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Subband Merging in Cosine-Modulated Filter Banks
Omar A. Niamut and Richard Heusdens

Abstract—Recently, a new method for constructing nonuniform
modulated lapped transforms (MLTs) was introduced, by com-
bining subband filters of a uniform MLT. The design, however, was
restricted to combining two or four subband filters only, and no
systematic design procedure was given. In this letter, we propose
an extension to the above-mentioned method that allows arbitrary
numbers of subbands to be combined in a systematic way. We
investigate the general case of combining filters in arbitrary
cosine-modulated filter banks, and give conditions on how to
combine the constituent filters such that the resulting nonuniform
filter banks have suitable frequency responses.

Index Terms—Lapped transforms, modulated filter banks,
nonuniform filter banks.

I. INTRODUCTION

RECENTLY, a new method for constructing nonuniform
modulated lapped transforms (MLTs) was introduced [1],

[2] by combining subband filters of a uniform MLT. We shall
refer to this method assubband merging. The combined sub-
band filters have better time localization than the noncombined
filters at the expense of a decrease in frequency localization.
Since the nonuniform filter banks are obtained by simply
taking linear combinations of the filters of a uniform MLT,
the proposed method allows for an efficient implementation of
time-varying transforms without the need for transition filters.
It was shown that subband merging can be used beneficially
for reducing ringing artifacts, e.g., reverberation and pre-echo,
in audio and speech coding [2]. The design of such transforms,
however, was restricted to combining two or four subband
filters only, and no systematic design procedure was given.

Alternative methods similar to subband merging do exist.
In [3] and [4], a method for designing nonuniform filter banks
is presented by postprocessing a number of selected subbands
using a special synthesis bank. However, the method described
in [3] leads, in general, to more complex solutions than the
subband merging approach, while the method described in
[4] leads to signal-dependent subband filters. In [5] and [6],
a number of subbands are added together, and the decima-
tion factor is changed accordingly, resulting in nonperfect
reconstruction filter banks, while [7] describes a method of
combining filters of a modulated complex lapped transform.
The latter, however, is less suited for coding applications due to
the inherent oversampling.
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In this letter, we propose an extension of the above-men-
tioned subband merging method [1], [2] that allows an arbitrary
number of subbands to be combined in a systematic way. We in-
vestigate the more general case of combining filters in arbitrary
cosine-modulated filter (CMF) banks. Starting from a uniform
CMF bank, we take linear combinations of the constituent filters
such that the resulting combined filters have good frequency-se-
lective properties and flat passband response.

II. UNIFORM CMF BANKS

In an -channel maximally decimated CMF bank, the filters
are derived by cosine modulation of a single prototype filter.
Let be a real-coefficient linear-phase lowpass filter of length

. A closed-form expression of the impulse response of
the analysis filters is then given by [8]

where is called the modulation phase. By choosing the
synthesis filters according to the mirror image condition
[9]

(1)

for some ( denotes paraconjugation), we can write the
CMF bank transfer functions as

where . For perfect reconstruction (PR), we have
that the aliasing transfer functions for
and that the distortion transfer function

(2)

i.e., the output of the filter bank is a scaled and delayed version
of the input. The PR property can be satisfied by suitable choices
of and the prototype filter .

III. D ESIGN OFNONUNIFORM CMF BANKS

We investigate the case where an arbitrary number, say
, of adjacent filters in a uniform CMF bank are combined.

For the nonuniform filter bank to have a suitable frequency
response, the magnitude characteristics of its filters must ex-
hibit good frequency selectivity and flat passband response. We,
therefore, derive necessary and sufficient conditions on the un-
derlying uniform CMF bank and the way to combine the con-
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Fig. 1. Magnitude response of the prototype filterp .

stituent filters such that the above-mentioned requirements are
satisfied.

Let be a real-coefficient linear-phase lowpass filter of
length with passband

, and an infinitely attenuated stopband (see Fig. 1), i.e.,

for (3)

and let be a linear combination of adjacent filters
starting from the th filter in a uniform CMF bank, i.e.,

with the combinatorial coefficients of magnitude
one. If (or equivalently is
equal to , then has flat passband re-
sponse and a transition bandwidth similar to those of the un-
derlying uniformly spaced subband filters. This can be easily
seen by inspection of (2) and the fact that there is no spectral
overlap between filters and for , so
that , for

, and zero in its stopband. The following
theorem gives necessary and sufficient conditions on the modu-
lation phase (i.e., on the uniform filter bank) and the combinato-
rial coefficients such that the resulting combined filters indeed
exhibit the required frequency behavior.

Theorem 1: Let denote a real-coefficient linear-phase
lowpass prototype filter of length for an -channel PR
uniform CMF bank, satisfying

for

and let .
We then have

for and , if and only if
, and .

Proof: See [10].
Some remarks are in place here. The condition (3) on the

prototype filter can never be satisfied in practical appli-

cations, since it requires infinite length filters. Therefore, in
practical situations, overlapping terms in the frequency domain
of nonadjacent filters do exist and will result in ripples in the
passband of the combined filters. However, by keeping the
stopband attenuation of the prototype filter high, these ripples
are kept to a minimum. Moreover, the condition onmight
seem a new restriction on the underlying uniform CMF bank,
but this is not the case. Most CMF banks known from literature
(e.g., the MLT, as well as the ones reported in [9]) satisfy
the condition on , since it cancels first-order aliasing and
magnitude distortion at . As for the condition on ,
this amounts to choosing combinatorial coefficients that can
only differ in sign.

The combination operation can be represented by a matrix
multiplication. Consider the example in which we combine two
filters according to the method in [1]. If we define the
matrix containing the impulse responses of the
analysis filters of the uniform CMF bank as

...
...

...

we can create the matrix , which contains the impulse re-
sponses of the analysis filters of the nonuniform CMF bank, by
the matrix multiplication , where

...

...

The combinatorial coefficients are found in the rows of the
block-diagonal element of , which in this case is a size two
Hadamard matrix. Hence, is clearly nonsingular.

In the remainder of this section, we consider the case .
In this case, the nonsingular block-diagonal element inis of
size having entries . Although many matrices exist that
satisfy the constraints on the’s, we propose a simple construc-
tion method that results in real-coefficient integer matrices. We
can obtain a suitable nonsingular matrix by taking the prin-
cipal submatrix of a size Hadamard matrix. To show that
such a submatrix is indeed nonsingular, we need the following
theorem (proven in the Appendix).

Theorem 2: Let such that every principal sub-
matrix of is nonsingular. Let be constructed as

Then every principal submatrix of is nonsingular.
Applying Theorem 2 to Hadamard matrices we obtain the

desired result.
Corollary 1: Let be a Hadamard matrix of

size . Then every principal submatrix of is
nonsingular.
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Fig. 2. Time-domain responses of four combined subband filters of a
64-channel MLT for (a) the method reported in [2] and (b) the newly proposed
method.

Proof: Since is Hadamard, it is constructed as

so that every principal submatrix of is nonsingular by
Theorem 2.

The design of a PR nonuniform CMF banks comes down
to representing the desired filter bank structure as nonsingular
blocks in the matrix , chosen according to the method
described above. The matrix thus obtained is invertible and,
for , can be made unitary by scaling the

’s properly, so that, assuming the original uniform filter
bank is unitary, the nonuniform filter bank is unitary as well.
In this sense, subband merging can be seen as a special case
of unitary postprocessing [3], [4]. However, our approach
gives signal-independent integer postprocessing matrices that
allow for efficient implementation with low computational
complexity.

IV. EXPERIMENTAL RESULTS

In order to compare our results to the ones reported in [2],
we combined four subband filters in a 64-channel MLT. The
resulting time and frequency responses of the combined filters
are shown in Figs. 2 and 3, respectively. Fig. 2(a) and 3(a) show
results reported in [2], while Fig. 2(b) and 3(b) show results for
the newly proposed method. By inspection of the figures, it can
be seen that for comparable time localization, the new method
gives better frequency responses.

Fig. 3. Magnitude responses of four combined subband filters of a 64-channel
MLT for (a) the method reported in [2] and (b) the newly proposed method.

APPENDIX

PROOF OFTHEOREM 2

Proof: The proof goes by induction to, the size of the prin-
cipal submatrix. For , the hypothesis is true by def-
inition. Let . We then have a principal
submatrix of size of the following structure:

where , and
. Let , the zero element, for some .

Since the first elements of are linear combinations of the
columns of and only, and the fact that the intersection of
the subspaces spanned by these columns is, we conclude that

is of the form

where and . From this, the last ele-
ments of can be expressed as , from which we
conclude that , since is nonsingular by the induction
hypothesis.
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