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Chapter 1

Introduction

This thesis treats methods to approximate integrals of the form

π(f) := Eπ[f(X)] =

∫
X

f(x)π(dx), (1.1)

where π is a probability distribution on a measurable space X and f : X → Rd is
a function of interest that is integrable with respect to π. This problem arises in
several fields such as Bayesian methods in statistics and machine learning, statistical
physics, cosmology, as well as in the applied sciences. In the Bayesian paradigm, a
statistical parametric model is selected together with a distribution on the parame-
ters, which should in principle reflect our beliefs on the phenomenon of interest before
observing any data and is thus called prior distribution. The objective is to study
the probability distribution of the parameters after having observed some realisations
of the phenomenon. This distribution is obtained by Bayes rule and is called poste-
rior distribution. It is of the utmost interest for the Bayesian statistician to have an
understanding of the posterior distribution, as this can bring clarity on which values
of the parameter are deemed most likely by the model and thus enables some un-
certainty quantification e.g. in the predictions of the model. When the parameter is
very high dimensional, a situation that is very common in contemporary approaches,
direct inspection of the posterior is impossible and thus the only way to obtain this
understanding is to compute quantities such as its mean, covariance matrix, as well
as its quantiles, the probabilities it assigns to certain regions, and so on. All these
properties correspond to computing the expectation of a corresponding function, e.g.
f(x) = x in the case of the mean, with respect to the posterior distribution. There-
fore, the problem fits in our framework of Equation (1.1), where π coincides with
the posterior distribution of the parameter. Without reliable techniques to obtain
approximations of (1.1), Bayesian statistics could only be applied on a limited set
of simple, tractable models which cannot give a reasonable representation of reality,
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4 Introduction

and hence it would merely be a theoretical paradigm with little applicability. On
the other hand, statistical physics concerns the modelling of molecular dynamics for
large systems of particles. The formulation of a suitable model usually corresponds
to considering the pair composed of the positions of particles and their momenta.
The dynamics of the particles typically preserve the Hamiltonian, which is defined
as the sum of a potential energy, accounting for the interactions between particles,
and of a kinetic energy, usually dependent only on the momenta. The common prac-
tice in statistical physics is to associate to each possible configuration of the system
a probability proportional to the exponential of the negative Hamiltonian of such
configuration. The resulting probability distribution is known as the Boltzmann dis-
tribution. In this framework, states with large Hamiltonian are less likely than those
with small Hamiltonian, respecting the physical intuition. It is important to have an
understanding of how a model of this kind evolves in time, with particular attention
on certain properties of the system of particles such as the relation between micro-
scopic and macroscopic aspects, or thermodynamic properties. These can usually be
represented as expectations of the form (1.1), where π is the Boltzmann distribution
of the system. Similarly to Bayesian statistics, analytic solutions are typically avail-
able only in simple models, which do not model accurately the true physical system.
While a way to address this is to approach this experimentally, this can be costly
and/or unfeasible. Therefore, methods to approximate such quantities are necessary
to give physicists a way to study models of interest.

The Monte Carlo approach is perhaps the most well known method to approximate
(1.1) and has originated a research area that is still extremely active today, of which
this thesis is an addition. The Monte Carlo method was proposed in 1949 in the
foundational paper [103], coauthored by Metropolis and Ulam, two physicist of the Los
Alamos Laboratory in New Mexico, USA. However, historical accounts report that the
physicist Enrico Fermi had independently invented the Monte Carlo method as early
as 15 years before [103], which was anyway the result of the collaboration of several
scientists including the mathematician John von Neumann [102]. The Monte Carlo
approach approximates (1.1) with the mean of the function evaluated in a random
sample of data points from the distribution π, essentially relying on the law of large
numbers. Building on the Monte Carlo approach, in [104] Metropolis and coauthors
proposed to obtain this sample by accepting or rejecting states from a Markov chain
with stationary distribution π, as under simple conditions the law of such Markov
chain converges to the target distribution π independently of its initial condition. The
resulting approach is known as Markov chain Monte Carlo (MCMC). In 1970, Hastings
[80] generalised further the algorithm of [104], nowadays known as the Metropolis-
Hastings (MH) algorithm. The MH algorithm was for several years predominantly
used by physicists, who are still some of the main users of MCMC algorithms, until
in the 1990s it became popular also among statisticians. The combination of this
popularity and the availability of the first computers sparked a true revolution that
made Bayesian statistics finally widespread, more than 200 years after the works by
Thomas Bayes. Nowadays, the MH and related MCMC algorithms are discussed in



Introduction 5

any Bayesian statistics textbook and are of crucial importance for anyone who wishes
to follow the Bayesian paradigm. For an overview of MCMC algorithms we refer to
[134] or the book [33], while for a historical account we recommend [130, 101] though
many other good papers exist.

The MH algorithm is based on Markov chains that satisfy the detailed balance
condition with respect to π, that is a sufficient condition for stationarity. The detailed
balance condition expressing that, assuming the chain is initialised from π, for any
states x and y the probability that the Markov chain moves from x to y is as likely
to a move from y to x. Chains that satisfy detailed balance are time reversible, and
thus commonly referred to as reversible. Reversible Markov chains then exhibit a
backtracking behaviour as a consequence of detailed balance and thus are typically
expected to have a slow, diffusive convergence to their stationary distribution π.
This consideration lead to efforts to design algorithms based on Markov chains non-
reversible, i.e. violating the detailed balance condition, but still have π as stationary
distribution. The intuition that non-reversible chains can lead to better performing
algorithms was supported by mathematical results from the end of the 1990s [55,
34], which showed that non-reversible chains can indeed have considerably faster
convergence. One of the major techniques to obtain non-reversible chains is called
lifting and relies on a clever augmentation of the state space to speed up the chain.
The first idea from [55] was to add a momentum variable expressing the direction in
which the Markov chain can move at a given iteration. The additional variable can
be used to give some persistence to the chain, thus avoiding an inefficient, random-
walk-like behaviour. Similar ideas lead to other non-reversible chains as [82, 77, 116,
151, 157], which empirically showed improved convergence properties compared to
standard reversible approaches. As we shall see in Chapter 2, many non-reversible
algorithms satisfy a modified balance condition, known as skew detailed balance.

This line of research lead the statistical physics [125, 13, 108] and the mathemat-
ical statistics [21] communities to (re)discover a class of continuous time stochastic
processes known as piecewise deterministic Markov processes (PDMPs), which are
the subject of this thesis. Such interest is explained by the fact that PDMPs arise
naturally as limits of lifted Markov chains when time and space are suitably rescaled,
and can be thus thought of as a continuous time analogue of non-reversible MCMC
algorithms such as those of [55, 151]. However, PDMPs were discovered and studied
well before the interest from the MCMC community in the seminal paper [49] by Mark
Davis, who laid the foundations of this class of processes and also wrote the book [48],
now a standard reference for mathematicians approaching the topic. A PDMP can be
thought of as a stochastic process with degenerate noise, as it evolves according to the
prescribed deterministic dynamics for an exponential random time, at which it jumps
to a new state according to a prescribed kernel. Naturally, it is possible to design
PDMPs that have π as stationary distribution, thus positioning them as novel MCMC
algorithms. In this sense, PDMPs are different than other MCMC approaches, in most
cases based on the MH algorithm, as they can be rejection free, i.e. it is unnecessary
to include an acceptance/rejection step. As we shall discuss later on in this thesis,
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this can be achieved only when the PDMP can be simulated exactly, which is possible
only in simple settings. In addition, two other properties make PDMPs of particular
interest for MCMC purposes: their natural non-reversibility and the possibility for
exact subsampling. Non-reversibility of PDMPs is a byproduct of the deterministic
dynamics, which are typically not time reversible. Hence PDMPs constitute a general
framework to design non-reversible processes. Exact subsampling refers to the fact
that, when π is a posterior distribution obtained by some Bayesian statistics model,
under suitable conditions the random event times can be computed while accessing
only a subset of the data-set. This property makes PDMPs stand out, as subsam-
pling usually leads to the introduction of a bias in the estimation of integral (1.1).
Thus PDMPs can lead to faster, more efficient MCMC algorithms when dealing with
data sets with a large number of observations. The analogue of this property in the
statistical physics context is that only a random subset of the interactions between
particles should be computed at each iteration, as opposed to having to compute them
all. Hence this can be beneficial when the number of particles is large.

The remarkable properties of PDMPs lead to considerable efforts from the math-
ematics and statistics communities to gain a deeper understanding of their prop-
erties and efficiency. At the time of writing of this thesis, several PDMPs have
been proposed in the literature [23, 32, 159, 30, 25, 152], and modifications of such
processes have been discussed [110, 22, 15, 26, 37, 148, 109, 153]. We point to
[69] for an accessible introduction to PDMPs in the context of sampling. Theo-
retical investigations on various aspects related to the convergence of PDMPs to
their stationary distributions have been extensively studied with various techniques
[24, 64, 51, 5, 4, 56, 2, 19, 27, 20, 52, 65, 137, 154].

Contributions and organisation of the thesis

In Chapter 2 we illustrate the main mathematical concepts that brought us from the
classical Monte Carlo method to MCMC algorithms based on PDMPs. It will become
clear that a crucial concept is that of lifted Markov chains. We shall emphasise that
most non-reversible algorithms, including PDMPs, are indeed instances of the lifting
approach. While illustrating the main ideas, we introduce some concepts that will be
useful throughout the thesis.

In the following chapters of the thesis, we focus on two different aspects of PDMPs.
Part II: in this part of the thesis, we study approximations of PDMPs, a topic
which was before mostly ignored in the literature. Our goal is to design discretisation
schemes which satisfy suitable theoretical guarantees and can thus be used when
PDMPs cannot be implemented exactly. This situation is very common in practice
and is especially important in the context of MCMC algorithms. Chapter 3 discussed
a general framework to define approximations of PDMPs of any order and is based
on the paper
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[16] A. Bertazzi, J. Bierkens, and P. Dobson. Approximations of Piecewise
Deterministic Markov Processes and their convergence properties.
Stochastic Processes and their Applications, 154:91–153, 2022

In Chapter 4 we investigate approximations given by the classical approach of splitting
schemes, which we confirm gives second order schemes when given suitable symmetry.
This is based on the work

[17] A. Bertazzi, P. Dobson, and P. Monmarché. Splitting schemes for
second order approximations of piecewise-deterministic Markov pro-
cesses. arXiv.2301.02537, 2023

Part III: in this part of the thesis we study how the velocity and speed of time of
PDMPs can be tuned in order to improve their convergence properties. In Chapter
5, we introduce adaptive algorithms that learn suitable velocity vectors on the go, i.e.
they use the path of the process to update their transition kernel. This chapter is
based on

[15] A. Bertazzi and J. Bierkens. Adaptive schemes for piecewise deter-
ministic Monte Carlo algorithms. Bernoulli, 28(4):2404 – 2430, 2022

In the last chapter, Chapter 6, we study time transformed Markov processes, with
emphasis on PDMPs. The fundamental idea is that we can improve the exploration
of the state space by speeding up time when the process is in low density regions
for the target distribution. This can be done leaving π stationary by modifying the
paths of the process suitably. We obtain novel processes applying this idea to PDMPs
commonly used for MCMC purposes. Rigorous theoretical statements are proved to
justify this approach.

[14] A. Bertazzi. Time transformations of piecewise-deterministic Markov
processes. In preparation, 2023





Chapter 2

A mathematical introduction

In this chapter we start with the basics of Monte Carlo methods (Section 2.1), we de-
scribe the foundational ideas behind reversible and non-reversible MCMC algorithms
(Section 2.2), and finally we introduce and explain the basics of PDMPs (Section 2.3).
The goal of the chapter is to discuss the key ideas that drove the research from 1949
until today, as well as on the meaning of crucial techniques and conditions such as
the (skew) detailed balance and the lifting approach.

2.1 Overview of Monte Carlo methods

While there are several approaches to approximate integrals of the form (1.1), the
Monte Carlo method has revolutionised many fields of research. The idea is simple:
given an independent sample from the target distribution π, that is

X1, . . . , Xn
iid∼ π,

the Monte Carlo estimator is given by

π̂n(f) =
1

n

n∑
i=1

f(Xi). (2.1)

This estimator enjoys several important properties. First of all, it is unbiased, i.e.
E[π̂n(f)] = π(f), where the expectation is over the samples. Moreover, it is supported
by standard results in probability theory. The strong law of large numbers (SLLN)
implies that π̂n(f) converges almost surely to π(f) as n→∞ if f is integrable wrt π,
while, assuming that the variance σ2

f = Varπ(f(X)) is finite, the central limit theorem
(CLT) gives that √

n(π̂n(f)− π(f))→ N(0, σ2
f ),

9



10 A mathematical introduction

where the limit is in distribution. Thus the CLT gives that the Monte Carlo estimator
converges with rate

√
n and clarifies the importance of the asymptotic variance σ2

f .

The main difficulty of this procedure is that we should be able to obtain samples
from π. This is in general a challenging task which lead to the development of spe-
cialised methods to either generate samples from a given probability distribution or
to go around this problem. In the next sections we give a brief overview of some of
the main methods that rely on the Monte Carlo idea. In Sections 2.1.1 and 2.1.2 we
discuss two different approaches to obtain samples from the target: sampling via the
inverse transform and rejection sampling. As we shall see, the applicability of these
methods is limited and motivates the search for alternative algorithms. In the follow-
ing two sections, 2.1.3 and 2.1.4, we discuss the two main classes of algorithms that
are nowadays used in practice: importance sampling and Markov chain Monte Carlo
(MCMC) algorithms. An excellent reference that is used throughout this section is
the book [129]. We shall work on a measurable space (X,X ), where X is the state
space and X is a σ-algebra on X.

Remark 2.1. In this thesis we shall often assume the following setting: the target
distribution π has density wrt Lebesgue measure where with an abuse of notation
(common in the literature) we denote by π also the density, i.e. π(dx) = π(x)dx.
Moreover, we often write

π(x) =
1

Z
e−ψ(x),

where Z =
∫
X
e−ψ(x)dx. The function ψ is called potential.

2.1.1 Sampling with the inverse transform

The first approach to generate a sample from π leverages the fact that all one-
dimensional distributions can be obtained by a suitable transformation of the uni-
form distribution on [0, 1], which we denote as Unif([0, 1]). Let us assume that the
target π is defined in R and admits density which we also denote by π. We denote its
cumulative distribution function by F , that is F (x) =

∫ x
−∞ π(dy). Then we observe

that, assuming F is invertible, for U ∼ Unif([0, 1]) it holds

P(F−1(U) ≤ x) = P(U ≤ F (x)) = F (x),

which is obtained applying F to both sides of the inequality F−1(U) ≤ x and used
that F is strictly increasing. This shows that F−1(U) ∼ π. The same equality holds
if F is not invertible by considering the generalised inverse F−1(y) = inf{x ∈ R :
F (x) ≤ y}, which is equivalent to the standard inverse function when F is invertible.
Therefore, knowledge of the inverse cdf implies that we can transform a draw from the
uniform distribution into a draw from π. Here the implicit assumption is that we can
draw samples from the uniform distribution; this can be achieved via pseudo random
number generators, though it has to be noted that these techniques are deterministic
and hence the samples will not be truly random, but will be accepted according to a set
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of statistical tests. It is now straightforward to take advantage of this technique in the
context of the Monte Carlo estimator (2.1): first we generate a sample U1, . . . , Un ∼
Unif([0, 1]) and then we compute the estimator

π̂n(f) =
1

n

n∑
i=1

f(F−1(Ui)).

As a simple example which will play a role in subsequent chapters, consider the
exponential distribution with parameter λ > 0, denoted as Exp(λ). In this case
F (x) = 1− exp(−λx) for x > 0 and the inverse cdf is F−1(u) = −λ−1 ln (1− u) and
hence it is straightforward to generate a sample X ∼ Exp(λ). This approach can be
generalised to higher dimensional targets taking advantage of a factorisation such as

π(x) = π(x1)π(x2|x1)π(x3|x1, x2) · · · π(xd|x1, . . . , xd−1),

where we used the notation x = (x1, . . . , xd) (note the order of components is irrele-
vant) and π(xk|x1 . . . , xk−1) are the conditional distributions given by π. Assuming
it is possible to compute the inverse cdf for each of the terms above, we can obtain
a sample X from π by sampling X1 from the first marginal, then X2 from the con-
ditional distribution π(x2|X1), and so on for other components. Other factorisations
of the target can be used (think e.g. of Bayesian networks where each component is
a node of a directed acyclic graph and is independent of other components given its
parents).

The issue with sampling with the inverse transform is that F−1 is unknown in
closed form even for simple distributions such as the one-dimensional standard Gaus-
sian, for which one would have to invert the function x 7→

∫ x
−∞

1√
2π
e−

1
2y

2

dy, or the

beta distribution. Hence the applicability of this method is very limited and other
approaches must be sought.

2.1.2 Rejection sampling

Rejection sampling is a method that obtains independent samples from π by accepting
or rejecting samples from another distribution g. Suppose we can draw samples from a
probability distribution with density g which satisfies π(x) ≤Mg(x) for all x, where
M is a constant (note it must be M ≥ 1 because g integrates to 1). In rejection
sampling we start by drawing a sample Y ∼ g and an auxiliary random variable
U ∼ Unif([0, 1]). Starting from Y and U , we can then obtain a sample X ∼ π by
accepting or rejecting the proposal Y . In particular, the proposal Y is accepted if
U ≤ π(Y )/(Mg(Y )), and rejected otherwise. In case of acceptance we set X = Y ,
which is our sample from π. In case of rejection the procedure is repeated by drawing
new samples Y ′ and U ′ and checking in the same fashion if Y ′ is accepted, and so on
until the first acceptance. Let us show that this indeed gives that P(X ∈ A) = π(A)
for any measurable set A, which means X ∼ π and thus we have obtained a sample
from π. We can compute P(X ∈ A) = P(Y ∈ A|Y is accepted) by Bayes’ rule as the
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ratio of

P(Y ∈ A, Y is accepted) =

∫
A

∫ π(y)
Mg(y)

0

dug(y)dy = M−1π(A)

and

P(Y is accepted) =

∫
X

∫ π(y)
Mg(y)

0

dug(y)dy =
1

M
.

Therefore, accepted samples are distributed according to π.

Starting from Y1, . . . , Yn
iid∼ g and U1, . . . , Un

iid∼ Unif([0, 1]), the rejection sampling
method outputs an independent sample X1, . . . , XN ∼ π, where the sample size N is
random. Assuming at least one sample is accepted, we can write the estimator of this
procedure as

π̂RSn (f) =

∑n
i=1 f(Yi)1Ui≤

π(Yi)

Mg(Yi)∑n
i=1 1Ui≤

π(Yi)

Mg(Yi)

.

Clearly, rejection sampling can only be applied when a suitable probability distri-
bution g is available. In particular, g cannot have lighter tails than π since it must
be that π(x) ≤Mg(x) for all x ∈ X. The computational cost of rejection sampling is
related to the constant M , which is the inverse of the fraction of accepted proposals.
Clearly, a small M , i.e. close to 1, can be chosen only if g is close to π, a requirement
which is typically at odds with the fact that it should also be easy to sample from g.
Finally, recalling that π(x) = exp(−ψ(x))/Z we observe that this procedure requires
knowledge of the normalising constant of π, Z, as this is essential to determine a
suitable M such that the bound π(x) ≤ Mg(x) holds. All these reasons hinder the
applicability of rejection sampling to general targets.

2.1.3 Importance sampling

Importance sampling (IS) is an approach to obtain (unbiased) estimators of expec-
tations wrt π by weighting samples from another probability distribution g. In par-
ticular, importance sampling does not give a sample from π. Consider a sample
X1, . . . , Xn from a probability distribution g which is different from the target distri-
bution π, but has the same (or larger) support as π. In IS a weight is attached to
each sample point to adjust for the fact that it is not from the right distribution. The
importance sampling estimator of the integral (1.1) is then given by

π̂ISn (f) =
1

n

n∑
i=1

w(Xi)f(Xi), (2.2)

where w(x) = π(x)
g(x) is the weight function. This choice of weights is explained by the

following equation:

π(f) =

∫
X

f(x)π(x)dx =

∫
X

f(x)
π(x)

g(x)
g(x)dx, (2.3)
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which is sometimes known as the importance sampling fundamental identity. Equa-
tion (2.3) expresses that the integral π(f) can be rephrased as an integral with
respect to any other probability distribution and thus estimating Eπ[f(X)] is the
same as estimating Eg[W (X)f(X)]. It follows that the estimator (2.2) is unbiased
and we have the usual guarantees on its convergence by the SLLN and CLT. In-
terestingly, IS was originally designed as a variance reduction technique, that is its
goal was to obtain decrease the asymptotic variance of the estimator, hence speed-
ing up convergence. To see that variance reduction is possible, we observe that
Varg(w(X)f(X)) = Eg[w2(X)f2(X)] − Eg[w(X)f(X)]2, which is in general differ-
ent from Varπ(f). For weights w(x) = π(x)/g(x) we obtain

Varg(w(X)f(X)) = Eπ
[
π(X)

g(X)
f2(X)

]
− π(f)2. (2.4)

Using Jensen’s inequality for the first term we find that the choice of g which gives
the smallest variance is g(x) ∝ |f(x)|π(x), where omitted factor ensures g integrates
to 1. A simple computation shows that, if f is non-negative, this choice of g gives
Varg(w(X)f(X)) = 0, which is a remarkable result. Unfortunately, this comes at
the price that the normalising constant of such g is exactly π(f), the unknown we
started with, and hence this choice is not of practical interest. Nonetheless, this shows
that indeed the asymptotic variance can be decreased with suitable choices of g. It
should be observed that the variance of the IS estimator can also become infinite if
g is chosen poorly, thus great care should be placed in the choice of g. A guideline
is given by Equation (2.4): g should have thicker tails than π, as this implies that
Eπ
[
(π(X)/g(X))f2(X)

]
is finite.

In most applications the normalising constant of π, which we denoted by Z, is
unknown, hence the weight function w cannot be computed. This can be solved by
estimating Z with the IS trick:

Z =

∫
X

exp(−ψ(x))dx =

∫
X

exp(−ψ(x))

g(x)
g(x)dx.

This motivates what is known as the self normalised IS (SNIS) estimator:

π̂SNISn (f) =

∑n
i=1 w̃(Xi)f(Xi)∑n

i=1 w̃(Xi)
, (2.5)

where the weights are w̃(x) = exp(−ψ(x))/g0(x) and g0 is the unnormalised version
of g. By the SLLN we have that the numerator converges to Zπ(f), while the de-
nominator converges to Z, and hence asymptotically this converges to π(f), though
the estimator is biased for finite sample sizes.

Importance sampling is a method that has some interesting properties, such as
variance reduction and the natural estimator of the normalising constant Z. However,
poor choices of g can cause the asymptotic variance of the estimator to explode. More
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in general, in order to have a good performance of the IS estimator one would like to
choose g as close to the optimal choice as possible, though this is hardly achievable
as designing and sampling from such g can be difficult.

2.1.4 The Markov chain Monte Carlo idea

The methods we have discussed so far use a sample from an a distribution other than
π and proceed applying either a transformation, an acceptance-rejection step, or a
weighting of each sample. The approach we discuss in this section, called Markov
chain Monte Carlo, is based on a different idea. Essentially, in MCMC algorithms
we design a Markov chain in such a way that its law converges asymptotically to the
target π, and moreover the Monte Carlo estimator (2.1) converges to the right value.

Let us explain in more detail the overarching idea. Consider a Markov chain
(Xn)n≥0, that is a stochastic process taking values on the state space X such that
the law of Xn conditional on the previous state Xn−1 is independent of the previous
states X0, X1, . . . , Xn−2. The law of the Markov chain is specified by a transition
kernel P : (X,X )→ [0, 1], which gives P(Xn+1 ∈ A|Xn = x) = P (x,A). A probability
measure π is said stationary for the Markov chain when drawing the initial state of
the chain from π, that is taking X0 ∼ π, implies that Xn ∼ π for all n ≥ 1. In
mathematical terms, the probability distribution π is stationary if for all measurable
sets A

π(A) =

∫
X

π(dx)P (x,A) (2.6)

where π(A) =
∫
A
π(dx). Stationarity means that π is the marginal of the y variable

for the measure on the product space π(dx)P (x,dy). This is a key concept, because
a Markov chain which has π as its unique stationary distribution verifies a SLLN: for
all initial conditions X0 = x ∈ X it holds that

1

n

n−1∑
i=0

f(Xi)→ π(f) (2.7)

almost surely with respect to the law of the process (see [105, Theorem 17.0.1]).
Moreover, a Markov chain version of the CLT holds under suitable conditions (again
see [105, Theorem 17.0.1]), where the asymptotic variance is given by

σ2
f = Varπ(f(X0)) + 2

∞∑
i=1

Covπ(f(X0), f(Xi)).

It follows that the MCMC estimator enjoys the same rate of convergence as the
standard Monte Carlo estimator (2.1), but where the asymptotic variance now takes
into account the correlations within the chain. Therefore, it is clear that we can
approximate our integral π(f) designing a Markov chain with stationary distribution
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π1. The simplicity of applying this idea made MCMC methods an extremely popular
choice and has resulted in intensive research for over thirty years. In the next section
we delve into the details of the design of such chains.

2.2 Markov chain Monte Carlo algorithms

As discussed in the previous section, π-stationarity (2.6) is a key notion in the design
of MCMC algorithms. Here we start our journey with a sufficient condition known as
detailed balance (Equation 2.8). The detailed balance is at the core of the Metropolis-
Hastings algorithm and is described in Section 2.2.1. In Section 2.2.2 we describe
two of the most well known reversible algorithms, the Metropolis adjusted Langevin
algorithm (MALA) and the classical version of the Hamiltonian Monte Carlo (HMC)
algorithm. These two algorithms give us the chance to introduce our first discretisa-
tion schemes for stochastic processes, which we extensively treat in Chapters 3 and
4. The backtracking behaviour motivates looking for alternatives to the detailed bal-
ance condition. In Section 2.2.3 we discuss the lifting approach, which builds Markov
chains on an augmented state space in such a way that π is a marginal stationary
distribution. We shall show in Section 2.2.4 that typically lifted chains satisfy a skew
detailed balance condition (Equation (2.17)). In Section 2.2.4.1 we discuss how to
design a Metropolis-Hastings algorithm based on such condition. We conclude our
journey into the basics of MCMC in Section 2.2.5 with a discussion on scaling lim-
its of certain Markov chains that satisfy the skew detailed balance. As we shall see,
these chains converge to a piecewise deterministic Markov process, a class of processes
which is the protagonist of Section 2.3 and of the rest of this thesis.

2.2.1 Reversibility and the Metropolis-Hastings algorithm

As we have seen, it is crucial to build Markov chains which have the target, π, as
stationary distribution. It is useful to rewrite (2.6) as∫

y∈A

∫
x∈X

P (y,dx)π(dy) =

∫
x∈X

∫
y∈A

P (x, dy)π(dx) for all A ∈ X .

This global balance condition has the physical interpretation that (in stationarity) for
any set A ∈ X the flow of probability exiting A is the same that is entering A. This
expression suggests the sufficient condition

π(dx)P (x,dy) = π(dy)P (y,dx) for all x, y ∈ X, (2.8)

which is known as detailed balance (DB). The mathematical meaning of the DB condi-
tion is that the lhs and rhs, which can be seen as probability measures on the product

1Here we omitted some details for simplicity. Convergence to the stationary distribution formally
requires notions such as irreducibility and positive Harris recurrence. See [105] for the details.
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space (X× X,X × X ), should coincide, in the sense that for all measurable sets A,B∫
x∈A

∫
y∈B

π(dx)P (x,dy) =

∫
x∈A

∫
y∈B

π(dy)P (y,dx).

Clearly, π is stationary for transition kernels P such that (2.8) holds. DB expresses
that the flow of probability between points x and y should be the same in both
directions when the chain is stationary. From the point of view of the theory of
Markov chains, DB implies that the chain is reversible, that is starting the chain
at π it holds that the law of Xn+1 given Xn = x is the same of the law of Xn+1

given Xn+2 = x. Reversibility in fact gives that changing the direction of time does
not alter the law of the process. Indeed, taking two X -measurable sets A,B and
assuming the chain is in stationarity (i.e. X0 ∼ π) and time homogeneous (i.e. for all
n Xn+1 ∼ P (Xn, ·) and P does not depend on n) we obtain by DB and Bayes’ rule

Pπ(Xn+1 ∈ A|Xn+2 ∈ B) = Pπ(Xn+1 ∈ A|Xn ∈ B)

i.e. the direction of time is irrelevant. This property is also known as time reversibility.

The Metropolis-Hastings (MH) algorithm builds a Markov chain that is reversible
with respect to π. The strategy is to consider a transition kernel P that accepts or
rejects proposals from a kernel Q, where the probability of acceptance is chosen to
ensure DB. Denoting by α : X×X→ [0, 1] the acceptance probability (where the first
argument is the initial state and the second is the proposed state), this means P is of
the form P (x,A) =

∫
A
P (x, dy) where

P (x, dy) = α(x, y)Q(x,dy) + δx(dy)

∫
X

Q(x, dx′)(1− α(x, x′)).

The first term corresponds to acceptance of a new state and the second term corre-
sponds to rejection, in which case the state of the process is unchanged and the chain
does not move. DB holds for P if

α(x, y)π(dx)Q(x, dy) = α(y, x)π(dy)Q(y,dx) for all x ̸= y, x, y ∈ X.

In general, as prescribed by [150, Theorem 2], we should find the density

r(x, y) =
π(dx)Q(x, dy)

π(dy)Q(y,dx)

restricting our attention to points (x, y) for which both measures are positive, that
is considering states x, y in a set R ⊂ X × X such that the measures π(dx)Q(x, dy)
and π(dy)Q(y,dx) are strictly positive2. Then it is clear that one can choose any

2Letting h(x, y) = π(dx)Q(x,dy)/(π(dx)Q(x, dy) + π(dy)Q(y,dx)), we have R = {(x, y) ∈ X :
h(x, y) > 0, h(y, x) > 0}.
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Algorithm 1: Metropolis-Hastings algorithm

Input : Number of iterations N , initial condition X0.
Output: Markov chain (Xn)Nn=0.
Set n = 0;
while n < N do

Draw proposal Y ∼ Q(Xn, ·);
Draw U ∼ Unif([0, 1]);
Compute α(Xn, Y ) = 1 ∧ r(Y,Xn) ;
if U ≤ α(Xn, Y ) then

Set Xn+1 = Y ;
else

Set Xn+1 = Xn;
end

end

acceptance probability which satisfies α(x, y) = r(y, x)α(y, x). Among this class3, the
MH algorithm has acceptance probability

α(x, y) =

{
1 ∧ r(y, x) for all (x, y) ∈ R,
0 otherwise.

(2.9)

This choice achieves the smallest asymptotic variance among the class of algorithms
for a given proposal Q [124, 150]. Thus an iteration of the MH algorithm proceeds by
first generating a proposal Y ∼ Q(x, ·), where x is the state at the previous iteration,
and then either accepting Y as new state with probability α(x, Y ), or rejecting it and
staying at x. We describe this procedure in Algorithm 1.

In order to give instances where the acceptance probability is more explicit, we now
consider three common situations:

a) π and Q have a common dominating measure: denote the respective densities
as π(dx) = π(x)η(dx) and Q(x, dy) = q(x, y)η(dy), where e.g. η can be the
Lebesgue measure and q is the density of a centred Gaussian distribution. Then

α(x, y) = 1 ∧ π(y)q(y, x)

π(x)q(x, y)
.

This setting is the basis of several classical algorithms, where typically Q has
density wrt the Lebesgue measure with density given by q(x, y) = q(y, x) (sym-
metric MH ), q(x, y) = q(|x− y|) (random walk Metropolis), and q(x, y) = q(y)
(independent sampler).

3In general it is enough to ensure α(x, y) = g(r(x, y)) for any function g(r) = rg(1/r). A well
known alternative to MH is Barker’s proposal [10], which takes g(r) = r/(1 + r).
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b) Q is reversible wrt another measure η: in this case

η(dx)Q(x,dy) = η(dy)Q(y,dx)

and assuming η has a common dominating measure with π we have

α(x, y) = 1 ∧ π(y)η(x)

π(x)η(y)
.

This can be an advantageous framework when evaluating Q(x, dy) is difficult,
while constructing a sample from it is achievable (think for instance of Q corre-
sponding to a sequence of operations which can be carried out, but the overall
probability is hard to write analytically).

c) Q(x, ·) has support on a finite number of states: consider as proposal mechanism
a kernel which, for a given initial state x, has support on a finite set of states. In
this case we can write such kernel for B ∈ X as Q(x,B) =

∑n
i=1 pi(x)1Ri(x)∈B

with Ri : X → X and
∑n
i=1 pi(x) = 1 for all x ∈ X. Here Ri are the possible

maps that are applied to the state x, and pi(x) is the corresponding probability
that Q(x, ·) proposes a state Ri(x). We assume that all Ri’s are involutions,
that is Ri(Ri(x)) = x and also that π(dx) = π(x)dx. We find that a move from
x to Ri(x) is accepted with probability

α(x,Ri(x)) = 1 ∧ π(Ri(x))pi(Ri(x))|det∇Ri(x)|
π(x)pi(x)

.

This setting covers the case of deterministic proposals, which we will discuss
again in Section 2.2.2.2.

We conclude by observing that the MH algorithm does not need knowledge of the
normalisation constant of π. This feature, together with its simplicity, has made for
several decades the MH algorithm the workhorse behind most sampling algorithms.

2.2.2 Two classical MCMC algorithms

In this section we describe two MCMC algorithms that are nowadays the standard
choice for most users: the Metropolis adjusted Langevin algorithm (MALA) and the
Hamiltonian Monte Carlo (HMC) algorithm. There are naturally other important
approaches in the MCMC literature that would deserve to be discussed, such as the
Gibbs sampler [74, 73], the (elliptical) slice sampler [132, 117, 115]. For the sake
of brevity we limit our attention to MALA and HMC, which we encounter in later
chapters of this thesis and give us examples of discretisation schemes.

2.2.2.1 The Metropolis adjusted Langevin algorithm
MALA, introduced in [139], is based on the d-dimensional overdamped Langevin

diffusion:
dxt = −∇ψ(Xt)dt+

√
2dWt, (2.10)
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where Wt is a d-dimensional Brownian motion. The interest in the Langevin diffusion
is due to the fact that the stochastic process (Xt)t≥0 that solves this stochastic dif-
ferential equation (SDE) can be shown to have stationary distribution with density
π(x) ∝ exp(−ψ(x)) wrt Lebesgue measure under mild assumptions. The fact that Xt

is π-stationary makes it a natural candidate to obtain samples from π, since by the
ergodic theorem one finds

1

T

∫ T

0

f(Xt)dt→ π(f) a.s.

which is the continuous time analogue of the discrete time empirical averages (2.1).
Because it is not possible to compute the solution Xt analytically, the Langevin
diffusion needs to be approximated using numerical approaches such as the Euler
discretisation, which defines a Markov chain (Xn)n≥0 by

Xn+1 = Xn − δ∇ψ(Xn) +
√

2δZn, (2.11)

where δ > 0 is the time step size and Zn is a sequence of d-dimensional standard Gaus-
sian random variables. The transition (2.11) is obtained by freezing the coefficients of
(2.10) to their value at the beginning of each time step. In Chapter 3 we follow similar
ideas to design discretisations of PDMPs. Naturally, this approach introduces a bias
that depends on δ. In particular the stationary distribution of the chain (Xn)n≥0 will
no longer be π and n−1

∑n
i=1 f(Xi) → π(f) does not hold. However, MALA uses

the Euler discretisation as a proposal within the MH algorithm, correcting it with
a suitable acceptance probability. Indeed Equation (2.11) corresponds to a proposal
kernel Q given by

Q(x, ·) = N (x− δ∇ψ(x), 2δId).

Proposals from Q are then normally distributed with mean around the gradient de-
scent path with step size δ and isotropic covariance with variance 2δ. This procedure
corresponds to setting in Algorithm 1

r(y, x) =
π(y)ν(x; y − δ∇ψ(y), 2δId)

π(x)ν(y;x− δ∇ψ(x), 2δId)
,

where ν(·;µ,Σ) is the density of N (µ,Σ).

The choice of the step size δ in MALA has been extensively studied in the liter-
ature, mostly with the approach of scaling limits [131, 133], which led to guidelines
on the acceptance probability of the proposals. Finally, we also observe that in many
settings where evaluating the target is expensive it is common practice to omit the
acceptance-rejection step and use the biased algorithm, known as the unadjusted
Langevin algorithm (ULA). ULA has been the subject of substantial theoretical in-
vestigations, see e.g. [61, 62].
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2.2.2.2 Hamiltonian Monte Carlo

Hamiltonian Monte Carlo (HMC) is arguably the most well known MCMC algo-
rithm to date. The main idea dates back to [58], but since then several variants to
the basic algorithm have been proposed, e.g. [82, 75, 30]. A standard reference is the
book chapter by Radford Neal [118].

As suggested by the name, HMC is based on Hamilton’s equations, which we now
describe. Consider a particle with position x ∈ Rd and momentum p ∈ Rd, i.e. essen-
tially its mass multiplied by its velocity. Hamilton’s equations define deterministic
dynamics that preserve the Hamiltonian H(x, p) = ψ(x) + K(p), in which ψ(x) and
K(p) play the role of the particle’s potential energy and kinetic energy. A typical
choice is K(p) = pTM−1p/2, where M is the mass matrix. In the following we take
M = Id, and hence p is to be interpreted as the velocity of the particle, which we
then denote by v. Hamilton’s equations associated to H give the system of ordinary
differential equations (ODEs)

dxt
dt

= vt,
dvt
dt

= −∇ψ(xt), (2.12)

with initial condition (x0, v0). Hamiltonian dynamics have several important prop-
erties. First of all, solutions of (2.12) preserve the Hamiltonian, in the sense that
H(xt, vt) = H(x0, v0) for all t. Also, the solution is volume preserving and reversible
in a physical sense, meaning that the process goes back along its original path if
the velocity is negated. For MCMC purposes it is particularly interesting that both
volume and the Hamiltonian are preserved, as this means that the probability mea-
sure µ(x, v) ∝ exp(−H(x, v)) is preserved and is thus a stationary distribution of the
dynamics. It follows that it is possible to obtain samples from the target density
π(x) ∝ exp(−ψ(x)) as it is the marginal of the position part, while the momentum
variable has Gaussian stationary distribution.

Two issues should be addressed in order to use Hamiltonian dynamics for MCMC
purposes. First, (xt, vt) can only explore states with same Hamiltonian as the initial
value H(x0, v0). A solution to this is to refresh the velocity, drawing a new value
v ∼ N (0, Id) at either deterministic or random times. We shall encounter this strategy
plenty of times in this thesis. The second issue is that Hamiltonian dynamics cannot be
simulated exactly if not for a very limited number of choices of ψ, thus it is necessary
to use discretisation schemes. The most used approach to obtain an approximate
solution of (2.12) is to use a splitting scheme, a classical method which we shall study
in the context of PDMPs in Chapter 4. The first step to define a splitting schemes is
to split the dynamical system into sub-parts that can be solved exactly. For instance,
consider an ODE żt = f(zt) = fA(zt) + fB(zt) with solution φt(z). We can split it
into two ODEs żt = fA(zt) and żt = fB(zt) of which we assume we can compute the
solutions φAt and φBt . Then an approximation of φt is given by composing φAt and φBt ,
for instance in the order φAδ/2 ◦φ

B
δ ◦φAδ/2, where δ is the step size of the discretisation.

It turns out that this is a second order approximation of the true solution, in the



2.2. Markov chain Monte Carlo algorithms 21

sense that
φδ(z) = φAδ/2 ◦ φ

B
δ ◦ φAδ/2 +O(δ2).

Following this philosophy, we can split the Hamiltonian system (2.12) as

dxt
dt

= vt,
dvt
dt

= 0,

and

dxt
dt

= 0,
dvt
dt

= −∇ψ(xt),

both of which can be easily solved exactly. To obtain an approximation of the solution
at time δ, the splitting scheme known as velocity Verlet then proceeds by doing a
velocity update, followed by a position update, and finally another velocity update:

vδ/2 = v −∇ψ(x)
δ

2
,

xδ = x+ vδ/2δ,

vδ = vδ/2 −∇ψ(xδ)
δ

2
.

We denote by (xδ, vδ) = φδ(x, v) the solution given by the splitting scheme at time
δ starting at (x, v). Importantly, this splitting scheme preserves volume and also
(y, w) = φδ(x, v) implies that φδ(y,−w) = (x,−v), i.e. the trajectory is reversed
by flipping the sign of the velocity. Clearly, the Hamiltonian is not preserved by φδ
because of the discretisation error. Moreover, it is common to apply φδ a number
K ≥ 1 of times to obtain trajectories which are potentially further away from the
initial state. We denote the obtained state as φKt (x, v).

Therefore, splitting schemes give a deterministic mapping which approximately
preserves the Hamiltonian, and we know that velocity refreshments are needed to
ensure ergodicity. With these ingredients, the HMC algorithm builds upon the MH
algorithm to define a Markov chain (Xn)n≥0 by accepting or rejecting proposals from
the kernel

Q(x,A) =

∫
Rd

1φK
δ (x,v)∈A ν(v)dv,

where A = A × Rd and ν is the density of the standard Gaussian distribution. Q
corresponds to drawing a momentum v ∼ N (0, Id), and then obtaining a new state y
as the x-marginal of φKt (x, v). The corresponding acceptance probability is given by

α(x, y) = 1 ∧ exp(H(x, v)−H(φKδ (x, v))), (2.13)

where v is then seen as the momentum that gives proposal y. Indeed, to go back
from y to x we must sample a velocity which is equal to the v-marginal of φKδ (x, v),
but with flipped sign. In this classical version of HMC, v is fully refreshed at each
iteration, hence it is unnecessary to keep track of its value. In Example 2.6 we describe
a generalisation of this algorithm in which the velocity is only partially refreshed [82],
in which case HMC gives a chain (Xn, Vn) where the velocity cannot be ignored.
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Remark 2.2. When K = 1 the HMC algorithm we described coincides with MALA.
Indeed, in this case the proposal generated by the leap-frog starting at x and with
v ∼ N (0, Id) is

xδ = x+ vδ/2δ ∼ N (x−∇ψ(x)δ2/2, δ2Id),

which is the same proposal of MALA with step size δ2/2.

2.2.3 Lifted Markov chains

The detailed balance condition served as foundation of the MCMC revolution because
of its simplicity and straightforward application via the MH algorithm. However,
DB is only a sufficient condition for stationarity and intuitively gives Markov chains
exhibiting a backtracking behaviour, in the sense that a move from Xn = x to Xn+1 =
y is followed by an equally likely move from Xn+1 = y to Xn+2 = x. This is an
undesirable property since it leads to an inefficient exploration of the state space. For
this reason, it is interesting to study Markov chains that violate DB while having the
correct stationary distribution. Various ideas have been proposed in the literature,
e.g. non-reversible perturbations of Langevin diffusions [92, 59], inserting vortices
within the MH algorithm [18], constructing a chain which keeps track of the previous
state in order to avoid backtracking [116], or introducing a momentum variable to
speed up mixing [82, 77]. Several of the non-reversible methods actually follow the
same principle, which goes by the name of lifting, an approach that was the subject of
several papers towards the end of the 20-th century [82, 55, 77, 34]. The foundational
idea of lifting is simple: starting from a (reversible) π-invariant chain, we wish to
define a related Markov chain on an augmented state space with the hope that the
mixing time of this chain is smaller than that of the chain we started with. We call
the chain on the augmented space lifted chain, as opposed to the original collapsed
chain. Typically the augmentation of the state space aims to give the chain a sense of
direction, for instance through the introduction of a momentum which improves over
the diffusive behaviour of reversible chains. Importantly, the lifted chain should have
π as marginal stationary distribution as this remains our target distribution. Let us
now give a mathematical definition of a lifted chain, adapting from [34].

Definition 2.3 (Lifted chain). Starting from a Markov chain with transition kernel
P̃ and state space X which is the support of the target distribution π, a corresponding
lifted chain is a Markov chain with transition kernel P , state space E ⊃ X, and
stationary distribution µ for which there exists a surjective, measurable mapping f :
E → X such that

π(A) =

∫
f−1(A)

µ(dz),∫
x∈A

∫
y∈B

π(dx)P̃ (x,dy) =

∫
z∈f−1(A)

∫
u∈f−1(B)

µ(dz) P (z,du)

(2.14)

for all measurable sets A,B.
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The first condition ensures that π is re-obtained when integrating out the additional
variables, while the second condition gives that in stationarity the transition kernels
P, P̃ assign the same probability of going from x to dy for all x, y ∈ X, that is the
following measures coincide

π(dx)P̃ (x, dy) =

∫
z∈f−1(x)

∫
u∈f−1(y)

µ(dz) P (z,du). (2.15)

When E = X×V, in which case the mapping f is f(x, v) = x, with f−1(x) = {(x, v) :
v ∈ V}, and µ(dx,dv) = π(dx)νx(dv), the conditions (2.14) become∫

v∈V
νx(dv) = 1,∫

y∈A
P̃ (x, dy) =

∫
y∈A

∫
v,w∈V

νx(dv)P ((x, v), (dy,dw)),

(2.16)

for all measurable sets A and all x ∈ X. In this case π is the marginal distribution of
the lifted chain. Conditions (2.14) or (2.16) do not give a concrete recipe on how to
construct a lifted chain, but rather lay a framework to think of such approach. Before
giving examples of specific lifted chains, let us comment on why this is an approach
worth considering. First of all, in Section 2.2.5 we shall see how, under suitable
conditions, PDMPs appear as limits of lifted chains. Therefore, this entire thesis is
a result of the lifting approach, which then gives us a clear picture of the reasons
that sparked research on PDMPs. Moreover, several results indicate that lifting can
indeed improve the speed of convergence over a reversible collapsed chain [34, 55] (we
also refer the interested reader to [88] for a recent overview, and to [6, 128] for a more
recent analysis).

Now, we give examples of lifted chains which were shown to have either theoretical
or empirical improvements over their collapsed chains. In each example we emphasise
a common structure, which allows us to obtain a modified balance condition in Section
2.2.4. After the examples, we briefly discuss what type of improvements can be
expected from such lifted chains.

Example 2.4 (Diaconis, Holmes, Neal [55]). Consider the state space X = {1, . . . , n}
on which we wish to target the uniform distribution π(i) = 1/n for i ∈ X (in Section
2.2.5.1 we describe the case of a generic π as given in [55, Section 5]). A random
walk on X evolves by moving from state i ∈ X to i − 1 or i + 1 both with probability
1/2, whereas if i = 1 or i = n it stays where it is with probability 1/2 and moves
respectively to node 2 or n − 1 with probability 1/2. This chain satisfies DB wrt π
and hence is π-stationary; moreover it converges after a number of iterations of order
n2 (observe e.g. that the mean travelled distance after m iterations is of order

√
m).

Now consider the augmented state space E = X×{+1,−1} and let us define a Markov
chain on E which has stationary distribution µ(x, v) = π(x)/2. The idea is that the
variable v ∈ {±1} denotes two replicas of the Markov chain with different behaviours.
The chain moves to either (x + v, v) or (x + v,−v), hence the index v indicates the
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direction in which it should move. Starting from state (x, v) and assuming for the
moment x+ v ∈ X, for a free parameter p ∈ (0, 1) the chain evolves following the two
steps:

1. generate the proposal (y, w) = (x+v,−v) and accept it with probability p, where
in case of rejection (y, w) = (x+ v, v);

2. apply a deterministic flip to the variable w, that is output (y,−w).

If the chain is at a boundary point, that is either (x, v) = (n,+1) or (x, v) = (1,−1),
it has probability 1 − p of staying at (x, v) and alternatively moves to (x,−v). Both
steps preserve µ as they are µ-reversible for any p ∈ [0, 1], though their composition
is non-reversible. Hence this chain can be used to obtain draws from π by simply
discarding the additional v variable. It is simple to verify that this chain is a lifting of
the random walk on X as per the condition (2.16): denoting respectively by P̃ and P
the transition kernels of the random walk and the lifted walk we see for instance that
for all p

P̃ (x, x+ 1) =
1

2
(P ((x, 1), (x+ 1, 1)) + P ((x, 1), (x+ 1,−1))) =

1

2
for x < n

and similarly for other transitions, including boundary terms. The interesting aspect
of this chain is that it has momentum when p > 1/2, in the sense that it keeps going in
the same direction with probability p. The larger p the more this behaviour is observed,
where in the case p = 1 the chain deterministically sweeps the state space. In [55,
Theorem 1] it is shown that when p = 1− 1/n this chain mixes in order n iterations,
which corresponds to a speed up of order n compared to the random walk. In [81] it
is shown that the improvement obtained with the Diaconis-Holmes-Neal lifted chain is
marginal for a V or W shaped target, in the sense that the speed-up is only logarithmic
in the size of the state space. A generalisation allowing moves between states (i, v)
and (j, v) according to a transition matrix for all i, j can be found in [151].

Example 2.5 (Guided random Walk Metropolis, Gustafson [77]). Let X = R and
π a generic target distribution on X. A π-stationary Markov chain (Xn)n≥0 can be
obtained with the MH algorithm using proposals from the Gaussian distribution with
variance σ2. This is the analogue of the random walk of the previous example, but this
time defined on the real line. Gustafson [77] proposed a way to modify this chain to
encode some momentum, with an approach that closely resembles that of [55, Section
5]. As in the previous example, let E := X × {+1,−1} and µ(x, v) = π(x)/2. From
state (Xn, Vn) = (x, v) ∈ E, (Xn+1, Vn+1) is obtained as follows:

1. generate a proposal (y, w) = (x+ v|Z|,−v) for Z ∼ N (0, σ2); accept it with the
MH probability 1 ∧ π(y)/π(x), and in case of rejection set (y, w) = (x, v);

2. deterministically flip the velocity, that is output (y,−w).

As above, both steps are µ-reversible, while their composition is not. The chain keeps
moving in the direction v as long as proposals in such direction are accepted, e.g.
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when π increases. When π is unimodal this gives a chain that accepts all proposals
that push the chain towards the mode and can reject proposals only when the chain
is heading away from it. This is intuitively what we would like to see and closely
resembles the behaviour of some PDMPs we encounter later on. We can see that the
second condition in (2.16) holds taking wlog y > x

P̃ (x,dy) =
1

2
P ((x,+1), (dy,+1)),

P̃ (x, x) =
1

2
(P ((x,+1), (x,−1)) + P ((x,−1), (x,+1)))

and thus P̃ is the transition kernel of the RWM. Therefore, the guided RWM is a lifted
RWM. Numerical simulations in [77] show that the guided random walk we described
shows faster mixing. This is supported by the theoretical results of [2].

Example 2.6 (HMC with partial momentum refreshments, Horowitz [82]). In Section
2.2.2.2 we have seen that the basic HMC algorithm of [58] is reversible and gives a
chain (Xn)n≥0. Here we discuss how to lift this chain using partial refreshments as
proposed by Horowitz [82]. In this algorithm, the lifted chain (Xn, Vn)n≥0 has state
space E = Rd × Rd and target µ(dx, dv) = π(dx)ν(dv), where ν is the standard
Gaussian measure. Starting from (Xn, Vn) = (x, v), the idea is now to draw W ∼
N (0, Id) and take V = αv +

√
1− α2W , i.e. a partial refreshment of v, as velocity

to be used as input for the Verlet integrator. This gives a sense of direction to the
chain, depending on the parameter α ∈ (0, 1). The lifted HMC algorithm follows the
next two steps:

1. generate (y, w′) from the kernel

Q((x, v), A) =

∫
Rd

1φK
δ (x,αv+

√
1−α2w)∈A ν(w)dw,

and set (y, w) = (y,−w′) with the MH probability 1 ∧ exp(H(x, v) − H(y, w)),
or else set (y, w) = (x,−v);

2. deterministically flip the momentum, that is output (y,−w).

It is clear that the chain (Xn, Vn)n≥0 is a lifting of the chain defined by the HMC
chain with full refreshments, i.e. with α = 0. Indeed, the chain with α = 0 respects
the conditions (2.16). Therefore we can see HMC with partial refreshments as a lifting
of the HMC algorithm with full refreshment, or also as a lifting of MALA in the K = 1
case.

Example 2.7 (Neal [116]). An alternative approach to incorporate a sense of direction
is to keep track also of the second to last state, obtaining a second order Markov
chain, as opposed to the usual first order Markov chains. This approach gives a
chain (Xn, Yn)n≥0 with state space E = X × X. As in [116] we assume that X is
finite. Let T be a π-reversible transition kernel. The second order chain of [116] is
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designed to have stationary distribution µ(x, y) := π(x)T (x, y), which by reversibility
of T satisfies µ(x, y) = µ(y, x). Since π is the marginal stationary distribution for
both components, it is enough to compute the Monte Carlo estimator using either, e.g.
the second component. Starting from (Xn, Yn), an iteration of the chain proceeds as
follows:

1. set (X̃n+1, Ỹn+1) = (Yn, Xn);

2. draw (Xn+1, Yn+1) ∼ Q((X̃n+1, Ỹn+1), ·), where Q is a µ-reversible transition
kernel of the form

Q((x1, y1), (x2, y2)) = 1x1=x2
U(x1, y2|y1).

Overall, the one-step transition kernel of this procedure is given by

P ((x1, y1), (x2, y2)) = 1y1=x2U(y1, y2|x1).

While both steps are µ-reversible, their composition P is not. Taking U(y1, y2|x1) =
T (y1, y2) gives a chain for which the component (Yn)n≥0 evolves just like a first order
chain with kernel T and thus does not reduce backtracking, though still breaks DB.
We would like to choose U in such a way that the probability of rejection is smaller
than for the kernel T . The reason is simple: since the first step above preserves µ, a
rejection in the second step corresponds to a backtracking move, in the sense that upon
rejection the chain can show a path of the form (Xn−1, Xn)→ (Xn, Yn)→ (Yn, Xn),
i.e. the second component has gone back to the state Xn. Based on a suggestion from
[97], [116] discusses the following choice: for y2 ̸= y1

U(x1, y2|y1) = T (x1, y2) min

{
1

1− T (x1, y1)
,

1

1− T (y2, y1)

}
,

while with remaining probability U proposes y2 = y1. It is clear that such U corre-
sponds to decreasing the probability of rejection and hence of backtracking. This choice
of U satisfies the conditions of [116, Theorem 2] and gives that Q is µ-reversible and
moreover the asymptotic variance is at least as small as that of the first order chain
with kernel T . This relation between asymptotic variances is shown for general state
space in [2]. Second order chains were also studied in [54]. It is not difficult to see
that the second order Markov chain is obtained by lifting the original Markov chain
with transitions T .

The examples we discussed should give the impression that augmenting the state
space in a smart way can steer the lifted chain to good directions of the state space,
hence exploring it in a more systematic way. In order to better understand when
lifting can be expected to give improvements, we briefly discuss some of the findings
of [34]. A key quantity to study the mixing time of Markov chains is the conductance,
which gives an indication of the worst bottleneck in the exploration of the target π.
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Defining the conductance of the collapsed chain P̃ as

Φ(P̃ ) := min
S:π(S)<1/2

Φ(P̃ , S), Φ(P̃ , S) :=

∑
x∈S,y∈SC π(x)P̃ (x, y)

π(S)
,

we observe that the definition of lifted chain (2.14) gives that the set S∗ that minimises
Φ(P̃ , S) can be translated to a set f−1(S∗) for which

Φ(P ) := min
S:µ(S)<1/2

∑
z1∈S,z2∈S

C µ(z1)P (z1, z2)

µ(S)
≤ Φ(P, f−1(S∗)) = Φ(P̃ ).

This shows that the conductance is monotone under lifting and thus we cannot hope
to increase it with this approach. For this reason, lifting should not be seen as
an approach that improves convergence for multimodal targets, as communication
between modes does not get better for the lifted chain. For example, when π is
multimodal a simple computation shows that jumps between modes are as likely for
the lifted RWM of Example 2.5 as for the RWM. Therefore, in such cases one should
use other techniques such as simulated tempering [100], perhaps in conjunction with
lifting.

Remark 2.8. Simulated tempering is also an augmentation of the state space, which
becomes (x, β) ∈ X×{β0, . . . , βn}. The variable β plays the role of inverse temperature
and a chain is designed to have stationary distribution

µ(x, β) ∝ ν(β)πβ(x).

It is easy to see that µ and π do not satisfy the first condition in Definition 2.3 and
therefore simulated tempering does not fit into the lifting framework.

However, lifting can lead to considerable speed-ups as seen in Example 2.4. To see
that this is the case, consider the set time

A = max
S

π(S)H(π, S)

where H(π, S) is the expected hitting time of set S starting the chain in stationarity.
Small values of A correspond to faster convergence of the chain. [34, Lemma 2.1]
shows that for any Markov chain on a finite state space

1

4Φ
≤ A ≤ 20

Φ2
.

A simple application of such bounds relates the set times of P and P̃ :

A(P ) ≥ 1

4Φ(P )
≥ 1

4Φ(P̃ )
≥ 1

8
√

5

√
A(P̃ ),

which shows that the set time of the lifted chain P can improve up to square root of
the set time of P̃ (see [34, Theorem 3.1] for a similar result for the mixing time). In
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the context of a state space with n states, this corresponds to a remarkable best case
speed up of order n, which importantly can be achieved as witnessed by Example 2.4.
An upper bound for the mixing time of the optimal lifted chain of P̃ is given in [34,
Theorem 3.2], though it is not clear when this bound is informative. As argued in
[88], lifted chains can lead to improved convergence properties in the sense that the
set and mixing times are closer to the lower bounds compared to the collapsed chain.
It also follows that only marginal improvements can be achieved when the collapsed
chain is already close to the lower bounds (see e.g. [81]).

2.2.4 The skew detailed balance condition

The examples of the previous section follow a similar structure, which we now analyse.
Given a target π on X, we enlarge the state space to E = X× V, on which we define
the distribution µ(dx, dv) = π(dx)νx(dv). In all examples, we applied an involution
s, which in particular preserves νx and volume. We denote as S the transition kernel
that applies the involution s, that is S(z,dz′) = δs(z)(dz

′). Then the lifted chains
have transition kernel P ((x, v), ·) which executes the following steps:

1. draw (y, w) ∼ Q((x, v), ·), where Q is a µ-reversible transition kernel;

2. apply the involution kernel S and output s(y, w).

As we have stressed throughout the examples, this gives a chain that breaks DB
though each individual operation is reversible. Examples 2.4, 2.5, and 2.6 exactly fit
into this framework and choose as involution s(x, v) = (x,−v) and transition kernel
P = QS4. Example 2.7 differs slightly in that the involution is applied before the
transition kernel Q, hence P = SQ, and the involution is s(x, y) = (y, x). In fact, all
these lifted chains satisfy what is called a skew detailed balance condition:

µ(dz)P (z,dz′) = µ(dz′)SPS(z′,dz), (2.17)

which is to be interpreted as equality of the two measures: for all measurable sets
A,B ∫

z∈A

∫
z′∈B

µ(dz)P (z,dz′) =

∫
z∈A

∫
z′∈B

µ(dz′)SPS(z′,dz).

Taking e.g. B = E we see that skew-DB implies µ-stationarity of the Markov chain
P . This type of condition is sometimes referred to as (µ, S)-reversibility [2]. Note
that for all f, g ∈ L2(µ) it holds

∫
gPfdµ =

∫
fSPSgdµ, thus SPS is the adjoint of

P . Interestingly, [2, Proposition 1] shows that a skew reversible transition operator
P is always given by the composition of two µ-reversible operators, one of which is
S. A Peskun-Tierney ordering for skew reversible chains was obtained in [2, Theorem
2]. In the next proposition, we show that under a simple condition a skew reversible
lifted chain originates from a reversible collapsed chain.

4Here QP is to be intended as composition of kernels, that is according to the notation QP (z,A) =∫
z′∈A

∫
u∈E Q(z, du)P (u, dz′).
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Proposition 2.9. Consider two Markov chains P̃ , P which are respectively the col-
lapsed and lifted chains. Assume z ∈ f−1(x) is equivalent to s(z) ∈ f−1(x) for any
x ∈ X. Then P satisfies the skew detailed balance condition (2.17) if and only if P̃
satisfies the detailed balance condition (2.8).

Proof. For all measurable sets A,B∫
x∈A, y∈B

π(dx)P̃ (x,dy) =

=

∫
z∈f−1(A), u∈f−1(B)

µ(dz) P (z,du) (Conditions (2.14))

=

∫
z∈f−1(A), u∈f−1(B)

µ(du) P (s(u),ds(z)) (Skew-DB of P )

=

∫
u∈f−1(B), z∈f−1(A)

µ(du) P (u,dz) (ν-invariance of S)

=

∫
y∈B, x∈A

π(dy)P̃ (y,dx).

In the last equality we also used our assumption that for all x ∈ X it holds z ∈ f−1(x)
iff s(z) ∈ f−1(x).

The main assumption of the proposition is satisfied e.g. when E = X × V, s is
s(x, v) = (x,−v), and ν is independent of the sign of v, while it does not hold in
Neal’s algorithm we encountered in Example 2.7.

As a final observation, we consider the relation of a skew reversible chain to its time
reversal. It is simple to obtain that in stationarity (e.g. Z0 ∼ µ) it holds that for all
measurable sets A,B

Pµ(Zn+1 ∈ A|Zn ∈ B) = Pµ(Zn+1 ∈ s(A)|Zn+1 ∈ s(B)).

Therefore, the chain SPS is the time reversal of P .

2.2.4.1 The skew-reversible MH algorithm
In this section, we discuss how the MH algorithm can be modified to give a skew

reversible Markov chain. This more general setting is discussed e.g. in [2, 119, 149]
and is useful for proposal kernels Q that are not time reversible, but for which SQS
is time reversible, e.g. Hamiltonian dynamics given by the leap-frog scheme. Suppose
P accepts or rejects proposals from a kernel Q according to probabilities prescribed
by α : E × E → [0, 1]. Once again, we denote as s an involution which preserves the
target measure µ. We define the kernel P by

P (z,A) =

∫
A

α(z, z′)Q(z,dz′) + 1s(z)∈A

(
1−

∫
E

Q(z,dz′)α(z, z′)

)
,
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Algorithm 2: Skew-reversible Metropolis-Hastings algorithm

Input : Number of iterations N , initial condition Z0.
Output: Markov chain (Zn)Nn=0.
Set n = 0;
while n < N do

Draw proposal Y ∼ Q(Zn, ·);
Draw U ∼ Unif([0, 1]);
if U ≤ r(Y,Zn) then

Set Zn+1 = Y ;
else

Set Zn+1 = s(Zn);
end

end

which corresponds to applying the involution s in case of rejection. Enforcing the
skew-DB condition for the non-diagonal terms we find that α should satisfy

α(z, z′)µ(dz)Q(z,dz′) = α(s(z′), s(z))µ(dz′)Q(s(z′), s(dz)) for all z, z′ ∈ E.

Denoting as R the set in which µ(dz)Q(z,dz′) and µ(dz′)Q(s(z′), s(dz)) are equiva-
lent, we define the density

r(z, z′) =
µ(dz)Q(z,dz′)

µ(dz′)Q(s(z′), s(dz))
,

which satisfies r(z′, z) = 1/r(s(z), s(z′)). The skew reversible MH algorithm corre-
sponds to the acceptance probability5

α(z, z′) =

{
1 ∧ r(z′, z) for all (z, z′) ∈ R,
0 otherwise.

This procedure is detailed in Algorithm 2.

Let us give the explicit expression of α in three cases:

a) µ and Q have a common dominating measure: denoting the respective densities
as µ(z) and q(z, z′), we have

α(z, z′) = 1 ∧ µ(z′)q(s(z′), s(z))

µ(z)q(z, z′)
.

This is the setting of the guided RWM of Example 2.5.

5This choice satisfies the condition α(z, z′) = r(z′, z)α(s(z′), s(z))
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b) Q is skew-reversible wrt another measure η with involution s: in this case
η(dz)Q(z,dz′) = η(s(dz′))Q(s(z′), s(dz)) and assuming η and µ have a com-
mon dominating measure we have

α(x, y) = 1 ∧ µ(z′)η(z)

µ(z)η(s(z′))
. (2.18)

c) Q has support on a finite number of states: consider a kernel Q which, from an
initial state x, has support on a finite set of states, i.e.

Q(z,B) =

n∑
i=1

pi(z)1Ri(z)∈B

with Ri : E → E and
∑n
i=1 pi(z) = 1 for all z ∈ E. Assume R−1

i = s ◦ Ri ◦ s
for all i, and also that µ(dx) = µ(x)dx. We find that the move from z to Ri(z)
is accepted with probability

α(z,Ri(z)) = 1 ∧ pi(s(Ri(z)))µ(Ri(z))|det∇Ri(z)|
µ(z)pi(z)

. (2.19)

This setting covers the case of deterministic proposals, such as the skew-reversible
HMC algorithm of Section 2.6, but also proposals that are considered in Chapter
4. Indeed, in Section 4.1.2 we shall see that approximations of PDMPs obtained
with splitting schemes correspond to proposals of the form (2.18).

2.2.5 Piecewise deterministic scaling limits of discrete lifted
chains

The study of scaling limits of Markovian processes is widespread in the literature
of MCMC algorithms as a useful tool to gain understanding of the properties of
these processes. This approach consists in studying a process of interest (with an
appropriate rescaling of time and space) in some limit (usually taking the dimen-
sion of the process to infinity). In the important paper [21], Bierkens and Roberts
obtained the scaling limits of suitable rescalings of the MH algorithm and its lifted
counterpart as given in [151] in the context of the Curie-Weiss model, one of the most
well known models from statistical physics. In particular, the Curie-Weiss model
has state space {+1,−1}n and the limit considered in [21] is for n going to infinity.
Their main theorems show how in the limit the behaviours of MH and lifted MH
differ substantially: the standard MH converges to the (reversible) Langevin diffusion
(2.10), while the lifted MH converges with

√
n faster rate to a different, non-reversible

stochastic process belonging to the class of piecewise deterministic Markov processes
(PDMPs). The limiting PDMP, known as the Zig-Zag process (ZZP), is a process
(Xt, Vt) ∈ R × {+1,−1}, where Xt plays the role of the position of the process and
Vt ∈ {+1,−1} denotes what replica the process is currently in, or similarly the direc-
tion of the process. The dynamics of the ZZP combine a deterministic motion with



32 A mathematical introduction

constant velocity with deterministic changes of replica at exponentially distributed
random times with a suitable rate λ. This process can be truly seen as a continuous
time and continuous state space analogue of the lifted MH algorithm. For this reason
it is natural to suspect that the Zig-Zag process has the potential to exhibit faster
mixing to its stationary distribution compared to the Langevin diffusion. In the next
section, we give an informal proof that the scaling limits of the lifted chain of [55]
converges to the Zig-Zag process.

2.2.5.1 An illustrative example
Consider the finite state space

X = {−n,−n+ 1, . . . ,−1, 0, 1, . . . , n− 1, n}

on which we define a target distribution πn(y) = exp(−ψ(y))/Zn, where Zn is a
suitable normalisation constant. Now we define a lifted walk with transition kernel
P following [55]. First of all, our chain is of the form (Xn, Vn), where Xn ∈ X and
Vn ∈ {±1} indicates the current velocity/replica. We define P as follows: starting
from any (x, v) ∈ X× {±1} apart from (n, 1) and (−n,−1)

P ((x, v), (x+ v, v)) = 1 ∧ π(x+ v)

π(x)
,

P ((x, v), (x,−v)) = 0 ∨
(

1− π(x+ v)

π(x)

)
,

while for the two boundary states we take any suitable choice, as it does not matter
when taking the limit. This chain satisfies skew-DB with involution s(x, v) = (x,−v)
and deterministic proposal kernel Q((x, v), (x + v, v)) = 1. Now we shall consider a
rescaled version of this chain, in particular taking y = n−αx for some α ∈ (0, 1).
We denote the resulting transition kernel as Pn, which proposes moves from (y, w) to
(y + n−αw,w) with same probability as moves from (x, v) to (x + v, v) according to
P . Finally, we define a continuous time, pure jump process which at random times
with distribution Exp(nα) updates its states drawing from Pn. In order to give an
informal proof that this process converges to the one-dimensional Zig-Zag process as
n → ∞, we show that the generator converges to the generator of the ZZP6. The
generator of the jump process we have defined acts on suitable functions as

Lnf(y, w) = nα(Pnf(y, w)− f(y, w)).

For Pnf(y, w) = E(y,w)[f(Y,W )] we find

Pnf(y, w) = f(y + n−αw,w)P(y,w)(W = w) + f(y,−w)P(y,w)(W = −w)

= f(y + n−αw,w) + P(y,w)(W = −w)(f(y,−w)− f(y + n−αw,w))

6See Section 2.3.3 for an introduction on the generator of a Markov process and in particular of
a PDMP.
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and thus we can rewrite the generator as

Lnf(y, w) = nα (f(y + n−αw,w)− f(y, w))︸ ︷︷ ︸
drift part

+ nα P(y,w)(W = −w)(f(y,−w)− f(y + n−αw,w))︸ ︷︷ ︸
jump part

.

Applying Taylor’s theorem to the drift part we find that as n → ∞ it converges to
wf ′(y, w), which corresponds to the deterministic motion part of the Zig-Zag process.
For the jump part it is sufficient to notice that for our process it holds

P(y,w)(W = −w) = 0 ∨
(

1− π(y + wn−α)

π(y)

)
and in particular because π(y) ∝ exp(−ψ(y)) that

1− π(y + wn−α)

π(y)
≈ 1− exp(−wn−αψ′(y)) ≈ wn−αψ′(y),

which gives that in the limit as n→∞ we have that the jump part of the generator
converges to

(0 ∨ wψ′(y))(f(y,−w)− f(y, w)).

Therefore as n→∞ we have found that informally Ln converges to

Lf(y, w) = wf ′(y, w) + (0 ∨ wψ′(y))(f(y,−w)− f(y, w)). (2.20)

As we shall see in Section 2.3.3, this is the generator of the one dimensional Zig-Zag
process with invariant distribution µ(x, v) = exp(−ψ(x))/2. Therefore, the lifted
chain informally converges to the Zig-Zag process.

Remark 2.10. An informal scaling limit of the RWM algorithm can be obtained with
similar computations. The result is that the RWM converges to the overdamped
Langevin diffusion (2.10) with target π if the time is sped up by a factor nα and
space is rescaled by n−β with α > 0, β ∈ (0, 1), and α− 2β = 0. Indeed, one finds

Lnf(x) =
1

2
nα−2β

(
− ψ′(x)f ′(x) + f ′′(x)

)
+O(nα−3β).

It is then important to observe that the rescaling of time and space is different than
for the lifted chain, which corresponded to α − β = 0 and thus needs a slower time
rescaling. For such choice, the RWM converges to the Markov process which has
generator Lf(x) = 0, that is a process that does not move.
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2.3 Piecewise deterministic Monte Carlo algo-
rithms

In Section 2.2 we gave an introduction to MCMC algorithms with an overview of
reversibility and skew reversibility, and discussing the intuitive interest in processes
that break the detailed balance condition. We concluded with an informal study
of the scaling limit of the lifted random walk Metropolis algorithm, which led to
a piecewise deterministic Markov process that we called Zig-Zag process. Because
the ZZP arises as a continuous time version of a lifted chain, it seems natural to
wonder if it has a better performance than reversible algorithms such as MALA. For
this reason, processes such as the ZZP have received substantial attention from the
MCMC community. In this section we give an introduction to PDMPs and to their
use in the context of MCMC algorithms.

PDMPs were popularised by Mark Davis [49, 48] and are a large class of processes
which can be designed to have a wide array of dynamics. In general, a PDMP defined
on a space (E, E) is identified by three characteristics:

1. a flow map φt : E × [0,∞)→ E governing the deterministic motion;

2. a jump rate λ : E → [0,∞) governing the random times of jumps;

3. a jump kernel Q : E×E → [0, 1] which is applied at event times and defines the
new location of the process.

Starting at z, a PDMP with characteristics (φt, λ,Q) moves in space according to the
flow map φt, which is the solution of an ODE

dφt(z)

dt
= Φ(φt(z)), φ0(z) = z, (2.21)

for random time τ , which has law

Pz(τ > t) = exp

(
−
∫ t

0

λ(φu(z))du

)
.

At time τ the state of the process is drawn from the jump kernel Q evaluated at Zτ−,
that is

Zτ ∼ Q(φτ−(z), ·).

Clearly, the name of these processes comes from the fact that between two events the
process appears deterministic, and the randomness appears only at random times.
Applying this procedure we can obtain the path of the process between any two event
times, thus giving the dynamics of the process up to a fixed time horizon. The one
dimensional Zig-Zag process encountered in Section 2.2.5 corresponds to the particular
choice φt(x, v) = (x + vt, v), λ(x, v) = max(0, vψ′(x)), and Q((x, v), (x,−v)) = 1.
Notice that we can retrieve the entire path of a PDMP as long as we store a skeleton
chain (Ztk , tk)k≥0, which contains the states of the process right after every random
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Algorithm 3: Piecewise deterministic Markov process

Input : Initial condition z.
Output: Skeleton chain (Zn, tn)n∈N.
Set (Z0, t0) = (z, 0);
for n = 1, 2, . . . do

Simulate next event time as

τ = inf

{
r > 0 :

∫ r

0

λ(φu(Zn))du ≥ E
}

where E ∼ Exp(1);
Simulate Zn ∼ Q(φτ−(Zn−1), ·);
Set tn = tn−1 + τ ;

end

event, together with the time of such event. Indeed the state at any time point
between two events is readily obtained applying the flow map. In Algorithm 3 we
illustrate the general procedure to simulate a PDMP.

2.3.1 Some PDMPs from the MCMC literature

In this section we present some of the several PDMPs that have been introduced in
the MCMC literature, with particular attention to those that we encounter later on in
this thesis. Examples 2.11, 2.12, 2.13 can be seen as multi-dimensional generalisations
of the Zig-Zag process we encountered in Section 2.2.5.1, while Examples 2.14 and
2.15 are based on Hamiltonian dynamics. All PDMPs we describe are of the form
(Xt, Vt)t≥0 and have π ∝ exp(−ψ) as marginal stationary distribution for the position
part. In particular, Xt takes in general values on Rd, while the state space for the
velocity component differs for the various processes. [152] gives general conditions on
the three characteristics to ensure a PDMP has a wanted stationary distribution.

Example 2.11 (Zig-Zag sampler [23]). The Zig-Zag sampler (ZZS) extends the pro-
cess of Section 2.2.5.1 by taking state space E = Rd × {+1,−1}d. For any z ∈ E,
we write z = (x, v) for x ∈ Rd, v ∈ {+1,−1}d, where x is interpreted as the position
of the particle and v denotes the corresponding velocity. The deterministic motion of
ZZS is determined by Φ(x, v) = (v, 0)T , i.e. the particle travels with constant velocity
v. For i = 1, . . . , d we define the jump rates

λi(x, v) := (vi∂iψ(x))+ + γi(x, v), (2.22)

where γi(x, v) should satisfy

γi(x, v) = γi(x,Riv) for all (x, v) ∈ E, i = 1, . . . , d (2.23)
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(see [23, Proposition 2.3]). The excess switching rates are often chosen to be zero,
as this gives smaller asymptotic variance [19, 2]. The corresponding (deterministic)
jump kernels are given by Qi((x, v), (dy,dw)) = δ(x,Riv)(dy,dw), where δz denotes the
Dirac delta measure centred at z and Ri is the operator that flips the sign of the i-th
component of the vector it is applied to, that is

Riv = (v1 . . . , vi−1,−vi, vi+1, . . . , vd).

Hence the i-th component of the velocity is flipped with rate λi. The ZZS falls in our
definition of PDMP taking

λ(x, v) =

d∑
i=1

λi(x, v), Q((x, v), (dy,dw)) =

d∑
i=1

λi(x, v)

λ(x, v)
δ(x,Riv)(dy,dw).

Example 2.12 (Bouncy Particle Sampler [32]). The bouncy particle sampler (BPS)
can also be seen as a multidimensional extension of ZZS. In this case, the state space
is E = Rd×Rd. The deterministic motion of the BPS is the same as ZZS: Φ(x, v) =
(v, 0)T , while BPS has two types of random events: reflections and refreshments.
These respectively have rates λ1(x, v) = (⟨v,∇xψ(x)⟩)+ and λ2(x, v) = λr for λr > 0,
and corresponding jump kernels

Q1((x, v), (dy,dw)) = δ(x,R(x)v)(dy,dw), Q2((x, v), (dy,dw)) = δx(dy)ν(dw),

where ν is a rotation-invariant probability measure on Rd (usual choices are the stan-
dard Gaussian measure or the uniform measure on the unit sphere Sd−1), and

R(x)v = v − 2
⟨v,∇xψ(x)⟩
|∇xψ(x)|2

∇xψ(x).

The operator R reflects the velocity v off the hyperplane that is tangent to the contour
line of ψ passing though point x. Importantly, the norm of the velocity is unchanged
by the application of R, and this gives the interpretation that R is an elastic collision
of the particle off such hyperplane. As observed in [32], a strictly positive λr is
needed to ensure ergodicity of the BPS. Notice also that the switching rate of BPS
satisfies λ1(x, v) ≤

∑d
i=1(vi∂iψ(x))+ and thus BPS has fewer events compared to

ZZS, ignoring refreshments. Finally, it is possible to consider partial refreshments
similarly to Example 2.6.

Example 2.13 (Coordinate sampler [159]). The coordinate sampler has Vt ∈ V,
where V = {±ei : i = 1, . . . , d} and ei is the i-th vector of the canonical basis. The
deterministic dynamics of the coordinate sampler are as ZZS and BPS, Φ(x, v) =
(v, 0)T , and thus in this case only one component of the position at a time is changed.
The switching rate is λ(x, v) = ⟨v,∇ψ(x)⟩+ +λr, where λr plays the role of the excess
switching rate similarly to γi for ZZS. At event times, the jump kernel is

Q((x, v), (dx′,dv′)) =
∑
w∈V

λ(x,−w)

λ(x)
δx(dx′)δw(dv′),



2.3. Piecewise deterministic Monte Carlo algorithms 37

where λ(x) =
∑
w∈V λ(x, v) is the total switching rate at position x. Therefore, Q

leaves the position unchanged and updates the velocity from v to w ∈ V with probability
λ(x,−w)/λ(x). As shown in [159], under suitable conditions the coordinate sampler
is geometrically ergodic as long as λr > 0, though it is unclear if this condition is
necessary. The authors show that this algorithm can lead to improvements of the
performance in challenging targets when compared to the ZZS.

Example 2.14 (Boomerang sampler [25]). The Boomerang sampler has state space
Rd×Rd and deterministic motion Φ(x, v) = (v,−(x−x∗))T , where x∗ is an arbitrary
reference point. These are the dynamics of a Hamiltonian system with Gaussian
target. The corresponding ODE with initial condition (x, v) ∈ Rd × Rd has analytic
solution

xt = x∗ + (x− x∗) cos t+ v sin t,

vt = −(x− x∗) sin t+ v cos t,

which gives elliptical trajectories. It is a simple exercise to check that these dynam-
ics preserve the Gaussian measure N (x∗,Σ)×N (0,Σ) for any symmetric matrix Σ.
Since in general we do not want to target a Gaussian, but a target π ∝ exp(−ψ), it
is necessary to add a suitable jump mechanism. Similarly to BPS, the Boomerang
sampler can have both reflections and refreshments. Reflections have rate λ1(x, v) =
(vT∇xU(x))+, where U(x) = ψ(x)− (x− x∗)TΣ−1(x− x∗)/2, and the jump kernel is
Q1((x, v), (dy,dw)) = δ(x,R(x)v)(dy,dw) for the reflection operator

R(x)v = v − 2
⟨v,∇xψ(x)⟩
|Σ1/2∇xψ(x)|2

Σ∇xψ(x).

Refreshments have λ2(x, v) = λr > 0 and correspond to drawing a new value of the
velocity vector from N (0,Σ). A factorised version of Boomerang in with component-
wise velocity flips instead of full reflections can be obtained as discussed in [25].

Example 2.15 (Randomised Hamiltonian Monte Carlo). The randomised HMC algo-
rithm presented in [31] is based on Hamiltonian dynamics described in Section 2.2.2.2,
where refreshments take place at rate λr as opposed to at deterministic times. Hence,
also in this case V = Rd. In fact, this setup corresponds to λ(x, v) = λr, while Q
corresponds to drawing a fresh velocity from the standard Gaussian distribution. Nat-
urally, this can be modified to have partial refreshments of the velocity choosing Q
appropriately.

It is worth observing that similar PDMPs can be designed with the same idea for
general Hamiltonian dynamics given by the system of ODEs

dxt
dt

= ∇K(pt),
dpt
dt

= −∇ψ(xt), (2.24)

where xt is the position and pt the momentum, while K is the kinetic energy. An
interesting choice is that of [120], where K(p) =

∑d
i=1|pi| and gives the Laplace
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distribution as stationary distribution for the p marginal. For this choice Hamilton’s
equation for x becomes

dxt
dt

= sign(p),

where sign(p) corresponds to the application of the sign function component-wise. It
follows that the position vector evolves with velocity ±1 in each direction similarly
to the Zig-Zag process. However, this Hamiltonian-based process appears to possess
more momentum than the ZZP, as less velocity flips per time unit take place.

2.3.2 Tricks for the exact simulation of event times of PDMPs

As we have seen, a PDMP is a stochastic process characterised by the triple (φt, λ,Q).
Clearly, in order to simulate a PDMP it is necessary to be able to perform the following
tasks:

• solve the ODE (2.21). This is the case of ZZS, BPS, Boomerang sampler, but
it does not hold for RHMC;

• simulate the event times by some suitable algorithm, which corresponds to sim-
ulating an exponential random variable with non-homogeneous rate;

• draw from the jump kernel Q. This is usually possible for all the PDMP based
samplers commonly encountered in the literature.

In the ideal case, one would choose the characteristics in such a way that all three tasks
can be solved. The exact simulation of the ODE and the jump kernel is case specific
and there is no recipe to obtain exact simulation if e.g. an analytic expression for φt
is unavailable. There are however techniques for the simulation of the event times,
which is typically the most difficult task. In the following sections we discuss these
methods, which are based on properties of Poisson processes and of the exponential
distribution. All of these are used several times throughout this thesis.

2.3.2.1 Poisson thinning

The main technique to simulate a PDMP exactly (assuming φt and Q can be easily
simulated) is to obtain the random events applying Poisson thinning [95]. Suppose
we want to simulate a random time with non-homogeneous rate λ(t), that is P(τ >

t) = exp(−
∫ t
0
λ(u)du) and we are able to upper bound the rate as

λ(t) ≤ Λ(t) for all t ≥ 0.

Then by [95, Theorem 1] we can obtain the next event time by iteratively generating

proposals τ̃ according to the rate Λ(t), that is P(τ̃ > t) = exp(−
∫ t
0

Λ(u)du), until one
is accepted with probability λ(τ̃)/Λ(τ̃). Rejected proposals correspond to “phantom”
events and the following proposals are summed to the rejected ones. We give the
procedure in Algorithm 4.
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Algorithm 4: Poisson thinning

Input : Rate λ, upper bound Λ.
Output: Event time τ .
Set τ = 0 and accept = false;
while accept == false do

Simulate proposal τ̃ with law P(τ̃ > t) = exp(−
∫ t
0

Λ(u)du);
Draw U ∼ Unif[0, 1];

if U ≤ λ(τ̃)
Λ(τ̃) then

Set accept = true;
end
Set τ = τ + τ̃ ;

end

In the context of PDMPs, Poisson thinning is applicable when we can bound the
switching rates along the deterministic dynamics, that is when it is possible to obtain
Λ such that for a fixed initial condition z ∈ E

λ(t) := λ(φt(z)) ≤ Λ(t) for all t ≥ 0.

In this case Λ can (and in general does) depend on z. This technique allows exact
simulation of PDMPs for sufficiently well-behaved contexts. However, it is only useful
in practice when we can find an upper bound Λ which is sharp, i.e. Λ(s) is not too
large compared to λ(s). Indeed, a loose bound corresponds to a big number of rejected
proposals, which increases the computational cost of the algorithm. Finding sharp
bounds is a very challenging problem in the MCMC setting. For ZZS, it is immediate
to obtain Λ when e.g. ψ is gradient Lipschitz or has bounded Hessian (though these
bounds can be inefficient), but otherwise there is not a general recipe to obtain the
computational bounds.

2.3.2.2 Superposition
Another simple technique that can be helpful is superposition. Suppose the switch-

ing rate is of the form
λ(z) = λ1(z) + · · ·+ λN (z).

Then we can simulate the next event times by obtaining proposals τj for j = 1 . . . , N

with distribution P(τj > t) = exp(−
∫ t
0
λj(φu(z))du) and then take τ = minj τj . It

is a simple property of the exponential distribution that τ has the right distribution,
that is P(τ > t) = exp(−

∫ t
0
λ(φu(z))du). This procedure is applicable for instance to

the ZZS, in which the total switching rate is given by the sum of the rates of flipping
each component of the velocity.

In Algorithm 5 we describe how to obtain a realisation of the skeleton chain (with
phantom events) of ZZS with Poisson thinning and superposition.
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Algorithm 5: The Zig-Zag sampler with Poisson thinning and superposition

Input : Initial condition (x, v).
Output: Skeleton chain (Xn, Vn, tn)n∈N.
Set (X0, V0, t0) = (x, v, 0);
for n = 1, 2, . . . do

Simulate proposals τi with distribution P(τi > t) = exp(−
∫ t
0

Λi(u)du) for
i = 1, . . . , d;

Set i∗ = arg mini τi ;
Set Xn = Xn−1 + Vn−1 τi∗ ;
Draw U ∼ Unif([0, 1]);

if U ≤ λi∗ (Xn,Vn−1)
Λi(τ∗

i )
then

Set Vn = Fi∗Vn−1;
else

Set Vn = Vn−1;
end
Set tn = tn−1 + τi∗ ;

end

2.3.2.3 Subsampling

Subsampling is a simple trick based on Poisson thinning which gives PDMPs one of
their most remarkable properties. Consider the setting in which the switching rates
admit the decomposition

λ(z) =
1

N

N∑
n=1

λn(z), (2.25)

and moreover that for an initial condition z ∈ E it holds that

λn(t) := λn(φt(z)) ≤ Λ(t) for all n=1,. . . ,N and t ≥ 0.

Here it is important that Λ upper bounds all the terms in (2.25). Subsampling gives a
way to generate the next event time according to the rate λ with O(1) computations,
as opposed to the O(N) computations that would be necessary with the standard
Poisson thinning procedure. Here by O(1) computations we mean that only a user
defined number of λn’s need to be evaluated, as opposed to the full sum (2.25). This is

achieved by first generating a proposal τ̃ with law P(τ̃ > t) = exp(−
∫ t
0

Λ(φu(z))du),
then drawing independently an index J ∈ {1, . . . , N} uniformly at random, and finally
accepting τ̃ with probability λJ(τ̃)/Λ(τ̃). The only modification to Algorithm 4 is
then that the acceptance probability depends on the random rate λJ as opposed to
the total rate λ. The law of the accepted sample is then the correct one. In fact,
subsampling is a computational trick that can be applied during the Poisson thinning
step.
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In the next example we describe how the subsampling procedure can be imple-
mented within ZZS in the context of Bayesian inference, where subsampling corre-
sponds to using only a random subset of the data to compute event times.

Example 2.16 (ZZS with subsampling). A typical situation in Bayesian statistics is
that of modeling the observed data Y1, . . . , YN as realisations of a probability distribu-
tion p(y|x), where x is a parameter with prior distribution p(x) ∝ exp(−ψ0(x)). In
this case the posterior distribution given the data is of the form

π(x) = p(x)

N∏
i=1

p(Yi|x).

We can rewrite π(x) as

π(x) ∝ exp

−ψ0(x) +

N∑
j=1

log p(Yj |x)


and therefore as π(x) ∝ exp(−ψ(x)) where

ψ(x) =
1

N

N∑
j=1

(ψ0(x)−N log p(Yj |x)) =:
1

N

N∑
j=1

ψj(x). (2.26)

Now, using the definition of the ZZS on a target of this form, we must choose the
switching rates such that (2.22) is satisfied, but also keeping in mind that we would like
to take advantage of subsampling. The canonical switching rates, i.e. corresponding
to zero excess switching rates, are given by

λi(x, v) = max

0,
1

N

N∑
j=1

vi∂iψj(x)

 , (2.27)

which are not of the form (2.25), therefore suggesting to add a suitable excess rate.
A choice that achieves both goals is the following: for all i = 1, . . . , d we define the
switching rate corresponding to flips of the i-th component of the velocity vector as

λi(x, v) =
1

N

N∑
j=1

max(0, vi∂iψj(x)). (2.28)

Indeed, this corresponds to choosing excess switching rate

γi(x, v) =
1

N

N∑
j=1

max(0, vi∂iψj(x))− 1

N
max

0,

N∑
j=1

vi∂iψj(x)


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which satisfies the condition (2.23). Clearly, γi(x, v) ≥ 0 as a consequence of the
property max(0, a+ b) ≤ max(0, a) + max(0, b). Hence the switching rates (2.28) give
a process with the correct stationary distribution and also allows for subsampling as
they are of the form (2.25). The drawback is that positive excess switching rates γi
increase the number of unnecessary events and make the process more diffusive (or
“more reversible”). In order to apply subsampling it is now sufficient to have for all
i = 1, . . . , d bounds of the form

λji (x+ vt, v) ≤ Λi(t) for all j = 1, . . . , N.

The ZZS with subsampling then coincides with Algorithm 5 in that the proposal events
are obtained using the upper bounding rates Λi, while the acceptance probability is
obtained using the rate λJi∗ for J ∼ Unif(1 . . . , N).

Remark 2.17. In fact, the ZZS with subsampling works by using unbiased estimates
of the partial derivatives of ψ, where the estimate ∂iψj(x) is obtained drawing J ∼
Unif({1, . . . , N}). Indeed, we can rewrite the canonical rates in (2.27) as

λi(x, v) = max (0, viEJ [∂iψJ(x)]) ,

and thus ∂iψJ is an unbiased estimator of EJ [∂iψJ(x)]. Naturally, this approach
introduces variance due to the randomness in J . A simple approach to decrease
the variance is to draw a set M of M < N indices without repetition and use the
estimator N

∑
j∈M ψj(x)/M instead. Alternatively, as described in [23] one can use

control variates, which is a standard variance reduction method.

2.3.3 The generator of PDMPs

Most properties of discrete time Markov chains can be established by analysing the
one-step transition kernel P . This is possible because P typically can be precisely
characterised e.g. through its effect on test functions, or anyway the law of the
process after one step is simple enough to be used for manipulations. This approach
is in general not applicable to continuous time Markov chains, i.e. Markov processes.
The reason for this is that the semigroup Pt, which gives the law of the process at
time t, is typically a very complicated object which cannot be written in a nice form.
It turns out that we can study another object, the generator of the process, instead
of the semigroup. We shall make use of this operator countless times throughout this
thesis and thus we now given an informal introduction. First we give the expression
for the generator of PDMPs, then we show how this arises in Section 2.3.3.1 and the
type of properties that we show manipulating it in Section 2.3.3.2.

The generator is the operator that describes the change of the law of the process in
the limit as time goes to zero. This intuition translates to the concept of derivative,
and thus the generator is the operator L such that its action on test functions is given
by

Af(z) = lim
t→0

Ez[f(Zt)]− f(z)

t
(2.29)
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where the limit is uniform in supremum norm, i.e. supz∈E |tAf(z) − (Ez[f(Zt)] −
f(z))| → 0 as t → 0. Therefore we can think of the generator applied to f as the
derivative of Ez[f(Zt)] evaluated at t = 0. The domain of the generator D(A) is the
set of functions that are continuous and vanishing at infinity for which such limit
exists. This is a set that is often hard to characterise, and therefore in the context
of PDMPs it is common to talk about the extended generator, which is an operator
that coincides with A on functions in D(A), but that is defined on a larger set of
functions. The extended generator, which we denote by L, is defined as the operator
that makes the process

Cft = f(Zt)− f(z)−
∫ t

0

Lf(Zs)ds (2.30)

a local martingale. The set of functions for which this holds is denoted as D(L). In
the case of PDMPs, the extended generator (L,D(L)) was fully characterised in [48,
Theorem 26.14], which gives that

Lf(z) = ⟨Φ(z),∇zf(z)⟩+ λ(z)

∫
E

(f(y)− f(z))Q(z,dy). (2.31)

The first term, ⟨Φ(z),∇zf(z)⟩, corresponds to the deterministic motion of the process
according to the ODE (2.21), while the second term, λ(z)

∫
E

(f(y) − f(z))Q(z,dy),
corresponds to the jump part of the process, where λ is the rate of a jump taking place
and Q is the kernel determining the new state if a jump takes place. As examples,
consider ZZS (Example 2.11) and RHMC (Example 2.15). In the case of ZZS, we find
that the extended generator is

Lf(x, v) = ⟨v,∇xf(x, v)⟩+

d∑
i=1

λi(x, v)[f(x,Riv)− f(x, v)]. (2.32)

while for RHMC with Gaussian velocity we have

Lf(x, v) = ⟨v,∇xf(x, v)⟩ − ⟨∇xψ(x),∇vf(x, v)⟩+ λr

∫ (
f(x, v′)− f(x, v)

)
ν(dv′).

2.3.3.1 An informal derivation of the generator of a PDMP
In order to obtain the generator of a PDMP with general characteristics (φt, λ,Q)

we can then start by writing Ez[f(Zt)] and then discarding all terms that are of
order t2 or higher, as those will disappear when taking the limit in (2.29). The first
observation is that the PDMP can have any number of random events by time t, and
thus we can write

Ez[f(Zt)] = Ez

[ ∞∑
n=0

f(Zt)1n events

]
(2.33)

= Ez [f(Zt)10 events + f(Zt)11 event] +O(t2).
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In the second equation we used that the probability of 2 or more events is an order
t2 event and thus we can ignore it in our informal derivation. Now, the probability of
0 events is given by exp(−

∫ t
0
λ(φu(z))du) and therefore

Ez[f(Zt)10 events] = f(φt(z)) exp

(
−
∫ t

0

λ(φu(z))du

)
=
(
f(z) + t⟨Φ(z),∇f(z)⟩

)
(1− tλ(z)) +O(t2),

which is obtained Taylor expanding both factors around t = 0 and neglecting higher
order terms. Hence we can further discard the remaining second order term to find

Ez[f(Zt)10 events] = f(z)(1− tλ(z)) + t⟨Φ(z),∇f(z)⟩+O(t2).

The term corresponding to one event, Ez [f(Zt)11 event], can be written as∫ t

0

λ(φu(z))e−
∫ u
0
λ(φr(z))dr

∫
E

f(φt−u(z′))Q(φu(z),dz′)e−
∫ t−u
0

λ(φr(z
′))drdu.

The integral makes this at least an order t term and hence we can Taylor expand all
terms as

Ez [f(Zt)11 event] =

∫ t

0

λ(z)e−uλ(z)
∫
E

f(z′)Q(z,dz′)du+O(t2)

= tλ(z)

∫
E

f(z′)Q(z,dz′) +O(t2).

We have thus obtained that

Ez[f(Zt)] = f(z) + t⟨Φ(z),∇f(z)⟩+ tλ(z) (Qf(z′)− f(z)) +O(t2)

and therefore as t→ 0

1

t
(Ez[f(Zt)]− f(z)) = Lf(z) +O(t)→ Lf(z).

2.3.3.2 Using the generator to study Markov processes
Let us discuss two properties that are crucial in the MCMC context which can be

obtained using the generator. The first concerns the stationary distribution of the
process. It is shown in e.g. [68, Proposition 9.2] that a probability distribution µ is
stationary for the process if and only if∫

Lf(z)µ(dz) = 0 (2.34)

for all functions f in (a core of) the domain of the generator. This is the analogue of
showing for a discrete time chain

∫
Pf(z)µ(dz) =

∫
f(z)µ(dz) for all functions in a

class that separates measures. Indeed, in continuous time we can informally obtain the
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condition (2.34) by differentiating wrt t the equation
∫
t−1(Ptf(z)−f(z))µ(dz) = 0. A

second type of question that can be addressed studying the generator is the uniqueness
of the stationary distribution and the rate of convergence of the law of the process to
it. The approach that is commonly used to obtain such properties is to prove drift
and minorisation conditions. In this thesis we shall use this approach several times,
see e.g. Theorems 4.26, 5.14, 5.18, 6.20. In the case of exponential convergence, [57]
gives that a sufficient drift condition is the existence of a function V ≥ 1 such that
for constants a, b > 0 and a measurable set C it holds

LV (z) ≤ −aV (z) + b1C(z). (2.35)

The discrete time analogue of this condition is for λ ∈ (0, 1) and c > 0

PV (z) ≤ λV (z) + c1C(z).

Similar drift conditions exist to obtain polynomial convergence of the process, see
e.g. [70, 78]. The set C should satisfy a suitable property, which is connected to the
ability of the process to regenerate itself when inside such set. The requirement on
C is that it should be a petite set, which means there exists a non-trivial measure ν
such that for all z ∈ C ∫

Pt(z,A)η(dt) ≥ ν(A), (2.36)

where η is some distribution on the positive line. We shall encounter several times
in this thesis a specific version of this notion, which is called small set condition
and corresponds to η(dt) = δt∗(dt) for some t∗ > 0. Typically, C is a compact
set. Conditions (2.35) and (2.36), together with aperiodicity and irreducibility of the
Markov process, imply that there exists a unique invariant measure µ and moreover
there exist ρ ∈ (0, 1) and D > 0 such that

∥Pt(z, ·)− µ∥V ≤ ρtDV (z).

Here ∥·∥V is the V -norm, defined as ∥µ(z)∥V := sup|f |≤V |µ(V )|. The idea behind
these conditions is that when the chain is in C, which for simplicity we assume to
be a small set, we can draw from the measure ν with suitable probability to refresh
the chain, while outside of C we can use the drift condition to obtain contractivity.
Similar conditions in discrete and continuous time have been extensively studied, in
addition to [57] see e.g. [107, 79, 64].

2.3.4 The skew detailed balance condition for PDMPs

It is interesting to understand in what sense PDMPs are non-reversible. As it turns
out, one can choose the characteristics of the PDMP to satisfy the continuous time
version of the skew detailed balance (2.17). In this section we work in the space
L2(µ) := {f :

∫
f2(z)µ(dz) < ∞}, where in particular we consider the generator as

the operator obtained by taking the limit (2.29) with respect to the norm ∥f∥µ =∫
f(z)2µ(dz).
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Let us start by stating the detailed balance condition for a Markov process in terms
of its semigroup Pt. This emulates the condition (2.8), where the one step transition
kernel is substituted by Pt. This is then equivalent to asking for all f, g ∈ L2(µ) that∫ ∫

f(z′)g(z)Pt(z,dz
′)µ(dz) =

∫ ∫
f(z)g(z′)Pt(z,dz

′)µ(dz).

Note that this implies that µ is stationary, which corresponds to g = 1. In other words,
we have that the semigroup is self adjoint in L2(µ), that is for all t > 0 and all f, g ∈
L2(µ) it holds that ⟨Ptf, g⟩L2(µ) = ⟨f, Ptg⟩L2(µ), where ⟨f, g⟩L2(µ) =

∫
f(z)g(z)µ(dz).

Recalling that the time derivative of the semigroup is the generator, i.e. ∂tPt = L,
we can rephrase this condition in terms of generator as ⟨Lf, g⟩L2(µ) = ⟨f,Lg⟩L2(µ)

for all f, g ∈ L2(µ) ∩ D(L), that is the generator is self-adjoint in L2(µ). It can be
shown that this property is sufficient and necessary for the detailed balance condition
to hold (for a more precise statement, see [123, Theorem 4.5]).

Similarly, we can write the skew-detailed balance for a Markov process with semi-
group Pt, recalling that we denote as s an involution which preserves µ and volume,
and S is the corresponding transition kernel. The skew-DB condition reads∫ ∫

f(z′)g(z)Pt(z,dz
′)µ(dz) =

∫ ∫
f(z)g(z′)SPtS(z,dz′)µ(dz′),

which means ⟨Ptf, g⟩L2(µ) = ⟨f, SPtSg⟩L2(µ) and therefore in this case the adjoint of
Pt is SPtS. Using the terminology of [2], we say Pt is (µ, S)-self adjoint. Differenti-
ating with respect to t we can rephrase this in terms of the generator obtaining the
condition ⟨Lf, g⟩L2(µ) = ⟨f, SLSg⟩L2(µ). Under suitable conditions this condition on
the generator implies that the semigroup is (µ, S)-self adjoint (see [2, Theorem 9]).
As observed in [29], we can also rewrite this condition as∫

g(z)Lf(z)µ(dz) =

∫
f ◦ s(z)L(g ◦ s)(z)µ(dz). (2.37)

This implies that µ is stationary for the process as long as 1 ∈ D(L) 7 and f ∈ D(L)
implies f ◦ s ∈ D(L). Given this condition on the generator, in [2] it is established
that the ZZP is skew-reversible wrt µ(dx, dv) = π(dx)/2d with involution s(x, v) =
(x,−v), while [29] gives conditions on the characteristics of PDMPs to ensure that
skew reversibility wrt a wanted measure holds. In particular, also BPS and RHMC
are (µ, S)-reversible [29].

2.3.5 Lifted Markov processes

It seems natural to wonder if the PDMPs we have introduced in the previous section
are in some sense lifted Markov processes, and if so what is the corresponding collapsed

7This is actually not a trivial assumption to verify for non-compact state spaces, but here we do
not discuss this technical aspect.
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process. In order to address this question, we should first give a sensible definition of
lifted Markov process, resembling the discrete time case of Definition 2.3. The first
condition in (2.39) should not be different from the discrete time case. Let us now
focus on the second condition. Let g : X → R be a function such that its extension
to the augmented space E it satisfies g(z) = g(y) for all z ∈ f−1(y). Then we can
multiply by g(y) in (2.15) and use the semigroups instead of the one-step transition
kernels to obtain

π(dx)P̃t(x,dy)g(y) =

∫
z∈f−1(x)

∫
u∈f−1(y)

µ(dz)Pt(z,du)g(y).

This is to be interpreted for very small t, in the sense that in continuous time we expect
the collapsed process to evolve by continuously drawing the additional variables in E
from µ. Using that for u ∈ f−1(y) we have g(y) = g(u) and integrating y on X we
find

π(dx)P̃tg(x) =

∫
z∈f−1(x)

µ(dz)Ptg(x).

Finally, we take the derivative of both sides wrt t to find the condition

π(dx) L̃g(x) =

∫
z∈f−1(x)

µ(dz)Lg(x) for all x ∈ X. (2.38)

We are now ready to give the definition of lifted Markov process.

Definition 2.18. Let L̃ be the generator of a Markov process with state space X and
stationary distribution π. Let E ⊃ X and suppose there exists a surjective, measurable
mapping f : E → X connecting the two spaces. Let µ be a probability distribution on E.
A lifted process is any Markov process with generator L, state space E, and stationary
distribution µ such that for any measurable set A and any measurable function g :
X→ R for which the extension to E satisfies g(u) = g(y) for all u ∈ f−1(y) it holds

π(A) = µ(f−1(A)),∫
A

π(dx) L̃g(x) =

∫
z∈f−1(A)

µ(dz)Lg(z).
(2.39)

As we have seen, all lifted chains and processes we have encountered have state
space E = X×V and stationary distribution µ(dx, dv) = π(dx)νx(dv). In this setting,
according to Definition 2.18 we find that νx should be a probability distribution, which
is obvious, and more importantly that for all A∫

A

π(dx) L̃g(x) =

∫
A

π(dx)

∫
v∈V

νx(dv)Lg(x, v),

and thus that

L̃g(x) =

∫
v∈V

νx(dv)Lg(x, v), (2.40)
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where again g satisfies g(x, v) = g(x) for all x ∈ X. This condition respects our
intuition: every infinitesimal step of the collapsed process starts by drawing v from
νx and then updating x, thus mimicking the discrete time case.

The PDMPs we introduced in Section 2.3.1 have generators of the form

Lg(x, v) = ⟨Φ1(x),∇vg(x, v)⟩+ ⟨Φ2(v),∇xg(x, v)⟩+ λ(x, v)(Qg(x, v)− g(x, v)),

where Q affects only the v-component of the process. Moreover, the stationary distri-
bution of these processes is of the form µ(dx, dv) = π(dx)ν(dv). It is therefore clear
that for g that is independent of v we obtain that (2.40) gives

L̃g(x) = ⟨∇xg(x, v),

∫
v∈V

Φ2(v)ν(dv) ⟩.

For all the PDMPs of Section 2.3.1 the expectation of Φ2 wrt ν equals zero and thus
these processes are obtained by lifting a process with generator L̃g(x) = 0. This fact
might seem surprising at first, but it can actually be explained by what mentioned
in Remark 2.10, which we now elaborate further. The Zig-Zag process was obtained
as a scaling limit of the lifted random walk, where the time is sped up by the same
rate at which the space is contracted. On the other hand, the Langevin diffusion is
the scaling limit of the random walk Metropolis algorithm if time is sped up at a rate
that is the square of the rate of space contraction. Applying the same rescaling of the
lifted chain to the RWM we find that the chain converges to a degenerate process with
generator L̃g(x) = 0. In view of this it is then not surprising that the Zig-Zag process
is obtained by lifting such a degenerate process. Another interesting result which gives
more clarity is [19, Theorem 4.1] and shows that the one-dimensional Zig-Zag process
converges weakly to the overdamped Langevin diffusion as the excess switching rate
goes to infinity. We illustrate these relations between the Zig-Zag process and the

(Xn)n∈N
RWM

(Xn, Vn)n∈N
Lifted-RWM

(Xt)t≥0

Langevin diffusion
(Xt, Vt)t≥0

Zig-Zag process

lifting

scaling limit:
for α ∈ (0, 1)
space by nα

time by n−α

scaling limit:
for α ∈ (0, 1)
space by nα

time by n−2α

scaling limit
γ →∞

Figure 2.1: Relations between the Zig-Zag process and the overdamped Langevin
diffusion in terms of lifting and scaling limits.
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Langevin diffusion in Figure 2.1.

It is not clear whether processes obtained by lifting a non-degenerate, continuous
time process have slower mixing times when compared to the ZZP or other PDMPs.
What is certain is that most of the effort in the continuous time setting has followed
the intuition given by the scaling limit approach, rather than the concept of lifting.
Indeed, it is a simple computation to verify that the underdamped Langevin diffusion
is also obtained by lifting a degenerate collapsed process and hence many of the most
important processes of the form (Xt, Vt)t≥0 from the MCMC literature share this
property.8 Are then scaling limits the right approach to understand the relations
between these processes, or has continuous time lifting been overlooked? We leave
this as a subject for future research, convinced that the quest for ever faster MCMC
algorithms has not ended.

8We refer to [127] for a non-reversible version of MALA which can be easily adapted to become
a lifting of the overdamped Langevin diffusion (2.10).
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Chapter 3

Approximations of PDMPs
and their convergence
properties

3.1 Introduction

Piecewise Deterministic Markov Processes (PDMPs) [49, 48] are nowadays widely
used in mathematical modelling in fields such as mathematical biology [12, 39, 143],
biochemistry [146], insurance risk theory [47, 66], materials science [1], neuroscience
[122], and neutron transport [83]. Mathematical properties of PDMPs such as stability
and stationarity have been extensively investigated in the mathematics community,
see e.g. [11, 43, 65]. Moreover, in recent years these processes have also quickly
gained in popularity for purposes of Monte Carlo computation in statistical physics
[108, 125, 151] and in Bayesian statistics [69, 152], for example in the form of the
Bouncy Particle Sampler (BPS) and the Zig-Zag Sampler (ZZS) [32, 23]. Several
papers have further investigated the use of PDMPs in this area, e.g. [5, 2, 15, 24, 27,
64, 76, 99].

PDMPs are continuous time Markov processes which move along deterministic tra-
jectories (typically in Euclidean space) on a time interval of random length, after
which a (possibly random) transition occurs to a new state, followed by another de-
terministic motion, etc. The deterministic motion is prescribed by the integral curves,
φt, of a vector field Φ : Rd → Rd, the length of the random time intervals between
transitions is governed by a transition rate λ : Rd → [0,∞), and the transitions are
described by a Markov kernel Q : Rd × B(Rd) → [0, 1]. Together the vector field Φ,
transition rate λ and transition kernel Q comprise the characteristics of the PDMP.

53
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These processes are relatively easy to understand from a conceptual point of view
and in some special cases their simulation can be performed exactly. In particular,
if (i) the vector field Φ is explicitly integrable, (ii) it is possible to generate random
times exactly as prescribed by λ, and (iii) it is possible to simulate from the transition
kernel Q, then the iterative computation of trajectories of the associated PDMP is
relatively straightforward.

Simulation of trajectories becomes problematic if one or more of these conditions
are not met. Let us discuss possible problems that may arise. Concerning (i), the
vector field Φ, as is well known in the field of differential equations, explicit solutions
to the ODE φ̇t = Φ(φt) are only available in special cases, for example when Φ is
affine, or when it is has some other special structure or symmetry. Concerning (ii),
the transition rate λ, it is easy to simulate when the rate λ is constant or globally
bounded. If λ is constant, then the random times between transitions are simply
Exponential(λ)-distributed and thus easily simulated. If λ is globally bounded, say
by a constant M , we may use a technique called Poisson thinning [95], which allows us
to first simulate the random times according to an Exponential(M)-distribution and
then accept a proposed transition time as a true transition with a probability governed
by the ratio between λ(·) and M . The use of Poisson thinning may be extended to
cases with non-constant bounds M(s) along trajectories under the condition that it is
simple to simulate from an inhomogeneous Poisson process with rate M(s). However,
finding a sharp boundM(s) can be an extremely challenging problem in most practical
settings. Moreover, the looser the bound the greater the computational cost of the
simulation of the PDMP. For more extensive descriptions of Poisson thinning we refer
to, e.g., [32, 23]. Finally problems with (iii), the simulation of transitions according
to Q, may arise in various ways. For instance it may be interesting to approximate
the transition kernel of the BPS (see Section 2.4 of [145]).

In this chapter we propose several schemes to approximate a PDMP in cases that
are otherwise not straightforward to simulate, and we accompany these schemes by
a detailed analysis of the convergence of the approximate process towards its exact,
theoretical counterpart as the parameter governing the numerical precision, δ, con-
verges to zero. Moreover, in the setting in which the PDMP is geometrically ergodic
with a specified invariant measure, we investigate the theoretical convergence of the
law of the approximate scheme to the invariant measure of the PDMP.

We introduce the Fully Discrete PDMP (FD-PDMP) Algorithm, the Partially Dis-
crete PDMP (PD-PDMP) Algorithm and the Higher Order Partially Discrete PDMP
Algorithm (Algorithms 7, 8 and 10, respectively). The FD-PDMP algorithm (Algo-
rithm 7) defines a Markov chain {Ztn}n∈N on a mesh 0 = t0 < t1 < t2 < . . . that
moves deterministically between time steps, and a random event may occur at each of
the mesh points with suitable probability. The PD-PDMP algorithm (Algorithm 8)
defines a Markov chain that moves deterministically with exception of at most one
random event in each interval of the form [tn−1, tn]. In contrast to the FD-PDMP
the random event does not need to occur at mesh points. This difference motivates
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the choice of name of the two algorithms. By allowing at most p random events per
time step, the higher order algorithm (Algorithm 10) constructs an approximation of
the PDMP of order p.

Naturally these algorithms are designed to be straightforward to simulate. Both
the FD-PDMP and the PD-PDMP algorithms rely on first order approximations
of the characteristics of the PDMP. A wide range of approximations for φt, λ,Q is
allowed, see Assumptions 3.10, 3.11, 3.12 for the formal requirements. As a simple yet
important example, consider the case in which we are interested in simulating a PDMP
for which the event times are hard to obtain. With an Euler-type approach, we can
use an approximation of λ that is constant between mesh points, based on the state
of the process at the initial point of each time step. For such approximation, the next
event time in the case of PD-PDMP is simply exponentially distributed with constant
rate, which is straightforward to simulate. Similarly, in the case of the FD-PDMP
a random event takes place at the end of the time interval according to a Bernoulli
distributed random variable. In comparison to the simulation of the continuous time
PDMP, both algorithms do not require an upper bound to the switching rates, which
is required to apply Poisson thinning. In a similar fashion, simple approximations of
φt and Q can be employed. We refer to Section 3.3 for a detailed description of the
algorithms.

We study convergence of these algorithms as a function of the step size and of the
time horizon. Under very broad assumptions on the approximation, in particular
allowing for approximations of all three λ, φt, and Q, in Theorem 3.15 we are able
to show convergence in a Wasserstein distance to the PDMP as the step size tends
to zero. In the case in which it is possible to simulate φt and Q exactly, we obtain
convergence of the PD-PDMP algorithm in the stronger metric of total variation (see
Theorem 3.23). In this setting weaker assumptions on the continuous time PDMP
are required. For instance we show in Examples 3.36 and 3.39 that BPS satisfies
the assumptions of Theorem 3.23 but not those of Theorem 3.15. Moreover, both
Theorems establish convergence of order p as long as the approximations of φt, λ,
and Q are of order p. The proofs of both these theorems rely on couplings of the
continuous time PDMP with its approximation and are described respectively in
Couplings 3.54 and 3.57.

In many areas it is important to understand the long time behaviour of the approx-
imation schemes. In the field of Markov chain Monte Carlo (MCMC) algorithms the
goal is to simulate a process that converges in law to the correct probability measure,
which is the posterior distribution in Bayesian statistics and the Boltzmann-Gibbs
distribution in statistical physics. In this context, such a probability measure is the
invariant distribution of the PDMP. In Theorem 3.30 we prove uniform in time con-
vergence of the weak error between the PDMP and the approximations given by the
FD-PDMP or the PD-PDMP algorithms. In particular, we obtain convergence in law
of the approximation and its time average to the invariant measure of the PDMP in
the joint limit as time tends to infinity and step size tends to zero (see Corollary 3.33).
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We confirm the applicability of our theorems on a variety of examples. ZZS and
BPS are instances of PDMPs for which exact simulation of the random event times is
not always possible. In Example 3.2 we discuss how to approximate the ZZS, and in
Examples 3.35, 3.45 we show that our Theorems apply to the proposed approximation.
An attractive feature of ZZS is that it allows for exact subsampling (see [23]), which
means that in a Bayesian statistics setting for each “iteration” of the algorithm only a
subset of the data has to be accessed. In Example 3.41 we propose an approximation
of ZZS with subsampling which also has the property of accessing a batch of the
data over each time step and prove convergence in total variation as the step size
tends to zero. For BPS we construct an approximation and prove convergence as
step size tends to zero and time tends infinity in Examples 3.3, 3.39 and 3.51. In
contrast to ZZS and BPS, randomised Hamiltonian Monte Carlo (RHMC) (see [30])
is an example of a PDMP in which it is typically not possible to simulate the flow
φt exactly. In Examples 3.4, 3.37, and 3.42 we discuss approximations of RHMC and
show convergence as the step size tends to zero and time tends to infinity. We also
discuss continuous time approximation schemes of a PDMP in Examples 3.40 and
3.52.

Related works

Whereas discretisations of stochastic differential equations such as the Langevin equa-
tion have been studied extensively in the literature, see e.g. the book [87] or recent
papers [61, 62, 144], the same has not been done for PMDPs. Here we give a brief
overview of works that are to some extent related to the present manuscript.

An approximation scheme for PDMPs suitable for a specific setting was proposed
in [94]. The authors consider the case in which the ODE describing the deterministic
motion can only be solved numerically, a global upper bound for the switching rates
is available, and the kernels Q can be simulated exactly. Their proposal is to move
deterministically according to a numerical integrator and to draw a proposal for the
following event time according to the upper bound of the switching rates and then
accept or reject it by Poisson thinning. The framework we propose in Algorithms 8
and 10 is more general as approximations of all characteristics are possible. Moreover,
the approximations in this manuscript do not require existence or knowledge of an
upper bound for the switching rates. As discussed in Example 3.38 it is possible
to closely resemble the proposal of [94] using our framework. Moreover, we obtain
similar finite time strong and weak error results as in [94] by applying Theorem 3.15.

In [152] the authors focus on how to design a discrete time PDMP with a specific
invariant measure. This is a fundamentally different approach to the focus of this
chapter. A related work is [145], which defines a discrete time chain that resembles a
BPS.

The book [40] discusses approximations of PDMP based on finite volume schemes
for the Chapman-Kolmogorov type equations. Such schemes approximate the law of
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the process and are thus different in nature compared to this manuscript.

Finally, we discuss papers that deal with continuous time approximations of the
ZZS. In [121] the authors propose an approximation that relies on an integrator and
a root finding method to generate the random event times. The paper [84] discusses
the effect of approximate switching rates {λ̃}di=1 on the stationary measure of the
ZZS. This approximation relies on the availability of suitable {λ̃}di=1 for which it is
possible to (efficiently) simulate the corresponding ZZS. In Examples 3.40 and 3.52 we
discuss applications of our theory to these approximation schemes. A similar setting
is considered in [65, Theorems 11 and 25], where the authors establish bounds in
total variation distance between (the invariant measures of) two PDMPs with same
deterministic dynamics, but different switching rates and jump kernels. The authors
prove such bounds by a coupling of the two continuous time PDMPs that is similar
in spirit to our Coupling 3.57. In this chapter, in particular in Section 3.4.2, we
bound the TV distance between a PDMP and a discrete time approximation. Thus
the statements and proofs differ from [65] in this sense.

Organisation of the chapter

The chapter is organised as follows. In Section 3.2 we define notation that we use
throughout the chapter. In Section 3.3 we describe the setting and the proposed
algorithms. In particular in Section 3.3.1 we discuss first order schemes and in Sec-
tion 3.3.3 we consider higher order schemes. Section 3.4 contains the main results
together with the required assumptions. This section is divided into three parts. Sec-
tion 3.4.1 is devoted to convergence in Wasserstein distance, which is established in
Theorem 3.15. Section 3.4.2 concerns convergence in total variation as stated in The-
orem 3.23. Section 3.4.3 gives conditions for uniform in time convergence of the weak
error, as expressed by Theorem 3.30. In Section 3.5 we gather examples to demon-
strate the when the assumptions of the main theorems are satisfied. The proofs of the
three main theorems can be found respectively in Section 3.6, Section 3.7 and Section
3.8. All other results as well as all auxiliary lemmas from Sections 3.4.1, 3.4.2, and
3.4.3 can be found respectively in Appendix 3.A, Appendix 3.B, and Appendix 3.C.

3.2 Notation

We denote the semigroup of the continuous time PDMP, {Zt}t≥0, as Pt which acts
on suitable functions by

Ptf(z) = Ez[f(Zt)].

Here the subscript z denotes that the process Zt has initial position Z0 = z. Note
that the semigroup is related to the transition probability of Zt, which is denoted by
Pt(z,A). These concepts are related for any function f and measurable set A ⊆ E by

Ptf(z) =

∫
f(y)Pt(z,dy), Pt(z,A) = (Pt1A)(z).
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Similarly we denote the transition probability of the approximation processes
{Ztn}n∈N as Ptn .

Consider a metric d : Rd × Rd → R+ and let P,Q be probability measures on Rd.
Then we define the Wasserstein distance of order 1 with respect to the metric d as

W1(P,Q) = inf
R∈Π(P,Q)

{∫
Rd×Rd

d(x, y)R(dx, dy)

}
, (3.1)

where Π(P,Q) is the set of couplings of the two probability measures P,Q, that
is the set of probability measures R on Rd × Rd such that R(A,Rd) = P (A) and
R(Rd, B) = Q(B).

We will denote a norm by ∥·∥. The maximum between a ∈ R and 0 is denoted by
(a)+ = max{a, 0}.

Let us define the space Ck to be the set of functions f : Rd → R which are k times
continuously differentiable. Ckb (Ckc respectively) denotes the subset of Ck to func-
tions which are bounded (resp. have compact support) with bounded and continuous
derivatives up to order k. We endow the space Cb with the supremum norm ∥·∥∞ and
the space C1b is endowed with the norm

∥f∥C1
b

= ∥f∥∞ +

d∑
i=1

∥∂if∥∞.

Consider a random variable I with values in {1, . . . ,m} such that P(I = i) = wi
for i = 1, . . . ,m. Then we say I has a discrete distribution with probabilities wi and
we denote this as I ∼ Discrete({wi}mi=1).

Given a measure π we define for any f ∈ L1
π

π(f) =

∫
f(z)π(dz).

Similarly for a probability kernel Q(x, dy) we write

Qf(x) =

∫
f(y)Q(x,dy) (3.2)

for f measurable and integrable with respect to Q(x, dy) for all x. Note that (3.2)
allows us to consider a probability kernel as a map from the space of bounded and
measurable functions, Bb, to Bb.

Let us define the total variation distance between two probability measures µ, and
ν as

∥µ− ν∥TV = sup
f∈Cb:∥f∥∞≤1

|µ(f)− ν(f)|.
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Given a vector field Φ we can view this as a map, Φ, which acts on C1 functions as

Φ(f)(x) = Φ(x)T∇f(x), for f ∈ C1.

Given two maps X,Y : C∞ → C∞ we shall define the commutator of X and Y ,
[X,Y ] to be the map [X,Y ] : C∞ → C∞ by

[X,Y ]f = XY f − Y Xf, for f ∈ C∞.

We will use this with the maps Φ and Q. If we assume that Q preserves C1 and Φ is
bounded then we can view [Φ, Q] : C1b → Bb defined by

[Φ, Q]f = Φ(Qf)−QΦ(f), for f ∈ C1b .

Note that although the commutator was defined for smooth vector fields the above
definition makes sense for all C1

b -functions since Φ is a map from C1b to Cb and we have
Q(C1b ) ⊆ C1b , Q(Cb) ⊆ Cb so both the operations Q(Φf) and Φ(Qf) are well defined
for f ∈ C1b .

3.3 Algorithms

Consider a PDMP (Zt)t≥0 taking values on a state space E, which is a subset of a
finite dimensional vector space. Examples are E = Rd × Rd or E = Rd × {−1,+1}d.
The dynamics of the process are described by the generator L, which applied on a
function in the domain of the extended generator gives

Lf(z) = ⟨Φ(z),∇zf(z)⟩+

m∑
i=1

λi(z)

∫
E

(f(y)− f(z))Qi(z,dy). (3.3)

The generator here is understood to be the extended generator, see [48, Theorem
26.14] for the exact description of the domain of the extended generator. Note, in
particular that functions that are differentiable in the direction Φ and bounded are
included in the domain. Here Φ is a smooth and globally Lipschitz vector field,
λi : E → [0,∞) are continuous functions and Qi are probability kernels. Let φt
denote the integral curve of Φ. Note that φt exists since Φ is globally Lipschitz. We
assume that φt leaves E invariant. Define the total switching rate

λ(z) =

m∑
i=1

λi(z).

As shown in [48, Section 26] (3.3) corresponds to a PDMP where the next event time
is distributed as

Pz(τ ≤ t) = 1− exp

(
−
∫ t

0

λ(φs(z))ds

)
, (3.4)
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Algorithm 6: Pseudo-code for the simulation of a PDMP

Input : Time horizon T , initial condition z.
Set t = 0, Z0 = z;
while t < T do

simulate next event time as

τ = inf

{
r > 0 : 1− exp

(
−
∫ r

0

λ(φs(Zt))ds

)
≥ U

}
where U ∼ Unif[0, 1] ;

simulate Zt+s = φs(Zt) for s ∈ (0, τ);

draw I ∼ Discrete
({λi(Zt+τ−)

λ(Zt+τ−)

}m
i=1

)
;

simulate Zt+τ ∼ QI(Zt+τ−, ·);
set t = t+ τ ;

end

and that between two random events the process follows the flow-map φt, i.e. Zt =
φt(z). At event time, τ , the process jumps according to probability kernel QI , where
I is distributed according to the following discrete distribution

I ∼ Discrete

({
λi(φτ (z))

λ(φτ (z))

}m
i=1

)
.

Algorithm 6 describes the simulation procedure for a PDMP with generator (3.3).

Remark 3.1. It is possible to rewrite (3.3) to the form

Lf(z) = ⟨Φ(z),∇zf(z)⟩+ λ(z)

∫
E

(f(y)− f(z))Q(z,dy) (3.5)

for some continuous function λ : E → [0,∞) and probability kernel Q. Indeed this
can be achieved by setting

λ(z) =

m∑
i=1

λi(z), Q(z,dy) =

m∑
i=1

λi(z)

λ(z)
Qi(z,dy). (3.6)

Therefore there is no loss of generality for the PDMP to take m = 1. However
we will see in Section 3.4.1 that allowing m ≥ 1 leads to weaker assumptions for
our convergence results, in particular we will see in Example 3.35 a case where the
assumptions are satisfied with m > 1 but would not be satisfied when written in the
form (3.5).

The focus of this chapter is to define and analyse approximations of PDMPs that
can be employed in settings where their simulation cannot be performed exactly. As
explained in the introduction, there are three quantities which characterise a PDMP
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and may be difficult to simulate. These are the flow map φt, the random event times
with rates λi, and the Markov kernels Qi. The idea is then to introduce p-th order
approximations of the three characteristics for some p ≥ 1. Precise conditions on
the approximations are given in Assumptions 3.10, 3.11, 3.12, but here we provide
a heuristic description. The flow map φt(z) can be approximated with a numerical
integrator, which is denoted as φt(z; δ, p). The parameters δ, p have the meaning
that for s ∈ [0, δ] we have that φs(z; δ, p) is an approximation of order δp of φs(z).
Classical examples of numerical integrators from the ODE literature include the Euler
discretisation, the leap frog scheme, and higher order numerical schemes. Then we
want to approximate the switching rates in such a way that the random times (3.4)
can be simulated easily at the cost of a small error. This can be done by using order
δp approximations of λ(φs(z)), i.e. the switching rate along the deterministic flow.
We denote the corresponding approximation as λ(z, s; δ, p) : E× [0,∞)→ [0,∞). The
motivation is to ensure the following as an approximation of order δp for t ≤ δ:

Pz(τ ≤ t) ≈ 1− exp

(
−
∫ t

0

λ(z, s; δ, p)ds

)
.

Here

λ(z, s; δ, p) =

m∑
i=1

λi(z, s; δ, p).

Let us give some examples with p = 1. A possible choice is to “freeze” the switch-
ing rate, thus taking λi(z, s; δ, 1) = λi(z). This is supported by the intuition that
λ(φs(z)) ≈ λ(z) for small s. In this case Pz(τ ≤ t) is approximately equal to
1 − exp (−tλ(z)), which is the cumulative distribution function of the exponential
distribution with constant rate λ(z). We refer to the λi as frozen switching rates and
to the corresponding approximation process as Euler approximation. Alternatively
one could take λi(z, s; δ, 1) = λi(φδ(z)), or the switching rates along the trajectory
given by the numerical integrator λi(z, s; δ, 1) = λi(φs(z; δ, 1)), or more generally
λi(z, s; δ, p) = λi(φs(z; δ, p)). Finally, consider the Markov kernels Qi. We define a
function Fi which describes a choice of implementation of Qi. Let Fi : E × U → E
be a deterministic map such that Fi(z, U) is distributed according to Qi(z, ·) when U
is distributed according to a probability distribution νU . We can then approximate
each map Fi by a map F i(·; δ, p) : E×U → E, where once again δ, p denotes the order
of accuracy of our estimate. To simplify the notation, when we consider first order
schemes, i.e. p = 1, we shall suppress the p-dependence and write φs(z; δ), λi(z, s; δ),
F i(z, U ; δ).

Now that we have introduced the problem and the various approximations we wish
to exploit, we illustrate how to design first order and higher order approximation
schemes for PDMPs. By an order p scheme we mean an approximation process for
which the local error, i.e. the error between the PDMP and the approximation over
a step of size δ with identical initial conditions, is proportional to δp+1. Therefore
after n steps of size δ the global error is proportional to tnδ

p where tn = nδ, which
motivates the term order p scheme.
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3.3.1 First order schemes

Let us introduce a mesh {tn}n∈N for the time variable where tn =
∑n
ℓ=1 δℓ, and δℓ

are step sizes. For example if the step size is constant δℓ = δ then tn = nδ for all
n ∈ N. In this section we introduce two alternative first order schemes: the FD-PDMP
algorithm and the PD-PDMP algorithm. We define the FD-PDMP approximation
{Ztn} on the mesh {tn}n∈N by setting Z0 = z and then following the procedure

Z̃tn+1
= φδn+1

(Ztn ; δn+1),

Ztn+1
= αn+1F In+1

(Z̃tn+1
, Un+1; δn+1) + (1− αn+1)Z̃tn+1

.

Here we have Un+1 ∼ νU . The value of αn+1 is determined as follows. We simulate τ
which has distribution conditional on Ztn given by

Pz(τ ≤ t|Ztn) = 1− exp

(
−
∫ t

0

λ(Ztn , s; δn+1)ds

)
.

Then αn+1 = 1 if and only if τ ≤ δn+1, otherwise αn+1 = 0. We then draw

In+1 ∼ Discrete

({
λi(Ztn , τ ; δn+1)

λ(Ztn , τ ; δn+1)

}m
i=1

)
. (3.7)

The resulting Markov chain Ztn is thus updated by first following the approximate
flow map and then establishing whether a random event takes place at the end of the
current time interval. This procedure is written in pseudo-code form in Algorithm 7.
Note that if λ(z, s; δn+1) is independent of s, i.e. λ(z, s; δn+1) = λ(z; δn+1), then we
do not need to simulate τn+1 and we have that αn+1 is a Bernoulli random variable
with success rate 1− exp(−δn+1λ(z; δn+1)) and In+1 is distributed as

In+1 ∼ Discrete

({
λi(Ztn ; δn+1)

λ(Ztn ; δn+1)

}m
i=1

)
.

This is for instance the case of frozen switching rates.

A different approach is shown in Algorithm 8, which describes the PD-PDMP
approximation. Here the idea is to simulate the switching time τ with rate
λ(Ztn , s; δn+1), then if τ is before the end of the current time step set t = tn + τ ,
draw In+1 as in (3.7), and follow the procedure below:

Zt = F In+1
(Z̃t, Un+1; δn+1), where Z̃t = φτ (Ztn ; δn+1),

Ztn+1
= φtn+1−t(Zt; δn+1).

On the other hand, when τ > δn+1 the process is simply moving deterministically
according to the approximate flow map, i.e. Ztn+1

= φδn+1
(Ztn ; δn+1). Only one

random jump per time step is allowed, and in this case it happens at time τ instead
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Algorithm 7: Fully Discrete Approximation of a PDMP

Input : Number of iterations N , initial condition z, step sizes (δn)Nn=0.
Output: Chain (Ztn)Nn=0.
Set n = 0, Z0 = z;
while n < N do

simulate Z̃ = φδn+1
(Ztn ; δn+1);

simulate

τ = inf

{
r > 0 : 1− exp

(
−
∫ r

0

λ(Ztn , s; δn+1)ds

)
≥ U

}
where U ∼ Unif[0, 1] ;
if τ ≤ δn+1 then

draw Un+1 ∼ νU and In+1 ∼ Discrete
({

λi(Ztn ,τ ;δn+1)

λ(Ztn ,τ ;δn+1)

}m
i=1

)
;

set Z̃ = F In+1
(Z̃, Un+1; δn+1);

end

set Ztn+1
= Z̃;

set n = n+ 1;

end

of at the end of the time step. This choice comes with advantages and disadvan-
tages if compared to Algorithm 7. As we shall see in Sections 3.4.2 and 3.4.3 it is
possible to obtain stronger results under weaker assumptions on the PDMP in the
setting of Algorithm 8 compared to Algorithm 7. However this may come at a larger
computational cost (see e.g. Example 3.3).

3.3.2 Examples

In this section we introduce several examples, which will be revisited as illustrative
applications of our results. In the first three examples, i.e. Examples 3.2, 3.3, 3.4,
we discuss MCMC samplers which target a probability measure with density π(x) ∝
exp(−ψ(x)) for x ∈ Rd.

Example 3.2 (Zig-Zag sampler [23]). Recall the ZZS we described in Example 2.11,
with generator given in (2.32) and rates λi(x, v) = (vi∂iψ(x))+. Simulating the event
times with rates of this form is in general a very challenging problem as the integral
in (3.4) cannot be computed for general potentials ψ.

We can apply Algorithm 7 to the ZZS to obtain (Xtn+1
, V tn+1

) given the previous

state by first simulating the next switching time τ with rate λ((Xtn , V tn), s; δn+1) and
then

Xtn+1
:= Xtn + V tnδn+1
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Algorithm 8: Partially Discrete Approximation of a PDMP

Input : Number of iterations N , initial condition z, step sizes (δn)Nn=0.
Output: Chain (Ztn)Nn=0.
Set n = 0, Z0 = z;
while n < N do

simulate

τ = inf

{
r > 0 : 1− exp

(
−
∫ r

0

λ(Zt, s; δn+1)ds

)
≥ U

}
where U ∼ Unif[0, 1] ;
if τ < δn+1 then

set t = tn + τ ;

simulate Z̃t = φτ (Ztn ; δn+1);

draw Un+1 ∼ νU and In+1 ∼ Discrete
({

λi(Ztn ,τ ; δn+1)

λ(Ztn ,τ ; δn+1)

}m
i=1

)
;

set Zt = F In+1
(Z̃t, Un+1; δn+1);

simulate Ztn+1
= φtn+1−t(Zt; δn+1);

else
simulate Ztn+1 = φδn+1

(Ztn ; δn+1);

end
set n = n+ 1;

end

V tn+1
:=

{
RIn+1

V tn if τ ≤ δn+1,

V tn if τ > δn+1,

where λ(z, s; δ) =
∑d
i=1 λi(z, s; δ), and

In+1 ∼ Discrete

({
λi((Xtn , V tn), τ ; δn+1)

λ((Xtn , V tn), τ ; δn+1)

}d
i=1

)
.

The only approximation concerns the switching rates, whereas it is straightforward to
simulate the linear dynamics and the jumps at event times. As mentioned above, a
simple choice is to take λi((x, v), s; δ) = λi(x, v), which results in an Euler approxi-
mation of the ZZS. An alternative choice is

λi((x, v), s; δ) =
1

δ
(ψ(x+ vieiδ)− ψ(x))+ + γi(x, v), (3.8)

which is obtained by a finite difference scheme approximation for ∂iψ. Here ei is the i-
th vector of the canonical basis. Observe that with this choice of λi the approximation
is gradient free, as it does not require computing ∇ψ. An approximation given by
Algorithm 8 may be introduced analogously.
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Example 3.3 (Bouncy Particle Sampler [32, 125]). Recall the BPS we introduced in
Example 2.12. The BPS has generator

Lf(x, v)=⟨v,∇xf(x)⟩+λ1(x, v)[f(x,R(x)v)−f(x, v)]+λ2

∫ (
f(x,w)−f(x, v)

)
ν(dw),

where λ1(x, v) = (vT∇xψ(x))+. For the same reasons of ZZS, it is in general not
possible to simulate the event times of BPS.

For this process we introduce an approximation based on Algorithm 8. Let Un+1 =
(Zn+1,Un+1) for Zn+1 distributed according to the standard Gaussian distribution
ν and Un+1 ∼ Unif([0, 1]) is an independent uniform random variable. For n ≥ 0
we define the next state of the approximation (Xtn+1

, V tn+1
) given the previous state

by first simulating τ with distribution Pz(τ > t) = exp(−
∫ t
0
λ((Xtn , V tn), s; δn+1)ds)

and then

Xtn+1
:= Xtn + τV tn + (δn+1 − τ)V tn+1

,

V tn+1
:=

{
F ((Xtn+τ , V tn), Un+1) if τ ≤ δn+1,

V tn if τ > δn+1.

Here λ((x, v), t; δn+1) = λ1((x, v), t; δn+1) + λr where λ1((x, v), t; δn+1) approximates
λ1(x+ vt, v) and

F ((Xtn+τ , V tn), Un+1) =

R(Xtn+τ )V tn if Un+1 >
λr

λ((Xtn ,V tn ),τ ;δn+1)
,

Zn+1 if Un+1 ≤ λr

λ((Xtn ,V tn ),τ ;δn+1)
.

It is thus clear that applying Algorithm 8 rather than Algorithm 7 can be more com-
putationally expensive in the case of BPS, as when an event takes place ∇ψ has to
be evaluated at some midpoint Xtn+τ in order to compute the reflection operator. In
contrast, ∇ψ has to be computed only at gridpoints in Algorithm 7. We shall see in
Section 3.4 that our theoretical results can only be applied to approximations of the
BPS based on Algorithm 8, motivating the need for that algorithm.

Similarly to the case of the ZZS described in Example 3.2, possible approximations
of λ1(x+ vt, v) are λ1((x, v), t; δ) = λ(x, v) or

λ1((x, v), t; δ) =
1

δ
(ψ(x+ vδ)− ψ(x))+ .

The latter choice is not enough to not make the simulation of (Xt, V t) gradient free
because ∇ψ is needed in the computation of the reflection operator.

Example 3.4 (Randomized Hamiltonian Monte Carlo algorithm). The randomized
Hamiltonian Monte Carlo algorithm (see [30]) is defined on E = Rd × Rd by the
generator

Lf(q, p) = ⟨p,∇qf(q, p)⟩ − ⟨∇qψ(q),∇pf(q, p)⟩+ λr

∫ (
f(q, p′)− f(q, p)

)
ν(dp′),
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where ν is a Gaussian measure on Rd. The Hamiltonian flow cannot be simulated
exactly in most cases, and thus it becomes necessary to approximate it by a numerical
integrator φs. Then according to Algorithm 7 we obtain the next state by first denoting
(Q̃tn+1 , P̃tn+1) = φδn+1

(Ztn+1 ; δn+1) and thus

(Qtn+1
, P tn+1

) =

{
(Q̃tn+1

, P̃tn+1
) with probability exp(−λrδn+1),

(Q̃tn+1
,Z) with probability 1− exp(−λrδn+1),

where Z ∼ ν. We remark that the most efficient implementation is to simulate the
next refreshment time and then follow the numerical integrator until then, without
drawing a new refreshment time at each iteration.

Example 3.5 (Modelling the size of a cell). Following Section 1.5 in [143], denote the
size of a cell by z ∈ R. The cell grows in time with deterministic flow φt, and splits
into two daughter cells with division rate λ(z). Then denote as τn the time when a
cell from the n-generation splits. The size of a daughter cell is half of the parent cell,
and thus Zτn = 1

2Zτn−. We can characterise the resulting process with its generator:

Lf(z) = ⟨Φ(z),∇f(z)⟩+ λ(z)
(
f
(z

2

)
− f(z)

)
.

Therefore it may not be possible to simulate such a process if the desired φ and λ are
complicated functions. An approximation can be obtained applying the ideas above
introducing a numerical integrator φ and approximate division rate λ.

Example 3.6 (Chemotaxis in Escherichia coli). It was shown in [12] that the bacteria
Escheria coli have two types of behaviour describing their motion, which are called
“runs” and “twiddles”. When the bacteria is “running” it moves with near uniform
speed. However when “twiddling” the bacteria changes direction very abruptly. We
will describe this using the stochastic model as given in [147]. We describe the bacteria
by giving its position x ∈ R3 and velocity v ∈ S2 at each time, where S2 is the sphere
in R3. Then there exists a function λ : [0,∞)×R3× S2 → (0,∞) which describes the
next time the bacteria twiddles; at such a twiddle the velocity changes according to
some probability measure µv on S2\{v} where v is the velocity before the twiddle. The
dynamics of the bacteria are given as a PDMP described by the backward equation

∂u

∂t
(t, x, v) + ⟨v,∇xu(t, x, v)⟩+ λ(t, x, v)

∫
S2

[u(t, x, η)− u(t, x, v)]µv(dη) = 0.

Note if λ is independent of t then we can describe this process by writing a generator
in the form (3.3); otherwise we can extend the space to include a time variable and
then write a corresponding generator in the form (3.3) which is given by

Lf(t, x, v) = ∂tf(t, x, v) + ⟨v,∇xf(t, x, v)⟩+λ(t, x, v)

∫
S2

[f(t, x, η)− f(t, x, v)]µv(dη).

We can introduce an approximation of this process by using frozen switching rates.
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Algorithm 9: Second order Partially Discrete Approximation of a PDMP

Input : Number of iterations N , initial condition z, step sizes (δn)Nn=0.
Output: Chain (Ztn)Nn=0.

Set n = 0, Z0 = z;
while n < N do

set Z̃ = Ztn ;
draw U1 ∼ Unif[0, 1] and simulate

τ1 = inf

{
r > 0 : 1− exp

(
−
∫ r

0

λ(Z̃, s; δn+1, 2)ds

)
≥ U1

}
if τ1 < δn+1 then

draw U1
n+1 ∼ νU and I1 ∼ Discrete

({
λi(Z̃,τ1; δn+1,2)

λ(Z̃,τ1; δn+1,2)

}m
i=1

)
;

set Z̃ = φτ1
(Z̃; δn+1, 2);

set Z̃ = F I1(Z̃, U1
n+1; δn+1, 2);

draw U2 ∼ Unif[0, 1] and simulate

τ2 = inf

{
r > 0 : 1− exp

(
−
∫ r

0

λ(Z̃, s; δn+1, 1)ds

)
≥ U2

}
if τ2 < tn+1 − τ1 then

draw U2
n+1 ∼ νU and I2 ∼ Discrete

({
λi(Z̃,τ2; δn+1,1)

λ(Z̃,τ2; δn+1,1)

}m
i=1

)
;

set Z̃ = F I2(Z̃, U2
n+1; δn+1, 1);

simulate Ztn+1
= φtn+1−τ2−τ1

(Z̃; δn+1, 1);

else

simulate Ztn+1
= φtn+1−τ1

(Z̃; δn+1, 1);

end

else

set Ztn+1
= φ(Z̃; δn+1, 2);

end

end

3.3.3 Higher order schemes

A natural question is how to obtain higher order schemes. The first important ob-
servation is that that the probability that a PDMP has more than one jump in a
time interval of length δ is of order δ2. Therefore in order to construct higher order
schemes it is natural to allow multiple jumps in the same time step.

A detailed implementation of a higher order approximation scheme can be found
in Algorithm 10. Let us first describe a second order algorithm. Starting at state
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Ztn = z, the proposed time for the first event is given by τ where

P(τ > r) = exp

(
−
∫ r

0

λ(z, s; δn+1, 2)ds

)
.

If τ < δn+1, the process moves according to the numerical flow φs(z; δn+1, 2) for time
τ , and at time tn+ τ the random event takes place according to F I(Ztn+τ , ·; δn+1, 2),
where I has discrete distribution. In this case, a second jump is allowed in the current
time step. The simulation of this event can be made using first order approximations
λ(·, · ; δn+1, 1), φs(· ; δn+1, 1), and F i(·, · ; δn+1, 1).

Algorithm 10: Order p Partially Discrete Approximation of a PDMP

Input : Number of iterations N , initial condition z, step sizes (δn)Nn=0.
Output: Chain (Ztn)Nn=0.
Set n = 0, Z0 = z;
while n < N do

set q = p, Z̃ = Ztn ;
set tleft = δn+1;
while q > 0 do

simulate

τ = inf

{
r > 0 : 1− exp

(
−
∫ r

0

λ(Z̃, s; δn+1, q)ds

)
≥ U

}
where U ∼ Unif[0, 1] ;

if τ < tleft then

draw Un+1 ∼ νU and I ∼ Discrete
({

λi(Z̃,τ ; δn+1,q)

λ(Z̃,τ ; δn+1,q)

}m
i=1

)
;

set Z̃ = φτ (Z̃; δn+1, q);

set Z̃ = F I(Z̃, Un+1; δn+1, q);
set q = q − 1 and tleft = tleft − τ ;

else

set Z̃ = φδn+1
(Z̃; δn+1, q);

set q = 0;

end

end

set Zn+1 = Z̃, n = n+ 1;

end

Let us consider as an example how to obtain a second order approximation for
smooth switching rates. For s ≤ δ the first order Taylor approximation of λi(φs(z))
is given by

λi(z, s; δn+1, 2) = λi(z) + s⟨Φ(z),∇λi(z)⟩.
Because the integral in (3.4) is with respect to s, this choice of λi(z, s; δn+1, 2) is such
that computing the corresponding switching time is equivalent to computing the root
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of a second order polynomial. The downside is that an evaluation of the gradient of λi
is needed and may be unavailable or expensive to compute. However, we can further
approximate the product ⟨Φ(z),∇λi(z)⟩ with a finite difference scheme to obtain for
s ≤ δn+1 the expression

λi(z, s; δn+1, 2) = λi(z) +
s

δn+1
(λi(φδn+1(z))− λi(z)), (3.9)

which is a second order approximation provided λ is sufficiently smooth. The algo-
rithm for p = 2 is given by Algorithm 9.

Similarly, it is possible to obtain an order p > 2 approximation. The simulation
up to and counting the first event of each time step should be made according to
approximations of order δp of the flow map, switching rates, and jump kernels. After
the first event it is then possible to use approximations of order p− 1, then of order
p − 2, and so on until one reaches the end of the current time interval, with the
constraint that at most p events take place. Finally, it is clearly possible to use
approximations of order δp for the simulation of all events in the same time step,
although such approximations can be in general more expensive to compute.

3.4 Main results

3.4.1 Error bounds in Wasserstein distance

The main result of this section is Theorem 3.15, which shows convergence of the
Wasserstein distance between the approximation and the continuous process as the
step size goes to 0. We consider the Wasserstein distance of order 1 with respect to
any normed distance, that is we take d(x, y) = ∥x − y∥ in Equation (3.1) for any
vector norm ∥·∥. For convenience we assume that for all n ∈ N we have an upper
bound δn ≤ δ0.

Let us now state the assumptions on the process and on the various approximations
that are required to show Theorem 3.15. We start with assumptions on the continuous
time PDMP, and specifically from a condition on the deterministic dynamics. In
particular, we require that Φ is Lipschitz.

Assumption 3.7. For the vector field Φ there exists a constant C > 0 such that for
all z, z′ ∈ E it holds that

∥Φ(z)− Φ(z′)∥ ≤ C∥z − z′∥.

We now shift our focus to the jump part of the process. In particular, we need the
kernel Q(z, ·) to satisfy the next conditions.

Assumption 3.8. There exist constants D1, D2, D3 > 0 such that for Ũ ∼ νU the
following conditions hold for all i ∈ {1, . . . ,m}:
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(a) For any z ∈ E
E[∥z − Fi(z, Ũ)∥] ≤ D1.

(b) For all z, z′ ∈ E

E[∥Fi(z, Ũ)− Fi(z′, Ũ)∥] ≤ D2∥z − z′∥.

(c) For all z ∈ E and all s ≤ δ ≤ δ0

E
[
∥φδ−s(Fi(φs(z), Ũ))− Fi(φδ(z), Ũ)∥

]
≤ D3δ.

The first assumption asks that after a random jump the process is in expectation at
bounded distance to its previous state, while condition (b) states that a Lipschitz
condition with respect to the previous state holds for coupled jumps. Finally, con-
dition (c) asks that the error committed by switching at the end of the time step or
at an earlier time is of order δ if the two jumps are coupled. Moreover, the following
Lipschitz condition for the switching rates is required.

Assumption 3.9. There exists D4 > 0 such that for all z, z′ ∈ E and i = 1, . . . ,m

|λi(z)− λi(z′)| ≤ D4∥z − z′∥.

Let us now focus on the required assumptions on the various approximations em-
ployed in the approximation process. We state the assumptions for a general order
of accuracy p ≥ 1, with p ∈ N. Starting from the deterministic dynamics, we assume
that the numerical integrator for the flow map is an approximation of order p.

Assumption 3.10. There exists C̃ ≥ 0 such that for any z ∈ E and any 0 ≤ s ≤
δ ≤ δ0

∥φs(z)− φs(z; δ, p)∥ ≤ C̃sp+1.

In case the flow map can be simulated exactly, one can simply take φs = φs and
C̃ = 0. Next we focus on the approximate jump kernels F i.

Assumption 3.11. The approximate jump kernels F i : E × U × [0, δ0]→ E, satisfy
for any z ∈ E and δ ∈ (0, δ0]

Ez[∥F i(z, Ũ ; δ, p)− Fi(z, Ũ)∥] ≤M1δ
p

for all i = 1, . . . ,m.

Let us now state the requirement on the approximate switching rates λi.

Assumption 3.12. The following conditions hold:
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(a) There exists M2(z) such that for all 0 ≤ s ≤ δ ≤ δ0 and i ∈ {1, . . . ,m}

|λi(z, s; δ, p)− λi(φs(z))| ≤ δpM2(z).

(b) For any n ∈ N there is a function M2(t, z) such that

Ez
[
M2(Ztn)

]
≤M2(tn, z) <∞.

As a final assumption, we require that both the continuous time PDMP and the
approximation process have almost surely bounded norm for a finite time horizon.
This assumption is verified for instance if the state space is compact, or if the processes
travel with bounded velocity.

Assumption 3.13. For any t > 0 there exists B(t, z) > 0 such that almost surely
both ∥Zt∥ ≤ B(t, z) and ∥Zt∥ ≤ B(t, z), where Z0 = Z0 = z.

Remark 3.14. Let us comment on these assumptions:

• It is worth observing that conditions such as Assumption 3.9 can be weakened
to forms such as

|λi(z)− λi(z′)| ≤ D4∥z − z′∥(1 + ∥z∥q + ∥z′∥q
′
),

for some q, q′ ∈ N. This is because by Assumption 3.13 the norms at time t of
the two processes are bounded almost surely and therefore for some M(t) we
have

(1 + ∥Zt∥q + ∥Zt∥q
′
) ≤M(t) <∞

almost surely. A similar reasoning can be applied to other assumptions that
have this structure. For simplicity we will not consider this set of weakened
assumptions in the proof of Theorem 3.15, but we remark that the extension is
straightforward.

• In both Example 3.2 on the ZZS and Example 3.3 on the BPS we can write λ
of the form

λ(x, v) = f(r)

where r = ∂iψ(x)vi for ZZS or r = ⟨∇ψ(x), v⟩ for BPS and f(r) = r+. Note
that it is possible to take a smooth function f for which the process still has the
desired invariant measure, see [2]. We will demonstrate some choices of λ for
ZZS which satisfy Assumption 3.12, and analogous choices hold for BPS. For
smooth λ we can use (3.9) to obtain a second order approximation or similarly
a p-th order finite difference scheme to have an order p approximation. However
if λ(x, v) = (vi∂iψ(x))+ is only Lipschitz then this approximation is no longer
valid; instead we can write

λi((x, v), s; δ, p) = (∂iψ((x, v), s; δ, p) vi)+
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where ∂iψ((x, v), s; δ, p) is a p-th order approximation in s of ∂iψ(x+sv) and can
be obtained either by a truncated Taylor expansion or using a finite difference
scheme. Then using that (·)+ is 1-Lipschitz

|λi((x, v), s; δ, p)− λi(φs(x, v))| ≤ |∂iψ((x, v), s; δ, p)− ∂iψ(x+ sv)| ≤M2δ
p.

For example, for ψ sufficiently smooth, we can take

λi((x, v), s; δ, p) =

(
p−1∑
q=0

(svi)
q

q!
∆q+1
i,δ,p−qψ(x)

)
+

,

where ∆q
δ,p−qψ denotes the δp−q-th order approximation of the q-th derivative

of ψ in the variable xi.

We are ready to state the main result of this section.

Theorem 3.15. Let p ≥ 1. Denote by {Pt}t≥0 the semigroup of a PDMP with
generator (3.3), which satisfies Assumptions 3.7-3.9. Denote by Pt the transition
probability of the Markov chain described by either Algorithms 7 or 8 in the case
p = 1, or by Algorithm 10 for p > 1. Suppose that φt(·; δ, q), λ(·, ·; δ, q), F i(·; δ, q)
satisfy Assumptions 3.10-3.13 for some δ0 > 0 and for every 1 ≤ q ≤ p with q ∈ N.
Then for a fixed T > 0 there exist K1 = K1(T ), K2 = K2(T ) such that for any mesh
0 = t0 < t1 < . . . < tN = T with δn = tn − tn−1 and δn ≤ δ0 for any n ≤ N

W1(PT (z, ·),PT (z, ·)) ≤ K2

N∑
k=1

δp+1
k

(
N∏
ℓ=k

(1 + δℓK1)

)
.

If the step size is uniform, i.e. δn = δ and tn = nδ, then

W1(PT (z, ·),PT (z, ·)) ≤ δp
(
eTK1 − 1

) K2

K1
.

Proof of Theorem 3.15. The proof of Theorem 3.15 can be found in Section 3.6.

We now give a setting in which Assumption 3.8 simplifies. This is motivated by
and includes the ZZS. Let us now consider a PDMP Zt = (Xt, Vt) ∈ Rn×V, where Xt

and Vt should be interpreted as the position and velocity at time t. Here V is some
subset of Euclidean space. Consider the case in which the deterministic dynamics
with initial condition (x, v) are of the form{

ẋ = Φ(v),

v̇ = 0.

Therefore the deterministic motion is Xt = φt(x, v) and Vt = v if (X0, V0) = (x, v).
Then assume that the random events affect only the velocity, and leave the position
unchanged, i.e. Fi((x, v), U) = (x, F vi ((x, v), U)). This is the setting for example of
the ZZS and BPS. Consider the following assumption.
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Assumption 3.16. The space V is such that for all v, w ∈ V with v ̸= w it holds that

0 < Vmin ≤ ∥v − w∥ ≤ Vmax <∞.

Assume also that there exists D > 0 such that for any x, y ∈ Rn, i ∈ {1, . . . ,m} and
v ∈ V

E(x,v)[∥F vi ((x, v), U)− F vi ((y, v), U)∥] ≤ D∥x− y∥.

The next corollary states that in this setting Assumption 3.16 implies Assump-
tion 3.8.

Corollary 3.17. Consider a PDMP of the particular form described above. Suppose
Assumptions 3.7, 3.9-3.12, as well as Assumption 3.16 hold. Then Theorem 3.15
applies.

Proof. The proof can be found in Appendix 3.A.2.

Finally, we consider the setting in which we have a deterministic upper bound for
the switching rates, but the process is not almost surely bounded as was required by
Assumption 3.13. This is the case for instance of the Randomized HMC algorithm
[30]. We shall show that in this case Theorem 3.15 holds as long as for a finite
time horizon the processes are bounded in expectation. The formal condition is the
following.

Assumption 3.18. There exists a constant λmax > 0 such that λ(z) ≤ λmax for all
z ∈ E. Moreover there exists L(t, z) <∞ such that

max{Ez[∥Zt∥],Ez[∥Zt∥]} ≤ B(t, z).

Proposition 3.19. Suppose Assumptions 3.7-3.12 and 3.18 hold. Then Theorem 3.15
applies.

Proof. The proof is given in Appendix 3.A.3.

3.4.2 Error bounds in total variation distance

In this section we show that a bound of order δp on the total variation distance between
the approximation and the PDMP can be derived for Algorithm 10 assuming it is
possible to simulate exactly the flow φt and the Markov kernels Qi. Interestingly, this
result can be proved under considerably weaker assumptions on the PDMP compared
to what is considered in Section 3.4.1. We remark in particular that no assumption
on the maps Fi is needed, which was the case in Assumption 3.8. Moreover the
process needs not be bounded almost surely for finite time horizons, as described in
Assumption 3.13. The main result of this section is proved by coupling the event
times of the PDMP and of the approximations via Poisson thinning. It follows that
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with a positive probability the processes, which are initialised at the same point, will
remain together during a time step.

Let us state the required assumptions on the switching rates and on the continuous
time process. Recall that for first order approximations of the characteristics we drop
the specific order of accuracy, e.g. for switching rates we have λi(z, s; δ) = λi(z, s; δ, 1)
for i = 1, . . . ,m. We distinguish the assumptions between the setting p = 1 and p > 1.
In the case p = 1 we impose the following assumption.

Assumption 3.20. Each of the approximate switching rates λi(·; δ) for i = 1, . . . ,m
satisfies Assumption 3.12(a) with p = 1 for some M2(z). Furthermore for z ∈ E and
s ≥ 0 define λ(z, s; δ) =

∑m
i=1 λi(z, s; δ), and λtot(z, s; δ) = λ(z) + λ(z, s; δ) +m. Let

T > 0. Then there exist L1(T, z), L2(T, z), L3(T, z) < ∞ such that for any mesh
0 = t0 < t1 < · · · < tN = T with tk+1− tk = δk+1 and N ∈ N the following conditions
hold:

sup
n≤N

sup
i=1,...,m

sup
s∈[0,δn]

sup
r∈[s,δn]

Ez
[
λ(φs(Fi(φr(Ztn−1), Ũn)λtot(Ztn−1 , s; δ)

]
≤ L1(T, z),

sup
n≤N

sup
s∈[0,δn]

Ez
[
M2(Ztn−1

)λtot(Ztn−1
, s; δ)

]
≤ L2(T, z),

sup
n≤N

sup
s∈[0,δn]

sup
r∈[s,δn]

Ez
[ (
λ(φr(Ztn−1

)) + λ(Ztn−1
, r; δ)

)
λtot(Ztn−1

, s; δ)
]
≤ L3(T, z).

For the case p > 1 we make the following assumption. Recall in the case p > 1 if in
a single time step there have been q jumps then we use λi(·; δ, p− q) to simulate the
next jump time. As the probability of there having been q jumps in a time interval
is order δq the conditions required on λi(·; δ, q) are lessened, for this reason there are
different requirements for each q.

Assumption 3.21. Each of the approximate switching rates λi(·; δ, q) for i = 1, . . . ,m
and q = 1, . . . , p satisfies Assumption 3.12(a) for some M2(z). When q = 1 the
approximate switching rates λi(·; δ, 1) for i = 1, . . . ,m satisfy Assumption 3.20. We
make the additional moment bound for any 1 ≤ q ≤ p

sup
n≤N

sup
s∈[0,δn]

Ez
[
(1 +M2(Ztn−1

))λtot(Ztn−1
, s; δ, q) + λtot(Ztn−1

, s; δ, q)q+1
]
≤ L4(T, z).

Remark 3.22. The moment bounds in Assumption 3.20 are rather technical, but also
general. For instance Assumption 3.20 holds if Assumptions 3.12 and 3.13 hold, i.e.
when the process has bounded norm for any finite time horizon. Furthermore, as
Assumption 3.20 does not depend on moment bounds for the approximate process
{Ztn}n≥1, one can verify Assumption 3.20 by finding a suitable Lyapunov function
for the PDMP. Indeed if there exists a Lyapunov function which bounds the functions
appearing in Assumption 3.20 then Assumption 3.20 holds with L1, L2, L3 indepen-
dent of T . This is the case for instance of the ZZS and BPS, see Example 3.39.
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Alternatively, one can take advantage of Holder’s inequality to reduce the problem
to bounding polynomial moments of the various quantities. In Section 3.5.2 we show
that the assumption holds for several examples. Finally we remark that in Assump-
tion 3.20 it is possible to substitute Ztn−1 with Ztn−1 and Theorem 3.23 still holds.

Theorem 3.23. Denote as Pt(z, ·) the transition probability of the approximation
process obtained by Algorithm 8 for p = 1 or by Algorithm 10 for p > 1. Denote by
{Pt}t≥0 the semigroup of a PDMP with generator (3.3) satisfying Assumption 3.7. Let
p ≥ 1 and suppose the approximations λi(z, s; δ, q) for q ≤ p satisfy Assumption 3.20
if p = 1 or Assumption 3.21 if p > 1. Suppose the mesh tn =

∑n
i=1 δn is such that

δn < δ0 for δ0 as in Assumption 3.12(a). Suppose that φs = φs and F i = Fi for all
i = 1, . . . ,m. Then for any z ∈ E and any mesh 0 = t0 < t1 < . . . < tN = T with
δn = tn − tn−1 and δn ≤ δ0 for any n ≤ N

∥PT (z, ·)− PT (z, ·)∥TV ≤
N∑
i=1

δp+1
i D(T, z)

N∏
ℓ=i+1

(1−D(T, z)δℓ),

where D(t, z) is a non-decreasing function of t. If δn = δ for all n ∈ N then

∥PT (z, ·)− PT (z, ·)∥TV ≤ 1− e−D(T,z)Tδp .

Proof. The proof can be found in Section 3.7.

Remark 3.24. Let us for simplicity consider the constant step size case. If we fix a
time horizon t, then the theorem shows that ∥Pt(z, ·) − Pt(z, ·)∥TV → 0 as δ → 0.
On the other hand, the upper bound tends to 1 as T →∞ if the step size δ is fixed.
Moreover, because 1− exp(−D(tn, z)tnδ) ≤ D(tn, z)tnδ we have

∥Ptn(z, ·)− Ptn(z, ·)∥TV ≤ D(tn, z) tn δ
p

and therefore we have convergence of order δp as δ → 0.

Remark 3.25. In a similar fashion to [65], it is possible to obtain a bound as that in
Theorem 3.23 also when the jump kernel is approximated. To prove such result it is
sufficient to define a coupled jump kernel that keeps the two processes together with
strictly positive probability if they are together right before the jump.

3.4.3 Convergence to the invariant measure

In this section we give conditions for the approximation process {Ztn}n≥1 to converge
to µ, the invariant measure of the PDMP, which we shall assume to exist and be
unique. We do this by showing convergence in law to the PDMP uniformly in time
and requiring that the PDMP converges to its invariant measure. In the following
we consider the case of geometric convergence as it is verified for a range of PDMPs,
however convergence with any rate r(t) which is integrable over [0,∞) is sufficient.
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The strategy of this proof is inspired by [46], which uses derivative estimates to
obtain uniform in time convergence of an Euler Scheme for an SDE. In that case the
authors rely on having exponential decay of the derivatives of the semigroup for the
SDE of interest, for which conditions are given in [45].

Assumption 3.26. Let {Zt}t≥0 be a PDMP with corresponding generator (3.5). Re-
call the definition of Q given by (3.6). We assume the following:

(a) There exists an invariant measure, µ, for the PDMP, {Zt}t≥0, and µ is invari-
ant under Q, that is

µ(Qf) = µ(f)

for any f measurable and integrable.

(b) The Markov process {Zt}t≥0 is geometrically ergodic with invariant measure µ.
Specifically fix G : E → [1,∞) and define G = {measurable g : E → R, |g| ≤ G}.
Assume that G(Zt) is integrable for all t ≥ 0. For some R1 > 0, ω > 0

sup
g∈G
|Ez[g(Zt)]− µ(g)| ≤ R1e

−ωtG(z). (3.10)

This Assumption has been shown in a variety of cases, for example for the 1-
dimensional Zig-Zag process this was shown in [21, Theorem 5] and for higher dimen-
sions in [24, Theorem 2]. For BPS this was shown in [64, 51]. For RHMC see [30,
Theorem 3.9].

The following assumption is required for Algorithm 7, but not for Algorithm 8, for
the reasons explained in Note 3.31. In general, derivative estimates on the semigroup
are useful for proving convergence of approximations as they control the effect of a
small error in the initial condition of a stochastic process. In this case we are not
using explicitly a derivative estimate but instead the operator [Φ, Q]. The role of
this commutator is to describe the difference in the direction of the process over an
infinitesimal time interval if the process first jumps then follows the flow map or first
follows the flow map and then jumps.

Assumption 3.27. Let {Pt}t≥0 denote the semigroup corresponding to the generator
L given by (3.5). Recall the notation [Φ, Q] defined in Section 3.2. Let G and G be
given as in Assumption 3.26. There exist some R2 > 0, ω > 0 and set G1 ⊆ G, such
that for all t ≥ 0 we have

sup
g∈G1

sup
δ∈(0,δ0),s∈[0,δ]

[Φ, Q](Ptg ◦ φδ−s)(φs(z)) ≤ R2e
−ωtG(z).

In Example 3.45 we show that this assumption is satisfied for ZZS with a non-trivial
set G1.

Finally, we require the following moment bounds.
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Assumption 3.28. Let {Zt}t≥0 be the process described by Algorithm i where i is
either 7 or 8 and suppose Assumption 3.26 holds for the function G. Recall the
definition of λ and Q given by (3.6). Define for i = 2 or 3 (corresponding to Algorithm
i)

Gi(z, r, s) = Ki(z, r, s) + λ(φr(z))Q((QG+G)λ)(φs−r(z))

+ λ(φr(z))λ(φs(z))(QG(φs(z)) +G(φs(z)))
(3.11)

where

K7(z, r, s) =
(
G(z)λ(z, s; δ) +K8(z, r, s)

)
,

K8(z, r, s) =
(
(QG(φs(z)) +G(φs(z)))(λ(z, s; δ)λ(z, r; δ) +M2(z))

)
.

For i = 2 or 3 there exist a function Hi(z) such that for any mesh 0 = t0 ≤ t1 ≤ ...
with δk = tk − tk−1 < δ0 for any k

Ez
[

sup
0≤r<s≤δ0

Gi(Ztk , r, s)

]
≤ CHi(z).

Remark 3.29. Observe that since G is a Lyapunov function for the PDMP {Zt} we
have that Ez[G(Zt)] is bounded in t for any z. Since {Ztn}n≥0 is designed to be a
good approximation of {Zt}t≥0 we may hope that Ez[G(Ztn)] is also bounded in n.
We confirm this for ZZS and BPS in 1 dimension in Lemma 3.68 and test numerically
in a higher dimensional setting.

In each of the references discussed after Assumption 3.26 there is some freedom in
the choice of parameters in the Lyapunov function. By adjusting these parameters
we can bound the terms in Gi(z) appearing in Assumption 3.28 by using a different
choice of the parameters of the Lyapounov function. Confirming Assumption 3.28
then reduces to showing that, for a fixed Lyapunov function G for the PDMP, we
have

sup
n

Ez[G(Ztn)] <∞.

Theorem 3.30. Let {Zt}t≥0 be the PDMP with generator given by (3.5). Let {Zt}t≥0

be the process described by Algorithm 7 or 8, with φ = φ and F = F . Suppose that
Assumption 3.12 (a), 3.26, 3.28 holds and that if {Zt}t≥0 is described by Algorithm
7 that Assumption 3.27 holds also. Let G1 ⊆ G be given as in Assumption 3.27 if this
assumption is required and G1 = G otherwise.

Then there exists K > 0 which depends only on R1, R2 and C such that for any
g ∈ G1, n ∈ N, z ∈ E we have∣∣Ez[g(Ztn)]− Ez[g(Ztn)]

∣∣ ≤ KSnHi(z). (3.12)

Here

Sn =

n−1∑
k=0

δ2k+1e
−ω(tn−tk+1). (3.13)
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Proof of Theorem 3.30. The proof of this theorem is given in Section 3.8.

The choice of the set G1 here determines the type of convergence that we obtain. For
example if G1 contains the set of continuous functions with supremum norm bounded
by 1 then this corresponds to convergence in the total variation distance. On the
other hand, if G contains the set of functions with Lipschitz constant less than 1 then
we have convergence in the Wasserstein distance of order 1. Since we do not require
Assumption 3.27 to hold when we use Algorithm 8 we can typically take G1 = G
in that case and hence we have convergence in a metric that is stronger than total
variation. However for Algorithm 7 we need an additional bound on the derivatives
of the function so we have convergence in a weaker metric, see Example 3.45.

Remark 3.31. An important estimate in the proof of Theorem 3.30 will be obtaining
a bound between the law of the first jump of the PDMP, τ , and of the approximation
process, τ . This is done in Lemma 3.67. In this lemma we need to treat Algorithm 7
differently to Algorithm 8. In particular, we show convergence as δ → 0 by considering
E[h(τ)]−E[h(τ)] for a class C of test functions h. In the case of Algorithm 8 we use the
set C = Cb([0, δ]) of test functions whereas in the case of Algorithm 7 we use the set
C = C1b ([0, δ]). The result of using this weaker convergence is that we need a form of
derivative estimate. The derivative estimate we require is given by Assumption 3.27
and is needed only if we are considering Algorithm 7.

Remark 3.32. To simplify the exposition we have only considered the case when
we can simulate the flow exactly. We can extend this proof to allow also for the
use of a numerical integrator provided we have a suitable derivative bound. More
precisely we require that for some R1 > 0, ω > 0 and some set G1 ⊆ G and for any
δ ≤ δ0, t > 0, z ∈ E, i ∈ {1, . . . ,m}

sup
g∈G1

|Ptg(φδ(z))− Ptg(φδ(z))| ≤ δ2R3e
−ωtG(z), (3.14)

sup
g∈G1

|QiPtg(φδ(z))−QiPtg(φδ(z))| ≤ δ2R3e
−ωtG(z).

Now using the uniform in time weak error estimate (3.12) and exponential ergodicity
(3.10) we can show convergence to the invariant measure of the PDMP.

Corollary 3.33. Suppose that the conclusion of Theorem 3.30 holds. Set δk = δ for
all k ∈ N. Then for g ∈ G1 we have∣∣Ez[g(Ztn)]− Ez[g(Ztn)]

∣∣ ≤ CδH(z), (3.15)∣∣Ez[g(Ztn)]− µ(g)
∣∣ ≤ CH(z)(δ + e−ωtn) (3.16)∣∣∣∣∣ 1

N

N∑
n=1

Ez[g(Ztn)]− µ(g)

∣∣∣∣∣ ≤ CH(z)

(
δ +

1

tN

)
. (3.17)

Proof of Corollary 3.33. The proof of this corollary is given in Appendix 3.C.1.
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Corollary 3.34. Suppose that the assumptions of Theorem 3.30 holds. Assume that
δk → 0 as k →∞ and

∑∞
k=1 δk =∞. For any g ∈ G1 we have

lim
n→∞

∣∣µ(g)− Ex,v[g(Xtn , V tn)]
∣∣ = 0.

Proof of Corollary 3.34. The proof of this corollary is given in Appendix 3.C.1.

3.5 Examples

3.5.1 Examples for Section 3.4.1

Example 3.35 (Zig-zag sampler continued). We continue Example 3.2 checking that
the conditions of the previous section are satisfied. Let us check that approximations
of the ZZS based on Algorithm 7 or 8 satisfy Corollary 3.17. Assumption 3.7 clearly
holds. Assumption 3.13 holds because the process travels with bounded velocity, so we
can apply the reasoning in Note 3.14 to verify Assumption 3.9. In particular, As-
sumption 3.8 holds as long as ψ ∈ C2 and γi is locally Lipschitz for all i ∈ {1, . . . ,m}.
Assumptions 3.10 and 3.11 follow from the fact that we can simulate exactly the flow
and the kernels. Assumption 3.12(a) is satisfied for p = 1 both for λi(z, s; δ) = λi(z)
and (3.8) for ψ ∈ C2 . Assumption 3.12(b) follows from Assumption 3.13. Finally
Assumption 3.16 clearly holds for any D > 0.

Note that we could define the same algorithm with m = 1 according to Note 3.1.
However, in this case neither Assumption 3.8 nor Assumption 3.16 hold as the func-
tion F is not Lipschitz.

In Figure 3.1a we demonstrate numerically the difference between the ZZS with
50-dimensional Gaussian target and the approximation scheme corresponding to Al-
gorithm 7 with constant step size δ and frozen switching rates. 1 In this plot the
two processes have been coupled according to Coupling 3.54, which is a synchronous
coupling that is used in Section 3.6 to prove Theorem 3.15. In the figure we see that
as δ tends to zero that the distance between the two processes converges to zero. We
also observe there is an upper bound on how large the error can get, which roughly
corresponds to the velocities having the opposite sign, i.e. V tn = −Vtn .

Example 3.36 (Bouncy Particle Sampler continued). We continue Example 3.3 and
discuss the assumptions of this section in this context. We show that x 7→ R(x)v need
not be Lipschitz. Indeed, for a Gaussian example with d > 1 fix v ∈ {1,−1}d and take
y ∈ Rd orthogonal to v then for any s > 0 consider

∥R(sv)v −R(y)v∥ = 2

∥∥∥∥ ⟨v, sv⟩∥sv∥2
sv

∥∥∥∥ = 2∥v∥.

1The codes for all experiments in this paper can be found in a dedicated GitHub repository at
https://github.com/andreabertazzi/Euler_PDMC_algorithms

https://github.com/andreabertazzi/Euler_PDMC_algorithms
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(a) Results for the ZZS with γ(x, v) = 0. (b) Results for the BPS with λr = 1.

Figure 3.1: Plots of the distance between the continuous time PDMPs and their
approximations given by Algorithm 7 for several values of the step size. The x-axis
shows continuous time units, i.e. the time of Ztn is tn = nδ. The distance is ∥x−y∥1 =∑d
i=1|xi−yi| The plots show the average of 50 experiments. The processes are coupled

according to Coupling 3.54. The continuous PDMPs have a 50-dimensional standard
Gaussian as stationary measure. Here we choose λ((x, v), s; δ) = λ(x, v).

Letting s tend to zero we see that x 7→ R(x)v is not Lipschitz at zero and hence
Assumption 3.8 does not hold.

In Figure 3.1b we demonstrate numerically the difference between the BPS with
50-dimensional Gaussian target, Gaussian refreshments with rate 1 and the approx-
imation scheme corresponding to Algorithm 7 with constant step size δ, and frozen
switching rates when coupled according to Coupling 3.54. We see that although the
assumptions of the theory do not hold the error appears to tend to zero as δ → 0.
Indeed in Section 3.4.2 we obtain theory supporting this observation. Moreover, from
the plot it appears that the error converges as δ → 0 uniformly in time. We will
investigate this property further in Section 3.4.3.

Example 3.37 (Randomized Hamiltonian Monte Carlo algorithm continued). We
continue Example 3.4. As long as ∇ψ is Lipschitz, Proposition 3.19 can be applied to
the approximations based on Algorithms 7 and 8.

Example 3.38 (PDMP two-dimensional Morris-Lecar model [94]). Let us consider
the PDMP defined on E = {0, . . . , NK} × R whose characteristics are given by

Φ(θ, ν) =

(
0

1
C

(
1− gLeak(ν − VLeak)− gCaM∞(ν)(ν − VCa)− gK θ

NK
(ν − VK)

) )
,

λ(θ, ν) = (NK − θ)αK(ν) + θβK(ν),

Q((θ, ν), (θ + 1)) =
(NK − θ)αK(ν)

λ(θ, ν)
, Q((θ, ν), {θ − 1}) =

θβK(ν)

λ(θ, ν)
,
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M∞(ν) = (1 + tanh((ν − V1)/V2))/2,

αK(ν) = λK(ν)N∞(ν), βK(ν) = λK(ν)(1−N∞(ν)),

N∞(ν) = (1 + tanh((ν − V3)/4))/2, λK(ν) = λK cosh((ν − V3)/2V4).

This model was given in [94] and is a PDMP version of the deterministic Morris-
Lecar model introduced in [114] to explain the dynamics of the barnacle muscle fibre.
Here ν denotes the membrane potential, θ is number of open Potassium channels,
gLeak, gCa, gK is maximum conductance value for leak, Calcium, and Potassium re-
spectively, C is the membrane capacitance, Vleak, VCa, VK is the equilibrium potential
of relevant ion channels, M∞(ν) (N∞(ν) respectively) is the fraction of open Calcium
(Potassium resp.) channels at steady state. V1 (V3 respectively) is the potential at
which M∞ = 0.5 (N∞ = 0.5 resp.). V2 (respectively V4) is the reciprocal is the slope
of the voltage dependence of M∞ (N∞ resp.).

We will consider a PD-PDMP approximation of this PDMP. Note that in this
case the flow does not have an explicit solution so a numerical integrator is required.
Therefore we will set φt to be an Euler approximation of φt and λ((θ, ν), t; δ) =
λ(φt(θ, ν; δ)) = λ((θ, ν) + tΦ(θ, ν)). Note we can simulate jump times with this ap-
proximate rate using Poisson thinning. Since the kernel Q can be simulated exactly we
do not need to approximate this. This algorithm is very similar to the approximation
proposed in [94] and we confirm their results in our framework. Indeed, one can verify
that Assumptions 3.7, 3.9-3.12, as well as Assumption 3.16 hold so by Theorem 3.15
we have that the approximation converges as δ → 0 to the PDMP.

3.5.2 Examples for Section 3.4.2

It is straightforward to verify Assumption 3.20 for either ZZS or BPS. Below we give
details for BPS.

Example 3.39 (Bouncy Particle Sampler continued). We continue Examples 3.3 and
3.36 and discuss when we may apply Theorem 3.23 in this setting. Recall in Example
3.36 we showed that we can not expect BPS to satisfy the assumptions of Theorem 3.15
because the reflection operator is in general not Lipschitz. However, we do not need
any assumption of this type for Theorem 3.23. Consider for instance a simple example
in which λ1((x, v), s) = λ1(x, v). Then Assumption 3.12 (a) follows provided ψ ∈ C2.
If in particular ψ has bounded Hessian, then M2(x, v) ≤ ∥v∥∥∇2U∥∞. It remains
to verify the moment bounds in Assumption 3.20 hold. It is clear that these are
satisfied if the velocities are bounded, as for instance when refreshments are from
Zn+1 ∼ Unif(Sd−1) where Sd−1 is the unit sphere in Rd. On the other hand, for the
BPS with Gaussian refreshments we observe that outside of a compact set one can
bound the moments in Assumption 3.20 by the expectation of the Lyapunov functions
derived in [51] or [64]. Therefore we can apply Theorem 3.23 to obtain convergence
as δ → 0.
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Let us derive a rough estimate on the dimensional dependence of Theorem 3.23 in
the p = 1 case. In particular we focus on the dependence of D(tn, z) in the dimension.
Observe from the proof of the theorem that D(t, z) depends linearly on L1, L2, L3, and
thus it is sufficient to check the dimensional dependence of such constants. By applying
Cauchy-Schwartz inequality the interesting terms are of the form Ez[(λ1(Xt, Vt))

2].
We approximate this expectation with its value in stationarity. Let us restrict to the
case of Gaussian refreshments and a standard Gaussian invariant measure. Then in
stationarity we obtain

Eπ[(λ1(X,V ))2] = Eπ[⟨V,X⟩2+] ≤ d2.

Therefore we expect D(t, z) to have a quadratic dependence in the dimension of the
PDMP. In order to obtain a fixed error in total variation distance one should then
choose δ such that D(t, z)δ is constant, and thus δ of order d−2. Observe that taking
refreshments on the unit sphere the dependence would be linear in d.

Example 3.40 (Continuous time approximations of PDMP). So far we have concen-
trated on discrete time approximations of PDMP, however it is also possible to apply
our results to approximate a PDMP with a second continuous time PDMP. Similarly
to the setting of [84] suppose we have an approximation λ̃i of λi, i.e. there exists
ε > 0 such that for all i ∈ {1, . . . ,m} we have

|λ̃i(z)− λi(z)| ≤ M̃(z)ε. (3.18)

A possible motivation for this approach is the case of ZZS when we either can not
evaluate ∂iψ exactly or it is too expensive to do so. Then we can use an approximation
∂iψ to obtain an approximation of λ, i.e. λ̃i = (vi∂iψ)+. Now we define a PDMP with
approximated rates λ̃i which moves according to the generator L̃ acting on sufficiently
smooth functions by

L̃f(z) = ⟨ϕ(z),∇zf(z)⟩+

m∑
i=1

λ̃i(z)

∫
(f(z′)− f(z))Qi(z,dz

′). (3.19)

We are interested in comparing this process to the PDMP with generator L given by
(3.3). In order to use Theorem 3.23 we introduce a discrete time process which we
can use to compare to both the PDMPs corresponding to L and L̃. Set δ = ε and
tn = nδ, define {Ztn}n∈N to be given by Algorithm 8 with rates λi(z, t) = λ̃i(φt(z)),
and according to the exact flow φt = φt and Markov kernels Qi, i.e. F i = Fi. We
assume that the moment bounds of Assumption 3.20 are satisfied which is clear for
example if the processes move with bounded velocity. We may apply Theorem 3.23
both when the PDMP is given by L and by L̃. Therefore for any t > 0 there exist a
constant D(t, z) > 0 such that

∥Pt(z, ·)− P̃t(z, ·)∥TV ≤ 2(1− e−D(t,z) t ε) ≤ 2D(t, z) t ε.

Here {Pt}t≥0 denotes the semigroup of a PDMP with generator L and {P̃t}t≥0 denotes

the semigroup of a PDMP with generator L̃. We remark that the analysis above could
be adapted to the setting of the Numerical Zig-zag algorithm introduced in [121].
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Example 3.41 (ZZS with subsampling). In Bayesian statistics the posterior distribu-

tion π(x) ∝ exp(−ψ(x)) is often of the form ψ(x) =
∑N
j=1 ψj(x), where ψj(x) depends

only on a subset of the data. As described in [23], the ZZS allows for exact subsam-
pling, which means that the simulation of each event time is calculated using ψJ for
some J ∼ Unif{1, . . . , N} instead of the full negative log-density ψ. This is achieved
by defining switching rates λji (x, v) = (vi∂iψj(x))+ and computational bounds Mi(t)

such that λji (x + vt, v) ≤ Mi(t). Then starting at state (x, v) at time t, a proposal
for the next event time is found by taking τi∗ = min τi, where τi has rate Mi(t) for
i = 1, . . . , d. Then the proposal is accepted with probability λJi∗(x + vτi∗ , v)/Mi∗(τi∗)
for J ∼ Unif{1, . . . , N} and in case of acceptance we set Vt+τi∗ = Ri∗Vt.

Motivated by the fact that the bounds Mi(t) may be unavailable or hard to compute,
we can approximate this process as follows. Here we restrict to the case of frozen
switching rates, that is

λ
j

i ((x, v), s; δ) = λji (x, v).

We apply the same idea behind Algorithm 8 to obtain (Xtn+1
, V tn+1

) given the previous
state by first drawing J ∼ Unif{1, . . . , N}, and then simulating the next switching time
τ = τ i∗ = min τ i with rates λJi (Xtn , V tn). Finally

Xtn+1
:= Xtn + (δn+1 − τ)V tn + τV tn+1

V tn+1
:=

{
Ri∗V tn if τ ≤ δn+1,

V tn if τ > δn+1,

where the operator Ri was defined in Example 3.2.

The fundamental difference with respect to the setting of Algorithm 8 lies in the
additional level of randomness introduced by the random variable J . We can adapt
the proof of Theorem 3.23 to also allow this additional randomness. Indeed in each
step we use a synchronous coupling of the random variable J , then conditional on J
we can apply Coupling 3.57 with λi replaced by λJi in (3.34)-(3.35), and setting

λitot((x, v), t; δ) =

N∑
j=1

λji (x+ vt, v) +

N∑
j=1

λji (x, v) + 1.

Thus provided ψ ∈ C2 for any (x, v) ∈ E and t > 0 there exists D = D(t, (x, v)) > 0
such that

∥Pt((x, v), ·)− Pt((x, v), ·)∥TV ≤ 1− e−Dtδ,

where {Pt}t≥0 is the semigroup of ZZS with subsampling and {Pt}t≥0 is the transition
probability of the approximation. We remark that a similar reasoning can be applied
to the BPS with subsampling (see [32]).
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3.5.3 Examples for Section 3.4.3

Example 3.42 (Randomized Hamiltonian Monte Carlo algorithm continued). We
continue Example 3.4 by verifying the various assumptions for Theorem 3.30. For
this example we assume that ψ ∈ C2, is strongly convex and has bounded Hessian, i.e.
for some K,L > 0

KId ⪯ ∇2ψ(q) ⪯ LId. (3.20)

When this holds we have that Assumption 3.26 is satisfied by [30, Theorem 3.9] with
G = H, where H is the Hamiltonian function

H(q, p) = ψ(q) +
1

2
∥p∥2.

Since we consider the approximation based on Algorithm 8 we do not need Assump-
tion 3.27. As λ is constant in this case Assumption 3.28 is satisfied provided

sup
n∈N

E(q,p)

[
ψ(Qtn) +

1

2
∥P tn∥2

]
<∞. (3.21)

Because ψ has bounded second order derivative this reduces to showing that the second
moment of the approximation is bounded uniformly in time. This condition depends
on the choice of the numerical integrator and should be checked depending on the
specific choice.

As mentioned in Note 3.32 in order to apply Theorem 3.30 with a numerical error
we need to verify (3.14) holds. It is sufficient to show that the derivative of the
semigroup decays exponentially. In order to prove this we shall rely on two Lipschitz
conditions for the Hamiltonian flow φt: there exist ν,K1, C ≥ 1, γ ∈ (0, 1) such that
for any q, q, p, p ∈ Rd

sup
t>0
∥φt(q, p)− φt(q, p)∥ ≤ C∥(q, p)− (q, p)∥ (3.22)

∥φt(q, p)− φt(q, p)∥ ≤ γ∥q − q∥ for ν < t ≤ K1. (3.23)

It is shown in [31] that under (3.20) the contraction (3.23) holds for some ν, γ,K1.
Indeed the authors prove a stronger result under which ν = 0, but γ depends on t.
There are also extensions to non-convex functions ψ, however here we only consider
the convex setting. On the other hand, (3.22) is for instance satisfied for linear flows
since the flow preserves the Hamiltonian and the Hamiltonian is equivalent to the
norm. To simplify the exposition we will restrict to the case where (3.22) and (3.23)
hold.

Proposition 3.43. Let {Pt}t≥0 denote the semigroup of RHMC. Suppose that (3.22)
and (3.23) hold. Moreover assume that

0 < κ := C(1− (e−λν − e−λK1)(1− γC−1)) < 1.

Then
∥∇q,pPtf(q, p)∥ ≤ C2e−κt∥f∥C1

b
.
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Proof. The proof is deferred to Appendix 3.C.2.

A case where it is easy to see that κ < 1 is the standard Gaussian case, i.e.
ψ(q) = ∥q∥2/2, since in this case we have that C = 1.

Theorem 3.44. Suppose that ψ satisfies (3.20), (3.22), (3.23), and the numerical
integrator satisfies (3.21). Then the conclusions of Theorem 3.30 hold.

Example 3.45 (Zig Zag Sampler continued). Recall the notation of Example 3.2 and
3.35. Let us verify the assumptions of Theorem 3.30 for the ZZS.

We will make the following assumptions on ψ. Assume ψ ∈ C2 and

lim
∥x∥→∞

max(1, ∥∇2
xψ(x)∥)

∥∇xψ(x)∥
= 0 and lim

∥x∥→∞

∥∇xψ(x)∥
ψ(x)

= 0. (3.24)

Verifying Assumption 3.26:

Geometric ergodicity of the ZZS was established in [24] under (3.24) with Lyapunov
function

Gα,ϵ(x, v) = exp

(
αψ(x) +

d∑
i=1

ϕϵ(vi∂iψ(x))

)
. (3.25)

Here ϕϵ(s) = sign(s) log(1 + ϵ|s|)/2, α ∈ (0, 1), ϵ > 0, α > ϵγ, where γ upper bounds
the excess switching rate γ : E → R+.

Verifying Assumption 3.27:

When dealing with this assumption it is convenient to use a smooth choice of λi,
so for this section we will set ϕ(r) = r(1 + r)−1 and

λi(x, v) = − log (ϕ(exp(−vi∂iψ(x))) (3.26)

which was shown in [2] to be a smooth choice of λi for which the ZZS has the correct
invariant measure. Note that for this choice of λi the excess switching rate γ takes
values between 0 and γ = log(2).

Lemma 3.46. Let {Pt}t≥0 denote the semigroup corresponding to the ZZS as de-
scribed in Example 3.2. Assume ψ ∈ C2 and has bounded Hessian. For λi given by
(3.26) there exist a constant C depending on the Hessian of ψ and on d such that for
any f ∈ C1 we have

[Φ, Q](f ◦ φδ−s)(x+ sv, v) ≤ C sup
i∈{1,...,d}

{|f(x+ sv + (δ − s)Fiv, Fiv)|

+ |∂xi
f(x+ sv + (δ − s)Fiv, Fiv)|}.

Proof of Lemma 3.46. The proof is deferred to Appendix 3.C.3.
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We apply this Lemma with f = Ptg with g ∈ G1 where

G1 = {g : E → R : x 7→ g(x, v) ∈ C1, µ(g) = 0, |g| ≤ Gα,ϵ, ∥∇xg∥ ≤ Gα,ϵ} (3.27)

where γϵ < α < α < 1. Such an α can always be found by taking ϵ sufficiently small.
It remains to show that ∇xPtg converges to zero for g ∈ G1.

Theorem 3.47. Let {Pt}t≥0 denote the semigroup of the ZZS with generator given by
(2.32) and with λi such that x 7→ λi(x, v) ∈ C1 for each v and has bounded derivative
∇xλi(x, v). Fix ϵγ < α < α, and let G1 be given by (3.27). Then there exists a
constant C such that for any g ∈ G1

∥∇xPtg(x, v)∥ ≤ C(1 + t)e−ωtGα,ϵ(x, v).

Proof of Theorem 3.47. The proof is deferred to Appendix 3.C.3.

Note that by adjusting C, κ and α we can show that

sup
δ∈(0,δ),s∈[0,δ]

∥∇xPtg ◦ φδ−s(x+ sv, v)∥ ≤ Ce−ωtGα,ϵ(x, v).

Therefore Assumption 3.27 holds by combining Lemma 3.46, Theorem 3.47 and As-
sumption 3.26.

Verifying Assumption 3.28: Note that since λ grows at most linearly it is
sufficient to show that there exist a function H(x, v) for any mesh 0 = t0 ≤ t1 ≤ ...
with δk = tk − tk−1 < δ0 for any k

Ez
[
∥Xtk∥2Gα,ϵ(Xtk , V tk)

]
≤ H(x, v).

Note that Gα,ϵ is dominated by the eαψ term so we can bound ∥x∥2Gα,ϵ(x, v) by eα1ψ

for any α1 > α so it remains to show there exist a function H(x, v) for any mesh
0 = t0 ≤ t1 ≤ ... with δk = tk − tk−1 < δ0 for any k

Ez
[
eα1ψ(Xtk

)
]
≤ H(x, v). (3.28)

Then in the 1-dimensional case we prove that the required bound holds.

Lemma 3.48. Suppose (3.24) hold and d = 1. Then (3.28) holds for both Algorithms
7 and 8, hence Assumption 3.28 is satisfied.

This follows from Lemmas 3.68 and 3.69 which can be found in Appendix 3.C.3.
The generalisation to the d-dimensional setting is challenging and is thus left as a
conjecture, supported by the experiments in Figure 3.2a.

Conjecture 3.49. Suppose ψ satisfies (3.24). Then inequality (3.28) holds for Algo-
rithms 7 and 8.
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(a) Results for the ZZS and its approxima-
tions given by Algorithm 7. Here γ(x, v) = 0.

(b) Results for the BPS and its approxima-
tions given by Algorithm 8. Here λr = 1.

Figure 3.2: Plots of the estimates of E[G(Xt, Vt)] and E[G(Xt, V t)], which are respec-
tively for the continuous time PDMPs and their approximations for several values
of the step size. The plots show the average of 105 experiments. The continuous
PDMPs have a 25-dimensional standard Gaussian as stationary measure. Here we
choose λ((x, v), s; δ) = λ(x, v). For each experiment X0, X0 are given by an inde-
pendent realisation of the sum of a 25-dimensional standard Gaussian and a uniform
random variable on [0, 1]25, while V0, V 0 are drawn from the stationary distribution
of the continuous time PDMP.

Theorem 3.50. Let {(Xt, Vt)}t≥0 be the ZZS. Let {(Xt, V t)}t≥0 be the process de-
scribed in Example 3.2. Assume that ψ satisfies (3.24) and that Conjecture 3.49 holds.
Let G1 be given by (3.27). Then the conclusions of Theorem 3.30 hold.

In Figure 3.3 we show some numerical results in the case of a Gaussian target. We
observe that the error in the estimation of the first component of the mean of the
approximations is similar to that of the continuous ZZS, while the error for the radius
statistic, i.e. t(x) =

∑d
i=1 x

2
i , obtained with the approximations decreases to that of

the ZZS as δ becomes smaller.

Example 3.51 (BPS continued). Let us discuss the assumptions of Theorem 3.30
for the approximation of BPS as given in Example 3.3, 3.36, and 3.39. Since this
approximation is based on Algorithm 8 it is sufficient to check Assumptions 3.26 and
3.28. Conditions under which Assumption 3.26 holds are given in [51] and [64]. To
be concrete we concentrate on [51], in which the Lyapunov function is given by

G(x, v) =
e

1
2ψ(x)√
λ(x,−v)

.

Here at refreshment times a new velocity vector is drawn from the uniform distri-
bution on the unit sphere. In Figure 3.2b we estimate the moments of G for the
continuous time BPS with a 25-dimensional standard Gaussian target and compare it
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(a) Error for the mean for the ZZS and its
approximations given by Algorithm 7.

(b) Error for the radius for the ZZS and its
approximations given by Algorithm 7.

(c) Error for the mean for the BPS and its
approximations given by Algorithm 8.

(d) Error for the radius for the BPS and its
approximations given by Algorithm 8.

Figure 3.3: Errors in the estimation of the first component of the mean and radius
statistic in the context of Figure 3.2. For the ZZS we take γ(x, v) = 0, while for the
BPS we have λr = 1.

to the approximations obtained by applying Algorithm 8 for several values of δ. We
observe that the moments of the approximations resemble the continuous BPS and
E[G(Xt, V t)] appears to be bounded uniformly in time. Therefore we conjecture that
Theorem 3.30 holds under the assumptions of [51] for approximations of the BPS
according to Algorithm 8.

In Figure 3.3 we compare the errors of the BPS and its approximations given by
Algorithm 8 in the case of a Gaussian target. We observe that the approximations
perform similarly to the BPS. Note that for this target measure the BPS and the
approximation are both rotationally invariant so they both have mean zero and hence
in Figure 3.3 (c) we do not see the effect of the bias of the approximation.

Example 3.52 (Continuous time approximation of a PDMP). We continue our anal-
ysis of the setting introduced in Example 3.40. We wish to extend the conclusions of



3.6. Proof of Theorem 3.15 89

Theorem 3.30 to the continuous PDMP with generator L̃ given by (3.19).

Theorem 3.53. Suppose both the PDMPs with generators L and L̃ satisfy Assump-
tion 3.26 with Lyapunov functions G and G̃ respectively, and with invariant measures
µ and µ̃. Assume (3.18) holds for some ε > 0. Moreover, suppose the approximation
of the PDMP with generator L described in Example 3.40 satisfies Assumption 3.28
both for G and G̃. Set G1 = {g ∈ C(E) : |g(x, v)| ≤ min{G(x, v), G̃(x, v)}}. Then for
all g ∈ G1 ∣∣∣Ez[g(Zt)]− Ez[g(Z̃t)]

∣∣∣ ≤ CεH(z).

Moreover, letting t→∞ we have

|µ(g)− µ̃(g)| ≤ Dε.

Hence, in the case of ZZS we recover the result obtained in Theorem 6.2 of [84].

3.6 Proof of Theorem 3.15

We shall first prove the case of p = 1 in Section 3.6.1, and then in Section 3.6.2 we
will use the p = 1 setting as a base case in a proof by induction to obtain the result
for p > 1.

3.6.1 The case of p = 1

To prove Theorem 3.15 in this setting we define a coupling of Ztn and Ztn that satisfies
the bounds in the statement. Then because the Wasserstein distance is defined as an
infimum over all couplings we immediately obtain

W1(PT (z, ·),PT (z, ·)) ≤ Ez[∥ZT − ZT ∥],

where the expectation in the right hand side is with respect to the specific coupling
we consider.

Let us now introduce a general framework that contains both Algorithm 7 and
Algorithm 8. Denote the approximation process as Ztn with initial state Z0 = z.
Then given the previous state Ztn define

τ̃ in+1 := inf

{
t ≥ 0 : 1− exp

(
−
∫ t

0

λi(Ztn , s; δn+1)ds

)
≥ Ũ in+1

}
,

τ̃n+1 := min
i=1,...,m

τ̃ in+1, In+1 = arg min
i=1,...,m

τ̃ in+1

(3.29)

where Ũ1
n+1, . . . , Ũ

m
n+1

iid∼ Unif[0, 1]. Then the switching time of the process is

τn+1 = τn+1(τ̃n+1, δn+1),
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with the requirement that τn+1 ≤ δn+1 if and only if τ̃n+1 ≤ δn+1. In particular
Algorithm 7 corresponds to the choice

τn+1(τ̃n+1, δn+1) = δn+11{τ̃n+1≤δn+1} +∞1{τ̃n+1>δn+1},

while Algorithm 8 corresponds to

τn+1(τ̃n+1, δn+1) = τ̃n+1.

The process can now be defined as follows:

Ztn+1
=

{
φδn+1

(Ztn ; δn+1) if τn+1 > δn+1,

φδn+1−τn+1
(F In+1

(φτn+1
(Ztn ; δn+1), Un+1; δn+1); δn+1) if τn+1 ≤ δn+1,

where Un+1 ∼ νU takes values in U .

Let us now define the coupling of Ztn and Ztn that we will use to prove Theo-
rem 3.15.

Coupling 3.54. Fix both processes up to time tn and let (Ztn+1
, Ztn+1

) evolve as

follows. Let Un+1 ∼ νU and Ũ1
n+1, . . . , Ũ

m
n+1

iid∼ Unif([0, 1]) be independent of each

other and of Ztn and Ztn . The coupling evolves as follows:

• Define the next switching time of the continuous process as

τ in+1 := inf

{
t ≥ 0 : 1− exp

(
−
∫ t

0

λi(φs(Ztn))ds

)
≥ Ũ in+1

}
,

τn+1 := min
i=1,...,m

τ in+1.
(3.30)

Then there are two cases:

– if τn+1 ≤ δn+1, then set Ztn+s = φs(Ztn) for s ∈ (0, τn+1) and

Ztn+τn+1
= FIn+1

(φτn+1
(Ztn), Un+1)

where In+1 = arg mini τ
i
n+1. Then simulate the process independently of

the rest for the remaining time δn+1 − τn+1.

– if τn+1 > δn+1, then set Ztn+s = φs(Ztn) for s ∈ (0, δn+1].

• Define τ̃n+1 as in Equation (3.29), where Ũ1
n+1, . . . , Ũ

m
n+1 is the same random

variable used in (3.30). Compute τn+1 = τn+1(τ̃n+1, δn+1). Then the approxi-
mation process evolves as:

– if τn+1 ≤ δn+1, then set

Ztn+1
= φδn+1−τn+1

(F In+1
(φτn+1

(Ztn ; δn+1), Un+1; δn+1); δn+1)

where In+1 = arg mini τ̃
i
n+1.
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– if τn+1 > δn+1, then set Ztn+1
= φδn+1

(Ztn ; δn+1).

Therefore the first switching times of the two processes are coupled, and so is the
eventual random jump. Once Ztn+1 and Ztn+1 have been obtained, repeat the same

procedure to obtain Ztn+2
and Ztn+2

.

We remark that the marginal distributions of each process is the correct one, and
thus this is indeed a valid coupling of the two processes.

In the proof that follows we simplify the notation denoting the approximations as
φz(z), λi(z, s), and F i(z, U), instead of φz(z; δn+1), λi(z, s; δn+1), and F i(z, U ; δn+1).

Proof (Theorem 3.15). We begin by partitioning the space as

Ez[∥Ztn+1
− Ztn+1

∥] = Ez[∥Ztn+1
− Ztn+1

∥(1E00
+ 1E11

+ 1E10
+ 1E01

)],

where Eij for i, j = 0, 1 denotes the event in which there are i random events for
the approximation process, while j = 0 denotes that no events take place for the
continuous process, and j = 1 that at least one event for the original process happens
in the time interval s ∈ [tn, tn+1). The four events are considered respectively in
Lemmas 3.63, 3.64, 3.65, and 3.66. Since the upper bounds in these results are non-
decreasing functions of the time tn, we combine the results of the Lemmas to obtain
that there exist constants K1 = K1(tn+1) and K2 = K2(tn+1) such that

Ez[∥Ztn+1
− Ztn+1

∥] ≤ (1 + δn+1K1)Ez[∥Ztn − Ztn∥] + δ2n+1K2.

Since the two processes start at the same point this implies, by recursion,

Ez[∥Ztn+1
− Ztn+1

∥] ≤
n+1∑
k=1

K2δ
2
k

(
n+1∏
ℓ=k

(1 + δℓK1)

)
. (3.31)

In the setting when δn = δ the right hand side of (3.31) becomes a geometric series
which leads to the estimate

Ez[∥Ztn+1
− Ztn+1

∥] ≤ δ2 (1 + δK1)n+1 − 1

(1 + δK1)− 1
K2

≤ δ
(
eK1(n+1)δ − 1

) K2

K1
.

(3.32)

3.6.2 The case of p > 1

In order to simply the notation we shall restrict to the case δn = δ. To prove the
result we reason by induction on p. In particular, we consider the following inductive
hypothesis. Fix p ≥ 1 and n ≥ 1.
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Inductive Hypothesis 3.55. Suppose the PDMP satisfies Assumptions 3.7-3.9.
Moreover suppose the approximation given by Algorithm 10 satisfies Assumptions
3.10-3.13 hold for some δ0 > 0. Given (Ztn , Ztn) there exist a coupling (Ztn+1

, Ztn+1
)

with respective marginals corresponding to Pδ(Ztn , ·),Pδ(Ztn , ·; δ, p) there exist A =
A(T ), B = B(T ) independent of n such that for any 0 < δ ≤ δ0

Ez[∥Ztn+1
− Ztn+1

∥] ≤ Aδp+1 + (1 +Bδ)Ez[∥Ztn − Ztn∥]. (3.33)

It is sufficient to show that the Inductive hypothesis holds and then the statement
of the Theorem follows by recursion in n as done in (3.32). Observe that the case
p = 1, which corresponds to Algorithm 8, holds by the proof of Section 3.6.1. Suppose
the Inductive Hypothesis holds for some p ≥ 1, let us consider the case of p+ 1. Let
us define the following coupling of (Ztn+1

, Ztn+1
) given (Ztn , Ztn).

Coupling 3.56. Define for 0 ≤ t ≤ δ

λitot(z, z, t; δ, p+ 1) = λi(z, t; δ, p+ 1) + λi(φt(z)) + 1.

Then for i = 1, . . . ,m draw the proposed event times Ti with distribution given by

P(Ti > t) = exp

(
−
∫ t

0

λitot(Ztn , Ztn , r; δ, p+ 1)dr

)
.

Let Ti∗ = mini=1,...,m Ti and let i∗ be the argument that minimises Ti. If Ti∗ ≥ δ,
then let Ztn+1

= φδ(Ztn), Ztn+1
= φδ(Ztn ; δ, p+ 1).

Consider now the case in which Ti∗ < δ. Let U ∼ νU and U ∼ Unif([0, 1]) indepen-
dent of the Ti’s and independent of each other. Then set

τ∗ = Ti∗ if U ≤ λi∗(φTi∗ (Ztn))

λi
∗
tot(Ztn , Ztn , Ti∗ ; δ, p+ 1)

,

i.e. the proposed event time is accepted for the continuous time process. Alternatively
set τ∗(z) = R for some constant R > δ. Similarly let

τ∗ = Ti∗ if U ≤ λi∗(Ztn , Ti∗ ; δ, p+ 1)

λi
∗
tot(Ztn , Ztn , Ti∗ ; δ, p+ 1)

,

and thus conditional on acceptance τ∗ is the next event time for the approximation
process. In case of rejection set τ∗ = R for some constant R > δ as done above. Set
Ztn+s = φs(z) and Ztn+s = φs(Ztn ; δ, p + 1) for s ∈ [0, Ti∗). We distinguish three
scenarios:

(1) The proposed switching time Ti∗ is accepted by both processes. Then set

Ztn+Ti∗ = Fi∗(φTi∗ (Ztn), U),

Ztn+Ti∗ = F i∗(φTi∗
(Ztn ; δ, p+ 1), U ; δ, p+ 1).

To get from time tn + Ti∗ to tn+1 we apply the coupling given by the Inductive
Hypothesis 3.55.
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(2) The proposed switching time Ti∗ is accepted for one process, but rejected for
the other. To get from time tn + Ti∗ to tn+1 we let the two processes evolve
independently according to their marginal distributions.

(3) The proposed switching time Ti∗ is rejected by both processes. Then set ZTi∗ =
φTi∗ (Ztn) and ZTi∗ = φTi∗

(Ztn ; δ, p+ 1). To get from time tn + Ti∗ to tn+1 we
repeat this procedure starting at time tn + Ti∗ and with δ replaced with δ − Ti∗ .

Proof of Theorem 3.15. Assume Z0 = Z0 = z. Suppose that (3.33) holds for some
p ≥ 1. We will show that (3.33) then follows for p replaced p + 1 by using Coupling
3.56.

Suppose first that Ti∗ > δ. Then the two processes follow the deterministic flow
and by Assumption 3.10 with order p+ 1 and Lemma 3.61 we have

Ez[∥Ztn+1
− Ztn+1

∥1Ti∗>δ] = Ez[∥φδ(Ztn)− φδ(Ztn ; δ, p+ 1)∥1Ti∗>δ]

≤ (1 + CC ′δ)Ez[∥Ztn+1
− Ztn+1

∥] + C̃p+2.

Let us consider the case (1) in Coupling 3.56 and denote the corresponding event
as E1. Then using the Inductive Hypothesis 3.55

Ez[∥Ztn+1
− Ztn+1

∥1E1
] = EzEz[∥Ztn+1

− Ztn+1
∥1E1

|Ti∗ ]

≤ Ez[(Aδp+1 + (1 +Bδ)∥Ztn+Ti∗ − Ztn+Ti∗ ∥)1E1
]

= Ez[(Aδp+1 + (1 +Bδ)∥Fi∗(φTi∗ (Ztn), U)

− F i∗(φTi∗
(Ztn ; δ, p+ 1), U ; δ, p+ 1)∥)1E1

]

≤ Ez[(Aδp+1 + (1 +Bδ)(M1δ
p+1 +D2∥φTi∗ (Ztn)− φTi∗

(Ztn ; δ, p+ 1)∥))1E1
]

≤ Ez[(Aδp+1 + (1 +Bδ)(M1δ
p+1 +D2(1 + CC ′δ)∥Ztn − Ztn∥+D2C̃δ

p+2))1E1 ].

Here we used Assumption 3.8(b), and Lemma 3.61. Then we take advantage of

Pz(Ti∗ < δ) ≤ 1− exp(−δ(2L(tn+1, z, p+ 1) +m)) ≤ δ(2L(tn+1, z, p+ 1) +m)

to get

Ez[∥Ztn+1 − Ztn+1∥1E1 ] ≤ Ã1δ
p+2 + (1 + B̃1δ)Ez[∥Ztn − Ztn∥]

for suitable constants Ã1, B̃1 and taking advantage of δ < δ0.

Now consider the case (2) in Coupling 3.56 and denote the corresponding event as
E2. Note that

Pz(E2|Ztn , Ztn) = δ(2L(tn+1, z, p+ 1) +m)
|λi∗(φTi∗ (Ztn))− λi∗(Ztn , Ti∗ ; δ, p+ 1)|

λi
∗
tot(Ztn , Ztn , Ti∗ ; δ, p+ 1)

.
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Using Assumptions 3.7, 3.9, 3.12, and the triangle inequality we obtain

Pz(E2|Ztn , Ztn) ≤ δ(2L(tn+1, z, p+ 1) +m)(D4C
′∥Ztn − Ztn∥+ δp+1M2(Ztn)).

Therefore using Assumption 3.13

Ez[∥Ztn+1 − Ztn+1∥1E2 ] ≤ Ã2δ
p+2 + (1 + B̃2δ)Ez[∥Ztn − Ztn∥]

for some constants Ã2, B̃2.

Let us consider the case (3) in Coupling 3.56 and denote the corresponding event
as E3. Note that since case (3) involves repeating the coupling we may have to
repeat this step an arbitrary number of times. Let q denote the number of times
we propose a candidate jumping time. If q < p + 2 then we must have reached case
(1) or (2), so it is sufficient to use the respective estimate derived above to get the
desired result. On the other hand, the probability that q ≥ p + 2 is bounded by
(2L(tn+1, z, p+ 1) +m)p+2δp+2, which gives us the correct order.

3.7 Proof of Theorem 3.23

3.7.1 The case of p = 1

To prove the result we define a coupling of the continuous process with the approxi-
mation process. The intuitive idea is that, assuming the two processes are equal at the
beginning of the current time step, we can use Poisson thinning [53, 95] to simulate a
proposal for the next event time that is common to both processes. This is achieved
by simulating a Poisson process with rate given by the sum of the rates of the two
processes. The proposal is then accepted or rejected individually for each process
based on the correct switching rates. For this acceptance-rejection step a common
uniform random variable is used. If the proposal is accepted for both processes, then
a coupled event takes place, thus ensuring that the processes are equal after the event
has happened. If the thinning step is successful it follows that the processes are equal
for all s ∈ (tn, tn+1] unless a second event takes place for the continuous time process
in the current time interval, which is an event with O(δ2n+1) probability. Let us now
give the formal definition of the coupling.

Coupling 3.57. Let tn be the current time and assume Ztn = Ztn = zn. Define
λitot(z, t; δn+1) = λi(z, t; δn+1)+λi(φt(z))+1. Then for i = 1, . . . ,m draw the proposed
event times Ti(zn) with distribution

P(Ti(zn) ≤ t) = 1− exp

(
−
∫ t

0

λitot(zn, r; δn+1)dr

)
.
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Let Ti∗(z) = mini=1,...,m Ti(z). Now let Un+1 ∼ νU and U ∼ Unif([0, 1]) independent
of the Ti’s and of Ztn . Then set

τ(zn) = Ti∗(zn) if U ≤
λi∗(φTi∗ (zn)(zn))

λi
∗
tot(zn, Ti∗(zn); δn+1)

, (3.34)

hence upon acceptance the proposed event time is the next switching time for the
continuous time process. Alternatively set τ(zn) = R > δn+1 for some constant
R ̸= Ti∗(zn). Similarly let

τ(zn) = Ti∗(zn) if U ≤ λi∗(zn, Ti∗(zn); δn+1)

λi
∗
tot(zn, Ti∗(zn); δn+1)

, (3.35)

and thus conditional on acceptance τ(zn) is the next event time for the approximation
process. In case of rejection set τ(zn) = R > δn+1 for some constant R ̸= Ti∗(zn) as
done above.

If Ti∗ ≥ δn+1, then let Ztn+s = Ztn+s = φs(zn) for s ∈ (0, δn+1]. In this case the
two processes are equal at time tn+1.

Alternatively, we have Ti∗ < δn+1 and thus we set Ztn+s = Ztn+s = φs(zn) for
s ∈ (0, Ti∗(zn)). Then the continuous process evolves as follows:

• if τ(zn) = Ti∗(zn), then set

Ztn+τ(zn) = Fi∗(φτ(zn)(zn), Un+1).

Then let the process evolve independently of the approximation until time tn+1.

• if τ(zn) ̸= Ti∗(zn), the proposed event time is rejected and we let the process
evolves independently of the approximation until time tn+1.

On the other hand, the approximation process evolves as follows:

• if τ(zn) = Ti∗(z), set

Ztn+τ(zn) = Fi∗(φτ(zn)(zn), Un+1),

and finally Ztn+s = φs(Ztn+τ(zn)) for s ∈ (τ(zn), δn+1].

• if τ(zn) ̸= Ti∗(zn), then repeat this procedure from the beginning starting at time
tn + Ti∗(zn) and with step δn+1 − Ti∗(zn).

Lemma 3.58. Under Assumption 3.20, there exists D(tn, z) > 0 such that

Pz(Ztn ̸= Ztn |Ztn−1
= Ztn−1

) ≤ D(tn, z)δ
2
n,

for D(tn, z) = (L1(tn, z)/2 + L2(tn, z) + L3(tn, z)/2).

Proof. The proof is postponed to Appendix 3.B.1.
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Proof of Theorem 3.23. By the coupling inequality we have

∥Ptn(z, ·)− P tn(z, ·)∥TV ≤ Pz(Ztn ̸= Ztn)

and thus it is sufficient to bound the right hand side. Apply Lemma 3.58 to obtain

Pz(Ztn ̸= Ztn) = Pz(Ztn ̸= Ztn |Ztn−1
̸= Ztn−1

)Pz(Ztn−1
̸= Ztn−1

)

+ Pz(Ztn ̸= Ztn |Ztn−1
= Ztn−1

)(1− Pz(Ztn−1
̸= Ztn−1

))

≤ Pz(Ztn−1
̸= Ztn−1

) +D(tn, z)δ
2
n(1− Pz(Ztn−1

̸= Ztn−1
))

= (1−D(tn, z)δ
2
n)Pz(Ztn−1

̸= Ztn−1) +D(tn, z)δ
2
n.

(3.36)

Thus by recursion and since Z0 = Z0 = z it follows that

Pz(Ztn ̸= Ztn) ≤
n∑
i=1

D(tn, z)δ
2
i

n∏
ℓ=i+1

(1−D(tn, z)δ
2
ℓ ).

In particular if δn = δ for all n ∈ N we have that

Pz(Ztn ̸= Ztn) ≤ D(tn, z)δ
2
n−1∑
ℓ=0

(1−D(tn, z)δ
2)ℓ

≤ 1− (1−D(tn, z)δ
2)n

≤ 1− e−D(tn,z)tnδ.

3.7.2 The case of p > 1

In order to simplify the notation we shall restrict to the case δn = δ. To prove the
result we reason by induction on p similarly to Section 3.6.2. In particular, we consider
the following inductive hypothesis. Fix p ≥ 1 and n ≥ 1.

Inductive Hypothesis 3.59. Suppose λ satisfies Assumption 3.20 for some δ0 >
0. Given Ztn = Ztn there exist a coupling (Ztn+1

, Ztn+1
) with respective marginals

corresponding to Pδ(Ztn , ·), P δ(Ztn , ·; δ, p), and constants A = A(T ), B = B(T )
independent of n such that for any 0 < δ ≤ δ0

Pz(Ztn+1
̸= Ztn+1

|Ztn = Ztn) ≤ Aδp+1.

It is sufficient to show that the Inductive hypothesis holds and the statement of
the Theorem follows by recursion in n as done in (3.36). Observe that the case p = 1
holds by the proof of Section 3.7.1. To obtain the result we use Coupling 3.56 but with
φ = φ, F i = Fi, and replacing Inductive Hypothesis 3.55 with Inductive Hypothesis
3.59. Because the strategy is similar to that in Section 3.6.2 we postpone the formal
proof to Appendix 3.B.2.
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3.8 Proof of Theorem 3.30

Recall in Section 3.6.1 we introduced a general framework which includes both Algo-
rithms 7 and 8. We now introduce some further notation. Let pz,δ,iτ be a probability
measure on [0,∞] which denotes the law of τ for Algorithm i with initial condition

at z for a time step of length δ. Note that for Algorithm 7 we have pz,δ,iτ is a point
measure with

pz,δ,7τ ({δ}) = 1− e−
∫ δ
0
λ(z,s;δ)ds,

pz,δ,7τ ({+∞}) = e−
∫ δ
0
λ(z,s;δ)ds.

(3.37)

On the other hand, in the case of Algorithm 8 pz,δ,8τ is admits a density which is given
by

pz,δ,8τ (ds) = λ(z, s; δ) exp

(
−
∫ s

0

λ(z, r; δ)dr

)
ds. (3.38)

Proof of Theorem 3.30. Fix g ∈ G1. Then by a telescoping sum we have

Ez[g(Ztn)]− Ez[g(Ztn)] =

n−1∑
k=0

(Ez[Ptn−tk+1
g(Ztk+1

)]− Ez[Ptn−tkg(Ztk)]).

For each k ∈ {0, . . . , n− 1}, set fk(y, s) = Ptn−tk−sg(y) then we have

Ez[g(Ztn)]− Ez[g(Ztn)] =

n−1∑
k=0

Ez[fk(Ztk+1
, δk+1)− fk(Ztk , 0)].

By conditioning on Ztk it is sufficient to prove that

|Ez[fk(Zδk+1
, δk+1)]− fk(z, 0)| ≤ Re−ω(tn−tk+1)Gi(z)δ2k+1. (3.39)

Here with an abuse of notation we have denoted as Zδk+1
the approximation process

with initial condition at z and step size δk+1. Indeed if we have that (3.39) holds then
by Assumption 3.28 we have

|Ez[g(Ztn)]− Ez[g(Ztn)]| ≤ R
n−1∑
k=0

e−ω(tn−tk+1)δ2k+1Ez[Gi(Ztk)]

≤ RCSnHi(z).

Which gives the desired result. It remains to show that (3.39) holds.

Using that the approximation process jumps according to Q at a time determined

by p
z,δk+1,i
τ we can evaluate the expectations

Ez[fk(Zδk+1
, δk+1)]− fk(z, 0)] =

= Ez[fk(Zδk+1
, δk+1)]− fk(φδk+1

(z), δk+1) + fk(φδk+1
(z), δk+1)− fk(z, 0)
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=

∫ δk+1

0

Q(fk(φδk+1−s(·), δk+1))(φs(z))− fk(φδk+1
(z), δk+1)p

z,δk+1,i
τ (ds)

+ fk(φδk+1
(z), δk+1)− fk(z, 0).

Recall pz,δ,7τ (pz,δ,8τ respectively) is defined in (3.37) (resp. (3.38)). Using the funda-
mental Theorem of calculus we can rewrite this as

Ez[fk(Zδk+1
, δk+1)]− fk(z, 0) =

=

∫ δk+1

0

Q(fk(φδk+1−s(·), δk+1))(φs(z))− fk(φδk+1
(z), δk+1)p

z,δk+1,i
τ (ds)

+

∫ δk+1

0

d

dr
fk(φr(z), r)dr

=

∫ δk+1

0

Q(fk(φδk+1−s(·), δk+1))(ϕs(z))− fk(φδk+1
(z), δk+1)p

z,δk+1,i
τ (ds)

+

∫ δk+1

0

⟨Φ(φr(z)),∇fk(φr(z), r)⟩+ (∂sfk)(φr(z), r)dr.

Note that ∂sfk(y, s) = −Lfk(y, s)

Ez[fk(Zδk+1
, δk+1)]− fk(z, 0) =

=

∫ δk+1

0

Q(fk(φδk+1−s(·), δk+1))(φs(z))− fk(φδk+1
(z), δk+1)p

z,δk+1,i
τ (ds)

+

∫ δk+1

0

⟨Φ(φr(z)),∇fk(φr(z), r)⟩ − Lfk(φr(z), r)dr.

Recall L is given by (3.5) so we can write the above as

Ez[fk(Zδk+1
, δk+1)]− fk(z, 0) =

=

∫ δk+1

0

Q(fk(φδk+1−s(·), δk+1))(φs(z))− fk(φδk+1
(z), δk+1)p

z,δk+1,i
τ (ds)

+

∫ δk+1

0

−λ(φr(z))[Q(fk(·, r))(φr(z))− fk(φr(z), r)]dr.

We rewrite this as

Ez[fk(Zδk+1
, δk+1)]− fk(z, 0) =

=

∫ δk+1

0

(
Q(fk(φδk+1−s(·), δk+1))(φs(z))−fk(φδk+1

(z), δk+1)
)
(p
z,δk+1,i
τ (ds)−λ(φs(z))ds)

−
∫ δk+1

0

λ(φr(z))[Q(fk(·, r))(φr(z))−Q(fk(φδk+1−r(·), δk+1))(φr(z))]dr (3.40)

−
∫ δk+1

0

λ(φr(z))[fk(φδk+1
(z), δk+1)− fk(φr(z), r)]dr.
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We will divide the remainder of the proof into 3 steps:

Step (i): For this step we distinguish between Algorithm 7 and 8. Let

hs = Q(fk(φδk+1−s(·), δk+1))(φs(z))− fk(φδk+1
(z), δk+1).

Then we will show that there exists a constant R > 0 such that for any h ∈
C1
b ([0, δ]) (for Algorithm 8 we only need h ∈ Cb([0, δ])) we have∣∣∣∣∣
∫ δk+1

0

hs(p
z,δk+1,i
τ (ds)− λ(φs(z))ds)

∣∣∣∣∣ ≤ Re−ω(tn−tk+1)δ2k+1 sup
s,r∈[0,δ0]

Ki(z, s, r)

(3.41)
where Ki is as in Assumption 3.28.

Step (ii): For any z ∈ E, r ∈ [0, δk+1] we have

|fk(φδk+1
(z), δk+1)− fk(φr(z), r)| ≤

≤ R1

∫ δk+1

r

e−ω(tn−tk−s)λ(φs(z))(QG(φs(z)) +G(φs(z)))ds.
(3.42)

Step (iii): For any z ∈ E, r ∈ [0, δk+1] we have

|Q(fk(φδk+1−r(·), δk+1))(z)−Q(fk(·, r))(z)| ≤

≤ R1

∫ δk+1

r

e−ω(tn−tk−s)Q((QG+G)λ)(φs−r(z))ds.
(3.43)

Equation (3.39) follows from Step (i), (ii), (iii) and (3.40), as this gives

Ez[fk(Zδk+1
, δk+1)]− fk(z, 0) ≤ Re−ω(tn−tk+1)δ2k+1 sup

s,r∈[0,δ0]

Ki(z, r, s)

+

∫ δk+1

0

λ(φr(z))R1

∫ δk+1

r

e−ω(tn−tk−s)Q(λ[QG+G])(φs−r(z))dsdr

+

∫ δk+1

0

λ(φr(z))R1

∫ δk+1

r

e−ω(tn−tk−s)λ(φs(z))[QG(φs(z)) +G(φs(z))]dsdr.

Recall that Gi(z, r, s) is given by (3.11), then we have

|Ez[fk(Zδk+1
, δk+1)]− fk(z, 0)| ≤ Re−ω(tn−tk+1)δ2k+1 sup

s,r∈[0,δ0]

Gi(z, r, s).

Proof of Step (i): This step follows from Lemma 3.67. It remains to find a bound
for |hs| and |∂shs| for the case of Algorithm 7. By Assumption 3.26

|hs| =
∣∣Q(fk(φδk+1−s(·), δk+1))(φs(z))− fk(φδk+1

(z), δk+1)
∣∣
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≤
∣∣Q(fk(φδk+1−s(·), δk+1))(φs(z))− µ(fk(φδk+1−s(·), δk+1))

∣∣
+
∣∣µ(fk(φδk+1−s(·), δk+1))− fk ◦ φδk+1−s(φs(z), δk+1)

∣∣
≤ R1e

−ω(tn−tk+1)[QG(φs(z)) +G(φs(z))]. (3.44)

For Algorithm 7 we also require to control |∂shs| for which we require a bound on
the derivative of f , for this case we use Assumption 3.27. Note that

∂shs =
∣∣∣⟨Φ(φs(z)),∇z(Q(fk(φδk+1−s(·), δk+1)))(φs(z))⟩

−Q(⟨Φ,∇z(fk(φδk+1−s(·), δk+1))⟩)(φs(z)))
∣∣∣

= [Φ, Q](fk(φδk+1−s(·), δk+1))(φs(z)).

Recall here we have defined the commutator in Section 3.2 and we are denoting by
Φ the differential operator corresponding to Φ. This term is bounded by Assump-
tion 3.27 and we have

|∂shs| ≤ R2e
−ω(tn−tk+1)G(z). (3.45)

Combining Lemma 3.67 with (3.44) and (3.45) we have that (3.41) holds.

Proof of Step (ii): Observe that since

∂sfk(y, s) + ⟨Φ(y),∇fk(y, s)⟩ = −λ(y)[Qfk(y, s)− fk(y, s)]

we have

|fk(φδk+1
(z), δk+1)− fk(φr(z), r)| =

∣∣∣∣∣
∫ δk+1

r

d

ds
fk(φs(z), s)ds

∣∣∣∣∣
=

∣∣∣∣∣
∫ δk+1

r

λ(φs(z))[Qfk(φs(z), s)− fk(φs(z), s)]ds

∣∣∣∣∣
≤
∫ δk+1

r

λ(φs(z))[|Qfk(φs(z), s)− µ(Q(fk(·, s)))|+ |µ(fk(·, s))− fk(φs(z), s)|]ds.

We can bound this using Assumption 3.26 we obtain (3.42).

Proof of Step (iii): Applying (3.42) with z replaced by φ−r(y) and applying Q
we have (3.43).

3.A Proofs of Section 3.4.1

3.A.1 Proof of Theorem 3.15

In this section we prove the lemmas that are used to prove Theorem 3.15 in the
case p = 1. In the proofs that follow we simplify the notation denoting the approx-
imations as φz(z), λi(z, s), and F i(z, U), instead of φz(z; δn+1), λi(z, s; δn+1), and
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F i(z, U ; δn+1). Before proving bounds on the events Eij , let us state three simple
lemmas which will be used multiple times in the proof. The proofs are omitted as
they are a straightforward consequence of the assumptions.

Lemma 3.60. Assumption 3.7 implies that for any δ0 > 0 there exists a constant
C ′ = C ′(δ0) > 0 such that for any z, z′ ∈ E and t ∈ (0, δ0) it holds that

∥φt(z)− φt(z′)∥ ≤ C ′∥z − z′∥. (3.46)

Moreover, for any t ∈ (0, δ0) and any z, z′ ∈ E we have the alternative bound

∥φt(z)− φt(z′)∥ ≤ (1 + CC ′t)∥z − z′∥.

Lemma 3.61. Suppose Assumptions 3.7 and 3.10 hold. Then for any p ≥ 1, s ≥ 0
and z, z′ ∈ E it holds that

∥φs(z)− φs(z′)∥ ≤ C ′∥z − z′∥+ C̃sp+1.

Moreover, using Lemma 3.60 we can replace C ′ with 1 + CC ′δ.

Lemma 3.62. Under Assumptions 3.9, 3.12, and 3.13, for any t ≥ 0, p ≥ 1 there
exists a positive constant L(t, z, p) such that

sup
r∈[0,t],s∈[0,δ0]

max{λ(Zr), λ(Zr, s; δn+1, p)} ≤ L(t, z, p) a.s.

where in particular z = Z0 = Z0. Note if p = 1 we write L(t, z, 1) = L(t, z).

We can now start showing a bound on event E00, followed by the other events.

Lemma 3.63. Under Assumptions 3.7 and 3.10, it holds that

Ez[∥Ztn+1
− Ztn+1

∥1E00
] ≤ (1 + δn+1CC

′)Ez[∥Ztn − Ztn∥] + C̃δ2n+1.

Proof. On E00 we are interested only in the error introduced by the integrator φ. We
have

Ez[∥Ztn+1
− Ztn+1

∥1E00
] = Ez

[∥∥∥φδn+1
(Ztn)− φδn+1

(Ztn)
∥∥∥1E00

]
≤ Ez

[∥∥φδn+1
(Ztn)− φδn+1

(Ztn)
∥∥]

+ Ez
[∥∥∥φδn+1

(Ztn)− φδn+1
(Ztn)

∥∥∥] ,
Then one can directly apply to the first term Assumption 3.7 and thus Lemma 3.60,
together with the assumption that δn ≤ δ0, and to the second term Assumption 3.10
to obtain the wanted result for C ′ = C ′(δ0).
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Lemma 3.64. Under Assumption 3.7, parts (b) and (c) of Assumption 3.8, as well
as Assumptions 3.9-3.13, it holds that

Ez[∥Ztn+1
− Ztn+1

∥1E11
] ≤ δ2n+1

(
mK2 +m(m− 1)K̃2 + 2B(tn+1, z)(L(tn+1, z))

2)
)

+ δn+1(mK1 +m(m− 1)K̃1)Ez
[
∥Ztn − Ztn∥

]
,

where L(tn+1, z) was defined in Lemma 3.62, while

K1 = D2(C ′)2L(tn+1, z),

K2 = (D2C̃C
′ + L(tn+1, z)(2D3 +M1C

′)),

K̃1 = D2(C ′)2(L(tn+1, z))
2,

K̃2 = (D2C̃C
′ + (L(tn+1, z))

2)(2D3 +M1C
′).

Proof. Let us first restrict to the event that Zs has only one event for s ∈ (tn, tn+1]
and denote such event as E. For any i, j ∈ {1, . . . ,m}, let Aij be the event that Ztn
jumps according to Fi and Ztn jumps according to F j and no other jumps occur.
Note that {Aij}mi,j=1 is a partition of E11 ∩ E so we may write

Ez[∥Ztn+1 − Ztn+1∥1E11∩E ] =

m∑
i,j=1

Ez[∥Ztn+1 − Ztn+1∥1Aij ].

Let us first consider event Aii, i.e. the processes have a switch according to kernels
Fi and F i. Considering Coupling 3.54, we first observe that Aii is an order δn+1

event. This follows from the fact that in this case we require

Ũ in+1 ≤ min

{
1− exp

(
−
∫ δn+1

0

λi(Ztn , s)ds

)
, 1− exp

(
−
∫ δn+1

0

λi(φs(Ztn))ds

)}
.

Therefore, using that 1− exp(−z) ≤ z we obtain

Ez
[
1Aii |Ztn , Ztn

]
≤ min

{∫ δn+1

0

λi(Ztn , s)ds,

∫ δn+1

0

λi(φs(Ztn))ds

}
≤ δn+1L(tn+1, z),

(3.47)

where L(tn+1, z) < ∞ was defined in Lemma 3.62. We can then separate the effects
of the different approximations by the triangle inequality:

Ez
[
∥Ztn+1

− Ztn+1
∥1Aii

]
=

= Ez[∥φδn+1−τn+1
(Fi(φτn+1

(Ztn), Un+1))− φδn+1−τn+1
(F i(φτn+1

(Ztn), Un+1))∥1Aii
]

≤ Ez
[
∥φδn+1−τn+1

(Fi(φτn+1
(Ztn), Un+1))− φδn+1−τn+1

Fi(φτn+1
(Ztn), Un+1)∥1Aii

]
(*)
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+ Ez
[
∥φδn+1−τn+1(Fi(φτn+1(Ztn), Un+1))− φδn+1−τn+1(Fi(φτn+1

(Ztn), Un+1))∥1Aii

]
(**)

+ Ez
[
∥φδn+1−τn+1

(Fi(φτn+1
(Ztn), Un+1))−φδn+1−τn+1

(F i(φτn+1
(Ztn), Un+1))∥1Aii

]
(***)

+ Ez
[
∥φδn+1−τn+1

(F i(φτn+1
(Ztn), Un+1))−φδn+1−τn+1

(F i(φτn+1
(Ztn), Un+1))∥1Aii

]
.

(****)

For term (*) we first compare both terms to Fi(φδn+1
(Ztn), Un+1), and then we con-

dition on all random variables apart from Un+1 in order to apply Assumption 3.8(c):

(*) ≤ Ez
[
∥φδn+1−τn+1(Fi(φτn+1(Ztn), Un+1))− Fi(φδn+1(Ztn), Un+1)∥1Aii

]
+ Ez

[
∥Fi(φδn+1(Ztn), Un+1)− φδn+1−τn+1

Fi(φτn+1
(Ztn), Un+1)∥1Aii

]
≤ 2D3δn+1Pz(Aii)
≤ δ2n+12D3L(tn+1, z).

In the last inequality we used the inequality derived in (3.47). Term (**) can be
bounded applying inequality (3.46), then conditioning on Ztn , Ztn , τn+1 and using
Assumption 3.8(b), and finally applying Lemma 3.61 and (3.47):

(**) ≤ C ′Ez
[
∥Fi(φτn+1(Ztn), Un+1)− Fi(φτn+1

(Ztn), Un+1)∥1Aii

]
≤ C ′D2Ez

[
∥φτn+1(Ztn)− φτn+1

(Ztn)∥1Aii

]
≤ (C ′)2D2Ez[∥Ztn − Ztn∥1Aii ] + δ2n+1C

′D2C̃

≤ (C ′)2D2L(tn+1, z)δn+1Ez[∥Ztn − Ztn∥] + δ2n+1C
′D2C̃.

(3.48)

Term (***) is estimated by inequality (3.46), then again conditioning on
Ztn , Ztn , τn+1 and applying Assumption 3.11, and finally using (3.47):

(***) ≤ C ′Ez
[
∥Fi(φτn+1

(Ztn), Un+1)− F i(φτn+1
(Ztn), Un+1)∥1Aii

]
≤ C ′M1δn+1Pz(Aii)
≤ δ2n+1C

′M1L(tn+1, z).

(3.49)

Term (****) is bounded using Assumption 3.10 and bounding by 1 the probability of
Aii:

(****) ≤ C̃δ2n+1Pz(Aii) ≤ C̃δ2n+1.

Putting together terms (*), (**), (***), (****) we obtain the following bound on event
Aii:

Ez
[
∥Ztn+1 − Ztn+1∥1Aii

]
≤ δ2n+1K2 + δn+1K1Ez

[
∥Ztn − Ztn∥

]
(3.50)
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where K1,K2 are as in the statement of the lemma.

Now consider event Aij for i ̸= j. In this case we take advantage of independence

of Ũ in+1 and Ũ jn+1 to conclude that

Ez[1Aij |Ztn , Ztn ] ≤

≤

(
1− exp

(
−
∫ δn+1

0

λi(φs(Ztn))ds

))(
1− exp

(
−
∫ δn+1

0

λj(Ztn , s)ds

))

≤
∫ δn+1

0

λi(φs(Ztn))ds

∫ δn+1

0

λj(Ztn , s)ds

≤ δ2n+1(L(tn+1, z))
2. (3.51)

Then we can use the decomposition

Ez[∥Ztn+1 − Ztn+1∥1Aij ] =

= Ez[∥φδn+1−τn+1(Fi(φτn+1(Ztn), Un+1))

− φδn+1−τn+1
(F j(φτn+1

(Ztn), Un+1)))∥1Aij ]

≤ Ez[∥φδn+1−τn+1
(Fi(φτn+1

(Ztn), Un+1)))− Fi(φδn+1
(Ztn), Un+1)))∥1Aij

] (†)
+ Ez[∥Fi(φδn+1

(Ztn), Un+1)))− Fj(φδn+1
(Ztn), Un+1)))∥1Aij

] (‡)
+ Ez[∥Fj(φδn+1

(Ztn), Un+1)))− φδn+1−τn+1
(Fj(φτn+1

(Ztn), Un+1)))∥1Aij
] (‡†)

+ Ez[∥φδn+1−τn+1(Fj(φτn+1(Ztn), Un+1))) (‡‡)
− φδn+1−τn+1

(F j(φτn+1
(Ztn), Un+1)))∥1Aij ]

To bound (†) and (‡†) we use Assumption 3.8(c), while for (‡) we add and subtract
φδn+1(Ztn) and use Assumption 3.8(a), and for (‡‡) we use a similar argument to the
Aii case. Combining this with the bound in (3.51) we obtain

Ez[∥Ztn+1 − Ztn+1∥1Aij ] ≤ ((L(tn+1, z))
2(2D3 +D1) + K̃2)δ2n+1

+ δn+1K̃1Ez
[
∥Ztn − Ztn∥

]
where K̃1, K̃2 are as in the statement of the lemma.

Let us finally consider E
c
, i.e. the case in which Zt has two or more jumps. The
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probability this event is given by

Pz(E
c
) = Ez

[∫ δn+1

0

(
1− exp

(
−
∫ δn+1−t

0

λ(φs(FIn+1(φt(Ztn), Un+1)))ds

))

λ(φt(Ztn)) exp

(
−
∫ t

0

λ(φr(Ztn))dr

)
dt

]

≤ Ez

[∫ δn+1

0

(∫ δn+1−t

0

λ(φs(FIn+1
(φt(z), Un+1)))ds

)
λ(φt(z))dt

]
≤ δ2n+1(L(tn+1, z))

2.
(3.52)

Then we can bound the norms ∥Ztn+1∥ and ∥Ztn+1∥ by Assumption 3.13 to obtain

Ez
[
∥Ztn+1

− Ztn+1
∥1E11∩E

c

]
≤ 2B(tn+1, z)Ez [1Ec ]

≤ 2δ2n+1B(tn+1, z)(L(tn+1, z))
2.

(3.53)

Combining the bounds on E and E
c

we obtain the statement of the lemma.

Lemma 3.65. Under Assumptions 3.7, 3.8(a), 3.9-3.13, it holds that

Ez
[
∥Ztn+1

− Ztn+1
∥1E10

]
≤ δn+1m(C ′)2(D1D4 + 2D2L(tn+1, z))Ez

[
∥Ztn − Ztn∥

]
+ δ2n+1(C̃ + C ′(D2C̃ +mD1M2(tn, z) + 2mM1L(tn+1, z))).

Proof. Recall that E10 is the event in which there are no switches for Zs for s ∈
(tn, tn+1] and there is one event for the approximation. Taking advantage of the
coupling of the two processes as described in Coupling 3.54 we find that E10 takes
place as long as for some i

Ũ in+1 ∈

(
1− exp

(
−
∫ δn+1

0

λi(φs(Ztn))ds

)
, 1− exp

(
−
∫ δn+1

0

λi(Ztn , s)ds

)]
.

Then we can estimate the probability of this event as follows:

Ez[1E10
|Ztn , Ztn ] ≤

≤
m∑
i=1

∣∣∣∣∣exp

(
−
∫ δn+1

0

λi(φs(Ztn))ds

)
− exp

(
−
∫ δn+1

0

λi(Ztn , s)ds

)∣∣∣∣∣
≤

m∑
i=1

∫ δn+1

0

∣∣λi(φs(Ztn))− λi(Ztn , s)
∣∣ds

where we used that exp(−z) is 1-Lipschitz for z ≥ 0. Then we find bounds for Ez[1E10
]

and Ez[1E10 |Ztn , Ztn ] respectively. For the first case we use the triangle inequality,
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followed by observing that λ and φs are Lipschitz by the inequality shown in (3.46)
and then Assumption 3.12:

Ez[1E10
] ≤

m∑
i=1

Ez

[∫ δn+1

0

∣∣λi(φs(Ztn))− λi(φs(Ztn))
∣∣ ds

+

∫ δn+1

0

∣∣λi(φs(Ztn))− λi(Ztn , s)
∣∣ds]

≤
m∑
i=1

Ez

[∫ δn+1

0

D4C
′∥Ztn − Ztn∥ds+

∫ δn+1

0

δn+1M2(Ztn)ds

]
≤ δn+1mD4C

′Ez[∥Ztn − Ztn∥] +mδ2n+1Ez[M2(Ztn)]

≤ δn+1mD4C
′Ez[∥Ztn − Ztn∥] + δ2n+1mM2(tn, z),

(3.54)

where in the last inequality we used again Assumption 3.12. Alternatively, we can
bound the switching rates by Lemma 3.62:

Ez[1E10
|Ztn , Ztn ] ≤

m∑
i=1

∫ δn+1

0

(
|λi(φs(Ztn))|+ |λi(Ztn , s)|)ds

≤ 2mδn+1L(tn+1, z),

(3.55)

Let us now focus on bounding the distance between the two processes. On event
E10 we have Ztn+1

= φδn+1
(Ztn), while Ztn+1

= φδn+1−τn+1
(F (φτn+1

(Ztn), Un+1))
where τn+1 is the time of the event for the approximation. By triangle inequality we
can decompose the distance in the following terms

Ez[∥Ztn+1 − Ztn+1
∥1E10

] =

= Ez
[
∥φδn+1(Ztn)− φδn+1−τn+1

(F In+1
(φτn+1

(Ztn), Un+1))∥1E10

]
≤ Ez

[
∥φδn+1(Ztn)− φδn+1−τn+1(FIn+1

(φτn+1(Ztn), Un+1))∥1E10

]
(*)

+ Ez
[
∥φδn+1−τn+1(FIn+1

(φτn+1(Ztn), Un+1)) (**)

− φδn+1−τn+1(FIn+1
(φτn+1

(Ztn), Un+1))∥1E10

]
+ Ez

[
∥φδn+1−τn+1(FIn+1

(φτn+1
(Ztn), Un+1)) (***)

− φδn+1−τn+1
(F In+1

(φτn+1
(Ztn), Un+1))∥1E10

]
= (*) + (**) + (***).

In order to estimate term (*) we apply inequality (3.46), then Assumption 3.8(a) by
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conditioning on Ztn , τn+1, and then we apply (3.54):

(*) ≤ C ′Ez[∥φτn+1
(Ztn)− FIn+1

(φτn+1
(Ztn), Un+1)∥1E10

]

≤ C ′D1Ez[1E10 ]

≤ δn+1mD4(C ′)2D1Ez[∥Ztn − Ztn∥] + δ2n+1mC
′D1M2(tn, z).

(3.56)

For term (**) we use the same reasoning of (3.48) together with the estimate (3.55):

(**) ≤ δn+1m2L(tn+1, z)(C
′)2D2Ez[∥Ztn − Ztn∥] + C ′D2C̃δ

2
n+1.

Then for term (***) we follow the reasoning in (3.49) and apply estimate (3.55) to
obtain

(***) ≤ δ2n+1

(
2mC ′M1L(tn+1, z) + C̃

)
.

The statement of the lemma follows then by combining estimates (*), (**), (***).

Lemma 3.66. Under Assumptions 3.7, 3.8(a), 3.9, 3.10, 3.12, 3.13, it holds that

Ez
[
∥Ztn+1 − Ztn+1∥1E01

]
≤ δn+1mC

′(L(tn+1, z) + C ′D1D4

)
Ez
[
∥Ztn − Ztn∥

]
+ δ2n+1

(
2B(tn+1, z)(L(tn+1, z))

2 +mC ′D1M2(tn, z) + C̃
)
.

Proof. Recall that E01 is the event in which for s ∈ [tn, tn+1) there are no switches
for Zs, while there is at least one event for Zs. Similarly to the proof of Lemma 3.64,
let us denote as E the event in which there is exactly one event for Zs in the current
time interval. On E

c
we can use the bound (3.53). On E

Ez[∥Ztn+1
− Ztn+1

∥1E01∩E ] =

= Ez
[∥∥∥φδn+1−τn+1

(FIn+1
(φτn+1

(Ztn), Un+1))− φδn+1
(Ztn)

∥∥∥1E01∩E

]
≤ Ez

[∥∥φδn+1−τn+1(FIn+1(φτn+1(Ztn), Un+1))− φδn+1(Ztn)
∥∥1E01∩E

]
(*)

+ Ez
[
∥φδn+1

(Ztn)− φδn+1
(Ztn)∥1E01∩E

]
. (**)

In order to find an estimate for term (*) observe that the probability of E01 can
be estimated similarly to what done for the probability of E10. Then following the
reasoning in (3.56) we obtain

(*) ≤ δn+1m(C ′)2D1D4Ez[∥Ztn − Ztn∥] + δ2n+1mC
′D1M2(tn, z).

Similarly, for term (**) it is sufficient to apply Lemma 3.61 and then to bound E[1E01
]

by the probability that the continuous process has a random event:

(**) ≤ δn+1mC
′L(tn+1, z)Ez

[
∥Ztn − Ztn∥

]
+ C̃δ2n+1.
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3.A.2 Proof of Corollary 3.17

Proof. We only need to show that Assumptions 3.8 and 3.13 are verified in this setting
under Assumption 3.16. Clearly the process moves with bounded velocity, and thus
3.13 holds. Then let us focus on verifying Assumption 3.8 and consider the ℓ1-norm.
For part (a) it is clear that for z = (x, v)

E[∥z − Fi(z, Ũ)∥] = E[∥v − F vi ((x, v), Ũ)∥] ≤ Vmax.

Then consider part (b). For z′ = (y, w)

E[∥Fi(z, Ũ)− Fi(z′, Ũ)∥] ≤ ∥x− y∥+ E[∥F vi ((x, v), Ũ)− F vi ((y, w), Ũ)∥]

≤ ∥x− y∥+
∥v − w∥
Vmin

Vmax + E[∥F vi ((x,w), Ũ)− F vi ((y, w), Ũ)∥]

≤ max

{
Vmax
Vmin

, 1 +D

}
∥z − z′∥.

In the second inequality we used the triangle inequality and that ∥v − w∥ ≥ Vmin,
while in the last inequality we bounded the rightmost term by Assumption 3.16. Let
us focus on part (c). For the position part we have for s ∈ [0, δ] and z = (x, v)

E[∥φδ−s(φs(z), F vi ((φs(z), v), Ũ))− φδ(z)∥] =

= E
[∥∥∥x+

∫ s

0

Φ(v)ds+

∫ δ−s

0

Φ(F vi ((φs(z), v), U))dr − x−
∫ δ

0

Φ(v)ds
∥∥∥]

≤ E[∥sΦ(v) + (δ − s)Φ(F vi ((φs(z), v), U))− δΦ(v)∥]
≤ E[∥(δ − s)(Φ(F vi ((φs(z), v), U))− Φ(v))∥]
≤ δCE[∥F vi ((φs(z), v), U)− v∥]
≤ δCVmax.

On the other hand, for the velocity part we obtain using Assumptions 3.16 and 3.7

E[∥F vi ((φs(z), v), Ũ)− F vi ((φδ(z), v), Ũ)∥] ≤ D∥φs(z)− φδ(z)∥
≤ DC ′∥z − φδ−s(z)∥
≤ δD(C ′)2.

Therefore part (c) of Assumption 3.8 holds with D3 = D(C ′)2 + CVmax.

3.A.3 Proof of Proposition 3.19

Proof. In the proof of Theorem 3.15 boundedness of the PDMP is used only in the
case p = 1 to deal with the event in which the PDMP has two or more jumps in the
same time step (see Lemmas 3.64 and 3.65, in particular Equation (3.53)). Then it
is sufficient to show that a similar bound holds also under Assumption 3.18 instead
of Assumption 3.13. Let p = 1 and consider the case of Lemma 3.65, i.e. restricting
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to event E10 ∩E, which is the event in which the continuous time process has two or
more jumps, while the approximation has zero jumps. Then we want to bound

Ez[∥Ztn+1
− Ztn+1

∥1E10∩E ] =

=
∑
ℓ≥2

∫
Aℓ

Ez
[
∥φsℓ◦FIℓn+1

(·, Uℓ−1)◦φsℓ−1
◦. . .◦FI1n+1

(·, U0)◦φs0(Ztn)

− φδn+1
(Ztn)∥pZtn

(ds)
]
,

where s0, . . . , sℓ−1 are the interarrival times of the random jumps of Zt, I
ℓ
n+1 denote

the index of the ℓ-th jump to occur between time tn and tn+1, sℓ = δn+1 −
∑ℓ−1
i=1 si,

U0, . . . , Uℓ−1
iid∼ νU ,

Aℓ =

{
s = (s0, . . . , sℓ) :

ℓ∑
i=1

si = δn+1, si > 0

}
,

and pZtn
(ds) is the law of the interarrival times,. Then we have

Ez[∥Ztn+1
− Ztn+1

∥1E10∩E ] ≤ E

[∑
ℓ≥2

∫
Aℓ

Ez
[(
∥φsℓ ◦ FIℓn+1

(·, Uℓ−1) ◦ · · · ◦ φs0(Ztn)∥

+ ∥φδn+1
(Ztn)∥)

∣∣∣Ztn]pZtn
(ds)

]

Now we use (3.46) to conclude that φs has linear growth for some constant L, and so
∥φs(z)∥ ≤ L(∥z∥+ 1). It follows that

Ez
[
∥φsℓ ◦ FIℓn+1

(·, Uℓ−1) ◦ φsℓ−1
◦ FIℓ−1

n+1
(·, Uℓ−2) ◦ · · · ◦ φs0(Ztn)∥|Ztn

]
≤

≤ LEz
[(
∥FIℓn+1

(·, Uℓ−1) ◦ φsm−1
◦ FIℓ−1

n+1
(·, Uℓ−2) ◦ · · · ◦ φs0(Ztn)∥+ 1

)
|Ztn

]
≤ L(1 +D1) + LEz

[(
∥φsℓ−1

◦ FIℓ−1
n+1

(·, Uℓ−2) ◦ · · · ◦ φs0(Ztn)∥
)
|Ztn

]
.

In the last inequality we used that E[∥Fi(z, U)∥] ≤ ∥z∥+D1 for any i, which is implied
by Assumption 3.8(a). Therefore by recursion we have

Ez
[
∥φsℓ ◦ FIℓn+1

(·, Uℓ−1) ◦ · · · ◦ φs0(Ztn)∥|Ztn
]
≤

ℓ∑
i=1

(1 +D1)Li + Lℓ+1(1 + ∥Ztn∥).

Moreover we also have that ∥φs(z)∥ ≤ δ2n+1 + L(∥z∥ + 1) by Assumption 3.10. It
follows that

Ez[∥Ztn+1 − Ztn+1∥1E10∩E ] =
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≤
∑
ℓ≥2

Ez

[∫
Aℓ

(
ℓ∑
i=1

(1 +D1)Li + Lℓ+1(1 + ∥Ztn∥) + δ2n+1 + L(∥Ztn∥+ 1)

)
pZtn

(ds)

]

≤ Ez

∑
ℓ≥2

(
ℓ∑
i=1

(1 +D1)Li + Lℓ+1(1 + ∥Ztn∥) + δ2n+1 + L(∥Ztn∥+ 1)

)
pZtn

(Aℓ)


≤ L̃Ez

(1 + ∥Ztn∥+ ∥Ztn∥)
∑
ℓ≥2

ℓLℓpZtn
(Aℓ)


for some constant L̃ which depends only on D1, L, δ0. The function f(ℓ) = ℓLℓ is
increasing in the number of jumps and therefore because the switching rates have a
global upper bound λmax we obtain

Ez[∥Ztn+1 − Ztn+1∥1E10∩E ] ≤

≤ L̃Ez

(1 + ∥Ztn∥+ ∥Ztn∥)
∑
ℓ≥2

ℓLℓe−δn+1λmax
(δn+1λmax)ℓ

ℓ!


≤ L̃(1 + 2B(tn, z))

∑
ℓ≥2

ℓLℓe−δn+1λmax
(δn+1λmax)ℓ

ℓ!
,

where in the last inequality we used Assumption 3.18. It remains to show that the
sum is of order δ2n+1. This can be proved as follows

∑
ℓ≥2

ℓLℓe−δn+1λmax
(δn+1λmax)ℓ

ℓ!
= e(L−1)δn+1λmax

∑
ℓ≥2

e−Lδn+1λmax
(Lδn+1λmax)ℓ

(ℓ− 1)!

= e(L−1)δn+1λmaxLδn+1λmax
∑
ℓ≥1

e−Lδn+1λmax
(Lδn+1λmax)ℓ

ℓ!

= e(L−1)δn+1λmaxLδn+1λmax(1− e−Lδn+1λmax)

≤ δ2n+1e
(L−1)δ0λmaxLλmax.

In particular we used that δn ≤ δ0 for all n ∈ N.

The same proof holds on the event E10 ∩ E, and thus we have proved the wanted
result.

3.B Proofs of Section 3.4.2

3.B.1 Proof of Theorem 3.23: the case of p = 1

Proof of Lemma 3.58. Let us take advantage of the construction in Coupling 3.57.
First consider the case in which Ti∗(Ztn−1) > δn. In this case there are no random
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events for either process in the time interval (tn−1, tn] and therefore Ztn = Ztn =
φδn(Ztn−1

). Now, consider the case where Ti∗ ≤ δn. In this scenario, there are three
disjoint events:

• The proposed switching time is accepted by both processes. Denote this event
as E1.

• The proposed switching time is accepted by one process, and rejected by the
other. Denote this event as E2.

• The proposed switching time is rejected for both processes. Denote this event
as E3.

Therefore we have

Pz(Ztn ̸= Ztn |Ztn−1
= Ztn−1

) =

3∑
i=1

Pz(Ztn ̸= Ztn , Ei|Ztn−1
= Ztn−1

).

We start with event E1. In this case we have that Ztn ̸= Ztn if the continuous
time process has at least one more jump in time interval (tn−1 + Ti∗ , tn]. Now let
λ(z) =

∑m
i=1 λi(z) and λtot(z, t; δn) =

∑m
i=1 λ

i
tot(z, t; δn). Observe that, conditional

on Ztn−1
, the minimum of the m proposed random times is distributed as P(Ti∗ ≤

t) = 1− exp(−
∫ t
0
λtot(Ztn−1

, s; δn)ds). Then bounding by 1 the probability that both
proposals are accepted, and conditioning on Ztn−1 we obtain

Pz(Ztn ̸= Ztn , E1|Ztn−1 = Ztn−1) ≤

≤ Ez

[∫ δn

0

λtot(Ztn−1
, t; δn)e−

∫ t
0
λtot(Ztn−1

,s;δn)ds

×

(
1−exp

(
−
∫ δn

t

λ(φs(Fi∗(φt(Ztn−1
), Un)))ds

))
dt

]
.

Then using that 1−exp(−z) ≤ z, that exp(−z) ≤ 1 for z ≥ 0 and by Fubini’s theorem
we obtain the following bound:

Pz(Ztn ̸= Ztn , E1|Ztn−1
= Ztn−1

) ≤

≤ Ez

[∫ δn

0

∫ δn

t

λtot(Ztn−1 , t; δn)λ(φs(Fi∗(φt(Ztn−1), Un)))dsdt

]

≤
∫ δn

0

∫ δn

t

Ez
[
λtot(Ztn−1

, t; δn)λ(φs(Fi∗(φt(Ztn−1
), Un))

]
dsdt

≤ δ2nL1(tn, z)/2.

Note that in the last inequality the bound L1(tn, z) follows from part (a) of Assump-
tion 3.20.
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Let us now consider event E2. As the proposal Ti∗(Ztn−1
) is accepted for one

process only, it must be that

U ∈

(
min

{
λi∗(φTi∗ (Ztn−1

))

λi
∗
tot(Ztn−1 , Ti∗(Ztn−1); δn)

,
λi∗(Ztn−1

, Ti∗(Ztn−1
))

λi
∗
tot(Ztn−1 , Ti∗(Ztn−1); δn)

}
,

max

{
λi∗(φTi∗ (Ztn−1))

λi
∗
tot(Ztn−1

, Ti∗(Ztn−1
); δn)

,
λi∗(Ztn−1 , Ti∗(Ztn−1); δn)

λi
∗
tot(Ztn−1

, Ti∗(Ztn−1
); δn)

}]
.

Therefore using that U and Ti∗ are independent we obtain

P(Ztn ̸= Ztn , E2|Ztn−1
= Ztn−1

) =

= E

[
1{Ti∗ (Ztn−1

)≤δn}

∣∣∣∣∣λi∗(Ztn−1
, Ti∗(Ztn−1

); δn)− λi∗(φTi∗ (Ztn−1
))

λi
∗
tot(Ztn−1 , Ti∗(Ztn−1); δn)

∣∣∣∣∣
]
.

By the definition given in Coupling 3.57 we have λi
∗

tot(z, t; δn) ≥ 1. Using part (b) of
Assumption 3.20 and Fubini’s theorem:

P(Ztn ̸= Ztn , E2|Ztn−1 = Ztn−1) ≤ δnEz
[
M2(Ztn−1)1{Ti∗ (Ztn−1

)≤δn}

]
≤ δnEz

[
M2(Ztn−1

)

∫ δn

0

λtot(Ztn−1
, t; δn)e−

∫ t
0
λtot(Ztn−1

,s;δn)dsdt

]

≤ δn
∫ δn

0

Ez
[
λtot(Ztn−1

, t; δn)M2(Ztn−1
)
]

dt

≤ δ2nL2(tn, z).

Finally, we focus on E3. On this event, the processes remain equal unless there is
(at least) a switch for either process for t ∈ (tn−1 + Ti∗(Ztn), tn). Recall λ(z, s; δn) =∑m
i=1 λi(z, s; δn). Using this observation together with Assumption 3.20 and the facts

that on this event Ti∗(Ztn) ≤ δn and that 1− exp(−z) ≤ z we obtain

P(Ztn ̸= Ztn , E3|Ztn−1 = Ztn−1) ≤ Ez

[∫ δn

0

((
1− exp

(
−
∫ δn

t

λ(φr(Ztn−1))dr

))

+

(
1− exp

(
−
∫ δn

t

λ(Ztn−1
, r; δn)dr

)))

λtot(Ztn−1
, t; δn) exp

(
−
∫ t

0

λtot(Ztn−1
, s; δn)ds

)
dt

]

≤ Ez

[∫ δn

0

∫ δn

t

λtot(Ztn−1 , t; δn)
(
λ(φr(Ztn−1)) + λ(Ztn−1

, r; δn)
)

drdt

]
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=

∫ δn

0

∫ δn

t

Ez
[
λtot(Ztn−1 , t; δn)

(
λ(φr(Ztn−1)) + λ(Ztn−1 , r; δn)

) ]
drdt

≤ δ2nL3(tn, z)/2.

Combining the three bounds on events E1, E2, E3 we obtain the statement.

3.B.2 Proof of Theorem 3.23: the case of p > 1

Proof of Theorem 3.23. Observe that if Ti∗ > δ the two processes are equal at time
δ and thus the probability that Ztn ̸= Ztn is 0. We analyse in turn the three events
E1, E2, E3 which were defined in Section 3.7.1 in the proof of Lemma 3.58. Define
the event E= = {Ztn−1

= Ztn−1
}.

On event E1, the proposal Ti∗ is accepted by both processes. Then we reformulate
Pz(Ztn ̸= Ztn , E1|E=) in terms of the conditional probability

Pz(Ztn ̸= Ztn , E1|E=) = Pz(Ztn ̸= Ztn |Ztn−1+Ti∗ = Ztn−1+Ti∗ , Ti∗ < δ)Pz(E1|E=).

The first term on the right hand side can be bounded by applying Inductive Hypothesis
3.59. Moreover we can use the bound Pz(E1|E=) ≤ Pz(Ti∗ < δ|E=) for the rightmost
term to obtain

Pz(Ztn ̸= Ztn , E1|E=) ≤ Aδp+1 Ez

[(
1− exp

(
−
∫ δ

0

λtot(Ztn−1
, t; δ, p+ 1)dt

))]
≤ Aδp+2 sup

s∈[0,δ]

Ez [λtot(Ztn , s; δ, p+ 1)] ≤ Aδp+2L4(tn, z).

In the last inequality we took advantage of the bound 1− exp(−z) ≤ x which is true
for z > 0.

On event E2 the proposal Ti∗ is accepted for one process, and rejected for the other.
This happens when

U ∈

(
min

{
λi∗(φTi∗ (Ztn−1

))

λi
∗
tot(Ztn−1

, Ti∗ ; δ, p+ 1)
,
λi∗(Ztn−1

, Ti∗ ; δ, p+ 1)

λi
∗
tot(Ztn−1

, Ti∗ ; δ, p+ 1)

}
,

max

{
λi∗(φTi∗ (Ztn−1

)))

λi
∗
tot(Ztn−1 , Ti∗ ; δ, p+ 1)

,
λi∗(Ztn−1

, Ti∗ ; δ, p+ 1)

λi
∗
tot(Ztn−1 , Ti∗ ; δ, p+ 1)

}]
,

and therefore with probability∣∣∣∣∣λi∗(Ztn−1
, Ti∗ ; δ, p+ 1)−λi∗(φTi∗ (Ztn−1

))

λi
∗
tot(z, Ti∗(z); δ, p+ 1)

∣∣∣∣∣ ≤
≤
∣∣λi∗(Ztn−1 , Ti∗ ; δ, p+ 1)−λi∗(φTi∗ (Ztn−1))

∣∣
≤ δp+1M2(Ztn−1)



114 Approximations of PDMPs and their convergence properties

where we used that by definition λi
∗

tot ≥ 1 and then that λi∗(·, ·; δ, p+ 1) is an approx-
imation of p+ 1 order. Thus we have

Pz(Ztn ̸= Ztn , E2|E=) ≤ δp+1Ez
[
M2(Ztn−1)Pz(Ti∗ < δ|Ztn−1 , E=)

]
≤ δp+2 sup

s∈[0,δ]

Ez
[
M2(Ztn−1)λtot(Ztn , s; δ, p+ 1)

]
≤ δp+2L4(tn, z)

Finally consider event E3. Similarly to the proof of Theorem 3.15 it is sufficient to
bound the event that p+ 2 proposal times occur before the end of the time interval,
which is bounded by Assumption 3.20.

3.C Proofs of Section 3.4.3

3.C.1 Proofs of Theorem 3.30 and its corollaries

Lemma 3.67. Suppose λ and λ satisfy Assumption 3.12 (a). We will consider the

two algorithms separately. For Algorithm 7, let pz,δ,7τ be given by (3.37) then for any
h ∈ C1b ([0, δ]) we have∣∣∣∣∣

∫ δ

0

hsp
z,δ,7
τ (ds)− hsλ(φs(z))ds

∣∣∣∣∣ ≤ δ2 sup
s,r∈[0,δ]

(
|∂rhr|λ(z, s; δ)

+ |hs|
(
λ(z, s; δ)λ(z, r; δ) +M2(z)

))
.

For Algorithm 8, let pz,δ,8τ be given by (3.38) then for any h ∈ Cb([0, δ])∣∣∣∣∣
∫ δ

0

hsp
z,δ,8
τ (ds)−

∫ δ

0

λ(φs(z))hsds

∣∣∣∣∣ ≤ δ2 sup
s,r∈[0,δ]

(
|hs|(λ(z, s; δ)λ(z, r; δ) +M2(z))

)
Proof of Lemma 3.67. First consider the case where pz,δ,7τ is given by (3.37), and fix
h ∈ C1

b ([0, δ]). Then∣∣∣∣∣
∫ δ

0

hsp
z,δ,7
τ (ds)− hsλ(φs(z))ds

∣∣∣∣∣ =

∣∣∣∣∣hδ (1− e−
∫ δ
0
λ(z,s;δ)ds

)
−
∫ δ

0

hsλ(φs(z))ds

∣∣∣∣∣ .
We can rewrite

1− e−
∫ δ
0
λ(z,s;δ)ds =

∫ δ

0

λ(z, s; δ)e−
∫ δ
0
λ(z,r;δ)drds.
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Therefore we have∣∣∣∣∣
∫ δ

0

hsp
z,δ,7
τ (ds)− hsλ(φs(z))ds

∣∣∣∣∣ = (3.57)

=

∣∣∣∣∣hδ
∫ δ

0

λ(z, s; δ)e−
∫ δ
0
λ(z,r;δ)drds−

∫ δ

0

hsλ(φs(z))ds

∣∣∣∣∣
≤

∣∣∣∣∣
∫ δ

0

(hδ − hs)λ(z, s; δ)e−
∫ δ
0
λ(z,r;δ)drds

∣∣∣∣∣
+

∣∣∣∣∣
∫ δ

0

hs

(
λ(z, s; δ)e−

∫ δ
0
λ(z,r;δ)dr − λ(φs(z))

)
ds

∣∣∣∣∣ .
(3.58)

We can use Assumption 3.12 (a) and that that 1 − e−y ≤ y for y > 0 to bound the
integrand of the second term on the right of (3.58),∣∣∣λ(z, s; δ)e−

∫ δ
0
λ(z,r;δ)dr − λ(φs(z))

∣∣∣ ≤ ∣∣∣λ(z, s; δ)(1− e−
∫ δ
0
λ(z,r;δ)dr)

∣∣∣
+
∣∣λ(z, s; δ)− λ(φs(z))

∣∣
≤ λ(z, s; δ)

∫ δ

0

λ(z, r; δ)dr + δM2(z). (3.59)

For the first term on the right hand side of (3.58) we use that

|hδ − hs| ≤ (δ − s) sup
r∈[0,δ]

|∂rhr|. (3.60)

Applying (3.59) and (3.60) to (3.58) we have∣∣∣∣∣
∫ δ

0

hsp
z,δ,7
τ (ds)− hsλ(φs(z))ds

∣∣∣∣∣ ≤
≤

∣∣∣∣∣ sup
r∈[0,δ]

|∂rhr|
∫ δ

0

(δ − s)λ(z, s; δ)e−
∫ δ
0
λ(z,r;δ)drds

∣∣∣∣∣
+

∣∣∣∣∣
∫ δ

0

|hs|

(
λ(z, s; δ)

∫ δ

0

λ(z, r; δ)dr + δM2(z)

)
ds

∣∣∣∣∣
≤ δ2 sup

s,r∈[0,δ]

(
|∂rhr|λ(z, s; δ) + |hs|

(
λ(z, s; δ)λ(z, r) +M2(z)

))
.

Let us consider the case where pz,δ,8τ is given by (3.38). We use (3.59) to bound∣∣∣∣∣
∫ δ

0

hsp
z,δ,8
τ (ds)− hsλ(φs(z))ds

∣∣∣∣∣ ≤
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≤
∫ δ

0

|hs|
∣∣∣∣λ(z, s; δ) exp

(
−
∫ s

0

λ(z, r; δ)dr

)
− λ(φs(z))

∣∣∣∣ ds
≤
∫ δ

0

|hs|

(
λ(z, s; δ)

∫ δ

0

λ(z, r; δ)dr + δM2(z)

)
ds

≤ δ2 sup
s,r∈[0,δ]

(
|hs|(λ(z, s; δ)λ(z, r; δ) +M2(z))

)
.

Proof of Corollary 3.33. First observe that (3.15) follows from (3.12). Then (3.16) is
obtained by adding (3.10) and (3.12). To obtain (3.17) we use that∣∣∣∣∣ 1

N

N∑
n=1

Ez[g(Ztn)]− µ(g)

∣∣∣∣∣ ≤
∣∣∣∣∣ 1

N

N∑
n=1

(Ez[g(Ztn)]− Ez[g(Ztn)])

∣∣∣∣∣
+

∣∣∣∣∣ 1

N

N∑
n=1

Ez[g(Ztn)]− µ(g)

∣∣∣∣∣ .
We bound this using (3.10) and (3.12)∣∣∣∣∣ 1

N

N∑
n=1

Ez[g(Ztn)]− µ(g)

∣∣∣∣∣ ≤ CδG2(z) + CG2(z)
1

N

N∑
n=1

e−ωtn

≤ CG2(z)

(
δ +

1

tN

)
.

Proof of Corollary 3.34. It is sufficient to show for Sn given by (3.13) that Sn → 0
as n→∞. Fix η > 0. Then we have

Sn =

η−1∑
k=0

δ2k+1e
−ω(tn−tk+1) +

n−1∑
k=η

δ2k+1e
−ω(tn−tk+1).

Consider the first term:

η−1∑
k=0

δ2k+1e
−ω(tn−tk+1) ≤ sup

k
δk

∫ tn−η

0

e−ω(tn−s)ds = sup
k
δk
e−ωη − e−ωtn

ω
.

Consider the second term:

n−1∑
k=η

δ2k+1e
−ω(tn−tk+1) ≤

(
sup

k∈{η,...,n}
δk

)∫ tn

tη

e−ω(tn−s)ds
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=
1− e−ω(tn−tη)

ω
sup

k∈{η,...,n}
δk.

Therefore

lim sup
n→∞

Sn ≤
(

sup
k≥0

δk

)
e−ωη

ω
+

1

ω
sup
k≥η

δk.

Since η is arbitrary we let η tend to ∞ which gives that Sn → 0 as n→∞.

3.C.2 Proofs of Example 3.42

Proof of Proposition 3.43. Fix f ∈ C1
b (Rd × Rd). Then by the chain rule

∥∇q,pPtf(q, p)∥ = ∥E[∇q,p(Qt, Pt)(∇q,pf)(Qt, Pt)]∥ ≤ ∥f∥C1
b
E[∥∇q,p(Qt, Pt)∥].

Notice that there is a version of (Qt, Pt) which is differentiable with respect to the
initial conditions since we can write (Qt, Pt) as the composition of smooth operators.
Let Ti denote the i-th refreshment time and ξi ∼ N(0d, Id) the corresponding refreshed
velocity. Set T0 = 0. We shall track for which refreshment times we have that
ν ≤ Ti − Ti−1 ≤ K. Let Mt denote the number of refreshment times before time t
which have this property and let Nt denote the total number of refreshment times
before time t. Note that conditional on Nt, Mt is distributed according to a Binomial
distribution with Nt trials and success rate e−λν − e−λK1 .

To stress the dependence on the initial condition for the remainder of the proof we
shall write (Qq,pt , P q,pt ) to denote the process at time t with initial condition (q, p).
Then by (3.22) we have

∥(Qq,pt , P q,pt )− (Qq,pt , P q,pt )∥ = ∥φt−TNt
(Qq,pTNt

, ξNt)− φt−TNt
(Qq,pTNt

, ξNt)∥

≤ C∥Qq,pTNt
−Qq,pTNt

∥.

There are now three possible events either Nt = 0, ν ≤ TNt
− TNt−1 ≤ K or TNt

−
TNt−1 ≥ K. If ν ≤ TNt

−TNt−1 ≤ K then we use (3.23), however if TNt
−TNt−1 ≥ K

then we use (3.22). By doing this for each refreshment we have

∥(Qq,pt , P q,pt )− (Qq,pt , P q,pt )∥ ≤ C1+Nt−MtγMt∥Qq,pT1
−Qq,pT1

∥.

Then by applying (3.22) once more we have

∥(Qq,pt , P q,pt )− (Qq,pt , P q,pt )∥ ≤ C2+Nt−MtγMt∥(q, p)− (q, p)∥.

Dividing by ∥(q, p)− (q, p)∥ and taking the limit as ∥(q, p)− (q, p)∥ → 0 we have that

∥∇q,p(Qq,pt , P q,pt )∥ ≤ C2+Nt−MtγMt .

It remains to bound E[CNt−MtγMt ]. By conditioning on Nt we can use the moment
generating function of a Binomial distribution to find

E[CNt−MtγMt |Nt] = CNt(1− (e−λν − e−λK)(1− γC−1))Nt .
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Now Nt is a Poisson process with rate λ so we have

E[CNt−MtγMt ] = exp
(
λ
(
C(1− (e−λν − e−λK)(1− γC−1))− 1

))
.

This is decays exponentially provided

C(1− (e−λν − e−λK1)(1− γC−1)) < 1.

3.C.3 Proofs of Example 3.45

Proof of Lemma 3.46. Note that for the ZZS

[Φ, Q]f(x, v) =

d∑
i=1

〈
v,∇x

(
λi(x, v)

λ(x, v)
f(x, Fiv)

)〉
−

d∑
i=1

λi(x, v)

λ(x, v)
⟨Fiv,∇x(f(x, Fiv))⟩

=

d∑
i=1

〈
v,∇x

(
λi(x, v)

λ(x, v)

)〉
f(x, Fiv) + 2

d∑
i=1

(
λi(x, v)

λ(x, v)

)
vi∂xif(x, Fiv).

When we apply this with f = Ptg ◦ φδ−s and (x, v) replaced by (x+ vs, v) we have

[Φ, Q]f(x, v) =

d∑
i=1

〈
v,∇x

(
λi(x, v)

λ(x, v)

)〉
Ptg(x+ sv + (δ − s)Fiv, Fiv)

+ 2

d∑
i=1

(
λi(x, v)

λ(x, v)

)
vi∂xi(Ptg)(x+ sv + (δ − s)Fiv, Fiv)

≤
d∑
i=1

〈
v,∇x

(
λi(x, v)

λ(x, v)

)〉
|Ptg(x+ sv + (δ − s)Fiv, Fiv)|

+ 2∥∇x(Ptg)(x+ sv + (δ − s)Fiv, Fiv)∥.

Observe that

∂r (− log (ϕ(exp(−r))) =
1

1 + e−r

then we have

∇x
(
λi(x, v)

λ(x, v)

)
=

(
∇xλi(x, v)

λ(x, v)

)
− (∇xλ(x, v))

(
λi(x, v)

λ(x, v)2

)
=

(
vi∇x∂xi

ψ(x, v)

(1 + e−vi∂xi
ψ(x))λ(x, v)

)
−

d∑
j=1

(
vj∇x∂xj

ψ(x, v)λi(x, v)

(1 + e−vi∂xi
ψ(x))λ(x, v)2

)
Under our assumptions this is bounded.
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Proof of Theorem 3.47. This proof is omitted from this thesis, but can be found in
the corresponding paper [16].

Lemma 3.68. Let {(Xtn , Xtn)}n∈N denote the Euler Zig Zag algorithm in 1-d using
Algorithm 7 or 8. Let λ(x, v; δ) = λ(x, v) and λ(x, v) = (ψ′(x)v)+ + γ(x) for γ : R→
[0, γ] with γ <∞. Assume that ψ ∈ C2 is such that (3.24) is satisfied. Let α ∈ (0, 1),
β > 0 be such that α < 2β and define

Gα,β(x, v; δ) =

{
exp (αψ(x) + βδψ′(x)v) , if vψ′(x) ≥ 0,

exp (αψ(x)− βδψ′(x)v) , if vψ′(x) < 0.
(3.61)

Then there exists a compact set C and κ ∈ (0, 1) such that

Ex,vGα,β(Xtn , V tn ; δ) ≤ κnGα,β(x, v; δ) for all x /∈ C.

Proof. Let {(X7

δ , V
7

δ)} ({(X8

δ , V
8

δ)} respectively) be given by Algorithm 7 (Algorithm
8 resp.). To simplify the notation in this proof suppress the δ dependence of Gα,β .
Set β± = β if vψ′(x) ≥ 0 and β± = −β otherwise. Observe that

Ex,v[Gα,β(X
8

δ , V
8

δ)]− Ex,v[Gα,β(X
7

δ , V
7

δ)] =

=

∫ δ

0

λ(x, v)e−λ(x,v)s

×
(
eαψ(x+vs−(δ−s)v)−δβ±vψ

′(x+sv−(δ−s)v)−eαψ(x+δv)−δβ±vψ
′(x+δv)

)
ds

=

∫ δ

0

λ(x, v) exp (−λ(x, v)s+ αψ(x+ δv)− δβ±vψ′(x+ δv))
(
eI(x,v,s;δ) − 1

)
ds,

where

I(x, v, s; δ) := αψ(x+ vs− (δ − s)v)− αψ(x+ δv)

− δβ±vψ′(x+ sv − (δ − s)v) + δβ±vψ
′(x+ δv).

By Taylor’s theorem we can find ξ1, ξ2

I(x, v, s; δ) = α2(s− δ)vψ′(x+ δv) + 2α(δ − s)2ψ′′(ξ1) + 2β±δ(s− δ)vψ′′(ξ2).

By taking x sufficiently large we can ensure that the sign of I(x, v, s; δ) is equal to
the sign of −vψ′(x). Therefore,

Ex,v[Gα,β(X
8

δ , V
8

δ)] ≤ Ex,v[Gα,β(X
7

δ , V
7

δ)] if vψ′(x) > 0,

Ex,v[Gα,β(X
8

δ , V
8

δ)] ≥ Ex,v[Gα,β(X
7

δ , V
7

δ)] if vψ′(x) < 0.
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In the first case it is sufficient to consider Algorithm 7, while in the latter it is sufficient
to consider Algorithm 8. We shall consider these two cases separately.

Case vψ′(x) > 0: Note that it is sufficient to show that outside of a sufficiently
large compact set

Ex,vGα,β(X
7

δ , V
7

δ)

Gα,β(x, v)
< 1.

We can expand Ex,vGα,β(X
7

δ , V
7

δ) as

Ex,vGα,β(X
7

δ , V
7

δ) = e−δλ(x,v)Gα,β(x+ vδ, v) + (1− e−δλ(x,v))Gα,β(x+ vδ,−v).

Using the definition of Gα,β we can write

Gα,β(x+ vδ, v)

Gα,β(x, v)
= exp (α(ψ(x+ vδ)− ψ(x)) + βδv(ψ′(x+ vδ)− ψ′(x))) ,

Gα,β(x+ vδ,−v)

Gα,β(x, v)
= exp (α(ψ(x+ vδ)− ψ(x))− βδv(ψ′(x+ vδ) + ψ′(x))) .

We can Taylor expand U to find some z1, z2, z3 such that

Gα,β(x+ vδ, v)

Gα,β(x, v)
= exp

(
α(ψ′(x)vδ +

1

2
ψ′′(z1)δ2) + βδ2ψ′′(z2)

)
,

Gα,β(x+ vδ,−v)

Gα,β(x, v)
= exp

(
α(ψ′(x)vδ +

1

2
ψ′′(z1)δ2)− βδ(2ψ′(x)v + ψ′′(z3)δ)

)
.

Thus we have

Ex,vGα,β(X
7

δ , V
7

δ)

Gα,β(x, v)
= e−δλ(x,v) exp

(
α(ψ′(x)vδ +

1

2
ψ′′(z1)δ2) + βδ2ψ′′(z2)

)
+ (1− e−δλ(x,v)) exp

(
α(ψ′(x)vδ +

1

2
ψ′′(z1)δ2)− βδ(2ψ′(x)v + ψ′′(z3)δ)

)
.

Rearranging we can rewrite this as

Ex,vGα,β(X
7

δ , V
7

δ)

Gα,β(x, v)
=

= exp
(
−δλ(x, v)+αψ′(x)vδ +

α

2
ψ′′(z1)δ2

)(
e(βδ

2ψ′′(z2))−e(−βδ(2ψ
′(x)v+ψ′′(z3)δ))

)
(3.62)

+ exp

(
(α− 2β)ψ′(x)vδ +

1

2
αψ′′(z1)δ2 − βδ2ψ′′(z3)

)
. (3.63)

Recall that in this case λ(x, v) ≥ vψ′(x) > 0. Thus for the first term (3.62)

exp
(
−δλ(x, v) + αψ′(x)vδ +

α

2
ψ′′(z1)δ2

)(
e(βδ

2ψ′′(z2)) − e(−βδ(2ψ
′(x)v+ψ′′(z3)δ))

)
≤



3.C. Proofs of Section 3.4.3 121

≤ exp
(
−δλ(x, v) + αψ′(x)vδ +

α

2
ψ′′(z1)δ2

)
e(βδ

2ψ′′(z2))

≤ exp
(
−(1− α)δvψ′(x) +

α

2
ψ′′(z1)δ2

)
e(βδ

2ψ′′(z2)).

Now choose 0 < α < min{1, 2β} and recall that by assumption ψ′ diverges to infinity
faster than ψ′′. It follows that, outside of a large enough compact set, both (3.62)
and (3.63) can be made arbitrarily small.

Case vψ′(x) < 0: In this case λ(x, v) = γ(x). We expand Ex,vGα,β(X
8

δ , V
8

δ) as

Ex,vGα,β(X
8

δ , V
8

δ)

Gα,β(x, v)
= e−δλ(x,v)

Gα,β(x+ vδ, v)

Gα,β(x, v)

+

∫ δ

0

λ(x, v)e−sλ(x,v)
Gα,β(x+ v(2s− δ),−v)

Gα,β(x, v)
ds.

Similarly to above, we can use Taylor’s theorem to find z1, z2, z3, z4 with

Ex,vGα,β(X
8

δ , V
8

δ)

Gα,β(x, v)
= e−δλ(x,v) exp

(
α(ψ′(x)vδ +

1

2
ψ′′(z1)δ2)− βδ2ψ′′(z2)

)
+

∫ δ

0

λ(x, v)e−sλ(x,v) exp

(
α(ψ′(x)v(2s− δ) +

1

2
ψ′′(z3)(2s− δ)2)

+ βδ(2ψ′(x)v + ψ′′(z4)(2s− δ))

)
ds.

(3.64)

Taking advantage of −δ ≤ 2s− δ ≤ δ we obtain the bound

exp

(
α(ψ′(x)v(2s− δ) + βδ(2ψ′(x)v)

)
≤ exp

(
(−ψ′(x)v)(α− 2β)δ

)
.

Using this bound together with the assumption that −vψ′(x) diverges to +∞ faster
than ψ′′, we obtain that for 0 < α < 2β the right hand side of (3.64) can be made
arbitrarily small for sufficiently large values of x.

Combining the two cases above we obtain the statement of the lemma.

Lemma 3.69. Assume that ψ ∈ C2 satisfies (3.24). Let Gα,β(x, v; δ) be given by
(3.61) and Gα,ϵ(x, v) be given by (3.25). Then for any 0 < α1 < α < α2 < 1 there
exist positive constants C,C ′ > 0 with

Gα1,ϵ(x, v) ≤ C ′eαψ(x) ≤ CGα2,β(x, v; δ). (3.65)

Proof of Lemma 3.69. Let us first consider Gα1,ϵ(x, v), since |ϕϵ(s)| ≤ ϵ|s|/2 we have

Gα1,ϵ(x, v) ≤ exp
(
α1ψ(x) +

ϵ

2
|ψ′(x)|

)
.
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By (3.24) there exists R > 0 such that for any |x| > R we have |ψ′(x)| ≤ 2ϵ−1(α −
α1)ψ(x). Therefore for |x| > R we have

Gα1,ϵ(x, v) ≤ exp (αψ(x)) .

Setting C ′ = exp(sup|x|≤R|ψ′(x)|) we have the left hand side of (3.65).

Similarly, we have

Gα2,β(x, v; δ) ≥ exp (α2ψ(x)− βδ0|ψ′(x)|) .

Using (3.24) for x sufficiently large we have that βδ0|ψ′(x)| ≤ (α2−α)ψ(x) and hence
the right hand side of (3.65) follows.



Chapter 4

Splitting schemes for second
order approximations of
piecewise deterministic
Markov processes

4.1 Introduction

Piecewise deterministic Markov processes (PDMPs) are non-diffusive Markov pro-
cesses combining a deterministic motion and random jumps. They appear in a
wide range of modelling problems [39, 94, 98] and, over the last decade, have
gained considerable interest as Markov Chain Monte Carlo (MCMC) methods
[125, 110, 21, 32, 64, 152]. Similarly to Chapter 3, this chapter addresses the question
of the simulation of a PDMP with generator (2.31). The classical method is to use
a Poisson thinning procedure [95, 93] to sample the jump times, and then to solve
the ODE exactly if possible, or otherwise by a standard numerical scheme. Similar
to rejection sampling which requires a good reference measure, an efficient Poisson
thinning algorithm requires the knowledge of good bounds for the jump rate λ along
the trajectory of the ODE. In this work, we focus on the case in which such bounds
are not available, or are so crude that thinning would not be numerically efficient.
In that case, the random event times have to be approximated even if the ODE can
be solved exactly. This question has recently been addressed in [16, 121, 41] with
three different schemes. Here, rather than designing an ad hoc numerical scheme,
we work in the general framework of splitting schemes, which are widely used for
e.g. Hamiltonian or underdamped Langevin processes [89, 91, 112]. One of the main
interests is that, by design, such schemes have a numerical error which is of order 2 in

123
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the step-size, without the need of an approximation of the jump rate along the ODE.
Moreover, it is a flexible framework and thus such schemes can be easily combined
with multi-time-step or factorization methods [90] or integrated in hybrid PDMP/dif-
fusion schemes [113, 111]. Note that, by using a numerical approximation, we lose one
of the interests of PDMPs for MCMC purposes, which is the exact simulation by thin-
ning, while in our case the invariant measure of the scheme will have a deterministic
bias with respect to the true target measure. However, we still benefit from the good
long-time convergence properties of the ballistic non-reversible process and, contrary
to Hamiltonian-based dynamics, it is still possible to factorize the target measure and
define efficient schemes in terms of number of computations of forces (see [113, 111]
and Section 4.5.3). We shall also show how the correct stationary distribution can be
recovered by means of a non-reversible Metropolis-Hastings acceptance/rejection step
(see Section 4.1.2). Moreover, for classical velocity jump processes used in MCMC,
since the norm of the velocity is constant (between possible refreshments which are
independent of the potential), these schemes are numerically stable (see the numerical
experiments in Section 4.5 where the step-size of PDMP schemes can be taken larger
than for the classical ULA), even for non-globally Lipschitz potentials.

The core idea of splitting schemes is first to split the generator in several parts such
that a process associated to each part can be simulated exactly. For instance, when
the ODE can be solved exactly, one can write L = LD + LJ with

LDf(z) = ⟨Φ(z),∇zf(z)⟩,

LJf(z) = λ(z)

∫
E

(f(y)− f(z))Q(z,dy) ,

in which case the process associated to LD is simply the solution of the ODE, hence
D stands for drift, while the process associated to LJ is a continuous-time Markov
chain, for which the jump rate is constant between two jumps (so that the jump
times are simple exponential random variables), hence J stands for jumps. Then, one
approximates the semigroup of the true process by a Strang splitting

Pδ = eδ(LD+LJ ) ≈ e δ
2LDeδLJ e

δ
2LD (4.1)

for a small step size δ > 0. Therefore, over one time step the approximation follows
LD for time δ/2, then LJ for time δ and finally LD again for time δ/2. Given a step
size δ, now we illustrate how the (n+ 1)-th iteration works. Starting at time tn = nδ
at state Ztn the process first moves deterministically for a half step:

Ztn+δ/2 = φδ/2(Ztn).

Then we simulate the pure jump part of the process: we generate an event time
τ1 ∼ Exp(λ(Ztn+δ/2)) and, if τ1 < δ, we set Ztn+δ/2 ∼ Q(Ztn+δ/2, ·). Then we
repeat this step as long as

∑
i τi < δ, though, since we are interested in second order

schemes, it is enough to limit ourselves to two jumps per time step. Note that the
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rate is updated after every jump and is constant between jumps. We conclude the
iteration by a final half step of deterministic motion:

Ztn+1 = φδ/2(Ztn+δ/2).

We refer to this scheme as the splitting scheme DJD, where consistently with above
D stands for drift and J for jumps. When the ODE cannot be solved exactly, any
second-order numerical scheme can be used instead of φt. Moreover, in some cases
(typically for the Hamiltonian dynamics) the generator LD can be further divided
in several ODEs. Similarly, for computational purpose, it can be interesting in some
cases to split the jump part LJ in several operators. It is also possible to keep in LD
a combination of ODE and jump, simulated e.g. by thinning, while some parts of the
jump are treated separately in LJ (it could make sense for instance in the context of
[113]). When there are more than two parts in the splitting of L, a scheme is obtained

by starting from (4.1) and using e.g. eδLJ ≈ e δ
2LAeδLBe

δ
2LA if LJ = LA + LB , etc.

Such splitting schemes can be used to simulate any PDMP. For some modelling
problems, it can be interesting to have estimates on the trajectorial error between the
approximated process and the two process, for instance when dynamical properties
(like mean squared displacement or transition rates) are of interest. However, in this
work, we have mainly in mind the PDMPs which are used for MCMC methods, in
particular our recurrent examples will be the Zig-Zag sampler (ZZS) [21, 23] and the
Bouncy Particle sampler (BPS) [125, 110, 32]. As a consequence, we will not discuss
trajectorial errors but rather focus on what is relevant for MCMC purposes, namely
the long-time convergence of the Markov chain (which should scale properly as the
step size vanishes) and the numerical bias on the invariant measure and on empirical
averages of the chain.

Organisation of the chapter
The chapter is organized as follows. We conclude this introduction by presenting

the algorithms we focus on in this chapter. In Section 4.1.1 we discuss our two
main examples and their approximation with splitting schemes. In Sections 4.1.2
and 4.1.3 we discuss respectively how we can Metropolis-adjust our schemes in a
non-reversible fashion and how we can modify the algorithms to do subsampling.
We conclude our introduction with Section 4.1.4, where we describe how boundaries
can be treated with our splitting schemes. Section 4.2 is devoted to the analysis of
the weak error for the finite-time empirical averages of the scheme DJD. The main
result, Theorem 4.10, states that for this scheme the weak error is of order 2 in the
step-size. The geometric ergodicity of splitting schemes based on our main examples
is established in Section 4.3, with a consistent dependency of the estimates on the
step-size. In Section 4.4, we provide a formal expansion (in terms of the step-size) of
the invariant measure of the scheme based on the so-called Bouncy Particle Sampler
depending on the choice of the splitting, in the spirit of [89], with a particular focus
in Section 4.4.2 on three one-dimensional examples where everything can be made
explicit. Numerical experiments are provided in Section 4.5. Finally, technical proofs
are gathered in an Appendix.
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Comparison to related works

The work in this chapter can be seen as a continuation of the work that two of the
authors started with their coauthors in [16], in which a general framework to approx-
imate PDMPs is introduced and studied. In this previous work, the focus is not a
specific scheme and thus the results are mostly general and not tailored for particular
processes or schemes, though the ZZS and BPS are considered as recurrent examples.
In particular, the schemes introduced in [16] leave considerable freedom to the user
in the choice of some crucial components of the algorithm, namely an approximation
of the switching rates or a numerical integrator in place of the exact flow map. On
the other hand, in this chapter we follow the philosophy of splitting schemes to de-
scribe a simple recipe to approximate PDMPs. Note that splitting schemes are not
considered in [16]. The main advantage of splitting schemes is the second order of
accuracy with one gradient evaluation per iteration, whereas second order algorithms
considered in [16] relied on approximations of second order of the switching rates,
which can be usually obtained with the expensive computation of the Hessian of the
negative log-target. Moreover, in this work we describe how to remove the bias in-
troduced by our approximation with a non-reversible Metropolis-Hastings step. Two
other works ([121] and [41]) focus on approximate simulation of the Zig-Zag sampler,
which is one of our two main examples. In [121] the authors suggest to approximate
event times by using numerical approximations of the integral of the rates along the
dynamics (3.4), as well as a root finding algorithm. In [41], the authors suggest using
a numerical optimisation algorithm at each iteration to obtain a suitable bound that
enables the use of Poisson thinning. The first difference is that we mainly consider our
approximations as discrete time Markov chains, whereas the processes of [121] and
[41] are interpreted in continuous time, although neither resulting process is a Markov
process due to the nature of the numerical algorithms that are used. Naturally, one
could interpret our algorithms as continuous time processes, which again would not
be Markov processes. Secondly, without assuming any properties that we do not ver-
ify, we derive theoretical justifications of our proposed algorithms, such as bounds on
the weak error and existence, uniqueness, and geometric convergence to a stationary
distribution under simple conditions. Moreover, we introduce Metropolis adjusted
algorithms to eliminate the error introduced by the numerical approximations, while
this aspect is not studied in previous works and thus we introduce the first exact
PDMP based samplers that can be simulated with only access to the gradient of the
negative logarithm of the target distribution.

4.1.1 Main examples

Let us now introduce two examples from the computational statistics literature. In
this setting we have a target probability measure with density π(x) ∝ exp(−ψ(x)) for
x ∈ Rd.

Example 4.1 (Zig-Zag sampler [23]). As we have seen in the previous chapter, simu-
lating the event times of ZZS is in general a very challenging problem. We can apply
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Algorithm 11: Splitting scheme DBD for ZZS

Input : Number of iterations N , initial condition (x, v), step size δ.
Output: Chain (Xtn , V tn)Nn=0.
Set n = 0, (X0, V 0) = (x, v);
while n < N do

Set Xtn+1
= Xtn + δ

2V tn ;

Set V tn+1
= V tn ;

for i = 1 . . . , d do
With probability (1− exp(δλi(Xtn+1

, V tn+1
))) set V tn+1

= RiV tn+1
;

end

Set Xtn+1
= Xtn+1

+ δ
2V tn+1

;
Set n = n+ 1;

end

to ZZS the splitting scheme above as follows. Assume the process has canonical rates,
i.e. γi = 0 for all i. Then we can split the generator (2.32) as

LDf(x, v) = ⟨v,∇xf(x)⟩,

LBf(x, v) =

d∑
i=1

λi(x, v)[f(x,Riv)− f(x, v)].

Here we define the scheme DBD, where B stands for bounces. Given (Xtn , V tn), we
start by a half step of deterministic motion:

Xtn+
δ
2

= Xtn +
δ

2
V tn .

Then for i = 1, . . . , d we draw τi
iid∼ Exp(λi(Xtn+δ/2, V tn)), which are homogeneous

exponential random variables. Then let τ(1) = min τi and set

V tn+1
=

{
V tn if τ(1) > δ

RIV tn if τ(1) ≤ δ

where RI =
∏
i∈I Ri and I is the set of indices i for which τi ≤ δ. Alternatively to

have a second order scheme it is sufficient to flip only the two components with the
smallest switching time τi, given that it is before time δ. Observe that for canonical
rates flipping the sign of a component does not affect the other switching rates, and
thus it is not possible to have two flips in the same component when γi = 0. Finally,
set

Xtn+1
= Xtn+

δ
2

+
δ

2
V tn+1

,

which concludes the iteration. The procedure is described in pseudo code form in
Algorithm 11. An interesting feature of the algorithm is that the jump part of the
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Algorithm 12: Splitting scheme RDBDR for BPS

Input : Number of iterations N , initial condition (x, v), step size δ.
Output: Chain (Xtn , V tn)Nn=0.
Set n = 0, (X0, V 0) = (x, v);
while n < N do

Set V tn+1
= V tn ;

With probability (1− exp(−λr δ2 )) draw V tn+1
∼ Unif(Sd−1) ;

Set Xtn+1
= Xtn + δ

2V tn+1
;

With probability (1− exp(δλ1(Xtn+1
, V tn+1

))) set V tn+1
= R(Xtn+1

)V tn+1
;

Set Xtn+1
= Xtn+1

+ δ
2V tn+1

;

With probability (1− exp(−λr δ2 )) set V tn+1
∼ Unif(Sd−1) ;

Set n = n+ 1;

end

chain can be computed in parallel, since in that stage a velocity flip in one component
does not affect the other components of the process.

Example 4.2 (Bouncy Particle Sampler [32]). Recall the BPS of Example 2.12. In
this case we split the generator in three parts: Lf(x, v) = LDf(x, v) + LBf(x, v) +
LRf(x, v) where

LDf(x, v) = ⟨v,∇xf(x)⟩,
LBf(x, v) = λ1(x, v)[f(x,R(x)v)− f(x, v)],

LRf(x, v) = λ2

∫ (
f(x,w)− f(x, v)

)
ν(dy),

We then define the scheme RDBDR, where R stands for refreshments. Starting at
time tn = nδ at state (Xtn , V tn) we begin by drawing τ1 ∼ Exp(λr) and setting

Ṽtn+ δ
2

=

{
V tn if τ1 > δ/2

W1 if τ1 ≤ δ/2

for W1 ∼ ν. Then the process evolves deterministically for time δ/2:

Xtn+
δ
2

= Xtn +
δ

2
Ṽtn+ δ

2
.

At this point, we check if a reflection takes place by drawing

τ2 ∼ Exp(λ1(Xtn+
δ
2
, Ṽtn+ δ

2
))

and set

V tn+ δ
2

=

{
Ṽtn+ δ

2
if τ2 > δ

R(Xtn+
δ
2
)Ṽtn+ δ

2
if τ2 ≤ δ
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Importantly, λ1(Xtn+
δ
2
, V tn+ δ

2
) = 0 if a reflection takes place and thus at most

one reflection can happen. This is a consequence of the fact that ⟨R(x)v,∇ψ(x)⟩ =
−⟨v,∇ψ(x)⟩ by definition of the reflection operator. After this we set

Xtn+1
= Xtn+

δ
2

+
δ

2
,

and finally conclude the iteration drawing τ3 ∼ Exp(λr) and letting

Ṽtn+1 =

{
V tn+ δ

2
if τ3 > δ/2

W2 if τ3 ≤ δ/2

where W2 ∼ ν. The pseudo code can be found in Algorithm 12.

4.1.2 Metropolis adjusted algorithms

Naturally, the use of splitting schemes to approximate a PDMP introduces a discreti-
sation error. In the context of Bayesian statistics, this means that a bias term is
introduced in the estimators for statistics of interest. In this section we discuss how
to eliminate this bias with the addition of a Metropolis-Hastings (MH) acceptance-
rejection step. We shall define skew-reversible MH algorithms based on our splitting
schemes of ZZS and BPS relying on the general framework we introduced in Chapter
2 (see Section 2.2.4.1 for the details). In both cases, the splitting schemes give a
proposal mechanism which fits in one of our examples in Section 2.2.4.1, in particular
giving an acceptance probability of the form (2.19), where fortunately the determi-
nant term equals 1. This is due to the fact that all proposals are formed by composing
volume preserving transformations, and hence the determinant of the Jacobian equals
one in absolute value. We observe that the ideas below can be applied to other kinetic
PDMPs used in MCMC in a similar fashion.

4.1.2.1 Skew-reversible Metropolis adjusted ZZS
Consider the splitting DBD of ZZS with initial condition (x, v). Let δ > 0 be the

step size and x1/2(x, v) = x+vδ/2 (we will drop the dependence on (x, v) when clear).
As explained in Example 4.1, after one iteration the algorithm has state

(X̃, Ṽ ) = (x1/2 +
δ

2
RIv,RIv)

with corresponding probability

exp

(
−δ
∑
i/∈I

λi(x1/2, v)

)∏
i∈I

(1− exp(−δλi(x1/2, v)). (4.2)

We now want to accept or reject the proposed state with suitable probability to
ensure µ-stationarity. Note the classical MH scheme of Section 2.2.1 is not directly
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Algorithm 13: Skew-reversible Metropolis adjusted ZZS

Input : Number of iterations N , initial condition (x, v), step size δ.
Output: Chain (Xtn , V tn)Nn=0.
Set n = 0, (X0, V 0) = (x, v);
while n < N do

Set Xtn+δ/2 = Xtn + δ
2V tn ;

Set Ṽ = V tn ;
for i = 1 . . . , d do

With probability (1− exp(δλi(Xtn+δ/2, Ṽ ))) set Ṽ = RiṼ ;
end

Set X̃ = Xtn+δ/2 + δ
2 Ṽ ;

Set (Xtn+1
, V tn+1

) = (X̃, Ṽ ) with probability

1 ∧ π(X̃)

π(Xtn)
exp

(
δ

d∑
j=1

(
λj(Xtn+δ/2, V tn)− λj(Xtn+δ/2,−Ṽ )

))

else set (Xtn+1
, V tn+1

) = (Xtn ,−V tn);
Set n = n+ 1;

end

applicable, as typically there is a 0 probability that the process goes from (X̃, Ṽ ) to
(x, v). Hence we use the non-reversible MH acceptance probability (2.19). For this
we need to compute the probability of going from (X̃,−Ṽ ) to (x,−v) according the
transition kernel of DBD. This can only be achieved by following the same path of
(x, v)→ (X̃, Ṽ ) with reversed time. Hence the sign of the velocity of the components
in α needs to be flipped. Noticing that x1/2(x, v) = x1/2(X̃,−Ṽ ), we find that the
probability of this path is

exp

(
−δ
∑
i/∈I

λi(x1/2,−Ṽ )

)∏
i∈I

(1− exp(−δλi(x1/2,−Ṽ )),

where I is the same set of indices of (4.2). Observe that for i ∈ I it holds that
Ṽi = −vi and thus λi(x1/2, v) = λi(x1/2,−Ṽ ), while for i /∈ I we have Ṽi = vi and

hence λi(x1/2, v) − λi(x1/2,−Ṽ ) = vi∂ψ(x1/2). Therefore the acceptance probability
(2.19) simplifies to

1 ∧
π(X̃) exp(−δ

∑
i/∈I λi(x1/2,−Ṽ ))

π(x) exp(−δ
∑
i/∈I λi(x1/2, v))

= 1 ∧ exp

(
ψ(x)− ψ(X̃) + δ

∑
i/∈I

vi∂iψ(x1/2)

)
.

(4.3)
In case of rejection, the state is set to (x,−v). The procedure is written as pseudo-code
in Algorithm 13.
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Algorithm 14: Non-reversible Metropolis adjusted BPS

Input : Number of iterations N , initial condition (x, v), step size δ.
Output: Chain (Xtn , V tn)Nn=0.
Set n = 0, (X0, V 0) = (x, v);
while n < N do

Set V tn+δ/2 = V tn ;

With probability (1− exp(−λrδ/2)) draw V tn+δ/2 ∼ Unif(Sd−1) ;

Set Xtn+δ/2 = Xtn + δ
2V tn+δ/2;

Set Ṽ = V tn+δ/2;

With probability (1− exp(δλ1(Xtn+δ/2, Ṽ ))) set Ṽ = R(Xtn+δ/2)Ṽ ;

Set X̃ = X̃ + δ
2 Ṽ ;

Set (Xtn+1
, V tn+1

) = (X̃, Ṽ ) with probability

1 ∧
π(X̃)× exp(−δλ(Xtn+δ/2,−Ṽ ))

π(Xtn)× exp(−δλ(Xtn+δ/2, V tn))

else set (Xtn+1
, V tn+1

) = (Xtn ,−V tn+δ/2) ;

With probability (1− exp(−λrδ/2)) set V tn+1
∼ Unif(Sd−1) ;

Set n = n+ 1;

end

Remark 4.3. Assuming ψ ∈ C2, the terms ψ(x) and ψ(X̃) = ψ(x1/2 +RIv δ/2) can be
expanded by Taylor’s theorem around x1/2. This gives that the acceptance probability
(4.3) is

1 ∧ exp

(
δ2

8

(
⟨v,∇2ψ(x1)v⟩ − ⟨RIv,∇2ψ(x2)RIv⟩

))
, (4.4)

where x1 ∈ (x, x1/2) and x2 ∈ (x1/2, x1/2 + RIvδ/2). This result shows that the
probability of rejecting the proposed state is of order δ2 and gives first evidence that
the splitting scheme introduces an error of second order in the invariant measure.
Moreover, it is clear from (4.4) that the acceptance probability equals 1 for instance
when ∇2ψ is a constant diagonal matrix, as is the case in a d-dimensional independent
Gaussian vector. In this setting the splitting scheme DBD has the correct stationary
distribution µ and does not need a Metropolis correction. Finally, observe that the
rejection probability is of order δ3 if ∇2ψ is diagonal but not constant.

4.1.2.2 Non-reversible Metropolis adjusted BPS

Here we consider scheme RDBDR of BPS. The refreshment does not alter the
stationary distribution of the process, thus we focus first on the DBD part. Denote
x1/2(x, v) = x+δv/2. According to DBD, the process moves from an initial condition
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(x, v) to

(X̃, Ṽ ) =

{
(x1/2 + δ

2R(x1/2)v,R(x1/2)v) with probability 1− exp(−δλ(x1/2, v)),

(x+ δv, v) with probability exp(−δλ(x1/2, v)).

(4.5)
Observe that for both states in (4.5) it holds x1/2(x, v) = x1/2(X̃,−Ṽ ) = x1/2. We
now focus on computing the acceptance probability (2.19) in the two cases in (4.5).

Consider first the case in which a reflection took place, which corresponds to the
first line of (4.5). Then we need to compute the probability that the process goes
from (X̃,−Ṽ ) back to (x,−v) using scheme DBD, which is equal to the probability
that the process has a reflection at x1/2. By definition of the reflection rate λ, it
holds that λ(x1/2, v) = λ(x1/2,−R(x1/2)v). Therefore in this case the probability

that the process goes from (X̃,−Ṽ ) to (x,−v) is the same as that of going from (x, v)
to (X̃, Ṽ ) and thus the acceptance probability (2.19) is

1 ∧
π(x1/2 + δ

2R(x1/2)v)

π(x)
= 1 ∧ exp

(
ψ(x)− ψ

(
x1/2 + δR(x1/2)v/2

) )
. (4.6)

Observe that moves that decrease ψ are accepted with probability 1.

Consider now the second case in (4.5). The probability that the process goes from
(x + δv,−v) to (x,−v) is exp(−δλ(x1/2,−v)), while the probability of going from
(x, v) to (x + δv, v) is exp(−δλ(x1/2, v)). Observing that λ(x1/2, v) − λ(x1/2,−v) =
⟨v,∇ψ(x1/2)⟩ we find that in this case the MH acceptance probability is

1 ∧
π(x+ δv) exp(−δλ(x1/2,−v))

π(x) exp(−δλ(x1/2, v))
= 1 ∧ exp

(
ψ(x)− ψ(x+ vδ) + δ⟨v,∇ψ(x1/2)⟩

)
.

(4.7)

Hence we have shown that the acceptance probability can in general be written as

1∧
π(X̃) exp(−δλ(x1/2,−Ṽ ))

π(x) exp(−δλ(x1/2, v))
= 1∧exp

(
ψ(x)−ψ(X̃)+δ(λ(x1/2, v)−λ(x1/2,−Ṽ ))

)
.

In case of rejection, the state is set to (x,−v). Two refreshments half-steps, to be
executed before and after the scheme DBD, are necessary to ensure irreducibility of
the Markov chain.

The described procedure is written in pseudo code form in Algorithm 14.

Remark 4.4. Let us Taylor expand the acceptance probabilities similarly to Note
4.3. Indeed for (4.6) we expand both terms around x1/2 and for x1 ∈ (x, x1/2) and
x2 ∈ (x1/2, x+ vδ) we obtain

ψ(x)−ψ
(
x1/2 +

δ

2
R(x1/2)v

)
= −δ

2

(
⟨v,∇ψ(x1/2)⟩+ ⟨R(x1/2)v,∇ψ(x1/2)⟩

)
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+
δ2

8

(
⟨v,∇2ψ(x1)v⟩ − ⟨R(x1/2)v,∇2ψ(x2)R(x1/2)v⟩

)
=
δ2

8

(
⟨v,∇2ψ(x1)v⟩−⟨R(x1/2)v,∇2ψ(x2)R(x1/2)v⟩

)
.

In the last line we used that ⟨R(x1/2)v,∇ψ(x1/2)⟩ = −⟨v,∇ψ(x1/2)⟩. Similarly, in
(4.7) we expand terms ψ(x) and ψ(x+ vδ) around x1/2 to find

ψ(x)− ψ(x+ vδ) + δ⟨v,∇ψ(x1/2)⟩ =
δ2

8

(
⟨v,∇2ψ(x1)v⟩ − ⟨v,∇2ψ(x2)v⟩

)
for x1 ∈ (x, x1/2) and x2 ∈ (x1/2, x+vδ). If the Hessian of ψ is constant, as for instance
in the Gaussian case, then proposals of this type are accepted with probability 1.

Overall, this means the acceptance probability has the form

1 ∧ exp

(
δ2

8

(
⟨v,∇2ψ(x1)v⟩ − ⟨Ṽ ,∇2ψ(x2)Ṽ ⟩

))
,

which means that the probability of rejecting the proposed state is of order δ2. In par-
ticular if π is a d-dimensional Gaussian with covariance Σ = cId, then the probability
of accepting the proposed state in the MH step is equal to 1, as ∥Ṽ ∥ = ∥v∥ = 1. Hence
in this case the splitting scheme RDBDR has the correct stationary distribution.

4.1.3 Algorithms with subsampling

One of the attractive features of ZZS and BPS is exact subsampling, i.e. the possibility
when the potential is of the form ψ(x) = 1

N

∑N
j=1 ψj(x) of using only a randomly

chosen ψj to simulate the next event time. The clearest application of this technique
is Bayesian statistics, where ψ(x) is the posterior distribution, x is the parameter of
the chosen statistical model and, when the data points are independent realisations,
ψj can be chosen to depend only on the j-th batch of data points and not on the rest of
the dataset. Therefore, this technique can greatly reduce the computational cost per
event time. Naturally, Bayesian statistics is not the only area where this structure of ψ
arises. An example from molecular dynamics whit this type of potential is considered
in Section 4.5.3. Here we define a splitting scheme of ZZS with this feature. With
the same ideas it is possible to define a splitting scheme with subsampling based on
BPS, but we do not give the details here for the sake of brevity.

Let us briefly explain the basic idea in the case of ZZS, as given in [23]. Assume

the target distribution is of the form ψ(x) = 1
N

∑N
j=1 ψj(x) and define the switch-

ing rates λji (x, v) = (vi∂iψj(x))+ for i = 1, . . . , d and j = 1, . . . , N . Assuming we

have a tractable M such that λji (x + vt, v) ≤ M(t) for all j = 1, . . . , N , one can
use Poisson thinning to obtain a proposal τ for the next event time distributed as
Exp(M(t)). This proposal is then accepted with probability λJi (x + vτ, v)/M(τ),
where J ∼ Unif({1, . . . , N}) independently of the rest. This procedure defines a ZZS
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Algorithm 15: Splitting scheme DBD for ZZS with subsampling

Input : Number of iterations N , initial condition (x, v), step size δ.
Output: Chain (Xtn , V tn)Nn=0.
Set n = 0, (X0, V 0) = (x, v);
while n < N do

Set Xtn+1
= Xtn + δ

2V tn ;
Draw J ∼ Unif({1, . . . , N});
for i = 1 . . . , d do

Obtain (V tn+1
)i by simulating a pure jump process with kernel Ri and

rate v 7→ (v∂iψj(Xtn+1
))+ with initial velocity (V tn)i and time

horizon δ ;

end

Set Xtn+1
= Xtn+1

+ δ
2V tn+1

;
Set n = n+ 1;

end

with switching rates λi(x, v) = 1
N

∑N
j=1 λ

j
i (x, v), which are larger than the canonical

rates, but keep π stationary.

Clearly the bottleneck of this procedure is that a sharp bound M needs to be
available. Algorithm 15 defines an approximation of this process with a similar idea
as [16]. At each iteration the algorithm draws J ∼ Unif({1, . . . , N}) independently
of the rest and uses the corresponding ψJ to update the process. Since the rates
are now larger than the canonical rates, that is λi(x, v) > (vi∂iψ(x))+, there can
be more than one jump per component at each iteration. Nonetheless, the algorithm
requires only one gradient computation per iteration since the position is not updated
during the jump part. Moreover, in this case obtaining the gradient ∇ψJ is an order
1 computation as opposed to the usual order N needed to compute the full gradient
∇ψ.

4.1.4 PDMPs with boundaries

Another interesting feature of PDMPs such as BPS and ZZS is that, thanks to the
simple deterministic dynamics, boundary conditions can be included and hitting times
of the boundary can be easily computed (see [48] or [36] for a discussion of PDMPs
with boundaries). Here we illustrate how to simply adapt splitting schemes to these
settings by adding the boundary behaviour to the D part of the scheme.

Boundary terms appear for instance when the target distribution π is defined on
a restricted domain, in which case a boundary jump kernel can be introduced as
considered in [22]. In this case, Algorithms 11 and 12 can be easily modified by
incorporating the boundary term in part D of the splitting scheme, as typically the
boundary can be hit only if there is deterministic motion. Hence, the continuous
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deterministic dynamics are applied as in the exact process, while other jumps are
performed in the B steps.

Another example of this setting is when π is a mixture of a continuous density and
a discrete distribution on finitely many states, as in Bayesian variable selection when
a spike and slab prior is chosen. Sticky PDMPs were introduced in [26] to target a
distribution of the form

µ(dx) ∝ exp(−ψ(x))

d∏
i=1

(dxi +
1

ci
δ0(dxi)),

which assigns strictly positive mass to events {xi = 0}. The sticky ZZS of [26] is
obtained following the usual dynamics of the standard ZZS and in addition freezing
the i-th component for a time τ ∼ Exp(ci) when xi hits zero. The simulation of
this process is challenging for the same reasons of the standard ZZS, since the two
processes have the same switching rates λi for i = 1, . . . , d. The i-th component is
either frozen, which is denoted by (xi, vi) ∈ Ai, or it evolves as given by the usual
dynamics of ZZS. The generator can then be decomposed as L = LD + LB where
LD =

∑d
i=1 LD,i and LB =

∑d
i=1 LB,i,

LD,if(x, v) = vi
∂

∂xi
f(x, v)1AC

i
(xi, vi) + ci(f(Ti(x, v))− f(x, v))1Ai

(xi, vi),

LB,if(x, v) = λi(x, v)[f(x,Riv)− f(x, v)]1AC
i

(xi, vi),

and Ti(x, v) corresponds to unfreezing the i-th component (we refer to [26] for a
detailed description). An iteration of the scheme DBD in this case proceeds by
a first half step of D, which is identical to the continuous sticky ZZS but with λi
temporarily set to 0. Hence frozen components are unfrozen with rate ci and then
start moving again, or unfrozen components move with their corresponding velocity
vi and become frozen for a random time with rate ci if they hit xi = 0. Then a full
step of the usual bounce kernel B is done for the components which are not frozen,
while for the frozen components, that is (xi, vi) ∈ Ai, the generator LB,i does nothing
and so the velocity cannot be flipped. So unfreezing is not possible in this step. The
iteration ends with another half step of D in a similar fashion to the previous one.

These ideas are more general than the two specific examples we considered and
do not introduce further difficulties for our schemes. We observe that in these cases
it might be useful to consider the process obtained with the splitting schemes as
continuous time processes. Finally, notice that a Metropolis correction can be added
following Section 4.1.2, and subsampling is possible following Section 4.1.3.

4.2 Convergence of the splitting scheme

In this section we prove that under suitable conditions the splitting scheme DJD
described in Section 4.1 is indeed a second order approximation of the original PDMP
(2.31).
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Note that in this section we have a PDMP defined on some arbitrary space E
therefore it is not clear what it means to have a derivative, indeed we will typically
be interested in the setting E = Rd × V for some set V which may be a discrete set.
Instead of working with a full derivative we will define the directional derivative, DΦ,
in the direction Φ as

DΦg(z) = lim
t→0

d

dt
g(φt(z))

for any g ∈ C(E) for which t 7→ g(φt(z)) is continuously differentiable in t for every
z. Note if E is a subset of Rd for some d and g is continuously differentiable then

DΦg(z) = Φ(z)T∇g(z).

We extend this definition to multi-dimensional valued functions G : E → Rm by
defining DΦG(z) = (DΦG

i(z))mi=1. We define the space Ck,mΦ to be the set of all
functions g : E → R which are k times continuously differentiable in the direction Φ
with all derivatives Dℓ

Φg(z) up to order k bounded by a polynomial of order m. We
endow this space with the norm

∥g∥Ck,m
Φ

:= sup
z∈E

|g(z)|+
∑k
ℓ=1|Dℓ

Φg(z)|
1 + |z|m

.

Let us make the following assumptions.

Assumption 4.5. Let Φ be a globally Lipschitz vector field defined on E. We as-
sume that the directional derivative in the direction Φ is well-defined and that Φ be
continuous.

Assumption 4.6. The switching rate λ : E → [0,∞) is twice continuously differen-
tiable in the direction Φ and λ,DΦλ,D

2
Φλ grow at most polynomially. We denote by

mλ a constant such that ∥λ∥C2,mλ
Φ

<∞.

Assumption 4.7. Let Q be a probability kernel defined on E. We shall consider the
operator Q : Cb(E)→ Cb(E) defined by

Qg(z) =

∫
g(z̃)Q(z,dz̃), for any g ∈ Cb(E). (4.8)

Moreover we assume that Q has moments of all orders and Qg has at most polynomial
growth of order m whenever g has at most polynomial growth of order m. For any
m ∈ N, and g ∈ C1,mΦ we assume the following distribution is well-defined:

(DΦQ)g(z) = DΦ(Qg)(z). (4.9)

As an abuse of notation we shall write DΦQ also as a kernel. We assume for any
m ∈ N, and g ∈ C1,mΦ

|Qg(φs(z))−Qg(z)| ≤ Cs(1 + |z|m)∥g∥C1,m
Φ

, (4.10)
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and also that there exists a constant C such that for any g ∈ C2,mΦ

|Qg(φs(z))−Qg(z)− sDΦQg(z)| ≤ Cs2(1 + |z|m)∥g∥C2,m
Φ

. (4.11)

Assumption 4.8. The closure (L, D(L)) of the operator (L, C1c (E)) in L2
µ generates

a C0-semigroup Pt. If g ∈ C2,0Φ then we assume that Ptg is also twice continuously
differentiable in the direction Φ and LPtg is continuously differentiable in the direction
Φ. Moreover we assume D2

ΦPtg and DΦLPtg are both polynomially bounded for finite
t and for some C > 0, R ∈ R,mP ∈ N

|DΦPtg(z)|+ |D2
ΦPtg(z)|+ |DΦLPtg(z)| ≤ C(1 + |z|mP )eRt∥g∥C2,0

Φ
.

Assumption 4.9. Let Ztk denote the approximation obtained by the splitting scheme
DJD. Assume that for each k, Ztk has moments of all orders and moreover for every
M ∈ N there exists some GM such that

sup
m≤M

Ez[|Ztk |m] ≤ GM (z).

Theorem 4.10. Let Zt be a PDMP corresponding to the generator (2.31). Assume
that Assumption 4.5 to Assumption 4.9 hold. Then there exist constants C,R such
that for any g ∈ C2,0Φ ∩D(L) we have for some M ∈ N

sup
k≤n
|E[g(Ztk)]− E[g(Ztk)]| ≤ CeRtnGM (z)δ3n∥g∥C2,0

Φ
.

Proof. The proof is adapted from [16, Theorem 4.24] and can be found in Appendix
4.A.1.

Example 4.11 (ZZS continued). Let us verify Assumptions 4.5 to 4.9 for the splitting
scheme of ZZS defined in 4.1. In order to have a smooth switching rate we replace
λi(x, v) by

λi(x, v) = log (1 + exp(vi∂iψ(x))) .

This is shown to be a valid switching rate in [2]. We will assume that ψ ∈ C2 with
bounded second and third derivatives. Let us now consider each assumption in turn.

Assumption 4.5: In this case Φ(x, v) = (v, 0)T which is clearly smooth and globally
Lipschitz.

Assumption 4.6: Since λi is the composition of smooth maps and ψ we have that λi
has the same smoothness in x as ψ and hence x 7→ λi(x, v) is C2. As s 7→ log(1 + es)
grows at most linearly, has first and second derivatives bounded by 1 we have that
λi,∇xλi and ∇2

xλi are all polynomially bounded.

Assumption 4.7: The proof of this can be found in Section 4.A.2.
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Assumption 4.8: By [2] we have that Pt is a strongly continuous semigroup on L2
µ

with generator (L, D(L)) given as the closure of (L, C1
c (E)). Moreover we have that

the assumptions of [65, Theorem 17] are satisfied and hence Ptg(x, v) is differentiable
in x. Following the proof of [65, Theorem 17] one also has

|∇xPtg| ≤ C(1 + |x|m)eRt∥g∥C1,0
Φ
.

Note here since DΦg(x, v) = vT∇xg we have that Ck,0Φ coincides with the space of
continuous functions which are k-times continuously differentiable in the variable x.
By the same arguments one can also obtain

|∇2
xPtg| ≤ C(1 + |x|m)eRt∥g∥C2,0

Φ
.

Assumption 4.9: This will be established in Theorem 4.17.

4.3 Ergodicity of splitting schemes of BPS and ZZS

We shall now focus on results on ergodicity of splitting schemes of BPS and ZZS. In
particular we show existence of an invariant distribution, characterise the set of all
invariant distributions, and establish convergence of the law of the process to such
distributions with geometric rate. In order to prove this we rely on the following
classical result, due to Meyn and Tweedie [107] (here the specific statement is based
on [79, Theorem 1.2], see also [64, Theorem S.7] for the explicit constants). Recall
the definition of V -norm: ∥µ∥V := sup|g|≤V |µ(g)|.

Theorem 4.12. Consider a Markov chain with transition kernel P on a set E. Sup-
pose that there exist constants ρ ∈ [0, 1), C,α > 0, a function V : E → [1,+∞) and
a probability measure ν on E such that the two following conditions are verified:

1. Drift condition: for all x ∈ E,

PV (x) ≤ ρV (x) + C. (4.12)

2. Local Dobelin condition: for all x ∈ E with V (x) ⩽ 4C/(1− ρ),

δxP ⩾ αν .

Then, for all probability measures µ, µ′ on E and all n ∈ N,

∥µPn − µ′Pn∥V ⩽
C

α
κn∥µ− µ′∥V (4.13)

where κ = max(1−α/2, (3+ρ)/4). Moreover P admits a unique stationary distribution
µ∗ satisfying µ∗(V ) <∞.
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Remark 4.13. Under the Drift condition (4.12) alone, following the proof of [79,
Theorem 1.2] in the case α = 0 we get that for all probability measures µ, µ′ on E,

∥µP − µ′P∥V ⩽ (ρ+ 2C)∥µ− µ′∥V .

We shall now consider our splitting schemes and prove geometric ergodicity under
suitable conditions by showing that the assumptions of Theorem 4.12 are satisfied.
The splitting schemes of BPS and ZZS are respectively addressed in Theorems 4.15
and 4.17 below and, in both cases, the dependence of all constants in (4.13) on the step
size is made explicit (statements with more details are postponed to Appendixes 4.B
and 4.C). More precisely, in both cases, we obtain a local Doeblin (or minorisation)
condition with constant α after n∗ = ⌈t∗/δ⌉ steps, where t∗ > 0 plays the role of
physical time and n∗ is the number of steps needed to travel for an equivalent time.
Here t∗, α are independent of δ. On the other hand, we show that the drift condition
holds for one step of the kernel with constants ρ = 1 − bδ and C = Dδ, where b,D
and the Lyapunov function V are independent of δ. This implies that for any s > 0
and any δ ∈ (0, δ0]

(Pδ)
⌈s/δ⌉V ⩽ (1− bδ)⌈s/δ⌉ V +Dδ

⌈s/δ⌉−1∑
k=0

(1− bδ)k

⩽ e−bsV +
D

b
.

Applying Theorem 4.12, we get for Pn∗
δ a long-time convergence estimate which is

uniform over δ ∈ (0, δ0], that is for all δ ∈ (0, δ0] and n ≥ 1 we find

∥µ(Pn∗
δ )n − µ′(Pn∗

δ )n∥V ⩽
C ′

α
κn ∥µ− µ′∥V ,

where C ′ = D/b and κ = max(1−α/2, (3 + e−bt∗)/4). Observe that the rhs does not
depend on δ. Using the observation in Note 4.13, we can get convergence in V -norm
for Pn. Indeed for n = mn∗ + r with r < n∗ we have

∥µPnδ − µ′Pnδ ∥V = ∥µPmn∗+r
δ − µ′Pmn∗+r

δ ∥V

⩽
C ′

α
κm∥µP rδ − µ′P rδ ∥V

⩽
C ′

α
(1 + 2C ′)κm∥µ− µ′∥V

⩽ C ′′κ̃nδ∥µ− µ′∥V , (4.14)

where κ̃ = κ1/(t∗+δ0) ∈ (0, 1) and C ′′ = C ′ (1 + 2C ′) /(ακ) are independent from δ.
Here we used that with computations identical to above we get the drift condition
P rδ V ≤ (1 − bδ)V + D(1 − (1 − bδ)r)/b ≤ V + C ′, which is enough for the current
purpose. As a conclusion, the estimates given in Theorems 4.15 and 4.17 below (or
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in Appendixes 4.B and 4.C for more details) give the expected dependency in δ for
the convergence rate of the process toward equilibrium.

For splitting schemes of the BPS, we work under the following condition.

Assumption 4.14. The dimension is d ≥ 2, the velocity equilibrium ν is the uniform
measure on Sd−1. There exists C > 0 such that

1

C
|x|2 − C ⩽ ψ(x) ⩽ C|x|2 + C ,

1

C
|x| − C ⩽ |∇ψ(x)| ⩽ C|x|+ C

for all x ∈ Rd. Moreover, ∥∇2ψ∥∞ <∞ and, without loss of generality, inf ψ = 1.

Notice that, when d = 1, the BPS and the ZZS coincide, in which case we refer to
Theorem 4.17 below. Our result of ergodicity for splitting schemes of the BPS is the
following.

Theorem 4.15. Consider any scheme of the BPS based on the decomposition D,R,B.
Under Assumption 4.14, there exist δ0, a, C

′′ > 0, κ̃ ∈ (0, 1) and V : Rd × Sd−1 →
[1,+∞) satisfying

for all x ∈ Rd, v ∈ Sd−1, e|x|/a/a ⩽ V (x, v) ⩽ aea|x|

such that, for all δ ∈ (0, δ0], Theorem 4.12 is applicable and (4.14) holds with these
C ′′, κ̃, V .

Proof. The proof can be found in Appendix 4.B.

More care is required for the DBD scheme of the ZZS since this Markov chain
has periodicity and is not irreducible, which is reminiscent of the discrete-space Zig-
Zag chain studied in [111]. Let us illustrate this behaviour by considering the one
dimensional setting. Let (x, v) be the initial condition of the process. Since v has
magnitude 1, the position component x can only vary by multiples of the step size δ.
Thus for a fixed initial condition (x, v) the process remains on a grid (x+δZ)×{−1, 1}.
Moreover, after a single step of the scheme there are two possible outcomes: either
the velocity does not change, in which case x moves to x+δv, or the velocity is flipped
and the position remains the same. This means that the change in the position (by
amounts of δ) plus half the difference in the velocity always changes by ±1 each step
and hence is equal to the number of steps in the scheme up to multiples of two, i.e.

Xnδ − x
δ

+
1

2
(V nδ − v) ∈ n+ 2Z.

As a consequence, the chain lives on two disjoint sets depending on whether n is even
or odd, which means that it is periodic. To overcome this issue, we consider the chain
with one step transition kernel given by P 2

δ = PδPδ, i.e. we restrict to the case of
an even number of steps. The Markov chain with kernel P 2

δ is aperiodic, but it is
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not irreducible on Rd and hence has (infinitely) many invariant measures. In order
to characterise the invariant measures we restrict to the set in which the Markov
kernel P 2

δ is irreducible. For fixed (x, v) ∈ Rd ×{−1, 1}d we construct the grid which
contains (x, v) as follows:

D(x, v) := {(y, w) ∈ C × {±1}d : (yi, wi) ∈ D1(xi, vi) for all i = 1, . . . , d}, (4.15)

where D1(xi, vi) := D+(xi, vi) ∪D−(xi, vi), with

D+(xi, vi) := {(yi, wi) : wi = vi, yi = xi +mδ, m ∈ 2Z},
D−(xi, vi) := {(yi, wi) : wi = −vi, y = xi +mδ, m ∈ 2Z + 1}.

In this case we show in Theorem 4.17 that the Markov chain with transition kernel
P 2
δ is irreducible on D(x, v), has a unique invariant measure, πx,vδ , and is geometrically

ergodic. Now we can characterise all the invariant measures of the Markov chain with
transition kernel P 2

δ defined on Rd × {−1, 1}d as the closed convex hull of the set
{πx,vδ : x ∈ Rd, v ∈ {−1, 1}d}. Now consider the Markov chain with transition kernel
P 2
δ on Rd × {−1, 1}d. For any initial distribution µ we have convergence of µP 2n

δ to
some measure πµδ as n tends to ∞ and πµδ is given by

πµδ (φ) = (µπx,vδ )(φ) :=

∫
Rd×{−1,1}d

∫
Rd×{−1,1}d

φ(y, w)πx,vδ (dy,dw)µ(dx, dv). (4.16)

We use the next assumption to verify that Theorem 4.12 applies for initial conditions
drawn from probability distributions with support on D(x, v).

Assumption 4.16. Consider switching rates λi(x, v) = (vi∂iψ(x))+ + γi(x) for i =
1, . . . , d. ψ ∈ C2(Rd) and the following conditions hold:

(a) The switching rates λi(x, v) are such that there exist x0 ≥ 0 such that for all
x1 > x0

λ(x1) := min
i=1,...,d

min
(x,v): xivi∈[x0,x1], |xj |∈[x0,x1] for all j ̸=i

λi(x, v) > 0.

(b) For |x| ≥ R for some R > 0

sup e(t
2(|(v+w)T∇2ψ(y1))i|+2t|(w∇2ψ(y2))i|)γi(x+ vt)etvi∂iψ(x) ≤ γ0 < 1, (4.17)

where the supremum is over t ∈ (0, 1), y1, y2 ∈ B(x, t
√
d), v, w ∈ {−1, 1}d.

(c) Denote as B(x, δ
√
d) the ball with centre at x and radius δ

√
d. Then

lim
∥x∥→∞

sup
y1,y2∈B(x,δ

√
d)

max{1, ∥∇2ψ(y1)∥}
|∂iψ(y2)|

= 0

for all 0 ≤ δ ≤ δ0, i = 1, . . . , d, where δ0 = 2(1 + γ0)−1, for γ0 as in part (b).
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Part (a) in Assumption 4.16 is inspired by [21, Assumption 3] and is used to show
that a minorisation condition holds. This condition is either a consequence of prop-
erties of the target, or else can be enforced by taking a non-negative excess switching
rate, in which case γi(x) can be chosen to be a continuous function γi : Rd → (0,∞).
In principle one could prove a minorisation condition using the techniques of [24],
but this is beyond the scope of this paper. Part (b) is a condition on the decay of
the refreshment rate, while Part (c) is similar to Growth Condition 3 in [24] and is
satisfied for instance if ψ is strongly convex with globally Lipschitz gradient. These
two conditions are used to show that a drift condition holds.

Theorem 4.17. Consider the splitting scheme DBD for ZZS. Suppose Assump-
tion 4.16 holds. Then there exist C ′′, δ0 > 0, κ̃ ∈ (0, 1) and V : Rd×{−1, 1}d → [1,∞)
satisfying for all (x, v) ∈ Rd × {−1, 1}d

d∏
i=1

(1 + 2|∂iψ(x)|)−
1
2 ≤ V (x, v)

exp(βψ(x))
≤

d∏
i=1

(1 + 2|∂iψ(x)|)
1
2

for all β ∈ (0, 1/2) such that, for all δ ∈ (0, δ0], the following holds:

1. Fix (x, v) ∈ Rd × {−1, 1}d. Theorem 4.12 is applicable to P 2
δ = PδPδ seen as a

transition kernel on D(x, v), and the inequality (4.14) holds (with Pδ replaced
by P 2

δ ) with these C ′′, κ̃, V for any µ, µ′ having support on D(x, v).

2. For any probability measure µ on Rd × {−1, 1}d with µ(V ) < ∞, we have that
µP 2n

δ converges as n→∞ to the measure πµδ given by (4.16) where πx,vδ is the
unique invariant measure of P 2

δ on D(x, v) and we have

∥µP 2n
δ − µπ

x,v
δ ∥V ≤ C

′′κ̃nδ
∫
∥δ(x,v) − πx,vδ ∥V µ(dx,dv) . (4.18)

Proof. The proof can be found in Appendix 4.C.1.

Under similar assumptions we establish geometric ergodicity of schemes DRBRD,
RDBDR of ZZS, where the switching rates in the B part are λi(x, v) = (vi∂iψ(x))+,
i.e. the canonical rates, while refreshments in the R part are independent draws from
Unif({±1}d) with rate γ(x) : Rd → [0,∞). The rigorous statement of this result,
Theorem 4.31, and its proof can be found in Appendix 4.C.2.

4.4 Expansion of the invariant measure of splitting
schemes for BPS

In this section we investigate the bias in the invariant measure of different splittings of
BPS and draw conclusions on which schemes perform best. Motivated by Theorems
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Figure 4.1: Empirical error for the radius statistic t(x) = x2 with a one-dimensional
standard Gaussian target. The step size is set to δ = 1.0, the number of iterations
is N = 105, and the experiment is repeated 250 times. The schemes BDB (left) and
DBD (right) correspond to including the refreshment part in B. In schemes B DR B
(left) and DR B DR (right) we denote by B the standard bounce part, by DR the
transition kernel which corresponds to having refreshments and deterministic motion
together, and we use underscores to divide these two kernels. Here ν is the uniform
distribution on {±1}.

4.10 and 4.15, we assume that the processes corresponding to our splitting schemes
have an invariant distribution with density

µδ(x, v) = µ(x, v)(1− δ2f2(x, v) +O(δ4)), (4.19)

where µ(x, v) = ν(v)π(x), π is the target and ν is a distribution satisfying Assumption
4.19 below, e.g. the uniform distribution on the unit sphere or the standard Gaussian.
It is then our goal to compute and compare f2 for different schemes.

There are several splitting schemes that could be compared, and thus we make a
selection of the ones it is worth focusing on. The numerical simulations shown in
Figure 4.1 give an idea of the relative performance of the schemes. The plots show
that the schemes that have DBD as their limit as the refreshment rate goes to zero
have a smaller bias in the x component compared to those that converge to BDB.
Naturally the difference between the two schemes is expected to vanish as δ → 0 and
also appears to be diminishing as the dimension increases (see Figure 4.4). Based
on this result we decide to concentrate on schemes RDBDR, DBRBD, DRBRD,
as well as BDRDB. Note that all these schemes have the same cost of one gradient
computation per iteration (in BDRDB it is sufficient to keep track of the gradient
at the previous iteration).

Following the approach of [89] , we will show in Section 4.4.1 (more precisely in
Proposition 4.22) that the second order of the bias f2 can be computed analytically for
one-dimensional targets. We then focus on the dependence of f2 on the refreshment
rate, which is the only parameter of the algorithm (outside of δ). As we will see, and as
already hinted by Figure 4.1, some splittings like RDBDR and BDRDB are robust
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to poor choices of the refreshment rate, while others like DBRBD and DRBRD have
linear or quadratic dependence on λr. The numerical experiments of Section 4.4.2
confirm the theoretical results of Proposition 4.22 and suggest that the bias behaves
similarly in higher dimensions, where obtaining f2 analytically is very challenging. In
particular, in Figure 4.3 we show that, in the cases we consider, splitting RDBDR
is the scheme that shows the best overall behaviour. This scheme was shown to be
unbiased for standard Gaussian targets in Section 4.1.2, and is confirmed to have
f2 = 0 in such cases in Section 4.4.1. Moreover, we fully characterise the invariant
distribution of RDBDR in one dimension in Proposition 4.24.

Remark 4.18. In Section 4.3 we will see cases where a splitting scheme may admit
more than one invariant measure. In such cases it is not immediately clear what the
expansion (4.19) means. In order to make (4.19) consistent as δ → 0, in those cases
we consider µδ as the limit of the law of the splitting scheme as the number of steps
tends to infinity when the process is started according to µ.

4.4.1 Computing f2

Let us discuss briefly how to find f2 with the approach of [89]. Using the Baker-
Campbell-Hausdorff (BCH) formula (see e.g. [28]) we can find L2 such that

Ex,v[f(Xδ, V δ)] = f(x, v) + δLf(x, v) + δ3L2f(x, v) +O(δ4).

Here L is the infinitesimal generator of the continuous time process. Integrating both
sides with respect to µδ and using that µδ is an invariant measure for the splitting
scheme we obtain∫

f(x, v)µδ(x, v)dxdv =

∫
f(x, v)µδ(x, v)dxdv + δ

∫
Lf(x, v)µδ(x, v)dxdv

+ δ3
∫
L2f(x, v)µδ(x, v)dxdv +O(δ4).

Substituting for µδ with the expansion (4.19) we have

0 = δ

∫
Lf(x, v)µ(x, v)dxdv − δ3

∫
Lf(x, v)µ(x, v)f2(x, v)dxdv

+ δ3
∫
L2f(x, v)µ(x, v)dxdv +O(δ4).

Since µ is an invariant measure for BPS we have
∫
Lfpdxdv = 0 which gives the

equation

L∗(µf2) = L∗
2µ. (4.20)

Here L∗ and L∗
2 are the adjoints on L and L2 in L2 with respect to Lebesgue measure.

Since there is not a unique solution to the equation (4.20) we need to impose a
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compatibility condition. Since both µ̂ and µ are probability densities, integrating
(4.19) gives the requirement ∫

f2(x, v)µ(x, v)dxdv = 0. (4.21)

It is then the goal of this section to solve (4.20) and compare the solutions corre-
sponding to the different splitting schemes. We start by computing the term L∗

2 using
the BCH formula. Recall that the adjoint of the generator of BPS is given by

L∗g(x, v) = −⟨v,∇xg(x, v)⟩+ ((gλ1)(x,R(x)v)− (gλ1)(x, v))

+ λr

(
ν(v)

∫
g(x, y)dy − g(x, v)

)
.

We now compute L∗
2 for the splitting schemes DBRBD, RDBDR, DRBRD,

BDRDB. Let us start with an assumption on the invariant distribution of the velocity
vector.

Assumption 4.19. The invariant measure for the velocity component ν satisfies the
following conditions:

1. Invariance under rotations: ν(w) = ν(v) for any v, w such that |v| = |w|;

2. Mean zero: Eν [V ] = 0;

3. Isotropic: for some b > 0 it holds that Covν(V ) = bI.

These properties hold for instance if ν is the standard Gaussian distribution, as
well as if ν is the uniform on the unit sphere (in that case b = 1/d).

Proposition 4.20. Let Assumption 4.19 hold and define

A(x, v) =
3

2
λr

(
b tr
(
∇ψ(x)∇ψ(x)T −∇2ψ(x)

)
+ 2⟨v,∇ψ(x)⟩λ1(x,R(x)v) + ⟨v,∇2ψ(x)v⟩

)
,

B(x, v) =
3

2
λ1(x,R(x)v)

(
⟨v,∇2ψ(x)v⟩ − ⟨R(x)v,∇2ψ(x)R(x)v⟩

)
+

1

2
⟨v,∇x(⟨v,∇2ψ(x)v⟩)⟩,

C(x, v) = 3λ1(x,R(x)v)
(
− 2⟨v,∇2ψ(x)v⟩+ ⟨v,∇ψ(x)⟩2

)
− ⟨v,∇(⟨v,∇2ψ(x)v⟩)⟩,

D(x, v) =
3

2
λr

(
b tr
(
∇ψ(x)∇ψ(x)T−∇2ψ(x)

)
+⟨v,∇2ψ(x)v⟩

+ ⟨v,∇ψ(x)⟩
(
3λ1(x,R(x)v) + λ1(x, v)

))
.
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The splitting scheme DBRBD satisfies

L∗
2µ(x, v) =

µ(x, v)

12

(
A(x, v) +B(x, v)

)
.

The splitting scheme RDBDR satisfies

L∗
2µ(x, v) =

µ(x, v)

12
B(x, v).

The splitting scheme DRBRD satisfies

L∗
2µ(x, v) =

µ(x, v)

12

(
D(x, v) +B(x, v) +

3

2
λ2r⟨v,∇ψ(x)⟩

)
.

The splitting scheme BDRDB satisfies

L∗
2µ(x, v) =

µ(x, v)

12

(
−A(x, v) + C(x, v)

)
.

Proof. The proof can be found in Appendix 4.E.

Remark 4.21. Clearly, if L∗
2µ = 0 then f2 must be a constant that satisfies (4.21)

and hence it must be that f2 = 0, i.e. the second order term in µδ is zero. This
is the case for instance for scheme RDBDR when the target is a multidimensional
standard Gaussian. Indeed in Section 4.1.2 we proved that RDBDR is unbiased for
standard Gaussian targets, thus this is a consistent result. In the same setting, we
observe that f2 = 0 for schemes DBRBD and DRBRD when the refreshment rate
is λr = 0. This is an expected result, as when λr = 0 these schemes coincide with
RDBDR. In Figure 4.2 we confirm that, for a one-dimensional standard Gaussian
and when λr = 0, the scheme DBD is unbiased, while the scheme BDB is of second
order.

Equation (4.20) is in general hard to solve, as the adjoint of BPS contains both
derivatives and integrals. Nonetheless, we are able to solve (4.20) and find f2 in the
one-dimensional case, as stated in the next Proposition.

Proposition 4.22. Consider the one-dimensional setting with state space R× {±1}
and target distribution µ(x, v) = π(x)ν(v) with π ∝ exp(−ψ) and ν = Unif({±1}).
Let λr ≥ 0 be the refreshment rate. Then the function f2 that solves (4.20) is

f2(x,+1) = f+2 (0) +

∫ x

0

((
λr
2

+ (−ψ′(y))+

)
g(y)− L

∗
2µ(y,+1)

µ(y,+1)

)
dy,

f2(x,−1) = f2(x,+1) + g(x),

where

g(x) = exp (ψ(x))

∫ x

−∞

(
L∗
2µ(y,+1)

µ(y,+1)
+
L∗
2µ(y,−1)

µ(y,−1)

)
exp(−ψ(y))dy,
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Figure 4.2: Error for the radius statistic for a one-dimensional standard Gaussian
target. Here λr = 0 for both schemes DBD and BDB. The dashed, blue line corre-
sponds to second order convergence. The time horizon is fixed to T = 105 and the
number of iterations is N = T/δ. The experiment is repeated 250 times.

f+2 (0) = −
∫ ∞

−∞

(g(x)

2
+

∫ x

0

((
λr
2

+ (−∂ψ(y))+

)
g(y)− L

∗
2µ(y,+1)

µ(y,+1)

)
dy
)
π(x)dx.

Proof. The proof can be found in Appendix 4.D.1.

Remark 4.23. An immediate consequence of Propositions 4.20 and 4.22 is that in the
one dimensional case the second order term of the bias of scheme RDBDR is always
independent of the refreshment rate and of v. Indeed applying the propositions we
find

f2(x, v) = f+2 (0)− 1

24

∫ x

0

ψ(3)(y)dy (4.22)

with f+2 (0) = 1
24

∫∞
−∞

∫ x
0
ψ(3)(y)dyπ(dx).

In fact, in 1D, for the scheme RDBDR, we can get an explicit expression for the
invariant measure.

Proposition 4.24. Consider the scheme RDBDR for BPS in one dimension, where
the velocity is refreshed from ν = Unif({±1}). Then for a fixed initial condition x ∈ R
and step size δ the distribution with support on {y ∈ R : y = x + nδ, n ∈ Z} × {±1}
given by

µδ(y, v) ∝ e−ψδ(y)

where ψδ(x) = ψ(x) and for y = x+ nvδ, n ∈ N

ψδ(y) = ψ(x) + δ

n∑
ℓ=1

ψ′(x+ (ℓ− 1/2)vδ)
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is stationary for the process. Moreover, under the conditions of Theorem 4.17 we
obtain that µδ is ergodic, in the sense that for all bounded functions

lim
N→∞

1

N

N∑
n=1

f(Xtn , V tn) = µδ(f) Px,v − a.s.

Proof. The proof can be found in Appendix 4.D.2.

Once again it is clear that the scheme is unbiased in the Gaussian case ψ(x) =
x2/(2σ2) (in the sense that ψδ(y) = ψ(y) for all y = x+ nδv, i.e. the BPS is ergodic
with respect to the restriction of the true Gaussian target to the grid, and moreover
the target measure is invariant for the scheme). More generally, for y = x+ vnδ with
n ∈ N we get

ψ(y) = ψ(x) +

n∑
ℓ=1

∫ δ/2

−δ/2
ψ′(x+ v(ℓ− 1/2)δ + u)du

= ψδ(y) +
1

2

n∑
ℓ=1

∫ δ/2

−δ/2
u2ψ(3)(x+ v(ℓ− 1/2)δ)du+O(nδ5)

= ψδ(y) +
δ2

24

∫ y

x

ψ(3)(u)du+O(δ4|x− y|) .

Setting x = 0 this gives ψδ = ψ + δ2f2 + O(δ4) with f2(y) =
∫ y
0
ψ(3)(u)du, which is

the same of Equation (4.22). Indeed the term f+2 (0) in (4.22) was introduced to make
exp(−ψ)(1 + δ2f2) a probability distribution and would appear also in the present
context. Hence Propositions 4.22 and 4.24 agree.

4.4.2 Application to three one-dimensional target distribu-
tions

In this section we compare the splitting schemes by applying Proposition 4.22 to three
one-dimensional target distributions: a centred Gaussian distribution, a distribution
with non-Lipschitz potential ψ(x) = x4, and a Cauchy distribution. The formal
statements can be found in the Appendix 4.D.3, correspondingly in Propositions
4.35, 4.36, 4.37. Here instead of giving the complicated analytic expressions for f2 in
all cases, we give plots of the TV distance between µ and µδ as a function of λr as
given by Propositions 4.35, 4.36, 4.37. The results, both according to the theory and
numerical simulations, are shown in Figure 4.3.

Let us briefly explain how the TV distance is derived from the analytic expression of
f2. We shall focus on the position part of µδ, which we denote as πδ. By marginalising
and recalling in this context ν = Unif({±1}) we obtain

πδ(x) = π(x)

(
1− δ2

2
(f2(x,+1) + f2(x,−1))

)
+O(δ4), (4.23)
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Using (4.23) we can express the TV distance between π and πδ as

∥π − πδ∥TV =
δ2

2
sup
A

∣∣∣∣∫
A

(f2(x,+1) + f2(x,−1))π(x)dx

∣∣∣∣+O(δ4). (4.24)

The δ2 contribution of the rhs can be computed by plugging in the expressions for f2
found in Propositions 4.35, 4.36, and 4.37. We neglect higher order terms.

Let us comment on these results. First of all, the theoretical results are consistent
with the numerical experiments of Figure 4.3. Indeed, it is clear that the schemes
RDBDR and BDRDB have a bias that is independent of the refreshment rate,
while DBRBD and DRBRD have respectively linear and quadratic dependence. In
the one-dimensional case, the plots show that it is best to choose λr = 0, which is
possible as in this case BPS is irreducible. However, in higher dimensional settings it
is necessary to take λr > 0 as shown in Figure 4.4. Since choosing a good value of λr
is difficult and depends on the target distribution, it is desirable to use schemes that
have good performance for most values of λr. Moreover, it is clear from Figure 4.3
that RDBDR is indeed unbiased in the Gaussian case, and also has the smallest bias
out of all the considered splittings with the exception of the Cauchy target, where the
difference in performance between RDBDR and BDRDB is almost negligible and
seems to slightly favour the latter in experiments. In this case, we also see a small
dependence on λr for RDBDR and BDRDB, which could be due to higher order
terms.

The experiments in Figure 4.4 suggest that the findings of the one-dimensional
case extend to multi-dimensional targets. In particular, RDBDR has either a better
performance than other splittings or behaves very similarly to BDRDB both on an
independent as well as a correlated Gaussian. Moreover, the independence on λr of
the bias of schemes DBRBD and DRBRD is confirmed also when d > 1.

In conclusion, we have conducted a detailed analysis of the bias in the invariant
measure, both theoretical in Propositions 4.35, 4.36, 4.37, and empirical in Figures
4.1, 4.2, 4.3, 4.4, and the evidence suggests that RDBDR is the best candidate out
of the pool of splitting schemes that are available. The closest competitor BDRDB
shows similar performance in some settings, but a larger bias in others in which
RDBDR enjoys desirable properties.

4.5 Numerical experiments

In this section we discuss some numerical simulations for the proposed sam-
plers. The codes for all these experiments can be found at https://github.com/

andreabertazzi/splittingschemes_PDMP.

https://github.com/andreabertazzi/splittingschemes_PDMP
https://github.com/andreabertazzi/splittingschemes_PDMP
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(a) TV distance according to Proposition
4.35

(b) Absolute value of the error for the ra-
dius statistic.

(c) TV distance according to Proposition
4.36.

(d) Absolute value of the error for the ra-
dius statistic.

(e) TV distance according to Proposition
4.37.

(f) Absolute value of the error for
min{4, x2}.

Figure 4.3: Total variation distance to the true target as given by the second order
term in (4.24) (left) and numerical simulations (right) for the various splittings. The
top row is obtained with standard Gaussian target, the middle row with ψ(x) = x4,
and the bottom row with a one dimensional Cauchy target with γ = 1. In all plots
δ = 0.5 and the number of iterations is N = 2 · 105. In the Gaussian and Cauchy
cases we initialise the processes at µ.
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(a) d = 2, ρ = 0. (b) d = 10, ρ = 0.

(c) d = 2, ρ = 0.7. (d) d = 10, ρ = 0.7.

Figure 4.4: Error of estimators of the radius with splitting schemes for BPS with a
Gaussian target with covariance Σii = 1, Σij = ρ for i ̸= j. The step size is δ = 0.5
and the number of iterations is N = 2 · 105. The processes are initialised with a draw
from µ.

4.5.1 Gaussian target

Here we study the behaviour of the proposed algorithms on two types of Gaussian
targets. The first type is a correlated Gaussian, for which the covariance matrix has
unitary variances and correlation ρ between all components. The second type is an
independent Gaussian, where components i ≥ 2 have unitary variance, while the first
component has (small) variance σ2. We study the performance of our algorithms as a
function of ρ and σ2, as well as of the step size δ and the dimension of the target. In
particular we first focus on the number of rejections in the Metropolised algorithms,
that is Algorithms 13 and 14, and then we focus on the error in the estimation of the
expected radius for all our algorithms.

Figure 4.5 shows the number of rejections in adjusted algorithms, with the left
part of the plot showing the first type of Gaussian target and the right part showing
the second. This experiment allows us to understand the efficiency of the Metropolis
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(a) Here δ = 0.3 and d = 20. (b) Here δ = 0.3 and d = 20.

(c) Here ρ = 0.5 and d = 20. (d) Here σ2 = 0.1 and d = 20.

(e) Here δ = 0.3 and ρ = 0.5. (f) Here δ = 0.3 and σ2 = 0.1.

Figure 4.5: Fraction of rejected proposals in the Metropolis step for Algorithms 13
and 14. The plots on the left are obtained running the algorithms with a Gaussian
target with covariance Σii = 1, Σij = ρ for j ̸= i, while the plots on the right with
diagonal covariance Σ11 = σ2, Σii = 1 for i ̸= 1. In all experiments the refreshment
rate for BPS is λr = 0.5.
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(a) Here δ = 0.3 and d = 20. (b) Here δ = 0.3 and d = 20.

(c) Here ρ = 0.5 and d = 20. (d) Here σ2 = 0.1 and d = 20.

(e) Here δ = 0.3 and ρ = 0.5. (f) Here δ = 0.3 and σ2 = 0.1.

Figure 4.6: Error for the radius statistic for Algorithms 11, 12, 13, 14, as well as the
continuous ZZS and BPS. The plots on the left are obtained running the algorithms
with a Gaussian target with covariance Σii = 1, Σij = ρ for j ̸= i, while the plots on
the right with diagonal covariance Σ11 = σ2, Σii = 1 for i ̸= 1. In all experiments the
refreshment rate for BPS is λr = 0.5. The processes are started from a draw of the
target. The time horizon is T = 103 and the number of iterations is N = ⌈T/δ⌉. The
radius is estimated with the usual Monte Carlo averages.
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adjusted algorithms, as a larger fraction of rejections corresponds to more computa-
tions required to obtain an accepted state. What we observe is that the adjusted ZZS
defined in Algorithm 13 is exact for targets with diagonal covariance as expected,
but the number of rejections increases with the correlation between components of
the target. It is well known that the continuous time ZZS has lower efficiency for
correlated targets (see [15]), and in the case of Algorithm 13 this is seen as a large
number of reflections. On the other hand, the adjusted BPS given by Algorithm 14
appears to suffer when σ2 is small, while the number of rejections remains controlled
for large correlation ρ.

Figure 4.6 shows the error in the estimation of the expected radius for the adjusted
and unadjusted algorithms, as well as for the continuous BPS and ZZS. As expected,
ZZS is sensitive to high correlation between components and its error increases with
ρ. It is possible to improve in these cases by applying the adaptive schemes proposed
in [15], which learn the covariance structure of the target and use this information
to tune the set of velocities of the ZZS suitably. It seems also clear that the schemes
based on ZZS are more robust when the target is very narrow in some components.
This is a reasonable behaviour, as DBD schemes for ZZS essentially decompose the
target in one dimensional problems, hence the chain can explore efficiently some
components while being stuck in others. As a consequence, in the second type of
Gaussian target the chain will rarely move in the component with small variance,
but it can freely move in the other components. On the other hand, in BPS the
switching rate and reflection operator are dominated by the component with small
variance, thus the whole chain is affected by settings with e.g. small variances of
some components. We observe that the adjusted BPS given by Algorithm 14 is more
robust than its unadjusted counterpart. For these reasons, Algorithms 11, 13, and 14
are to be preferred in case of stiff targets.

4.5.2 Image deconvolution using a total variation prior

In this section we test Algorithm 13 on an imaging inverse problem, which we solve
with a Bayesian approach. In the following we shall refer to an image either as a N×N
matrix or as a vector of length N2, which is obtained by placing each column of the
matrix below the previous one. We set d = N2. In both cases each entry corresponds
to a pixel. Now denote as x ∈ Rd the image we are interested in estimating and
y ∈ Rd the observation. The observation is related to x via the statistical model

y = Ax+ ξ,

where A is a d × d-dimensional matrix which may be degenerate and ill-conditioned
and ξ a d-dimensional Gaussian random variable with mean zero and variance σ2Id.
The forward problem we consider is given by a blurring operator, i.e. A acts by a
discrete convolution with a kernel h. In our examples h will be a uniform blur operator
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with blur length either 9 or 25. The likelihood of y given x is given by

p(y|x) ∝ e−fy(x),

fy(x) =
1

2σ2
∥Ax− y∥2.

In the Bayesian approach one then has to place a prior distribution on x. Here we
choose the total variation prior:

p(x) ∝ e−g(x),

where θ > 0 and g(x) = θ∥x∥TV is the total variation of the image x (see [142]) and
is given by

∥x∥TV :=

N∑
i,j=1

(|xi+1,j − xi,j |+ |xi,j+1 − xi,j |).

The total variation prior corresponds to the ℓ1-norm of the discrete gradient of the
image and therefore promotes piecewise constant reconstructions. Note that this prior
is not smooth and hence we cannot directly apply the gradient based algorithms such
as the unadjusted Langevin algorithm (ULA), BPS or ZZS. Therefore we approximate
g with a Moreau-Yosida envelope

gλ(x) = min
z∈Rd

{
g(z) +

1

2λ
∥x− z∥2

}
.

By [140, Proposition 12.19] we have that gλ is Lipschitz differentiable with Lipschitz
constant λ−1 and

∇gλ(x) =
1

λ
(x− proxλg (x)),

proxλg (x) = arg min
z∈Rd

{
g(z) +

1

2λ
∥x− z∥2

}
.

Using Bayes theorem, we have the posterior distribution

π(x) := p(x|y) ∝ e−fy(x)−θg
λ(x). (4.25)

We select the optimal θ by using the SAPG algorithm [156, 50] and we choose λ
based on the guidelines given in [63], which set λ = 1/Lf where Lf is the Lipschitz
constant of fy. Sampling from this model using MCMC schemes is difficult because
x is usually very high dimensional and the problem is ill-conditioned. In this case
the unadjusted Langevin algorithm can be very expensive to run since the step size is
limited by 2/L, where L = Lf +λ−1 is the Lipschitz constant of ∇ log π. Note that we
do not consider an unadjusted underdamped Langevin algorithm since this algorithm
scales poorly (see [35, 60]) with the conditioning number which is very large in these
examples.
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Figure 4.7: Results for the reconstruction of one of the MNIST handwritten digits
using a TV prior. The observed image is obtained with a blur length of 9 pixels
and then adding Gaussian noise with standard deviation σ = 0.0014. The step size
for ULA is 1.98/L, for ZZS is 3000/L, where L ≈ 1042855.81. Mean after 2 × 103

iterations (second column) and after 106 iterations (third column) of the samplers
based on the states at iterations n× 103 for n = 0, . . . , 100.

We are now interested in drawing samples from the posterior (4.25), and in par-
ticular we compare the unadjusted ZZS (Algorithm 11, abbreviated as UZZS in the
plots)), the unadjusted Langevin algorithm (ULA), as well as the continuous ZZS.
Indeed, we can compute the Lipschitz constant of the gradient of the negative log-
posterior, L, and thus we can implement the exact ZZS using the Poisson thinning
technique based on the simple bound

λi(x+ vt, v) ≤ tL
√
d+ λi(x, v). (4.26)

In order to compare the computational cost of the continuous ZZS to the unadjusted
ZZS and to ULA we count each proposal for an event time obtained by Poisson
thinning as a gradient evaluation and thus as an iteration. Indeed, an update of
the computational bounds requires the evaluation of λi(x, v) for all i = 1, . . . , d and
thus the full gradient has to be computed. To estimate the posterior mean for the

continuous ZZS we compute the time average T−1
∫ T
0
Xtdt.

In Figures 4.7 and 4.9 we show the original images, the observed images after blur-
ring and adding noise, and the estimated posterior mean using the different samplers.
Figure 4.8 shows the mean square error (MSE) between the true image and the esti-
mated posterior mean as a function of the number of iterations. The MSE is computed
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Figure 4.8: Mean square errors as defined in (4.27) for the setting of Figure 4.7 (left)
and of Figure 4.9 (right).

for two images x, y ∈ [0, 1]N×N as

MSE(x, y) =
1

N2

N∑
i=1

N∑
j=1

(xij − yij)2. (4.27)

It is clear in both Figures 4.7 and 4.9 that the unadjusted ZZS shows the fastest
convergence to the posterior mean. This is clear from visual inspection of the recon-
structed images, as the reconstruction of ZZS are less noisy after just a few thousand
iterations, and even more evident from the MSE shown in Figure 4.8. In the case
of Figure 4.7 it appears ZZS has essentially converged after 105 iterations, while it
takes around 4×105 iterations for ULA to obtain a comparable approximation of the
posterior mean. This is likely due to the fact that the step size of ULA must be very
small or otherwise the process tends to infinity, while for ZZS larger step sizes can be
selected. For instance in the context of Figure 4.7 the step size for ULA is approxi-
mately 1.9×10−6, which is the largest available value without going over the stability
barrier, while for ZZS the step size is 2.9× 10−3. This constitutes a major difference
because every iteration is very computationally intensive, as the target distribution
e.g. for the context of Figure 4.9 is of dimension 65536. Notably each iteration in-
volves solving an optimisation problem, which is solved by the SAPG algorithm. A
similar behaviour is observed for the cameraman image shown in Figure 4.9. In this
case the unadjusted ZZS needs around 6×104 gradient evaluations to converge, while
ULA still has not achieved the same accuracy after 2× 105 iterations. This difference
can also be seen from the reconstructions after 2×103 iterations shown in Figure 4.9,
as indeed the unadjusted ZZS gives a clearly better estimate for the posterior mean.
Finally, let us compare the unadjusted ZZS with the continuous time ZZS. It is clear
from our experiments that ZZS performs poorly compared to its discretisation. The
reason is twofold. First, the major drawback of Poisson thinning using the bounds
(4.26) is that a considerable proportion of the proposed event times are rejected (in
our examples the rejection rate is around 70− 80%). Moreover, the rates λi are very
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Figure 4.9: Results for the reconstruction of full 256 × 256 pixels cameraman im-
age using a TV prior. The observed image is obtained with a blur length of 25
pixels and then adding Gaussian noise with standard deviation σ = 0.0021. The re-
constructions show the estimated mean after 2 × 103 iterations (top row) and after
2 × 105 iterations (bottom row) of the samplers based on the states at iterations
n× 103 for n = 0, . . . , 200. The step size for ULA is 1.98/L, for ZZS is 1000/L, where
L ≈ 518349.52.

large in the current framework and the process can have even 109 switches per contin-
uous time unit. This means that many gradient computations are required to travel
a decent distance and thus the process itself is expensive to run. The combination
of these two phenomena implies an important loss of efficiency, which explains the
results of our simulations.

4.5.3 Chain of interacting particles

Finally, let us consider a problem which will serve as an illustration of a typical context
where ZZS is favored with respect to other samplers. This is a toy model that presents
in a simpler form features which are similar to the molecular system considered in
[113], where splitting schemes involving velocity bounces have proven efficient. We
consider a chain of N particles in 1D, labeled from 1 to N . The particles interact
through two potentials: a chain interaction, where the particle i interacts with the
particles i − 1 and i + 1; and a mean-field interaction, where each particle interacts
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with all the others. For x ∈ RN , the potential is thus of the form

ψ(x) =

N−1∑
i=1

V (xi − xi+1) +
a

N

N∑
i,j=1

W (xi − xj) ,

where a > 0 measures the strength of the mean-field interaction, V is the chain
potential and W is the mean-field potential. In the following we take

V (s) = s4, W (s) = −
√

1 + s2 ,

for s ∈ R, i.e. the chain interaction is an anharmonic quartic potential which con-
strains two consecutive particles in the chain to stay close, while the mean-field in-
teraction induces a repulsion from the rest of the system. Although this specific ψ is
an academic example meant for illustration purpose, its general form is classical in
statistical physics.

Notice that ψ is invariant by translation of the whole system, so that e−ψ is not
integrable on RN . However we are not interested in the behavior of the barycentre
x = 1

N

∑N
i=1 xi, so we consider e−ψ as a probability density on the subspace {x ∈

RN , x = 0}, which amounts to looking at the system of particles from its center
of mass. Anyway, in practice, we run particles in RN without constraining their
barycentre to zero, which does not change the output as long as we estimate the
expectations of translation-invariant functions. Specifically, here, we consider the
empirical variance of the system

v(x) =
1

N2

N∑
i,j=1

(xi − xj)2 .

The important points concerning this model (which are typically met in real molec-
ular dynamics as in [113]) are the following. The forces ∇ψ can be decomposed in two
parts, one of which (the chain interaction) is unbounded and not globally Lipschitz
but is relatively cheap to compute (with a complexity O(N)), while the second part
(the mean-field interaction) is bounded but numerically expensive (with a complexity
O(N2)). If this decomposition is not taken into account, so that we simply run a
classical MCMC sampler based on the computation of ∇ψ, then the step size has to
be very small because of the non-Lipschitz part of the forces, and then each step is
very costly because of the mean-field force. Besides, due to the non-Lipschitz part,
sampling a continuous-time PDMP via thinning would not be very efficient (in fact
in this specific simple case it could be possible to design a suitable thinning proce-
dure with some effort, but this would be more difficult with 3D particles and singular
potentials such as the Lennard-Jones one [113]).

Now, as was already discussed in Section 4.1.3 for subsampling, PDMPs and their
splitting schemes can be used with a splitting of the forces. In the present case, we
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consider a ZZS where the switching rate of the i-th velocity is given by

λi(x, v) = (vi(V
′(xi − xi+1)− V ′(xi−1 − xi)))+ +

a

N

∑
j ̸=i

(viW
′(xi − xj))+ ,

where, for the particles 1 and N , we set x0 = x1 and xN+1 = xN to cancel out the
corresponding terms. The corresponding continuous-time ZZS has the correct invari-
ant measure (once centered). We consider the DBD splitting to approximate this
ZZS (although several other choices are possible, e.g. including the Poisson thinning
part in the D step and having only jumps according to the potential V in the B part).
To sample the jump times of the i-th velocity, using that |W ′(s)| ⩽ 1 for all s ∈ R, we
sample two jump times with rates respectively (vi(V

′(xi − xi+1)− V ′(xi−1 − xi)))+
and a. If both times are larger than the step size δ, then the velocity is not flipped.
Else, if the time corresponding to the first rate is smaller than δ and than that cor-
responding to the second, then we flip the i-th velocity. Alternatively, if the second
time is smaller than δ and than the first, we draw J ∼ Unif({1, . . . , N}) and we flip
the sign of the i-th velocity with probability (viW

′(xi − xJ))+ /a (note that if J = i
then this probability is indeed 0). Since in this case the rates are not canonical due
to the splitting of forces, this procedure is repeated until there are no events before
the end of the time step. This results in O(1) computations per particle on average,
hence O(N) for the whole system.

(a) N = 25, a = 0.01. (b) N = 25, a = 1. (c) N = 25, a = 10.

(d) N = 50, a = 1. (e) N = 100, a = 1.

Figure 4.10: Empirical variance (on the y-axis) and runtime in seconds (on the x-
axis) for various values of N and a in the setting of Section 4.5.3. The green line
corresponds to the unadjusted ZZS, the red line corresponds to HMC, and the dashed
black line corresponds to the estimated empirical variance with a long run of HMC
(when computationally feasible).
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We compare this scheme with an HMC sampler implemented in the Julia package
[160]. This contains state of the art techniques and implementation of HMC. The
results of our simulations are shown in Figure 4.10. Initially, particles are i.i.d. stan-
dard Gaussian variables. This gives a configuration which is far from the modes of
the target distribution, where particles are organized so that i 7→ xi is close to the
monotonous profile which minimizes ψ (by the symmetry i ←→ N + 1 − i there are
two such modes, but the empirical variance is unchanged by this symmetry so that
it is sufficient to see one of them). For both ZZS and HMC, the convergence of the
estimator is thus essentially driven by a deterministic motion from the biased initial
condition towards a mode. It is clear that our algorithm gives considerably cheaper
yet accurate estimates of the empirical variance for all values of a and N considered.
This is the result of the subsampling procedure, which reduces the cost per iteration
from O(N2) to O(N), whereas in each iteration of HMC the full mean-field interaction
needs to be computed. Notably, as expected the gain in performance increases with
the number of particles N , which makes the required runtime of HMC prohibitive for
large values of N .

4.A Proofs of Section 4.2

4.A.1 Proof of Theorem 4.10

Proof. Fix g ∈ C2,0Φ ∩D(L). By a telescoping sum we have

Ez[g(Ztn)]− Ez[g(Ztn)] =

n−1∑
k=0

(Ez[Ptn−tk+1
g(Ztk+1

)]− Ez[Ptn−tkg(Ztk)]).

For each k ∈ {0, . . . , n− 1}, set fk(y, s) = Ptn−tk−sg(y) then we have

Ez[g(Ztn)]− Ez[g(Ztn)] =

n−1∑
k=0

Ez[fk(Ztk+1
, δ)− fk(Ztk , 0)].

By conditioning on Ztk it is sufficient to prove that

|Ez[fk(Zδ, δ)]− fk(z, 0)| ≤ R(1 + |z|M )∥g∥C2,0
Φ
δ3. (4.28)

Indeed if we have that (4.28) holds then by Assumption 4.9 we have

|Ez[g(Ztn)]− Ez[g(Ztn)]| ≤ Cδ3
n−1∑
k=0

eR(tn−tk)Ez[G(Ztk)]

≤ C∥g∥C2,0
Φ
eRtnδ3nGM (z),

which gives the desired result. It remains to show that (4.28) holds.
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As done in [16] we rewrite the lhs as

Ez[fk(Zδ, δ)]− fk(z, 0) = Ez[fk(Zδ, δ)]− fk(φδ(z), δ) + fk(φδ(z), δ)− fk(z, 0).
(4.29)

In particular, with identical steps to [16] we can rewrite the last two terms on the left
hand side of (4.29) using the fundamental theorem of calculus and that ∂sfk(z, s) =
−Lfk(z, s):

fk(φδ(z), δ)− fk(z, 0) = −
∫ δ

0

λ(φr(z))[Q(fk(·, r))(φr(z))− fk(φr(z), r)]dr.

Then we compute the expectation in the right hand side of (4.29), collecting a term
for the case of no jumps, a single jump and the case of multiple jumps

Ez[fk(Zδ, δ)]− fk(z, δ) =

=

∫∫ δ

0

Q(φδ/2(z),dz̃)(fk(φδ/2(z̃), δ)−fk(φδ(z), δ))λ(φδ/2(z))e−sλ(φδ/2(z))−(δ−s)λ(z̃)ds

(†)

+

∞∑
ℓ=2

Ez[(fk(Zδ, δ)− fk(φδ(z), δ))1{ℓ events}] (‡)

−
∫ δ

0

λ(φr(z))[Q(fk(·, r))(φr(z))− fk(φr(z), r)]dr. (‡†)

Observe that the sum in the second term (‡) can be truncated from ℓ = 3 onward as
we only wish to get an order δ3 local error. Indeed, we have |fk| ≤ ∥g∥∞ and hence∣∣∣∣∣

∞∑
ℓ=3

Ez[(fk(Zδ, δ)− fk(φδ(z), δ))1{ℓ events}]

∣∣∣∣∣ ≤ 2∥g∥∞Pz(ℓ ≥ 3 events)

≤ 2∥g∥∞
∫ ∫ δ

0

∫ δ−s1

0

∫ δ−s1−s2

0

λ(φδ/2(z))e−s1λ(φδ/2(z))λ(z1)e−s2λ(z1)λ(z2)e−s3λ(z2)

Q(φδ/2(z),dz1)Q(z1,dz2)Q(z2,dz3) ds1ds2ds3

≤ 2∥g∥∞
∫

(1− e−δλ(φδ/2(z)))(1− e−δλ(z1))(1− e−δλ(z2))Q(φδ/2(z),dz1)Q(z1,dz2)

≤ 2δ3∥g∥∞
∫
λ(φδ/2(z))λ(z1)λ(z2)Q(φδ/2(z),dz1)Q(z1,dz2)

≤ 2δ3∥g∥∞
∫
λ(φδ/2(z))λ(z1)Q(φδ/2(z),dz1)Qλ(z1)

≤ 2δ3∥g∥∞ λ(φδ/2(z))Q(λ(·)Qλ(·))(φδ/2(z))

where we used that 1 − exp(−z) ≤ z for z ≥ 0. By Assumption 4.7 we have that
λQ(λQλ) is polynomially bounded and therefore we can bound (‡) by

(‡) =

∫
Q(φδ/2(z),dz1)Q(z1,dz2)

(
fk(φδ/2(z2), δ)− fk(φδ(z), δ)

)
·
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·
∫ δ

0

∫ δ−s1

0

λ(φδ/2(z))e−s1λ(φδ/2(z))λ(z1)e−s2λ(z1)e−(δ−s1−s2)λ(z2)ds2 ds1

+O(∥g∥∞(1 + |z|3mλ)δ3).

Here and throughout we understand F (z, δ, g) = O(∥g∥C2
Φ

(1 + |z|m)δn) to mean that

lim sup
δ→0

sup
z∈E

sup
g

|F (z, δ, g)|
∥g∥C2

Φ
δn(1 + |z|m)

≤ C.

We Taylor expand several terms in order to verify that the local error is of order
δ3. We use repeatedly the following expansions:

λ(φs(z)) = λ(z) + sDΦλ(z) + s2R(z, s̃;λ),

fk(φs(z), δ) = fk(z, δ) + sDΦfk(z, δ) + s2R(z, s̃; fk),

R(z, s̃; g) = D2
Φg(φs̃(z))/2,

fk(z, s) = fk(z, 0)− sLfk(z, 0) + s2L2fk(z, s̃)/2,

for some s̃ ∈ [0, s] (note that s̃ may vary with each term so when we use these
expansions we include an index to distinguish different incidents of s̃). Note that by
Assumption 4.8 we have

∥fk∥C2
Φ
≤ CeR(tn−tk)(1 + |z|mP )∥g∥C2,0

Φ

which gives us a bound on the remainder terms. Applying the expansions above to
(†) we obtain

(†) =

∫
Q(φδ/2(z),dz̃)

(
fk(z̃, 0)− δLfk(z̃, 0) +

δ2

2
L2fk(z̃, s̃2) +

δ

2
DΦfk(z̃, δ)

+
1

8
δ2R(z̃, s̃2; fk)− fk(z, 0) + δLfk(z, 0)− 1

2
δ2L2fk(z, s̃3)− δDΦfk(z, δ)

− 1

2
δ2R(z, s̃3; fk)

)∫ δ

0

(
λ(z) +

δ

2
DΦλ(z) +

1

8
δ2R(z, s̃4;λ)

)
(

1− sλ(φδ/2(z))− (δ − s)λ(z̃) +
1

2
(sλ(φδ/2(z)) + (δ − s)λ(z̃))2e−η

)
ds

=

∫
Q(φδ/2(z),dz̃)

(
fk(z̃, 0)− fk(z, 0)

)∫ δ

0

(
λ(z) +

δ

2
DΦλ(z)

)
×

×
(

1− sλ(z)− (δ − s)λ(z̃)
)

ds

+ δ

∫
Q(φδ/2(z),dz̃)

(
− Lfk(z̃, 0) +

1

2
DΦfk(z̃, 0) + Lfk(z, 0)−DΦfk(z, 0)

)
∫ δ

0

(
λ(z) +

δ

2
DΦλ(z)

)(
1− sλ(z)− (δ − s)λ(z̃)

)
ds
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+ eR(tn−tk)O(∥g∥C2,0
Φ

(1 + |z|M )δ3)

where we used
η ∈ [0, sλ(φδ/2(z)) + (δ − s)λ(z̃)]

in the first equality and further Taylor expansions to obtain the second equality. Here
M = 3mλ +mP . Now using Assumption 4.7 we can expand the Q term

(†) =

∫ (
Q(z,dz̃) +

δ

2
DΦQ(z,dz̃)

)(
fk(z̃, 0)− fk(z, 0)

)
∫ δ

0

(
λ(z) +

δ

2
DΦλ(z)

)(
1− sλ(z)− (δ − s)λ(z̃)

)
ds

+ δ

∫
Q(z,dz̃)

(
− Lfk(z̃, 0) +

1

2
DΦfk(z̃, 0) + Lfk(z, 0)−DΦfk(z, 0)

)
∫ δ

0

(
λ(z) +

δ

2
DΦλ(z)

)(
1− sλ(z)− (δ − s)λ(z̃)

)
ds

+ eR(tn−tk)O(∥g∥C2,0
Φ

(1 + |z|M )δ3)

Term (‡) can be expanded as

(‡) =

∫
Q(φδ/2(z),dz̃)Q(z1,dz2)

(
fk(z2, 0)− fk(z, 0)

)
∫ δ

0

∫ δ−s1

0

(
λ(z) + δDΦ(λ)(φs̃4(z))

)
λ(z1)(

1 + (−s1λ(φδ/2(z))− s2λ(z1)− (δ − s1 − s2)λ(z2))e−ξ
)

ds2 ds1

+ eR(tn−tk)O(∥g∥C1,0
Φ

(1 + |z|mP+3mλ)δ3)

=
δ2

2

∫
Q(φδ/2(z),dz̃)Q(z1,dz2)

(
fk(z2, 0)− fk(z, 0)

)
λ(z)λ(z1)

+ eR(tn−tk)O(∥g∥C1,0
Φ

(1 + |z|mP+3mλ)δ3)

=
δ2

2

∫
Q(z,dz1)Q(z1,dz2)

(
fk(z2, 0)− fk(z, 0)

)
λ(z)λ(z1)

+ eR(tn−tk)O(∥g∥C1,0
Φ

(1 + |z|mP+3mλ)δ3),

where
ξ ∈ [0, s1λ(φδ/2(z)) + s2λ(z1) + (δ − s1 − s2)λ(z2)].

By Assumption 4.7 we can expand the term (‡†) as follows:

(‡†) =−
∫ δ

0

λ(φr(z))

(
Qfk(·, r)(z) + r

∫
DΦQ(z,dz̃)fk(z̃, r)− fk(φr(z), r)

)
dr
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+ eR(tn−tk)O(δ3∥g∥C2,0
Φ

(1 + |z|mλ)).

By Taylor’s theorem

(‡†) =−
∫ δ

0

λ(φr(z))
(
Qfk(·, 0)(z)− r

∫
Q(z,dz̃)Lfk(z̃, 0) +r

∫
DΦQ(z,dz̃)(fk(z̃, 0)

− rLfk(z̃, r̃))− (fk(z, 0) + rDΦfk(z, 0)− rLfk(z, 0))
)

dr

+ eR(tn−tk)O(δ3∥g∥C2,0
Φ

(1 + |z|mλ+mP ).

Note that∫
DΦQ(z,dz̃)Lfk(z̃, r̃) = Q(DΦLfk(·, r̃))(z) = eR(tn−tk)O((1 + |z|mP )∥g∥C2,0

Φ
).

Using this and Taylor expanding λ(φr(z)) we have

(‡†) = −
∫ δ

0

λ(z)
(
Qfk(·, 0)(z)− r

∫
Q(z,dz̃)Lfk(z̃, 0) + r

∫
DΦQ(z,dz̃)fk(z̃, 0)

− (fk(z, 0) + rDΦfk(z, 0)− rLfk(z, 0))
)

dr −
∫ δ

0

rDΦλ(z) (Qfk(·, 0)(z)− fk(z, 0)) dr

+ eR(tn−tk)O(δ3∥g∥C2,0
Φ

(1 + |z|mλ+mP ).

Evaluating the integral over r

(‡†) = −λ(z)

(
Qfk(·, 0)(z)δ − 1

2
δ2
∫
Q(z,dz̃)Lfk(z̃, 0) +

1

2
δ2
∫
DΦQ(z,dz̃)fk(z̃, 0)

−
(
fk(z, 0)δ +

1

2
δ2DΦfk(z, 0)− 1

2
δ2Lfk(z, 0)

))
− 1

2
δ2DΦλ(z) (Qfk(·, 0)(z)−fk(z, 0)) + eR(tn−tk)O(δ3∥g∥C2,0

Φ
(1 + |z|mλ+mP ).

First order terms. Terms of order δ appear only in (†) and (‡†) and clearly they
cancel out.

Second order terms. In (†) we can further expand terms of the form DΦ(f)(z̃, δ)
and rearrange as

Order δ2 of (†) = δ2

[∫
λ(z)

(
−Q(z,dz̃)Lfk(z̃, 0) +Q(z,dz̃)

1

2
DΦfk(z̃, 0)

+
1

2
DΦQ(z,dz̃)(fk(z̃, 0)− fk(z, 0))

)
+ λ(z)(Lfk(z, 0)−DΦfk(z, 0)⟩)
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+

∫
Q(z,dz̃)(fk(z̃, 0)− fk(z, 0))

(
− 1

2
λ(z)(λ(z̃) + λ(z)) +

1

2
DΦλ(z)

)]

=δ2

[∫
λ(z)

(
−Q(z,dz̃)Lfk(z̃, 0) +Q(z,dz̃)

1

2
DΦfk(z̃, 0)⟩

+
1

2
DΦQ(z,dz̃)(fk(z̃, 0)− fk(z, 0))︸ ︷︷ ︸

Term A

)

+ λ(z)
(
Lfk(z, 0)−DΦfk(z, 0))− 1

2
λ(z)

∫
Q(z,dz̃)(fk(z̃, 0)− fk(z, 0))

)
︸ ︷︷ ︸

Term B

+
1

2
DΦλ(z)

∫
Q(z,dz̃)(fk(z̃, 0)− fk(z, 0))︸ ︷︷ ︸

Term C

− 1

2

∫
Q(z,dz̃)(fk(z̃, 0)− fk(z, 0)︸ ︷︷ ︸

Term D

)λ(z)λ(z̃)

]
.

For term (‡) we have

Order δ2 of (‡) =
1

2
δ2
∫
Q(z,dz1)Q(z1,dz2)(fk(z2, 0)− fk(z, 0)︸ ︷︷ ︸

Term D

)λ(z)λ(z1).

Similarly for (‡†) we have

Order δ2 of (‡†) =− δ2

2

(∫
DΦ(Q)(z)λ(z)(fk(z̃, 0)− fk(z, 0))︸ ︷︷ ︸

Term A

+

∫
Q(z,dz̃)DΦ(λ)(z)(fk(z̃, 0)− fk(z, 0))︸ ︷︷ ︸

Term C

+

∫
Q(z,dz̃)λ(z)(−Lfk(z̃, 0) + Lfk(z, 0)−DΦ(fk)(z, 0)︸ ︷︷ ︸

Term B

)
.

After cancellations we obtain

Order δ2 of (†) + (‡) + (‡†) =

= δ2λ(z)

(∫ (
−Q(z,dz̃)Lfk(z̃, 0) +Q(z,dz̃)

1

2
DΦ(fk)(z̃, 0)

)
− 1

2

∫
Q(z,dz̃)fk(z̃, 0)λ(z̃) +

1

2

∫
Q(z,dz̃)Q(z̃,dz2)fk(z2, 0)λ(z̃)
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+
1

2

∫
Q(z,dz̃)Lfk(z̃, 0)

)

=
1

2
δ2λ(z)

(∫
Q(z,dz̃)

(
− Lfk(z̃, 0) +DΦ(fk)(z̃, 0)

+ λ(z̃)

∫
Q(z̃,dz2)[fk(z2, 0)− fk(z̃, 0)]

))
= 0,

where the last equality follows by the definition of the generator of the PDMP. There-
fore we have shown that second order terms cancel out.

4.A.2 Proofs for Example 4.11

Let us verify that Assumption 4.7 holds. Note that

(DΦQ)(g)(x, v) = vT
d∑
i=1

∇x
(
λi(x, v)

λ(x, v)
g(x, Fiv)

)
.

Therefore by Taylor’s theorem we have for some η between x and x+ sv

Qg(x+sv, v)−Qg(x, v)− (DΦQ)(g)(x, v) =
1

2
s2

d∑
i=1

vT∇2
x

(
λi(x, v)

λ(x, v)
g(x, Fiv)

) ∣∣∣∣
x=η

v.

It remains to show that λi

λ ,∇x
(
λi(x,v)
λ(x,v)

)
,∇2

x

(
λi(x,v)
λ(x,v)

)
are bounded. It is clear that

0 < λi/λ ≤ 1. Let us consider the first derivative. Set Ξ(s) = log(1 + es) so that
λi(x, v) = Ξ(vi∂iψ(x)) and note that

0 ≤ Ξ′(s)

Ξ(s)
≤ 1, 0 ≤ Ξ′′(s)

Ξ(s)
≤ 1.

Now ∣∣∣∣∇x(λi(x, v)

λ(x, v)

)∣∣∣∣ =

∣∣∣∣∇xλi(x, v)

λ(x, v)
− λi(x, v)∇xλ(x, v)

λ(x, v)2

∣∣∣∣
≤
∣∣∣∣∇xλi(x, v)

λ(x, v)

∣∣∣∣+

d∑
j=1

∣∣∣∣∇xλj(x, v)

λ(x, v)

∣∣∣∣ .
So it remains to show that ∇xλi/λ is bounded. Using the bounds on Ξ we have∣∣∣∣∇xλi(x, v)

λ(x, v)

∣∣∣∣ ≤ ∣∣∣∣∇xλi(x, v)

λi(x, v)

∣∣∣∣ =

∣∣∣∣Ξ′(vi∂iψ(x))

Ξ(vi∂iψ(x))
vi∇x∂iψ(x)

∣∣∣∣ ≤ |∇x∂iψ(x)| .
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This is bounded by our assumptions on ψ. Let us now consider ∇2
x

(
λi(x,v)
λ(x,v)

)
:

∣∣∣∣∇2
x

(
λi(x, v)

λ(x, v)

)∣∣∣∣ =

∣∣∣∣∣∇2
xλi(x, v)

λ(x, v)
− 2∇xλi(x, v)∇xλ(x, v)T

λ(x, v)2

+
2λi(x, v)∇xλ(x, v)∇xλ(x, v)T

λ(x, v)3
− λi(x, v)∇2

xλ(x, v)

λ(x, v)2

∣∣∣∣∣.
Using the bound on ∇xλi/λ we can bound all the terms aside from the one involving
the second derivative of λ so it suffices to consider∣∣∣∣∇2

xλi(x, v)

λ(x, v)

∣∣∣∣ =

=

∣∣∣∣∣ Ξ′′(vi∂iψ(x))∑
j Ξ(vj∂jψ(x))

∇x∂iψ(x)∇x∂iψ(x)T +
Ξ′(vi∂iψ(x))∑
j Ξ(vj∂jψ(x))

vi∇2
x∂iψ(x)

∣∣∣∣∣
≤
∣∣∇x∂iψ(x)∇x∂iψ(x)T

∣∣+
∣∣∇2

x∂iψ(x)
∣∣

This is bounded since ψ has bound second and third order derivatives.

4.B Ergodicity for splitting schemes of the BPS

We have the following theorem, which implies Theorem 4.15.

Theorem 4.25. Consider any scheme of the BPS based on the decomposition D,R,B.
Under Assumption 4.14, the following hold:

1. There exist a, b, C, δ0 > 0 and a function V (with a, b, C, δ0, V depending only
on ψ and λr, but not on δ) such that, for all x, v,

e|x|/a/a ⩽ V (x, v) ⩽ aea|x|

and for all δ ∈ (0, δ0] and all x, v,

PδV (x, v) ⩽ (1− bδ)V (x, v) + Cδ .

2. For all R > 0, there exist c, δ0 > 0 and a probability measure ν on E such that
for all x, v with |x| ⩽ R and all δ ∈ (0, δ0], setting n∗ = ⌈4R/δ⌉,

δx,vP
n∗
δ ⩾ cν .

The proof is omitted from the thesis, but can be found in the paper on which this
chapter is based [17].
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4.C Ergodicity for splitting schemes of ZZS

4.C.1 Splitting DBD

In this Section we focus on splitting scheme DBD for ZZS. We shall prove the following,
which implies Theorem 4.17.

Theorem 4.26. Consider the splitting scheme DBD for ZZS. Suppose Assump-
tion 4.16 holds. Then the following hold:

1. There exists a function V : Rd × {±1}d → R, and constants b ∈ (0, 1), C < ∞
such that for all (x, v) and all δ ∈ (0, δ0) with δ0 = 2(1 + γ0)−1, where γ0 is as
in Assumption 4.16(b), it holds that

PδV (x, v) ≤ (1− bδ)V (x, v) + Cδ. (4.30)

2. For any R > 0 consider a set C = [−R,R]d. For some L > 0 let

n∗ = 2 +
4x0 + 2R

δ
+ 2

⌈
L

δ

⌉
∈ 2N.

For (x, v) ∈ C × {±1}d define the set D(x, v) given by (4.15). Then for any
(y, w) ∈ D(x, v) ∩ (C × {±1}d) and δ ∈ (0, δ0] for δ0 > 0 it holds that

δy,wP
n∗
δ ⩾ cν .

where c is independent of δ and ν is uniform over D(x, v) ∩ (C × {±1}d).

In Section 4.C.1.1 we prove the minorisation condition, in Section 4.C.1.2 we prove
the drift condition, while in Section 4.C.1.3 we prove Equation (4.18).

4.C.1.1 Minorisation condition
We now prove a minorisation condition for splitting scheme DBD of ZZS. In the

following Lemma we consider the one-dimensional setting, for which the reasoning is
similar to that of the proof of a minorisation condition for the continuous ZZS done
in [15, Lemma B.2].

Lemma 4.27. Consider the splitting scheme DBD of ZZS with step size δ ≤ δ0.
Suppose Assumption 4.16(a) holds for some x0 ≥ 0 and consider a set C = [−R,R]
for R > 0. For L > 0 let

N = 2 +
4x0 + 2R

δ
+ 2

⌈
L

δ

⌉
∈ 2N. (4.31)

For (x, v) ∈ C × {±1} define the set D(x, v) := D+(x, v) ∪D−(x, v), where

D+(x, v) := {(y, w) : w = v, y = x+mδ, m ∈ 2Z},
D−(x, v) := {(y, w) : w = −v, y = x+mδ, m ∈ 2Z + 1}.

(4.32)
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Then for any (y, w) ∈ D(x, v) ∩ (C × {±1}) it holds that

P(y,w)((XN , VN ) ∈ ·) ≥ bν(·)

where b is independent of δ and ν is uniform over D(x, v) ∩ (C × {±1}).

Proof. Let C = [−R,R] for a fixed R > 0 and let x ∈ C. We shall consider only the
case of v = +1, as the same arguments extend to the symmetric case v = −1. In
particular observe that if the process is started in setD(x,+1) (respectivelyD(x,−1)),
then after an even number of iterations it will again be in D(x,+1) (D(x,−1)). This
means that the process lives on D(x,+1) (respectively on D(x,−1)). To shorten the
notation we denote by D+, D− the sets D+(x,+1), D−(x,+1) as defined in (4.32).
Below we focus on the case of an initial condition in D+, while the case of D− follows
with an identical reasoning and obvious changes.

Fix N ∈ 2N and define

λ := max
x∈C

max
y:|y−x|≤Nδ,v=±1

λ(y, v)

which is the largest switching rate that can be reached within N iterations starting in
C. Note that taking N as in (4.31) implies that Nδ is upper bounded by a constant
as δ ≤ δ0 and thus λ can be chosen independently of the step size δ. Recall λ > 0.

From here on we shall denote the initial condition as (y, w) ∈ D+, and without loss
of generality we shall assume x0 = x+ℓδ for some ℓ ∈ N, where x0 is as in Assumption
4.16(a). We want to lower bound the probability that after N iterations the process
is in measurable sets B ⊂ D. We consider two cases: in the first one the final state
of the process is of the form (XN , VN ) = (z,−1) ∈ D− ∩ (C × {±1}), while in the
second case (XN , VN ) = (z,+1) ∈ D+ ∩ (C × {±1}).

First case
Consider the case in which the final state has negative velocity, i.e. VN = −1. To

lower bound the probability of reaching this state, we consider the case in which only
one switching event takes place. Let z = y + mδ with m ∈ N odd. Then in order to
have (XN , VN ) = (z,−1) with exactly one event taking place at time N1 it must be
that

y + (N1 − 1)δ − (N −N1)δ = z.

Thus we find that the event should take place at

N1 =
z − y

2δ
+
N + 1

2
.

In order to guarantee the switching rate is strictly positive it must also be that
XN1

≥ x0, i.e. y + (N1 − 1)δ ≥ x0 and thus N1 ≥ 1 + (x0 − y)/δ. Note N1 < N ,
where N is as in (4.31). Denote the position at the time of the switching event by
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x̃ = y + δ(N1 − 1/2). Then probability of exactly one event taking place at iteration
N1 is given by∫ δ

0

λ(x̃, 1) exp(−sλ(x̃, 1)) exp(−(δ − s)λ(x̃,−1))ds ≥ δλ exp(−δλ).

The probability of this path is simple to lower bound, since upper bounding the
switching rates gives a smaller probability:

P(y,+1)((XN , VN ) = (z,−1)) ≥
N1−1∏
n=0

exp(−δλ(y + (n+ 1/2)δ))︸ ︷︷ ︸
no jumps before N1

× δλ exp(−δλ)︸ ︷︷ ︸
a jump at N1

×

×
N−N1∏
n=0

exp(−δλ(y + (N1 − 1− n)δ))︸ ︷︷ ︸
no jumps after N1

≥ exp(−(N1 − 1)δλ) δλ exp(−δλ) exp(−(N −N1)δλ)

≥ 2 exp(−(N − 1)δλ) λ exp(−δ0λ)×
(

1

2

δM

M

)
≥ 2 exp(−(N − 1)δλ) λ exp(−δ0λ)(2R− δ)ν(−1)

M
,

where M ∈ N is the number of points in D+ ∩ (C × {±1}). In the last line we used
that δM ≥ 2R− δ. Recall that δ ≤ δ0 and that N is given by (4.31). This concludes
as (N − 1)δ ≤ 4x0 +R+ 2L+ 3δ0 and 2R− δ ≥ 2R− δ0.

Second case
We now focus on the case in which VN = +1. We shall find an appropriate lower

bound by restricting to the case in which exactly two switching events take place.
Denoting the times of the two events as N1, N2, if the final position is z it must be

y + (N1 − 1)δ − (N2 − 1)δ + (N −N1 −N2)δ = z

which implies

N2 =
y − z

2δ
+
N

2
. (4.33)

Moreover, at event times the process should be in regions with strictly positive switch-
ing rate:

y + (N1 − 1/2)δ ≥ x0,
y + (N1 − 1)δ − (N2 − 1/2)δ ≤ −x0.

These imply respectively

N1 ≥
x0 − y
δ

+ 1 =: N1,
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N2 ≥
y + x0
δ

+N1.

Since N2 is determined by (4.33), we enforce that the second inequality holds:

y − z
2δ

+
N

2
≥ y + x0

δ
+N1

which implies

N1 ≤
N

2
− y + 2x0 + z

2δ
=: N1.

Now to obtain the right dependence on δ, we shall take N such that N1 − N1 is
increasing as 1/δ. It holds

N1 −N1 =
N − 2

2
− 4x0 − y + z

2δ

and thus it is sufficient to take

N = 2 +
4x0 − y + z

δ
+ 2

⌈
L

δ

⌉
for some constant L > 0, as with this choice N1 −N1 = ⌈L/δ⌉.

Using the results above we find

P(y,+1)((XN , VN ) = (z,+1)) ≥

≥
N1∑

N1=N1

[
N1−1∏
n=0

exp(−δλ(y + (n+ 1/2)δ))︸ ︷︷ ︸
no jumps before N1

× δλ exp(−δλ)︸ ︷︷ ︸
a jump at N1

×

×
N2−1∏
m=0

exp(−δλ(y + (N1 − 1− (m+ 1/2))δ))︸ ︷︷ ︸
no jumps until N2

× δλ exp(−δλ)︸ ︷︷ ︸
a jump at N2

×
N−N1−N2∏

ℓ=0

exp(−δλ(y + (N1 − 1− (N2 − 1) + (ℓ+ 1/2))δ))︸ ︷︷ ︸
no jumps after N2

]

≥
N1∑

N1=N1

exp(−δλNδ))δ2λ2 exp(−2δλ)

=

⌈
L

δ

⌉
exp(−λNδ))δ2λ2 exp(−2δλ)

≥ L exp(−δλN))λ2 exp(−2δ0λ)δ
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≥ 2L exp(−δλN))λ2 exp(−2δ0λ)(2R− δ0)

(
ν(+1)× 1

M

)
.

Similarly to above it is now sufficient to note that Nδ ≤ 4δ0 + 4x0 + 2R+ 2L.

Conclusion

To conclude it is sufficient to observe that the conditions above hold for any choice
of x, y, z ∈ C since N is as in (4.31).

Multidimensional case

To extend to the higher dimensional setting, first observe that it is possible to
apply the same ideas in the proof of Lemma 4.27 to each component, in particular
requiring that the events happen when all components of the process are outside of
the rectangle [−x0,+x0]. This implies that Assumption 4.16(a) can be used to lower
bound the probability of flipping each component of the velocity vector. Hence each
coordinate can be controlled independently of the others. It is clear that the following
minorisation condition is implied: let C = [−R,R]d for R > 0, (x, v) ∈ C × {±1}d,
and let D(x, v) as in (4.15); then for all (y, w) ∈ (x, v) it holds that

P(y,w)((XN , VN ) ∈ ·) ≥ bd νd(·),

where N, b are as in Lemma 4.27 and νd is the uniform distribution over states in the
grid D(x, v) ∩ (C × {±1}d).

4.C.1.2 Drift condition

Let us first characterise in the following Lemma the law of the jump part of the
process. This result is then used to prove the wanted drift condition in Lemma 4.29
below.

Lemma 4.28. Let Ṽ xt denote the PDMP corresponding to the generator L2 (for this
process x acts as a parameter). Suppose that λi(x, v) is independent of vj for j ̸= i.
Then for any w ∈ {±1}d we have

Pv(Ṽ xt = w) =

d∏
i=1

λi(x, Fiw) + wi

vi
λi(x, v)e−(λi(x,v)+λi(x,Fiv))t

λi(x, v) + λi(x, Fiv)
.

Proof of Lemma 4.28. To simplify notation we will suppress the dependence on x and
set Λi(v) = λi(v) + λi(−v) = λi(x, v) + λi(x, Fiv). Since Ṽ xt jumps according to λi
which does not depend on vj we have that the coordinates of Ṽ xt are all independent.
Hence it is sufficient to show

Pvi((Ṽ xt )i = wi) =
λi(−wi) + wi

vi
λi(vi)e

−Λi(vi)t

Λi(vi)
.
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Therefore it is sufficient to consider the setting d = 1. Define for any t ≥ 0, v, w ∈
{1,−1}

φt(v;w) :=
λ(−w) + w

v λ(v)e−Λ(v)t

Λ(v)
.

If we show that for all t ≥ 0, v, w ∈ {1,−1}

∂tφt(v;w) = L2φt(v;w), φ0(v;w) = 1w(v), (4.34)

then φt coincides with the semigroup applied to 1w and we have the desired result

φt(v;w) = Ev[φ0(Ṽt;w)] = Pv[Ṽt = w].

It is straightforward to confirm the initial condition φ0(v;w) = 1w(v) holds. So it
remains to show that φt satisfies the PDE (4.34). Note that

∂tφt(v;w) = −w
v
λ(v)e−Λ(v)t

L2φt(v;w) = λ(v) (φt(−v;w)− φt(v;w))

= λ(v)

(
λ(−w)− w

v λ(−v)e−Λ(v)t

Λ(v)
−
λ(−w) + w

v λ(v)e−Λ(v)t

Λ(v)

)

= −λ(v)

(
w
v λ(−v)e−Λ(v)t

Λ(v)
+

w
v λ(v)e−Λ(v)t

Λ(v)

)
= −λ(v)

w

v
e−Λ(v)t.

Therefore we have that (4.34) holds.

Lemma 4.29. Consider the splitting scheme DBD of ZZS. Let λi(x, v) =
(vi∂iψ(x))+ + γi(x) and let Assumption 4.16 be verified. Then there exists a function
V : R × {±1}d → R, and constants ρ ∈ (0, 1), C < ∞ such that for all (x, v) and all
t ∈ (0, t0) with t0 < (1 + γ0)−1

P tV (x, v) = PDt P
B
2tP

D
t V (x, v) ≤ (1− ρt)V (x, v) + Ct. (4.35)

Proof. For a function g(x, v) conditioning on the event v = w and using Lemma 4.28
we have

P tg(x, v) =
∑

w∈{±1}d

g(x+ vt+ wt,w)

d∏
i=1

[
λi(x+ vt, Fiw) + wi

vi
λi(x+ vt, v)e−(λi(x+vt,v)+λi(x+vt,Fiv))t

λi(x+ vt, v) + λi(x+ vt, Fiv)

]
.

We now construct our Lyapunov function V . Let β ∈ (0, 1/2), define

ϕ(s) =
1

2
sign(s) ln (1 + 2|s|)



4.C. Ergodicity for splitting schemes of ZZS 175

and

V (x, v) = exp

(
βψ(x) +

d∑
i=1

ϕ(vi∂iψ(x))

)
.

This is the same Lyapunov function defined in [24]. For this function we have

P tV (x, v)

V (x, v)
=

∑
w∈{±1}d

V (x+ vt+ wt,w)

V (x, v)

d∏
i=1

[
λi(x+ vt, Fiw) + wi

vi
λi(x+ vt, v)e−(λi(x+vt,v)+λi(x+vt,Fiv))t

λi(x+ vt, v) + λi(x+ vt, Fiv)

]
.

(4.36)
By Taylor’s theorem there exists x1 = x1(x, v, w, t) ∈ B(x, t

√
d) such that

ψ(x+ vt+ wt) = ψ(x) + t⟨v + w,∇ψ(x)⟩+
t2

2
(v + w)T∇2ψ(x1)(v + w).

Therefore we can rewrite (4.36) as

P tV (x, v)

V (x, v)
=

∑
w∈{±1}d

e
t2

2 (v+w)T∇2ψ(x1)(v+w)

d∏
i=1

et(vi+wi)β∂iψ(x)+ϕ(wi∂iψ(x+vt+wt))−ϕ(vi∂iψ(x))

×

[
λi(x+ vt, Fiw) + wi

vi
λi(x+ vt, v)e−(λi(x+vt,v)+λi(x+vt,Fiv))t

λi(x+ vt, v) + λi(x+ vt, Fiv)

]
.

(4.37)

Since |ϕ′(s)| ≤ 1 for all s, by Taylor’s Theorem we have

ϕ(wi∂iψ(x+ vt+ wt))− ϕ(vi∂iψ(x)) ≤ |wi∂iψ(x+ vt+ wt)− wi∂iψ(x)|
+ ϕ(wi∂iψ(x))− ϕ(vi∂iψ(x)).

Then we can write

P tV (x, v)

V (x, v)
≤

∑
w∈{±1}d

K1

d∏
i=1

I(i) (4.38)

with

K1 = e
t2

2 (v+w)T∇2ψ(x1)(v+w)e
∑d

i=1|wi∂iψ(x+vt+wt)−wi∂iψ(x)|

I(i) = et(vi+wi)β∂iψ(x)+ϕ(wi∂iψ(x))−ϕ(vi∂iψ(x))×

×
λi(x+ vt, Fiw) + wi

vi
λi(x+ vt, v)e−(λi(x+vt,v)+λi(x+vt,Fiv))t

λi(x+ vt, v) + λi(x+ vt, Fiv)
.
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Bound outside of a compact set

We split the product in (4.38) into four cases: (i) wi = vi and vi∂iψ(x+ vt) > 0; (ii)
wi = vi and vi∂iψ(x + vt) < 0; (iii) wi = −vi and vi∂iψ(x + vt) > 0; (iv) wi = −vi
and vi∂iψ(x+ vt) < 0.

Consider first case (i). Let i be such that wi = vi and vi∂iψ(x+ vt) > 0. Then

I(i) = e2tviβ∂iψ(x)
λi(x+ vt, Fiv) + λi(x+ vt, v)e−(λi(x+vt,v)+λi(x+vt,Fiv))t

λi(x+ vt, v) + λi(x+ vt, Fiv)
.

Using the form of λi we can write this as

I(i) =
γi(x+ vt)e2βtvi∂iψ(x)(1− e−(|∂iψ(x+vt)|+2γi(x+vt))t)

|∂iψ(x+ vt)|+ 2γi(x+ vt)

+ e−(|∂iψ(x+vt)|+2γi(x+vt))t+2tviβ∂iψ(x).

Using that 1−e−z ≤ z for all z > 0 (note we make use of this inequality several times
in the following computations) we find

I(i) ≤ γi(x+ vt)e2βtvi∂iψ(x)t+ e−(|∂iψ(x+vt)|+2γi(x+vt))t+2tviβ∂iψ(x).

By Assumption 4.16(b) we can bound γi for |x| ≥ R with R sufficiently large and we
have vi∂iψ(x+ vt) ≥ 1 + γi(x+ vt) which gives

I(i) ≤ 1 + (vi∂iψ(x+ vt) + γi(x+ vt))

|∂iψ(x+ vt)|+ 2γi(x+ vt)
e−|∂iψ(x+vt)|t+2tviβ∂iψ(x)

≤ 2e−|∂iψ(x+vt)|t+2tviβ∂iψ(x).

For case (ii), let i be such that wi = vi and vi∂iψ(x+ vt) < 0. Then

I(i) = e2βtvi∂iψ(x)
|∂iψ(x+ vt)|+ γi(x+ vt) + γi(x+ vt)e−(|∂iψ(x+vt)|+2γi(x+vt))t

|∂iψ(x+ vt)|+ 2γi(x+ vt)

≤ e2βtvi∂iψ(x).

For case (iii), let i be such that wi = −vi and vi∂iψ(x+ vt) > 0. Then

I(i) = eϕ(−vi∂iψ(x))−ϕ(vi∂iψ(x))
λi(x+ vt, v)− λi(x+ vt, v)e−(λi(x+vt,v)+λi(x+vt,Fiv))t

λi(x+ vt, v) + λi(x+ vt, Fiv)
.

For s > 0 it holds that ϕ(−s)− ϕ(s) = − ln(1 + 2s) and hence

I(i) =
λi(x+ vt, v)

1 + 2vi∂iψ(x)

1− e−(λi(x+vt,v)+λi(x+vt,−v))t

λi(x+ vt, v) + λi(x+ vt, Fiv)
≤ λi(x+ vt, v)

1 + 2vi∂iψ(x)
t.
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For case (iv), let i be such that wi = −vi and vi∂iψ(x+ vt) < 0. Then

I(i) = eϕ(−vi∂iψ(x))−ϕ(vi∂iψ(x))
γi(x+ vt)− γi(x+ vt)e−(λi(x+vt,v)+λi(x+vt,Fiv))t

λi(x+ vt, v) + λi(x+ vt, Fiv)
.

For s < 0 we have ϕ(−s)− ϕ(s) = ln(1 + 2|s|), and thus we obtain

I(i) ≤ γi(x+ vt)(1 + 2|∂iψ(x)|)t.

Combining these estimates we have for |x| ≥ R with R sufficiently large

P tV (x, v)

V (x, v)
≤

∑
w∈{±1}d

K1

∏
i:wi=vi, vi∂iψ>0

(γi(x+ vt)e2βtvi∂iψ(x)t

+ e−(|∂iψ(x+vt)|+2γi(x+vt))t+2tviβ∂iψ(x))
∏

i:wi=vi, vi∂iψ<0

e2βtvi∂iψ(x)

×
∏

i:wi=−vi, vi∂iψ>0

λi(x+ vt, v)

1 + 2vi∂iψ(x)
t

∏
i:wi=−vi, vi∂iψ<0

γi(x+ vt)(1 + 2|∂iψ(x)|)t.

Now consider K1. By Taylor’s theorem there exists x2 ∈ B(x, 2
√
dt) such that

K1 ≤ exp

(
d∑
i=1

(
t2

2
|((v + w)T∇2ψ(x1))i|+ t|(w∇2ψ(x2))i|

)
|vi + wi|

)
.

Using this bound and the four cases above we now obtain

P tV (x, v)

V (x, v)
≤

∏
i:vi∂iψ>0

e2t
2|(vT∇2ψ(x1))i|+ 2t

2 |(v∇2ψ(x2))i|

∏
i:vi∂iψ<0

e

(
t2

2 (2|vT∇2ψ(x1))i|+2t|(v∇2ψ(x2))i|
)
+2βtvi∂iψ(x)

× (γi(x+ vt)e2βtvi∂iψ(x)t+ e−(1−2β)|∂iψ(x+vt)|t−2γi(x+vt)t)

+
∑

w∈{±1}d\{v}

t|{i:wi ̸=vi}|
∏

i:wi=vi,vi∂iψ>0

e(t
2(|(v+w)T∇2ψ(x1))i|+2t|(w∇2ψ(x2))i|)

× (γi(x+ vt)e2βtvi∂iψ(x)t+ e−(1−2β)|∂iψ(x+vt)|t−2γi(x+vt)t)

×
∏

i:wi=vi,vi∂iψ<0

e(t
2(|(v+w)T∇2ψ(x1))i|+2t|(w∇2ψ(x2))i|)e2βtvi∂iψ(x)

×
∏

i:wi=−vi,vi∂iψ>0

λi(x+ vt, v)

1 + 2vi∂iψ(x)

∏
i:wi=−vi,vi∂iψ<0

e−t0|∂iψ(x+vt)|(1 + 2|∂iψ(x)|).

By (4.17) we have

P tV (x, v)

V (x, v)
≤
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≤
∏

i:vi∂iψ>0

(γ0t+ e2t
2|(vT∇2ψ(x1))i|+ 2t

2 |(v∇2ψ(x2))i|e−(1−2β)|∂iψ(x+vt)|t−2γi(x+vt)t)

×
∏

i:vi∂iψ<0

e

(
t2

2 (2|vT∇2ψ(x1))i|+2t|(v∇2ψ(x2))i|
)
+2βtvi∂iψ(x)

+
∑

w∈{±1}d\{v}

t|{i:wi ̸=vi}|

×
∏

i:wi=vi,vi∂iψ>0

(γ0t+ e(t
2(|(v+w)T∇2ψ(x1))i|+2t|(w∇2ψ(x2))i|)e−(1−2β)|∂iψ(x+vt)|t−2γi(x+vt)t)

×
∏

i:wi=vi,vi∂iψ<0

e(t
2(|(v+w)T∇2ψ(x1))i|+2t|(w∇2ψ(x2))i|)e2βtvi∂iψ(x)

×
∏

i:wi=−vi,vi∂iψ>0

λi(x+ vt, v)

1 + 2vi∂iψ(x)

∏
i:wi=−vi,vi∂iψ<0

e−t0|∂iψ(x+vt)|(1 + 2|∂iψ(x)|).

Since β < 1/2, by Assumption 4.16(c) there exists β1 such that for |x| ≥ R with R
sufficiently large

P tV (x, v)

V (x, v)
≤

∏
i:vi∂iψ>0

(γ0t+ e−β1|∂iψ(x+vt)|t)
∏

i:vi∂iψ<0

e−β1|∂iψ(x)|t

+
∑

w∈{±1}d\{v}

t|{i:wi ̸=vi}|
∏

i:wi=vi,vi∂iψ>0

(γ0t+ e−β1|∂iψ(x+vt)|t)
∏

i:wi=vi,vi∂iψ<0

e−β1t|∂iψ(x)|

×
∏

i:wi=−vi,vi∂iψ>0

λi(x+ vt, v)

1 + 2vi∂iψ(x)

∏
i:wi=−vi,vi∂iψ<0

e−t0|∂iψ(x+vt)|(1 + 2|∂iψ(x)|).

For |x| ≥ R with R sufficiently large λi(x+ vt, v)/(1 + 2vi∂iψ(x)) ≤ 1 and by (4.17)
we have γi(x)(1+2|∂iψ(x)|) ≤ 1. We also have that |∇ψ(x+vt)| ≥M for any M > 0
for |x| ≥ R with R sufficiently large. Then we have

P tV (x, v)

V (x, v)
≤ (γ0t+ e−β1Mt)|{i:vi∂iψ(x+vt)>0}|e−β1Mt|{i:vi∂iψ(x+vt)<0}|

+
∑

w∈{±1}d\{v}

t|{i:wi ̸=vi}|
∏

i:wi=vi,vi∂iψ>0

(γ0t+ e−β1Mt)
∏

i:wi=vi,vi∂iψ<0

e−β1tM .

Since e−β1Mt ≤ γ0t+ e−β1Mt we obtain

P tV (x, v)

V (x, v)
≤ (γ0t+ e−β1Mt)|{i:vi∂iψ(x+vt)>0}|(γ0t+ e−β1Mt)|{i:vi∂iψ(x+vt)<0}|

+
∑

w∈{±1}d\{v}

t|{i:wi ̸=vi}|(γ0t+ e−β1Mt)|{i:wi=vi,vi∂iψ(x+vt)>0}|×

× (γ0t+ e−β1Mt)|{i:wi=vi,vi∂iψ(x+vt)<0}|.
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Hence

P tV (x, v)

V (x, v)
≤ (γ0t+ e−β1Mt)d +

∑
w∈{±1}d:w ̸=v

t|{i:wi ̸=vi}|(γ0t+ e−β1Mt)d−|{i:wi ̸=vi}|

=
∑

w∈{±1}d

t|{i:wi ̸=vi}|(γ0t+ e−β1Mt)d−|{i:wi ̸=vi}|

=

d∑
k=0

(
d

k

)
tk (γ0t+ e−β1Mt)d−k

=
(
(1 + γ0)t+ e−β1Mt

)d
.

To show that (4.35) holds for |x| ≥ R it is sufficient to show that (1+γ0)t+e−β1Mt <
1− ρt for some ρ > 0. Indeed in that case 1− ρt < 1 and thus

((1 + γ0)t+ e−β1Mt)d < (1− ρt)d < 1− ρt.

Note that for t ≤ t0, with t0 ∈ [0, 1], it holds that e−β1Mt ≤ 1− ct for c = 1−e−β1Mt0

t0
.

Then for t ≤ t0 we have

(1 + γ0)t+ e−β1Mt ≤ 1− t(c− 1− γ0).

Then it is needed that c > 1 + γ0, that is t0 should be such that

1− e−β1Mt0

t0
> 1 + γ0. (4.39)

Note we can always increase M by taking R larger. Choose M such that e−β1Mt0 <
1− t0(1 + γ0), which is possible since t0 < (1 + γ0)−1, then (4.39) holds. Hence (4.35)
holds for |x| ≥ R with ρ = (1− e−β1Mt0)t−1

0 − 1− γ0.

Bound inside of a compact set

It remains to show that (4.35) holds for |x| ≤ R. Let C = {x : |x| ≤ R} × {±1}d.
Recall t < 1 and ψ ∈ C2. We shall use the inequality etr ⩽ 1 + tr + t2r2er/2 ≤
1 + t(r + e3r/2), which holds for for t ⩽ 1, r > 0. First of all we consider the term in
the sum corresponding to the case w = v. Bounding the probability of this event by
1 we find

K1

d∏
i=1

I(i) ≤ et
22vT∇2ψ(x1)v+

2
2

∑d
i=1|∂iψ(x+2vt)−∂iψ(x)|+2tβ⟨v,∇ψ(x)⟩

≤ 1 + t(A(x, v, t) + e3A(x,v,t)/2),

where A(x, v, t) = 2vT∇2ψ(x1)v+ (2/2)
∑d
i=1|⟨v,∇∂iψ(x2)⟩|+ 2β⟨v,∇ψ(x)⟩. Taking

the maximum of A over (x, v, t) ∈ C × {±1}d × (0, 1) we find

K1

d∏
i=1

I(i) ≤ 1 + tA.
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Let us now consider the remaining elements in the sum. Here we take advantage
that a velocity flip is an order t event. Consider for the moment only the i-th com-
ponent of the velocity vector. The probability that this is flipped (i.e. wi = −vi)
satisfies

λi(x+ vt, Fiw)− λi(x+ vt, v)e−(λi(x+vt,v)+λi(x+vt,Fiv))t

λi(x+ vt, v) + λi(x+ vt, Fiv)
≤

≤ λi(x+ vt, v)(1− e−t(|∂iψ(x+tv)|+2γi(x+tv)))

|∂iψ(x+ tv)|+ 2γi(x+ tv)

≤ tλi(x+ vt, v)

≤ t max
i=1,...,d, (x,v)∈C×{±1}d, t∈(0,1)

λi(x+ vt, v).

Here we used that 1− exp(−z) ≤ z for z ≥ 0. All other probabilities can be bounded
by 1 and hence

∑
w ̸=v

K1

d∏
i=1

I(i) ≤ t max
i=1,...,d, (x,v)∈C×{±1}d, t∈(0,1)

λi(x+ vt, v)
∑
w ̸=v

V (x+ vt+ wt,w)

V (x, v)
.

Since V is continuous under our assumptions we proved that for every compact set
C ×{±1}d there exists a constant B > 0 such that for all (x, v) ∈ C ×{±1}d it holds

P tV (x, v) ≤ (1 + tB)V (x, v). (4.40)

Therefore we have (4.35) holds for all x ∈ Rd, v ∈ {±1}d.

4.C.1.3 Proof of Equation (4.18)

Let us prove (4.18). Fix a probability measure µ on Rd × {±1}d, and let (x, v) be
a point in the support of µ. Then we can construct the set D(x, v) corresponding to
(x, v) and given by (4.15). By Theorem 4.17 there is a unique invariant measure πx,vδ
for the Markov process with kernel P 2

δ , and by (4.14) for any probability measures
ν, ν′ on D(x, v)

∥νP 2n
δ − ν′P 2n

δ ∥V ≤
C

α
κ̃nδ ∥ν − ν′∥V .

Setting ν = δx,v, ν
′ = πx,vδ and using that πx,vδ is an invariant measure for the kernel

P 2
δ we have

∥δx,vP 2n
δ − π

x,v
δ ∥V ≤

C

α
κ̃nδ ∥ν − ν′∥V .

Then integrating with respect to the probability measure µ we obtain

∥µP 2n
δ − µπ

x,v
δ ∥V = sup

|g|≤V

∣∣∣∣∫ [P 2n
δ g(x, v)− πx,vδ (g)]µ(dx, dv)

∣∣∣∣
≤
∫

sup
|g|≤V

∣∣P 2n
δ g(x, v)− πx,vδ (g)

∣∣µ(dx, dv)
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≤
∫ ∥∥δx,vP 2n

δ − π
x,v
δ

∥∥
V
µ(dx, dv)

≤ C

α
κ̃nδ

∫
∥δ(x,v) − πx,vδ ∥V µ(dx, dv).

4.C.2 Other splitting schemes

In this Section we consider splitting schemes DRBRD and RDBDR of ZZS and
prove geometric ergodicity in Theorem 4.31. The minorisation and drift conditions
are proved in Sections 4.C.2.1 and 4.C.2.2 respectively. We shall work under the
following assumption.

Assumption 4.30. There exists γ0 ∈ (0,∞) such that the following conditions for
the refreshment rate hold:

(a) there exists R > 0 for which for any |x| ≥ R it holds that

γ(x)

d∏
j=1

(1 + |∂jψ(x)|) ≤ γ0.

(b) For |x| > R for some R > 0 it holds that

sup γ(x+ vt)et|∇ψ(x)|+
t2

2 (v+w)T∇2ψ(y1)(v+w)+|∇ψ(y2)|
d∏
i=1

(1 + 2|∂iψ(x)|) ≤ γ0,

where the supremum is over t ∈ (0, 1), y1, y2 ∈ B(x, t
√
d), v, w ∈ {−1, 1}d.

Theorem 4.31. Consider splitting schemes DRBRD and RDBDR of ZZS. Sup-
pose Assumption 4.16(a), (c) holds for switching rates λi(x, v) = (vi∂iψ(x))+. Sup-
pose moreover that the refreshment rate γ satisfies Assumption 4.30(a) for scheme
RDBDR and Assumption 4.30(b) for scheme DRBRD. Then statements (1) and
(2), as well as Equation (4.18), hold. In particular (2) holds with δ0 < 2(1 + 2γ0 +
γ20)−1 for RDBDR and with δ0 < 2(1 + 2γ0)−1 for DRBRD.

4.C.2.1 Minorisation condition
Splitting DRBRD

The chain obtained by DRBRD has the same periodic behaviour of DBD. Hence
this case can be treated in the same way and a minorisation condition follows by the
same reasoning used in Section 4.C.1.1 for splitting DBD.

Splitting RDBDR
In this case we give a sketch of the proof. The chain obtained by RDBDR breaks

the grid behaviour exhibited by DBD because of the two refreshment steps at the
beginning and end of each step. Indeed, consider the one-dimensional case and recall
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the definition of the grid D(x, v) as in Lemma 4.27. Since v = ±1, there are two
disjoint grids: D(x,+1) and D(x,−1), with the idea being that after even steps
of DBD the process lives on the same grid it started from. However, the process
RDBDR can swap between one grid and the other by having a velocity refreshment.
Indeed, starting the process at (x,+1) and having a velocity flip due to a refreshment
at the end of the first step and having no other jumps, we find the state of the
process is (X2, V2) = (x,−1). Therefore after even steps this process lives on the grid
D(x) = {y : y = x + mδ, m ∈ Z}. If the initial and final condition are on the same
grid D(x, v), then no refreshment is required and one can simply use the proof of the
scheme DBD. On the other hand, if the two states are on different grids, i.e. one is
on D(x,+1) and the other on D(x,−1), then a refreshment is required to choose the
right grid.

In order to maintain the right dependence on the step size δ it is required to
give the process additional ⌈Mδ ⌉ iterations, for a constant M > 0. Indeed with this

modification the probability of having a refreshment in the first ⌈Mδ ⌉ is constant has
a lower bound which is independent of δ, assuming δ ≤ δ0 for some δ0 > 0 (see for
instance the second case in the proof of Lemma 4.27). After the first ⌈Mδ ⌉ iterations
the process is on the right grid and Lemma 4.27 can be applied with the further
constraint that no (more) refreshments take place. Note that this event again has
a lower bounded probability independent of δ. Since in the first ⌈Mδ ⌉ iterations the
process can go out of the initial compact set C = [−R,R], it follows that the Lemma
should be applied with set C̃ = [−R−M,R+M ].

The extension to the multidimensional case follows by applying this same intuition
to every component.

4.C.2.2 Drift condition
Let us start with an auxiliary result.

Lemma 4.32. Suppose the refreshment rate γ satisfies Assumption 4.30(a). Then
PRt V ≤ (1 +γ0t)V +Mt, where γ0 is as in Assumption 4.30 and M independent of t.

Proof. Let V be as in Lemma 4.29. Applying the transition kernel PRt to V we find

PRt V (x, v) = V (x, v)e−tγ(x) +
1

2d
(1− e−tγ(x))

∑
w ̸=v

V (x,w)

= V (x, v)e−tγ(x) + (1− e−tγ(x))V (x, v)
1

2d

∑
w ̸=v

V (x,w)

V (x, v)

= V (x, v)
(
e−tγ(x) + (1− e−tγ(x)) 1

2d

∑
w ̸=v

∏
j:vj ̸=wj

(1 + |∂jψ(x)|)
)

≤ V (x, v)

e−tγ(x) + tγ(x)

d∏
j=1

(1 + |∂jψ(x)|)

 .
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Clearly for x inside of a compact set this implies PRt V (x, v) ≤ (1 + Bt)V (x, v) by
taking maximum over x. Outside of a compact set we use Assumption 4.30 to obtain

PRt V (x, v) ≤ V (x, v)(1 + tγ0).

Lemma 4.33. Consider the splitting scheme RDBDR of ZZS. Suppose Assumptions
4.16(c) and 4.30(a) hold. Then there exist a function V and constants ρ ∈ (0, 1),
C > 0 such that for any t ∈ (0, t0) with t0 < (1 + 2γ0 + γ20)−1 it holds that

PRt P
D
t P

B
2tP

D
t P

R
t V (x, v) ≤ (1− ρt)V (x, v) + Ct.

Proof. Let V be as in Lemma 4.29. In the current context the result of the Lemma is
that for all t ∈ (0, t0) with t0 < 1 it holds that PDt P

B
2tP

D
t V (x, v) ≤ (1−ρt)V (x, v)+Bt

where ρ = (1−e−Rt0)t−1
0 −1 for R sufficiently large such that ρ > 0. Applying Lemmas

4.29 and 4.32 we obtain

PRt P
D
t P

B
2tP

D
t P

R
t V (x, v) ≤ (1 + tγ0)PRt P

D
t P

B
2tP

D
t V (x, v) +Mt

≤ (1 + tγ0)(1− ρt)PRt V (x, v) + t(M + (1 + γ0)B)

≤ (1 + tγ0)2(1− ρt)V (x, v) + t(M(2 + γ0) + (1 + γ0)B).

It is left to ensure that (1 + tγ0)2(1− ρt) ≤ (1− ρ̃t) for ρ̃ > 0. We have

(1 + tγ0)2(1− ρt) ≤ (1− t(ρ− 2γ0 − γ20)).

Hence it is needed that
(1− e−Rt0)

t0
− 1 > 2γ0 + γ20

and thus that e−Rt0 < 1− t0(1 + 2γ0 + γ20), which is valid as R can be taken as large
as needed and t0 < (1 + 2γ0 + γ20)−1.

Lemma 4.34. Consider the splitting scheme DRBRD of ZZS. Suppose Assumptions
4.16(c) and 4.30 hold. Then there exist a function V and constants ρ ∈ (0, 1), C > 0
such that for any t ∈ (0, t0) with t0 < (1 + 2γ0)−1 it holds that

PDt P
R
t P

B
2tP

R
t P

D
t V (x, v) ≤ (1− ρt)V (x, v) + Ct.

Proof. Let V be as in Lemma 4.29. Observe that by Lemma 4.32 we have that

PRt P
D
t V (x, v) = PRt V (x+ vt, v) ≤ (1 + γ0t)V (x+ vt, v) +Mt

and thus PRt P
D
t V (x, v) ≤ (1 + γ0t)P

D
t V (x, v) +Mt. Then

PDt P
R
t P

B
2tP

R
t P

D
t V (x, v) ≤ (1 + γ0t)P

D
t P

R
t P

B
2tP

D
t V (x, v) +Mt
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and

PDt P
R
t P

B
2tP

D
t V (x, v) = e−tγ(x+vt)PDt P

B
2tP

D
t V (x, v)

+ V (x, v)(1− e−tγ(x+vt))
∑

w∈{±1}d

1

2d
V (x+ vt+ wt,w)

V (x, v)
.

The first term corresponds to the case of no refreshments, while in the second term
a refreshment takes place. For the first term we can directly apply Lemma 4.29,
which in the current context shows that for t < t0 < 1 it holds PDt P

B
2tP

D
t V (x, v) ≤

(1− ρt)V (x, v) +Mt for ρ = (1− e−β1Mt0)t−1
0 − 1. The second term can be rewritten

as in (4.37), that is for x1 = x1(x, v, w, t) ∈ B(x, t
√
d)

V (x+ vt+ wt,w)

V (x, v)
=

= exp

(
β(ψ(x+ vt+ wt)− ψ(x)) +

d∑
i=1

(ϕ(wi∂iψ(x+ vt+ wt))− ϕ(vi∂iψ(x)))

)

= et|∇ψ(x)|+
t2

2 (v+w)T∇2ψ(x1)(v+w)+|∇ψ(x2)|
d∏
i=1

(1 + 2|∂iψ(x)|)

Using Assumption 4.30(b) we find

(1− e−tγ(x+vt))
∑

w∈{±1}d

1

2d
V (x+ vt+ wt,w)

V (x, v)
≤

≤ tγ(x+ vt)
∑

w∈{±1}d

1

2d
V (x+ vt+ wt,w)

V (x, v)

≤ tγ0.

Therefore we have shown

PDt P
R
t P

B
2tP

R
t P

D
t V ≤ (1 + γ0t)(1− ρt+ tγ0)V + M̃t ≤ (1− t(ρ− 2γ0))V + M̃t.

Hence it is sufficient to ensure that ρ > 2γ0, which can be done similarly to the proof
of Lemma 4.33.

4.D Proof of Proposition 4.22 and related results

In this section we collect statements and proofs that are not included in Section 4.4.

4.D.1 Proof of Proposition 4.22

In this section we prove Proposition 4.22. We start by focusing on the left hand side
of (4.20), i.e. L∗

BPS(µf2). We find since µ is rotationally invariant in v

L∗
BPS(µf2)(x, v) =
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= µ(x, v)
{
⟨v,∇ψ(x)⟩f2(x, v)− ⟨v,∇xf2(x, v)⟩+ (−⟨v,∇ψ(x)⟩)+f2(x,R(x)v)

− ⟨v,∇ψ(x)⟩+f2(x, v) + λr

∫
f2(x, y)ν(dy)− λrf2(x, v)

}
.

We shall consider the case of v = ±1, hence ν = (1/2)δ+1 + (1/2)δ−1. In particular
this choice satisfies Assumption 4.19 below. Introduce the notation f+2 (x) = f2(x, 1),
f−2 (x) = f2(x,−1). We have in the 1-dimensional setting

L∗
BPS(µf2)(x,+1) = −µ(x,+1)

{
(f+2 )′(x) + ((−ψ′(x))+ + λr/2)f+2 (x)

− (λr/2 + (−ψ′(x))+)f−2 (x)
}
,

L∗
BPS(µf2)(x,−1) = +µ(x,−1)

{
(f−2 )′(x) + ((+ψ′(x))+ + λr/2)f+2 (x)

− (λr/2 + (+ψ′(x))+)f−2 (x)
}
.

Define function h such that hµ = L∗
2µ, and also h+(x) = h(x,+1) and h−(x) =

h(x,−1). Therefore we wish to solve the following system of ODEs{
(f+2 )′(x) = −(λr/2 + (−ψ′(x))+)f+2 (x) + (λr/2 + (−ψ′(x))+)f−2 (x)− h+(x),

(f−2 )′(x) = −(λr/2 + (+ψ′(x))+)f+2 (x) + (λr/2 + (+ψ′(x))+)f−2 (x) + h−(x),

(4.41)
with compatibility condition (4.21), which in this case can be written as∫ ∞

−∞
(f+2 (x) + f−2 (x))π(x)dx = 0 (4.42)

with π(x) = µ(x, 1) +µ(x,−1). Let us find a solution to (4.41) for a generic (continu-
ous and locally lipschitz) function h. Start by subtracting the first line to the second
line in (4.41):

(f−2 )′(x)− (f+2 )′(x) = ((ψ′(x))+ − (−ψ′(x))+)(f−2 (x)− f+2 (x)) + hs(x), (4.43)

where hs(x) = h+(x) + h−(x). Define g = f−2 − f+2 and notice that (ψ′(x))+ −
(−ψ′(x))+ = ψ′(x). Then we can rewrite (4.43) as

g′(x) = ψ′(x)g(x) + hs(x).

Solving this ODE using an integrating factor we find

g(x) = exp (ψ(x)) lim
y→−∞

[exp (−ψ(y)) g(y)] + exp (ψ(x))

∫ x

−∞
hs(y) exp(−ψ(y))dy.

Recall that g = f− − f+ and f+, f− satisfy (4.42). In order for f2 to define a proper
density we require ∫ ∞

−∞
g(x)π(x)dx <∞.
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For this to hold it must be that limy→−∞ exp (−ψ(y)) g(y) = 0 and thus

g(x) = exp (ψ(x))

∫ x

−∞
hs(y) exp(−ψ(y))dy. (4.44)

Since f−2 (x) = f+2 (x)+g(x) and plugging this in the first equation of (4.41) we obtain
the ODE

(f+2 )′(x) = (λr/2 + (−ψ′(x))+)g(x)− h+(x)

which can be integrated as

f+2 (x) = f+2 (0) +

∫ x

0

(
(λr/2 + (−ψ′(y))+)g(y)− h+(y)

)
dy. (4.45)

It follows that

f−2 (x) = f+2 (0) +

∫ x

0

(
(λr/2 + (−ψ′(y))+)g(y)− h+(y)

)
dy

+ exp (ψ(x))

∫ x

−∞
hs(y) exp(−ψ(y))dy.

(4.46)

Finally we compute f+2 (0) enforcing the compatibility condition (4.42). Plugging
(4.45) and (4.46) in (4.42) we find the condition

f+2 (0) = −
∫ ∞

−∞

(
g(x)/2 +

∫ x

0

(
(λr/2 + (−ψ′(y))+)g(y)− h+(y)

)
dy
)
π(x)dx.

(4.47)

4.D.2 Proof of Proposition 4.24

Fix x ∈ R, δ > 0 and let G(x, δ) := {(z, v) ∈ R× {±1} : (z − x)/δ ∈ Z} be the state
space of the chain with initial position x. For now, let µδ be any probability measure
on G(x, δ) such that µδ(y, w) = µδ(y,−w) for all (y, w) ∈ G(x, δ), and let us give
a sufficient and necessary condition for it to be invariant by the chain. Since such
a µδ is invariant by the refreshment step, it is invariant for the scheme RDBDR if
and only if it is invariant for the scheme R’DBD, where R’ is a deterministic flip of
the velocity (which, as R, preserves µδ). Besides, from a state (y, w) ∈ G(x, δ), one
transition of R’DBD can only lead to (y, w) or (y+ δw,−w), from which it can only
stay or come back to the initial (y, w). In other words the pair {(y, w), (y+ δw,−w)}
is irreducible for this chain, and thus µδ is invariant for R’DBD if and only if its
restrictions on all these sets for (y, w) ∈ G(x, δ) are invariant by this scheme, which
by definition reads

∀(y, w) ∈ G(x, δ) , µδ(y, w)e−δλ(y+wδ/2,w) = µδ(y + δw,−w)e−δλ(y+wδ/2,−w).
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It turns out that this is exactly the skew detailed balance condition (2.17) for the
scheme DBD. Writing that µδ(y, w) ∝ exp(−ψδ(y)) for some ψδ and recalling that
λ(y, w)− λ(y,−w) = ψ′(y) for all y, w, this is equivalent to

∀(y, w) ∈ G(x, δ), ψδ(y + δw)− ψδ(y) = δψ′ (y + δw/2) .

Up to an additive constant, the only function ψδ which satisfies this is the one given in
the statement of Proposition 4.24. As a conclusion, we have proven that a probability
measure on G(x, δ) which is independent from the velocity is invariant for the scheme
RDBDR if and only if it is the one given in the proposition, which concludes the
proof of the first statement.

Now we focus on the convergence of empirical means, assuming that the conditions
of Theorem 4.17 are met. The reference position x ∈ R is still fixed. The long-time
convergence established in Theorem 4.17 (for P 2

δ where Pδ is one step of the scheme)
is well-known to imply an ergodic Law of Large Numbers. In particular, for all initial
conditions in G(x, δ) and all bounded f , distinguishing odd and even indexes, we see

that 1
N

∑N
k=1 f(Ztk) (where (Ztk)k∈N is a trajectory of the scheme) converges almost

surely as N → ∞ to µ̃δ(f) := (µ′
δ(f) + µ′′

δ (f))/2, where µ′
δ and µ′′

δ are the unique
invariant measures of P 2

δ on each periodic component of the state space. In particular,
µ̃δ is an invariant measure for Pδ. In dimension 1, the scheme DBD is such that for
all y, for all times, the number of visits of the points (y, 1) and (y,−1) differ at most
by 1, which implies by ergodicity that µ̃δ(y, w) = µδ(y,−w) for all (y, w) ∈ G(x, δ),
and we conclude thanks to the first part of the proof.

4.D.3 Application of Proposition 4.22 to three one-
dimensional targets

In this section we give the function f2 corresponding to the three cases considered in
Figure 4.3.

4.D.3.1 Gaussian target
Let us start with a one-dimensional Gaussian target with mean zero and variance

σ2 > 0.

Proposition 4.35. Let ψ(x) = x2/(2σ2) for σ2 > 0. Then:

• For the splitting scheme DBRBD it holds that

f2(x,+1) = f2(x,−1) =
λr
24

(
2
√

2

σ
√
π
− x3

σ4
sign(x)

)
.

• For the splitting scheme BDRDB it holds that

f2(x,+1) =
1

8σ2
− 1

4σ4
x21x<0,
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(a) Refreshment rate λr = 1.0. (b) Refreshment rate λr = 3.0.

Figure 4.11: Plots of the theoretical invariant measure up to second order for a
standard Gaussian target, as given by Proposition 4.35. The step size is δ = 0.5.

f2(x,−1) =
1

8σ2
− 1

4σ4
x21x>0.

• For the splitting scheme RDBDR it holds that

f2(x,+1) = f2(x,−1) = 0.

• For the splitting scheme DRBRD it holds that

f2(x,+1) = f2(x,−1) =
λr
12

(
2
√

2

σ
√
π
− |x|

3

σ4

)
+
λ2r
16

(
1− x2

σ2

)
.

Proof of Proposition 4.35. Recalling that v ∈ {−1,+1}, for all splitting schemes we
can compute the functions h = (L∗

2µ)/µ:

hDBRBD(x, v) =
λr
8σ4

(x2 + 2vx(−vx)+),

hBDRDB(x, v) =
1

8σ6

(
−λrσ2(x2 + 2vx(−vx)+) + 2(−vx)+(x2 − 2σ2)

)
,

hRDBDR(x, v) = 0,

hDRBRD(x, v) =
1

8σ4
λr
(
x2 + vx(3(−vx)+ + (vx)+) + λrvxσ

2
)
.

Splitting DBRBD

Observe that hs(x) = λr

4σ4 (x2 + x((−x)+ − (x)+)) = 0. Hence by (4.44) it holds
g(x) = 0. Then by (4.45)

f+2,DBRBD(x) = f+2 (0)−
∫ x

0

λr
8σ4

(y2 + 2y(−y)+)dy



4.D. Proof of Proposition 4.22 and related results 189

= f+2 (0)− λr
24σ4

x3(1− 21x<0).

Since g = 0 we have f+2,DBRBD = f−2,DBRBD. To find f+2 (0) we enforce (4.42):∫ +∞

−∞
f+2 (x)π(x)dx = f+2 (0)− λr

24σ4

∫ +∞

−∞
x3(1− 21x<0)π(x)dx

= f+2 (0)− λr
12σ4

∫ +∞

0

x3π(x)dx

= f+2 (0)− λr
12σ4

σ3

√
2

π
= 0.

Clearly this is satisfied for f+2 (0) = λr/(6σ
√

2π).

Splitting RDBDR

Clearly in this case hs(x) = 0, hence g(x) = 0 and f+2,RDBDR = f−2,RDBDR = 0.

Splitting BDRDB

We have hs(x) = 1
4σ6 |x|(x2 − 2σ2). Now inserting this into the expression for g we

get

g(x) =
1

4σ6
exp(x2/(2σ2))

∫ x

−∞
|y|(y2 − 2σ2) exp(−x2/(2σ2))dy

=
1

4σ6
exp(x2/(2σ2))(−σ2sign(x) exp(−x2/(2σ2))x2)

= − 1

4σ4
x2sign(x).

We compute f+2 by applying (4.45). First observe that∫ x

0

h+(y)dy = − λr
8σ4

∫ x

0

y2sign(y)dy +
1

4σ6

∫ x

0

(−y)+(y2 − 2σ2)dy

and∫ x

0

(λr/2 + (−y/σ2)+)g(y)dy = − λr
8σ4

∫ x

0

y2sign(y)dy − 1

4σ6

∫ x

0

(−y)+y
2sign(y)dy.

Therefore we obtain

f+2,BDRDB(x) = f+2 (0) +
1

2σ4

∫ x

0

(−y)+dy

= f+2 (0) +
1

4σ4
x21x<0.

Enforcing the compatibility condition (4.47) we obtain f+2 (0) = 1/(8σ2).
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Splitting DRBRD
Similarly to the case of DBRBD observe that hs = 0 and thus g(x) = 0. Observe

that h+DRBRD(x) = λr

8σ4 (2x2sign(x) + λrxσ
2). Then by (4.45)

f+2,DRBRD(x) = f+2 (0)− λr
8σ4

∫ x

0

(2y2sign(y) + σ2λry)dy

= f+2 (0)− λr
12σ4

x3sign(x)− λ2r
16σ2

x2.

To find f+2 (0) we enforce (4.47):

f+2 (0) =
λr
6σ

√
2

π
+
λ2r
16
.

4.D.3.2 Non-Lipschitz potential
Now we focus on a target distribution with non-Lipschitz potential.

Proposition 4.36. Let ψ(x) = x4. Then:

• For the splitting scheme DBRBD it holds that

f2(x,+1) = f2(x,−1) =
λr
7

(
1

2Γ(5/4)
− 2x7sign(x)

)
+

1

2

(
Γ(3/4)

Γ(1/4)
− x2

)
.

• For the splitting scheme BDRDB it holds that

f2(x,+1) =
5Γ(3/4)

2Γ(1/4)
− x2 − 4x61x<0 ,

f2(x,−1) =
5Γ(3/4)

2Γ(1/4)
− x2 − 4x61x≥0 .

• For the splitting scheme RDBDR it holds that

f2(x,+1) = f2(x,−1) =
Γ(3/4)

2Γ(1/4)
− 1

2
x2.

• For the splitting scheme DRBRD it holds that

f2(x,+1) = f2(x,−1) =
λr
7

(
1

Γ(5/4)
− 4x7sign(x)

)
+

1

2

(
Γ(3/4)

Γ(1/4)
− x2

)
+
λ2r
8

(
1

4
− x4

)
.
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Proof of Proposition 4.36. By Proposition 4.20 we obtain

hDBRBD(x, v) = +2λr(x
6 + 2vx3(−vx3)+) + vx,

hBDRDB(x, v) = −2λr(x
6 + 2vx3(−vx3)+) + 8(−vx3)+(−3x2 + 2x6)− 2vx,

hRDBDR(x, v) = vx,

hDRBRD(x, v) = +2λr(x
6 + vx3(3(−vx3)+ + (vx3)+)) + vx+ (λ2rvx

3)/2.

Denote the normalisation constant of the target π(x) by Z = 2Γ(5/4).

Splitting DBRBD
Since hs(x) = 0 we have

f+2,DBRBD(x) = f−2,DBRBD(x) = f+2 (0)− 2

7
λrx

7sign(x)− 1

2
x2,

with

f+2 (0) =
4λr
7

∫ ∞

0

x7π(x)dx+

∫ ∞

0

x2π(x)dx =
λr

14Γ(5/4)
+

Γ(3/4)

2Γ(1/4)
.

Splitting BDRDB
In this case hs(x) = 8x2|x3|(2x4 − 3) and thus we find g(x) = −4x6sign(x). It

follows that

f+2,BDRDB(x) = f+2 (0)− 4x61x<0 − x2,
f−2,BDRDB(x) = f+2 (0)− 4x61x≥0 − x2,

where

f+2 (0) =
Γ(7/4)

2Γ(5/4)
+

Γ(3/4)

Γ(1/4)
.

Splitting RDBDR
Since hs(x) = 0 we have f+2,RDBDR(x) = f−2,RDBDR(x) = f+2 (0)−x2/2 with f+2 (0) =

Γ(3/4)
2Γ(1/4) .

Splitting DRBRD
Since hs(x) = 0 we have

f+2,DRBRD(x) = f−2,DRBRD(x) = f+2 (0)− 4

7
λrx

7sign(x)− 1

2
x2 − 1

8
λ2rx

4,

with

f+2 (0) =
λr

7Γ(5/4)
+

Γ(3/4)

2Γ(1/4)
+

1

32
λ2r.
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4.D.3.3 Heavy tailed target
Finally we consider a Cauchy distribution π(x) = γ/(π(γ2 + x2)) for γ > 0.

Proposition 4.37. Let ψ(x) = ln(γ2 + x2). Then:

• For the splitting scheme DBRBD it holds that

f2(x,+1) = f2(x,−1) =
λr
4γ

(
π

4
− |arctan(x/γ)|+ γ|x|

γ2 + x2
− 1

π

)
+

1

12

(
1

4γ2
+

x2 − γ2

(γ2 + x2)2

)
.

• For the splitting scheme BDRDB it holds that

f2(x, v) =

(
(x2 − 3γ2)2

48γ2(x2 + γ2)2

)
1xv<0 +

(
x4 − 54x2γ2 + 9γ4

48γ2(x2 + γ2)2

)
1xv≥0.

• For the splitting scheme RDBDR it holds that

f2(x,+1) = f2(x,−1) =
1

12

(
1

4γ2
+

x2 − γ2

(γ2 + x2)2

)
.

• For the splitting scheme DRBRD it holds that

f2(x,+1) = f2(x,−1) =
λr
2γ

(
π

4
− |arctan(x/γ)|+ γ|x|

γ2 + x2
− 1

π

)
+

1

12

(
1

4γ2
+

x2 − γ2

(γ2 + x2)2

)
+
λ2r
8

(
ln 4− ln

(
1 +

x2

γ2

))
.

Proof of Proposition 4.37. By Proposition 4.20 we obtain

hDBRBD(x, v) =
λr

2(γ2 + x2)2
(x2 + 2vx(−vx)+) +

1

24
vψ(3)(x),

hBDRDB(x, v) = − λr
2(γ2 + x2)2

(x2 + 2vx(−vx)+)

+
2

(γ2 + x2)3
(−vx)+(−γ2 + 2x2)− 1

12
vψ(3)(x),

hRDBDR(x, v) =
1

24
vψ(3)(x),

hDRBRD(x, v) =
λr

2(γ2 + x2)2
(
x2 + vx(3(−vx)+ + (vx)+)

)
+

1

24
vψ(3)(x) + λ2r

xv

4(γ2 + x2)
.

Denote the normalisation constant of the target π(x) by Z = π/γ.
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Splitting DBRBD
Since hs(x) = 0 we have

f+2,DBRBD(x) = f−2,DBRBD(x)

= f+2 (0)− λr
4

sign(x)

(
arctan(x/γ)

γ
− x

γ2 + x2

)
− 1

12

(
γ2 − x2

(γ2 + x2)2
− 1

γ2

)
,

with f+2 (0) = λr

4γ

(
π
4 −

1
π

)
− 1

16γ2 .

Splitting BDRDB
In this case hs(x) = 2(2x2 − γ2)|x|/(γ2 + x2)3 and thus we find

g(x) = −x2sign(x)/(γ2 + x2)2.

It follows that f+2 (0) = 3
16γ2 and

f+2,BDRDB(x) =

(
(x2 − 3γ2)2

48γ2(x2 + γ2)2

)
1x<0 +

(
x4 − 54x2γ2 + 9γ4

48γ2(x2 + γ2)2

)
1x≥0,

f−2,BDRDB(x) =

(
(x2 − 3γ2)2

48γ2(x2 + γ2)2

)
1x>0 +

(
x4 − 54x2γ2 + 9γ4

48γ2(x2 + γ2)2

)
1x<0.

Splitting RDBDR
Since hs(x) = 0 we have

f+2,RR(x) = f−2,RDBDR(x) =
1

12γ2

(
1

4
− 1

)
− 1

12

(
γ2 − x2

(γ2 + x2)2
− 1

γ2

)
.

Splitting DRBRD
Since hs(x) = 0 we have

f+2,DRBRD(x) = f−2,DRBRD(x) = f+2 (0)− λr
2

sign(x)

(
arctan(x/γ)

γ
− x

γ2 + x2

)
− 1

12

(
γ2 − x2

(γ2 + x2)2
− 1

γ2

)
− λ2r

8
ln

(
1 +

x2

γ2

)
,

with f+2 (0) = λr

2γ

(
π
4 −

1
π

)
+

λ2
r

8 ln 4− 1
16γ2 .

4.E Proof of Proposition 4.20

In Section 4.E.1 we obtain the first and second order commutators of BPS, while in
Section 4.E.2 we use the BCH formula and the obtained results to prove Proposition
4.20.
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4.E.1 Computing the commutators of BPS

In this section we compute the first and second order commutators for the various
components of the adjoint of the BPS. In Section 4.E.1.1 we write down the com-
mutator of the BPS and its decomposition in the three terms that represent the
free transport, reflection mechanism, and velocity refreshments. In Section 4.E.1.2
we start with first order commutators, which are essential to compute second order
commutators. The latter are computed in Section 4.E.1.3.

Now let us write the following identities, which form a lemma for convenience.
These will be used countless times in the computation of the commutators below.

Lemma 4.38. For λ(x, v) = ⟨v,∇ψ(x)⟩+ it holds that

λ1(x,R(x)v)− λ1(x, v) = −⟨v,∇ψ(x)⟩, (4.48)

λ1(x,R(x)v) + λ1(x, v) = +|⟨v,∇ψ(x)⟩|. (4.49)

The proof is trivial.

4.E.1.1 The adjoint of BPS
Consider the generator

Lf(x, v) = ⟨v,∇xf(x, v)⟩+ λ1(x, v)[f(x,R(x)v)− f(x, v)]

+ λ2

∫ (
f(x,w)− f(x, v)

)
ν(dw)

Then one obtains that the adjoint is given by

L∗
BPSg(x, v) = −⟨v,∇xg(x, v)⟩+ ((gλ1)(x,R(x)v)− (gλ1)(x, v))

+ λr

(
ν(v)

∫
g(x, y)dy − g(x, v)

)
= (L∗

D + L∗
B + L∗

R)g(x, v),

where

L∗
Dg(x, v) = −⟨v,∇xg(x, v)⟩,
L∗
Bg(x, v) = g(x,R(x)v)λ1(x,R(x)v)− g(x, v)λ1(x, v),

L∗
Rg(x, v) = λr

(
ν(v)

∫
g(x, y)dy − g(x, v)

)
Here the letters D, B, and R stand for drift, bounce, refreshment. If we take g to be
the invariant measure of BPS, µ, then

L∗
Dµ(x, v) = ⟨v,∇ψ(x)⟩µ(x, v),

L∗
Bµ(x, v) = −⟨v,∇ψ(x)⟩µ(x, v),
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L∗
Rµ(x, v) = 0.

To obtain L∗
Dµ(x, v) we used the trivial, but useful, identity

∇xµ(x, v) = −∇ψ(x)µ(x, v).

4.E.1.2 First order commutators
Let us start computing the three first order commutators [L∗

B ,L∗
D], [L∗

R,L∗
D], and

[L∗
R,L∗

B ], which are essential to compute higher order commutators. This is done
below respectively in Lemmas 4.39, 4.41, 4.42.

Lemma 4.39. Let g be a suitable function. It holds that

[L∗
B ,L∗

D]g(x, v) = −⟨R(x)v, (∇xg)(x,R(x)v)⟩λ1(x,R(x)v) + ⟨v,∇xg(x, v)⟩λ1(x, v)

+ ⟨v,∇x
(
g(x,R(x)v)λ1(x,R(x)v)− g(x, v)λ1(x, v)

)
⟩.

In particular if g = µ

[L∗
B ,L∗

D]µ(x, v) = µ(x, v)
(
⟨v,∇ψ(x)⟩

(
⟨v,∇ψ(x)⟩ − |⟨v,∇ψ(x)⟩|

)
− ⟨v,∇2ψ(x))v⟩

)
.

Remark 4.40. Alternative ways to write [L∗
B ,L∗

D]µ(x, v) can be found using the iden-
tities in Lemma 4.38. We find

[L∗
B ,L∗

D]µ(x, v) = µ(x, v)
(
λ21(x,R(x)v)−λ21(x, v) + ⟨v,∇ψ(x)⟩2 − ⟨v,∇2ψ(x)v⟩

)
= µ(x, v)

(
λ21(x,R(x)v)−λ21(x, v) + ⟨v, (∇ψ(x)∇ψ(x)T−∇2ψ(x))v⟩

)
.

Proof. We have

[L∗
B ,L∗

D]g(x, v) =

= L∗
B(−⟨v,∇xg(x, v)⟩)− L∗

D(g(x,R(x)v)λ1(x,R(x)v)− g(x, v)λ1(x, v))

= −⟨R(x)v, (∇xg)(x,R(x)v)⟩λ1(x,R(x)v) + ⟨v,∇xg(x, v)⟩λ1(x, v)

+ ⟨v,∇x (g(x,R(x)v)λ1(x,R(x)v)− g(x, v)λ1(x, v))⟩

and hence

[L∗
B ,L∗

D]µ(x, v) = −µ(x, v)⟨v,∇ψ(x)⟩(λ1(x,R(x)v) + λ1(x, v))

+ ⟨v,∇x
(
µ(x, v)(λ1(x,R(x)v)− λ1(x, v))

)
⟩

= µ(x, v)(λ21(x,R(x)v)− λ21(x, v))

− ⟨v,∇x
(
µ(x, v)⟨v,∇ψ(x)⟩

)
⟩.
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Then note that

⟨v,∇x
(
µ(x, v)⟨v,∇ψ(x)⟩

)
⟩ = ⟨v,∇2ψ(x)v −∇ψ(x)⟨v,∇ψ(x)⟩ ⟩µ(x, v).

and hence

[L∗
B ,L∗

D]µ(x, v) = µ(x, v)
(
⟨v,∇ψ(x)

(
⟨v,∇ψ(x)⟩ − |⟨v,∇ψ(x)⟩|

)
⟩ − ⟨v,∇2ψ(x))v⟩

)
.

Lemma 4.41. Let g be a suitable function. It holds that

[L∗
R,L∗

D]g(x, v) = λrν(v)
(
⟨v,
∫
∇xg(x, y)dy⟩ −

∫
⟨y,∇xg(x, y)⟩dy

)
.

In particular if g = µ

[L∗
R,L∗

D]µ(x, v) = −λr⟨v,∇ψ(x)⟩µ(x, v).

Proof. We find

[L∗
R,L∗

D]g(x, v) = −L∗
R(⟨v,∇xg(x, v)⟩)− L∗

D

(
λr

(
ν(v)

∫
g(x, y)dy − g(x, v)

))
= −λr

(
ν(v)

∫
⟨y,∇xg(x, y)⟩dy − ⟨v,∇xg(x, v)⟩

)
+ λr⟨v,∇x(ν(v)

∫
g(x, y)dy − g(x, v))⟩

= λrν(v)
(
⟨v,
∫
∇xg(x, y)dy⟩ −

∫
⟨y,∇xg(x, y)⟩dy

)
and thus

[L∗
R,L∗

D]µ(x, v) = L∗
R(⟨v,∇ψ(x)⟩µ(x, v))

= −λr⟨v,∇ψ(x)⟩µ(x, v)

Lemma 4.42. Let g be a suitable function. It holds that

[L∗
R,L∗

B ]g(x, v) = λr

(
ν(v)

∫
(g(x,R(x)y)λ1(x,R(x)y)− g(x, y)λ1(x, y))dy

+

(
ν(v)

∫
g(x, y)dy

)
⟨v,∇ψ(x)⟩

)
.

In particular if g = µ

[L∗
R,L∗

B ]µ(x, v) = λr⟨v,∇ψ(x)⟩µ(x, v).
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Proof. Compute

[L∗
R,L∗

B ]g(x, v) = L∗
R(g(x,R(x)v)λ1(x,R(x)v)− g(x, v)λ1(x, v))

− L∗
B

(
λr

(
ν(v)

∫
g(x, y)dy − g(x, v)

))
= λr

(
ν(v)

∫
(g(x,R(x)y)λ1(x,R(x)y)− g(x, y)λ1(x, y))dy

− g(x,R(x)v)λ1(x,R(x)v)︸ ︷︷ ︸
A

+ g(x, v)λ1(x, v)︸ ︷︷ ︸
B

)

− λr

(ν(R(x)v)

∫
g(x, y)dy − g(x,R(x)v)︸ ︷︷ ︸

A

λ1(x,R(x)v)

−

ν(v)

∫
g(x, y)dy − g(x, v)︸ ︷︷ ︸

B

λ1(x, v)

)
.

It is now sufficient to cancel out the terms denoted by A and B that appear twice
with opposite signs to obtain the final statement. For g = µ

[L∗
R,L∗

B ]µ(x, v) = L∗
R(−⟨v,∇ψ(x)µ(x, v))

= −λr
(
ν(v)

∫
⟨y,∇ψ(x)⟩p(x, y)dy − ⟨v,∇ψ(x)⟩µ(x, v)

)
which concludes by Assumption 4.19.

Remark 4.43. It follows from Lemmas 4.41 and 4.42 that

[L∗
R,L∗

B + L∗
D]µ(x, v) = 0. (4.50)

4.E.1.3 Higher order commutators
Let us now compute higher order commutators.

Lemma 4.44. It holds that

[L∗
B , [L∗

R,L∗
D]]µ(x, v) = λrµ(x, v)

(
⟨v,∇ψ(x)⟩

(
λ1(x,R(x)v) + λ1(x, v)

)
+ b tr

(
∇ψ(x)(∇ψ(x))T −∇2ψ(x)

))
.

Proof. Applying Lemma 4.41 we obtain

[L∗
B , [L∗

R,L∗
D]]µ(x, v) = −λrL∗

B

(
⟨v,∇ψ(x)⟩µ(x, v)

)
+ [L∗

R,L∗
D]
(
⟨v,∇ψ(x)⟩µ(x, v)

)
= −λr

(
⟨R(x)v,∇ψ(x)⟩µ(x, v)λ1(x,R(x)v)− ⟨v,∇ψ(x)⟩µ(x, v)λ1(x, v)

)
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+ λrν(v)
(
⟨v,∇x

∫
(⟨y,∇ψ(x)⟩µ(x, y))dy⟩ −

∫
⟨y,∇x(⟨y,∇ψ(x)⟩µ(x, y))⟩dy

)
= λrµ(x, v)⟨v,∇ψ(x)⟩

(
λ1(x,R(x)v) + λ1(x, v)

)
− λrµ(x, v)

(∫
(⟨y,∇2ψ(x)y⟩ − ⟨y,∇ψ(x)⟩2)ν(dy)

)
= λrµ(x, v)

(
⟨v,∇ψ(x)⟩

(
λ1(x,R(x)v) + λ1(x, v)

)
+ b tr

(
∇ψ(x)(∇ψ(x))T −∇2ψ(x)

))
.

Note that in the last line we used that ⟨a, b⟩2 = ⟨a, bbTa⟩ and that∫
⟨y, (∇ψ(x)∇ψ(x)T −∇2ψ(x))y⟩ν(dy) =

=

d∑
j=1

d∑
ℓ=1

(∇ψ(x)∇ψ(x)T −∇2ψ(x))jℓ

∫
(yjyℓ)ν(dy)

= b tr
(
∇ψ(x)∇ψ(x)T −∇2ψ(x)

)
(4.51)

which is a consequence of Assumption 4.19.

Lemma 4.45. It holds that

[L∗
R, [L∗

R,L∗
B ]]µ(x, v) = −λ2rµ(x, v)⟨v,∇ψ(x)⟩.

Proof. Next we compute [L∗
R, [L∗

R,L∗
B ]]. Since L∗

Rµ(x, v) = 0 we easily find

[L∗
R, [L∗

R,L∗
B ]]µ(x, v) = L∗

R(λr⟨v,∇ψ(x)⟩µ(x, v))

= −λ2rµ(x, v)⟨v,∇ψ(x)⟩.

Lemma 4.46. It holds that

[L∗
R, [L∗

R,L∗
D]]µ(x, v) = λ2rµ(x, v)⟨v,∇ψ(x)⟩.

Proof. The result follows from Lemma 4.45 and (4.50).

Lemma 4.47. It holds that

[L∗
R, [L∗

B ,L∗
D]]µ(x, v) = λrµ(x, v)

(
b tr
(
∇ψ(x)∇ψ(x)T −∇2ψ(x)

)
− λ21(x,R(x)v) + λ21(x, v)− ⟨v, (∇ψ(x)∇ψ(x)T −∇2ψ(x))v⟩

)
.
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Proof. Taking advantage of Lemma 4.39

[L∗
R, [L∗

B ,L∗
D]]µ(x, v) =

= L∗
R

(
µ(x, v)

(
λ21(x,R(x)v)− λ21(x, v) + ⟨v, (∇ψ(x)∇ψ(x)T −∇2ψ(x))v⟩

))
= λrµ(x, v)

(∫ (
λ21(x,R(x)y)− λ21(x, y) + ⟨y, (∇ψ(x)∇ψ(x)T −∇2ψ(x))y⟩

)
ν(dy)

−
(
λ21(x,R(x)v)− λ21(x, v) + ⟨v, (∇ψ(x)∇ψ(x)T −∇2ψ(x))v⟩

))
.

Observe that for A = {y : ⟨y,∇ψ(x)⟩ ≥ 0} we have∫
(λ21(x,R(x)y)− λ21(x, y))ν(dy) =

=

∫
AC

⟨y,∇ψ(x)⟩2ν(y)dy −
∫
A

⟨y,∇ψ(x)⟩2ν(y)dy

= 0.

This can be seen by the change of variables y′ = R(x)y in the first integral. The
result then follows by using (4.51).

Lemma 4.48. It holds that

[L∗
B , [L∗

R,L∗
B ]]µ(x, v) = −λrµ(x, v)⟨v,∇ψ(x)⟩(λ1(x,R(x)v) + λ1(x, v)).

Proof. Consider now

[L∗
B , [L∗

R,L∗
B ]]µ(x, v) = L∗

B(λr⟨v,∇ψ(x)⟩µ(x, v)) + [L∗
R,L∗

B ](⟨v,∇ψ(x)⟩µ(x, v))

= λrµ(x, v)

(
⟨R(x)v,∇ψ(x)⟩λ1(x,R(x)v)− ⟨v,∇ψ(x)⟩λ1(x, v)

+

∫ (
⟨R(x)y,∇ψ(x)⟩λ1(x,R(x)y⟩ − ⟨y,∇ψ(x)⟩λ1(x, y)

)
ν(dy)

+

∫
(⟨y,∇ψ(x)⟩ν(dy)⟨v,∇ψ(x)⟩

)
.

The last term equals zero as ν has mean zero. Then observe that by Identity (4.48)∫ (
⟨R(x)y,∇ψ(x)⟩λ1(x,R(x)y)− ⟨y,∇ψ(x)⟩λ1(x, y)

)
ν(dy) =

= −
∫
⟨y,∇ψ(x)⟩(λ1(x,R(x)y) + λ1(x, y))ν(dy)

= −
(∫

λ1(x,R(x)y)2ν(dy)−
∫
λ1(x, y)2ν(dy)

)
= 0,

(4.52)
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where the last equality follows by invariance under rotation of ν as required in As-
sumption 4.19. Hence we have obtained the statement.

Lemma 4.49. It holds that

[L∗
B , [L∗

B ,L∗
D]]µ(x, v) = 2µ(x, v)λ1(x,R(x)v)

(
⟨v,∇ψ(x)⟩2 − ⟨v,∇2ψ(x)v⟩

− ⟨R(x)v,∇ψ2(x)R(x)v⟩
)
.

Proof. By Lemma 4.39 we find

[L∗
B , [L∗

B ,L∗
D]]µ(x, v) =

= L∗
B

(
µ(x, v)(λ21(x,R(x)v)− λ21(x, v) + ⟨v,∇ψ(x)⟩2 − ⟨v,∇2ψ(x)v⟩)

)
(*)

+ [L∗
B ,L∗

D]
(
⟨v,∇ψ(x)⟩µ(x, v)

)
. (**)

Let us treat the two terms separately, starting with (*). After applying L∗
B and using

that R(x)(R(x)v) = v the first term becomes

(*) = µ(x, v)
[
−
(
λ21(x,R(x)v)− λ21(x, v) + ⟨v,∇ψ(x)⟩2 − ⟨v,∇2ψ(x)v⟩)

)
λ1(x, v)

+
(
(λ21(x, v)−λ21(x,R(x)v) + ⟨R(x)v,∇ψ(x)⟩2−⟨R(x)v,∇2ψ(x)R(x)v⟩

)
λ1(x,R(x)v)

]
= µ(x, v)

[
(λ21(x, v)− λ21(x,R(x)v))(λ1(x,R(x)v) + λ1(x, v))

+ ⟨v,∇ψ(x)⟩2(λ1(x,R(x)v)− λ1(x, v))

− ⟨R(x)v,∇2ψ(x)R(x)v⟩λ1(x,R(x)v) + ⟨v,∇2ψ(x)v⟩λ1(x, v)
]
.

Using Identity (4.48) we obtain that

⟨v,∇ψ(x)⟩2(λ1(x,R(x)v)− λ1(x, v)) = (λ21(x, v)− λ21(x,R(x)v))

× (λ1(x,R(x)v) + λ1(x, v))

and thus cancelling out the corresponding terms in (*) it follows that

(*) = µ(x, v)
(
⟨v,∇2ψ(x)v⟩λ1(x, v)− ⟨R(x)v,∇2ψ(x)R(x)v⟩λ1(x,R(x)v)

)
.

Focusing now on (**), we apply Lemma 4.39 to find

(**) = −⟨R(x)v,∇x
(
⟨v,∇ψ(x)⟩µ(x, v)

)
(x,R(x)v)⟩λ1(x,R(x)v)

+ ⟨v,∇x
(
⟨v,∇ψ(x)⟩µ(x, v)

)
⟩λ1(x, v)

+ ⟨v,∇x
(
⟨R(x)v,∇ψ(x)⟩µ(x, v)λ1(x,R(x)v)− ⟨v,∇ψ(x)⟩µ(x, v)λ1(x, v)

)
⟩.
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Recalling that

∇x(⟨v,∇ψ(x)⟩µ(x, v)) = µ(x, v)(∇2ψ(x)v −∇ψ(x)⟨v,∇ψ(x)⟩),

we find

(**) = µ(x, v)
[ (
−⟨R(x)v,∇2ψ(x)R(x)v⟩+ ⟨v,∇ψ(x)⟩2

)
λ1(x,R(x)v)

+
(
⟨v,∇2ψ(x)v⟩ − ⟨v,∇ψ(x)⟩2

)
λ1(x, v)

]
− ⟨v,∇x

(
⟨v,∇ψ(x)⟩µ(x, v)|⟨v,∇ψ(x)⟩|

)
⟩.

In particular we used Lemma 4.38 to write the last term more compactly. The deriva-
tive in the last term can be computed as follows

−⟨v,∇x
(
⟨v,∇ψ(x)⟩µ(x, v)|⟨v,∇ψ(x)⟩|

)
⟩ =

= −µ(x, v)⟨v,∇2ψ(x)v|⟨v,∇ψ(x)⟩| − ∇ψ(x)⟨v,∇ψ(x)⟩|⟨v,∇ψ(x)⟩|
+ ⟨v,∇ψ(x)⟩sign(⟨v,∇ψ(x)⟩)∇2ψ(x)v⟩

= −µ(x, v)
(
− ⟨v,∇ψ(x)⟩2|⟨v,∇ψ(x)⟩|+ ⟨v,∇2ψ(x)v⟩

(
|⟨v,∇ψ(x)⟩|

+ ⟨v,∇ψ(x)⟩sign(⟨v,∇ψ(x)⟩)
))

= −µ(x, v)
(
− ⟨v,∇ψ(x)⟩2|⟨v,∇ψ(x)⟩|+ ⟨v,∇2ψ(x)v⟩2|⟨v,∇ψ(x)⟩|

)
= µ(x, v)|⟨v,∇ψ(x)⟩|

(
⟨v,∇ψ(x)⟩2 − 2⟨v,∇2ψ(x)v⟩

)
.

Hence re-applying Lemma 4.38 we find

(**) = µ(x, v)
[
− ⟨R(x)v,∇2ψ(x)R(x)v⟩λ1(x,R(x)v)

+ 2⟨v,∇ψ(x)⟩2λ1(x,R(x)v)− (2λ1(x,R(x)v) + λ1(x, v))⟨v,∇2ψ(x)v⟩
]
.

The proof is now concluded by summing (*) and (**).

Lemma 4.50. It holds that

[L∗
D, [L∗

R,L∗
B ]]µ(x, v) = λrµ(x, v)

(
⟨v,∇ψ(x)⟩2 − ⟨v,∇2ψ(x)v⟩

)
.

Proof. Consider now [L∗
D, [L∗

R,L∗
B ]]:

[L∗
D, [L∗

R,L∗
B ]]µ(x, v) = L∗

D(λr⟨v,∇ψ(x)⟩µ(x, v))− [L∗
R,L∗

B ](⟨v,∇ψ(x)⟩µ(x, v))

= −⟨v,∇x(λr⟨v,∇ψ(x)⟩µ(x, v))⟩

− λr
(
µ(x, v)

∫
(−⟨y,∇ψ(x)⟩)(λ1(x,R(x)y) + λ1(x, y))ν(dy)

)
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= λrµ(x, v)
(
⟨v,∇ψ(x)⟩2 − ⟨v,∇2ψ(x)v⟩

)
.

In particular we used that∫
(⟨y,∇ψ(x)⟩)(λ1(x,R(x)y) + λ1(x, y))ν(dy) =

∫
λ1(x, y)2ν(dy)

−
∫
λ1(x,R(x)y)2ν(dy)

= 0

which was shown in (4.52).

Lemma 4.51. It holds that

[L∗
D, [L∗

R,L∗
D]]µ(x, v) = λrµ(x, v)

(
⟨v,∇2ψ(x)v⟩ − ⟨v,∇ψ(x)⟩2

+ b tr
(
∇2ψ(x)−∇ψ(x)∇ψ(x)T

) )
Proof. By Lemma 4.41

[L∗
D, [L∗

R,L∗
D]]µ(x, v) = −λrL∗

D(⟨v,∇ψ(x)⟩µ(x, v))− [L∗
R,L∗

D](⟨v,∇ψ(x)⟩µ(x, v))

= λrµ(x, v)

(
⟨v,∇2ψ(x)v⟩ − ⟨v,∇ψ(x)⟩2

+

∫
(⟨y,∇2ψ(x)y⟩ − ⟨y,∇ψ(x)⟩2)ν(dy)

)
.

The statement follows by Equation (4.51).

Lemma 4.52. It holds that

[L∗
D, [L∗

B ,L∗
D]] = µ(x, v)

(
− 4⟨v,∇ψ(x)⟩2λ1(x,R(x)v) + 7⟨v,∇2ψ(x)v⟩λ1(x,R(x)v)

+ ⟨v,∇x(⟨v,∇2ψ(x))v⟩)⟩+ ⟨R(x)v,∇2ψ(x)R(x)v⟩λ1(x,R(x)v)
)
.

Proof. By Lemma 4.39 together with Lemma 4.38

[L∗
D, [L∗

B ,L∗
D]]µ(x, v) =

= L∗
D

(
µ(x, v)

(
⟨v,∇ψ(x)⟩

(
⟨v,∇ψ(x)⟩ − |⟨v,∇ψ(x)⟩|

)
− ⟨v,∇2ψ(x)v⟩

))
(†)

− [L∗
B ,L∗

D](⟨v,∇ψ(x)⟩µ(x, v)). (††)

= (†)− (††).

Consider the two terms separately, starting from the first one:

(†) = µ(x, v)⟨v,∇ψ(x)⟩
(
⟨v,∇ψ(x)⟩

(
⟨v,∇ψ(x)⟩ − |⟨v,∇ψ(x)⟩|

)
− ⟨v,∇2ψ(x))v⟩

)
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− µ(x, v)⟨v, 2⟨v,∇ψ(x)⟩∇2ψ(x)v − 2∇2ψ(x)v|⟨v,∇ψ(x)⟩| − ∇x(⟨v,∇2ψ(x))v⟩)⟩

= µ(x, v)
(
− 2⟨v,∇ψ(x)⟩2λ1(x,R(x)v) + ⟨v,∇2ψ(x)⟩(−3⟨v,∇ψ(x)⟩+ 2|⟨v,∇ψ(x)⟩|)

+ ⟨v,∇x(⟨v,∇2ψ(x))v⟩)⟩
)
.

The second term (††) is the same as term (**) in the proof of Lemma 4.49. The
statement follows taking the difference of the two terms (†) and (††) and using Lemma
4.38.

4.E.2 Proof of Proposition 4.20

Consider symmetric splitting schemes of the form

eδLS = e
δ
2LAe

δ
2LBeδLCe

δ
2LBe

δ
2LA .

We have by the Baker-Campbell-Haussdorff formula

L∗
S = L∗ +

δ2

12

(
[L∗
C , [L∗

C ,L∗
A + L∗

B ]] + [L∗
B , [L∗

B ,L∗
A]] + [L∗

C , [L∗
B ,L∗

A]]

+ [L∗
B , [L∗

C ,L∗
A]]− 1

2
[L∗
B , [L∗

B ,L∗
C ]]− 1

2
[L∗
A, [L∗

A,L∗
C ]]− 1

2
[L∗
A, [L∗

A,L∗
B ]]
)

+O(δ4)

= L∗ + δ2L∗
2 +O(δ4).

where L∗ = L∗
A+L∗

B+L∗
C . Therefore it is sufficient to use the commutators of Section

4.E.1. Observe that L∗
BPSµ(x, v) = 0. Let us start with L∗

DBRBD:

L∗
DBRBDµ(x, v) =

δ2

12

(
[L∗
R, [L∗

R,L∗
D + L∗

B ]] + [L∗
B , [L∗

B ,L∗
D]] + [L∗

R, [L∗
B ,L∗

D]]

+ [L∗
B , [L∗

R,L∗
D]]− 1

2
[L∗
B , [L∗

B ,L∗
R]]− 1

2
[L∗
D, [L∗

D,L∗
R]]− 1

2
[L∗
D, [L∗

D,L∗
B ]]
)

+O(δ4)

=
δ2

12
µ(x, v)×

×
(3

2
λr

(
b tr
(
∇ψ(x)∇ψ(x)T −∇2ψ(x)

)
+ 2⟨v,∇ψ(x)⟩λ1(x,R(x)v) + ⟨v,∇2ψ(x)v⟩

)
+

3

2
λ1(x,R(x)v)

(
⟨v,∇2ψ(x)v⟩−⟨R(x)v,∇2ψ(x)R(x)v⟩

)
+

1

2
⟨v,∇x(⟨v,∇2ψ(x)v⟩)⟩

)
+O(δ4).

Then focus on L∗
BDRDB :

L∗
BDRDBµ(x, v) =

δ2

12

(
[L∗
R, [L∗

R,L∗
D + L∗

B ]] + [L∗
D, [L∗

D,L∗
B ]] + [L∗

R, [L∗
D,L∗

B ]]

+ [L∗
D, [L∗

R,L∗
B ]]− 1

2
[L∗
D, [L∗

D,L∗
R]]− 1

2
[L∗
B , [L∗

B ,L∗
R]]− 1

2
[L∗
B , [L∗

B ,L∗
D]]
)

+O(δ4)
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=
δ2

12
µ(x, v)×

×

(
− 3

2
λr

(
b tr
(
∇ψ(x)∇ψ(x)T−∇2ψ(x)

)
+ 2⟨v,∇ψ(x)⟩λ1(x,R(x)v)+⟨v,∇2ψ(x)v⟩

)
+ 3λ1(x,R(x)v)

(
− 2⟨v,∇2ψ(x)v⟩+ ⟨v,∇ψ(x)⟩2

)
− ⟨v,∇(⟨v,∇2ψ(x)v⟩)⟩

)
+O(δ4).

Consider L∗
RDBDR:

L∗
RDBDRµ(x, v) =

δ2

12

(
[L∗
B , [L∗

B ,L∗
R + L∗

D]] + [L∗
D, [L∗

D,L∗
R]] + [L∗

B , [L∗
D,L∗

R]]

+ [L∗
D, [L∗

B ,L∗
R]]− 1

2
[L∗
D, [L∗

D,L∗
B ]]− 1

2
[L∗
R, [L∗

R,L∗
B ]]− 1

2
[L∗
R, [L∗

R,L∗
D]]
)

+O(δ4)

=
δ2

12
µ(x, v)×

×
(3

2
λ1(x,R(x)v)

(
⟨v,∇2ψ(x)v⟩−⟨R(x)v,∇2ψ(x)R(x)v⟩

)
+

1

2
⟨v,∇x(⟨v,∇2ψ(x)v⟩)⟩

)
+O(δ4).

Finally focus on L∗
DRBRD:

L∗
DRBRDµ(x, v) =

δ2

12

(
[L∗
B , [L∗

B ,L∗
D + L∗

R]] + [L∗
R, [L∗

R,L∗
D]] + [L∗

B , [L∗
R,L∗

D]]

+ [L∗
R, [L∗

B ,L∗
D]]− 1

2
[L∗
R, [L∗

R,L∗
B ]]− 1

2
[L∗
D, [L∗

D,L∗
B ]]− 1

2
[L∗
D, [L∗

D,L∗
R]]
)

+O(δ4)

=
δ2

12
µ(x, v)×

×

(
3

2
λr

(
b tr
(
∇ψ(x)∇ψ(x)T −∇2ψ(x)

)
+ ⟨v,∇ψ(x)⟩

(
3λ1(x,R(x)v) + λ1(x, v)

)
+ ⟨v,∇2ψ(x)v⟩

)
+

3

2
λ1(x,R(x)v)

(
⟨v,∇2ψ(x)v⟩ − ⟨R(x)v,∇2ψ(x)R(x)v⟩

)
+

1

2
⟨v,∇(⟨v,∇2ψ(x)v⟩)⟩+

3

2
λ2r⟨v,∇ψ(x)⟩

)
+O(δ4).







Part III

Transformations of piecewise
deterministic Markov

processes





Chapter 5

Adaptive schemes for
piecewise deterministic Monte
Carlo algorithms

5.1 Introduction

Although PDMC sampling methods offer some important benefits, computation re-
mains expensive, which requires us to investigate possible performance improvements.
In particular, a strong performance degradation is observed when the target distribu-
tion π is anisotropic. Figure 5.1 illustrates this phenomenon in the case of Gaussian
targets as a function of the correlation between all components. The performance
drop occurs due to a combination of decreasing accuracy of the estimates and in-
creasing computational complexity of the algorithms, which is implied by the growing
number of velocity change events. Our idea to improve this issue is to let the process
learn (part of) the covariance matrix Σπ and take advantage of it to enhance the
mixing properties. The covariance estimate is used to linearly transform the target
in such a way that it becomes more isotropic, i.e. with unitary covariance matrix.
The standard samplers are then run targeting the transformed version of π, and the
obtained sample is finally re-transformed to be approximately from π. The proce-
dure is applied iteratively, and once a new estimate of Σπ is computed, it is used to
define the linear transformation of π. The estimate will eventually be close to the
true covariance matrix and the process targets an isotropic version of π. This scheme
can also be interpreted as an application of a linear transformation directly to the
standard ZZS and BPS. The natural applications of this procedure are then targets
with elliptical level curves, although performance improvements can be observed also
for distributions that deviate from this class.
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Figure 5.1: Root mean squared error (RMSE) for the radius statistic (left) and num-
ber of events (right) for 50-dimensional Gaussian targets for several values of the
correlation between all components. The continuous time horizon is T = 104.

Furthermore, we address the problem of automatically choosing the rate of velocity
refreshments. In [27] the authors consider a BPS with a specific target and derive
that in the limit it is optimal to have a ratio of number of refreshments over number
of total events of 0.7812. In this paper we use this criterion as a basis to define an
adaptive algorithm that iteratively adjusts the refreshment rate to obtain the right
ratio. This same adaptive scheme can be applied to the ZZS. Indeed it could be the
case that adding velocity refreshments to the ZZ process leads to a faster convergence
to the invariant measure, although it comes with a larger asymptotic variance. For
an analysis of these two results we refer to [155] and [19] respectively.

Both the schemes we discussed take advantage of what the process has learned up
until the current time to tune a parameter or to improve the performance. This idea
is at the core of adaptive Markov chain Monte Carlo algorithms. For an introduction
to this area we refer to [3, 136], while standard results on convergence of these meth-
ods can be found among others in [8, 71, 72, 135]. It is well known that adaptive
MCMC algorithms can lose the right invariant measure if not applied with care (see
for instance [135] and the examples therein). Therefore we study in depth the conver-
gence properties of the proposed algorithms. To fit into the existing adaptive MCMC
literature we let the adaptation happen at fixed points in time. The main challenge
consists of establishing a simultaneous geometric drift condition for a family of BPS’s
(see Lemma 5.24) and a simultaneous small set condition for a family of ZZ processes
(see Lemma 5.20). The former result is obtained taking advantage of the Lyapunov
function found in [64], while the latter is proved by extending on the one-dimensional
case. The ergodicity and a law of large numbers for the proposed adaptive PDMC
algorithms are then established in Theorem 5.14 and Theorem 5.18.

In Section 5.2 we introduce the adaptive schemes, while in Section 5.3 the theo-
retical aspects of the algorithms are studied. The skeleton of the proofs of the two
main theorems can be found in Section 5.4, while all other proofs can be found in
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Appendix 5.B. In Section 5.5 the adaptive BPS and ZZS are tested empirically on
various Gaussian targets, on a Bayesian logistic regression problem with correlated
data, and on a mixture of two Gaussian distributions. The details on the implemen-
tation of adaptive PDMC algorithms (with and without subsampling), as well as an
alternative adaptive scheme for the refreshment rate, can be found in Appendix 5.A.

5.2 The adaptive schemes

We are interested in building adaptive strategies to make the ZZS and the BPS
choose the refreshment rate themselves and/or converge faster to the target density.
We begin with an introduction of the standard versions of both samplers, followed by
a characterisation of the preconditioned processes in Section 5.2.2 and a discussion
on the choice of the transformation matrix in Section 5.2.3. Finally, the adaptive
algorithms are defined in Section 5.2.4.

5.2.1 The standard ZZS and BPS

Let the target density π be defined on X ⊂ Rd as

π(ξ) =
1

Z
exp (−ψ(ξ)),

where ψ(ξ) is called potential or energy function, and ξ ∈ X. Recall the ZZS and BPS
introduced in Examples 2.11 and 2.12. Throughout this chapter, the state at time
t of both the standard ZZS and BPS is denoted as (Ξt,Θt) in order to distinguish
them from preconditioned and adaptive algorithms. We shall distinguish between the
Zig-Zag Sampler (i.e. a PDMC algorithm) and the Zig-Zag Process (i.e. the Markov
process on which the algorithm is based).

5.2.2 Applying a linear transformation to the ZZS and BPS

In this section we suppose a matrix M ∈ Rd×d is given. We then wish to define a
transformation scheme encoded by M , which we should think of being such that, for
a suitable choice of M , it gives a “more isotropic” version of the target, and analyse
its effects on the PDMC samplers.

The transformation scheme encoded by M consists of a linear transformation of
the state space, which defines a new target distribution π̃M given by

π̃M (ξ) :=
1

Z̃M
exp(−ψ̃M (ξ)),

with ψ̃M (ξ) = ψ(Mξ) and Z̃M = Z/|detM |. The idea is to apply the transformation
to the target distribution π and simulate the standard PDMC sampler (Ξt,Θt)t≥0

with the resulting target π̃M . Then the last thing to do is transform the obtained
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sample, which is approximately from π̃M , by applying the inverse transformation. For
this reason it is important that the matrix M is invertible, and thus that we can go
from one state space to the other. This procedure is illustrated in Figure 5.2. An
equivalent option is to simulate directly the process (Xt,Θt)t≥0 that results from the
scheme in Figure 5.2. We will conveniently alternate between these two formulations
when studying the ergodic properties of the samplers, while we will use the latter
formulation for our experiments. The dynamics of process (Xt,Θt)t≥0 are studied in
the remainder of this section.

π(x) π̃M (ξ)

(Xt,Θt) (Ξt,Θt)
Xt = MΞt

ξ = M−1x

λ̃M (ξ, θ)λ(x, θ)

Figure 5.2: Transformation scheme.

Let us first focus on the case in which (Ξt,Θt)t≥0 is a standard ZZS with excess

switching rate γ. In this case the switching rates are λ̃M,i(ξ, θ) = (θi∂iψ̃M (ξ))+ +
γi(ξ, θ) for i = 1, . . . , d. Note that, unless stated otherwise, we will always use a
tilde to indicate quantities related to the standard PDMC samplers with transformed
target. In the next proposition we find the generator of the preconditioned ZZS. For
a characterisation of the domain of the extended generator we refer to [49, Theorem
26.14].

Proposition 5.1. Let M ∈ Rd×d be an invertible matrix. Let (Ξt,Θt)t≥0 be a
standard ZZS with target π̃M and excess switching rates γ : E → Rd+. The pro-
cess (Xt,Θt)t≥0 = (MΞt,Θt)t≥0 has extended generator (LM ,D(LM )) where for any
h ∈ D(LM )

LM h(x, θ) = ⟨Mθ,∇xh(x, θ)⟩+

d∑
i=1

λMi (x, θ)(h(x,Riθ)− h(x, θ)), (5.1)

in which for i = 1, . . . , d

λMi (x, θ) = λ̃M,i(M
−1x, θ) = (θi⟨Mi,∇ψ(x)⟩)+ + γi(M

−1x, θ), (5.2)

where Mi denotes the i-th column of M .

Proof. All the proofs of this section can be found in Appendix 5.B.
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Proposition 5.1 shows that the transformed process is again a PDMP with linear
trajectories between jumps. The transformation affects the velocity of the process,
which is now v = Mθ, and the switching intensities, which are as defined in (5.2). In
particular, the available velocities for a fixed transformation M are in the following
set:

V :=
{
v : v = Mθ, θ ∈ {−1,+1}d

}
.

When a switch of the i-th velocity of the underlying standard ZZ process happens,
the velocities of the transformed process change according to the operator Riv =
MRiθ = MRi(M

−1v) for i = 1, . . . , d. Therefore, all components of the velocity are
possibly affected by any single event. If M is diagonal the behaviour is more similar
to the standard ZZ process and in particular we have that Ri ≡ Ri. In the proposition
below we check that (Xt,Θt)t≥0 targets the correct density function.

Proposition 5.2. Consider the same setting of Proposition 5.1. Then, for any in-
vertible M ∈ Rd×d, the modified ZZ process (Xt,Θt)t≥0 has invariant distribution
µ = π ×Unif({−1,+1}d).

Let us now apply the same transformation scheme shown in Figure 5.2 to the
BPS. In this case the switching rate of the standard BPS with target π̃M is
λ̃M (ξ, θ) = ⟨θ,∇ψ̃M (ξ)⟩+, while reflections on the level curves of ψ̃M are obtained by
applying operator R̃M . The following result, analogous to Proposition 5.1, studies
the transformed process.

Proposition 5.3. Let M ∈ Rd×d be an invertible matrix. Let (Ξt,Θt)t≥0 be a
standard BPS with target π̃M and refreshment rate λr : E → R+. The process
(Xt,Θt)t≥0 = (MΞt,Θt)t≥0 has extended generator (LM ,D(LM )) where for any
h ∈ D(LM )

LMh(x, θ) = ⟨Mθ,∇xh(x, θ)⟩+ λM (x, θ)
(
h(x,RM (x)θ)− h(x, θ)

)
+ λr(M

−1x, θ)

∫
(h(x, θ′)− h(x, θ))ν(dθ′),

(5.3)

where we defined
λM (x, θ) = λ̃(M−1x, θ) = ⟨Mθ,∇ψ(x)⟩+ (5.4)

and

RM (x)θ = R̃M (M−1x)θ = θ − 2
⟨MT∇ψ(x), θ⟩
||MT∇ψ(x)||2

MT∇ψ(x). (5.5)

Once again the true velocity of the process is v = Mθ. When a velocity refreshment
takes place the new θ is sampled from ν = N (0d,1d), while the new velocity v is v =
Mθ ∼ N (0d,MMT ). Observe also that the reflection rate is λM (x, θ) = ⟨v,∇ψ(x)⟩+
and thus preserves the same structure as in the standard BPS. It follows that the
complexity of the simulation of event times remains unchanged. Finally consider the
reflection operator in (5.5). This corresponds to a reflection in the opposite direction
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to the gradient in the transformed space, i.e. ∇ξψ̃(ξ) = MT∇ψ(x). After the bounce
the process moves with velocity

v = M(RM (x)θ) = v − 2
⟨∇ψ(x), v⟩
||MT∇ψ(x)||2

MMT∇ψ(x).

This implies that

⟨v,∇ψ(x)⟩ = ⟨M(RM (x)θ),∇ψ(x)⟩ = −⟨Mθ,∇ψ(x)⟩ = −⟨v,∇ψ(x)⟩.

Proposition 5.4. Consider the same setting of Proposition 5.3. Then, for any invert-
ible M ∈ Rd×d, the transformed BPS (Xt,Θt)t≥0 has invariant distribution µ = π×ν.

5.2.3 Choosing the transformation matrix

As explained above, we wish to transform the target to mitigate its anisotropies. To
this end, some alternative choices of the transformation matrix M are the following:

a) M =
√

Covπ(X): this transformation is such that the target π̃M has unitary
covariance matrix. The downside of this choice is the additional O(d3) computa-
tions that are introduced by the calculation of the square root of the covariance;

b) M is a rotation matrix (detM = 1) such that the transformed density has a
certain angle. Although an interesting case, it is not clear whether there is an
optimal angle that speeds up the convergence;

c) M is the diagonal matrix with Mii =
√

Varπ(Xi) for any 1 ≤ i ≤ d. This
choice introduces O(d) computations due to the square root of the variances,
which is a negligible additional computational burden. However, correlations in
the target are not picked up and only a rescaling of the axes is performed. The
main advantage of this choice is that the scenario in which some components
are explored quickly and others slowly is avoided.

Both the first and the third option can potentially change the expected number of
switching events, and this could be an inconvenience in certain settings. It is not
difficult to modify these transformations in such a way that the expected switching
rate is enforced to be close to that of the original standard PDMC algorithm. For
example, consider the transformed BPS with generator as in Proposition 5.3. Then
in stationarity we have

Eµ(⟨MΘ,∇ψ(X))⟩+) = Eπ∥MT∇ψ(X)∥2 ≤ ∥M∥2 Eπ∥∇ψ(X)∥2.

Since the standard case corresponds to M = Id, we can normalise any M by dividing
it by its Frobenius norm. Then the upper bound is the same for all such choices
of M and the expected switching intensity will be close to the standard case. This
does not make a difference from a computational point of view as it just amounts to
reparametrization of the time parameter, but prevents unpredictable behaviour of the
algorithm.
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Naturally the options above are not available in practice as the covariance matrix
is unknown. It is the goal of the next section to propose an adaptive scheme that
overcomes this issue.

5.2.4 Adaptive PDMC algorithms

In the previous sections we defined the transformation scheme and we discussed the
effect it has on the underlying process, together with different choices of the precondi-
tioning matrix. We now describe how this idea can be applied in practice by designing
an adaptive PDMC algorithm. Our general strategy is to simulate the process in con-
tinuous time and store the states of the process at discrete times. Then at predefined
times the stored states are used to update the adaptation parameters. In addition to
the adaptive preconditioner, we incorporate an adaptation of the refreshment rate,
which makes its choice automatic.

Let us then define a family of Markov semigroups by P := {(P tΓ)t≥0 : Γ ∈ Y},
in which Γ is the adaptation parameter, Y is a compact space, and (P tΓ)t≥0 is the
semigroup of a modified ZZS or BPS. The modification is given by the adaptation
parameter, which is then Γ = (M,λr) for BPS and Γ = (M,γ) for ZZS. Thus Y is
a suitable compact space of preconditioners and refreshment rates/excess switching
rates. Naturally, it is also possible to choose Γ = M or Γ = λr only. Now that we
have defined a family of Markov processes, we define a rule that establishes how to
choose a PΓ ∈ P at every iteration. Let us begin by introducing a discretisation step
∆t, which defines a discretisation of the time variable. At each time step n ∈ N,
which corresponds to continuous time t = n∆t, the adaptive scheme can update the
parameter Γn based on the new information available, that is the new state of the
process (Xn,Θn). This defines a random sequence {Γn}n≥0. Once Γn is computed,
the next state of the process is given by (Xn+1,Θn+1) ∼ P∆t

Γn
((Xn,Θn), ·). Then one

updates the parameter, obtains the next state of the process, and so on.

The definition above defines the core ideas, which are written in pseudo-code form in
Algorithm 16. A few issues remain to be clarified. A first question is how to simulate
the PDMP semigroup of either ZZS or BPS. Details on how the processes can be
simulated in the case of a target with dominated Hessian can be found in Appendix
5.A.1. In a big data setting (large number of observations, moderate dimensionality of
the problem) it can be beneficial to take advantage of subsampling techniques that can
be implemented with PDMC algorithms. In Appendix 5.A.2 details can be found on
how to make use of subsampling in the context of the adaptive schemes here discussed.
For further information on the general implementation of ZZS and BPS we refer to
[23, 32]. A second aspect of Algorithm 16 we focus on is the introduction of set B, and
thus of the auxiliary sequence of random variables (Qn)n≥0. The idea is to update
the adaptation parameter Γn only if (Xn,Θn) ∈ B. This is useful from a theoretical
point of view as it ensures that the process remains bounded in probability. Note that
set B is defined by the user and can be chosen large. The auxiliary variable Qn is
updated even if the process is outside of B and then, as soon as the process enters B,
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Algorithm 16: Adaptive PDMC sampler

Input : family of kernels P = {PΓ : Γ ∈ Y}, initial condition (x, θ) ∈ E,
Γ0 ∈ Y, set B, ∆t, {pn}n≥0, number of steps N .

Output: Chain {Xn,Θn}Nn=0.
Initialise n = 0, (X0,Θ0) = (x, θ), Q0 = Γ0;
while n ≤ N do

(Xn+1,Θn+1) ∼ P∆t
Γn

((Xn,Θn), ·);
Qn+1 = update(Qn, (Xn+1,Θn+1));
if (Xn+1,Θn+1) ∈ B then

With probability pn, set Γn+1 = Qn+1, else set Γn+1 = Γn;
end
Set n = n+ 1;

end

or if it was already in B, we let Γn = Qn. A third characteristic of Algorithm 16 is the
sequence {pn}n≥0. This is a sequence for which pn ∈ [0, 1] for all n ∈ N and pn → 0
as n → ∞. The meaning is that at time step n we update the parameter Γn with
probability pn (assuming (Xn,Θn) ∈ B), and with remaining probability (1− pn) we
set Γn = Γn−1. This choice is helpful when proving ergodicity of the adaptive scheme,
as it enforces that the quantity of adaptation diminishes and eventually vanishes.

The function update(Qn, (Xn+1,Θn+1)) outputs the updated parameter given the
new observation (Xn+1,Θn+1). As suggested in [3], the estimation of the covariance
matrix can be done sequentially, or online, by applying

µ̂n+1 = µ̂n + rn+1(Xn+1 − µ̂n),

Σ̂n+1 = Σ̂n + rn+1((Xn+1 − µ̂n)(Xn+1 − µ̂n)T − Σ̂n).
(5.6)

Here {rn}n≥0 is a positive, decreasing sequence such that rn → 0 as n → ∞. In our
simulations we choose rn = 1/n. Equation (5.6) is then used to define Mn+1 such
that Σ̂n+1 = MT

n+1Mn+1. The same principle can be used if one is not interested in
estimating the full covariance matrix, but only the diagonal, or more generally only a
subset of it. More advanced estimation techniques can be employed to preserve any
existing conditional independence structure in the target, as discussed in [158]. We
remark that Σ̂n+1 needs to be positive definite in order for Mn+1 to be invertible as
required. This property is achieved by choosing Σ̂0 = 1d×d, i.e. the identity matrix,
and then observing that the second equation in (5.6) can be reformulated as

Σ̂n+1 = (1− rn+1)Σ̂n + rn+1(Xn+1 − µ̂n)(Xn+1 − µ̂n)T .

Indeed (Xn+1 − µ̂n)(Xn+1 − µ̂n)T is non-negative definite and by induction Σ̂n is
positive definite, and therefore Σ̂n+1 is itself positive definite. Moreover, in Section
5.3 we will see that to show ergodicity of the adaptive algorithms it is required that Mn
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lies in a compact space of positive definite matrices. Observe that positive definiteness
follows from the fact that Mn is the square root of a positive definite matrix, while it
is sufficient to set bounds on the norm of Mn in order to force it to be in a compact
space. In particular we can impose that Mn is not updated if the norm of the new
estimate is outside of a user chosen interval [Mmin,Mmax]. As Mmin and Mmax can
be chosen arbitrarily small and large respectively, this condition is not restrictive in
practice, although the choice of the cut-off value may influence convergence properties
of the algorithm. Then refreshment rate of the BPS is assumed to be constant and
is updated iteratively as follows. At time step n, nrefl reflections took place and thus
we estimate the average reflection rate as λrefl(n) = nrefl/(n∆t). Therefore, using the
optimality criterion in [27] we have

λnr
λnr + λrefl(n)

= 0.7812 =⇒ λnr =
0.7812

0.2188
λrefl(n). (5.7)

An alternative adaptive strategy for the refreshment can be found in Appendix 5.B.2.
The scheme above can be applied to the excess switching rate of the ZZS. Although
the analysis in [19] suggests that the best choice in terms of asymptotic variance is
γ ≡ 0, adding some diffusivity could speed up the convergence to the target measure.
In practice the user can select the wanted ratio of velocity switches over total events
and proceed as above. However, a criterion to choose this ratio is currently unavailable
for ZZS, and thus in this paper we limit ourselves to a theoretical study of this option.

Finally, we remark that in practice it is not reasonable to update the parameters at
every iteration. The main reason for this is the computational cost of such an opera-
tion. In the most general case, the task of learning all components of Σ takes O(d2)
operations, while the computation of its square root, which is needed to obtain the
transformation matrix M , is an O(d3) operation. Therefore it is rather inconvenient
to perform this at every time step. To avoid this issue it is sufficient to define the
adaptive scheme such that adaptations happen every nadap time steps, where nadap is
a user-defined integer. A possible choice is for instance nadap = 1000. This modifica-
tion is beneficial also because it allows the process to explore the target distribution
before updating the parameters. Similarly, it is reasonable to update the refreshment
rate based on the previous nadap time steps, as in the long term this allows to stabilise
around the wanted ratio. The covariance matrix can be updated as in (5.6) by simply
processing the entire batch of nadap data points one at a time.

5.3 Theoretical results

In the context of adaptive MCMC algorithms, convergence to the target density is
usually proved with simultaneous drift conditions and small set conditions. In Section
5.3.1 we introduce the notation and the main existing theorems we make use of, and
we extend these results to more general conditions in Theorem 5.9. In Section 5.3.2
we state Theorem 5.11, which shows ergodicity for an adaptive MCMC algorithm
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based on a continuous time process. In this result, the assumptions are formulated
directly in continuous time. Finally, Theorems 5.14 and 5.18 in Section 5.3.3 show
that the adaptive ZZS and the adaptive BPS discussed in Section 5.2.4 are ergodic
and satisfy a weak law of large numbers under reasonable growth conditions on the
potential.

5.3.1 Theory of adaptive MCMC

We denote the parameter that specifies the kernel as Γ ∈ Y. At time step n a Y-
valued random variable Γn determines which transition kernel will be used to move
to the next step. From here on each Markov transition kernel PΓ is assumed to define
a Markov chain that has µ as stationary measure, and moreover it is aperiodic and
irreducible. An adaptive MCMC algorithm is then said to be ergodic if

lim
n→∞

∥P (Zn ∈ · |z0,Γ0)− µ(·)∥TV = 0 for all z0 ∈ E,Γ0 ∈ Y, (5.8)

where || · ||TV is the total variation distance, i.e. ∥µ− ν∥TV = supA⊂E |µ(A)− ν(A)|.
A crucial quantity turns out to be the ε-convergence time function Mε : E ×Y → N,
defined as

Mε(z,Γ) = inf{n ≥ 1 : ∥PnΓ (z, ·)− µ(·)∥TV ≤ ε}.
The next theorem, proved in [135], is arguably the most important result for estab-
lishing ergodicity of adaptive MCMC methods.

Theorem 5.5 (Theorem 2 in [135]). Consider an adaptive MCMC algorithm on a
state space E with adaption parameter in a space Y. Let µ be stationary for PΓ for
each Γ ∈ Y. The adaptive algorithm is ergodic if the two following conditions hold:

(a) (Containment condition) For all z0 ∈ E,Γ0 ∈ Y, andε > 0 the sequence
{Mε(Zn,Γn)}∞n=0 is bounded in probability given z0,Γ0;

(b) (Diminishing adaptation) The following limit holds in probability:

lim
n→∞

(
sup
z∈E
∥PΓn+1

(z, ·)− PΓn
(z, ·)∥TV

)
= 0. (5.9)

The boundedness of {Mε(Zn,Γn)}∞n=0 can be rephrased as for all z0 ∈ E,Γ0 ∈ Y,
δ > 0, there exists N ∈ N such that P (Mε(Zn,Γn) ≤ N |z0,Γ0) ≥ 1− δ, for all n ∈ N.

We are then interested in sufficient conditions that imply containment. A first case
is the following, and was studied in [8].

Assumption 5.6 ([8]). The family {PΓ : Γ ∈ Y} is simultaneously geometrically
ergodic (SGE), i.e. there are C ∈ B(E), some integer n0 ≥ 1, a function V : E →
[1,∞), δ > 0, 0 < λ < 1, and b <∞, such that supz∈C V (z) <∞, µ(V ) <∞, and

(a) C is a uniform (νΓ, δ, n0)-small set, i.e. for each Γ, there exists a probability
measure νΓ(·) on C such that Pn0

Γ (z, ·) ≥ δνΓ(·) for all z ∈ C;
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(b) (simultaneous geometric drift condition) PΓV ≤ λV + b1C for all Γ ∈ Y.

Then [8, Theorem 3] establishes that an SGE family satisfies the containment con-
dition. In Section 5.3.3 we use this result to show that containment holds for the
adaptive ZZS when the class of preconditioners is restricted to diagonal matrices.

In practice it is often hard to show that the family of Markov kernels is SGE, as it is
not trivial to find a Lyapunov function that satisfies the simultaneous geometric drift
condition. In [44] the authors introduced a way around this problem, although in a
different context, and in [38] this was applied to adaptive MCMC. The fundamental
idea is that it is possible to weaken the simultaneous drift condition by allowing
adaptations only at time steps n at which the process Zn is inside of a compact set
B. This means that, defining an auxiliary random process {Qn}n≥1 that contains the
current adaptation parameter independently of the position of Zn, Γn is updated as

Γn+1 =

{
Γn ifZn+1 /∈ B,
Qn+1 ifZn+1 ∈ B.

(5.10)

This modification avoids unbounded detours of the process by sticking to the same
ergodic kernel once the process exits a fixed compact set. The compact set can be
chosen arbitrarily large, and therefore in most applications the process will not exit
from it.

With this is mind we introduce the following sets of assumptions, which we show
in Theorem 5.9 to be sufficient to enforce the containment condition.

Assumption 5.7. Let {PΓ : Γ ∈ Y} be a family of discrete time Markov chains with
state space E. There are C ∈ B(E), an integer n0 ≥ 1, a class of functions {VΓ : E →
[1,∞) : Γ ∈ Y}, δ > 0, 0 < λ < 1, and b < ∞, such that supz∈C,Γ∈Y VΓ(z) < ∞,
µ(VΓ) <∞, and

(a) C is a uniform (νΓ, δ, n0)-small set, i.e. for each Γ ∈ Y, there exists a probability
measure νΓ(·) on C such that Pn0

Γ (z, ·) ≥ δνΓ(·) for all z ∈ C;

(b) for each Γ ∈ Y, z ∈ E, PΓVΓ(z) ≤ λVΓ(z) + b1C(z);

(c) the adaptation parameter is allowed to be updated only if the process is inside of
a compact set B, as defined in (5.10).

Assumption 5.8. Let {PΓ : Γ ∈ Y} be a family of discrete time Markov chains with
state space E. There exist α, λ ∈ (0, 1), C1 > 0, C2 > 2C1, a class of functions
{VΓ : E → [1,∞) : Γ ∈ Y} with µ(VΓ) < +∞, such that

(a) for each Γ ∈ Y, for all x, y ∈ E such that VΓ(x) + VΓ(y) ≤ C2 it holds that

∥PΓ(x, ·)− PΓ(y, ·)∥TV ≤ 2(1− α);

(b) for each Γ ∈ Y and for any z ∈ E, PΓVΓ(z) ≤ λVΓ(z) + C1(1− λ);
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(c) the adaptation parameter is allowed to be updated only if the process is inside of
a compact set B, as defined in (5.10).

Theorem 5.9. Consider a family of discrete time Markov transition kernels {PΓ : Γ ∈
Y}. Assume that all kernels PΓ are aperiodic, irreducible, and have stationary measure
µ. Suppose the adaptive algorithm satisfies the diminishing adaptation condition, i.e.
assumption (b) in Theorem 5.5, and let either Assumption 5.7 or Assumption 5.8
hold. Then the containment condition holds and the adaptive MCMC algorithm is
ergodic.

Proof. The proof can be found in Appendix 5.B.2.

Remark 5.10. A weak law of large numbers (WLLN) for bounded and measurable
functions follows immediately from containment and diminishing adaptation by The-
orem 3.4 in [126]. Therefore under the conditions of Theorem 5.9 a WLLN holds.

5.3.2 Convergence properties of adaptive MCMC algorithms
based on continuous time Markov processes

It could be the case, as it is in the present work, that one is interested in defining an
adaptive scheme based on a family of continuous time Markov processes in continuous
time. In this case a grid for the time variable needs to be introduced in order to
indicate the times at which the adaptation occurs. In fact the adaptive chain only
sees the process at times m∆t, where ∆t > 0 is the step size and m ∈ N. Although
the resulting chain is in discrete time, it is in most cases easier to work directly with
the continuous time process. The following result, which is analogous to Theorem 5.9,
is helpful in this sense.

Theorem 5.11. Consider a family of Markov processes with generators {LΓ : Γ ∈ Y},
each being irreducible, aperiodic, and having µ as invariant measure. Consider a
grid for the time variable with step ∆t. Consider an adaptive scheme that at times
m∆t, with m ∈ N, chooses a process from the aforementioned family. Furthermore,
suppose that the adaptive scheme satisfies the diminishing adaptation condition (5.9)
for P := P∆t. Finally assume one of the following two sets of conditions holds:

1. There exist a set C ∈ B(E), t0 > 0, a class of functions {VΓ : E → [1,∞) :
Γ ∈ Y}, δ > 0, A1, A2 > 0, such that for each Γ, supz∈C,Γ∈Y VΓ(z) < ∞,
π(VΓ) <∞, and

(a) for each Γ ∈ Y there exists a probability measure νΓ such that P t0Γ (z, ·) ≥
δνΓ(·) for all z ∈ C;

(b) for each Γ ∈ Y and z ∈ E it holds that LΓVΓ(z) ≤ −A1VΓ(z) +A21C(z);

(c) it holds that ∆t = mt0, for some m ∈ N.
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2. There exist A1, A2 > 0, C2 > 2A2/A1, a class of functions {VΓ : E → [1,∞) :
Γ ∈ Y} with π(VΓ) < +∞, such that

(a) for each Γ ∈ Y, for all x, y ∈ E such that VΓ(x) + VΓ(y) ≤ C2, there exists
α, t0 > 0 such that

∥P t0Γ (x, ·)− P t0Γ (y, ·)∥TV ≤ 2(1− α);

(b) for each Γ ∈ Y and for any z ∈ E, LΓVΓ(z) ≤ −A1VΓ(z) +A2;

(c) it holds that ∆t = t0.

If the adaptation parameter is allowed to be updated only if the process is inside
of a compact set B, as defined in (5.10), then the adaptive algorithm satisfies the
containment condition and is thus ergodic.

Proof. The proof of this theorem can be found in Appendix 5.B.3.

Remark 5.12. The restrictions on the step size can be milder than as stated in The-
orem 5.11. For instance, if the minorisation condition (1a) of Theorem 5.11 holds for
all t ≥ t0, then one is free to choose any step size ∆t > 0. Furthermore, in both cases
the assumption that the parameter can be updated only if the process is inside of a
compact set at the adaptation time can be dropped when a simultaneous geometric
drift condition holds (Assumption 5.6(b)).

5.3.3 Convergence properties of adaptive PDMC algorithms

Relying on Theorem 5.11, in this section we turn our attention to the ergodicity of
adaptive PDMC algorithms. The proofs of the two theorems are postponed to Section
5.4. First, let us consider the adaptive ZZS. We assume the following conditions on
the potential.

Assumption 5.13 (Growth Condition 3 in [24]). ψ ∈ C2(Rd) and

lim
∥x∥→∞

max(1, ∥∇2ψ(x)∥)
∥∇ψ(x)∥

= 0, lim
∥x∥→∞

∥∇ψ(x)∥
ψ(x)

= 0.

Let us now state the ergodicity result for the adaptive ZZS.

Theorem 5.14. Let M be a compact set of positive definite matrices and let Λ be a
set of excess switching rates γ : E → Rd+ for which there are 0 < γmin ≤ γmax < ∞
such that for all γ ∈ Λ

γmin ≤ γ(x, θ) ≤ γmax for all (x, θ) ∈ E.

Let P = {PM,γ : M ∈M, γ ∈ Λ} be a family of preconditioned Zig-Zag processes with
generators defined by Equation (5.1). Suppose Assumption 5.13 holds and assume
either of the following conditions holds:
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a) M = {M ∈ Rd×d : Mii ∈ [a, b],Mjk = 0 for all j ̸= k} with b > a > 0 ;

b) M has no additional restrictions but adaptations are allowed only inside of a
compact set B,

and let ∆t be the discretisation step. Then the containment condition holds. More-
over, if the adaptive strategy is as described in Section 5.2.4 and is such that pn → 0 as
n→∞, then the diminishing adaptation condition holds and thus for µ = π×Unif(Θ):

lim
n→∞

||P((Xn,Θn) ∈ · |x0, θ0, γ0)− µ(·)||TV = 0 for all (x0, θ0) ∈ E, γ0 ∈ Λ.

(5.11)
Finally, for any bounded and measurable f : Rd → R a weak law of large numbers
holds, i.e. ∑N

n=1 f(Xn)

N
→ π(f) in probability. (5.12)

Remark 5.15. The time discretisation step ∆t can be chosen freely and is not subject
to constraints. Moreover, we remark that under condition (a) on M the adaptive
algorithm is SGE, i.e. satisfies Assumption 5.6, while under condition (b) it satisfies
the first set of conditions in Theorem 5.11. Thus if one is interested in learning only
the diagonal elements of the covariance, then it is possible to take B = Rd and allow
adaptations independently of the state of the process.

Remark 5.16. It was shown in [24] that the ZZS is geometrically ergodic under
Assumption 5.13 also in the case γ = 0, whereas in Theorem 5.14 we require
γ(x, θ) ≥ γmin > 0. This extra assumption is convenient when proving a simulta-
neous small set condition (see Lemma 5.20). Based on similar arguments as in [24],
we expect the statement of Theorem 5.14 to remain valid even in the case γmin = 0.
In practice, one is free to choose γmin very small and thus this assumption does not
represent a severe limitation.

Below we introduce a set of assumptions that is used to show ergodicity of the
adaptive BPS. Here we limit our attention to the case of ν = N (0,1d).

Assumption 5.17 (Assumptions A1, A2, and A7 in [64]). Let ψ : Rd → [0,∞)
satisfy

(a) ψ ∈ C2(Rd), and x→ ∥∇ψ(x)∥ is integrable w.r.t. π;

(b)
∫
Rd e

−ψ(x)/2dx < +∞ and lim∥x∥→∞ ψ(x) = +∞;

(c) There exists ζ ∈ (0, 1) such that

lim inf
∥x∥→∞

∥∇ψ(x)∥
ψ1−ζ(x)

> 0, lim sup
∥x∥→∞

∥∇ψ(x)∥
ψ1−ζ(x)

<∞,

and

lim sup
∥x∥→∞

∥∇2ψ(x)∥
ψ1−2ζ(x)

<∞.
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Theorem 5.18. Let M be a compact set of positive definite matrices and Λr =
[λmin, λmax] for 0 < λmin ≤ λmax < ∞. Let P = {PM,λr

: M ∈ M, λr ∈ Λr}
be a family of preconditioned BPS’s as defined in Equation (5.3), where λr is the
refreshment rate. Suppose Assumption 5.17 holds and let ∆t be the discretisation step.
Assume that ν = N (0,1d). If adaptations are allowed only inside of a compact set
as explained in Equation (5.10), then the containment condition holds. Furthermore,
for the strategy discussed in Section 5.2.4 the diminishing adaptation holds as long as
pn → 0 as n → ∞. Thus the ABPS is ergodic in the sense of Equation (5.11) and
satisfies a WLLN of the form (5.12) for any bounded and measurable f : Rd → R.

Remark 5.19. Proving ergodicity of the adaptive BPS with refreshments from Sd−1,
i.e. the unit sphere centred at the origin, is more challenging due to the more involved
drift condition proved in [51]. In particular, it is not straightforward to convert it
into a simultaneous drift condition as required in assumption 2(b) of Theorem 5.11.

5.4 Proofs of the main theorems

5.4.1 Proof of Theorem 5.14

In order to prove the theorem we show that, for suitable families of preconditioners,
either Assumption 5.6 holds for the family of discretised ZZ processes, or condition
(1) in Theorem 5.11 holds for the family of continuous time ZZ processes. In the next
two sections we state auxiliary results, while in Section 5.4.1.3 we assemble them to
show the theorem. Proofs of the auxiliary results can be found in Appendix 5.B.4.

5.4.1.1 Minorisation condition for the ZZS
The following lemma shows that a simultaneous small set condition holds for the

family of ZZ processes. The strategy of the proof is to reduce the d-dimensional
minorisation condition to 1-dimensional conditions for every component of the process.
Then we can take advantage of Lemma 5.32, which establishes that a simultaneous
minorisation condition holds for a 1-dimensional ZZ process as long as lower and
upper bounds for the switching rates are available.

Lemma 5.20. Let ψ ∈ C1. Consider the family of d-dimensional Zig-Zag processes
with generators {LM,γ : M ∈ M, γ ∈ Λ}, in which M is a compact set of positive
definite matrices and Λ is a set of switching rates γ : E → Rd+. Assume that there
are γmin, γmax such that for all γ ∈ Λ

0 < γmin ≤ γ(x, θ) ≤ γmax <∞ for all (x, θ) ∈ E.

Then for any set of the form C = D×V , where D ⊂ Rd is a compact set and V ⊆ Θ,
there exists t0 > 0 such that for any t ≥ t0 there are δ > 0, and probability measures
{νM}M∈M on E such that

P tM,γ((x, θ), ·) ≥ δνM (·) for all (x, θ) ∈ C.
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In particular, t0 and δ do not depend neither on M nor on γ.

Proof. The proof can be found in Appendix 5.B.4.1.

5.4.1.2 Drift conditions for the Zig-Zag process
If we restrict our attention to the class of diagonal matrices with positive, bounded

entries, then the Lyapunov function in [24, Lemma 11] satisfies also a simultaneous
drift condition. This is shown in the following lemma.

Lemma 5.21. Let Assumption 5.13 hold. Consider the family of linearly transformed
Zig-Zag processes with generators {LM,γ : M ∈M, γ ∈ Λ}, where

M = {M ∈ Rd×d : Mii ∈ [V imin, V
i
max], Mjk = 0 for all j ̸= k}, (5.13)

with Vmax ≥ V imax ≥ V imin ≥ Vmin > 0 for each i = 1, . . . , d, and where Λ is a set of
excess switching rates γ : E → Rd+ such that for all γ ∈ Λ it holds that

γi(x, θ) ≤ γmax for all (x, θ) ∈ E, i = 1, . . . , d. (5.14)

Let δ > 0 and α > 0 be such that 0 < (δγmax)/Vmin < α < 1 and define ϕ(s) =
1
2 sign(s) ln (1 + δ|s|). Then the function

V (x, θ) = exp

(
αψ(x) +

d∑
i=1

ϕ(θi∂iψ(x))

)
(5.15)

is a simultaneous Lyapunov function for the family of ZZ processes, that is there exist
A1 > 0, A2 > 0, a compact set C ⊂ E such that

LM,γV (x, θ) ≤ −A1V (x, θ) +A21C(x, θ) for all (x, θ) ∈ E, M ∈M, γ ∈ Λ,

where A1, A2, C do not depend neither on M nor on γ (but depend onM and Λ).

Proof. The proof can be found in Appendix 5.B.4.2.

If we wish to consider a more general class of positive-definite matrices, then we
have to settle for the following, weaker result.

Lemma 5.22. Let Assumption 5.13 hold. Consider a family of linearly transformed
Zig-Zag processes with generators {LM,γ : M ∈ M, γ ∈ Λ}, where M ⊂ Rd×d is a
compact space of positive definite matrices and Λ is a space of excess switching rates
γ : E → R+ such that (5.14) is satisfied for some γmax. Let δ > 0 and α > 0 be such
that 0 < δγmax < α < 1. Define for each M ∈M the function

VM (x, θ) = exp

(
αψ(x) +

d∑
i=1

ϕ(θi⟨Mi,∇ψ(x)⟩)

)
, (5.16)



5.4. Proofs of the main theorems 225

where Mi denotes the i-th column of M and ϕ : R → R was defined in Lemma 5.21.
Then there are A1 > 0, A2 > 0, and a compact set C ⊂ E such that for all M ∈ M
the following simultaneous drift condition holds:

LM,γVM (x, θ) ≤ −A1VM (x, θ) +A21C(x, θ) for all (x, θ) ∈ E.

In particular A1, A2, C do not depend neither on M nor on γ (but depend onM and
Λ).

Proof. The proof can be found in Appendix 5.B.4.2.

5.4.1.3 Finalising the proof of Theorem 5.14
Let us first consider the case of diagonal preconditioners. Let ∆t > 0 be the

discretisation step. Then by Lemma 5.20 for any set of the form C = D× V , with D
compact and V ⊆ Θ, there exist δ > 0, n0 := inf{n ∈ N : n ≥ t0

∆t}, νM (·) such that
C is a uniform (νM , n0, δ)-small set for the family of discretised processes. Observe
that no conditions on ∆t are required. Moreover, a simultaneous drift condition holds
by Lemma 5.21 combined with Lemma 5.33 for any ∆t. The condition µ(V ) < ∞
is satisfied by definition of the Lyapunov function V , and in fact it also holds that
sup(x,θ)∈C V (x, θ) < ∞ by continuity of V in x. Therefore all the conditions of
Assumption 5.6 are verified, which means the family is simultaneously geometrically
ergodic and by Theorem 3 in [8] the containment condition is satisfied.

In the case of a non-diagonal transformation matrix, parts (a)-(c) of condition (1)
in Theorem 5.11 are verified by Lemmas 5.20 and 5.22. It also holds that

sup
{(x,θ)∈C,M∈M}

VM (x, θ) <∞

for (small) sets C = D × V , with D compact and V ⊆ Θ, because of continuity of
each VM in x and M , together with the fact that D and M are compact spaces (see
Lemma 5.22 for the definition of {VM}M∈M). Moreover µ(VM ) = µ̃M (ṼM ) < ∞,
where µ̃M = π̃M ⊗Unif(Θ) and ṼM is a Lyapunov function for a standard ZZ process
with invariant measure µ̃M . Theorem 5.11 ensures that the containment condition
holds true with no restriction on ∆t.

Proposition 5.25 implies that, under the assumption that pn → 0 as n → ∞, the
adaptive strategy satisfies diminishing adaptation. Therefore ergodicity follows from
diminishing adaptation and containment.

5.4.2 Proof of Theorem 5.18

In the next two sections we show respectively that condition (2) in Theorem 5.11 is
verified for the family of preconditioned BPS and/or of BPS with refreshment rates in
a compact set. In Section 5.4.2.3 we use these auxiliary results to show the theorem.
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5.4.2.1 Simultaneous coupling inequality
The next lemma states that a simultaneous coupling inequality is satisfied for the

BPS with adaptive preconditioner and/or adaptive refreshment rate. The proof is
based on the proof of Lemma 12 in [64], which shows a coupling inequality result for
the standard BPS.

Lemma 5.23. Let condition (a) in Assumption 5.17 hold for the energy function ψ.
Consider the family of BP processes {P tM,λr

: M ∈ M, λr ∈ Λr}, where M is a

compact space of non-singular preconditioning matrices and Λr = [λmin
r , λmax

r ] is the
set of refreshment rates, for some 0 < λmin

r ≤ λmax
r < ∞. Then for any compact set

K ⊂ {(x, θ) ∈ Rd×Rd : ∥x∥+ ∥θ∥ ≤ R}, with R ≥ 0, there exists α > 0 such that for
all (x, θ), (x̃, θ̃) ∈ K, for all t > 0, and for all M ∈M and λr ∈ Λr

∥P tM,λr
((x, θ), ·)− P tM,λr

((x̃, θ̃), ·)∥TV ≤ 2 (1− α) .

In particular α is independent of M and λr.

Proof. The proof can be found in Appendix 5.B.5.1.

5.4.2.2 Drift condition for the BPS
The second condition we need is uniformity of the constants in the drift condition

for the family of preconditioned BPS and/or for the family of BPS with different
refreshment rate. To this end, we go through the proof of Lemma 7 from [64] to show
that this is indeed the case.

Lemma 5.24. Consider a family of BP processes with generators {LM,λr : M ∈
M, λr ∈ Λr}, where M is a compact space of non-singular matrices that act as
preconditioners, λr is the refreshment rate and Λr = [λmin, λmax] for some 0 < λmin ≤
λmax <∞. Let Assumption 5.17 hold and let ν = N (0,1d). Then there are A1, A2 >
0 and a class of functions {VM,λr

: M ∈M, λr ∈ Λr} such that for each M ∈M and
λr ∈ Λr it holds that

LM,λrVM,λr (x, θ) ≤ −A1VM,λr (x, θ) +A2 for all (x, θ) ∈ Rd × Rd,

where in particular A1, A2 do not depend on M .

Proof. The proof can be found in Appendix 5.B.5.2.

5.4.2.3 Finalising the proof of Theorem 5.18
Let ∆t > 0 be a discretisation step. Lemma 5.24 gives the drift condition, that is

condition (b) in Theorem 5.11. Then Lemma 5.23 implies that a coupling inequality
holds for any compact set. Sets of the form VM,λr

(x, θ)+VM,λr
(x, θ) ≤ C2 are compact

by definition of the class of Lyapunov functions {VM,λr
: M ∈ M, λr ∈ Λr}. We are

in particular free to choose the constant C2 as large as we wish. Note also that the
coupling inequality holds for all t > 0, hence there are no constraints on the choice
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of ∆t. Moreover µ(VM,λr
) = µ̃M (ṼM,λR

) < ∞ for all M ∈ M and λr ∈ Λr. Here

ṼM,λR
is the Lyapunov function of a standard BPS with refreshment rate λr and

target µ̃M = π̃M × ν. The containment condition is thus verified as all conditions in
part (2) of Theorem 5.11 hold. Proposition 5.25 implies the diminishing adaptation
condition, and thus ergodicity follows.

5.4.3 Proving the diminishing adaptation condition

A key part of Theorem 5.5 is condition (b), i.e. the diminishing adaptation condition.
For the adaptive scheme described in Section 5.2.4 the condition can be easily shown
to be true as the adaptation happens with diminishing probability.

Proposition 5.25. Consider the adaptive schemes in Section 5.2. In particular,
assume that {pn}n≥0, i.e. the sequence of probabilities of updating the adaptation
parameters, is such that pn → 0 as n → ∞. Then the diminishing adaptation holds
for any t ≥ 0.

Proof. Consider for example the adaptive BPS. Observe that Mn+1 = Mn and λn+1
r =

λnr with probability 1− pn+1 and thus

∥P∆t
Mn+1, λ

n+1
r

((x, θ), ·)− P∆t
Mn, λn

r
((x, θ), ·)∥TV ≤ 2pn+1 → 0 as n→∞.

Thus the diminishing adaption holds. The same reasoning works for the adaptive
ZZS.

5.5 Numerical experiments

In this section we test the empirical performance of the adaptive schemes we defined in
Section 5.2.4. All experiments are implemented in Julia and the corresponding codes
can be found at https://github.com/andreabertazzi/Adaptive_PDMC_samplers.
Let us state some settings that hold for all experiments below. The time horizon is set
to T = 105 for all processes. This is large enough for the adaptive PDMC samplers
to learn and take advantage of the covariance structure. When considered fixed, the
refreshment rate of the BPS is taken to be λr = 1. The excess switching rate for
ZZS is set to 0 in all experiments. The discretisation step is chosen to be ∆t = 0.5,
which in our experiments turns out to be a good choice for a wide range of targets.
Moreover, we set adaptation times to be every tadap = 2000 continuous time units.
The probability of adapting decays as O(log log n). Finally, no normalisation in the
sense discussed at the end of Section 5.2.3 is employed. The performance measures
we consider are the effective sample size per second (ESS/sec) for the mean and for

the radius statistic t(x) =
∑d
i=1 x

2
i . In Sections 5.5.1 and 5.5.2 these are computed in

continuous time as discussed in [23] by estimating the asymptotic variance with the
batch means method, and the variance of the Monte Carlo estimate on the continuous
time trajectories of the processes. On the other hand, in Section 5.5.3 we compute the

https://github.com/andreabertazzi/Adaptive_PDMC_samplers
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mean squared error (MSE) in discrete time for the sample mean and radius statistic
and take advantage of the fact that in the large time horizon regime the MSE is
approximately given by the asymptotic variance of the observable divided by the
number of generated samples. This alternative way to compute the ESS avoids poor
convergence of the batch means method in the multimodal case. Finally, in all settings
we repeat the same task 20 times and report all the results in box-plots.

5.5.1 Multidimensional Gaussian target

In this section we focus on two different kinds of multivariate Gaussian target dis-
tributions. The first one, denoted by MG1, has unitary variances and correlation
ρ between all components. Denoting the covariance matrix by Σ, this means that
Σii = 1 for each i = 1, . . . , d and Σij = ρ for all i ̸= j. We study how the adaptive
PDMC algorithms compare to their non-adaptive counterparts for different values
of ρ and different dimensionalities. In this setting we focus on adaptive algorithms
that estimate the full covariance matrix. The second Gaussian target we consider has
variances 0.5, 1, 5, 10, 15 repeated depending on the dimension, together with a milder
correlation between components. This setting is denoted as MG2 and is useful to
compare all kinds of adaptive algorithms we introduced.

5.5.1.1 MG1 target
In the first experiment we consider a 50-dimensional MG1 target for different val-

ues of ρ. In Figure 5.3 the average ESS/sec and the ESS/sec for the radius statistic
are shown. As expected, the performance of the ZZS is degrading as the correlation
increases. This behaviour is for the most part caused by the very large number of
events that have to be simulated for very narrow targets. The adaptive ZZS success-
fully improves over this inconvenience and is stable with respect to the increasing
correlation. The standard BPS with fixed refreshment rate shows a decaying average
ESS/sec, while the ESS/sec for the radius statistic appears to increase as ρ grows up
until ρ = 0.4 and then becomes smaller. This behaviour is likely due to the fact that
the choice λr = 1 is more suited for the estimation of the radius in case of a more con-
centrated target rather than for a standard Gaussian. A similar behaviour is shown
by the adaptive BPS’s. Overall we notice a marked improvement for the BPS with
adaptive preconditioner and fixed λr. Choosing to adapt only the refreshment turns
out to be a detrimental decision when the target is correlated. Indeed the optimality
criterion derived [27] assumes a standard Gaussian target.

In Figure 5.4 we study how the adaptive schemes compare to the standard ones for
an MG1 target with correlation ρ = 0.8 and increasing dimensionalities of target.
The plots show that when the target is strongly correlated the effect of the adaptation
shows no sign of diminishing. It also seems clear that the sampler of choice in this case
should be the adaptive BPS with fixed, rather than adaptive, refreshment rate. This
could be due to the fact that, when the refreshment rate is updated adaptively and
the target is anisotropic, a too large λr is chosen at first due to the high number of
reflections, thus slowing down the estimation of the covariance matrix. As suggested
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(a) Comparison between the ZZS and the ZZS with adaptive preconditioner learning the full
covariance matrix.
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(b) Comparison between the BPS and various alternative adaptive BPS’s. Adaptive BPS
(full,adap) denotes the BPS that learns the entire covariance matrix (full) and with adap-
tive refreshment rate (adap). Adaptation of the preconditioner can be turned off, and
similarly the refreshment rate can be fixed.

Figure 5.3: Results as a function of the correlation for MG1 targets.



230 Adaptive schemes for PDMC algorithms

1

10

100

1000

10000

20 40 60 80
Dimension

A
ve

ra
ge

 E
S

S
/s

ec
 (

M
ea

n)

1

10

100

1000

10000

20 40 60 80
Dimension

E
S

S
/s

ec
 (

R
ad

iu
s)

ZigZag BPS Adaptive ZigZag (full) Adaptive BPS (full,adap) Adaptive BPS (full,fixed)

Figure 5.4: MG1 target with ρ = 0.8 and different dimensionalities.

by a reviewer, one could avoid this issue by keeping the refreshment rate fixed until the
estimate of the covariance stabilises, and only then starting to learn the optimal λr. It
is worth pointing out that the performance of the BPS with adaptive preconditioner
and refreshment improves compared to the BPS as the dimension increases. This
is according to the theoretical results in [27], which are indeed obtained in the high
dimensional limit. Therefore we expect that for a large d it is reasonable to apply
both the transformation scheme and the tuning of λr.

5.5.1.2 MG2 target

Let us now consider a 50-dimensional MG2 target with a mild correlation set to
ρ = 0.3. Figure 5.5 shows the results for several adaptive PDMC samplers. The
adaptive algorithms that learn the entire covariance matrix show the largest gain
in terms of ESS/sec. For the BPS the choice of learning only the variance of each
component of the target seems interesting, also in view of larger dimensions. As in
the previous section, we observe that the adaptation of the refreshment rate seems to
have a bad effect for anisotropic targets.
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(a) Results of the MG2 experiment for the ZZS. The option diag refers to the adaptive
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Figure 5.5: Comparison of several samplers in the context of Section 5.5.1.2.
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Figure 5.6: Logistic regression task of Section 5.5.2.

5.5.2 Logistic regression with correlated data

The next numerical experiment we consider is a Bayesian logistic regression task. In
this setting for j = 1, . . . , nobs a binary output value yj ∈ {0, 1} has distribution

P(Yj = 1|β) =
1

1 + exp (−βTxj)
,

where {xj}nobs
j=1 are known covariates, and β ∈ Rd is an unknown parameter. We take

a flat prior and thus obtain the posterior

π(β|{yj}nobs
j=1 ) ∝

nobs∏
j=1

exp (−yjβTxj)
1 + exp (−βTxj)

.

We force correlation between some components of the parameter by taking, for j =
1, . . . , nobs and i = 1, . . . , d, (xj)i = 1 + εNji, where Nji ∼ N (0, 1) and ε = 0.1. The
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results of the experiment are reported in Figure 5.6, in which the samplers are tested
with targets as above with d = 2, 4, 8, 16 and nobs = 1000. The adaptation of the
refreshment rate follows the alternative scheme discussed in Appendix 5.A.3. This
scheme seems more stable as the refreshment rate is update gradually and cannot
jump immediately to very large or small values. Although the dimensionality is small
and the correlation is limited to a subset of the coordinates, we observe that the
adaptive schemes outperform their standard counterparts.

5.5.3 Mixture of Gaussian distributions

Consider a mixture of two 30-dimensional Gaussian distributions N (0d,Σ) and
N (µ,Σ), both with weight 1

2 . Here we take Σ with Σii = 1 and Σij = 0.25 for
j ̸= i. Moreover we take µ = a × (1, . . . , 1), where a is a parameter that determines
the distance between the two means. We investigate the performance of the adaptive
schemes compared to standard ones as a function of the parameter a. The details
on the implementation of this experiment can be found in Appendix 5.A.4. In this
experiment we test the robustness of the algorithm in a case in which the target dis-
tribution is cigar shaped, but multimodal. The time horizon for ZZS is 105, while for
BPS it is 4×105. Figure 5.7 shows the results for the adaptive samplers in this setting.
We observe that as the distance between the means increases the performance of the
adaptive samplers improves over the standard ones. We remark that for small values
of the distance a one cannot expect improvements of the adaptive algorithms as the
correlation is small and thus the target is not very anisotropic.

5.6 Discussion

In this paper we proposed adaptive schemes to overcome two of the current issues with
the BPS and ZZS. We have shown that the refreshment rate and the excess switching
rate can be tuned on the fly as long as the updates or the probabilities of updating
decrease to 0. With this approach the user does not have to worry about tuning the
refreshment rate. A current limitation is that more theory or experiments are needed
to determine a criterion that works well with anisotropic targets. In addition to this,
we have proposed a way to make the PDMC samplers learn and take advantage of
the covariance structure of the target. The theoretical results stated in Theorems
5.14 and 5.18 ensure that the adaptive samplers are ergodic and thus converge to
the correct measure π. It is challenging to prove theoretical statements regarding
performance improvements of the adaptive schemes over the standard PDMC sam-
plers. However, the numerical experiments we conducted suggest that our adaptive
algorithms can lead to a significant performance improvement when there are strong
anisotropies. An alternative approach could be to use an optimisation algorithm to
obtain an estimate of the covariance matrix by computing the Hessian of the tar-
get at its point of maximum. However, this optimisation step can be expensive and
moreover for realistic problems it is not a given that this estimator is a good approx-
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Figure 5.7: Numerical results for a mixture of two Gaussian distributions as described
in Section 5.5.3.
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imation of the posterior covariance. In particular in our theory we do not assume log
convexity of the target, and also we do not assume that we are in the large sample
regime where a Bernstein-von Mises theorem holds. In addition, the adaptive schemes
discussed in this paper can be applied to the Boomerang sampler [25]. This would
result in elliptical dynamics that are adapted to resemble the (unimodal) target at
hand. Naturally, the adaptive algorithms should be run with a time horizon that is
large enough to benefit from the adaptation. Two other important settings are the
discretisation step and the time between two adaptations. Based on our experience
with the experiments, we suggest ∆t = O(10−1) and tadaps = O(103). For concen-
trated targets, as for instance posteriors when there is a very large number of data
points, it is suggested to choose both values small. We remark that in very high
dimensional settings it may be unfeasible to let the samplers learn the full covariance
matrix, as the computation of M entails calculating the square root of the empirical
covariance matrix. In such cases we suggest either learning only the diagonal ele-
ments or blocks of the covariance. We remark that the adaptive PDMC algorithms
with subsampling are applicable in the setting of tall data, that is when data-set is
made of a large number of observations, but with a moderate dimensionality. In such
settings subsampling can be shown empirically to result in an improved efficiency (in
terms of ESS per second); a result which is backed by a heuristic argument, based
on posterior contraction, i.e., the Bernstein-Von Mises theorem; see [23] for details.
More research is necessary to understand in which situations subsampling can lead
to improved efficiency, and in particular if improved efficiency is possible in cases for
which the Bernstein-von Mises theorem does not apply; see also [9, 86] for a critical
discussion of subsampling methods.

A question that one could naturally ask is how applicable this transformation
scheme is in case of a multimodal target. The answer depends on the specific tar-
get at hand, but one can design a target as a mixture of Gaussian distributions for
which applying the transformation scheme would not speed up the convergence of the
sampler. However, when the target is multimodal it is possible for instance to use
the adaptive PDMC samplers together with the framework proposed in [126]. In this
framework, the adaptive PDMC samplers would be beneficial since the regions around
each mode would be explored more efficiently by taking advantage of the covariance
structure of the specific mode.

Finally, we remark that the idea of learning the covariance structure of the target
on the fly could be applied to obtain adaptive versions of the Hamiltonian Monte
Carlo (HMC) algorithm [118] and of the Metropolis Adjusted Langevin Algorithm
(MALA) [139]. In particular both the HMC algorithm and the MALA are sensitive to
correlation in the target and can thus benefit from a suitable preconditioner, as argued
respectively in Section 4.1 of [118] and in [138]. Moreover, the preconditioner could be
chosen to take advantage of the geometry of the target, as proposed in [75] for HMC
and MALA. The preconditioner could be estimated adaptively with an appropriate
adaptation strategy, together with similar ideas presented in this manuscript.
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5.A Implementation of adaptive PDMC algorithms

The main issue in the exact simulation of PDMPs lies in the simulation of the switch-
ing times. It is generally proposed to use Poisson thinning to overcome this difficulty.
The idea is to find upper bounds for the switching rates that are more tractable,
then simulate a Poisson process with said rate and finally adjust with an acceptance-
rejection step. Applying a preconditioning matrix to PDMPs results in a modification
of the switching rates and thus the bound proposed in [23, 32] do not directly apply
to our proposed algorithms. In the following two sections we give two important ex-
amples to motivate that it is possible to find bounds with similar ideas to those used
for standard PDMC algorithms. In Appendix 5.A.3 we discuss a different adaptation
strategy for the refreshment rate.

5.A.1 Dominated Hessian of the negative log-likelihood

Let us consider the case in which the Hessian of the negative log-likelihood is domi-
nated by a positive definite matrix. Denoting the Hessian byHψ(x) = (∂i∂jψ(x))di,j=1,

this means that for any x ∈ Rd it holds that ⟨Hψ(x)u, u⟩ ≤ ⟨Qu, u⟩ for all u ∈ Rd.
Then we say that −Q ⪯ Hψ(x) ⪯ Q. Assuming Q is symmetric, we have for all
u, v ∈ Rd that ⟨u,Hψ(x)v⟩ ≤ ∥u∥2∥Qv∥2.

Let us consider the switching rates of a ZZ process with preconditioner M , i.e.
λMi (x, θ) = (θi⟨Mi,∇ψ(x)⟩)+, where Mi is the i-th column of M . Remember that
the deterministic trajectory of this process is x(t) = x + Mθt, where (x, θ) is the
initial condition. We have

∂iψ(x(t)) = ∂iψ(x) +

∫ t

0

d∑
j=1

∂j∂iψ(x(s))(Mθ)jds

= ∂iψ(x) +

∫ t

0

⟨Hψ(x(s))ei,Mθ⟩ds,

where ei, is the i-th vector of the canonical basis, i.e. with zeros in all com-
ponents except for a 1 in the i-th component. Taking ai = θi⟨Mi,∇ψ(x)⟩ and
bi =

√
d∥M∥2∥QMi∥2 it follows that

λMi (x(t), θ) =

θi⟨Mi,∇ψ(x)⟩+ θi

d∑
j=1

Mji

∫ t

0

⟨Hψ(x(s))ej ,Mθ⟩ds


+

≤
(
θi⟨Mi,∇ψ(x)⟩+

∫ t

0

⟨Hψ(x(s))Mi,Mθ⟩ds
)

+

≤ (ai + t∥Mθ∥2∥QMi∥2)+ ≤ (ai + bit)+.

It is possible to have a tighter bound taking bi = ∥QMi∥2∥Mθ∥2, but this entails
having to update bi after every switching time, which would make the overall simula-
tion more expensive. Note that in particular for a diagonal M we have that ∥Mθ∥2 =
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(
∑d
i=1M

2
ii)

1/2 and we can take ai = θiMii∂iψ(x) and bi = Mii∥Qi∥2(
∑d
i=1M

2
ii)

1/2. It
is worth observing that ∥Q∥2 can be computed once before running the algorithm and
then stored. Terms ∥M∥2 and ∥Mi∥2 can in principle be estimated by taking a max-
imum over the class of matrices M. However, having loose computational bounds
leads to a lower percentage of accepted proposed events and thus to an increased
computational burden.

For BPS with preconditioner M we showed that λM (x, θ) = (⟨Mθ,∇ψ(x)⟩)+. With
computations similar to the ones above we obtain

λM (x(t), θ) =

(
⟨Mθ,∇ψ(x)⟩+

∫ t

0

⟨Mθ,Hψ(x(s))Mθ⟩ds
)

+

≤ (⟨Mθ,∇ψ(x)⟩+ t⟨Mθ,QMθ⟩)+ ≤ (a+ bt)+

with a = ⟨Mθ,∇ψ(x)⟩ and b = ⟨Mθ,QMθ⟩. Note that Mθ is the velocity of the
process and needs to be computed in any case to determine the trajectories.

5.A.2 Subsampling techniques

PDMC algorithms are particularly interesting because they allow for exact subsam-
pling. This means that it is possible to modify PDMC samplers such that the correct
invariant measure is maintained but without going through the entire data-set at each
iteration. This was illustrated in [23, 32] for ZZS and BPS. Subsampling techniques
are particularly helpful when the number of data points n is much larger than the
dimensionality d of the posterior density function. This is an interesting scenario
for the adaptive algorithms that are here introduced, as for a small d the additional
computations necessary to learn and take the square root of (part of) the covariance
matrix are not overpowering. In this section we explain how adaptive PDMC with
subsampling can be implemented.

Suppose the partial derivatives of the posterior distribution can be written in the
form

∂iψ(x) =
1

n

n∑
j=1

Eji (x), (5.17)

where Eji : Rd → Rd are continuous mappings. This holds for example when the
target satisfies

ψ(x) =
1

n

d∑
j=1

ψj(x).

This is the case for instance when the target is a posterior density of a model with
iid observations. In such cases one can choose ψj(x) = − log(π0(x))− n log (l(yj |x)),
where π0 is a prior of the parameters and l is the likelihood associated to observation
yj . Then the idea is to define a collection of switching rates along a trajectory.

mj
i (t) = (θi⟨Mi, E

j(x+Mθt))+,
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where Ej(x) = (Ej1(x), . . . , Ejd(x))T . If we can find uniform bounds Hi(t) such that

mj
i (t) ≤ Hi(t) for all j, then the subsampling procedure is successful. One can

simulate IPPs with rates Hi(t) and then accept the proposed switch of component i0
with probability mJ

i0
(t)/Hi0(t) where J ∼ Unif{1, . . . , n}. The next proposition shows

that stationarity of π is preserved for the ZZS with subsampling also introducing a
preconditioner.

Proposition 5.26. The Zig-Zag sampler with subsampling and preconditioner M has
invariant distribution µ = π ×Unif(Θ). Moreover it coincides with a Zig-Zag process
with switching rates

λMi (x, θ) =
1

n

n∑
j=1

(θi⟨Mi, E
j(x)⟩)+ for (x, θ) ∈ E, i = 1, . . . , d.

Proof. The statements can be derived following the proof of Theorem 4.1 in [23] and
is thus omitted.

An interesting situation is that of a negative log-likelihood with Lipschitz partial
derivatives, i.e. |∂iψ(x) − ∂iψ(y)|≤ Ci∥x − y∥p. In this case we can take a reference
point x∗ and take

Ej(x) = ∇ψ(x∗) +∇ψj(x)−∇ψj(x∗).

This allows us to obtain the following uniform bound on the switching rates

mj
i (t) = (θi⟨Mi,∇ψ(x∗) +∇ψj(x+Mθt)−∇ψj(x∗)⟩)+
≤
(
θi⟨Mi,∇ψ(x∗)⟩+ |⟨Mi,∇ψj(x+Mθt)−∇ψj(x∗)⟩|

)
+

≤

(
θi⟨Mi,∇ψ(x∗)⟩+

d∑
l=1

Cl|Mli|∥x+Mθt− x∗∥p

)
+

≤ (θi⟨Mi,∇ψ(x∗)⟩+ ⟨|Mi|, C⟩∥x− x∗∥p + t⟨|Mi|, C⟩∥Mθ∥p)+ .

Therefore we can simulate d IPPs with rates Hi(t) = (ai + bit)+, where ai =
θi⟨Mi,∇ψ(x∗)⟩+ ⟨|Mi|, C⟩∥x− x∗∥p and bi = d1/p⟨|Mi|, C⟩∥M∥p.

The same estimator for the gradient of the negative log-density can be used for a
preconditioned BPS. With computations analogous to above we find

mj
i (t) ≤ (⟨Mθ,∇ψ(x∗)⟩+ ⟨|Mθ|, C⟩∥x− x∗∥p + t⟨|Mθ|, C⟩∥Mθ∥p)+ ≤ Hi(t).

Although establishing ergodicity of these adaptive algorithms would be an interesting
research question, we leave it for future research due to the lack of theoretical results
for their standard counterparts.
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5.A.3 A different adaptation strategy for the refreshment rate

The adaptive scheme for the refreshment rate described in Section 5.2.4 is a natural
implementation of the results in [27]. However, it can be unstable when combined
with an adaptive preconditioner. Here we define an alternative adaptive strategy and
we prove that the diminishing adaptation condition from Theorem 5.5 is satisfied.

Assume that the refreshment rate of the BPS is constant in the position and velocity
spaces. We update it iteratively as follows:

λrn+1 =

{
λrn + qn+1 if nrefresh(n+1)

nevents(n+1) < λ∗,

λrn − qn+1 if nrefresh(n+1)
nevents(n+1) > λ∗,

(5.18)

in which nrefresh(n) and nevents(n) are respectively the number of refreshments and
the number of events up to time n, qn is a positive, decreasing sequence such that
qn → 0, and λ∗ = 0.7812.

For the strategy in Section 5.2.4 we used that at time n there is a probability of
adapting equal to pn, such that pn → 0. In the remainder of this section we show
that for the adaptive scheme described in (5.18) the diminishing adaptation condition
holds even if the refreshment rate is updated with probability 1.

Lemma 5.27. Let π be a probability distribution. Denote as P tγ the semigroup of a

ZZ process with excess switching rate γ : E → Rd+. Let γ1, γ2 be two bounded excess
switching rates. Then for any t ≥ 0

sup
(x,θ)∈E

∥δ(x,θ)P tγ1 − δ(x,θ)P
t
γ2∥TV → 0 as ∥γ1 − γ2∥∞ → 0. (5.19)

Similarly, denote now by P tλ the semigroup of a BPS with refreshment rate λ : E →
R+. Let λ1, λ2 be two bounded refreshment rates. Then for any t ≥ 0

sup
(x,θ)∈E

∥δ(x,θ)P tλ1
− δ(x,θ)P tλ2

∥TV → 0 as ∥λ1 − λ2∥∞ → 0. (5.20)

Proof. Consider first the case of the BPS. Consider the generators of two BPS’s with
refreshment rates λ1 and λ2 and denote them respectively by Lλ1 and Lλ2 . Now
observe that Lλ2

= Lλ1
+B, where B is a bounded operator such that

Bf(x, θ) = (λ2(x, θ)− λ1(x, θ))

∫
Rd

(f(x, θ′)− f(x, θ)) ν(dθ′).

In other words, Lλ2
is a perturbed version of Lλ1

, with bounded perturbation B.
Since Lλ1

and Lλ2
generate strongly continuous semigroups (P tλ1

)t≥0, (P
t
λ2

)t≥0, we
can apply the reasoning in the proof of Corollary 1.11 in Chapter 3 of [67] to obtain
that, for any t > 0, ∥P tλ1

− P tλ2
∥ → 0 as B → 0, which is equivalent to

sup
f∈C0(E),|f |≤1

sup
(x,θ)∈E

|P tλ1
f(x, θ)− P tλ2

f(x, θ)| → 0 as ∥λ1 − λ2∥∞ → 0,
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where C0(E) is the space of continuous functions on E that vanish at infinity. Inverting
the order of the two suprema and applying the Riesz-Markov representation theorem
(see e.g. [7]) we obtain the result in (5.20).

Now consider the case of two ZZS with two different bounded excess switching rates
γ1 : E → Rd+ and γ2 : E → Rd+. The perturbation is now given by

B̃f(x, θ) =

d∑
i=1

((γ2(x, θ))i − (γ1(x, θ))i)(f(x,Riθ)− f(x, θ)).

Then the result (5.19) follows by the same arguments as above.

Proposition 5.28. Consider the adaptive PDMC algorithms defined in Section 5.2.4,
with the following modification. Let the adaptation of the refreshment rate be per-
formed with probability 1 at adaptation times, but in such a way that

sup
(x,θ)∈E

|λn+1
r (x, θ)− λnr (x, θ)| ≤ δn+1,

where (δn)n≥1 is such that δn → 0 as n→∞, and similarly for the refreshment rate
of the ZZS. Then for any ∆t > 0

lim
n→∞

(
sup

(x,θ)∈E
∥P∆t

Mn+1, λ
n+1
r

((x, θ), ·)− P∆t
Mn, λn

r
((x, θ), ·)∥TV

)
= 0 in probability,

and similarly for the ZZS.

Proof. By the triangle inequality for the total variation distance we obtain

∥δ(x,θ)P∆t
Mn+1, λ

n+1
r
− δ(x,θ)P∆t

Mn, λn
r
∥TV ≤

≤ ∥P∆t
Mn+1, λ

n+1
r

((x, θ), ·)− P∆t
Mn+1, λn

r
((x, θ), ·)∥TV

+ ∥P∆t
Mn+1, λn

r
((x, θ), ·)− P∆t

Mn, λn
r
((x, θ), ·)∥TV.

(5.21)

The inequality above allows us to deal with the two adaptations separately. The
second term in the right hand side of (5.21) is handled by Proposition 5.25.

Now focus on the first term in the right hand side of (5.21), for which we want to
apply Lemma 5.27. It is sufficient to observe that supremum norm of the perturbation
goes to zero in probability when n → ∞. Indeed the sequence of refreshment rates
is Cauchy in probability, as for all n we have ∥λn+1

r − λnr ∥∞ ≤ δn+1. Convergence in
probability follows from the fact that (δn)n≥0 is a convergent sequence and therefore
the diminishing adaptation condition holds.
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5.A.4 Details on the implementation of a Gaussian mixture
target

Consider the target of Section 5.5.3, that is

π(x) ∝ λ exp

(
−1

2
(x− µ1)TΣ−1(x− µ1)

)
+ (1− λ) exp

(
−1

2
(x− µ2)TΣ−1(x− µ2)

)
.

Here we wish to find upper and lower bounds to the Hessian of the negative log-density,
which can be used to simulate the adaptive ZZS and BPS following the approach of
Appendix 5.A.1. Start by writing w = 1

2 (µ2 +µ1) and v = 1
2 (µ2−µ1). Then we have

π(x) ∝ exp

(
−1

2
(x− w)TΣ−1(x− w)

)[
α exp

(
µT1 Σ−1x− wTΣ−1x

)
+ β exp

(
µT2 Σ−1x− wTΣ−1x

) ]
= exp (−ψ1(x)− ψ2(x))

where

α = λ exp

(
1

2
vTΣ−1(w + µ1)

)
,

β = (1− λ) exp

(
−1

2
vTΣ−1(w + µ2)

)
,

while

ψ1(x) =
1

2
(x− w)TΣ−1(x− w)

and
ψ2(x) = − log

[
α exp(−(Σ−1v)Tx) + β exp((Σ−1v)Tx)

]
.

Clearly ∇2ψ1(x) = Σ−1. Write m(x) = (Σ−1v)Tx. Then ∇xm(x) = Σ−1v. We have

∇ψ2(x) = (Σ−1v)
α exp(−m(x))− β exp(m(x))

α exp(−m(x)) + β exp(m(x))
,

and

∇2ψ2(x) = (Σ−1v)(Σ−1v)T
[
−1 +

(α exp(−m(x))− β exp(m(x)))2

(α exp(−m(x)) + β exp(m(x)))2

]
= (Σ−1v)(Σ−1v)T

[
−4αβ

(α exp(−m(x)) + β exp(m(x)))2

]
.

It remains to find the minimum of

m 7→ −4αβ

(α exp(−m) + β exp(m))2
.
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This is achieved at m = 1
2 ln α

β , yielding that

−1

4

(
Σ−1(µ2 − µ1)

) (
Σ−1(µ2 − µ1)

)T ⪯ ∇2ψ2(x) ⪯ 0.

We conclude that

Σ−1 − 1

4

(
Σ−1(µ2 − µ1)

) (
Σ−1(µ2 − µ1)

)T ⪯ ∇2ψ(x) ⪯ Σ−1. (5.22)

Remark 5.29 (Some special situations). Consider the case in which v = 1
2 (µ2 − µ1)

is an eigenvector of Σ−1 with eigenvalue γ. Let Q denote the positive definite matrix
with eigenvalues identical to those of Σ−1 along the directions orthogonal to v, and
with eigenvalue max(γ, γ2∥v∥2 − γ) along v. Then −Q ⪯ ∇2ψ(x) ⪯ Q. In particular

∥∇2ψ(x)∥2 ≤ max(κ, γ, γ2∥v∥2 − γ),

where κ denotes the maximal eigenvalue of Σ−1 restricted to the orthogonal comple-
ment of v.

In the special case for which Σ = Id, we find for the lower bound

∇2ψ ⪰ Id −
1

4
(µ2 − µ1)(µ2 − µ1)T ,

with eigenvalues 1 and 1− 1
4∥µ2− µ1∥22. So if ∥µ2− µ1∥22 ≤ 2, then −Id ⪯ ∇2ψ ⪯ Id.

In general

∥∇2ψ(x)∥2 ≤ max(1, 1/4∥µ2 − µ1∥22 − 1) for all x ∈ Rd.

5.B Proofs

5.B.1 Proofs of Section 5.2

Proof of Proposition 5.1. The extended generator (L̃M ,D(L̃M )) of the standard ZZ
process is by [48, Definition 14.15] such that for all f̃ ∈ D(L̃M )

M f̃
t = f̃(Ξt,Θt)− f̃(ξ, θ)−

∫ t

0

L̃M f̃(Ξ(s),Θ(s))ds (5.23)

is a local martingale. For any f̃ ∈ D(L̃M ) we define a function h(x, θ) = f̃(ξ, θ) with
x = Mξ, for any M ∈M. Observe that h(Xt,Θt) = f̃(Ξt,Θt) since Xt = M Ξt. The
generator of the transformed process then satisfies Condition (5.23) provided that

LMh(x, θ) = L̃M f̃(ξ, θ) for all (x, θ) ∈ E.
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Therefore

L̃M f̃(ξ, θ) = ⟨θ,∇ξh(Mξ, θ)⟩+

d∑
i=1

λ̃M,i(ξ, θ)(h(Mξ,Riθ)− h(Mξ, θ))

= ⟨Mθ,∇xh(x, θ)⟩+

d∑
i=1

λ̃M,i(M
−1x, θ)(h(x,Riθ)− h(x, θ))

= LMh(x, θ).

Proof of Proposition 5.2. Following the approach in the proof of Theorem 2.2 in
[23], we want to check that for any M ∈ M, and any h ∈ D(LM ), it holds that∫
E
LMh(x, v)dµ = 0. By a change of variable and using the same reasoning as in the

proof of Proposition 5.1, for any∫
LMh(x, θ)dµ(x, θ) =

1

Z

∑
θ∈{−1,+1}d

∫
LMh(x, θ) exp(−ψ(x))dx

=
1

Z̃

∑
θ∈{−1,+1}d

∫
L̃M f̃(ξ, θ) exp(−ψ̃M (ξ))dξ

=

∫
L̃M f̃(ξ, θ)dµ̃M (ξ, θ) = 0,

where µ̃M = π̃M ⊗ Unif({−1,+1}d) the last equality was obtained by the invariance
of µ̃M for the standard Zig-Zag process.

Proof of Proposition 5.3. Following the same approach as in the proof of Proposition
5.1, for any f̃ ∈ D(L̃M ) we define a function h(x, θ) = f̃(ξ, θ) with x = Mξ. The
generator of the transformed process then satisfies Condition (5.23) provided that

LMh(x, θ) = L̃M f̃(ξ, θ) for all (x, θ) ∈ E.

In this case

L̃M f̃(ξ, θ) = ⟨θ,∇ξh(Mξ, θ)⟩+ λ̃M (ξ, θ)(h(Mξ, R̃(ξ)θ)− h(Mξ, θ))

+ λr(ξ, θ)

∫
(h(Mξ, θ′)− h(Mξ, θ))ν(dθ′)

= ⟨Mθ,∇xh(x, θ)⟩+ λ̃M (M−1x, θ)(h(x, R̃(M−1x)θ)− h(x, θ))

+ λr(M
−1x, θ)

∫
(h(x, θ′)− h(x, θ))ν(dθ′)

= LMh(x, θ).



244 Adaptive schemes for PDMC algorithms

Proof of Proposition 5.4. As for Proposition 5.2, it suffices to show that for all M ∈
M
∫
E
LMh(x, v)dµ = 0. By a change of variable we obtain∫

LMh(x, θ)dµ(x, θ) =
1

Z

∫
X

∫
V
LMh(x, θ) exp(−ψ(x))ν(θ)dθdx

=
1

Z̃

∫
X

∫
V
L̃M f̃(ξ, θ) exp(−ψ̃M (ξ))ν(θ)dθdξ

=

∫
L̃M f̃(ξ, θ)dµ̃(ξ, θ) = 0,

where µ̃M = π̃M ⊗ ν and the last equality follows by the invariance of µ̃M for the
BPS as shown in [32].

5.B.2 Proof of Theorem 5.9

Let us initially separate the proof under Assumption 5.7 and next under Assumption
5.8. First we show that in both cases the containment condition holds if the sequence
{VΓn

(Zn)}n≥0 is bounded in probability.

5.B.2.1 The case of Assumption 5.7

Let γ ∈ Y and let C be the uniform (νγ , δ, n0)-small set as defined in Assumption
5.7. As described in [134, 141] we define the following coupling between two chains
with kernel Pγ . The two chains evolve independently each with kernel Pγ when they
are outside of C. When both chains are inside C, then with probability δ we let
the two chains couple after n0 steps by drawing Xn+n0

= Yn+n0
from νγ , or with

probability (1− δ) we independently draw Xn+n0
∼ (Pn0

γ (Xn, ·)− δνγ(·))/(1− δ) and
Yn+n0

∼ (Pn0
γ (Yn, ·)− δνγ(·))/(1− δ). Then by taking hγ(x, y) = (Vγ(x) + Vγ(y))/2

as suggested in the proof of Theorem 3 in [8] we have

Eγ
(
hγ(X1, Y1)

∣∣X0 = x, Y0 = y
)
≤ λhγ(x, y) for all (x, y) /∈ C × C.

Define now A(γ) := sup(x,y)∈C×C Eγ
(
hγ(Xn0

, Yn0
)
∣∣X0 = x, Y0 = y

)
. Then by [141,

Theorem 5] we have for each γ ∈ Y the following bound on the total variation distance

||Pnγ (x, ·)− µ(·)||TV ≤ (1− δ)⌊
√

n
n0 ⌋+ λn−

√
nn0+1(A(γ))

√
n−1(Vγ(z) + π(Vγ))/2.

The dependence on γ in A(γ) can be eliminated by noting that

A(γ) ≤ sup
γ∈Y

(A(γ)) ≤ λn0 sup
{γ∈Y, x∈C}

Vγ(x) + bn0 =: B,

which is independent of γ. In particular by our assumptions we have that B < ∞
and π(Vγ) <∞ for each γ.
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5.B.2.2 The case of Assumption 5.8
Define for each Vγ and any measurable function φ : E → R and any β ≥ 0 the

norm

∥φ∥β,Vγ
= sup
z∈E

|φ(z)|
1 + βVγ(z)

. (5.24)

For measures µ1, µ2 on E such that, for each γ ∈ Y, µ1(Vγ) < ∞, µ2(Vγ) < ∞,
consider the Vγ weighted norm

ρβ(µ1, µ2) = sup
{φ:∥φ∥β,Vγ≤1}

(µ1(φ)− µ2(φ)) . (5.25)

Note that ρβ depends on γ. Now for each γ we can apply [64, Theorem 24] and
therefore there exist β∗ > 0 and κ ∈ (0, 1) such that

ρβ∗(µ1Pγ , µ2Pγ) ≤ κρβ∗(µ1, µ2),

where in particular κ and β∗ depend only on α, λ,C1 as defined in Assumption 5.8.
Therefore κ and β∗ do not depend on γ by uniformity of said constants. The norm
(5.24) is such that if ∥φ∥0,Vγ

≤ 1, then ∥φ∥β,Vγ
≤ 1 for any β > 0. Choosing µ1 = δz,

µ2 = π, for any z ∈ E we obtain

∥Pnγ (z, ·)− π(·)∥TV ≤ ρβ∗(δzP
n
γ , π)

≤ κnρβ∗(δz, π)

= κn sup
{φ:∥φ∥β∗,Vγ≤1}

(φ(z)− π(φ))

≤ κn (2 + β∗Vγ(z) + β∗π(Vγ))

Here we used (5.25) in the third equality, and twice (5.24) in the last inequality.
Moreover by assumption π(Vγ) < +∞ for all γ ∈ Y.

5.B.2.3 Boundedness in probability of the sequence of Lyapunov func-
tions

In both cases the containment condition is thus satisfied if the process {VΓn(Zn)}n≥0

is bounded in probability. This is indeed implied by our assumption that Γn is updated
only if Zn ∈ B, where B is a compact set, as suggested in [44, 38, 126]. For the sake
of completeness we report the main steps.

By [135, Lemma 3] it is enough to show that supn∈N E(VΓn(Zn)) < ∞. By our
assumptions and letting D := sup{z∈B, γ∈Y} Vγ(z) <∞

E(VΓn+1
(Zn+1)|Zn = z,Γn = γ) =

= E(VΓn+1
Zn+1 (1(Zn+1 /∈ B) + 1(Zn+1 ∈ B)) |Zn = z,Γn = γ)

≤ E(VΓn
(Zn+1)1(Zn+1 /∈ B)|Zn = z,Γn = γ) +D

≤ λVγ(z) + b+D
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Taking expectations on both sides one obtains

E(VΓn+1(Zn+1)) ≤ λE(VΓn(Zn)) + b+D.

This shows that the sequence is contracting since λ ∈ (0, 1) and this is enough by
[135, Lemma 2] to show our boundedness in probability of the sequence.

5.B.3 Proof of Theorem 5.11

To prove Theorem 5.11 it is sufficient to verify that the discretised process with time
step ∆t satisfies the assumptions of Theorem 5.9.

Let us first consider the assumptions in alternative (1) of Theorem 5.11. The uni-
form small set condition of the discretised process (Assumption 5.7(a)) follows by
choosing n0 = t0

∆t . The geometric drift condition (Assumption 5.7(b)) is a conse-
quence of Lemma 5.33.

Now consider the second set of assumptions, that is alternative (2) in the theorem.
In this case we wish to show that Assumption 5.8 holds for the discretised process.
Part (a) of Assumption 5.8 is immediately verified by the fact that ∆t = t0. For part
(b), first observe that from Lemma 5.33 by our assumptions we have

P∆t
γ Vγ(z) ≤ e−A1∆t Vγ(z) +

A2

A1
(1− e−A1∆t).

In the notation of Assumption 5.8(b) we have λ = e−A1∆t and C1 = A2

A1
. In particular

we have 2C1 < C2 since we assumed that C2 > 2A2/A1.

The thesis now follows in both cases by Theorem 5.9.

5.B.4 Proof of Theorem 5.14

5.B.4.1 Minorisation condition for the ZZS
In this section we show that a simultaneous small set condition holds for the family

of ZZ processes as stated in Lemma 5.20. The strategy of the proof is to reduce the d-
dimensional minorisation condition to 1-dimensional conditions for every component
of the process. In Lemma 5.32 we prove a simultaneous minorisation condition for
the ZZ process in the one-dimensional case.

Assumption 5.30 (Assumption 3 in [21]). Let ψ ∈ C2(R). Define the switching rates
of a 1-d ZZ process as λ(x, θ) = (θψ′(x))+, where x ∈ R and θ ∈ {−1,+1}. There
exists x0 > 0 such that

inf
x≥x0

λ(x,+1) > sup
x≥x0

λ(x,−1),

inf
x≥−x0

λ(x,−1) > sup
x≤−x0

λ(x,+1).
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Remark 5.31. Assumption 5.30 requires that there exists a point x0 ∈ R such that
the process has a strictly positive probability of changing direction if it is outside of
and moving outwards of the set [−x0,+x0]. The lemma below states that a small set
condition follows from this assumption.

Lemma 5.32. Consider the family of 1-dimensional Zig-Zag processes with genera-
tors {Lm : m ∈ M} where M = [Vmin, Vmax] for some 0 < Vmin ≤ Vmax < ∞. Thus
for f ∈ D(Lm) and m ∈ [Vmin, Vmax]

Lmf(x, θ) = mθf ′(x, θ) + (m(θψ′(x))+ + γ(x))(f(x,−θ)− f(x, θ)).

Assume either of the two conditions:

• γ(x) = 0 for all x ∈ R, but Assumption 5.30 holds;

• there exists γmin > 0 such that γ(x) ≥ γmin for any x ∈ R, and γ(·) is bounded
on compact sets.

Then for any set of the form C = D × V , where D ⊂ R is a compact set and
V ⊆ {−1,+1}, there exists t0 > 0 such that for any t ≥ t0 there are δ > 0, and a
probability measure ν on E such that

P tm((x, θ), ·) ≥ δν(·) for all (x, θ) ∈ C and all m ∈M.

Moreover, consider {Lm,γ : m ∈M, γ ∈ Λ}, where Λ is a family of switching rates
γ : R→ R+ such that for all γ ∈ Λ it holds that 0 < γmin ≤ γ(x) ≤ γmax <∞ for all
x ∈ R. Then for any compact set C as above, there exists t0 > 0 such that for any
t ≥ t0 there are δ > 0, and a probability measure ν on E that satisfy

P tm,γ((x, θ), ·) ≥ δν(·) for all (x, θ) ∈ C, γ ∈ Λ, m ∈M.

In particular t0 depends on Vmin, and δ depends on Vmin, Vmax, γmin, γmax, but neither
depends on m or γ.

Proof. Let R > 0 and C = [−R,R] × V , where V ⊆ {−1,+1}. Consider the family
{Lm : m ∈ M}. For m ∈ [Vmin, Vmax], the process Lm moves with velocity mθ,
so either +m > 0 or −m < 0. Consider first the case in which Assumption 5.30 is
satisfied for some x0 > 0. Note that as a consequence it is satisfied for any Lm. We
consider the case x0 > R because it is the most general. Indeed one is always free
to take x̃0 > R > x0 and apply the reasoning below. Alternatively the case x0 ≤ R
follows by the same method of proof.

For B = A×V ⊂ E let ν(B) = (Leb(A∩ [−R,R])/Leb([−R,R]))× (δ1(θ)+δ−1(θ))
be a probability measure on E. Define T = T (ε) := (4x0 + 2R)/Vmin + ε where ε > 0.
This choice of the time horizon allows the process to reach the region with strictly
positive probability of a velocity flip for any initial position (x, θ) with x ∈ [−R,R]
and θ ∈ {−1,+1}. The addition of ε > 0 is necessary to introduce a margin where
the flip can take place. See Figure 5.8 for a visual aid.
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We show that C is a uniform (ν, δ, T )-small set. Since the proof applies for all
ε > 0, although resulting indifferent δ’s, one is free to choose t0 = T (ε) freely. Let us
consider the two cases below.

R

−R

x0

T (ε)

(a) First case.

R

−R

x0

−x0

T (ε)

(b) Second case.

Figure 5.8: Illustration of the proof of Lemma 5.32.

First case: let the initial condition be (x,+1) with x ∈ [−R,R] and we want to be
at time T in B = A × {−1} with A ∈ B([−R,+R]) any Borel set. We can then use
the following inequality

P(x,+1)((XT ,ΘT ) ∈ B) ≥ P(x,+1)(XT ∈ A,E1), (5.26)

where E1 is the event that exactly one velocity switch takes place. We are then in
the case of Figure 5.8(a). Observe that by the choice of T the process has enough
time to travel the longest path, i.e. from (−R,+1) to (−R,−1) with the smallest
allowed velocity Vmin. In order to compute the r.h.s. in (5.26) one can compute
P(x,+1)(XT ≤ y,E1) and then differentiate with respect to y. To do this we assume
only one velocity switch and impose that XT ≤ y, resulting in the condition

XT = x+mt−m(T − t) ≤ y,

where t is the time at which the velocity switch takes place. By rearranging we obtain
the condition t ≤ y−x

2m + T
2 =: t(y). Observe that for any m ∈ [Vmin, Vmax] the process

has enough time to reach the region where it is assumed there is a strictly positive
probability of a velocity flip. Indeed using that y ∈ [−R,R] we find

t(y) ≥ x0 − x
m

+
y + x

2m
+

2x0 + 2R

2Vmin
+
ε

2
≥ x0 − x

m
+

x0
Vmin

+
ε

2
>
x0 − x
m

.

Therefore

P(x,+1)(XT ≤ y,E1) =

∫ t(y)

0

λ(x+ms, 1) exp

(
−
∫ s

0

λ(x+mu, 1)du

)
exp

(
−
∫ T−s

0

λ(x+ms−mu,−1)du

)
ds.
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After differentiation one obtains

P(x,+1)(XT ∈ A,E1) =

=

∫
A

1

2m
λ(x+mt(y), 1) exp

(
−
∫ t(y)

0

λ(x+mu, 1)du

)

exp

(
−
∫ T−t(y)

0

λ(x+mt(y)−mu,−1)du

)
dy

≥ 1

2Vmin

∫
A

λ(x+mt(y), 1) exp(−t(y)λmax − (T − t(y))λmax)dy

=
exp(−λmaxT )

2Vmin

∫
A

λ(x+mt(y), 1)dy

≥ 2
λminR exp(−λmaxT )

Vmin

(
1

2
· 1

2R

∫
A

dy

)
= 2

λminR exp(−λmaxT )

Vmin
ν(B).

where
λmax := max

{x∈C̃T ,θ∈{−1,+1}}
(Vmax(θψ′(x))+ + γ(x)) <∞,

λmin := min

{
inf
x≥x0

(Vminψ
′(x))+ , inf

x≤−x0

(Vminψ
′(x))+

}
> 0.

(5.27)

where C̃T := [−R−VmaxT,R+VmaxT ] is the set of points that can be reached in time
T by a process starting in x ∈ [−R,R] with velocity Vmax (and thus for any value
m ∈ [Vmin, Vmax]). Thus λmax is the maximum switching rate achieved within time
T .

Second case: again we consider an initial condition with positive velocity, but now
also a positive velocity at time T , i.e. we consider a set B = A × {+1}. Taking
advantage of the same idea as before we use the bound

P(x,+1)((XT ,ΘT ) ∈ B) ≥ P(x,+1)(XT ∈ A,E2),

where E2 is the event that exactly two switches take place. This case corresponds
to Figure 5.8(b). Let t1 and t2 be the times of first and second switch respectively.
Then XT ≤ y when

XT = x+mt1 −m(t2 − t1) +m(T − t2) ≤ y,

which can be rearranged as t2 ≥ t1+ x−y
2m + T

2 =: t2(y). We can obtain a bound for t1 by
imposing that t2(y) < T . The resulting condition is t1 < T/2− (x−y)/(2m) =: t1(y).
We observe that by definition of T it follows that for any x, y ∈ [−R,R]

t1(y)− x0 − x
m

≥ 2x0
Vmin

− x0 − x
m

+
ε

2
> 0,
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which means that there is enough time for the process to reach cyan region in Fig-
ure 5.8(b) and have the first velocity flip. The same holds true for the second velocity
flip. Now compute the distribution function as

P(x,+1)(XT ≤ y,E2) =

∫ t1(y)

s=0

∫ T−s

u=t̃2(y)

λ(x+ms, 1) exp

(
−
∫ s

0

λ(x+ml, 1)dl

)
λ(x+ms−mu,−1) exp

(
−
∫ u

0

λ(x+ms−ml,−1)dl

)
exp

(
−
∫ T−u−s

0

λ(x+ms−mu+ml, 1)dl

)
dsdu,

where t̃2(y) := t2(y)− t1 = x−y
2m + T

2 . Then by differentiating we obtain

P(x,+1)(XT ∈ A,E2) =

=

∫
A

∫ t1(y)

0

1

2m
λ(x+ms, 1) exp

(
−
∫ s

l=0

λ(x+ml, 1)dl

)
λ(x+ ws− wt̃2(y),−1) exp

(
−
∫ t̃2(y)

l=0

λ(x+ms−ml,−1)dl

)

exp

(
−
∫ T−t̃2(y)−s

l=0

λ(x+ms−mt̃2(y) +ml, 1)dl

)
dsdy

≥ exp (−λmaxT )

2Vmin

∫
A

∫ t1(y)

0

λ(x+ ws, 1)λ(x+ ws− wt̃2(y),−1) dsdy.

Since the integrand is non-negative we can lower bound this quantity by restricting
the domain of integration corresponding to the s variable. A sensible choice is (x0 −
x)/m ≤ s ≤ −(x0 + x)/m+ t̃2(y), as this would imply that both switches take place
in the cyan region in Figure 5.8(b). Indeed for s ∈ [(x0− x)/m,−(x0 + x)/m+ t̃2(y)]
we have that x+ms ≥ x0 and x+ms−mt̃2(y) ≤ −x0. Observe that

−x0 + x

m
+ t̃2(y) =

T

2
+
x− y
2m

− x+ x0
m

≤ T

2
+
x− y
2m

− x− y
m
≤ t1(y),

where we used that −x0 ≤ y since y ∈ [−R,R]. Combining this with the fact that
t1(y) > x0−x

m , we have shown that [(x0 − x)/m,−(x0 + x)/m + t̃2(y)] ⊂ [0, t1(y)].
Therefore on this interval we can bound below the switching rates as follows

P(x,+1)(XT ∈ A,E2) ≥

≥ exp (−λmaxT )

2Vmin

∫
A

∫ − x0+x
m +t̃2(y)

x0−x
m

λ(x+ms, 1)λ(x+ms− wt̃2(y),−1)dsdy

≥ exp (−λmaxT )

2Vmin
λ2min

∫
A

∫ − x0+x
m +t̃2(y)

x0−x
m

dsdy
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≥ exp (−λmaxT )

2Vmin
λ2min

∫
A

ε

2
dy

=
R exp (−λmaxT )

Vmin
λ2min ε ν(B).

By symmetry the same bounds hold also when the process has initial velocity is −1.
Therefore for any ε > 0 we proved that C = [−R,+R] × {−1,+1} is a uniform
(ν, δ, T )-small set with

δ = min

{
2
λminR exp(−λmaxT )

Vmin
,
ε λ2minR exp (−λmaxT )

Vmin

}
. (5.28)

Notice that there is an ε dependence also in λmin and λmax, but there is no dependence
on the specific value of m. To conclude the argument we observe that it is always
possible to incorporate any compact set in a set of the same form as C and therefore
all compact sets are uniformly small for the family of Zig-Zag processes.

When the switching rate is strictly positive but Assumption 5.30 does not hold, the
same reasoning can be applied by taking x0 = 0, λmin = γmin > 0, and T = 2R

Vmin
+ ε

for some ε > 0. The switching rates can be upper-bounded because γ is bounded on
compact sets. Thus the only difference is that in this case the process can switch at
any time and does not need to escape a compact set to do so. One can again obtain
the uniform small set condition with δ defined as in (5.28), and ν as above.

Finally, consider the family {Lm,γ : m ∈M, γ ∈ Λ}. Choosing

λmax = max
{x∈C̃T ,θ∈{−1,+1}}

(Vmax(θψ′(x))+) + γmax

and applying the same reasoning as in the case of a strictly positive refreshment shows
the statement.

Proof of Lemma 5.20. We first show that all compact sets are uniformly small for the
family of standard Zig-Zag processes with targets in {π̃M (ξ) = π(Mξ) : M ∈ M}.
Let C be a d-dimensional rectangle of the form [−R,+R]d × V for some R > 0 and
V ⊆ Θ.

Let M ∈M and γ ∈ Λ and denote as (ΞM,γ
t ,ΘM,γ

t )t≥0 the ZZ process that targets

π̃M (ξ) and has switching rate γ̃M (ξ, θ) = γ(Mξ, θ). Let P̃M,γ be the corresponding
semigroup. Then observe that for any rectangle B = B1 × · · · × Bd, with Bi =
[Ri,1, Ri,2] for some Ri,2 > Ri,1 the following holds

P̃ tM,γ((ξ, θ), B) = P(ξ,θ)((Ξ
M,γ
t ,ΘM,γ

t ) ∈ B)

=

d∏
i=1

P(ξ,θ)

(
(ΞM,γ
t ,ΘM,γ

t )i ∈ Bi | (ΞM,γ
t ,ΘM,γ

t )j ∈ Bj for j > i
)
.

(5.29)
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Then observe that, independently of the values at any time s < t of the other compo-
nents of the process, the i-th switching rate λ̃M,i(ξ, θ) = (θi∂iψ(Mξ))+ + γi(Mξ, θ)
satisfies the bounds

0 < γmin ≤ λ̃M,i(ξ, θ) ≤ λmax <∞, (5.30)

where we have defined

λmax := max
i=1,...,d

max
M∈M

max
{ξ∈C̃t,θ∈Θ}

{
(θi∂iψ(Mξ))+

}
+ γmax

with C̃t = [−R − t, R + t]d is the set of reachable points in time t. Here λmax is well
defined because ψ ∈ C1. In particular neither of the bounds in (5.30) depend on the
specific π̃M and thus hold for any M ∈ M. Therefore, we can apply Lemma 5.32
with t0 = 2R+ ε with ε > 0 to each component of the product (5.29). It then follows
that for any t ≥ t0 there exists δ1 > 0 that satisfies

P̃ tM,γ((ξ, θ), B) ≥
d∏
i=1

δ1ν1(Bi) = δd1 νd(B) = δd νd(B) for all (ξ, θ) ∈ C, (5.31)

where νd = Lebd(C)×Unif(Θ) is the d-dimensional equivalent of ν1 that was defined
in Lemma 5.32. Most importantly, δ depends only on the bounds on the switching
rates, which are uniform for all γ ∈ Λ. Therefore Equation (5.31) holds for the same
δ and νd for all M ∈M, γ ∈ Λ, and any rectangle B ⊂ C. Since the set of rectangles
is a π-system and generates the Borel σ-algebra, by the monotone class theorem
(Theorem 6.2 in [85]) it follows that the lower bound of Equation (5.31) holds for any
Borel set B. Since any compact set can be included in a large enough hypercube, for
all sets C = D×V , with D compact and V ⊆ Θ, there are νd and t0 > 0 such that for
all t ≥ t0 there exists δd > 0 for which C is uniformly (t, δd, νd)-small for the family
of standard ZZ processes defined above.

Now we wish to translate this result to the family of linearly transformed Zig-Zag
processes with excess switching rates in Λ and target π. Denote as (XM,γ

t ,ΘM,γ
t )t≥0

the process with generator LM,γ and observe that for any t > 0 and any set A =

Ax × V , for a Borel set Ax, the event {(XM,γ(t),ΘM,γ
t ) ∈ A} is equivalent to the

event {(ΞM,γ
t ,ΘM,γ

t ) ∈ ÃM} for ÃM = {(ξ, θ) ∈ E : Mξ ∈ Ax, θ ∈ V }. Assume
C ∈ E is a compact set and let (x, θ) ∈ C. Then define CM = {(ξ, θ) = (M−1x, θ) :
(x, θ) ∈ C, M ∈M} which is itself a compact set and depends onM, but not on the
specific M ∈M. Then, for all t ≥ t0, with t0 large enough, it holds that

P tM,γ((x, θ), A) = P(x,θ)((X
M,γ
t ,ΘM,γ

t ) ∈ A)

= P(ξ,θ)((Ξ
M,γ
t ,ΘM,γ

t ) ∈ ÃM )

≥ δνd(ÃM ) for all (ξ, θ) ∈ CM

= δνM (A) for all (x, θ) ∈ C

with νM (A) = νd(ÃM ) and δ is chosen such that CM is a uniform (t, δ, ν)-small set
for the family of standard ZZ processes with targets π̃M and switching rates γ̃M .
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Therefore there is no dependence neither on M nor on γ in t0 and δ and the proof is
concluded.

5.B.4.2 Drift conditions for the Zig-Zag process
Proof of Lemma 5.21. We follow the proof of Lemma 11 in [24]. Let M ∈ M and
γ ∈ Λ. Applying the generator to V , which was defined in Equation (5.15), we obtain

(
LM,γV

V

)
(x, θ) =

d∑
i=1

Miiθi

α∂iψ(x) +

d∑
j=1

θj∂ijψ(x)ϕ′(θj∂jψ(x))


+

d∑
j=1

(
Mii (θi∂iψ(x))+ + γi(x, θ)

)
·

· (exp (ϕ(−θi∂iψ(x))− ϕ(θi∂iψ(x)))− 1) .

Now consider s = θi∂iψ(x) ≥ 0, then

Miiαs+ (Miis+ γi)(exp (ϕ(−s)− ϕ(s))− 1) =

= Mii

(
αs+

(
s+

γi
Mii

)(
1

1 + δs
− 1

))
= Mii

(
(α− 1)s+

s− γi/Mii

1 + δs

)
≤ −Mii((1− α)|s|+ 1/δ).

In case s = θi∂iψ(x) < 0 we obtain

Miiαs+ (Miis+ γi)(exp (ϕ(−s)− ϕ(s))− 1) = Mii

(
αs+

γi
Mii

(1 + δ|s| − 1)

)
≤ −Mii

(
α− γmax

Mii
δ

)
|s|.

Note that by assumption (α−γmaxδ/Mii) ≥ (α−γmaxδ/Vmin) > 0. For the remaining
term the best we can do is to derive the following bound∑

i,j

Miiθiθj∂ijψ(x)ϕ′(θj∂jψ(x)) ≤
∑
i,j

Miiϕ
′(θj∂jψ(x))|∂ijψ(x)|

≤ Vmax
δ

2

∑
i,j

|∂ijψ(x)|,

where we have used that 0 ≤ ϕ′(s) ≤ δ/2. Finally we obtain for any M ∈M(
LM,γV

V

)
(x, θ) ≤ −min

(
1− α, α− γmaxδ

Vmin

)
Vmin

d∑
i=1

|∂iψ(x)| (5.32)
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+
Vmaxd

δ
+
δ

2
Vmax

∑
i,j

|∂ijψ(x)|,

which is independent of the specific M and γ and can be made arbitrarily small
outside of a sufficiently large compact set C by our assumptions on ψ.

Proof of Lemma 5.22. Consider the change of variables ξ = M−1x. Denote as L̃M,γ

the generator of a ZZ process with transformed stationary measure π̃M and trans-
formed excess switching rate γ̃M (ξ, θ) = γ(Mξ, θ). Then transforming the function in
(5.16) we obtain a Lyapunov function for the standard ZZ process with transformed
target:

ṼM (ξ, θ) = exp

(
αψ̃M (ξ) +

d∑
i=1

ϕ(θi∂iψ̃M (ξ))

)
,

where ψ̃M (ξ) = ψ(Mξ). Since M is a compact space of positive definite linear
transformations, Assumption 5.13 is satisfied by each ψ̃M (·). Then, by the proof of
Lemma 11 in [24], for any constant A1 > 0 there exists a large enough ball B̃M :=
{(ξ, θ) ∈ E : θ ∈ Θ, ξ ∈ B(0, R̃M )} such that

L̃M,γ ṼM (ξ, θ) ≤ −A1ṼM (ξ, θ) for all (ξ, θ) /∈ B̃M .

In particular B̃M does not depend on γ, but only on γmax. Observe that by the proof of
Lemma 11 in [24] it follows that R̃M depends continuously on M . Indeed one can show
that (L̃M,γ ṼM (ξ, θ))/ṼM (ξ, θ) is smaller or equal than a sum of terms which depend

continuously on the components of ∇ψ̃M and ∇2ψ̃M . Continuity follows from the
assumption that ψ ∈ C2 and because M does not appear in other ways. Proposition
5.1 then implies that LM,γVM (x, θ) = L̃M,γ ṼM (ξ, θ). Thus for each M ∈M

LM,γVM (x, θ) ≤ −A1VM (x, θ) for all (x, θ) /∈ BM ,

where BM := {(x, θ) ∈ E : (M−1x, θ) ∈ B̃M} and A1 does not depend on M . Finally,
take C to be any ball that contains all sets BM . Then C is bounded by continuity of
R̃M in M and compactness ofM. By continuity of LM,γVM (x, θ) in x, θ,M it follows
that

LM,γVM (x, θ) ≤ −A1VM (x, θ) +A21C(x, θ),

in which A2 = max{M∈M, γ∈Λ, (x,θ)∈C} (LM,γVM (x, θ) +A1VM (x, θ)). In particular
the maximum over γ ∈ Λ does not cause problem as the γ’s are uniformly bounded.
Hence A2 is independent of the specific M and γ.

5.B.5 Proof of Theorem 5.18

5.B.5.1 Simultaneous coupling inequality
Proof of Lemma 5.23. Let M ∈ M and λr ∈ Λr. First note that for (ξ, θ) =
(M−1x, θ) and (ξ̃, θ̃) = (M−1x̃, θ̃) we have the equality

∥P tM,λr
((x, θ), ·)−P tM,λr

((x̃, θ̃), ·)∥TV = ∥P̃ tM,λr
((ξ, θ), ·)− P̃ tM,λr

((ξ̃, θ̃), ·)∥TV, (5.33)
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where P̃ tM,λr
is the transition kernel of a standard BPS with energy function ψ̃M (ξ) =

ψ(Mξ) as defined in Figure 2, and refreshment rate λr.

Our strategy is thus to apply Lemma 12 in [64] to each semigroup P̃ tM,λr
and then

take advantage of Equation (5.33). Observe that it is possible to apply the lemma
because part (a) of Assumption 3.9 implies that for all M ∈M∫

∥∇ψ̃M (ξ)∥π̃M (dξ) =

∫
∥∇ψ(x)∥π(dx) <∞,

for π̃M (ξ) = exp(−ψ̃M (ξ))/Z̃M , with ψ̃M (ξ) = ψ(Mξ) and Z̃M = Z/|det(M)|. Hence
the integrability condition holds for each P̃ tM,λr

with respect to the corresponding
target π̃M . Applying the lemma and Equation (5.33) it follows that for any compact
set K ⊂ {(x, θ) ∈ Rd × Rd : ∥x∥ + ∥θ∥ ≤ R}, with R ≥ 0, for each M ∈ M and
λr ∈ Λr there exists α = α(λr,M,K) > 0 such that for all (x, θ), (x̃, θ̃) ∈ K, for all
t > 0

∥P tM,λr
((x, θ), ·)− P tM,λr

((x̃, θ̃), ·)∥TV ≤ 2 (1− α(λr,M,K)) . (5.34)

Observe that there is a dependence on M due to the fact that the set of initial
conditions K is transformed to KM := {(ξ, θ) ∈ Rd × Rd : ∥M−1ξ∥ + ∥θ∥ ≤ R} in
Equation (5.33). This translates to a dependence on M in the coefficient α, as a
consequence of the dependence of α on set KM . This inconvenience can be avoided
if we choose α such that the coupling inequality is satisfied for all initial conditions
(ξ, θ) ∈ KM, where RM is such that KM := {(ξ, θ) ∈ Rd × Rd : ∥ξ∥ + ∥θ∥ ≤ RM}
satisfies KM ⊂ KM for all M ∈ M. Thus for all M ∈ M it holds that if (x, θ) ∈ K,
then (ξ, θ) = (M−1x, θ) ∈ KM.

The last thing to do is showing that there exists a constant α∗ > 0 independent of
M and λr such that α(λr,M,K) ≥ α∗ for all M ∈ M and λr ∈ Λr. This is indeed
the case for the following reasons:

• The dependence on M appears then in the following term, which in the state-
ment of Lemma 12 in [64] appears as a factor in α(λr,M,K):

g(r) = P

(
E3 ≤ rÑ sup

{ξ:∥ξ∥≤(1+E1/λr)RM+(r/λr)Ñ}
∥∇ψ̃M (ξ)∥

)
.

Here Ñ = N + (1 + E1/λr)RM for some N > 0, and E1, E3 are independent
exponential random variables with parameter 1. Because g(r) is a factor in
α(λr,M,K), we wish to bound it from below, and hence we should bound the
supremum of ∥∇ψ̃M (ξ)∥ from below. Denoting ζ(λr) = (1 + E1/λr)RM +
(r/λr)Ñ , this can be done as follows:

sup
{ξ:∥ξ∥≤ζ(λr)}

∥∇ψ̃M (ξ)∥ = sup
{x:∥M−1x∥≤ζ(λr)}

∥MT∇ψ(x)∥

≥
(

min
M∈M

1

∥M−T ∥

)
sup

{x:∥x∥≤minM∈M(∥M∥)ζ(λr)}
∥∇ψ(x)∥,
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where we used that ψ̃M (ξ) = MT∇ψ(x), that ∥M−1x∥ ≥ ∥x∥/∥M∥, and the
compactness of M. This is sufficient to eliminate any dependence on M in α.

• Depending on the specific factors in the statement of the lemma, the switching
rate λr can be conveniently bounded either above by λmax

r or below by λmin
r

in order to bound α(λr,M,K) from below. This can be done in every term
in which λr appears and it follows that the dependence on it can be easily
eliminated.

We have thus shown that we can choose α∗ > 0 such that in the same setting of
(5.34), and for all M ∈M and all λr ∈ Λr

∥P tM,λr
((x, θ), ·)− P tM,λr

((x̃, θ̃), ·)∥TV ≤ 2 (1− α∗) .

5.B.5.2 Drift condition for the BPS
Proof of Lemma 5.24. We follow the same underlying idea that was used in the proof
of Lemma 5.22. It is in fact sufficient that there exist A1, A2 > 0, both independent
of M and λr, such that for all M and λr there exists a function ṼM,λr (ξ, θ) such that

L̃M,λr ṼM,λr (ξ, θ) ≤ −A1ṼM,λr (ξ, θ) +A2 for all (ξ, θ) ∈ Rd × Rd, (5.35)

where L̃M,λr is the generator of a standard BPS with target ψ̃M (ξ) = ψ(Mξ) and

refreshment rate λr. Indeed, we can then define VM,λr
(x, θ) = ṼM,λr

(M−1x, θ) to
obtain by Proposition 2.3

LM,λr
VM,λr

(x, θ) = L̃M,λr
ṼM,λr

(ξ, θ) ≤ −A1VM,λr
(x, θ) +A2 (5.36)

for all (x, θ) ∈ Rd × Rd. In order to show the inequality in (5.35) we rely on [64,
Lemma 7]. In particular we begin by showing that the constants c1, c2, c3, c4 > 0,
R > 0 defined in [64, Assumption A8] can be chosen independently of the specific M
for the class of standard BP samplers with targets π̃M . This implies that A1, A2 can
then be chosen to be the same for every M ∈ M. The dependence on λr is dealt
with as a second step. For ease of notation from now on we denote the corresponding
energy function as ψM (ξ). Let us restrict our attention to the case ν = N (0,1d) and
thus, using the notation in [64], we take ℓ(ξ) = 1, H(∥θ∥) = η∥θ∥2 for some η ∈ (0, 1)

small enough such that
∫
Rd exp (η∥θ∥2)ν(dθ) <∞, and ψM (ξ) = ψζM (ξ) for ζ ∈ (0, 1)

chosen as in part (c) of Assumption 3.9. Observe that η, ζ are uniform in M .

We start by considering c1, which must be such that ∥∇ξψM (ξ)∥ ≥ c1 for all points
outside of a ball of radius R1. In particular we wish to show that there exist c1, R1

that satisfy the property above for all M ∈ M. Observing that for x = Mξ it holds
that ∇ξψM (ξ) = ζψζ−1

M (ξ)∇ξψM (ξ) and ∇ξψM (ξ) = MT∇xψ(x), hence we have that
for any M ∈M

∥∇ξψM (ξ)∥ = ζ
∥∇ξψM (ξ)∥
ψ1−ζ
M (ξ)

≥ ζ

∥M−T ∥
∥∇xψ(x)∥
ψ1−ζ(x)

≥ C ∥∇xψ(x)∥
ψ1−ζ(x)

, (5.37)
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where C = ζ minM∈M(1/∥M−T ∥) > 0. Assumption 5.17(c) implies that there exist
c̃1, R̃1 > 0 such that ∥∇xψ(x)∥/ψ1−ζ(x) ≥ c̃1 for any x such that ∥x∥ ≥ R̃1, and
because M is a compact space, we can choose c1 = C c̃1 and R1 = R̃1, which are
then independent of M . The constant c2 must be such that ℓ(ξ) ≤ c2, and because
for a Gaussian ν, we may take as written above ℓ(ξ) = 1. Therefore c2 = 1 for each
M ∈M.

Then, c3 must be such that (∥∇ξψM (ξ)∥/∥∇ξψM (ξ)∥) ≥ c3 for all ξ such that
ξ > R3 for some R3 > 0. Indeed for x = Mξ we have

∥∇ξψM (ξ)∥
∥∇ξψM (ξ)∥

=
∥∇ξψM (ξ)∥

ζψζ−1
M (ξ)∥∇ξψM (ξ)∥

=
1

ζ
ψ1−ζ
M (ξ) =

1

ζ
ψ1−ζ(x).

By part (b) of Assumption 5.17 we have that lim∥x∥→∞ ψ(x) = +∞ and since ζ ∈
(0, 1) there exist c3 and R3 large enough such that outside of a ball of radius R3 we
have (∥∇ξψM (ξ)∥/∥∇ξψM (ξ)∥) ≥ c3 for any M ∈M.

It is left to show that c4 can be chosen uniform. For Ax,M := {θ ∈ Rd : η∥θ∥2 ≤
3ψM (M−1x)}, c4 must be such that

∥∇2ψM (ξ)∥

(
sup

θ∈Ax,M

∥θ∥2
)
≤ c4 for any ξ such that ∥ξ∥ > R4 (5.38)

for some R4 > 0. Observing that for θ ∈ Ax,M it holds that supθ∈Ax,M
∥θ∥2 ≤ 3

ηψ
ζ
M (ξ),

we obtain

∥∇2ψM (ξ)∥

(
sup

θ∈Ax,M

∥θ∥2
)
≤

≤
(
ζ(1− ζ)ψζ−2

M (ξ)∥∇ξψM (ξ)(∇ξψM (ξ))T ∥+ ζψζ−1
M (ξ)∥∇2

ξψM (ξ)∥
)3

η
ψζM (ξ)

≤ 3
ζ(1− ζ)

η

(
∥∇ξψM (ξ)∥
ψ1−ζ
M (ξ)

)2

+ 3
ζ

η

∥∇2
ξψM (ξ)∥

ψ1−2ζ
M (ξ)

≤ 3
ζ(1− ζ)

η
∥MT ∥2

(
∥∇xψ(x)∥
ψ1−ζ(x)

)2

+ 3∥M∥∥MT ∥ζ
η

∥∇2
xψ(x)∥

ψ1−2ζ(x)

≤ 3
ζ(1− ζ)

η
D2

(
∥∇xψ(x)∥
ψ1−ζ(x)

)2

+ 3D2 ζ

η

∥∇2
xψ(x)∥

ψ1−2ζ(x)
. (5.39)

In the second to last inequality we used that ∇2
ξψM (ξ) = MT∇2

xψ(x)M with x = Mξ,

and in the last inequality we defined D = maxM∈M{∥M∥ ∨ ∥MT ∥}. Part (c) of
Assumption 5.17 implies that there exist c̃4, R̃4 such that

∥∇xψ(x)∥
ψ1−ζ(x)

≤ c̃4,
∥∇2

xψ(x)∥
ψ1−2ζ(x)

≤ c̃4 for all x such that ∥x∥ ≥ R̃4.
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As a consequence, because M is a compact space and by (5.39), there exist c4, R4

independent of M such that (5.38) holds for all M ∈ M. It is now sufficient to
take R = max{R1, R3, R4}, and we have shown that c1, c2, c3, c4, R can be picked
uniformly for all standard BP samplers with energy function ψM . In particular there
is no dependence on λr in all these constants.

It is important to observe that part (c) of Assumption 5.17 is satisfied by all BP
samplers with targets in {π̃M}M∈M because we have bounds on ∥M∥ and ∥M−1∥.
Moreover, parts (a) and (b) of Assumption 5.17 are trivially verified because of the
transformation scheme in Figure 5.2 that defines ψ̃M . It is then possible to apply
[64, Lemma 7] to each process to obtain the drift condition (5.35). Therefore for each
M ∈M and λr ∈ Λr we have the Lyapunov function

ṼM,λr
(ξ, θ) = exp

(
κλr

ψζM (ξ)
)
φλr

(
2

rc1
⟨θ,∇ξψM (ξ)⟩

)
+ exp

(
η∥θ∥2

)
, (5.40)

where η ∈ (0, 1) and r depend only the distribution at refreshments ν, κλr
∈ (0, 1)

depends on the ci’s, and φλr
is a positive, non decreasing, continuously differentiable

function as defined in [64]. Notice that, as a consequence of the calculations above,
κλr

and φλr
do not depend on the preconditioner. Applying our usual transformation

scheme we obtain the functions

VM,λr
(x, θ) = exp

(
κλr

ψζ(x)
)
φλr

(
2

rc1
⟨θ,MT∇xψ(x)⟩

)
+ exp

(
η∥θ∥2

)
. (5.41)

This means that for each ṼM as defined in (5.40), the same proof of [64, Lemma 7]
can be followed and thus ṼM satisfies

L̃M,λr ṼM,λr
(ξ, θ) ≤ −A1(λr)ṼM,λr

(ξ, θ) +A2(λr) for all (ξ, θ) ∈ Rd×Rd. (5.42)

In particular, A1, A2 both depend on λr, on c1, c2, c3, c4, R, and on other constants
that depend only on ν and thus are independent of M . Therefore A1, A2 can be
chosen uniformly in M ∈M.

The last step is now to eliminate the dependence on λr in A1, A2. Observe that
A1(λr) is defined in the proof of [64, Lemma 7] as a minimum of several constants.
It is enough for our needs to notice that the constants have a continuous dependence
in λr and that we are considering λr ∈ [λmin, λmax]. On the other hand, A2(λr) can
be chosen independently of λr by continuity of VM,λr

in λr. We can therefore choose
A1, A2 independently both of M and λr, thus the wanted simultaneous drift condition
follows by (5.36).

5.B.6 Other technical results

The lemma below is needed to go from simultaneous, continuous time drift conditions
to simultaneous, discrete time ones.
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Lemma 5.33. Consider a family of Markov processes with state space E and gener-
ators {Lγ : γ ∈ Y}. Assume the following conditions are verified:

a) there exist c1 > 0, c2 > 0, a set K ⊂ E all independent of γ, and a class of
functions {Vγ : E → [1,+∞) : γ ∈ Y}, such that for each γ ∈ Y the following
drift condition holds

LγVγ(z) ≤ −c1Vγ(z) + c21K(z) for all z ∈ E. (5.43)

b) the family of processes is such that for K ⊂ E as in the previous point, a
constant t > 0, and all z ∈ E, there exists a set K̃(t) ⊂ E which depends on
t such that on the event z /∈ K̃(t) it holds that Z(t) /∈ K almost surely for all
γ ∈ Y.

Then for any t > 0 there are λ ∈ (0, 1) and κ > 0, both independent of γ, such that
for each γ ∈ Y

P tγVγ(z) ≤ λVγ(z) + κ1K̃(z) for all z ∈ E.
In particular, if conditions (5.43) hold with V ≡ Vγ for each γ, then

P tγV (z) ≤ λV (z) + κ1K̃(z) for all z ∈ E.

Proof. Let t > 0 and γ ∈ Y. As a first step, we apply Dynkin’s formula to f(z, t) =
exp (c1t)Vγ(z) as in the proof of Theorem 6.1 in [105] to obtain

ec1tP tγVγ(z) = Vγ(z) +

∫ t

0

P sγ

(
∂

∂s
+ Lγ

)
(ec1sVγ(z)) ds.

By the product rule and the drift condition we can write the integrand on the right
hand side as

P sγ

(
∂

∂s
+ Lγ

)
(ec1sVγ(z)) = ec1sP sγLγVγ(z) + c1e

c1sP sγVγ(z)

≤ ec1sP sγ (−c1Vγ(z) + c21K(z)) + c1e
c1sP sγVγ(z)

= c2e
c1sP sγ1K(z).

Therefore by linearity of the integral

P tγVγ(z) ≤ e−c1tVγ(z) + c2

∫ t

0

ec1(s−t)P sγ1K(z)ds

≤ e−c1tVγ(z) + c21K̃(z)

∫ t

0

ec1(s−t)ds

= e−c1tVγ(z) +
c2
c1

(1− e−c1t)1K̃(z).

In the second inequality we took advantage of condition (b) to conclude that
P sγ1K(z) = Pz(Z(s) ∈ K) ≤ 1K̃(z). It is then sufficient to take λ = e−c1t,
κ = c2

c1
(1 − e−c1t) to conclude the proof. Observe that λ and κ do not depend

on γ (but depend on t).
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Remark 5.34. Condition (b) in Lemma 5.33 is for instance satisfied by a family of
preconditioned Zig-Zag processes, if the preconditioner is taken from a compact set
of positive definite matrices. Indeed this claim follows from the fact that all processes
travel with almost surely bounded velocity. Therefore, it is possible to choose K̃(t) by
adding a suitable buffer zone around the set K, such that the set K is not reachable
in time t starting outside K̃(t).

Remark 5.35. Instead of drift conditions of the form (5.43), consider the following
case

LγVγ(z) ≤ −c1Vγ(z) + c2 for all z ∈ E.

Without condition (b) in Lemma 5.33 we can still conclude by the same line of rea-
soning that there are λ ∈ (0, 1), κ > 0, both independent of γ, such that for each
γ ∈ Y

P tγVγ(z) ≤ λVγ(z) + κ for all z ∈ E.



Chapter 6

Time transformations of
PDMPs

6.1 Introduction

Consider a Markov process (Xt)t≥0 on a state space E with stationary distribution
with density µ(x) = exp(−ψ(x))/Z. The law of large numbers gives that ergodic
averages converge to expectations from the stationary distribution: almost surely

lim
T→∞

1

T

∫ T

0

f(Xt)dt =

∫
f(x)µ(dx) =: µ(f),

for any f that is µ-integrable. Taking f = 1A for a measurable set A, we find that the
fraction of time that the process spends in A converges to µ(A) :=

∫
1A(x)µ(dx). As

a consequence, the process Xt can only stay for very little time in regions to which µ
assigns low probability. When µ is a multimodal probability distribution this means
that it will take a long time, and a lot of computational effort in the simulation, before
the process leaves the neighbourhood of the mode it is currently exploring, as this
means going through (and thus spending time) in a region of low density. For this
reason, Markov chain Monte Carlo (MCMC) algorithms need a large computational
budget to obtain a representative sample from multimodal target distributions. In
this chapter we study the following idea: increasing the speed of time for the process
Xt when it is in low density regions, we obtain that visits to such regions can become
more frequent, as the process spends less time would there. In the multimodal setting,
this gives that hops between modes can happen more often, or similarly in the case of
heavy tailed targets the tails are explored more regularly. In mathematical terms, the
concept of increasing or decreasing the speed of time depending on the state of the
process corresponds to applying a random time transformation to another Markov
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process. In this chapter we shall show that a Markov process Xt with stationary
distribution µ corresponds to applying a time change to a suitable process Yt with
stationary distribution µs(y) ∝ s(y)µ(y). Here s plays the role of the speed function

for the time variable and defines the random time transformation r(t) =
∫ t
0
s(Xu)du

which gives Xt = Yr(t). This connection gives that the paths of the two processes
coincide, while the state of each process at a given time differs through the time
change. The intuition is that Yt is a well studied process, such as a Langevin diffusion
or a PDMP from the MCMC literature, while Xt is a new process which differs from
Yt because of a time change. Importantly, the convergence properties of Yt can be
improved by choosing suitable speed functions, e.g. the rate of convergence of Xt to µ
can be geometric even if Yt is only (polynomially) ergodic. This motivates the use of
time transformations in the context of MCMC algorithms based on continuous time
Markov processes, as for instance PDMPs. In the case of PDMPs, [153] introduced a
modification of the ZZS with non-constant speed. However, the authors interpreted
the speed as norm of the velocity in space rather than speed of time. In this chapter
we establish that the speed up Zig-Zag (SUZZ) of [153] falls into our framework and
is in fact a time transformation of a standard ZZS with stationary distribution µs.
This finding gives clarity on the choice of the speed function in SUZZ, for which
until now there was no clear guideline. Notably, we shall argue that the SUZZ is
uniformly ergodic for suitable speed functions taking advantage of existing results for
the standard ZZS [24].

Since our framework is more general and includes any Markov process, in this
chapter we introduce novel PDMPs which are obtained as time transformations of
known PDMPs such as BPS [32], the Boomerang sampler [25], and the randomised
Hamiltonian Monte Carlo process [30]. More generally, we study the idea of time
changes of Markov processes extensively with the goal of translating properties of Yt
to Xt.

Organisation of the chapter
In Section 6.2 we give some intuition on the key ideas of the paper considering

the ZZS and the SUZZ. In Section 6.3 we study time transformations of Markov
processes in full generality, proving various theoretical results on the key properties
that are needed for MCMC purposes. In Section 6.4 we study time transformations
of PDMPs, introducing several new processes and giving a sufficient condition for
uniform ergodicity. We conclude the chapter with a discussion.

6.2 Reasoning on the Zig-Zag process

6.2.1 The standard Zig-Zag process for multimodal and heavy
tailed distributions

Let us start with a practical, one dimensional example, which was studied for the
ZZS in [110]. Consider a double well potential ψ with two local minima at x0 and
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x2 and a local maximum at x1, where x0 < x1 < x2. We shall refer to this target
as multimodal target (MT). We wish to compute the probability that starting at x0
with velocity v0 = +1 the process successfully overcomes the potential barrier at x1
in one go. Denoting the first event time of the process as τ := inf{t > 0 : Vt = −1},
this means that Xτ ≥ x1. Let us compute the probability of this event assuming the
excess switching rate is zero, i.e. γ = 0. Since the process moves with speed 1, this
event takes place if τ > x1 − x0. In particular λ(x+ t, 1) = ψ′(x+ t) for t ≤ τ as the
potential is increasing. Therefore

P(x0,+1)(Xτ ≥ x1) = P(x0,+1)(τ ≥ x1 − x0)

= exp

(
−
∫ x1−x0

0

ψ′(x+ t)dt

)
= exp(−(ψ(x1)− ψ(x0))).

(6.1)

Thus this probability is exponentially decreasing in the difference of potential be-
tween x1 and x0, so the process will cross the low density region only sporadically.
Intuitively, we can address this problem allowing the process to increase its speed
when it is in the low density region. In this case, the process would spend less time in
such region and therefore the crossing from one well to the other could happen more
frequently.

Another case we shall consider is that of a d-dimensional unimodal target (UT).
In this case we assume ψ is a differentiable function with global minimum at x0, and
moreover that the switching rates are strictly positive along dynamics x0 + vt for all
v ∈ {±1} and t > 0, as is typically the case for isotropic targets. What we wish
to study is the likelihood of exploring the tails of such target. This is of particular
interest in the heavy tailed case, which was the main motivation for the SUZZ sampler
[153]. Let us start the process is started at x0 with velocity v ∈ {±1}. Similarly to
above, we now compute the probability that the ZZS reaches a certain distance to
the centre x0 before the first event, again denote by τ , takes place. For any c > 0,
the process is at distance greater than c with probability

P(x0,v)(|Xτ − x0| ≥ c) = P(x0,v)(τ ≥ c/
√
d) = exp

(
−(ψ(x0 + vc/

√
d)− ψ(x0))

)
.

(6.2)
Similarly to the MT case, we have a probability that is exponentially decreasing in
the difference of potential. However, we would like the process to explore the tails as
rapidly as possible instead of being stuck in the centre of the distribution for a large
time. In particular, bad exploration of the tails can imply that the process is not
geometrically ergodic, as is the case for ZZS with heavy tailed target [153].

6.2.2 The speed-up ZZS

The speed-up ZZS of [153] gives a modification of the ZZS which incorporates a speed
function s : Rd → R+. Thus, the deterministic dynamics are given by the system of
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ODEs
dXt = s(Xt)Vtdt,

dVt = 0,
(6.3)

for some initial conditions (x, v) ∈ Rd × {−1,+1}d. Naturally the choice s(x) = 1
recovers the standard ZZS, where xt = x + vt. The ODE (6.3) has solutions of the

form xt = x + A(t)v0 for A(t) =
∫ t
0
s(Xu)du, as indeed the function s acts indeed

as speed of the process and does not modify the direction. In the case of SUZZ, the
switching rates that leave µ invariant are of the form

λi(x, v) = (vi(s(x)∂iψ(x)− ∂is(x)))+

= s(x)

(
vi

(
∂iψ(x)− ∂is(x)

s(x)

))
+

,
(6.4)

for i = 1, . . . , d. In order to ensure that the process is non-explosive the speed function
should satisfy the following condition, which excludes choices as s(x) = exp(aψ(x))
for a ≥ 1.

Assumption 6.1. It holds that lim∥x∥→∞ exp(−ψ(x))s(x) = 0.

For a given speed function s, we now want to compare the SUZZ to ZZS in the
MT and UT settings. Starting with the MT, we now compute the probability of
overcoming the low density region that separates the two modes. We shall assume for
the moment that s is such that the rate (6.4) is strictly positive in points (x, v) for
which the switching rate of ZZS is strictly positive, that is

(v(s(x)ψ′(x)− s′(x)))+ > 0 ⇐⇒ (vψ′(x))+ > 0. (6.5)

Denote as t(x1) the time that it takes the process to get from x0 to x1. We find

P(x0,+1)(Xτ ≥ x1) = exp

(
−
∫ t(x1)

0

λ(xu,+1)du

)

= exp

(
−
∫ t(x1)

0

((s(xu)ψ′(xu)− s′(xu)))+du

)
.

Using the change of variables dxt = s(xt)dt, which comes from (6.3), it follows

P(x0,+1)(Xτ ≥ x1) = exp

(
−
∫ x1

x0

ψ′(xs)dxu +

∫ x1

x0

s′(xu)

s(xu)
dxu

)
=
s(x1)

s(x0)
exp(−(ψ(x1)− ψ(x0))).

(6.6)

Therefore we have obtained an expression that is the same as (6.1) apart from the
factor s(x1)/s(x0). In particular it is clear that this factor increases the probability of
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crossing the low density region if s(x1) > s(x0), while it decreases it if s(x1) < s(x0).
This respects the intuition that was given above: if the process speeds up in the low
density region, then it spends less time there and thus it can visits such region more
often without violating the stationarity with respect to π.

Let us now consider UT. With similar computations and by the gradient theorem
we find

Px0,v(|Xτ − x0| ≥ c) =
s(x0 + vc/

√
d)

s(x0)
exp(−(ψ(x0 + vc/

√
d)− ψ(x0))). (6.7)

Thus the process visits the tails if we choose a speed function that increases as the
process leaves the origin.

A fundamental observation is that the probabilities (6.6) and (6.7) are identical to
those of a ZZP with target distribution with potential V (·) = ψ(·) − ln s(·). This
suggests a deeper relation between the standard ZZS and the SUZZS, and one of the
main results of this chapter is the characterisations of the connection between these
two processes. In the next proposition, which is a corollary of the results that we shall
obtain in the next sections, we prove that the SUZZS with invariant distribution µ is
a time transformation of a standard ZZS with invariant distribution with density

µs(x, v) =
1

Zs
exp(−V (x))

1

2d
,

where Zs =
∫

exp(−ψ(x))s(x)dx is the normalisation constant.

Proposition 6.2. Let s : Rd → [s,∞) for some s > 0. Let ψ and s satisfy Assump-
tion 6.1. Let (Ξt,Θt)t≥0 be a standard Zig-Zag process with invariant measure µs,
which is assumed to satisfy Zs <∞. Suppose the ZZP is non-explosive. Consider the
SUZZ with speed s and invariant distribution µ and denote it as (Xt, Vt)t≥0. Define
the random functions

r(t) =

∫ t

0

s(Xu)du, r−1(t) =

∫ t

0

1

s(Yu)
du.

Then for all t ≥ 0 it holds that

(Xt, Vt) = (Ξr(t),Θr(t)), (Ξt,Θt) = (Xr−1(t), Vr−1(t)).

Remark 6.3. This result is different than what shown in [153], where the authors find
a space transformation that connects the SUZZ with a particular Zig-Zag process that
lives on a modified domain. In particular in [153] the relation holds only in the one
dimensional case, while Proposition 6.2 is true in any dimension.

Remark 6.4. Observe that the skeleton chains of the SUZZ and of the corresponding
ZZS coincide apart from the time of the random events, which are of course subject
to the time change. As a consequence, one is free to simulate the event times with
the simplest rate between those of ZZS and SUZZ.



266 Time transformations of PDMPs

The statement of the proposition provides a clear picture on how the choice of speed
function affects the trajectories of the SUZZ. Indeed, the SUZZ follows the path of
a standard ZZS with target µs and therefore Proposition 6.2 clarifies the effect of
the choice of speed functions on the process. In particular, the intuitive choices we
discussed previously, which assign larger speed in low density regions, correspond to a
SUZZ which follows paths of a ZZS with heavier tails, or in general smaller differences
in potential between minima and maxima in the multimodal setting. On the other
hand, choices of s which go in the opposite direction discourage the process from
entering low density regions, thus deteriorating the mixing of the process. Proposi-
tion 6.2 also confirms the intuition on Assumption 6.1 as discussed in [153]. If the
assumption is not satisfied, the corresponding standard ZZS targets a potential that
is null, or worse decreasing in the tails, and thus the Zig-Zag process will not switch
once it reaches the tails.

6.2.2.1 Choices of speed function
Let us consider three examples of speed functions, which we shall compare also in

the low temperature regime, that is when the potential is ψε = ψ/ε and ε is small.
This is the interesting scenario in which the target becomes increasingly concentrated
around its modes and traveling between two modes becomes thus more difficult.

Example 6.5. Let s(x) = exp(aψ(x)) for some a ∈ (0, 1). Note that the choice a = 1
is not allowed by Assumption 6.1, while a = 0 would give the standard ZZS. Observe
that this choice satisfies the assumption given in (6.5), as the switching rates of SUZZ
are of the form

λi(x, v) = (1− a) s(x) (vi∂iψ(x))+. (6.8)

This choice of speed function corresponds to the approach of tempering: the SUZZ
is a time change of a ZZS with tempered target µs(x, v) ∝ exp(−(1 − a)ψ(x)). We
also observe that rates of the corresponding standard ZZS given by Proposition 6.2 are
λi(x, v) = (1−a)(vi∂iψ(x))+, that is are weighted by (1−a). This approach is partic-
ularly interesting in the multimodal setting, and indeed in the MT case temperature
parameter ε we find

P(x0,+1)(X
ε
τ ≥ x1) = exp

(
(1− a)

ψ(x1)− ψ(x0)

ε

)
.

Therefore as ε→ 0 the probability of travelling to the mode in x2 is still exponentially
decreasing in the potential difference, but the order of the exponential is now (1− a)
instead of 1. A similar result is obtained in the UT setting.

Example 6.6. Another choice of interest is s(x) = 1 + ψ(x)p for some p ≥ 1, as-
suming wlog ψ(x) ≥ 0. When p = 1 the switching rates of SUZZ are λi(x, v) =
ψ(x)(vi∂iψ(x))+. In the MT setting with temperature ε we find

P(x0,+1)(Xτ ≥ x1) =
ε+ ψ(x1)

ε+ ψ(x0)
exp(−(ψ(x1)− ψ(x0))/ε)
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For fixed ε this speed function improves the chances of reaching the other mode as
ψ(x1) > ψ(x0), while as ε→ 0 the effect becomes less relevant and does not improve
the order of convergence to 0 of the probability. In this sense the choice of Example
(6.5) seems preferable.

Example 6.7. Let us consider a speed function that does not depend on the potential:
s(x) = 1 + |x − y0|2 for some y0 ∈ Rd. For simplicity assume that the potentials of
MT and UT satisfy (6.5). In the MT setting we find

P(x0,+1)(Xτ ≥ x1) =
1 + |x1 − y0|2

1 + |x0 − y0|2
exp(−(ψ(x1)− ψ(x0))).

It is clear that for most choices of y0 this speed function decreases the chance of
reaching the mode at x2 starting from x0. If y0 = x0, then such an event has higher
probability than for ZZS, but then the opposite direction, i.e. x2 to x0, becomes less
likely. Thus this choice of speed function will lead to poor exploration of the state
space. In the d-dimensional UT case we find

P(x0,v)(|Xτ − x0| ≥ c) =
1 + |x0 − y0 + vc/

√
d|2

1 + |x0 − y0|2
exp(−(ψ(x0 + vc/

√
d)− ψ(x0))),

which means the process explores the tails more often when y0 ≈ x0. However, bad
choices of y0 can be harmful and give higher mixing time.

6.2.2.2 Eyring-Kramers formula for SUZZ
An informative result in the MT setting is the Eyring-Kramers (EK) formula, which

gives the average time the process takes to overcome the energy barrier separating the
two modes. The EK formula was derived for the one-dimensional ZZP in [110, Theo-
rem 1.1] and here we extend this result to the SUZZ taking advantage of Proposition
6.2. In this context, one considers a tempered target ψε = ψ/ε and the interest is in
the behaviour of the process as ε → 0, which corresponds to the probability density
being increasingly concentrated around the modes. We consider speed functions sε
which satisfy the condition (6.5), as this ensures that the target of the standard ZZS
connected to the SUZZ by Proposition 6.2 has again a double well potential.

Similarly to [110, Theorem 1.1], we initialise the SUZZ at (x0,−1) and we want to
compute the expected value of

τ := inf{t > 0 : Xt = x1}.

Proposition 6.8. Consider a smooth one-dimensional double well potential ψ > 0
with ψ′′(x0) > 0 and let s : R → [1,∞) be a smooth function. Suppose Assumption
6.1 and condition (6.5) hold. Define ψs(x) = ψ(x) − ln s(x). Then the SUZZ with
target µε ∝ exp(−ψ/ε) and speed function sε(x) = s(x)1/ε satisfies

E(x0,−1)[ τ ] ≤

√
8πε

ψ′′
s (x0)

exp

(
ψs(x1)− ψs(x0)

ε

)
(1 + oε→0(1)).
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Remark 6.9. A choice of speed function that is naturally of the form sε(x) = s(x)1/ε

for the target ψ/ε is that of Example 6.5, that is s(x) = exp(aψ(x)) for a ∈ (0, 1). In
this case, the statement of Theorem 6.8 gives

E[τ ] =

√
8πε

(1− a)ψ′′(x0)
exp

(
(1− a)

ψ(x1)− ψ(x0)

ε

)
(1 + oε→0(1)).

This should be compared to the standard ZZS as considered in [110, Theorem 1.1],
which corresponds to the choice a = 0. As ε goes to 0, we see that the hitting time of
x1 of SUZZ increases with a lower rate as that of ZZS. This gives further motivation
to the speed function s(x) = exp(aψ(x)).

Proof of Theorem 6.8. By Proposition 6.2 we find that

E(x0,−1)[ τ ] = E(x0,−1)[ r
−1(τZZ) ],

where τZZ = r(τ) is the time at which the standard ZZS with potential (ψ − ln s)/ε
reaches x1. Because s ≥ 1, we find by Proposition 6.2 that

E(x0,−1)[ τ ] ≤ E(x0,−1)[ τZZ ].

Under our assumptions we have that ψ − ln s is again a double well potential. Hence
we can apply [110, Theorem 1.1] to the standard ZZS with potential ψ− ln s to obtain
the statement of the theorem.

6.3 Time transformations of Markov processes

In this section we develop a theory of time changed Markov processes, with emphasis
on the properties that are relevant for MCMC algorithms. We lay the foundations of
this framework taking advantage of the description of Section 1 of Chapter 6 in [68],
then in Sections 6.3.1, 6.3.2, and 6.3.3 we give new results connecting properties of
the original and time changed processes.

Let (Yt)t≥0 be a time homogeneous Markov process with state space E, which is
the subset of a finite dimensional vector space. In this section, Yt should be thought
of as a well studied process, such as the overdamped Langevin diffusion or the Zig-
Zag process. For s > 0 introduce a continuously differentiable function s : E →
[s,∞) which we assume is such that s(Yt) is almost surely bounded on bounded time
intervals. This holds for instance if Yt is non-explosive in the sense of [107] (see Section
6.3.2.1 for a definition). We introduce the stochastic process that satisfies the relation

Xt = Yr(t), (6.9)

where

r(t) :=

∫ t

0

s(Xu)du =

∫ t

0

s(Yr(u))du. (6.10)
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Because s is lower bounded by a constant, with a change of variables we find

t =

∫ t

0

s(Yu)

s(Yu)
du =

∫ r(t)

0

1

s(Yu)
du,

which gives the inverse time transformation

Yt = Xr−1(t) for r−1(t) :=

∫ t

0

1

s(Yu)
du. (6.11)

Observe that by [68, Chapter 6, Theorem 1.1] the process Xt is well defined as

inf

{
t > 0 :

∫ t

0

1

s(Yu)
du =∞

}
=∞,

which is a consequence of the assumption that s is lower bounded.

The last result from [68] that we need is a connection between the generators of Xt

and Yt. Recall from [68] that the extended generator of Yt is the operator L that makes

f(Yt)−
∫ t
0
Lf(Yu)du a martingale with respect to the filtration generated by (Yt)t≥0.

The set of functions for which this holds forms the domain of the generator, denoted
as D(L). As a consequence, this is called martingale problem for (L,D(L)). We shall
assume throughout that the martingale problem for Yt is well posed, that is it admits
a unique solution. The following theorem connects the generators of (Xt)t≥0 and
(Yt)t≥0, which for the rest of the section denote the two Markov processes connected
by (6.9).

Theorem 6.10 (Theorem 1.3, Chapter 6 in [68]). Suppose (Yt)t≥0 is a Markov process
with generator (L,D(L)). Then, under the assumptions of this section, the process
(Xt)t≥0 satisfying (6.9) solves the martingale problem for (sL,D(L)).

This result is extremely useful to connect properties of the two processes, which
are often obtained through conditions on the generator.

6.3.1 Stationarity, irreducibility, petite sets

We can easily relate the stationary measures of Xt and Yt.

Proposition 6.11. Let µ be a probability distribution on E. Assume Zs :=∫
E
s(y)µ(dy) < ∞ and let µs be a probability distribution such that µs(A) =∫

A
s(y)µ(dy)/Zs for any measurable set A. Then µs is stationary for Yt if and only

if µ is stationary for Xt.

Proof. Assume µs is stationary for Yt. Then for all f ∈ D(L) it holds that
∫
Lfdµs =

0 (see e.g. [96, Theorem 3.37]). This implies that for all f ∈ D(L) we have
∫
sLfdµ =

0, which by Theorem 6.10 shows that µ is stationary for Xt. The reverse statement
is identical.
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Let us consider the concept of irreducibility, which is important to obtain con-
vergence of the law of the process to its stationary distribution. The process Yt is
irreducible if, for some measure φ, for any measurable set B such that φ(B) > 0 it
holds Ey[

∫∞
0

1Yt∈B dt] > 0, that is the process spends positive time in such sets. In
the next proposition we show that irreducibility of Xt follows from irreducibility of
Yt.

Proposition 6.12. Suppose s(x) ≥ s > 0 for any x and consider two processes Yt
and Xt related by (6.9). Then, Xt is irreducible if and only if Yt is irreducible.

Proof. Assume Yt is ψ-irreducible and recall the relation (6.11). Then for any B such
that ψ(B) > 0 we have by a change of variables

Ey
[∫ ∞

0

1Yt∈B dt

]
= Ey

[∫ ∞

0

1Xr−1(t)∈Bdt

]
= Ey

[∫ ∞

0

1Xt∈B s(Xt)dt

]
> 0.

Because s ≥ s > 0 we have that the last inequality holds iff Ey
[∫∞

0
1Xt∈Bdt

]
> 0,

which shows Xt is ψ-irreducible. The reverse statement can be obtained observing
that Xt is irreducible iff Ey

[∫∞
0

1Xt∈B s(Xt)dt
]
> 0 and then a change of variables

gives irreducibility of Yt.

Let us now focus on the notion of small set, which is useful to establish ergodicity of
a Markov process. A set C is (t0, b, ν)-small for a process Yt if there exist a constant
b > 0 and a non-trivial probability measure ν on E such that for all y ∈ C it holds
that

Pt0(y, ·) = Py(Yt0 ∈ · ) ≥ b ν(·).

A related, weaker condition is that of petite set : there exists a probability measure a
on (0,∞) such that for all y ∈ C∫

a(dt)Pt(y, ·) ≥ b ν(·).

We are interested in proving that under suitable conditions a small or petite set for
Yt can be petite for the process Xt defined in (6.9). For this to hold, we require the
following condition.

Assumption 6.13. Consider sets C and D ⊃ C. There exist t0 > 0, b > 0, ε > 0, a
non-trivial measure ν such that for all y ∈ C it holds∫ t0+ε

t0

Py(Yt ∈ A, Yu ∈ D for all u ∈ [0, t])dt ≥ bν(A) for any A. (6.12)

In particular, ν and b are independent of t.
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Equation (6.12) is satisfied e.g. when a small set condition holds uniformly in
t ∈ [t0, t0 + ε] combined with the event that the process does not leave D. The
following result shows that Assumption 6.13 is sufficient to conclude that C is petite
for the time transformed process Xt. The essential idea is that on the event in which
Yt does not leave the set D it is possible to bound s(Yt) and hence also the time
transformation r(t).

Lemma 6.14. Suppose the process Yt satisfies Assumption 6.13, and that s is lower
bounded by s > 0 and upper bounded on D by sD < ∞. Then the set C as in
Assumption 6.13 is petite for the process Xt.

Proof. Let a be the uniform distribution on the interval [t0/sD, (t0 + ε)/s] and let
Za = (t0 + ε)/s − t0/sD denote its normalisation constant. For any x ∈ C and for
any measurable set A it holds that∫

a(t)Pt(x,A)dt ≥ 1

Za

∫ (t0+ε)/s

t0/sD

Px(Xt ∈ A,Xu ∈ D for all u ∈ [0, t])dt

=
1

Za
Ex

[∫ (t0+ε)/s

t0/sD

1Yr(t)∈A,Yu∈D for all u∈[0,r(t)]dt

]
.

In the last equation we applied Fubini’s theorem. Now applying the time transforma-
tion t′ = r(t) we find∫

a(t)Pt(x,A)dt ≥ 1

Za
Ex

[∫ r((t0+ε)/s)

r(t0/sD)

1Yt∈A,Yu∈D for all u∈[0,t]
1

s(Yt)
dt

]

≥ 1

ZasD
Ex

[∫ r((t0+ε)/s)

r(t0/sD)

1Yt∈A,Yu∈D for all u∈[0,t]dt

]

≥ 1

ZasD
Ex
[∫ t0+ε

t0

1Yt∈A,Yu∈D for all u∈[0,t]dt

]
,

where the last inequality is a consequence of the fact that on the event that Yt stays
in D it holds that r(t0/sD) ≤ t0 and r((t0 + ε)/s) ≥ (t0 + ε) almost surely, and hence
we are effectively restricting the domain of integration. Finally, applying Assumption
6.13 we find∫

a(t)Pt(x,A)dt ≥ 1

ZasD

∫ t0+ε

t0

Px(Yt ∈ A, Yu ∈ D for all u ∈ [0, t])dt

≥ b

ZasD
ν(A),

which concludes the proof.

Importantly, Assumption 6.13 is verified for the Zig-Zag process with strictly pos-
itive refreshment rate, for which we showed that compact sets satisfy a quantitative
small set condition in Lemma 5.20.
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Corollary 6.15. Let (Yt,Wt) be a ZZS with switching rates λi(y, w) = (wi∂iψ(y))++
γi(x) for i = 1, . . . , d, where 0 < γ ≤ γi(x) ≤ γ < ∞. Suppose ψ is continuously
differentiable. Let (Xt, Vt) be the SUZZ defined by (6.9) with speed function s which
is continuously differentiable and lower bounded by s > 0. Then all sets of the form
C × V for a compact set C and V ⊂ {±1}d are petite for (Xt, Vt).

Proof. By Lemma 5.20 any set of the form C×V for a compact set C and V ⊂ {±1}d
is (t, b(t), ν)-small for the ZZS for any t ≥ t0, where t0 is a large enough time and b(t)
is continuous in t. Now let ε > 0. Notice that the ZZS moves with constant velocity
and therefore by time t0 + ε for any initial condition (x, v) ∈ C the process cannot
exit the set D := {(y, w) : minx∈C |x− y| ≤

√
d(t0 + ε), w ∈ {±1}} by time t0 + ε. It

follows that Assumption 6.13 holds. Hence any C×V is petite for (Xt, Vt) by Lemma
6.14.

6.3.2 Properties based on drift conditions

In this section we focus on properties that follow from drift conditions, such as non-
explosivity and (polynomial, geometric, or uniform) ergodicity. The general drift
condition we shall rely on is the following.

Assumption 6.16. Consider the process Yt with generator (L,D(L)). There exists
a function V : Rd → [1,∞] which is in the domain of the generator and satisfies the
inequality

LV (z) ≤ −W (z)V (z) +m1C(z) (6.13)

for some function W > 0, a constant m ≥ 0, and a petite set C.

By Theorem 6.10, in this case the time transformed process has generator Ls = sL
and satisfies a drift condition

LsV (z) ≤ −s(z)W (z)V (z) +msC1C(z), (6.14)

where sC := maxz∈C s(z) and we are assuming s is bounded on C, which holds in
our framework for instance if C is a compact set. As we shall discuss, the different
properties we are after correspond to a specific form of W (z), as proved in the paper
by Meyn and Tweedie [107].

6.3.2.1 Non-explosivity, ergodicity
The first properties we focus on are non-explosivity and ergodicity. Let (Dn)n≥0

be a family of open precompact sets such that Dn ↑ E. Denote as τn the exit
time of the process Yt from the set Dn. Then Yt is said to be non-explosive if
limn→∞ τn = ∞ almost surely. On the other hand, the process Yt is said to be
ergodic if limt→∞∥Pt(x, ·) − µ(·)∥TV = 0 for any initial condition x ∈ E. A drift
condition that implies both non-explosivity and ergodicity of Yt is given in the next
assumption.
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Assumption 6.17. Yt is irreducible, has stationary probability distribution µs ∝ sµ,
and has a petite set C, where C is compact. Moreover, it holds that

LV (y) ≤ −cf(y) +m1C(y),

where V should be bounded on C and norm-like, i.e. V (y)→∞ as ∥y∥ → ∞, f ≥ 1,
and c,m > 0.

The drift condition above corresponds to choosing W (y) = cf(y)/V (y) in (6.13).
Under Assumption 6.17, [107, Theorem 3.1] gives that Yt is non-explosive, while to
obtain ergodicity it is sufficient to apply [107, Theorem 4.2] and [106, Theorem 6.1].
Then we have the following result relating these properties to the time transformed
process Xt.

Proposition 6.18. Suppose Yt satisfies Assumption 6.17. Suppose the set C is petite
for the process Xt obtained by (6.9). Assume moreover s is C1, lower bounded by a
positive constant, and upper bounded on C. Then Xt is non-explosive and ergodic
with respect to the measure µ.

Proof. By Propositions 6.11 and 6.12 Xt is µ-stationary and irreducible. Then the
results follow from the observing that by Theorem 6.10 Xt satisfies the drift condition
in Assumption 6.17. Indeed Xt satisfies the drift condition

LsV (x) ≤ −cs(x)f(x) +m

(
max
z∈C

s(z)

)
1C(x),

which taking advantage of s ≥ s gives

LsV (x) ≤ −csf̃(x) +m

(
max
z∈C

s(z)

)
1C(x),

for f̃(x) = f(x)s(x)/s ≥ 1.

Remark 6.19. The assumption that V is norm-like is used to conclude that Xt is
non-explosive, but it is not necessary to obtain ergodicity. In fact, this assumption
can be stronger than needed, as non-explosivity is ensured by the condition LV ≤ cV
for some positive constant c and norm-like V. Therefore, with the assumption that
Xt is non-explosive we obtain ergodicity of such process when Assumption 6.17 holds
without requiring that V is norm-like.

6.3.2.2 Polynomial, geometric, and uniform ergodicity
We are now interested in the rate of convergence of the law of the process to its

stationary distribution. Drift conditions as that in Assumption 6.16 are a fundamental
technique to prove this type of result, see for instance [107, 57, 105]. In particular, the
specific form of W in (6.13) determines the type of convergence. If W (x) ≥ m > 0,
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[57] shows that the convergence is exponential, that is there exist ρ ∈ (0, 1) and
B <∞ such that

∥Pt(x, ·)− µ(·)∥V ≤ BV (x)ρt,

where ∥µ∥V := supg≤V |µ(g)|. In particular, if V is upper bounded by a constant

V <∞ the convergence is uniform in the initial condition, as the rhs is bounded by
BV ρt, which is independent of x. This is of course a desirable property as it signifies
that the initial condition of the process does not affect the speed of convergence to
the stationary distribution. Typically, Lyapunov functions are not bounded, as a
bounded V implies that for any initial condition x the expected return time of the
process to the small set C is bounded by a constant which does not depend on x
(see [57, Theorem 6.1]). Therefore, this is hardly ever satisfied for typical Markov
processes.

Alternatively, if (6.13) holds for W = V −α for some α ∈ (0, 1), then the process
is polynomially ergodic in total variation distance (see [78]). This is particularly of
interest in the case of heavy tailed stationary distributions, where common processes
fail to have exponential convergence to their target.

In the next theorem we relate these types of convergence between two processes
which are connected by (6.9). As we shall show, choosing a suitable speed function
s can make the convergence geometric for Xt even if Yt is only polynomially ergodic,
while uniform ergodicity of Xt can be achieved if (6.13) holds for bounded V for a
generic W .

Theorem 6.20. Consider two irreducible, aperiodic Markov processes Xt and Yt con-
nected by (6.9) via a C1 speed function s. Suppose Yt satisfies Assumption 6.16 and
that set C is petite also for Xt. Assume s is lower bounded by a positive constant s
and is upper bounded on C. Suppose also that µs ∝ sµ is a stationary probability dis-
tribution for Yt, or equivalently µ is stationary for Xt. Then the following statements
hold:

1. If s(z) ≥ l/W (z) for all z /∈ C and some constant l > 0, then Xt is geometrically
ergodic. Moreover, Xt is uniformly ergodic if V is bounded.

2. If s(z) ≥ lV −α/W (z) for all z /∈ C and some constants α ∈ (0, 1) and l > 0,
then Xt is polynomially ergodic.

Proof. The proof is a straightforward consequence of manipulations of the drift con-
dition (6.13), which we already observed gives the drift condition (6.14).

Remark 6.21. Let us make some remarks on the theorem. First, it needs to be stressed
that, since Xt has a fixed stationary distribution µ, changing the speed s implies a
change in the stationary distribution of Yt and possibly in its Lyapunov function.
Then, the statements give the necessary conditions on the speed function to obtain
any type of convergence. Let us consider some cases:



6.3. Time transformations of Markov processes 275

• If W (z)V (z) ≥ 1, then Yt is ergodic, but we cannot conclude on its rate of
convergence. Applying the theorem, we obtain polynomial or geometric conver-
gence of Xt choosing respectively s(z) ≥ lV −α/W (z) and s(z) ≥ l/W (z).

• If W (z)V (z) ≥ V 1−α(z), then Yt is polynomially ergodic. By our theorem, we
obtain geometric ergodicity of Xt choosing s(z) ≥ l/W (z).

• Uniform ergodicity of Xt follows as soon as V is bounded and we choose a speed
function satisfying s(z) ≥ l/W (z).

Recall that exponential ergodicity of the ZZS was proved in [24] under Assump-
tion 5.13. Clearly, exponential ergodicity of SUZZ follows when ψ − ln s satisfies
Assumption 5.13 and also when s satisfies the conditions of Corollary 6.15.

6.3.3 Law of large numbers

One of the main interests in ergodic Markov processes is the estimation of expectations
of observables wrt the stationary distribution, as indeed as T goes to infinity

1

T

∫ T

0

f(Xt)dt→ µ(f) a.s.

Here it is convenient to denote µ(x) = exp(−ψ(x))/Z, where exp(−ψ(x)) is the unnor-
malised distribution. Similarly, we denote the stationary distribution of the process
Yt, related to Xt by related by (6.11), as µs(y) = s(y) exp(−ψ(y))/Zs. It might hap-
pen that the process Xt is difficult to simulate exactly, while we are able to simulate
Yt. In this scenario, a change of variables gives

1

T

∫ T

0

f(Xt)dt =
1

T

∫ r(T )

0

f(Yt)

s(Yt)
dt

which gives an estimator that only relies on the simulation of Yt as this can also be
rephrased as

1

r−1(T )

∫ T

0

f(Yt)

s(Yt)
dt. (6.15)

Let us verify this estimator converges to µ(f). Assuming Yt satisfies a law of large
numbers we find that

1

T

∫ T

0

f(Yt)

s(Yt)
dt→ µ(f)

Z

Zs

and also
1

T
r−1(T ) =

1

T

∫ T

0

1

s(Yu)
du→ µs(1/s) =

Z

Zs
, (6.16)

thus we find that (6.15) converges to µ(f) as required. When Zs is known, (6.16) can
be used to estimate Z, the normalising constant of µ.
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For the settings in which the estimator in (6.15) is hard to compute, we can resort
to a discretisation of the path by taking a step size δ and considering the Markov
chain Ỹn = Ynδ. Then (6.15) suggests estimating µ(f) with

N∑
n=0

f(Ỹn)

s(Ỹn)

/
N∑
n=0

1

s(Ỹn)
. (6.17)

Naturally, the variance of this estimator is influenced by the choice of s.

The estimators (6.15) and (6.17) essentially coincide with the importance sampling
approach we described in Section 2.1.3. Indeed, it is clear that (6.17) corresponds
to drawing from a Markov chain which converges to µs and adjusting the weights of
the samples suitably. The denominator in (6.17) then plays the same function of the
denominator in the self-normalised importance sampling estimator (2.5).

6.4 Time transformations of piecewise determinis-
tic Markov processes

In this section we study time transformations of PDMPs. This allows us to introduce
novel processes based on existing PDMPs, modified to include a speed function.

Consider a PDMP (Zt)t≥0 taking values on a state space E, which is a subset of a
finite dimensional vector space. Examples are E = Rd × Rd or E = Rd × {−1,+1}d.
The PDMP Zt has deterministic dynamics described by the ODE

d

dt
φt(z) = Φ(φt(z)), φ0(z) = z, for all t ≥ 0, z ∈ E, (6.18)

where φt denote the integral curve of Φ, a smooth and globally Lipschitz vector
field. We assume that φt leaves E invariant. The random event times are defined
by a switching rate λ : E → [0,∞), that is a continuous function, while the jump
mechanism is described by the probability kernel Q. Therefore Zt is a PDMP defined
by the triple (Φ, λ,Q)1. This process should be intended as a well studied PDMP,
such as the Zig-Zag process.

Let us now consider time transformations of the PDMP Zt as given by (6.9). For
a given speed function s, we shall denote the time transformed process as Ht. The
next theorem, which is a corollary of Theorem 6.10, establishes the dynamics of Ht.

Theorem 6.22. Let s : E → [s,∞) and let (Zt)t≥0 be a non-explosive PDMP
(Φ, λ,Q) with stationary probability measure µs(z) ∝ s(z) exp(−ψ(z)). Then the pro-

cess (Ht)t≥0 which satisfies Ht = Zr(t) for all t ≥ 0, where r(t) =
∫ t
0
s(Hu)du, is

1Note that, contrarily to previous chapters, here we identify the ODE with Φ instead of its
integral.
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a PDMP with characteristics (sΦ, sλ,Q) and invariant measure µ(z) ∝ exp(−ψ(z)).
Moreover, the generator of Ht is given by

Lsf(z) = s(z)⟨Φ(z),∇f(z)⟩+ s(z)λ(z)(Qf(z)− f(z)),

and its domain coincides with D(L).

Remark 6.23. The framework introduced by [48] only considers non-explosive deter-
ministic dynamics, while in this case s typically gives an ODE finite explosion time.
We can however apply Proposition 6.18 to determine make sure the time transformed
process is non-explosive.

Although the theorem is an immediate corollary of Theorem 6.10, it is illustrative
to derive the deterministic dynamics and the jumps of Ht, which follow by simple
computations. First, we obtain the ODE governing the deterministic motion of Ht.
Denote the flow map of Ht with initial condition z by φHt (z), which satisfies φHt (z) =
φr(t)(z). Thus by the chain rule φHt (z) satisfies the ODE

dφHt (z)

dt
= s(φHt (z))Φ(φHt (z)).

This shows that the deterministic motion of Ht is identified by sΦ. Let us now
consider the jump part of Ht. Denoting by λH the event rate of Ht, by τH the time
of the first event for Ht, and noting that r(t) is deterministic before an event has
happened, we find by a change of variables

Pz(τH > t) = exp

(
−
∫ t

0

λH(φHu (z))du

)
= exp

(
−
∫ r(t)

0

λH(φu(z))

s(φu(z))
du

)
.

Because Ht is a time transformation of Zt, the processes follow the same paths and
have random events when the same state is reached. Therefore, it must be that for
any t ≥ 0 it holds Pz(τZ > r(t)) = Pz(τH > t). This holds iff λH(z) = λ(z)s(z).
Finally, note that the jump kernel is clearly unchanged by the time transformation.
Therefore, we have obtained that Ht is a PDMP with characteristics (sΦ, sλZ , Q).

6.4.1 Examples

The SUZZ we encountered in Section 6.2.2 is a first example of time transformation of
a known PDMP. Here, we define time transformations of several other PDMPs from
the MCMC literature.

Example 6.24 (Bouncy Particle Sampler [32]). Let us then define the BPS with
speed s, denoted by (Xt, Vt)t≥0, with a given invariant measure with density µ(x, v) =
π(x)ν(v). Following the recipe given by Theorem 6.22, we should time transform a
standard BPS with target µs(y, w) ∝ s(y)e−ψ(y)ν(w). Here we let s depend only on
the position part as this seems the only scenario of interest, though the extension is
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straightforward. Therefore we obtain that the BPS with speed s is a PDMP with ODE
(6.3), event rate

λs(x, v) = max(0, ⟨v, s(x)∇ψ(x)−∇s(x)⟩) + λrs(x), (6.19)

and jump mechanism

Qs((x, v), (dy, dw)) =
max(0, ⟨v, s(x)∇ψ(x)−∇s(x)⟩)

λs(x, v)
δ(x,Rs(x)v)(dy, dw)

+
s(x)λr
λs(x, v)

δx(dy)ν(dw),

(6.20)

where the bounce mechanism corresponds to reflections off the potential ψs(x) =
ψ(x)− ln s(x), i.e.

Rs(x)v = v − 2
⟨v,∇ψ(x)− ∇s(x)

s(x) ⟩∣∣∣∇ψ(x)− ∇s(x)
s(x)

∣∣∣2
(
∇ψ(x)− ∇s(x)

s(x)

)

= v − 2
⟨v, s(x)∇ψ(x)−∇s(x)⟩
|s(x)∇ψ(x)−∇s(x)|2

(s(x)∇ψ(x)−∇s(x)) .

(6.21)

Therefore, the reflection mechanism is different from that of the standard BPS with
target µ. This is due to the fact that the reflection operator depends on the invariant
distribution for the standard BPS, while this was not the case for the ZZS. A natural
modification of the event rate is the choice λr(x) = c/s(x), which makes the rate
constant for the sped-up process.

Remark 6.25. The BPS is typically designed to have as stationary distributions for
the velocity component either the uniform distribution on the unit sphere or the
standard Gaussian distribution. Let us give an informal connection between the two
alternatives through the lens of time transformations. Applying a time transformation
with speed function s(x, v) = 1/|v| to the BPS with Gaussian velocity gives a process
with generator Lsf(x, v) = 1/|v| Lf(x, v). Such process evolves in the x-component
exactly as a BPS with the uniform distribution on the unit sphere as stationary
distribution for the velocity component. Indeed, the velocity is refreshed from the
standard Gaussian distribution and is then normalised by its norm in the deterministic
part (that is ⟨v/|v|,∇xf(x, v)⟩ i.e. the process moves with velocity v/|v) and in the
part corresponding to reflections (that is ⟨v/|v|,∇ψ(x)⟩+(f(x,R(x)v)−f(x, v)), which
gives that reflections take place at the same point as for the original process).

Example 6.26 (Boomerang Sampler [25]). We now wish to define the Boomerang
sampler (Xt, Vt) with speed s and stationary distribution µ(x, v) ∝ exp(−ψ(x, v)),
where ψ(x, v) = ψ(x) + (1/2)xTΣ−1x + (1/2)vTΣ−1v. We find that (Xt, Vt) is the
PDMP with characteristics (sΦ, λs, Qs), where Φ(x, v) = (v,−(x − x∗))T is the vec-
tor field defining the ODE of the standard Boomerang process, while λs and Qs are
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respectively given by (6.19) and (6.20). Hence the deterministic motion is governed
by

dXt

dt
= s(Xt)Vt,

dVt
dt

= −s(Xt)(Xt − x∗).

Let us conclude the example with a brief discussion on a particular choice of speed
function. Suppose we wish to sample from π(x) ∝ exp(−ψ(x) − (1/2)xTΣ−1x).
Then a possible choice of speed function is s(x, v) = s(x) = exp(ψ(x)), which sat-
isfies the assumption

∫
s(x) exp(−ψ(x, v))dxdv < ∞. In this case the corresponding

Boomerang process with speed s, denoted (Xt, Vt), is a time transformation of the
standard Boomerang process with Gaussian invariant measure

µs(x, v) ∝ exp(−(1/2)xTΣ−1x− (1/2)vTΣ−1v).

For this process the rate of reflections is 0 and therefore the motion is fully charac-
terised by deterministic elliptical trajectories and velocity refreshments. As a con-
sequence, the simulation of the paths of (Xt, Vt) does not require computing the
gradient of ψ. Naturally the additional difficulty is that then the time transform
r(t) =

∫ t
0

exp(ψ(Xu))du needs to be approximated if the correct state at time t of the
Boomerang process with speed s needs to be known.

Example 6.27 (Randomised Hamiltonian Monte Carlo [30]). In the case of RHMC
of [30] the jump mechanism is trivial and the target plays a role only in the deter-
ministic dynamics. The dynamics of the standard RHMC with target µs(y, w) ∝
s(y) exp(−ψ(y)− (1/2)|w|2) are described by the ODE

dYt
dt

= Wt,
dWt

dt
= −∇ψ(Yt) +

∇s(Yt)
s(Yt)

.

From Theorem 6.22 we conclude that the RHMC process with speed s and invariant
distribution with density µ(x, v) ∝ exp(−ψ(x) − (1/2)|v|2) is a PDMP (Xt, Vt) with
deterministic dynamics

dXt

dt
= s(Xt)Vt,

dVt
dt

= −s(Xt)∇ψ(Xt) +∇s(Xt).

Such process moves on the level curves of the Hamiltonian H(x, v) = −ψ(x)+ln s(x)−
(1/2)|v|2 with speed given by s(x). Naturally, the rate of refreshment should also
be multiplied by the speed s. With analogous ideas it is possible to define a time
transformed version of RHMC samplers with different choices kinetic energy, as e.g.
in [120].

6.4.2 Estimating expectations with the skeleton chain

In Section 6.3.3 we described how to estimate expectations from µ exploiting the
relation between the two processes Xt and Yt connected by a time transformation.
Now, we consider a different approach which is specialised for PDMPs relying on
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[42, Theorem 1]. Essentially, [42, Theorem 1] connects the invariant distribution of
the PDMP Zt to that of its skeleton chain, i.e. the discrete chain (Z̃n) given by
the states of the PDMP Zt right after each random event. In the context of two
PDMPs connected by a time transformation, it is clear that their skeleton chains
coincide: given the sequence of event times {τk}k≥0 for Zt, it holds that (Zτk)k≥0 =
(Hr(τk))k≥0. An application of [42, Theorem 1] gives that the skeleton chain has
invariant distribution µ̃(·) ∝

∫
E
λ(z)Q(z, ·)µs(dz). From this property asymptotically

exact estimators of observables can be computed using only the skeleton chain.

6.4.3 Conditions for uniform ergodicity

Theorem 6.20 gives general conditions on the speed function to obtain a time trans-
formed process with wanted rate of convergence. In the case of PDMPs, the next
theorem shows that uniform ergodicity follows also from an inequality of the type
(6.13) where V is not bounded.

Theorem 6.28. Consider a PDMP Zt with characteristics (Φ, λ,Q) and invariant
probability distribution µs ∝ sµ. Let Ht be the corresponding time transformed PDMP
(sΦ, sλ,Q). Assume there exists V : Rd → [1,∞) for which (6.13) holds for Zt for
some function W and a set C which is petite for both PDMPs. Suppose s(z) ≥
bV (z)/W (z) outside of C for some constant b > 0. Then Ht is uniformly ergodic: for
some ρ ∈ (0, 1), c > 0

∥P t(z, ·)− µ(·)∥V ≤ cρt
1 + 2V (z)

1 + V (z)
≤ 2cρt. (6.22)

This theorem can be readily applied to design uniformly ergodic variants of the
ZZS and BPS taking advantage of the results in [24, 51, 64].

Proof. Let Ṽ (z) = V (z)/(1+V (z)), where V is a Lyapunov function satisfying (6.13)
for the PDMP (Φ, λ,Q), which has generator denoted by L. Most importantly Ṽ is
bounded since V > 0. Applying the generator to Ṽ we find

LṼ (z) =
1

(1 + V (z))2
⟨Φ(z),∇V (z)⟩+ λ(z)

∫
(Ṽ (y)− Ṽ (z))Q(z,dy).

Now for the jump part we obtain

λ(z)

∫
(Ṽ (y)− Ṽ (z))Q(z, dy) = λ(z)

∫
V (y)− V (z)

(1 + V (y))(1 + V (z))
Q(z,dy)

Considering both the case V (y) ≥ V (z) and V (z) ≥ V (y) we obtain the inequality

V (y)− V (z)

(1 + V (y))(1 + V (z))
≤ V (y)− V (z)

(1 + V (z))2
.
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Therefore applying our assumptions we find

LṼ (z) ≤ 1

(1 + V (z))2

(
⟨Φ(z),∇V (z)⟩+ λ(z)

∫
(V (y)− V (z))Q(z,dy)

)
=

1

(1 + V (z))2
LV (z)

≤ 1

(1 + V (z))2

(
−W (z)V (z) +m1C(z)

)
≤ − W (z)

1 + V (z)
Ṽ (z) +m1C(z).

Uniform ergodicity of the PDMP (sΦ, sλ,Q) then follows by Theorem 6.20(b) since
outside of C we have s(z) ≥ bV (z)/W (z) for b > 0, which implies that sW/(1 +V ) =
bV/(1 + V ) ≥ b/2.

Now we apply Theorem 6.28 to the ZZS, showing that for a speed function of the
type s(x) = exp(βψ(x)) for β ∈ (0, 1) we obtain that SUZZ is uniformly ergodic.

Corollary 6.29. Suppose ψ > 0 satisfies Assumption 5.13 and consider the speed
function s(x) = exp(βψ(x)) for β ∈ (0, 1) and a refreshment rate γ such that 0 <
γ ≤ γ(x) ≤ γ < ∞. Then the SUZZ obtained by (6.9) with refreshment rate sγ is
uniformly ergodic.

Proof. For s(x) = exp(βψ(x)) with β ∈ (0, 1) the SUZZ with target π(x) ∝
exp(−ψ(x)) corresponds to a time transformation of the standard ZZS with tem-
pered target πs(y) ∝ exp(−(1 − β)ψ(y)). Clearly, potentials (1 − β)ψ for β ∈ (0, 1)
satisfy Assumption 5.13 since we assume that ψ does. Therefore, under Assumption
5.13 we have by [24] that the standard ZZS with target πs satisfies the drift condition
(6.13) with W (z) = l for some l > 0 and Lyapunov function

V (x, v) = exp

(
α(1− β)ψ(x) +

d∑
i=1

ϕ(vi(1− β)∂iψ(x))

)
,

where δ, α > 0 are such that 0 < δγ < α < 1 in which γ is the maximum refreshment
rate, and finally ϕ(s) = 1

2 sign(s) ln (1 + δ|s|). V is a Lyapunov function for arbitrarily
small values of the constant α, as δ can be taken arbitrarily small. Therefore, it is
now sufficient to choose α ∈ (0, 1) such that outside of C

s(x) = exp(βψ(x)) ≥ b V (x, v),

which is possible since by Assumption 5.13 we have ψ is the leading term in the
exponent of V and the set C can accordingly be chosen large enough.

Moreover, any compact set is petite by Corollary 6.15 under our assumption and
therefore by Theorem 6.28 the SUZZ is uniformly ergodic for our choice of speed
function.
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6.5 Discussion

In this Chapter, we have introduced time transformations as an approach to improve
convergence of Markov processes with challenging stationary distributions. According
to our theory, substantial speed ups can be obtained with suitable choices of the
speed function, s. A choice which appears particularly apt is s(x) = exp(aψ(x))
for a ∈ (0, 1), which corresponds to targeting a tempered version of the target µ.
Naturally, the parameter a determines the degree to which the target is “flattened”
and is of fundamental importance to obtain a process which has the right balance
between exploration of the state space and exploitation once a new mode is found.
Investigations on the optimal value of a are left for future research.

An important theme which we did not treat in detail is that of the simulation
of sped up PDMPs. A possibility is to simulate the standard PDMP Zt and then
compute the (now deterministic) function

r−1(T ) =

∫ T

0

1

s(Zt)
dt.

This quantity will typically need to be estimated numerically, though we stress that
this is a one dimensional integral which can be decomposed as

r−1(T ) =

NT−1∑
κ=0

∫ τκ+1−τκ

0

1

s(φt(Zτκ))
dt,

where τκ are the event times of the process, 0 = τ0 < τ1, < · · · < τNT
, and NT is

the number of events of the process by time T. An alternative approach consists in
approximating either Zt or Ht with the techniques of Chapters 3 and 4. We leave a
detailed analysis of this option as future research.

6.A Time transformations of Langevin diffusions

In this appendix, we apply the framework of Section 6.3 to the overdamped and
underdamped Langevin diffusions, which are the basis for several MCMC algorithms.

Example 6.30 (Overdamped Langevin SDE). Consider the overdamped Langevin
SDE

dYt =

(
−∇ψ(Yt) +

∇s(Yt)
s(Yt)

)
dt+

√
2 dBt,

which is ergodic with respect to µs(y) ∝ s(y) exp(−ψ(y)) under mild conditions. Then
by Theorem 6.10 we find the the solution to

dXt = (−s(Xt)∇ψ(Xt) +∇s(Xt)) dt+
√

2s(Xt) dBt,
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has invariant measure µ(x) ∝ exp(−ψ(x)). Moreover it holds that Yt = Xr(t), that
is the paths of Xt and Yt are identical apart from the time transformation. For
s(x) = exp(aψ(x)) with a ∈ (0, 1), the process Xt was considered in [138].

Example 6.31 (Underdamped Langevin SDE). Another well known and used process
is the underdamped Langevin SDE, which in its simplest form is given by

dYt = Wtdt

dWt = −∇ψ(Yt)dt−Wtdt+
√

2 dBt,

This process has µ(y, w) ∝ exp(−ψ(y) − (1/2)|w|2) as stationary distribution under
mild assumptions. Once again we wish to define a the underdamped Langevin SDE
including a speed function s. Following Theorem 6.10 we find that this SDE is given
by

dXt = s(Xt)Vtdt

dVt = −(s(Xt)∇ψ(Xt)−∇s(Xt))dt− s(Xt)Vtdt+
√

2s(Xt) dBt.

Assuming this SDE is well posed, we find that the solution has µ as stationary distri-
bution.
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Summary

Markov chain Monte Carlo (MCMC) algorithms are a widespread tool to approximate
expectations of functions of interest with respect to a target probability distribution π
using Markovian processes. The task of estimating such expectations arises naturally
in various areas, ranging from Bayesian statistics and machine learning to statistical
physics and the applied sciences. This thesis studies a novel class of MCMC meth-
ods called piecewise deterministic Monte Carlo (PDMC) algorithms, which are based
on a family of stochastic processes called piecewise deterministic Markov processes
(PDMPs) and introduce important methodological novelties compared to classical
methods based on diffusions. A PDMP evolves according to prescribed deterministic
dynamics specified by an ordinary differential equation (ODE) until a random clock
rings, at which point the PDMP jumps to a new state obtained by drawing from
a given Markov kernel. The substantial interest that PDMPs have received by the
MCMC community is justified by two properties they possess: their natural non-
reversibility and the possibility for exact subsampling. Non-reversibility is a property
that results in faster MCMC algorithms, departing from the inefficient random walk-
like exploration of reversible processes obtained with the classical Metropolis Hastings
(MH) algorithm. Essentially, non-reversible Markov processes explore the state space
in a systematic fashion thanks to the introduction of an additional momentum vari-
able, which guides them towards areas where π is large. PDMPs are of particular
interest in this sense because they are the first class of processes which give a general
framework to design non-reversible processes, where plenty of freedom is left in the
choice of the ODE and of the jump dynamics. On the other hand, exact subsampling
refers to the fact that, when e.g. π is a posterior distribution obtained by a Bayesian
statistics model, the law of the random times can be computed while accessing only
a subset of the data-set. This property makes PDMPs innovative, as for previous
algorithms subsampling could only be achieved at the cost of a biased estimate of the
expectation of interest. Thus PDMPs can lead to faster, more efficient MCMC algo-
rithms when dealing with data sets with a large number of observations, a situation
that is ever more common in the applications.

This thesis studies methods to improve the applicability and the performance of
MCMC algorithms based on PDMPs. First, we discuss the key ideas that lay the
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foundations of the field of MCMC, spanning from the Metropolis-Hastings algorithm
to PDMC methods, emphasising a common structure underlying most non-reversible
MCMC algorithms studied in the literature. The rest of the thesis is divided in two
parts, respectively treating approximations and transformations of PDMC algorithms.

In the first part we introduce several discretisation schemes that approximate a
given PDMP and study the properties of the proposed algorithms in detail. This
area is of fundamental importance to make PDMPs widely applicable, as indeed the
PDMPs considered in the MCMC literature typically cannot be simulated exactly
because of either complicated deterministic dynamics or because the random event
times are distributed according to an exponential distribution with non-homogeneous
rate. In the latter case, existing approaches to simulate the random event times are
applicable exclusively when the rate is of simple form, a requirement that covers only
toy models from the MCMC literature. In this thesis we introduce and study a wide
variety of time discretisations of PDMPs of any order of accuracy, which can now be
used as a basis for MCMC algorithms. We study two types of discretisations: the first
kind is obtained generalising the principle behind classical Euler schemes, while the
second is based on splitting schemes. In both settings, we establish the dependence of
the error on the step size of the discretisation. For suitable Euler schemes we prove
uniform in time estimates on the weak error, a particularly challenging result which
gives that the error is fully controlled by the step size and does not depend on the time
horizon. Moreover, for approximations of PDMPs obtained with Euler-based schemes
we obtain error bounds in Wasserstein and total variation distance using the coupling
approach. For our approximations based on splitting schemes we mainly focus on
the Zig-Zag sampler (ZZS) and Bouncy Particle Sampler (BPS) and study the best
splitting scheme in terms of bias in the invariant measure. For both samplers we
obtain conditions ensuring existence and uniqueness of a stationary distribution for
the approximation process, as well as exponential convergence to such a distribution.
Importantly, we show that symmetric splitting schemes are of second order, although
they only require one computation of the gradient of the negative log-likelihood per
iteration. Another important novelty we introduce is the possibility to correct the
introduced bias via a skew-reversible Metropolis-Hastings acceptance-rejection step.
This allows us to design the first unbiased, PDMP-based MCMC algorithms that
can be applied effortlessly to sample from any target probability distribution. Our
numerical experiments show that the remarkable properties of PDMPs give their
approximations excellent convergence properties improving over benchmark methods
such as Hamiltonian Monte Carlo and the unadjusted Langevin algorithm.

The second part of the thesis concerns transformations of PDMPs. First, we dis-
cuss space transformations of PDMPs, in which case the main goal is to improve the
performance of PDMC algorithms when the target distribution π is anisotropic. Our
proposal is to design PDMC algorithms that learn adaptively the covariance struc-
ture of π and use this information to tune the velocity of the underlying PDMP,
i.e. the directions that the PDMP is more likely to explore. Finding a good set
of directions requires knowledge of the target π, and hence information on previous
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positions of the process needs to be used. In a similar fashion, we introduce adap-
tive PDMC algorithms which automatically tune the refreshment rate of the process,
i.e. the frequency at which the current velocity vector is replaced with an indepen-
dent draw from a suitable distribution. For these algorithms we carefully study the
convergence to the target distribution by establishing ergodicity, which is challeng-
ing for such non-homogeneous Markov processes. Moreover, we test our algorithms
on some benchmark examples, on which we observe relevant improvements over the
standard, non-adaptive samplers. In the last chapter of the thesis we consider time
transformations of (piecewise deterministic) Markov processes, with an emphasis on
improving the convergence of MCMC algorithms. In particular, we study the effect
on the properties of a Markov process of a change of the speed of time, where impor-
tantly changes in speed depend on the state of the process. This notion can prove
helpful in the context of multimodal target distributions, in which case we argue that
communication between different modes can be improved by increasing the speed of
time when the process is located in low density regions. We connect various prop-
erties of a process to those of a related time-changed process, such as a connection
between the stationary distributions, the generators, non-explosivity, ergodicity and
rate of convergence to the limiting distribution. For PDMPs we show that suitable
time transformations can make a geometrically ergodic Markov process uniformly er-
godic, a remarkable property which means that the initialisation of the process does
not affect the speed of convergence. We apply our theorem to time transformations of
the Zig-Zag process, demonstrating the applicability of our conditions. By applying
this framework to PDMPs we define several novel processes which have dynamics
depending on a user-chosen, interpretable speed function.





Samenvatting

Markovketen Monte Carlo (MCMC) algoritmes worden veel gebruikt om verwacht-
ingswaarden van relevante functies met een gewenste kansverdeling π te benaderen
met behulp van Markoviaanse processen. Het schatten van dergelijke verwacht-
ingswaarden komt op natuurlijke wijze voor in verschillende vakgebieden, van Bayesi-
aanse statistiek en machine learning tot statistische fysica en toegepaste wetenschap-
pen. Deze scriptie onderzoekt een nieuwe klasse van MCMC-methoden genaamd
stuksgewijs deterministische Monte Carlo (PDMC) algoritmes, die gebaseerd zijn
op een familie van stochastische processen genaamd stuksgewijs deterministische
markovprocessen (PDMP’s) en belangrijke methodologische vernieuwingen introduc-
eren vergeleken met klassieke methoden op basis van diffusie. Een PDMP ontwikkelt
zich volgens voorgeschreven deterministische dynamica beschreven door een gewone
differentiaalvergelijking (ODE) totdat er een willekeurige wekker afgaat, waarop de
PDMP naar een nieuwe toestand springt, die verkregen wordt door te trekken uit
een gegeven markovkernel. De aanzienlijke interesse voor PDMP’s vanuit de MCMC-
gemeenschap is gerechtvaardigd door twee eigenschappen die zij bezitten: natuurlijke
irreversibiliteit en de mogelijkheid tot exacte subsampling. Irreversibiliteit is een
eigenschap die zorgt voor snellere MCMC-algoritmes, anders dan de inefficiënte ran-
dom walk-achtige verkenning van reversibele processen verkregen met het klassieke
Metropolis Hastings (MH) algoritme. In essentie verkennen irreversibele markovpro-
cessen de toestandsruimte op een systematische manier dankzij de invoering van een
extra impulswaarde, die hen naar gebieden stuurt waar π groot is. PDMP’s zijn in
dit opzicht van bijzonder belang omdat ze de eerste klasse van processen vormen die
een algemeen kader bieden om irreversibele processen te ontwerpen, waarbij er veel
vrijheid is in de keuze van de ODE en van de sprongdynamica. Aan de andere kant
verwijst exacte subsampling naar het feit dat, wanneer π bijvoorbeeld een posterior-
verdeling is, verkregen door middel van een Bayesiaans statistisch model, de wet van
de willekeurige tijden kan worden berekend terwijl er slechts toegang is tot een deel van
de dataset. Deze eigenschap maakt PDMP’s innovatief, omdat bij eerdere algoritmen
subsampling slechts bereikt kon worden ten koste van een vertekende schatting van
de betreffende verwachtingswaarde. Daarom kunnen PDMP’s leiden tot snellere, ef-

Translated to Dutch by Merel de Leeuw den Bouter.
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ficiëntere MCMC-algoritmes voor datasets bestaande uit een groot aantal observaties,
een situatie die steeds vaker voorkomt in de praktijk.

Deze thesis onderzoekt methoden om de toepasbaarheid en de prestaties van
MCMC-algoritmes gebaseerd op PDMP’s te verbeteren. Eerst bespreken we de be-
langrijkste ideeën die ten grondslag liggen aan het veld van MCMC, variërend van het
Metropolis-Hastings-algoritme tot PDMC-methoden, waarbij we de gemeenschappeli-
jke structuur benadrukken die ten grondslag ligt aan de meeste irreversibele MCMC-
algoritmen die in de literatuur voorkomen. De rest van de thesis is verdeeld in twee
delen, waarbij respectievelijk benaderingen en transformaties van PDMC-algoritmen
worden behandeld.

In het eerste deel introduceren we verschillende discretisatieschema’s die een
gegeven PDMP benaderen en bestuderen we de eigenschappen van de voorgestelde
algoritmen in detail. Dit onderzoeksgebied is van fundamenteel belang om PDMP’s
breed toepasbaar te maken, omdat de PDMP’s die in de MCMC-literatuur worden
beschouwd meestal niet exact kunnen worden gesimuleerd vanwege ofwel gecom-
pliceerde deterministische dynamica of omdat de willekeurige gebeurtenistijden
verdeeld zijn volgens een exponentiële verdeling met niet-homogene snelheid. In het
laatste geval zijn bestaande benaderingen om de willekeurige gebeurtenistijden te
simuleren uitsluitend toepasbaar wanneer de snelheid van een eenvoudige vorm is, een
vereiste die alleen van toepassing is op modelvoorbeelden uit de MCMC-literatuur.
In deze thesis introduceren en bestuderen we een grote verscheidenheid aan tijdsdis-
cretisaties van PDMP’s van elke orde van nauwkeurigheid, die nu als basis kunnen
dienen voor MCMC-algoritmen. We bestuderen twee soorten discretisaties: de eerste
soort wordt verkregen door het principe achter de klassieke Eulermethodes te gener-
aliseren, terwijl de tweede gebaseerd is op splitsingsmethodes. In beide gevallen stellen
we de afhankelijkheid van de fout van de stapgrootte van de discretisatie vast. Voor
geschikte Eulermethodes bewijzen we uniform-in-tijd schattingen van de zwakke fout,
een bijzonder uitdagend resultaat dat aangeeft dat de fout volledig wordt bepaald door
de stapgrootte en niet afhangt van de tijdsduur. Bovendien leiden we voor benaderin-
gen van PDMP’s verkregen met op Euler gebaseerde methodes foutgrenzen af in de
Wasserstein- en totale variatie-afstand met behulp van de koppelingsaanpak. Voor
onze benaderingen op basis van splitsingsmethodes richten we ons voornamelijk op
de Zig-Zag sampler (ZZS) en de Bouncy Particle Sampler (BPS) en bestuderen we de
beste splitsingmethode wat betreft bias in de stationaire verdeling. Voor beide sam-
plers leiden we voorwaarden af die de aanwezigheid en uniciteit van een stationaire
verdeling voor het benaderingsproces garanderen, evenals exponentiële convergentie
naar deze verdeling. Belangrijk is dat we aantonen dat symmetrische splitsingsmeth-
oden van de tweede orde zijn, hoewel ze slechts één berekening van de gradiënt van
de negatieve logaritmische aannemelijkheidsfunctie per iteratie vereisen. Een andere
belangrijke noviteit die we introduceren is de mogelijkheid om de gëıntroduceerde bias
te corrigeren via een scheef-reversibele Metropolis-Hastings acceptatie-weigeringsstap.
Hierdoor kunnen we de eerste unbiased, op PDMP’s gebaseerde MCMC-algoritmen
ontwerpen die moeiteloos kunnen worden toegepast om te sampelen uit elke gewenste
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kansverdeling. Onze numerieke experimenten tonen aan dat de opmerkelijke eigen-
schappen van PDMP’s ervoor zorgen dat hun benaderingen uitstekende convergentie-
eigenschappen hebben die beter zijn dan benchmarkmethoden zoals Hamiltonian
Monte Carlo en het onaangepaste Langevin-algoritme.

Het tweede deel van de scriptie gaat over transformaties van PDMP’s. Allereerst
bespreken we ruimtetransformaties van PDMP’s, waarbij het belangrijkste doel is om
de prestaties van PDMC-algoritmen te verbeteren wanneer de gewenste verdeling π
anisotroop is. Ons voorstel is om adaptieve PDMC-algoritmen te ontwerpen die de
covariantiestructuur van π adaptief leren en deze informatie gebruiken om de snel-
heid van de onderliggende PDMP, d.w.z. de richtingen die de PDMP waarschijnlijk
zal verkennen, af te stemmen. Het vinden van een goede set aan richtingen vereist
kennis van π, en daarom moet informatie over eerdere posities van het proces worden
gebruikt. Op een vergelijkbare manier introduceren we adaptieve PDMC-algoritmen
die automatisch de verversingssnelheid van het proces, d.w.z. de frequentie waarmee
de huidige snelheidsvector wordt vervangen door een onafhankelijke trekking uit een
geschikte verdeling, afstemmen. Voor deze algoritmen bestuderen we zorgvuldig de
convergentie naar de gewenste verdeling door ergodiciteit vast te stellen, wat uitda-
gend is voor dergelijke niet-homogene markovprocessen. Bovendien testen we onze
algoritmen op enkele benchmarkvoorbeelden, waarbij we relevante verbeteringen ten
opzichte van de standaard, niet-adaptieve samplers zien. In het laatste hoofdstuk
van de scriptie bekijken we tijdstransformaties van (stuksgewijs deterministische)
markovprocessen, met de nadruk op het verbeteren van de convergentie van MCMC-
algoritmen. In het bijzonder bestuderen we het effect van een verandering in de
tijdschaal op de eigenschappen van een markovproces, waarbij veranderingen in de
tijdschaal afhankelijk zijn van de toestand van het proces. Dit kan nuttig zijn bij
multimodale kansverdelingen, waarbij we betogen dat de communicatie tussen ver-
schillende modi kan worden verbeterd door de snelheid van de tijd te verhogen wanneer
het proces zich in gebieden met lage dichtheid bevindt. We leggen verbanden tussen
verschillende eigenschappen van een proces en die van een gerelateerd tijdsgetrans-
formeerd proces, zoals een verband tussen de stationaire verdelingen, de generatoren,
niet-explosiviteit, ergodiciteit en snelheid van convergentie naar de limietverdeling.
Voor PDMP’s laten we zien dat geschikte tijdstransformaties van een geometrisch
ergodisch markovproces een uniform ergodisch proces kunnen maken, een opmerke-
lijke eigenschap die inhoudt dat de initialisatie van het proces geen invloed heeft op
de snelheid van convergentie. We passen onze stelling toe op tijdstransformaties van
het Zig-Zag proces en tonen daarmee de toepasbaarheid van onze voorwaarden aan.
Door dit kader toe te passen op PDMP’s definiëren we verschillende nieuwe processen
wier dynamica afhankelijk zijn van een door de gebruiker gekozen, interpreteerbare
snelheidsfunctie.
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