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summary

This thesis investigates efficient Monte Carlo methods for estimating the 99.9% Value-at-Risk of
concentrated credit portfolios modelled through a normal copula framework. Crude Monte Carlo
simulation is inefficient when estimating extreme loss levels. To address this inefficiency, variance
reduction techniques are applied, including importance sampling and its adaptive variant. This thesis
provides empirical evidence that these techniques make extreme quantile estimation computationally
feasible in a realistic portfolio credit risk setting.

Multiple methods from the literature are reviewed to approach an appropriate importance sampling
proposal. Bernoulli tilting conditional on the common factors is an effective method when obligors
are weakly correlated. However, when large losses are mainly driven by common factors in the credit
portfolio, shifting their means turns out to be more effective. This has to be done with care, since an
improper shift may increase the variance. To this end, a deterministic method that approaches the mode
of the zero-variance distribution is discussed. Furthermore, adaptive importance sampling is studied,
which aims to minimize the variance directly by iteratively updating the shift based on past samples.
This thesis introduces a method that uses the generalized Poisson—Binomial distribution, together with
an inverse Fourier transform, to approximate the zero-variance distribution nearly exactly for simple
portfolio cases.

A deterministic mean-shifted importance sampling (M-IS) and an adaptive importance sampling
(AIS) approach are applied on stylized portfolios. These portfolios are constructed such that they mimic
real-world conditions. The M-IS method achieves an estimated variance reduction factor of 175 on a
large portfolio with 20000 obligors. Performance on the actual Triodos Bank portfolio delivered similar
performance, but detailed results are withheld for reasons of confidentiality. For a moderately sized
portfolio consisting of 1000 obligors, M-IS is no more effective than crude Monte Carlo because of the
higher impact of idiosyncratic concentrations. In this case, AIS finds a better balance between the
various kinds of concentrations. With conservative parameters, AIS achieves an estimated variance
reduction factor of 5 on the moderately sized portfolio. Bernoulli tilting could further increase the
variance reduction in these portfolio scenarios. Moreover, as the number of samples increases, AIS further
reduces variance. Finally, this thesis investigates how to construct asymptotic confidence intervals for
the extreme quantile estimates of these stylized portfolios and demonstrates via experiments that they
exhibit asymptotic normal behaviour despite the discreteness of the loss distribution.

11



Nomenclature

Abbreviation Definition

ASRF Asymptotic Single Risk Factor model

AIS Adaptive Importance Sampling

B-IS Bernoulli-tilting Importance Sampling
CMC Crude Monte Carlo simulation

CLT Central Limit Theorem

GPB Generalized Poisson—Binomial distribution
IRB Internal Ratings-Based

IS Importance Sampling

M-IS Mean-shifted Importance Sampling

SLLN Strong Law of Large Numbers

SLSQP Sequential Least Squares Quadratic Programming
VaR Value-at-Risk
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Introduction

If an individual or organization borrows money from a bank, there is a risk they may fail to repay
the loan. Credit risk represents this potential financial loss when obligors default on their loans. If a
bank fails to manage credit risk properly, it can cause liquidity issues. To protect banks, their clients,
and, more importantly, the stability of the global financial system, the Basel Accords were developed,
outlined in the Basel framework (see [5]). These internationally recognized sets of agreements aim to
strengthen the regulation, supervision, and risk management of banks and other financial organizations.
Accordingly, banks should hold enough capital to absorb losses arising from extreme but potential credit
events. Specifically, they focus on the total annual credit loss at the 99.9th percentile of its probability
distribution. This quantile is commonly referred to as the 99.9% Value-at-Risk (VaR).

Estimating this level of risk is complex, as it depends on many correlated elements, such as macroeco-
nomic, sectoral, regional factors, and individual loan exposures. Dependency structures between obligors
are modelled through the normal copula model, originally associated with J.P. Morgan’s widely used
CreditMetrics system (see Gupton, Finger, et al. [18]). This thesis investigates efficient Monte Carlo
methods for estimating the 99.9% Value-at-Risk of such concentrated credit portfolios.

The Asymptotic Single Risk Factor (ASRF) model, based on the foundational work of Merton [26],
Vasicek [31], and Gordy [17], is a simplified credit risk model used by Basel II/III to set minimum
capital charges for credit risk under the IRB (Internal Ratings-Based) approach. It assumes a single
underlying common risk factor and an infinitely granular portfolio, meaning that individual exposures are
infinitesimally small relative to the total exposure of the portfolio. Since it reduces the high-dimensional
problem to a one-dimensional problem, it allows for closed-form capital rules rather than costly high-
dimensional simulation. The 99.9% VaR calculated with this model is referred to as the macroeconomic
VaR. However, this is an approximation of real-world credit portfolio interactions. In practice, a bank’s
credit portfolio is not infinitely granular, and obligors are correlated through more than a single common
factor.

A multifactor model extends the ASRF model by incorporating multiple common factors that each
influence different subsets of obligors, thereby capturing more realistic dependency structures within
portfolio subgroups. These concentrated groups of exposures induce a so-called concentration risk: the
presence of correlation between obligors increases the potential for simultaneous defaults, leading to
higher losses. Furthermore, the multifactor model also considers the idiosyncratic concentration risk,
which arises when large exposures increase the impact of specific obligors. In such cases, the default of a
single obligor can lead to significant losses, which the ASRF model will underestimate. The extra capital
needed to account for concentration risk is called the concentration risk add-on. The macroeconomic VaR
together with this add-on forms the overall 99.9% VaR estimate of the portfolio credit loss distribution.

It is generally difficult to compute the VaR of credit portfolios, because of the high dimensional nature
of the problem. As a result, these quantiles are estimated using Monte Carlo methods; computational
algorithms that use random sampling to produce statistical estimates. Estimating extreme quantiles via
Monte Carlo simulation is computationally intensive, especially for large credit portfolios. Consequently,
developing algorithms for efficient estimation of credit concentration risk remains a significant and



ongoing challenge.

A common approach to improving the efficiency of Monte Carlo estimates is the use of variance
reduction techniques. One well-known method is Importance Sampling (IS), which improves simulation
efficiency by drawing samples from a modified distribution, which generates more samples in a region
of interest. Glynn et al. [16] apply IS to extreme quantile estimation and establishes that significant
variance reduction can be achieved under suitable conditions.

In the context of the normal copula model for credit risk modelling, IS offers a promising solution,
see e.g., Arvanitis and Gregory [4], Kalkbrener, Lotter, et al. [22], Merino and Nyfeler [25], and Morokoff
[27]. The main challenge for IS is to find an appropriate IS proposal distribution such that the variance
of the quantiles is minimized. Glasserman and Li [15] introduce a two-step IS approach. Conditional
on the common factors, they use Bernoulli tilting through exponential tilting and establish asymptotic
optimality for portfolios with low-correlated obligors. For applying IS on the common factors, they
propose several approximations to shift the common factors towards the mode of the zero-variance
distribution. Glasserman, Kang, et al. [14] extend this work by introducing a mized IS procedure
that generalizes the two-step method from a single common factor to multiple common factors and
establish conditions for asymptotic optimality. Egloff, Leippold, et al. [12] propose an Adaptive Importance
Sampling (AIS) method applied on portfolio credit risk estimation, using a Robbins-Monro approximation
scheme to iteratively update the shift vector. Difficulties in the AIS method lie in guaranteeing the
convergence of the quantile estimate. Egloff and Leippold [11] provide further theoretical support
for quantile estimation under AIS for general distributions and establish almost sure convergence for
adaptive quantile estimators for non-unique quantiles.

Constructing confidence intervals for extreme quantile estimates is challenging, especially when
sampling from an IS proposal. Chu and Nakayama [9] establish a Central Limit Theorem (CLT) for IS
quantile estimators and provide consistent variance estimators. He, Jiang, et al. [21] Show that quantile
estimates under AIS are asymptotically normal.

Triodos Bank, headquartered in the Netherlands, focuses on sustainable banking and aims to
support social, environmental, and cultural development. Currently, the bank uses a crude Monte Carlo
approach to simulate losses from a multifactor model through the normal copula framework to estimate
concentration risk add-ons. Since the model does not make use of variance reduction techniques, it is
computationally intensive. Moreover, due to the inherent randomness of Monte Carlo sampling, repeated
simulations can yield varying results. Given these challenges, it is desired to decrease computational cost
and at the same time increase the precision of estimates. Furthermore, developing methods to quantify
confidence intervals is important to better quantify the uncertainty of estimates.

In collaboration with Triodos Bank, this thesis aims to address this challenge. The goal is to
enhance the computational efficiency of concentration risk add-on estimation while quantifying the
uncertainty through confidence intervals. To achieve this goal, the impact of approximation methods,
optimization strategies, and variance reduction techniques — specifically, IS and AIS — are studied.
Various techniques from the literature for approximating the optimal shift are evaluated on their
effectiveness. Furthermore, this thesis introduces a method to approximate the zero-variance distribution
nearly exactly for simple portfolios using the generalized Poisson—Binomial distribution and an inverse
Fourier transform. Additionally, the extent to which asymptotic confidence intervals align with empirical
results is examined. Finally, the collaboration with Triodos Bank also involves implementing and testing
the algorithm on real-world data.

This thesis starts with reviewing the basics of modelling portfolio credit risk in Chapter 2. In
Chapter 3, the foundations of Monte Carlo methods and the principles of IS, AIS and quantile estimation
are introduced. Next, in Chapter 4, we discuss methods to select suitable IS proposals for extreme
quantile estimation in the credit portfolio setting, substantiated with experiments. These experiments
give valuable insights about the methods before they are applied to more complex test portfolios
mimicking real-world cases, described in Chapter 5. In Chapter 6, numerical results across these portfolio
scenarios are presented. Finally, Chapter 7 concludes this thesis.



Portfolio Credit Risk Modelling

In this chapter, we introduce the mathematical framework for modelling portfolio credit risk. Consider
a credit portfolio exposed to m obligors. Let Dy be a default indicator variable that takes the value 1 if
obligor k defaults within a one-year time horizon, and 0 otherwise. The total annual credit loss L of the
bank is given by

L= Dy, (2.1)
k=1

where ¢}, is the exposure of the kth obligor.
Let Iy, denote the cumulative distribution function of L. We are interested in the VaR at the 99.9%
level. If Iy, is continuous, the VaR at level « is defined as the quantile g, of L, i.e. the unique solution of

FL(qOL) = Q,

where a = 0.999. However, in our setting, Fy, is not continuous, since ¢ is deterministic, leading to
discrete jumps in the distribution. Therefore, we adopt the more general definition of VaR:

VaRyp(a) = inf{z : Fr(x) > a}. (2.2)

Assuming each exposure and default probability as deterministic, the main difficulty in simulating L
remains modelling the dependence among obligors. Below, we first explain how L is modelled through the
normal copula model, which offers a framework for capturing default dependencies in a credit portfolio.
Next, we review the ASRF model, which provides an analytical approximation of VaRy(«). Finally, we
discuss the multifactor framework along with its concentration risk add-ons.

2.1. Dependence Modelling in Portfolio Credit Risk

In the normal copula model, dependence between the m obligors is modelled through a multivariate
normal random vector (X1, Xo,...,X,;). The latent variable X}, is a latent variable associated with the
kth obligor. It defaults the obligor if below a certain threshold:

1 if X, < &1
D—db X < (Pr)s (2.3)
0, otherwise.

Here, @ is the standard normal distribution function, and p; is the marginal probability of default. This
implies that
P(Dy, = 1) = P(X), < " (pk)) = pr- (2.4)

Assume there are d common factors. The dependence between the latent variables X is modelled

using the following factor structure:
Xp =1 Y + bp Zy, (2.5)

where



2.2. The Asymptotic Single Risk Factor Model 4

. r, € R4 is a vector of factor loadings satisfying 0 < ||rx|| < 1;

. Y ~ N(0,1,) is a d-dimensional standard normal random vector representing mutually independent
common factors;

. Zy ~N(0,1) are independent standard normal random variables representing the idiosyncratic
factors;

. by = m ensures that X ~ N(0,1).

The factor loading vector rj determines the correlation between the kth obligor and the common
factors. Despite the induced dependencies by the normal copula model, since Xy, is standard normally
distributed, the kth obligor still has p; probability to default.

2.2. The Asymptotic Single Risk Factor Model

There are multiple studies that suggest the existence of a common factor influencing the default
probability of all obligors (see, for example, Hatchett and Kiihn [20] and Koju, Koju, et al. [23]). We
refer to this common factor as the macroeconomic factor.

The ASRF model assumes the existence of this macroeconomic factor and models it within the
normal copula framework as a standard normal random variable, denoted by Y. In the single-factor
case where d = 1, the factor model in (2.5) reduces to

X =rem¥m +14/1 —T,ZCMZ;C.

Here, 71/ is the factor loading of the kth obligor with respect to the macroeconomic factor Ya,.
The IRB approach for corporate exposures (see Banking Supervision [5], Section 31.5) specifies the
correlation between the kth obligor and the macroeconomic factor as

1— e=50P% 1 — e=50P
plpk) =012 5 +0.24- (1 - ) . (2.6)

1 1—e50

Equation (2.6) implies an inverse relationship between py and the correlation with the macroeconomy.
This reflects obligors with low default probability tending to default only in macroeconomic downturns,
whereas riskier obligors default more on an individual basis. In Chapter 5, we also use this correlation
to compute the factor loading as the square root of p(py):

riar =V p(pr). (2.7)

Assuming infinite granularity, in the case of the existence of a single common factor, Vasicek [31,
page 3] derives an expression for the distribution function of portfolio losses in an:

1—77, @ Hz) + 0 () .
ThM

Fr,(x)=® ( (2.8)

This result is further used to compute the VaR at level a. We refer to this as the macroeconomic
VaR, given by

VaRy,. (a) = iﬁk (D <‘I)1(pk) + T @1(&)) ’ (2.9)
k=1

where Lj; denotes the loss only accounting for the macroeconomic factor.

2.3. The Multifactor Model and Concentration Risk Add-Ons

Unlike the ASRF framework, which models only a single common factor, the multifactor generalizes to the
case where d > 1. Specifically, we assume that each obligor is exposed to three factors: a macroeconomic
factor, a sector-specific factor, and a geographic-region-specific factor. Let there be dg sectors and
dg geographic regions. These are modelled through Y € R?, with d = 1 + dg + ds. Accordingly, the
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factor loading vector ry has at most three non-zero components: rp; for the macroeconomic factor, and
one each for the sectoral and geographic factors, which are calculated based on empirical observations
of correlations between exposures within the same geography and sector. We assume non-negative
correlations, so we restrict the factor loading vector to be non-negative component-wise: ry > 0. The
factor loading vector for the kth obligor is expressed as

Ty = (rk]\/[ 0 0 rk:g(k) 0 0 Tks(k) 0 ...)T, for k € {1,...,7’77,}, (210)

where g(k) € {2,...,kg+1} and s(k) € {dg+2,...,dg+ds+1} denote the indices of the geographic and
sectoral factors to which the kth obligor is exposed. For notational convenience, we write ryq(x) := g
and Tpg(k) 1= Ths-

Total Concentration Risk Add-on
The total concentration risk add-on represents the additional capital needed to account for all modelled
common factors beyond the macroeconomic factor. We denote this add-on by

Ciotal 1= Va‘RLMGSI (OL) - Va‘RLIVI (a)v (211)

where Lj;gsr is the loss accounting for macroeconomic, geographic, sectoral, and idiosyncratic factors,
and Ly, includes only the macroeconomic factor.

Frequently, banks want to understand the impact of modelling concentration, or the contribution of
specific sectors or geographies. Therefore, marginal and specific concentration add-ons are computed.

Marginal Concentration Risk Add-Ons
The marginal concentration risk add-ons refer to the extra capital required when extending the model
from only modelling the macroeconomic factor to also include a subset of the common factors and/or
the idiosyncratic factors. These marginal add-ons are computed with losses similar to (2.1), but differ
in the fact that now certain factors are excluding the corresponding common factors. We provide two
examples, including the geographical and idiosyncratic risk.

If the model only includes macroeconomic and idiosyncratic components, the loss can be expressed as

u O Y(py) — remY
Lur =Y 61 { () = rrarVar Zk} , (2.12)
k=1

NI

where 1{z < ¢} denotes the indicator function that is equal to 1 if z < ¢ and 0 otherwise.
If only macroeconomic and geographic components are modelled, the expected loss conditional on
the common factors becomes deterministic. The loss is expressed as

< O (pr) — remYar — rigYs
Lyc =Y 4@ (pr) = riaYar = rigYs | (2.13)
k=1 L—rip =8

The use of the indicator function in (2.12) versus the normal distribution in (2.13) reflects this presence
or absence of idiosyncratic risk. When idiosyncratic risk is present, loss realization is stochastic.
The corresponding marginal add-ons are denoted as

CMI = Va.RLMI (04) - VaRLM (OZ),
Cug = VaRp,q (a) — VaRp,, (a)

Since concentration increases the tail heaviness of the loss distribution, concentration risk add-ons
should be positive to reflect the heightened risk. These marginal add-ons indicate how much additional
capital a bank should hold to account for a particular type of concentration.

Specific Concentration Risk Add-On

The specific concentration risk add-on quantifies the capital impact of including or excluding a particular
subset of exposures within a portfolio. It is defined as the difference between the total concentration
risk add-on with and without that subset.
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Suppose we are interested in computing this specific add-on for a sub-portfolio A, where A denotes
an index set of obligors. Let A U A€ represent the full portfolio. The total concentration risk add-on
excluding sub-portfolio A is denoted by C{(‘):al.

The specific concentration risk add-on for subset A is computed as

AA AUA® A°
Ctotal = Utotal — Ctotala
where C{(‘)fa’i‘c = Ciotal is the total concentration risk add-on for the full portfolio.

This measure captures the impact of a sub-portfolio A on the overall concentration risk. A positive

value of C44, indicates that A increases concentration risk (i.e., reduces diversification), while a negative

value implies that A contributes to diversification and lowers the total concentration risk of the portfolio.



Monte Carlo Methods for Quantile
Estimation

In this chapter, we study quantile estimation with Monte Carlo methods. Below, we first introduce
some of the fundamental principles of Monte Carlo methods and review the basic concepts of variance
reduction techniques, specifically IS and its adaptive variant, AIS. Next, we discuss methods based on
order statistics for estimating quantiles and describe how exact confidence intervals can be constructed
in this setting. To estimate extreme quantiles, we focus on tail probability estimation, which makes it
easier to apply IS and AIS methods for more efficient estimation.

3.1. Monte Carlo Methods and Variance Reduction Techniques

Monte Carlo methods are a class of computational algorithms that use random sampling to obtain
numerical results. They are especially useful for estimating outcomes dependent on high-dimensional
variables, where standard numerical methods become inefficient or intractable. Classical numerical
integration techniques suffer from the curse of dimensionality, while the convergence rate of Monte Carlo
estimates is independent of the dimension. This dimensional robustness makes Monte Carlo methods
attractive for such problems. As a result, they are widely used in fields such as physics, machine learning,
and finance.

We begin by stating two fundamental theorems from probability theory that form the foundation
for why Monte Carlo methods are effective in many applications. These results ensure that averages
computed from random samples converge to the true expected values, and they quantify the uncertainty
of these estimates.

The first theorem proves convergence of independent and identically distributed (i.i.d.) random
variables, showing that the sample mean converges to the expected value. This is known as the Strong
Law of Large Numbers (SLLN).

Theorem 1 (Strong Law of Large Numbers). Let X1, Xa,... be a sequence of i.i.d. random variables
with BE[X;] = p < co. Then
1 n
fZXiﬁf'—hu, as n — oo, (3.1)
i
where =25 denotes almost sure convergence.

The next theorem describes the distributional behaviour of the sample mean. It states that the
sampling distribution of the sample average of i.i.d. observations converges to a normal distribution as
the sample size grows. This result is known as the Central Limit Theorem (CLT).
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Theorem 2 (Central Limit Theorem). Let X1, Xo,..., X, be a sequence of i.i.d. random variables with
E[X;] = p and Var(X;) = 0? < 0o. Let

I
X== i
w2
=1
denote the sample mean. Then,
Vi (X = p) 4, N(0,0%), asn — oo, (3.2)

d e
where — denotes convergence in distribution.

Proofs of both theorems can be found in, e.g., Gut [19], Chapters 6-7.
These theorems enable the evaluation of integrals via random sampling. We begin with a simple
example of Monte Carlo integration in one dimension.

Example 1. Consider the problem of evaluating the integral

/01 h(z)dx,

where h is an integrable function. Suppose we can generate independent random variables Uy, Us, ..., U,,
each uniformly distributed over the interval [0,1]. By Theorem 1, the sample average of the function
values converges almost surely to the value of the integral:

R !

— Zh(Uz) 2 / h(z)dz asn — oo.

"= 0

Moreover, if h is square-integrable on [0,1], the sample mean satisfies a central limit theorem by
Theorem 2.

Monte Carlo integration naturally extends to higher-dimensional integrals. According to (3.2),
independent of the dimension, the error decreases at the rate of n~!/2. But, if increasing the number of
samples becomes computationally infeasible, variance reduction techniques offer an alternative. These
methods aim to reduce the variability in simulation outputs, allowing a desired level of precision to be
achieved with fewer samples. Common variance reduction techniques include control variates, antithetic
variates, and stratified sampling (see, e.g., Glasserman [13], Chapter 4). We focus on IS and AIS and
review their principles below.

3.11. Importance Sampling
With IS, we aim to reduce the variance by producing more important observations. This is done by
sampling paths from an alternative sampling distribution, known as the proposal distribution. To correct
for sampling from this proposal instead of the original distribution, the estimate is re-weighted.

To be more concrete, let X be a random vector in R? with distribution F, and let h: R — R be a
function integrable with respect to F'. Our goal is to compute the expectation

Brlh(X)] = | hx)F(ax).

where Er denotes expectation with respect to the distribution F', meaning that the random vector X
is distributed according to F'. If we choose a proposal distribution G such that F < G, it implies the
existence of a density p such that

dF(x) = p(x)dG(x), for all x € R, (3.3)

The function p is also referred to as the Radon—Nikodym derivative or likelihood ratio. The relationship
in (3.3) yields the standard IS identity.

Brlh(X)] = [ 1x)AF() = [ ()G () = B [X)p(X)], (3.4

Rd
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where Eg is the expectation with respect to G. Given Xy,Xs5...,X,, drawn i.i.d. from G, the IS
estimator is

-3 HXp(Xy), (35)
i=1

where the computed likelihood ratio p(X;) is used to correct for drawing X; from the proposal distribution.
Henceforth, we will refer to these evaluated likelihood ratios as IS weights. Assuming Varg (h(X)p(X)) <
00, then, by the SLLN,

LY hXop(Xo) 25 Ea[h(X)p(X)], asn > oc.
i=1

Since the estimator is unbiased, variance comparisons reduce to comparing second moments. Under IS,
the second moment becomes

Ea |(M(X)p(X))*| = Er [1(X)*p(X)] (3.6)

which may be larger or, ideally, smaller than Er[h(X)?]. This shows that the effectiveness of IS for
variance reduction depends on choosing the right proposal distribution.

The optimal proposal G* is the one that minimizes the second moment in (3.6), and must therefore
satisfy

dG™ (x) o |h(x)|dF(x).

More precisely, assuming Eg[|h(X)|] > 0, the unique proposal distribution G* (up to F-almost
everywhere) under which the IS estimator has zero variance is given by

h(x)]
dG* (x) = — g p(x). (3.7)
Ep{[n(X)]]
The corresponding density p*(x) := |h(x)|/Er[|h(X)]] is known as the zero-variance density, as it

yields an IS estimator with zero variance. For a derivation, see, e.g., Boks [6] (Section 1.4).

In practice, since the normalizing constant Er[|h(X)|] is typically unknown (and often the very
quantity being estimated), one must approximate G* by choosing a tractable family of densities that
mimics the shape of |h(x)|dF (x).

3.1.2. Adaptive IS
In adaptive importance sampling (AIS), samples are drawn from a sequence of proposal distributions.
The goal is to reduce the variance of the estimate by iteratively improving the proposal distribution. For
now, we assume the existence of a black-box function Z which updates a proposal distribution by using
the latest available information. In practice, such a function can be difficult to obtain, since it could
depend on parameters we aim to estimate. We return to this issue in Section 4.3.1, where we discuss an
7 in the portfolio credit risk setting.

Let G1,Gs,...,G, be proposal distributions such that FF < G; for i = 1,2...,n. Then, as in
ordinary IS, this implies the existence of the sequence of densities p1,ps,...,p, such that, for each
i=1,2,...,n,

dF(x) = pi(x)dGi(x), for all x € R%

Suppose that for each iteration i = 1,...,n, we draw a sample X; from a proposal distribution G;.
Following each draw, the proposal G;;1 is updated in accordance with Z.
Given each draw X;, we define the corresponding IS weight as

W;:=p(X;), fori=1,...,n,

This procedure yields a sequence of weighted samples {(X;, W;)}7 ;. Similarly to IS, the AIS
estimator for Ep[h(X)] is given by
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But there is an important difference between the IS and AIS estimators. In the AIS case, the samples
X, are drawn from a sequence of proposal distributions that evolve over time and depend on past
samples. Consequently, the data pairs (X;, W;) are neither independent nor identically distributed. As
a result, the SLLN from Theorem 1 cannot be directly applied, and alternative techniques are required
to establish the convergence of this estimate towards its true value.

In some cases, a martingale structure arises, allowing the application of martingale convergence
theorems to establish the almost sure convergence of the AIS estimator under appropriate conditions,
see, e.g, Arouna [3]. We return to the question of convergence in Section 4.3, where we use AIS in the
portfolio credit risk setting.

3.2. Quantile Estimation

In this section we revisit the problem of computing VaR[ («), defined in (2.2) in the portfolio credit
risk setting. We assume that the losses L1, Lo, ..., L, are generated according to a multifactor model
described in (2.5). Below, we discuss quantile estimation using order statistics and the estimation of
multiple tail probabilities. We address both methods because the first provides exact confidence intervals,
while the second offers advantages when IS is applied to estimate extreme quantiles.

3.2.1. Order Statistics

To estimate ¢, we order the samples Ly, Lo, ..., L, such that
Lin < Loy <+ < Lipip.
Then the a-quantile estimator can be written as
o = Lian)m; (3.8)

where [s] is the ceiling function, which rounds any real number s up to the nearest integer. Interpolation
methods between the order statistics can be applied in order to reduce the bias of the estimate.

An attractive property of order statistics is that we can create an exact confidence interval for the
true quantile g,. The number of observations less than or equal to a fixed quantile threshold follows a
binomial distribution. Consequently, this can be used to construct an exact confidence interval. This
is useful because it does not require knowledge of the distribution Fr. Since this method is directly
applicable to constructing confidence intervals, we state the result.

Theorem 3 (Exact Confidence Interval). Let Ly, < --- < L., be order statistics from i.i.d. samples
from a distribution F. Then for a € (0,1), the probability that the quantile g, lies in the interval
[Lkl:na Lkg:n) is

ko—1

n . .

P(Livn < 4o < Lip) = 3 (i)azu oy (3.9)
i=k1

Although this result is likely known, we provide a brief proof in Appendix A. Equation (3.9) yields a

confidence interval for ¢, with exact finite-sample coverage probability. The values k1 and ks can be

chosen such that this coverage probability approaches the desired confidence level.

3.2.2. Estimating Tail Probability
Rather than estimating g, directly, we can estimate the tail probability, defined as

P, :=P(L > z),

for multiple values of x near q,. By identifying the x for which this probability is closest to the desired
level 1 — o, we can recover the corresponding quantile.

To make this concrete in our credit loss setting, observe that the credit loss is a mapping from the
common and idiosyncratic factors to the reals, i.e., L : (Y,Z) — R, where (Y, Z) € R" is multivariate
standard normally distributed, with v = d + m. The tail probability can be expressed as

P, =E1{L >z} = / 1{L > 2}d®(y, z),

v



3.3. Extreme Quantile Estimation with IS 11

where ® denotes the multivariate standard normal distribution function. If we draw n i.i.d. vectors
(Y1,Z1),(Y2,2Z2),...,(Yn,Z,) from N(0,1,), the Crude Monte Carlo (CMC) estimator is given by

R 1 &
Pop=— ; 1{L; > x}.

This estimate satisfies the CLT:
Vi(Bon —P) S N(0,4), n— oo,
where
) = P,(1—P,). (3.10)

A consistent estimator for v is

n

~ 1 ~
2= 2N 1{L; - P2 . 3.11
n n Z { > l‘} x,n ( )

=1

In Section 3.3 we present a similar CLT for the case of IS-based estimation of P,.
The corresponding quantile estimate is

Ga,n = inf {x Py <1-— a} . (3.12)

For unique quantiles — that is, when ¢, is the unique solution of P, < « < P, — Serfling [29, page 75|
shows that ¢, converges to g, with probability 1. In our case, the discreteness of Fj, means quantiles
are not unique. In this case, the lower and upper a-quantiles, defined as

go = inf{x:P(L <2x)>a}
q“ =sup{z:P(L <z) <a}

are distinct. If F, has a jump at level «, then

da < q7,

so that the set of a-quantiles is the entire interval [qq, ¢%].
In this situation, although the number of samples n goes to infinity, the quantile estimates in (3.12)
may instead oscillate across the interval [ ¢,, ¢©] infinitely often.

3.3. Extreme Quantile Estimation with IS

Since the 99.9% VaR of the loss is located in the far tail of the distribution, the available observations in
the neighbourhood of the true quantile are sparse, resulting in high variability across repeated quantile
estimations. Simply generating more observations is inefficient, as most of them are not located in the
tail. IS offers a solution by generating more observations in the region of interest. We apply IS on tail
probabilities since they can be expressed as expectations.

Below, we use the results from Glynn et al. [16]. They show that applying IS to estimating quantiles
with level « close to 0 or 1 can yield substantial variance reduction. Under standard regularity conditions,
they prove a CLT for these quantile estimators. Below, we discuss such IS quantile estimators used for
our portfolio credit risk setting.

Let us assume there exists a distribution G such that ® <« G. Then, there exists a density p
satisfying

d®(y,7) = ply,2)dG(y,2), for all (y,7) € R".

If we draw (Y1,2Z1),(Y2,Z3),...,(Yn,Z,) from G, the unbiased estimator for P, is given by

. 1 <&
Pop==> 1{L; >z} W;, where W; :=p(Y;,Z;). (3.13)
n i=1
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Henceforth, we use a tilde on our estimates to indicate that samples are drawn from IS proposal
distributions rather than their original distributions.
We write the asymptotic variance as

V% = Varg (1{L > z} W;). (3.14)
If 42 < oo, then, since ]5:,37” is a sum of i.i.d. random variables, a CLT is satisfied:
\/5(1536,” — P,) 4, N(o, 1,52), as n — oo.

A consistent estimator for v is

n

~ 1 ~
P2 = - Z YL; > z}W7 - P; .. (3.15)

i=1
The corresponding quantile estimator is
‘ja,n = inf {37 : pz,n <1- a} . (316)

This quantile estimate is computed by first ordering the losses such that Lq., < Lo, < ++- < Ly
Denote W(;., as the IS weight corresponding to the ordered sample L;.,. Then, by selecting the largest
integer k such that 2 3" , W(;.,) > 1 — « holds, the IS quantile estimate is chosen as o,y 1= L. For
shorthand, we denote this mapping as

H(X : {(LlaWz)}:L:l — qa,n (317)

We arrive at the most challenging part. It remains to find such a proposal G in our portfolio credit risk
setting. We further discuss this in Chapter 4.

3.4. Asymptotic Confidence Intervals

Throughout this section, we temporarily drop discreteness assumptions on L and assume it has a
continuous and strictly positive density f at q,. Below, we first discuss CMC and IS confidence intervals
under continuity, then we discuss what happens if L is discrete.

CMC setting

We start with the CMC setting, as it introduces the challenge corresponding to asymptotic confidence
intervals for extreme quantiles in the basic setting. Under the regulatory assumptions named above,
Ga n satisfies a CLT:

a(l —a)
" fr(ga)?

For a proof, see e.g., Serfling [29, page 77]. This allows for the construction of a confidence interval of
the form

Vi(Gan — Ga) 5 N (0 ) , asn — oo. (3.18)

- a(l —a)
q , z LY~ 7
a,n p/2 fL (qa)\/ﬁ )
where z,/5 = ® (1 — p/2) denotes the (1 — p/2)-quantile of the standard normal distribution. However,
for extreme quantiles f1,(g,) may be very close to zero, leading to very high variance. Moreover, because
constructing the interval requires evaluating the quantile density ¢, := 1/f5(¢s), this approach is

impractical. Fortunately, in the CMC case, we can avoid this step by using the exact confidence interval
in (3.9).
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IS setting
In the IS case, we cannot use the exact confidence interval. To construct a confidence interval based
on a CLT, we state and discuss results from Chu and Nakayama [9, 10] below. Their work offers a
detailed analysis and construction of asymptotic confidence intervals under variance reduction techniques.
Furthermore, they provide a consistent estimator for ¢,,.

We summarize some of their results as a theorem, where we use Fn(x) =1- Pmm and @n defined in
(3.15):

Theorem 4. (Quantile CLT Chu and Nakayama) Suppose that F'(q.) > 0, and suppose there exist
e >0 and § > 0 such that Eg [1{L > qo — 6}W?%¢] < co. Then,

NG

m(%,n—q(x) i>/\/‘(0,1)7 as n — 0o

where ¢y, is defined as

On(K) = n . with hy (k) == kn /2, (3.19)

For the proof, we refer to Chu and Nakayama [10] (Theorem 4.2).
Theorem 4 enables us to construct a (1 — p) x 100% confidence interval for the a-quantile:

(qm + 2,5 W) , (3.20)

When selecting the parameter &, it must be chosen such that 0 < o+ h,, (k) < 1, which ensures that the
quantile estimates remain within the distribution’s support and are based on distinct order statistics. Chu
and Nakayama [9] also proves consistency for linear combinations for quantile density estimators—such
as Richardson extrapolation—to reduce bias.

Furthermore, we find it worthwhile to mention that He, Jiang, et al. [21] establish asymptotic
normality of the quantile estimates under AIS under similar conditions, but do not provide a consistent
estimator for the quantile density.

Discussing the Discrete Case

Having discussed the continuous case, we go further with the discrete case of L. For discrete distributions,
it is infeasible to construct asymptotic confidence intervals, also in the non-IS case. Take, for example,
an extreme portfolio consisting of 100 obligors, all with exposure 1, except for a single obligor, who
has exposure 1000. Possible annual losses are 1000, 1001, .... However, losses strictly between 99 and
1000 cannot occur. Hence, constructing a confidence interval around the points 99 and 1000 would be
impracticable. Despite this lack of continuity, it may happen that the distribution seems to behave
continuously in the case of portfolios consisting of large numbers of obligors. In large portfolios with
evenly spread exposures, L can take many more distinct values. Consequently, this reduces big jumps in
Fy, approximating continuity. Alternatively, we could assume the underlying variable representing the
exposure is continuous. Another technique would be artificial smoothing, where instead of modelling
only L, we model L + ¢, where € ~ N (0,1) is independent of L. Since € has a strict positive density
everywhere, conditions are satisfied to construct an asymptotic confidence interval.

In Section 6.4 we test the construction of a CI with Theorem 4, as if continuity holds for the
distributions describing portfolio credit loss.

Moreover, it is worthwhile to mention that Ma, Genton, et al. [24] and Wang and Hutson [32] use
approaches based on mid-distribution functions and fractional order statistics to establish asymptotic
normality, but with no incorporation of IS yet. This would be an interesting direction for further research,
as time constraints prevent it for this thesis.



Optimizing Proposal Distributions

In this chapter, we focus on finding suitable IS proposal distributions that minimize the variance of
extreme quantile estimators. Thereby, we concentrate on the portfolio credit loss setting, where losses
are modelled using a multifactor model described in (2.5).

Below, we start with reviewing the methods from Glasserman and Li [15]. They propose Bernoulli
tilting conditional on the common factors. We study this method through an experiment involving a
portfolio in scenarios of both high and low correlation among assets. Next, we discuss how IS can be
applied through a shifted mean of the common factors. For this, we use the results from Glasserman
and Li [15] who propose, among other approximations, the constant approximation method. As a final
method, we discuss an AIS method developed by Egloff, Leippold, et al. [12] and Egloff and Leippold
[11].

Furthermore, introduce a method to compute a zero-variance distribution for simple portfolios. This
involves using the Generalized Poisson Binomial (GPB) distribution. We conclude this chapter with an
experiment on a specific portfolio scenario.

4.1. Bernoulli Tilting Conditional on the Common Factors

Glasserman and Li [15] state that, conditional on the common factors, the credit loss L becomes a sum
of independent Bernoulli variables. By tilting the Bernoulli probabilities via an exponential twist, they
construct an effective proposal distribution to estimate P, at large values of z. They show that Bernoulli
tilting is effective for portfolios with low correlation among obligors, but may offer no efficiency gains
over CMC for highly correlated portfolios.

We start with discussing their theoretical foundation. Next, we demonstrate and compare the
effectiveness of Bernoulli tilting on two specific portfolio scenarios that differ in correlation structure
with an experiment.

4.11. Theoretical Foundation
Conditioned on Y, the indicators Dy of obligor defaults become independent Bernoulli variables. The
conditional default probability of the kth obligor is

(4.1)

S (py) — 1y
by '

pk<y>=P<Dk=1|Y=y>=P<X¢<@1<pi>|Y=y>=<1>(

Next, an exponential twist is applied to these probabilities by selecting the parameter § > 0,
determining the tilted default probability as

pie(y)elt
L+ pr(y) (e — 1)’

pe(0,y) =

which increases the default probability. Moreover, the larger the exposure /i, the greater the increase in
default probability. Using 6§ = 0 corresponds to using the original probabilities.

14
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Applying this modification for &k = 1,...,m, the likelihood ratio under these twisted probabilities
simplifies to

() ) 1 -mly) o _—9L+A(8y)
11 (Pk(an)) (1 —pk(&y)) - : (4.2)

k=1

where
A0,y) =logE [e" | Y =y] = log (1 + pi(y)(e”* — 1)),
k=1

is the cumulant generating function of L. Substitution and direct computation confirm the equivalence
in (4.2). The resulting unbiased estimator for P, becomes

1{L > z}e OLHA0OY), (4.3)

It remains to choose an appropriate 6. For this, a 6 is selected that minimizes the upper bound of
the second moment. For all # > 0, an upper bound is given by

E, [1{L > x}e—29L+2A(0,Y) Y = y} < e—293:+21\(9,y),

where Ey denotes expectation under the 6-twisted probabilities. Thus, minimizing the upper bound
reduces to maximizing the function 0z — A(,y) over 0. If, for at least one k we have ¢, > 0 and
0 < pr(y) < 1, then, since A(6,y) is strictly convex for § > 0, this maximum is attained at

. 9
. 0, ifx < WA(@)’)}QZQ’ (4.4)
* the unique solution to ZA(0,y) =z, ifz > %A(G,y)}hm

To interpret this choice of 6,, the standard property of exponential twisting is used:

m

Eo[L|Y =y]=) p(0,y)- b
k=1

04y,

pr(y)e
L+ pr(y)(e?* — 1)

M-

-l

=
Il

1

=3 QA(G, y)-

Thus, in the first case of (4.4), the conditional expectation of L is greater than x and the event
{L > z} is not rare, in which twisting the probabilities is not necessary. In the second case, we have
Eog, [L | Y =y] = . Hence, this choice of 8, shifts the conditional expectation of the loss to the quantile
of interest x. Moreover Glasserman and Li [15] (Theorem 2) establishes the conditions under which (4.3)
yields an asymptotic optimality, meaning that as the event of interest becomes increasingly rare, the
second moment decreases at the fastest possible rate among all unbiased estimators. However, as they
mention, this optimality in the asymptotic sense fails if obligors are highly correlated, and Bernoulli
tilting conditional on Y may not be more effective than CMC simulation.

4.1.2. Algorithm for Bernoulli Tilting

The procedure to generate loss samples under Bernoulli tilting and compute g ,, is outlined in Algorithm 1.
We refer to this algorithm as the Bernoulli tilting IS (B-IS) algorithm. In step 5 of the algorithm, we
solve 0, such that (4.4) is satisfied. Moreover, when E[L | Y = y] = z, we use the bisection method to
find %A(G, y) = z, see Appendix B. The computation of ¢, , is done by the mapping II, defined in
(3.17).

4.1.3. Bernoulli Tilting: High- vs Low-Correlated Obligors

In this experiment, we assess the performance of Bernoulli tilting for quantile estimation in portfolios
with different levels of correlation between obligors. Specifically, we are interested in the quantile ¢,
with a = 0.99.
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Algorithm 1: B-IS

Input :Number of replications n; Probability level «; Threshold x; Portfolio data
{0, Dres s b}y

Output : Estimated quantile ¢, 1,

fori=1tondo

Sample Y ~ N(0,I})

for k=1 to m do

4 L Compute pi(Y) < @ (%)
Solve 6, such that (4.4) is satisfied

5
6 Compute A < >/ | log (1 + pr(Y) (e — 1))
7 for k=1 tom do

[V

pr(Y)el=t
C t 0z, Y
; ompute py(0, ¥) = 1 () (e 1)
9 Sample Dy, ~ Bernoulli(pg (6.,Y))

10 Compute L; = >, €Dy,
11 | Compute W; = exp (=0.L; + A)
12 Compute o n =y ({(Li;, W)} 1)

13 return ¢, ,

We consider a simple portfolio with 1000 obligors, where each obligor is assumed to have a default
probability pr = 0.01 and an exposure /; = 1. The latent variable X} is modelled through a single
factor model following the framework described in (2.5). In the first scenario, we consider a large factor
loading with the common factors for all obligors, inducing highly correlated obligors within the portfolio,
given by

‘Xv]]fcligh:0.3}/_*_\/mzk7 for k=1,2,...,1000,

In the second scenario, we consider a low factor loading, inducing low-correlated obligors within the
portfolio, given by

XV =001Y +v/1-0.012 2, k=1,2,...,1000,

Before we test Bernoulli tilting, we perform a CMC simulation on both cases, where we generate
100000 replications. These samples are shown in Figure 4.1. It is worth noticing that the increased
correlation induces a heavier tail, clearly demonstrating the effect of concentration. The CMC 99%
quantile estimates are

gh'e" =45, and gy" =18,

Next, we apply the B-IS procedure with Algorithm 1. For the required threshold x to tailor 6,
to, we use our CMC estimates, i.c., z"8" = 45 and z'°% = 18. Glasserman and Li [15] demonstrate
through numerical results that when the tilting parameter 6 is tailored to a specific loss level z, it
remains effective for estimating probabilities at larger — and even significantly larger — loss levels. This
suggests that Algorithm 1 is relatively insensitive to the precise choice of . So, using the CMC quantile
estimates as the thresholds should be a more then reasonable approach. For both scenarios, we carry
out 250 runs, each with n = 100 replications. Each run produces a CMC quantile estimate ({q,n) and
an IS quantile estimate (Go,n)-

The results in the scenario high-correlated obligors are shown in Figure 4.2a and for the low-correlation
scenario in Figure 4.2b. It is worth noting that the right-tail skew shows the bias in quantile estimation,
which is particularly clear in small-sample experiments, like these with only 100 replications. For the
high-correlation case, we obtain an estimated variance reduction of 1.54, versus a variance reduction of
26.85 for the low-correlation case.

As shown in Figures 4.2a and 4.2b, Bernoulli tilting can significantly reduce variance when the
correlation between obligors is low. However, its effectiveness diminishes in high-correlation scenarios,
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Figure 4.1: CMC simulation of 100000 loss samples for both high- and low-correlation scenarios. The high-correlation
scenario shows heavier tails, with the estimated 99% quantile at 45, compared to 18 in the low-correlation scenario.
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Figure 4.2: Histogram of 99% quantile estimates with IS (Ga,n) compared to CMC ({a,n ), for the high- and
low-correlation scenario. In the high-correlation scenario, IS via Bernoulli tilting achieves only modest variance reduction
(factor 1.54). In the low-correlation scenario, it achieves a strong variance reduction (factor 26.85) relative to CMC.

where large losses are primarily driven by shifts in the common factor, consistent with the notions of
Glasserman and Li [15].

Furthermore, we want to report the computational overhead induced by Bernoulli tilting: Glasserman
and Li [15] mention a roughly two times slowdown per replication. This means that in the high-correlation
scenario, it would be less efficient to use Bernoulli tilting, as the variance reduction is only 1.54.

4.2. Shifting the Common Factors

We continue with applying IS by shifting the mean of the common factors. If we draw Y from a
multivariate normal N (u,Iy), with a shifted mean p, the unbiased estimator for P, is

1{L > z}ex (— T M)

P|—y M+ 5 |-
The IS weight (after the indicator) is derived from the likelihood ratio ¢(y)/é(y — p), where ¢ is the
multivariate standard normal density function. To identify a suitable shift p, we first discuss the approach
of Glasserman and Li [15], who propose selecting g by approximating the mode of the zero-variance
distribution. Next, we discuss the AIS method, which uses a Robbins—-Monro approximation scheme, as
proposed by Egloff, Leippold, et al. [12] and Egloff and Leippold [11].
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4.2.1. Approximating the Zero-Variance Mode
The variance of the tail probability estimator under IS can be expressed as a decomposition by the law
of total variance:

Var (P,,) = E [Var(P,, | Y)] + Var (E[P,,, | Y]) . (4.5)

Using Bernoulli tilting conditional on Y minimizes the first term on the right-hand side. The variance of
E [Pm,n | Y] is computed by integrating over all possible realizations of Y. Therefore, its zero-variance
density function to draw Y from is proportional to the mapping

yoPL>z|Y=y)oy) «P(L>z|Y =y)e WI/2 (4.6)

The normalization constant, required to turn this into a valid density, is unknown. To address this,
Glasserman and Li [15] suggest using a multivariate normal whose mean coincides with the mode from
the zero-variance density. In other words, the mean of a multivariate normal distribution is selected
such that it is located at the maximum of (4.6). This leads to the following optimization problem:

m}E,iXIP(L >z|Y = y)e_”y”2/2. (4.7

Since solving this optimization is generally difficult, Glasserman and Li [15] proposes several approxi-
mation methods. One of those is the constant approzimation.

Constant Approximation

To approximate the conditional probability P(L > x | Y =y), first, L is replaced by its conditional
expectation E[L | Y = y]. Since this is constant when conditioned on Y, the probability of exceeding x
is equal to 1 or 0, i.e., 1{E[L | Y = y] > «}. Thus, the optimization in (4.7) simplifies to maximizing
exp(—||y||?/2), subject to the condition that the conditional expectation is required to be greater than
x, ie.,

min {|ly[|* :E[L|Y =y] >z}, (4.8)
where
E[L|Y =y] = Em:ﬁkfb (W) . (4.9)
k=1

Since the objective function ||y||? is convex and differentiable, and E[L | Y = y]| monotonically increases
as y shifts in the negative direction, the optimization can be efficiently solved with a gradient-based
optimization algorithm. For this, we use a Sequential Least Squares Quadratic Programming (SLSQP)
solver, see Appendix B. The solution to (4.8) shifts the expected loss towards the level of interest x.

However, shifting the expected loss closer to a specified quantile does not necessarily increase the
frequency of observations in the neighbourhood of the target quantile. Moreover, Glasserman, Kang,
et al. [14] (Section 4) noted a risk in approximations of the zero-variance distribution. In some scenarios,
it could increase the variance of ]51’”. This effect arises because of new "important" rare events under the
IS proposal. These events contribute to the estimate, but were actually more likely under the original
distribution. We will demonstrate this in the experiment in Section 4.5.

4.2.2. Algorithm for IS on Common Factors

The procedure to generate loss samples and estimate §,,, with common factors drawn from a shifted
multivariate normal is outlined in Algorithm 2. It returns gy, estimated via the mapping II, as defined
in (3.17). We refer to this algorithm as the shifted Mean IS (M-IS) algorithm.
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Algorithm 2: M-IS
Input :Number of replications n; Probability level «; Shift p; Portfolio data {€x, px, T, br i,
Output : Estimated quantile Gn

1 fori=1tondo

2 Sample Y ~ N (u, 1), Z ~ N(0,L,,)

3 for k=1 to m do

4 L X I'];rY—Fkak, Dy + 1{Xk < (I)_l(pk)}

5 Compute L; = Y" (D, Wi =exp (—p"Y + 3[|p|]?)

6 Compute §o,n = o ({(Li, W)} 1)
7 return ¢, ,

4 3. Iteratively Updating the Shift Vector via AIS

In this section, we discuss a method that iteratively updates the shift during a simulation to minimize
variance. We introduced the basic idea of AIS in Subsection 3.1.2, where we mentioned the existence of
a black box function Z that still needed to be defined. To this end, we adopt the procedure from Egloff,
Leippold, et al. [12] and Egloff and Leippold [11], who propose using a Robbins-Monro approximation
scheme.

For shorthand, the second moment of the tail probability at loss level x is denoted as

ma(p) ==K, [1{L > 2} w,(Y)?], (4.10)

where [E,, is the expectation under the shifted common factors Y, and

2
wy(y) = exp (yT/L + l;') (4.11)

the IS weight. We denote the unique minimizer of (4.10) as
p* =argminm,(p).
"

The proof of uniqueness is provided later, in subsection 4.3.2.
The Robbins-Monro scheme is a stochastic approximation used to update g towards a zero of the
gradient V,,m,(p).

4.3.1. Robbins-Monro Approximation

The Robbins-Monro approximation reminds us of standard optimization- or machine learning methods.
Those minimize a measured error by computing its derivative with respect to the parameter of interest.
By updating that parameter in the negative direction of the gradient, the algorithm, hopefully, gets a
smaller error in the next steps. In essence, the Robbins-Monro approximation does the same, but now
variance is the objective to minimize, and we have a stochastic gradient that needs to be estimated. The
procedure is as follows: During the nth iteration, a loss sample L,, is generated using Y,,, drawn from
N(t,,,14). The shift p,, is then updated via the rule defined by

Byt = My + 7 H (Y0, p, ), (4.12)
where H(Y, p,x) is a stochastic gradient estimate, given by
H(Y,p,z) =1L >z}w,(Y)*(Y — p), (4.13)
which is determined by
Vuma(p) = ~E, [H(Y, p, )] (4.14)

The interchange of gradient and integral is justified shortly in Subsection 4.3.2. We refer to = as the
gradient threshold, since H is non-zero in the event {L > z}. Ideally, pu* is tailored towards an x close
to the target quantile. In Subsection 6.2.4 we test AIS with a gradient threshold far from the target
quantile.
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Moreover, the step sizes «,, must satisfy the Robbins-Monro conditions:

iwn = 00, i%% < 00, (4.15)
n=1 n=1

The first condition ensures that the step size is big enough such that it allows the optimal p* to be
reached. The second condition ensures the step size is small enough such that random noise is controlled,
necessary for eventual convergence to p*.

4.3.2. A Unique Optimum
To show that p* is a unique minimizer, we discuss the results from Egloff and Leippold [11] (section
5.2). First, the gradient expression in (4.13) is calculated by taking the derivative inside the expectation
using the likelihood ratio method, using that the IS weights w,(y) can be bounded. To see this, we can
use Young’s inequality to obtain

1 €
T < oIyl + Sllul?, for any < > 0.
2e 2
Substituting into the IS weight expression gives

wp(y) = exp (—yTu + ”é“) (4.16)

1
<exp [ —|lyl|* ) exp 1+ pl?), foranye > 0.
2e 2

Hence, the second moment is finite:

B (1L > ab (Y] < exp (2+) ) -y oo (21311 <

where the bound in (4.16) and the fact that Y ~ N(u,I;) has finite exponential moments is used. This
justifies the interchange between differentiation and integration in (4.14). Furthermore, the chain rule
can be used to obtain H(Y, p, z):

Y, (Y) = (Y) (i - Y).

B B
Moreover, the Hessian of m,(u), given by
V2 (1) = By [UL > 2} - w3 (Y) Lo+ (Y — m)(Y — ) 7)), (4.17)

is positive definite whenever P(L > z) > 0. In this case, m,(p) — o0 as ||p|| — o0, and together with
strict convexity (from the positive definiteness of the Hessian), this guarantees that m,(p) admits a
unique global minimizer p*.

4.3.3. Adaptive Truncation
However, it is difficult to determine the region that includes the optimal shift pu* before we start the
ATS scheme. If we don’t have prior knowledge on where p*, we don’t have prior boundedness for the
Robbins-Monro algorithm, which is necessary to guarantee convergence. The shift vector p,, can grow
too large or fluctuate uncontrollably due to the growth of the stochastic gradient H(Y, y,,, ). For this,
we adopt a truncation scheme from Egloff, Leippold, et al. [12] and summarize their reasoning below.
The method corrects p,, by mapping it back to a chosen point p, if jumped too far, out of the
allowed region. The truncated update rule is defined as

Myl = (H’n + rYnH(an Moy I)) ]'Jn + “OlJva (418)

where J¢ is the complement of the event J,, and the event J, is defined as

Jn = {”IJ’n - ,yn+1H(Yn+1alJ’n7x)H < R‘Fn} . (419)
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Here, (R,,)n>1 is a sequence of positive numbers diverging to infinity such that all possible parameters
can be reached, and the sequence (7,),>1 is defined recursively by

n
70:=0, T,:= E 1.
i=0

The count 7,, keeps track of how often the update falls outside the acceptable bound, controlling the
growth of the truncation radius. But to achieve convergence towards p*, the number of truncations
should be finite. The convergence proof for the truncated Robbins-Monro algorithm (4.18) relies on the
fact that

n
Tn ZH(Y“,LLZ,%) - E[H(le’l’wx) | ”LL]

i=1

lim sup <e (4.20)

n—roo

almost surely, then the truncation is only invoked a finite number of times. This means that the weighted
average of the approximated gradient converges to the true gradient. For this proof see Arouna [2]
(Theorem 3), which uses martingale convergence theorems to prove this. Furthermore, if (4.20) holds for
€ = 0, then the algorithm (4.18) converges to the unique optimizer p*. For a full proof, see Chen, Guo,
et al. [7] and Chen and White [8].

4.3.4. Choosing a Step Size

We now specify our choice for the sequence (y,)n>1. If v, decays too quickly, the updates in (4.12)
become negligible, limiting adaptation. Egloff, Leippold, et al. [12, page 14] considers a step size that
decreases only when the loss L,, exceeds a threshold, given by

Ui
n = 7 ) 4.21
T G EAST 1L > x) (421)
where 7, 8, A > 0 are tuning parameters. Since P(L > x) > 0, we have
Z 1{L;, >z} <xn-P(L>z) almost surely as n — oo, (4.22)

i=1

where =< means that the number of exceedances grows asymptotically at the same rate as n. Consequently,
the sequence (v, )n>1 behaves like ,, =< n~! almost surely, which satisfies the Robbins-Monro conditions
in (4.15).

4.3.5. Convergence under AIS

This Robbins—Monro based scheme also builds on the theoretical foundations laid out by Arouna [3],
who proves a SLLN and a CLT (Theorem 1 and 2) for the resulting estimator sequence under AIS, using
classical martingale convergence theorems to establish consistency. In particular, if the shift sequence
(t,,)n>1 converges almost surely to the optimal shift p*, then the AIS estimator

1 n
- > L > b wy, (Ys)
1=1

converges almost surely to the true tail probability P,.
In addition to strong consistency, the AIS estimator also satisfies a CLT, as shown in Arouna [3].
Let P, , denote the AIS estimator of P, at iteration n:

- 1 &
PTTL = - 1 Lz _Yi, 4.23
o= 4 UL > g (X) (4:23)

where each Y; is drawn from N (p;,I,) and the IS weights are as defined in (4.11).
The CLT holds under the additional conditions that the second moment m, (p) is continuous at p*,
and that there exists a > 1 such that the higher moment

E, |[(1{L > 2} w,(Y))**| < c.
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These conditions are satisfied in our setting with analogous computations as in Subsection 4.3.2, where
bounds on the IS weight are established by using Young’s inequality and the finiteness of exponential
moments under the shifted Gaussian proposal.

Thus, the estimator satisfies

Vv (Pyn — Py) LN (0,4%), asn— cc. (4.24)

Here, the asymptotic variance 1) and its natural estimator 1, are identical to the IS case and are given
by (3.14) and (3.15), respectively.

Furthermore, the corresponding AIS estimate for ¢, is identical to (3.16). Showing the consistency of
Ga,n is more complex as this returns to the problem of non-uniqueness and therefore, oscillates between
two quantile estimates. To this end, Egloff and Leippold [11] (Theorem 4.2 and Theorem 4.2) establishes
almost sure convergence under suitable conditions (Assumption 4.1 and Assumption 4.2), by modifying
the empirical distribution. Under Gaussian distributions, they show (Section 5.2) that these conditions
hold.

4.3.6. Algorithm for AIS on Common Factors
In Algorithm 3 the method for using AIS is outlined. We want to highlight that it is possible to use an
initial shift vector p, such as the constant approximation method.

Algorithm 3: AIS
Input :Number of replications n; Threshold x; Probability level «; Initial shift p,, Step size
parameters 7, 3, A; Truncation point ft; Region bound sequence (R,,),>1; Portfolio
data {fk,pk, Iy, bk}znzl
Output : Estimated quantile G,

1 Set g = py

2 Set 7=0

3 for i =1 ton do

4 Sample Y ~ N (u, 1), Z~ N(0,1,,)

5 for k=1 to m do

6 | Set Xp <Y +bpZ, Dy 1{X; <@ (i)}
7 | Compute L; = Y }" (4Dy, and W; =exp (—p Y + 1)
8 | Set H« 1{L; > z}W2(Y — p)

o | if |p+~H| > R, then

10 Reset p + pg

11 Update 7 <~ 7+1
12 else

13 | Update p « p+~H

14 Update v + 1
P K BHAY S {L;>x}

15 Compute G, = I, ({(Li, W)} 1)
16 return g,

4.4. Approximating the Zero-Variance Distribution with the GPB
To compute the zero-variance distribution for simple portfolio cases, we introduce a method that uses
the Generalized Poisson-Binomial (GPB) distribution to efficiently recover the function in (3.7), which
is proportional to the zero-variance distribution.

To find the zero-variance distribution in (4.6) we need to evaluate P(L > = | Y =y) for different y.
We observe that, conditional on Y, the loss L follows a GPB distribution, since the GPB is determined
by a sum of scaled Bernoulli variables with differing success probabilities. Zhang, Hong, et al. [33]
present a method for computing the GPB distribution using the inverse discrete Fourier transform
(IDFT), which provides us an alternative approach for evaluating the conditional loss distribution.

Evaluating Conditional Tail Probability using the IDFT
Let us consider a special portfolio case with m obligors, where the kth obligor has default probability
pr. and exposure i, modelled through a factor model described in (2.5). For now, we assume that all
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exposures ¢, are integer values: To apply the IDFT in its simplest form, the data points must lie in a
uniform grid. Using grid size steps with integer values (or equal to the greatest common divisor of the
sample points), ensures uniform spacing. While this may not always hold for real-world applications, we
use the method described below only as a computational tool on a special case in subsection 4.5, where
we only consider integer exposures.

To compute P(L > x | Y =y), we start by using the characteristic function of L conditioned on Y,
which can be expressed as a Fourier series. Then, after a few algebraic substitutions, we apply the IDFT
to recover the probability mass function of L, enabling us to calculate P(L >z | Y =y).

Conditioned on Y =y, the characteristic function of L is given by

o(t,y) = Elexp(itL) | Y =y]

H exp(itDg) | Y =y
k=1

H (1= pr(y)) + pely) exp(itly)]

where p(y) is the conditional probability defined in (4.1). The last equality follows from the conditional
independence of the random variables Dj. Using the definition of the characteristic function, the
left-hand side can be expressed as a Fourier series, leading to the equality

Zf &,y) exp(ité) = H (1= pi(y)) + pr(y) exp(itty)], (4.25)
£=0 k=1

where f(£,y) denotes the probability mass function of L conditional on Y = y. To numerically compute
f(&,y), we can use the IDFT. The IDFT allows us to recover the entire probability mass function f(£,y)

for all £ =0,1,...,¢ by inverting the characteristic function.
Let n = ¢+ 1, and define the fundamental frequency as w = 27” Forl=0,...,n — 1, we substitute
i (y) = p(wl,y) H (1= pi(y)) + pr(y) exp(iwlly)] .
k=1

n (4.25). Next, by applying the IDFT on (4.25), the conditional probability mass function is recovered

as
nl

f(&y Zexp —iwél) z;(y), for&=0,...,¢

Here, f(&,y) isequal toP(L=¢|Y = y). The conditional distribution can then be expressed as

Ed
P(L<z|Y=y)=> f(&Y) (4.26)
£=0

Deriving the Zero-Variance Denisty

The method described allows us to calculate the conditional probability efficiently, since the computation
has complexity O(mn + logm). This includes n evaluations of z¢(y), and the fast Fourier transform
enables computations in O(logm) time. Furthermore, it is possible to evaluate (4.6) over a chosen grid
and by normalizing, we can recover the zero-variance distribution. We provide the algorithm in the
Appendix B.

4.5. Comparing M-IS and AIS on a Special Portfolio Scenario

In this experiment, we compare the performance of M-IS and AIS on a special case adopted from
Glasserman, Kang, et al. [14] (Section 4) with a portfolio of 1000 obligors. Each obligor has a default
probability pr = 0.05 and an exposure £; = 1, modelled through a two-factor model described by

X, =0.7Y7 +v0.51 Zy, for 1 <k <500
Xy, = 0.65Y5 + v0.577 Zy, for 500 < £ <1000
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Our goal is to estimate the tail probability P, at loss level z = 300 and the quantile ¢, at level a = 0.999.

Before we find the optimal mode of the zero-variance density to shift the mean for M-IS, we use the
GPB distribution and compute the zero-variance density as described in Section 4.4. We provide the
code for this in the Appendix B. The result is shown in Figure 4.3, where we can see the maximum of
the density is shifted more negatively for y; than for ys. This is due to the small difference in factor
loading with Y7 and Y5, since this difference causes P(L > = | Y = y) to increase more rapidly as y;
becomes more negative compared to y». Therefore, the maximum of P(L > z | Y =y) exp(—|y||?/2) is
shifted more negatively in the y; direction.

Normalized P(L > x | Y = y)e~IVI*2

0.3645

0.3240

0.2835

r0.2430

F0.2025

Density

F0.1620

r0.1215

0.0810

0.0405

0.0000

Figure 4.3: Normalized function proportional to the zero-variance density over the shift space y = (y1,y2) ", calculated

using the GPB. The maximum is shifted more negatively in the y; direction due to the difference in factor loading.

For the M-IS method, we shift g, ;g towards this maximum, given by
Myrs = (—2.605, —0.450) " .

Note that this is close to the shift used by Glasserman, Kang, et al. [14] (up to the sign as they use
mirror default conditions).

For the AIS method, we set the initial shift for p,;q equal to the zero vector. The following
parameters are used for the step size (y,)n>1:

n=20, B=100, A=2.

We choose these parameters based on trial and error, where we aim for stable convergence of p g (these
parameter settings led to eventual stable convergence, see Figure 4.7).

We perform a single run of 100000 replications, both with the M-IS and the AIS method. Their
procedures are outlined in Algorithm 2 and in Algorithm 3. Every 100 replications, we record the
quantile estimate g, defined in (3.16), the tail probability estimate P, ,. defined in (3.13) (for both M-IS
and AIS), and use the consistent estimator /2 defined in (3.15) for the sample variance of ]5:,377,. Here, r
denotes the number of replications. We compare these estimates to estimates from a CMC run. We
want to highlight that 1;3 cannot be directly used as a measure for the variance of the quantile estimate.
As we discussed in Section 3.4, to construct an asymptotic confidence interval, continuity conditions
need to be satisfied. However, Theorem 4 shows that, in the continuous case, higher zﬂ? implies higher
variance for the quantile estimate. In this experiment, we keep our analyses only to the sample variance
of the tail probability and rather use it as an indication of the effectiveness of our estimates.

Figure 4.4 illustrates how these estimates evolve as the number of replications increases for the M-IS
method, and Figure 4.5 illustrates this for the AIS method. For the M-IS method, we see that g, ,
and 1536,, make large jumps, whereas the CMC estimates seem to converge. These sudden jumps also
appear even more significantly for 1/;,%7 shown in the third figure. The final estimate for the sample
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variance is equal to 153 = 0.142, which is much higher than the CMC sample variance. Hence, M-IS is
very ineffective in this case.

For the AIS method, we see that the estimates ¢, , and me seem to converge faster than the CMC
estimates, and we observe a decrease in the sample variance. Its final value, equal to @[;Z =1.95 x 1073,
further demonstrates the superior efficiency of the AIS approach.

We notice that, although the loss level x = 300 and the o = 0.99 do not correspond to the exact
same quantile (P, ~ 0.9885), the way that ¢, and P, . vary over different r is very similar.
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Figure 4.4: Comparing M-IS and CMC estimates in a single run of 100 000 replications. The estimated IS quantile (qa r)
is shown in the first figure, the estimated IS tail probability (Py,,) in the second figure and the sample variance (wT) is
shown in the third figure, all as a function of the number of replications. We observe large variations of the estimates.
Furthermore, the final value for 1&3 is equal to 0.142, indicating very inefficient sampling.
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Figure 4.5: Comparing AIS and CMC estimates in a single run of 100000 replications. The estimated IS quantile (da,r)

is shown in the first figure, the estimated IS tail probability (P ) in the second figure and the sample variance (12) is

shown in the third figure, all as a function of the number of replications. The AIS estimates seem to converge faster than
the CMC estimates. Furthermore, the final value for 7,212 is equal to 1.95 x 1073, indicating efficient sampling.

To explain the difference in performance of M-IS and AIS, we compare the IS weights and correspond-
ing loss samples. In Figure 4.6, we show the losses against IS weights in a scatter plot. We plotted the
horizontal line at the IS weight equal to 1. We plotted the vertical line x = 300 to clearly indicate the loss
samples contributing to PI,T. In the M-IS case, we observe that some loss samples above this threshold
have very large IS weights (up to nearly 10?). These large IS weights arise because the corresponding
rare events are more probable under the original distribution than under the IS distribution. If these
large IS weights correspond to losses above the threshold x, this leads to big jumps in the empirical
distribution function estimated via (3.13), since the empirical distribution sums over IS weights for
samples with losses greater than x. In the case of large IS weights, this directly increases the variation in
px,r and in Go . In the AIS case, we observe less skewed values for the IS weights. Moreover, we observe
lower IS weights corresponding to the losses greater than x = 300, making PLT and §,,n, more stable.

We show the evolution of the components of pa1g in Figure 4.7 for each iteration (replication).
The components of p seem to converge, with the final shift-vector equal to pag = (—1.02,—0.88)7
This balances the shift better between the factors. This is quite different compared to py g, and
together with the estimated sample variance for both methods, this shows that setting the mean of the
multivariate normal equal to the mode of the zero-variance distribution is suboptimal.
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Figure 4.6: Bin-scatter plots of IS weights against losses for a single run of 100000 replications, comparing M-IS and Al
For the M-IS case we observe very skewed IS weights, with large weights above threshold z = 300. This results in less
precise estimates for P.
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Figure 4.7: Evolution of the components of p, g over iterations, starting at (0,0) and converging to (—1.02, —0.88) T.
This is a more balanced shift compared to the M-IS case.

To see the sub-optimality from M-IS more clearly, we return to the zero-variance distribution.
In Figure 4.8, we illustrated the pointwise residuals between the normalized zero-variance and the
multivariate normals (the distributions from which we sample the common factors) with their means
located at (—2.61,—0.45) ", and (—1.02,—0.88) " for the M-IS and the AIS (the shift corresponding to
the final replication) case. In both cases, we observe that the normalized zero-variance density differs
significantly from the multivariate normal. This does not immediately mean that it will increase variance,
but it does get tricky when the difference is serious in the regions of interest. In Figure 4.8a we observe
the multivariate normal extends beyond the zero variance density in the negative direction. Sampling
from that region would generate large losses, very likely above 300, contributing to the estimates of
P,. These are the important regions. However, other areas can also give rise to large losses. In the
M-IS case, only one subregion of interest is targeted, which makes events in other important regions
even rarer, for example a sample (Y7,Y3) from [0, 00) x [—3, —c0). This would almost certainly create a
loss above level 300, but is an extremely rare event under the new proposal, increasing variance. The
AIS method seems to account for this and balances the shift better between kinds of concentration and
prevents the emergence of new, rare yet important events.

Glasserman, Kang, et al. [14] proposes a clever method of using mixtures of IS proposals to address
this problem. This method divides the portfolio into subgroups of the same type. Each subgroup that
has a total exposure that could potentially exceed the loss threshold by itself is assigned an IS proposal.
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Figure 4.8: Pointwise residuals between the normalized zero-variance density and multivariate normal densities with two
shift vectors: (a) M-IS mean shift g\, ;g = (—2.61,—0.45)T, and (b) AIS final shift pp;q = (—1.02,—0.88) 7. In the M-IS
case, only one subregion of interest is targeted, which can make events in other important regions even rarer. The AIS
procedure produces a much more balanced shift.

In other words, IS is applied to the sub-portfolios with the largest impact. We choose to stick with the
AIS method since our test portfolios described in Chapter 5 consist of many different types, potentially
leading to the problem that no, or only some, subgroups can cross the target threshold.
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High Threshold

Glasserman, Kang, et al. [14] also study the large threshold regime (z = 800) and observes a very
low sample variance for the M-IS method. We compute the function proportional to the zero-variance
distribution for this threshold and illustrate it in Figure 4.9a. We select the mean shift py; 1 by setting
it equal to the mode of the zero-variance, given by (—3.36 — 3.46) 7. Looking at the residual between the
zero-variance and the multivariate normal, we can observe a more balanced shift compared to the low
threshold case. Now, the important region that creates losses above x = 800 is focused in one direction.
Therefore, shifting towards the zero-variance mode will, with near certainty, avoid generating any new
rare but important events and be very effective.
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Figure 4.9: The mode of the Zero-variance distribution is located in a far negative region for the high threshold x = 800.
The M-IS mean shift set at its mode gy 15 = (—3.36, —3.46) T. Since the important region is focussed in one direction,
driving the shift towards the mode of the zero-variance is likely effective.

To estimate a quantile close to that extreme loss level, we carry out an initial run and select the
high level @« = 1 — 5.5 x 10~7. We perform a run with 100000 replications, and show the results in
Figure 4.10, with a final estimated sample variance of 12 = 2.92 x 10712, demonstrating very efficient
sampling. In Figure 4.11, we observe very low IS weights for losses above x = 800, which results in very
precise estimates me for losses above 800. In fact, tail probabilities for losses above level 600 would be
estimated with more precision compared to CMC.

To Conclude this Sub-Experiment
We observe that for the low threshold regime, the M-IS approach, in which we shifted the mean towards

the mode of the zero-variance distribution, was ineffective. It shifts the common factors unevenly, while
both are common factors are important drivers of losses above the chosen threshold. The AIS method
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Figure 4.10: M-IS estimates for a large threshold z = 800 in a single run of 100000 replications. The estimated IS
quantile (da,r) is shown in the first figure, the estimated IS tail probability (Pz,r) in the second figure and the sample

variance (¢2) is shown in the third figure, all as a function of the number of replications. The final value for J)? is equal to
2.92 x 10712, demonstrating super efficient sampling. Under CMC, there was no loss sample created above = = 800.
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Figure 4.11: Bin-scatter plot of IS weights against losses for a single run of 100000 replications for the M-IS case in the
large threshold = = 800. We observe very skewed IS weights, but because the IS weights above z = 800 are very small, this
results in very precise estimates for Py.

seems to take this into account and balances more between the common factors in the low-threshold
regime. Both common factors jointly drive large losses above x = 800, causing the important region
to be more focused in one direction. Therefore, shifting the common factors towards the mode of the
zero-variance density is effective in this case.



Test Portfolios

We evaluate our algorithms on three scenarios derived from a common base portfolio: (1) a large
portfolio calibrated to mimic realistic dependence on the macroeconomic factor; (2) the same portfolio
with dependency on the macroeconomic factor scaled down, so we can examine the effect of reduced
dependence; and (3) a subset of portfolio 1 with fewer obligors. More specifically:

Scenarios

1. In the first scenario we consider a stylized portfolio of 20000 obligors. Each obligor has a marginal
default probability px and an exposure ;. We scaled exposures such that the macroeconomic VaR,
defined in (2.9), is exactly 1 million. We assume each obligor is associated with a geographic-region
and a certain sector. Table 5.2 presents the distribution of obligors over the different region-sector
combinations. The table also shows the total exposure per subset of obligors, expressed as a
percentage of the total exposure, alongside the average marginal default probability for each region-
sector combination. The obligors are unevenly spread across region-sector combinations, each with
varying levels of exposure and default probabilities. Furthermore, large exposures generally have a
low probability of default, while smaller exposures usually have a higher probability of default.
Figure 5.2 demonstrates this inverse relationship with a scatter-plot of py against £;. For each
obligor, the factor loading vector rg, see (2.10), determines the correlation with the macroeconomic
factor, the regional factors, and the sectoral factors. It follows the index ordering:

(M, A, B, C, D, S1, S2, S3, S4, S5, S6)",

where M denotes the macroeconomic factor, A, B, C, D the regions, and S1,.52, 53,54, 55,56 the
sectors. The stylized region- and sector-specific factor loadings are shown in Tables 5.4 and 5.5,
respectively. These are the same for all obligors within the same region or sector. To realize the
negative correlation between the macroeconomic factor and the probability of default, the IRB
corporate correlation factor loading in (2.7) is used. The total exposure and the macroeconomic
VaR, calculated with (2.9), are shown in Table 5.1.

2. Since we discussed the impact of correlation structures in portfolios on variance reduction, we
want to study the influence of changing the dependence through common factors. Therefore, in
the second scenario, we use exactly the same portfolio as in Scenario 1, but with a reduced factor
loading coefficient to assess the effect of a lower factor loading for the macroeconomic factor: for
each kth obligor the macroeconomic factor loading is replaced by /px/2. In Table 5.1, we observe
that this reduces the macroeconomic VaR compared to scenario 1.

3. To assess how performance changes when the algorithms are applied to smaller portfolios, we use a
random subset of 1000 obligors drawn from the first scenario. The distribution of obligors across
region-sector combinations is shown in Table 5.3.
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Quantity ‘ Scenario 1 Scenario 2 Scenario 3
Total exposure in millions 8.197 8.197 0.388
Macroeconomic VaR in millions 1.000 0.392 0.070

Table 5.1: Total exposure and the macroeconomic VaR for each scenario. The macroeconomic VaR is calculated with
(2.9).

Region Sector Count Share of total exposure Avg. default probability

A S1 109 2.77% 2.29%
S2 166 1.63% 3.22%
S3 14 10.07% 0.03%
S4 1 0.00% 1.00%
S5 256 3.01% 2.73%
S6 19 1.81% 2.74%
B S1 207 7.53% 3.59%
S2 500 7.51% 3.42%
S3 10 10.19% 0.03%
S4 13704 17.711% 1.08%
S5 1043 5.37% 3.17%
S6 124 8.14% 2.21%
C S1 59 0.66% 4.46%
S2 305 2.76% 3.44%
S3 6 0.60% 0.06%
S4 2242 4.35% 1.01%
S5 1048 7.17% 3.66%
S6 168 2.75% 3.03%
D S3 3 5.93% 0.04%
S4 16 0.02% 1.00%
All 20 000 100%

Table 5.2: Cross table of region-sector combinations showing the number of obligors, their share of total exposure, and
the average marginal default probability within each combination, corresponding to the portfolio in scenarios 1 and 2.

Region Sector Count Share of total exposure Avg. default probability

A S1 2 1.53% 1.20%
S2 11 3.14% 3.40%
S3 2 4.19% 0.03%
S5 17 0.88% 2.85%
S6 1 0.06% 2.00%
B S1 12 3.44% 2.20%
S2 18 11.10% 3.67%
S4 691 19.12% 1.11%
S5 48 3.47% 2.75%
S6 10 28.14% 1.74%
C S1 4 0.32% 4.75%
S2 14 7.63% 4.14%
S4 105 3.57% 1.01%
S5 54 13.08% 3.41%
S6 9 0.25% 3.00%
D S4 2 0.08% 1.00%
All 1000 100%

Table 5.3: Cross table of region-sector combinations showing the number of obligors, their share of total exposure, and
the average marginal default probability within each combination, corresponding to the portfolio in scenario 3.
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Region ‘ A B C D
Factor loading | 0.10  0.05 0.10 0.00

Table 5.4: Regional-specific factor loadings. All obligors located in the same region share the corresponding geographic
factor loading.

Sector ‘ S1 S2 S3 S4 S5 S6
Factor loading ‘ 0.20 0.30 0.00 0.10 0.20 0.00

Table 5.5: Sector-specific factor loadings. All obligors in the same sector share the corresponding sector factor loading.
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Figure 5.1: Distribution of ¢ from the portfolio corresponding to
scenarios 1 and 2. Both the x- and y-axis are in log-scale.
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Results

In this chapter, we compare results using the M-IS and the AIS methods from Algorithms 2 and 3
respectively, against CMC for the three scenarios described in Chapter 5. Our goal is to estimate ¢,
with o = 0.999. The simulation code to generate the losses corresponding to these results is shown in
Appendix B.

We begin with multiple CMC runs to construct an exact confidence interval as reference and obtain
an initial estimate of the target quantile. Next, we carry out single-run experiments under different
settings. Here we monitor the quantile estimate, tail probability estimates, and the sample variance
of the estimated tail probability. These single runs are less computationally expensive. Although the
sample variance of a tail probability estimate is not directly equivalent to the variance of a quantile
estimate, we use it as an indication of the effectiveness of methods. After a discussion of the results
from the single-run experiments, we select 2 experiments and carry out multiple runs to estimate the
empirical variance of the quantile estimator.

From our experiment with Bernoulli tilting in Subsection 4.1.3, we observed low effectiveness on
portfolios with high-correlated exposures. Consequently, we disregard Bernoulli tilting in our subsequent
experiments.

6.1. Crude Monte Carlo

For every scenario, we carry out 100 CMC runs, each with 100000 replications. Because we are using
CMC, we can calculate the exact confidence using (3). Pooling all samples together, resulting in 107
samples per scenario, resulted in the following exact confidence intervals at a 99% confidence level for
scenarios 1, 2 and 3 respectively:

(1.084,1.094) x 10°
(5.192,5.224) x 10°
(1.318,1.326) x 10°
The code to calculate this confidence interval is shown in Appendix B. In Table 6.1 we show the sample

average of the CMC quantile estimates for g, over the 100 runs, denoted by ¢, and the sample standard
deviation, denoted by &, .

Scenario | do Oqu
1 1.088 x 10 1.994 x 10*
2 5.202 x 10° 7.281 x 103
3 1.321 x 10° 1.751 x 103

Table 6.1: Sample average (Gn) and sample standard deviation (64, ) from 100 CMC estimates for go. Each sample
quantile was estimated on 100 000 replications.
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6.2. Single-Run Experiments

In this section we carry out single-run experiments with 100 000 replications for each experiment. We
start with the M-IS approach using the constant approximation to determine the shift. Then, we
compare different AIS methods with different parameter settings. Specifically, we select different step
size parameters for 7, defined in (4.21), and the gradient threshold = for H defined in (4.13), both
influencing the convergence rate of the shift vector.

In every run, we track the quantile estimate Gy, the tail probability estimate I:’w,r, and the sample
variance of ]5%7", determined with the natural estimator 2 described in (3.15), where r denotes the
number of replications and x indicates the loss level of interest. We compare each estimate to its CMC
counterpart from the first run (Section 6.1), using the same random-number seed.

We select the loss level of interest as the average 99.9% quantile obtained from the CMC outcomes
in Table 6.1, specifically x = g, for the scenario in question. We divide the CMC sample variance 1&3
and the IS sample variance 1%3 at the final replication to obtain an estimated variance reduction factor.
For this, we use the unbiased sample variance estimators.

6.2.1. M-IS with the Constant Approximation

In this experiment, we evaluate the M-IS approach outlined in Algorithm 2. We apply the constant
approximation method (see Section 4.2) to determine the mean shift for the common factors, with the
corresponding code available in Appendix B. For this optimization, we use the threshold x = ¢, from
the CMC results. This resulted in the following mean shifts p:

= (=3.10, —0.11, —0.22, —0.19, 0, —0.18, —0.43, 0, —0.21, —0.39, 0)"
(=3.11, —0.24, —0.42, —0.45, 0, —0.35, —1.16, 0, —0.35, —0.95, 0) "
= (—4.04, —0.07, —0.33, —0.27, 0, —0.10, —0.74, 0, —0.22, —0.37, 0) T

pt
2
P

It is worth noting that since there is no correlation with region D and sectors S3 and S6, these resulted in
a 0O-value shift in p. Furthermore, the second shift is much larger than the first one, while the dependence
on the macroeconomic factor is lower. This occurs because it is necessary to shift the mean further to
the negative side in order to align the conditional expected loss with the loss level x, since the impact of
the macroeconomic factor is less than in the first scenario.

The results for the three scenarios are shown in Figure 6.1. The estimated variance reduction factors
for scenarios 1-3 are 161.39, 1.69, and 0.97, respectively (for the tail probability estimators).

We observe a significant variance reduction for scenario 1, but less or no variance reduction for the
other scenarios. In scenario 2, the correlation with the macroeconomic factor is weaker than in scenario
1, so the relative impact of the shifted macroeconomy is reduced. In scenario 3, there is a rise in variance.
This happens because of significant idiosyncratic factors: The default of a small number of obligors
with high exposures in scenario 3 can trigger the event {L > x}, even if the common factors are low
under the new IS distribution (causing large IS weights and thus high variance, similar to the dynamics
between Y7 and Y, discussed in Subsection 4.5). In Figure 6.1c we can observe such an event around the
70000th replication.

We plotted the IS weights versus the losses in Figure 6.2. We observe very skewed weights for
all scenarios. However, for scenario 1, losses above the threshold correspond to IS weights below 1,
resulting in a more precise estimate of ]5937”, while for the other scenarios, this is not the case, and some
important losses correspond to large IS weights, decreasing the precision of Px,n. Like we demonstrate
in Subsection 4.5, M-IS is less effective if various concentration factors independently can generate
impactfull losses.
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Figure 6.1: Comparison of M-IS versus CMC estimates across Scenarios 1-3 in a single run of 100 000 replications. For
each scenario the estimated IS quantile (§a,r), the estimated IS tail probability (Py,), and the sample variance (¢2) are
shown as a function of r.

6.2.2. AIS with Slow Convergence
In this experiment, we evaluate the AIS approach outlined in Algorithm 3. We denote the shift vector
after the nth update by u,,, where n indexes the iteration. In our experiments, each iteration produces
one sample, so the iteration index n is identical to the replication index r. For the threshold in the
gradient (4.13), we set = ¢,. We choose a step size v,, as defined in (4.21), that decreases rapidly

with the number of exceedances {L > xz} compared to our next experiment in Subsection 6.2.3. This
yields more stable updates but slower convergence of p,,. The step size parameters are:
A=1

n=10, B =100,
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Figure 6.2: Losses versus IS weights under M-IS for scenarios 1-3. The IS weights are very skewed due to the large shifts.
In scenario 1 this leads to a precise estimate of Iszm, since IS weights corresponding to losses above the threshold are
small. Whereas, for the other scenarios this is not the case. The big shift in scenario 3 is due to a single obligor with an
exposure of 80000. This highlights the impact of idiosyncratic risk in smaller portfolios.

We define the region bound parameters as
R, = Ro +log(r, +1), forn=1,2,...,100000, (6.1)

where Ry = 4, and 7, represents the count of boundary exceedances. We choose Ry = 4 as a rough initial
estimate based on the norms of {u’ }?zl from the M-IS runs, since the initial shift should lie within
the allowed region. We use logarithmic increments that cause the region to expand gradually, aligning
with our assumption that the optimal shift g* (for the scenario in question) is smaller than {p/}3_,.
Although difficult to prove, our assumption is supported by the results presented in Subsection 4.5,
where AIS directs p,, to a more balanced shift compared to the mode of the zero-variance density, which
the constant approximation tries to estimate.

The results for the three scenarios are shown in Figure 6.3. The evolution of p,, for the different
scenarios is shown in Figure 6.4. The estimated variance reduction factors for scenarios 1-3 are 17.78,
4.78, and 6.15, respectively.

We observe that for scenario 1, the variance reduction is lower than in the M-IS case. This is because
in the M-IS case, the shift was close to p*. With the current selected parameter settings, there are not
enough iterations to drive the shift enough towards p*. This can be observed in Figure 6.4a, especially
for the first component g, corresponding to the macroeconomic factor, which seems to converge to
a more negative value. Compared to the M-IS case, for scenarios 2 and 3 we do observe a variance
reduction.
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Figure 6.3: Comparison of AIS versus CMC estimates across Scenarios 1-3 in a single run of 100000 replications, with
n =10, 8 =100, A =1 and = = go. For each scenario the estimated IS quantile (¢a,r), the estimated IS tail probability
(Py,r), and the sample variance (¢2) are shown as a function of r.

6.2.3. AIS with Fast Convergence

In this experiment, we use the same settings as in Subsection 6.2.2, but with step size parameters

n =200, [=1000, A =1,

SO ¥, is approximately two times the size as and decreases slower compared to the case in Subsec-
tion 6.2.2.This approach allows for faster convergence of p,,, but the updates become less controlled. The
results for the three scenarios are shown in Figure 6.5. The evolution of u,, for the different scenarios is
shown in Figures 6.6. The estimated variance reduction factor for scenarios 1-3 is 27.93, 4.50, and
6.96, respectively.

As expected, scenarios 1 and 3 show a larger variance reduction compared to the AIS case with a
smaller step size, since the shift moves more quickly toward p*. In scenario 2 we observe a worsening
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Figure 6.4: Evolution of the components of u,, as a function of n for Scenarios 1-3, with step size parameters n = 10,
B =100, A =1 and gradient threshold z = g4 .

over the previous AIS case. This follows from the erratic behaviour of the shift vector in Figure 6.6b:
just after the 20 000th replication, its components jump dramatically following a rare event. The large
step size amplifies this jump, sending p,, into a suboptimal region. Consequently, subsequent replications
sample less effectively for the estimates of interest.
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Figure 6.5: Comparison of AIS versus CMC estimates across Scenarios 1-3 in a single run of 100000 replications, with
n =200, 8 = 1000, A =1 and & = go. For each scenario the estimated IS quantile (a,r), the estimated IS tail probability
(Py,r), and the sample variance (¢2) are shown as a function of r.

6.2.4. AIS with low Gradient Threshold

In this experiment, we use the same settings as in Subsection 6.2.2, but we set the gradient threshold in
(4.13) equal to

T =qa/2.

Since this causes the gradient defined to be non-zero at more iterations, u,, converges faster. Furthermore,
we select a larger A, hence the step size parameters are

n=10, B=100, A=2.

Thus, the decay of v, is greater, but the update of u,, is more controlled for as n increases. Since p,, is
tailored towards a lower loss level further from the 99.9% quantile, it converges to a sub-optimal shift.
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Figure 6.6: Evolution of the components of p,, as a function of n for Scenarios 1-3, with step size parameters n = 200,
[ = 1000, A = 1 and gradient threshold x = ¢n.

The results for the three scenarios are shown in Figure 6.7. The evolution of p,, for the different
scenarios is shown in Figure 6.8. The estimated variance reduction factors for scenarios 1-3 are 82,61,
7.67, and 3.81, respectively.

In scenario 1, we observe a large variance reduction compared to other AIS methods. The lower
gradient threshold causes the gradient to be non-zero at more iterations, outweighing the lower variance
reduction caused by convergence to a sub-optimal shift.

However, the runs on scenarios 2 and 3 highlight a risk of AIS. For these scenarios, we compute an
estimated variance reduction in Pryr, however, we observe that §,,, and PI,T seem to be off compared to
other experiments. Due to the low threshold, idiosyncratic factors cause u,, to behave very erratically,
demonstrated in Figures 6.8b and 6.8c. The boundary R,, is even crossed a couple of times, resetting it
to 0. Still, p,, is moved multiple times into sub-optimal regions within the boundaries, skewing the IS
weights. This causes the current replications to appear low-variance, but as more samples are drawn,
new rare events will eventually inflate the variance.

6.2.5. Conclusion on Single Run Experiments

Overall, M-IS approach with the constant approximation delivers the biggest estimated variance reduction
when high losses are driven by common factors together, as we observe for scenario 1. In scenarios 2
and 3, idiosyncratic factors have a higher impact on large losses, causing a lower effect with M-IS. On
the portfolios where idiosyncratic factors are more dominating, AIS is more effective. We tested the
following parameter settings:

o Slow convergence (n = 10, 8 = 100) stabilizes updates at the cost of convergence speed .

e Fast convergence (n = 200, 8 = 1000) recovers more of the optimal shift in but increases the risk of
jumping the shift towards sub-optimal regions.
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Figure 6.7: Comparison of AIS versus CMC estimates across Scenarios 1-3 in a single run of 100000 replications, with
with = 10, 8 = 100, A = 2 and gradient threshold = = g /2. For each scenario the estimated Go,r, Py,» and 12 is shown

as a function r.

o Low gradient threshold (x = G, /2, A = 2) accelerates convergence to a sub-optimal shift. Fur-
thermore, a lower threshold also means idiosyncratic factors have higher impact, causing erratic

updates.

These findings are consistent with our findings in Chapter 4: M-IS shifts the common factors toward
the mode of the zero-variance distribution and is particularly effective when those factors collectively
drive large losses. AIS — with carefully tuned step-size parameters and gradient thresholds — is more
effective when several concentration elements each can trigger large losses, since it balances the mean shift
across these risk factors. This would result in a more effective shift in a scenario with high idiosyncratic

risk.
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Figure 6.8: Evolution of the components of p,, as a function of n for Scenarios 1-3, with step size parameters n = 10,
B =100, A = 2 and gradient threshold x = g4 /2. In scenarios 2 and 3 we see many erratic jumps because of high
idiosyncratic impact.

6.3. Final Results

In this section, we compare the sample variance of IS quantile estimates with that of their CMC
counterparts. For this, we carry out multiple runs. Based on the most promising single-run experiments,
we apply the M-IS method to Scenario 1 and the AIS method with slow, stable convergence to Scenario 3.
Scenario 3 is chosen over Scenario 2 because its greater idiosyncratic impact makes it a more interesting
case. Additionally, we compare the concentration risk add-ons and the marginal add-ons, both discussed
in Section 2.3. To compute the concentration risk add-ons, we subtract the macroeconomic VaR from
Table 5.1 from the estimated quantiles. To calculate the marginal add-ons, we first compute the marginal
quantiles. These are calculated with loss samples which — together with the macroeconomic factor —
include only geographic-region, idiosyncratic, or sectorial factors.

6.3.1. M-IS on Scenario 1

The setup for M-IS is identical to the one in Subsection 6.2.1 for Scenario 1, using the deterministic shift
put. We carry out 100 runs using Algorithm 2, each run consisting of 10 000 replications. The estimated
total quantile (including all concentration factors) and the estimated marginal quantiles are shown in
the histograms in Figure 6.9. Their sample means, the average concentration risk add-ons, together
with their sample standard deviations, are shown in Table 6.2.

A significant reduction in variance is observed for the total and marginal quantile estimates. Specifi-
cally, the reduction in variance in the estimated marginal quantile with only sectorial factors is substantial.
For the sectorial marginal add-ons, idiosyncratic factors are not included. Additionally, obligors are
more correlated with sectorial factors than with regional factors, which explains their larger impact on
the overall variance.
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scenario 1.
Type CMC M-IS VR
(ja C a-Qa qa C a-QOL
All 1101963 101963 70830 1085104 85104 5357 175

Macroeconomic 1011467 11467 62595 999 552 —448 4881 164
Geographical 1022049 22049 62972 1008947 8947 4698 180
Idiosyncratic 1057001 57001 70672 1038893 38893 6837 107
Sectorial 1059847 59847 68455 1039250 39250 3351 417

Table 6.2: Sample mean (q, ), average concentration risk add-on (C), and sample standard deviation (&4, ) over 100 runs
(10000 replications each) for scenario 1, CMC vs. M-IS. The estimated variance reduction factor VR is the ratio of CMC
to M-IS sample variances.

6.3.2. AIS on Scenario 3

The setup for AIS is identical to that in Subsection 6.2.2 for scenario 3. We execute 100 runs using
Algorithm 3, each consisting of 100000 replications. In this instance, we increased the number of
replications per run compared to the experiment in Subsection 6.3.1, because AIS achieves better
performance when additional replications enable it to drive u,, further towards the optimal shift. The
estimated total quantiles and the estimated marginal quantiles are shown in the histograms in Figure 6.10.
The sample mean, the average concentration risk add-in, and the sample standard deviation are shown
in Table 6.3.

A moderate reduction in variance is observed for the estimated total quantiles and the estimated
marginal quantiles, except for the idiosyncratic marginal quantiles. For these quantiles we observe a
variance increase due to the high impact of idiosyncratic factors.

Type CMC AIS VR
q_Oé C &Qa qa C a"]a

All 132375 62375 1645 132318 62318 717 5

Macroeconomic 69878 —122 1373 69902 902 310 20

Geographical 70536 536 1372 70562 562 326 18

Idiosyncratic 130856 60856 1478 130891 60891 1886 1

Sectorial 72941 2941 1328 73123 3123 311 18

Table 6.3: Sample mean (ga), average concentration risk add-on (C'), and sample standard deviation (&4, ) over 100 runs
(100 000 replications each) for scenario 3, CMC vs. AIS. The estimated variance reduction factor VR is defined as the ratio
of CMC to AIS sample variances.
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Figure 6.10: Comparison of the 100 quantile estimates from CMC and AIS including total and marginal quantiles, for
scenario 3.

Summary Final Results
We carried out 100 independent runs of M-IS on Scenario 1 and AIS on Scenario 3 and compared their
performance against CMC. Our main findings are:

e On Scenario 1, deterministic mean-shifting (M-IS) achieves a variance reduction factor of 175 for
the quantile estimate and even up to 417 for the sectorial marginal quantile estimate.

o On the more idiosyncratic Scenario 3, adaptive IS (AIS) delivers a 5 times reduction on the overall
quantile estimate — driven by the large idiosyncratic influence — with up to 20 times reduction
on marginal quantile estimates.

 In both cases, the sample quantile estimates align with the exact confidence intervals (level 99)
from the CMC runs in Section 6.1.

Computation Time and Efficiency Gain
We run each simulation on an Intel® Core™ i7-8750H CPU @ 2.20 GHz. On scenario 1, with 20000
obligors, the algorithm produces approximately 700-800 loss samples per second, excluding the com-
putation of marginal loss samples. If marginal losses (macroeconomic, idiosyncratic, sectorial, and
geographic-regional) are computed, the algorithm is approximately 3-4 times slower since these need to
be calculated separately (see Appendix B).

The M-IS scheme adds almost no extra cost during simulation — the constant approximation step is
negligible (the optimization is solved within milliseconds). Likewise, the AIS scheme only adjusts the
common factor weights at each iteration, adding minimal overhead. As a result, the observed variance
reductions translate almost directly into efficiency gains.

6.4. Constructing Confidence Intervals under Continuity Assump-
tions

We use our 100 runs from M-IS on scenario 1 and AIS on scenario 3 to analyse the construction of
asymptotic confidence intervals from Section 3.4. We keep in mind that, strictly speaking, continuity
of the parent distribution is required (which fails in the portfolio credit risk setting), and for AIS, the
consistency of the sample variance estimates still needs to be established—nevertheless, the results below
align with our expectations.

We test normality of the 100 estimated quantiles via Q—Q plots in Figures 6.11a and 6.11b, which lie
close to the 45° line. Furthermore, we use the Shapiro-Wilk test Shapiro and Wilk [30]. For Scenario 1
the test statistic is W = 0.9891 (p = 0.5886), and for Scenario 3 W = 0.9915 (p = 0.7870), providing no
evidence against the assumption of normality.

For the first run, we plotted the estimated quantile density ¢(x) with (3.19) for different values of
the bandwidth parameter x, shown in Figures 6.12a and 6.12b. This figure highlights the importance of
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Figure 6.11: Q-Q plots of the 100 estimated quantiles for M-IS (scenario 1) and AIS (scenario 3), confirming asymptotic
Normality.

carefully choosing a bandwidth: A bandwidth that’s too small yields highly varying density estimates,
whereas one that’s too large induces greater bias.

For each run, we calculated the quantile density ¢(x) with (3.19), with &£ = 0.01, and 1), with (3.15)
to compute the sample standard deviation, given by their product. Figures 6.13a and 6.13b display
histograms of the resulting standard deviations for each method (asymptotic in blue) against the sample
standard deviation (red line). From these, we computed the average of the asymptotic standard deviation
and compared it with the sample standard deviation:

M-IS (scenario 1):  Gasymp = 5537, &g, = 5357,

AIS (scenario 3):  Gasymp = 672, &g, = 717.

For both the M-IS and the AIS method, we see that the average of the estimated asymptotic standard
deviation is close to the sample standard deviation. However, the asymptotic estimates show quite some
dispersion, indicating that a larger number of replications per run is required to achieve more stable
estimates. If stable standard deviation estimates can be obtained, then constructing (1 — p)—confidence
intervals using (3.20) will provide accurate coverage.
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Figure 6.12: Estimated quantile density ¢, (k) for M-IS (scenario 1) and AIS (scenario 3) for the first run as a function
of the bandwidth parameter k.
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AIS case.



Conclusion

In this thesis, we apply IS and AIS algorithms to compute 99.9% VaR concentration-risk add-ons and
quantify their statistical error. We tested them on stylized credit portfolios, constructed such that they
mimic real-world conditions.

Methods
For applying IS effectively, an appropriate IS proposal distribution is needed. We compare three strategies
to find the right IS proposals:

1. Bernoulli tilting on idiosyncratic defaults conditional on the common factors.
2. Deterministic mean shifts (M-IS) on the common factors.
3. Adaptive Importance Sampling (AIS), iteratively updating the mean shifts.

Bernoulli tilting is an effective method for obligors that are weakly correlated through common
factors, but becomes less effective when obligors are highly correlated. In that case, shifting the common
factors is more impactful. The deterministic shift is calculated using the constant-approximation method,
which aims to find the mode of a zero-variance distribution. In the large-threshold regime for correlated
portfolios, the common factors collectively drive the losses exceeding the threshold; hence, shifting them
in that direction works well.

In contrast, in a low-threshold regime there are multiple concentration factors that can each
independently push losses above the threshold. A single shift along one direction will miss the others,
creating rare events in other important regions and actually increasing variance. The AIS method avoids
this by rebalancing its shifts during the simulation whenever variance starts to rise. The trade-off is
that AIS requires careful parameter tuning.

Finally, using the generalized Poisson—-Binomial distribution and the IDFT, we can recover the
conditional loss probabilities for simple portfolios. We used this as a tool to visualize the zero-variance
distribution, confirming how crucial it is to balance shifts across all important regions.

Testing methods on Stylized Portfolios
On the basis of promising results from single run experiments, we tested the M-IS and AIS on two
scenarios, with realistic portfolios. M-IS on the large portfolio leads to a significant variance reduction of
factor 175. In the smaller portfolio, AIS provides an estimated variance reduction of factor 5. Here, we
choose conservative parameter settings to force a more controlled convergence. Loosening the parameter
settings or increasing the number of samples leads to a higher variance reduction, and Bernoulli tilting
enhances it further — especially since idiosyncratic factors have a higher impact in smaller portfolios.
Both M-IS and AIS add almost no extra simulation cost, so the observed variance reductions translate
directly into efficiency gains.
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Constructing Asymptotic Confidence Intervals
Furthermore, we discussed asymptotic estimates for constructing confidence intervals, relaxing continuity
assumptions, for both M-IS and AIS. For large portfolios, the estimated and empirical standard deviations
matched closely. However, when discreteness increases (in the case of small portfolios), constructing
asymptotic confidence intervals becomes infeasible.

Further Research
For further research, we identify some promising directions:

e Comparing the optimal shift with mixed IS. An interesting follow-up would compare the
optimal shift, found via AIS (with multiple runs and parameter adjustments), to the mixed
IS method of Glasserman, Kang, et al. [14]. Given that balancing region importance in the
low-threshold regime motived the mixed IS method, this would reveal how a single optimal shift
compares in effectiveness.

¢ Tuning methods for AIS and its convergence. Study appropriate tuning methods and find
optimal convergence rates of AIS for complex distributions (see, e.g., Akyildiz and Miguez [1]).

« Asymptotic confidence intervals for discrete distributions. An interesting direction would
be combining the approach of Wang and Hutson [32] with IS, allowing a more robust method to
construct confidence intervals for discrete distributions under IS.

e AI for computing the zero-variance distribution. Last but not least, artificial intelligence is
a hot topic nowadays. However, with strong regulation, the use of Al to directly estimate 99.9%
VaR is not always allowed. Since IS gives an unbiased estimator, using Al to approximate the
zero-variance distribution, or more simply, optimal shifts, would be very interesting and feasible
with the right training data (see, e.g., Miiller, McWilliams, et al. [28], which combines IS with
neural nets).

To conclude, our implementations demonstrate that (adaptive) importance sampling can make 99.9%
VaR estimation computationally feasible and statistically reliable in realistic portfolio credit risk settings,
substantiated with empirical evidence.
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Additional proofs

Exact Confidence interval (Theorem 3)
Proof. Define the random variable

S=> 1L <},
i=1
which counts the number of observations less than x. Then

P(Lyn < ) = P(S > k)

n

P(S = i)
i=k

3 <”) [Fr@)]' [t - Fu(a)]" ",

7
k

<

i
and therefore

]P(Lkl:n <z < Lkg:n) = P(/ﬁ <S5< kz)
ko—1

= (Z‘) [Fo ()] 1= Fo(a)]" "

i=k1

Hence, setting © = ¢, and using
Fr(q,) < a < Fr(qa)

gives the desired result.
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3
4
5

Bisection method to find 4, 4.1.2

def p_cond(y, R, b, p):
p_cond_ = sp.stats.norm.cdf ((sp.stats.norm.ppf(p) - R*xy) / b)
return p_cond_

def psi(theta, y, R, b, p):
p_cond_ = p_cond(y, R, b, p)
psi_ = np.sum(np.log(l + p_cond_ * (np.exp(theta) - 1)))
return psi_

def solve_theta_x(y, R, b, p, x_target, tol=le-4, theta_max=10):
theta_low, theta_high = 0, theta_max
p_cond_ = p_cond(y, R, b, p)
while theta_high - theta_low > tol:
theta_mid = 0.5 * (theta_low + theta_high)

Code

p_theta = p_cond_ * np.exp(theta_mid ) / (1 + p_cond_ * (np.exp(theta_mid) -

)
L_mean = np.sum(p_theta)
if L_mean < x_target:
theta_low = theta_mid
else:
theta_high = theta_mid
return 0.5 * (theta_low + theta_high)

Calculating exact confidence interval in CMC

1)

Here we show how to construct an exact confidence interval. To address overflow in case n is very large,

we work in logarithms to account for large numbers from the gamma function:

m! =T(m+ 1),

ny L(n+1)
k> CTk+D)I'(n—k+1)

/N N

In Z) =InlP(n+1)—InT'(k+1)—InT(n—k+1),
InP(X =k) =In (Z) +klnp+ (n—k)In(l — p),

P(X =k) =exp(In P(X =k)).

def ci_quantile(data, 9=0.999, conf=0.99):
sd = sorted(data)
n = len(sd)
p, r = q, 1_q
i0 = math.ceil(n*p) - 1
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logb0 = (math.lgamma(n+1)
- math.lgamma (i0+1)
- math.lgamma(n-i0+1)
+ iO*math.log(p)
+ (n-i0)*math.log(r))
bO math.exp(logb0)
bl = bh = b0
k1l = kh = i0
mass = b0
toggle = True
while mass < conf:

if toggle:
bl = bl * (k1) / (n-k1) * (r/p)
kl -= 1

mass += bl
else:
bh = bh * (n-kh) / (kh+1) * (p/r)
kh += 1
mass += bh
toggle = not toggle
return sd[math.ceil(n*p)-1], sd[kl], sdl[khl]

Constant approximation method 4.2.1

def Constant_Approximation(m,d,R,denum,l,threshold,mu_indx):

= R.shape[1]
R.shape [0]

.

=]
]

def objective(x):
return np.sqrt(np.sum(x**2))

def comnstraint (x):

mu = np.zeros(j)
mu[mu_indx] = x

rhs = (d - np.dot(R, mu)) / denum

loss = np.sum(l * norm.cdf (rhs))
return loss - threshold # Constraint: must be >= threshold
x0 = np.zeros(len(mu_indx))
result = minimize (objective,
x0,
constraints=[{’type’: ’ineq’, ’fun’: constraint}],

options={’ftol’: 1le-15, ’disp’: Falsel})
y_opt = result.x

return y_opt

GPB for finding the computing the zero-variance distribution 4.4

from collections import Counter

def gpb_pmf (p_vec, ell_vec):

n = int(np.sum(ell_vec)) + 1 # max possible discrete loss + 1
omega = 2 * np.pi / n
1 = np.arange(n) # Correct Fourier grid

log_x1 = np.zeros(n, dtype=complex) # Must match the grid size!

# Group identical (p, b) pairs to speed up
pair_counts = Counter (zip(p_vec, ell_vec))

for (p_k, ell_k), count in pair_counts.items():
term = (1 - p_k) + p_k * np.exp(lj * omega * 1 * ell_k)
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14 log_x1 += count * np.log(term)

15 x_1 = np.exp(log_x1)

16 xi = np.fft.ifft(x_1).real[1:]

17 xi = xi/np.sum(xi)

18

19 # Ensure non-negativity due to numerical error
20 xi[xi < 0] =0

21 return xi[::-1] # normalize PMF

1 yl_space = np.linspace(4, -6, 250)

2 y2_space = np.linspace(4, -6, 250)

3 Y1, Y2 = np.meshgrid(yl_space, y2_space)
4

5 # --- Compute zero-variance weight grid Z ---
6 Z = np.zeros_like (Y1)

7 for i in range(Y1.shape[0]):

8 for j in range(Y1l.shape[1]):

9 mu = np.array ([Y1[i, jl, Y2[i, jl1)

10 z = (stats.norm.ppf(p) - np.dot(R, mu)) / b

11 p_adjusted = stats.norm.cdf (z)

12 pmf_vals = gpb_pmf(p_adjusted, ell_vec)

13 pnf = pmf_vals / pmf_vals.sum()

14 cdf = np.cumsum(pmf)

15 quantile_index = np.searchsorted(np.arange(len(pmf)), threshold)
16 Z[i, jl = (1 - cdfl[quantile_index]) * np.exp(-0.5 * mu.dot (mu))

18 dyl = y1_space[1] - y1_space [0]
19 dy2 = y2_space[1] - y2_space[0]
20 bin_area = dyl * dy2

22 # total mass under Z
23 total_mass = Z.sum() * bin_area

25 # normalized Z
26 Z = Z / total_mass
27 # --- Compute MVN density grid z2 ---

Multifactor Model for Simulating the Test portfolios Chapter 6

Here we provide the code to simulate the losses with IS and AIS on the test portfolios. First, the model
is initialized. Then, the following function describes the algorithm to really start generating the losses.
It also calculates marginal losses.

Already a lot is optimized with vectorized calculations. For small portfolios, speed-up could be
achieved by generating losses in chunks instead of using the for loop. Keep in mind that, in that case,
updates with AIS have to be done vectorized. Such computation would mean that samples are realized,
and shifts are computed over the iterations of one chunk.

Sampling specific losses (from sub-portfolios) is also possible, with the option to view corresponding
IS weights. Here, speed up is possible with vectorization. For this, use segmentation matrix (sparse
matrix) which, with an dot-product with the vector of obligors exposures would lead to an array of
losses within segments.

1 class MultiFactorModel:

2

3 def __init__(self,

4 l: np.array,

5 p: np.array,

6 R: np.array,

7 K: tuple,

8 sparse = False,

9 specific_add_ons = False,
10 unique_combos = None,

11 category_indices = None,
12 )

13 self .sparse = sparse
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self
self
self

.m
K =K

len(1)

.K_tot = np.sum(self.K)

assert p.shape[0]==self.m
assert R.shape[0]l==self.m

self

self.
self.
self.

self .
self.

self
self
self

self

self .

self
self
self
self
self

self.
self .

self
self
self
self
self

self
self

.constant = 1/np.sqrt(2)

1 =1

P =P

x_d = sp.stats.norm.ppf (p)

R_m = R[:,0]

R_mT = self.R_m.T

.R_m_square = self.R_mx**2

.R_m_sqrt = np.sqrt(1 - self.R_m_square)
.R_m_sqrt_numerator = 1/self.R_m_sqrt
.g_0 = self.K[0]

g_1 = self.K[1]1+1

.R_g = R[:,self.g_O:self.g_1]

.R_gT = self.R_g.T

.R_g_square = np.sum(self.R_g#**2, axis=1)
.R_mg_sqrt = np.sqrt(l - (self.R_m_square+self.R_g_square))
.R_mg_sqrt_numerator = 1/self.R_mg_sqrt
s_0 = self .K[0]+self.K[1]

s_1 = self.K[0]+self.K[1]l+self.K[2]+1

.R_s = R[:, self.s_0: self.s_1]

.R_sT = self.R_s.T

.R_s_square = np.sum(self.R_s**2, axis=1)

.R_ms_sqrt = np.sqrt(l - (self.R_m_square+self.R_s_square))

.R_ms_sqrt_numerator = 1/self.R_ms_sqrt

.R_tot_sqrt = np.sqrt(1-(self.R_m_square+self.R_g_square+self.R_s_square))
.R_tot_sqrt_numerator = 1/self.R_tot_sqrt

if sparse:

self.specific_

self .R_mT
self .R_gT
self .R_sT

csr_array(self.R_mT)
csr_array (self .R_gT)
= csr_array(self.R_sT)

add_ons = specific_add_ons

if specific_add_ons:

def sim_AIS(

self .unique_combos = unique_combos
self .n_unique_combos = len(unique_combos)
self.category_indices = category_indices

self,
N: int,

random_state: int | None | np.random.RandomState,

mu_vec_ini

theta_vec_

tial: np.ndarray,
initial: np.ndarray,

learning_rate_mu: float,
mu_ind_adapt: np.ndarray,
q_thres: float,

eta: float

s

beta: float,
delta: float,

B_0: float

B_rate: float,
marginal_add_ons: False,

# Set random seed
if random_state is not None:
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np.random.seed (random_state)

# Pre-allocate arrays
if self.specific_add_ons:

results_specific = [np.zeros((N, self.n_unique_combos)) for

self .K) + 2)1]

weights_specific = [np.zeros((N, self.n_unique_combos)) for

self .K) + 2)]

results = [np.zeros(N) for
weights = [np.zeros(N) for

# Initialize adaptation

in range (len(

in range (len(

in range(len(self.K) + 2)]
in range(len(self.K) + 2)]

mu_vec = mu_vec_initial.copy().astype(float)
theta_vec = theta_vec_initial.copy().astype(float)
mu_array = np.zeros((N, len(mu_vec[mu_ind_adapt]))) if learning_rate_mu > O

else None

exceed_count = 0
counts_exceeded_threshold = 0

# Main loop with progress bar

for i in tqdm(range(N), desc="Simulation Progress"):

# Draw samples

Y = multivariate_normal.rvs(mean=mu_

Z = sp.stats.norm.rvs(loc=theta_vec,

# Compute the total input X
rY_m = Y[0] * self.R_m

vec)
size=self.m)

rY_g = Y[self.g_O:self.g_1] @ self.R_gT

rY_s

# Compute loss and weight
if self.specific_add_ons:
L_list = self.l * (X_tot < self.

Y[self.s_O:self.s_1] @ self.R_sT
X_tot = r¥Y_m + rY_g + rY_s + self.R_

tot_sqrt * Z

x_d)

grouped_L = np.zeros(self.n_unique_combos)
np.add.at (grouped_L, self.category_indices, L_list)

L = grouped_L.sum()

log_w = np.zeros(self.K_tot)

log_wlmu_ind_adapt] = (-mu_vec[mu_ind_adapt] * Y[mu_ind_adapt]
+ 0.5 * mu_vec[mu_ind_adapt] *x* 2)
w_grouped = np.array([np.exp(log_wlcomb].sum()) for comb in self.

unique_combos])
w = np.exp(log_w.sum())

weights_specific [4][i]

results_specific[4][i]

weights [4]1[i] = w

results [4][i] = L
else:

w_grouped
grouped_L

L = np.sum(self.l * (X_tot < self.x_d))

log_w_mu = (-mu_vec[mu_ind_adapt

] @ Y[mu_ind_adapt]

+ 0.5 ¥ (mu_vec[mu_ind_adapt] ** 2).sum())

w = np.exp(log_w_mu)
weights [4]1[i] = w
results [4][i] = L

if marginal_add_ons:
RHS_ m = (self.x_d - rY_m) *
RHS _mg (self.x_d - rY_g -
RHS _ms = (self.x_d - rY_s -

norm_RHS_m = norm.cdf (RHS_m)
norm_RHS_mg

self .R_m_sqrt_numerator
rY_m) * self.R_mg_sqrt_numerator
rY_m) * self.R_ms_sqrt_numerator

norm.cdf (RHS_mg)

norm_RHS_ms = norm.cdf (RHS_ms)
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87 X_mz_chunk = r¥Y_m + self.R_m_sqrt * Z

88

89 results [0][i] = np.sum(self.l * norm_RHS_m)

90 results [1][i] = np.sum(self.l * (X_mz_chunk < self.x_d))
91 results [2]1[i] = np.sum(self.l * norm_RHS_mg)

92 results [3][i] = np.sum(self.l * norm_RHS_ms)

93

94

95

96 # Adaptation step

97 if learning_rate_mu > O:

98 if L > q_thres:

99

100 W2 = w k% 2

101 gamma = eta / (beta+delta*exceed_count)

102 Bound = B_0 + B_rate*np.log(counts_exceeded_threshold+1)
103

104

105 y_diff = Y[mu_ind_adapt] - mu_vec[mu_ind_adapt]

106 mu_diff = gamma * w2 x y_diff

107 if np.linalg.norm(mu_vec[mu_ind_adapt]+mu_diff) <= Bound:
108 mu_vec [mu_ind_adapt] += mu_diff.astype(mu_vec.dtype)
109

110 else:

111 counts_exceeded_threshold += 1

112 mu_vec = mu_vec_initial.copy()

113

114

115 mu_array[i] = mu_vec[mu_ind_adapt]

116

117

118

119

120 # Return results

121 if self.specific_add_ons:

122 return results, weights, mu_array, results_specific, weights_specific

123 return results, weights, mu_array, counts_exceeded_threshold
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B.1. Additional results

Here we show the specific losses for scenario 2 and 3, with M-IS. The high impact losses (summing up to
loss above threshold) are marked blue.
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Low-impact specific losses e High-impact specific losses
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Figure B.1: Scenario 2. Loss vs IS weight, high impact losses marked blue, under
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Low-impact specific losses e High-impact specific losses
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Scenario 3. Loss vs IS weight, high impact losses marked blue, under M-IS.
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