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SHORT WAVES 

1. I n t r o d u c t i o n 

1.1, Aim and scope 

The course " s h o r t waves" d e a l s w i t h a c l a s s o f g r a v i t y s u r f a c e waves 

i n w a t e r . Such waves can b r o a d l y be c l a s s i f i e d i n t o two c a t e g o r i e s , 

depending on t h e r a t i o o f a t y p i c a l w avelength ( L ) t o t h e mean w a t e r -

depth ( h ) , I f L/h i s much g r e a t e r t h a n 1 (L/h » ) , we speak o f 

" l o n g waves". I f L/h i s n o t much g r e a t e r t h a n 1, we speak o f " s h o r t 

waves". T i d e s , and f l o o d waves i n r i v e r s , are examples o f l o n g waves. 

Wind-generated waves and ship-waves a re examples o f s h o r t waves. 

There are c e r t a i n d i f f e r e n c e s i n t h e p r o p e r t i e s o f l o n g waves and 

s h o r t waves which have l e d t o d i f f e r e n t m a t h e m a t i c a l t h e o r i e s , f o r 

which reason t h e two c a t e g o r i e s a r e u s u a l l y t r e a t e d s e p a r a t e l y . 

For a t r e a t m e n t o f l o n g waves, r e f e r e n c e i s made t o t h e course on 

n e a r l y - h o r i z o n t a l f l o w s . As t h e name i m p l i e s , t h e p r e s e n t course d e a l s 

w i t h s h o r t waves. I t s aim i s t o g i v e an i n t r o d u c t i o n t o t h e h y d r o -

dynamic aspects o f such waves, w i t h a p p l i c a t i o n s i n c o a s t a l and h a r b o u r 

e n g i n e e r i n g , 

The p r e s e n t course i s r e s t r i c t e d t o l o n g - c r e s t e d , p e r i o d i c waves. 

Wind-generated waves are more c o m p l i c a t e d i n s t r u c t u r e and appearance, 

T h e i r d e s c r i p t i o n r e q u i r e s s p e c t r a l and s t a t i s t i c a l methods, wh i c h a r e 

not t r e a t e d h e r e , I n s t e a d , r e f e r e n c e i s made t o a s p e c i a l course on 

those t o p i c s , 

The t r e a t m e n t adopted i n t h i s course h o l d s a m i d d l e course between 

a o n e - s i d e d emphasis on fundamentals,and an e x c l u s i v e cook-book s t y l e 

o f p r e s e n t i n g r e c i p e s . The m a t h e m a t i c a l t h e o r y o f s i n u s o i d a l , p r o g r e s s i v e 

waves I s p r e s e n t e d i n some d e t a i l , s i n c e t h a t i s b a s i c f o r an under­

s t a n d i n g o f wave phenomena, More c o m p l i c a t e d s i t u a t i o n s are t r e a t e d 

w i t h l e s s mathematics, e i t h e r because i t i s n o t a v a i l a b l e (wave 

b r e a k i n g ) o r i t i s deemed t o be o u t s i d e t h e scope o f t h i s course 

(wave d i f f r a c t i o n ) . C a l c u l u s and e l e m e n t a r y f l u i d mechanics a r e 

supposed t o be known, 
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1.2. Long waves vs. s h o r t waves, and t h e i r r e l a t i o n t o o t h e r c l a s s e s 

o f f l o w s i n h y d r a u l i c s 

D i f f e r e n t c l a s s e s o f f l o w s i n h y d r a u l i c s can be d i s t i n g u i s h e d , 

depending m a i n l y on t h e r e l a t i v e i m p o r t a n c e o f t h e v a r i o u s terms 

i n t h e momentum b a l a n c e . 

As re g a r d s t h e balance o f v e r t i c a l momentum, a major d i s t i n c t i o n 

can be made between f l o w s i n which t h e v e r t i c a l a c c e l e r a t i o n s are 

absent o r n e g l i g i b l e , and f l o w s i n whic h t h e y a r e s i g n i f i c a n t . 

I n s t e a d y - f l o w open-channel h y d r a u l i c s , t h ese c l a s s e s o f f l o w s are 

r e f e r r e d t o as u n i f o r m o r g r a d u a l l y v a r i e d steady f l o w s (backwater 

c u r v e s ) , and r a p i d l y v a r i e d steady f l o w s ( f l o w t h r o u g h an o r i f i c e , 

o v e r a w e i r c r e s t , e t c .) . 

I n g r a d u a l l y v a r i e d f l o w s , t h e r a t e o f change o f v e l o c i t y w i t h 

d i s t a n c e i s low, by d e f i n i t i o n . I n o t h e r words, t h e r a d i u s o f c u r v a ­

t u r e o f t h e s t r e a m l i n e s i n t h e v e r t i c a l p l a n e i s l a r g e compared t o 

t h e f l o w d e p t h . T h i s i m p l i e s t h a t t h e v e r t i c a l a c c e l e r a t i o n s a r e 

i n s i g n i f i c a n t , and t h a t t h e p r e s s u r e d i s t r i b u t i o n i s v i r t u a l l y 

\ h y d r o s t a t i c . Thus, t h e wave-induced p r e s s u r e i s u n i f o r m t h r o u g h o u t 

t h e v e r t i c a l . The p r e s s u r e g r a d i e n t s w h i c h a c c e l e r a t e o r d e c e l e r a t e 

t h e f l o w h o r i z o n t a l l y t e n d t o c r e a t e and m a i n t a i n a v e r t i c a l l y u n i f o r m 

p r o f i l e o f h o r i z o n t a l v e l o c i t y . A l t h o u g h t h i s i m p l i e s t h e development 

o f bed r e s i s t a n c e , and a boundary l a y e r t y p e d e p a r t u r e from u n i f o r m ­

i t y o f t h e v e l o c i t y p r o f i l e , i t i s n e v e r t h e l e s s m e a n i n g f u l t o d e a l 

w i t h t h e v e r t i c a l l y - a v e r a g e f l o w v e l o c i t y . Thus, t h e v e r t i c a l c o o r d i n a t e 

i s e f f e c t i v e l y e l i m i n a t e d f r o m t h e problem as an independent v a r i a b l e . 

I n r a p i d l y v a r i e d f l o w , t h e s i t u a t i o n w i t h r e s p e c t t o a l l o f t h e 

aspects r e f e r r e d t o above i s j u s t t h e o p p o s i t e . 

The d i f f e r e n c e s between g r a d u a l l y v a r i e d and r a p i d l y v a r i e d steady 

f l o w s are t h e same as t h o s e between l o n g waves and s h o r t waves 

r e s p e c t i v e l y , ( I n d e e d , l o n g waves are n o t h i n g b u t unsteady, g r a d u a l l y 

v a r i e d f l o w s ) , They have been c o l l e c t e d i n Table 1,1 and i l l u s t r a t e d 

i n F i g , 1.1. 
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Flow p r o p e r t y G r a d u a l l y v a r i e d 

s teady f l o w s , 

and l o n g waves 

R a p i d l y v a r i e d 

steady f l o w s , 

and s h o r t waves 

V e r t i c a l c u r v a ­

t u r e o f stream­

l i n e s 

Weak S t r o n g 

V e r t i c a l 
a c c e l e r a t i o n 

I n s i g n i f i c a n t S i g n i f i c a n t 

P r e s s u r e d i s ­
t r i b u t i o n 

Approx, h y d r o ­

s t a t i c 

S i g n i f i c a n t l y 

non-hydro­

s t a t i c 

Flow v e l o c i t y 

p r o f i l e 

Approx. u n i f o r m 

( a p a r t f r o m 

b o t t o m - i n d u c e d 

boundary l a y e r ) 

S i g n i f i c a n t l y 

n o n - u n i f o r m 

Bed r e s i s t ­
ance 

S i g n i f i c a n t I n s i g n i f i c a n t 

Table 1.1 

F i g . 1.1. P r e s s u r e (p) and v e l o c i t y (u) p r o f i l e s i n 

l o n g waves (a) and s h o r t (b) 
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1.3. Assumptions i n t h e o r y f o r s h o r t waves 

I n t h e f o l l o w i n g c h a p t e r s , o n l y t h e most e l e m e n t a r y t h e o r y o f s h o r t 

waves w i l l be p r e s e n t e d . I n o t h e r words, a l l e f f e c t s which are n o t 

e s s e n t i a l t o t h e phenomenon o f s h o r t g r a v i t y s u r f a c e waves i n w a t e r 

w i l l be i g n o r e d . T h i s l e a d s t o t h e f o l l o w i n g s e t o f assumptions: 

. no n - v i s c o u s f l u i d o f c o n s t a n t d e n s i t y ( i n c o m p r e s s i b l e and 

homogeneous) i n f i e l d o f g r a v i t y 

. s t r e s s - f r e e upper s u r f a c e 

. no s u r f a c e t e n s i o n 

. r i g i d , impermeable, h o r i z o n t a l b o t t o m 

. p e r i o d i c , l o n g - c r e s t e d waves which p r o g r e s s w i t h o u t change i n shape 

1.4. Parameters 

The independent parameters w h i c h a re s u f f i c i e n t t o d e s c r i b e t h e wave 

m o t i o n c o r r e s p o n d i n g t o t h e p r e c e d i n g assumptions ( e x c e p t f o r an 

a r b i t r a r y , u n i f o r m v e l o c i t y o f t r a n s l a t i o n ) a r e l i s t e d below: 

, mass d e n s i t y (P) 

. g r a v i t y a c c e l e r a t i o n ( g ) 

. mean de p t h ( h ) 

. wave h e i g h t (H) 

. wave l e n g t h ( L ) 

c r e s t 

Mean Water L e v e l (MWL) 

/ / / / // // // r-7-y~y~yr~j-y,-y-^^ 

F i g . 1.2. 

The r e l a t i v e d e p t h h/L i s i m p o r t a n t w i t h r e s p e c t t o t h e e f f e c t o f t h e 

bo t t o m on t h e wave m o t i o n , as i n d i c a t e d i n t h e p r e c e d i n g p a r a g r a p h s . 

The r a t i o H/L, t h e s o - c a l l e d wave steepne s s , i s a measure o f t h e 

r e l a t i v e i n t e n s i t y o f t h e wave m o t i o n . I t cannot exceed a c e r t a i n 

l i m i t i n g v a l u e o f t h e o r d e r o f 10 ^, because o f wave b r e a k i n g , 
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I n o r d e r t o d e s c r i b e t h e wave m o t i o n i n a unique manner, we must 

s p e c i f y a r e f e r e n c e system. We w i l l choose i t such t h a t r e l a t i v e t o 

t h a t system, t h e h o r i z o n t a l v e l o c i t y below t h e l e v e l o f t h e wave 

t r o u g h s has an average value e q u a l t o z e r o . We use o r t h o g o n a l axes, 

w i t h t h e X - a x i s h o r i z o n t a l , p o s i t i v e i n t h e d i r e c t i o n o f wave advance, 

and w i t h t h e z - a x i s p o s i t i v e upwards, w i t h z=0 i n t h e mean w a t e r 

l e v e l (MWL), as i n d i c a t e d i n F i g u r e 1.3. The f r e e s u r f a c e e l e v a t i o n 

z = - h 

F i g . 1.3 

above MWL i s denoted by r j , so t h a t t h e e q u a t i o n o f t h e f r e e s u r f a c e 

i s z = r j ( x , t ) , i n whic h t i s t i m e . T h i s e q u a t i o n can be reduced t o a 

s i m p l e r f o r m by r e c o g n i z i n g t h a t t h e wave f o r m advances w i t h a speed 

(say c) i n t h e p o s i t i v e x - d i r e c t i o n : 

z=n (X - c t ) (1.1) 

The t i m e between passage o f s u c c e s s i v e wave c r e s t s p a s t a p o i n t 

x =const i s c a l l e d t h e wave p e r i o d , w r i t t e n as T, w h i c h i s r e l a t e d t o 

L and c by t h e i d e n t i t y 

L= c T (1.2) 

Note t h a t L i s independent o f our c h o i c e o f r e f e r e n c e system, where­

as c and T a r e n o t . 

The dependent v a r i a b l e s c h a r a c t e r i z i n g t h e f l o w f i e l d a r e t h e x- and 

z-components o f t h e f l o w v e l o c i t y , and t h e p r e s s u r e , denoted as 

u, w and p r e s p e c t i v e l y . 



- 6 -

2. B a s i c e q u a t i o n s 

I n t h i s c h a p t e r , t h e b a s i c e q u a t i o n s g o v e r n i n g t h e wave m o t i o n under 

th e assumptions l i s t e d above w i l l be f o r m u l a t e d . 

2.1. C o n d i t i o n o f i n c o m p r e s s i b i l i t y 

I t f o l l o w s from t h e assumed I n c o m p r e s s i b i l i t y o f t h e water t h a t t h e 

n e t volume f l o w t h r o u g h an a r b i t r a r y , submerged c l o s e d c o n t r o l s u r f a c e 

must be z e r o . E q u i v a l e n t l y , we can say t h a t t h e v o l u m e t r i c s t r a i n r a t e 

must be z e r o . Both v i e w p o i n t s l e a d t o t h e f o l l o w i n g c o n s t r a i n t on t h e 

v e l o c i t y f i e l d ( i n two d i m e n s i o n s ) : 

9u 9w • 
- 5 - + ^ = 0 (2.1) 
9x 9z 

2.2. Dynamic e q u a t i o n 

A s t a t e m e n t o f Newton's second law o f m o t i o n s h o u l d i n t h e case 

c o n s i d e r e d here i n c l u d e o n l y p r e s s u r e g r a d i e n t s and g r a v i t y as f o r c e 

terms. T h i s leads t o 

du 1 9p 

^ = " p 9 Ï (2. 2 X ) 

dw 1 9p 

^ = 9 ? ( 2 . 2 Z ) 

The symbol denotes a t o t a l a c c e l e r a t i o n , as e x p e r i e n c e d by a 

f l u i d p a r t i c l e . I t c o n s i s t s o f a l o c a l c o n t r i b u t i o n , e x p r e s s i n g t h e 

t e m p o r a l change o f v e l o c i t y i n a f i x e d p o i n t , and a c o n v e c t i v e 

c o n t r i b u t i o n , e x p r e s s i n g t h e v a r i a t i o n i n f l o w v e l o c i t y a t f i x e d t i m e 

between n e i g h b o u r i n g p o i n t s i n space. I n o t h e r words, t h e c o n v e c t i v e 

t e r m a r i s e s because t h e p a r t i c l e moves i n t o a r e g i o n where t h e v e l o ­

c i t y i s d i f f e r e n t f r o m where i t was i n i t i a l l y . T h i s i s w r i t t e n as 

f o l l o w s , r e c o g n i z i n g t h a t x = x ( t ) , z = z ( t ) i f we f o l l o w a p a r t i c l e : 

du _ ^ ^ .Ë̂ . ^ É5. 
d t " 9t 9x d t * 9z d t 

F o l l o w i n g a p a r t i c l e i m p l i e s ^ = u and — = w, so t h a t 
d t d t 

du 9u 9u 9u 

t o t a l = l o c a l + c o n v e c t i v e 
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dw 
and s i m i l a r l y f o r — : 

dw 9w , 9w 9w /-o Q-rN 
— = - r - + UTT- + wv- (2.3Z) 
d t d t d z d z 

The e q u a t i o n s (2.2x) and ( 2 . 2 z ) do n o t have a symmetric f o r m , because 

of t h e appearance o f g i n ( 2 . 2 z ) . The two e q u a t i o n s can be w r i t t e n i n 

g 
a s i m i l a r f o r m by s u b s t i t u t i n g g = 3 — ( g z ) i n ( 2 . 2 z ) , and by a d d i n g a 

d z 

z e r o - t e r m - 5 — ( g z ) t o ( 2 . 2 x ) . T ogether w i t h a s u b s t i t u t i o n o f ( 2 . 3 ) , and 

u s i n g t h e f a c t t h a t p = c o n s t a n t , t h i s g i v e s 

9u 9u 8u 9 . P , , „ ,„ 
TTT + UTT- + wv- + ( 7 : + g z ) = 0 (2 . 4 x ) 
9t 9x 9z dx P 

and 

9w 9w 9w 9 ^ P \ o y,^ „ ̂  
^ + u ^ + wv- + ^ ( n+ g z ) = 0 (2,4 z ) 
9t dx d z 9z P 

2.3. Boundary c o n d i t i o n s 

We w i l l s t a t e o n l y boundary c o n d i t i o n s a t t h e f r e e s u r f a c e and a t t h e 

b o t t o m . (For a complete f o r m u l a t i o n , c o n d i t i o n s a t l a t e r a l b o u n d a r i e s 

s h o u l d be s p e c i f i e d a l s o , w h i c h i n t h e case c o n s i d e r e d here t a k e t h e 

f o r m o f a s t a t e m e n t o f s p a t i a l p e r i o d i c i t y - ) 

K i n e m a t i c boundary c o n d i t i o n s f o r a n o n - v i s c o u s f l u i d m e r e ly s t a t e t h a t 

no f l u i d p a r t i c l e s c r o s s a s u r f a c e bounding t h e f l u i d . T h i s g i v e s 

w=0 a t z= -h (2.5) 

and 

^ = w a t z= n ( x , t ) 
d t 

w h i c h can be expanded i n a manner s i m i l a r t o ( 2 . 3 ) : 

|J + u|5 = w a t z=n ( x , t ) (2.6) 

Dynamic boundary c o n d i t i o n s d e a l w i t h s t r e s s e s . The b o t t o m i s assumed 

t o be r i g i d , f o r which reason no dynamic boundary c o n d i t i o n needs t o 

be g i v e n a t t h e b o t t o m . The c o n d i t i o n o f a s t r e s s - f r e e upper s u r f a c e 

can be w r i t t e n as 

p=0 a t z= n ( x , t ) (2.7) 
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(The f a c t t h a t t h e shear s t r e s s e s a t t h e s u r f a c e are zero need n o t be 

s t a t e d s i n c e t h e f l u i d i s assumed t o be n o n - v i s c o u s , which i s t o say 

t h a t shear s t r e s s e s are z e r o everywhere.) 

2.4. C o n d i t i o n o f i r r o t a t i o n a l i t y 

Due t o t h e v e l o c i t y g r a d i e n t s , f l u i d p a r t i c l e s can r o t a t e about t h e i r 

axes as t h e y move. The v e l o c i t y o f r o t a t i o n i n t h e ( x , z ) - p l a n e i s 

% - * < ë - b 

Under t h e c o n d i t i o n s assumed ( i n p a r t i c u l a r : no v i s c o s i t y ) , i t can be 

shown t h a t t h e r o t a t i o n o f each f l u i d p a r t i c l e i s c o n s t a n t : 

d Q 

^ = 0 (2.9) 
d t 

( C o n s e r v a t i o n o f a n g u l a r momentum.) T h e r e f o r e , m o t i o n s s t a r t i n g f r o m 

r e s t , i n which i n i t i a l l y Q = 0 f o r a l l p a r t i c l e s , w i l l be i r r o t a t i o n a l 

( N o t e : i n a r e a l ( v i s c o u s ) f l u i d , r o t a t i o n can be g e n e r a t e d a t t h e 

b o u n d a r i e s . Due t o t h e o s c i l l a t o r y n a t u r e o f t h e f l o w under waves, 

t h e wave-induced boundary l a y e r t h i c k n e s s remains r e l a t i v e l y s m a l l . 

O u t s i d e t h a t t h i n l a y e r , t h e wave-induced m o t i o n i s v i r t u a l l y 

i r r o t a t i o n a l . T h i s i s a more s a t i s f a c t o r y j u s t i f i c a t i o n f o r (2.10) 

t h a n t h e r e a s o n i n g g i v e n above, wh i c h was based on t h e assumption 

o f zero v i s c o s i t y . ) 

The c o n d i t i o n o f i r r o t a t i o n a l i t y ensures t h e e x i s t e n c e o f a s c a l a r 

f u n c t i o n , t h e s o - c a l l e d v e l o c i t y p o t e n t i a l , w r i t t e n as 0, such t h a t 

i t s d e r i v a t i v e i n any one d i r e c t i o n e q u a l s t h e component o f f l o w 

v e l o c i t y i n t h a t d i r e c t i o n : 

T h i s p o t e n t i a l has no o b v i o u s p h y s i c a l meaning, b u t i t s use s i m p l i f i e s 

t h e mathematics because an unknown v e c t o r q u a n t i t y ( t h e v e l o c i t y ) i s 

r e p l a c e d by an unknown s c a l a r q u a n t i t y ( t h e p o t e n t i a l ) . 

S u b s t i t u t i o n o f (2.11) i n t o ( 2 .1) g i v e s 

_ . , _ _ _ = 0 (2.12) 
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which i s t h e s o - c a l l e d L a p l a c e e q u a t i o n , 

S u b s t i t u t i o n o f (2.10) and (2.11) i n t o (2.4x) g i v e s 

•Trr (tt-) + u ^ + w ^ + ('̂  + 8z) = 0 
8t 8x 8x 8x dx P 

o r 

i - { o x ( M ) + i ox(u2 + w2) + ( gz) } = 0 (2.13X) 
ox o t P 

A s i m i l a r e q u a t i o n i s o b t a i n e d f r o m ( 2 . 4 z ) . T h i s i m p l i e s t h a t t h e 

q u a n t i t y i n t h e b r a c k e t s has t h e same v a l u e t h r o u g h o u t t h e f l u i d . 

I n an u n d i s t u r b e d r e g i o n , i t e q u a l s z e r o because each o f t h e t h r e e 

terms i n pa r e n t h e s e s i s z e r o t h e r e . T h e r e f o r e , t h e q u a n i t y i n t h e 

b r a c k e t s i s z e r o everywhere: 

ox H + è ox(u2 + w2) + (^ + g.z) = Q (2.14) 

T h i s i s t h e s o - c a l l e d B e r n o u l l i e q u a t i o n f o r unsteady f l o w . 

F i n a l l y (2.11) can be s u b s t i t u t e d i n t o t h e boundary c o n d i t i o n s , 

which g i v e s 

M = 0 a t z= -h (2.15) 
8z 

and 

If + è + <|f)'>+ gn = 0 a t z=n ( x , t ) (2.17) 

2.5. L i n e a r i z a t i o n 

D e s p i t e t h e s i m p l i f i c a t i o n o b t a i n e d by t h e i n t r o d u c t i o n o f a v e l o c i t y 

p o t e n t i a l , i t has n o t y e t been p o s s i b l e t o o b t a i n an e x a c t s o l u t i o n 

t o t h e p r e c e d i n g e q u a t i o n s i n c l o s e d f o r m f o r a p e r i o d i c wave. T h i s i s 

due t o t h e n o n l i n e a r c h a r a c t e r o f t h e f r e e s u r f a c e c o n d i t i o n s (2,16) 

and ( 2 . 1 7 ) . Not o n l y do t h e s e e q u a t i o n s c o n t a i n p r o d u c t terms o f 

dependent v a r i a b l e s , b u t t h e y have t h e added c o m p l e x i t y o f b e i n g 

p r e s c r i b e d a t t h e f r e e s u r f a c e , w h i c h i t s e l f i s an unknown. 
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However, many approximate s o l u t i o n s a r e a v a i l a b l e . The s i m p l e s t one i s 

based on t h e assumptions o f r e l a t i v e l y low waves (H/L<< 1 and H/ h < < l ) , 

i n w h i c h case t h e n o n l i n e a r q u a d r a t i c terms i n t h e f r e e s u r f a c e 

c o n d i t i o n s a r e s m a l l compared t o t h e l i n e a r ones, and t h e d i f f e r e n c e 

i n i n s t a n t a n e o u s e l e v a t i o n o f t h e f r e e s u r f a c e (z=ri) and i t s mean v a l u e 

(z=0) i s n e g l i g i b l e as f a r as t h e boundary c o n d i t i o n s are concerned. 

I n t r o d u c i n g t h e s e a p p r o x i m a t i o n s i n (2.16) and (2.17) g i v e s 

A s o l u t i o n o f t h e l i n e a r i z e d e q u a t i o n s , r e p r e s e n t i n g a p r o g r e s s i v e wave, 

w i l l be i n v e s t i g a t e d i n c h a p t e r 3. A r e v i e w o f some n o n l i n e a r a p p r o x i ­

m a t i o n s i s g i v e n i n c h a p t e r 4. 

9£ ^ 8n 

9z dt 
a t z=0 (2.18) 

and 

a t z=0 (2.19) 



L i n e a r t h e o r y o f waves i n c o n s t a n t d e p t h 

S u r f a c e p r o f i l e 

The l i n e a r i z e d s e t o f e q u a t i o n s p r e s e n t e d i n c h a p t e r 2 has c o n s t a n t 

c o e f f i c i e n t s , so t h a t i t admits s i n u s o i d a l waves as a s o l u t i o n . 

We w i l l i n t h i s c h a p t e r a n a l y s e such s o l u t i o n , s t a r t i n g from an 

assumed s i n u s o i d a l p r o f i l e p r o g r e s s i n g a t a c o n s t a n t speed i n t h e 

p o s i t i v e x - d i r e c t i o n . U s i n g t h e symbols d e f i n e d i n c h a p t e r 1, t h e 

e q u a t i o n o f t h e f r e e s u r f a c e ( 1 . 1 ) can be w r i t t e n as 

n ( x , t ) = - | H s i n { 2 TT(^^-—^•) } ( 3 . 1 ) 

o r , u s i n g ( 1 . 2 ) , 

1 271 2lT 
n ( x , t ) = - H s i n ( — t - Y ^ ) ( 3 . 2 ) 

For b r e v i t y o f n o t a t i o n , we now i n t r o d u c e 

. t h e e l e v a t i o n a m p l i t u d e : 

a = I H (3.3) 

. t h e wave number: 

. t h e ( a n g u l a r ) wave f r e q u e n c y : 

2TT 

^ - ~ ^ (3.5) 

. t h e phase: 
S ( x , t ) = - ^ t - ^ x = Olt - kx (3.6) 

T L 

Using t h e s e , ( 3 . 2 ) can be w r i t t e n as 

r | ( x , t ) = a s i n (wt - k x ) = a s i n S ( x , t ) (3.7) 

and ( 1 . 2 ) as 

c = k (3.8) 

The wavenumber k r e p r e s e n t s t h e phase change per u n i t p r o p a g a t i o n 

d i s t a n c e ( a t a g i v e n i n s t a n t ) , and t h e wave f r e q u e n c y r e p r e s e n t s t h e 

phase change p e r u n i t t i m e ( a t a f i x e d p o i n t ) . An o b s e r v e r , t r a v e l l i n g 

w i t h v e l o c i t y V, would see a phase i n c r e a s e per u n i t t i m e g i v e n " b y 



- 12 -

9S 9S dx 9S , 9S 
^ + ^ -J7 = -KZ + = W - Vk (3.9) 9t 9x d t 9t 9x ^ ' 

I f he would t r a v e l a l o n g w i t h t h e wave f o r m , e.g. by k e e p i n g up 

w i t h a wave c r e s t , he would observe no phase change a t a l l . 

I t f o l l o w s from (3.9) t h a t t h e v e l o c i t y r e q u i r e d f o r t h i s t o happen 

i s w/k, i . e . t h e v e l o c i t y c. T h i s i s no s u r p r i s e , o f c o u r s e , s i n c e c 

was d e f i n e d as t h e v e l o c i t y o f t h e wave fo r m . The p r e c e d i n g v i e w p o i n t 

was o f f e r e d t o emphasize t h a t c r e p r e s e n t s t h e v e l o c i t y o f p o i n t s o f 

c o n s t a n t phase, f o r which reason i t i s c a l l e d t h e phase v e l o c i t y . 

3.2. V e l o c i t y p o t e n t i a l 

I n t h i s and t h e f o l l o w i n g p a r a g r a p h s , we w i l l i n v e s t i g a t e t h e f l o w 

p r o p e r t i e s a s s o c i a t e d w i t h t h e g i v e n s u r f a c e p r o f i l e ( 3 . 7 ) . The k i n e m a t i c 

e q u a t i o n s w i l l be c o n s i d e r e d f i r s t , w i t h o u t g i v i n g any c o n s i d e r a t i o n 

t o t h e dynamics. The reason f o r making t h i s s e p a r a t i o n e x p l i c i t , a p a r t 

f r o m t h e w i s h t o work s y s t e m a t i c a l l y , i s t h a t t h e k i n e m a t i c s o l u t i o n 

a p p l i e s t o waves i n c o n s t a n t depth w i t h a v a r i e t y o f dynamic s u r f a c e 

c o n d i t i o n s ( e . g . , i n t e r n a l waves, waves under an i c e c o v e r , waves 

b e i n g i n f l u e n c e d by s u r f a c e t e n s i o n , e t c . ) . T h e r e f o r e , t h e r e s u l t s have 

a g r e a t e r degree o f g e n e r a l i t y t h a n would have been t h e case i f a 

s p e c i f i c dynamic boundary c o n d i t i o n , such as ( 2 . 1 9 ) , would have been 

used f r o m t h e o u t s e t . 

A resume o f t h e k i n e m a t i c e q u a t i o n s i s g i v e n below. 

^ - ^ - 0 <2.12, 9x2 

90 
z=-h '• -^-^ = 0 (2.15) 

We seek a s o l u t i o n f o r 0 s a t i s f y i n g t h e s e e q u a t i o n s , f o r a p r o g r e s s i v e 

wave r e p r e s e n t e d by ( 3 . 7 ) . The s o l u t i o n f o r 0 must v a r y s i n u s o i d a l l y 

w i t h X and t , a l t h o u g h n o t n e c e s s a r i l y i n phase w i t h n , and we must 

a l l o w f o r a v a r i a t i o n o f t h e a m p l i t u d e o f 0, w r i t t e n as 0, w i t h z. 

T h e r e f o r e , we t r y a s o l u t i o n o f t h e f o r m 

0 ( x , z , t ) = 0 ( z ) s i n (ODt - kx + a) (3.10) 

where 0 ( z ) and a are t o be d e t e r m i n e d . To t h i s end, we s u b s t i t u t e (3.10) 
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i n t o (2 .12) , w i t h t h e r e s u l t 

( • ^ - 0) s i n (ut - kx + a) = 0 (3.11) 

T h i s e q u a t i o n must h o l d f o r a r b i t r a r y x and t , which i m p l i e s t h a t 

d2 0 

dz= 
k2 0 = 0 (3.12) 

T h i s i s a l i n e a r , second-order o r d i n a r y d i f f e r e n t i a l e q u a t i o n w i t h 

c o n s t a n t c o e f f i c i e n t s . I t s g e n e r a l s o l u t i o n t h e r e f o r e i s t h e sum o f 

two e x p o n e n t i a l f u n c t i o n s : 

0 ( z ) = Aj^e*"^ + Ag e"^^ (3.13) 

i n which A^ and A2 are c o n s t a n t s , whose v a l u e s a re d e t e r m i n e d by t h e 

boundary c o n d i t i o n s . Use o f t h e bo t t o m boundary c o n d i t i o n (2.15) g i v e s 

m = A u e-*^^ - A, k e-^^ = 0 (3.14) 
dz , 1 2 

-1 z=.-h 

or 

Ag = A^ e"^ (3.15) 

so t h a t (3.13) can be w r i t t e n as 

>v —kb 

0 ( z ) = 2 A^ e cosh k ( h + z ) (3.16) 

S u b s t i t u t i o n o f (3.7) and (3.16) i n t o t h e k i n e m a t i c s u r f a c e c o n d i t i o n 

(2.18) g i v e s 

-kh 
2A^e k s i n h kh s i n (oot - kx +a) = Cüa cos (oJt - k x ) (3.17) 

f r o m w h i c h i t f o l l o w s t h a t 

-kh 

2A^k e s i n h kh = ua (3.18) 

and 

a = ^ (3.19) 

F i n a l l y , s u b s t i t u t i o n o f t h e r e s u l t s (3 .16 ) , (3.18) and (3.19) i n t o 

(3.10) y i e l d s t h e f o l l o w i n g e x p r e s s i o n f o r t h e v e l o c i t y p o t e n t i a l : 

„, .. wa cosh k ( h + z ) , ^ , ^ 
= I T s i n h kh - '̂ >̂ (3.20) 
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3.3. P a r t i c l e v e l o c i t i e s 

P a r t i a l d i f f e r e n t i a t i o n o f (3 w i t h r e s p e c t t o x and z, r e s p e c t i v e l y , g i v e s 

80 cosh k ( h + z ) . ^ ^ , ^ 

i ; ^ - = u = Wa . ̂ \ ^ sin(OJt - k x ) (3.21) 
dx s m h kh 

and 

o r 

30 s i n h k ( h + z ) „„. 
— = w = ü)a . , . .—- cos (Cüt - k x ) (3.22) 
dz s i n h kh 

u = Ü s i n S and w = w cos S (3.23) 

i n w h i c h t h e a m p l i t u d e s ü and ^ are g i v e n by 

and 

Q ^ ^ ^ c o s ^ _ ^ ( ^ (3.24) 
s i n h kh 

. s i n h k ( h + z ) .„ 
^ = ü3a • ̂ \ ^ (3.25) 

s m h kh 

I t appears f r o m t h e above t h a t u and w i n any f i x e d p o i n t are 90° o u t 

o f phase. T h i s i m p l i e s a r o t a t i o n o f t h e v e l o c i t y v e c t o r . 

I n o r d e r t o i n v e s t i g a t e t h e v a r i a t i o n o f t h e v e l o c i t y a m p l i t u d e s w i t h z, 

we f i r s t c o n s i d e r t h e i r v a l u e s near t h e s u r f a c e (z=0) and near t h e 

b o t t o m ( z = - h ) : 

Ü = coa/tanh kh and ^=(jOa a t z=0 (3.26) 

Ü = (jJa/sinh kh and <i/=0 a t z=-h (3.27) 

The r e l a t i v e magnitudes o f ü near t h e s u r f a c e and near t h e b o t t o m 

are dependent on kh o n l y , i n o t h e r words on t h e r a t i o h/L. 

I f k h » l ( s o - c a l l e d deep w a t e r ) and i f a l s o k ( h + z ) > > l ( t h e upper r e g i o n 

o f t h e deep w a t e r ) , we can a p p r o x i m a t e t h e h y p e r b o l i c f u n c t i o n s i n 

(3.24) and (3.25) w i t h e x p o n e n t i a l f u n c t i o n s . T h i s i s because 

cosh X = ( e ^ + e ^ ) = - ^ e ^ ( 1 + e "^^^ . I f x » l , e '̂ ^ « 1 , i n w h i c h 
^ H 2 

1 X 

case cosh x = e . The same h o l d s f o r s i n h x. ( T h i s a p p r o x i m a t i o n i s 

a l r e a d y good t o w e l l w i t h i n 1 % i f x > 3.) T h e r e f o r e , i n t h e upper r e g i o n 

o f deep w a t e r , (3.24) and (3.25) can be a p p r o x i m a t e d as 

kz 
Ü - ^ - wa e ( i n deep w a t e r ) (3.28) 

The c o n d i t i o n "deep w a t e r " o r " k h » l " i s o f t e n t a k e n t o be k h > 3 , 

o r h/L>-|. 
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I f k h « l ( s o - c a l l e d s h a l l o w w a t e r ) , w h i c h i m p l i e s k ( h + z ) < < l f o r a l l 

p o i n t s below MWL, t h e h y p e r b o l i c f u n c t i o n s i n (3.24) and (3.25) can 

be a p p r o x i m a t e d d i f f e r e n t l y , u s i n g t h e f a c t t h a t cosh x =1 and 

s i n h - X f o r x < < l . We t h e n o b t a i n t h e f o l l o w i n g a p p r o x i m a t i o n s t o 

(3.24) and ( 3 . 2 5 ) : 

Ü = 7 = = c r and v = OJa (1+-) f o r k h « l (3.29) 
kh h h 

The c o n d i t i o n " s h a l l o w w a t e r " o r " k h < < l " i s o f t e n t a k e n t o be kh< ^, 

~ 1 
o r h/L < — . 

20 

I n t h e s h a l l o w - w a t e r a p p r o x i m a t i o n , t h e h o r i z o n t a l v e l o c i t y does n o t 

v a r y w i t h z. I n o t h e r words, a long-wave p r o p e r t y i s here r e c o v e r e d 

as a s p e c i a l case ( s h a l l o w w a t e r ) o f t h e short-wave t h e o r y . 

N o t i c e t h a t i n s h a l l o w w a t e r ( k h < < l ) , Ü = (coa)/(kh)>>a)a. Thus, a wave 

o f g i v e n e l e v a t i o n a m p l i t u d e and f r e q u e n c y causes l a r g e r h o r i z o n t a l 

v e l o c i t i e s I f i t i s i n s h a l l o w e r w a t e r . T h i s i s o f i m p o r t a n c e w i t h r e g a r d 

t o sediment t r a n s p o r t , o r wave-induced l o a d s on s t r u c t u r e s . 

A schematic d r a w i n g o f v e r t i c a l p r o f i l e s o f Ü i s g i v e n i n f i g u r e 3.1, 

z 

z=.0 

z=-h 

Ü z=0 

z=-h 

Ü z=o 

Shal l o w 

kh « 1 

I n t e r m e d i a t e 

k h = 0 ( l ) 

Deep 

kh » 1 

F i g u r e 3.1 
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3.4. P a r t i c l e p aths 

The e q u a t i o n s g i v e n above enable us t o c a l c u l a t e how t h e v e l o c i t y i n 

a f i x e d p o i n t ( c o n s t a n t x,z) v a r i e s w i t h t i m e . I n t h i s paragraph we 

c o n s i d e r a g i v e n p a r t i c l e . I n a p h y s i c a l e x p e r i m e n t , we would do t h a t 

by l a b e l i n g a p a r t i c l e , e.g. by i n t r o d u c i n g a s m a l l , n e u t r a l l y 

buoyant opaque, s o l i d p a r t i c l e i n t o t h e w a t e r . I n a m a t h e m a t i c a l 

d e s c r i p t i o n , we must a l s o l a b e l t h e p a r t i c l e which we want t o f o l l o w , 

e.g. by i t s c o o r d i n a t e s ( x ^ , z ^ ) a t some p r e v i o u s t i m e , o r , f o r o s c i l ­

l a t o r y m o t i o n , t h e c o o r d i n a t e s o f t h e mean p o s i t i o n . 

The d i s p l a c e m e n t s i n t h e x- and z - d i r e c t i o n f r o m t h e mean p a r t i c l e 

p o s i t i o n ( j 

f i g u r e 3.2, 

p o s i t i o n ( x ^ , z ^ ) a r e denoted as xC't) and • Reference i s made t o 

di s p l a c e m e n t 

v e c t o r 

I mean p o s i t i o n 

I o f p a r t i c l e 

p o s i t i o n o f 

p a r t i c l e a t t i m e t 

F i g u r e 3.2 

The d i s p l a c e m e n t s are e q u a l t o t h e t i m e i n t e g r a l o f t h e p a r t i c l e 

v e l o c i t y components. For r e l a t i v e l y s m a l l d i s p l a c e m e n t s , as has 

a l r e a d y been assumed, t h e a c t u a l p a r t i c l e v e l o c i t y i s a p p r o x i m a t e l y 

e q u a l t o t h e v e l o c i t y a t i t s mean p o s i t i o n a t t h e same t i m e . Thus, 

X ( t ' ) - ƒ u ( x = x ^ , z = z ^ , t ) d t (3.30) 

and l i k e w i s e f o r • S u b s t i t u t i o n o f t h e p r e c e d i n g e q u a t i o n s f o r 

u and w g i v e s 

X ( t ) = -X cos (ODt - kx^) (3.31) 

and 
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and 

C ( t ) = t s i n (cot - kx^) (3.32) 

i n which 

<; = Ö ^ cosh k( h + Zp) (3.33) 
^ (D Sinh kh 

and 

- _ w _ s i n h k ( h + Zq) 

^ ~ Od ~ ^ s i n h kh 
(3.34) 

I t can be seen f r o m (3.31) and (3.32) t h a t x and ^ o f any p a r t i c l e a r e 90° 

d i f f e r e n t i n phase', and t h a t t h e p a r t i c l e p a t h d u r i n g one wave c y l e i s an 

e l l i p s e , w i t h i t s major a x i s h o r i z o n t a l , w i t h l e n g t h 2x, and w i t h i t s 

minor a x i s v e r t i c a l , w i t h l e n g t h 2C. A s k e t c h i s g i v e n i n f i g u r e 3.3. 

F i g u r e 3.3 

I n t h e upper p a r t o f deep w a t e r , Ü = w, so t h a t a l s o x = C > w h i c h means 

t h a t t h e p a r t i c l e p a ths t h e r e are c i r c u l a r . 

3.5. D i s p e r s i o n e q u a t i o n , w a v e l e n g t h and phase v e l o c i t y 

The r e s u l t s d e r i v e d i n t h e paragraphs 3.2 t h r o u g h 3.4 are based on 

k i n e m a t i c r e l a t i o n s o n l y . We w i l l now i n t r o d u c e t h e dynamic s u r f a c e 

c o n d i t i o n ( 2 . 1 9 ) . I n d o i n g so, we r e s t r i c t o u r s e l v e s t o f r e e waves. 

T h i s d e t e r m i n e s a r e l a t i o n between wave f r e q u e n c y and wave number 

(Ü3 and k ) , t h e s o - c a l l e d d i s p e r s i o n e q u a t i o n . Such e q u a t i o n i s o f 

c e n t r a l i m p o r t a n c e i n t h e m a t h e m a t i c a l d e s c r i p t i o n o f waves and 

v i b r a t i o n s . The f o r m i t t a k e s i n our case f o l l o w s f r o m t h e s u b s t i t u t i o n 

o f ( 3 .7) and (3.10) i n t o ( 2 . 1 9 ) , w h i c h g i v e s t h e d i s p e r s i o n e q u a t i o n 

f o r g r a v i t y s u r f a c e waves ( i n t h e l i n e a r a p p r o x i m a t i o n ) : 

0)2 = gk t a n h kh (3.35) 
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At t h i s s t a g e we w i l l r e v e r t t o t h e use o f wav e l e n g t h (L = 27T/k) and 

waveperiod (T = 2ïï/w), whi c h a r e used more i n a p p l i c a t i o n s t h a n wave-

number o r f r e q u e n c y . A l s o , we i n t r o d u c e an a u x i l i a r y l e n g t h , w r i t t e n 

as L^, d e f i n e d by 

\ = \ ¥ (3.36) 

E q u a t i o n (3.35) can t h e n be r e w r i t t e n as 

L = L t a n h ̂  (3.37) 
O L 

I t f o l l o w s t h a t i n deep w a t e r , where t a n h =1, t h e w a v e l e n g t h L 

equal s L^. I n wa t e r o f any d e p t h , t h e q u a n t i t y i s s t i l l d e f i n e d , 

b u t i t does n o t i n g e n e r a l e q u a l t h e l o c a l w a v e l e n g t h , w h i c h i s a 

f a c t o r t a n h 2ïïh/L s m a l l e r . 

I n order to f a c i l i t a t e the c a l c u l a t i o n of L f o r given h, g and T, 

(3.37) i s w r i t t e n i n dimensionless form: 

h h ^ ^ 27Th 
— = - t a n h — (3.38) 

Values o f h/L which are s o l u t i o n s o f t h i s e q u a t i o n f o r g i v e n h/L 
o 

have been t a b u l a t e d . Reference i s made t o Table 1. 

The phase v e l o c i t y c can be expressed i n terms o f wavenumber k o r wave­

l e n g t h L by e l i m i n a t i n g o) between (3.8) and (3 .35) , w i t h t h e r e s u l t 

c = ( J t a n h k h ) * = ( H t a n h ^ ) * (3.39) 

A l t e r n a t i v e l y , we can e l i m i n a t e k o r L, w i t h t h e r e s u l t 

c = S t a n h ( f ) = f tanh ( f ^ ) (3.40) 

By analogy w i t h L , we can d e f i n e a v e l o c i t y c as 
o o 

o - 2TT T (J.41) 

a f t e r w h i c h (3.40) can be w r i t t e n as 

c = c t a n h kh (3.42) o \ • / 
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I t f o l l o w s t h a t i n deep w a t e r 

^ = % = f i = ' = < f f > * <'^^»^> ^'-''^ 

By c o n t r a s t , i n s h a l l o w w a t e r (3.39) reduces t o 

c = ( g h ) * (kh«l) (3.44) 

which i s t h e phase v e l o c i t y o f l o n g waves o f s m a l l a m p l i t u d e . 

Example 

-2 

Given: T = 8s, h = 10 m, a = 1 m, g = 9.8 m s 

To be d e t e r m i n e d : L, c, ü near MWL, 0 near b o t t o m 

S o l u t i o n : = g T V ( 2 T T ) = (1.56 m s~^)T^^ 100 m 

-> h/L = 0.1 -y T a b l e -> h/L = 0.141 -> L = 
o 

10 m/0.1410 = 70.9 m ( a l t e r n a t i v e : T a b l e -> 

t a n h kh = 0.709 L = L t a n h kh = 70.9 m) ^ 
o 

c = L/T = 8.9 m/s""*". 

ül „ = u a / t a n h kh = (2Tr/8s) ( 1 m)/0.709 = 1.11 m s"'''. 
J z=0 

ü| , = (jüa/sinh kh = (2iT/8s) (lm)/1.006 = 0.78 m s"""". 
J z=-h 

3.6. P r e s s u r e 

Having d e t e r m i n e d t h e v e l o c i t y p o t e n t i a l , we can c a l c u l a t e t h e 

p r e s s u r e f r o m t h e B e r n o u l l i e q u a t i o n ( 2 . 1 4 ) . N e g l e c t i n g t h e t e r m 

•^(u^ + w^), t h i s can be w r i t t e n as 

P + pgz = - p | | (3.45) 

I n t h e absence o f t h e waves, t h e p r e s s u r e i s denoted as p^; i t i s 

h y d r o s t a t i c : 

p^ = - pgz (3.46) 

D e n o t i n g t h e wave-induced p r e s s u r e by p^, we have 

P = + (3.47) 

and t h e r e f o r e 

V, = ~V^ (3.48) 
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S u b s t i t u t i o n o f (3.20) f o r (3, and use o f t h e d i s p e r s i o n e q u a t i o n 

( 3 . 3 5 ) , g i v e s 

p^ = p^ s i n (wt - k x ) (3.49) 

i n w h i c h 

cosh k ( h + z ) 
= Pga \ . (3.50) 

+ cosh kh 

I n deep w a t e r , (3.50) reduces t o 

= pga e*"^ (kh»l) (3.51) 

I n s h a l l o w w a t e r i t reduces t o 

= Pga (kh«l) (3.52) 

i n w h i c h case (3.49) becomes 

P^ = pgn (kh«l) (3.53) 

w h i c h i s j u s t a s t a t e m e n t o f h y d r o s t a t i c p r e s s u r e , a c o n d i t i o n w h i c h 

i s assumed a p r i o r i i n t h e o r i e s f o r l o n g waves. 

A s k e t c h showing t h e p r e s s u r e d i s t r i b u t i o n under a wave c r e s t and under 

a wave t r o u g h i s g i v e n i n f i g u r e 3.4. 

F i g u r e 3.4 
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3.7, Energy c o n t e n t and energy t r a n s f e r 

An e s s e n t i a l p r o p e r t y o f waves i s t h e i r c a p a c i t y o f t r a n s f e r r i n g energy 

f r o m one r e g i o n o f space t o a n o t h e r . T h e r e f o r e , n o t i o n s o f energy c o n t e n t 

and energy t r a n s f e r a re i m p o r t a n t t o an u n d e r s t a n d i n g o f wave p r o p a g a t i o n . 

I n t h e p r e c e d i n g p a r a g r a p h s , we c o n s i d e r e d t h e v a r i a t i o n s o f c h a r a c t e r i s t i c 

p r o p e r t i e s o f t h e wave m o t i o n w i t h t h e v e r t i c a l c o o r d i n a t e and w i t h t h e 

phase. When d e a l i n g w i t h energy, i t i s u s e f u l t o c o n s i d e r t h e wave f i e l d 

i n a more g l o b a l o r i n t e g r a l manner, by d e f i n i n g phase-averaged, v e r t i ­

c a l l y - i n t e g r a t e d q u a n t i t i e s . T h i s i s done f o r t h e energy c o n t e n t (E) as 

w e l l as f o r t h e energy t r a n s f e r r a t e ( P ) , 

The t i m e - a v e r a g e d , v e r t i c a l l y - i n t e g r a t e d k i n e t i c energy o f t h e waves 

per u n i t h o r i z o n t a l area i s d e f i n e d as 

E, = I- P(u^ + w2) dz (3.54) 
k -h 2 

i n w h i c h t h e o v e r b a r denotes a t i m e - a v e r a g e . S u b s t i t u t i o n o f (3.21) and 

(3,22) f o r u and w, and r e t a i n i n g o n l y terms p r o p o r t i o n a l t o a^ ( s o -

c a l l e d second-order t e r m s ) , we f i n d 

E = X P(Wa)2 (k t a n h kh)"'^ (3,55) 

T h i s r e s u l t i s based on t h e k i n e m a t i c p a r t o f t h e s o l u t i o n o n l y ; i t i s 

t h e r e f o r e v a l i d r e g a r d l e s s o f t h e dynamic s u r f a c e c o n d i t i o n . However, 

i f we r e s t r i c t o u r s e l v e s t o f r e e g r a v i t y s u r f a c e waves, we can use t h e 

d i s p e r s i o n e q u a t i o n ( 3 , 3 5 ) , i n w h i c h case (3.55) can be w r i t t e n as 

The t i m e - a v e r a g e d , v e r t i c a l l y i n t e g r a t e d p o t e n t i a l energy o f t h e waves 

per u n i t h o r i z o n t a l area i s d e f i n e d as 

~ r i 0 1 — 
E = f pgzdz - ƒ pgzdz = - pgn^ (3,57) 
P -h -h 2 

S u b s t i t u t i o n o f (3.7) f o r n y i e l d s 

E = i pga2 (3.58) 
P 4 

N o t i c e t h a t E = E . T h i s i s no c o i n c i d e n c e ; i t i s a g e n e r a l p r o p e r t y 
P k 

of f r e e waves ( i n t h e l i n e a r a p p r o x i m a t i o n ) . I n s t e a d o f f o l l o w i n g t h e 

r o u t e we have t a k e n , we c o u l d have e s t a b l i s h e d (3.55) and (3.58) f i r s t , 

a f t e r which t h e d i s p e r s i o n e q u a t i o n would f o l l o w f r o m e q u a t i n g E t o 
K 

E . T h i s i s R a y l e i g h ' s method, u s u a l l y a p p l i e d f o r c a l c u l a t i n g t h e 
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n a t u r a l f r e q u e n c i e s o f a v i b r a t i n g system. 

The t o t a l t i m e - a v e r a g e d , v e r t i c a l l y i n t e g r a t e d wave energy per u n i t 

h o r i z o n t a l area i s d e f i n e d as 

E = Ej^ + Ep (3.59) 

w h i c h g i v e s 

E = I pga2 = I pgH2 (3.60) 

_2 
The dimension o f E , E and E i s energy/area , o r Jm i n t h e 

P k 
i n t e r n a t i o n a l system o f u n i t s . 

We n e x t c o n s i d e r t h e energy t r a n s f e r t h r o u g h a v e r t i c a l p l a n e o f 

u n i t w i d t h , normal t o t h e p r o p a g a t i o n d i r e c t i o n ( t h u s , x = c o n s t ) , 

w h i c h extends f r o m b o t t o m t o s u r f a c e . Water p a r t i c l e s c r o s s i n g t h i s p i 

( a t a v e l o c i t y u) c a r r y k i n e t i c and p o t e n t i a l energy w i t h them " 

(•| p(u2 + w^) + Pgz per u n i t volume), and as t h e y c r o s s t h e p l a n e t h e 

p r e s s u r e ( p ) i s doing work on them ( a t a r a t e pu p e r u n i t a r e a ) . 

I t f o l l o w s t h a t t h e r a t e a t which energy i s t r a n s f e r r e d across a u n i t 

area o f t h e p l a n e x = c o n s t a n t i s g i v e n by 

{ p + pgz + |- p(u2 + w2)}u (3.61) 

The t i m e - a v e r a g e d , v e r t i c a l l y i n t e g r a t e d energy t r a n s f e r r a t e p e r 

u n i t w i d t h i s now d e f i n e d as 

P = { p + pgz + -| p(u2 + w^)} u dz (3.62) 

R e t a i n i n g o n l y second-order terms, t h i s can be a p p r o x i m a t e d as 

.0 
P = " (3.63) 

S u b s t i t u t i o n o f (3.21) , (3.49) and (3.50) g i v e s 

P = Enc - (3.64) 

i n w h i c h , by d e f i n i t i o n . 

" = I ^ sinh''2 kh < | ^ n ^ l ) (3.65) 

I n deep w a t e r , n = whereas i n s h a l l o w w a t e r , n = 1 (see Tab l e 1 

as a f u n c t i o n o f k h ) . 

The dimension o f P i s p o w e r / ( c r e s t ) l e n g t h , o r Wm i n t h e i n t e r n a ­

t i o n a l system o f u n i t s . 
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Example ( c o n t ' d ) 

Data: see page 3.9. 

To be d e t e r m i n e d : E and P. 

1 1 _ 3 _2 _2 

Answer: E = - pga^ = - (1035 kg m ) (9.8 ms ) ( 1 m)^ = 5.1 k J m . 

h/L = 0.1 -> Table -> n = 0.810 -> nc = (0.810) (8.9 ms"''') 
o 

= 7.2 ms"""" ̂  P = E n c = ( 5 . 1 k J m~^) (7.2 ms"''") = 36.8 k J s""'̂  m"''' 

= 36.8 kW m"'''. 

3,8. Wave t r a i n s and wave groups 

The p r e c e d i n g r e s u l t s w i l l now be used t o c a l c u l a t e t h e v e l o c i t y o f 

p r o p a g a t i o n o f a wave t r a i n , g e n e r a t e d by a p e r i o d i c d i s t u r b a n c e some 

f i n i t e t i m e ago, i n t o a r e g i o n o f calm. The t r a n s i t i o n zone between 

th e r e g i o n o f calm and t h e r e g i o n o f e s t a b l i s h e d wave m o t i o n i s c a l l e d 

t h e f r o n t o f t h e wave t r a i n . We want t o c a l c u l a t e i t s v e l o c i t y , denoted 

as ( f f o r " f r o n t " ) , 

The r e g i o n t o t h e r i g h t o f c r o s s - s e c t i o n I - I c o n t a i n s more energy a t 

t = t j ^ + At t h a n a t t = t ^ ^ t h e g a i n b e i n g ( p e r u n i t w i d t h ) : 

EAx = EU^ At (3,66) 
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I t has acquired t h i s a d d i t i o n a l energy as a r e s u l t of the energy 

t r a n s f e r through the c r o s s - s e c t i o n I - I i n time At, which equals 

P At (3.67) 

( p e r u n i t w i d t h ) . E q u a t i n g t h e two g i v e s 

U 
f 

P 

E 
(3.68) 

o r , u s i n g (3.64) 

(3,69) 

The c o n c l u s i o n i s t h a t t h e wave f r o n t t r a v e l s a t a speed P/E, o r nc, 

wh i c h i n g e n e r a l d i f f e r s f r o m t h e phase v e l o c i t y c. I n deep w a t e r , 

nc e q u a l s ~ c, o r gT/(47T) . I t i s t h e v e l o c i t y nc w h i c h s h o u l d be used 

i n c a l c u l a t i n g t h e a r r i v a l t i m e a t some l o c a t i o n o f waves fr o m a d i s t a n t 

d i s t u r b a n c e ( e . g . s w e l l f r o m a d i s t a n t s t o r m ) . 

The f a c t t h a t <c ( e x c e p t i n s h a l l o w w a t e r ) i m p l i e s an advance o f 

i n d i v i d u a l waves (wave c r e s t s ) t h r o u g h t h e wave t r a i n , r e l a t i v e t o t h e 

wave f r o n t . When such waves have a r r i v e d a t t h e f r o n t , t h e i r a m p l i t u d e 

goes t o zer o and t h e y l o s e t h e i r i d e n t i t y . 

So f a r , we c o n s i d e r e d t h e speed o f p r o p a g a t i o n o f a wave d i s t u r b a n c e 

i n t o a r e g i o n o f calm. However, t h e arguments and t h e r e s u l t s a p p l y 

e q u a l l y t o a d i s t u r b a n c e p r o p a g a t i n g i n t o a r e g i o n w i t h a p r e - e x i s t i n g 

wave m o t i o n . I n o t h e r words, d i s t u r b a n c e s ( m o d u l a t i o n s ) o f a wave f i e l d 

t r a v e l w i t h t h e v e l o c i t y nc. T h i s a p p l i e s a l s o t o t h e m o d u l a t i o n s i n 

wh i c h t h e a m p l i t u d e v a r i e s s l o w l y between a maximum and a minimum 

( p o s s i b l y z e r o ) , i n whic h case we speak o f wave groups. 

A p a r t i c u l a r k i n d o f wave groups i s o b t a i n e d by a d d i n g two p e r i o d i c 

wave systems o f s l i g h t l y d i f f e r e n t f r e q u e n c y and wavenumber, t r a v e l i n g 

i n t h e same d i r e c t i o n : 

n = + rig = s i n S^ + a^ s i n S^ (3.70) 

w i t h 

k^x , = u ^ t - kgx (3.71) 

The phase d i f f e r e n c e between t h e two systems i s 

6S = s^ - s^ = (Ów)t - ( 5 k ) x (3.72) 



i n which 

6to= « CO, and 6k = k„ - k <<k, (3.73) 

P o i n t s o f phase r e i n f o r c e m e n t (maximum a m p l i t u d e ) a l t e r n a t e w i t h p o i n t s 

o f phase c a n c e l l a t i o n (minimum a m p l i t u d e ) , as s k e t c h e d i n f i g u r e 3.5. 

F i g u r e 3.5 ( s o u r c e : Groen and D o r r e s t e i n , 1976) 

The v e l o c i t y o f p r o p a g a t i o n o f t h e groups, t h e s o - c a l l e d group v e l o c i t y , 

denoted by c , can be c a l c u l a t e d from t h e c o n d i t i o n o f c o n s t a n t phase 

d i f f e r e n c e between rî ^ and T]^: 

~(&S) + c -|-(ÖS) = 0 (3.74) 
ot g ox 

Using ( 3 . 7 2 ) , t h i s g i v e s 

S u b s t i t u t i o n o f t h e d i s p e r s i o n e q u a t i o n (3.35) and c a r r y i n g o u t t h e 

d i f f e r e n t i a t i o n g i v e s 

c = nc (3.76) 
g 

i n w h i c h t h e f a c t o r n i s t h e same one as i n ( 3 . 6 5 ) . I n o t h e r words, 

we see t h a t t h e group v e l o c i t y dco/dk, c a l c u l a t e d on t h e b a s i s o f p u r e l y 

k i n e m a t i c c o n s i d e r a t i o n s (as above) has t h e same v a l u e as t h e p r o p a g a t i o n 

v e l o c i t y P/E w h i c h was c a l c u l a t e d on t h e b a s i s o f energy c o n s i d e r a t i o n s . 

T h i s i s no c o i n c i d e n c e : a wave group can be c o n s i d e r e d as an energy 

p a c k e t . The energy i s where t h e group i s , o r v i c e v e r s a . I n what f o l l o w s 

we w i l l no l o n g e r make t h e d i s t i n c t i o n between t h e wave ( f r o n t ) p r o p a ­

g a t i o n v e l o c i t y and t h e group v e l o c i t y , b u t use t h e name and symbol 

(c ) o f group v e l o c i t y t h r o u g h o u t . The e q u a t i o n f o r t h e energy t r a n s f e r 
g 

r a t e (3.64) i s t h e n w r i t t e n as 

P = Ec (3.77) 
g 
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3.9. Damping o f waves by b o t t o m r e s i s t a n c e 

I n t h i s p a r a g r a p h , an e s t i m a t e w i l l be made o f wave damping by b o t t o m 

r e s i s t a n c e . (Damping by b o t t o m m o t i o n , o r by p e r c o l a t i o n i n t o a porous 

b o t t o m , o r by d i r e c t a c t i o n o f v i s c o s i t y i n t h e b u l k o f t h e w a t e r i s 

u s u a l l y l e s s s i g n i f i c a n t . ) 

D e n o t i n g t h e shear s t r e s s a t t h e b o t t o m by T̂ ,̂ and t h e p a r t i c l e v e l o c i t y 

j u s t o u t s i d e t h e t h i n b o t t o m boundary l a y e r by u^, we can express t h e 

average power d i s s i p a t e d p e r u n i t area (D) as 

D = T^n^ (3.78) 

Assuming a t u r b u l e n t boundary l a y e r , we w r i t e 

T = C pu I u I (3.7 9) 
b r b b 

i n w h i c h C i s a ( d i m e n s i o n l e s s ) r e s i s t a n c e c o e f f i c i e n t . I t i s a f u n c t i o n 
r 

o f t h e r a t i o o f p a r t i c l e d i s p l a c e m e n t a m p l i t u d e ( x ^ ) t o b o t t o m r o u g h ­

ness, and o f a boundary l a y e r Reynolds number. A t y p i c a l v a l u e o f C 

f o r f i e l d c o n d i t i o n s i s 10 

S u b s t i t u t i o n o f (3.79) and (3.21) i n t o (3.78) g i v e s 

Having e s t i m a t e d t h e power d i s s i p a t e d p e r u n i t a r e a , we now c a l c u l a t e 

t h e a m p l i t u d e decay w h i c h i s caused by t h a t d i s s i p a t i o n . To do t h a t , 

we c o n s i d e r t h e energy c o n t a i n e d i n a volume o f u n i t w i d t h , between 

two c r o s s - s e c t i o n s x = x^ and = x^ + 6x. The r a t e s o f energy t r a n s f e r 

t h r o u g h t h e s e c r o s s - s e c t i o n s are denoted by and Pg, where 

Pg ~ ^ 1 ^ dx "̂ ^̂  '̂ ^̂  d i f f e r e n c e (P^ - Pg) i s e q u a l t o t h e power d i s s i p a t e d 

o v e r t h e l e n g t h 6x, w h i c h e q u a l s d6X ( p e r u n i t w i d t h ) , so t h a t t h e 

energy balance becomes 

dP 
— + D = 0 (3.81) 
dx 

S u b s t i t u t i o n o f ( 3 . 8 0 ) , (3.64) and (3.60) g i v e s 

da 4 Wa 3 

P^°°^ d ^ 3? ^ r P ( ^ L S n d r > = 0 <3-«2) 

which can be w r i t t e n as 

^ + gdx = 0 (3.83) 
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i n w h i c h 3 i s a ( d i m e n s i o n a l ) c o n s t a n t g i v e n by 

& = ( w / s i n h kh )V(gnc) (3.84) 

o r , u s i n g ( 3 .8) and ( 3 . 3 5 ) , by 

3iT r n ( s i n h k h ) ^ (cosh kh) ^ • ^ 

F i n a l l y , i n t e g r a t i o n o f (3.83) y i e l d s 

which i n d i c a t e s a h y p e r b o l i c decay o f t h e a m p l i t u d e w i t h p r o p a g a t i o n 

d i s t a n c e . An a l t e r n a t i v e f o r m u l a t i o n o f (3.86) i s 

— = ( 1 + Ba. Ax)""""" (3.87) 
^ 1 ^ 

i n w h i c h a = a ( x ) , a^ = a ( x ^ ) and Ax = x - x^. T h i s shows t h a t t h e 

r e l a t i v e decay r a t e depends n o t o n l y on B, b u t a l s o on t h e i n i t i a l 

a m p l i t u d e : h i g h e r waves are damped more r a p i d l y ( r e l a t i v e t o t h e i n i t i a l 

v a l u e ) t h a n l o w e r waves. T h i s i s a consequence o f t h e assumed q u a d r a t i c 

b o t t o m shear s t r e s s law ( 3 . 7 9 ) . 

The damping c o n s i d e r e d here i s due t o b o t t o m r e s i s t a n c e ; t h e decay r a t e 

i s t h e r e f o r e i n c r e a s i n g w i t h d e c r e a s i n g r e l a t i v e d e p t h , as can a l s o 
4 -2 

be v e r i f i e d by i n s p e c t i o n o f (3.85) ^ C^h as kh -> 0 ) . 

Example ( c o n t ' d ) 

_ 2 

Data: T = 8 s,h = 10 m (as above); a, = 2 m, C = 1 0 , Ax = 3 km 
1 r 

To be d e t e r m i n e d : a a t x = x + Ax 
2 1 

S o l u t i o n : h/L = 0.1 Ta b l e s i n h kh = 1.006, cosh kh = 1.419, no 
= .810, kh = .886 -> k = 0.0886 m ~ ^ B= 2.9 x 10~^ m~^ -> Ba^AX = 0.17 ^ 
a = 2 m/1.17 = 1.70 m. 



h/L 
0 

h/L k h t a n h k h 

0 0 0 0 
.005 .02836 . 1782 .1761+ 
.010 .OU032 .2533 .21+80 
.015 .01+961+ .3119 .3022 
.020 .05763 .3621 .31+70 
.025 .061+78 .1+070 . 3860 
.030 .07135 .1+1+83 .1+205 
.035 . 0771+8 .1+868 .1+517 
.OilO .08329 .5233 .1+802 
.01+5 .08883 .5581 .5066 
.050 .091+16 .5916 .5310 
.055 .09930 .6239 .5538 
.060 . I0I+3 .6553 .5753 
.065 . 1092 .6860 .5951+ 
.070 .1139 .7157 .61̂1+ 
•SP .1186 .71+53 .6321+ 
.080 . 1232 .771+1 .61+93 
.085 .1277 .8026 .6655 
.090 .1322 .8306 .6808 
.095 .1366 .8583 .6953 
. 100 . 11+10 .8858 .7093 
.110 . 11+96 .91+00 .7352 
. 120 . 1581 .9936 .7589 
. 130 . 1665 1.0I46 .7801+ 
. II+O .171+9 1.099 .8002 
.150 .1833 1.152 .3183 

. 160 . 1917 I.20I+ ,831+9 
.2000 1.257 .8501 

. 180 .2083 1.309 .861+0 

.190 .2167 1.362 .8767 

.200 .2251 I.I+1I+ .8881+ 

.210 .2336 1.1+68 .8991 

.220 .21+21 1.521 .9088 
•230 ,2506 1.575 .9178 
.2lt0 .2592 1.629 .9259 
.250 .2679 1.683 .9332 
.260 .2766 1.738 .91+00 
.270 .2851+ 1.793 .9lt6l 
.280 .291+2 1.81+9 .9516 
.290 .3031 1.905 .9567 
.300 .3121 1.961 .9611 
.320 .3302 2.075 .9690 
.31*0 .31+68 2.190 .9753 
.360 .3672 2.307 .9801+ 
.380 .3860 2.1+25 .981+5 
.koo .1+050 2.51+1+ .9877 
.1*20 .1+21+1 2.665 .9901+ 
M o .1+1+31+ 2.786 .9921+ 
M o .1+628 2.908 .991+1 
M o . i+822 3.030 .9953 
.500 .5018 3.153 .9961+ 

Table 1. 
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s i n h k h cosh k h K 
s 

n 

0 1 cc 1 
.1791 1.0159 1.692 .9896 
.2560 1.0322 1.1+35 .9792 
.3170 1.01+90 1.307 .9690 
.3701 1.0663 1.226 .9588 
,1H8U I.O8I+O 1.168 .91+88 
.1+634 1.1021 1.125 .9388 
.5061+ 1.1209 1.092 .9289 
.5475 1.11+01 1.061+ .9192 
.5876 1.1599 1.0I+2 .9095 
.6267 1.1802 1.023 .8999 
.6652 1.2011 1.007 .8905 
.7033 1,2225 .9932 .8811 
.71+11 1 .21+1+7 .9815 .8719 
.7783 1.2672 .9713 ,8627 
.8162 1.2908 .9621+ .8537 
.8538 I.31I+9 .951+8 .81+1+8 
.8915 1.3397 .9I+8I .8360 
.9295 1.3653 .91+22 .8273 
.9677 1.3917 .9371 .8187 
1.006 1.1+187 .9327 .8103 
1.085 1.1+752 .9257 .7937 
1.165 1.5356 .920I+ .7776 
1.21+8 1.5990 .9169 .7621 
1.33l!- 1.667 .911+6 .71+71 
1.112I+ 1.7I+O .9133 .7325 
1.517 1.817 .9130 .7181+ 
I.61I+ 1.899 .9131+ .7050 

1.716 1.986 .911+5 .6920 
1.823 2.079 .9161 .6796 
1.935 2. 178 .9181 .6677 
2.055 2.285 .9205 .6563 
2.178 2.397 .9231 .61+56 
2.311 2.518 .9261 .6353 
2,1+50 2.61+7 .9291 .6256 
2.599 2.78I+ .9323 .6161+ 
2.755 2.931 .9356 .6076 
2.921 3.088 .9390 .5991+ 
3.097 3.251+ .91+23 .5917 
3.281+ 3.1+33 .91+56 .581+5 
3.483 3.62I+ .91+90 .5777 
3.919 I+.0I+5 .9553 .5655 
I+.I+I3 I+.525 .9613 .551+8 
I+.97I+ 5.072 .9667 .51+57 
5.609 5.697 .9717 .5380 
6.329 6.1+07 .9761 .5?ll+ 
7.1I+6 7.215 .9798 .5258 
8.075 8.136 .9832 .5212 
9.132 9.186 .9860 .5173 
10.32 10,37 .9885 .511+2 
11.68 11.72 .9905 .5115 
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5. D i f f r a c t i o n o f waves around b r e a k w a t e r s 

5.1. I n t r o d u c t i o n 

A wave t r a i n w h i c h meets an o b s t a c l e such as a breakv.'ater o r an o f f s h o r e 

p l a t f o r m may be r e f l e c t e d backward and i n l a t e r a l d i r e c t i o n s , b u t t h e wave 

c r e s t s can a l s o bend around t h e o b s t a c l e and t h u s p e n e t r a t e i n t o t h e zone 

t o t h e l e e o f t h e o b s t a c l e . T h i s phenomenon i s c a l l e d d i f f r a c t i o n . The degree 

o f d i f f r a c t i o n which o c c u r s depends on t h e r a t i o o f a c h a r a c t e r i s t i c l a t e r a l 

d i m ension o f t h e o b s t a c l e ( e . g . t h e l e n g t h o f a detached b r e a k w a t e r ) t o 

t h e w a v e l e n g t h . 

For c o a s t a l and h a r b o u r e n g i n e e r s , t h e phenomenon o f d i f f r a c t i o n i s i m p o r t a n t 

s i n c e i t d e t e r m i n e s t h e s h e l t e r a f f o r d e d by b r e a k w a t e r s and j e t t i e s . Sketches 

o f t h e wave c r e s t p a t t e r n are g i v e n below, f o r t h e d i f f r a c t i o n around a 

detached b r e a k w a t e r and f o r t h e d i f f r a c t i o n t h r o u g h a gap between two b r e a k ­

w a t e r s . The r e f l e c t e d waves are o m i t t e d i n these s k e t c h e s . 

The m a t h e m a t i c a l t h e o r y o f d i f f r a c t i o n i s o u t s i d e t h e scope o f t h i s c o u r s e . 

Only t h e assumptions and some r e s u l t s w i l l be mentioned h e r e , and a 

g r a p h i c a l approach t o t h e problem o f d i f f r a c t i o n around b r e a k w a t e r s w i l l be 

p r e s e n t e d which can be a p p l i e d i n cases o f r e l a t i v e l y s i m p l e geometry, as 

s k e t c h e d above. Cases o f c o m p l i c a t e d geometry, p a r t i c u l a r l y t h o s e i n v o l v i n g 

m u l t i p l e d i f f r a c t i o n s and r e f l e c t i o n s , r e q u i r e a s c a l e model o r a n u m e r i c a l 

m a t h e m a t i c a l model. These w i l l n o t be d e a l t w i t h h e r e . 
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5.2. Assumptions 

The assumptions made i n t h e m a t h e m a t i c a l t h e o r y are t h e same as t h o s e used 

i n t h e l i n e a r , p o t e n t i a l - f l o w t h e o r y f o r f r e e , t w o - d i m e n s i o n a l , p e r i o d i c , 

p r o g r e s s i v e g r a v i t y s u r f a c e waves, w i t h t h e e x c e p t i o n o f t h e t w o - d i m e n s i o n a l i t y , 

I n p a r t i c u l a r , i t i s s t r e s s e d t h a t t h e de p t h has been assumed c o n s t a n t . 

The o b s t a c l e around w h i c h t h e waves d i f f r a c t i s supposed t o e x t e n d v e r t i c a l l y 

f r o m t h e bo t t o m t h r o u g h t h e f r e e s u r f a c e , and t o be r i g i d and impermeable 

( w h i c h i m p l i e s t h a t i t i s f u l l y r e f l e c t i n g ) . 

The assumptions l i s t e d above a l l o w a s o l u t i o n f o r t h e v e l o c i t y p o t e n t i a l i n 

t h e f o r m 

J,/ f^a(x,y) cosh k ( h + z ) r ^ , \̂ ^. 
( j ) ( x , y , z , t ) = k s i n h kh cos{oJt-'F(x,y)i (5.1) 

w i t h an a s s o c i a t e d s u r f a c e e l e v a t i o n g i v e n by 

r i ( x , y , t ) = : a ( x , y ) s i n { t o t - ^ ( x , y ) } (5.2) 

The f r e q u e n c y w and t h e wavenumber k obey t h e d i s p e r s i o n e q u a t i o n ( 3 . 3 5 ) . 

The a m p l i t u d e a ( x , y ) and t h e phase *i'(x,y) are unknown f u n c t i o n s , t o be 

d e t e r m i n e d f r o m t h e g o v e r n i n g e q u a t i o n s and t h e boundary c o n d i t i o n s 

s p e c i f y i n g t h e i n c i d e n t waves ( u s u a l l y l o n g - c r e s t e d , c o n s t a n t a m p l i t u d e ) 

and t h e shape, s i z e and o r i e n t a t i o n o f t h e o b s t a c l e ( i n p l a n v i e w ) . The 

m a t h e m a t i c a l s o l u t i o n can be v i s u a l i z e d by p l o t s o f i s o l i n e s o f a ( x , y ) and 

1 ' ( x , y ) . The f o r m e r a re u s u a l l y p r e s e n t e d i n d i m e n s i o n l e s s f o r m , by p l o t t i n g 

i s o l i n e s o f t h e s o - c a l l e d d i f f r a c t i o n f a c t o r K^: 

V x , y ) = ^ ^ (5.3) 
00 

i n w h i c h a i s t h e a m p l i t u d e o f t h e i n c i d e n t waves where these a r e n o t 
oo * 

d i s t u r b e d by t h e o b s t a c l e . P l o t s o f i s o l i n e s o f H'(x,y) g i v e t h e c r e s t p a t t e r n , 

s i n c e a wave c r e s t i s t h e l o c u s o f p o i n t s which a t any i n s t a n t have t h e 

same phase. 

A n a l y t i c a l d i f f r a c t i o n s o l u t i o n s a r e a v a i l a b l e o n l y f o r o b s t a c l e s w i t h 

a h i g h l y i d e a l i z e d geometry, such as an e l l i p t i c a l o r c i r c u l a r c y l i n d e r , 

o r a s e m i - i n f i n i t e , s t r a i g h t s c r e e n . I n t h e l a t t e r case, t h e presence o f 

t h e s c r e e n ( o r b r e a k w a t e r ) can be expressed by t h e boundary c o n d i t i o n 

v = I I = 0 a t X>0 , Y = 0 (5.4) 
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where (X,Y) are c o o r d i n a t e s a l o n g t h e b r e a k w a t e r and normal t o i t . Eq, (5.4) 

i m p l i e s t h a t i n t h e m a t h e m a t i c a l model t h e sc r e e n o r b r e a k w a t e r i s o f z e r o 

t h i c k n e s s , s t r a i g h t , s e m i - i n f i n i t e i n e x t e n t , r i g i d and impermeable. The 

a p p l i c a b i l i t y o f t h e r e s u l t s f o r t h i s i d e a l i z e d r e p r e s e n t a t i o n t o d i f f r a c t i o n 

around r e a l b r e a k w a t e r s w i l l be d i s c u s s e d l a t e r ( p a r a g r a p h 5 . 7 ) . 

The s o l u t i o n t o t h e problem o f d i f f r a c t i o n o f a u n i f o r m wave t r a i n around 

a b r e a k w a t e r r e p r e s e n t e d by (5.4) was f i r s t g i v e n by Sommerfeld. A g r a p h i c c a l 

p r e s e n t a t i o n o f h i s s o l u t i o n w i l l be g i v e n i n t h e f o l l o w i n g p a r a g r a p h s , 

a f t e r a b r i e f d i s c u s s i o n o f t h e e f f e c t s o f r e f l e c t i o n . 

5.3. I n f l u e n c e o f r e f l e c t i o n 

The s o l u t i o n d e r i v e d by Sommerfeld c o n s i s t s o f t h e sum o f two t e r m s , w h i c h 

can be c o n s i d e r e d as t h e d i f f r a c t e d , i n c i d e n t wave f i e l d and t h e d i f f r a c t e d , 

r e f l e c t e d wave f i e l d , as s k e t c h e d below: 

An i n s p e c t i o n o f t h e two p a r t s o f t h e Sommerfeld s o l u t i o n shows t h e f o l l o w i n g 

p o i n t s : 

. The d i f f r a c t i o n o f t h e i n c i d e n t waves and t h a t o f t h e r e f l e c t e d waves 

are m a t h e m a t i c a l l y expressed by t h e same f u n c t i o n , t h e s o - c a l l e d F r e s n e l 

i n t e g r a l . 
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The a m p l i t u d e o f t h e d i f f r a c t e d , r e f l e c t e d waves i s r e l a t i v e l y s m a l l 

on t h e l e e s i d e o f t h e b r e a k w a t e r ( e x c e p t v e r y near t h e b r e a k w a t e r 

i t s e l f ) . 

The f i r s t o f t h e s e two p o i n t s suggests t h a t t h e d i f f r a c t i o n o f an 

a b r u p t l y c u t - o f f wave system has a u n i v e r s a l p a t t e r n . I f so, i t i s 

s u f f i c i e n t t o c o n s i d e r o n l y t h e d i f f r a c t e d i n c i d e n t waves t o s t u d y t h a t 

p a t t e r n . The second p o i n t i m p l i e s t h a t t h i s g i v e s a good a p p r o x i m a t i o n 

t o t h e a c t u a l s o l u t i o n i n t h e r e g i o n on t h e l e e s i d e o f t h e b r e a k w a t e r . 

For t h e reasons i n d i c a t e d above, o n l y t h e d i f f r a c t i o n o f t h e i n c i d e n t wave 

f i e l d w i l l be c o n s i d e r e d i n what f o l l o w s , w i t h n e g l e c t o f t h e r e f l e c t i o n . 

A g r a p h i c a l p r o c e d u r e w i l l be d e s c r i b e d w i t h which t h i s p a r t o f t h e s o l u t i o n 

can be o b t a i n e d . I t i s p o i n t e d o u t t h a t t h e same g r a p h i c a l p r o c e d u r e can 

be a p p l i e d t o t h e r e f l e c t e d waves i f t h i s i s c o n s i d e r e d necessary i n o r d e r 

t o o b t a i n t h e complete s o l u t i o n . I f t h e b r e a k w a t e r i s o n l y p a r t i a l l y 

r e f l e c t i n g , t h e second p a r t can be m u l t i p l i e d w i t h an a p p r o p r i a t e r e d u c t i o n 

f a c t o r ( t h e r e f l e c t i o n c o e f f i c i e n t ) b e f o r e i t i s added t o t h e f i r s t p a r t , 

r e p r e s e n t i n g t h e i n c i d e n t waves. (Note: t h e i s o l i n e s o f g i v e n i n t h e 

Shore P r o t e c t i o n Manual (CERC, 1975) are based on t h e complete Sommerfeld 

s o l u t i o n , i . e . w i t h 100% r e f l e c t i o n . ) 

5.4. Huygens' p r i n c i p l e 

The g r a p h i c a l p r e s e n t a t i o n o f t h e Sommerfeld s o l u t i o n can be e x p l a i n e d 

q u a l i t a t i v e l y by u s i n g Huygens' p r i n c i p l e , a c c o r d i n g t o whic h an adv a n c i n g 

wave f r o n t can be c o n s i d e r e d as a sequence o f e l e m e n t a r y wave s o u r c e s , 

each o f whic h r a d i a t e s energy i n a c i r c u l a r p a t t e r n . 

The wave d i s t u r b a n c e a t some p o i n t P can be d e t e r m i n e d by a d d i n g t h e 

c o n t r i b u t i o n s f r o m t h e v a r i o u s sources w h i c h can r e a c h i t . I f t h i s 

summation i s c a r r i e d o u t o v e r a l l t h e sources f r o m -«> t o +<», t h e 

u n d i s t u r b e d , i n c i d e n t wave m o t i o n i s r e c o v e r e d . I f a b r e a k w a t e r i s p r e s e n t , 

t h e summation i s c a r r i e d o u t o n l y o v e r t h o s e sources w h i c h can r e a c h P by 

f r o n t 
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wave r a y s , i . e . by s t r a i g h t l i n e s i f t h e d epth i s c o n s t a n t . T h i s e x p l a i n s 

why and how Huygens' p r i n c i p l e can be used i n d i f f r a c t i o n s t u d i e s . 

5.5. Cornu s p i r a l 

I t appears f r o m t h e above t h a t i t i s necessary t o c o n s t r u c t g r a p h i c a l l y t h e 

r e s u l t a n t o f a l a r g e number o f s i n u s o i d a l l y v a r y i n g q u a n t i t i e s , as i n 

n ( t ) = ? a. cos (wt + T.) (5-5) 
P J J J 

i n which t h e i n d e x j i n d i c a t e s t h e number o f an e l e m e n t a r y s o u r c e . 

At t i m e t = 0 , (5.5) reduces t o 

n (0) = ? a. cos . 
P 0 J J 

(5.6) 

The q u a n t i t y a^ cos can be r e p r e s e n t e d as t h e p r o j e c t i o n , on a r e f e r e n c e 

a x i s , o f a v e c t o r w i t h l e n g t h a^, e n c l o s i n g an a n g le w i t h t h e r e f e r e n c e 

a x i s : 

a^cosT^ 
r e f . a x i s 

i n t u r n can be o b t a i n e d c o n v e n i e n t l y by d r a w i n g t h e second v e c t o r 

f r o m t h e end p o i n t o f t h e f i r s t one, as shown i n t h e s k e t c h on t h e r i g h t . 

T h i s can be extended t o any number o f v e c t o r s . The r e s u l t f o r t?^0 can be 

o b t a i n e d by r o t a t i n g a l l v e c t o r s t h r o u g h an a n g le (jOt. T h i s o p e r a t i o n need 

n o t be c a r r i e d o u t ; i t i s s u f f i c i e n t t o r e a l i z e t h a t i t can be done, and 

t h a t t h e l e n g t h o f t h e r e s u l t a n t v e c t o r r e p r e s e n t s t h e a m p l i t u d e o f t h e 

sum i n (5 .5) . 



- 34 -

We now r e t u r n t o t h e case o f a s t r a i g h t i n c i d e n t wave f r o n t a p p r o a c h i n g 

a p o i n t P. I n absence o f any o b s t a c l e , t h e s i t u a t i o n i s symmetric about 

t h e normal on t h e f r o n t t h r o u g h P. The wave f r o n t i s d i v i d e d i n t o sources 

o f e q u a l s t r e n g t h , numbered j = l , 2 , 3 , . . . . t o t h e r i g h t o f t h e p r o j e c t i o n 

(P') o f P on t h e f r o n t , and j = - l , - 2 , - 3 , . . . . t o t h e l e f t o f p'. 

J__J 1 L 
1 2 3 

J J _ _ L _ J — i _ _ i _ a L 

IP 

f r o n t 

L e t t h e c o n t r i b u t i o n o f source 1 t o r i p ( t ) be r e p r e s e n t e d by a v e c t o r . 

Source 2 i s a t a g r e a t e r d i s t a n c e f r o m P, so t h a t i t s c o n t r i b u t i o n t o r | p ( t ) 

w i l l l a g i n phase b e h i n d t h e c o n t r i b u t i o n f r o m source 1 , and have a s m a l l e r 

a m p l i t u d e . The v e c t o r r e p r e s e n t i n g t h e second c o n t r i b u t i o n i s t h e r e f o r e 

r o t a t e d c l o c k w i s e w i t h r e s p e c t t o t h e v e c t o r f r o m source 1, and i t i s 

s h o r t e r . C o n t i n u i n g i n t h i s f a s h i o n t o t h e r i g h t o f P' , ( t o j=-H»), a 

sequence o f v e c t o r s i s o b t a i n e d o f m o n o t o n i c a l l y d e c r e a s i n g l e n g t h , r o t a t e d 

c l o c k w i s e w i t h r e s p e c t t o t h e p r e v i o u s one. I n t h i s 

"7. <-3 

manner a s p i r a l i s formed (a smooth c u r v e i n t h e l i m i t o f i n f i n i t e s i m a l 

s ource d i m e n s i o n s ) , whose l i m i t p o i n t c o r r e s p o n d s t o t h e sources a t +°°. 

The c o n t r i b u t i o n s f r o m t h e sources t o t h e l e f t o f P' ( t o j = -<») are 

o b t a i n e d by s i m p l y a d d i n g t h e m i r r o r image o f t h e s p i r a l about t h e p o i n t 

c o r r e s p o n d i n g t o P', The r e s u l t i s c a l l e d t h e Cornu s p i r a l . 
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The sum o f t h e c o n t r i b u t i o n s f r o m a l l t h e sources ( f r o m -oo t o +<») g i v e s 

t h e u n d i s t u r b e d , i n c i d e n t wave, w i t h r e s p e c t t o a m p l i t u d e ( a ^ ) as w e l l as 

phase. I n t h e Cornu s p i r a l , t h i s i s r e p r e s e n t e d by t h e v e c t o r drawn f r o m 

t h e l i m i t p o i n t "-oo" t o t h e l i m i t p o i n t "+oo". The l e n g t h o f t h i s v e c t o r 

r e p r e s e n t s a^, and i t s o r i e n t a t i o n r e p r e s e n t s t h e phase o f t h e i n c i d e n t wave 

a t P. 

I t can be seen t h a t t h r o u g h t h e p r o c e d u r e d e s c r i b e d above, t h e i n c i d e n t 

wave f r o n t , e x t e n d i n g f r o m -«> t o +°°, i s mapped o n t o t h e s p i r a l , w i t h a 

one-to-one correspondence between ( p o i n t ) sources on t h e f r o n t , as "seen" 

fr o m P, and t h e i r images on t h e s p i r a l . T h i s correspondence can be f o r m u l a t e d 

q u a n t i t a t i v e l y as f o l l o w s . 

L e t Q be an a r b i t r a r y p o i n t on t h e i n c i d e n t wave f r o n t , a t a known d i s t a n c e 

r ^ from P. I t s image on t h e Cornu s p i r a l f o r p o i n t P can be d e t e r m i n e d f r o m 

t h e phase d i f f e r e n c e between t h e c o n t r i b u t i o n s t o Hp from t h e sources a t P' 

and a t Q, which i s 

i n which y i s t h e d i s t a n c e (P' P ) . T h i s phase d i f f e r e n c e e q u a l s t h e a n g l e 

e n c l o s e d between t h e t a n g e n t s t o t h e Cornu s p i r a l i n t h e images o f P' and Q, 

denoted by P and Q. Thus, knowing rq, y and L, A¥p.Qcan be c a l c u l a t e d f r o m 

( 5 . 7 ) , and t h i s d e t e r m i n e s u n i q u e l y t h e p o i n t Q on t h e s p i r a l , knowing t h a t 

i t must be between P' and t h e l i m i t p o i n t "+«>" (see s k e t c h ) . 

I n p r a c t i c e , i t i s more c o n v e n i e n t t o work w i t h f r a c t i o n s o f c y c l e s , g i v e n 

by ( r - y ) / L , t h a n w i t h a n g l e s . For t h i s r e ason, a parameter W i s used, d e f i n e d 

by 

(5.8) 
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Values o f W have been p l o t t e d a l o n g t h e copy o f t h e Cornu s p i r a l p r o v i d e d 

w i t h t h e s e l e c t u r e n o t e s . (To a v o i d c l u t t e r i n g o f t h e f i g u r e , p o i n t s w i t h 

e q u a l d e c i m a l v a l u e o f W have been connected by dashed c u r v e s . ) To g i v e 

an example, c o n s i d e r a p o i n t R such t h a t r„-y = ^ L, o r w = T h i s means 
fv K 4 K 4 

t h a t A1'p^^= 7r/2, and t h a t R i s t h e f i r s t p o i n t on t h e s p i r a l between P' 

and "+«"• where t h e t a n g e n t t o t h e s p i r a l i s normal t o t h a t a t P . I t can be 

l o c a t e d as t h e p o i n t where W = 0.25. 

5,6. A p p l i c a t i o n t o s i n g l e b r e a k w a t e r 

The p r e c e d i n g r e s u l t s w i l l now be a p p l i e d t o d e t e r m i n e t h e wave a m p l i t u d e 

i n a p o i n t near a s i n g l e b r e a k w a t e r around w h i c h d i f f r a c t i o n o c c u r s , as 

sk e t c h e d below 

(1) A y- c o o r d i n a t e i s d e f i n e d i n t h e d i r e c t i o n o f p r o p a g a t i o n , w i t h i t s 

o r i g i n (y=0) i n t h e breakwaterhead Q, 

(2) The v a l u e o f W = ( r - y ) / L i s c a l c u l a t e d , where r i s t h e r a d i a l d i s t a n c e 

f r o m Q t o t h e p o i n t P c o n s i d e r e d , and y i s t h e y- c o o r d i n a t e o f P, 

(3) The image (Q) o f Q on t h e Cornu s p i r a l i s d e t e r m i n e d , u s i n g t h e v a l u e 

o f W c a l c u l a t e d i n ( 2 ) , t a k i n g c a r e t h a t Q i s i n t h e p r o p e r h a l f o f 

t h e s p i r a l ( i n t h e example shown, between P^ and "+oo") . 

(4) The v e c t o r sum i s d e t e r m i n e d o f t h e c o n t r i b u t i o n s f r o m a l l t h o s e sources 

o f t h e i n c i d e n t wave f r o n t w h i c h can r e a c h P v i a s t r a i g h t l i n e s ( w h i c h 

can be "seen" f r o m P ) , I n t h e example g i v e n , i t i s t h e v e c t o r drawn 

fr o m t h e l i m i t p o i n t "~<^" t o Q, The l e n g t h o f t h a t v e c t o r r e p r e s e n t s t h e 

wave a m p l i t u d e a t P, t o a s c a l e d e t e r m i n e d by t h e f a c t t h a t t h e d i s t a n c e 

between t h e two l i m i t p o i n t s r e p r e s e n t s a . 
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Example 

I \ 30° 

200 m '\^\ 

I 
\ 

200 m \ 

y = 

200 m 

(200 m) (cos 30°) = 174 m 

} w = ^ 

= 30°, L = 100 m, 

a = 3 m 

0.26 

Co 
"X Q (W = 0.26) 

A j T ^ r e s . 

(4 

r^ 

R e s u l t a n t = v e c t o r f r o m Q t o "+oo", w i t h l e n g t h 39 mm. D i s t a n c e between l i m i t 

p o i n t s i s 198 mm, which r e p r e s e n t s a^ = 3 m. Thus: 

39 P^ 198 
(3 m) = 0.58 m 

P„: r = (200 m) /2 = 283 m 

y = (200 m) (cos 30° + s i n 30°) = 274 m 
} W = = 0,09 

S (w = 0, 

r e s , 

)9) 

R e s u l t a n t = v e c t o r f r o m t o " + 0 ° " , w i t h l e n g t h 175 mm. Thus, 

174 

Pg 198 
(3 m) = 2,61 m 
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Note t h a t t h e image o f t h e breakwaterhead on t h e s p i r a l depends on t h e 

p o i n t o f o b s e r v a t i o n (P o r P ) . 

I f t h e procedure d e s c r i b e d above i s r e p e a t e d f o r a l l p o i n t s on a l i n e 

a c r o s s t h e l i n e s e p a r a t i n g t h e l e e zone f r o m t h e exposed zone ( t h e s o - c a l l 

shadow l i n e ) , t h e f o l l o w i n g p i c t u r e emerges: 

I n s t e a d o f a d i s c o n t i n u i t y i n wave a m p l i t u d e , w h i c h would e x i s t i f 

d i f f r a c t i o n d i d n o t occur (Kj^ = 0 a l o n g AB, = 1 a l o n g BC) , we see 

a smooth t r a n s i t i o n , w i t h a v a l u e K̂ ^ = 0.5 a l o n g t h e sh a d o w l i n e . I n s i d e 

t h e shadow zone t h e a m p l i t u d e decreases m o n o t o n i c a l l y w i t h i n c r e a s i n g 

d i s t a n c e f r o m t h e shadow l i n e , and i n t h e exposed zone i t o s c i l l a t e s 

i n c r e a s i n g l y r a p i d l y b u t w i t h d e c r e a s i n g amount around t h e v a l u e 1. 

The f i r s t and l a r g e s t maximum o f K̂ ^ i s a p p r o x i m a t e l y 1.17; i t o c c u r s 

f o r WsO.36. T h i s v a l u e o f W ( o r any o t h e r ) o c c u r s n o t i n one p o i n t o n l y , 

b u t i n a l o c u s o f p o i n t s which can be d e t e r m i n e d by n o t i n g t h a t r = WL+y, 

or 

x^ = (WL)^ + 2 WL y ( 5 . 
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w h i c h i s t h e e q u a t i o n o f a p a r a b o l a i f W = c o n s t . The 

shadow l i n e , where W = 0, i s a reduced p a r a b o l a . 

For completeness' sake, i t i s r e p e a t e d t h a t t h e p r o c e d u r e d e s c r i b e d above 

can a l s o be a p p l i e d t o t h e waves whi c h a re r e f l e c t e d o f f t h e b r e a k w a t e r . 

The r e s u l t a n t v e c t o r , p o s s i b l y reduced i n l e n g t h t o a l l o w f o r p a r t i a l 

r e f l e c t i o n , can be added t o t h e one r e p r e s e n t i n g t h e d i f f r a c t e d i n c i d e n t 

waves, a f t e r r o t a t i n g i t t h r o u g h a c e r t a i n a n g l e so as t o a c h i e v e t h a t 

b o t h r e s u l t a n t s have t h e same r e f e r e n c e phase a n g l e . The d e t a i l s o f t h a t 

o p e r a t i o n are n o t d e s c r i b e d h e r e . 

5.7. G e n e r a l i z a t i o n s 

The Sommerfeld t h e o r y o f d i f f r a c t i o n has been d e r i v e d on a c e r t a i n s e t o f 

assumptions, l i s t e d i n p a r a g r a p h 5.2. I n t h i s p a r a g r a p h we s h a l l r e v i e w 

t h e assumptions p e r t a i n i n g t o t h e b r e a k w a t e r , and p o i n t o u t how t h e s e can 

be r e l a x e d so as t o widen t h e f i e l d o f p r a c t i c a l a p p l i c a t i o n s . 

The t h i c k n e s s o f t h e s c r e e n , o r t h e w i d t h o f t h e b r e a k w a t e r , i s t h e o r e t i c a l l y 

z e r o . P r a c t i c a l l y , i t i s s u f f i c i e n t i f i t i s s m a l l r e l a t i v e t o t h e wave­

l e n g t h . W i t h i n t h a t f i n i t e w i d t h , t h e s i d e s need n o t be v e r t i c a l . 
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The r e f l e c t i o n was assumed t o be 100% i n t h e t h e o r y , b u t s i n c e i t s i n f l u e n c e 

i s r e l a t i v e l y s m a l l anyway i n t h e zone away from t h e area w h i c h i s d i r e c t l y 

exposed t o t h e r e f l e c t e d waves, t h i s c o n d i t i o n can be dropped. I n f a c t , i n 

t h e p r o c e d u r e d e s c r i b e d i n t h e p r e c e d i n g p a r a g r a p h , t h e r e f l e c t i o n i s 

n e g l e c t e d e n t i r e l y , and t h i s a p p r o x i m a t i o n i s b e t t e r as t h e a c t u a l r e f l e c t i o n 

c o e f f i c i e n t i s s m a l l e r . 

The b r e a k w a t e r i s t h e o r e t i c a l l y r i g i d . T h i s i s a f a i r l y r e a l i s t i c assumption 

f o r c o n v e n t i o n a l b r e a k w a t e r s t r u c t u r e s such as those o f t h e c a i s s o n - t y p e 

o r rubble-mound b r e a k w a t e r s . Needless t o say, t h e Sommerfeld t h e o r y cannot 

be a p p l i e d t o c o m p l i a n t b r e a k w a t e r s ( e . g . o f t h e f l o a t i n g t y p e ) s i n c e t h e s e 

t r a n s m i t wave energy t o t h e l e e zone by t h e i r own m o t i o n . A s i m i l a r s t a t e ­

ment a p p l i e s t o t h e p e r m e a b i l i t y . 

F i n a l l y , we c o n s i d e r t h e geometry o f t h e b r e a k w a t e r i n p l a n view. 

T h e o r e t i c a l l y , i t i s a s e m i - i n f i n i t e , s t r a i g h t l i n e . However, i n t h e a p p r o x i ­

m a t i o n g i v e n above, i n w h i c h t h e e f f e c t o f r e f l e c t i o n i s n e g l e c t e d , t h e v a l u e 

o f i n a p o i n t i s d e t e r m i n e d e x c l u s i v e l y by t h e v a l u e o f W, and by t h e 

f a c t whether t h e p o i n t i s i n s i d e o r o u t s i d e t h e shadow zone. The o r i e n t a t i o n 

o f t h e b r e a k w a t e r r e l a t i v e t o t h e i n c i d e n t waves does not a f f e c t K̂ .̂ I n t h i s 

a p p r o x i m a t i o n , t h e d i f f r a c t i o n i s p u r e l y an edge e f f e c t ( u s i n g a t e r m i n o l o g y 

f r o m d i f f r a c t i o n o f l i g h t waves around t h e edge o f a s c r e e n ) . I n o t h e r words, 

t h e a p p r o x i m a t i o n d e s c r i b e d i n p a r a g r a p h 5,6 would a p p l y t o t h e d i f f r a c t i o n 

o f a u n i f o r m i n c i d e n t wave f i e l d w h i c h i s somehow c u t o f f a b r u p t l y . T h i s 

makes i t p l a u s i b l e t h a t t h e b r e a k w a t e r which causes t h e c u t - o f f need n o t 

be s t r a i g h t , o r i n f i n i t e i n e x t e n t . I n f a c t , d i f f r a c t i o n around more t h a n 

one breakwaterhead can be d e s c r i b e d by t h e above method, a p p l i e d t o each 

head s e p a r a t e l y , p r o v i d e d i t i s s t i l l a r e a s o n a b l e a p p r o x i m a t i o n t h a t each 

breakwaterhead i s approached by a more o r l e s s u n i f o r m wave t r a i n . T h i s i s 

t h e case i f each b r e a k w a t e r h e a d i s i n t h e exposed zone, s u f f i c i e n t l y far­

away (say a few wavelengths o r more) f r o m t h e shadow l i n e s t h r o u g h t h e o t h e r 

b r eakwaterheads. 

Examples o f d i f f r a c t i o n around more t h a n one breakwaterhead have been 

g i v e n i n t h e s k e t c h i n p a r a g r a p h 5.1, showing a b r e a k w a t e r gap and a 

detached b r e a k w a t e r . The c a l c u l a t i o n o f t h e d i f f r a c t i o n t h r o u g h a gap 

w i l l be i l l u s t r a t e d i n t h e f o l l o w i n g . 



Example 

From known b r e a k w a t e r geometry, i n c i d e n t wave d i r e c t i o n and w a v e l e n g t h , 

and l o c a t i o n o f P, c a l c u l a t e 

Say ( f o r example) t h a t Ŵ. = 0.25 and Ŵ .̂ = 0.40. 

0.25) 

Q̂̂  (W= 0.40) 

R e s u l t a n t o f sources r e a c h i n g P = v e c t o r f r o m t o Qjj-» whic h appears 

t o have a l e n g t h o f 255 mm, so t h a t = 255/198 = 1.28. 

Note t h a t i n case o f d i f f r a c t i o n t h r o u g h a gap, t h e r e i s one p o i n t i n w h i 

i s g r e a t e r t h a n anywhere e l s e . I t i s d e t e r m i n e d by t h e l o n g e s t v e c t o r 

c o n n e c t i n g two p o i n t s o f t h e Cornu s p i r a l . I t o c c u r s f o r Ŵ. = Ŵ .̂ :̂  0.39, 

( i . e . , a t t h e i n t e r s e c t i o n o f two p a r a b o l a s o f W a 0.39, one f o r each 

b r e a k w a t e r h e a d ) , and t h e c o r r e s p o n d i n g K = K̂ , ^ 1.34. 
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4, N o n l i n e a r t h e o r i e s f o r waves I n c o n s t a n t d e p t h 

4.1. I n t r o d u c t i o n 

No e x a c t s o l u t i o n t o t h e e q u a t i o n s p r e s e n t e d i n c h a p t e r 2 has been 

found w h i c h would r e p r e s e n t p e r i o d i c , i r r o t a t i o n a l waves o f permanent 

form. T h i s i s due t o t h e n o n l i n e a r terms i n t h e f r e e s u r f a c e boundary 

c o n d i t i o n s . I n t h e l i n e a r a p p r o x i m a t i o n , these n o n l i n e a r terms were 

n e g l e c t e d e n t i r e l y . I n n o n l i n e a r t h e o r i e s , t h e y are t a k e n i n t o account 

by a p p r o x i m a t i o n . Numerous n o n l i n e a r t h e o r i e s have been developed, w i t h 

d i f f e r e n t methods and d i f f e r e n t degrees o f a p p r o x i m a t i o n . I n t h i s 

c h a p t e r , a b r i e f , m a i n l y q u a l i t a t i v e o v e r v i e w o f t h e s e i s p r e s e n t e d . 

A n o n l i n e a r t h e o r y f o r i r r o t a t i o n a l w a t e r waves was f i r s t developed 

by Stokes ( 1 8 4 7 ) . H i s t h e o r y , t o be d e a l t w i t h i n p a r , 4,2 below, i s 

i n p r i n c i p l e a p p l i c a b l e t o waves i n w a t e r o f a r b i t r a r y d e p t h r e l a t i v e 

t o t h e wavelength, b u t i t t u r n s o u t t h a t f o r s h a l l o w - w a t e r waves t h e 

r e s u l t s are r e a l i s t i c o n l y i f t h e wave h e i g h t i s e x c e e d i n g l y s m a l l . 

A second c a t e g o r y o f t h e o r i e s has been developed e s p e c i a l l y f o r 

s h a l l o w - w a t e r c o n d i t i o n s . These w i l l be c o n s i d e r e d i n paragraph 4,3. 

The t h e o r i e s r e f e r r e d t o above g i v e e x p l i c i t , a n a l y t i c a l e x p r e s s i o n s 

f o r t h e v a r i o u s c o e f f i c i e n t s needed i n t h e f o r m u l a t i o n . The s o - c a l l e d 

n u m e r i c a l t h e o r i e s g i v e a l g o r i t h m s t o e v a l u a t e t h e c o e f f i c i e n t s 

n u m e r i c a l l y f o r any g i v e n s p e c i f i c s e t o f i n p u t c o n d i t i o n s , A few o f 

these n u m e r i c a l t h e o r i e s w i l l be mentioned i n p a r . 4,4. 

The q u e s t i o n o f t h e v a l i d i t y o f t h e v a r i o u s t h e o r i e s i s t a k e n up i n 

p a r . 4.5. 

4.2. Stokes t h e o r y t 

Stokes (1847) employed a method o f s u c c e s s i v e a p p r o x i m a t i o n s , which 

can r o u g h l y be d e s c r i b e d as f o l l o w s . 

The r e s u l t s o f t h e l i n e a r t h e o r y are used t o f i n d a f i r s t a p p r o x i m a t i o n 

t o t h e n e g l e c t e d n o n l i n e a r t e rms. T a k i n g these i n t o a c c o u n t , c o r r e c t i o n s 

t o t h e f i r s t ( l i n e a r ) a p p r o x i m a t i o n o f t h e s o l u t i o n are d e t e r m i n e d . 
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W i t h t h e s e c o r r e c t e d a p p r o x i m a t i o n s o f t h e exa c t s o l u t i o n , a second 

a p p r o x i m a t i o n o f t h e n o n l i n e a r terms can be made, e t c . I f t h i s p r o c e s s 

converges, i t can i n p r i n c i p l e be c o n t i n u e d u n t i l t h e c o r r e c t i o n s 

become s u f f i c i e n t l y s m a l l . (A p r a c t i c a l l i m i t i s soon reached because 

t h e m a t h e m a t i c a l e x p r e s s i o n s become v e r y l e n g t h y as h i g h e r - o r d e r 

a p p r o x i m a t i o n s a r e worked o u t . ) 

A t y p i c a l l i n e a r t e r m i s p r o p o r t i o n a l t o a cos S o r a s i n S, i n which 

"a" i s t h e a m p l i t u d e o f t h e s u r f a c e e l e v a t i o n i n t h e l i n e a r a p p r o x i m a t i o n , 

and S = (jüt - kx i s t h e phase. Since t h e n o n l i n e a r terms c o n s i s t o f 

p r o d u c t terms such as u^, t h e f i r s t a p p r o x i m a t i o n t o these terms c o n s i s t s 

o f terms p r o p o r t i o n a l t o a^ cos^S = ^ a ^ ( 1 + cos ^ S ) , and s i m i l a r terms 

w i t h s i n S . The same i s t r u e o f t h e f i r s t c o r r e c t i o n t o t h e l i n e a r 

a p p r o x i m a t i o n o f t h e exa c t s o l u t i o n . C o n t i n u i n g i n t h i s manner, one f i n d s 

s u c c e s s i v e a p p r o x i m a t i o n s t o t h e exa c t s o l u t i o n i n t h e fo r m o f s u c c e s s i v e 

terms o f a power s e r i e s i n "a" (t e r m s p r o p o r t i o n a l t o a, a^, a^, e t c . ) . 

I f "a" i s s u f f i c i e n t l y s m a l l ( r e l a t i v e t o L and h ) , each h i g h e r - o r d e r 

t e r m w i l l be s m a l l compared t o t h e l o w e r - o r d e r t e r m s , and i f t h e n t h e 

s e r i e s i s t e r m i n a t e d a f t e r a few t e r m s , a u s e f u l a p p r o x i m a t i o n may have 

been o b t a i n e d . 

As mentioned above, t h e m a t h e m a t i c a l e x p r e s s i o n s o c c u r r i n g i n t h e 

h i g h - o r d e r a p p r o x i m a t i o n s become q u i t e l e n g t h l y . A p p l i c a t i o n o f t h e 

t h e o r y has been made e a s i e r by t h e p r e p a r a t i o n o f graphs and t a b l e s , 

such as those o f S k j e l b r e i a (1959) f o r t h e 3 r d o r d e r a p p r o x i m a t i o n , 

i n w h i c h a l l terms o f o r d e r 3 and l e s s r e t a i n e d and a l l o t h e r s a re 

n e g l e c t e d . 

I n t h e f o l l o w i n g , some o f t h e r e s u l t s w i l l be mentioned, m a i n l y i n a 

q u a l i t a t i v e sense.A few e q u a t i o n s o f t h e second o r d e r t h e o r y w i l l be 

p r e s e n t e d f o r purposes o f i l l u s t r a t i o n . 

S u r f a c e p r o f i l e . The 2nd-order e x p r e s s i o n f o r t h e s u r f a c e e l e v a t i o n can 

be w r i t t e n as 

r i(S) = cos S + fia cos S (4.1) 
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i n w h i c h 

- 1 , , (cosh k h ) ( 2 + cosh 2kh) 
Hz. ~ ïka^ • 

( s i n h kh)-

(4.2) 

(4.3) 

The r e f e r e n c e p o i n t S=0 has been chosen i n a wave c r e s t . A s k e t c h o f 

(4.1) i s g i v e n i n f i g u r e 4.1. 

- MWL (n = 0) 

F i g u r e 4.1. 

The p r o f i l e appears t o have c r e s t s w h i c h are n a r r o w e r and more peaked 

t h a n those o f a c o s i n e - p r o f i l e , and ughs whi c h are b r o a d e r and 

f l a t t e r . C o n sequently, t h e e l e v a t i o n o f t h e wave c r e s t s i s more t h a n 

one h a l f o f t h e waveheight above MWL, t h e excess b e i n g g i v e n by f^^ 

( t o second o r d e r ) . T h i s i s i m p o r t a n t f o r t h e c a l c u l a t i o n o f wave f o r c e s 

on s t r u c t u r e s i n s h a l l o w w a t e r , o r f o r t h e d e t e r m i n a t i o n o f t h e r e q u i r e d 

c l e a r a n c e between t h e deck o f a p l a t f o r m above t h e d e s i g n MWL ( t h e so-

c a l l e d " a i r - g a p " ) . 

The asymmetry n o t e d above can c l e a r l y be observed i n r e a l w a t e r waves. 

The measured p r o f i l e s appear t o be v e r y w e l l p r e d i c t e d by t h e Stokes 

2nd- o r 3 r d - o r d e r t h e o r y i n case o f deep-water waves, b u t t h e agreement 

g e t s worse f o r t h e more s h a l l o w - w a t e r c o n d i t i o n s . An i n d i c a t i o n f o r t h i s 

can be o b t a i n e d f r o m t h e t h e o r y i t s e l f , p a r t i c u l a r l y f r o m t h e r a t i o o f 

2nd-order a m p l i t u d e t o I s t - o r d e r a m p l i t u d e , w h i c h s h o u l d be s m a l l f o r 

t h e Stokes approach t o be v a l i d . I n deep w a t e r , t h i s r a t i o i s (see 

eqs. 4.2 and 4.3) 

^ 2 .jr H 
^ = i ka = ^ - (kh»l) 

2 L 
(4.4) 
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-\- • 
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which i s always s m a l l ( a p p r o x i m a t e l y 0.2 a t m o s t ) , because b r e a k i n g 

l i m i t s t h e p o s s i b l e steepness o f t h e waves. By c o n t r a s t , i n s h a l l o w 

w a t e r s a i d r a t i o becomes (see eqs. 4.2 and 4.3) 

^2 3 -3 
^ - (k h ) (ka) 32TT^ h 3 

10-2 ^ ^^^^^^^ 
(4.5) 

I f we r e q u i r e t]^ < 0.2f\^ t h e n t h e f o l l o w i n g i n e q u a l i t y must h o l d : 

h^ 
20 

(4.6) 

T h i s , i s a v e r y s t r i c t r e q u i r e m e n t on H/L s i n c e L » h i n s h a l l o w w a t e r . 

The r a t i o HL^/h^ i s o f t e n c a l l e d t h e U r s e l l number, denoted by U: 

- HL2 
U (4.7) 

I f U i s t o o l a r g e t h e n t h e Stokes s e r i e s d i v e r g e s . One i n d i c a t i o n 

o f t h i s i s t h e appearance o f a secondary maximum i n t h e wave t r o u g h , as 

sk e t c h e d below: 

0 "TT^ —-""^ 2ir 

T h i s i s n o t observed i n waves o f permanent f o r m . i f i t o c c u r s i n t h e 

t h e o r y ( w h i c h i s t h e case i f fia > , i t i s an i n d i c a t i o n t h a t t h e 

t h e o r y i s used o u t s i d e t h e l i m i t s o f i t s a p p l i c a b i l i t y . 

Measurements o f h i g h waves o f permanent f o r m i n s h a l l o w w a t e r show 

p r o f i l e s w i t h l o n g , f l a t t r o u g h s and narrow, peaked c r e s t s 

MWL 

1 1 1 ' 1111111 i n 1 1 I I 1 1 1 1 IJ 1 1 1 I I 1 1 1 1 I I 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 / 1 1 u I 

I f such p r o f i l e i s t o be r e p r e s e n t e d as a sum o f harmonic cos-terms 

(cos S, cos 2S e t c . ) t h e n many such terms would be r e q u i r e d . T h i s means 

t h a t t h e s e r i e s would have t o be e v a l u a t e d t o v e r y h i g h o r d e r . 

T h e r e f o r e , t h e Stokes s e r i e s would be i m p r a c t i c a l f o r these c o n d i t i o n s 

anyway, even i f i t d i d n o t d i v e r g e . 
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P a r t i c l e v e l o c i t i e s . I n t h e n o n l i n e a r a p p r o x i m a t i o n , t h e p a r t i c l e 

v e l o c i t i e s a r e no l o n g e r symmetric about t h e i r mean v a l u e ( w h i c h i s 

zero below t h e l e v e l o f t h e wave t r o u g h s , i n t h e r e f e r e n c e system 

chosen h e r e ) . The h o r i z o n t a l v e l o c i t i e s have an asymmetry whi c h i s 

q u a l i t a t i v e l y s i m i l a r t o t h a t o f t h e s u r f a c e e l e v a t i o n . Thus, t h e 

v e l o c i t y has g r e a t e r a b s o l u t e v a l u e under t h e c r e s t t h a n under t h e 

t r o u g h . T h i s can have a s i g n i f i c a n t i n f l u e n c e on t h e c a l c u l a t e d wave 

f o r c e s on p i l e s , p a r t i c u l a r l y i n s h a l l o w - w a t e r c o n d i t i o n s . The h i g h e r -

o r d e r terms i n t h e s e r i e s f o r t h e p a r t i c l e v e l o c i t i e s decrease more 

r a p i d l y w i t h d i s t a n c e below t h e s u r f a c e t h a n t h e l o w e r - o r d e r t e r m s . 

Near-bottom v e l o c i t i e s a r e f a i r l y w e l l p r e d i c t e d by l i n e a r t h e o r y . 

P a r t i c l e p a t h s . I n t h e l i n e a r t h e o r y , p a r t i c l e p a t h s were c a l c u l a t e d 

on t h e assumption t h a t t h e d i f f e r e n c e s i n v e l o c i t y o f t h e p a r t i c l e 

i t s e l f and t h a t i n i t s mean p o s i t i o n c o u l d be n e g l e c t e d . T h i s l e d t o 

a p a r t i c l e p a t h w h i c h was symmetric about t h e v e r t i c a l a x i s and about 

t h e h o r i z o n t a l a x i s . I n n o n l i n e a r t h e o r i e s , s a i d d i f f e r e n c e s a re n o t 

e n t i r e l y n e g l e c t e d . The r e s u l t i s a p a r t i c l e p a t h w h i c h i s no l o n g e r 

symmetric. The upper p a r t i s more s t r o n g l y c u r v e d t h a n t h e l o w e r p a r t , 

and - whi c h i s more s i g n i f i c a n t - t h e p a r t i c l e p a t h i s no l o n g e r 

c l o s e d , b u t a f t e r one wave p e r i o d t h e p a r t i c l e w i l l have e x p e r i e n c e d 

a n e t f o r w a r d advance, as s k e t c h e d below: 

Thus, t h e waves cause a n e t mass t r a n s p o r t ( r e l a t i v e t o our r e f e r e n c e 

system. A l t e r n a t i v e l y , we c o u l d have chosen a r e f e r e n c e system such 

t h a t t h e n e t , v e r t i c a l l y i n t e g r a t e d mass t r a n s p o r t would be z e r o . 

I n t h a t case, t h e p a r t i c l e s i n t h e l o w e r p a r t o f t h e v e r t i c a l p r o f i l e 

w ould have a backward n e t v e l o c i t y , and o n l y t h o s e i n t h e upper p a r t a 

f o r w a r d n e t v e l o c i t y . ) . To t h e 2nd o r d e r , t h e t i m e - a v e r a g e d v e l o c i t y 

o f a p a r t i c l e o f mean e l e v a t i o n z^, f o r deep-water c o n d i t i o n s , i s 

g i v e n by 

- 2k7 

u (z ) = ( k a ) (wa) e ° (kh»l) (4 .8) 
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I n i n t e r m e d i a t e depths and i n s h a l l o w w a t e r , t h e Stokes p r e d i c t i o n o f 

t h e mass t r a n s p o r t v e l o c i t i e s i s n o t r e a l i s t i c , w h i c h i s due t o t h e 

i n f l u e n c e o f v i s c o s i t y . (Note t h a t v i s c o u s e f f e c t s are r e s t r i c t e d t o a 

t h i n boundary l a y e r o n l y as f a r as t h e o s c i l l a t o r y p a r t o f t h e f l o w i s 

concerned.) A r e - a n a l y s i s o f t h e mass t r a n s p o r t i n w a t e r waves, i n c l u d i n g 

e f f e c t s o f v i s c o s i t y , has been g i v e n by L o n guet-Higgins ( 1 9 5 3 ) . 

Energy c o n t e n t and energy t r a n s f e r . I n t h e l o w e s t o r d e r o f a p p r o x i m a t i o n 
2 

t h e energy c o n t e n t (E) and energy t r a n s f e r r a t e are p r o p o r t i o n a l t o a , 
4 

The n o n l i n e a r c o r r e c t i o n s t o t h i s c o n s i s t o f terms p r o p o r t i o n a l t o a , 
6 

a , e t c . The t o t a l energy o f waves o f a g i v e n h e i g h t t u r n s o u t t o be l e s s 

t h a n t h a t p r e d i c t e d by t h e l i n e a r t h e o r y . T h i s can be seen w i t h o u t 

m a t h e m a t i c a l c a l c u l a t i o n s f o r t h e average p o t e n t i a l energy, wh i c h i s 
2 — 2 2 

eq u a l t o J pg r| . The r a t i o i l /H decreases as t h e p r o f i l e becomes more 
s p i k y . 

I n deep w a t e r , t h e n o n l i n e a r c o r r e c t i o n s t o E and P a r e s i g n i f i c a n t o n l y 

f o r a l m o s t - b r e a k i n g waves. They are more i m p o r t a n t i n s h a l l o w w a t e r , b u t 

i n t h a t case t h e Stokes s e r i e s i s n o t s u i t a b l e except f o r v e r y s m a l l 

r e l a t i v e wave h e i g h t s , as d i s c u s s e d above. 

D i s p e r s i o n e q u a t i o n and p h a s e v e l o c i t y . I n t h e 2nd-order Stokes approxima­

t i o n , t h e d i s p e r s i o n e q u a t i o n i s t h e same as i n t h e l i n e a r t h e o r y . I n t h e 

3 r d - o r d e r , a n o n l i n e a r c o r r e c t i o n t e r m appears, p r o p o r t i o n a l t o t h e square 

o f t h e wave steepness; i t s e f f e c t i s t o i n c r e a s e t h e phase v e l o c i t y , which 

t h e r e f o r e i n any d e p t h becomes n o t o n l y frequency-dependent b u t a l s o 

a m p l i t u d e - d e p e n d e n t . A l t h o u g h t h e c o r r e c t i o n i s r e l a t i v e l y s m a l l ( u s u a l l y 

a few % o n l y ) , i t can be s i g n i f i c a n t when d i f f e r e n c e s i n phase v e l o c i t y 

a r e r e l e v a n t , as i s t h e case i n wave groups. 

4.3. C n o i d a l t h e o r y 

An approach t o n o n l i n e a r waves i n s h a l l o w w a t e r has been developed by 

Boussinesq. The s o - c a l l e d Boussinesq e q u a t i o n s d e s c r i b e waves i n s h a l l o w 

w a t e r , w i t h some a l l o w a n c e f o r n o n - h y d r o s t a t i c p r e s s u r e , as would o c c u r 

under t h e c r e s t s , where t h e c u r v a t u r e i s r e l a t i v e l y s t r o n g even i f t h e 

w a v e l e n g t h i s much l a r g e r t h a n t h e d e p t h . Thus, s o l u t i o n s t o t h e Boussinesq 

e q u a t i o n s have some long-wave p r o p e r t i e s and some short-wave p r o p e r t i e s 

as w e l l . 
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The s o l u t i o n s o f t h e Boussinesq e q u a t i o n s r e p r e s e n t i n g p e r i o d i c waves 

o f permanent f o r m are d e s c r i b e d by means o f a m a t h e m a t i c a l f u n c t i o n w i t h 

t h e symbol "cn", f o r w h i c h reason such s o l u t i o n s a r e c a l l e d " c n o i d a l 

waves", and t h e c o r r e s p o n d i n g t h e o r y i s c a l l e d t h e " c n o i d a l t h e o r y " . 

A c t u a l l y , d i f f e r e n t approaches and d i f f e r e n t degrees o f a p p r o x i m a t i o n 

have been developed f o r c n o i d a l waves, so t h a t we cannot speak o f " t h e " 

c n o i d a l t h e o r y . I n what f o l l o w s , we mention some r e s u l t s o f t h e 

a p p r o x i m a t i o n used by Skovgaard e t a l . (1974) f o r t h e p r e p a r a t i o n o f t a b l e s . 

(Note: p a r t i c i p a n t s i n t h i s course a r e r e q u i r e d t o have a copy o f t h e s e 

t a b l e s . ) 

B e f o r e d e a l i n g w i t h s p e c i f i c s , two g e n e r a l remarks a re made. F i r s t , t h e 

c n o i d a l t h e o r y i s by i t s v e r y n a t u r e r e s t r i c t e d t o s h a l l o w - w a t e r c o n d i t i o n s , 

f o r w hich t h e c r i t e r i o n h/L < 0.1 ( o r T ( g / h ) ^ > 8) i s adopted. Second, 
° 2 3 

an i m p o r t a n t parameter i n t h e t h e o r y i s t h e U r s e l l number (U = HL /h , see 

eq. 4 . 7 ) . The c n o i d a l - t y p e o f m a t h e m a t i c a l f u n c t i o n s d e s c r i b i n g t h e 

s o l u t i o n f o r a r b i t r a r y v a l u e o f U reduce t o s i m p l e r forms i n t h e two 

l i m i t i n g cases U->-0 and U -̂ ô. The f i r s t o f t h e s e c o r r e s p o n d s t o H/h-> 0 

( s i n c e L/h >> 1 i n t h e c n o i d a l t h e o r y ) . The r e s u l t s i n t h i s case reduce 

t o t h o s e o f t h e l i n e a r t h e o r y f o r s h a l l o w w a t e r . The second l i m i t i n g case 

co r r e s p o n d s t o L/h-x» ( s i n c e H/h i s f i n i t e ; i n f a c t , i t has been assumed 

t h a t H / h « 1 ) . T h i s g i v e s r i s e t o s o - c a l l e d s o l i t a r y waves. 

S u r f a c e p r o f i l e . The shape o f t h e s u r f a c e p r o f i l e as p r e d i c t e d by t h e 

c n o i d a l t h e o r y depends on U o n l y (see f i g . 1 o f Skovgaard e t a l . 1 9 7 4 ) . 

For U"*'0 i t i s s i n u s o i d a l , as exp e c t e d (see abo v e ) . W i t h i n c r e a s i n g v a l u e 

o f U, t h e c r e s t s become n a r r o w e r and more peaked, and t h e t r o u g h s become 

l o n g e r and f l a t t e r . Values o f r| . /H have been t a b u l a t e d as a f u n c t i o n o f 
min 

U, fr o m w h i c h t h e r e l a t i v e c r e s t e l e v a t i o n n /H can be d e t e r m i n e d . P r e d i c t e d 
' max 

p r o f i l e s g e n e r a l l y agree f a i r l y w e l l w i t h measured p r o f i l e s . 

P a r t i c l e v e l o c i t i e s . I n t h e I s t - o r d e r c n o i d a l t h e o r y , t h e h o r i z o n t a l 

p a r t i c l e v e l o c i t y i s r o u g h l y p r o p o r t i o n a l t o t h e s u r f a c e e l e v a t i o n i n t h e 

same v e r t i c a l , and i t v a r i e s w i t h d i s t a n c e f r o m t h e b o t t o m as a second-

degree p a r a b o l a . Reference i s made t o Skovgaard e t a l . (1974) f o r 

f o r m u l a e f o r u and u . . 
max mm 
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Phase v e l o c i t y . The phase v e l o c i t y i n t h e c n o i d a l t h e o r y i s i n o r d e r -

of - magnitude g i v e n by (gh) , w i t h a s l i g h t decrease due t o t h e r e s t r i c t e d 

v a l u e o f t h e r a t i o o f wa v e l e n g t h t o w a t e r d e p t h (a frequency-dependent 

e f f e c t , as i n t h e l i n e a r t h e o r y f o r s h o r t waves) and a s l i g h t i n c r e a s e 

due t o t h e f i n i t e a m p l i t u d e (a n o n l i n e a r e f f e c t ) . 

P o t e n t i a l energy and energy t r a n s f e r . The average p o t e n t i a l energy p e r u n i t _ 
area (E , eq. 3.57) i s p r o p o r t i o n a l t o r\ . For a s i n u s o i d a l p r o f i l e , 

2^ 

T] = H / 8 . For a c n o i d a l p r o f i l e , whose shape depends on U, t h e r a t i o 
_ 2 2 

B = n /H i s a d e c r e a s i n g f u n c t i o n o f U. I t has been t a b u l a t e d by 

Skovgaard e t a l . (1974). 

To t h e l o w e s t o r d e r o f a p p r o x i m a t i o n , t h e energy t r a n s f e r r a t e i n a 

c n o i d a l wave i s c a l c u l a t e d f r o m (3 .63) , w i t h p^ g i v e n s i m p l y by t h e 

h y d r o s t a t i c a p p r o x i m a t i o n p^ = pgTl, and u by t h e l i n e a r long-wave 

e x p r e s s i o n u = cr\/h. T h i s g i v e s 

o ""2" 2 
P = p^ u dz 3 pgcn = B pgH c (4 .9) 

A c t u a l l y , p^ i s n o t h y d r o s t a t i c , and i t i s i n a b s o l u t e v a l u e l e s s t h a n 

pgn a t p o i n t s below MWL. T h e r e f o r e , (4 .9) o v e r e s t i m a t e s t h e energy 

t r a n s f e r r a t e . We s h a l l r e t u r n t o t h i s l a t e r . 

4.4. N u m e r i c a l t h e o r i e s 

The t h e o r i e s r e f e r r e d t o above y i e l d a n a l y t i c a l e x p r e s s i o n s f o r t h e 

c o e f f i c i e n t s a p p e a r i n g i n t h e assumed power s e r i e s f o r t h e v a r i o u s dependent 

v a r i a b l e s , t o t h e o r d e r o f a p p r o x i m a t i o n c o n s i d e r e d . The c o m p l e x i t y o f th e s e 

e x p r e s s i o n s i n c r e a s e s r a p i d l y w i t h i n c r e a s i n g o r d e r , f o r w h i c h reason 

h i g h - o r d e r a n a l y t i c a l a p p r o x i m a t i o n s a r e n o t f e a s i b l e . I t i s however 

p o s s i b l e t o d e v e l o p a l g o r i t h m s t o e v a l u a t e t h e c o e f f i c i e n t s n u m e r i c a l l y . 

I n t h i s manner, one can go t o v e r y h i g h o r d e r (e.g. 100) so as t o ex t e n d 

t h e range o f a p p l i c a b i l i t y o f t h e t h e o r y and t o i n c r e a s e t h e ac c u r a c y . 

T h e o r i e s i n w h i c h t h i s i s done are c a l l e d " n u m e r i c a l t h e o r i e s " . (Note t h a t 

t h i s name does n o t i m p l y a n u m e r i c a l s o l u t i o n o f t h e b a s i c d i f f e r e n t i a l 

e q u a t i o n , e.g. by f i n i t e - d i f f e r e n c e methods o r by f i n i t e element methods.) 

A well-known n u m e r i c a l t h e o r y i s t h e s o - c a l l e d s t r e a m f u n c t i o n t h e o r y 

developed by Dean (1965). I t s use has been made r e l a t i v e l y easy by t h e 

p r e p a r a t i o n and p u b l i c a t i o n o f t a b l e s (Dean, 1974). These t a b l e s have 

been made f o r e n g i n e e r i n g a p p l i c a t i o n s . Among o t h e r s , t h e y c o n t a i n d a t a 

f o r phase v e l o c i t y , p a r t i c l e v e l o c i t i e s and a c c e l e r a t i o n s , and wave f o r c e s 
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and moments on v e r t i c a l c y l i n d e r s . These q u a n t i t i e s have been t a b u l a t e d 

f o r 10 r e l a t i v e depths (h/L^ i n t h e range from 0.02 t o 2) and 4 r e l a t i v e 

wave h e i g h t s (H/H = i , è, f and 1, i n whic h H i s t h e maximum h e i g h t 
max ' max 

of a wave o f permanent f o r m o f g i v e n l e n g t h o r p e r i o d i n a g i v e n w a t e r d e p t h , 

as d i s c u s s e d i n par, 4 . 5 ) . 

C h a p l i n (1980) has developed an a l t e r n a t i v e v e r s i o n o f t h e s t r e a m f u n c t i o n 

t h e o r y which g i v e s g r e a t e r accuracy f o r t h e v e r y s t e e p waves. He compared 

h i s r e s u l t s and those g i v e n by Dean (1974) w i t h t h e v i r t u a l l y e x a c t 

t h e o r y by C o k e l e t (see b e l o w ) . Dean's t a b u l a t e d v a l u e s were c o n f i r m e d f o r 

th e l o w e r t h r e e v a l u e s o f H/H , b u t f o r H/H = 1 s i g n i f i c a n t d e v i a t i o n s 
max max 

were found ( e . g . , 30% e r r o r i n maximum p a r t i c l e v e l o c i t y ) . 

A d i f f e r e n t n u m e r i c a l t h e o r y has been g i v e n by C o k e l e t (1977) , who used 

r e c u r r e n c e r e l a t i o n s between c o e f f i c i e n t s o f d i f f e r e n t o r d e r so as t o e x t e n d 

th e s o l u t i o n t o v e r y h i g h o r d e r . I n a d d i t i o n , C o k e l e t used c e r t a i n 

m a t h e m a t i c a l t e c h n i q u e s t o improve t h e summation o f t h e r e s u l t i n g s e r i e s . 

I n so d o i n g he was a b l e t o c a l c u l a t e v a r i o u s wave p r o p e r t i e s t o an accuracy 

o f s e v e r a l d e c i m a l p l a c e s , even f o r t h e h i g h e s t p o s s i b l e waves, as was 

v e r i f i e d by comparison w i t h i n d e p e n d e n t l y developed t h e o r i e s f o r t h i s 

s p e c i a l case. I t appears t h a t f r o m a p r a c t i c a l p o i n t o f view. C o k e l e t ' s 

work can be r e g a r d e d as g i v i n g a v i r t u a l l y e x a c t s o l u t i o n t o t h e c l a s s i c a l 

problem o f p e r i o d i c , n o n l i n e a r , i r r o t a t i o n a l s u r f a c e g r a v i t y waves o f 

permanent f o r m . I f n o t h i n g e l s e , h i s r e s u l t s can be used as a s t a n d a r d 

o f comparison f o r v a r i o u s more ap p r o x i m a t e t h e o r i e s . C o k e l e t has p r e s e n t e d 

t a b l e s o f c e r t a i n phase-independent and average wave p r o p e r t i e s , b u t n o t 

of i n s t a n t a n e o u s v a l u e s such as p a r t i c l e v e l o c i t i e s and a c c e l e r a t i o n s , so 

t h a t use o f h i s t h e o r y i n e n g i n e e r i n g a p p l i c a t i o n s w i l l g e n e r a l l y r e q u i r e 

t h a t a ( f a i r l y complex) computer program be w r i t t e n . 

4,5, Regions o f v a l i d i t y 

B e f o r e t a k i n g up t h e q u e s t i o n o f t h e v a l i d i t y o f t h e v a r i o u s n o n l i n e a r 

t h e o r i e s , t h e r e g i o n i n which p e r i o d i c waves o f permanent f o r m can e x i s t 

i s d i s c u s s e d . 

W i t h i n c r e a s i n g wave steepness ( H / L ) , t h e r a t i o u /c i n c r e a s e s , where 
max 

u i s t h e p a r t i c l e v e l o c i t y a t t h e wave c r e s t . I t can reach t h e v a l u e 1, 
max ' 

which i s g e n e r a l l y t a k e n t o be t h e l i m i t i n g c o n d i t i o n f o r waves o f 

permanent f o r m . The c r e s t s become a n g u l a r i n t h i s l i m i t , w i t h an a n g l e o f 
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120°. The c o r r e s p o n d i n g l i m i t i n g steepness i s a f u n c t i o n o f t h e r e l a t i v e 

d e p t h ( h / L ) . The f o l l o w i n g a p p r o x i m a t e e x p r e s s i o n f o r t h i s r e l a t i o n s h i p 

has been d e r i v e d by Miche ( 1 9 4 4 ) : 

( f ) s 0.14 t a n h (4.10) 
L max L 

I n deep w a t e r t h i s reduces t o 

(-) =0.14 ( k h » 1 ) (4.11) 
L max 

I n t h i s l i m i t i n g case, t h e w a v e l e n g t h L i s about 10% l a r g e r t h a n i t i s i n 

2 

t h e l i n e a r a p p r o x i m a t i o n (gT /(2TT) . 

I n s h a l l o w w a t e r , (4.10) reduces t o 

( J ) s 0.89 (kh«l) (4.12) 
h max 

The r e g i o n i n t h e (h/L, H/L)-plane c o r r e s p o n d i n g t o v a l u e s o f H/L n o t 

e x c e e d i n g (H/L) i s t h e r e g i o n i n w h i c h waves o f permanent f o r m a r e 
max 

p o s s i b l e . A t t e m p t s have been made i n t h e p a s t t o d e l i n e a t e c e r t a i n sub-

r e g i o n s i n w h i c h c e r t a i n a p p r o x i m a t e s o l u t i o n s would be most v a l i d . 

The f o l l o w i n g p o i n t s a re n o t e d i n t h i s r e s p e c t : 

. From an academic p o i n t o f view, a d e l i n e a t i o n o f r e g i o n s o f v a l i d i t y 

o f a p p r o x i m a t i o n s i s h a r d l y r e l e v a n t a f t e r C o k e l e t p r e s e n t e d a v i r t u a l l y 

e x a c t s o l u t i o n . 

. There i s no unique answer t o t h e q u e s t i o n w h i c h a p p r o x i m a t i o n , o f any 

g i v e n s e t o f ap p r o x i m a t i o n s c o n s i d e r e d , i s most n e a r l y v a l i d f o r a 

g i v e n c o m b i n a t i o n o f H/L and h/L. The answer depends on t h e p a r a m e t e r s 

used i n t h e comparison (phase v e l o c i t y , maximum c r e s t e l e v a t i o n , e t c . ) . 

. From a p r a c t i c a l p o i n t o f view, t h e d e c i s i o n t o use one o r a n o t h e r 

a p p r o x i m a t i o n depends n o t o n l y on t h e accuracy w h i c h can be a c h i e v e d , 

b u t a l s o on t h e accuracy w h i c h i s needed, and t h e e f f o r t w h i c h can be 

made. I n t h i s c o n n e c t i o n , i t i s n o t e d t h a t t h e r e i s l i t t l e p o i n t i n 

a i m i n g a t an accuracy o f a few %, i f t h e i n p u t c o n d i t i o n s can be i n 

e r r o r by 10% o r 20%. 

I t i s c l e a r f r o m t h e above t h a t t h e r e i s no such t h i n g as " t h e b e s t " 

t h e o r y o r a p p r o x i m a t i o n f o r a g i v e n (H/L, h / L ) . T h e r e f o r e , a t most a few 

g e n e r a l g u i d e l i n e s can be g i v e n : 

. I f o n l y t h e o r i e s are c o n s i d e r e d w i t h p u b l i s h e d t a b l e s , t h e n t h e c h o i c e 

i s v i r t u a l l y r e s t r i c t e d t o t h e l i n e a r t h e o r y , t h e Stokes 3 r d - o r d e r 

a p p r o x i m a t i o n , t h e c n o i d a l I s t - o r d e r a p p r o x i m a t i o n , and Dean's s t r e a m 
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f u n c t i o n t h e o r y ( t h e l a t t e r o n l y f o r H/H > J ) . 
max — 

Of t h e s e , Dean's t h e o r y i s most w i d e l y a p p l i c a b l e . 

A h i g h e r - o r d e r a p p r o x i m a t i o n i s n o t n e c e s s a r i l y b e t t e r t h a n a l o w e r -

o r d e r one, because t h e s e r i e s used may be d i v e r g e n t . For i n s t a n c e , 

f o r l a r g e v a l u e s o f t h e U r s e l l number, t h e I s t - o r d e r Stokes t h e o r y 

( l i n e a r t h e o r y ) g i v e s a b e t t e r a p p r o x i m a t i o n o f p a r t i c l e v e l o c i t i e s 

t h a n does t h e 2nd-order o r 3 r d - o r d e r Stokes a p p r o x i m a t i o n . The same i s 

t r u e f o r c n o i d a l t h e o r i e s . 

N o n l i n e a r i t i e s are r e l a t i v e l y more i m p o r t a n t f o r l o c a l v a l u e s ( e . g . c r e s t 

e l e v a t i o n , maximum p a r t i c l e v e l o c i t i e s ) t h a n f o r o v e r a l l p r o p e r t i e s 

(phase v e l o c i t y , average energy c o n t e n t , e t c . ) . 

The r e l a t i v e magnitude o f n o n l i n e a r terms decreases w i t h i n c r e a s i n g 

d i s t a n c e below t h e f r e e s u r f a c e , 
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T h i s paper d e a l s w i t h the f o l l o w i n g a s p e c t s o f p e r i o d i c water waves b r e a k i n g 

on a plane s l o p e : b r e a k i n g c r i t e r i o n , b r e a k e r t y p e , phase d i f f e r e n c e a c r o s s 

the s u r f E o n e , b r e a k e r h e i g h t - t o - d e p t h r a t i o , run-up and s e t - u p , and r e f l e c t i o n . 

I t i s shown t h a t t h e s e a r e a p p r o x i m a t e l y governed by a s i n g l e s i m i l a r i t y p a r a ­

meter o n l y , embodying both the e f f e c t s o f s l o p e angle and i n c i d e n t wave s t e e p ­

n e s s . V a r i o u s p h y s i c a l i n t e r p r e t a t i p n s of t h i s s i m i l a r i t y parameter a r e g i v e n , 

w h i l e i t s r o l e i s d i s c u s s e d i n g e n e r a l terms from the v i e w p o i n t ot model-

prototype s i m i l a r i t y , 

F L O W PARAMETERS 

C o n s i d e r a r i g i d , p l a n e , impermeable s l o p e e x t e n d i n g t o deep water or t o 

water of c o n s t a n t depth from which p e r i o d i c , l o n g - c r e s t e d waves ai'e approaching. 

The wave c r e s t s a r e assumed t o be p a r a l l e l to the depth c o n t o u r s . 

The motion w i l l be assumed t o be determined w h o l l y by the s l o p e angle a, 

the s t i l l water diepth d and the i n c i d e n t wave h e i g h t H a t the toe of the s l o p e , 

the wave p e r i o d T, t h e a c c e l e r a t i o n of g r a v i t y g, the v i s c o s i t y u and the mass 

d e n s i t y p of the water; g, ij and p a r e assumed to be c o n s t a n t s . F f ^ e c l s ot surfaci 

t e n s i o n and c o m p r e s s i b i l i t y a r e i g n o r e d . 

Le t X be any d i m e n s i o n l e s s dependent v a r i a b l e , then 

X = f ( a , , ̂  ^ Rt,) 

i n which Re i s a t y p i c a l Reynolds number, and 

( 1 ) 

( 2 ) 
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I . e . the deep-watrjr wavelengit"! of s m a l l - a m p l i t u d e s i n u s o i d a l , l o n g c r a s t e d 

g r a v i t y s u r i a c e wave.s w i t h p e r i o d T. The r a t i o H / L Q i s d wave s t e e p n e s s , 

i f we d e f i n e t h i s parameter I n a g e n e r a l i z e d sense aa the r a t i o of a wave 

he i g h t t o a wave l e n g t h . 

V a r i a t i o n s I n the flow rei|ime are brought about mainly by v a r i a t i o n s of 

a and H / L Q , f o r t l i e Reynolds number i s u s u a l l y l a r g e r than some minimum v a l u e 

above which v a r i a t i o n s i n i t s a c t u a l v a l u e do not s i g n i f i c a n t l y a f f e c t the 

r e s u l t a n t motion, w h i l e f o r waves b r e a k i n g on the s l o p e , the v a l u e of the 

r e l a t i v e depth i n f r o n t of the s l o p e i s not important e i t h e r ; t h i s i s w e l l 

e s t a b l i s h e d f o r the r e l a t i v e run-up [ 7 ] and the r e f l e c t i o n c o e f f i c i e n t [l'i], 

f o r i n s t a n c e . So, i n summary one can say t h a t f o r waves b r e a k i n g on the s l o p e 

( 1 ) r e d u c e s to 

X : ^ ; f ( a . Ü-) , ( 3 ) 

w h i l e i t w i l l be shown i n the f o l l o w i n g t h a t f o r many o v e r a l l - p r o p e r t i e s 

of the b r e a k i n g waves ( 3 ) reduces f u r t h e r to 

X ;̂  f(£) . C») 

i n which C i s a s i m i l a r i t y par'ameter, d e l i n e d by 

5 = ? . ( 5 ) 

( H / L ^ ) i 

To the a u t h o r ' s knowledge, t h i s pdrameter was f i r s t used by I r i b a r r e i i and 

Nogales [ 8 ] , f o r determinitig whether wave b r e a k i n g would o c c u r . I t s moi-e 

g e n e r a l u s e f u l n e s s i n the context of s u r f problems wds suggt-sted by Bowen 

e t a i [ 3 ] , 

FhOW CHARACTLKISTTOS DLTKKMINLD BY ThC SIMILARITY PARAMETER K 

Break ici^ c r i t e r i on 

I r i b c i r r e n and Nogdles [8] h^ive g i v e n an expr^cssion f o r the c o n d i t i o n at which 

the t r a n s i t i o n o c c u r s between non-breaking and b r e a k i n g of waves approaching 

a s l o p e w h i c h i s plane in the neighboui-hood of the s t i l l - w a t e r l i n e . They use 

tJie shdIlow-wuTer rr'oclioidal theory f o r uniform, progresLïive wav^-.s. Accor d i n g 
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to t h i s theur'y, progi'esslve waves a r e at the l i m i t of s t a b i l i t y I f t h e i r ' 

amplitude (^H) e q u a l s the mean depth ( d ) . Thus, de n o t i n g the c o n d i t i o n of 

i n c i p i e n t b r e a k i n g by the index " c " . 

The depth d^ a t which t h i s would o c c u r i s equated by I r i b a r r e n and Nogales 

t o the mean u n d i s t u r b e d depth i n the one-quarter wavelength a d j a c e n t to the 

s t i l l - w a t e r l i n e , o r 

= i ( i t a n a^) = i t a n . ( 7 ) 

The wavelength i s c a l c u l a t e d as T^ /gd^, so t h a t 

^ c = ï ï ^ c ' ^ " ^ c • 

E l i m i n a t i o n of d^ between ( 6 ) and ( 8 ) g i v e s 

(T/g/H t a n a ) ^ = ^t/J ( 9 ) 

o r , s u b s t i t u t i n g ( 2 ) and r e a r r a n g i n g , 

5 = ( H l L i ! ) = — - 2.3 . ( 1 0 ) 

Laboratory experiments by I r i b a r r e n and Nogales and o t h e r s [ 8 , 13] have 

confirmed the v a l i d i t y of ( 1 0 ) , w i t h tlie p r o v i s o t h a t 5 2.3 corresponds to 

a regime about halfway between complete r e f l e c t i o n and complete b r e a k i n g . 

T h i s q u a n t i t a t i v e agreement i s c o n s i d e r e d to be for'tuitous because one can 

r a i s e v a l i d o b j e c t i o n s a g a i n s t the d e r i v a t i o n s on s e v e r a l s c o r e s . These pei-tain 

to the n u m e r i c a l e s t i m a t e s used by I r i b a r r e n and Mogales, r a t h e r than t o the 

approach as such. For i n s t a n c e , the l i m i t i n g h e i ght f o r waves i n s h a l l o w water 

i s given by ( 5 ) as twice the depth, which i s u n r e a l i s t i c . A height-to-depth 

r a t i o of order one seems more r e a s o n a b l e . The author has elsewhere [3] suggested 

more r e a l i s t i c v a l u e s f o r the var'ious n u m e r i c a l f a c t o r s in ( 6 ) , ( 7 ) and ( b ) , 

which however happened to y i e l d e x a c t l y the c r ' i t e r i o n ( 9 ) a g a i n . Even s o , i tie 

f a c t t h a t ( 9 ) i s c o r r e c t not only q u a l i t a t i v e l y but a i s o q u a n t i t a t i v e l y i s s t i l l 
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c o n s i d e r e d t o be Hoiiiewhat f o r t u i t o u s , because d e r i v a t i o n s such as these can be 

u s e f u l t o r I n d i c a t i n g the form i n which the r e s p e c t i v e v a r i a b l e s a r e t o be 

combined, but they cannot i n g e n e r a l be expected t o g i v e cori'ect q u a n t i t a t i v e 

p r e d i c t i o n s . 

The d e r i v a t i o n g i v e n by l^' i b a r r e n and Nogales su g g e s t s a p h y s i c a l i n t e r ­

p r e t a t i o n of the parameter 4, at l e a s t i f wave br e a k i n g o c c u r s (4 < 4 ^ ) . C o n s i d e r 

the l o c a l s t e e p n e s s of the b r e a k i n g waves. T h e i r c e l e r i t y i s p r o p o r t i o n a l to 

( g d ) ^ , t h e i r wavelength to T ( g d ) ^ , and t h e i r s t e e p n e s s to H / ( T ( g d ) ^ ) , or to 

(H/gT^)^, s i n c e H/d i s of o r d e r one t o r waves b r e a k i n g i n s h a l l o w water. Tlius, 

the parameter ^, g i v e n by 

( X I ) t; - —' — — — • 2 

i s roughly p r o p o r t i o n a l t o the r a t i o of the tangent of The s l o p e angle ( t h e 

s l o p e " s t e e p n e s s " ) to the l o c a l s t e e p n e s s of the b r e a k i n g wave. The c r i t e r i o n 

f u r b r e a k i n g g i v e n by I r i b a r r e n and Nogales can t h e r e f o r e be s a i d to imply 

t h a t i n c i p i e n t bi'eaking corresponds to a c r i t i c a l v a l u e of t h i s r a t i o . 

b r e a k e r t y p e s 

So f a r the parameter ^ has been c o n s i d e r e d only i n the context of a b r e a k i n g 

c r i t e r i o n ^ t h a t i s , as an a i d i n answering the q u e s t i o n wliet tier wave b r e a k i n g 

w i l l o c c u r . However, i t a l s o g i v e s an i n d i c a t i o n of how the waves break. The 

main types are s u r g i n g , c o l l a p s i n g , plungitig and s p i l l i r i g b r e a k e r s [ 9 , 15, ^ ] . 

These occur i n the o r d e r of i n c r e a s i n g wave s t e e p n e s s and/or d e c r e a s i n g s l o p e 

a n g l e . The t r a n s i t i o n from one b r e a k e r type to another i s of course g r a d u a l . The 

v a l u e s o i a and H/L^ mentioned i n what f o l l o w s should be c o n s i d e r e d as i n d i c a t i n g 

the oi'der of magnitude only of the v a l u e s i n the t r - a n s i t i o n ranges. 

G a l v i n [hJ has presentt^d c r i t e r i a r e g a r d i n g breaker types ifi terms ot an 
2 

" o f f s h o r e pai'amcier" '"^Q'^^'-Q t i " ^ which i s a deep-woier wave height 

C d l c u l d t e d from the moti'">n of the g e n e r a t o r bulkhead and the water depth, and 

2 

an " i n s h o r e par-ameter" H^/tgT i d n u ) . The indtrx "b" r e l e r s to v a l u e s at the 

break pointy which i s taken to be the most seaward l o c a t i o n wtiert' some point 

of the wave f r o n t i s v e i ' t i c d l , o r , i t t t i i s does not o c c u i \ the l o c a t i o n where 

foam f i r ' s t appeal's at the c r e s t . 
- 2 
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r e f e r s t o deep water (wave h e i g h t ) . C o n v e r t i n g the c r i t i c a l v a l u e s of the 

o f f s h o r e parameter g i v e n by G a l v i n t o v a l u e s of C Q g i v e s 

s u r g i n g or c o l l a p s i n g i f 5^ > 3.3 

p l u n g i n g i f 0.5< E Q < 3-3 

s p i l l i n g i f C Q < 0.5 

These r e s u l t s a r e based on experiments on s l o p e s of 1:5, 1:10 and 1:20. 
2 

The i n s h o r e parameter used by G a l v i n , Hj_^/(gT t a n o ) , i s not e q u i v a l e n t 

t o the parameter C . used h e r e . However, a r e - a n a l y s i s o f G a l v i n ' s d a t a i n 

terms of = (Hj^/L^) ^ tan a showed t h a t the c l a s s i f i c a t i o n of b r e a k e r s as 

plunging or s p i l l i n g c ould be performed e q u a l l y w e l l w i t h as w i t h G a l v i n ' s 

i n s h o r e parameter ( I J . The f o l l o w i n g approximate t r a n s i t i o n v a l u e s were found: 

s u r g i n g or c o l l a p s i n g i f 

p l u n g i n g i f 

s p i l l i n g i f 

The p o s s i b i l i t y of u s i n g a parameter e q u i v a l e n t t o as a b r e a k e r type 

d i s c r i m i n a t o r has a l s o been noted by G a l v i n i n a more r e c e n t review of breaker' 

c h a r a c t e r i s t i c s [ 5 ] . 

Phase d i f f e r e n c e a c r o s s the s u r f z o n e 

Not only the form of a b r e a k i n g wave v a r i e s w i t h ^, but the d i s t a n c e of the 

break p o i n t from the mean water l i n e as w e l l . T h i s d i s t a n c e , e x p r e s s e d i n wave­

l e n g t h s , i s e s t i m a t e d a t roughly (.d^ cot o ) / ( j T /gdj^) 0.8 Ej^ , where we have 

put Hj^ ;̂  d^. O b s e r v a t i o n s by the author on s l o p e s between 1:3 and 1:25, w i t h 

C - v a l u e s from 0.15 t o 1.9, have i n d i c a t e d t h a t h i s e s t i m a t e i s q u a l i t a t i v e l y 

c o r r e c t , but t h a t i t i s roughly 20% too h i g h . With s p i l l i n g breakers' t h e r e a r e 

a t l e a s t two b r e a k i n g or broken waves i n the s u r f zone s i m u l t a n e o u s l y . T h i s 

number ranges from z e r o to two f o r plunging b r e a k e r s . C o l l a p s i n g b r e a k e r s occur 

almost a t the i n s t a n t a n e o u s water's edge, so t h a t t h e r e i s a t most one of t h e s e 

p r e s e n t a t any one time. Reference should be made i n t h i s c o n n e c t i o n to Kemp f l O l . 

who p o i n t s out t h a t the t o t a l phase d i f f e r e n c e a c r o s s the s u r f zone i s i n d i c ­

a t i v e of the type of wave motion, and ot the c o r r e s p o n d i n g e q u i l i b r i u m p r o i i l e 

«b ' 

O.U < < 2.0 

5, < 0.. 
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of sand or s h i n g l e beaches. 

B r e a k e r h e i g h t - t o - d e p t h r a t i o 

The r a t i o of wave h e i g h t tO|Water depth a t b r e a k i n g i s an important 

parameter of the s u r f zone; i t i s here denoted by the symbol y. : 

( 1 2 ) 

The depth d^ i s here d e f i n e d as the s t i l l - w a t e r depth a t the break p o i n t . 

Values of g e n e r a l l y range between 0.7 and 1.2. Bowen e t a l [3] suggest 

t h a t nay be a f u n c t i o n of 5^ o n l y . The d a t a p r e s e n t e d by them a r e g i v e n i n 

f i g . 1. I n a d d i t i o n , d a t a have been p l o t t e d from I v e r s e n [ 9 ] , from Goda [ 6 ] , 

and from unpublished r e s u l t s o b t a i n e d by the p r e s e n t author. 

I t can be observed t h a t the r e s u l t s from Bowen e t a l [3] form a s e p a r a t e group, 

o u t s i d e the range of the o t h e r s . The reason f o r t h i s i s not known. The o t h e r 

p o i n t s i n f i g . 1 show a weak t r e n d w i t h C Q . For v a l u e s of C Q l e s s than about 

0,2, i n the range of s p i l l i n g b r e a k e r s , they a r e s c a t t e r e d about a v a l u e of 

0.8, w h i l e t h e r e i s a slow i n c r e a s e w i t h f o r h i g h e r v a l u e s . 

The s c a t t e r i n the r e s u l t s may p a r t l y be due t o the f a c t t h a t f o r t h i s 

purpose the independent v a r i a b l e s H / L Q and a cannot adequately be combined i n 

the s i n g l e parameter C . However, even the v a l u e s of presented by v a r i o u s 

a u t h o r s f o r the same v a l u e s of a and H / L ^ show c o n s i d e r a b l e s c a t t e r . T h i s i s 

undoubtedly to some e x t e n t due to the d i f f i c u l t i e s and a m b i g u i t i e s i n h e r e n t 

i n d e f i n i n g ( e x p e r i m e n t a l l y ) and measuring b r e a k e r c h a r a c t e r i s t i c s . Another 

f a c t o r c o n t r i b u t i n g to the s c a t t e r may be the o c c u r r e n c e of p a r a s i t i c h i g h e r -

harmonic f r e e waves which a r e o f t e n i n a d v e r t e n t l y generated along w i t h the 

intended wave t r a i n . The secondai'y waves a f f e c t the b r e a k i n g p r o c e s s i n a mariner 

depending on the phase d i f f e r e n c e w i t h the primary wave, which i n t u r n depends 

(among other-s) on the d i s t a n c e from the wave g e n e r a t o r . T h i s d i s t a n c e i s not 

commonly intr^oduced as an independent v a r i a b l e , so t h a t any e f f e c t s which i t 

may have on the r e s u l t s can appear as unexplained s c a t t e r . 

• Set-up, run-up and run-down 

The set-up i s d e f i n e d as the wave-induced height of the mean l e v e l of 

the water s u r f a c e above the u n d i s t u r b e d water- l e v e l . T h e o r e t i c a l and e x p e r i m e n t a l 
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r e s u l t s 111, 3) i n d i c a t e t h a t the g r a d i e n t of the aet-up I n the s u r f zone on 

g e n t l y s l o p i n g beaches i s p r o p o r t i o n a l t o the beach s l o p e ; t he c o e f f i c i e n t o f 

p r o p o r t i o n a l i t y i s a f u n c t i o n of y, the average h e i g h t - d e p t h r a t i o of the waves 

i n the s u r f zone. The maximum set-up I s roughly e q u a l t o 0.3 y H^. 

The run-up h e i g h t R i s d e f i n e d as the maximum e l e v a t i o n o f the w a t e r l l n e 

above the un d i s t u r b e d water l e v e l . A s i m p l e and r e l i a b l e e m p i r i c a l formula f o r 

the run-up h e i g h t of waves b r e a k i n g on a smooth s l o p e has been g i v e n by Hunt 

[71. I t can be w r i t t e n as 

R 

= C f o r 0.1 < 5 < 2.3 ( 1 3 ) 
H 

An i n v e s t i g a t i o n by B a t t j e s and Roos [ 2 ] of some d e t a i l s of the run-up of 

b r e a k i n g waves on di k e s l o p e s (1:3, 1:5, 1 : 7 ) , such as the mean v e l o c i t y o f 

advance, p a r t i c l e v e l o c i t i e s , l a y e r t h i c k n e s s and so on, has shown t h a t many 

of t h e s e parameters a r e f u n c t i o n s of C only i f no r m a l i z e d i n terms of the 

i n c i d e n t wave c h a r a c t e r i s t i c s . 

Measurements of the run-down h e i g h t R^ (minimum e l e v a t i o n of the w a t e r l l n e 

above the u n d i s t u r b e d water l e v e l ) a r e v e r y s c a r c e , and, i f a v a i l a b l e , not v e r y 

a c c u r a t e s i n c e run-down i s r a t h e r i l l - d e f i n e d e x p e r i m e n t a l l y . An a n a l y s i s of 

the measurements by B a t t j e s and Roos [ 2 ] , supplemented w i t h u n p u b l i s h e d d a t a 

gathered f o r t h i s s t u d y , has i n d i c a t e d t h a t i n the e x p e r i m e n t a l range 

( c o t a = 3,5,7,10; 0.02 < H/L^ < 0,09; 0.3 < C < 1.9) t h e run-down h e i g h t R^ 

i s roughly e q u a l to (1 - 0.4 OR^. I n o t h e r words, the r a t i o of the v a r i a b l e 

p a r t of the v e r t i c a l motion of the w a t e r l l n e ( R ^ - R^) t o the maximum e l e v a t i o n 

above S.W.L. i s approximately O.H £. I t has a maximum v a l u e of about 1 f o r waves 

i n the t r a n s i t i o n from non-breaking to b r e a k i n g , and d e c r e a s e s w i t h d e c r e a s i n g 

i. For very s m a l l C the set-up c o n s t i t u t e s the g r e a t e r p a r t of the run-up h e i g h t . 

R e f l e c t i o n and a b s o r p t i o n 

The r e l a t i v e amount of wave energy t h a t can be r e f l e c t e d o f f a s l o p e i s 

i n t i m a t e l y dependent on the b r e a k i n g p r o c e s s e s and the a t t e n d a n t energy d i s s i ­

p a t i o n . Because of t h i s , and i n view of the f a c t t h a t t h e s e p r o c e s s e s appear 

to be governed to such a l a r g e e x t e n t by the parameter 5, I t i s n a t u r a l t o t r y 

to r e l a t e the i - e f l e c t l o n c o e f f i c i e n t to 

The r e f l e c t i o n c o e t f l c i e r i t r i s d e f i n e d as the r a t i o of the amplitude of 

the r e f l e c t e d wave to tlie amplitude of the i n c i d e n t wave. The e s t i m a t i o n of r 
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on a s l o p e g e n e r a l l y t a k e s p l a c e a c c o r d i n g to a procedure g i v e n by MIche [13] 

who assumes t h a t the r e f l e c t e d wave h e i g h t e q u a l s the maximum h a l g h t p o s s i b l e 

f o r a non-breaking wave of the gi v e n p e r i o d on the gi v e n s l o p e ; i n o t h e r words, 

o n l y the energy c o r r e s p o n d i n g t o the h e i g h t I n e x c e s s of the c r i t i c a l h e i g h t 

i s assumed to be d i s s i p a t e d . T h i s g i v e s 

^ W c 

"ô ô 
i f t h i s I s l e s s than 1 

(m) 
= 1 o t h e r w i s e , 

i n which (.H^/L^)^ i s the c r i t i c a l s t e e p n e s s f o r the onset of b r e a k i n g , f o r 

which Miche u s e s an e x p r e s s i o n d e r i v e d p r e v i o u s l y by him ( 1 2 ] . The index " t h " 

r e f e r s to " t h e o r e t i c a l " . The a c t u a l r e f l e c t i o n c o e f f i c i e n t w i l l be s m a l l e r than 

"^th ^° e f f e c t s of v i s c o s i t y , roughness, and p e r m e a b i l i t y . Miche recommends 

a m u l t i p l i c a t i o n f a c t o r of 0.8 f o r smooth s l o p e s . 

Miche's assumption r e g a r d i n g the r e f l e c t i o n c o e f f i c i e n t can be ex p r e s s e d 

i n terms of C and I r i b a r r e n and Nogales' b r e a k i n g c r i t e r i o n . S u b s t i t u t i o n of 

( 5 ) i n t o ( 1 4 ) g i v e s 

2 
r ^ j ^ = (t/£^) i f t h i s i s l e s s than 1 

( 1 5 ) 

= 1 o t h e r w i s e , 

i n which £^ i s the c r i t i c a l v a l u e of C f o r the onset of b r e a k i n g , as 

d i s t i n g u i s h e d from the v a l u e g i v e n by I r i b a r r e n and Nogales f o r the con­

d i t i o n halfway between the onset of b r e a k i n g and complete b r e a k i n g ( t ^ ^ 2 . 3 ) , 

f o r which the r e f l e c t i o n c o e f f i c i e n t i s about 0.5 [ 7 , 8 ] . So ( 1 5 ) becomes 

r ;̂ 0.1 i f t h i s i s l e s s than 1 

( 1 6 ) 

= 1 o t h e r w i s e 

An e x t e n s i v e s e r i e s o f measurements o f the r e f l e c t i o n c o e f f i c i e n t of pl a n e 

s l o p e s has r e c e n t l y been p r e s e n t e d by Moraes [ l U ] , H i s r e s u l t s f o r s l o p e s w i t h 

tan a = 0.10, 0.15, 0.20 and 0.30 have been r e p l o t t e d i n terms of r vs 5 i n f i g . 2. 

The e x p e r i m e n t a l p o i n t s f o r the fou r s l o p e s more or l e s s c o i n c i d e w i t h each o t h e r 

and w i t h the curve r e p r e s e n t i n g eq. ( 1 6 ) f o r Ï < 2.5, I . e . as long as the waves 

break. For C < 2.5 they d i v e r g e , g e n t l e r s l o p e s g i v i n g l e s s r e f l e c t i o n than 

s t e e p e r s l o p e s ( a t the same v a l u e of t ) . 
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GENtRAL COMMENTS REGARDING THE PARAMETER £ 

In the p r e c e d i n g paragraphs examples have been g i v e n of a number o f 

c h a r a c t e r i s t i c s u r f parameters f o r the d e t e r m i n a t i o n of which i t i s not 

n e c e s s a r y to s p e c i f y both a and H/L^, but only the combination tan a/(.H/L^)^. 

I t may be u s e f u l to summarize them h e r e : a b r e a k i n g c r i t e r i o n , the b r e a k e r 

t y p e , the b r e a k e r h e i g h t - t o - d e p t h r a t i o , the number of waves i n the s u r f zone, 

the r e f l e c t i o n c o e f f i c i e n t ( t h e r e f o r e a l s o the d i s c r i m i n a t i o n between p r o g r e s ­

s i v e waves and s t a n d i n g w a v e s ) , and t h e r e l a t i v e importance of set-up and 

run-up. They have been c o l l e c t e d i n T a b l e 1 . C h a r a c t e r i s t i c v a l u e s o f 5 a r e 

given I n the upper row of the t a b l e . Each o f the f o l l o w i n g rows i n d i c a t e s how 

one of the parameters j u s t mentioned v a r i e s w i t h t . 

The r e c o g n i t i o n of the p o s s i b i l i t y t h a t s e v e r a l p r o p e r t i e s can r o u g h l y 

be e x p r e s s e d as f u n c t i o n s of £ alone c o n t r i b u t e s t o a more u n i f i e d u n d erstanding • 

of the phenomena i n v o l v e d . Such u n d e r s t a n d i n g would be deepened by f u r t h e r i n ­

s i g h t i n the n a t u r e of the parameter C i t s e l f . One i n t e r p r e t a t i o n has a l r e a d y 

been mentioned i n the p r e c e d i n g , when i t was observed t h a t C I s a pproximately 

p r o p o r t i o n a l to the r a t i o of the tangent of the s l o p e angle t o the s h a l l o w - w a t e r 

wave s t e e p n e s s . Also,C ^ had been seen to be approximately p r o p o r t i o n a l to the 

number of wavelengths w i t h i n the s u r f zone. T h i s i s i n e s s e n c e e q u i v a l e r i t -to 

s a y i n g t h a t E, i s approximately p r o p o r t i o n a l t o the r e l a t i v e depth change a c r o s s 

one wavelength i n the s u r f zone. T h i s I n t e r p r e t a t i o n i s o b v i o u s l y r e l e v a n t to 

the dynamics of the b r e a k i n g waves, p a r t i c u l a r l y w i t h r e g a r d to t h e i r r a t e of 

deformation. I t makes i t p l a u s i b l e t h a t t i s of importance, but i t does not 

prove t h a t C s e r v e s as the s o l e determining f a c t o r f o r the ( s u i t a b l y n o r m a l i z e d ) 

parameters of the s u r f . Indeed, t h e r e a r e v a l i d arguments which throw doubt on 

t h i s p o s s i b i l i t y of f u l l s i m i l a r i t y . I n t h i s r e g a r d i t i s u s e f u l t o c o n s i d e r two 

s i t u a t i o n s of d i f f e r e n t s l o p e angle and wave s t e e p n e s s as a prototype and a 

d i s t o r t e d s c a l e model t h e r e o f . I t i s w e l l known t h a t F r e u d i a n model-prototype 

s i m i l a r i t y can be obtained even i n d i s t o r t e d models, p r o v i d e d the assumption of 

h y d r o s t a t i c p r e s s u r e d i s t r i b u t i o n i s v a l i d both i n the prototype and i n the model. 

P e r t i n e n t s c a l e r a t i o s (X) a r e given i n Table 2, e x p r e s s e d i n terms of the 

h o r i z o n t a l and v e r t i c a l g e o m e t r i c a l s c a l e s and the s c a l e of the g r a v i t a t i o n a l 

a c c e l e r a t i o n ( u n i t y ) . 
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V a r i a b l e Symbol S c a l e r a t i o 

h o r i z o n t a l l e n g t h 1 \ 
depth d ^d 

g r a v i t y a c c e l e r a t i o n g X = 1 
g 

bottom s l o p e t a n a X.. = x.x "• 
t a n o d i 

wave h e i g h t H 
*H ' ''d 

wave l e n g t h L ^L = \ 

wave c e l e r i t y c;^; ( g d ) ^ 
^ c 

wave p e r i o d T = L / C 

T a b l e 2 - S c a l e r a t i o s f o r a d i s t o r t e d long-wave model. 

S i n c e C i s d e f i n e d as 

t = ( f ^ ) ^ t a n a 9 

i t s s c a l e r a t i o i s 

= •x„ x"^ X 
T H tan a 

which becomes, u s i n g t he v a l u e s g i v e n i n T a b e l 2, 

= (X ̂ x - ^ ) ( x - i ) ( x ^ x ; ^ ) = 1 . 

1 

( I B ) 

( 1 9 ) 

I n o t h e r words, a d i s t o r t e d long-wave model which i s d y n a m i c a l l y s i m i l a r 

t o i t s prototype n e c e s s a r i l y has the same 5 as t h i s p r o t o t y p e . C o n v e r s e l y , 

a d i s t o r t e d wave-model w i t h t he same v a l u e of c as i t s prototype i s s i m i l a r 

t o t h i s prototype i f the p r e s s u r e d i s t r i b u t i o n In both I s h y d r o s t a t i c . T h i s 

I s not the c a s e i n b r e a k i n g waves i n s h a l l o w w a t e r , where some e f f e c t s of the 

v e r t i c a l a c c e l e r a t i o n s must be taken i n t o account due t o the f a c t t h a t t he 

s u r f a c e c u r v a t u r e I s l o c a l l y s t r o n g . Thus, the e x i s t e n c e of s i m i l a r i t y o f the 
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s u r f i n d i s t o r t e d models l a not proved, and must be doubted to the extant 

t h a t d e v i a t i o n s from the long-wave approximations have a s i g n i f i c a n t e f f e c t . 

Such e f f e c t s a r e c e r t a i n t o be of importance f o r the d e t a i l s of the l o c a l 

flow p a t t e r n s , but t h i s I s not n e c e s s a r i l y the c a s e f o r o v e r a l l p r o p e r t i e s of 

the s u r f . The f i n a l check on t h i s j m u s t o f course be obtained e m p i r i c a l l y . 

I n t h i s r e g a r d i t appears j u s t i f i e d to draw the c o n c l u s i o n from the data 

p r e s e n t e d above t h a t the f a c t o r C i s a good i n d i c a t o r of many o v e r a l l proper­

t i e s of the s u r f zone, and may indeed be c a l l e d a s i m i l a r i t y parameter. The 

importance of t h i s parameter f o r so many a s p e c t s of waves b r e a k i n g on s l o p e s 

appears t o j u s t i f y t h a t i t be g i v e n a s p e c i a l name. I n the a u t h o r ' s o p i n i o n 

i t i s a p p r o p r i a t e to c a l l i t the " I r i b a r r e n number" (denoted by " I r " ) , i n 

honor of the man who i n t r o d u c e d i t and who has made many o t h e r v a l u a b l e 

c o n t r i b u t i o n s t o our knowledge of water waves. 
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F i g u r e 2 - R e f l e c t i o n c o e t t i c i e n t v s . t h e s i m i l a r i t y p a i - a m e t e r . 


