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I. Introduction

OLAR sailing is a propulsion method that makes use of solar

radiation pressure (SRP) as the primary source of thrust [1].
Due to its propellantless nature, solar sailing has drawn increasing
attention in the scientific community in recent years, with several
studies investigating its use particularly for heliocentric science
missions and future space exploration [2,3]. Although there is
potential for such applications, most solar sails flown to date have
only been used as technology demonstrators, from JAXA’s
IKAROS sailcraft [4] (the first to successfully demonstrate the
technology), to the recently launched Advanced Composite Solar
Sail System (ACS3) by NASA [5]. The vast majority of these
demonstrators have flown around the Earth. As the technology
matures, near-future solar-sail missions are also expected to remain
Earth-bound to further explore the feasibility of solar sailing for
different applications [6,7], such as in-orbit servicing and active
debris removal [8—-10]. In addition to gravity and SRP, the solar-sail
dynamics are affected by several sources of perturbations in prox-
imity of the Earth, including eclipses, atmospheric drag [11-13],
and notably, planetary radiation pressure (PRP) [14-16]. The PRP
acceleration and its effect on the solar-sail dynamics and control
have been investigated only to a first-order extent. Preliminary
studies have shown that PRP acceleration can reach magnitudes
of 20% of the SRP acceleration around the Earth [16]. Such a large
perturbation warrants for the accurate modeling of the PRP accel-
eration, both for sail calibration [17] and detailed mission design of
future near-Earth missions. In these studies, the Earth planetary
radiation is modeled using analytical models, specifically the
finite-disk radiation model by Mclnnes [14,15] and the so-called
“spherical sinusoidal” radiation model developed by Carzana et al.
[16], which accounts for the spherical shape of the Earth and its
varying brightness depending on the sail’s altitude and location.
However, both these models assume the sail to be ideal (i.e.,
perfectly reflecting), which introduces an approximation that limits
the fidelity of the solar-sail dynamics. In addition to these analytical
models, numerical models exist that allow for a higher fidelity
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[18-23], particularly in the way they model the geographical dis-
tribution of planetary radiation flux. This is done by representing the
surface of the Earth as a set of facets, each with known radiation
flux and its variation over time. The limitation of numerical
models, however, is the significantly high computational cost they
require, especially compared to analytical models, which can be
more than 30 times computationally faster [16]. Furthermore, the
numerical nature of these models can also pose limitations when
using routines that require analytical knowledge of the PRP accel-
eration’s derivatives. Among these, for example, are several (gradient-
based) trajectory optimization algorithms [24], as well as precise orbit
determination and estimation routines [25]. In light of the aforemen-
tioned, the need for an analytical model that can efficiently, yet
accurately, determine the PRP acceleration arises. Such a model could
be effectively used to perform detailed orbit analysis for Earth-bound
(or planetocentric) solar-sail missions. The model would also
enable the accurate optimization of Earth-bound solar-sail con-
trol laws, leveraging (semi-) analytical optimization methods to
account for both the SRP and PRP accelerations. Finally, the
model would provide a versatile tool also for orbit determination
applications, including, but not limited to, the in-orbit estimation
of solar-sail acceleration parameters [17].

Building upon the spherical sinusoidal PRP acceleration model
by Carzana et al. [16] valid for ideal sails, this technical note
presents an extension to this model for optical solar sails that is
analytical in nature. To determine the PRP acceleration, the model
draws on the same theory of sail-radiation interaction used by
Mclnnes to develop the optical SRP acceleration model [1],
although considering a different radiation source: the Earth. First,
the model’s assumptions and full derivation are discussed. Then,
using NASA’s ACS3 mission as a baseline, a parametric analysis
considering several orbital scenarios is conducted. The analysis
aims to compare the newly devised model against other state-of-
the-art models. The results highlight the new model’s accuracy,
which is found to be 4-5 times higher than that of the ideal PRP
acceleration model by Carzana et al. [16], and comparable to the
accuracy of a high-fidelity numerical model, although requiring a
fraction of the run time. Finally, the conclusions of the study and
possible future expansions of the work are presented.

II. Dynamical Model

The dynamics of an Earth-orbiting solar sail are described using
an Earth-centered reference frame, Z (x, y, 7), with the x axis toward
the vernal equinox, the z axis perpendicular to the equator and
positive toward the North Pole, and the y axis completing the
right-handed frame. Within this frame, the solar-sail dynamics can
be expressed as

. U
r+ 7" = agrp + agprp + Aarp (D

In Eq. (1), u = 398600.4415 km3s~2 is the Earth’s gravitational
parameter [26], r = [x, v, z]" is the sailcraft position vector, r =
|l7ll, asgp represents the SRP acceleration, and apprp and axrp
denote the two possible types of PRP acceleration, that is, the
blackbody radiation pressure (BBRP) and albedo radiation pressure
(ARP) accelerations, respectively. The full expressions of these
accelerations are provided in the following sections. Note that, in
the following, PRP will serve as a unifying term to refer to either
BBRP or ARP.
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A. Solar Radiation Pressure Acceleration

The SRP acceleration is defined using the optical sail model
devised by Mclnnes [1], valid for fully opaque (nontransmissive)
solar sails. Contrary to the ideal sail model, which assumes the sail
to behave as a perfect reflector [1], the optical sail model accounts
for the nonideal, optical properties of the sail through its optical
coefficients, namely, the absorptivity, specular reflectivity, diffuse
reflectivity, and emissivity. The corresponding optical SRP accel-
eration, @grp, is found from the sum of its components normal to the
sail, agrp ,, and tangential to the sail, aggp

asrp = AsRp,;, T ASRP: 2

-\ &Br—¢,B .
(1= ) L P cosali )
P R
agsRrp,; = 1/769 (1 - ffsf) cosasinat @)

As illustrated in Fig. 1, 72 represents the sail-normal direction with a

positive component along the sunlight direction, §, and f is the
transversal direction defined as

>
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In Eqgs. (3) and (4), o is the sailcraft mass-to-sail area ratio, and v €
[0, 1] represents the shadow factor, which accounts for the effect of
eclipses. Its value is computed using a conical shadow model similar
to the one presented in Refs. [8,27], although considering v = 0 not
only in the umbra, but also in the penumbra. This means that no
sunlight is assumed to reach the sailcraft when this is in partial
eclipse, as the latter is conservatively treated as full eclipse. Pg is
the SRP at 1 AU from the Sun:

f=nx

X i) )
n

x|

w)>

P, = -2 (6)

where Sg = 1367 W/m? is the solar flux at Earth [26] and ¢ =
299792.458 km/s is the speed of light in vacuum [28]. The solar-
sail pitch angle is indicated by a € [0, n/2] and is measured between
§ and 7; see Fig. 1. Finally, the optical properties of the sail are
specified through the reflectivity 7, specular reflection coefficient
s, non-Lambertian reflection coefficient B, and emissivity &, with
the subscript “f” or “b” indicating whether the optical coefficient
refers to the front or back of the sail, respectively. Note that Egs. (3)
and (4) are based on the assumption that only the sail’s front is
exposed to sunlight and the back is never illuminated [1]. As a
result, 7 always points out of the back of the sail, see Fig. 1, and

Sun Sunlight

Fig. 1 Geometry of the optical SRP acceleration model.

the normal and transversal components of the SRP acceleration do
not depend on the reflectivity and specular reflection coefficient of
the sail backside, 7}, and s;,. In real-life solar-sail missions, sunlight
may illuminate also the back of the sail. Although an SRP accel-
eration model that accounts for this possibility exists in the liter-
ature [17], the assumption made in this note, that sunlight only
reaches the front of the sail, is in line with the analyses conducted
in Sec. III. Indeed, in that section, locally optimal steering laws
developed under the same assumption will be considered. It should
be noted that, unlike for sunlight, these steering laws do not
prevent planetary radiation from illuminating the back of the sail.
As discussed in the next section, this makes knowledge of 7;, and
s, essential to compute the PRP acceleration, as opposed to the
SRP acceleration.

B. Planetary Radiation Pressure Acceleration

In this section, the PRP acceleration model for optical solar sails
is derived. This model forms an extension of the spherical sinusoidal
PRP acceleration model presented in Ref. [16], valid for double-
sided perfectly reflecting (ideal) solar sails. Although these two PRP
acceleration models represent the sail optical properties differently,
they also share common characteristics, particularly the assumption
that the sail is flat and the way the Earth’s planetary radiation
distribution is represented. Indeed, in both models the Earth is
assumed to be a spherical radiation source emitting blackbody
and albedo radiation with varying intensity across its surface. The
emitted blackbody radiation flux is assumed to vary sinusoidally
with latitude, with a maximum at the equator. On the other hand, the
emitted albedo radiation flux is computed while assuming the
Earth’s albedo coefficient to vary sinusoidally (with maxima at
the poles) and accounting for the illumination conditions of the
Earth’s surface through a so-called phase function. This function is
maximum at the subsolar point and decreases moving toward the
dark side of the Earth, where it attains a value of zero, indicating the
complete absence of albedo radiation. Finally, the planetary radia-
tion flux at the sail’s location, S, is determined by assuming that the
blackbody and albedo radiation fluxes found are uniformly spread
over the visible surface of the Earth as seen from the sailcraft. In this
way, the Earth is locally approximated as an isotropic radiation
source, allowing the PRP acceleration to be expressed analytically.
As discussed in Ref. [16], this approximation introduces an error,
but its impact on sailcraft maneuverability is limited, as relative
errors compared to a high-fidelity numerical model consistently in
the order of 1% are found across several orbital scenarios. For more
information on the derivation of the planetary flux, S, the reader is
referred to Ref. [16]. Throughout the remainder of this section, the
value of § will be assumed to be known.

As defined in Eq. (15) of Ref. [16], the radiation pressure at the
sail’s location due to the radiation emitted by a differential element
of Earth surface, dA, is

dlpzicos&

nc [? aA @

where [ is the distance between the surface element dA and the sail,
and 9 € [0, /2] is the angle between the normal direction to dA, N,
and the direction from dA to the sail, i ; see Fig. 2. The optical PRP
acceleration given by the differential element of radiation pressure
dP, dapgp, can be found by adding the acceleration components

normal to the sail, dapgp,, and tangential to the sail, dapgp;,
similarly to the optical SRP acceleration given in Egs. (2)-(4):

daprp = dapgp,, + dapgrp, ®
dP ) . _ )
dapgp, = > (1 + Fpirsgir)cos?@ iy + (1 = s43,) F1ig By cos 0 i
- E‘fo b 8;,Bh N
1- - 0 9
+ (1= Fir) et e, cosOn &)
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b)

Fig. 2 Geometry to determine the optical PRP acceleration.

dP N
dapRp,, = 7 (1 - fl,«,sl,»,) cosﬁsinet, (10)

It should be noted that Egs. (9) and (10) share the same structure
as Eqgs. (3) and (4) for the optical SRP acceleration because they
describe the same physical phenomenon, that is, the acceleration
produced by radiation when interacting with a sail with given optical
properties. This analogy is evidenced also by the sketches of Fig. 1
and Fig. 2a, which depict an equivalent geometry and differ only in
the radiation source considered and the side of the sail exposed to
the incoming radiation. Indeed, unlike sunlight, the radiation emit-
ted by a surface element dA may also illuminate the back of the sail.
An example is shown in Fig. 3, which illustrates how planetary
radiation may impinge on either side of the sail, depending on the
sail orientation and surface element dA considered. In view of this,
the subscript “/i” is used in Eqgs. (9) and (10) to specify the optical
coefficients of the sail side illuminated by the radiation emitted by
the surface element dA considered. Equations (9) and (10) also make
use of the angle 6 € [0, n/2], which forms the equivalent of the SRP

acceleration’s pitch angle, a, and is measured between [ and the sail-
normal direction with a positive component along [, 71;; see Fig. 2a.
Finally, ¢, represents the transversal direction relative to dA, which

can be found from Eq. (§) by substituting £, for f and [ for §.
Substitution of Eq. (7) in Egs. (9) and (10) yields

S . cos9cos2@ ..
dapgp, = o [(1 + FlisSiir) 2 n;
- cosdcosb .
+ (1 - Slit)rlitBlirl—znl
5 8fo —&,B;, cosdcosl ,
1- n |dA 11
+ ( rllf) gf ¥ € 12 ( )
. 7 Back
Sunlight Front .pac
(outward) (inward)
- / daytdag,
,,,,,,,,,,,,,,,,,,,,,,,,,, N s

Blackbody

DOC Agpp
Radiation

Eclipse

Fig. 3 Sail sides illuminated by sunlight and planetary radiation.

cos&c;s@sinﬁildA (12)

S
daprp, = — (1 - ”lnsm)
nco

Using the preceding expressions for dapgp , and dapgp,;, Eq. (8) can
be integrated over the entire surface of the Earth visible from the
sailcraft, A*; see Fig. 2b. This yields the total PRP acceleration
exerted on the solar sail:

aprp = [a* dapgp = [4* (daPRP,n + daPRP,t) (13)

The PRP acceleration integral of Eq. (13) depends on the Earth-
sail relative geometry and, most importantly, on the definition of the
planetary radiation flux, S. Indeed, depending on how the planetary
flux distribution across the surface A* is modeled, a closed-form
solution to the PRP acceleration integral may or may not exist. As
mentioned at the beginning of this section, in this study the visible
surface A* is assumed to irradiate isotropically, that is, with a
constant radiation flux, S. With this assumption, the integral of
Eq. (13) can be solved analytically, yielding the following expres-
sion for the optical PRP acceleration:

S (2 - -
QApRrp = E {5 [(1 + rinsin)GFNS,in - (1 + rautsout)GFNS,out]nuut

+ [(l - Sin);inBinGFND,in - (l - Sout);nutBautGFND.oul]nout

e/Br—¢e,B - - A
+ﬁ[(l - rin)GFND,in + (1 - rout)GFND,out]"

2 - - o
+§|:(] - rinsin)GFT.in + (1 - routsout)GFT.nur]tom}

(14)

Because planetary radiation can illuminate both sides of the sail
simultaneously, the subscripts “in”” and “out” are used to refer to the
inward and outward sides of the sail relative to the Earth; see Fig. 3.
The outward-pointing sail-normal and transversal directions, f,,,
and £,,,, respectively, are displayed in Fig. 2b. Recalling that the
sail-normal direction 7, defined in Sec. IL.A, always points out from
the back of the sail, 71,,, = sgn(f - )i, whereas £,,, is found from
Eq. (5) by substituting £,,,, for £, ii,,, for i1, and the radial direction,
7, for §. Finally, the optical coefficients of the inward, outward,
front, and back sides of the sail can be related as follows:

[rin Sin Bin Ein Tour Sour Bout gout:l

[Ff Sf Bf Sf Fb Sy Bb E’b] lffl~f20 15
= (15)
[Ff» s» By, & F7; s; By ] otherwise
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It should be noted that, in Eq. (14) and the remainder of this note,
aprp is used to indicate either the BBRP acceleration, aggrp, or
ARP acceleration, a ,rp. For each of these accelerations, a specific
radiation flux, S, and set of sail optical coefficients should be
considered because the Earth’s albedo and blackbody radiations
can differ greatly in intensity and, notably, in wavelength. Albedo
radiation is emitted in the same wavelength band as solar radiation
(0.25-2.8 um), whereas blackbody radiation is emitted in the infra-
red band (3-30 um) [29,30]. Because the sail material responds
differently to different wavelengths of the incoming radiation,
wavelength-specific sets of optical coefficients should be consid-
ered. In the remainder of this note, the following sets of optical
coefficients for the albedo and blackbody radiation, ocsrp and
ocgpRrp, respectively, will be used:

ocARPz[;f Sf Bf Ef Fh Sp Bb Eh]

=[0.90 0.82 0.79 0.03 0.43 0.53 2/3 0.60] (16)

OCBBRp = [Ff Sf Bf Sf Fb Sp Bb Eb]
=[097 082 079 0.03 040 053 2/3 0.60]
(17)

These optical coefficients refer to NASA’s ACS3 solar sail,¥ whose
membrane is nontransmissive and consists of a polymer film (poly-
ethelene nepthalate) with an aluminum coating on the front and
chromium on the back [29].

In Eq. (14), Ggns. Genp, and Gyr indicate the so-called normal
specular, normal diffuse, and transversal geometrical factors,
respectively. As their names suggest, the geometrical factors express
the dependency of the optical PRP acceleration on the Earth-sail
geometrical configuration and, similar to the optical coefficients, are
specified for both the inward-facing and outward-facing sides of the
sail. Denoting A}, and A}, as the regions of the surface A* that are
visible from the inward and outward sides of the sail, respectively,
the geometrical factors can be defined as

3 cos 9 cos20
Ggns, = ™ . — 7 dA (18)
1 cosdcosl
Genp,y = E/* —p dA (19)
0

dA (20)

3 cosdcosfsind
Gro=3).

3

where “{) is used as a placeholder to indicate either “in” or “out.”
The full analytical solutions to the surface integrals on the right-
hand side of Eqs. (18)-(20) are provided in the following subsec-
tions. As will be shown, these solutions depend only on the orbital
radius, r, the planetary pitch angle, ag € [0,7/2], measured
between n,,, and 7, and the maximum view angle between —r
and the direction from the sailcraft to the Earth’s tangent,
¢ € (0,m/2); see Fig. 2b.

1. Normal Specular Geometrical Factor

Depending on the sail orientation with respect to the Earth, two
possible configurations can be identified:

a) If ag + ¢ <m/2, the incoming radiation from the visible
surface A* illuminates only the inward side of the sail. In this case,
the outward geometrical factor is Ggys_ o, = 0, Whereas the inward
geometrical factor, Gpyg iy, 18

SACS3 optical coefficients taken from personal communication with J. Ho
Kang, Advanced Materials and Processing Branch, NASA Langley Research
Center, March 2024.

3
Gens.n = 1— V1 —Hz[l —H2(1 —Esinza@)] @1)

where the adimensional inverse orbital radius, H = R/r, was intro-
duced for conciseness, with R = 6378.1363 km the Earth radius [26].

b)If ag, + ¢ > m/2, both the inward and outward sides of the sail
are illuminated; see Fig. 2b and Fig. 3. The corresponding geomet-
rical factors are

1(1
Gens,in = 1= - {5 Vv1-H? [Hz(l - 3cos’ag) + 2]cos‘1(—A)
I IO I .
+tan~' B — EB cos"ag —EBcos a@(3cos ag — 1)
(22)

1

1
Grns.our = x {—5 V1= HZ[H2(1 = 3cos’ag) + 2]cos‘lA

3 1
+tan™'B — §B3cos4otEB -3 Bcos’ag (3cos’ag — 1)}
(23)

where the following coefficients are used for conciseness:

1 H?
A="2%  B= 1 4)
Sinag YV H’ COs” ag,

2. Normal Diffuse Geometrical Factor

The normal diffuse geometrical factors correspond to the view
factors of the sail sides with respect to the Earth. Their expressions
were found by F.G. Cunningham in Ref. [31] and are reported here
for completeness:

a)If ag + ¢ < 7/2, Genp our = 0 and Gpnp iy 1

Genp,in = H? cos ag (25

b) If ag + ¢ > /2, Genp,in and Genp,our are

1 1 H 1
Grapin = = — — 4 sin”! — 1
FND.in =5 n{sm (sinocGB H? )

+ Bcosag Vv 1 — H? — H? cos agcos™! (—A)} (26)

G LoLf (" [T
= —-——4SIn — —
FND,out 2 rn sin ag H2

+ Bcosag V1 — H? + H? cos a@cos’lA} 27

3. Transversal Geometrical Factor

Similar to the other geometrical factors, the definition of the
transversal geometrical factor depends on whether only a single or
both sides of the sail are illuminated:

a) If ag + ¢ < 7/2, Gerouw = 0, and Ggry, is

3
Gerin = T“HZ’ V1 = H? sin 2ag) (28)
b) If ag + ¢ > n/2, Ggr;, and Ggr,y, are

| 2
GFT,M - E {B|:2 sin 0@0053(1&) (Bz 2 %)
52

3

—(1+H? cs(i)rsl;“@} +3H?*V'1 — H?sinag cos a®cos‘1(—A)}
g

29
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Table 1 PRP acceleration models considered in Sec. III

Models Optical coefficients
PRP acceleration Planetary flux Solar sail 0CARpP 0CBBRP
NRTDM Based on numerical maps Optical ~ [0.90 0.82 0.79 0.03 0.43 0.53 2/3 0.60]  [0.97 0.82 0.79 0.03 0.40 0.53 2/3 0.60]

Optical sinusoidal ~ Sinusoidal dependence on latitude Optical
Ideal sinusoidal Sinusoidal dependence on latitude Ideal
No PRP (absent) N/A

[0.90 0.82 0.79 0.03 0.43 0.53 2/3 0.60]  [0.97 0.82 0.79 0.03 0.40 0.53 2/3 0.60]
[112/30112/30]

[112/30112/30]
N/A N/A

1 2
Grrour = 5 {B sin a'@cos%,EB |:Bz (2 _ %) n 3]
: ®

—3H?V1 - H?sinag cos a@cos‘lA} (30)

III. Comparison with State of the Art

In this section, different parametric analyses are presented, which
aim to quantify the accuracy of the optical PRP acceleration model
compared to other analytical models and a high-fidelity numerical
model. To this end, several simulations are performed, considering
different initial orbital altitudes, orbit orientations, simulation start
times, and PRP acceleration models. The analysis settings, accuracy
metric, and results are discussed in the following subsections.

A. Sailcraft Dynamics and Control

For each simulation in the parametric analyses, the dynamics
presented in Sec. II are propagated using the following models for
the PRP acceleration, @pgp:

1) Optical NRTDM model. In this model, the planetary radiation
flux is computed numerically from discrete maps of the Earth’s
albedo coefficient and blackbody radiation flux obtained from the
ANGARA software package [20]. This approach allows one to
compute the optical PRP acceleration integral of Eq. (13) as a finite
sum. Although it is computationally expensive, this method enables
a high accuracy and is therefore considered the ground truth against
which the other PRP acceleration models will be compared. This
algorithm is implemented in the software tool NRTDM (Near Real-
Time Density Model) developed at Delft University of Technology
[21,32]. Finally, note that this model is employed considering the
blackbody and albedo optical coefficients of ACS3 given in
Egs. (16) and (17).

2) Optical sinusoidal PRP acceleration model presented in
Sec. ILB. The PRP acceleration is found through Eq. (14),
with the planetary flux, S, determined analytically as per Ref. [16]
for the spherical sinusoidal PRP acceleration model. Similar to the
optical NRTDM model, the optical sinusoidal model also considers
ACS3’s blackbody and albedo optical coefficients; see Eqs. (16)
and (17).

3) Ideal sinusoidal PRP acceleration model. This model corre-
sponds to the spherical sinusoidal PRP acceleration model devel-
oped in Ref. [16] for ideal sails. Note that this model can be found
from the optical sinusoidal model using the following set of ideal
optical coefficients [1]:

OCARp = OCBRBRp = [Ff Sf Bf 6'/ ;h Sy Bh Eb]

=[112/3 01 1 2/3 0] 31)

4) No-PRP model. In this model the PRP acceleration is
neglected, that is, apgp = 0 at any time.
Note that, for the reader’s convenience, the characteristics of the
preceding models are summarized in Table 1. The SRP accelera-
tion, aggp, is computed using the optical model presented in
Sec. IILA. Because the albedo and solar radiations are emitted
within the same wavelength band, the optical coefficients of
Eq. (16) are also used for the SRP acceleration. For each simulation,
the solar-sail dynamics are propagated for 10 days, using Matlab’s®
ode45 integrator with absolute and relative tolerances of 107'2,

while implementing locally optimal orbit-raising and inclination-
changing steering laws. These steering laws are computed based on
an algorithm similar to the one devised by Mclnnes for ideal sails
[1], although adapted to the optical sail model presented in Sec. ILA.
It should be noted that because these steering laws account only for
SRP in the optimization process, in the analyses, the PRP accel-
eration is considered as an uncontrolled perturbing acceleration
affecting the orbit.

B. Reference Mission Scenario

The ACS3 mission is used as a baseline scenario in all analyses,
with a solar-sail characteristic acceleration of 0.045 mm/s? (corre-
sponding to ¢ = 0.2027 kg/m?) and the following vector of initial
orbital elements defined in frame Z (x, y, z):

[a0: 0,0, LTAN . fo|

00:00 AM r
00:30 AM
= | 7093.1363 km, 0, 98.2490 deg, ,0deg, 0deg
11:30PM
(32)

where a is the semimajor axis, e the eccentricity, i the inclination, @
the argument of perigee, f the true anomaly, LTAN stands for Local
Time of the Ascending Node, and the subscript “0” denotes the
initial value of these variables.Y These orbital elements represent a
circular, Sun-synchronous orbit with initial altitude hy = ay — R =
715 km, where the Earth radius, R, is given in Sec. IL.B.1. Although
this altitude does not coincide with the actual altitude of ACS3 at
launch [33], it was chosen for consistency (and to facilitate com-
parison) with the analyses in Sec. V.B of Ref. [16]. Indeed, these
also examine the accuracy of different PRP acceleration models
considering the initial orbital elements in Eq. (32), although using
ideal orbit-raising and inclination-changing steering laws. In
Eq. (32), several values of the LTAN are considered, spaced by
0.5 hrs along the entire 24-hour time span. This parameter provides
a measure of the relative orientation of the orbital plane with respect
to the sunlight direction and it is correlated to the right ascension of
the ascending node. Indeed, for an LTAN at 0000 hrs, the right
ascension of the ascending node is uniquely determined by the
position of the Sun, and each 0.5 hrs increment in LTAN corre-
sponds to a 7.5-degree increment in the right ascension of the
ascending node. Finally, the parametric analyses also consider 12
different simulation start times, corresponding to the 15th day of
each month of 2024.

C. Accuracy Metric

To compare the accuracy of the four PRP acceleration models
presented in Sec. IIL.A, four propagations are performed for each
combination of initial orbit, simulation start time, and steering
law. Then, the relative errors between the final altitude/inclination

TACS3 mission data taken from personal communication with W.K.
Wilkie, Principal Investigator of the ACS3 mission, NASA Langley
Research Center, February 2024.
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obtained by the optical NRTDM model (as mentioned earlier,
considered the ground truth) and each one of the other models,
&1, are computed. The relative error €, is defined as

fel = ——————— (33)

where ce, indicates the initial value of the steering law’s target
parameter (i.e., i or i), and ce.s ; and ce, represent the final values
of the target parameter found through the optical NRTDM (refer-
ence) model and the other models under consideration, respectively.

D. Dependence of Accuracy on LTAN

Figure 4a shows the variation of the relative error with the LTAN
for the orbit-raising steering law, for the no-PRP, ideal sinusoidal, and
optical sinusoidal acceleration models. For each model, a band is
displayed that represents the range of relative errors obtained by
considering the 12 simulation start times at each month of 2024.
The plot illustrates that all error bands follow a 12-hour periodic
trend, approximately symmetric with respect to the LTAN at 1200 hrs.
This symmetry is due to the similar relative orientation of the orbital
plane to the sunlight direction in Sun-synchronous orbits with a
12 hrs LTAN difference, which therefore yields similar orbit-raising
performances. The results show that the error of the optical sinusoidal
model is only weakly dependent on the LTAN. On the other hand, the
error bands of the no-PRP and ideal sinusoidal models exhibit a more
pronounced trend, with larger errors found for LTANs around 0000/
1200 hrs. This is because, for these LTANS, the sailcraft flies in the
vicinity of the subsolar point once per orbital period, where albedo
radiation is most intense. Therefore, the dynamics are more easily
perturbed and errors resulting from mismodeling the ARP acceler-
ation are amplified. Conversely, for an LTAN at 0600/1800 hrs, the
sailcraft remains close to the day—night terminator throughout its
orbit, thus resulting in a minor albedo radiation intensity and smaller
errors. It is also interesting to note that the error band of the optical
sinusoidal model appears narrower than those of the no-PRP and ideal
sinusoidal models. As the width of the error band represents the range
of errors achieved when changing the simulation start date, this result
highlights the superior accuracy of the optical sinusoidal model also

with respect to the simulation start date. The plot shows that neglect-
ing the PRP can induce errors in the altitude gain of up to 12.2%, in
agreement with the results found in Ref. [16] for ideal solar-sail
steering laws. Accounting for the PRP through the ideal or optical
sinusoidal models strongly reduces the error to a maximum of 4.54%
and 1.07%, respectively. Note that these models consider the same
planetary radiation distribution and only differ in the assumed optical
properties of the sail. The difference between the error bands of these
two models therefore provides a direct measure of the error intro-
duced when assuming the sail to be a perfect reflector for planetary
radiation. Using the optical sinusoidal model yields minor relative
errors oscillating between 0.24% and 1.07%. Similar to the results
presented in Ref. [16] for the ideal sinusoidal model, this error
originates from the approximation that the visible surface of the Earth
irradiates isotropically, which can represent a source of error particu-
larly for the ARP acceleration, when the day-night terminator is
visible from the sailcraft.

Similar to Fig. 4a, Fig. 4b displays the variation of ¢ for the
inclination-changing steering law, for different LTAN values and
PRP acceleration models. A 12-hour periodicity in the errors is
again obtained, although the error bands appear skewed and asym-
metric. This asymmetry is due to the complex nature of the
inclination-changing steering law, for which orbits with similar
orientations with respect to the sunlight direction still yield different
increases in inclination. Similar to the orbit-raising case, small
errors are achieved for LTANs around 0600/1800 hrs, due to the
minor perturbing effect of the ARP acceleration on the dynamics.
Also, the error band of the optical sinusoidal model exhibits a
narrower spread compared to the other models, reflecting its lower
error variation with the simulation start date. Neglecting the PRP in
the dynamics yields large relative errors, even up to 47.5%. The
errors of the ideal and optical sinusoidal models, on the other hand,
induce smaller errors up to 14.9% and 2.35%, respectively.

E. Dependence of Accuracy on Altitude and Inclination

To assess the accuracy of the optical sinusoidal model at different
altitudes and inclinations, the parametric analysis presented in
Sec. IILD is repeated first for initial altitudes i, = {450, 550, 650,
715, 800, 900, 1000} km and their corresponding Sun-synchronous
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Fig. 4 Relative error on the a) altitude, and b) inclination increase of different PRP acceleration models.
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Fig. 5 Maximum relative error on a, c) the altitude increase, and b, d) inclination increase, for different initial altitudes and inclinations.

inclinations, and second, assuming i, = 715 km and i, = {0.5, 24,
50,75,90,98.2490} deg, where the last value corresponds to the
Sun-synchronous inclination at 4, = 715 km. The results appear in
Fig. 5, which displays the maximum relative error achieved over all
LTANS and simulation start times, €. max, for each PRP acceleration
model, steering law, initial altitude, and inclination. Notably, the
optical sinusoidal model performs consistently better than the other
models for all cases analyzed. When changing the initial altitude, it
achieves values for &, y,x Of at most 1.07% and 3.7% for the orbit-
raising and inclination-changing steering laws, respectively, regard-
less of the initial altitude; see Figs. 5a and 5b. Similarly, when
varying the initial inclination, values for &, .x 0f 0.35-1.07% and
2.29-6.55% are found for the orbit-raising and inclination-changing
steering laws, respectively; see Figs. 5S¢ and 5d. In comparison, the
ideal sinusoidal model achieves larger errors, attaining values within
3.23% and 5.00% for the orbit-raising steering law; see Figs. 5a and
5c; and within 9.37% and 22.7% for the inclination-changing steer-
ing law; see Figs. 5b and 5d. Finally, neglecting the PRP induces
even larger errors, consistently above 10% for all orbit-raising cases
analyzed; see again Figs. 5a and 5c; and within 30% and 90% for all
the inclination-changing cases analyzed; see Figs. 5b and 5d.

The aforementioned results highlight that, despite its analytical
nature, the optical sinusoidal model achieves a very high fidelity for
a wide variety of orbital scenarios, even compared to its numerical
counterpart. Finally, it is worth noting that the optical model reduces
the computational effort compared to the numerical model by a
factor of 31. Because both these models are implemented in
MATLAB® R2020b, this value is independent of the computing
hardware.

IV. Conclusions

This technical note presented a new analytical model for the
planetary radiation pressure (PRP) acceleration of optical solar sails.
The model was found to predict the orbit-raising and inclination-
changing capabilities of NASA’s Advanced Composite Solar Sail
System sailcraft with relative errors of at most 1% and 6%, respec-
tively, compared to a high-fidelity numerical model. This accuracy
marks a significant improvement with respect to the preexistent
ideal PRP acceleration model, for which errors up to 5% and 23%
were found. The new model furthermore reduces the computational
effort compared to its numerical counterpart by a factor of 31. These
results therefore demonstrate the effectiveness of the newly devised
optical PRP acceleration model for accurately describing the PRP-
perturbed solar-sail dynamics.

The proposed optical PRP acceleration model may be used in the
design of solar-sail steering laws that leverage PRP to enhance the
sailcraft maneuverability. This in turn opens up avenues of research
in the PRP-based trajectory optimization of Earth-orbiting sailcraft.
Because the proposed model assumes the sail to be nontransmissive,
future work may also focus on further extending the model to
transmissive or refractive materials. In this way, the model could
be applied to a broader range of solar-sail designs, widening its
scope of applicability. Finally, although developed for solar sails, it
should be noted that the optical PRP acceleration model is appli-
cable to any flat surface illuminated by planetary radiation. There-
fore, the model can also be used to compute the PRP acceleration of
spacecraft with arbitrarily complex shape, when the latter is repre-
sented as a set of adjacent flat surfaces and only the faces exposed to
planetary radiation are considered.
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