
Nonlinear imaging condition and the effect of source illumination:
Imaging fractures as nonwelded interfaces

Shohei Minato1 and Ranajit Ghose1

ABSTRACT

Fluid flow through a fractured reservoir is often controlled by
the large fractures. Seismically imaging these large fractures has
the potential to illuminate their hydraulic properties. We derived
a nonlinear imaging condition considering a medium containing
nonwelded interfaces such as fractures for high-resolution frac-
ture imaging. This was achieved by using the general correla-
tion-type representation theorem relating the wavefield between
two different states representing different fracture compliances.
We numerically tested the imaging condition to investigate the
effect of the nonlinear term and that of the one-sided source
illumination. Assuming a dry fracture, we calculated the wave-
field from a nonwelded interface. We obtained a P-wave imag-
ing result from P-wave sources. In the case of perfect source

illumination, we found that introducing the nonlinear term in the
imaging condition enhances the image because the nonwelded
interface is imaged as a thin layer in an otherwise homogeneous
medium. Investigating the effect of one-sided illumination by
horizontally aligned sources revealed interesting limitations and
possibilities. The imaging result for a horizontal fracture showed
a volumetric distribution of nonzero amplitudes around the
polarity change at the fracture that can be misinterpreted as a
welded thick layer boundary. However, when the fracture was
not horizontal, the imaging result was quite good and was closer
to that with a perfect source illumination. These led to a new
possibility of imaging subvertical fractures from surface seismic
measurements, or subhorizontal fractures from vertical seismic
profiling data, assuming that we successfully estimated the per-
turbed wavefield from the receiver responses.

INTRODUCTION

Seismic detection and characterization of large fractures are
important because they dominate the hydraulic properties of a frac-
tured reservoir (e.g., Aydin, 2000). Successful seismic applications
are currently based on investigation of fracture-induced anisotropy
using the effective medium theory with long-wavelength assump-
tion (e.g., Bakulin et al., 2000). When the seismic wavelength is
relatively short compared with the size of the target fractures, an
incident wave generates scattered waves and the effective medium
theory cannot be used. However, despite the wavelength being still
too long to delineate the geometry of an individual fracture surface,
the seismic scattering from a fracture can be approximated by a non-
welded interface boundary condition; e.g., a linear-slip boundary
across which the stress is continuous but the displacement is dis-
continuous (e.g., Schoenberg, 1980; Pyrak-Nolte et al., 1990;
Wapenaar et al., 2004). There are other models (e.g., Liu et al.,

2000) representing a single fracture; e.g., the thin-layer model or
the model using microstructures (distribution of small cracks and
contacts). We consider a nonwelded interface because this can re-
present the thin layers and microstructures in an average sense (e.g.,
Baik and Thompson, 1984; Hudson et al., 1997).
In this intermediate scale of seismic wavelength, Willis et al.

(2006) and Fang et al. (2013) use scattered waves to obtain the
spatial orientation and distribution of aligned multiple fractures.
More recently, Minato and Ghose (2013, 2014) show that it is
possible to obtain further details of the individual fractures from
seismic scattering. They propose an approach to characterize the
spatially heterogeneous elastic compliance along the fracture plane
through wavefield extrapolation. The spatial heterogeneity along a
fracture is the key determinant for fracture-associated hydraulic
properties. This approach requires information on the position of
fractures and hence a method to image the fractures with a high
resolution.
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Fleury and Vasconcelos (2012) and Ravasi and Curtis (2013)
propose a nonlinear imaging condition for high-resolution imaging
of a boundary of contrasting acoustic or elastic constants. In this
case, the imaging condition is a nonlinear function of the perturbed
wavefield, in which the perturbed wavefield is defined as the differ-
ence between the total wavefield (in the true medium) and the
background wavefield (in the reference medium). This new imaging
condition allows achieving higher resolution in the migrated image
than with the conventional imaging condition, which is linear with
respect to the perturbed wavefield (Ravasi and Curtis, 2013). The
nonlinear imaging condition is derived using the correlation-type
reciprocity theorem applied to the perturbed wavefield. Then, the
migration image can be seen as zero-offset and zero-time scattered
amplitudes. Nonwelded interfaces such as fractures are not consid-
ered in these earlier studies. In this research, we have addressed
this issue.
By including the effect of a nonwelded interface into the reci-

procity theorem appropriately, a general correlation-type represen-
tation theorem can be obtained (Wapenaar, 2007). Based on this, we
have derived a new, nonlinear imaging condition for a medium con-
taining nonwelded interfaces. The imaging condition is an integral
equation with the sources located along a closed surface encom-
passing the fracture. However, exploration seismic applications are
often limited by partial or one-sided illumination, in which the
sources are located only on the surface of the earth. Investigating
the effect of partial source illumination on the result of fracture im-
aging using the nonlinear imaging condition is crucial for evaluat-
ing the feasibility of this approach.
In this paper, we first derive the nonlinear imaging condition

from the general correlation-type representation theorem. Next, we
investigate numerically the importance of the nonlinear term in the
derived imaging condition, in the case of perfect source illumina-
tion. We discuss the difference in the imaging result as compared
with conventional thick-layer imaging. Finally, we look into the ef-
fect of one-sided source illumination on imaging a fracture with
different dips, using the newly derived nonlinear imaging condition.
Here, we focus on a single nonwelded interface in a homo-

geneous medium. The field data, however, may contain the effect
of multiple fractures of different scales. The proposed method can
image fractures with a size comparable with or larger than the seis-
mic wavelength. Therefore, the size limit of the imagable fracture
will depend on the frequency; e.g., large faults from low-frequency
measurements in deep seismology, joints from high-frequency mea-

surements in shallow seismic exploration, or small fractures in lab-
oratory experiments. A cluster of unimagably small fractures may
be treated as a homogeneous, effectively anisotropic medium (e.g.,
Bakulin et al., 2000).

THEORY

The boundary condition for a nonwelded interface can be written
in the general form as (Wapenaar et al., 2004)

½Mu� ¼ −jωYhMui; (1)

where ½·� and h·i indicate the jump and the average, respectively,
across the nonwelded interface. For the elastic wave, we have uT ¼
ðvT;−τT1 ;−τT2 ;−τT3 Þ, where v and τi are the particle velocity and the
traction vectors. The matrices in equation 1 are defined as

M ¼
�
I 0 0 0
0 nb1I nb2I nb3I

�
and Y ¼

�
0 Sb

ρb 0

�
;

(2)

where the superscript b denotes the boundary parameters; that is,
nbi , S

b, and ρb are the vector normal to the interface, the boundary
compliance tensor, and the boundary density tensor, respectively.
The linear-slip boundary condition (Schoenberg, 1980) is a special
case of a nonwelded interface with the boundary parameters
ðnbÞT ¼ ð0; 0; 1ÞT , Sb ¼ diagðηT; ηT; ηNÞ, and ρb ¼ 0, where ηT
and ηN are the tangential and the normal fracture compliance, re-
spectively. Here, we assume a horizontal fracture and a rotationally
invariant compliance matrix (Schoenberg, 1980).
The nonlinear imaging condition is derived from the correlation-

type representation theorem that relates the wavefield between two
different states. We use the general representation theorem (equa-
tion 59 in Wapenaar, 2007) that includes the effect of a nonwelded
interface and consider two positions x 0 and x00 inside a closed sur-
face ∂D (Figure 1a). In the case of a horizontal fracture with a rota-
tionally invariant compliance matrix, the general correlation-type
representation theorem in frequency domain yields to

v̄�i;jðx0;x00Þþvi;jðx0;x00Þ¼

−
I
∂D
½v̄�m;iðx;x0Þτmn;jðx;x00Þþvm;jðx;x00Þτ̄�mn;iðx;x0Þ�nnd2x

þjω
Z
∂Dint

½ΔηT τ̄�13;iðx;x0Þτ13;jðx;x00ÞþΔηT τ̄�23;iðx;x0Þτ23;jðx;x00Þ

þΔηN τ̄�33;iðx;x0Þτ33;jðx;x00Þ�d2x; (3)

where we assume that the two states have identical elastic constants
but different fracture compliances. Here, v̄i;jðx 0; x00Þ and vi;jðx 0; x00Þ
indicate ith component of particle velocity at x 0 due to jth direction
of point force at x00 in two different states, respectively; τ̄pq;i and
τpq;j are the corresponding stress tensors, and ΔηT and ΔηN are per-
turbation in tangential and normal compliances between two differ-
ent states. We assume the compliances to be real-valued functions.
A real-valued fracture compliance implies that the total elastic en-
ergy is conserved during wave scattering; i.e., anelastic attenuation
is ignored. Fracture models involving elastic thin layers or distribu-
tion of cracks result in real-valued fracture compliances (e.g., Baik
and Thompson, 1984; Hudson et al., 1997). However, the presence

40
0 

m

200 m

1800 m

a) b)

3

1

n

nb

Figure 1. (a) Configuration for the general correlation-type repre-
sentation theorem. The ∂Dint indicates a nonwelded interface, n and
nb are vectors normal to ∂D and ∂Dint, respectively and (b) fracture
and source distribution on a vertical plane in the numerical experi-
ments, for perfect source illumination (yellow stars) and for one-
sided illumination (gray stars).
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of a viscous fluid or the occurrence of plastic behavior at the asper-
ities on a fracture surface may cause the fracture compliance to be
complex valued (e.g., Pyrak-Nolte et al., 1990; Yoshioka and Ki-
kuchi, 1993). The second integral in equation 3 is taken along (any
number of) nonwelded interfaces defined as ∂Dint. Note that as we
have assumed identical elastic constants between the two states,
equation 3 does not contain any contrast of elastic constants.
As in Vasconcelos et al. (2009), we assume the total wavefield to

be vi;j ¼ v0i;j þ vSi;j, where v0i;j and vSi;j are the background wave-
field and the perturbed wavefield due to the nonzero compliance
perturbation, respectively. When we consider the two states in equa-
tion 3 to be both perturbed fields,ΔηT andΔηN vanish, and we have

vS�i;jðx 0;x00Þ þ vSi;jðx 0;x00Þ ¼

−
I
∂D
½v0�m;iðx;x 0ÞτSmn;jðx;x00Þ þ v0m;jðx;x00ÞτS�mn;iðx;x 0Þ�nnd2x

−
I
∂D
½vS�m;iðx;x 0Þτ0mn;jðx;x00Þ þ vSm;jðx;x00Þτ0�mn;iðx;x 0Þ�nnd2x

−
I
∂D
½vS�m;iðx;x 0ÞτSmn;jðx;x00Þ þ vSm;jðx;x00ÞτS�mn;iðx;x 0Þ�nnd2x:

(4)

This equation is the basis for the nonlinear imaging condition that
we propose here. It indicates that the perturbed wavefield at any
position inside ∂D can be retrieved from the values along the closed
surface ∂D. Equation 4 is the same as that in Ravasi and Curtis
(2013); however, these authors do not consider a nonwelded inter-
face. We obtain the same equation due to our assumption of the
compliances to be real-valued functions. Although we have consid-
ered horizontal fractures to derive equation 3, equation 4 is valid for
fractures of any arbitrary orientation and dip because ΔηT and ΔηN
always vanish. Note that for complex-valued fracture compliances,
ΔηT and ΔηN do not vanish and the imaginary part of the compli-
ances remains in the integral along ∂Dint.
By collapsing x 0 and x00 at the same point (image point xP) and by

summing over frequencies, an imaging condition that represents an
estimate of the zero-time and zero-offset amplitude of the perturbed
wavefield can be derived. To explicitly see the effect of P- and S-
waves, we can replace the particle velocity v0;Si;j by the potential field
G0;S

Ψ0 ;Ψ0
(Wapenaar and Fokkema, 2006; Halliday et al., 2012), with

the source and receiver represented by the P-wave potentialΨ0. Fur-
thermore, when a P-wave source is activated and no S-wave source
is available as in the case of most marine seismic surveys, ignoring
the terms containing the S-wave potential in equation 4 gives an
approximate imaging condition for P-wave due to only P-wave
sources:

IPPðxPÞ ¼
Z

∞

−∞
GS

Ψ0;Ψ0
ðxP; xPÞdω

≈
2

ρcP

Z
∞

0

I
∂D
½G0�

Ψ0;Ψ0
ðxP; xÞGS

Ψ0;Ψ0
ðxP; xÞ�d2xdω

þ 2

ρcP

Z
∞

0

I
∂D
½GS�

Ψ0;Ψ0
ðxP; xÞG0

Ψ0;Ψ0
ðxP; xÞ�d2xdω

þ 2

ρcP

Z
∞

0

I
∂D
½GS�

Ψ0;Ψ0
ðxP; xÞGS

Ψ0;Ψ0
ðxP; xÞ�d2xdω; (5)

where cP indicates the P-wave velocity on the boundary ∂D. Note
that equation 5 is derived already after far-field approximation.
One can see that the first and the second integrals in equation 5

contain the crosscorrelation between the background wavefield and
the perturbed wavefield, which indicates that they are linear with
respect to the perturbed wavefield. However, the third integral con-
tains the autocorrelation of the perturbed wavefield, which means
that it is nonlinear with respect to the perturbed wavefield. In real
applications, the background wavefield G0

Ψ0;Ψ0
and the perturbed

wavefield GS
Ψ0;Ψ0

on the right side of equation 5 may be estimated
by calculating the wavefield using a macrovelocity model and by
extrapolating the receiver responses, respectively.

NUMERICAL MODELING

We test the derived nonlinear imaging condition for fractures, us-
ing 2D numerical modeling. In this study, we particularly focus on
the source illumination and on the contribution of the nonlinear
term in the imaging condition to resolution. Therefore, we assume
that the background and perturbed wavefields are already estimated,
and we ignore the discussion on extrapolation of receiver responses.

Imaging result in the case of perfect source illumination

Here, we will show that the introduction of the nonlinear term
leads to canceling undesirable sidelobes in the result of the conven-
tional linear imaging condition and enhances the image. In this sub-
section, we consider perfect illumination of a nonwelded interface
by seismic sources: 40 transient point P-wave sources being located
on a closed surface ∂D of radius 400 m (yellow stars in Figure 1b).
A 200-m-long horizontal fracture is located inside ∂D (Figure 1b).
The values of are taken from earlier field experiments (Worthington and
Hudson, 2000). We assume a dry fracture; i.e., ηN ¼ ηT ¼ 1.1 ×
10−9 m∕Pa. The homogeneous background represents sandstone with
VP ¼ 4000 m∕s,VS ¼ 2350 m∕s, and ρ¼ 2500 kg∕m3. We calculate
the seismic response using a 100 Hz Ricker wavelet, and the procedure
of Coates and Schoenberg (1995) is modified to use a rotated staggered-
grid finite-difference time-domain method (Saenger et al., 2000), which
implicitly incorporates the linear-slip boundary condition.
Figure 2 shows the result with the conventional linear imaging

condition (the first and the second integrals in equation 5), with the
nonlinear term only (the third integrals in equation 5), and with the
nonlinear imaging condition (summation of Figure 2a and 2b),
respectively, using all sources (yellow stars in Figure 1b). The
imaging results for an area 200 m in height and 400 m in width
encompassing the fracture are shown in Figure 2 (for the dashed
area in Figure 1b). The result with the conventional linear imaging
condition (Figure 2a) shows that the peak negative amplitudes (cold
color) are correctly located along the fracture position. However, the
artifact due to the correlation of the incident wave with the trans-
mitted wave remains above and below the fracture. The nonlinear
term (Figure 2b) has opposite polarity (warm color) to that of the
artifact, and hence stacking these two results in a higher resolution
(Figure 2c). The amplitude in the imaging result should be zero
everywhere at a wavelength or more distance from the fracture be-
cause the nonlinear imaging condition corresponds to a zero-time
amplitude at zero-offset data, as shown in the previous section. In
Figure 2c, we indeed notice that the nonwelded interface is imaged
as a single wavelet in an otherwise almost-zero-amplitude area. The
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amplitude around the fracture is not exactly zero,
possibly because we ignore the S-wave sources.
The imaging result for a nonwelded interface

using the nonlinear imaging condition (Figure 2c)
is different from that of a welded boundary of a
thick layer, where the nonzero amplitude is volu-
metrically distributed in the perturbed zone (see,
e.g., Figure 21 in Ravasi and Curtis, 2013). This is
because when one uses the homogeneous back-
ground velocity, the scattered (perturbed) wave-
field from the welded thick layer is originated
from a volumetric distribution of the medium per-
turbation (or surface distribution in the case of a
2D configuration). Because the imaging result is
the zero-time amplitude at zero-offset data, the re-
sult for the welded thick layer shows a volumetric
distribution of the nonzero amplitude in the per-
turbed zone. In contrast, the scattered wavefield
from the nonwelded interface is originated from
a surface distribution (or line distribution in the
case of a 2D configuration) of the medium pertur-

Linear IC Nonlinear term

Nonlinear IC

0 100 200 300 400

200

100

0
0 100 200 300 400

200

100

0

10–1 2–2–3–4–5

×10–2

a) b)

c)

(m)1 (m)1

(m
)

3
(m

)
3

Figure 2. Results of imaging using various imaging conditions, in the case of perfect
source illumination. (a) Conventional linear imaging condition, (b) using only the non-
linear term, and (c) nonlinear imaging condition.
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Figure 3. Imaging results in the case of (b-f) one-
sided illumination (seismic sources only at the sur-
face) of a fracture with different dips. For compari-
son, in (a) the imaging result for a horizontal fracture
in the case of a perfect source illumination is shown.
In all cases here, the nonlinear imaging condition is
applied. (g) The imaged amplitude plotted along a
line perpendicular to the fracture (dashed line in
[a-f]) shows more clearly the differences.
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bation; the imaging result shows a surface distribution of the nonzero
amplitude. However, due to frequency-band limitation of the source
wavelet, the imaging result of the nonwelded interface exhibits the
interface as a thin but volumetric distribution of nonzero amplitudes
(Figure 2c). This imaging result may be similar to that of a welded
thin layer in an otherwise homogeneous medium. However, the key
difference of a nonwelded interface from a welded thin layer is that,
for a nonwelded interface, one cannot split an apparent thin layer into
several thinner layers, even if the data have a much broader fre-
quency band.

Effect of one-sided source illumination

Perfect source illumination is rarely possible in exploration
geophysical measurements. Therefore, we investigate the effect of
one-sided illumination by installing sources along a horizontal line
located 200 m above the fracture (gray stars in Figure 1b), simulat-
ing a surface seismic experiment. Along a 1800-m-long profile, 46
sources are installed at 40 m intervals. Within the dashed box in
Figure 1b, we position a 200-m long fracture and we experiment
with different fracture dips.
Figure 3 shows the result of the nonlinear imaging condition with

different fracture dips (0, 30, 60, 75, and 90°). For comparison, the
result in the case of perfect source illumination is shown in Fig-
ure 3a, for a horizontal fracture. The amplitudes in Figure 3a–3f
are normalized by the root-mean-square amplitudes. Because we es-
timate PP image (P source and P receiver), Figure 3b–3f is expected
to show the same imaging result as in Figure 3a, except for the effect
of fracture dip, in case the source illumination were perfect. However,
Figure 3b–3f shows marked differences compared with Figure 3a,
indicating the effect of one-sided source illumination.
In the imaging result for the horizontal fracture (Figure 3b), the

polarity change perpendicular to the fracture is clear: a positive or
warm-colored area above the fracture and a negative or cool-colored
area below the fracture. Furthermore, the nonzero amplitudes are
more volumetrically distributed than those in the case of perfect il-
lumination (Figure 3a). Therefore, this can be misinterpreted as a
thick-layer boundary, as discussed in the previous subsection. The
polarity change at the fracture implies that the source illumination
from below the fracture may cancel the volumetric distribution of
the nonzero amplitudes. When the fracture is vertical (Figure 3f), the
result is close to that in the case of a perfect illumination (Figure 3a).
This is because for a one-sided illumination from horizontally aligned
sources, vertical fractures are illuminated from both sides, which pro-
duces imaging results that are close to that with a perfect illumination.
Note that as the dip of the fracture changes from horizontal to vertical,
the amplitude difference between the two sides of the fracture de-
creases and the shape of the imaged wavelet approaches to that with
a perfect source illumination. This can be seen more clearly if the
amplitude along a line perpendicular to the fracture (at the center of
the fracture) is examined (Figure 3g).

CONCLUSION

We derive a nonlinear imaging condition for high-resolution
imaging of large fractures and to investigate the effect of one-sided
source illumination. The fractures are generalized as nonwelded in-
terfaces and represented by the linear-slip boundary condition. Un-
like previous studies, which do not consider fracture as nonwelded
interfaces, we show that also for nonwelded interfaces, the imaging

condition can be retrieved from a general correlation-type represen-
tation theorem by assuming the fracture compliances to be real val-
ued. For numerical tests, we calculate the wavefield from a non-
welded interface assuming a dry fracture. We first test the nonlinear
imaging condition when the seismic sources surround the fracture
completely. The results show that the nonlinear term in the imaging
condition contributes to canceling the artifacts that appear in the
conventional linear-imaging condition, and the fracture is imaged
as a thin layer in an otherwise homogeneous medium.
Investigating next the effect of one-sided illumination (horizon-

tally aligned surface sources) on imaging a dipping fracture reveals
that the imaging result of a vertical or near-vertical fracture using
the nonlinear imaging condition is closer to the result for perfect
source illumination. This finding is important because it suggests
the possibility of imaging subvertical fractures from surface seismic
measurements or subhorizontal fractures from vertical seismic
profiling data, assuming that we have successfully estimated the
perturbed wavefield. In an actual field data application, the estima-
tion of the perturbed wavefield will require extrapolation of the
receiver responses. The effect of receiver configuration on the es-
timation accuracy remains to be evaluated in the future.
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