\ �X�V�H�G �U�H�D�O�L�]�D�W�L�R�Q
�R�I �W�K�H �(�&�, �L�V �W�K�H�-�������� �� �Z�K�L�F�K �L�V �D�Q �(�D�U�W�K���&�H�Q�W�H�U�H�G ���T�X�D�V�L�� �,�Q�H�U�W�L�D�O �U�H�I�H�U�H�Q�F�H �I�U�D�P�H �D�W ���������� �-�D�Q�X�D�U�\ ����
������������������ �,�W �L�V �E�D�V�H�G �R�Q �W�K�H �,�$�8������ �V�\�V�W�H�P�� �Z�K�H�U�H �W�K�H �P�R�W�L�R�Q �R�I �W�K�H �H�T�X�L�Q�R�[ �D�Q�G �H�T�X�D�W�R�U �D�U�H �P�R�G�H�O�O�H�G
�Z�L�W�K �W�K�H �,�$�8���������� �3�U�R�F�H�V�V�L�R�Q �P�R�G�H�O �D�Q�G �W�K�H �,�$�8���������� �7�K�H�R�U�\ �R�I �1�X�W�D�W�L�R�Q�� �-�������� �Z�L�O�O �V�X�E�V�H�T�X�H�Q�W�O�\
�E�H �U�H�I�H�U�U�H�G �W�R �D�V �(�&�,��

�)�L�J�X�U�H ���������$�[�H�V �R�I �W�K�H �(�D�U�W�K �&�H�Q�W�H�U�H�G �,�Q�H�U�W�L�D�O �U�H�I�H�U�H�Q�F�H �I�U�D�P�H�V �>���� �@��

�(�&�(�)�� �:�*�6����
�7�K�H �,�Q�W�H�U�Q�D�W�L�R�Q�D�O �7�H�U�U�H�V�W�U�L�D�O �5�H�I�H�U�H�Q�F�H �)�U�D�P�H ���,�7�5�)�� �L�V �D�Q�R�W�K�H�U �J�H�R�F�H�Q�W�U�L�F �F�R�R�U�G�L�Q�D�W�H �V�\�V�W�H�P�� �W�K�D�W �U�R��
�W�D�W�H�V �Z�L�W�K �(�D�U�W�K�� �,�W �L�V �F�R�P�P�R�Q�O�\ �U�H�I�H�U�U�H�G �W�R �D�V �W�K�H �(�&�(�) �F�R�R�U�G�L�Q�D�W�H �I�U�D�P�H�� �7�K�H �,�7�5�) �L�V �P�R�V�W �F�R�Q�Y�H�Q�L�H�Q�W
�Z�K�H�Q �F�R�P�S�X�W�L�Q�J �W�K�H �(�D�U�W�K �J�U�D�Y�L�W�D�W�L�R�Q�D�O �D�W�W�U�D�F�W�L�R�Q �R�U �S�U�R�F�H�V�V�L�Q�J �*�3�6 �V�D�W�H�O�O�L�W�H �H�S�K�H�P�H�U�L�G�H�V�� �+�R�Z�H�Y�H�U��
�Z�K�H�Q �I�R�U�P�X�O�D�W�L�Q�J �(�2�0 �L�Q �,�7�5�)�� �D�G�G�L�W�L�R�Q�D�O �D�F�F�H�O�H�U�D�W�L�R�Q�V �P�X�V�W �E�H �F�R�Q�V�L�G�H�U�H�G �G�X�H �W�R �W�K�H �U�R�W�D�W�L�Q�J �Q�D�W�X�U�H
�R�I �W�K�H �I�U�D�P�H�� �1�D�P�H�O�\�� �W�K�H�V�H �D�U�H �W�K�H �&�R�U�L�R�O�L�V �D�Q�G �&�H�Q�W�U�L�I�X�J�D�O �D�F�F�H�O�H�U�D�W�L�R�Q�V��

�$ �F�R�P�P�R�Q�O�\ �X�V�H�G �U�H�D�O�L�V�D�W�L�R�Q �L�V �W�K�H �:�R�U�O�G �*�H�R�G�H�W�L�F �6�\�V�W�H�P�:�*�6������ �� �Z�K�L�F�K �L�V �X�V�H�G �E�\ �*�3�6 �>���� �@
�D�Q�G �P�D�W�F�K�H�V �W�R �W�K�H �,�7�5�) �Z�L�W�K�L�Q �D �I�H�Z �F�H�Q�W�L�P�H�W�H�U�V�� �(�&�(�) �Z�L�O�O �E�H �X�V�H�G �W�R �U�H�I�H�U �W�R�:�*�6������ ��

�&�R�Q�Y�H�U�V�L�R�Q�V �E�H�W�Z�H�H�Q �W�K�H �(�&�, �D�Q�G �(�&�(�) �I�U�D�P�H�V �U�H�T�X�L�U�H �W�K�H �X�V�H �R�I �(�D�U�W�K �2�E�V�H�U�Y�D�W�L�R�Q �3�D�U�D�P�H�W�H�U�V
���(�2�3���� �S�U�R�Y�L�G�H�G �E�\ �W�K�H �,�(�5�6�� �1�D�P�H�O�\�� �W�K�H�V�H �P�R�G�H�O�V �D�U�H �Q�H�H�G�H�G��

�‡�3�U�H�F�H�V�V�L�R�Q�� �G�H�V�F�U�L�E�L�Q�J �W�K�H �V�H�F�X�O�D�U �F�K�D�Q�J�H �L�Q �(�D�U�W�K�¶�V �U�R�W�D�W�L�R�Q �D�[�L�V �D�Q�G �H�T�X�L�Q�R�[�� �P�D�L�Q�O�\ �F�D�X�V�H�G
�E�\ �/�X�Q�L���V�R�O�D�U �W�R�U�T�X�H�V

�‡�1�X�W�D�W�L�R�Q�� �Z�K�L�F�K �G�H�V�F�U�L�E�H�V �W�K�H �V�K�R�U�W���W�H�U�P �S�H�U�L�R�G�L�F �Y�D�U�L�D�W�L�R�Q �R�I �W�K�H �H�T�X�D�W�R�U �D�Q�G �W�K�H �Y�H�U�Q�D�O �H�T�X�L�Q�R�[��
�P�D�L�Q�O�\ �F�D�X�V�H�G �E�\ �/�X�Q�L���V�R�O�D�U �W�R�U�T�X�H�V

�‡�6�L�G�H�U�H�D�O �7�L�P�H�� �U�H�O�D�W�H�G �W�R �8�Q�L�Y�H�U�V�D�O �7�L�P�H �D�Q�G �G�H�V�F�U�L�E�L�Q�J �(�D�U�W�K�¶�V �U�R�W�D�W�L�R�Q �D�E�R�X�W �L�W�V �D�[�L�V
�‡�3�R�O�D�U �0�R�W�L�R�Q�� �7�K�H �F�R�R�U�G�L�Q�D�W�H�V �R�I �(�D�U�W�K�¶�V �S�R�O�H �U�H�O�D�W�L�Y�H �W�R �W�K�H �,�(�5�6 �U�H�I�H�U�H�Q�F�H �S�R�O�H��

�������������)�U�D�P�H �7�U�D�Q�V�I�R�U�P�D�W�L�R�Q
�(�&�(�) �W�R �(�&�,
�%�D�V�L�F �5�R�W�D�W�L�R�Q�V�7�K�H �U�R�W�D�W�L�R�Q�V �E�\ �D�Q �D�Q�J�O�H� �D�U�R�X�Q�G �W�K�H �� �S�U�L�Q�F�L�S�D�O �D�[�H�V �D�U�H �O�L�V�W�H�G �E�H�O�R�Z��

ROT1(� ) =

2

4
1 0 0
0 cos(� ) � sin (� )
0 sin (� ) cos(� )

3

5 ����������

ROT2(� ) =

2

4
cos(� ) 0 sin (� )

0 1 0
� sin (� ) 0 cos(� )

3

5 ����������
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ROT3(� ) =

2

4
cos(� ) � sin (� ) 0
sin (� ) cos(� ) 0

0 0 1

3

5 ������������

�7�U�D�Q�V�I�R�U�P�D�W�L�R�Q �%�D�F�N�J�U�R�X�Q�G�0�X�O�W�L�S�O�H �H�I�I�H�F�W�V �P�X�V�W �E�H �W�D�N�H�Q �L�Q�W�R �D�F�F�R�X�Q�W �W�R �F�R�Q�Y�H�U�W �I�U�R�P �(�&�(�) �W�R
�(�&�,�� �%�H�V�L�G�H�V �(�D�U�W�K�¶�V �U�R�W�D�W�L�R�Q�� �W�K�H �H�I�I�H�F�W�V �R�I �J�U�D�Y�L�W�D�W�L�R�Q�D�O �I�R�U�F�H�V �I�U�R�P �R�W�K�H�U �S�O�D�Q�H�W�V �K�D�Y�H �D�Q �L�P�S�D�F�W �R�Q
�(�D�U�W�K�¶�V �R�U�L�H�Q�W�D�W�L�R�Q�� �7�K�H �J�U�D�Y�L�W�D�W�L�R�Q�D�O �D�W�W�U�D�F�W�L�R�Q �R�I �W�K�H �6�X�Q �D�Q�G �W�K�H �0�R�R�Q �R�Q �(�D�U�W�K�¶�V �H�T�X�D�W�R�U�L�D�O �E�X�O�J�H
�O�H�D�G �W�R �D �Y�H�U�\ �V�P�D�O�O �W�R�U�T�X�H �R�Q �(�D�U�W�K�� �F�D�X�V�L�Q�J �V�P�R�R�W�K �O�R�Q�J �S�H�U�L�R�G �Z�R�E�E�O�L�Q�J �R�I �(�D�U�W�K�� �Z�K�L�F�K �L�V �U�H�I�H�U�U�H�G
�W�R �D�V �O�X�Q�L���V�R�O�D�U �S�U�H�F�H�V�V�L�R�Q�� �$�Q �D�G�G�L�W�L�R�Q�D�O �W�R�U�T�X�H �R�Q �W�K�H �E�X�O�J�H �I�U�R�P �W�K�H �0�R�R�Q �F�D�X�V�H�V �Q�X�W�D�W�L�R�Q�V�� �V�P�D�O�O
�R�V�F�L�O�O�D�W�L�R�Q�V �L�Q �(�D�U�W�K�¶�V �U�R�W�D�W�L�R�Q �D�[�L�V�� �F�D�X�V�L�Q�J �P�R�Q�W�K�O�\ �Y�D�U�L�D�W�L�R�Q�V�� �$�O�O �R�I �W�K�H�V�H �H�I�I�H�F�W�V �F�D�X�V�H �Y�D�U�L�D�W�L�R�Q�V �L�Q
�W�K�H �R�U�L�H�Q�W�D�W�L�R�Q �R�I �(�D�U�W�K�¶�V �U�R�W�D�W�L�R�Q�V �D�[�L�V�� �H�F�O�L�S�W�L�F �S�O�D�Q�H�� �Z�K�L�F�K �D�O�V�R �O�H�D�G�V �W�R �P�R�W�L�R�Q �R�I �W�K�H �H�T�X�L�Q�R�[ �>���� �@��

�7�K�H�V�H �H�I�I�H�F�W�V �D�U�H �W�D�N�H�Q �L�Q�W�R �D�F�F�R�X�Q�W �Z�K�H�Q �W�U�D�Q�V�I�R�U�P�L�Q�J �I�U�R�P �(�&�(�) �W�R �(�&�, �E�\ �X�V�L�Q�J �P�X�O�W�L�S�O�H �U�R�W�D��
�W�L�R�Q�V�� �7�K�H �F�R�P�S�O�H�W�H �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q �L�V��

r ECI = PN (t)
( t)�( t)r ECEF ������������

�Z�K�H�U�HPN �L�V �W�K�H �P�D�W�U�L�[ �S�U�R�G�X�F�W �R�I �W�K�H �3�U�H�F�H�V�V�L�R�Q �D�Q�G �1�X�W�D�W�L�R�Q �P�D�W�U�L�F�H�V��
 �L�V �W�K�H �V�L�G�H�U�H�D�O���U�R�W�D�W�L�R�Q �P�D��
�W�U�L�[ �R�I �G�D�W�H �D�Q�G� �L�V �W�K�H �3�R�O�D�U �0�R�W�L�R�Q �U�R�W�D�W�L�R�Q �P�D�W�U�L�[ �R�I �G�D�W�H�� �7�K�H �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q �I�R�O�O�R�Z�V �W�K�H �,�Q�W�H�U�Q�D�W�L�R�Q�D�O
�$�V�W�U�R�Q�R�P�L�F�D�O �8�Q�L�R�Q ���,�$�8������������ �W�K�H�R�U�\��

�3�U�H�F�H�V�V�L�R�Q �D�Q�G �1�X�W�D�W�L�R�Q�7�K�H �3�1 �P�D�W�U�L�[ �L�V �X�V�H�G �W�R �U�H�O�D�W�H �W�K�H �&�H�O�H�V�W�L�D�O �,�Q�W�H�U�P�H�G�L�D�W�H �3�R�O�H ���D�[�L�V �R�I
�(�D�U�W�K�¶�V �U�R�W�D�W�L�R�Q�� �Q�R�U�P�D�O �W�R �W�K�H �W�U�X�H �H�T�X�D�W�R�U�� �W�R �W�K�H �(�&�, �>���� �@�� �,�W �L�V �H�[�S�U�H�V�V�H�G �D�V��

PN =

2

4
1 � aP X 2

P � aP X P YP X P

� aP X P YP 1 � aP Y 2
P Y

� X P � YP 1 � aP (X 2
P + Y 2

P )

3

5 ROT3(sN ) ������������

�Z�K�H�U�Ha = 0 :5 + 1/8( X 2
P + Y 2

P ) �D�Q�GX P ��YP �D�U�H �W�K�H �\ �D�Q�G �[ �F�R�R�U�G�L�Q�D�W�H�V �R�I �W�K�H �&�H�O�H�V�W�L�D�O �,�Q�W�H�U�P�H�G�L�D�W�H
�3�R�O�H �Z���U���W�� �(�&�,�� �/�H�Q�J�W�K�\ �H�[�S�U�H�V�V�L�R�Q�V �D�U�H �X�V�H�G �W�R �F�D�O�F�X�O�D�W�HX P ; YP ; sN �U�H�T�X�L�U�L�Q�J �7�H�U�U�H�V�W�U�L�D�O �7�L�P�H�� �0�H�D�Q
�D�Q�R�P�D�O�L�H�V�� �+�H�O�L�R�F�H�Q�W�U�L�F �O�R�Q�J�L�W�X�G�H�V�� �U�L�J�K�W �D�V�F�H�Q�V�L�R�Q�V �R�I �W�K�H �D�V�F�H�Q�G�L�Q�J �Q�R�G�H�V�� �P�H�D�Q �H�O�R�Q�J�D�W�L�R�Q�� �I�U�R�P
�W�K�H �6�X�Q �D�Q�G �W�K�H �0�R�R�Q�� �H�[�S�U�H�V�V�H�G �L�Q �>���� �@�� �$�G�G�L�W�L�R�Q�D�O �F�R�U�U�H�F�W�L�R�Q�V �L�Q�F�O�X�G�H �W�K�H �I�U�H�H���F�R�U�H �1�X�W�D�W�L�R�Q �D�Q�G
�W�L�P�H �G�H�S�H�Q�G�H�Q�W �H�I�I�H�F�W�V ���D�Y�D�L�O�D�E�O�H �D�V �S�D�U�W �R�I �(�2�3����

�6�L�G�H�U�H�D�O �7�L�P�H �5�R�W�D�W�L�R�Q�7�K�H �V�L�G�H�U�H�D�O �W�L�P�H �U�R�W�D�W�L�R�Q �X�V�H�V �W�K�H �(�D�U�W�K �U�R�W�D�W�L�R�Q �D�Q�J�O�H� ERA ��


( t) = ROT3(� � ERA ) ������������

�Z�K�H�U�H� ERA �L�V �W�K�H �(�D�U�W�K �5�R�W�D�W�L�R�Q �$�Q�J�O�H�� �F�D�O�F�X�O�D�W�H�G �D�V �D �I�X�Q�F�W�L�R�Q �R�I �W�K�H �-�X�O�L�D�Q �&�H�Q�W�X�U�L�H�V �V�L�Q�F�H �������� �R�I
�8�7�� �W�L�P�H��

� ERA = 2 � (0:7790572732640 + 1:00273781191135448(JD (UT1) � 2451645)) ������������

�3�R�O�D�U �0�R�W�L�R�Q �5�R�W�D�W�L�R�Q�7�K�H �3�R�O�D�U �0�R�W�L�R�Q ���3�0�� �U�R�W�D�W�L�R�Q �D�F�F�R�X�Q�W�V �I�R�U �W�K�H �P�R�Y�H�P�H�Q�W �R�I �(�D�U�W�K�¶�V �U�R�W�D�W�L�R�Q
�D�[�L�V �Z���U���W�� �(�D�U�W�K�¶�V �F�U�X�V�W�� �7�R �D�F�F�R�X�Q�W �I�R�U �W�K�L�V �U�R�W�D�W�L�R�Q�� �D�Q�J�O�H�V �D�U�H �Q�H�H�G�H�G �I�U�R�P �(�2�3�� �Z�K�L�F�K �D�U�H �S�X�E�O�L�V�K�H�G
�E�\ �W�K�H �,�Q�W�H�U�Q�D�W�L�R�Q�D�O �,�(�5�6�� �7�K�H �G�L�V�S�O�D�F�H�P�H�Q�W�Vxp �D�Q�Gyp �D�U�H �J�L�Y�H�Q �L�Q �D�U�F �V�H�F�R�Q�G�V��

�$�G�G�L�W�L�R�Q�D�O�O�\ �L�Q �,�$�8�������������������� �F�R�Q�Y�H�Q�W�L�R�Q�V�� �L�W �L�V �Q�H�H�G�H�G �W�R �W�D�N�H �L�Q�W�R �D�F�F�R�X�Q�W �W�K�H �L�Q�V�W�D�Q�W�D�Q�H�R�X�V �S�U�L�P�H
�P�H�U�L�G�L�D�Q �O�R�F�D�W�R�Us0�� �7�K�H �F�R�P�S�O�H�W�H �3�0 �U�R�W�D�W�L�R�Q �L�V��

�( t) = ROT3(� s0)ROT2(xp)ROT1(yp) ������������

�Z�K�H�U�Hs0 �L�V �W�K�H �D�I�R�U�H�P�H�Q�W�L�R�Q�H�G �S�U�L�P�H �P�H�U�L�G�L�D�Q �O�R�F�D�W�R�U�� �Z�K�L�F�K �L�V �I�R�X�Q�G �X�V�L�Q�J �D�Y�H�U�D�J�H �Y�D�O�X�H�V �I�R�U �&�K�D�Q�G�O�H�U
�D�Q�G �D�Q�Q�X�D�O �Z�R�E�E�O�H �>���� �@ �D�Q�G �F�D�Q �E�H �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J �7�7��

s0 = � 0:000047�T́T ������������
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�,�P�S�D�F�W �R�Q �$�F�F�H�O�H�U�D�W�L�R�Q�V �L�Q �(�&�(�)
�:�K�H�Q �H�[�S�U�H�V�V�L�Q�J �D�F�F�H�O�H�U�D�W�L�R�Q�V �L�Q �D �U�R�W�D�W�L�Q�J �U�H�I�H�U�H�Q�F�H �I�U�D�P�H�� �L�W �L�V �L�P�S�R�U�W�D�Q�W �W�R �F�R�Q�V�L�G�H�U �W�K�H �H�I�I�H�F�W�V �R�I
�W�K�H �U�R�W�D�W�L�R�Q �Y�H�F�W�R�U �R�Q �W�K�H �D�F�F�H�O�H�U�D�W�L�R�Q �W�H�U�P�V�� �$�G�G�L�W�L�R�Q�D�O �W�H�U�P�V �L�Q�W�U�R�G�X�F�H�G �Z�K�H�Q �D �U�R�W�D�W�L�Q�J �I�U�D�P�H �L�V �X�V�H�G
�D�U�H �D�V �I�R�O�O�R�Z�V �>���� �@��

•r ECEF = •r ECI � _! E � r ECEF � 2! E � _r ECEF � ! E � (! E � r ECEF ) ������������

�Z�K�H�U�H �W�K�H �I�L�U�V�W �W�H�U�P �L�V �W�K�H �D�F�F�H�O�H�U�D�W�L�R�Q �L�Q �D�Q �L�Q�H�U�W�L�D�O �I�U�D�P�H�� �V�H�F�R�Q�G �L�V �W�K�H �W�D�Q�J�H�Q�W�L�D�O �D�F�F�H�O�H�U�D�W�L�R�Q �G�X�H �W�R
�W�K�H �F�K�D�Q�J�L�Q�J �U�R�W�D�W�L�R�Q �U�D�W�H ���D�Q�G �L�V �� �I�R�U �F�L�U�F�X�O�D�U �R�U�E�L�W�V���� �W�K�H �W�K�L�U�G �L�V �W�K�H �&�R�U�L�R�O�L�V �D�F�F�H�O�H�U�D�W�L�R�Q �D�Q�G �W�K�H �I�L�Q�D�O
�L�V �W�K�H �F�H�Q�W�U�L�S�H�W�D�O �D�F�F�H�O�H�U�D�W�L�R�Q �>���� �@�� �+�H�U�H��! E �L�V �W�K�H �U�R�W�D�W�L�R�Q �U�D�W�H �Y�H�F�W�R�U �R�I �(�&�(�) �Z���U���W�� �(�&�,��•r ECI �L�V �W�K�H
�D�F�F�H�O�H�U�D�W�L�R�Q �L�Q �(�&�,��

�,�W �L�V �Q�R�W �Q�H�F�H�V�V�D�U�\ �W�R �U�L�J�R�U�R�X�V�O�\ �H�Y�D�O�X�D�W�H �W�K�H �(�&�,���(�&�(�) �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q �D�Q�G �L�W�V �W�L�P�H �G�H�U�L�Y�D�W�L�Y�H �D�Q�G
�L�Q�V�W�H�D�G �L�W �L�V �V�X�I�I�L�F�L�H�Q�W �W�R �F�R�Q�V�L�G�H�U �D �V�L�P�S�O�L�I�L�H�G �H�[�S�U�H�V�V�L�R�Q �I�R�U �W�K�H �&�R�U�L�R�O�L�V �D�Q�G �F�H�Q�W�U�L�S�H�W�D�O �D�F�F�H�O�H�U�D�W�L�R�Q�V��
�$�Q �D�S�S�U�R�[�L�P�D�W�H �U�R�W�D�W�L�R�Q �Y�H�F�W�R�U �F�D�Q �E�H �X�V�H�G�� �D�O�R�Q�J �Z�L�W�K �W�K�H �3�R�O�D�U �0�R�W�L�R�Q �U�R�W�D�W�L�R�Q �R�I �W�K�H �= �D�[�L�V�� �Z�K�L�F�K
�L�P�S�U�R�Y�H�V �W�K�H �P�R�G�H�O�O�L�Q�J �D�F�F�X�U�D�F�\ �R�I �W�K�H �&�R�U�L�R�O�L�V �I�R�U�F�H �E�\ �R�Q�H �R�U�G�H�U �R�I �P�D�J�Q�L�W�X�G�H �>���� �@�� �7�K�H �U�R�W�D�W�L�R�Q
�Y�H�F�W�R�U �L�V �H�[�S�U�H�V�V�H�G �D�V��

! E � �( t)

0

@
0
0

! E
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�Z�K�H�U�H! E �L�V �D �V�F�D�O�D�U �(�D�U�W�K �U�R�W�D�W�L�R�Q�D�O �Y�H�O�R�F�L�W�\�� �H�T�X�D�O �W�R �����������������H���� �U�D�G���V��

���������/�L�Q�N �*�H�R�P�H�W�U�\ �&�D�O�F�X�O�D�W�L�R�Q�V
�(�D�U�W�K �R�F�F�X�O�W�D�W�L�R�Q �F�R�Q�G�L�W�L�R�Q �F�R�P�S�X�W�D�W�L�R�Q�V �D�U�H �G�R�F�X�P�H�Q�W�H�G �L�Q�V�X�E�V�H�F�W�L�R�Q ������������ �6�X�E�V�H�T�X�H�Q�W�O�\�� �F�R�Q�Y�H�U��
�V�L�R�Q �R�I �V�D�W�H�O�O�L�W�H �S�R�V�L�W�L�R�Q�V �W�R �S�R�L�Q�W�L�Q�J �D�Q�J�O�H�V �D�U�H �G�H�V�F�U�L�E�H�G �L�Q�V�X�E�V�H�F�W�L�R�Q ������������

�������������/�L�Q�N �9�L�V�L�E�L�O�L�W�\ �&�R�Q�G�L�W�L�R�Q�V
�7�K�H �O�L�Q�N �G�L�V�W�D�Q�F�H�V �R�U �Y�L�H�Z�L�Q�J �D�Q�J�O�H�V �V�X�S�S�R�U�W�H�G �E�\ �W�K�H �W�H�U�P�L�Q�D�O �D�U�H �Q�R�W �D�O�Z�D�\�V �W�K�H �O�L�P�L�W�L�Q�J �Y�L�V�L�E�L�O�L�W�\
�I�D�F�W�R�U�� �(�D�U�W�K �2�F�F�X�O�W�D�W�L�R�Q �F�D�Q �D�O�V�R �S�U�H�Y�H�Q�W �O�L�Q�N�V�� �7�R �G�H�W�H�U�P�L�Q�H �Z�K�H�W�K�H�U �W�Z�R �V�D�W�H�O�O�L�W�H�V �D�U�H �Y�L�V�L�E�O�H �W�R �H�D�F�K
�R�W�K�H�U�� �V�H�Y�H�U�D�O �D�Q�J�O�H�V �P�X�V�W �E�H �H�V�W�D�E�O�L�V�K�H�G �L�Q �W�K�H �V�D�W�H�O�O�L�W�H�V�¶ �U�H�O�D�W�L�Y�H �J�H�R�P�H�W�U�\�� �7�K�H�V�H �D�U�H �Y�L�V�X�D�O�L�]�H�G �L�Q
�)�L�J�X�U�H �������>���� �@�� �1�D�P�H�O�\�� �W�K�H�V�H �D�Q�J�O�H�V �D�U�H��

�‡� h �� �(�D�U�W�K�¶�V �D�Q�J�X�O�D�U �U�D�G�L�X�V �D�V �V�H�H�Q �I�U�R�P �W�K�H �K�L�J�K�H�U���R�U�E�L�W �V�D�W�H�O�O�L�W�H��
�‡� l �� �(�D�U�W�K�¶�V �D�Q�J�X�O�D�U �U�D�G�L�X�V �D�V �V�H�H�Q �I�U�R�P �W�K�H �O�R�Z�H�U���R�U�E�L�W �V�D�W�H�O�O�L�W�H��
�‡� 0 �D�Q�G� h �� �(�D�U�W�K �F�H�Q�W�U�D�O �D�Q�J�O�H�V �D�W �R�F�F�X�O�W�D�W�L�R�Q �D�Q�G �W�U�D�Q�V�L�W �H�G�J�H�V��

�)�L�J�X�U�H ���������*�H�R�P�H�W�U�\ �D�Q�G �U�H�O�H�Y�D�Q�W �D�Q�J�O�H�V �E�H�W�Z�H�H�Q �W�K�H �/�(�2 �D�Q�G �0�(�2 �V�D�W�H�O�O�L�W�H�V �W�R �G�H�W�H�U�P�L�Q�H �L�I �R�F�F�X�O�W�D�W�L�R�Q �R�F�F�X�U�V �>���� �@��

�7�K�H �R�F�F�X�O�W�D�W�L�R�Q �F�R�Q�G�L�W�L�R�Q�V �F�D�Q �E�H �G�H�U�L�Y�H�G �I�U�R�P �P�X�O�W�L�S�O�H �S�R�L�Q�W�V �R�I �Y�L�H�Z�� �$�V �V�H�H�Q �I�U�R�P �W�K�H �K�L�J�K�H�U �V�S�D�F�H��
�F�U�D�I�W�� �R�F�F�X�O�W�D�W�L�R�Q �R�F�F�X�U�V �L�I��

� h < � h �D�Q�G jj � jj > jj r jj cos�h ������������
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�Z�K�H�U�H� h �L�V �W�K�H �D�Q�J�O�H �E�H�W�Z�H�H�Q �W�K�H �Q�D�G�L�U �Y�H�F�W�R�U �D�Q�G �W�K�H �O�L�Q�H �R�I �V�L�J�K�W� �E�H�W�Z�H�H�Q �W�K�H �/�(�2 �D�Q�G �0�(�2
�V�D�W�H�O�O�L�W�H�V �I�U�R�P �W�K�H �0�(�2 �V�D�W�H�O�O�L�W�H�¶�V �S�R�L�Q�W �R�I �Y�L�H�Z�� �)�U�R�P �W�K�H �/�(�2 �V�D�W�H�O�O�L�W�H�¶�V �S�R�L�Q�W �R�I �Y�L�H�Z�� �R�F�F�X�O�W�D�W�L�R�Q
�F�R�Q�G�L�W�L�R�Q�V �D�U�H��

� l < � l ������������

�Z�K�H�U�H� l �L�V �W�K�H �D�Q�J�O�H �E�H�W�Z�H�H�Q �W�K�H �Q�D�G�L�U �Y�H�F�W�R�U �D�Q�G �W�K�H �O�L�Q�H �R�I �V�L�J�K�W� �E�H�W�Z�H�H�Q �W�K�H �/�(�2 �D�Q�G �0�(�2
�V�D�W�H�O�O�L�W�H�V �I�U�R�P �W�K�H �/�(�2 �V�D�W�H�O�O�L�W�H�¶�V �S�R�L�Q�W �R�I �Y�L�H�Z�� �&�R�Q�Y�H�U�V�H�O�\�� �W�K�H �F�R�Q�G�L�W�L�R�Q �I�R�U �O�L�Q�N �D�Y�D�L�O�D�E�L�O�L�W�\ �E�H�F�R�P�H�V
�W�K�H �R�S�S�R�V�L�W�H �F�R�Q�G�L�W�L�R�Q�� �W�K�D�W �W�K�H �U�H�O�D�W�L�Y�H �Q�D�G�L�U���/�2�6 �D�Q�J�O�H �L�V �P�R�U�H �R�U �H�T�X�D�O �W�R �(�D�U�W�K�¶�V �D�Q�J�X�O�D�U �U�D�G�L�X�V��

� l � � l ������������

�7�K�H�V�H �D�Q�J�O�H�V �F�D�Q �E�H �F�R�P�S�X�W�H�G �X�V�L�Q�J �W�K�H �V�D�W�H�O�O�L�W�H �S�R�V�L�W�L�R�Q �Y�H�F�W�R�U�V �L�Q �D�Q �(�D�U�W�K���F�H�Q�W�H�U�H�G �I�U�D�P�H �D�Q�G �W�K�H
�R�U�E�L�W�D�O �S�D�U�D�P�H�W�H�U�V�� �(�D�U�W�K�¶�V �D�Q�J�X�O�D�U �U�D�G�L�X�V �I�U�R�P �D �/�(�2 �R�U �0�(�2 �V�D�W�H�O�O�L�W�H �L�V �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J��

� h = sin � 1
�

RE + Ratm

jj r h jj

�
������������

�Z�K�H�U�HRE �L�V �(�D�U�W�K�¶�V �U�D�G�L�X�V �D�Q�GRatm �L�V �W�K�H �D�O�W�L�W�X�G�H �X�S �W�R �Z�K�L�F�K �W�K�H �D�W�P�R�V�S�K�H�U�L�F �G�L�V�W�R�U�W�L�R�Q �K�L�Q�G�H�U�V �/�,�6�/��
jj r h jj �U�H�I�H�U�V �W�R �W�K�H �K�L�J�K�H�U �V�D�W�H�O�O�L�W�H�¶�V �R�U�E�L�W�D�O �U�D�G�L�X�V��

�0�H�D�Q�Z�K�L�O�H�� �W�K�H �D�Q�J�O�H�V� h �R�U� l �D�U�H �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J �W�K�H�L�U �(�D�U�W�K���F�H�Q�W�H�U�H�G �S�R�V�L�W�L�R�Q �Y�H�F�W�R�U�V �D�Q�G �W�K�H
�G�R�W �S�U�R�G�X�F�W �U�X�O�H��

� h = cos� 1
�

r h � � lh

jj r h jj � jj � lh jj

�
= cos� 1

�
r h � (r h � r l )

jj r h jj � jj (r h � r l )jj

�
������������

�D�Q�D�O�R�J�R�X�V�O�\�� �I�U�R�P �W�K�H �O�R�Z�H�U �V�D�W�H�O�O�L�W�H��

� l = cos� 1
�

r l � � hl

jj r l jj � jj � hl jj

�
= cos� 1

�
r l � (r l � r h )

jj r l jj � jj (r l � r h )jj

�
������������

�������������3�R�L�Q�W�L�Q�J �$�Q�J�O�H �&�R�P�S�X�W�D�W�L�R�Q�V
�7�K�H �7�H�U�P�L�Q�D�O �S�R�L�Q�W�L�Q�J �D�Q�J�O�H�V �D�U�H �F�R�P�S�X�W�H�G �E�\ �X�V�L�Q�J �W�K�H �K�R�V�W���W�D�U�J�H�W �V�D�W�H�O�O�L�W�H�V�¶ �F�D�U�W�H�V�L�D�Q �S�R�V�L�W�L�R�Q�V �D�Q�G
�K�R�V�W �V�D�W�H�O�O�L�W�H�V �D�W�W�L�W�X�G�H�� �)�R�U �W�K�L�V �D�Q�D�O�\�V�L�V�� �W�K�H �V�W�D�U�W �S�R�L�Q�W �L�V �V�H�W �D�W �+�R�V�W �D�Q�G �7�D�U�J�H�W �S�R�V�L�W�L�R�Q �N�Q�R�Z�O�H�G�J�H �L�Q
�W�K�H �(�&�, �U�H�I�H�U�H�Q�F�H �I�U�D�P�H�� �7�K�H�V�H �D�U�H �F�R�Q�Y�H�U�W�H�G �L�Q�W�R �D �/�2�6 �E�\ �V�X�E�W�U�D�F�W�L�Q�J �W�K�H �W�D�U�J�H�W �D�Q�G �K�R�V�W �S�R�V�L�W�L�R�Q
�Y�H�F�W�R�U�V��

LOS ECI = r t � r h ������������

�7�K�H �/�2�6 �L�Q �(�&�, �L�V �W�K�H�Q �U�R�W�D�W�H�G �W�R �W�K�H �V�D�W�H�O�O�L�W�H �E�R�G�\���I�U�D�P�H�� �Z�K�L�F�K �L�Q �W�K�L�V �F�D�V�H �L�V �D�V�V�X�P�H�G �W�R �F�R�L�Q�F�L�G�H
�Z�L�W�K �W�K�H �5�6�: �U�H�I�H�U�H�Q�F�H �I�U�D�P�H�� �7�K�H �/�2�6 �L�Q �5�6�: �L�V �F�D�O�F�X�O�D�W�H�G �E�\ �X�V�L�Q�J �W�K�H �U�R�W�D�W�L�R�Q �P�D�W�U�L�[ �I�U�R�P �(�&�, �W�R
�5�6�:��

LOS RSW = ROT RSW / ECI LOS ECI ������������

�Z�K�H�U�H �W�K�H �U�R�W�D�W�L�R�Q �P�D�W�U�L�[ROT RSW / ECI �L�V �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J �W�K�H �5�6�: �X�Q�L�W �Y�H�F�W�R�U�V �H�[�S�U�H�V�V�H�G �L�Q �(�&�,�>���� �@��

ROT RSW / ECI =

2

4
R̂
Ŝ
Ŵ

3

5 ������������

�Z�K�H�U�HR̂�� Ŝ�� Ŵ �D�U�H �W�K�H �X�Q�L�W �Y�H�F�W�R�U�V �L�Q �W�K�H �5�D�G�L�D�O�� �$�O�R�Q�J���W�U�D�F�N �D�Q�G �&�U�R�V�V���W�U�D�F�N �G�L�U�H�F�W�L�R�Q�V�� �7�K�H�\ �D�U�H
�F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J �K�R�V�W �S�R�V�L�W�L�R�Q �D�Q�G �Y�H�O�R�F�L�W�\ �X�Q�L�W �Y�H�F�W�R�U�V �Y�L�D �W�K�H �Y�H�F�W�R�U �I�R�U�P�X�O�D�W�L�R�Q��

R̂ = r̂ h;ECI ������������

Ŵ = r̂ h;ECI � v̂h;ECI ������������

Ŝ = Ŵ � R̂ ������������

�,�I �V�S�D�F�H�F�U�D�I�W �D�W�W�L�W�X�G�H �Z�D�V �F�R�Q�V�L�G�H�U�H�G�� �W�K�H�QROT BF / ECI �Z�R�X�O�G �U�H�O�D�W�H �(�&�, �D�Q�G �V�D�W�H�O�O�L�W�H �%�) �U�H�I�H�U�H�Q�F�H
�I�U�D�P�H�V�� �,�Q �W�K�L�V �F�D�V�H�� �W�K�H �/�2�6 �L�Q �5�6�: �L�V �D�V�V�X�P�H�G �W�R �E�H �H�T�X�L�Y�D�O�H�Q�W �W�R �%�)��

�7�K�H �3�R�L�Q�W�L�Q�J �D�Q�J�O�H�V �R�I �D�]�L�P�X�W�K �D�Q�G �H�O�H�Y�D�W�L�R�Q �D�U�H �W�K�H�Q �F�D�O�F�X�O�D�W�H�G �E�\ �F�R�Q�Y�H�U�W�L�Q�J �/�&�7 �F�D�U�W�H�V�L�D�Q �F�R�P��
�S�R�Q�H�Q�W�V �W�R �$�]�L�P�X�W�K �D�Q�G �(�O�H�Y�D�W�L�R�QAE ��

AE =

"
arctan2 (� zBF ; yBF )

arcsin
�

x BF
jj LOS jj

�
#

������������

�Z�K�H�U�Harctan2 �L�V �W�K�H �D�U�F�W�D�Q �W�K�D�W �R�X�W�S�X�W�V �D�Q�J�O�H�V �L�Q �D ������ �G�H�J�U�H�H �U�D�Q�J�H �D�Q�G �_�_LOS �_�_ �L�V �W�K�H �O���� �Q�R�U�P �R�I
�W�K�H �/�2�6�� �Z�K�L�F�K �H�I�I�H�F�W�L�Y�H�O�\ �L�V �W�K�H �V�O�D�Q�W �U�D�Q�J�H��



�������� �*�1�6�6 �%�D�F�N�J�U�R�X�Q�G ����

�)�L�J�X�U�H ���������9�L�V�X�D�O�L�]�D�W�L�R�Q �R�I �*�1�6�6 �&�R�Q�V�W�H�O�O�D�W�L�R�Q�V �� �*�3�6�� �*�D�O�L�O�H�R�� �*�/�2�1�$�6�6 �D�Q�G �%�H�L�'�R�X�� �U�H�V�S�H�F�W�L�Y�H�O�\ �>���� �@

���������*�1�6�6 �%�D�F�N�J�U�R�X�Q�G
�,�Q �W�K�L�V �V�H�F�W�L�R�Q�� �V�R�P�H �E�D�F�N�J�U�R�X�Q�G �U�H�J�D�U�G�L�Q�J �*�1�6�6 �F�R�Q�V�W�H�O�O�D�W�L�R�Q�V �D�Q�G �V�L�J�Q�D�O�V �L�V �G�R�F�X�P�H�Q�W�H�G �L�Q�V�X�E��
�V�H�F�W�L�R�Q �����������D�Q�G�V�X�E�V�H�F�W�L�R�Q ������������ �U�H�V�S�H�F�W�L�Y�H�O�\�� �7�K�H�Q�� �E�D�V�L�F�V �R�I �*�1�6�6���E�D�V�H�G �R�U�E�L�W �G�H�W�H�U�P�L�Q�D�W�L�R�Q �L�V
�G�R�F�X�P�H�Q�W�H�G �L�Q�V�X�E�V�H�F�W�L�R�Q ������������

�������������*�1�6�6 �&�R�Q�V�W�H�O�O�D�W�L�R�Q�V
�$ �*�O�R�E�D�O �1�D�Y�L�J�D�W�L�R�Q �6�D�W�H�O�O�L�W�H �6�\�V�W�H�P �L�V �D �F�R�Q�V�W�H�O�O�D�W�L�R�Q �R�I �V�D�W�H�O�O�L�W�H�V �L�Q �0�H�G�L�X�P�� �*�H�R�V�\�Q�F�K�U�R�Q�R�X�V �R�U
�*�H�R�V�W�D�W�L�R�Q�D�U�\ �R�U�E�L�W�V �W�K�D�W �W�U�D�Q�V�P�L�W �U�D�Q�J�L�Q�J �P�H�D�V�X�U�H�P�H�Q�W�V �I�R�U �Q�D�Y�L�J�D�W�L�R�Q �S�X�U�S�R�V�H�V�� �&�X�U�U�H�Q�W�O�\ �W�K�H�U�H �D�U�H
�P�X�O�W�L�S�O�H �R�S�H�U�D�W�L�R�Q�D�O �R�U �Q�H�D�U���R�S�H�U�D�W�L�R�Q�D�O �*�1�6�6�� �*�O�R�E�D�O �3�R�V�L�W�L�R�Q�L�Q�J �6�\�V�W�H�P ���*�3�6�� �L�V �D �*�1�6�6 �R�S�H�U�D�W�H�G
�E�\ �W�K�H �8�Q�L�W�H�G �6�W�D�W�H�V�� �F�R�Q�V�L�V�W�L�Q�J �R�I ���� �V�D�W�H�O�O�L�W�H�V �L�Q �0�H�G�L�X�P �(�D�U�W�K �2�U�E�L�W ���0�(�2���� �Z�K�L�F�K �Z�D�V �W�K�H �I�L�U�V�W �I�X�O�O�\
�R�S�H�U�D�W�L�R�Q�D�O �*�1�6�6�� �7�K�H �V�H�F�R�Q�G �R�Q�H �Z�D�V �*�/�2�1�$�6�6�� �G�H�Y�H�O�R�S�H�G �E�\ �W�K�H �5�X�V�V�L�D�Q �I�H�G�H�U�D�W�L�R�Q�� �F�X�U�U�H�Q�W�O�\
�D�O�V�R �F�R�Q�V�L�V�W�L�Q�J �R�I ���� �V�D�W�H�O�O�L�W�H�V�� �*�D�O�L�O�H�R�� �W�K�H �(�X�U�R�S�H�D�Q �J�O�R�E�D�O �Q�D�Y�L�J�D�W�L�R�Q �V�D�W�H�O�O�L�W�H �V�\�V�W�H�P �Z�D�V �G�H�V�L�J�Q�H�G
�E�D�V�H�G �R�Q �W�K�H �V�D�P�H �S�K�\�V�L�F�D�O �S�U�L�Q�F�L�S�O�H�V �D�V �*�3�6�� �*�/�2�1�$�6�6 �D�Q�G �R�W�K�H�U �*�1�6�6�� �Z�K�H�U�H �K�L�J�K���S�U�H�F�L�V�L�R�Q
�F�O�R�F�N�V �L�Q �R�U�E�L�W �D�U�H �X�V�H�G �D�V �D �V�R�X�U�F�H �I�R�U �U�D�G�L�R �V�L�J�Q�D�O �E�D�V�H�G �U�D�Q�J�L�Q�J �P�H�D�V�X�U�H�P�H�Q�W�V�� �%�H�L�'�R�X �L�V �W�K�H
�&�K�L�Q�H�V�H �V�D�W�H�O�O�L�W�H �Q�D�Y�L�J�D�W�L�R�Q �>���� �@�� �Z�L�W�K �W�K�U�H�H �J�H�Q�H�U�D�W�L�R�Q�V �R�I �V�D�W�H�O�O�L�W�H�V �O�D�X�Q�F�K�H�G �E�H�W�Z�H�H�Q �������� �D�Q�G ����������

�$�O�W�K�R�X�J�K �%�H�L�'�R�X �S�U�R�Y�L�G�H�G �O�L�P�L�W�H�G �F�R�Y�H�U�D�J�H �V�W�D�U�W�L�Q�J �L�Q ���������� �V�L�Q�F�H �W�K�H�Q �L�W�V �V�H�F�R�Q�G �D�Q�G �W�K�L�U�G���J�H�Q�H�U�D�W�L�R�Q
�V�\�V�W�H�P�V �%�'�6���� �L�Q �������� �D�Q�G �%�'�6���� �L�Q �������� �K�D�V �L�P�S�U�R�Y�H�G �L�W �E�R�W�K �L�Q �F�R�Y�H�U�D�J�H �D�Q�G �S�H�U�I�R�U�P�D�Q�F�H�� �6�L�Q�F�H
���������� �W�K�H �%�H�L�'�R�X �V�\�V�W�H�P �S�U�R�Y�L�G�H�V �I�U�H�H �3�U�H�F�L�V�H �3�R�L�Q�W �3�R�V�L�W�L�R�Q�L�Q�J ���3�3�3�� �V�H�U�Y�L�F�H�V �L�Q �G�P���O�H�Y�H�O �S�U�H�F�L�V�L�R�Q
�>���� �@��

�7�K�H �V�K�H�O�O�V �R�I �W�K�H �*�1�6�6 �F�R�Q�V�W�H�O�O�D�W�L�R�Q�V �D�U�H �Y�L�V�X�D�O�L�]�H�G �L�Q�)�L�J�X�U�H �������� �7�K�H�L�U �R�U�E�L�W�D�O �S�D�U�D�P�H�W�H�U�V �D�U�H �V�X�P��
�P�D�U�L�]�H�G �L�Q�7�D�E�O�H �������� �&�R�Q�V�L�V�W�H�Q�W�O�\�� �H�D�F�K �*�1�6�6 �S�O�D�Q�H �L�V �P�H�G�L�X�P���L�Q�F�O�L�Q�H�G �W�R �S�U�R�Y�L�G�H �R�S�W�L�P�X�P �F�R�Y�H�U�D�J�H
�I�R�U �W�K�H �P�R�V�W �G�H�Q�V�H�O�\ �S�R�S�X�O�D�W�H�G �U�H�J�L�R�Q�V��

�7�D�E�O�H ���������*�H�Q�H�U�D�O �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �H�D�F�K �*�1�6�6 �&�R�Q�V�W�H�O�O�D�W�L�R�Q �>���� �@��

�*�1�6�6 �K �>�N�P�@ �2�U�E�L�W�D�O �3�H�U�L�R�G �>�K�U���P�L�Q�@�L �>�G�H�J�@�1�U�� �3�O�D�Q�H�V �>���@
�*�3�6 ���������� ���������� ���� ��
�*�/�2�1�$�6�6 ���������� ���� ���� ��
�*�D�O�L�O�H�R���������� ���������� �������� ��
�%�H�L�'�R�X ������������ ���������� �� ���� ��

�������������*�1�6�6 �6�L�J�Q�D�O�V
�*�1�6�6 �V�L�J�Q�D�O�V �D�U�H �H�O�H�F�W�U�R�P�D�J�Q�H�W�L�F �Z�D�Y�H�V �L�Q �W�K�H �U�D�G�L�R �I�U�H�T�X�H�Q�F�\ �V�S�H�F�W�U�X�P�� �*�3�6 �V�D�W�H�O�O�L�W�H�V �K�D�Y�H �R�V�F�L�O��
�O�D�W�R�U�V �R�Q �E�R�D�U�G �Z�K�L�F�K �J�H�Q�H�U�D�W�H �W�K�H �I�X�Q�G�D�P�H�Q�W�D�O �I�U�H�T�X�H�Q�F�\f 0�� �7�K�H �F�D�U�U�L�H�U �V�L�J�Q�D�O�V �L�Q �W�K�H �/���E�D�Q�G �D�U�H
�J�H�Q�H�U�D�W�H�G �E�\ �L�Q�W�H�J�H�U �P�X�O�W�L�S�O�L�F�D�W�L�R�Q �R�If 0�� �7�K�H �F�D�U�U�L�H�U �Z�D�Y�H�V �D�U�H �E�H�W�Z�H�H�Q ������ �D�Q�G ������ �*�+�] ���/���E�D�Q�G����
�Z�K�L�F�K �U�H�V�X�O�W�V �L�Q �Z�D�Y�H�O�H�Q�J�W�K�V �R�I ���������� �F�P�� �6�L�J�Q�D�O�V �D�U�H �J�H�Q�H�U�D�O�O�\ �S�U�R�Y�L�G�H�G �L�Q �6�) �R�U �'�) �Z�K�L�F�K �D�O�O�R�Z�V �W�R
�F�R�P�S�H�Q�V�D�W�H �L�R�Q�R�V�S�K�H�U�L�F �G�H�O�D�\�V��

�7�K�H �G�D�W�D �L�V �H�Q�F�R�G�H�G �L�Q �Y�D�O�X�H�V �R�I ���� �D�Q�G ������ �Z�K�L�F�K �U�H�S�U�H�V�H�Q�W�V �W�K�H �E�L�Q�D�U�\ �Y�D�O�X�H�V �� �D�Q�G ���� �%�L�S�K�D�V�H
�P�R�G�X�O�D�W�L�R�Q �L�V �X�V�H�G�� �Z�K�H�U�H �W�K�H �F�D�U�U�L�H�U �Z�D�Y�H �S�K�D�V�H �V�K�L�I�W�V �E�\ �������ƒ �D�V �W�K�H �F�R�G�H �F�K�D�Q�J�H�V �Y�D�O�X�H�V �E�H�W�Z�H�H�Q
���� �D�Q�G ������ �Z�K�L�F�K �L�V �V�K�R�Z�Q �L�Q�)�L�J�X�U�H �������>���� �@�� �7�K�H �F�R�P�S�R�Q�H�Q�W�V �R�I �W�K�H �J�H�Q�H�U�D�O �*�3�6 �V�D�W�H�O�O�L�W�H �V�L�J�Q�D�O�V �D�U�H
�D�V �I�R�O�O�R�Z�V��

�‡�&�D�U�U�L�H�U�V �/�� �D�Q�G �/���� �W�U�D�Q�V�P�L�W�W�H�G �D�W �I�U�H�T�X�H�Q�F�L�H�V ������f 0 ���������������� �0�+�]�� �D�Q�G ������f 0 �������������� �0�+�]����
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d = jj r r (t r ) � r s(ts)jj ������������
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YP 12 = 2 :54YP 1 � 1:54YP 2 ������������

YL 12 = 2 :54YL 1 � 1:54YL 2 ������������
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Pd;o (n) =
(1 � n2)o/2

2d!
dd+ o

dnd+ o (n2 � 1)d ������������
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� atm jj _r ECI
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rel ������������
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E � r ECI ������������
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3

CR;d + 2CR;s (r̂ sun � n̂ )
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n̂ + (1 � CR;s )r̂ sun
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�V�X�U�I�D�F�H��
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Yi = di + cdtr = jr s
i � r j + c(dtr � dts

i ) ������������
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i �W�K�H �E�U�R�D�G�F�D�V�W �S�R�V�L�W�L�R�Q �I�U�R�P

�W�K�Hith �Q�D�Y�L�J�D�W�L�R�Q �V�D�W�H�O�O�L�W�H��dtr �L�V �W�K�H �U�H�F�H�L�Y�H�U �F�O�R�F�N �H�U�U�R�U �D�Q�Gr �L�V �W�K�H �K�R�V�W �V�D�W�H�O�O�L�W�H �S�R�V�L�W�L�R�Q��
�8�V�L�Q�J �W�K�H �S�V�H�X�G�R�U�D�Q�J�H �P�H�D�V�X�U�H�P�H�Q�W�V �I�U�R�P �� �V�H�S�D�U�D�W�H �*�3�6 �V�D�W�H�O�O�L�W�H�V �D�O�O�R�Z�V �W�R �V�H�W�X�S �W�K�H �V�\�V�W�H�P

�R�I �H�T�X�D�W�L�R�Q�V��

Y1 =
q

(xs
1 � x)2 + ( ys

1 � y)2 + ( zs
1 � z)2 + c(dtr � dts

1)

Y2 =
q

(xs
2 � x)2 + ( ys

2 � y)2 + ( zs
2 � z)2 + c(dtr � dts

2)

Y3 =
q

(xs
3 � x)2 + ( ys

3 � y)2 + ( zs
3 � z)2 + c(dtr � dts

3)

Y4 =
q

(xs
4 � x)2 + ( ys

4 � y)2 + ( zs
4 � z)2 + c(dtr � dts

4)
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� r = r � r̂ ������������

� dtr = dtr � dt̂ r ������������

�F�D�Q �E�H �X�V�H�G �W�R �O�L�Q�H�D�U�L�]�H �D�Q�G �H�[�S�U�H�V�V �W�K�H �S�V�H�X�G�R�U�D�Q�J�H �G�L�V�S�O�D�F�H�P�H�Q�W �I�R�U �W�K�Hith �Q�D�Y�L�J�D�W�L�R�Q �V�D�W�H�O�O�L�W�H��

� Yi = Ŷi � Yi = bxi � x + byi � y + bzi � z � c� dtr ������������
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bxi =
xs

i � x

d̂i

byi =
ys

i � y

d̂i

bzi =
zs

i � z

d̂i
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2

6
6
4

� Y1

� Y2

� Y3

� Y4
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7
7
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2

6
6
4

� r 1

� r 2

� r 3
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7
7
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H =

2

6
6
4

bx 1 by1 bz1 1
bx 2 by2 bz2 1
bx 3 by3 bz3 1
bx 4 by4 bz4 1
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7
7
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J (� r ) = (� Y � H � r )T (� Y � H � r ) ������������

�Z�L�W�K �W�K�H �G�H�U�L�Y�D�W�L�Y�H�� �W�K�H �H�[�S�U�H�V�V�L�R�Q �I�R�U �W�K�H �S�R�V�L�W�L�R�Q �F�R�U�U�H�F�W�L�R�Q �L�V �R�E�W�D�L�Q�H�G��

� r 0 = ( H T H ) � 1H T � Y ������������

�Z�K�L�F�K �O�H�D�G�V �W�R �W�K�H �S�R�V�L�W�L�R�Q �D�Q�G �U�H�F�H�L�Y�H�U �F�O�R�F�N �H�V�W�L�P�D�W�H �X�S�G�D�W�H�V��

r j = r j � 1 � � r j ������������

dtr;j = dtr;j � 1 � � dtr;j ������������

�'�X�U�L�Q�J �W�K�H �S�U�R�F�H�G�X�U�H�� �W�K�H �1�D�Y�L�J�D�W�L�R�Q �V�D�W�H�O�O�L�W�H���U�H�F�H�L�Y�H�U �J�H�R�P�H�W�U�\ �F�D�Q �E�H �L�Q�V�S�H�F�W�H�G�� �Z�K�L�F�K �L�Q�G�L�F�D�W�H�V �W�K�H
�T�X�D�O�L�W�\ �R�I �W�K�H �S�U�R�F�H�V�V�H�G �S�R�V�L�W�L�R�Q �D�Q�G �F�O�R�F�N �G�H�O�D�\ �V�R�O�X�W�L�R�Q�V�� �7�K�L�V �L�V �G�R�Q�H �E�\ �F�R�P�S�X�W�L�Q�J �W�K�H �*�H�R�P�H�W�U�L�F
�'�L�O�X�W�L�R�Q �R�I �3�U�H�F�L�V�L�R�Q ���*�'�2�3���� �Z�K�L�F�K �L�V �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J �W�K�H(H T H ) � 1 �0�D�W�U�L�[ �S�U�R�G�X�F�W�� �7�K�L�V �L�V �G�R�Q�H �E�\
�W�D�N�L�Q�J �W�K�H �V�T�X�D�U�H �U�R�R�W �R�I �W�K�H �V�X�P �R�I �W�K�H �G�L�D�J�R�Q�D�O �H�Q�W�U�L�H�V �R�I(H T H ) � 1��

�$ �K�L�J�K �*�'�2�3 �L�Q�G�L�F�D�W�H�V �W�K�D�W �W�K�H �Q�D�Y�L�J�D�W�L�R�Q �V�D�W�H�O�O�L�W�H�V �D�U�H �V�S�U�H�D�G �L�Q �D �V�P�D�O�O �V�S�D�F�H�� �O�H�D�G�L�Q�J �W�R �D �O�R�Z�H�U
�T�X�D�O�L�W�\ �V�R�O�X�W�L�R�Q�� �,�Q �F�R�Q�W�U�D�V�W�� �D �O�R�Z �*�'�2�3 �L�Q�G�L�F�D�W�H�V �W�K�D�W �W�K�H �W�U�D�F�N�H�G �*�1�6�6 �V�D�W�H�O�O�L�W�H�V �D�U�H �V�S�U�H�D�G �Z�L�G�H�O�\
�R�Y�H�U �W�K�H �U�H�F�H�L�Y�H�U�¶�V �)�L�H�O�G �R�I �9�L�H�Z ���)�2�9���� �O�H�D�G�L�Q�J �W�R �E�H�W�W�H�U �V�R�O�X�W�L�R�Q�V�� �,�Q �>���� �@�� �D �W�K�U�H�V�K�R�O�G �R�I ���� �Z�D�V �X�V�H�G
�I�R�U �W�K�H �*�'�2�3��

�7�K�H �H�Q�W�L�U�H �6�3�3 �D�O�J�R�U�L�W�K�P �S�U�R�F�H�G�X�U�H �L�V �D�V �I�R�O�O�R�Z�V��

���� �(�V�W�L�P�D�W�L�Q�J �*�1�6�6 �V�D�W�H�O�O�L�W�H �S�R�V�L�W�L�R�Q�V �D�W �W�K�H �F�X�U�U�H�Q�W �H�S�R�F�K �I�U�R�P �W�K�H �E�U�R�D�G�F�D�V�W �H�S�K�H�P�H�U�L�V��
���� �&�R�P�S�X�W�H� Y �E�H�W�Z�H�H�Q �W�K�H �P�H�D�V�X�U�H�G �D�Q�G �P�R�G�H�O�O�H�G �S�V�H�X�G�R�U�D�Q�J�H �Z�L�W�K�(�T�X�D�W�L�R�Q ���������D�Q�G�(�T�X�D��

�W�L�R�Q ���������I�U�R�P �W�K�H �S�U�H�Y�L�R�X�V �K�R�V�W �V�D�W�H�O�O�L�W�H �S�R�V�L�W�L�R�Q �H�V�W�L�P�D�W�H��
���� �&�R�P�S�X�W�H �+ �P�D�W�U�L�[
���� �&�R�P�S�X�W�H� r
���� �8�S�G�D�W�Hr �D�Q�Gdtr

���� �,�W�H�U�D�W�H �I�U�R�P �V�W�H�S �� �Z�L�W�K �Q�H�Z �Y�D�O�X�H�V �R�Ir �D�Q�Gdtr �X�Q�W�L�O �F�R�Q�Y�H�U�J�H�Q�F�H �L�V �U�H�D�F�K�H�G��



�������� �*�1�6�6���E�D�V�H�G �2�U�E�L�W �'�H�W�H�U�P�L�Q�D�W�L�R�Q ����

�)�L�J�X�U�H ���������*�H�Q�H�U�D�O �D�U�F�K�L�W�H�F�W�X�U�H �I�R�U �(�[�W�H�Q�G�H�G �.�D�O�P�D�Q �)�L�O�W�H�U �X�W�L�O�L�]�L�Q�J �3�V�H�X�G�R�U�D�Q�J�H�V�� �K�L�J�K�O�L�J�K�W�L�Q�J �W�K�H �L�Q�S�X�W�V �D�Q�G �R�X�W�S�X�W�V��

�������������(�[�W�H�Q�G�H�G �.�D�O�P�D�Q �)�L�O�W�H�U �X�V�L�Q�J �3�V�H�X�G�R�U�D�Q�J�H�V
�7�K�H �3�V�H�X�G�R�U�D�Q�J�H���E�D�V�H�G �(�[�W�H�Q�G�H�G �.�D�O�P�D�Q �)�L�O�W�H�U �D�O�J�R�U�L�W�K�P �L�V �Y�L�V�X�D�O�L�]�H�G �L�Q�)�L�J�X�U�H �������� �&�R�P�S�D�U�H�G �W�R
�W�K�H �.�L�Q�H�P�D�W�L�F �6�3�3�� �L�W �L�Q�F�O�X�G�H�V �D�Q �D�G�G�L�W�L�R�Q�D�O �3�U�H�G�L�F�W�L�R�Q �6�W�H�S �Z�K�L�F�K �X�W�L�O�L�]�H�V �G�\�Q�D�P�L�F�D�O �N�Q�R�Z�O�H�G�J�H �R�I �W�K�H
�V�\�V�W�H�P�� �W�K�X�V �D�G�G�L�Q�J �F�R�P�S�O�H�[�L�W�\�� �,�W �D�O�V�R �U�H�T�X�L�U�H�V �L�Q�L�W�L�D�O�L�]�D�W�L�R�Q �D�Q�G �J�H�Q�H�U�D�O�O�\ �W�D�N�H�V �D �Q�X�P�E�H�U �R�I �L�W�H�U�D�W�L�R�Q�V
�X�Q�W�L�O �L�W �F�R�Q�Y�H�U�J�H�V �W�R �R�S�W�L�P�D�O �S�H�U�I�R�U�P�D�Q�F�H�� �)�L�Q�D�O�O�\�� �L�W �U�H�T�X�L�U�H�V �W�X�Q�L�Q�J �R�I �Q�R�L�V�H �P�D�W�U�L�F�H�V�� �E�X�W �L�W �G�R�H�V �S�U�R�Y�L�G�H
�D�Q �L�P�S�U�R�Y�H�G �S�U�H�F�L�V�L�R�Q �R�Y�H�U �W�K�H �6�3�3 �P�H�W�K�R�G��

�)�R�U �D�Q �L�Q���G�H�S�W�K �G�H�U�L�Y�D�W�L�R�Q �R�I �W�K�H �(�.�)�� �W�K�H �U�H�D�G�H�U �L�V �U�H�I�H�U�U�H�G �W�R �F�K�D�S�W�H�U ���� �R�I �>���� �@�� �7�K�H �R�U�L�J�L�Q�D�O �.�)
�I�R�U�P�X�O�D�W�L�R�Q �U�H�O�L�H�V �R�Q �W�K�H �G�L�I�I�H�U�H�Q�F�H�V �E�H�W�Z�H�H�Q �W�K�H �U�H�I�H�U�H�Q�F�H �D�Q�G �H�V�W�L�P�D�W�H�G �V�W�D�W�H �E�H�L�Q�J �V�P�D�O�O �H�Q�R�X�J�K �W�R
�Q�H�J�O�H�F�W �D�Q�\ �Q�R�Q���O�L�Q�H�D�U�L�W�L�H�V �L�Q �W�K�H �V�\�V�W�H�P �G�\�Q�D�P�L�F�V�� �7�K�H �(�.�) �D�Y�R�L�G�V �W�K�L�V �U�H�V�W�U�L�F�W�L�R�Q��

�)�R�U �D �Q�R�Q�O�L�Q�H�D�U �G�L�V�F�U�H�W�H���W�L�P�H �G�\�Q�D�P�L�F �V�\�V�W�H�P �Z�L�W�K �G�L�V�F�U�H�W�H���W�L�P�H �P�H�D�V�X�U�H�P�H�Q�W�V �D�Q�G �Q�R �X�V�H�U �L�Q�S�X�W�V��
�W�K�H �V�W�D�W�H �G�H�U�L�Y�D�W�L�Y�H �L�V �>���� �@��

_X k = f (X k ) + wk ; wk � N (0; Qk ) ������������

Yk = h(X k ) + vk ; vk � N (0; R k ) ������������

�Z�K�H�U�H_X k �L�V �W�K�H �V�\�V�W�H�P �V�W�D�W�H��_X k �L�V �W�K�H �V�W�D�W�H �W�L�P�H �G�H�U�L�Y�D�W�L�Y�H��Yk �L�V �W�K�H �Q�R�L�V�\ �P�H�D�V�X�U�H�P�H�Q�W �Y�H�F�W�R�U�� �7�K�H
�S�U�R�F�H�V�V �Q�R�L�V�H �L�Vwk �D�Q�Gvk �L�V �W�K�H �P�H�D�V�X�U�H�P�H�Q�W �Q�R�L�V�H�� �E�R�W�K �P�R�G�H�O�O�H�G �D�V �]�H�U�R���P�H�D�Q �*�D�X�V�V�L�D�Q �Z�K�L�W�H��
�Q�R�L�V�H �S�U�R�F�H�V�V�H�V�� �7�K�H �S�U�R�F�H�V�V �D�Q�G �P�H�D�V�X�U�H�P�H�Q�W �Q�R�L�V�H �D�U�H �D�V�V�X�P�H�G �W�R �E�H �X�Q�F�R�U�U�H�O�D�W�H�G �D�Q�G �W�K�H �H�U�U�R�U�V
�D�U�H �X�Q�F�R�U�U�H�O�D�W�H�G �I�R�U�Z�D�U�G���E�D�F�N�Z�D�U�G �L�Q �W�L�P�H��

�7�K�H �I�L�O�W�H�U �L�Q�Y�R�O�Y�H�V �D �S�U�H�G�L�F�W�L�R�Q �D�Q�G �D�Q �X�S�G�D�W�H �V�W�H�S�� �7�K�H �V�W�D�W�H �L�V �S�U�R�S�D�J�D�W�H�G �X�V�L�Q�J �W�K�H �P�R�G�H�O�O�H�G �G�\��
�Q�D�P�L�F�V �Z�L�W�K �W�K�H �F�X�U�U�H�Q�W �H�V�W�L�P�D�W�H�� �7�K�H �(�.�) �U�H�T�X�L�U�H�VF �D�Q�GH �P�D�W�U�L�F�H�V�� �Z�K�L�F�K �D�U�H �W�K�H �S�D�U�W�L�D�O �G�H�U�L�Y�D�W�L�Y�H�V
�R�If (X k ) �D�Q�Gh(X k )�� �7�K�H �G�L�V�F�U�H�W�HFk �F�D�Q �E�H �R�E�W�D�L�Q�H�G �E�\ �W�U�X�Q�F�D�W�L�Q�J �W�K�H �7�D�\�O�R�U �V�H�U�L�H�V �H�[�S�D�Q�V�L�R�Q �R�I �W�K�H
�F�R�Q�W�L�Q�X�R�X�V �W�L�P�HF (t)��

H k =
�h
� X

(X �
k ) ������������

Fk = I + F (t)( ts) ������������

�:�K�L�F�K �L�V �X�V�H�G �W�R �S�U�H�G�L�F�W �W�K�H �F�R�Y�D�U�L�D�Q�F�H �P�D�W�U�L�[

P �
k = Fk P +

k F T
k + Q ������������

�Z�K�L�O�H �W�K�H �V�W�D�W�H �S�U�H�G�L�F�W�L�R�Q �F�D�Q �E�H �S�H�U�I�R�U�P�H�G �X�V�L�Q�J �W�K�H �V�W�D�W�H �W�U�D�Q�V�L�W�L�R�Q �P�D�W�U�L�[Fk �R�U �E�\ �X�W�L�O�L�]�L�Q�J �W�K�H �G�\��
�Q�D�P�L�F�D�O �P�R�G�H�O �D�Q�G �Q�X�P�H�U�L�F�D�O �L�Q�W�H�J�U�D�W�L�R�Q��

X̂ �
k = X̂ +

k � 1 +
Z t k

t k � 1

f (X̂ +
k � 1)dt � X̂ +

k � 1 + � tf (X̂ +
k � 1) ������������

�7�K�H �P�H�D�V�X�U�H�P�H�Q�W �X�S�G�D�W�H �V�W�H�S�V �D�U�H �D�V �I�R�O�O�R�Z�V�� �)�L�U�V�W�� �W�K�H �.�D�O�P�D�Q �J�D�L�QK k �L�V �F�R�P�S�X�W�H�G��

K k = P �
k H T

k (R� 1 + H k P �
k H T

k ) � 1 ������������

�Z�K�L�F�K �L�V �X�V�H�G �I�R�U �W�K�H �X�S�G�D�W�H�G �V�W�D�W�H �H�V�W�L�P�D�W�H��

X̂ +
k = X̂ �

k + K k [Yk � h(X̂ �
k )] ������������
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�D�Q�G �V�W�D�W�H �F�R�Y�D�U�L�D�Q�F�H �P�D�W�U�L�[��
P +

k = [ I � K k H k (X̂ �
k )]P �

k ������������

�Z�K�H�U�HP +
k �L�V �W�K�H �F�R�U�U�H�F�W�H�G �´�D �S�R�V�W�H�U�L�R�U�L�´ �H�U�U�R�U �F�R�Y�D�U�L�D�Q�F�H�� �Z�K�L�O�HP �

k �Z�D�V �W�K�H �S�U�H�G�L�F�W�H�G �´�D �S�U�L�R�U�L�´ �H�U�U�R�U
�F�R�Y�D�U�L�D�Q�F�H��

�2�Q�F�H �W�K�H �I�L�O�W�H�U �L�V �L�Q�L�W�L�D�O�L�]�H�G �Z�L�W�K �H�V�W�L�P�D�W�H�V �R�IP +
0 �� X̂ +

0 �� �L�W �F�D�Q �E�H �U�H�F�X�U�V�L�Y�H�O�\ �X�S�G�D�W�H�G �I�R�U �L�Q�F�R�P�L�Q�J
�P�H�D�V�X�U�H�P�H�Q�W�V��

�7�K�H �V�W�D�W�H �Y�H�F�W�R�U �L�V �G�H�I�L�Q�H�G �D�V��
X = [ r ; _r ; cdtr ]T ������������

�Z�K�H�U�H_r �L�V �W�K�H �F�D�U�W�H�V�L�D�Q �Y�H�O�R�F�L�W�\�� �$ �V�L�P�S�O�L�I�L�H�G �R�E�V�H�U�Y�D�W�L�R�Q �I�X�Q�F�W�L�R�Q �I�R�U �S�V�H�X�G�R�U�D�Q�J�H�V �L�V �X�V�H�G��

Y = jr s � r j � c(dtr � dts) + � = d � c(dt � dts) + � = h(X K ) ������������

�7�K�H �-�D�F�R�E�L�D�QF �R�I �W�K�H �G�\�Q�D�P�L�F�D�O �P�R�G�H�O �L�V �U�H�T�X�L�U�H�G �I�R�U �W�K�H �I�L�O�W�H�U �I�R�U�P�X�O�D�W�L�R�Q�� �,�W�V �F�R�Q�W�L�Q�X�R�X�V���W�L�P�H �I�R�U�P
�L�V �G�H�I�L�Q�H�G �D�V��

F (t) =
�f (X k )

�X k
=

2
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�
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� r
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� _r
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�L�Q �Z�K�L�F�K�� �W�K�H �I�R�O�O�R�Z�L�Q�J �H�Q�W�U�L�H�V �F�D�Q �E�H �V�L�P�S�O�L�I�L�H�G��
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�W�L�R�Q ���������� �U�H�V�S�H�F�W�L�Y�H�O�\��

di = d�
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�F�R�P�S�X�W�H �W�K�H �P�H�D�Q �V�W�D�W�H �S�U�H�G�L�F�W�L�R�Q�� �:�K�H�Q �S�U�R�S�D�J�D�W�L�Q�J �W�K�H �V�L�J�P�D �S�R�L�Q�W�V �W�K�U�R�X�J�K �W�K�H �Q�R�Q�O�L�Q�H�D�U �V�\�V�W�H�P��
�W�K�H �S�R�V�W�H�U�L�R�U �P�H�D�Q �D�Q�G �F�R�Y�D�U�L�D�Q�F�H �D�U�H �F�D�S�W�X�U�H�G �D�F�F�X�U�D�W�H�O�\ �W�R �D ���Q�G �R�U�G�H�U �7�D�\�O�R�U���V�H�U�L�H�V �H�[�S�D�Q�V�L�R�Q �>���@��
�>���� �@�� �7�K�H �8�.�) �D�O�V�R �U�H�T�X�L�U�H�V �Q�R �H�[�S�O�L�F�L�W �G�H�U�L�Y�D�W�L�R�Q�V �R�I �W�K�H �-�D�F�R�E�L�D�Q �R�U �+�H�V�V�L�D�Q �P�D�W�U�L�F�H�V��

�$�Q �Q���G�L�P�H�Q�V�L�R�Q�D�O �V�W�D�W�H �Y�H�F�W�R�U �L�V �D�S�S�U�R�[�L�P�D�W�H�G �X�V�L�Q�J2n + 1 �Z�H�L�J�K�W�H�G �V�L�J�P�D �S�R�L�Q�W�V� i �Z�L�W�K �Z�H�L�J�K�W�V
Wi �� �)�R�U �D�Q �Q� �� �V�W�D�W�H �Y�H�F�W�R�U�� �Q� �Q �F�R�Y�D�U�L�D�Q�F�H �D�Q�G �Q� �Q �S�U�R�F�H�V�V �Q�R�L�V�H �P�D�W�U�L�[�� �W�K�H �V�L�J�P�D �S�R�L�Q�W�V �D�U�H
�F�R�P�S�X�W�H�G �D�F�F�R�U�G�L�Q�J �W�R��

� 0;k = X̂ k ������������

� i;k = � 0;k + � � i;k ������������

�Z�K�H�U�H� � i;k �L�V �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J�(�T�X�D�W�L�R�Q ��������

� � i;k =

8
>><

>>:

+
� q

(n + � )( P̂k + Qk )
�

i
�I�R�U�L= 1 ; :::; �Q

�
� q

(n + � )( P̂k + Qk )
�

i � n
�I�R�U�L= �Q+ 1 ; :::; 2�Q

������������

�Z�K�H�U�Hx̂ k �L�V �W�K�H �P�H�D�Q �R�I �W�K�H �V�W�D�W�H �Y�H�F�W�R�U���L�U�H�I�H�U�V �W�R �W�K�H �F�R�O�X�P�Q �R�I� k �D�Q�G� = � 2(n+ � ) � n �D�U�H �F�R�P�S�R�V�L�W�H
�V�F�D�O�L�Q�J �S�D�U�D�P�H�W�H�U�V�� �Z�K�L�F�K �G�H�W�H�U�P�L�Q�H�V �W�K�H �V�F�D�O�L�Q�J �R�I� k �D�U�R�X�Q�Gx̂ k �� � �L�V �D �V�H�F�R�Q�G�D�U�\ �V�F�D�O�L�Q�J �S�D�U�D�P�H�W�H�U
�D�Q�G �S�U�R�Y�L�G�H�V �D�Q �D�G�G�L�W�L�R�Q�D�O �G�H�J�U�H�H �R�I �I�U�H�H�G�R�P �W�R �W�X�Q�H �W�K�H �K�L�J�K�H�U���R�U�G�H�U �P�R�P�H�Q�W�V�� �7�K�H �W�U�D�Q�V�I�R�U�P�H�G
�V�L�J�P�D �Y�H�F�W�R�U�V �D�U�H �S�U�R�S�D�J�D�W�H�G �W�K�U�R�X�J�K �W�K�H �Q�R�Q�O�L�Q�H�D�U �I�X�Q�F�W�L�R�Q��

� i;k +1 = f (� i;k ; k) ������������

�7�K�H �S�U�H�G�L�F�W�H�G �V�W�D�W�HX̂ �
k+1 �D�Q�G �F�R�Y�D�U�L�D�Q�F�HP �

k+1 �D�U�H �F�R�P�S�X�W�H�G �X�V�L�Q�J �W�K�H �Z�H�L�J�K�W�H�G �V�D�P�S�O�H �P�H�D�Q �D�Q�G
�F�R�Y�D�U�L�D�Q�F�H �R�I �W�K�H �S�R�V�W�H�U�L�R�U �V�L�J�P�D �S�R�L�Q�W �Y�H�F�W�R�U�V��

X̂ �
k+1 =

2nX

i =0

W m
i � i;k +1 ������������

P �
k+1 =

2nX

i =0

W c
i

�
� i;k +1 � X̂ �

k+1

� �
� i;k +1 � X̂ �

k+1

� T
������������

W m
0 =

�
n + �

������������

W c
0 =

�
n + �

+ (1 � � 2 + � ) ������������
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�)�L�J�X�U�H �����������*�H�Q�H�U�D�O �D�U�F�K�L�W�H�F�W�X�U�H �I�R�U �6�L�Q�J�O�H �3�U�R�S�D�J�D�W�L�R�Q �8�Q�V�F�H�Q�W�H�G �.�D�O�P�D�Q �)�L�O�W�H�U �X�W�L�O�L�]�L�Q�J �3�V�H�X�G�R�U�D�Q�J�H�V�� �K�L�J�K�O�L�J�K�W�L�Q�J �W�K�H
�L�Q�S�X�W�V �D�Q�G �R�X�W�S�X�W�V��

W m
i = W c

i =
1

2(n + � )
�I�R�U�L= 1 ; :::; 2n ��������������

�Z�K�H�U�HW m
i �D�Q�GW c

i �D�U�H �W�K�H �Z�H�L�J�K�W�V �I�R�U �W�K�H �P�H�D�Q �D�Q�G �W�K�H �F�R�Y�D�U�L�D�Q�F�H �D�V�V�R�F�L�D�W�H�G �Z�L�W�K �W�K�Hith �V�L�J�P�D
�S�R�L�Q�W�� �U�H�V�S�H�F�W�L�Y�H�O�\��� �L�V �X�V�H�G �W�R �D�G�G �Z�H�L�J�K�W�L�Q�J �W�R �W�K�H �L�Q�L�W�L�D�O �V�L�J�P�D �S�R�L�Q�W �I�R�U �F�R�Y�D�U�L�D�Q�F�H �F�D�O�F�X�O�D�W�L�R�Q �I�R�U
�K�L�J�K�H�U���R�U�G�H�U �P�R�P�H�Q�W�V�� �� �L�V �X�V�H�G �I�R�U �*�D�X�V�V�L�D�Q �G�L�V�W�U�L�E�X�W�L�R�Q�V��

� = � 2(n + � ) � n �7�K�H �R�E�V�H�U�Y�D�W�L�R�Q �Y�H�F�W�R�UŶ �
k+1 �D�Q�G �L�Q�Q�R�Y�D�W�L�R�Q �F�R�Y�D�U�L�D�Q�F�HP yy

k+1 �D�U�H �S�U�H�G�L�F�W�H�G �L�Q �D
�V�L�P�L�O�D�U �I�D�V�K�L�R�Q��

zi;k +1 = h(� i;k +1 ; k + 1) ��������������

Ŷ �
k+1 =

2nX

i =0

W m
i zi;k +1 ��������������

P yy
k+1 =

2nX

i =0

W c
i

�
zi;k +1 � Ŷ �

k+1

� �
zi;k +1 � Ŷ �

k+1

� T
��������������

�7�K�H �L�Q�Q�R�Y�D�W�L�R�Q �F�R�Y�D�U�L�D�Q�F�H �L�V �I�R�X�Q�G �X�V�L�Q�J �W�K�H �P�H�D�V�X�U�H�P�H�Q�W �Q�R�L�V�H �P�D�W�U�L�[R k+1 ��

P vv
k+1 = P yy

k+1 + R k+1 ��������������

�7�R �J�H�W �W�K�H �.�D�O�P�D�Q �J�D�L�Q�� �W�K�H �F�U�R�V�V���F�R�U�U�H�O�D�W�L�R�Q �P�D�W�U�L�[ �E�H�W�Z�H�H�Q �S�U�H�G�L�F�W�H�G �V�W�D�W�H �D�Q�G �S�U�H�G�L�F�W�L�R�Q �R�E�V�H�U�Y�D�W�L�R�Q
�L�V �Q�H�H�G�H�G�� �Z�K�L�F�K �L�V �F�R�P�S�X�W�H�G �X�V�L�Q�J��

P xy
k+1 =

2nX

i =0

W c
i

�
� i;k +1 � X̂ �

k+1

� �
zi;k +1 � Ŷ �

k+1

� T
��������������

K k+1 = P xy
k+1

�
P vv

k+1

� � 1
��������������

�Z�K�L�F�K �I�L�Q�D�O�O�\ �O�H�D�G�V �W�R �H�V�W�L�P�D�W�H�G �V�W�D�W�H �D�Q�G �X�S�G�D�W�H �F�R�Y�D�U�L�D�Q�F�H �P�D�W�U�L�[��

X̂ +
k+1 = X̂ �

k+1 + K k+1 (Yk+1 � Ŷ �
k+1 ) ��������������

P +
k+1 = P �

k+1 � K k+1
�
P yy

k+1 + R k+1
�

K k+1 ��������������

�������������6�L�Q�J�O�H �3�U�R�S�D�J�D�W�L�R�Q �8�Q�V�F�H�Q�W�H�G �.�D�O�P�D�Q �)�L�O�W�H�U
�7�K�H �6�L�Q�J�O�H �3�U�R�S�D�J�D�W�L�R�Q �8�Q�V�F�H�Q�W�H�G �.�D�O�P�D�Q �)�L�O�W�H�U ���6�3�8�.�)�� �D�U�F�K�L�W�H�F�W�X�U�H �L�V �V�K�R�Z�Q �L�Q�)�L�J�X�U�H ���������� �,�W �L�V
�D�O�P�R�V�W �L�G�H�Q�W�L�F�D�O �W�R �W�K�H �8�.�)�� �H�[�F�H�S�W �I�R�U �W�K�H �S�U�H�G�L�F�W�L�R�Q �V�W�H�S�� �7�R �U�H�G�X�F�H �W�K�H �D�G�G�H�G �F�R�P�S�X�W�D�W�L�R�Q�D�O �O�R�D�G
�R�I �W�K�H �8�.�)�� �W�K�H �6�3�8�.�) �R�Q�O�\ �S�H�U�I�R�U�P�V �D �I�X�O�O �S�U�H�G�L�F�W�L�R�Q �I�R�U �W�K�H �V�L�J�P�D �S�R�L�Q�W �U�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �P�H�D�Q �V�W�D�W�H
�Y�H�F�W�R�U�� �Z�K�H�U�H�D�V �W�K�H �R�W�K�H�U �V�L�J�P�D �S�R�L�Q�W�V �D�U�H �S�U�R�S�D�J�D�W�H�G �X�V�L�Q�J �D �V�W�D�W�H �W�U�D�Q�V�L�W�L�R�Q �P�D�W�U�L�[��

�7�K�H �6�3�8�.�) �I�R�U�P�X�O�D�W�L�R�Q �I�R�O�O�R�Z�V �W�K�H �D�O�J�R�U�L�W�K�P �G�H�V�F�U�L�S�W�L�R�Q �L�Q �>���@�� �H�[�F�H�S�W �D�G�D�S�W�H�G �I�R�U �V�L�Q�J�O�H���*�1�6�6
�P�H�D�V�X�U�H�P�H�Q�W�V��
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�:�L�W�K �S�V�H�X�G�R�U�D�Q�J�H �P�H�D�V�X�U�H�P�H�Q�W�V �W�K�H �V�D�P�H �R�E�V�H�U�Y�D�W�L�R�Q �P�R�G�H�O �L�V �X�V�H�G �D�V �L�Q �(�.�)��

Y = d � c(dtr � dts) + � ��������������

�7�K�H �V�W�D�W�H �Y�H�F�W�R�U �L�V �G�H�I�L�Q�H�G �D�V��
X = [ r ; _r ; cdtr ]T ��������������

�D�Q�G �L�V �W�K�H�Q �D�X�J�P�H�Q�W�H�G �Z�L�W�K �W�K�H �S�U�R�F�H�V�V �Q�R�L�V�H �W�H�U�P�V��

X a = [ X ; Q]T ��������������

�7�K�H �H�U�U�R�U �F�R�Y�D�U�L�D�Q�F�H �P�X�V�W �D�O�V�R �E�H �D�X�J�P�H�Q�W�H�G��

Pa =
�

P PXQ

PXQ Q

�
��������������

�Z�K�H�U�HPXQ �L�V �W�K�H �F�U�R�V�V �F�R�Y�D�U�L�D�Q�F�H �R�IX �D�Q�GQ��P �L�V �W�K�H �H�U�U�R�U �F�R�Y�D�U�L�D�Q�F�H �D�Q�GQ �L�V �W�K�H �S�U�R�F�H�V�V �Q�R�L�V�H
�F�R�Y�D�U�L�D�Q�F�H �P�D�W�U�L�[��

�,�Q �W�K�H �6�3�8�.�)�� �R�Q�O�\ �D �V�L�Q�J�O�H �V�L�J�P�D �S�R�L�Q�W �L�V �S�U�R�S�D�J�D�W�H�G�� �Z�K�L�F�K �L�V��

� 0 = X +
a ��������������

�7�K�H �U�H�P�D�L�Q�L�Q�J �V�L�J�P�D �S�R�L�Q�W�V �D�U�H �S�U�H�G�L�F�W�H�G �D�W �W�K�H �Q�H�[�W �H�S�R�F�K �X�V�L�Q�J �D �7�U�D�Q�V�L�W�L�R�Q �0�D�W�U�L�[�� �7�K�H�U�H�I�R�U�H�� �W�K�H
0th �V�L�J�P�D �Y�H�F�W�R�U �L�V �S�U�H�G�L�F�W�H�G �X�V�L�Q�J��

� 0;k +1 = f (� 0;k ; k) ��������������

�Z�K�H�U�H�D�V �W�K�H �U�H�P�D�L�Q�L�Q�J �V�L�J�P�D �Y�H�F�W�R�U�V �D�U�H �S�U�H�G�L�F�W�H�G �Z�L�W�K��

� i;k +1 = � i;k + � � �i; k ��������������

�Z�K�H�U�H �W�K�H �V�L�J�P�D �S�R�L�Q�W �R�I�I�V�H�W� �i; k �L�V �F�D�O�F�X�O�D�W�H�G �D�F�F�R�U�G�L�Q�J �W�R�(�T�X�D�W�L�R�Q ���������D�Q�G �W�K�H �6�7�0� �L�V �F�R�P�S�X�W�H�G
�L�Q �D �V�L�P�L�O�D�U �P�D�Q�Q�H�U �D�V �V�K�R�Z�Q �I�R�U �W�K�H �(�.�) �L�Q�(�T�X�D�W�L�R�Q ���������� �7�K�H �V�D�P�H �6�7�0 �L�V �U�H�X�V�H�G �I�R�U �H�D�F�K �V�L�J�P�D
�S�R�L�Q�W��

� �
s (t + � t) = � �

0 (t + � t) + � � � s ��������������

�:�K�H�U�H� � s �L�V �F�D�O�F�X�O�D�W�H�G �D�F�F�R�U�G�L�Q�J �W�R�(�T�X�D�W�L�R�Q ���������� �7�K�H �W�U�D�Q�V�L�W�L�R�Q �P�D�W�U�L�[ �L�V �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J �W�K�H �P�D�W�U�L�[
�H�[�S�R�Q�H�Q�W�L�D�O �R�I �W�K�H �-�D�F�R�E�L�D�Q �R�I �W�K�H �V�\�V�W�H�P �P�R�G�H�O �)��

� = eF � t ��������������

�Z�K�H�U�HF �L�V �W�K�H �-�D�F�R�E�L�D�Q �R�I �W�K�H �D�X�J�P�H�Q�W�H�G �V�W�D�W�H��

F =
� _X a

� X a

�
�
�
�
�
X +

a

=

"
� _X
� X

�
�
�
X +

08� 8

08� 8 08� 8

#

��������������

�W�K�H �Z�H�L�J�K�W�H�G �V�X�P �R�I �W�K�H �S�U�H�G�L�F�W�H�G �V�L�J�P�D �S�R�L�Q�W�V �L�V �X�V�H�G �W�R �F�D�O�F�X�O�D�W�H �W�K�H �P�H�D�Q �S�U�H�G�L�F�W�H�G �V�W�D�W�H �Y�H�F�W�R�U��
�D�V �Z�D�V �V�K�R�Z�Q �L�Q�(�T�X�D�W�L�R�Q ���������� �7�K�H �S�U�H�G�L�F�W�H�G �P�H�D�V�X�U�H�P�H�Q�W�V �D�U�H �F�D�O�F�X�O�D�W�H�G �I�R�U �W�K�H0th �V�L�J�P�D �Y�H�F�W�R�U
�X�V�L�Q�J �W�K�H �R�E�V�H�U�Y�D�W�L�R�Q �H�T�X�D�W�L�R�Q��

zi 0 = h(� �
0 (t + � t)) ��������������

�D�Q�G �I�R�U �W�K�H �U�H�P�D�L�Q�L�Q�J �V�L�J�P�D �S�R�L�Q�W�V �X�V�L�Q�J�(�T�X�D�W�L�R�Q ������������

zis = zi 0 +
�Y s

� X

�
�
�
�
� �

s ( t +� t )
[� �

s (t + � t) � � �
0 (t + � t)] ��������������

�Z�K�H�U�Hi �U�H�I�H�U�V �W�R �W�K�H �Q�D�Y�L�J�D�W�L�R�Q �V�D�W�H�O�O�L�W�H �D�Q�Gs �W�R �W�K�Hsth �V�L�J�P�D �S�R�L�Q�W��
�7�K�H �U�H�P�D�L�Q�L�Q�J �V�W�H�S�V �I�R�O�O�R�Z �W�K�H �V�D�P�H �S�U�R�F�H�G�X�U�H �D�V �W�K�H �8�.�) �L�Q�(�T�X�D�W�L�R�Q ���������� �S�U�H�G�L�F�W�H�G �V�W�D�W�H �D�Q�G

�F�R�Y�D�U�L�D�Q�F�H�V �D�U�H �F�R�P�S�X�W�H�G �X�V�L�Q�J �W�K�H �Z�H�L�J�K�W�H�G �P�H�D�Q�V �R�I �H�D�F�K �V�L�J�P�D �S�R�L�Q�W�� �7�K�H �V�D�P�H �L�V �G�R�Q�H �I�R�U �W�K�H
�R�E�V�H�U�Y�D�W�L�R�Q �Y�H�F�W�R�U �D�Q�G �L�Q�Q�R�Y�D�W�L�R�Q �F�R�Y�D�U�L�D�Q�F�H�� �7�K�H �F�U�R�V�V���F�R�U�U�H�O�D�W�L�R�Q �L�V �F�R�P�S�X�W�H�G �X�V�L�Q�J�(�T�X�D�W�L�R�Q ������������
�O�H�D�G�L�Q�J �W�R �W�K�H �.�D�O�P�D�Q �J�D�L�Q �Z�L�W�K�(�T�X�D�W�L�R�Q �����������Z�K�L�F�K �L�V �X�V�H�G �W�R �F�R�U�U�H�F�W �W�K�H �P�H�D�Q �V�W�D�W�H �H�V�W�L�P�D�W�H �D�Q�G
�V�W�D�W�H �F�R�Y�D�U�L�D�Q�F�H��
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�)�L�J�X�U�H �����������*�H�Q�H�U�D�O �D�U�F�K�L�W�H�F�W�X�U�H �I�R�U �R�U�L�J�L�Q�D�O �3�U�H�S�U�R�F�H�V�V�L�Q�J �(�[�W�H�Q�G�H�G �.�D�O�P�D�Q �)�L�O�W�H�U �Z�L�W�K �W�K�H �1�5�0��

�������������1�H�Z�W�R�Q���5�D�S�K�V�R�Q �3�U�H�S�U�R�F�H�V�V�L�Q�J �(�.�)
�7�K�H �R�U�L�J�L�Q�D�O �3�U�H�S�U�R�F�H�V�V�L�Q�J �(�.�) ���3�(�.�)�� �D�U�F�K�L�W�H�F�W�X�U�H �L�V �V�K�R�Z�Q �L�Q�)�L�J�X�U�H ���������� �,�W �G�L�I�I�H�U�V �I�U�R�P �W�K�H �(�.�) �D�V
�L�W �X�V�H�V �D�Q �D�G�G�L�W�L�R�Q�D�O �3�U�H�S�U�R�F�H�V�V�L�Q�J �E�O�R�F�N�� �Z�K�L�F�K �X�V�H�V �D �U�R�R�W���V�R�O�Y�L�Q�J �1�H�Z�W�R�Q �5�D�S�K�V�R�Q �0�H�W�K�R�G ���1�5�0�� �W�R
�G�H�W�H�U�P�L�Q�H �F�R�D�U�V�H �S�R�V�L�W�L�R�Q �D�Q�G �U�H�F�H�L�Y�H�U �F�O�R�F�N �H�U�U�R�U �V�R�O�X�W�L�R�Q�V �I�U�R�P �W�K�H �U�D�Z �S�V�H�X�G�R�U�D�Q�J�H �L�Q�S�X�W�V�� �7�K�H�V�H
�D�U�H �W�K�H�Q �X�V�H�G �D�V �P�H�D�V�X�U�H�P�H�Q�W�V �L�Q�S�X�W�V �I�R�U �W�K�H �W�\�S�L�F�D�O �(�.�) �E�O�R�F�N�V�� �7�K�H �F�R�D�U�V�H �S�R�V�L�W�L�R�Q �V�R�O�X�W�L�R�Q�V �F�D�Q
�D�O�V�R �E�H �X�V�H�G �W�R �L�Q�L�W�L�D�O�L�]�H �W�K�H �(�.�) �E�O�R�F�N�V��

�7�K�H �3�(�.�) �I�R�U�P�X�O�D�W�L�R�Q �Z�L�O�O �E�H �S�U�H�V�H�Q�W�H�G �D�F�F�R�U�G�L�Q�J �W�R �W�K�H �R�U�L�J�L�Q�D�O �P�H�W�K�R�G �G�H�V�F�U�L�S�W�L�R�Q �L�Q �>���@ �D�Q�G �>���@��
�%�H�I�R�U�H �W�K�H �(�.�) �E�O�R�F�N�V �D�U�H �X�V�H�G�� �W�K�H �S�V�H�X�G�R�U�D�Q�J�H �P�H�D�V�X�U�H�P�H�Q�W�V �D�U�H �S�U�R�F�H�V�V�H�G �L�Q�W�R �F�R�D�U�V�H �S�R�V�L��

�W�L�R�Q �D�Q�G �U�H�F�H�L�Y�H�U �F�O�R�F�N �H�U�U�R�U �V�R�O�X�W�L�R�Q�V�� �7�R �G�R �V�R�� �W�K�H �V�L�P�S�O�L�I�L�H�G �R�E�V�H�U�Y�D�W�L�R�Q �P�R�G�H�O �L�V �G�H�I�L�Q�H�G��

Yi = di + c(dtr � dts
i ) + � = jr s � r i j + c(dtr � dts

i ) + � ��������������

�Z�K�H�U�Hd �L�V �W�K�H �J�H�R�P�H�W�U�L�F�D�O �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �U�H�F�H�L�Y�H�U �D�Q�G �W�K�H �Q�D�Y�L�J�D�W�L�R�Q �V�D�W�H�O�O�L�W�H��i �U�H�I�H�U�V �W�R �W�K�H
�Lth �*�1�6�6 �V�D�W�H�O�O�L�W�H��dtr �L�V �W�K�H �U�H�F�H�L�Y�H�U �F�O�R�F�N �H�U�U�R�U �D�Q�G� �D�U�H �W�K�H �U�H�P�D�L�Q�L�Q�J �H�U�U�R�U�V�� �7�K�H�V�H �P�H�D�V�X�U�H�P�H�Q�W�V
�D�U�H �F�R�Q�Y�H�U�W�H�G �W�R �F�R�D�U�V�H �S�R�V�L�W�L�R�Q �H�V�W�L�P�D�W�H�V �X�V�L�Q�J �W�K�H �S�U�H�S�U�R�F�H�V�V�L�Q�J �E�O�R�F�N�� �7�K�H �Q�X�P�H�U�L�F�D�O �V�R�O�X�W�L�R�Qs �L�V
�V�R�X�J�K�W��

s = [ x; y; z; cdtr ]T = [ r c; cdtr ]T ��������������

�Z�K�L�F�K �L�V �V�H�D�U�F�K�H�G �I�R�U �E�\ �P�L�Q�L�P�L�]�L�Q�J �W�K�H �G�H�I�L�Q�H�G �/�R�V�V �I�X�Q�F�W�L�R�QL ��
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7
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�8�W�L�O�L�]�L�Q�J �W�K�H �1�5�0�� �W�K�H �-�D�F�R�E�L�D�Q �P�D�W�U�L�[ �R�I �W�K�H �O�R�V�V �I�X�Q�F�W�L�R�Q �L�V �U�H�T�X�L�U�H�G�� �Z�K�L�F�K �L�V �H�T�X�D�O �W�R��
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xs
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1 � y zs
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�D�I�W�H�U �L�Q�L�W�L�D�O�L�]�L�Q�J �W�K�H �1�5�0 �Z�L�W�Ks0 �Z�K�L�F�K �F�D�Q �D�O�V�R �E�H �V�H�W �D�V �D �]�H�U�R �Y�H�F�W�R�U�� �W�K�H �D�O�J�R�U�L�W�K�P �S�U�R�F�H�H�G�V �W�R
�D�S�S�U�R�D�F�K �W�K�H �F�R�D�U�V�H �S�R�V�L�W�L�R�Q �V�R�O�X�W�L�R�Q �D�V��

� sj = � J (L ) � 1
j L j ��������������

�Z�K�H�U�HL j � L (sj )
sj +1 = sj + � sj ��������������

�Z�K�H�U�Hj �U�H�I�H�U�V �W�R �W�K�H �L�W�H�U�D�W�L�R�Q �V�W�H�S�� �7�K�H �L�W�H�U�D�W�L�R�Q�V �F�R�Q�W�L�Q�X�H �X�Q�W�L�O �H�L�W�K�H�U �W�K�H �W�H�U�P�L�Q�D�W�L�R�Q �F�R�Q�G�L�W�L�R�Q �L�V
�V�D�W�L�V�I�L�H�G �R�U �W�K�H �P�D�[�L�P�X�P �Q�X�P�E�H�U �R�I �L�W�H�U�D�W�L�R�Q�V �L�V �U�H�D�F�K�H�G��
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�2�Q�F�H �W�Z�R �V�H�W�V �R�I �S�V�H�X�G�R�U�D�Q�J�H �P�H�D�V�X�U�H�P�H�Q�W�V �D�U�H �F�R�Q�Y�H�U�W�H�G �W�R �Q�X�P�H�U�L�F�D�O �V�R�O�X�W�L�R�Q�V�� �W�K�H �F�R�D�U�V�H
�S�R�V�L�W�L�R�Q�Vr c �D�U�H �X�V�H�G �W�R �F�R�P�S�X�W�H �W�K�H �F�R�D�U�V�H �Y�H�O�R�F�L�W�\ �Y�L�D �D �I�L�Q�L�W�H �G�L�I�I�H�U�H�Q�F�H �P�H�W�K�R�G��

_r �
r c;1 � r c;0

� t
��������������

�Z�K�L�F�K �L�V �X�V�H�G �W�R �D�X�W�R�P�D�W�L�F�D�O�O�\ �L�Q�L�W�L�D�O�L�]�H �W�K�H �(�.�) �S�R�U�W�L�R�Q �R�I �W�K�H �D�O�J�R�U�L�W�K�P��
�6�X�E�V�H�T�X�H�Q�W�O�\�� �W�K�H �(�.�) �E�O�R�F�N�V �7�K�H �V�W�D�W�H �Y�H�F�W�R�U �L�Q �W�K�H �3�(�.�)�� �V�D�P�H �D�V �I�R�U �(�.�) �L�V �G�H�I�L�Q�H�G �D�V��

X = [ r ; _r ; cdtr ]T ��������������

�L�Q �I�D�F�W�� �W�K�H �R�Q�O�\ �G�L�I�I�H�U�H�Q�F�H�V �E�H�W�Z�H�H�Q �W�K�H �D�O�J�R�U�L�W�K�P�V �D�U�H �W�K�H��

���� �R�E�V�H�U�Y�D�W�L�R�Q �P�R�G�H�Oh
���� �R�E�V�H�U�Y�D�W�L�R�Q �Y�H�F�W�R�UY
���� �W�K�H �R�E�V�H�U�Y�D�W�L�R�Q �-�D�F�R�E�L�D�QH
���� �L�Q�L�W�L�D�O�L�]�D�W�L�R�Q �S�U�R�F�H�G�X�U�H

�7�K�H �R�E�V�H�U�Y�D�W�L�R�Q �Y�H�F�W�R�U �D�W �S�R�L�Q�Wk �L�V��
Yk = [ r c; cdtr;c ]T ��������������

�7�K�X�V�� �W�K�H �R�E�V�H�U�Y�D�W�L�R�Q �P�R�G�H�O �L�V��
h(X ) = [ r ; cdtr ]T ��������������

�Z�K�L�F�K �O�H�D�G�V �W�R �W�K�H �R�E�V�H�U�Y�D�W�L�R�Q �-�D�F�R�E�L�D�Q��

H =
�

I 3� 3 03� 4
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�,�Q�V�W�H�D�G �R�I �W�K�H �L�Q�L�W�L�D�O �I�L�O�W�H�U �V�W�D�W�H �E�H�L�Q�J �V�S�H�F�L�I�L�H�G�� �L�Q �W�K�H �3�(�.�) �L�W �L�V �D�X�W�R���D�V�V�L�J�Q�H�G�� �2�Q�F�H �W�Z�R �F�R�D�U�V�H �V�R�O�X�W�L�R�Q
�D�U�H �I�R�X�Q�G�� �W�K�H �L�Q�L�W�L�D�O �Y�H�O�R�F�L�W�\_r 0 �L�V �F�D�O�F�X�O�D�W�H�G �D�F�F�R�U�G�L�Q�J �W�R�(�T�X�D�W�L�R�Q ������������ �7�K�H �F�R�D�U�V�H �S�R�V�L�W�L�R�Q�V �D�Q�G
�U�H�F�H�L�Y�H�U �F�O�R�F�N �H�U�U�R�U�V �I�L�O�O �X�S �W�K�H �U�H�P�D�L�Q�L�Q�J �L�Q�L�W�L�D�O �(�.�) �V�W�D�W�H��

�������������1�H�Z�W�R�Q���5�D�S�K�V�R�Q �3�& �3�U�H�S�U�R�F�H�V�V�L�Q�J �(�.�)
�,�Q �W�K�L�V �V�X�E�V�H�F�W�L�R�Q�� �D �P�R�G�L�I�L�F�D�W�L�R�Q �W�R �W�K�H �R�U�L�J�L�Q�D�O �3�(�.�) �L�V �S�U�R�S�R�V�H�G�� �$ �F�K�D�Q�J�H �L�V �P�D�G�H �L�Q �W�K�H �3�U�H�S�U�R��
�F�H�V�V�L�Q�J �E�O�R�F�N�� �,�Q �R�U�G�H�U �W�R �L�P�S�U�R�Y�H �L�W�V �F�R�P�S�X�W�D�W�L�R�Q�D�O �O�R�D�G�� �D �Q�H�Z �Q�X�P�H�U�L�F�D�O �U�R�R�W���V�R�O�Y�H�U �L�V �X�V�H�G�� �F�D�O�O�H�G
�1�H�Z�W�R�Q���5�D�S�K�V�R�Q �3�U�H�G�L�F�W�R�U���&�R�U�U�H�F�W�L�R�Q ���1�5�3�&���� �1�5�3�& �Z�D�V �R�U�L�J�L�Q�D�O�O�\ �D�S�S�O�L�H�G �W�R �1���G�L�P�H�Q�V�L�R�Q�D�O �F�D�V�H�V
�L�Q �>���� �@�� �:�K�L�O�H �W�K�H �R�U�L�J�L�Q�D�O �1�5�0 �K�D�V �D �F�R�Q�Y�H�U�J�H�Q�F�H �U�D�W�H �R�I ���� �Z�K�H�U�H�D�V �1�5�3�& �P�H�W�K�R�G �V�K�R�Z�V �D �U�D�W�H �R�I
� �������� �7�K�H �I�R�U�P�X�O�D�W�L�R�Q �S�U�H�V�H�Q�W�H�G �E�H�O�R�Z �I�R�O�O�R�Z�V �>���� �@��

�:�K�L�O�H �W�K�H �1�5�0 �S�H�U�I�R�U�P�V �D �F�R�U�U�H�F�W�L�Y�H �V�W�H�S �D�W �H�Y�H�U�\ �L�W�H�U�D�W�L�R�Q�� �W�K�H �1�5�3�& �P�H�W�K�R�G�V �S�H�U�I�R�U�P�V �W�Z�R
�V�H�S�D�U�D�W�H �V�W�H�S�V�� �)�L�U�V�W�O�\�� �D �S�U�H�G�L�F�W�L�R�Q �V�W�H�S �L�V �P�D�G�H �X�V�L�Q�J �N�Q�R�Z�O�H�G�J�H �I�U�R�P �W�K�H �S�U�H�Y�L�R�X�V �L�W�H�U�D�W�L�R�Q�� �I�R�O�O�R�Z�L�Q�J
�D �F�R�U�U�H�F�W�L�R�Q �V�W�H�S �L�Q �W�K�H �F�X�U�U�H�Q�W �L�W�H�U�D�W�L�R�Q�� �7�K�HJ (L j ) � 1 �Y�D�O�X�H�V �D�U�H �U�H�X�V�H�G�� �V�R �H�Y�H�Q �W�K�R�X�J�K �� �F�D�O�F�X�O�D�W�L�R�Q�V
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�G�L�U�H�F�W�L�R�Q�V �D�Q�G �Z�L�W�K �W�K�H �F�O�R�V�H�V�W �I�O�\���E�\ �G�L�V�W�D�Q�F�H�V��

�)�L�J�X�U�H ���������$�(�5 ���O�H�I�W�� �D�Q�G �U�D�W�H�V ���U�L�J�K�W���� �X�V�L�Q�J �/�)�� �S�O�D�F�H�P�H�Q�W �I�R�U �/�(�2 �3 �I�X�U�W�K�H�V�W �F�U�R�V�V���S�O�D�Q�H �O�L�Q�N�V��

�&�R�P�S�D�U�L�Q�J �W�K�H �W�H�U�P�L�Q�D�O�¶�V �F�D�S�D�E�L�O�L�W�L�H�V�� �L�W �E�H�F�R�P�H�V �F�O�H�D�U �Z�K�\ �/�&�7�� �K�D�G �P�D�Q�\ �P�R�U�H �O�L�Q�N�V �L�Q �W�K�H ����������
�P�L�Q�X�W�H �U�H�J�L�R�Q�� �F�R�P�S�D�U�H�G �W�R �/�&�7���¶�V �S�H�D�N �R�F�F�X�U�U�H�Q�F�H�V �D�W ���������� �P�L�Q�X�W�H�V�� �D�V �Z�D�V �V�K�R�Z�Q �L�Q �W�K�H �/�(�2 �3��
�/�(�2 �3 �O�L�Q�N�V �L�Q�)�L�J�X�U�H �������D�Q�G�)�L�J�X�U�H �������� �U�H�V�S�H�F�W�L�Y�H�O�\�� �/�&�7�� �F�D�Q �V�X�S�S�R�U�W �W�K�H�V�H �O�L�Q�N�V �I�R�U �D �V�L�J�Q�L�I�L�F�D�Q�W�O�\



�������� �/�(�2 �3�R�O�D�U �K�R�V�W �O�L�Q�N�V ����

�V�K�R�U�W�H�U �S�H�U�L�R�G �G�X�H �W�R �W�K�H �V�O�D�Q�W �U�D�Q�J�H �O�L�P�L�W�D�W�L�R�Q�V�� �(�I�I�H�F�W�L�Y�H�O�\�� �Z�K�H�Q �D �W�D�U�J�H�W �F�R�P�H�V �L�Q�W�R �Y�L�H�Z�� �L�W �W�D�N�H�V
�O�R�Q�J�H�U �I�R�U �L�W �W�R �J�H�W �F�O�R�V�H �H�Q�R�X�J�K �W�R �H�V�W�D�E�O�L�V�K �D �O�L�Q�N �D�Q�G �D�I�W�H�U �W�K�H �I�O�\���E�\�� �L�W �W�D�N�H�V �O�H�V�V �W�L�P�H �I�R�U �W�K�H �O�L�Q�N
�G�L�V�W�D�Q�F�H �W�R �E�H�F�R�P�H �W�R�R �O�D�U�J�H �E�H�I�R�U�H �W�K�H �W�D�U�J�H�W �L�V �R�X�W �R�I �Y�L�H�Z��

�/�(�2 �3�R�O�D�U �� �/�(�2 �,�Q�F�O�L�Q�H�G
�7�K�H �L�Q�W�H�U���V�K�H�O�O �/�(�2 �O�L�Q�N�V �Z�L�W�K �W�K�H �F�O�R�V�H�V�W �S�O�D�Q�H �� �D�U�H �V�K�R�Z�Q �L�Q�)�L�J�X�U�H �������� �$�O�W�K�R�X�J�K �D�W �I�L�U�V�W �V�L�J�K�W �L�W
�D�S�S�H�D�U�V �W�K�D�W �W�K�H �O�L�Q�N �Z�L�W�K �/�(�2 �, �� �� �S�U�R�Y�H�V �W�R �E�H �W�K�H �P�R�V�W �F�K�D�O�O�H�Q�J�L�Q�J �Z�L�W�K �D�]�L�P�X�W�K �U�D�W�H�V �R�Y�H�U �� �G�H�J���V��
�L�W �P�X�V�W �E�H �S�R�L�Q�W�H�G �R�X�W �W�K�D�W �W�K�L�V �L�V �D�Q �X�Q�U�H�D�O�L�V�W�L�F �O�L�Q�N �F�D�V�H�� �,�Q�V�S�H�F�W�L�Q�J �W�K�H �V�O�D�Q�W���U�D�Q�J�H�� �L�W �L�V �V�H�H�Q �W�K�D�W �L�W
�Y�D�U�L�H�V �I�U�R�P �V�O�L�J�K�W�O�\ �R�Y�H�U �������� �N�P �W�R �� �N�P�� �Z�K�L�F�K �L�Q�G�L�F�D�W�H�V �D�Q �X�Q�U�H�D�O�L�V�W�L�F�D�O�O�\ �F�O�R�V�H �I�O�\���E�\�� �7�K�D�W �L�V �L�Q�G�H�H�G
�W�K�H �F�D�V�H�� �D�V �Q�R �U�H�O�D�W�L�Y�H �S�K�D�V�L�Q�J �E�H�W�Z�H�H�Q �W�K�H �W�Z�R �/�(�2 �V�K�H�O�O�V �Z�D�V �D�G�G�H�G �L�Q �W�K�H �V�L�P�X�O�D�W�L�R�Q�� �Z�K�L�F�K �Z�D�V
�D�Q �R�Y�H�U�V�L�J�K�W�� �+�R�Z�H�Y�H�U�� �L�Q �U�H�D�O�L�W�\ �L�Q�W�H�U���V�K�H�O�O �U�H�O�D�W�L�Y�H �S�K�D�V�L�Q�J �Z�R�X�O�G �E�H �L�Q�F�O�X�G�H�G �W�R �U�H�G�X�F�H �F�R�O�O�L�V�L�R�Q �U�L�V�N�V
�D�Q�G �W�K�H�U�H�I�R�U�H �W�K�L�V �H�[�W�U�H�P�H�O�\ �I�D�V�W �O�L�Q�N �L�V �Q�R�W �F�R�Q�V�L�G�H�U�H�G �I�R�U �I�X�U�W�K�H�U �D�Q�D�O�\�V�L�V��

�7�K�H �U�H�P�D�L�Q�L�Q�J �O�L�Q�N�V �Z�L�W�K �W�K�L�V �S�O�D�Q�H �D�U�H �I�H�Z �D�Q�G �Y�D�U�L�H�G �L�Q �D�Y�D�L�O�D�E�O�H �W�L�P�H �Z�L�Q�G�R�Z�V �G�\�Q�D�P�L�F�D�O �F�R�P��
�S�O�H�[�L�W�\�� �7�Z�R �D�U�H �V�H�H�Q �Z�L�W�K �V�O�D�Q�W �U�D�Q�J�H�V �E�H�W�Z�H�H�Q �������������������N�P�� �Z�K�L�F�K �Z�R�X�O�G �O�H�D�G �W�R �P�R�U�H ���������� �P�L�Q�X�W�H
�O�R�Q�J �O�L�Q�N�V �Z�L�W�K �/�&�7�� �D�Q�G ������ �P�L�Q�X�W�H �O�L�Q�N�V �I�R�U �/�&�7���� �7�K�H �W�Z�R ���������� �N�P �G�L�V�W�D�Q�F�H �O�L�Q�N�V �Z�R�X�O�G �R�Q�O�\ �O�H�D�G
�W�R �O�L�Q�N �S�R�V�V�L�E�L�O�L�W�L�H�V �I�R�U �W�K�H �/�&�7�� �D�Q�G �I�L�O�O �V�R�P�H �R�I �W�K�H ���������� �P�L�Q�X�W�H �O�R�Q�J �E�L�Q�V�� �7�K�X�V�� �D�Q �L�P�S�U�R�Y�H�P�H�Q�W �R�I
�O�L�Q�N �D�Y�D�L�O�D�E�L�O�L�W�\ �F�D�Q �D�J�D�L�Q �E�H �V�H�H�Q �I�R�U �/�&�7�� �D�Q�G �W�K�H�V�H �O�L�Q�N �W�\�S�H�V �D�U�H �V�S�D�U�V�H �D�Q�G �L�Q �W�K�H �P�L�G���F�R�P�S�O�H�[�L�W�\
�L�Q �W�H�U�P�V �R�I �G�\�Q�D�P�L�F�V �D�Q�G �F�R�P�P�X�Q�L�F�D�W�L�R�Q �Z�L�Q�G�R�Z�V��

�)�L�J�X�U�H ���������$�(�5 ���O�H�I�W�� �D�Q�G �U�D�W�H�V ���U�L�J�K�W���� �X�V�L�Q�J �/�)�� �S�O�D�F�H�P�H�Q�W �I�R�U �/�(�2 �3���/�(�2 �, �L�Q�W�H�U���V�K�H�O�O �Q�H�D�U �S�O�D�Q�H �O�L�Q�N�V �Z�L�W�K �/�(�2 �, ����

�7�K�H �L�Q�W�H�U���V�K�H�O�O �/�(�2 �O�L�Q�N�V �Z�L�W�K �W�K�H �R�S�S�R�V�L�W�H �S�O�D�Q�H ���� �D�U�H �V�K�R�Z�Q �L�Q�)�L�J�X�U�H ���������� �$ �V�L�P�L�O�D�U �X�Q�U�H�D�O�L�V�W�L�F
�F�D�V�H �F�D�Q �E�H �V�H�H�Q �K�H�U�H�� �D�V �Z�D�V �L�Q �S�O�D�Q�H ���� �+�H�U�H�� �W�D�U�J�H�W �V�D�W�H�O�O�L�W�H ���� �D�O�V�R �K�D�V �D�Q �X�Q�U�H�D�V�R�Q�D�E�O�\ �F�O�R�V�H
�I�O�\���E�\�� �Z�L�W�K �P�X�F�K �K�L�J�K�H�U �D�]�L�P�X�W�K �U�D�W�H�V �D�Q�G �W�K�H�U�H�I�R�U�H �L�V �Q�R�W �D�Q�D�O�\�]�H�G �I�X�U�W�K�H�U��

�7�K�H �U�H�P�D�L�Q�L�Q�J �O�L�Q�N�V �K�D�Y�H �V�O�D�Q�W �U�D�Q�J�H�V �Z�K�L�F�K �O�H�D�G �W�R �W�K�H �G�L�I�I�H�U�H�Q�W �F�R�P�P�X�Q�L�F�D�W�L�R�Q �Z�L�Q�G�R�Z �O�H�Q�J�W�K�V
�D�Q�G �Q�X�P�E�H�U�V �R�I �D�Y�D�L�O�D�E�O�H �O�L�Q�N�V �I�R�U �W�K�H �/�&�7�� �D�Q�G �/�&�7���� �6�H�Y�H�U�D�O �O�L�Q�N�V �F�D�Q �E�H �V�H�H�Q �Z�K�H�U�H �W�K�H �P�L�Q�L�P�X�P
�V�O�D�Q�W �U�D�Q�J�H �L�V �E�D�U�H�O�\ �E�H�O�R�Z �������� �N�P�� �Z�K�L�F�K �H�[�S�O�D�L�Q�V �Z�K�\ �W�K�H �O�D�U�J�H�V�W �S�U�R�S�R�U�W�L�R�Q �R�I �/�(�2 �3 ���/�(�2 �, �O�L�Q�N�V
�Z�H�U�H �L�Q �W�K�H ������ �P�L�Q�X�W�H �U�H�J�L�R�Q�� �Z�K�L�O�H �/�&�7�� �Z�D�V �V�K�R�Z�Q �W�R �K�D�Y�H �P�R�V�W �O�L�Q�N�V �L�Q �W�K�H �������� �P�L�Q�X�W�H �U�H�J�L�R�Q��
�)�X�U�W�K�H�U�P�R�U�H�� �D�V �W�K�H �R�U�E�L�W�D�O �S�O�D�Q�H �D�Q�J�O�H�V �E�H�F�R�P�H �O�D�U�J�H�U�� �I�H�Z�H�U �O�L�Q�N�V �Z�R�X�O�G �D�S�S�H�D�U �W�R �K�D�Y�H �V�O�D�Q�W �U�D�Q�J�H�V
�E�H�O�R�Z �������� �N�P�� �Z�K�L�F�K �L�V �Z�K�\ �/�&�7�� �U�H�J�L�V�W�H�U�H�G ������ �P�R�U�H �O�L�Q�N�V �E�H�W�Z�H�H�Q �D �/�(�2 �3 �K�R�V�W �D�Q�G �W�K�H �/�(�2 �,
�V�K�H�O�O��

�$�Q�R�W�K�H�U �V�H�W �R�I �L�Q�W�H�U���V�K�H�O�O �O�L�Q�N�V �W�R �W�K�H ���W�K �S�O�D�Q�H �L�V �V�K�R�Z�Q �L�Q�)�L�J�X�U�H ���������� �2�E�V�H�U�Y�L�Q�J �W�K�H�V�H �O�L�Q�N �Y�D�U�L��
�D�E�O�H�V�� �W�K�H �J�H�Q�H�U�D�O �W�U�H�Q�G �R�I �K�R�Z �D �E�L�J�J�H�U �G�L�I�I�H�U�H�Q�F�H �L�Q �W�K�H �K�R�V�W �D�Q�G �W�D�U�J�H�W �R�U�E�L�W �Q�R�G�H�V �D�I�I�H�F�W �W�K�H �O�L�Q�N
�Y�D�U�L�D�E�O�H�V�� �)�H�Z�H�U �O�L�Q�N�V �E�H�F�R�P�H �Y�L�V�L�E�O�H�� �V�O�D�Q�W �U�D�Q�J�H�V �L�Q�F�U�H�D�V�H�� �D�V �G�R �W�K�H �P�L�Q�L�P�X�P �V�O�D�Q�W �U�D�Q�J�H�V�� �7�K�H
�D�]�L�P�X�W�K �U�D�W�H�V �D�U�H �X�S �W�R ������ ������ �G�H�J���V�� �H�O�H�Y�D�W�L�R�Q �U�D�W�H�V �X�S �W�R ������ �������� �G�H�J���V�� �2�Y�H�U�D�O�O�� �W�K�H�V�H �O�L�Q�N�V �Z�R�X�O�G
�D�O�V�R �E�H �L�Q �W�K�H �P�L�G�G�O�H �L�Q �W�H�U�P�V �R�I �F�R�P�P�X�Q�L�F�D�W�L�R�Q �Z�L�Q�G�R�Z �O�H�Q�J�W�K�V �D�Q�G �O�L�Q�N �G�\�Q�D�P�L�F�V��



�������� �/�(�2 �3�R�O�D�U �K�R�V�W �O�L�Q�N�V ����

�)�L�J�X�U�H �����������$�(�5 ���O�H�I�W�� �D�Q�G �U�D�W�H�V ���U�L�J�K�W���� �X�V�L�Q�J �/�)�� �S�O�D�F�H�P�H�Q�W �I�R�U �/�(�2 �3���/�(�2 �, �L�Q�W�H�U���V�K�H�O�O �R�S�S�R�V�L�W�H �S�O�D�Q�H �O�L�Q�N�V �Z�L�W�K �/�(�2 �, ������

�)�L�J�X�U�H �����������$�(�5 ���O�H�I�W�� �D�Q�G �U�D�W�H�V ���U�L�J�K�W���� �X�V�L�Q�J �/�)�� �S�O�D�F�H�P�H�Q�W �I�R�U �/�(�2 �3���/�(�2 �, �L�Q�W�H�U���V�K�H�O�O �O�L�Q�N�V �Z�L�W�K �/�(�2 �, ����

�/�(�2 �3�R�O�D�U �� �0�(�2

�)�L�J�X�U�H �����������$�(�5 ���O�H�I�W�� �D�Q�G �U�D�W�H�V ���U�L�J�K�W���� �X�V�L�Q�J �/�)�� �S�O�D�F�H�P�H�Q�W �I�R�U �/�(�2 �3���0�(�2 �O�L�Q�N�V��

�7�K�H �O�L�Q�N�V �E�H�W�Z�H�H�Q �W�K�H �/�(�2 �3�R�O�D�U �K�R�V�W �D�Q�G �W�K�H �H�T�X�D�W�R�U�L�D�O �0�(�2 �V�D�W�H�O�O�L�W�H�V �D�U�H �V�K�R�Z�Q �L�Q�)�L�J�X�U�H ���������� �7�K�H
�O�L�Q�N �G�\�Q�D�P�L�F�V �D�U�H �G�L�I�I�H�U�H�Q�W �I�U�R�P �/�(�2 �O�L�Q�N�V �L�Q �V�H�Y�H�U�D�O �D�V�S�H�F�W�V�� �W�K�H �O�L�Q�N�V �D�U�H �J�H�Q�H�U�D�O�O�\ �P�X�F�K �O�R�Q�J�H�U ������
�R�U ������ �P�L�Q�X�W�H�V���� �V�O�D�Q�W �U�D�Q�J�H�V �D�U�H �D�O�O �D�E�R�Y�H ���������� �N�P�� �H�O�H�Y�D�W�L�R�Q �D�Q�J�O�H�V �U�D�Q�J�H �R�Y�H�U �D�E�R�X�W ���� �G�H�J�U�H�H�V
�D�Q�G �W�K�H �D�]�L�P�X�W�K �U�D�Q�J�H�V �D�U�H �D�E�R�X�W ���� �G�H�J�U�H�H�V �S�H�U �O�L�Q�N�� �,�Q �W�H�U�P�V �W�K�H �$�(�5 �U�D�W�H�V�� �W�K�H�\ �G�R �Q�R�W �H�[�F�H�H�G �W�K�H
�P�R�U�H �F�K�D�O�O�H�Q�J�L�Q�J �L�Q�W�U�D���V�K�H�O�O �/�(�2 �F�D�V�H�V�� �D�V �W�K�H �U�H�O�D�W�L�Y�H �P�R�W�L�R�Q �V�O�R�Z�H�U�� �Z�L�W�K �V�O�D�Q�W �U�D�W�H�V �D�E�R�X�W �K�D�O�I �R�I �W�K�H



�������� �/�(�2 �,�Q�F�O�L�Q�H�G �K�R�V�W �O�L�Q�N�V ����

�I�D�V�W�H�V�W �/�(�2 �O�L�Q�N �F�D�V�H�V��
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�H�O�H�Y�D�W�L�R�Q�V �Z�L�W�K�L�Q �D ���� �G�H�J�U�H�H�V �L�Q�W�H�U�Y�D�O�� �D�E�R�X�W ������ �R�I �S�R�V�V�L�E�O�H �O�L�Q�N�V �F�R�X�O�G �Q�R�W �E�H �H�V�W�D�E�O�L�V�K�H�G�� �7�K�H
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�V�H�O�H�F�W�H�G �D�Q�G �F�R�Q�V�L�V�W�H�Q�W�O�\ �P�D�L�Q�W�D�L�Q�H�G �W�K�U�R�X�J�K�R�X�W �W�K�L�V �F�K�D�S�W�H�U �D�V �W�K�H �L�Q�F�O�L�Q�H�G �S�O�D�Q�H �K�R�V�W�� �,�Q �W�K�H �S�O�R�W�� �R�Q�H
�F�D�Q �V�H�H �W�K�H �R�S�S�R�V�L�W�H �L�Q�F�O�L�Q�H�G �V�K�H�O�O �S�O�D�Q�H�V �L�Q �R�U�D�Q�J�H �F�R�O�R�U �D�Q�G �D�G�M�D�F�H�Q�W �S�O�D�Q�H�V �L�Q �S�X�U�S�O�H�� �7�K�H �S�O�D�Q�H �R�I
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�7�K�H �O�L�Q�N �Z�L�Q�G�R�Z �G�L�V�W�U�L�E�X�W�L�R�Q �I�R�U �W�K�H �/�(�2 �,�Q�F�O�L�Q�H�G �R�U�E�L�W �K�R�V�W �X�V�L�Q�J �W�K�H �/�&�7�� �L�V �V�K�R�Z�Q �L�Q�)�L�J�X�U�H ���������D�Q�G
�X�V�L�Q�J �W�K�H �/�&�7�� �L�Q�)�L�J�X�U�H ���������� �$ �F�O�H�D�U �G�L�V�W�L�Q�F�W�L�R�Q �F�R�P�S�D�U�H�G �W�R �W�K�H �/�(�2 �3 �K�R�V�W �F�D�Q �E�H �S�R�L�Q�W�H�G �R�X�W�� �)�D�U
�I�H�Z�H�U �L�Q�W�U�D���V�K�H�O�O �O�L�Q�N�V �D�U�H �D�Y�D�L�O�D�E�O�H�� �/�(�2 �,�� �/�(�2 �, �O�H�D�G�V �W�R ������ �D�Q�G ������ �O�L�Q�N�V �X�V�L�Q�J �/�&�7�� �D�Q�G �/�&�7����
�Z�K�L�O�H �/�(�2 �3�� �/�(�2 �3 �K�D�G ������ �D�Q�G �������� �U�H�V�S�H�F�W�L�Y�H�O�\�� �)�X�U�W�K�H�U�P�R�U�H�� �W�K�H �0�(�2 �O�L�Q�N �Z�L�Q�G�R�Z �G�L�V�W�U�L�E�X�W�L�R�Q
�X�V�L�Q�J �/�&�7�� �L�V �R�Q�O�\ �X�S �W�R ���� �P�L�Q�X�W�H�V �O�R�Q�J�� �Z�K�L�O�H �/�(�2���3 �K�D�G ������ �P�L�Q�X�W�H �/�&�7�� �O�L�Q�N�V �D�Y�D�L�O�D�E�O�H �Z�L�W�K �E�R�W�K
�W�H�U�P�L�Q�D�O �S�O�D�F�H�P�H�Q�W�V�� �7�K�H �U�H�D�V�R�Q�V �I�R�U �W�K�H�V�H �G�L�I�I�H�U�H�Q�F�H�V �Z�L�O�O �E�H�F�R�P�H �F�O�H�D�U �L�Q �W�K�H �X�S�F�R�P�L�Q�J �O�L�Q�N�V���S�O�D�Q�H
�G�L�V�W�U�L�E�X�W�L�R�Q�V �L�Q�V�X�E�V�H�F�W�L�R�Q �����������D�Q�G �O�L�Q�N �Y�D�U�L�D�E�O�H �S�O�R�W�V �L�Q�V�X�E�V�H�F�W�L�R�Q ������������



�������� �/�(�2 �,�Q�F�O�L�Q�H�G �K�R�V�W �O�L�Q�N�V ����

�)�L�J�X�U�H �����������&�R�P�P�X�Q�L�F�D�W�L�R�Q �Z�L�Q�G�R�Z �G�L�V�W�U�L�E�X�W�L�R�Q �I�R�U �/�&�7�� �L�Q �� �W�H�U�P�L�Q�D�O �S�O�D�F�H�P�H�Q�W�V �R�Q �W�K�H �/�(�2 �,�Q�F�O�L�Q�H�G �6�D�W�H�O�O�L�W�H��

�)�L�J�X�U�H �����������&�R�P�P�X�Q�L�F�D�W�L�R�Q �Z�L�Q�G�R�Z �G�L�V�W�U�L�E�X�W�L�R�Q �I�R�U �/�&�7�� �L�Q �� �W�H�U�P�L�Q�D�O �S�O�D�F�H�P�H�Q�W�V �R�Q �W�K�H �/�(�2 �,�Q�F�O�L�Q�H�G �6�D�W�H�O�O�L�W�H��

�$�Q�D�O�\�]�L�Q�J �W�K�H �O�L�Q�N �Z�L�Q�G�R�Z �G�L�V�W�U�L�E�X�W�L�R�Q�V�� �V�H�Y�H�U�D�O �F�R�Q�F�O�X�V�L�R�Q�V �F�D�Q �E�H �P�D�G�H �U�H�J�D�U�G�L�Q�J �W�K�H �U�H�T�X�L�U�H�G
�R�U�E�L�W �S�U�H�G�L�F�W�L�R�Q �W�L�P�H�� �&�R�Q�V�L�G�H�U�L�Q�J �W�K�H �7�H�U�P�L�Q�D�O �S�R�V�L�W�L�R�Q�V �/�)�� �D�Q�G �/�)�� �I�R�U �E�R�W�K �/�&�7�� �D�Q�G �/�&�7���� �L�W �L�V
�F�O�H�D�U �W�K�D�W �W�K�H �Z�L�Q�G�R�Z �G�L�V�W�U�L�E�X�W�L�R�Q �G�R�H�V �Q�R�W �F�K�D�Q�J�H �V�L�J�Q�L�I�L�F�D�Q�W�O�\�� �6�P�D�O�O �G�L�I�I�H�U�H�Q�F�H�V �F�D�Q �E�H �V�S�R�W�W�H�G�� �V�X�F�K
�D�V �P�R�U�H ������ �P�L�Q�X�W�H �/�(�2 �,�� �/�(�2 �, �I�R�U �/�)�� �F�R�P�S�D�U�H�G �W�R �/�)�� �R�U �/�)�� �K�D�Y�L�Q�J �W�R �D �K�L�J�K�H�U �I�U�D�F�W�L�R�Q �R�I ����������
�P�L�Q�X�W�H �O�L�Q�N�V �W�K�D�Q �/�)�� �L�Q �W�K�H �/�(�2 �,�� �/�(�2 �3 �F�D�V�H �X�V�L�Q�J �/�&�7���� �:�K�H�Q �O�R�R�N�L�Q�J �D�W �W�K�H �R�Y�H�U�D�O�O �G�L�V�W�U�L�E�X�W�L�R�Q �R�I
�F�R�P�P�X�Q�L�F�D�W�L�R�Q �Z�L�Q�G�R�Z�V �I�R�U �E�R�W�K �W�H�U�P�L�Q�D�O�V�� �L�W �F�D�Q �E�H �Q�R�W�H�G �W�K�D�W �P�X�F�K �O�L�N�H �W�K�H �/�(�2 �3 �K�R�V�W �F�D�V�H�� �P�R�V�W
�F�R�P�P�X�Q�L�F�D�W�L�R�Q�V �D�U�H ���� �P�L�Q�X�W�H�V �R�U �O�H�V�V�� �)�R�U �/�&�7���� �D �O�D�U�J�H �I�U�D�F�W�L�R�Q �R�I �O�L�Q�N�V �D�U�H ���� �P�L�Q�X�W�H�V �R�U �O�H�V�V�� �Z�K�L�O�H
�I�R�U �/�&�7�� �D �V�L�J�Q�L�I�L�F�D�Q�W �S�R�U�W�L�R�Q �D�O�V�R �L�Q �W�K�H ���������� �P�L�Q�X�W�H �E�L�Q�� �)�R�U �/�&�7���� �D�E�R�X�W ������ �R�I �O�L�Q�N�V �D�O�V�R �R�F�F�X�U
�L�Q �W�K�H ���������� �D�Q�G ������ �P�L�Q�X�W�H �U�H�J�L�R�Q�V �I�R�U �L�Q�W�U�D���V�K�H�O�O �O�L�Q�N�V�� �Z�K�L�O�H �W�K�H �/�(�2 �L�Q�W�H�U���V�K�H�O�O �O�L�Q�N�V �J�H�Q�H�U�D�O�O�\ �R�Q�O�\
�V�S�D�Q �X�Q�W�L�O ���� �P�L�Q�X�W�H�V�� �Z�L�W�K �Y�H�U�\ �I�H�Z �L�Q �W�K�H ���������� �D�Q�G ���������� �P�L�Q�X�W�H �E�L�Q�V �D�Q�G �Q�R�Q�H �O�R�Q�J�H�U�� �)�R�U �W�K�H �/�(�2
�,�� �0�(�2 �O�L�Q�N�V �Z�L�W�K �/�&�7���� �Q�R�Q�H �R�I �W�K�H�P �H�[�F�H�H�G ���� �P�L�Q�X�W�H�V �D�Q�G �W�K�H�\ �D�U�H �V�L�P�L�O�D�U�O�\ �O�L�N�H�O�\ �W�R �R�F�F�X�U �L�Q �H�D�F�K
�R�I �W�K�H ���������� �P�L�Q�X�W�H �Z�L�Q�G�R�Z�V�� �/�R�R�N�L�Q�J �D�W �/�&�7���� �D�J�D�L�Q�� �P�R�U�H �D�Q�G �O�R�Q�J�H�U �F�R�P�P�X�Q�L�F�D�W�L�R�Q �Z�L�Q�G�R�Z�V �D�U�H
�D�Y�D�L�O�D�E�O�H�� �7�K�H ���������� �P�L�Q�X�W�H �E�L�Q �L�V �D �Y�H�U�\ �I�U�H�T�X�H�Q�W �L�Q�W�U�D���V�K�H�O�O �O�L�Q�N �G�X�U�D�W�L�R�Q �D�Q�G �Q�R�W �X�Q�F�R�P�P�R�Q �I�R�U �W�K�H
�L�Q�W�H�U���V�K�H�O�O �O�L�Q�N�V�� �$�G�G�L�W�L�R�Q�D�O�O�\�� �P�D�Q�\ �P�R�U�H �V�K�R�U�W �D�Q�G �O�R�Q�J �O�L�Q�N�V �D�U�H �D�Y�D�L�O�D�E�O�H �L�Q �W�K�H �/�(�2 �L�Q�W�H�U���V�K�H�O�O �F�D�V�H��
�Z�L�W�K ������ �P�L�Q�X�W�H �O�L�Q�N�V �E�H�F�R�P�L�Q�J �S�R�V�V�L�E�O�H�� �)�L�Q�D�O�O�\�� �L�Q �W�K�H �/�(�2 �,���0�(�2 �F�D�V�H�� �O�L�Q�N�V �D�E�R�Y�H ���� �P�L�Q�X�W�H�V �D�U�H
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�D�V ���� �� �I�H�Z�H�U �O�L�Q�N�V �R�F�F�X�U �W�K�D�Q �L�Q �W�K�H �D�Q�D�O�R�J�R�X�V �/�(�2 �3�� �/�(�2 �3 �F�D�V�H�� �7�K�L�V �L�V �G�X�H �W�R �W�K�H �Q�R�Q���S�R�O�D�U
�L�Q�F�O�L�Q�D�W�L�R�Q �R�I �L�Q�F�O�L�Q�H�G �V�K�H�O�O�� �(�I�I�H�F�W�L�Y�H�O�\�� �W�K�H �O�L�Q�N �G�L�V�W�D�Q�F�H�V �E�H�W�Z�H�H�Q �R�S�S�R�V�L�W�H �L�Q�F�O�L�Q�H�G �R�U�E�L�W�D�O �S�O�D�Q�H�V �D�U�H
�R�Q�O�\ �V�X�I�I�L�F�L�H�Q�W�O�\ �F�O�R�V�H �Q�H�D�U �W�K�H �D�V�F�H�Q�G�L�Q�J �D�Q�G �G�H�V�F�H�Q�G�L�Q�J �Q�R�G�H�V�� �)�X�U�W�K�H�U �1�R�U�W�K���6�R�X�W�K �D�O�R�Q�J �W�K�H �R�U�E�L�W��
�W�K�H �L�Q�F�O�L�Q�D�W�L�R�Q �O�H�D�G�V �W�R �P�X�F�K �O�D�U�J�H�U �U�H�O�D�W�L�Y�H �G�L�V�W�D�Q�F�H�V �W�K�D�Q �L�Q �W�K�H �S�R�O�D�U���S�R�O�D�U �F�D�V�H�� �,�Q �W�K�H �F�D�V�H �R�I �/�(�2
�L�Q�W�H�U���V�K�H�O�O �O�L�Q�N�V�� �P�D�Q�\ �P�R�U�H �O�L�Q�N�V �F�D�Q �E�H �V�H�H�Q �O�R�R�N�L�Q�J �D�W �W�K�H ������ �O�L�Q�N�V �Z�L�W�K �W�K�H �/�(�2 �3 �S�O�D�Q�H�V ���� �D�Q�G
������ �7�K�L�V �L�V �W�K�H �U�H�V�X�O�W �R�I �W�K�H �V�P�D�O�O�H�U �D�Q�J�X�O�D�U �G�L�I�I�H�U�H�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �R�S�S�R�V�L�W�H �R�U�E�L�W�D�O �S�O�D�Q�H�V�� �O�H�D�G�L�Q�J �W�R
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�7�D�U�J�H�W �V�D�W�H�O�O�L�W�H �� �D�S�S�H�D�U�V �W�R �E�H �V�S�H�F�L�I�L�F�D�O�O�\ �F�K�D�O�O�H�Q�J�L�Q�J�� �D�V �D�]�L�P�X�W�K �U�D�W�H�V �R�I ������ �� �G�H�J���V �R�F�F�X�U�� �$�J�D�L�Q �L�W
�E�H�F�R�P�H�V �H�Y�L�G�H�Q�W �W�K�D�W �W�K�L�V �L�V �G�X�H �W�R �R�S�S�R�V�L�W�H �I�O�L�J�K�W �G�L�U�H�F�W�L�R�Q �D�Q�G �W�K�H �F�O�R�V�H �S�U�R�[�L�P�L�W�\ �R�I �W�K�H �I�O�\���E�\�� �Z�K�L�F�K
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������ �� �N�P���V�� �D�Q�G �L�Q �W�X�U�Q�V �U�H�O�D�W�L�Y�H�O�\ �O�R�Z �D�]�L�P�X�W�K �U�D�W�H�V ���P�R�V�W�O�\ �E�H�O�R�Z ������ ������ �G�H�J���V���� �7�K�H �P�R�V�W �F�K�D�O�O�H�Q�J�L�Q�J
�W�D�U�J�H�W �V�D�W�H�O�O�L�W�H �V�K�R�Z�L�Q�J �D�Q �D�]�L�P�X�W�K �U�D�W�H �R�I �D�U�R�X�Q�G ������ ������ �G�H�J���V�� �$�J�D�L�Q�� �W�K�L�V �R�F�F�X�U�V �G�X�H �W�R �S�U�R�[�L�P�L�W�\ �R�I
�W�K�H �I�O�\���E�\�� �2�Y�H�U�D�O�O�� �W�K�H�V�H �Q�H�D�U �F�U�R�V�V���S�O�D�Q�H �O�L�Q�N�V �F�D�Q �E�H �F�R�Q�V�L�G�H�U�H�G �D �Q�R�P�L�Q�D�O���F�K�D�O�O�H�Q�J�L�Q�J �F�D�W�H�J�R�U�\ �R�I
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