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Ad hoc test functions for homogenization of compressible viscous
fluid with application to the obstacle problem in dimension two

MARCO BRAVIN

Abstract. 1In this paper, we highlight a set of ad hoc test functions to study the homogenization of viscous
compressible fluids in domains with very tiny holes. This set of functions allows to improve previous results
in dimensions two and three. As an application, we show that the presence of a small obstacle does not
influence the dynamics of a viscous compressible fluid in dimension two.

1. Introduction

The study of the interaction of a large number of small holes and a viscous fluid falls
in the field of homogenization. Starting from the works of Tartar [21] and Allaire [1,2],
it has been proved that the macroscopic behavior of an incompressible viscous fluid
in a perforated domain depends on the size of the holes and their mutual distances.
In particular, three regimes are possible. When the holes are tiny (subcritical case),
they do not influence the dynamic of the fluid in the limit. When the holes are large
(supercritical), they put large friction to the fluid and a rescaled fluid velocity satisfies
a Darcy’s law in the limit. The critical case leads to a Brinkman-type term in the limit
equations. The works [1,2] have been extended to the non-stationary setting in [6—16].

In the case the fluid is viscous and compressible and modeled by the compressible
Navier—Stokes, there is not such a complete picture as for the incompressible viscous
fluid. Masmoudi tackled the supercritical case in [15]. This result was then extended
in [10]. The critical case is open and the only available result is [3] where the authors
consider also the low Mach number limit. While the subcritical case has been tackled
in the stationary case in [7—17], the non-stationary case was studied only in dimension
three in [14-19].

The goal of this work is to introduce ad hoc test functions that allow to study the
homogenization in the subcritical regime of the non-stationary compressible Navier—
Stokes in dimension two and also allow to extend the result [14—19] for a larger class
of pressure laws.
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1.1. New ideas and possible applications

The homogenization of the compressible Navier—Stokes in the subcritical regime
has been studied in [7-19]. In these works, the number of holes is comparable to
¢~¢ where d is the dimension and the small parameter & > 0 is a lower bound for the
distance between any couple of distinct holes. These types of results require in general
a lower bound on y and @ which appear respectively in the pressure law p(p) = p?
and on the size €“ of the holes. These limitations on y and « are used in two points.
The first one is to show improved pressure estimates independent of e. The second one
is to verify that the limit of the solutions of the compressible Navier—Stokes equations
in the domain with tiny holes satisfies the same system but in the domain without
holes. For example in [14], the limitations are

y —6
2y =3

y>6, >3 and o >3,

in [7] they are y > 2, « > 3 and a(y — 2) > 2y — 3. Let us notice that the more
severe hypotheses are used to verify that the limit solves the compressible Navier—
Stokes equations, in fact in [7-19], the authors multiply the test functions for the
limiting system by cut-offs to make them compatible with domains with tiny holes. Let
now for example consider the case of the non-stationary compressible Navier—Stokes
system outside a tiny hole .7, = .7 in dimension three. Following the strategy used
in [14], to show that the limit satisfies the compressible Navier—Stokes is enough to
multiply any smooth test function ¢ by 1. a scaling cut-off of the type n. = n(x/¢)
where 11 is 1 in . and O outside 2.%. In this way, @7, is an admissible test function for
the domain with the hole ., and it remains to pass to the limit in the weak formulation.
The term that gives the limitation is

fpldiV(nsw) =/pgynsdiv (<p)+/pZ<p~Vns. (1)

The difficult term to tackle is the second one on the right-hand side. Notice that
IVnell Lr converges to O for p < 3. We can then conclude only if we are able to show
auniform bound for p, in L? with ¢ > 3y /2. This condition together with the fact that
the improved pressure estimate holds for y 46 < 5y /3 — 1, we deduce the limitation

5

3
5y—l> Ey ifandonlyif y > 6.

The situation is even worse in the case of dimension two because ||Vne|lLr —> 0
only for p < 2 and the improved pressure estimate holds for y +6 < 2y — 1. In
particular, 2y — 1 > 2y is false for any y. For this reason, there are no results on
the homogenization of unsteady compressible Navier—Stokes equations in this setting
when the dimension is two.

To avoid this issue in dimension two, we introduce the ad hoc test function

Delpl = s + VEnaxt - o
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This function has much better properties because if we define
®lp] = (1 = 10)p(0) = Vinex™ - (0),
we have
div (®%¢]) = 0.
This allows us to rewrite
div (e []) — nediv () = div (D [p]) + div (DL[g]) — nediv (¢)

= V(g — 9(0)) + V1 @ (9 — ¢(0)) : Vxt
+ VLng Qxt: Vo.

If, for example, ¢ is Lipschitz, the term of the type

(p(x) —¢(0)
|x|

converges to zero in any L” with p < +o0. In particular, we have that

Ve — ¢(0)) = |x[Vn,

/pgdiV (Qelp]) = /p;’nsdiV () + f pf (div (Pe[@]) — nediv (@)
— f pVdiv (),

if we have a uniform bound of p. in L? for some p > y.
In dimension three, a possible set of ad hoc test functions is

X202Me 1 — X2031:¢3
Do)l = ne9 + | X303M:02 — X201M01 |
X101 @3 — X3020:02

with

3 x2021:91(0) — x2031:93(0)
gl = (1 — n)e(0) — | x3937.902(0) — X281 7901 (0)
x1011M93(0) — x3020:92(0)

With the help of ad hoc test functions ®,[¢], we can improve the hypothesis on y
and « in the study of homogenization of compressible viscous fluid in the subcritical
regime. Moreover, the restrictions on the parameters will not come from the pressure
term, so we expect that [14] can be shown in the case y > 3 and « > max{3, 2y —
3)/(y —3)} Thisresult can be extended also in the case of dimension two for appropriate
lower bounds of y and «.

To verify that the idea introduced in this section works, we apply it to a simpler
problem that is the obstacle problem in dimension two. In particular, we show that the
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presence of a small hole does not influence the dynamic of a viscous compressible
fluid in dimension two.

Let us recall that in the case the hole is replaced by a rigid body, in [8], the authors
extend the result [5] and they show that the small object does not influence the dynamics
of a viscous compressible fluid in dimension three under the hypothesis y > 3/2.
Finally, let us mention that homogenization of compressible Navier—Stokes has been
studied also in the setting of randomly perforated domains in [4].

2. The obstacle problem in dimension two

At a mathematical level, we consider Q C R? an open, bounded, connected, simply
connected subset of R? with Lipschitz boundary such that 0 € €. For a small parameter
¢ > 0, we consider a sequence of small holes ., C B.(0) C €2 such that they are
open, connected, simply connected and with Lipschitz boundary. The fluid domain
is F, = Q\ .7 and to model a viscous compressible fluid in .%,, we consider the
compressible Navier—Stokes equations that reads

0t pe + div (peug) =0 for x € %,

O (pette) + div (pette ® ug) — div (S(ue)) + Vp(p:) =0 for x € F,
u, =0 for x € 0.%,

pe(0,.) = pl",  (peue)(0) =g for x € F,

2

where u, : Rt x %, —> R? describes the velocity of the fluid, p; : Rt x %, — RT
is its density,

S(ue) — p(pe)l = 2uD(ue) + (A — w)div (ue)l — pL,

is the stress tensor, D (u,) is the symmetric gradient, in other words, 2D (u#;) = Vu, +
(Vug)T and I is the two-dimensional identity matrix. Moreover, we assume p > 0,
A > 0andy > I.Finally, pé” > 0is the initial density and qé” is the initial momentum
which satisfies the condition

qé"(x) =0 forany x € {y € %, such that ,oé” = 0} . 3)

The above system has been widely studied in the past years, and the existence of finite
energy weak solutions has been proved by Lions and Feireisl see [12,18].

In this paper, we study the limit as € goes to zero for solutions of (2), in particular
we show that under some mild assumption on ,02” and qé” solutions (p;, us) converge
in an appropriate sense to a solution (p, u) of the system (2) with .7, replaced by .

3. Definition of weak solutions and main result

In this section, we recall the definition of bounded energy weak solution for the
system (2) from [18], Definition 7.3. Then, we present the main result of the paper.
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In the following, we denote by P the function P (p) = p? /(y — 1). For simplicity,
we do not write the small parameter ¢ in the next definition.

Definition 1. Let 7 > 0 and let (p'”, ¢') be an initial data satisfying (3) such that
P(p'") € L'(%) and |¢"|?/p'™ € L'(.F). Then, a triple (p, u) is a weak solution of
(2)in (0, T) x .Z with initial datum (p'”, ¢'") if

— p € L™, T; L'"(%)) such that p > 0 and P(p) € L>°(0, T; L' (%)).

—u e LX0, T; Wy 2 (F)).

— (p, u) satisfies the continuity equation d; p+div (pu) = 0in both a distributional
sense in [0, T') x R2 and in a renormalized' sense where we extend p and u by
zero in the exterior of [0, T) x .%.

— the momentum equation is satisfied in the weak sense

T
/ q'" (0, ) dx +/ / pu - 0,0 + [pu @ u] : Do + pVdiv ¢ dxdt
F 0 JF

T
:/ / Su : Do dxdt,
0 J7F

forany ¢ € C°([0, T) x F).
— fora.e. T € [0, T] the following energy equality holds

1 T
/—,0|u|2(r,.)+P(,0(t,.))dx+/ / w|Vul? + Aldivul? dxdt
72 0 Jz

1 |qin|2 .

We can now recall the existence result of weak solutions.

Theorem 1. Let T > 0 and let (p'", g'™) be an initial data satisfying (3) such that
P(p'") € L'(F) and |q'"|? ) p'™ € L' (F). Then there exists a solution (p, u) of (2)
in (0, T) x .F in the sense of Definition 1 with initial datum (p'™, g'™").

The proof is classical, see, for instance, [12] or Sect. 7 of [18].

In the following, for any function or vector field f; defined on .%, we denote, with
an abuse of notation, by f; also its extension by zero in £ or R2. We are now able to
state our main result.

Theorem 2. LetT > 0,lety > 2, let (pé”, qé”) be a sequence of initial data satisfying
(3) such that P(p!") € L'(Z,), |qi" 1>/ pi" € L'(F;) and let (p™, q'™) satisfying (3)
with Fe = Q such that P(p'") € LY(Q) and |¢'"|*/p'" € LY (Q). If

- pit —> p™in LY(Q),

— lg"1/pi" —> lg"™?/p™ in L'(S),

IWe refer to Sect. 6.2 of [18] for the definition and some basic properties of renormalized solutions to the
continuity equation.
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then up to subsequence there exists (p, u) such that
pe —> pinCy(0,T: LY (Q)) and ue — uin L2 (o, T WOI’Z(Q)> R
Moreover (p, u) satisfies (2) in (0, T) x S and with initial data (p™", g'™), in the sense
of Definition 1.
Let us explain where we use the condition y > 2.

Remark 1. Although the existence of weak solutions to (2) holds for y > 1, in The-
orem 2 we consider the case y > 2. This restriction comes from the fact that in
dimension two to pass to the limit in the term

T
/ / Pelte @ ue : DD [p]dxdt,
0 J7

we use that o, u, and D®.[¢] are uniformly bounded, respectively, in L*°(0, T'; LY
(%)), in L*(0, T; LP (%)) for any p < +oc and L>°(0, T; L*(.%,)), together with
the condition

1 1 1 1
—+—+—+=-<1 ifandonlyif y > 2.
y oo oo 2

In the remaining part of the paper, we show Theorem 2.

4. A priori estimates

By definition of weak solution to the system (2), any solution (pg, u.) satisfies the
inequalities

loe(t, iz, = 10117

and

1 T
/ L ele P, ) + Ppa(r, ) dx + / / WIVie 2 + Aldiv i 2 dixds
. 2 0 Jz

Llgl")? n
=< /‘? EF + P(,OLI9 )dx.
By the hypothesis of Theorem 2, the right-hand side of the above inequalities are
uniformly bounded in ¢. In particular, we deduce that

losllze,7:27 @) < C,
IV psttell o0, 7,120y < Cs
el 20,72 w120y = C- )

Moreover, we can show the following improved pressure estimates
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Lemma 1. Lety > 2, under the hypothesis of Theorem 2, for any 8 < y — 1 it holds

T
f f P!t <,
0 Ja\B. )

where C is independent of ¢.

We postpone the proof of this estimate in “Appendix B because it is classical.

5. Some appropriate cut-off

In this section, we introduce some cut-off functions that have been considered also
in [5,9]. These cut-offs have the property that they optimized the L? norm of the
gradient and we denote them by 7, .. The parameter ¢ > 0 indicates that g o, = 1
in the ball B;(0) and o, that the support of the 7, o, is contained in the ball of size
£t

Proposition 1. For any ¢ > 0 and oy > 2, there exists a cut-off function 1 o, €
C2°(Bgq, (0)) such that ng o, (x) = 1 for x € B¢(0), |n¢,q4, lLe < 1 and the following
bounds hold with constant C independent of € and o,.

1. For1 < g <+
M. | a2y + 1% 1V 60l Lo g2y < Cleae)?.

2. We have

& || L2(R2) &, LZ(RZ) - (logag)

3. Forl <q <2,

q C (sotg)z_q
I ” ? = —_ .
|| Ne,a; HM(Rz) X1V ne a L1®R?) ~ 2 —q (logag)?

4. For2 < q < 400, fori = 1,2,

q _ C g2
La®?) g —2 (logag)d’

||Vm:,a£ Z,‘I(Rz) + ”V2ns,agxi

In particular, if g < |log(e)| and oy —> +00,

— 0 for 1<qg<2

V16, HLq(]RZ) + H V206 L4(R2)

and

Vzng,%xi —> 0 for 2 <gq < +oo.

E0g ” Vng,ag ||Lq (RZ) , EQg Lq(Rz)
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The proof of the above proposition is a straightforward extension of Lemma 3 of
[9], so let us postpone the proof in “Appendix C.”
Under the assumption o, < |log(e)| and oy —> +00, we denote 1 — n2¢ ¢, = Ne.

Let now present another useful estimate. For a function ¢ € L!(2), we denote by

D[] = nep + Vingxt ¢
and by
Pl = (1 —1e){9)e(0) — VInex™ - (9):(0)
where
(@)e0) = ——
@ =TS A 2
’ | Bagare (O] J|Beey, 0]
The following holds.

Lemma 2. Let p, g € [1, +00]. Then, there exist a constant ¢, 4 () such that cp 4 (&)
— 0.as ¢ —> 0 and for any vector field ¢ : @ —> R?, it holds

IPcle]l—o0llLr) <cpq@lellLa and [[Pclo]l—n:0lLr@) <cpqE)lelLie)

for p < q < oo.

[V@elp]l —n:VoliLr@) < cpqg@lellwiag)

for p <2and q > 2. Finally,

ldiv (®c[@]) — nediv (@) llLr@) < cpg@lellLac) (6)
forp < g < oo.

In the following, we always omit the dependence on p and ¢ for ¢, 4(¢) and we
write ¢ 4 (&) = c(e).

Proof. The proof of these inequalities follows from the definition of ®,[¢], Poincaré
inequality and Proposition 1. Let us recall that for any functions f € C°°(Bgq, (0))
the Poincaré inequality reads

o — (@)e/2(0)| L4 (B, 0)) < CEXelV fllL1(Bey, 0) (7

where C is independent of ¢ and «. The proof of (7) follows from a simple scaling
argument.

The most interesting inequality is (6), so we will prove it. First of all notice that
div (®%[g]) = 0, in fact
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div (2[g]) =div (1 — 1) {@)e(0) — VEnex™ - (9)£(0))
=div (VE((1 — n)xt - (9)e(0))) = 0.

Then,
div (@ [¢]) — nediv () =div (P [@]) + div (D2[p]) — nediv (p)
=V (¢ — (9)e(0)) + VI n. @ xt : Vg
+ Vi, ® (¢ — (9)6(0) : V.

Using the above equality, we estimate for 1 /s = 1/p — 1/q

Idiv (®e[@]) — nediv (@) llzr@) < VaeliLs @ lle — (@)e ()24 (Boray, o)
+ IVt @ x s @ IVl La @)

+ IV nells@lle = (@) O L0 By, o)
< 2ea0:ClIVngll s IVollLa (@)

+ ClIVEne ® xH L@ I Vel La @)
+ 2ea2:C||IVEne || s @) 1 Vol La )

< c@llellwia)s

where we use that p < ¢, the Poincaré inequality (7) and Proposition 1. O

6. Pass to the limit in the weak formulation

Using the estimates from (5), Lemma 1 and the fact that (o, u;) are solutions to
the system (2) the following convergences hold.

Lemma 3. Under the hypothesis of Theorem 2, we have after passing to subsequence
that

pe —p in LT[0, T] x Q)
pe —> p in CH([0,T); L” ()
ue —u in L*0,T; H ()
nepette + pette - VInex™ — puin Cp ([0, T); L7/ FD(Q))
(ng,ogue + pells - VLngxl) QU — puu in 2'((0,T) x Q)

w vy . —
lovg,pf — p7  in L¥~D7(0,T] x Q)

wheret € (0, T).
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Proof. Using (5), Lemma 1 and the fact that (p,, us) are solutions to the system (2), it
is easy to deduce all the convergence except the fourth one. By (5), we already know
that

”:08“8||L°O(0,T;L2y/(v+l)(9‘£)) = ”v,08||L°O(0,T;L2V(,9€))”\/Ps”s ||L°°(0,T;L2(375)) =C.

We deduce that peu, converges weakly star in L°(0, T; L>/+D(Q)). To identify
the limit, we start by noticing that the convergence p. — p in Cg([O, T);, LY (2))
implies that p. converges to p also in CO([O, T): H! (2)), see Lemma 6.2 of [18].

This together with the convergence u, 2 win L%(0,T; H(} (£2)) shows that peu,
converges to pu in a distributional sense in (0, ') x €2. By uniqueness of the limit we
have

pette — puin  L([0, T); L¥/¥ D (@), @®)
Using that |ng| and |VJ-nE ®x+ | are bounded, we deduce that ng poue + pe e - Vinxt
is uniformly bounded in L°°([0, T'); L27/r+D(Q)). Hence, we extract a weak-star
convergent subsequence. To identify the limit we notice that by an Holder inequality

Inepsue + peue - Vlnsxl — PeltellLoo0,T; L4 (%))
=C(I1 - n€||L2V41/(V<1+q*2V)(Q)) + ||Vlns ®xL”L2V<1/(WI+11*2V)(Q)))

| pete ||LOO((),T;LZV/(V+1)(Q))
— 0

forany 1 < g < 2y/(y + 1) because 1 — n, and V' n, ® x are bounded uniformly
in € and their support converges to zero. We deduce

Nepelte + pette - Vinext 25 puin 1[0, T); L/ D ().

To show the strong convergence in time, it is enough to prove that ngpsu, + peus -
V-+n.xt is continuous and equicontinuous in some H ~*(2) for some s big enough
and to apply Appendix C of [11]. To do that, we will apply the following lemma. [

Lemma 4. Let H a Hilbert space and let f,, : (0, T) —> H a sequence of functions.
I fo = g + g2 where

- IIg,EIILp(o,T;H) < C with C independent of n and p > 1,

- lim;— 400 ||83||L1(0,T;1-1) =0.
Then, the functions f, are continuous and equicontinuous.

For ¢ € C*°((0, T) x ), we notice that

T T
/ / (nspsus + psite - VLnsxl) “O0rp = / / Pelle - O (ns(p + Vlnsxl : 90)
0 Q 0 Q

T
=f /pgug-atdw]. ©)
0 Q
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We can now use the momentum equation of (2) tested with ®,[¢] to deduce

T T
f f Pelte - 0, P[] = _/ / Pelte @ ug : DD [@]
0 Q 0 Q
T
+/ / Sugs : DO.[¢]
0 Q

T
~ [ [ prav@.ton. (10)
0 Q
‘We now bound the terms on the right-hand side separately. Notice that

T T
/ / Pelty @ ug : DD [p] = / / Pelte @ Ug : Mg Do
0 Q 0 Q
T
[ [ o @ 001 =D,
Q

Let us recall that in dimension two W' c L? forany p < +o0 and that W!2 ¢ L,
in particular, || f||zr < C||f|l1.2 for any p < 4-o0. In the following, we denote by
[ /1l o~ the norm || || for p big enough. We have

T
/ / Pelle & U :naD(p‘
0 Q

= ”108“8||L°°(0,T;L2V/(V+1)(,Q“E))”ué‘”LZ(O’T;Loo_ (7)) ||D<P||L2(0,T;m(g))»

for g > 2y /(y — 1). Moreover,

T
/ / Pelte @ ug : (DDc[p] — ﬂst/J)‘
0 Q

< llpellzos.rizr @y luel} 2 .y ) 1 PPel0] = 0Dl L1 7.1 0

= c@llpe ||L°°(O,T;LV(S2))||“8||i2(0 i @y 1P ILio.rwa @) (I

where 2 > g > g > y/(y — 1) and c(¢) —> 0 as ¢ —> 0. In the last inequality, we
used Lemma 2. Let now move to the second term of right-hand side of (10). We have

T
/ / Sug : DP,[¢]
0 Q

We are left with the last term of (10). Using that ®.[¢] = 0 in B2, (0), we rewrite

T T
/ / pf div (®[e]) =/ f 1o\ By, 0) P nediv ()
0o Ja 0o Ja

T
+ /0 /Q Lovg, 00! (@div (Pelp]) — nediv (@) . (12)

< clluell 20,7 wr2@ 1ol 20,7 w12 ()

Notice that

T
/ / 1o\ By 0)pF div ()
0o Ja

< 1o\ @ P 1Lr 0, 7)x2) 1diV (@)l La (0, Ty x2)
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is uniformly bounded forany 1/p +1/g =land p < 2y — 1)/y.
The same estimate holds for the second term of (12); moreover, from Lemma 2, we
have

T
fo /Q Lo gy, 00 (div (Belp]) — nediv ()

< 1 L@\Bo P 1Lr 0,7y x2) 1div (Pe[@]) — nediv (@)l La(0,7)x Q)
=< C(S)H]IQ\Bzg(O)Pg||LP((0,T)XQ)”‘P”Lq(oj;wl,é(gz)) (13)

with ¢ > max{2, ¢} and with c(¢) — Oase — 0.
We can now apply Lemma 4 and deduce

Nepelle + pette - VInex™ —> pu in C) ([0, T); L7/ D (Q)).

We will now pass to the limit in the weak formulation satisfied by p. and u.. Let
us recall that (pg, 1) satisfies the continuity equation d;p0. + div (psu,) = 0 in a
distributional sense in [0, T') x R? in other words for any v € C([0,T) x R?) it
holds

) T
/RZ pe" ¥ (0, -)+/O fRz P + pette - Vi = 0. (14)

From Lemma 3, we have that p, —> pin Cg([O, T); LY (2)), moreover p.u, i pu

in L>(0, T; L?/¥+D(Q)) from (8). We now pass to the limit in (14) to deduce that
(p, u) is a distributional solution of d;p + div (pu) = 0 in [0, T) % R2. From the
assumption y > 2, we have p € L*°(0, T; L%(R?)). Lemma 6.9 of [18] implies that
(p, u) satisfies the continuity equation also in the renormalized sense.

We now explain how to pass to the limit in the momentum equation. For ¢ €
C°([0, T) x Q) we test the weak formulation of the momentum equation satisfied
by pe, us with ®.[¢] = n.0 + Vin.xt- ¢. We deduce that

_ T
/ 4" D, (910, ) + / / (Pette) - 0,®sly]
T T
+/ / [pette @ uel : DPe[@] + p div d¢[g] =/ f Sue : D®e[g].
0 Fe 0 Fe

We will pass to the limit in € in any term separately. First of all, notice that
e [01(0, ) = n.0(0, ) + VInaxt - 9(0,.) — ¢(0,.) in LY(Q)

for any g < +o0o by dominate convergence. We deduce that
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zn

J*

. ) q'" ;
"D [9](0,.) = ind, (0, . / ing(0, .
/%q ©](, .) o 0,.) — Q\ﬁpw( )

0
=f¢%@»
Q

where we used ¢/ /\/pl" — ¢ /y/p™ in L?>(R) and \/pi" —> \/pi" in L ().
Using (9), we notice that

T
/ (pette) - 0, P[] = / / (Mg pette + pettg - V nng_) 0
0 Fe

—>/fpu8rw

where we use the convergence from Lemma 3. For the next term, let us rewrite

T T
/ [ [ocue @ ue]l : DP[@] = / / [(napaus + pelte - anaxL> ® us] :D
0 JF 0 JFe

T
+/(; [oette @ ue] : (DPe[@] —nDo)
Fe

(15)
T
—/ f [,ogug . VLnng‘ ® ug] : Do
0 JZ
Notice that

T T
/ / [(ngpgug + peute - Vlngxl) ® ug] :Dp — / / pu@u: Do,
0 Fe 0 Q

due to Lemma 3. Moreover, the second term of the right-hand side of (15) converges
to zero due to (11). Finally, the last term of (15)

,ogug . VLnng ® ug] : D(p‘

L1
< ||/0€||L°°(()TLV(S2))||I46|| IV nex—lz2

L2(0,T;L®° (RQ))
— 0,

where we use Proposition 1. We deduce

T T
/ f [pette @ ue] : DDe[p] —> f / pu®u: Do.
o Jz o Ja

The next term is

T T
f / pldiv @.[p] = / [ 1o\ By, (0) PL Mediv @
0 JgZ 0 JF
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T
+/0 /9 La\B,. ) 0f (div (Pc[@]) — nediv (p))

T E—
— / / pYdiv ¢,
0 Q

where we used Lemma 3 for the convergence of the first term and (13) for the second
one. Finally,

T T
/ Sup : DD,[g] = / Sue : ne Do + / / Sute : (D®,[¢] — 1, Dg)
) ~ _

—>f/Su Dy

where we used the weak convergence of u, from Lemma 3 and the strong convergence
of nD9p —> Dy in L?. The second term converges to zero from Lemma 2.
Putting all this convergence together, we deduce that p and u satisfy

T T
/q’”w(O, .)+/ /pu-at<p+/ /[pu@u]:Dcp—i—deivgo
Q 0 Q 0 Q
T
2/ /Su:Dgo.
0 Q

It now remains to show that p¥ = p?. We will show this in the next section.

7. Identification of the pressure

We now show that p¥ = p” to do that we follow the strategy introduced by Lions in
[12]. Let us recall that we are in the case ¥ > 2 and dimension two, it is then enough
to show the following lemma.

Lemma 5. For any ¥ € C°(2), it holds

T T
tim [ [ wne (o2~ @uyrdiv o) pe= [ [ w2 (57— @urardiv o) o
Q 0 Q

e—0 Jo
up to subsequence.

Proof. Consider ¢, = Y@ [VA™ [Ype]] = Y. VA [Yp] + ¥y Vinxt . VA~!
[Vps] and ¢ = VA~ [yp]. Here, VA~! is the integral operator defined by the
singular kernel

1
27 |x — y|?

K(x,y)= for (x,y) € R? with x #£ y.

From Calderén—Zygmund theory, see Sect. 5 of Chapter I of [20], we deduce that

VAT LI R — WL (RY)
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for p € (1, c0) and IIVA_lfIIWI,p(K) < C(R, K)| fllr(r2) where the support of f
is contained in the ball Bz (0) and K C R? is compact. Moreover, for any vector field
F e LI(R?) itholds [VA™div (F)|lLr(k) < C(R, K)IIF || Lp w2y Where the support
of F is contained in the ball Bg(0) and K C R2 is compact.

From the a priori estimates on the solutions p,, ., we notice that VA~ [ p, ] is uni-
formly bounded in L= (0, T; W17 (Q)) and 8, VA~ [Yrp.] = —VA™ [y div (peue)]
is uniformly bounded is some L” spaces. We can now test the weak formulation sat-
isfied by p;, us by ¢, and the one of p, u by ¢. Using the convergence of initial data,
we deduce

T
lim /(; /;zpeus <0 Pe + pelte Que 1 Ve + ,OZdiV (¢pe) — Sug : Vo

e—0
T

:/ /pu-¢+pu®u:V¢+p_VdiV(¢)—Su:qu. (16)
0o Ja

We will now rewrite the above equality in an appropriate way. To simplify the calcu-
lations, let us introduce the notation

o[ [p] =nep +¢ - Vinxt, (17)
for any measurable velocity field ¢. Notice that

dpe = YOJIVA (W, pe)]
= — YO [VAT (div (Ypeue)] + Y DAVAT V) perte]].

We deduce that
T T
/ / Pellg - 01 = _/ / Ypele - CDS[VA_I[diV (Ypsue)ll
0 Q 0 Q
T
+ fo fg pette - YO[VAT V() peue]]
T
=— / / YOI [peuel - VAT [div (Ypeue)]
0 Q
T
- fo fg Y [peue] - VAT V(W) peue].

Lemma 3 implies that ®7 [p,u.] converges to pu in Cy, (0, T; L2/ TD(Q)), while
VA~l [V(¥)peus] converges weakly star to vA~l [V()pulin L0, T; wL2y/(rth)
(£2)). We deduce that

T T
f f Psltg - e = — / / wq)g[psug] : VA_I[diV (Ypsue)] (18)
0 Q 0 Q

T
4 /0 /Q Vou - VATV @)pu)] + (o),
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with ¢(¢) — 0 as ¢ —> 0. Similarly, we have
T T |
/ f Pelte @ Ug : Vo = f f Pette @ue : (Vi @ O [VA™ [Ype]])
0 Q 0 Q

T
+/ /wpgug@oug:w%[m“[wg]].
0 Q

For the first term of the right-hand side, we rewrite
T
f / pete @ e = (VI @ P[VA™ [1rp,]])
0 Q

T

- /O /Q pette ® g+ (Vi ® (05 — nDIVA~ [Yp:1)

T
+ / / O [pous] ® e : (Vi ® VA~ [Yp,])

0o Ja

T
_ / / pette - Vet @ up 1 (Vi @ VA~ [ype])
0 Q

Using Lemma 2, using that @Z[pgug] ® u, converges to pu ® u in LY, T; L1(Q))
for any ¢ < y, that vVA~l [ ps] converges to VA~l [Vp] in CS,(O, T: WLv(Q)) and
[Vin, @ x| Lr(R2) converges to zero for any p < oo, we deduce

T
fo /Q petts ® ity < (V) @ De[VA~ [Wpe1])

T
=/ /pu@u:(vw@)v&‘[w]wc(e), (19)
0 Q

with ¢(¢) —> 0 as ¢ —> 0. Similarly,
T
f / Ypstte @ e : VO[VA [Yrpe]]
0 Q
T
= / / Ypette @ ue 1 (VO — 1 V)[VA~ [Ype]]
0 Q
T
+ / / YOI [peue] @ ue : VIVA~ [Ype])
0 Q

T
- / / oetts - Vinex @ up : VVA~ [pe])
0 Q

Lemma 2 and the convergences of d>8T [pette] @ ue, VA~l [Vpe], V-in, ® x, used to
show (19), imply that

T
/ / Ypette @ e : VOVAT [Yp.]]
0 Q

T
=/ /1//<1>5T[psus]®ua:V(VA_I[WPED +c(e), (20)
0 Ja
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with ¢(¢) —> 0 as ¢ —> 0. From the equalities (19) and (20), we deduce
T T
| [ e Vo= [ [ ousu: v e vaio @

T
+ / / Nepette @ s : VYA [Ype]) + c(6),
0 Q

with c(¢) —> 0 as ¢ —> 0. The next term is

T T
/ / ,OgdiV (pe) = / / ngvlﬂ : q)s[VA_l[lpps]]
o Ja 0o Ja
T
+ / / Ny’ pl o
0o Ja
T
+ / / vl (div (@ [VA™ (o) —nediv (VA [ype)))
o Ja
Using the weak convergence of L2\ g, (O)pg to p” in LY +9/7 and the convergence

of VA~ [Yp:1to VA~ [¥p]in C (0, T; W7 (R)), we deduce that the first term of
the right-hand side converges to

T
/ f YV - VA [yl
0 Q

and the last term converges to zero from Lemma 2. We deduce that

T T
| [oraveo=[" [ 57vw-vatu 22)
0 Q 0 Q
T
+f /newngpe‘l—c@),
0 Q

with c(¢) —> 0 as ¢ —> 0. Finally
T T
/ / Stte : Ve = / / Sue 1 (V¥ ® 0,[VA™ [pe1])
0 Q 0 Q
T
+ / / YneSue : VIVA~ [yrpe])
0 Q

T
+/ / YneSue : (VO — 1. V)IVA™ [Yrpe]].
0 Ja

From the weak convergence of Su, to Su in L*((0,T) x Q), the convergence
VA~ Y1 to VA~ [¢rp]in €O (0, T; W7 (Q)) and Lemma 2, we have

T T
/ /SMS:V@;:/ fsu:(vl/f@)vy‘[wp]) (23)
0 Q 0 Q

T
+/ /W%Sus V(YA [Ype]) + c(e),
0o Ja



84 Page 18 of 29 M. BRAVIN J. Evol. Equ.

with ¢(¢) —> 0 as ¢ —> 0. Using (18)—(21)—(22)—(23), we rewrite (16)

e—0

lim /0 ' /Q (—wcbl [oette] - VAT [div (Y peue)]

FY DL [peute] @ ue : V(VA [Yrpe])+n:9° o) pe —nerSug - wm-lwfpg]))
= /O ' fQ (— You - VAT [div (You)] + Yrou @ u : V(VA™ [Yp])
+ 977 p — YSu: V(VA™! wfp])). (24)

We will now show that

e—0

T
lim / / @ [peuts] - VAT div (Ypeue) 1+ Y @ [petts] @ e : VIVA [Yrpe])
0 Q
T
= f f —ypu - VAT div (Ypu)] + You @ u : VIVA~ [yrp)). (25)
0 Q

In the case y > 2, this equality can be verified by using the commutator estimates
from Step 3 of proof of Theorem 5.1 of [12].

Finally, notice that

T T
/ / ey Sus : V(YA [pe]) = f / neyuDus : VYA~ [pe])
0 Q 0 Q
T
+ / / ey 2 + )div (1) pe.
0 Q

From some integrations by parts and using the density of smooth functions in Sobolev
spaces, we have

T T
f / neyuDus 1 VIVA~ [Yp,]) — f f ey udiv (ue) pe
0 Q 0 Q
T T
- / / yuDu: V(YA [ypl) — / / VP udiv ()p + c(e)
0 Q 0 Q
with c(¢) —> 0 as ¢ —> 0. We deduce that
T T
/ / neSu, : V(VA_I[I,”:O&]) Z/ / n51/f2(2u + A)div (ue) e
0 Q 0 Q
T T
- / / YyuDu : V(VA~ [yp]) + f f Y2 udiv (u)p + c(e). (26)
0 Q 0 Q

The statement of the lemma follows from (24)—(25) and (26). U
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Appendix A: The Bogovskii operator in domains with holes

In this appendix, we recall a definition of Bogovskii operator for domains with a
hole. Moreover, we show estimates independent of the size of the hole when it is
assumed to be small enough.

Let us recall that a Bogovskil operator is a right inverse of the divergence on L”
which is the space of L? functions with integral zero. Due to the non-uniqueness of
this operator, we choose Hq, to satisfy the following extra properties.

Theorem 3. There exists a Bogovskii operator HBg such that
Ba  LP(Q) — Wy P(Q)
and it is linear and continuous for any 1 < p < 400,
div (Balf1) = f forany f € LP(Q) and | BalflllLx@ < /2@
Moreover, for any vector field F € LP(Q2) such that F - n = 0 on 0%, it holds
Baldiv (F)llLr@) < I FllLr)-

We refer to Sect. 3.3.1.2 of [18] for a proof of the above theorem and more details.


http://creativecommons.org/licenses/by/4.0/
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To define the Bogovskii operator on the domain with hole 2\ B; (0), we use an idea
from [14], more precisely we define %q\ p, () as the composition of three operators.
The extension by zero operator &, : LP (Q\B:(0)) — L (£2), the Bogovskil oper-
ator on  and the restriction operator %, : WO1 Q) — WO1 "P(Q\ B, (0)) which is
defined as follows.

Let n : [0, 4+00) —> [0, 1] an increasing smooth function such that n(x) = 0
for x € [0,1] and n(x) = 1 for x € [2, +00) and let By = %, (0)\5,(0) a Bogov-
skii operator. For ¢ > 0 let introduce the functions n.(x) = n(x/e) and similarly
B[ f1(x) = eB1[ f(ey)](x/e). We define the restriction operator

HelF1 = neF + Be[div (1 — ne) F)— < div (1 — ) F) >>],

where

Lfr=——"— f
| %26 (0) \ B:(0)] J 2, 0)\B. (0)

We can define the Bogovskii operator on the domain with hole \ B, (0).
B ) 1= Bl f1 =R 0 Bg o & f]. (27

Moreover, they satisfy the following estimates uniformly in €.

Proposition 2. The operators B, defined in (27) are Bogovskii operators; moreover,
for 1 < p <2 they satisfy the uniform bounds

1Bl My v o, o < CIS NLrenseop  and 1Bl f 1@ \s.0)
= Cllif 2@\ 8.0y

with C independent of €. For any vector field F € L1(2\B¢(0)) such that F -n =0
on 92 U 0B, (0), it holds

| B [div (F)]llLe\B. ) < I FllLa(2\B.0))- (28)
forany 1 < g < 4o00.

Proof. The proof follows from the definition of the operator .. Compared with
the correspondent result in [14] (Proposition 2.2), we notice that (28) holds also for
1 < g < 2.So let us show this result. By definition, we have

Beldiv (F)]=ZRe 0 Boldiv (F)]=n.Baldiv (F)]+ Be[div ((1 —n) Baldiv (F)])]
= neABoldiv (F)] — Be[Vn, - Boldiv (F)]] + Be[div ((1 — ne) F)]
+ Be[Vne - F]

We estimate the right-hand side separately. It is straightforward to see that

IneZaldiv (F)lllLe(z,) < CIIFllLa,)
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For the second term, we denote by ¢* = 2¢ /(2 — ¢) and we notice that the support of
B; is contained in By, (0)\B:(0) = A;. Then,

I Be[Vne - Baldiv (F)lllLa(a,) < CellBe[Vne - Baldiv ()1l ¢ a,)
< Cel|VB:[Vn, - Boldiv (F)llLa(a,) < CelllVne - Baldiv (F)1llLaa,)
<CellVnellpoap 1 Baldiv (F)llLaa,) < 1FllLaz,)-

The same strategy gives
| Be[Vne - FlliLaa,) < CIF|lLac,)-

We are left to show the estimates for B, [div ((1 — n,) F)]. To simplify the notation let
G = (1 — ) F. By definition of B, we have

Be[div 1 (G)](x) = £ B1[div < (G(ey))](x /) = Bildiv (G (ey))I(x/e)
We deduce that
1B div 1 (G)1) 1904,y =7 | Bildiv y (GeyDlizsca)) < Ce¥? (|G liLaca)
= [IGllLaa.)-

After recalling that G = (1 — ) F, we obtain the desired result.

Appendix B: Improved pressure estimates
This section is devoted to the proof of the improved pressure estimates from Propo-
sition 1.

Proof. Let us recall that classical regularity ensures that
pe € L1((0,T) x F,) forany ¢q <2y — 1. 29)

Here, we are interested in showing a bound independent of ¢. The idea is then to test
the momentum equation of (2) with

0e = ¢ BelWep? — (Wep?)], (30)
where ¢ € C([0, T)), ¥ = (Yr)? with ¥ (x) = 1 — n:(|x|) and

(Vep?) = S — Ve oy
& = P -

¢ 12\ B:(O)| Jovs.0)
The functions ¢, are not smooth enough in the time variable to be test functions
in the weak formulations, so to be rigorous we should smooth them out by using a
convolution kernel as in Sect. 7.9.5 of [18]. We will not consider this regularization
here because it will not influence the estimates we are going to do.
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If we use (30) in the momentum equation of (2), we deduce

T T
/0 ¢>wgpy+9 / ¢p (Yep?) — / - 0:(0, )42 / // Du, : Dy,
+ ) f f div (ue)div (g0) — / / pette ® s : Dy,

_/0 [?s Pelle0r Qs = ;Ii-

We will now show that the right-hand side of the above expression is bounded by a
constant independent of ¢ multiplied by the norm of the initial data. To do that, we
estimate the I; separately.

|Il|_’/ ¢105 (wspg) <C||’0‘9||L°O(OTLV(<7.))—C
Fe

where we use 6 < y. Using the definition of ¢, we have

|I2] <

[ a0 [weioiny - <w5(p§">9>]‘
ys

qin - . .
< |-= H\/p;" 1%, [ Wepi™)” = We (oI | N2z,
108 Lz(,?g) Lzy(ﬁs)
qin - - o
=C —Lm H\/Pén [ (Wepe")” — (e (") | L2vrv—1 (2,
Pg L2(F,) L2 (Fe)
SC’

for 260 < 2y — 1. In the third inequality, we use that

1B f Ul < Bl fUlwrp < N fllLe for 2 < p*=2p/2— p).
T
3] < u/(; f Du, : DB, [¢prep! — <¢1/fsp§)]‘

||1/2
P LZH(O T; LZB( )’

< ClIDugll 20,1127 (@ We)/?

Notice that the last term of the right-hand side can be absorbed in the left-hand side
forany 6 < y.

[14] <

T
(1 +2) /0 /ﬁ div (ue) [P’ — @¥ep?)]

. 1/2
S C ||le (us) ”LZ(O,T;Lz(g‘E)) ” (¢¢.8)1/9p8 “L/ZH(O,T;LZG (?5))
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As before, we can absorb the last term of the right-hand side in the left-hand side if
6 < y. The next term is

|1s| <

T
f f Psts Q@ ug : DA [dﬂﬁspge - <¢1//6:0§)]
0 Fe
2 6
< llpellLoeo,1:L7 () ||Ms||L2(O Lo (F.) o Il oo o, 7;17/0 (7))

in the above inequality we need y /6 < 2 for the estimates on D%, ; moreover, from

1 1 1 0
-+ —+—+—=<1
y o 00 14

we have the classical bound 6§ < y — 1 and from y /6 < 2 we have also y > 2.

We are now left with the estimates of /g. Recall from (29) that for any ¢ we already
know that p. € L1((0, T) x %) for any g < 2y — 1 but we do not have a control of
this norm uniform in e. Lemma 6.9 of [18] ensures that p, and u, satisfy the equation

3 pf + div (uepf) + div (ue) (6 — 1pf =0,
in a distributional sense for any 0 < y — 1/2. Using the equation, we have that

3 () = 01 Be [Wepl — (Wepl)] + 0 Be [Wedip! — (Wedip)]
=00 Be [Vl — (Wenl)] — 0B [div (Ve - uepl) — (div (e - uep?))]
+ ¢ B (Ve - uep! — (Ve - uepf)]
— B [Vediv (ue) (0 — 1D)pl — (Yrediv (ue) (0 — 1)pf)]
=Y Jj
j=1

We can now estimate

4 T
|16 SZ /0 /ng paus‘Jj
= ‘

I ill20,1: L0710~ (Z.))-

< leellzo,r;Lr (Zop el 20,7, 1007 (2.9

We are left with the estimates of J;. Notice that

0
/1 ||L2(0,T;L(y/0)f(g‘g)) = C||3t¢||L2(0,T)||pg ||L°°(0,T;Ly/9(yg))~

Then we have

0
||J2||L2(0,T;L(V/9)f(3£g)) < Cllugp, ”LDO(()’T;L(V/g)*({?g))

0 0
< ”ug ||L2(0,T;L°°7 (Z)) ”pg ”LOO(O,T;LV/@(CQS))-
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Using that

<<y iy29>_>* =(%) for y=2,

: 0
||J3||L2(0,T;L(y/0)f(g‘8)) < Clldiv (ug)p, ||L2(0,T;L2V/(V+26>(ya)

we have

0
< Clluellz20,7:12(F ) 1P | Lo 0,7 17/0 (F.))

and similarly

6
||J4||L2((),T;L<V/9)f(§g)) < C”Vl/fs”spg ”LZ(O,T;LQV/(V“"V(525)

0
< C ||V1/’s ”Lz(fg) ”us ”L2(O,T;L°°7 (Z) ”pg ”LOO(O,T;LV/G(QS))‘

For 6 = y /2, we use a different estimate. First of all notice that from interpolation
we have

< 1/3 2/3
”108“8 ||L6(0,T;L(3/2)+ (Fe)) — ”pSuS ”LZ(O,T;LV7 (Z)) ”IOEM!;‘ ”LOQ(O,T;LZV/(VJrl))

under the hypothesis y > 2. For j = 3, 4, we have

T
/ / Pt Jj
0 J7

‘We then estimate

=< ”108“8 ||L6(0,T;L(3/2)+ (Z)) ” J] ||L6/5(0,T;L3_ (F%)

130 pors 0,715 (2 < N4V Wl 20,7122 19V 0! P 130,721 7))

in particular we can absorb the last term on the right hand side.
Recall that we assume ¥, = 2. Similarly,

2
all s 0.7 15 (7 < CENVYeue? Pl oo 710 (2,
7 7 2
= CIIVWaIILz(yE)||uaIILz(O,T;Lm(%))||¢>%,0§’/ ||L3(0,T;L3(3Z5))-

O
Appendix C: Proof of Proposition 1
In this section, we prove Proposition 1 which is a straightforward extension of

Lemma 3 of [9]. Firstofallfor A, B € RwithO0 < A < B,wedenotebyx = B/A > 1
and we define the functions

1 for 0<z<A,
logz—log B
fa.B(z) = m for A<z<B,

0 for z > B.
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It holds that f4 p € W1 (RT). We define the cut-off

ﬁe,ag(x) = fS,O(gé‘('xl)a
forx e R2and o > 1.

Proposition 3. Under the hypothesis that o, < |log(e)| and «g —> 00, it holds
1. The functions 1 — 1z o, —> 01in L4 R?) for 1 < g < +oo0.
2. Forl <q <2,
[V gy = 52 2=
TeeclLo@) = 3= ogae)
3. We have

2

.2
I1Vite.e | @)~ Joga,

4. For2 < q < +o0o, fori = 1,2,

Hvﬁé‘,a {zq(Rz) + H V2 ile ., Xi ! < L;Sz_q (1 - ;> )
‘ PN L (Beoe 0) T g — 2 (log ap)? ()42
In particular
|V 7e,0, ||L‘1(R2) — 0 for 1<q=<2
and
ete [ Viiea | paue) - o0e | Vi, (>0 for 2<q < +oo.

Proof. After passing to radial coordinates, the proof is straightforward. For example
to show part 3., we compute

2 £ae
~ 2
Ve i = [ [
0 e

_ 2
 (log(a))?
_ 4

B log(a;) .

1 2
rdrd6

1
r log(e) — log(ea;)

[log (]

O

The cut-offs 7, o, satisty all the bounds of Proposition 1, but they are not smooth; in
particular, they are not C 2ondB:(0)U 0 Bgq, (0). To solve this issue, we modify these
functions as in [9]. Let introduce a function g € C2°([0, 12/10)) such that 0 < g <1
and g(y) = 1 for y € [0, 11/10]. Then, we define

x| - 13 |x|
Ne.a, (¥) = 1+ <1 -8 (—)) (ns,ag(X)g (——) - l) , (€29)]
£ 10 ace
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which rewrites

1 for |x] < ]08
1+ (l —g (";—l» (ﬁs,% (x) — l) for % < x| < 108

Neae () = { fie.a, () for g5e < lx| < pea,
e, (X)g (—8()'{—') for };sae < lx| < %8055,
0 for |x|> %eaa

The functions 7, o, are smooth. It remains to show that they satisfy all the properties
stated in Proposition 1.

Proof of Proposition 1. We verify that the family n, o, defined in (31) satisfies all
the properties stated in Proposition 1. First of all by definition 7, o, € C2°(Bgq, (0)),
Ne,a. (x) = 1 for x € B:(0) and |ns,q, [|L>> < 1. Let us now bound the L9 norm of
Ve a. - As in [9], we denote by

Lo x| (13 1]
gg(x)_ 1_g - ) gs(x)_g TA
£ 10 oz

and by A, g = Bg(0) \ B,(0) the annulus for 0 < r < R. Finally, we notice that

log(|x|/e)
log(ae)

C
(ayp) = Tog(as)

1071

A, 12
0%710°

||Fle,otg - 1” (
LOO

and similarly

- log(|x|/(eate)) C
17e,e |l —_— < .
(A B R T
T & T € T
For 1 < g < +00, we estimate

v <IV(g!(eq — 1 + V7

V1,0, 1 La v2) <1V (8¢ (ear, ))Iqu (Aus Qy) l ns,aglqu (Ags o )
0510 0% 13 %

+ IV (8FT1e.a)l
L"( T %gm)

=1 Vite.al ace) (18 + 1+ 1821 e )

77,0, — LIl IVl Lo m2
0%10°
~ 2
+ 1 7ie.a V2l o m2
&a L°°<A11w 12 ) s ILIRS
350 13508

< Cl|Vits.a, ll a2y + (aee) 29/ 4 @D/,

C
log(a,)

where we use that 1 —g! and gg are appropriate rescaling of g to estimate the L4 norm
of Vg! and Vg2. The bounds of the L4 norm of V1, 4, follows from the above estimate
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and Proposition 3, after noticing thatin the case ¢ < 2itholds (c.¢€) Q=1 > ¢C=a)/q
while for ¢ > 2 it holds (eee)>~?/4 < £?=9/4_ This explains the slightly different
bounds in points 3. and 4.

Similarly, we estimate for g % 2

x|V 2 < 1xIV(gl(Fea — 1 +x|V7
X1V ne ol Lo w2y < N1x1V(g; (Te.ap ))IIM<A%&%> [lx] ng,aglqu<A%%m>

+ 1121V (826,00
Lq(All 12 )

13 £ T(j £%e

< 1197 ey (8 zoey + 1+ 82l o e

u, 1,

~ 1
+ 17e.ae — llle(A )IIIXIVggIILq(RA

= 2
el (A )II 1XIVeellar2)

139, %eug

((ee)™7 + £2/9),

= (||| | n ”l )
C x|V n +
= s,a¢ Il L4 (R2) 1 ( 6)

where we use that 1 — gs1 and gg are appropriate rescaling of g to estimate the L™
norm of |x|Vgg and |x|V g?. Finally, we estimate for g # 2

11V 06 0 lla g2y <Nx1VZ(8L (Fe ., — DI ( >+|||x|v2ﬁg,a€|| (
Li| A L4

1, 12,

+ X1V (&2 6.0
Lq( 11 12 >

T3 6% (€%
= 1151V 129 By ) (182 ey + 1+ 182 2vge) )

Vit oy (1131988 Do) + 151 V82 e

An_ 12

10910°

+ 176,00 — 1||Lm( )|||x|V2g§ 2o 2)

%szxg, %eas

el ( >|||x|v2g§||Lq(Rz)

= C (151900, 2By 0 + 1 Ve, Do) )

+ ((agg)(Z—q)/q + 8(2—4)/11).
log(oe)
where as before we use that 1 — gSl and gs2 are appropriate rescaling of g to estimate
the L4 norm of |x|V2g§ and |x|V2g82. O
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