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APPROXIMATIONS OF STOCHASTIC HYBRID SYSTEMS: A COMPOSITIONAL
APPROACH

MAJID ZAMANI!, MATTHIAS RUNGGER!, AND PEYMAN MOHAJERIN ESFAHANI?

ABSTRACT. In this paper we propose a compositional framework for the construction of approximations of
the interconnection of a class of stochastic hybrid systems. As special cases, this class of systems includes
both jump linear stochastic systems and linear stochastic hybrid automata. In the proposed framework,
an approximation is itself a stochastic hybrid system, which can be used as a replacement of the original
stochastic hybrid system in a controller design process. We employ a notion of so-called stochastic simulation
function to quantify the error between the approximation and the original system. In the first part of the
paper, we derive sufficient conditions which facilitate the compositional quantification of the error between the
interconnection of stochastic hybrid subsystems and that of their approximations using the quantified error
between the stochastic hybrid subsystems and their corresponding approximations. In particular, we show how
to construct stochastic simulation functions for approximations of interconnected stochastic hybrid systems
using the stochastic simulation function for the approximation of each component. In the second part of the
paper, we focus on a specific class of stochastic hybrid systems, namely, jump linear stochastic systems, and
propose a constructive scheme to determine approximations together with their stochastic simulation functions
for this class of systems. Finally, we illustrate the effectiveness of the proposed results by constructing an
approximation of the interconnection of four jump linear stochastic subsystems in a compositional way.

1. INTRODUCTION

Stochastic hybrid systems are a general class of dynamical systems consisting of continuous and discrete
dynamics subject to probabilistic noise and events. In the past few years, this class of systems has become
ubiquitous in many different fields due to the need for a rigorous modeling framework for many safety-
critical applications. Examples of those applications include air traffic control [GL04], biochemistry [SH10],
communication networks [Hes04], and systems biology [HWS04]. The design of controllers to enforce certain
given complex specifications, e.g. those expressed via formulae in linear temporal logic (LTL) [BKO0§], in a
reliable and cost effective way is a grand challenge in the study of many of those safety-critical applications.
One promising direction to achieve those objectives is the use of simpler (in)finite approximations of the given
systems as a replacement in the controller design process. Those approximations allow us to design controllers
for them and then refine the controllers to the ones for the concrete complex systems, while provide us with
the quantified errors in this detour controller synthesis scheme.

In the past few years there have been several results on the (in)finite approximations of continuous-time
stochastic (hybrid) systems. Existing results include the construction of finite approximations for stochastic
dynamical systems under contractivity assumptions [Aba09], restricted to models with no control inputs, a
finite Markov decision process approximation of a linear stochastic control system [LAB09], however without
a quantitative relationship between approximation and concrete model, and the construction of finite bisimilar
abstractions for stochastic control systems [ZMM™14, ZTA14], for stochastic switched systems [ZAG15], for
randomly switched stochastic systems [ZA14], and the construction of sound finite abstractions for stochastic
control systems without any stability property [ZEAL13]. Further, the results in [JP09] check the relationship
between infinite approximations and a given class of stochastic hybrid systems via a notion of stochastic
(bi)simulation functions. However, the results in [JP09] do not provide any approximations and moreover
appear to be computationally intractable in the case of systems with inputs because one requires to solve
a game in order to quantify the approximation error. Note that all the proposed results in [Aba09, LAB09,
1
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ZMM™14, ZTA14, ZAG15, ZA14, ZEAL13, JP09] take a monolithic view of continuous-time stochastic (hybrid)
systems, where the entire system is approximated. This monolithic view interacts badly with the construction
of approximations, whose complexity grows (possibly exponentially) in the number of continuous state variables
in the model.

In this paper, we provide a compositional framework for the construction of infinite approximations of the
interconnection of a class of stochastic hybrid systems, in which the continuous dynamics are modeled by
stochastic differential equations and the switches are modeled as Poisson processes. As special cases, this
class of systems includes both jump linear stochastic systems (JLSS) and linear stochastic hybrid automata
[JP09]. Our approximation framework is based on a new notion of stochastic simulation functions. In this
framework, an approximation, which is itself a stochastic hybrid system (potentially with lower dimension
and simpler interconnection topology), acts as a substitute in the controller design process. The stochastic
simulation function is used to quantify the error in this detour controller synthesis scheme. Although an
approximation in our framework might not be directly amenable to algorithmic synthesis methods based
on automata-theoretic concepts [MPS95] which require finite approximations, our approach facilitates the
construction of potentially lower-dimensional less-interconnected stochastic hybrid systems as approximations
and, hence, can be interpreted as the first pre-processing step in the construction of a finite approximation.

In the first part of the paper, we derive sufficient small-gain type conditions, similar to the ones in [DIW11],
under which one can quantify the error between the interconnection of stochastic hybrid subsystems and that
of their approximations in a compositional way by using the errors between stochastic hybrid subsystems
and their approximations. In the second part of the paper, we focus on JLSS and propose a computational
scheme to construct infinite approximations of this class of systems, together with the corresponding stochastic
simulation functions. To show the effectiveness of the proposed results, we construct an approximation (two
disjoint 3 dimensional JLSS) of the interconnection of four JLSS (overall 10 dimensions) in a compositional
way and then use the approximation in order to design a safety controller for the original interconnected
system. Note that the controller synthesis would not have been possible without the use of the approximation.

The recent work in [RZ15] provides a compositional scheme for the construction of infinite approximations
of interconnected deterministic control systems without any hybrid dynamic. The results in this paper are
complementary to the ones in [RZ15] as we extend our focus to the class of stochastic hybrid systems. A
preliminary investigation of our results on the compositional construction of infinite approximations of inter-
connected stochastic hybrid systems appeared in [Zam14]. In this paper we present a detailed and mature
description of the results announced in [Zam14], including proposing a new notion of stochastic simulation
functions which is computationally more tractable in the case of systems with inputs and providing constructive
means to compute approximations of JLSS.

2. STOCHASTIC HYBRID SYSTEMS

2.1. Notation. We denote by N the set of nonnegative integer numbers and by R the set of real numbers. We
annotate those symbols with subscripts to restrict them in the obvious way, e.g. R< g denotes the positive real
numbers. The symbols I,,, 0,, and 0, «,, denote the identity matrix, zero vector, and zero matrix in R™*",
R™ and R™ ™ respectively. For a,b € R with a < b, we denote the closed, open, and half-open intervals in
R by [a, ], ]a,b], [a,b], and ]a, b], respectively. For a,b € N and a < b, we use [a;b], |a;b], [a;b], and ]a; b] to
denote the corresponding intervals in N. Given N € N, vectors z; € R™, n;, € N> and ¢ € [1; N], we use
x = [z1;...;2N] to denote the vector in R™ with n = Zivzl n;. Similarly, we use X = [X75;...; Xy] to denote
the matrix in R"*™ with n = va:l n;, given N € N>1, matrices X; € R"*™ n; € N>1, and i € [1; N]. Given
a vector x € R™, we denote by ||z| the Euclidean norm of z. The distance of a point € R™ to a set D C R"
is defined as ||z||p = infgep ||z — d||. Given a matrix P = {p;;} € R"*"™, we denote by Tr(P) = Y., p;; the
trace of P.

Given a function f: R” = R™ and T € R™, we use f = T to denote that f(z) = Z for all z € R™. If x is the
zero vector, we simply write f = 0. Given a function f : R>o — R", the (essential) supremum of f is denoted
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by || flleo := (ess)sup{||f(¢)]|,t > 0}. Measurability throughout this paper refers to Borel measurability. A
continuous function v : R>g — R>g, is said to belong to class K if it is strictly increasing and v(0) = 0; ~ is
said to belong to class K if v € K and v(r) — 0o as r — co. A continuous function 5 : R>¢ x R>¢ — R>g
is said to belong to class KL if, for each fixed ¢, the map S(r,t) belongs to class K with respect to r and, for
each fixed nonzero r, the map S(r,t) is decreasing with respect to ¢ and 5(r,t) — 0 as t — co.

2.2. Stochastic hybrid systems. Let (2, F,P) be a probability space endowed with a filtration F = (Fy)s>0
satisfying the usual conditions of completeness and right continuity [KS91, p. 48]. Let (Ws)s>0 be a p-
dimensional F-Brownian motion and (Ps)s>o be a g-dimensional IF-Poisson process. We assume that the Pois-
son process and the Brownian motion are independent of each other. The Poisson process Ps := [Psl; cel Pﬂ
model ¢ kinds of events whose occurrences are assumed to be independent of each other.

Definition 2.1. The class of stochastic hybrid systems with which we deal in this paper is the tuple ¥ =
(R™, R™ RP. UW, f,o,r,RI h), where R™, R™, RP, and R? are the state, external input, internal input, and
output spaces, respectively, and

o U is a subset of the set of all F-progressively measurable processes with values in R™; see [KS91, Def.
1.11);

W is a subset of the set of all F-progressively measurable processes with values in RP;

o f:R" xR™ xRP — R" is the drift term which is globally Lipschitz continuous: there exist constants
Ly, Ly, Ly, € R>q such that: || f(z,u,w) — f(2/,u,w")|| < Ly||z — 2’| + Ly|ju — || + Ly ||w — w'|| for
al z,2’ € R, all u,v’ € R™, and all w,w’ € RP;

o : R™ = R™¥P s the diffusion term which is globally Lipschitz continuous;

r:R" — R"*7 s the reset function which is globally Lipschitz continuous;

h:R™ — R? is the output map.

A stochastic hybrid system X satisfies

C[AE() = F(E®), v(t), w(B) At + o(€(1) AW, + r(€(t) d B,
= { C(t) = h(g(n)), 1)

P-almost surely (P-a.s.) for any v € U and any w € W, where stochastic process £ : Q x R>¢ — R" is called
a solution process of ¥ and stochastic process ¢ : 2 x R>q — RY is called an output trajectory of ¥. We call
the tuple (&,(,v,w) a trajectory of ¥, consisting of a solution process £, an output trajectory ¢, and input
trajectories v and w, that satisfies (2.1) P-a.s.. We also write &4,.,(¢t) to denote the value of the solution
process at time ¢t € R>( under the input trajectories v and w from initial condition &,,,,(0) = a P-a.s., in
which a is a random variable that is Fp-measurable. We denote by (..., the output trajectory corresponding
to the solution process &,,.,. Here, we assume that the Poisson processes P!, for any i € [1;¢], have the rates
of \;. We emphasize that the postulated assumptions on f, o, and r ensure existence, uniqueness, and strong
Markov property of the solution processes [Bor89].

Remark 2.2. We refer the interested readers to Section IV in [JP09] showing how one can cast linear sto-
chastic hybrid automata (LSHA) as jump linear stochastic systems (JLSS) (c.f. Section 5) which are a specific
class of the ones introduced in Definition 2.1.

3. STOCHASTIC SIMULATION FUNCTION

Before introducing the notion of stochastic simulation functions, we first need to define the infinitesimal
generator of a stochastic process.

Definition 3.1. Let ¥ = (R™,R™ RP. U,W, f,0,7, R, h) and & = (R*, R™ R? U W, f, 6,7 Ri h) be two
stochastic hybrid systems with solution processes & and &, respectively. Consider a twice continuously differen-
tiable function V : R™ x R* — Rsq. The infinitesimal generator of the stochastic process E = [¢;€], denoted
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by L, acting on function V is defined in [DS05, Section 1.3] as:

eva s anlJ55] (B e i 42) o

Y NV (@ +r(@)ey, &+ 7 (d)e) — Vw, ),

i=1
for every x € R, # € R", u € R™, 4 € R™, w € RP, and 1 € RP.

Now, we introduce a notion of stochastic simulation functions, inspired by the notion of simulation function
in [RZ15], for deterministic control systems distinguishing the role of internal and external inputs.

Definition 3.2. Let & = (R",R™ RP. U W, f,0,7, R, h) and ¥ = (R*, R™ R?,. U, W, f, 5,7 R, h) be two
stochastic hybrid systems with the same internal input and output space dimension. A twice continuously
differentiable function V : R™ x R" — Rx is called a stochastic simulation function from ¥ to ¥ in the kth
moment (SSF-My), where k > 1, if it has polynomial growth rate and for any x € R and @ € R one has

a(|h(z) = h(@)|*) < V(z,2), (3.2)
and Vi € R™ Vip € RP Ju € R™ Yw € RP one obtains
LV (2,8) < —n(V (2,2)) + pext(12]]*) + pine ([l — @][*), (3.3)

for some Ko functions o, n, pext, Pint, Where e; € R? denotes the vector with 1 in the ith coordinate and 0’s
elsewhere, a,n are convexr functions, and pext, Pint GTE CONCAVE OMES.

In the above definition, the symbols 0, and 0, ; denote the first and the second order partial derivatives with
respect to x and = and Z, respectively.

We say that a stochastic hybrid system S is approzimately alternatingly simulated in the kth moment by
a stochastic hybrid system X or ¥ approzimately altematmgly simulates in the kth moment E denoted by
by _<AS Y., if there exists a SSF-M;, function V from 3 to X. We call 3 an abstraction of .

Remark 3.3. Note that the notion of SSF-My, here is different from the notion of stochastic simulation
function in [JP09, Definition 2| requiring the existences of a supermartingale function [Oks02, Appendix C]
whose construction is computationally intractable in the case of (even linear) systems with inputs because one
requires to solve a game to compute this function. On the other hand, the notion of stochastic (bi)simulation
function in [JP09] is stronger than the notion of SSF-Mj, as it provides a lower bound on the probability of
satisfaction of specifications for which satisfiability can be obtained at all time instances rather than for a
bounded time horizon (cf. Proposition 3.7) or at single time instances (cf. Proposition 3.8). We refer the
interested readers to Subsection V.B in [ZMM™14] for more detailed information about those differences in
satisfiability.

Remark 3.4. If the drift, diffusion, and reset terms in X and S in Definition 3.2 are polynomial, one can
use some sum of squares based semidefinite programing tools, such as SOSTOOLS [PAVT13, Subsection 4.2],
in order to efficiently search for a (sum of squares) SSF-My. function from ¥ to ¥ which may not exist in
general.

The following theorem shows the importance of the existence of a SSF-My, function by quantifying the error
between the behaviors of ¥ and the ones of its abstraction 3.

Theorem 3.5. Let ¥ = (R™,R™ RP.UW, f,0,r,R%, k) and & = (R*, R™ RP.U, W, f, 6,7 R, h). Suppose
V is an SSF-My function from X to 3. Then, there exist a KL function 5 and Koo functions Yext, Ving Such
that for any 0 € U, any & € W, and any random variable a and a that are Fy-measurable!, there exists v € U

INote that Fo may be the trivial sigma-algebra, i.e., a and a are deterministic initial conditions.
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such that for all w € W the following inequality holds:
E[[|¢ave (8) = Casa (O] < B (E[V (a, @), ) + Yext (B[ 2115]) + 7int Blllw — @]15])- (3.4)

The proof of Theorem 3.5 requires the following preparatory lemma and is provided in the Appendix.

Lemma 3.6. Let g be a non-negative constant and n be a Koo function. Suppose that the function y : R>¢g —
R> is continuous and we have y(t) < y(to) + fti [—n(y(7)) + gld 7 for allt > to > 0. Then, there ezists a KL
function ¢ such that

y(t) < max {ﬁ(y(O),t), 77_1(29)}, vt > 0.

The proof of Lemma 3.6 is provided in the Appendix.

Note that the importance of the result provided in Theorem 3.5 is that one can synthesize a controller for
the abstraction 3, which is potentially easier (e.g., lower dimension and simpler interconnection topology) to
enforce some complex specification, for example given in LTL. Then there exists a controller for the concrete
stochastic hybrid system X satisfying the same complex specification. The error, introduced in the design
process by taking the detour through the abstraction, is quantified by inequality (3.4). In Section 5, we show
how one can actually refine a controller designed for the abstract JLSS to a controller for the original JLSS
via a so-called interface function.

The notion of stochastic simulation function in this work can also be used to lower bound the probability that
the Euclidean distance between any output trajectory of the abstract model and the corresponding one of the
concrete model remains close.

We make the above statement more precise with the following results.

Proposition 3.7. Let ¥ and S be two stochastic hybrid systems with the same internal input and output
space dimension. Suppose V is an SSF-My, function from 3 to ¥ and the Koo function 7 in (3.3) satisfies
n(r) > Or for some 6 € Ry and any r € R>q. For any U € U, any @ € W, and any random variable a and a
that are Fo-measurable, there exists v € U such that for all w € W the following inequalities (3.5) and (3.6)
hold provided that there exists a constant € > 0 satisfying € > pesxt (||2]|%,) + pint (|lw — ©||%,)

P {OzlgTHCaW(t) — Caso (@) > ¢ | [a;d]} <1- (1 - Z((“ek“))) e 7T, ifa(h) > g (3.5)
. 0V (a,a 70 _1)e €
P{ Gt~ G 2 ¢ [ fwal} < D EE T oy <& (3.6

The proof of Proposition 3.7 is provided in the Appendix.

As an alternative to the previous result, we now use the notion of stochastic simulation function to lower
bound the probability of the Euclidean distance between any output trajectory of the abstract model and the
corresponding one of the concrete model point-wise in time: this error bound is sufficient to work with those
specifications for which satisfiability can be achieved at single time instances, such as next (O)) and eventually
(©) in LTL. Please look at the explanation after the proof of Proposition 5.11 in [ZMM™"14] for more details.

Proposition 3.8. Let ¥ and S be two stochastic hybm;d systems with the same internal input and output space
dimension. Suppose V is an SSF-Mj, function from 3 to X. For any v € U, any @ € W, and any random
variable a and a that are Fo-measurable, there exists v € U such that for all w € W the following inequality
holds for all't € Rx:
1
2 B(E[V(a,a)],t) + Yext (Bl 7115]) + Yine (Bflw — @lI5])) *
p {HCauw(t) - Cﬁf/&)(t)” 2> 6} < ( . ) ) (37)

3

where B, Yext, and Yiny are the functions appearing in (3.4).
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The proof of Proposition 3.8 is provided in the Appendix.

In the next section, we work with interconnected stochastic hybrid systems without internal inputs, resulting
from the interconnection of stochastic hybrid subsystems having both internal and external signals. In this
case, the interconnected stochastic hybrid systems reduce to the tuple ¥ = (R®, R™ U, f,o,r,R%, h) and the
drift term becomes f : R™ x R™ — R™. In this view, inequality (3.3) is not quantified over w,w € RP, and,
hence, the term piu;(||w — w||*) is omitted as well. Similarly, the results in Theorem 3.5 and Propositions 3.7
and 3.8 are modified accordingly, i.e., for systems without internal inputs the inequalities (3.4), (3.5), (3.6),
and (3.7) are not quantified over w,® € W and, hence, the term i (E[||w — @||%]) is omitted in inequalities
(3.4) and (3.7) and e is lower bounded as € > pext(||7|%,) in Proposition 3.7 as well.

The next corollary provides a similar result as the one of Proposition 3.7 but by considering an infinite time
horizon and interconnected stochastic hybrid systems and assuming © = 0, resulting in € = 0. The relation
proposed in this corollary recovers the one proposed in [JP09, Theorem 3].

Corollary 3.9. Let X and S be two interconnected stochastic hybrid systems with the same output space
dimension. Suppose V is an SSF-My, function from ¥ to ¥. For v =0 and any random variable a and a that
are Fo-measurable, there exists v € U such that the following inequality holds:

IP{ sup ||Ca1/(t) _Cfdo(t)” > € | [a7&]} < ‘;((ae’k&))

0<t<o0

The proof of Corollary 3.9 is provided in the Appendix.

Note that under the assumptions of Corollary 3.9 any SSF-M;, function is also a stochastic simulation function
as in [JP09).

4. COMPOSITIONALITY RESULT

In this section, we analyze interconnected stochastic hybrid systems and show how to construct an abstraction
of an interconnected stochastic hybrid system together with the corresponding stochastic simulation function.
The definition of the interconnected stochastic hybrid system is based on the notion of interconnected systems
introduced in [TI08].

4.1. Interconnected stochastic hybrid systems. We consider N € N>; stochastic hybrid subsystems
Zi = (RniaRmiaRPivuia W’iv fia O—iﬂriﬂqu7hi) 9 1 S [1a N}

with partitioned internal inputs and outputs

w; = [wil; s Wii—1)5 Wi(i41)5 - - - ;wiN]7 w;j € RPis
Yi = [yirs -3 yin]s yi; € R (4.1)
and output function
hi(@;) = [hir(@i); - - -3 han (@4)], (4.2)

as depicted schematically in Figure 1.

U; —» T— Uil
Wi1—» i +—»Y;
11 ; EZ : Yi2
Wi N—> >—>YiN

FIGURE 1. Input/output configuration of stochastic hybrid subsystem ;.
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We interpret the outputs y;; as external ones, whereas the outputs y;; with ¢ # j are internal ones which are
used to define the interconnected stochastic hybrid systems. In particular, we assume that the dimension of
w;; is equal to the dimension of y;;, i.e., the following interconnection constraints hold:

Pij = Qji, Vi,j € [1;N], i #j. (4.3)
If there is no connection from stochastic hybrid subsystem ¥; to X;, then we assume that the connecting
output function is identically zero for all arguments, i.e., h;; = 0. We define the interconnected stochastic
hybrid system as the following.
Definition 4.1. Consider N € N> stochastic hybrid subsystems 3; = (R™,R™: RP: U;, Wi, fi, 04,73, R%  h;),
i € [1;N], with the input-output configuration given by (4.1)-(4.3). The interconnected stochastic hybrid
system X = (R* R™ U, f,o,7,RI k), denoted by T(Xq,...,Xn), follows by n = vazl n;, m = Ef\il m;,
q= Zf\; Qii, and functions

flxou) = [fi(zr,ur,wi);. .5 v (e, un, wi)l,
o(z) == [o1(z1);...;0n(T0)],
r(z) = [ri(xr);...;rn(xs)],
h(z) = [h11(z1);. .. s hnn (2N)],
where u = [u1;...;un] and © = [z1;...; 2] and with the interconnection variables constrained by w;; = yj;

for alli,j € [1;N],i#j.

The interconnection of two stochastic hybrid subsystems ¥; and ¥; from a group of IV subsystems is illustrated
in Figure 2.

Us; T Uil
Wi1——> 3 T Yii
7 1 V| Yid
Wi N——> —YiN

U j—— il
Wjl—r—> E CYji
Wi H y '

S g B A L S

FIGURE 2. Interconnection of two stochastic hybrid subsystems ¥; and X;.

4.2. Compositional construction of abstractions and simulation functions. We assume that we are
given N stochastic hybrid subsystems ¥; = (R™ R™ RP U;, W, fi, 04,7, R% h;) , together with their corre-
sponding abstractions 3 = (Rﬁi,Rmf,RPi7Z]i, Wi, fi,&ithquALi) and with SSF-M,, functions V; from 3; to
3. In order to provide the main compositionality result, we require the following assumption:

Assumption 1. For any i,j € [1; N], i # j, there exist Koo convex functions y; and constants X,» € R-p and
0i; € R>q such that for any s € R>g

ni(s) > Xivi(s) (4.4a)

hji =0 = 51']' =0 and (44b)
max :E -

hji 20 = pime (N — D)™ a1 (5)) < 6555 (s), (4.4c)

where n;, a;, and piing Tepresent the corresponding Koo functions of subsystems X; appearing in Definition 3.2.
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For notational simplicity in the rest of the paper, we define matrices A and A in RV*Y with their components
given by A;; = A;, Ay =0 for ¢ € [1;N] and A;; =0, A;; = ;5 for 4,5 € [1;N],i # j. Moreover, we define
T($) = [(s1);- - ;7w (sx)], where § = [s1;... 5],

The next theorem provides a compositional approach on the construction of abstractions of interconnected
stochastic hybrid systems and that of the corresponding SSF-Mj, functions.

Theorem 4.2. Consider the interconnected stochastic hybrid system ¥ =Z(%4,...,Xn) induced by N € N>
stochastic hybrid subsystems ;. Suppose that each stochastic hybrid subsystem X; approzimately alternatingly
simulates a stochastic hybrid subsystem 3, with the corresponding SSF-My, function V;. If Assumption 1 holds
and there exists a vector p € RY) such that the inequality

pl(=A+A) <0 (4.5)
is satisfied®, then

Z wiVi(wi, ;)
is an SSF-My, function from Y= I(f]h .. .,EN) to 2.
Proof. Note that for any x = [z1;...;znN], where z; € R™ and ¢ € [1; N], one obtains:
N
k k
lz* <>l
i=1
for any k € [1,2] due to triangle inequality and appropriate equivalency between different norms and

k & 3 E, k
2]l = (lll*)* = lewzll )2 S NE 1ZH%II

for any k > 2 due to Jensen’s inequality [BV09] for convex functions. By combining the previous inequalities,
one gets

[N

N
Jz|[* < NmELTY T |, (4.6)

for any k > 1 and any = = [z1;...;zy], where z; € R™ and ¢ € [1; N].

First we show that inequality (3.2) holds for some convex Ko, function a. Using (4.6), for any = [x1;...;zNn] €

R™ and & = [#1;...;2n] € R", one gets:

N N
(@) = ha)[[* < NP DEN™ iy () — by () | F < N1 N1y (20) — ()|

=1

N
k1 _ N _ N
< NS0 N 0L Vi, 8)) < a(V (2, 8)),
i=1
where @ is a K, function defined as
max Nmax{5,1}-1 Z g (sy)
a(g) = s >O .
s.t. uT s =s.
Now we show that @ is a concave function. Let us recall that by assumptions «; are convex functions and,
hence, o L are concave® . Thus, from an optimization point of view, the function @ is a perturbation functlon

2We interpret the inequality component-wise, i.e., for z € RN we have = < 0 iff every entry z; < 0, i € {1,...,N}.
3Note that the inverse of a strictly increasing convex (resp. concave) function is a strictly increasing concave (resp. convex)
one.
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N N
LV (0.8) = 3 lVi(on0) < 3 (Vi #)) + pima (s = 1]) + prosa (1))

i=1

IN

N
STwi | =miVilzi @)+ > prine (N = D5 gy — i) + pree (1] )

IN

N
S max{ & ~ ~
Z,Uz' —ni(Vi(zi, ;) + Z Piint (N — 1) (5.1} lyji — yjin) + piext(”uink)

IN

N
P max{ £ S ~
Sw | —mWilen @)+ S0 pant (N = 1™ EDhy (25) = hy(@)]F) + press (l]F)
i=1 j i

IA
M=
iS
|
3
=
B
&
g
M=

max{ & — A ~
Piint ((N - 1) {271}aj ! (‘/;(xj7wj))> + piext(“ui”k)

Q
Il
-
~
Il
-
[
S
<

N
< Z,uz _Alr}/l( -rw-rz Z 61]7] .’13]7.23])) + piext(”ﬁin)
i=1 i#5,j=1
N
T(=A+ Q)T (Vi (21,80) 55 Vi (@3, 28)]) + D pripiesce (1 ]]). (4.7)

which is known to be a concave function; see [BV09, Section 5.6.1, p. 249] for further details. By defining the
convex® Ko, function a(s) =@ !(s), Vs € R, one obtains

a(|i(@) = h(@)|[*) <V (z, ),

satisfying inequality (3.2). Now we show that inequality (3.3) holds as well. Consider any = = [z1;...;2n] €
R™, & = [#1;...;2n] € R?, and @ = [fy;...;Gx] € R™. For any i € [1; N], there exists u; € R™:, consequently,
a vector u = [uq;...;un] € R™, satisfying (3.3) for each pair of subsystems ¥; and 33, with the internal inputs
given by w;; = hj;(z;) and w;; = hji(i;). We derive the chain of inequalities in (4.7), where we use the
inequalities (4.6) and:

Piint(T1 + - +ry_1) < Z Piint (N — 1)13),

which are valid for any k& > 1, pjint € Koo, z; € R™, and any r; € R>g, ¢ € [1; N[. Note that if p;is¢ satisfies
the triangle inequality, one gets the less conservative inequality

Piint(r1 + - +ry_1) < Z Piint (73),

and it suffices that (4.9) holds instead of (4.4c). Define the functions

min  —uT (=A+ A)T(3)
n(s) =4 520 . (4.8a)
s.t. ,uT s =s,

max % pipiext(si)
Pext (8) := $>0 (4.8b)
s.t. 5] < s.
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U R Ui U; Yil
Wi 3 [T Yz 51;\3 Wi Y |7 Y2

= 0 = = ) = =
[, SN

: 2

FI1GURE 3. Compositionality results.

By construction, we readily have
. . N ik
Vi, &) < —n(V(2,2)) + pexe([[0]]"),

where the functions n and pext are Ko, functions. It remains to show that 7 is a convex function and peyt is
a concave one. Let us recall that by assumptions u” (=A + A) < 0 and 7, the i-th element of T', is convex.
Thus, the function 7 in (4.8a) is a perturbation function which is a convex one. Note that by assumption each
function pjexs is concave, and for the same reason as above, the function (4.8b) is also concave. Hence, we

conclude that V is an SSF-Mj, function from 3 to . O
Remark 4.3. As shown in [DIW11, Lemma 3.1], a vector u € RY satisfying u*' (—A + A) < 0 ezists if and
only if the spectral radius of A~YA is strictly less than one.

Remark 4.4. If the functions pjnt, © € [1; N|, satisfy the triangle inequality, pint(a + ) < piint(a) + Piint (D)
for all non-negative values of a and b, then the condition (4.4c) reduces to

max E — —
hji 20 = pint((N — 1)mextz ) Lol (s)) < 6iji(s). (4.9)
Figure 3 illustrates schematically the result of Theorem 4.2.

5. JUMP LINEAR STOCHASTIC SYSTEMS

In this section, we focus on a specific class of stochastic hybrid systems, namely, jump linear stochastic systems
(JLSS) [JP09] and quadratic SSF-Ms functions V. In the first part, we assume that we are given an abstraction

3, and provide conditions under which V is an SSF-Mjy function. In the second part we show how to construct
the abstraction ¥ together with the SSF-My function V.

A JLSS is defined as a stochastic hybrid system with the drift, diffusion, reset, and output functions given by

d&(t) =(AE(t) + Bu(t) + Dw(t))dt + EE(t) d Wy + Zq: Ri&(t)d P,

i=1
(1) =C¢(t), (5.1)
where
AeR"™ ™ BeR™™ DeR"P EeR"™ R, € R"*"™ Vi€ [1;q],C € RI"*™.
The matrices R;, Vi € [1;¢], parametrize the jump associated with event i. We use the tuple
¥ =(A,B,C,D,E,R),
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where R = {R1,..., R}, to refer to a JLSS of the form (5.1). Note that in this section we consider JLSS
driven by a scalar Brownian motion for the sake of simple presentation, though the proposed results can be
readily generalized for the systems driven by multi-dimensional Brownian motions as well.

5.1. Quadratic SSF-M, functions. In this section, we assume that for some constant k € R~ there exist
a positive definite matrix M € R™*™ and matrix K € R™*™ such that the matrix inequalities

ctc <M, (5.2)
q r q q
(A +BK +) /\iRi> M+ M <A +BK+)_ )\iRi> +E"ME +Y AR MR; X —RM, (5.3)
i=1 i=1 i=1
hold.
Note that condition (5.3) is sufficient and necessary for the asymptotic stability of ¥ = (A4, B, C, 0pxp, F,R)
equipped with a linear feedback control law u = Kz in the mean square sense (second moment)?* as showed

in the next lemma. Condition (5.2) is always satisfied for any positive definite matrix M up to multiplication
by some positive scalar which does not violate the satisfaction of (5.3).

Lemma 5.1. 4 JLSS Y = (A, B, C,0,xp, E,R) equipped with a linear feedback control law v = Kz is asymp-
totically stable in the mean square sense if and only if there exists a positive definite matriz M € R™ "™ such
that the matriz inequality (5.3) is satisfied for given feedback gain K and some positive constant K.

The proof of Lemma 5.1 is provided in the Appendix.

The matrices K and M in (5.2) and (5.3) can be computed jointly using semidefinite programming as explained
in the following lemma.

Lemma 5.2. Denoting K = KM ™" and M = M~', matriz inequalities (5.2) and (5.3) are equivalent to the
following linear matrixz inequalities:

[(%\4 MET] ) (5.4)
T M 0 0 EM
0 Mo . L ARG
: 0 . | =0, (5.5)
o - 0 N AR
| MET AEI?MRQT -+ AMRT Q |

where 0’s denote zero matrices of appropriate dimensions and
_ o a T a . _
Q="M ~M(A+Y ANR:) —(A+ > NR)M-K BT - BE.
i=1 i=1

The proof is a simple consequence of using Schur complements [BV09] and is omitted here for the sake of
brevity.

Here, we consider a quadratic SSF-My function of the following form
V(z,#) = (x — P£)TM(x — P#), (5.6)

4A stochastic hybrid system ¥ is said to be asymptotically stable in the mean square sense if all Fo-measurable initial states
a yield limi— o0 E[||£(2)(|%] = 0.
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where P is a matrix of appropriate dimension. Assume that the equalities

AP =PA—-BQ (5.7a)

D=PD-BS (5.7b)
cpP=C (5.7¢)
EP = PE (5.7d)
R;P = PR;, Vi € [1;4), (5.7¢)

hold for some matrices Q and S of appropriate dimensions. In the following theorem, we show that those
conditions imply that (5.6) is an SSF-M; function from ¥ to X.

Theorem 5.3. Consider two JLSS ¥ = (A,B,C,D,E,R) and ¥ = (A, B,C, D
Suppose that there exist matrices M, K, P, Q, and S satisfying (5.2), (5.3
k € Rug. Then, V defined in (5.6) is an SSF-My function from X to X.

,D li)withp:ﬁcmdq:q.
), and (5.7), for some constant

Proof. Note that V is twice continuously differentiable. We show that for every z € R”, & € R?, 4 € R™,
W € RP, there exists u € R™ such that for all w € RP, V satisfies ||Cx — CZ||? < V(z,%) and

LV (z,7) ::%(Ax—i—Bu—i—Dw) W(A + Bii+ D)
1 Ex| 1 v rpr] [OezV 0pzV d , - .
+§T ([E:J [x BB ] 0:.V 03V +;)\l( (@ + Riz, & + Ri) = V(z, 2))
2||\ﬁD||2

<= (R-mV(z,2) + lw —w|* + a1, (5-8)

for any positive constant 7 < K and some matrix R of appropriate dimension.

From (5.7¢), we have ||Cz — C#||? = (x — P2)TCTC(x — Pi) and using M = CTC, it can be readily verified
that ||Cz — C2||> < V(z,2) holds for all 2 € R™, & € R". We proceed with showing the inequality in (5.8).
Note that

2|VM(BR — PB)|”

0,V (2, %) = 2(x — P2)'M, 0;V(z,2) = —2(x — P2)"MP, 9,,V(x,%) = 2M, and
0s3V (x,2) = P10, .V (2,8)P, 0y3V (2,2) = (05.,V (2,2))" = =0,V (2, 2)P

holds. Given any € R™, & € R", & € R™, and % € RP, we choose u € R™ via the following linear interface
function:

u=vy(w,&,4,%) = K(z — Pz) + Qi + R+ S, (5.9)
for some matrix R of appropriate dimension.
By using the equations (5.7a) and (5.7b) and the definition of the interface function in (5.9), we simplify
Az + By (z, &, 6, %) + Dw — P(A& + Ba + D)
to (A + BK)(z — Pi) + D(w — @) + (BR — PB)@ and obtain the following expression for LV (x, 2):
LV (z,2) = 2(x — P#)TM[(A+ BK)(z — P#) + D(w — @) + (BR — PB)i]
SN e A | R b e P AT
0 ET||-PTM P'MP||0 E|[3]  |#] &[0 R||-P'M PTMP]|i

AT q
S D I
—P'M P'MP| < 0 R;| |z

- i=1

8 8

+
2 8

+'x'T§:X RT 0 M -MP]|[R 0]/«
i “lo RT||-P"™™ PTMP||0 R |z]’

=1
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where 0’s denote zero matrices of appropriate dimensions. We use (5.7d) and (5.7¢) to obtain the following
expression for LV (x,):

LV (z, &) =(x — P#)T [(A +BE+Y )\iRi)TM + M(A +BE+Y )\,»Ri)

i=1 i=1

+EfME+§:MR%W&kx—P@+2@—P@TMUXw @) + (BR — PB)

i=1

J-

>

Using Young’s inequality [Youl2] as

€ 1
b<-a*+ —b*
W= TR
for any a,b > 0 and any € > 0, and with the help of Cauchy-Schwarz inequality and (5.3) one gets the following

upper bound for LV (z, %):

2[VMD|* D||2

LV (z,2) < —KV(z,2) + 7V (z, &) + a2,

™

for any positive constant 7 < K.

Using this computed upper bound, we obtain (5.8) which completes the proof. Note that the K, functions
a, 1, Pext, and ping, in Definition 3.2 associated with the SSF-Ms function in (5.6) are given by «(s) := s,

0(s) i= (& — )5, pess(s) = ZEELOL s ang iy (s) o= 2PL S v € R,

O

Remark 5.4. Using the linear functions o and 1, as computed in Theorem 5.3, the functions B, Yoxt, and
Yint, appearing in Theorem 3.5, are simplified as the following: B(r,t) := re”F=™t ~  ((r) = gi—ﬂpext(r),
and Yins (1) 1= ﬁpint (r) for any r,t € R>g.

Remark 5.5. Note that Theorem 5.3 does not impose any condition on matriz R. Similar to the results
in [GP09, Proposition 1] for the deterministic case, we propose a choice of R which minimize function pex;
for V.. The choice of R minimizing pexs 1S given by

R=(B"MB)'B"MPB. (5.10)

Remark 5.6. Consider ¥, = (A;, B;, C;, D;, E;,R;) and its abstraction ¥ = (12117 B;,C;, D, E;, IA?Z) Assume
D, = [dzl . ~df] and D; = [cill . Jf] Using equation (5.7b), one can readily conclude that if d{ € im B, for

some j € [1;p], then the corresponding Jf can be chosen as cff = 04. This choice for columns ofD makes the
interconnection topology of abstract subsystems potentially simpler and, hence, their analysis easier. We refer
the interested readers to Section 6 for an example of such choice for D.

As of now, we derived various conditions on the original system Y., the abstraction 3, and the matrices
appearing in (5.6) and (5.9), to ensure that (5.6) is an SSF-My function from ¥ to ¥ with the corresponding
interface function in (5.9) lifting any control policy designed for 3 to the one for ¥. However, those conditions
do not impose any requirements on the abstract external input matrix B. As an example, one can choose
B = I, which makes the abstract system by fully actuated and, hence, the synthesis problem over ¥ much
easier. Similar to [GP09, Subsection 4.1] in the context of deterministic control systems, one can also choose
an external input matrix B which preserves all the behaviors of the orlglnal JLSS ¥ on the abstraction 3: for
every trajectory (§,¢,v,w) of ¥ there exists a trajectory (f, ¢, v,0) of 3 such that ¢ = ¢ P-a.s..

Note that using the following choice of external input matrix B, the results in [RZ15] for the linear deterministic
control system are fully recovered by the corresponding ones here providing that the JLSS is not affected by
any noise, implying that E, E, R;, and R;, Vi € [1;4], are identically zero.
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Theorem 5.7. Consider two JLSS ¥ = (A,B,C, D, E,R) and = (A,B,C’,D,E, IA?) with p=p and q = q.
Suppose that there exist matrices P, Q, and S satisfying (5.7) and that the abstract external input matriz B
s given by

B=[PB PAG], (5.11)
where P and G are assumed to satisfy
C=CP (5.12a)
I, = PP+GF (5.12b)
I, = PP (5.12¢)
0ixn = PEGF (5.12d)
0 xn = PR,GF, Vi € [1;4], (5.12¢)

for some matriz F. Then, for every trajectory (&,¢,v,w) of ¥ there exists a trajectory (€,(,0,@) of 3 so that
¢ = holds P-a.s..

Proof. Let (§,(,v,w) be a trajectory of ¥. We are going to show that (f, é, U,w) with

{=¢ €=Pe and o= [”‘Qﬁg‘sﬂ,

P-a.s. is a trajectory of 3. We use (5.7d), (5.7¢), (5.12b), (5.12¢), (5.12d), and (5.12¢) and derive

q
d P¢ = (PAS + PBv + PDw)dt + PESAW, + Y  PR(A P
=1

A A A A A A A A Zi A A .

= (PAPP¢ + PA(I, — PP)$ + PBv + PDw)dt + PE(PP + GF){dW, + Y PRy(PP + GF){d P}
1=1

A A A A A A A A a A~ A A~ .

= (PAPP¢ + PAGF¢ + PBy + PDw)dt + PPEPEAW, + Y PPR,PEAP;
=1

q
= (PAPP¢ + PAGF¢ + PBu + PDw)dt + EPEAW, + Y R,P¢d P,
i=1

Now we use the equations (5.7a) and (5.7b) and the definition of B and ¥ to derive
q
dP¢ =(P(PA— BQ)P¢ + PAGF¢ + PBy + P(PD — BS)w) dt + EPEAW, + Y R;P¢d P}
i=1

q
=(AP¢ + [PB PAG)y + Dw)dt + EPEAW, + > RiPEd P}

=1
A A A A A A 5 A A .
=(AP¢ + B+ Dw)dt + EPCAW, + Y R,PEAP]
1=1

showing that (P¢,(,0,w) is a trajectory of £. From C = C'P in (5.12a), it follows that ¢ = ¢ P-a.s. which
concludes the proof. O

5.2. Construction of abstractions. In this subsection, we provide constructive methods to compute the
abstraction ¥ along with the various matrices involved in the definition of the stochastic simulation function
and its corresponding interface function.
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First, let us recall Lemma 2 in [GP09], showing that there exist matrices A and Q satisfying (5.7a) if and only
if columns of P span an (A, B)-controlled invariant subspace, see e.g. [BM92, Definition 4.1.1].

Lemma 5.8. Consider matrices A, B, and P. There exist matrices A and Q satisfying (5.7a) if and only if
imAP Cim P +im B. (5.13)

Given that P satisfies (5.13), it is straightforward to compute A and Q such that (5.7a) holds, by solving 7
linear equations.

Similar to Lemma 5.8, we give necessary and sufficient conditions for the existence of matrices D and S
appearing in condition (5.7b).

Lemma 5.9. Given P and B, there exist matrices D and S satisfying (5.7b) if and only if
imD Cim P +im B. (5.14)

The proof of Lemma 5.9 is provided in the Appendix.

Now we provide necessary and sufficient conditions for the existence of matrices F and R,-, Vi € [1; q], appearing
in conditions (5.7d) and (5.7e).

Lemma 5.10. Given P and E, there exists a matriz E satisfying (5.7d) if and only if
im EP Cim P. (5.15)

The proof is recovered from the one of Lemma 5.8 by substituting A, /Al, and B with E, E, and Oy xm,
respectively.

Lemma 5.11. Given P and R;, Vi € [1;4q], there exists matrices R, Vie [1;q], satisfying (5.7€) if and only
if

imR;P Cim P, (5.16)
for any i € [1;q].

The proof is recovered from the one of Lemma 5.8 by substituting A4, A, and B with R;, R;, Vi € [1;¢], and
0y, 5xm, respectively.

Lemmas 5.8, 5.9, 5.10, and 5.11 provide necessary and sufficient conditions on P which lead to the construction
of matrices A, D, E, and R;, Vi € [1; 4], together with the matrices Q, S appearing in the definition of the
interface function in (5.9). The output matrix C simply follows by C = CP. As we already discussed, the
abstract external input matrix can be chosen arbitrarily. For example one can choose B = I; making the
abstract system by fully actuated and, hence, the synthesis problem over it much simpler. One can also choose
B as in (5.11) guaranteeing preservation of all behaviors of ¥ on ¥ under extra conditions in (5.12). Lemma

3 in [GP09], as recalled next, provides necessary and sufficient conditions on P and C for the existence of 15,
G, and F satisfying (5.12a), (5.12b), and (5.12c).

Lemma 5.12. Consider matrices C and P with P being injective and let C = CP. There exists matriz P
satisfying (5.12a), (5.12b), and (5.12¢), for some matrices G and F of appropriate dimensions, if and only if

im P + ker C = R". (5.17)

The conditions (5.13)-(5.16) (resp. (5.13)-(5.17)) complete the characterization of matrix P, together with the
system matrices {4, B, C, D} leading to the abstract matrices {/1, B,C, 15}, where B can be chosen arbitrarily
(resp. Bis computed as in (5.11) for the sake of preservation of all behaviors of ¥ on 3 as long as conditions
(5.12d) and (5.12e) are also satisfied). Note that there always exists an injective matrix P € R"*" that
satisfies the conditions (5.13)-(5.17). In the worst-case scenario, we can pick the identity matrix with f# = n.
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FIGURE 4. The interconnected system ¥ = Z(Xq, Xo, X3, Xy).

Of course, we would like to have the abstraction 3 as simple as possible and, therefore, we should aim at a P
with n as small as possible.

We summarize the construction of the abstraction 3 in Table 1.

1. Compute matrices M and K satisfying (5.2) and (5.3).

. Pick an injective P satisfying (5.13)-(5.16) (resp. (5.13)-(5.17) only
if the computed matrices P, G, and F satisfy (5.12d) and (5.12¢));

. Compute A and Q from (5.7a);

. Compute D and S from (5.7b);

. Compute C= CP;

. Choose B arbitrarily (resp. B = [PB PAG]);

. Compute R, appearing in (5.9), from (5.10);

. Compute E from (5.7d) (resp. E = PEP);

.For any i € [1;§], compute R; from (5.7¢) (resp. R; = PR;P).
TABLE 1. Construction of an abstract JLSS ¥ for a given JLSS X.

[\

© 00 J O Ut = W

6. AN EXAMPLE

Let us demonstrate the effectiveness of the proposed results by synthesizing a controller for an interconnected
system consisting of four JLSS ¥ = Z(Xq,X5,33,%4). The interconnection scheme of ¥ is illustrated in
Figure 4. The system has two outputs and we synthesize a controller to enforce them to stay approximately
(in the 2nd moment metric) within the safety constraint

S =105] % [05].

We refer the interested readers to the explanation provided before [ZMMT14, Remark 5.5] or to [ZTA14,
Subsection 5.1] concerning the interpretation of the satisfaction of a safety constraint in the moment over the
concrete stochastic systems.

In designing a controller for ¥ we proceed as follows. In the first step, we compute abstractions 3, of the
individual subsystems to obtain an abstraction 3= I(fll, 22, 23, 24) of the interconnected system 3. The
interconnection scheme changes for 3. (see Remark 5.6) and the abstract system is given by two identical inde-
pendent interconnected systems Y = I(f]l 534) and Yo = I(f]g, 23) The abstract system ) is illustrated
in Figure 5. In the second step, we determinize the stochastic systems 214 and 223 by neglecting the diffusion
and reset terms. We obtain two identical deterministic control systems 214 and 3. We show that ¥; is an
abstraction of 3;, i € {14, 23} by computing an SSF-My function from ¥, to 3. In the third step, we fix a
sampling time 7 > 0 and use the MATLAB Toolbox MPT [HKJM13] to synthesize a safety controller that
enforces the safety constraints on ¥ = 1(214, 5323) at all sampling times k7, k € N. In the final step, we refine
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U N Y14 ~
H X Y3 —
Y33
N N Yaq
— X2 - Xy [T
U2 Y23

FIGURE 5. The abstract interconnected system 3 = I(il, 3, 3, 24).

the computed controller for ¥ to a controller for X. We use Theorem 3.5 to establish a bound on the distance
in the 2nd moment metric between the output trajectories of ¥ and the safe set S.

6.1. The interconnected system. Let us consider the system illustrated in Figure 4. The subsystems 3;
and Y, are double integrators and X3 and ¥4 are autonomous triple integrators. All systems are affected by
a scalar Brownian motion and a Poisson process. For j € {1,2} the system matrices are given by

0 1 0 1
Aj = |:2 0:| , Bj = |:1:| , C;T = |:O:| , Ej :0.412, Rj =0.115,

and for i € {3,4} by

0 1 0 1
A4, =1 0 0 1|,B;=0 CI'=|0|, B;=04I3, R; =0.115.
—24 —26 -9 0

The rate of the Poisson process P; is A = 4.2. The output of 3 (resp. X3) is connected to the internal input
of ¥4 (resp. ¥3) and the output of X3 (resp. ¥4) connects to the internal input of X1 (resp. ¥a). The output
functions h;j(x;) = Cj;x; are determined by Cj; = Cj(;_9) = [1 0 O] for i € {3,4}, Cog = C14 = [1 0] and
hi; = 0 for the remaining 4, j € [1;4]. Correspondingly, the internal input matrices are given by
0 0
Dy1 = D3z = |—d|, Djji2) = [ ] , d#0, je{l1,2}.
5d d

Subsequently, we use C1 = Chy4, Co = Ca3, C; = Cy, i € {3,4}, D1 = D13, Dy = Doy, D3 = D3z, Dy = Dy,
and denote the JLSS by Zz = (Al, Bl', Ci, Di, Ei7 Rl)

6.2. The abstract subsystems. In order to construct an abstraction for Z(X;, 39, X3, 24) we construct an
abstraction 3; of each individual subsystem ¥;, i € {1,2,3,4}. We begin with i € {1,2} and follow the steps
outlined in Table 1. First, we fix K = 3 and solve an appropriate LMI (see Lemma 5.2) to determine the
matrices M; and K; so that (5.2) and (5.3) hold. We obtain

_[168 04 r_ [-9
Mi = {0.4 0.23] R = [—4} '

We continue with step 2. and determine

pPr=1 -2],

so that (5.13)-(5.17) hold. The matrices P;, F;, and G; that (5.12b)-(5.12¢) hold, follow by P; = 1 0],
GT = [O 2}, and F; = [1 O]. We continue with steps 3.-8. and get the scalar abstract JLSS subsystems ¥,
i €{1,2} with

A;=-2,B;,=1,D;,=0,C; =1, B, =04, R, =0.1.
Simultar}eously, we compute @; = 2 and S; = —d. As already discussed in Remark 5.6, D; € im B; and we can
choose D; = 0. Tt follows that the subsystems 3;, i € {1, 2}, are not affected by internal inputs, which implies
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that the interconnection between X3 (resp. X4) and X (resp. X2) is absent on the abstract interconnected
system X; compare also Figure 4 and Figure 5.

We continue with the construction of 3; for i € {3,4}. We repeat the procedure and obtain

6.924 3.871 0.468
M; = 3871 2534 0315, K,=0.
0.468 0.315 0.054

In step 2., we compute

! 1 -39
so that (5.13)-(5.17) hold. The equations (5.12b)-(5.12e) are satisfied by

A _ 1[0 -9 -3
B_6k 4 2]

pT _ {1 -2 4]

GT = [1 0 0], and F; = % [6 5 1}. We follow steps 3.-8. and get the 2D abstract JLSS subsystems 3;,

i € {3,4}, where

4 -2 0 - 12 = 1| A
with the diffusion and reset terms again given by E; =041, and R; = 0.115. Moreover, @Q; = 0 and S; = 0.
For all i € {1,2,3,4}, equations (5.2), (5.3), and (5.7) hold. Hence, Theorem 5.3 applies and we see
that V;(zs, %) = (v; — Pidy)T M;(z; — Pid;) is an SSF-My function from Y; to 3; for all i € [1;4]. More-
over, (5.12) holds and Theorem 5.7 implies that all the behaviors of 3; are preserved on 3. Following the
proof of Theorem 5.3, we see that the interface function for ¢ € {1,2} follows by (5.9) as

Viﬁi (xi, i‘i, ’&i, u?z) = Ki(xi — Pl.i‘z) — Qi‘i — 2.5@,‘ — dif]i, (61)

and v, = 0 for i € {3,4}. Here we used (5.10) to compute R; = —2.5 for i € {1,2}. Although the internal
input matrices for ¥; and Yo are zero, the internal inputs w; = g3 and wy = g4 still appear in the interface
function. As provided in the proof of Theorem 5.3 and by fixing 7 = 1, the Ko, functions for 7 € {1,2} and
j € {3,4} are given by

s, () = 25, piext(s) = 0.165, psing(s) = 1.3d%s,

5,1;(8) = 28, pjext(s) = 1508, pjint(s) = 7.9d°s,

Q
<0
—
»

Il

Q
[
—~

w
~—

I

for any s € R>o.

6.3. The interconnected abstraction. We now proceed with Theorem 4.2 to construct a stochastic sim-
ulation function form ¥ to ¥. We start by checking the Assumption 1. Note that p;n satisfies the triangle
inequality and we use Remark 4.4 to see that Assumption 1 holds for 7;(s) = s, A; = 2, and d;; are given by

0 0 13 0
o 0 0 1.3
0 79 0 O
79 0 0 O

A=d?

Additionally, we require the existence of a vector u € R% satisfying (4.5), which is the case if and only if the
spectral radius of A is strictly less than one, i.e., 1/2¢/1.3 x 7.9d® < 1, which holds for example for d = 1/2.
One can choose the vector p as p = [2 2 1 1] and, hence, it follows that

2 4
Ve, ) =Y 2Vi(wi, &) + > Vilwi, ),
i=1 =3
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is an SSF-M, from 1(21,22,23,24) to Z(X1,X0,X3,X4) where the interface function follows from (6.1).
Following the proof of Theorem 4.2, we see that V satisfies (3.2) with a(s) = s and (3.3) with n(s) = 1.35s,
Pext (8) = 1508, and pin = 0. Here, we computed 1 and peyt according to (4.8a) and (4. 8b) Subsequently, we
design a controller for ¥ via the abstraction 3. We restrict external inputs for 23 and 24 to zero, so that we
can set pjext = 0, j € {3,4}. As a result pexy reduces to pexi(s) = 0.16s, Vs € R>¢, and we use Theorem 3.5
in combination with Remark 5.4 to derive the inequality

E[[|¢ar (t) = Cao (8) °] < e E[V (a,4)] + 0.12E[||7]3]. (6.2)

6.4. The deterministic system and the controller. The synthesis of the safety controller is based on
a deterministic system X which results from X by omitting the diffusion and reset terms. In particular, we
determinize the identical systems %14 = Z(31, 24) and o3 = Z(X2, X3) and obtain for ¢ € {14, 23} the systems

. —2 0 —d] 0
- J&Gt)=10 =3 d|&@)+ |0 m(1),
VE 0 0 —2 1

Giy=[1 1 0&®.
We compute an SSF-My function V(&,2) = [&; 2T M[i; 2] from ¥ = Z(314, Xa3) to 3, by solving an appro-
priate LMI. The matrix M results in

miq 0 —Ma 0

N 0 m 0 —m

N o= , 1 2

—my 0 ms 0

0 *mg 0 ms

with

1.1400 1.3072 0.0052 1.1437 1.3112 0.0060 1.1793 1.3649 0.0081
mp = [1.3072 1.6968 0.0228|, my = |1.3365 1.7181 0.0218|, ms = [1.3649 1.7631 0.0224
0.0052 0.0228 0.0104 0.0089 0.0230 0.0085 0.0081 0.0224 0.0079

The associated Koo functions for V are given by a(r) = 7, n(r) = 0.82r, pext(r) = 0.32r, and pine = 0. Again
we use Theorem 3.5 and Remark 5.4 to establish

E[l|¢as (t) = G (0)]I7] < e S E[V (,a)] + 0.4] 7|2 (6.3)

Next we design a safety controller to restrict the output § € R of %;, i € {14,23} to [0 5]. Additionally, to
control the mismatch between the trajectories of ¥ and ¥, we limit the inputs to @ € [—1 1]°. We fix the
sampling time to 7 = 0.1 secs and use the MATLAB Toolbox MPT [HKJM13] to compute a safety controller
K : RS — 2011 which when applied in a sample-and-hold manner to & enforces the constraints at the
sampling instances t = k7, k € N. A part of the domain of the controller, which restricts the initial states of
¥ is illustrated in Figure 6. Note that K is a set-valued map that provides, for each state Z in the domain of
K, possibly a set of admissible inputs K (z) C [-1 1]°.

6.5. Input trajectory generation and performance guarantees. We use the closed-loop system con-
sisting of Y and K to generate input trajectories for . Let (5 C, 7) be a trajectory of ¥ that satisfies K,
i.e., 7 is constant on the intervals 7[k, (k + 1)[, k¥ € N, and satisfies &(k7) € K (£(k7)) for all k € N. We use
the interface (6.1) to compute the input trajectory v for 3. Using the bounds in (6.2) and (6.3), the overall
estimate between output trajectories of Y and ¥ follows to

(Blla ) = Go®)12)” < (Blla®) = &aa®)21) " + (BlliGas(®) - Go®)I2)
< e B[V (a,d)]% + e "BV (a,a)]% + |7 oo (6.4)
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FIGURE 6. Part of the domain of the safety controller. The left figure shows the projection
on 7 and Zy. The right figure shows the projection on x5 and Z3.

We show some simulation results of the controlled system in Figure 7. The initial state of ¥ is fixed as
a = [1;—1;-5;1;—1; —5; 1; —2; 1; —2]. We determine the initial state for 3 as well as & as the vector a € R®
lying in the domain of the controller and minimizing V' (a,a) which is a = [1.44; —0.69; 1.44; —0.69; 1; 1]. We
randomly pick the input (k1) in K(g(lm')) In the top two plots of the figure, we see a realization of the
observed process ¢ (resp. (2) and & (resp. 62) of ¥ and ¥, respectively. On the middle plot, we show
the corresponding evolutions of the refined input signals v; and vy for ¥. On the 2nd plot from bottom,
we show the square root of the average value (over 1000 experiments) of the squared distance in time of the
output trajectory of ¥ to the one of 3, namely, [ar — 5;15”2. The solid black curve denotes the error bound
given by the right-hand-side of (6.2). On the bottom part, we show the square root of the average value
(over 1000 experiments) of the squared distance in time of the output trajectory of ¥ to the set S, namely,
[I€ar () |ls. Notice that the square root of this empirical (averaged) squared distances is significantly lower
than the computed bound given by the right-hand-side of (6.4), as expected since the stochastic simulation
functions can lead to conservative bounds. (One can improve the bounds by seeking optimized stochastic
simulation functions.)

7. SUMMARY

In this paper we proposed a compositional framework for the construction of infinite approximations of in-
terconnected stochastic hybrid systems by leveraging some small-gain type conditions. We introduced a new
notion of stochastic simulation functions to quantify the error between the stochastic hybrid systems and their
approximations. In comparison with the similar notion in [JP09], our proposed notion of stochastic simu-
lation functions is computationally more tractable for stochastic hybrid systems with inputs. Moreover, we
provided a constructive approach on the construction of those infinite approximations for a class of stochastic
hybrid systems, namely, jump linear stochastic systems. Finally, we illustrated the effectiveness of the results
by constructing an infinite approximation of an interconnection of four jump linear stochastic systems in a
compositional manner. We employed the constructed approximation as a substitute in the controller synthesis
scheme to enforce a safety constraint on the concrete interconnected system, would not have been possible to
enforce without the use of the approximation.

APPENDIX

Proof of Lemma 3.6. Lemma 3.6 is an extension of Lemma 4.4 in [LSW96] and the proof follows similar ideas.
The proof includes two steps. We first show that the set [0, so], so := 77 (2g), is forward invariant, i.e., if
y(to) € [0, so], then y(t) € [0, sp] for all t > ¢y. For the sake of contradiction, suppose the trajectory y visits
[0, so] and then later leaves it. Due to the continuity of y, this implies that there exist a time instance t > tg
and positive value £ > 0 such that y(t9) = so and y(t) = sg + ¢, and y(7) > s¢ for all 7 € [to,t]. In view of the



APPROXIMATIONS OF STOCHASTIC HYBRID SYSTEMS: A COMPOSITIONAL APPROACH

t [sec]

FIGURE 7. Top two plots: One realization of ¢; (resp. () (=) and ¢; (resp. (3) (=). The
middle plot: the corresponding realization of external inputs 14 (=) and v5 (=) of ¥. The 2nd
plot from bottom: Square root of the average values (over 1000 experiments) of the squared
distance of the output trajectory of ¥ to the one of 3. The solid black line indicates the error
bound given by the right-hand-side of (6.2). Bottom plot: Square root of the average values
(over 1000 experiments) of the squared distance of the output trajectory of ¥ to the safe set

S.
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lemma hypothesis, we then have

0<e=y(t) - ylto) < / ~n(y(r)) + 9] <0,

to

which concludes the first step. In the second step, we assume that y(0) > sg. Consider the function x : Ryg —
R defined as

s —dr
1 min{n(r),r}

Let t, be the first time that the process y reaches s, i.e., ts := inf{t > 0 : y(t) < s0}.° In the following we
show that the function

k(s) :=

9(r,t) ;:{ “_1(“(’“0)“/2)’ I (7.1)

is indeed the desired KL function for the lemma assertion. Note that for all ¢ € [0, ], we have n(y(t)) > 2g,
and that we have

y(t) t !
) y W) -9 o [anl) ot
(v(®) ~ y(/o) mm{n (1) 0/ min{n(y(7)),y()} ar= 0/ n(y(7)) A= 2

The above observation together with the fact that the function & is strictly decreasing on (0, c0) imply that

y(t) < fi_l(/@(y(O)) +t/2), vt € [0, ).

Note that lim, ) £(s) = oo, and since & is strictly decreasing on (0, 00), the function 9(r,t) defined in (7.1) is
a Ko function in the first argument for each ¢, and decreasing with respect to the second argument for each
nonzero r. As such, the function ¥(r,t) is a KL function. Combining the results of the two steps concerning
the intervals [0,;] and (¢s,00) concludes the desired assertion. ]

Proof of Theorem 3.5. For any time instances t > tq > 0, any 2(t) € R™, any &(t) € RP, and any random
variable a and & that are Fo-measurable, there exists v(¢) € R™ such that for all w(t) € RP, one obtains

EV(&auw(s% é@g@(s)) d S:|

to

E [V(gw(t),ém(t))} —F [v(gw(to), o0 (to)) +
< B [V (€untt0): a6 0)) ) + B [ =0(1 €anals) a0(6)) + o101 + pils) = 605)1) 5

to
t
< B[V (aalto) éasol)| + [ =n(B [V Eavalo).a00(5)] ) + B oo 191 + pim(lho = 315)] a5,

0
where the first equality is an application of the It6’s formula for jump diffusions thanks to the polynomial rate
of the function V' [@S05, Theorem 1.24], and the last inequality follows from Jensen’s inequality due to the con-
vexity assumption on the function 1 [Oks02, p. 310]. Let us define the process y(t) := E[V (€aw(t), éd;,@(t))].
Note that in view of the Itd’s formula, the process y(-) is continuous provided that the solution processes &40
and f;u;@ have finite moments. This is indeed the case under our model setting in Definition 2.1, in particular

due to the Lipschitz continuity of functions f,o,r, f, &,7 [@S05, 1.19]. Therefore, the process y(t) meets all
the required assumptions of Lemma 3.6, implying that there exists a KL function ¥ such that

E[V(fauw (t)védf/w(t))] S ﬂ(E[V(av &)]a t) + 7771 <2E [pext(”ﬁ”];o) + pint(Hw - wHEo)]) (72)

5By convention, inf ) = co.
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In view of Jensen’s inequity and using equation (3.2), the convexity of a and the concavity of pext, pint, we
have

(B [lav®) = Cana 1) < E o (Iares () = GasaOIF) | B [V (€ares (), €avs (8)]
< D(EV(@,)],1) + 17" (2pexc (EN7I15]) + 2000 (Bl — @]1]) )
which in conjunction with the fact that a € K leads to
E [Goves (8) — Cana(®)]*] < 0™ (ﬂ(E[vw,an,t) 177 (20 (EUI1E]) + 2pime (Bl - wn’;})))

< o™ (20(B[V(@,)),) )+~ (207" (4pes (BIZIS)) ) + 07" (207 (0 (Bl — &) )
Therefore, by introducing functions 3, Yext, and Ying as
B(r,t) == a~(20(r, 1)),
Yot () 1= a7 (207! (4pess (1) ). (7.3)
Yint (1) = a7 (207" (4pime (1) )

inequality (3.4) is satisfied. Note that if a=1 and n~! satisfies the triangle inequality (i.e., a=1(a + b) <
al(a) + a71(b) and n=(a + b) < n~Y(a) +n~1(b) for all a,b € Rx(), one can divide all the coefficients by
factor 2 in the expressions of 8, Yext, and vint in (7.3) to get a less conservative upper bound in (3.4). (]

Proof of Proposition 3.7. Since V is an SSF-Mj, function from ¥ to ¥ and n(r) > Or for some 6 € R and

any r € R>q, for any o € u , any w € W, and any random variable a and a that are Fy-measurable, there
exists v € U such that for all w € W one obtains:

LV (Eavno(®), €aso (1)) <= OV (€av®), Eav(®)) + pess (I9115) + pron (oo = [1%)-
Since there exists a constant € > 0 such that € > pext([|7]|%,) + pint (|l — @||%,), one obtains:
EV (gauw (t)a é&f/d) (t>) S - HV (Eal/w (t)a édf/uﬁ) (t)) + €, (74)

and the following chain of inequalities hold:

P {OE?ET Cavw(t) — éamv(t)H >e [a;d]} =IP{ sup a(

0<t<T

Gonalt) = asol0)]| ) 2 @) | s}

SIP{ sup V (ﬁaw(t)@d%(t)) > a(eh) | [a;d]}. (7.5)

0<t<T

Using inequalities (7.4), (7.5), and Theorem 1 in [Kus67, Chapter III], one obtains the inequalities (3.5) and
(3.6). O

Proof of Proposition 3.8. The proof is a simple consequence of Theorem 3.5 and Markov inequality [Oks02],
used as the following:

-

Ellguva ()  Cano(®l] _ (B [I6or®) — Goa®I4])”

3 9

P { o (t) = Ganc (1)

>e} < (7.6)

£5)

(BLV (@, )], 8) + Yoxt (BIIPI]) + i (B0 = @51)
9

IN
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Proof of Corollary 3.9. Since V' is an SSF-My, function from 3 to Y., for 7 = 0 and any random variable a and
a that are Fy-measurable, there exists ¥ € U such that one obtains:

£V (&an().€ao(1)) < = (V (& (1), &ao9))

implying that V (&l,,(t), {;:@0 (t)) is a nonnegative supermartingale [Oks02, Appendix C]. As a result, we have
the following chain of inequalities:

P {053300 [cantt) — oot > < | [a;a1} —P{ sp o (]

Gonl®) = Gol0)] ) > a(e*) | lial}

0<t<oo
<P {OSS?EOQV (fau(t)aédo(t)) > Oz(gk) | [CL; d]} < ‘;((aglfl))’

where the last inequality is implied from V(fal,(t),fdo (t)) being a nonnegative supermartingale and [Kus67,
Lemmal]. 0

Proof of Lemma 5.1. Consider the jump linear stochastic system ¥ with a linear feedback control law u = Kz,
where K € R™*" satisfying

d&(t) = (A+ BE)&(t)dt + EE(H) AW, + Y Rig(t)d P}
i=1
Define the matrix-valued deterministic process ®(¢) := E[¢(t)€T(¢)]. Applying the Itd’s formula for jump
diffusions [@S05] leads to the following differential equations describing the time-evolution of the deterministic
process D(t):
q q q
b(t) = (A+BE + > NR:)®(1) + (1) (A + BK + > NR:)" + ES(t)ET + S NRi®(t)RY.  (7.7)
i=1 i=1 i=1
To see further details on how the above ODE is derived, one can view each element of the matrix ®(¢) as
an R-valued mapping and treat it in the same way as we considered the Lyapunov function in the proof
of Theorem 5.3, and consequently arrives at (7.7). From linear system theory, one can readily check that
the ODE in (7.7) is asymptotically stable (implying ¥ is mean square asymptotically stable) if and only if
V(®(t) = Tr(M®(t)) = E[E(t)TME(t)] is a Lyapunov function for (7.7) for a positive definite matrix M
satisfying condition (5.3), which completes the proof. O

Proof of Lemma 5.9. Suppose that im D ¢ im P+im B, then there exists w € RP so that Dw # PZ— Bu holds
for all # € R™, v € R™. Hence (5.7b) cannot hold for any matrix D and S. Now suppose im D C im P+ im B.
Let e; denote the columns of I,. Then there exist d € R™ and s; € R™ so that De; = Pd — Bs; holds for all
ie{l,...,p} and the matrices D = [d; ... d,] and S = [s; ... s,] satisfy (5.7b). O
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