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Effect of Smooth Nonlinear Distortion on OFDM Symbol Error Rate

Chris van den Bos, Michiel H. L. Kouwenhovedember, IEEEand Wouter A. SerdijnAssociate Member, IEEE

Abstract—Nonlinear distortion of OFDM signals can signifi- In this letter, analytical results are presented which apply to
cantly increase the receiver symbol error rate (SER). Currently, distortion of bandpass OFDM signals due to arbitrary memo-
distortion analyses rely on simulation, not yielding insight into the ryless, smooth nonlinear transfers. They enable a designer to

problem, or apply to specific nonlinearities only. In this letter, gen- timate the infl f i itv bef f . .
eral analytic results are presented on the errors resulting from dis- €Stimate the influence ot nonlinearity betore performing simu-

tortion. The results are applicable to smooth nonlinear distortion lations.
of an OFDM signal, which is the most common distortion. Simple ~ The organization of this letter is as follows. In Section II,
analytical expressions are derived which allows a designer to deter- the model for nonlinear transfer is discussed and the relations
mine the SER before performing simulations. Further, itis shown it common electronic performance measures such as IP2 and
that the error on each OFDM subcarrier is approximately equally . . . . - .
large. IP3 are given. In Section lll, the signal-to-distortion ratio (SDR)
due to nonlinearity is calculated. In Section IV, an example for
I. INTRODUCTION QPSK-OFDM s treated both by analysis and simulation, to

o ) ) show the validity of the distortion model. In Section V, conclu-
O RTHOGONAL frequency division multiplexing (OFDM) sjons are presented.

is a modulation scheme that is capable of overcoming
intersymbol interference (ISI) on frequency-selective channels
in a very efficient way. A single digital information stream is
divided into multiple information streams. This lowers the bit Nonlinear distortion of OFDM signals causes the loss of
rate on each of these streams. The datastreams are modul@tpgonality of subcarriers, and thereby inter-carrier interfer-
and mapped on orthogonal carriers (called “subcarriers”). Th@)ce. The result is an increase of the SER when the OFDM
many low bit-rate signals are transmitted, instead of one hi§tgnal is detected by a matched-filter receiver.
bit-rate signal. The low bit-rate signals hardly suffer from ISI The analysis in this letter is restricted to smooth nonlinear
and, because of the orthogonality of the subcarriers, itis possiRnsfers. These are likely to be dominant and mainly originate
to demodulate the received signal without crosstalk between {Réhe OFDM transmitter output amplifier. A suitable first (de-
information on the subcarriers. The performance of OFDM c&#gn) approximation of such an amplifier is a memoryless non-
approach the theoretical maximum for a given radio channel [{ipearity.

A disadvantage of OFDM is its sensitivity to nonlinear The nonlinear distortion performance of amplifiers is often
distortion, which causes crosstalk between subcarriers. If4Pressed in terms of intercept points (IP2, IP3), or intermod-
matched-filter receiver, the crosstalk can dramatically incread@tion points (IM2, IM3). The parameters of the model have
the symbol error rate (SER). As any real communicatiof be related to these measures. As intercept points and inter-
system will contain nonlinearities, it is important to determingodulation points yield the same information for a memoryless
the resulting signal deterioration. In particular, the antenf@nlinearity, only the relation between intercept points and the
output amplifier of a transmitter can cause significant nonlinegtodel parameters is given.
distortion. The output signal(t) = f[s(¢)] of a memoryless nonlin-

So far, the distortion problem for matched-filter receivers h&grity at a certain time instant only depends on the input signal
been treated in two ways: either by simulation [2], [3] or bjt that same time instant. A¥s) is smoothly nonlinear, it can
mathematical analysis [4]. The simulation results do not yieRe accurately represented by a fgif’) terms of a Taylor poly-
much insight into the problem. The reported analytical resuf@mial as

Il. SMOOTH NONLINEARITY MODEL

in literature apply to specific clipping nonlinearities only and K—1 X
cannot be used for design purposes. The effect of smooth non-  ¢(4) ~ Z aps* wherea, = l'a fis) . 1)
linear distortion on matched-filter reception of an OFDM signal k=0 koast |,

is more relevant, as it is the most common type of distortion. ) _ _
According to [5], intercept points and the model parameters
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[Il. SIGNAL DISTORTION ANALYSIS A general expression for the autocorrelation functior'dfs
In this section, the effect of distortion on the SER of an (r) = z": (n!)? K)o R (6)
OFDM signal is determined. First, the spectrum of a distorted = ~ [(n_—k);]Q on—k 00 ° '
OFDM signal is examined. It is used to determine the detection (n—k)oven 2. _
error for matched-filter detection. After this, the SER can be The autocorrelation function and the power spectral density
determined. are related by
The complex lowpass OFDM signal is described by [6] Su(f) :/ Ras(r)e=927 174y
N-1 —oo
sift) = D du(t)e> /T 3 =65,(f)+ S,(f) + S.(f) +9525,(f). (D)
=0 To evaluate the convolution, knowledge of the original OFDM
d, complex-valued digital symbols that are constardgpectrum is required. It is assumed that the OFDM spectrum
during T seconds; is rectangular, with power? and nonzero foffy — B < |f| <
N number of complex subcarriers; fo+ B. Although in reality there are sidelobes, the signal power
e2mt/T  complex-valued orthogonal subcarriers. in these is small enough to be neglected in the calculation of the

N is typically larger than 100. Thé,, carry information and effect of distortion on the SER, because the distortion compo-

are therefore random variables. They are assumed to be indents due to the rectangular part of the signal spectrum will be

pendent, of zero mean, and of identical distribution. The sammich stronger.

modulation is used on each subcarrier. In practigg) is often Using an expression for threefold convolution of a rectangular

formed by applying an IFFT to the symbals. spectrum, adopted from [8], it is found that the bandpass spec-
The power spectrum of an OFDM bandpass signal is apprdram of the distortion that is uncorrelated with the OFDM signall

imately rectangular and occupies a bandwidttvgfl’ Hz. The after detection is

amplitude distribution of an OFDM signal is nearly Gaussia 908 , (1, |f+fo|<B 30%

This can be understood by noting that an OFDM signal co%‘-sg(f) = Eai’) { 0, |f+fo|>B " 32B3 a3

sists of a sum of a large number of independent, identically dis- 382 — (f£fo)? \f£fol < B
tributed signals, and applying the Central Limit Theorem. The - L3B - |fifo|52 B < |f£fo| < 3B ©)
fact that the amplitude distribution is Gaussian is used for de- H ’ [+ fo| > 3B

termining the spectrum of the distorted OFDM signal. N
In the remainder of this letter, only third-order distortion i%Nthh is used to calculate the SDR.
taken into account for SER calculation, because for smooth ng)- |nfluence of Distortion on Correlation Reception

linearities third-order distortion is often dominant. Even if it is Inthi ) heinfl fthe di . he SERIS |
not, inclusion of only third-order distortion will give a good es- n this section, the influence of the distortion on the IS In-

timate of the SER to be expected. If necessary, the proced\lﬂ?étigated' In many practicgl rece_ivers, matched—fjlter detector§
that is followed can also be used for calculating the influence gﬁiused. In case of Gaussian noise, a matched-filter detector is

. . . l.
higher order distortion. ma . . L .
9 However, the distribution of the distortion is not Gaussian,

and therefore the distribution of the distortion after matched fil-

) _ _ ) ) tering cannot be assumed to be Gaussian. The exact calculation
Inthis section, the spectrum of the third-order distortion of ths the distribution is a difficult problem.

OFDM signal is calculated. The result is used to calculate theFortunater a result by Papoulis [9] states that a random
distortion variance after matched filtering. After matched-ﬁlte,ggmCeSS that is narrow-band filtered has an output amplitude
detection, the OFDM signal and the distortion are nearly uncqjistribution that approaches a Gaussian distribution. As the
related, which can be explained as follows. Due to the distortioarpm matched filters are narrow-band with respect to the
orthogonality between subcarriers is lost. Each OFDM subcafyng| and the distortion, it can be concluded that the distortion

rier symbol will contribute to other subcarrier symbols and ityyst be approximately Gaussian. Further, it can be shown
self. However, the number of contributions due to other subcgfxt the distortion oRe(d,,) and Im(d,,) of a subcarrier is

riers will outnumber the contribution of any subcarrier to itsel{ycorrelated.
as there are many subcarriers. Thus, the correlation betweeRnowing the distortion at the output of the matched filter is
OFDM signal and distortioni.s,(7), after matched-filter de- Gayssian, it suffices to calculate the mean and the variance of

A. Distortion Spectral Analysis

tection is nearly zero and can be neglected. _ the distortion on each subcarrier to completely characterize the

~ The spectrum is calculated through the autocorrelation fungnchastic process. As only the third-order distortion contributes

tion which is to in-band distortion components, an amplifier model with only
Rya(7) = Ry(ts—t,) = E (5?1 8?2) ) (4) third-order distortion is used, so only, az # 0 in (1).

The relation between input and output spectrum of a filter,
The amplitude distribution of an OFDM signal is approximatelynatched to OFDM carriet, is given by
Gaussian, and (4) can be evaluated employing a theorem from S,(f) = Sy(sinc{xln — (f — fo)])} 9)

7], p343. In case of third-order distortion, it is found that . . ) ) .
[7l.p wheresinc(z) = sin(z)/x. The distortion spectrum is given by

Ry (1) = 6R3(1) + 90s Ry(7). (5) (8). To determine the distortion power, the varianceSgff)
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0.14 TABLE |
. CALCULATED AND SIMULATED DISTORTION POWER PERSUBCARRIER, @y = 1
variance |
0.13 | 1 az | IP3(dBm) | distortion power | distortion power
(calculated) (simulated)
;‘ -0.1 16 0.10 0.119
0.12 | ‘ ‘ 1 -0.01 26 1.0-10-3 1.21-1073
0.1 ' Pqopsk/SDR = 1/SDR. Foro? = 1, the calculation has been
0 500 300 500 8500 1600 performed for several values @f. The results are summarized
. in Table | for easy comparison to simulation results. IP3 has also
subcarrier number .
been included.
Fig. 1. The variance per subcarrier from simulatidh= 1024, as = —0.1, The simulations have been performed using MATLAB. To
o% = 1, average for 1000 OFDM symbols. circumvent up-and downconversion to an RF frequency, an

equivalent low-pass representation of the nonlinearity has been

in (9) has been calculated for each subcarrier. Two calculatio#@ed, which is allowed for in-band distortion.

have been performed: one including the distortion outside theAN OFDM system withV = 1024 carriers is considered. The

principal OFDM bandwidthV/7", and one excluding this dis- ©FPM modulator performs an IFFT on a complex input vector.

tortion. There was no significant difference between the two réhe input vector elements represent the QPSK or QAM16 sym-

sults. bols. The output vector of the IFFT is processed by the nonlin-
It found that the variance is nearly the same for each subcg@ity. The output vector is demodulated by an FFT.

rier, so the distortion is (nearly) evenly spread over all subcar-The symbols in the original and the demodulated vector are

riers (see also Fig. 1). The bit error rates on all subcarriers &@mpared. The difference is squared and stored for each symbol
therefore nearly equal. separately. The procedure is repeated several times, and the re-

The input distortion variance is found by integrating th&ults are averaged. Thus, for each subcarrier, the distortion vari-

distortion power spectrum, (8), over the OFDM bandwidtinCe can be depicted. An example is shown in Fig. 1.
Straightforward calculation yields an in-band distortion power The symbol error rate (SER) wg curve for QPSK is shown

of 10a205. in Fig. 2. It can be seen that there is a sharp drop in the simulated
The signal power after the nonlinearitydgs2, so the SDR SER foras ~ —0.11. The theoretical symbol error rate is given
is given by by [10]

2 /SDR
SDR = ﬂ L (10) PSER,QPSK = erfc — . (12)
az ) 100% 2

where SDR is the signal-to-uncorrelated-distortion ratio. The For QAM16, the SER is shown in Fig. 3. The theoretical
same SDR is found at the output of a matched filter, because #yenbol error rate is given by
spectra of the OFDM signal and uncorrelated distortion have the

same shape in the frequency region of interest. 3 SDR.
Psgr.qamie = Eerfc V1o | (13)

IV. EXAMPLE

In this section, the effect of distortion on QPSK-OFDM and 1t is seen that the simulation results for QAM16 are closer
QAM16-OFDM is examined by means of analytical calculatiofp the theoretical curve than are those for QPSK. This is be-
and by simulation. The bandpass signals pass through a neause QAM16 has more symbols at different symbol energy
linear amplifier and are detected by a matched-filter detect@vels, i.e., the QAM16-OFDM distribution approaches Gaus-
Subsequently, the distortion variance is determined by meanssinity more quickly than the QPSK-OFDM distribution. It can
simulation and calculation, and a comparison is made. Finaliso be noted that in both cases, the simulated SER curves drop

the SER is deter_mined. o _ below the theoretical curve. This is because the distortion dis-
If the OFDM signal power is given by2 and the amplifier tribution is not exactly Gaussian, and the tail distribution falls
transfer isy = s + ass®, the SDR is given by off more quickly than in the real Gaussian case. Still, the simple
expression for the distortion can well be used to estimate the
1 minimum allowable IP3.
SDR = ———. (11) : o . .
106302 Previously, only the effect of distortion and Gaussian noise

together has been studied [2], [4]. When noise and distortion
The SDR at the output of the matched filter is the same as thee present, they both contribute to errors, thereby masking the
SDR at the input. The average energy of a QPSK or QAMI6fluence of the distortion alone. Therefore, the influence of dis-
symbol E; is set to 1, so the average power per subcarriertisrtion alone has been investigated in this letter. If necessary,
also 1. Thus, the distortion power per subcarrier shoulg’be  the SER calculations in this letter can be extended by using the
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Fig. 2. The SER of a QPSK-OFDM signal as a function of third-order distorfior= 1024.
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Fig. 3. The SER of a QAM16-OFDM signal as a function of third-order distortién= 1024.

signal-to-noise-and-distortion ratio (SNDR) instead of using the Only the effect on third-order distortion has been taken into

SDR [4]. The SNDR is given by

L1 1
SNDR ~ SNR ' SDR

(14)
where SNR is the signal-to-noise ratio without distortion.

V. CONCLUSION

account. Inclusion of third-order distortion is sufficient for a
good first approximation. If needed, the analysis can readily be
extended to include higher-order distortion as well.

The results are simple analytical expressions, which can be
evaluated by manual calculation. This is particularly interesting
to designers who would like to predict system behavior before
performing any simulations. Comparison of analytical and sim-
ulation results shows that the simple expressions can be used to

In this letter, the effect of memoryless, smooth nonlinear digstimate the minimum allowable 1P3.
tortion on bandpass OFDM signals has beeninvestigated. In parThe signal deterioration has been examined for each separate
ticular, the OFDM power spectrum and the bit error rate aftg{ipcarrier, which revealed that the error on each subcarrier is
linear detection have been analyzed. The method employedproximately equal. This means that as far as distortion is con-

applicable to any memoryless, smooth nonlinear distortion,
it is not restricted to special cases only.

€6rned, it does not make sense to distribute data over subcarriers
in a particular way to increase the overall performance.
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