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Message Passing-Based Sparse Channel Estimation
Under Partially Coherent Wiener Phase Errors

Hamed Masoumi, Student Member, IEEE, and Nitin Jonathan Myers , Member, IEEE

Abstract—Compressive sensing (CS) is key to reduce the over-
head in estimating sparse high dimensional channels at millimeter
wave or terahertz frequencies. The channel measurements in
CS are usually perturbed by random phase errors, commonly
modeled as a Wiener process, at the oscillators. CS algorithms
that ignore such phase errors fail to accurately estimate the
channel. In practice, the phase errors are similar within a
batch of measurements acquired in a short burst and the errors
vary significantly across different batches, resulting in partially
coherent measurements. We develop a message passing-based
channel estimation algorithm that exploits the sparse structure
of the channel together with the Wiener statistics of the phase
errors. To this end, we absorb the phase errors into the sparse
channel, and introduce three hidden variables to model its sup-
port, magnitude, and phase. We derive the message flows between
these variables while incorporating Wiener phase noise statistics.
Finally, we use alternating optimization to decouple the sparse
channel and the phase errors from the vector estimated with our
message-passing technique. Using simulations, we show that the
proposed algorithm achieves better channel reconstruction than
comparable benchmarks.

Index Terms—Phase noise, mm-wave, THz, compressed sens-
ing, belief propagation.

I. INTRODUCTION

COMPRESSIVE sensing (CS) [1] is a tool to recover
sparse vectors from few linear measurements. CS can

potentially reduce the overhead in estimating high-dimensional
spatial channels at millimeter-wave (mmWave) or terahertz
(THz) frequencies [2]. Due to the use of large antenna arrays
at these frequencies, the dimension of the channel can be in
the order of hundreds to hundreds of thousands [3]. Due to
the sparse structure of spatial channels in the angle domain
at mmWave or THz frequencies [2], CS allows for efficient
channel estimation with fewer measurements than traditional
methods, thereby reducing the overhead in link configuration.

The spatial channel measurements in mmWave or THz sys-
tems are acquired sequentially in time. In practice, the phase
of these measurements is perturbed due to phase noise [4].
Phase noise occurs due to random fluctuations in the frequency
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and phase of an oscillator [5]. This noise, more prominent
at higher frequencies [6], [7], significantly alters the received
signal model compared to the standard CS model, which only
accounts for additive noise in the linear measurements. On
the one hand, standard CS algorithms that are agnostic to
phase errors, including those based on message passing [8],
[9], fail when the variance of the phase errors is large. On the
other hand, classical phase noise tracking approaches [10],
[11] do not exploit channel sparsity, making them unsuitable
for mmWave or THz channel estimation.

Prior work [12], [13], [14] addresses the phase noise issue
by considering only the magnitude of the acquired measure-
ments for sparse channel estimation. Recently, it was shown
in [15] that the sparse self-calibration technique from [4] can
be used to jointly estimate the phase errors and the sparse
channel. While these methods are robust to phase noise [4],
[12], [13], [14], they overlook the temporal correlation of
phase errors, which is common in practice [16]. One of
the early works that exploit the temporal correlation in CS
measurements uses an extended Kalman filter to track the
phase variations [17]. The method developed in [17], however,
only estimates a one-sparse approximation of the channel for
single stream beamforming. This motivates the need to develop
techniques that estimate all the sparse entries in the channel.

Recent work in [7], [15], [18], and [19] has exploited the
partially coherent phase error structure in the CS measure-
ments for channel estimation. Under this structure, the phase
errors within short batches of CS measurements are nearly the
same while they change considerably across different batches.
The sparse Bayesian learning-based method in [7] considers
phase errors, but it does not leverage the Wiener structure
in the errors within the recovery algorithm. In [18], a two-
stage partially coherent compressive phase retrieval (PC-CPR)
was proposed to reconstruct the sparse channel from partially
coherent CS measurements. The algorithm is initialized using
the CPR method from [20], and the phase offsets and the
sparse channel are iteratively estimated in a refinement stage.
In [19], expectation-maximization generalized approximate
message passing (EM-GAMP) [21] is used to first obtain a
coarse estimation of the sparse channel, which is subsequently
used to estimate the phase offsets. In [15], phase error-aware
matching pursuit followed by alternating optimization was
developed to recover the sparse channel and the phase errors.
The methods in [7], [15], and [18] assume that the channel is
exactly sparse, which is unrealistic. Further, [15], [18], [19]
assume that the number of non-zero entries in the sparse
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channel is known, which is not practical. To the best of
our knowledge, none of the existing methods exploit Wiener
phase error statistics in partially coherent sparse recovery using
measurements acquired over multiple batches.

We develop a message passing-based sparse recovery algo-
rithm that exploits Wiener statistics of the phase errors in
the channel measurements. In message passing-based methods,
the unknown variables to be solved, i.e., the sparse channel
entries or the phase errors, are represented as nodes in a factor
graph. Information about these variables, such as sparsity or
measurement-based likelihoods, is incorporated as factors. By
iteratively exchanging messages (beliefs) between the factors
and the variables, the marginal distributions of the variables
are computed, which are subsequently used to estimate the
unknowns. In this paper, we factorize the posterior joint
probability density function (PDF) of the phase offsets and the
sparse angle domain channel. Our factorization incorporates
the temporal correlation in the phase-perturbed batches of
CS measurements. Finally, we approximate the messages in
our factor graph to develop a tractable channel estimation
algorithm. Our main contributions are listed below.
• We develop a message passing-based algorithm to esti-

mate a sparse spatial channel from phase-perturbed CS
measurements. To capture the channel’s sparsity in the
angle domain, we define two random variables for each
channel entry: one to model the support and another to
model the magnitude. Additionally, to incorporate the
temporal Wiener phase noise statistics, we introduce a
third random process that models the combined effect of
the channel’s phase and the phase noise.

• We derive approximations for the messages exchanged
between various nodes in our factor graph to enable
a computationally tractable algorithm. To this end, we
model the combination of the angle domain channel
entries and the phase errors as a realization of a Gaussian
mixture. The properties of this mixture are adapted to the
statistics of the phase noise.

• We use alternating optimization to determine the angle
domain channel and the phase-perturbations from our
message passing-based estimate. Finally, we show by
simulations that our algorithm achieves a lower channel
reconstruction error than comparable benchmarks.

In our recent work [22], we developed a multiple measure-
ment vector (MMV) AMP-based approach for sparse channel
estimation from partially coherent measurements. While the
idea of absorbing phase errors into the channel to form a
collection of correlated channels was introduced in [22], the
method in [22] leveraged only the shared support structure
across this collection. In contrast, this paper not only exploits
the common support structure but also incorporates the Wiener
phase noise statistics and the shared magnitude structure across
the collection. To achieve this, we develop a new message-
passing algorithm distinct from the conventional MMV-AMP
that exploits only the common support.

Notation: We use a, a, and A to represent a scalar,
vector, and matrix, respectively. The transpose and conjugate-
transpose operators are indicated by (·)T and (·)∗. The ith

column of A is a[i], a[i] is the ith entry of a, and A(i, j) is

Fig. 1. A wireless system with a UPA at the TX in (a) and the frame structure
for acquiring partially coherent channel measurements in (b). The phase error
within each batch is assumed to be constant.

the (i, j)th entry of A. The Frobenius norm of A is ‖A‖F.
| · | and ∠· give the element-wise magnitude and phase of
a vector or matrix. For an integer N, [N ] = 1, . . . , N , and
bac is the floor of a. The vectorization of A, denoted by
vec(A), is formed by stacking its columns. ⊗ denotes the
Kronecker product. The inner product of matrices A and B
is 〈A,B〉 =

∑
i,j A(i, j)B∗(i, j). We use x for a random

variable and x for its realization, with p(x) as the PDF of x
evaluated at x. The complex Gaussian PDF CN (x; a, b) has
mean a and variance b. Lastly, RN×1

+ is the set of N × 1
vectors with non-negative real entries, and j =

√
−1.

II. CHANNEL AND SYSTEM MODEL

In this section, we consider a point-to-point narrowband
multiple-input single-output (MISO) system and discuss the
partially coherent measurement model used for channel esti-
mation. Extending our work to a multi-user scenario is beyond
the scope of this paper, and we leave it for future work.

A. Channel Model

We consider an N × N half-wavelength spaced uniform
planar array (UPA) at the transmitter (TX) and a single antenna
receiver (RX) as shown in Fig. 1(a). The N2 dimensional
narrowband MISO channel between the TX and RX is mod-
eled as an N × N matrix H. Let L denote the propagation
rays in the environment with the `th ray having a complex
gain of ζ`, an azimuth angle-of-departure (AoD) ϑa,` and
an elevation AoD ϑe,`. By defining the beamspace angles as
ωa,` = π sinϑe,` sinϑa,`, ωe,` = π sinϑe,` cosϑa,` [23] and
the N × 1 Vandermonde vector aN (ω) as

aN (ω) =
[
1, ejω, ej2ω, · · · , ej(N−1)ω

]T
, (1)

the baseband channel matrix H is given by

H =

L∑
`=1

ζ`aN (ωe,`) aT
N (ωa,`) . (2)
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For typical mmWave or THz access points, the channel dimen-
sion N2 can be in the order of hundreds to thousands.

High scattering at mmWave and THz carrier frequencies
results in an approximately sparse channel in the angle domain
[2]. By transforming H into the beamspace (angle domain), we
can exploit this sparse structure in channel estimation. Since
we assume a UPA at the TX, the 2D-Discrete Fourier Trans-
form (DFT) of H is used for the beamspace representation.
Let UN denote the standard N ×N unitary DFT matrix and
X denote the beamspace representation of H. Then, X and H
are related as

H = UNXUN , (3)

where X is approximately sparse. The channel H is unknown
and the goal of this paper is to estimate H from its phase
perturbed measurements acquired at the RX. To acquire one
scalar-valued channel measurement y[m], the TX applies a
beam training matrix to its array as shown in Fig. 1(a).

B. Frame Structure for Acquiring Measurements

We use Fig. 1(b) to explain the frame structure for acquiring
measurements to estimate the channel. Our frame structure
contains B training batches, and is similar to the structure
in IEEE 802.11ad/ay [24], [25]. Each batch consists of a
synchronization field and a training field to obtain channel
measurements. We define ∆sf as the duration of the synchro-
nization field and ∆bf as the time needed to acquire one
channel measurement within a batch. In the IEEE 802.11ad
standard, ∆sf is several µs while ∆bf is in the order of tens of
ns [26, Chapter 20]. We use M to denote the number of distinct
beamformers applied in each training batch, equivalently the
RX acquires M channel measurements per batch.

We assume a block fading channel that remains constant
over B training batches, which is reasonable when the channel
coherence time is sufficiently long. For example, in a 60 GHz
indoor environment, the coherence time is approximately 1 ms
[27], significantly exceeding the training batch duration of
about 44 µs with the IEEE 802.11ad/ay standards [15]. We
use Pb[m] ∈ CN×N to denote the beamformer applied at
the TX to obtain the mth spatial channel measurement in
batch b. This measurement is acquired at the RX and is
denoted by yb[m]. The measurements at the RX are perturbed
by random phase noise, which is commonly modeled as
a Wiener process [10]. Such a process is described using
L (fm), the power spectral density of the phase noise process
at an offset fm from the carrier frequency fc [16], i.e.,
L(fm) = 10 log10

(
f2

c c/
(
π2f4

c c
2 + f2

m

))
dBc/Hz. The phase

noise parameter c is an oscillator-dependent constant. We
assume that this parameter does not change with time [16]
as also considered in [7], [15], and [17]. An oscillator with a
small L(fm) results in phase errors with low variance.

For a Wiener process, the difference in phase errors is
Gaussian with a variance that is directly proportional to the
time interval between the sampling instants [16]. As a result,
the phase error variations within a batch are smaller when
compared to the variation across different batches. To develop
our algorithm, we ignore phase error variations within a batch
and model only the variations across different batches, while

Fig. 2. A realization of the phase noise process and its approximation for
fc = 60 GHz, B = 4 batches, M = 20 measurements per batch, and phase
noise power spectral density L(fm) = −101.7 dBc/Hz at fm = 1 MHz
[28]. Here, ∆sf = 44µs and ∆bf = 128 ns [15].

our simulations employ realistic phase errors that also vary
within a batch. Under this assumption, we use φb to model
the phase error in all the measurements acquired in batch b.
We define σ2

pn = 4π2f2
c c∆ as the variance of the phase error

differences, where ∆ is the time duration of a batch. For a
Wiener process, φb|φb−1 ∼ N

(
φb−1, σ

2
pn

)
. As a reference,

we assume that the initial phase φ1 = 0. In Fig. 2, we show
the actual phase noise and the φbs for a particular realization.
The mth channel measurement acquired in batch b is

yb[m] = ejφb 〈H,Pb[m]〉+ wb[m], m ∈ [M ], (4)

where wb[m] ∼ CN (0, σ2) is additive Gaussian noise. In this
paper, the MB phase-perturbed measurements in (4), acquired
over B batches, are used to estimate the channel H.

Now, we discuss the partially coherent CS formulation [18]
of the spatial measurements in (4), to exploit sparsity of
the channel in the beamspace. We use Ab ∈ CM×N2

to
denote the CS matrix associated with the M spatial measure-
ments in (4) acquired in batch b. The mth row of Ab is
vec (P∗b [m])

T
(UN ⊗UN ) [29], which depends on the beam

training matrix Pb[m] applied at the TX. We define yb as
the vector of M measurements {yb[m]}Mm=1 acquired in the
bth batch, and wb as the additive measurement noise vector
containing {wb[m]}Mm=1. The vector version of the sparse
beamspace X is denoted by the N2-dimension vector x, i.e.,
x = vec (X). Using〈H,Pb[m]〉=Ab(m, :)x [29] in (4) yields

yb = ejφbAbx + wb. (5)

The phase errors {φb}Bb=2 and the sparse vector x are unknown
and have to be estimated using the acquired measurements
{yb}Bb=1 and the known CS matrices {Ab}Bb=1. It is also
known that φb|φb−1 ∼ N

(
φb−1, σ

2
pn

)
.

III. OVERVIEW OF OUR MESSAGE PASSING-BASED
PARTIALLY COHERENT SPARSE RECOVERY ALGORITHM

As estimating φbs and x from the non-linear model in
(5) is challenging, we first absorb the phase errors into the

Authorized licensed use limited to: TU Delft Library. Downloaded on January 21,2026 at 13:53:30 UTC from IEEE Xplore.  Restrictions apply. 



MASOUMI AND MYERS: MESSAGE PASSING-BASED SPARSE CHANNEL ESTIMATION 3931

sparse vector to create B auxiliary vectors, each with the
same dimension as x. We then reformulate (5) as linear
measurements of these auxiliary vectors. We show that these
vectors are correlated, i.e., they share the same support and
differ only by phase, which follows Wiener statistics. Our
message-passing method leverages this correlation, sparsity in
the beamspace, and the measurements in (5) to estimate x.

A. Sparse Prior and Correlated Structure of Auxiliary
Vectors

A common sparsity-promoting prior is the Bernoulli-
Gaussian (BG) PDF [30], [31], which was used to model
sparse channels in [32]. Similar to [32], we model x as a
realization of a random vector x that follows a BG prior.
Specifically, x has independent and identically distributed
(IID) entries which are zero with probability 1 − λ, i.e.,
Pr{x[n] = 0} = 1 − λ∀n ∈ [N2], and follow a Gaussian
distribution otherwise. We consider a zero-mean complex
Gaussian distribution with the same variance µ to write the
BG prior as

p (x[n]) = (1− λ)δ(x[n]) + λCN (x[n]; 0, µ) , (6)

where δ(·) is the Dirac delta function.
In our method, we absorb the phase error terms {ejφb}Bb=1

into the sparse vector x to construct the auxiliary vectors

zb = ejφbx, ∀b ∈ [B]. (7)

As zb is just a scalar multiple of x, zb is sparse when x is
sparse. Let Sx denote the support of x, i.e., Sx , {n : x[n] 6=
0}, and Szb

denote the support of zb. From (7), we observe
that zb has the same support as x for each b, i.e., Sz1 = Sz2 =
· · · = SzB

= Sx. In addition, the entry-wise magnitudes of
x and zb are equal, i.e., |z1| = |z2| = · · · = |zB | = |x|.
Furthermore, zb and zb−1 differ only by a phase error which
follows the Wiener statistics. Using (7), the measurements in
(5) can be rewritten as

yb = Abzb + wb, ∀b ∈ [B]. (8)

Our goal is to develop an algorithm to first estimate {zb}Bb=1

from (8) while exploiting the correlation within this collection.
Then, we use set of equations in (7) to recover x from {ẑb}Bb=1.

We discuss two methods to reconstruct the auxiliary vectors
{zb}Bb=1 from (8). The first method exploits sparsity and the
common support across the auxiliary vectors, ignoring the
shared magnitude and the Wiener statistics due to phase noise.
We refer to this method as Proposed SuppOnly, which is
solved using the MMV-AMP algorithm [33]. For more details
on our this approach, we refer the reader to our conference
version [22]. The emphasis of this paper is on our second
method, which not only exploits sparsity and the shared
support in {zb}Bb=1 but also leverages the common magnitude
structure and the Wiener phase noise statistics in {zb}Bb=1.

In our message passing-based method, we model zb as a
realization of a random vector zb. The support, magnitude,
and the phase of zb[n] are modeled using random variables
s[n] ∈ {0, 1}, r[n] ∈ R+, and Θb[n] ∈ R to express zb[n] as

zb[n] = s[n]r[n]ejΘb[n]. (9)

Equivalently, (9) can be expressed as

p(zb[n]|s[n], r[n], θb[n])=

{
δ(zb[n]− r[n]ejθb[n]),if s[n] = 1

δ(zb[n]) , if s[n] = 0,

(10)

where θb[n] is a realization of Θb[n]. From (10), we observe
that zb[n] = 0 when s[n] = 0, thereby aiding sparse priors. As
zb[n] has the same support as xb[n], it follows from the BG
prior on xb[n] in (6) that [30], [31]

p (s[n]) = λs[n] (1− λ)
1−s[n]

, s[n] ∈ {0, 1}. (11)

To determine the prior on r[n], we first observe that |zb[n]| =
|x[n]| from (7). Next, it follows from [34, Appendix 5.B]
that the magnitude of a random variable distributed as
CN (x[n]; 0, µ) has a Rayleigh distribution with parameter√
µ/2. Therefore, the PDF of r[n] is

p (r[n]) = Rayleigh
(
r[n];

√
µ/2

)
. (12)

To find the prior on Θb[n] = ∠zb[n], we observe from (7)
that ∠zb[n] = ∠x[n] + ϕb, where ϕb models the realization
φb. Since the non-zero entries of x are IID according to
CN (x[n]; 0, µ), their phases {∠x[n]}N2

n=1 have IID uniform
distribution U([−π, π)). As we assume φ1 = 0, we have
∠z1 = ∠x from (7). Further, {∠zb}Bb=1 can be modeled as
a new Wiener process with ∠z1 ∼ U

(
[−π, π)N

2
)

, i.e.,

∠zb = ∠zb−1 + 1N2Φb, (13)

where 1N2 is a vector of ones and Φb ∼ N
(
0, σ2

pn

)
. We

observe from (7) that the same phase error is introduced in all
entries of zb. Therefore, the phase noise innovation N

(
0, σ2

pn

)
is same for all the elements of zb in (13).

Incorporating a common phase noise innovation across all
the elements of zb is challenging as it leads to numerous
loops in the corresponding factor graph. To aid a tractable
message passing method, our model assumes that the phase
error innovations within zb are independent, i.e.,

Θb[n] = ∠zb[n] = ∠zb−1[n] + Φb[n], (14)

where Φb[n] are IID as N
(
0, σ2

pn

)
. Therefore, (14) is a

relaxation of the true model in (13). Under this approximation,

p
(
θb[n]

∣∣∣θb−1[n]
)

= N
(
θb[n]; θb−1[n], σ2

pn

)
, (15)

where θ1[n] ∼ U([−π, π)). Note that our message passing-
based method to estimate the auxiliary vectors does not exploit
the property that the true θb[n] is invariant with n. Our alter-
nating optimization technique in Sec. IV, however, leverages
this property to recover x from the estimates {ẑb}Bb=1.

As the supports of {zb}Bb=1 are modeled by a single random
vector s and their magnitudes are modeled by a single random
vector r, our method inherently incorporates the shared support
and magnitude structure. The Wiener phase noise statistics
is incorporated using (13), with the limitation that the phase
errors within each batch are assumed to be IID.
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Fig. 3. The factor graph corresponding to the factorization of the posterior joint PDF in (16). Figure (b) shows the details of subgraph n in the factor graph.
In this paper, the MMSE estimate of {zb}Bb=1 given the measurements {yb}Bb=1 is computed, which is subsequently used to estimate x. Our factor graph
incorporates sparsity, shared support and magnitude structure, and Wiener phase noise statistics. The explicit form of the factors in our graph are listed in
Table I.

TABLE I
FACTORS OF THE JOINT PDF IN (16)

B. Factor Graph and Message Scheduling

We use the posterior joint PDF of {zb}Bb=1, s, r and {Θb}Bb=1

to develop our algorithm for estimating {zb}Bb=1. By using the
Bayes’ rule and the dependencies between {zb}Bb=1, s, r and
{Θb}Bb=1, we factorize the joint PDF as

p
(
{zb}Bb=1, s, r, {θb}Bb=1

∣∣∣{yb}Bb=1

)
∝

B∏
b=1

(
M∏
m=1

p
(
yb[m]

∣∣∣zb) N∏
n=1

p
(

zb[n]
∣∣∣s[n], r[n], θb[n]

)
p
(
θb[n]

∣∣∣θb−1[n]
)) N∏

n=1

p (s[n])

N∏
n=1

p (r[n]) , (16)

where ∝ denotes equality up to a constant scale factor, and
p
(
θ1[n]

∣∣∣θ0[n]
)

= p (θ1[n]). See Table I for the factors in (16).
The dependencies among different variables in (16) is

represented by a factor graph shown in Fig. 3. The factor
graph contains two types of nodes: factor nodes shown as

rectangles and variable nodes shown as circles. Each factor
node represents a factor in (16) and is connected to the
variable nodes corresponding to its arguments. The explicit
form of all the factors in our graph are listed in Table I.
Our factor graph, shown in Fig. 3 comprises B planes, where
each plane corresponds to a measurement batch in (8). The
connections between different planes indicate the correlations
across {zb}Bb=1, which follow from (9) and (14). For example,
the nth factor nodes {fb[n]}Bb=1 in all planes are connected
through r[n] and s[n] in Fig. 3(b). This is because {zb[n]}Bb=1

have the same magnitude, i.e., r[n], and are all jointly non-
zero when s[n] = 1. The evolution of the phase noise
process across different batches is modeled by inter-plane
connections through variable nodes {Θb[n]}Bb=1 using the
factors {qb[n]}Bb=1. The qb[n]s, shown in Fig. 3(b), incorporate
Wiener phase noise statistics from (15).

Our method aims to find the minimum mean squared
error (MMSE) estimate of {zb}Bb=1 given the measurements
{yb}Bb=1, using the factor graph in Fig. 3. To this end,
the marginal posteriors p

(
zb[n]

∣∣∣{yb}Bb=1

)
are first estimated

using the sum-product algorithm [35]. The means of these
posteriors then yield the MMSE estimates. In each iteration of
the sum-product algorithm, nodes in the factor graph exchange
messages, also known as beliefs, which represent probability
densities. There are two types of message flows: those sent
from variables to neighboring factors, and those sent from
factors to neighboring variables. A belief exchanged from a
factor to a variable represents the probability distribution of
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Fig. 4. Four sections of the factor graph illustrating the four key steps of
the serial message schedule. It shows only the messages involved for nodes
indexed by n ∈ [N2] and the nodes within plane b ∈ [B].

the variable, as perceived from the factor’s perspective. In
contrast, the belief sent from a variable to a factor represents
the variable’s perception of its own probability distribution,
informed by all the factor nodes it is connected to—except for
the one it is messaging. In the sum-product algorithm [35], a
message from a variable to a factor is obtained by multiplying
all incoming messages from the other neighboring factors. A
message from a factor to a variable is calculated by summing
(or integrating) the product of all incoming messages over all
variables, except for the one to which the message is sent.

Our algorithm propagates messages on a plane-by-plane
basis to exploit the Wiener structure in the phase errors. In the
first plane (b = 1) of Fig. 3, the linear regression problem in
(8) is solved with a sparse prior on zb. This “intra-plane” step
is solved using the standard AMP [9], which approximates the
messages from a factor node gb[m] to a variable node zb[n]
as Gaussian PDF. This approximation is possible because the
factor node gb[m] depends on zb[n] through the linear mix
aT
b [m]zb where the elements of aT

b [m] have approximately
similar norm [9]. After the intra-plane step converges, the
marginal posterior of z1[n] is estimated for each n. This
posterior provides side-information about the support and the
magnitude of z2[n], a variable to be solved in the next plane
(b = 2). The Wiener phase noise statistic, combined with the
posterior, provides side-information on the phase of z2[n]. The
“out-of-plane” step in our algorithm derives side-information
from a plane, while the “inter-plane” step propagates this
information to the next plane. In Fig. 4, the out-of-plane step
shows f1[n] sending beliefs about the support s[n], magnitude
r[n], and phase Θ1[n], informed by the message from z1[n].
The support and magnitude messages are directly propagated
to the next plane, while the Wiener statistics is used to
compute the belief about Θ2[n]. Finally, the “into-plane” step
propagates the support, magnitude, and phase side-information
to the next plane. This information is used as a prior to solve
for the posterior of z2 in (8) using the AMP. The procedure is
continued until an estimate of the marginal posterior PDF for
zB [n] in the last plane, i.e., plane B, is obtained. Because the
messages are passed in the direction of the increasing plane
index b, we refer to this process as the forward message flow.

Algorithm 1 Alternating Algorithm to Solve (17)
Input: {ẑb}Bb=1, Maximum number of iterations Tmax.

Initialization:i = 1, x̂(1) = ẑ1.
For i = 1, · · · , Tmax do:

1. φ̂
(i)

= −∠Ẑ∗x̂(i). Note: ∠c returns the angle of c
2. x̂(i+1) = 1

B Ẑe−jφ̂(i)

.
End For
Output:x̂ = x̂(Tmax).

The forward flow can sequentially update the channel estimate
with each new measurement batch.

When the measurements from all the B batches are avail-
able for channel estimation, backward message flows can
also be performed in addition to the forward message flows
[30]. The backward flow propagates side-information from
plane b + 1 to plane b, i.e., measurements in the b + 1th

batch are used to derive priors needed to solve for zb[n].
After multiple forward-backward message flows, the marginal
posterior p(zb[n]

∣∣{yb}Bb=1) is estimated by exploiting mea-
surements from all the batches. The mean of these posteriors
gives the auxiliary vector estimates {ẑb}Bb=1. To estimate
x from these vectors, we stack {ẑb}Bb=1 in an N2 × B

matrix Ẑ = [ẑ1, . . . , ẑB ]. We define φ = [φ1, . . . , φB ]
T,

ejφ =
[
ejφ1 , . . . , ejφB

]T
and Z = [z1, . . . , zB ]. From (7), we

observe that Z is a rank one matrix as Z = xejφT

. Hence, we
find a rank-one matrix of the form xejφT

that is closest to Ẑ
in terms of the Frobenius norm distance, i.e.,

{x̂, φ̂} = argmin
{x,φ}

‖Ẑ− xejφT

‖F, (17)

where x̂ is our estimate for the sparse channel x. To solve (17),
we develop an alternating approach outlined in Algorithm 1.

IV. MESSAGES IN THE PROPOSED ALGORITHM

In this section, we derive the messages exchanged between
the nodes within the factor graph in Fig. 3. While we primarily
focus on forward message flows, the backward flows can be
derived through a similar procedure.

We use νi→j to denote the message sent from node i to node
j. Examples of these directional message flows are shown in
Fig. 4. Note that the message exchanged between the factor
fb[n] and the support variable s[n] is a Bernoulli probability
mass function (PMF), e.g., νfb[n]→s[n] = (~πb[n], 1 − ~πb[n])
where ~πb[n] is the belief that s[n] is 1. For ease of notation, we
denote this Bernoulli PMF as νfb[n]→s[n] = ~πb[n]. Similarly,
νs[n]→fb[n] = ←−π b[n]. We use λ = νh[n]→s[n] to denote the
Bernoulli PMF sent from the factor h[n] to the variable s[n].
Finally, as d[n] itself is the belief about the magnitude r[n],
we write d[n] = νd[n]→r[n].

A. Messages Exchanged With the Amp Subgraph

The forward pass in our algorithm begins with the into-plane
step for b = 1. As no side-information is available for b = 1,
←−π 1[n] = h[n], νr[n]→f1[n] = d[n], and νΘ1[n]→f1[n] = q1[n].
These distributions, listed in Table I, are based on the param-
eters λ and µ, which can either be estimated from a dataset
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or learned using the expectation maximization algorithm [36].
Since, h[n] is a Bernoulli PMF, d[n] is a Rayleigh PDF and
q1[n] is a uniform PDF over [−π, π), it follows from (9) that
into-plane message νf1[n]→z1[n] is the BG prior

νf1[n]→z1[n] = (1− λ)δ(z1[n]) + λCN (z1[n]; 0, µ) , (18)

for each n. These into-plane messages provide beliefs on
{z1[n]}N2

n=1, which are used in the intra-plane step for b = 1.
The intra-plane step in plane b performs standard AMP

using the into-plane beliefs and the measurement-based likeli-
hoods, i.e., the gb[m]s. As the CS matrix Ab is usually dense,
the factor graph in plane b has several cycles, which require
computing multi-dimensional integrals with the sum-product
algorithm. To circumvent this high-complexity integration,
AMP approximates νgb[m]→zb[n] as a Gaussian, by using the
central limit theorem and the Taylor series expansion [9].
For the exact messages exchanged between {gb[m]}Mm=1 and
zb[n], we refer the reader to [9]. To apply the AMP, the
message νfb[n]→zb[n] is treated as a prior on zb[n] for each
n. For instance, these messages are the BG prior in (18) for
b = 1. After AMP iterations, the local posterior of zb[n]
based only on batch b measurements can be obtained. We
use eb[n] to denote the mean and cb[n] to denote the variance
of this posterior. At the end of intra-plane AMP iterations, the
messages {νzb[n]→fb[n]}N

2

n=1 given by

νzb[n]→fb[n] = CN (zb[n]; eb[n], cb[n]) , (19)

are used to perform the out-of-plane step. Towards the end of
this section, we derive the messages νfb[n]→zb[n] for b ≥ 2.
These messages are deferred to a later point, as they depend
on messages involving the phase variables.

B. Messages With the Magnitude Variables

In the out-of-plane step, the beliefs on s[n]s, r[n]s, and
Θb[n]s are updated using the posteriors in (19) from plane b.
By the sum-product algorithm, νfb[n]→r[n] is derived by first
computing the product of νs[n]→fb[n], the posterior from (19)
and νΘb[n]→fb[n]. This product is then integrated over s[n] and
Θb[n] to write

νfb[n]→r[n] =(1−←−π b[n]) CN (0; eb[n], cb[n])

+←−π b[n]

∫
θ[n]

νΘb[n]→fb[n]CN
(
r[n]ejθb[n]; eb[n], cb[n]

)
.

(20)

The first term in (20), corresponding to s[n] = 0, is constant
with respect to the variable r[n] and this constant makes
νfb[n]→r[n] an improper distribution which does not integrate
to 1 [33]. To address this issue, we use the idea from [33] that
considers s[n] ∈ {ε, 1} in the limit ε→ 0, and define

Ω (←−π b[n]) =
ε2←−π b[n]

(1−←−π b[n]) + ε2←−π b[n]
. (21)

For a small ε, the message νfb[n]→r[n] in (20) is modified to

ν̄fb[n]→r[n]

=(1− Ω(←−π b[n]))

∫
θb[n]

νΘb[n]→fb[n]CN
(
r[n]ejθb[n];

1

ε
eb[n],

1

ε2
cb[n]

)

+ Ω(←−π b[n])

∫
Θb[n]

νΘb[n]→fb[n]CN (r[n]ejθb[n]; eb[n], cb[n]),

(22)

which can be shown to be a proper distribution. To obtain
a closed form expression for (22), we set νΘb[n]→fb[n] to a
uniform distribution over [−π, π). The uniform prior on Θb[n]
is exact for b = 1, as indicated in Table I. For b > 1, however,
the prior on Θb[n] may not be uniform over [−π, π) due to
the Wiener phase statistics. While the true prior on Θb[n] is
used to compute beliefs on the phase variables, we assume that
Θb[n] is uniform over [−π, π) to compute the belief in (22).
This assumption, although a limitation for b > 1, is made to
obtain a closed form expression for (22).

The closed form expression for ν̄fb[n]→r[n], which approxi-
mates νfb[n]→r[n], is given in (48) of Section A. This message
ν̄fb[n]→r[n], derived under the assumption that νΘb[n]→fb[n] =
1/2π, includes the modified Bessel function and propagating
such a message is computationally expensive [30], [31]. To
tackle this challenge, we approximate ν̄fb[n]→r[n] as a Gaussian
PDF, which can be fully characterized by its mean and
variance. We define %b[n] = |eb[n]|2 /2cb[n], tb[n] as the mean
of ν̄fb[n]→r[n] and vb[n] as its variance. The expressions for
tb[n] and vb[n], derived in Section A, are

tb[n] =

√
cb[n]/π

ε(1− Ω (←−π b[n])) + Ω (←−π b[n])
× exp(%b[n])

I0(%b[n])
, (23)

vb[n] =
ε−1(1− Ω (←−π b[n])) + Ω (←−π b[n])

ε(1− Ω (←−π b[n])) + Ω (←−π b[n])
× cb[n]

2

×
(

1 + 2%b[n]

(
1 +

I1 (%b[n])

I0 (%b[n])

))
− t2b [n]. (24)

In summary, we assumed that νΘb[n]→fb[n] = 1/2π to approx-
imate the out-of-plane message νfb[n]→r[n] as

νfb[n]→r[n] ∝ N (r[n]; tb[n], vb[n]) . (25)

We make use of (25) to compute the into-plane message
νr[n]→fb[n] for b > 1. Using the sum-product rule, we can
write from the factor graph in Fig. 3 that

νr[n]→fb[n] = p(r[n])

b−1∏
`=1

νfb[n]→r[n]. (26)

Substituting (25) and the Rayleigh PDF d[n] = p(r[n]) from
Table I in (26), we can write

νr[n]→fb[n] ∝ r[n]N (r[n]; ηb[n], γb[n]) , ∀r[n] ∈ R+, (27)

where

ηb[n] =

∑b−1
`=1

t`[n]
v`[n]

2
µ +

∑b−1
`=1

1
v`[n]

, γb[n] =
1

2
µ +

∑b−1
`=1

1
v`[n]

. (28)

The simplification in (27) follows from the fact that the
product of b − 1 Gaussian PDFs is also Gaussian and that
the Rayleigh PDF p(r[n]) from Table I can be rewritten as
p(r[n]) = 2

√
π/µr[n]N (r[n]; 0, µ/2) where r[n] ∈ R+.
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C. Messages With the Support Variables

Next, we derive the out-of-plane message νfb[n]→s[n]. By
the sum-product rule,

νfb[n]→s[n] =

∫
zb[n]

∫
r[n]

∫
θb[n]

fb[n]νzb[n]→fb[n]νr[n]→fb[n]νΘb[n]→fb[n].

(29)
For the Bernoulli PMF νfb[n]→s[n], the belief that s[n] = 1 is

~πb[n] =
[νfb[n]→s[n]]s[n]=1

[νfb[n]→s[n]]s[n]=1 + [νfb[n]→s[n]]s[n]=0
. (30)

To compute ~πb[n], we derive νfb[n]→s[n] under the assumption
that νΘb[n]→fb[n] = 1/2π. The same assumption was made to
approximate ν̄fb[n]→r[n]. To obtain a closed-form expression
for νfb[n]→s[n], we use a Rice distributed [37] approximation
of νr[n]→fb[n] in (27) with parameters ρb[n], τb[n], i.e.,

Rice (r[n]; ρb[n], τb[n]) =
r[n]

τb[n]
exp

(
−r

2[n] + ρ2
b [n]

2τb[n]

)
× I0

(
ρb[n]

τb[n]
r[n]

)
, (31)

with the same mean and variance as νr[n]→fb[n]. The Rice
distribution is a reasonable choice as the non-zero entries of
x have a complex Gaussian distribution. The parameters ρb[n]
and τb[n] can be computed from νr[n]→fb[n] in (27), using the
RiceFit function in MATLAB [38]. The inputs of this function
are the mean and the variance of νr[n]→fb[n], given by (61)
and (62), in Section B. Finally, we define τ̄b[n] = (2τb[n] +
cb[n])/2 and approximate the probability in (30) as

~πb[n] ≈ Rice(|eb[n]|; ρb[n], τ̄b[n])
2|eb[n]|
cb[n] exp

(
− |eb[n]|2

cb[n]

)
+ Rice(|eb[n]|; ρb[n], τ̄b[n])

.

(32)
The derivation of (32) can be found in Section B.

Next, we compute νs[n]→fb[n] for b > 1. By the sum-product
rule, the probability associated with this Bernoulli PMF is

←−π b[n] =
λ
∏b−1
`=1 ~π`[n]

(1− λ)
∏b−1
`=1 (1− ~π`[n]) + λ

∏b−1
`=1 ~π`[n]

, (33)

where the probability derived in (32) is used for ~π`[n].

D. Messages With the Phase Variables

: We now derive νfb[n]→Θb[n] and νΘb[n]→qb+1[n]. To obtain
a tractable approximation for these messages, we assume that
the phase of the intra-plane AMP estimate of zb[n] is free
from errors. Under this assumption, the intra-plane estimate
of zb[n] has a phase equal to that of its mean in (19), i.e.,
∠eb[n]. Specifically,

νfb[n]→Θb[n] = δ (θb[n]− ∠eb[n]) . (34)

Due to the Dirac-delta PDF in (34), the inter-plane message
νΘb[n]→qb+1[n] = νfb[n]→Θb[n]νqb[n]→Θb[n] is also a Dirac
impulse, i.e., νΘb[n]→qb+1[n]∝ δ(θb[n]−∠eb[n]). The message
νqb+1[n]→Θb+1[n] forwarded to the b+ 1th plane is then

νqb+1[n]→Θb+1[n] =

∫
θb[n]

qb+1[n]νΘb[n]→qb+1[n]

Fig. 5. In the forward pass, solving for auxiliary vector entries up to plane
b provides side information (belief) on the entry in plane b. We approximate
this belief, denoted by νfb[n]→zb[n], as a Bernoulli-Gaussian mixture, both
of which are shown in (a). We assume that the Gaussian mixture components
have the same variance ξb[n], and that their means have the same magnitude
denoted by the dots in (b).

∝ N
(
θb+1[n];ϕb+1[n], σ2

pn

)
. (35)

where ϕb+1[n] = ∠eb[n]. For b > 1, we observe from Fig. 4
that the variable Θb[n] connects the factors qb[n] and fb[n] in
the forward pass. Therefore, νΘb[n]→fb[n] = νqb[n]→Θb[n], i.e.,

νΘb[n]→fb[n] ∝ N (θb[n];ϕb[n], σ2
pn). (36)

E. Into-Plane Message

νfb[n]→zb[n]: For the first plane b = 1, the message
νfb[n]→zb[n] is simply the BG prior in (18) which enforces
sparsity. The belief on zb[n] in the subsequent planes (b ≥ 2)
could incorporate more information than a simple BG prior.
This additional information is due to the statistics of the
support, magnitude, and phase learned from all preceding
planes in the forward pass.

The message νfb[n]→zb[n] is computed by first evaluating
the product fb[n]νΘb[n]→fb[n]νs[n]→fb[n]νr[n]→fb[n], where the
individual terms are listed in (36), (33) and (27). Then, the
product is integrated over r[n], s[n], and Θb[n] to arrive at
νfb[n]→zb[n]. As this integration is challenging, we approximate
it as a Bernoulli-Gaussian Mixture (BGM) distribution. Such
an assumption aids computationally tractable messages for
subsequent planes. An example of the true νfb[n]→zb[n] and
our BGM approximation is shown in Fig. 5(a). This belief,
originating from the preceding plane, comprises non-zero
probabilities concentrated on an annular segment as illustrated
in Fig. 5(a). The radius of this segment is governed by
the magnitude prior on z2[1], while its angular spread is
determined by the uncertainty in z1[1] as well as the variance
of the incremental phase error due to the Wiener process.

Our BGM approximation of νfb[n]→zb[n] uniformly spaces
the Gaussians on the annular segment shown in Fig. 5(a). We
assume that the means of the complex Gaussians in our BGM
are of the form

βb,k[n] = β̄b[n]ej∠βb,k[n], (37)

to achieve a non-zero probability density over the annular
segment. In (37), we use β̄b[n] to denote the magnitude of
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βb,k[n]. The magnitude of means, i.e., β̄b[n], is the same for
all Gaussian components in our BGM. We set

β̄b[n] = mean
(
νr[n]→fb[n]

)
, (38)

and its expression is derived in (61). We assume the same
variance of ξb[n] for all Gaussian components in our BGM. We
use Kb[n] to denote the number of complex Gaussians in our
BGM approximation and assume that Kb[n] is odd. The weight
of the kth GM component is denoted by ωb,k[n] ∈ [0, 1], with∑Kb[n]
k=1 ωb,k[n] = 1. Our BGM approximation takes the form

νfb[n]→zb[n] ≈ (1−←−π b[n])δ(zb[n])

+←−π b[n]

Kb[n]∑
k=1

ωb,k[n]CN (zb[n];βb,k[n], ξb[n]) .

(39)

The parameters in our BGM, i.e., the ωb,k[n]s, Kb[n], and
ξb[n] are learned from the true νfb[n]→zb[n].

Next, we observe that the Gaussian mixture in (39)
approximates[
νfb[n]→zb[n]

]
s[n]6=0

=←−π b[n]

∫∫
r[n]θb[n]

δ(zb[n]− r[n]ejθb[n])νr[n]→fb[n]

× νΘb[n]→fb[n]. (40)

From (40), (27) and (36), it can be seen that[
νfb[n]→zb[n]

]
s[n]6=0

is exactly zero at zb[n] = 0. To make
sure that the mixture in (39) is nearly zero at zb[n] = 0, the
variance ξb[n] is chosen such that the means, i.e., βb,k[n]s, are
at least 2

√
ξb[n]/2 away from zb[n] = 0. Also, the variance

ξb[n] should be large enough to encompass the annular region
with a limited number of Gaussian mixture components, with
this limit imposed for computational tractability. We use

ξb[n] = 2 min


(

mean
(
νr[n]→fb[n]

)
2

)2

, var
(
νr[n]→fb[n]

) ,

(41)
where var

(
νr[n]→fb[n]

)
, derived in (62), is the variance of

the true belief νr[n]→fb[n]. When ξb[n] from (41) is small,
a substantial number of GM components may be needed to
encompass the annular region. To avoid the high computational
complexity in such a case, we use max{ξb[n],Ξb[n]} as the
variance of the GM components in our approximation. Here,
Ξb[n] is chosen to make sure that Kb[n] is smaller than 60.

The phase values of βb,k[n]s are symmetrically placed
around βb,(Kb[n]+1)/2[n], which is set to the mean of
νΘb[n]→zb[n], i.e., ∠βb,(Kb[n]+1)/2[n] = ϕb[n]. When σ2

pn ≤
ξb[n], we use just Kb[n] = 1 complex Gaussian component to
cover the annular region. When σ2

pn>ξb[n], the number of GM
components Kb[n] are chosen such that the Euclidean distance
between any two neighboring βb,k[n]s is at least 2

√
ξb[n]/2

as shown in Fig. 5(b). To satisfy this condition, we set

Kb[n] = 2

π − sin−1

(√
ξb[n]/2

β̄b[n]

)
2 sin−1

(√
ξb[n]/2

β̄b[n]

)
+ 1 and, (42)

∠βb,k[n] = ϕb[n]

+

(
Kb[n] + 1

2
− k
) 2π − 2 sin−1

(√
ξb[n]/2

β̄b[n]

)
Kb[n]− 1

.

(43)

The derivations of (42) and (43) are provided in C.
Now, we explain how we determine the weights ωb,k[n]s

that scale the GM components in (39). As seen from Fig. 5(a),
the probability mass in the annular region tapers off around
the central angle, due to Gaussian statistics of the phase error
innovations. As a result, we assign the largest weight to the
(Kb[n] + 1)/2-th GM component with mean β̄b[n]ejϕb[n] and
small weight to the components whose mean is farther away
from βb,(Kb[n]+1)/2[n]. We define {ω̃b,k[n]}Kb[n]

k=1 as

ω̃b,k[n] = N
(
βb,k[n];βb,(Kb[n]+1)/2[n], σ2

pn[n]
)
, (44)

to denote the unnormalized weights assigned to the GM
components. The GM weights ωb,k[n]s are computed by
normalizing the weights in (44) as

ωb,k[n] =
ω̃b,k[n]∑Kb[n]

k=1 ω̃b,k[n]
, (45)

We notice from Fig. 5(a) that our approximated BGM belief
in (39) well approximates the true νfb[n]→zb[n]. We observed
empirically that our message passing algorithm can success-
fully reconstruct the channel even with the approximated belief
shown in Fig. 5(a).

After performing the “Intra-plane” step of plane B in the
first forward message flow, the backward message flow can
be performed. To this end, the messages in the “Out-of-plane”
step of plane B are computed in the same way as in the forward
message flow. These messages are then used to compute
the messages for the “Inter-plane” and the “Into-plane” step
of plane B − 1. Next, the proposed GM approximation is
used to obtain local priors for {zB−1[n]}N2

n=1 which are used
to perform AMP iterations in the “Intra-plane” step. This
procedure continues until it performs the “Intra-plane” step
in plane 1 to obtain a belief about {z1[n]}N2

n=1. In the forward
message flow, the messages related to plane b are updated
based on the information received from planes 1 up to plane
b−1 while in the backward message flow the messages related
to plane b are updated based on the information received from
planes B down to plane b+ 1. Multiple rounds of forward and
backward message flows can be used to refine the estimates
{ẑb}Bb=1.

Now, we discuss the computational complexity of our devel-
oped message passing-based method outlined in Algorithm 2.
As our algorithm performs AMP within each plane, and we
limit the number of Gaussian mixture components similar to
[21], the computational complexity of calculating parameters
for the intra-plane messages, i.e., steps 1 and 7 in Algorithm 2,
is dominated by matrix multiplication by Ab resulting in
O
(
MN2

)
complexity [21]. Furthermore, the parameters of

the into-plane, out-of-plane, and inter-plane messages, i.e.,
steps 2–6 and 8–11, are computed independently for each
n and do not depend on the number of measurements,
resulting in an overall computational complexity of O

(
N2
)
.

Therefore, assuming T amp AMP iterations per plane, the
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Algorithm 2 Channel Estimation With One Forward
PassInput: Parameters λ and µ of the prior distribution (6) of
x, phase perturbed CS measurements {ŷb}Bb=1 (4), CS matrices
{Ab}Bb=1, phase noise variance σ2

pn and the measurement noise
σ2. While b ≤ B do: If b = 1 then

1. Estimate ẑ1[n] with the AMP [9] using prior in (18).
2. Determine ~π1[n]s assuming ρb[n] = 0, τb[n] = µ/2, ∀n ∈

[N2] using (32) for the first batch.
3. Find {t1[n]}N2

n=1 using (23) and {v1[n]}N2

n=1 using (24).
Else

4. Calculate {←−π b[n]}N2

n=1 using (33).
5. Set ϕb[n] = ∠eb−1[n], ∀n ∈ [N2].
6. Compute parameters {ωb,k[n]}Kb[n]

k=1 from (45),
{βb,k[n]}Kb[n]

k=1 , ∀n ∈ [N2] from (37), (38), (43),
and {ξb[n]}N2

n=1 from (41) for the BGM approximation
in (39).

7. Use learned BGM prior in (39) to estimate ẑb[n] with
AMP.

8. Compute parameters {ρb[n]}N2

n=1 and {τb[n]}N2

n=1 of the
Rice distribution (31) fit to the magnitude-related mes-
sages in (27).

9. Find {~πb[n]}N2

n=1 using (32).
10. Compute the parameters {ηb[n]}N2

n=1 and {γb[n]}N2

n=1 of
the magnitude related message (27) going into the batch.

11. Compute {tb[n]}N2

n=1 using (23) and {vb[n]}N2

n=1 using
(24).
End If

12. b← b+ 1.
End While

13. Determine x̂ using Algorithm 1 based on the estimates
{ẑb}Bb=1 obtained from the above procedure.

Output: x̂.

overall complexity per plane is dominated by O
(
T ampMN2

)
.

Finally, for B planes and T fb forward and backward mes-
sage propagation, the overall computational complexity is
O
(
T fbBT ampMN2

)
. The computational complexity of the

standard AMP from [9] for sparse recovery using BM measure-
ments is O

(
BT ampMN2

)
. We observe that the complexity

of our approach is higher than that of the AMP by a factor
of T fb. This is due to exploiting the Wiener statistics in the
phase noise, which results in better channel reconstruction.
The complexity of both methods, however, scales only linearly
with the number of measurements M and the array dimension
N2.

Due to the uniform prior U([−π, π]) on the phase variable
in plane 1, i.e., Θ1, the number of GM components used in the
“Into-plane” step of plane 1 is higher than that of other planes.
Fewer GM components are needed in the subsequent planes as
the prior is concentrated (as shown in Fig. 5(a)). In Fig. 6, we
investigate the impact of the number of GM components used
to approximate νfb[n]→zb[n] in (39). As can be seen, increasing
the number of GM components in the approximation of
νfb[n]→zb[n] using (39) improves the NMSE of the estimate as
it improves the approximation of νfb[n]→zb[n]. It is observed,
however, that the NMSE remains almost the same when the

Fig. 6. NMSE with the number of Gaussian components used to approximate
νfb[n]→zb[n] in (39). Here, we use M = 50, B = 4, and SNR = −15 dB.
We limit the maximum number of Gaussian components to 60 as the NMSE
remains unchanged when more components are used”.

number of GM components is greater than 60. We note that
a large number of GM components in the approximation of
νfb[n]→zb[n] in (39) leads to a high computational complexity.
To avoid this, we have limited the number of components in
the GM approximation, which is 60 as per our study in Fig. 6.

An alternative to our GM approximation is to employ
a variational inference approach [39], as done in [40], to
approximate νfb[n]→zb[n] using tractable distributions. The
approximation in variational inference is obtained by solving
an optimization problem that reduces the discrepancy between
the approximation and the exact distribution [39]. Incorporat-
ing this approach within our framework, however, is beyond
the scope of this paper and we leave it for our future endeavors.

V. SIMULATION RESULTS

We consider a narrowband system with a 16 × 16 UPA
at the TX for fc = 60 GHz. The TX-RX distance is 15 m.
Unless otherwise specified, phase noise at fm = 1 MHz offset
from fc is L(fm) = −101.7 dBc/Hz [28]. The duration to
obtain each measurement is ∆bf = 128 ns and the spacing
between successive batches is ∆sf = 44µs [15], which results
in σ2

pn ≈ 0.12 [16]. We use B = 4 batches. The beam training
matrices {Pb[m]}Mm=1∀b ∈ {1, · · · , B} applied at the UPA are
random circular shifts of a 16× 16 perfect binary array [29].
For each beam training matrix at the TX, spread sequences
of duration 128 ns are transmitted within the training fields in
Fig. 1(b) [29], resulting in a spreading gain of about 20 dB.
We use 100 urban micro line-of-sight channels from the NYU
simulator [41]. Therefore, the AoDs can be off-grid resulting
in approximately sparse beamspace channels. This channel
model is more realistic than the model in [15] which assumes
on-grid AoDs and known sparsity. Finally, Wiener phase noise
is introduced considering time durations of ∆sf and ∆bf . This
induces phase errors in the CS measurements acquired both
within and across batches. Although our algorithm models
only one phase error per batch (see (5)), the proposed method
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works even when the measurements within a batch are affected
by varying phase errors.

The channel dataset is used to calculate the prior parameters
λ and µ in (6). To compute the sparsity rate λ, we first find the
strongest entries in the angle domain channel that account for
95 percent of the energy in the channel. Denoting this number
by K, we then calculate λ as the mean of K/N2 over all
channels within the dataset. Next, the sample variance of the
K strongest entries from all the channels is used to compute
µ. This resulted in λ ≈ 0.07 and µ ≈ 13.3 for our dataset.
An expectation-maximization-based approach can be used in
practice to learn these parameters; however, this extension is
beyond the scope of our paper.

We use Ĥ to denote the channel estimate, which is derived
from the angle domain estimate X̂ as Ĥ = UNX̂UN .
The normalized mean squared error (NMSE) is defined as
E[‖H−Ĥ‖2F/‖H‖2F]. The signal-to-noise ratio (SNR) is given
by SNR =

∑B
b=1 ‖Abx‖2/MBσ2. To avoid numerical issues

at high SNRs, we use only one Gaussian mixture compo-
nent, i.e., the one with the largest weight, to approximate
νfb[n]→zb[n]. We use Tmax = 5 in Algorithm 1 and ε = 10−6

in (21). To further limit the number of GM components,
we remove the GM components whose corresponding non-
normalized weight is 10−3 times smaller than the maximum
non-normalized weight ω̃b,(Kb[n]+1)/2[n] in (44).

We benchmark our method against our SuppOnly method
[22], which solves (5) by exploiting only the common sup-
port across {zb}Bb=1. Unlike [22], the technique proposed in
this paper incorporates Wiener phase noise statistics and the
common magnitude structure across {zb}Bb=1, in addition to
leveraging the support structure. We also benchmark against
partially coherent sparse recovery based on SparseLift [4]. The
application of SparseLift to solve (5) was discussed in [15],
wherein the lifted matrix Γ = ejφxT is first estimated. For
a fair comparison, we use AMP [9] to solve for Γ. Then,
the singular-value decomposition of the estimate Γ̂ is used to
determine x̂ [15]. We also use the partially coherent match-
ing pursuit (PCMP) algorithm from [15] to benchmark our
method. PCMP is a greedy algorithm that iteratively detects
the support of x, similar to the matching pursuit algorithm.
Then, the phase error and the coefficient corresponding to the
detected support are estimated using an alternating optimiza-
tion. PCMP requires knowledge of the sparsity level for x.
Therefore, we use PCMP algorithms with two different spar-
sity levels as benchmarks, denoted by PCMP1 and PCMP2.
PCMP1 uses a sparsity level of dλN2e = 19 and PCMP2
uses a sparsity level of 2dλN2e = 38 with d·e denoting the
ceil operator. We also use a baseline, called IgnoredPN, that
just stacks the CS matrices across all batches and employs
standard AMP over the stacked phase perturbed measurements
[9]. Finally, we compare our algorithm against ideal case,
called ZeroPN, which uses phase error-free measurements for
sparse recovery with the stacked CS matrices.

From Fig. 7, we observe that the NMSE with the proposed
method and the method from [22] decrease until two forward
message flows. This is because, to estimate zb in the first
message flow, only measurements until the current batch,
i.e., {y`}b`=1, are used. By the end of the second forward

Fig. 7. NMSE with the number of forward passes for B = 4, SNR =
−15 dB. NMSE stabilizes beyond the second pass, as measurements from all
batches are used starting with the second pass.

Fig. 8. NMSE with phase noise power spectral density L(fm) for B = 4,
M = 64 and SNR = −15 dB. Our method outperforms SparseLift [4] and
SuppOnly [22] methods for L(fm) < −96 dBc/Hz.

message flow, two forward and one backward message flows
are completed, ensuring that measurements from all the B
batches are used for estimation. Additional message flows
beyond this point did not reduce the estimation error.

We notice from Fig. 8 that our method results in a lower
NMSE than the benchmarks when L(fm), the phase noise
power spectral density, is smaller than −96 dBc/Hz. Note that
SparseLift does not incorporate Wiener phase noise statistics.
At high L(fm), however, the phase errors within a batch
become large enough to perturb the auxiliary estimates in
each plane. We observe that our proposed method is severely
impacted by these errors when compared to the proposed
SuppOnly method. This is because our proposed method
propagates not only the beliefs about support, but also beliefs
about both magnitude and phase to subsequent planes, which
are inaccurate under strong phase noise perturbations, i.e.,
L(fm) > −96 dBc/Hz. These inaccuracies arise because our
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Fig. 9. NMSE with M for B = 4, SNR = −10 dB. The proposed
method results in a smaller NMSE than benchmarks with phase-perturbed
measurements.

model assumes no phase noise variation within a batch, which
is invalid at high L(fm). These distorted phase and magnitude
beliefs are propagated across the planes, ultimately leading
to a poorer channel estimate with the proposed method than
with the proposed SuppOnly method. This means that for low-
quality oscillators with L(fm) > −96 dBc/Hz, our SuppOnly
method is suitable, while the proposed method is suitable when
L(fm) < −96 dBc/Hz. The derived method in Algorithm 2
is still valuable as the oscillators in [28], [42], and [43] have
L(fm) < −96 dBc/Hz. Finally, we observe that the IgnoredPN
method that just stacks all the measurements performs better
than our method when L(fm) < −108 dBc/Hz. At 60 GHz,
the oscillator in [28], [42], and [43] generates a phase noise
between −99.4 dBc/Hz and −104.6 dBc/Hz, for which our
method provides the lowest NMSE. Note that the range of
L(fm) for which our method performs best varies with the
choice of ∆sf and ∆bf .

We observe from Fig. 9 that the proposed method achieves
about 0.6 dB improvement in the NMSE compared to our
SuppOnly method. This is because our factor graph in Fig. 3
exploits additional structure in the auxiliary vectors, i.e.,
magnitude and phase correlation, while the SuppOnly method
exploits only the common support structure. The gap between
our proposed technique and the SuppOnly, however, reduces
at a large M as the beliefs enforcing common support structure
have a stronger impact than those incorporating magnitude and
phase correlation. Finally, we observe that there is almost no
improvement in the NMSE with our method over SuppOnly,
when M ≥ 95. This is because our assumption that the phase
noise is almost the same over a batch breaks down for a long
batch, equivalently a large M. In Fig. 9, we also included
Batch1 method wherein standard AMP from [9] is used to
estimate the beamspace using only measurements from batch
1. Specifically, the Batch1 method solves for the sparse x
from y1 = A1x + w1 and ignores all the other measure-
ments. Simply stacking the other measurements (IgnoredPN)
does not work well compared to the Batch1 method due to

Fig. 10. NMSE with SNR for B = 4, M = 80. Our method results in a
smaller NMSE than the benchmarks for the phase noise in (a) and (b). In (a),
the measurements are corrupted by the actual phase noise, which varies both
within and across batches. In (b), consistent with our model in (5), the phase
noise is constant over each batch, and it varies across batches. Approximating
the actual phase noise with a constant phase noise within each batch results
in a loss of about 0.9 dB in the NMSE at high SNR.

inter-batch phase errors. Our proposed method leverages use-
ful information from other batches even under these phase
errors, resulting in a lower NMSE than the Batch1 method.

Fig. 10 shows that our technique achieves a lower NMSE
than the SuppOnly, especially at a low SNR, as it exploits
additional structure. As SNR increases, NMSE reduces with
the proposed method and the SuppOnly method. The mismatch
between the batch-based phase noise model considered in
the measurement model (5) in our algorithm and the real-
istic model in our simulations results in the NMSE floor in
Fig. 10(a). The error floor due to phase noise is also evident
from the observation that the NMSE with IgnoredPN does not
improve at high SNR. By comparing Fig. 10(b) and Fig. 10(a),
we observe that approximating the actual phase noise with a
constant phase noise within each batch results in a loss of
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Fig. 11. NMSE with the deviation from the estimates of the prior parameters
λ and µ in percentages. Here, we use M = 64 for B = 4, SNR = −15 dB.
Our proposed method is robust to inaccuracies in the prior parameters λ and
µ, when compared to the benchmarks.

about 0.9 dB in the NMSE at high SNR. It is also seen that
the NMSE saturates beyond a certain SNR, even with the same
phase noise within each batch. The NMSE saturation is due
to the use of the relaxed version of the true phase model in
(13), given by (14), to construct our factor graph. Finally,
we observe that PCMP1 and PCMP2 do not perform well
compared to the proposed, the SuppOnly and the SparseLift
methods. This is because PCMP is designed for exactly sparse
channels with known sparsity levels, while the channels in our
simulations are approximately sparse.

In Fig. 11, we investigate the robustness of our method to
inaccuracies in prior parameters estimation. To this end, we
add perturbations to the estimated priors, i.e., λ and γ, as
(1+ε)λ and (1+ε)µ with ε ∈ [−1, 1]. As it is observed from
Fig. 11, our proposed approach is more robust to mismatch in
the estimated prior parameters than the benchmarks.

VI. POTENTIAL RESEARCH DIRECTIONS TO ADDRESS
CHALLENGES WITH THE PROPOSED METHOD

In this paper, a total of BM spatial channel measurements
are acquired using B training batches with M measurements
per batch for channel estimation. The use of a large number
of training batches results in a low spectral efficiency due to a
high training overhead and a high computational complexity.
One way to address this challenge is to use a single batch,
i.e., B = 1. With only a single batch, however, as seen from
Fig. 9, the channel estimation error is high due to the limited
number of measurements acquired using a single batch. To
reduce the training overhead while achieving a low estimation
error, we suggest progressively decreasing the number of
acquired measurements with the batch index b. The use of high
measurements initially provides a good channel estimate. This
estimate may be further refined using fewer phase-mismatched
measurements. In our framework, this is equivalent to having
CS matrices {Ab}Bb=1 with a decreasing number of rows as
the batch index b increases to B. Optimizing the number of

rows across the B batches is beyond the scope of this paper. In
our work, we assume that the same number of measurements
is acquired in any batch, although our method can also be
applied to a more general setting with different numbers of
measurements per batch.

In this work, we assume that the channel remains the same
during the B training batch transmissions. A potential future
research direction is to extend the proposed method to the
problem of channel tracking [44], [45], where the channel
also changes across batches. In this case, the beliefs about the
magnitude, support, and phase of the tracked channel from
the previous batch can be used as side information to estimate
the channel in the current batch. The channel tracking problem,
however, is beyond the scope of this paper.

VII. CONCLUSION

In this paper, we developed a message-passing-based tech-
nique that enables sparse channel estimation under partially
coherent Wiener phase noise. Our approach absorbs the phase
errors into the sparse channel to define a collection of phase-
perturbed auxiliary sparse vectors. The proposed method
operates in two stages. The first stage estimates the auxiliary
vectors by exploiting their common support and magnitude
structure, Wiener phase noise statistics, and sparsity. To this
end, we developed a message passing-based approach to
leverage these properties at inference. The second stage in our
method uses alternating optimization to reconstruct the sparse
channel from the auxiliary vector estimates. Numerical results
demonstrate that our method achieves a lower normalized
mean-squared error than comparable benchmarks.

APPENDIX

A. Derivation of ν̄fb[n]→r[n] and Its Mean and Variance

We first provide a closed form approximation for ν̄fb[n]→r[n]

assuming νΘb[n]→fb[n] = 1/2π, which is exact for b = 1.
Then, we compute the mean and variance of ν̄fb[n]→r[n] using
this approximation. To this end, we replace the complex
Gaussian PDFs in (22) with their explicit form to obtain

ν̄fb[n]→r[n]

=
ε2 (1− Ω(←−π b[n]))

πcb[n]
exp

(
−|r[n]|2 + ε−2|eb[n]|2

ε−2cb[n]

)
1

2π

∫
θb[n]

exp

(
<
(

2r[n]eb[n]

ε−1cb[n]
e−jθb[n]

))
+

Ω(←−π b[n])

πcb[n]
exp

(
−|r[n]|2 + ε−2|eb[n]|2

ε−2cb[n]

)
1

2π

∫
θb[n]

exp

(
<
(

2r[n]eb[n]

cb[n]
e−jθb[n]

))
. (46)

To compute the above integral, we use the identity∫ π

−π
exp
(
<
(
κe−jθ

))
dθ = 2πI0(|κ|) , (47)

where In(·) is the modified Bessel function of the first kind of
nth order. The identity in (47) holds for any constant κ ∈ C
[46], with < (κ) denoting the real part of κ. This results in

ν̄fb[n]→r[n]
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≈1− Ω (←−π b[n])

πε−2cb[n]
exp

(
−r

2[n]+ε−2|eb[n]|2

ε−2cb[n]

)
I0

(
2 |eb[n]|
ε−1cb[n]

r[n]

)

+
Ω (←−π b[n])

πcb[n]
exp

(
−r

2[n] + |eb[n]|2

cb[n]

)
I0

(
2 |eb[n]|
cb[n]

r[n]

)
.

(48)

We use tb[n] to denote the mean and vb[n] to denote the
variance of ν̄fb[n]→r[n] in (48), which are given by

tb[n] =

∫∞
0
r[n]ν̄fb[n]→r[n]dr[n]∫∞

0
ν̄fb[n]→r[n]dr[n]

, (49)

vb[n] =

∫∞
0
r2[n]ν̄fb[n]→r[n]dr[n]∫∞
0
ν̄fb[n]→r[n]dr[n]

− t2b [n]. (50)

To derive closed-form expressions for tb[n] and vb[n] in (49)
and (50), we define %b[n] = |eb[n]|2 /2cb[n] and use [47,
Equation 10.43.24] and (48) to obtain∫ ∞

0

ν̄fb[n]→r[n]drb[n]

≈ ε (1− Ω (←−π b[n])) + Ω (←−π b[n])

2
√
πcb[n]

exp(−%b[n]) I0(%b[n]) .

(51)

We simpify the numerator of tb[n] in (49) using the Rice
distribution [37] defined in (31) and (48) as

rb[n]ν̄fb[n]→r[n]

≈ 1− Ω (←−π b[n])

2π
Rice

(
r[n]; ε−1|eb[n]| , 1

2
ε−2cb[n]

)
+

Ω (←−π b[n])

2π
Rice

(
r[n]; |eb[n]| , 1

2
cb[n]

)
. (52)

By using (52), the numerator of tb[n] can be expressed as∫ ∞
0

r[n]ν̄fb[n]→r[n]dr[n] ≈ 1

2π
. (53)

By substituting (53) and (51) in (49), we obtain the closed-
form expression (23) for tb[n].

Next, we use (52) to rewrite the numerator in (50) as∫ ∞
0

r2
b [n]ν̄fb[n]→r[n]dr[n]

≈ 1− Ω (←−π b[n])

2π

∫ ∞
0

r[n]Rice(
r[n]; ε−1|eb[n]| , 1

2
ε−2cb[n]

)
dr[n]

+
Ω (←−π b[n])

2π

∫ ∞
0

r[n]Rice

(
r[n]; |eb[n]| , 1

2
cb[n]

)
dr[n].

(54)

As the integrands in (54) are the Rice distribution means,∫ ∞
0

r2
b [n]ν̄fb[n]→r[n]dr[n]

≈ ε−1 (1− Ω (←−π b[n])) + Ω (←−π b[n])

4

√
cb[n]

π
L1/2

(
−|eb[n]|2

cb[n]

)
.

(55)

where L1/2(·) denotes a Laguerre polynomial given by

L1/2(α) = exp
(α

2

) [
(1− α)I0

(
−α

2

)
− αI1

(
−α

2

)]
. (56)

By using (56), (55) and (51) in (50), we obtain the closed-form
expression (24) for vb[n].

B. Derivation of ~πb[n]

We first compute the mean and the variance of νr[n]→fb[n],
which are then used to obtain ρb[n] and τb[n] of the Rice
distribution in (31). We define ςb[n] = ηb[n]/

√
2γb[n], use

ιb[n] to denote the mean of νr[n]→fb[n] and κb[n] to denote its
variance. We have

ιb[n] =

∫∞
0
r[n]νr[n]→fb[n]
∞∫
0

νr[n]→fb[n]

, κb[n] =

∞∫
0

r2[n]νr[n]→fb[n]

∞∫
0

νr[n]→fb[n]

−ι2b [n].

(57)
To derive closed-form expressions for (57), we denote the
error function as erf(a) = (2/

√
π)
∫ a

0
exp
(
−t2

)
dt. Now, by

substituting νr[n]→fb[n] with its approximation from (27) and
applying integral by parts, we obtain∫ ∞

0

νr[n]→fb[n]dr[n]
(

27)≈

ηb[n]

2

[
1 + erf

(
ηb[n]√
2γb[n]

)]
+

√
γb[n]

2π
exp

(
− η2

b [n]

2γb[n]

)
,

(58)∫ ∞
0

r[n]νr[n]→fb[n]dr[n]
(

27)≈

η2
b [n] + γb[n]

2

[
1 + erf

(
ηb[n]√
2γb[n]

)]

+ ηb[n]

√
γb[n]

2π
exp

(
− η2

b [n]

2γb[n]

)
, (59)∫ ∞

0

r2[n]νr[n]→fb[n]dr[n]
(

27)≈

ηb[n](η2
b [n] + 3γb[n])

2

[
1+ erf

(
ηb[n]√
2γb[n]

)]

+ (7η2
b [n]+ 2γb[n])

√
γb[n]

2π
exp

(
− η2

b [n]

2γb[n]

)
. (60)

Substituting (58), (59), and (60) in (57), we have

ιb[n] =

∫∞
0
r[n]νr[n]→fb[n]∫∞

0
νr[n]→fb[n]

(

27)≈ηb[n]

+
γb[n] (1 + erf (ςb[n]))

ηb[n] (1 + erf (ςb[n])) +
√

2γb[n]
π exp (−ς2b [n])

, (61)

κb[n] =

∞∫
0

r2[n]νr[n]→fb[n]

∞∫
0

νr[n]→fb[n]

− ι2b [n]
(

27)≈η2
b [n] + 2γb[n]− ι2b [n]

+ γb[n]ηb[n]
1 + erf (ςb[n]) + 12√

π
ςb[n] exp

(
−ς2b [n]

)
ηb[n] (1 + erf(ςb[n])) +

√
2γb[n]
π exp(−ς2b [n])

,

(62)
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Fig. 12. We use mixture of Kb[n] complex Gaussian PDFs to approximate
νfb[n]→zb[n]. We assume that these Gaussian PDFs share a common variance,
denoted by ξb[n], and that their means have the same magnitude, denoted by
β̄b[n].

Now, we use the RiceFit function in MATLAB [48] to
find ρb[n] and τb[n] of the Rice distribution in (31). These
parameters are tuned such that the Rice distribution’s mean is
equal to ιb[n] (61) and its variance is equal to κb[n] (62).

Next, we derive an approximation of [νfb[n]→s[n]]s[n]=1

assuming νΘb[n]→fb[n] = 1/2π. To this end, we use (47)
to compute the integral with respect to θb[n] in (29) when
s[n] = 1. This results in

[νfb[n]→s[n]]s[n]=1

(

29)=

1

πcb[n]

∫
r[n]

exp

(
−r

2[n] + |eb[n]|2

cb[n]

)
I0

(
2 |eb[n]|
cb[n]

r[n]

)
νr[n]→fb[n].

(63)

By substituting νr[n]→fb[n] in (29) with the Rice distribution
in (31) and using [47, Equation 10.43.28] in computing the
integral with respect to r[n], we have

[νfb[n]→s[n]]s[n]=1

∝ 1

2π |eb[n]|
Rice

(
|eb[n]| ; ρb[n],

2τb[n] + cb[n]

2

)
. (64)

Similarly, [νfb[n]→s[n]]s[n]=0 is

νfb[n]→s[n]

∣∣
s[n]=0

∝ CN (0; eb[n], cb[n]) . (65)

By substituting (64) and (65) in (30), we can derive (32).

C. Derivation of Kb[n] in (42) and the Angles in (43)

In this section, we find the number of Gaussian components
for the GM model (39) such that the `2-norm distance between
the means of any two neighboring components is at least
2
√
ξb[n]/2 as shown in Fig. 12. We place the components

with means {βb,k}(Kb[n]−1)/2
b=1 in one half of the circle indi-

cated by the shaded region. Also, components with means
{βb,k}Kb[n]

b=(Kb[n]−1)/2 are in unshaded half of the circle, and the
component with mean βb,(Kb[n]+1)/2 = β̄b[n]ejϕb[n] lies on a
diameter of the circle that separates these two half circles. We
set the means of the components in the unshaded part to be the
mirror of those in the shaded part with respect to the separating
diameter. Hence, it is sufficient to identify the means in the
shaded part to determine the rest of the means.

Let Ψ ∈ (0, π) denote the angle between the line segments
connecting the center of the circle to βb,(Kb[n]+1)/2 and
βb,(Kb[n]−1)/2 as shown in Fig. 12. From geometry, we can
infer from Fig. 12 that for Ψ ≥ 2 sin−1

(√
ξb[n]/2/β̄b[n]

)
, we

have ‖βb,(Kb[n]−1)/2−βb,(Kb[n]+1)/2‖ ≥ 2
√
ξb[n]/2. To meet

this condition on Ψ, we can find that the maximum number
of components in the shaded half is

Kb[n]− 1

2
=

⌊
π −Ψ/2

Ψ

⌋
. (66)

Now, (42) immediately follows from (66).
To find the phase of the means βb,ks, we set ∠βb,1[n] =

ϕb[n]+
(
π − Ψ

2

)
, without loss of generality. Next, we distribute

the remaining components evenly by an angular distance of

∠βb,k[n]−∠βb,k+1[n] =
2π −Ψ

Kb[n]− 1
, k = 1, · · · ,Kb[n]− 1,

(67)
which results in (43).
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