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A ma Mere,

Suis le jour dans le ciel, suis 'ombre sur la terre ;
Dans les plaines de Uair vole avec l'aquilon ;
Avec le doux rayon de Uastre du mystere

Glisse a travers les bois dans 'ombre du vallon.

Alphonse de Lamartine
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SUMMARY

The Groningen gas field has been compacting since the start of gas extraction in
the 1960s because of pressure depletion in the reservoir, causing subsidence in the
Groningen region. Geodetic techniques, such as optical leveling and satellite-borne
Interferometric Synthetic Aperture Radar (InSAR), provide displacement estimates
for subsidence monitoring. InSAR displacement estimates provide observation
points with a higher spatial density and temporal sampling than leveling. Whereas
identifying leveling benchmarks with subsidence caused by the compaction reservoir
is possible, the InSAR’s sensitivity to multiple subsidence sources (e.g., compacting
reservoir, soil motion, and infrastructure instability) complicates the identification
of subsidence-driving mechanisms in InSAR estimates. Combining physics-based
subsurface models with InSAR estimates into data assimilation is an approach to
estimating to what extent reservoir compaction and other subsurface processes
contribute to the total subsidence.

In data assimilation, we consider the uncertainty in data and physical models to
combine information and to find the most likely estimate of the model variables and
their probability distributions. Whereas most data assimilation methods approximate
the probability density function (PDF) of the model state and the observations with
a Gaussian PDF and assume that the observed quantity is linearly dependent on the
model quantity (i.e., linear observation operator), the importance sampling method I
use in this thesis does not require these assumptions. This makes importance sampling a
straightforward application of Bayes’ theorem, but its application to systems with many
observations is rarely explored because of its computational cost.

A core component of this study is to efficiently implement importance sampling for
the Groningen region. In the importance sampling method, Monte Carlo simulations
provide forward model realizations of subsidence. This ensemble of forward model
realizations provides a prior distribution for the vertical displacement at a given location
and time. Model realizations of subsidence are compared to geodetic estimates thereof
and weighted according to the difference between the model and the geodetic estimates
using Bayes’ theorem. The weight of each forward model realization can be seen as a
measure of its relative “importance” in correctly representing the modeled property (in
this case, vertical displacement), hence the name “importance sampling”. The ensemble
of weighted model realizations provides the posterior PDE and the weighted mean of this
distribution is the resulting data assimilation analysis.

In the Groningen region, the observed subsidence field exhibits a typical subsidence
bowl, which is spatially smooth at the scale of the Groningen region because the
subsidence at one location is a function of the compaction of all other locations in the
reservoir. Although the resulting subsidence field is smooth, it will also be spatially
heterogeneous in the case of spatial variation in the reservoir properties and in the soil
layers. Data assimilation experiments in which we take into account the expected spatial
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correlation of the subsidence signal (resulting in varying smoothness in the observed
field), demonstrate that more model realizations are necessary to obtain a meaningful
PDF of the entire reservoir’s compaction in the case of a spatially smooth observed
field than without spatial correlation. I also evaluate the necessary number of model
realizations for a given number of assimilated observation points on a compacting
reservoir example. These experiments illustrate that two complicating factors must be
considered when using the importance sampling method for subsidence estimation:
the method requires an increasing number of model simulations when 1) subsidence
at one location is a function of reservoir compaction in the entire reservoir, resulting in
a smooth, or spatially correlated signal when 2) the number of model realizations is too
little compared to the number of assimilated observations.

I propose an approach based on information theory to estimate the required number
of model realizations in the case of spatial correlation for effective subsidence estimation
with importance sampling. I show in synthetic tests with a reservoir model, and
cumulative displacements simulated at a given time for 50 observation points that
a minimum number of model realizations of 10'3 is required to provide a similar
performance of the data assimilation as in a model without spatial correlation and 10000
model realizations. While sampling 10000 model realizations is feasible in practical
applications of importance sampling, using 10'3 model realizations is impossible with
our computational capacity. The number of model realizations required to deal with
the contemporary number of geodetic observations and the smooth observed signal is
currently impossible regarding computational cost.

To deal with the contemporary size of geodetic datasets and spatial correlation
while limiting the number of model realizations, we use a specific implementation
of importance sampling with a so-called optimal proposal for generating the prior
distribution. We evaluate the optimal proposal importance sampling performance in the
Groningen region with leveling and InSAR datasets. We find that the optimal proposal
importance sampling with 1032 spatially Point Scatterers (PSs) sub-sampled randomly
from the total number of PSs over a region of 50x50 km, can effectively estimate
reservoir compaction associated with subsidence for 1000 model realizations, which is
feasible with the computational capacity of most computers.

As a next step, we investigate how the optimal proposal importance sampling
can be applied to identify multiple subsidence-driving mechanisms. We use a
dynamical model involving deep and shallow subsidence drivers: reservoir compaction
in the deep subsurface and soil response to precipitation and evaporation in the
shallow subsurface. In this case study for subsidence caused by multiple subsurface
mechanisms, we assimilate vertical cumulative displacements in the InSAR time series
into this dynamical model. We obtain the data assimilation analysis of subsidence
and identify long-term subsidence with variations over multiple years and shorter-term
seasonal variations. We also demonstrate the method’s forecasting skill for subsidence.
Not unexpectedly, the model error, primarily due to an incomplete representation of
the shallow subsurface processes in models, strongly influences the accuracy of the
data-assimilation estimate of the seasonal variation in subsidence forecasts.

Overall, this research presents an implementation of importance sampling to
assimilate leveling and InSAR datasets. On the scale of the Groningen gas field, the
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optimal proposal importance sampling is effective in assimilating leveling datasets,
with approximately 500 benchmarks, but its applicability to the assimilation of a full
InSAR dataset with one million PSs requires further methodological development.
With sufficient prior information on the subsurface processes, the optimal proposal
importance sampling could theoretically serve as a basis for assimilating geodetic
estimates into physics-based subsidence models to identify multiple subsidence-driving
mechanisms. However, identifying multiple subsidence-driving mechanisms would
require observations specific to the signals of interest, such as extensometer data for
the shallow-driven subsidence and physical models with a more complete description
of the processes in the various layers of the subsurface.






SAMENVATTING

De regio Groningen ervaart bodemdaling als gevolg van gaswinning vanaf de jaren
1960, waardoor van het gesteente in het gasreservoir op ongeveer drie kilometer diepte
compacteert. Geodesie is een gebied van de geowetenschappen dat zich richt op
de studie van de geometrie van het aardoppervlak. Geodetische technieken, zoals
waterpassen en Interferometrische Synthetische Apertuur Radar (InSAR), maken het
mogelijk om bodemdaling te schatten en te monitoren. De fysische mechanismen
die eraan ten grondslag liggen, met name in hoeverre andere mechanismen dan
reservoircompactie bijdragen aan de totale bodemdaling, zijn hier echter niet direct
uit af te leiden. Door gebruik te maken van data-assimilatie, een techniek die
ook wordt gebruikt om bijvoorbeeld het weer te voorspellen, is het mogelijk om
de bodemdalingsschatting verkregen uit metingen te combineren met bodemdaling
berekend met fysiche modellen. Op deze manier wordt alle beschikbare informatie
samengebracht om zowel de bodemdalingschatting als ook de schatting van de
oorzakelijke mechanismen te verbeteren en een bodemdalingsvoorspelling af te leiden.

Een kernonderdeel van deze studie is het efficiént implementeren van importance
sampling voor de regio Groningen. We gebruiken een data-assimilatietechniek op
basis van importance sampling om grote hoeveelheden gegevens voor de regio
Groningen efficiént te assimileren. = De importance sampling-methode is een
data-assimilatiemethode waarbij simulaties van een voorwaarts model realisaties van
bodemdalingswaarden genereren om “a priori” waarden te creéren die de werkelijke
bodemdaling benaderen. De gesimuleerde verzakkingswaarden worden vergeleken met
geodetische verzakkingsschattingen en gewogen overeenkomstig het verschil tussen
model en geodetische schattingen. Het gewicht dat aan elke modelsimulatie wordt
toegekend is evenredig aan het vermogen van het model om de bodemdaling correct
te simuleren. Importance sampling is een eenvoudige methode, met een minimaal
aantal aannames die het theoretisch mogelijk maakt om de kansdichtheidsfunctie van
alle simulaties nauwkeurig te bepalen.

Experimenten met data-assimilatie waarbij we rekening houden met de verwachte
ruimtelijke correlatie van het bodemdalingssignaal (wat resulteert in een variérende
gladheid in het waargenomen veld) laten zien dat er meer modelrealisaties nodig zijn om
een zinvolle PDF van de verdichting van het gehele reservoir te verkrijgen in het geval van
een ruimtelijk glad waargenomen veld dan zonder ruimtelijke correlatie. Ik demonstreer
ook het benodigde aantal modelrealisaties voor een gegeven aantal geassimileerde
waarnemingen op een verdichtend reservoirvoorbeeld. Deze experimenten illustreren
dat er met twee complicerende factoren rekening moet worden gehouden bij het gebruik
van de belangrijkheidssamplingmethode voor het schatten van de bodemdaling: de
methode vereist een toenemend aantal modelsimulaties wanneer 1) de bodemdaling
op één locatie een functie is van de verdichting van het reservoir in het hele reservoir,
wat resulteert in een glad of ruimtelijk gecorreleerd signaal wanneer 2) het aantal
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geassimileerde observatiepunten groter is dan de dimensie van het schattingsprobleem.

Om de modelrealisaties van beperkte grootte te behouden terwijl een groot aantal
gegevens wordt geassimileerd in de aanwezigheid van ruimtelijke correlaties, kiezen we
voor een aangepaste implementatie van belangrijkheidssampling met een zogenaamd
optimaal voorstel. Hiermee tonen we aan dat het met optimale proposal importance
sampling is om nivelleringsdatasets en een maximum aantal van 1032 PS-InSAR-punten
over bodemdaling te assimileren met minder dan 1000 modelrealisaties.

We onderzoeken de toepassing van optimale voorstel-belangrijkheidssampling om
de mechanismen die bodemdaling veroorzaken te identificeren en te kwantificeren.
We nemen aan dat bodemdaling samenhangt met de “diepe” ondergrond (op
reservoirniveau op drie km diepte) en de “ondiepe” ondergrond, meestal sedimentaire
lagen zoals zand, klei en veen. Onze benadering maakt het mogelijk om de temporele
evolutie van de bodemdaling te schatten. Door onze implementatie van optimal
proposal importance sampling slagen we erin om seizoensgebonden variaties van
de oppervlaktelagen van de bodem te bepalen, die in de winter uitzetten en in de
zomer verdichten, afthankelijk van de bodemvochtigheid en temperatuur. Dit maakt
het mogelijk om op basis van de combinatie van InSAR en meteorologische gegevens
toekomstige bodemdaling correct te voorspellen, met of zonder seizoensvariatie.

De ontwikkeling van onze importance sampling methode voor de regio
Groningen kan beschouwd worden als een stap voorwaarts in het gebruik van
significantiebemonstering voor het schatten van bodemdaling, die waardevol kan
zijn voor het schatten en beperken van bodemdaling door gebruik van de ondergrond.



RESUME

La région de Groningue, aux Pays-Bas, subit un affaissement de la surface du sol, appelé
susbsidence due a I'extraction de gas naturel. Lexploitation du réservoir de gas de
Groningue débuta dans les années 1960, et depuis a eu pour effet de compacter la roche
au niveau du réservoir de gas, qui se situe a environ 3km de profondeur. La compaction
du réservoir agit telle un “ballon” réduisant de volume et crée proportionellement un
déplacement de la surface du sol; de la subsidence. La géodésie est un domaine des
géosciences déstiné a I'étude de la surface terrestre. Les techniques de géodesie, telles
que le niveau optique et les techniques satellitales InSAR (Interferometric Synthetic
Aperture Radar), permettent d’estimer et de monitorer la subsidence. Bien que
ces méthodes permettent d’estimer la subsidence avec une précision de I'ordre du
millimetre, elles ne permettent pas de déterminer les mécanismes physiques a son
origine. Plus particulierement d’estimer dans quelle mesure des mécanismes, autre que
la compaction du réservoir, pourraient contribuer a la subsidence totale, observée en
surface.

En utilisant ’assimilation de données, qui est une technique utilisée par example,
pour estimer et prévoir la météo, il est possible d’estimer la subsidence a partir d'une
comparaison entre 1) de deplacement de la surface du sol, obtenu via les techniques de
géodésie et 2) la subsidence calculée via les modéles physiques. De cette maniere, toute
I'information disponible est combinée afin d’améliorer I’estimation de la subsidence, de
ses mecanismes contributifs et d’en dériver un prévision temporelle.

Dans cette thése de doctorat, nous utilisons une technique d’assimilation de
données, basée sur la notion d’échantillonage préférentiel. La méthode d’échantillonage
préférentiel est une approche probalistique de I’assimilation de données, dans laquelle
les simulations d'un model physique permettent de générer un échantillon de valeurs
de subsidence. Cet échantillon permet de créer un ensemble de valeurs “a priori”,
qui approximent de maniere statistique la subsidence réelle. Ces models simulés de
subsidence sont comparés aux estimations géodésiques de subsidence et pondérés en
fonction de la différence entre le model et les estimations géodesiques. Le poids attribué
a chaque simulation de model est proportionnelle a la capacité du model a simuler
correctement la subsidence réelle. L'échantillonage préférentiel est une méthode avec
un minimum d’approximations permettant, contrairement a la plupart des méthodes
d’assimilation de données, de déterminer exactement la fonction de vraisemblance de
I'ensemble des simulations.

Cependant, deux éléments rentrent en compte lors de I'éstimation de la subsidence
avec la méthode d’échantillonage préférentiel. = Premiérement, les techniques
géodésiques produisent un tres grand nombre de données, ce qui est difficilement
assimilable avec les algorithms actuels sans augmenter le nombre de simulations (i.e.,
taille de 'ensemble) de maniére exponentielle. En plus de cela, la taille de 'ensemble
augmente encore plus rapidement quand la subsidence est spatialement correlée.

xvii
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C’est-a-dire, quand la subsidence a un endroit est causée par la compaction du réservoir
aux autres endroits du sous-sol. Ces deux facteurs influent fortement sur la taille de
I'ensemble, qui en augmentant requiere davantage de puissance de calcul, ce qui n'est
pas toujours accessible.

En utilisant des données simulées, nous montrons dans cette étude quelle taille
d’ensemble permet d’estimer efficacement la subsidence. Pour conserver un ensemble
de taille limité tout en assimilant un grand nombre de données, particuliérement en
présence de corrélation spatiales, nous optons pour une implémentation modifiée de
I'échantillonage préférentiel avec une “densité biaisée optimale”. En utilisant certain
concepts de la théorie de I'information (développée notamment durant la second guerre
mondiale pour décrypter les messages secrets), nous parvenons a maximiser le contenu
informatif des données assimilées en fonction du nombre de données sélectionnées
pour l'assimilation. Ainsi, nous démontrons qu’il est possible d’assimiler jusqu’a 1032
données InSAR de subsidence avec une taille d’ensemble réduite a 1000, ce qui permet a
présent'utilisation des données InSAR dans une méthode d’échantillonage préférentiel,
spécifiquement dans la région de Groningue.

Pour aller plus loin dans I'application de I’échantillonage préférentiel a densité
optimale, nous explorons son potentiel a identifier et a quantifier les mécanismes
induisants la subsidence. Dans notre cas, les mécanismes du sous-sol causant la
subsidence se situent 1) au niveau du reservoir a 3km de profondeur et 2) proche de
la surface, typiquement au niveau des couches sédimentaires telles que sables, argiles et
tourbes. En appliquant notre implementation de 1'échantillonage préférentiel a densité
optimale, nous parvenons a estimer les variations saisonnieres des couches superficelles
du sol, qui expendent en hiver et se compactent en été, ceci en fonction de 'humidité
du sol. De plus, en utilisant cette méthode avec des données InSAR et météorologiques,
nous démontrons qu’il est possible de prévoir correctement les variations saisonniéres
du sol.

Pour finir, cette étude de recherche présente une implémentation de I'’échantillonage
préférentiel pour I'assimilation de donnée géodésiques, plus particulierement InSAR,
permettant d’étendre l'application de 1'échantillonage préférentiel a la région de
Groningue. Léchantillonage préférentiel a densité biaisée optimale ainsi développé
pourra dans de futures recherches s’appliquer a des models physiques de plus haute
complexité pour comprendre comment d’autres mecanismes, davantage complexes et
non inclus dans cette étude, induisent de la subsidence. Ainsi, cette approache pourrait
complémenter des techniques géodesiques pour monitorer, et mitiger les effets de
I'exploitation du sous-sol.



INTRODUCTION

Ambition, to me, has always seemed preferable to memories.

Gaston Rébuffat

The Groningen gas field is a large onshore gas reservoir in the northeastern part of
the Netherlands, approximately 30 kilometers in diameter at a 3-kilometer depth. The
reservoir is mainly composed of a semi-consolidated sandstone rock matrix and has been
compacting since the start of production in the 1960s because of the pressure reduction.
The reservoir compaction at several kilometers depth causes subsidence at the Earth’s
surface. Subsidence forecasts and monitoring techniques have been developed to prevent
environmental, societal, and economic risks associated with hydrocarbon production.
Measuring and modeling subsidence provide a better understanding of the processes
causing subsidence above the Groningen gas field and help evaluate the subsidence effect
of hydrocarbon production.



2 1. INTRODUCTION

1.1. SUBSIDENCE IN THE GRONINGEN REGION
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Figure 1.1: Geographical map of the Netherlands showing the location of the Groningen gas field in a
red-shaded area (Kruiver et al., 2017).

HE Groningen gas field was discovered in 1959 and is located in the northern part of

the Netherlands (Fig. 1.1). With approximately 30 km diameter, it is one of the largest
onshore gas reservoirs in Europe. The reservoir is situated at a depth between 2750 to
2900 m with a varying thickness of 100 to 200 m from south to north. The reservoir layers
are composed of the Rotliegend sandstone, which has a semi-consolidated rock matrix
with a porosity between 15 to 20% (Geertsma, 1973; Hettema et al., 2000).

Gas production provided the primary source of Dutch energy and an alternative
to coal mining. Because gas production causes pressure depletion in the reservoir,
subsidence above the Groningen gas field occurs. Whereas subsidence model prognosis
estimated an average displacement velocity of 10 mm/year in the center of the gas field in
2025 relative to the start of production (Gussinklo et al., 2001), the measurement registry
of 2018 revealed a maximal displacement velocity of 0.6 mm/year (NAM, 2020). The
legal obligation of the producer to monitor subsidence has led to the deployment of a
leveling monitoring network over the Groningen gas field since the 1960s (Mijnbouwwet,
2003). Subsidence monitoring is essential for safety (infrastructure integrity) and
environmental impact assessment. A recent subsidence prognosis, performed in
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Figure 1.2: Modeled subsidence over the Groningen region showing a subsidence prognosis for 2080 with
cumulative displacement in the center of the subsidence bowl of 42 cm relative to the start of production.
(NAM, 2020)

2020 by the producer Nederlandse Aardolie Maatschappij (NAM), shows a cumulative
displacement in 2080 relative to the start of the production (Fig. 1.2). The expected
maximal subsidence above the Groningen gas field in 2080 is about 42cm. Additionally
to subsidence models, the development of InSAR (Interferometric Synthetic-Aperture
Radar) provides a monitoring technique to estimate surface displacement with a higher
spatial and temporal density of observation points compared to the leveling technique
(Bierman et al., 2015; Ketelaar, 2009; van Elk et al., 2021; van Elk et al., 2022).

In 2012, due to a significant earthquake close to the town of Huizinge, a new
risk assessment on induced seismicity and subsidence was made, and in 2014, the
production was reduced to prevent risks (NAM, 2016). Induced seismicity and
subsidence impact the population of the Groningen region in both the material and
the psychological aspects (Hupkes et al., 2021). To prevent the downward effect of
the subsurface exploitation and to better understand the subsurface in the Groningen
region, many studies have been conducted on both induced seismicity (Bourne et al.,
2014; Candela et al., 2019; Hettema et al., 2000; Smith et al., 2019) and on subsidence
(Fokker et al., 2012; Hanssen, 2015; Kroon et al., 2009).

The compacting reservoir is the first cause of subsidence above the Groningen gas
field. In this thesis, deep-driven subsidence can be attributed to compaction at the
reservoir depth, but the total observed subsidence can have different interpretations
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(Fokker et al., 2019; Ketelaar, 2009; Kroon et al., 2009). Shallow-driven subsidence is
defined as the consequence of multiple processes occurring at a depth from 0 to 20m
(Mijnbouwwet, 2003). This section introduces the driving mechanisms of subsidence in
the Groningen region.

1.1.1. DEEP-DRIVEN SUBSIDENCE

Groningen
Wadden Sea area =

Rs 3

Anjum

Norg

Figure 1.3: Map of the north of the Netherlands showing the producing gas fields (green areas) and illustrating
the spatial extent of the Groningen gas field compared to the surrounding small gas fields.

During gas and oil production, the pore pressure in the reservoir rock decreases.
This pore pressure reduction creates a stress increase, resulting in reservoir compaction.
Consequently, the reservoir compaction occurring at approximately 2900m creates
subsidence at the Earth’s surface, above the reservoir field indicated in green in
Fig. 1.3. This subsidence field has a large extent over the entire Groningen area
with a characteristic bowl-shaped subsidence profile since the start of production
(Fig. 1.1(right) and Fig. 1.4). In comparison to small gas fields, for example, the Anjum
gas field in the Wadden Sea area, which has a spatial extent less than 10km, the
compaction of the Groningen gas field has an effect on a very large part of the North
of the Netherlands (Fig. 1.2 and Fig. 1.4).
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Figure 1.4: Displacement contour map of the north of the Netherlands from leveling the campaign of 2018,
showing a cumulative displacement in 2018 relative to 1964. Subsidence is shown in cm. (NAM, 2020.)

1.1.2. SHALLOW-DRIVEN SUBSIDENCE

In addition to the deep-driven subsidence from the reservoir compaction, subsidence
can arise from other processes shallower than the reservoir layer (Kroon et al., 2009). For
example, other regions in the Netherlands have a subsidence rate of up to 10 mm/year
caused by compaction of shallow layers, such as peat soil (Conroy et al., 2022; Fokker
et al., 2016; Koster et al., 2018; van Asselen et al., 2018).

The first 20 m of the Dutch subsurface is characterized by a succession of sediment
deposits varying with the geological Era (Fig. 1.5). The Pleistocene layer (2.58 - 0.0117
Ma ago) corresponds to deposits at approximately 20m depth and is assumed to move
with the reservoir overburden because deposits are settled and are thus not compacting.
Layers above the Pleistocene correspond to the Holocene (11.7 - 0 ka ago) and have
different deposit compositions, e.g., sediments, clay, and peat. Figure 1.5 shows the
different compositions of the Pleistocene layer over the Netherlands. The Groningen
region shows in the north an eroded Pleistocene layer due to marine systems along the
coast (red areas in Fig. 1.5), the superposition of the Pleistocene layer and Holocene
layers (green areas) and in the south, at the ground level Pleistocene sediments (yellow
areas). The Holocene layers above the Groningen region correspond approximately to
the 15 first meters (Bruna, 2020), with varying thicknesses over the region. Compaction
in the Holocene layers causes what we refer to as “shallow subsidence”. Shallow
geology for the Holocene layers (above the Pleistocene layer previously described) is
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Figure 1.5: Geological map of the Netherlands showing the composition of the Pleistocene layer at different
depths, indicated in the vertical datum Normaal Amsterdams Peil (Normal Amsterdam level) (NAP). The
Pleistocene layer is composed of settled materials and is assumed to move proportionally to the reservoir
compaction. Eroded Pleistocene layers are shown in red, a Pleistocene layer covered by the Holocene layer
in green, and Pleistocene sediments at ground level in yellow, i.e., NAP > 0 m (DINO, 2008.). The Groningen
region has the particularity to have these three kinds of geology.
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approximated in this thesis with three soil types: clay, peat, and sand (Fig. 1.6). The
thickness of clay soils in the north can vary due to the shrinkage of clay particles (Fig. 1.6
in green). Peat soils are susceptible to peat oxidation, which also creates thickness
reduction of the Holocene layers containing peat (Fig. 1.6 in red). In sand areas in the
south (Fig. 1.6 in yellow), sediments are assumed to be already settled (i.e., older layers
with high deposit stiffness), and consequently, we do not expect shallow compaction in
sand areas (Ketelaar, 2009). Compaction, oxidation, and consolidation in the shallow
subsurface are processes that cause subsidence (Deltares, 2018):

e Compaction or compression refers to changes in the thickness of the soil layer
changes caused by a pore pressure change, usually in response to external factors
such as the load of new infrastructures and soil water content. Compaction can
be positive or negative. A negative compaction refers to an expansion called soil
swelling (Fokker et al., 2019).

* Consolidation is a temporal compaction process development driven by a pore
pressure change in saturated soils.

* Oxidation occurs in peat layers as a biochemical process caused by soil exposure
to oxygen. Oxidation is an irreversible phenomenon accelerated by anthropogenic
factors, e.g., agriculture, in some regions of the Netherlands.
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Figure 1.6: Map of the Groningen region showing a simplification of the geology of the first 1.20 meter below
the surface. Soil types are attributed per parcel based on the soil map of the Netherlands (Bodemkaart van
Nederland, schaal 1:50.000). The outline of the Groningen gas field is indicated with a black solid line, and
the soil type per parcel is composed of clay in the north (green), sand in the south (yellow), and peat (red).
Geographic coordinates are indicated in the Rijksdriehoek system.
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These processes cause long-term and seasonal subsidence because of a change in pore
pressure, which varies with water content and temperature. Extrapolating the behavior
of soil displacement observed in other areas in the Netherlands (Conroy et al., 2022;
van Asselen et al., 2018) to the Groningen region, we can expect, particularly in peat
soil, upward soil motion in winter and subsidence in summer because of variation in
the soil water content. We also expect shallow-driven subsidence to have higher spatial
heterogeneity than deep-driven subsidence because of the spatial heterogeneity of the
shallow-layer composition. This spatial heterogeneity causes the subsidence signal’s
relatively short spatial correlation scales.

1.1.3. INFRASTRUCTURE AND SETTLEMENT

Soil settlement and geotechnical instability are caused by the load of structures, such
as buildings, roads, dikes, and building foundations, which can be positioned on
a more or less stable subsurface layer (Fig. 1.12). Buildings with deep foundations
in the Pleistocene layer are assumed stable, whereas shallow-founded infrastructures
can experience subsidence due to shallow compaction. When measuring surface
displacement with the InSAR technique, infrastructure expansion due to temperature
change must be considered in addition to subsidence. Thermal variability in
infrastructure materials causes a signal of several millimeters in InSAR vertical
displacement estimate and has a seasonal variation (Bruna, 2020; Hanssen, 2015). We
discuss this effect and give details in the following sections.

1.2. SUBSIDENCE ESTIMATION WITH GEODETIC TECHNIQUES

INCE 1960, leveling campaigns have been performed to monitor subsidence
S above the Groningen gas field and, more recently, the InSAR technique provides
displacement estimates (Hanssen, 2015; Ketelaar, 2009). The two methods provide
different spatial and temporal resolutions of subsidence observations with signals of
varying complexity in time and space. The following provides an overview of the leveling
and the InSAR techniques.

1.2.1. OPTICAL LEVELING

The leveling network deployed above the Groningen region consists of more than
500 deep-founded benchmarks and is used for subsidence monitoring. Figure 1.7
shows the leveling network in the Groningen region and contour lines of cumulative
displacement in 2003 relative to the start of the production in 1964, highlighting
the bowl-shaped subsidence field caused by the compacting Groningen reservoir.
Leveling benchmarks usually consist of metal pieces anchored on buildings, and
measurement at their location provides displacement estimates, in this case, height
differences relative to a station of reference at a specific epoch. Benchmarks located
on deep-founded infrastructures provide displacement estimates assumed sensitive to
deep-driven subsidence (Ketelaar, 2009). These benchmarks are typically on buildings
with foundations in the Pleistocene layer (Fig. 1.5), assumed to be stable and to
move because of reservoir compaction if an underlying reservoir is present. Posterior
analysis of leveling data is necessary to remove outliers since leveling benchmarks
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Figure 1.7: Map of the Groningen region showing (left) the leveling network and (right) the associated
cumulative subsidence in millimeters in 2003 relative to the start of the production in 1964. Contour lines show
the subsidence bowl caused by the compacting reservoir above the Groningen gas field and the surrounding
small gas fields (green shaded area) (Ketelaar, 2009).

are sensitive to the deep-driven subsidence but also to other cause of motion. For
example, leveling benchmarks can move because of building motions (e.g., sinking
onto the ground because of their own weight), the compaction of the shallow
subsurface, or the necessity to move the benchmark (e.g., work or renovation around
the benchmark location). A space-time analysis of the leveling time series allows
determining, considering uncertainties, which leveling benchmark are representative
of the deep-driven subsidence. Then, they are classified in three categories 1) stable
(“stabiel”), 2) partly stable (“deels stabiel”) and 3) not stable (“niet stabiel”). The stable
leveling benchmark are assumed only sensitive to the deep-driven subsidence. The
stability analysis is out of the scope for this thesis, and further details can be found in
NAM, 2019.

1.2.2. INSAR

InSAR provides a high spatial coverage of Point Scatterer (PS) with higher spatial density
than the leveling displacement estimates (Fig. 1.9). The principle of InSAR is based on
the reflection of an electromagnetic wave on reflective surfaces on the Earth’s surface,
such as buildings and roads. Figure 1.10 illustrates the principle of InSAR: a first
satellite passing above the Earth sends a first electromagnetic wave and records the
signal of this electromagnetic wave reflected on a surface. The same process is repeated
when a second satellite passes at the same location. Based on the principle of optical
interferometry (Bruhat and Kastler, 1965; Kampes, 2006), using the time difference in
the reception of the signal with the first satellite and the second satellite, we can infer
a distance difference in the travel of the electromagnetic waves in the acquisition of the
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Figure 1.8: Leveling network for the measurement registry of the North Netherlands 2019, showing a
re-actualization of the stability of the leveling benchmarks. Benchmark classified as “stable” are indicated
in green and represent 93 % of the total number of benchmarks (NAM, 2019, 2020.)

first satellite and the second satellite. InSAR estimates are based on measuring this signal
travel time difference and, consequently, on the phase difference of the electromagnetic
waves, which, after an unwrapping process, gives a displacement estimate at each
reflection point. The reflection point is called a PS and corresponds to a point at
the Earth’s surface with high and time-coherent reflectivity. Figure 1.10 illustrates the
passage of the two satellites on the same track, with M and D standing for Mother and
Daughter and referring to the measurement of a phase signal by the first and the second
satellite. Using these two phases, we obtain the phase difference, ¢ (Hanssen, 2001)

¢ =210+ Prrar + Propo + Pdefo + Patmo + Porb + Pscat + Pnoise; (1.1)

with & the integer ambiguity, ¢far, Propo and Pgefo are components of the interferometric
range, and ¢atmo, Porb, Pscar and Ppeise are errors caused by the variation in the
atmosphere, the scattering properties and the noise between the two acquisitions. The
deformation phase relates to the displacement in Line-of-Sight (LoS) of the Earth’s
surface, dios (Fig. 1.10) and is expressed as

-4

Pdefo = TdLos, (1.2)

where A is the signal wavelength and dj o5 the displacement in the LoS, see Fig. 1.9. After
processing the phase difference (Kampes, 2006), ®, we obtain the deformation phase
difference to evaluate the displacement in LoS. InSAR-based displacement estimates
are sensitive in three directions: east, north, and up. The total displacement, with
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Figure 1.9: Comparison of the spatial distribution of leveling benchmarks and the PS-InSAR showing the higher
spatial density of the PS-InSAR compared to the leveling benchmarks. In this example, (left) the leveling
displacement estimates in 1987 relative to 1978 and (right) InSAR displacement velocity (linear interpolation
of the cumulative displacement over the period 2015-2020). InSAR displacement estimates show more
heterogeneity in the subsidence field than in leveling estimates. A typical subsidence bowl with leveling and
InSAR is visible above the Groningen gas field.
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Figure 1.10: Schematic principle of the InSAR technique. (Left) Illustration of a satellite emitting an
electromagnetic wave in the LoS direction to the Earth’s surface (red solid line). (Right) Illustration of the
interferometry principle between two satellite acquisitions: the first satellite (M) and the second satellite
(D) pass on the same track and emit an electromagnetic wave; then a phase difference is observed if the
observation point has moved between the acquisition of the satellite M and D (Source: CGG, 2022).

displacement vector dgny, can be projected in the LoS direction and expressed in
Cartesian coordinates (E, N, U) (Brouwer and Hanssen, 2023; Hanssen, 2001). We define
the projection in LoS dj s,

dios = [sin(@) sin(a), sin(@) cos(a), cos(@)] . (dENU)T, (1.3)

where dpny is projected in the LoS given the incident angle 6 and a the azimuth of the
zero-Doppler plane. The InSAR dataset gives the incident angle 8, whereas the angle «
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depends on the ascending or descending track of the satellite. The transformation from
LoS to a three-component displacement vector, dgny, is provided given the availability
of different tracks with different viewing geometry (Brouwer and Hanssen, 2023).
InSAR displacement estimates involve a mathematical model (i.e., functional model)
representing the terms in Eq. (1.1). Several sources of error deteriorate the displacement
estimates, and a so-called stochastic model is necessary to describe those sources of
errors in the unwrapping process. In this thesis, I use InSAR vertical displacements,
which are already estimated in the InSAR datasets.

1.2.3. CONTEXTUALIZATION OF THE INSAR ESTIMATES

To understand the spatial heterogeneity in the subsidence field in Fig. 1.11 compared
to the smoother subsidence field in Fig. 1.9, which shows averaged velocities, Fig. 1.12
illustrates how a reflection occurs between the satellite and the Earth’s surface.
Infrastructures are reflective surfaces with low dispersion. By using the infrastructure
reflection surfaces as PS, PS-InSAR provides a signal with high amplitude and good
coherence in time. PS-InSAR with a simple reflection on deep-founded buildings (i.e.,
in the Pleistocene layer) is assumed to be mainly sensitive to deep-driven subsidence
(Fig. 1.12). However, many infrastructures in the Groningen region do not have deep
foundations, and PS-InSAR estimates exhibit spatio-temporal characteristics other than
the deep-driven subsidence from the compaction reservoir. For example, a seasonal
variation which suggests surface displacement from the shallow subsurface. The
reflection can be more complex than a direct reflection and includes information about
the shallow layer. In the case of complex reflection, it is difficult to evaluate the
contribution of different driving mechanisms, such as shallow-driven and deep-driven
subsidence and displacement, due to infrastructures that contribute to the total
displacement. A schematic representation of the subsurface in Fig. 1.11 shows the total
subsidence as a superposition of shallow and deep processes. Figure 1.12 illustrates a
first case with geotechnical instability, a second with shallow compaction, and a third
with deep compaction. The different processes result in total subsidence at the Earth’s
surface, which can be a nontrivial superposition of several processes, and the sensitivity
of the measurement techniques to these processes can vary.

Moreover, Fig. 1.13 gives an overview of InSAR spatial coverage in the Netherlands
with an InSAR dataset from Sentinel 1 ascending Track 15, showing the general
coverage of PS-InSAR in both rural and urban areas. As previously explained in
Fig. 1.11, the sensitivity of InSAR depends on the nature of the reflection. For example,
InSAR estimates might be sensitive to deep-driven subsidence in urban areas with
deep-founded buildings or deep and shallow-driven subsidence in rural areas with soils
such as clay or peat.

To better understand the sensitivity of InSAR to the different processes causing
subsidence, Bruna, 2020 contextualizes PS-InSAR as a function of soil type for the
entire area of The Netherlands. In previous research, Bruna, 2020 attributes a
subsidence-driving mechanism to PS as a function of the subsurface geology. We refer
the reader to his work for more details on his methodology. The contextualization of
PS-InSAR by Bruna, 2020 has suggested seasonal variation in InSAR displacement time
series related to shallow-driven subsidence.
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Figure 1.11: (Left) InSAR vertical cumulative displacement at a unique epoch in 2017 relative to 2015 (Sentinel
1 ascending Track 88), showing the spatial heterogeneity in subsidence above the Groningen gas field (black
solid line) compared to the InSAR averaged displacement velocity (Fig. 1.9). InSAR vertical cumulative
displacements considered at individual epochs show spatial heterogeneity on a kilometer scale. (Right)
Scheme of the contribution of shallow-driven subsidence to the deep-driven subsidence illustrating the
subsidence bowl and the possible shallow origin of the spatial heterogeneity of the subsidence field.
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Figure 1.12: Schematic representation of an InSAR reflection illustrating how the sensitivity of InSAR to
different subsidence-driving mechanisms varies depending on the reflective object. The three schematic
houses show that the total displacement estimated with InSAR can be a superposition of displacements caused
by the deep and shallow compaction and caused by foundation instability (Ketelaar, 2009).

Based on a classification of contextual information made by Bruna, 2020, we
presented in Fig. 1.6 an approximation of the soil types for the Groningen region. In
the next chapters, we will use this simplification of soil geology to further investigate the
seasonal variation of the InSAR time series.
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Figure 1.13: Map of the average displacement velocity (mm/year) for the satellite Sentinel-1 ascending track
for the Netherlands showing that the InSAR observation points cover both rural and urban areas, despite a
lower coverage in rural areas than urban areas. The type of areas has consequences on the sensitivity of InSAR
to different processes causing subsidence and can help contextualize PS. Figure courtesy of Bruna, 2020.
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1.3. MODELING SUBSIDENCE PROCESSES

In Section 1.1, I introduced subsidence processes occurring in the deep and shallow
subsurface. I showed in Section 1.2 that deep- and shallow-driven subsidence estimated
with geodetic techniques suggest these processes apply in the Groningen region. In
the following section, I present an approach to modeling deep- and shallow-driven
subsidence.

1.3.1. SUBSIDENCE CAUSED BY A COMPACTING RESERVOIR

Geertsma, 1973 and Geertsma and van Opstal, 1973 provide an approach to model
reservoir compaction and associated subsidence. This approach, known as the nucleus
of strain, is still considered the standard in operational subsidence modeling due to
reservoir compaction(Bierman et al., 2015; Mufioz and Roehl, 2017; Tempone et al.,
2010). In the following, I give the derivation of the solution for a subsidence field created
by a compacting reservoir, detailed in Fjaer et al., 2008. We first introduce the solution
of a displacement field caused by a depleting sphere, then develop the solution for a
disk-shaped reservoir, and finally present the approximation with a set of strain nuclei.

DEPLETING SPHERE

We derive the solution of the displacement field with the differential equation of the
displacement created by a depleting sphere, which can be expressed using the radial
symmetry of the problem in the spherical coordinates (r,8, ®). The equilibrium equation
of the forces, with the stress, & gives

do,
dr

1
+-Q20,—-—09p—09¢)=0. (1.4)
r

Using the symmetry oy = 0, we obtain:

do;,
dr

+§(g,_gg) —0. (1.5)

The stress is a function of the displacement field, and using Hooke’s law, the differential
equation of the displacement field is

d’u 2du 2u a dPp

aZ " rar 2 T A 26 dr (1.0

Where A; and G; are the first and second Lamé parameters at the start of the production,
a, the Biot coefficient, and Py, the final pore pressure at the end of the production.
Assuming no fluid flow, the pore pressure remains constant, and Py = P;. Which gives
the differential equation

d(1d , \_
_(ﬁE(r u))—O. (1.7)

The general solution of the displacement field is

C
u(r)=Cyr+—y, (1.8)
r
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where, C;, and C,, are constants. We assume a spherical symmetry in 2, and using the
boundary conditions and the continuity principle, we find the values of C; and C,. The
boundary condition lim,_., #(r) = 0 directly leads to C; = 0 and the continuity principle
u(r = Ry) = ug, gives Cp = Ré. Then, the general solution can be expressed as

2

Ry
u(r) = Up— - (1.9)
r
To understand the meaning of the "strength" of the source of strain, we can write 1
as a function of the volume of the sphere AV = —4nR§ Uy, which gives 1y = —%.
0

Using the volumetric strain €,,; = —aCp,, APy and its definition €, = Vi = —dVV,
where C;, is the compaction coefficient, the displacement field becomes

_aCpuVAP - R3
=—— . 1.10
u(r) in R ) (1.10)
Finally, the expression of the displacement field outside the depleting sphere is
aC,VAPr 1
()= ——2—L.— (L11)
¥4 r2

The expression of the displacement field is valid under the assumption of a
homogeneous and infinite medium. The displacement field’s strength, or magnitude,
is proportional to the product V- AP;. The same is valid for a displacement field for a
sphere of half the volume obtained for P twice larger. This solution gives the basis of
the nucleus of strain approach but doesn’t include the boundary condition of vertical
stress of zero at the surface. Geertsma, 1966 give a correction of the initial nucleus of
strain model of Mindlin and Cheng, 1950 to incorporate the boundary condition of a
stress-free surface in the displacement field equations, which leads to the formulation
of the current nucleus of strain approach.

NUCLEUS OF STRAIN SOLUTION

The nucleus of strain assumes a point source of subsidence (Fig. 1.14), and the
displacement field created by a nucleus of strain in a homogeneous medium with a free
surface is

—» —>

+ 3 - 4V)R—2—6z(z+D)R—2+ R2 (B-4v)(z+ D) - z] |VaPy, (1.12)

Cm R1
R3

:l

where the first term represents the depleting sphere in an infinite medium (Eq. (1.11)).
Since we are interested in the displacement at the Earth’s surface, we take z = 0 in the
expression in Eq. (1.12):

Cp-(1— R
ﬁ:MVAPf ; (1.13)
T

Ry
With a =1, Eq. (1.13) is the displacement field derived in Geertsma, 1973.



1.3. MODELING SUBSIDENCE PROCESSES 17

Image nucleus

(0,-D) .

point (r, O)

Free surface r -

Ry =
y
D/

4, Nucleus of strain

* ?0.D)

z

Figure 1.14: Schematic representation of the geometry in the nucleus of strain approach of Geertsma, 1973
illustrating a nucleus of strain at a depth D with the image nucleus to create the free surface that gives the
condition of no stress at z = 0. The displacement caused by the nucleus of strain is calculated at a point
coordinate (r, 0).

DISK-SHAPED RESERVOIR

Since the reservoir is larger than a point source, to represent the subsidence resulting
from the compaction of an entire reservoir, Geertsma, 1966, 1973 propose integrating
the effect of a nucleus of strain over a disc. To derive the displacement field from a
disk-shaped reservoir, we use the vertical component, u,, of the field i in Eq. (1.12) and
integrate u, over the reservoir volume. The same integration can be done with the radial
component, u, (Fig. 1.16). The solution of the displacement field at the surface, z = 0,
then becomes

u,(r,z=0)=-2C, (1-v) APth(p,n), (1.14)
u,(r,z:O):—2Cm(1—v)APth(p,11), (1.15)

where p and 7 are dimensionless ratios, such as p = % and n = %. A and B are Bessel’s
functions, which can be numerically computed.

A disk-shaped reservoir model is a first approximation of the reservoir geometry.
Recent studies give examples of the nucleus of strain approach for reservoir models with
arbitrary shapes (Mufioz and Roehl, 2017; Tempone et al., 2010). Any reservoir geometry
can be approximated using a set of nuclei of strain that discretize the reservoir volume.
In this discretization of the reservoir volume, in every grid cell of the model, a nucleus of
strain creates stress, and the total strain is the superposition of the contributions of all
nuclei of strain.

We can integrate the solution over the grid cell, which is equivalent to integrating the
cell thickness from D — h/2 to D — h/2 only, where D is the depth of the center of the cell,
considering the solution uniform in the direction (x,y) (Mufioz and Roehl, 2017). Another
approach from Geertsma and van Opstal, 1973 is multiplying Eq. 1.13 by the cell volume.
This method is used in recent reservoir models of the Groningen gas field and gives a
good approximation of the subsidence field (Candela et al., 2019; van Elk et al., 2022).
From model simulations, Fig. 1.15 (right) illustrates how local compaction in reservoirs
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Figure 1.15: Modeled subsidence field of vertical displacements simulated from a compacting reservoir
illustrating (left) the subsidence bowl caused by a homogeneously compacting reservoir and (right) a spatially
heterogeneous subsidence field caused by a heterogeneous compacting reservoir.

can create local subsidence caused by, for example, compaction in multiple reservoir
compartments that are not connected. van Elk et al., 2021 shows that the Groningen gas
reservoir has, in fact, a slow pressure equilibration between reservoir compartments.
Consequently, we can expect heterogeneity in the reservoir pressure and, thus, spatial
heterogeneity in the subsidence field.

1.3.2. SUBSIDENCE CAUSED BY SOIL MOTION

In this section, I describe the subsidence caused by processes in soil layers and how it
can be modeled. The Groningen region can be divided into three areas given the soil
type: an area with predominantly clay soil in the north and an area with predominantly
sand in the south (Fig. 1.6). In addition to the clay and sand, red areas in Fig. 1.6 show
areas with peat soil. The first fifteen meters of the soil layers in this region can be highly
heterogeneous, with several alternating layers of clay, sand, and peat (Koster et al., 2018).
Consequently, modeling shallow subsurface processes in the Groningen area usually
requires models with high spatial resolution and spatially varying physical processes
(e.g., peat oxidation or clay shrinkage) and geomechanical properties (Fokker et al., 2019;
Koster et al., 2018; van Asselen et al., 2018).

CORRELATION OF SUBSIDENCE WITH PRECIPITATION AND EVAPOTRANSPIRATION

Shallow layer motions vary with soil water content, mainly driven by precipitation and
evapotranspiration. Conroy et al., 2023 propose an empirical subsidence model based
on precipitation and evapotranspiration data. In my thesis, I assume that shallow-driven
subsidence ug‘al is a vertical displacement with a localized spatial influence on the
total subsidence field due to the shallow depth at which the processes occur. The
displacement usJ‘a] is the sum of a so-called reversible component, R, and a so-called

irreversible component, I, of subsidence
M‘Zhal(x,P(t),E(t)) =R(x, P(1), E(1)) + I(x, P(1), E(1)). (1.16)

The reversible component R(x,P(f), E(f)) is characteristic of the seasonal swelling
of the soil and is expressed as the function of the precipitation, P(f), and the
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Figure 1.16: Modeled subsidence field from a simulation using a disk-shaped reservoir and homogeneous
reservoir compaction, showing the contour lines of the subsidence bowl with (top) inward vertical and
(bottom) radial displacement in millimeters. A set of nuclei of strain approximates the disk-shaped reservoir
geometry, resulting in the bowl-shaped subsidence field.
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evapotranspiration, E(t), such as:

R, P(1),E(t)) = )_[xpP(t) = xpgE(1),] (1.17)
T

where the x = {x,, xg} are scaling factors that depend on the soil per location. The
term 7 is a characteristic time scale to account for the soil response to external
factors such as precipitation and can be seen as memory/hysteresis of the system.
Irreversible compaction can occur in soil due to peat oxidation, for example. The
empirical derivation of the irreversible shallow subsidence I(x, P(¢), E(¢)) in the SPAMS
model shows good agreement with the extensometer time series of Conroy et al.,
2023. I(x,P(1),E(?) is expressed as a function of a constant rate x; and a step
function f increasing at each time step when the difference between precipitation and
evapotranspiration is negative, resulting in a water scarity, such as

t
I, P(1), E(1) = ) x1f(x, P(1), E(1)), (1.18)

where

0, for R, P (1), E(?)) > 0 (water surplus)
fx,P(1),E(1) = . (1.19)
1, for R(x, P(t), E(t)) < 0 (water scarity).
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Figure 1.17: Map of the eastern part of the Groningen gas field, which outline is indicated with the black solid
line, showing the meteorological station Nieuwolda (red triangle). Locations with subsidence observations
from PS-InSAR averaged per parcels are indicated with grey dots, and the closest PS to the station Nieuwolda
is indicated with a green dot. Meteorological data are provided by Koninklijk Nederlands Meteorologisch
Instituut (KNMI).
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In the Groningen gas field, 21 meteorological stations from KNMI provide
daily precipitation. The station Nieuwolda (Fig. 1.17) provides daily precipitation,
and another station, Nieuw Beerta, provides evapotranspiration data. The
evapotranspiration is not recorded at all stations, and Nieuw Beerta is the closest
station to Nieuwolda but outside the area represented in Fig. 1.17. I take the area
around Nieuwolda as an example because extensometers are installed there to measure
shallow-driven subsidence. Figure 1.17 shows a part of the Groningen gas field with
some PS-InSAR selected for their time series, showing a seasonal pattern possibly
representing a shallow-driven subsidence. Figure 1.18 illustrates the correlation
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Figure 1.18: (Top) Daily precipitation data from the station Nieuwolda and evapotranspiration data from the
Station Nieuw Beerta in millimeters from January 2015 to January 2020. (Bottom) Assimilation of the daily
precipitation and evapotranspiration data in data assimilation provides the best fit of the SPAMS model (blue
solid line) to the detrended InSAR time series (orange solid line), selected from the closest PS to the station
Nieuwolda (Fig. 1.17).

between meteorological data and subsidence. For example, the detrended InSAR
time series in Fig. 1.18 shows a subsidence pattern with seasonal variation. Soil
motion has an uplift in winter and subsidence in summer, which correlates with soil
expansion and shrinkage caused by the variation of soil water content. A preliminary
test with the SPAMS model in fig. 1.18 suggests that a model based on meteorological
data can represent the shallow-driven subsidence and could thus have value for
shallow-subsidence modeling in the Groningen region.
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CORRELATION OF SUBSIDENCE WITH ATMOSPHERIC TEMPERATURE
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Figure 1.19: Daily averaged temperature in the Netherlands from January 2015 to January 2020 in degrees
Celsius showing seasonal variation similar to the evapotranspiration data.

Like the approach of the SPAMS model, I reduced the number of model
parameters using only the atmospheric temperature data. Similarly to precipitation
and evapotranspiration, atmospheric temperature varies according to the weather
with seasonal changes, thus correlating with seasonal soil motion. For example,
the atmospheric (i.e., air) temperature directly affects the soil moisture in the
first centimeter of soil below the surface (Jansson, 1998). We should note that
seasonal change also correlates with other processes, such as thermal infrastructure
expansion and increased hydrocarbon production in winter. This might complicate the
interpretation of the seasonal variability in soil motion.

Similarly to the shallow displacement in Eq. 1.16, the displacement u! is the total
displacement and is defined as the sum of a reversible component R, and an irreversible
component, I,

ug(x,T(t)) = R(xg, T()) + I(x1, T(1)). (1.20)

Xp is the scale factor related to temperature changes, x; relates to the irreversible
deformation, and R(xg, T(¢)) is defined as the reversible component which relates to the
subsidence caused by the seasonal processes:

R(xg, T(1)) = xo T(2). (1.21)

The irreversible component is proportional to a step function f(xj, T(¢))

t
I(x, T(0) = ) [xf(T(0)], (1.22)

with
0, for T'(t) <0y, (soil moisture increases
FT@) = (0= Oupr (s01l O} ) (1.23)
1, for T(t) > Oy (soil moisture decreases),
where Oy, is a temperature threshold. Equation 1.21 can be used to model the long-term

subsidence, similar to the subsidence in the SPAMS model, which assumes increasing
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long-term subsidence when the evaporation is higher than the precipitation. The same
applies to a temperature above a certain threshold. For example, soil water content data
(5 cm depth) starts decreasing when the average air temperature is 15 degrees Celsius
(Alvends and Jansson, 1997). Similarly, soil models correlating soil water content with
temperature show that soil water content decreases when the air temperature reaches
10 to 15 degrees Celsius (Jansson, 1998).

1.4. DATA ASSIMILATION

T can be difficult to describe a system when physical processes are not observable.

This is particularly true for processes in the subsurface where measurements are
punctual or impossible. We build models and compare their outputs with observations
to improve our knowledge of these processes. For example, we cannot directly observe
reservoir compaction, but we can observe subsidence caused by reservoir compaction.
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Figure 1.20: Schematic illustration of the principle of sequential filtering, which combines model estimates
(orange) with observations (blue stars) to update the analysis (green). The shaded areas represent a probability
density with variance decreasing in time as the uncertainty in the analysis decreases at each new assimilation
step.

With data assimilation, we can combine physics-based models with observations
to estimate the system’s unknowns and the time evolution of the model states used to
describe dynamical processes. Figure 1.20 gives a schematic illustration of the data
assimilation principle. We assume a truth (blue line) that evolves over time for the
physical process we want to understand better and eventually forecast. Observations of
the truth are imperfect, with a measurement error that we represent with a shaded circle
in Fig. 1.20. A model (orange) describes the state’s time evolution, and this model state
also contains errors (orange shaded circles). The data assimilation result is illustrated
in green with the so-called analysis, in which information on the physical process
from both the model and the observation is combined to estimate the non-observable
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states, quantify the uncertainty about the state of the physical process, and improve the
forecast thereof. In data assimilation, a probability density function (PDF) represents
the knowledge (and, accordingly, the uncertainty) we have about the model, the
observation, and the estimated state. In Figure 1.20, these PDFs are indicated with
shaded circles of varying shapes.

In the following section, I provide an overview of data assimilation and briefly review
the particle filter and how we can estimate the states of the physical processes.

1.4.1. REPRESENTING A PHYSICAL PROCESS
In this thesis, we are interested in a data-assimilation method, the particle filter. The
filtering approach assumes a Markov process in which the model at the time step k + 1
only depends on the previous time step k. Because of this, we can apply the particle filter
sequentially and assimilate new observations when they are available.

As mentioned above, it is impossible to know or to model exactly the non-observable
model states, and the best that we can do is to model this state with

x* = ¥ + g~ (1.24)

A (x*71) represents the deterministic part of the state evolution, and B* is the
stochastic part of the model, which is typically unknown and cannot be modeled with a
deterministic term. B* can also be seen as a representation of the error in the dynamical
model. Based on the state evolution as described in Eq. 1.24, we can consider it the
objective of data assimilation to better model x* by adding to the estimation information
from the observations'y.

1.4.2. BAYESIAN INFERENCE

To understand how data assimilation estimates the process, we start by defining the

model state vector, X. As mentioned earlier, the model states are the system’s unknowns,

and it is usually impossible to know their exact values. We define model states with

the unknown state vector x, of dimension Ny, with the true value, x;. Data assimilation

provides the best estimate of x; denoted as x?. The superscript a stands for analysis.
Model states of x, are mapped to the observations with

vk = 2k +ef, (1.25)

where # is the observation operator, which maps the state space to the observational
space, including a measurement error, e. Similarly to Eq. (1.24), we define the dynamical
model /. ./ gives the time evolution of the states from time k—1 to time k with a model
error, €

xk = xF 1) + ek (1.26)

Eq. (1.25) and Eq. (1.26) illustrate how we represent the uncertainty of the observations
and the model. The question is how much we should trust the model or the observations
when comparing them. A probabilistic approach can help quantify uncertainty and
thus balance the importance of models and observations in the analysis. Assuming that
we know the probability of a state in a physical process, we can define the PDF of this
state. In the estimation problem, we wish to estimate the PDF of the states x, given the
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Figure 1.21: Principle of Bayes’ theorem with a schematic representation of the probability density functions
of the prior (orange) and the likelihood (blue). The green probability density function represents the posterior,
which is the Gaussian product of the prior with the likelihood.

observations y, which is denoted by p(xly). To derive this conditional PDE we use Bayes’
theorem

pxy) = pXly) ply) = plylx) p(x), (1.27)
leading to:
pylx) p(x)
= 1.28
ply) ) (1.28)

The marginal PDE p(y), is a normalization term. Figure 1.21 illustrates Bayes’ theorem
(Eq. (1.28)), where prior and likelihood are represented with a Gaussian PDE which
variance represents the uncertainty in the model and observations. The posterior
distribution is proportional to the product of the prior and the likelihood, and the
posterior variance is consequently proportional to the product of the variance in the
prior and the likelihood.

To apply Bayes’ theorem, the prior PDF and the likelihood are represented by a
discrete sample using Monte Carlo sampling methods. The particle filter (Beskos et al.,
2014; Snyder et al., 2008; van Leeuwen et al., 2019; Wikle and Berliner, 2007) is an
ensemble-based data assimilation method and uses Bayes’ theorem. The next question
is how to sample the prior to obtain a posterior PDE which represents the state PDF we
try to estimate, defined as the target PDE In the following, I describe the importance of
sampling in the particle filter and illustrate how to approximate the target PDE

1.4.3. IMPORTANCE SAMPLING

From the previous description of data assimilation, the aim principle is to estimate an
evolving process. The true state of the process has a PDF called the target PDE which
we try to estimate. To efficiently sample the prior state, considering the objective of
approximating the target PDE we introduce a proposal density, also called prior proposal
density. In importance sampling, the proposal density, p(x), generates a discrete sample
of model states called particles, which aim to represent the target PDF

Ne 1
p) =) ﬁ(i(x—xi). (1.29)

i=1"ve
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By applying Bayes’ theorem in Eq. (1.28), we weigh each particle to approximate the
target PDE providing a discrete posterior distribution according

Ne
plxly) =Y w;id(x—xp), (1.30)
i=1

where w; is the weight attributed to each particle with

= PYR SLL ) (1.31)
X5 plylx)

This shows we can approximate the target PDF with particles drawn from different

densities and weighed proportionally to the difference between the model and

observations. The best estimate of the state vector x, i.e., the analysis, is the expected

mean of the posterior distribution. Importance sampling gives an approximation of the

expectation of the function, f(x), representing the target PDF

N,
E[f(x)] =ff(x)p(x)dx: > wif(xi). (1.32)
i=1

The particle filter is an implementation of importance sampling, in which we use
the definition of a Markov process (Sec. 1.4.1) to calculate the system’s time evolution
sequentially We can then write the prior proposal density by decomposing the
probability of the model states at each time step
Ok) —

px p k| x0 %=1y p (k1. (1.33)

To simplify the notation, we consider the evolution of a single model state. In
Equation (1.34), p(x%¥) is the probability of the model state at time #; starting with
the initial conditions at time #,. This can be expressed as a conditional probability
considering the previous time step from #,. Using the definition of the Markov process,
each time step only depends on the previous time step. This means that time #; only
depends on the time f;_; and that the state evolution further in the past does not add
information on the probability of the state at time 7. Therefore, we can write

p®F) = paF ) p®E Y, (134

where p(x¥|x*~1) is defined as the transition density, also called transition kernel. We
can use the same property to decompose p(x%") in a product of transition density from
I to tx

O:k) —

px pF 1IN pF 15572y L p (1 x0) p (0. (1.35)

For the implementation of the particle filter, we want to know the transition density,
p(xF|x*~1), which allows us to forecast the model state from time k — 1 to time k, where
new observations are available. The transition density relates to the dynamical model
in Eq. (1.26), with the model error representing the stochastic part of the system and,
consequently, the primary source of error in the model forecast. Figure 1.22 illustrates
the principle of the particle filter with sequential assimilation. The initial ensemble
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Figure 1.22: Schematic principle of the particle filter with a sequential update at each new available
observation. The particle weights are updated at the end of each assimilation window, and the best estimate
of the state vector produces a forecast after the three assimilation windows.

(blue dots) in the first assimilation window is generated to represent the target PDE
Ensemble members are projected in time with the dynamical model at time k + 1, where
an observation is available. In the analysis, each particle is weighted. The posterior
distribution provides an updated to better approximation of the target PDEF illustrating
the principle of importance sampling. Forecast and analysis steps can be iterated at
each new observation. Note that in importance sampling, the value of the particles is
not changed, and only the weights are updated. This can have a detrimental effect if
the distance between particles and observation increases in time. In that case, strategies
such as resampling or tempering can help correct the ensemble of particles (Li et al.,
2015).

A particle filter algorithm can be described in three steps:

Initialization Importance sampling starts with N, particles, or also called
ensemble members, {X;,X,...,X,,} sampled from a probability density p(x*~1), which
approximates the exact target density. The initial sampling is represented in Fig. 1.22 at
the start of the assimilation window 1, with blue dots as a schematic representation of
the initialized particles.

Forecast The particles m, are propagated from time k — 1 to time k with
xk = uxk1) + ek, ie., using the transition density.

Analysis At the end of the assimilation window (Fig. 1.22), we apply Bayes’ theorem
(Eq. (1.28)) and give and update the weight of each particle given the observations. We
compare the model predictions .# (x5 1) with the observations y* through the likelihood
p(ylx). The likelihood is a PDE which represents the distribution of the uncertainty
in data, and the posterior distribution p(x|y) is calculated by weighting each particle.
The posterior weights are normalized with ij:el w; = 1. Then, the expected value of the
posterior distribution provides an estimator of the state variable values.
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1.5. RESEARCH OBJECTIVES

OMBINING model-predicted subsidence with the geodetic estimates through data
C assimilation can help estimate subsidence based on a physical description of its
driving mechanisms, reducing uncertainty in model parameters and variables. In this
thesis, I implement a data-assimilation method, the importance sampling, to assimilate
leveling and InSAR estimates. This allows us to understand the subsidence-driving
mechanisms and, eventually, forecast subsidence. Sources of uncertainty in data
assimilation are a) errors in the physical model, b) errors in the data, and c)
approximations in the data assimilation method (Evensen et al., 2022; Nearing et al.,
2018; van Leeuwen et al., 2015). When assimilating leveling and InSAR estimates,
data errors include instrumental and processing errors. For example, in the case
of InSAR, errors come from the unwrapping process, the contextualization process,
and other aspects of the data processing (Sec. 1.2). In the case of model-predicted
subsidence, the physical-model errors stem from the uncertainty in model inputs and
approximations of the physical processes. In the Groningen subsidence estimation
problem, physical models simulate subsidence as a function of pressure variation and
the reservoir’s geomechanical properties (Sec. 1.3.1). As a result of errors in these inputs
and initial conditions, the model can provide erroneously predicted subsidence. The
approximations in the data assimilation method are typically related to the limited
computational resources to sample the solution space of our estimation problem.

A range of inversion and optimization methods, such as least-square inversion,
conjugate gradient, or Newton methods, can be used in estimation problems to
fine-tune model parameters and better represent subsurface properties (Tarantola,
2005). However, since the model and data contain partly unknown errors, it is
uncertain how to weigh the information from the model and the data in these
methods. Data assimilation provides a mathematically consistent manner to balance
the information of models and data. Various data assimilation methods exist and
are applied to problems such as weather forecasts, oceanography, physical geography,
and, in our example, reservoir engineering (Evensen et al., 2022; van Leeuwen et al.,
2019). The data assimilation approach in this study, importance sampling, provides a
formulation of these estimation problems to estimate model states and their uncertainty
probabilistically (Evensen et al., 2022).

Importance sampling is a straightforward algorithm for updating the ensemble
(i.e., the ensemble of model realizations) and their probability using Bayes’ theorem.
The particle filter is an implementation of importance sampling with a sequential
update of a dynamical model and is used for model forecasts. The terms importance
sampling and particle filter are used interchangeably in this thesis if the model is
time-dependent and used for forecasting. Importance sampling is not often used in
geoscience applications because of the computational inefficiency in problems with a
large number of parameters and observations, which require a large number of model
realizations, referred to as the ensemble size (Bengtsson et al., 2008; Beskos et al., 2017;
Chorin and Morzfeld, 2013). However, variants of the particle filter algorithm from
Doucet et al., 2000; Snyder, 2011; van Leeuwen et al., 2019 suggest its potential for
application in the Groningen region. Moreover, whereas most data assimilation methods
under-perform in nonlinear problems and approximate model and observation errors
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with Gaussian statistics, importance sampling provides an approach for nonlinear
systems without Gaussian assumptions.

To apply importance sampling to the Groningen subsidence estimation problem,
we know from earlier studies from Ketelaar, 2009 and Bruna, 2020 that PS-InSAR
are sensitive to different subsidence-driving mechanisms other than those from the
compacting reservoir. Other studies showed that averaged velocities from interpolated
InSAR time series show a good ability to represent deep-driven subsidence (Bourne
et al., 2014; Fokker et al., 2016; Smith et al., 2019). However, assimilating cumulative
displacements from InSAR time series instead of averaged velocities requires modeling
all relevant subsidence-driving mechanisms to compare modeled subsidence with
InSAR estimates adequately. This includes, for example, modeling short-time scale
subsidence-driving mechanisms and shallow-driven subsidence. Developing a data
assimilation framework that has the potential to work with a model that represents all
relevant processes and effectively incorporates the densely sampled information of the
InSAR estimates in space and time leads to the following main research question:

How can importance sampling be efficiently applied for subsidence estimation in the
Groningen region to identify its driving mechanisms better?

To address this problem, I identify the following sub-questions:

1. How can we apply importance sampling in a subsidence estimation problem of
the complexity of the Groningen gas field?

2. How can we effectively use InSAR data for subsidence estimation with data
assimilation?

3. How can data assimilation identify subsidence-driving mechanisms given the
spatial and temporal scales of geodetic displacement estimates?

To answer these questions, the thesis is divided into five chapters:

In Chapter 1, I introduce the history of the Groningen region. I review the different
subsidence-driving mechanisms, the principle of geodetic techniques, and the data
assimilation principle. Different processes at varying depths can cause subsidence.
Before introducing the subsidence models, 1 give an overview of the principles of
the InSAR technique and the sources of errors in InSAR processing. To model
subsidence-driving mechanisms, the nucleus of strain approach of Geertsma, 1973 is
used to derive a subsidence field created by a compacting reservoir, and shallow-driven
subsidence can be described based on meteorological data. Finally, I introduced the
basis of Bayesian inference, the importance of sampling in data assimilation, and how
this is used in the particle filter.

In Chapter 2, I evaluate the applicability of importance sampling in a problem
of the size of the Groningen gas field involving a large number of model variables
and subsidence observations. Based on the nucleus of strain approach (Geertsma,
1973), a compacting reservoir model creates the characteristic bowl-shaped subsidence
profile over the Groningen region. Given the spatial correlation in the subsidence
bowl, I use synthetic tests to evaluate the necessary ensemble size to ensure the quality
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of the posterior estimates. Two factors influence the required ensemble size in the
assimilation of subsidence observations above the Groningen gas field: the total number
of observations and the spatial correlation in the subsidence signal, i.e., a smooth
subsidence bowl or a spatially heterogeneous subsidence signal. I propose quantifying
the quality of data assimilation results based on the information content in the posterior
distribution. By quantifying how the information propagates from prior knowledge and
data into the data assimilation result, we can evaluate the efficiency of the importance
sampling method. The theory of Monte Carlo sampling, which forms the basis of
importance sampling, implies that a loss of information in the posterior means that the
ensemble size must increase to conserve minimal efficiency.

In Chapter 3, I propose an implementation of the importance sampling based on the
work of Doucet et al., 2000, which allows us to avoid information loss when assimilating
an increasing number of leveling and InSAR estimates. The adapted implementation
of the importance sampling, the optimal proposal importance sampling shows good
applicability in synthetic experiments and with actual leveling and InSAR datasets.
However, the typical size of approximately 1.5 million spatially distributed data points
in InSAR still requires a dataset reduction for a particle-filter application with a limited
ensemble size.

In Chapter 4, I propose a data-assimilation methodology based on importance
sampling to assimilate InSAR time series to estimate and forecast subsidence.
I investigate how to conceptually model subsidence-driving mechanisms in the
Groningen region and provide proof of concept in separating subsidence regimes using
synthetic experiments and the spatio-temporal characteristic of the subsidence signal.
The methodology tested with InSAR datasets allows forecasting seasonal evolution of
subsidence and provides insights into improving the modeling of subsidence-driving
mechanisms.

In Chapter 5, I conclude this thesis with a conclusion per chapter with
recommendations for the future development of subsidence estimation with data
assimilation in the Groningen region.
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Of course, the entire effort is to put oneself outside the ordinary range of what are called
statistics.

Stephen Spender

The particle filter is a data assimilation method based on importance sampling for
state and parameter estimation. We apply a particle filter in two different quasi-static
experiments with models of subsidence caused by a compacting reservoir. The first
model considers uncorrelated model state variables and observations, with subsidence
fields resulting from a single source of strain. In the second model, the subsidence
field is a summation of subsidence contributions from multiple sources, which causes
spatial dependencies and correlations in the modeled subsidence field. Assimilating these
correlated subsidence fields may trigger weight collapse. With synthetic tests, we show
in a model of subsidence with 50 independent state variables and spatially correlated
subsidence, a minimum of 10" particles are required to have information in the posterior
distribution identical to that in a model with 50 independent and spatially uncorrelated
observations.

Spatial correlations cause information loss that can be quantified with mutual
information. We illustrate how a stronger spatial correlation results in lower information
content in the posterior and empirically derive the required ensemble size for the

Parts of this chapter have been published in Computational Geosciences: Kim and Vossepoel, 2024, On
spatially correlated observations in importance sampling methods for subsidence estimation.
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importance sampling to remain effective. We furthermore illustrate how this loss of
information is reflected in the log-likelihood and how this depends on the number of
model state variables. Based on these empirical results, we propose criteria to evaluate
the required ensemble size in data assimilation of spatially correlated subsidence fields.
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2.1. INTRODUCTION

As introduced in Section 1.4, data assimilation combines observations with models to
estimate model parameters and variables. Parameter values remain constant in time,
whereas variable values evolve in time. We use the term state vector for the quantities
to be estimated so the state vector can contain both parameters and state variables.
The complexity of a data assimilation system rapidly increases with the number of
model state variables and observations and has implications for how we predict physical
processes with the data assimilation system.

One of the methods used in data assimilation is the particle filter (van Leeuwen et al.,
2019) or the particle method (Vossepoel and van Leeuwen, 2007) for static problems.
The particle method that we use is a static application of the particle filter and is, in
essence, an importance sampling method. The particle method refers to importance
sampling in static data assimilation problems in the following. Importance sampling,
filtering, and ensemble-based methods have been applied for subsidence estimation
(Fokker et al., 2016; Zoccarato et al., 2016). Other authors (Evensen et al., 2019; Evensen
and Van Leeuwen, 2000; Gazzola et al., 2021) have used an ensemble smoother (ES) and
an iterative ensemble smoother to estimate subsurface geomechanical state variables.
Given the system’s complexity, an essential question in these applications is whether the
ensemble spread is sufficiently large to ensure the method’s applicability.

In many applications, the ensemble size is chosen based on trial and error. The
particle method, like most other importance sampling methods, suffers from weight
collapse, and its performance exponentially degrades as the dimension of the state and
observation spaces increases (Bengtsson et al., 2008; Beskos et al., 2014; Snyder et al.,
2008). We can prevent this weight collapse by increasing the ensemble size. A more
systematic approach to evaluate the necessary ensemble size has been proposed by
Snyder et al., 2008 and Bengtsson et al., 2008 and tested in a practical example through
the work of Slivinski and Snyder, 2016. However, analytic derivations of the ensemble
size in these publications are often based on abstract problems, and the results are not
always easily translated to geoscience problems (van Leeuwen et al., 2019). Snyder et al.,
2008 highlight, for example, the problem of non-Gaussian prior and observations and
the nontrivial dependencies between state variables and observations. In this study, we
will extend the results of Snyder et al., 2008 to empirical cases with spatially correlated
fields of observations, focusing specifically on the feasibility of the particle method and
its performance. We illustrate this with an example of subsidence caused by reservoir
compaction due to a pressure variation, where observations of subsidence allow us
to estimate the geomechanical properties of the reservoir (Fokker et al., 2012; Fokker
et al.,, 2016). Spatial correlations exist in nearly all geophysical fields and appear in a
subsidence field when a single subsidence source causes a surface displacement over a
certain region, e.g., a subsidence bowl with a width of several kilometers. In general, a
deeper source of subsidence in the subsurface creates a subsidence field at the surface
with a more significant correlation length. In comparison, subsidence from a shallower
source has a shorter correlation length. Moreover, a spatially correlated subsidence
field does not necessarily imply that the measurement errors are correlated, and in this
study, we assume independent measurements and, hence, uncorrelated measurement
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errors. In a previous study on the particle filter, Snyder et al., 2008 derive a theoretical
relationship between the maximum weight, w;, 4« of the particles and the dimension of
the problem for an example of independent and identically distributed (i.i.d.) samples
and under the assumption of a standard normal density for the prior and the likelihood.
In their study, the authors generalize the results at an asymptotic limit with a linear
transformation from model state space to the observation space represented by an I;
(identity) observation operator. Strategies to assimilate spatially correlated observations
for alarge number of observations are developed by Simonin et al., 2019. However, to our
knowledge, there is no theoretical approach to estimate the criterion for weight collapse
and the required ensemble size in a spatially correlated field, that is when a variable at
one location depends on variables at other locations. The objective of the present study
is to evaluate the necessary ensemble size that ensures the applicability of the particle
method and that avoids weight collapse when 1) the system dimension increases and 2)
when the observed field is spatially correlated. For this, we use two conceptual models of
subsidence: 1) a one-component model and 2) a multi-component model of subsidence.
In the one-component subsidence model, we use a one-to-one transformation from
the model state variables of the reservoir pressure variation to subsidence, which
gives i.i.d. subsidence values to represent a first-order approximation of a compacting
reservoir without spatial correlation. The multi-component model, which includes
spatial correlation, is based on the nucleus of strain approach of Geertsma, 1973, which
has been used in literature to estimate geomechanical reservoir properties (Du and
Olson, 2001; Fokker et al., 2016). The resulting subsidence shows spatial correlation, as
the displacement field is a superposition of subsidence created by a pressure variation
in different reservoir compartments. Consequently, the subsidence values are linear
combinations of the pressure variation and, therefore, not i.i.d.. To derive the ensemble
size in problems with spatial correlation, we propose an empirical quantification of the
information in both the prior knowledge and the posterior estimate using the formalism
of mutual information in information theory. Mutual information can be used to
quantify the available information from models and observations as demonstrated in
Nearing et al., 2018. We propose to use a similar metric based on entropy and mutual
information to quantify the information loss in the case of posterior weight collapse.

This chapter is organized as follows. Section 2.2 gives an overview of importance
sampling and the previous results of Snyder et al., 2008 for weight collapse in
high-dimension. In Section 2.3, we present the subsidence models, and in Section 2.4,
using information theory with the metric of mutual information, we extend the results
of Snyder et al., 2008 to the example of spatially correlated subsidence. Results in
Section 2.5 illustrate how the ensemble size must increase with spatially correlated
observations to avoid degradation of the efficiency of the importance sampling.
Sections 2.6 and 2.7 conclude our study.
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2.2. IMPORTANCE SAMPLING METHOD

In this section, we first give a brief overview of importance sampling, which is at the base
of the particle method, and we introduce the problem of weight collapse.

2.2.1. BACKGROUND ON IMPORTANCE SAMPLING

The correct description of a physical system can be uncertain when physical processes
are not directly observable, for example, processes happening in the subsurface that can
only be indirectly observed at the surface. Assuming that we know the probability of a
physical process, we can approximate its exact probability density function (PDF), i.e.,
the target PDE by a discrete distribution. In Section 1.4.3, we introduced the principle
of importance sampling to estimate the probability of a model variable or a parameter,
X, given the observations y (Doucet et al., 2001; Morzfeld et al., 2018; van Leeuwen et al.,
2015). In the following, we adopt the definition of importance sampling for a quasi-static
application with the particle method. We briefly overview importance sampling and
refer to Chapter 1 for details.

Based on the same principle that in Section 1.4.3, N, particles gives realization of
the model state variables, x, with {x;,x,...,X;;} and are sampled from the probability
density p(x) ~ X" | w;6(x —x;), which approximates the exact target density. Each state
in {x;,7 = 1,.., Ng}, gives a model representation to be compared with an observation
{yi,i=1,.,Ny}, N, being the number of observations. For the model state vector x, we
evaluate the model .# (x) and map it to observations y via the observation operator .#:

y=A[MX)] +e, 2.1

where € represents the measurement error, and in this chapter, .# is the forward
model, representing the physics of the process without time evolution. To estimate the
probability density function of the state variables x, the particle method uses Bayes’
theorem (Sec. 1.4.2, Eq. (1.28)). With importance sampling (Sec. 1.4.3), we use discrete
samples of x to generate the prior p(x), and we compare the model predictions .# (x)
with the observations y through the likelihood p(y|x). The posterior distribution p(xly)
is calculated by weighting each particle with weights

__ pyx) 2.2)
0 plylxi)

In Eq. (2.2), the posterior weights are normalized with Zj.vze , wi = 1. The expected value
of the posterior distribution is an estimator of the state variable values, and we use X
to refer to the “analysis”, i.e., the posterior quantity in the state space. The quality of
the posterior depends on the ensemble size, N,, as well as the dimension of the state-
and observation spaces (Evensen et al., 2022). Moreover, the uncertainty in the analysis
depends on the uncertainty in p(x) and in the observations. Section 2.4 introduces the
entropy concept to quantify the posterior distribution’s quality. The entropy, H(x), is
minimal if a variable x; can be estimated with zero uncertainty from p(x), with the
probability p(x;) = 1. Conversely, the entropy is maximal and equal to H(x) = log(N,), if
there is equal probability between N, variables, with p(x;) = 1/N.
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2.2.2. WEIGHT COLLAPSE IN THE PARTICLE METHOD

We define the efficacy of importance sampling to estimate the state vector as the ability
to get a posterior distribution representing the prior and the likelihood as formulated in
Bayes’ theorem (Sec. 1.4.2 Eq. (1.28))). As in any sampling method, the posterior mean
becomes a better estimator of the state vector as the number of samples and, hence,
the ensemble size increases. If a given ensemble size is insufficiently large to sample
the prior, we can observe a collapse of the weights in the posterior (Eq. (2.2)). Weight
collapse occurs when one single particle has almost all the weight in estimating the
posterior mean. In this case, the maximum weight, w,,, of all the particles converges
to one. Collapse occurs sooner when the dimensions, Ny, and Ny increase unless the
ensemble size increases exponentially as well (Bengtsson et al., 2008; Beskos et al., 2014;
Beskos et al., 2017).

Previous results of Snyder et al., 2008 and Bengtsson et al., 2008 give an indication
of the applicability of importance sampling, more specifically the particle filter, for a
given ensemble size at the asymptotic limit. This asymptotic limit gives the asymptotic
condition for collapse for large ensemble size and large number of observations.

In the following, we briefly review the asymptotic theory. For details, we refer the reader
to Snyder et al., 2008 and Bengtsson et al., 2008. The theory of the asymptotic limit is
applicable for a case with an i.i.d. prior state vector x and observation error €, and with
an Identity (I;) observation operator .. If we assume the prior state vector, x, and
model ./ (x), in the one-component model to be i.i.d, we can apply the asymptotic limit
to evaluate the required ensemble size. To compare and understand how weight collapse
occurs in the multi-component model with spatial correlation, we address the following
question:

Can we identify the required ensemble size and maximum weight w;,,y, for which
importance sampling is practically applicable?

We start with the assumption of standard normal density for the prior and the likelihood
to derive a theoretical relationship between the required ensemble size, N,, and the
dimension Nj.

To derive this relationship, Snyder et al., 2008 approximate the likelihood of one
particle, p(ylx;), as the product of the likelihoods over the observation vector, for an I;
observation operator and with i.i.d. prior state variables and observations error €.

Ny
pylx) =[] flyj— - ux);]. (2.3)
j=1

In Eq. (2.3), for a given observation j, (- 4 (x;)) j is the model prediction from the
particle x; seen at the observation point j and f is a standard normal density function
f ~ N(0,1). The expression of the likelihood in Eq. (2.3) can be simplified and expressed
as a Gaussian distribution, N(y, 7) by defining a re-scaled mean p and variance 7. To do
this, we define a log likelihood V;; using W () = log f () as follows,

Vij==V|yj— (F- M x));], 2.4)
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where, using the expression of the log likelihood V;; in Eq. (2.4), the expression of the
likelihood in Eq. (2.3) can be rewritten as a re-scaled likelihood of p(ylx;)

plylx;) =exp (—u—1Si). (2.5)

Here, p is a re-scaled mean, and the variance is 7. These are defined as a function of the
log-likelihood V;;

Ny Ny
,u:ZE(Vij) 7% = var ZVU- . (2.6)
j=1 j=1

An important condition for the expression of the likelihood in Eq. (2.5) to be a valid
approximation of the Eq. (2.3) is that the scale factor S; can be approximated by a
standard normal density S; ~ N(0,1). From Eq. (2.5) and Eq. (2.6), we express S; as a
function of the log-likelihood, ¢ and 7 and later verify its Gaussianity with the following
expression. S; is now

S; = 1 2.7

Ny
> Vij—p
j=1

Interestingly, Snyder et al., 2008 emphasize that in the example of a one-component
model, the expression of S; does not directly depend on the dimension, Ny, of the model
state vector to be estimated.

Using the expression of the re-scaled likelihood (Eq. (2.5)) and with the approximation
S; ~ N(0,1), we can now connect the maximum weight, w4y, to the dimension Ny, and
to the ensemble size N,, in the case of standard normal distribution for the likelihood
and the prior. With this, we find

El/w ]—1~\/§ log_Ne (2.8)
max ~ 5 Ny . .

In this expression, the maximum weight, w,,y, is related to S; through Eq. (2.2). Snyder
et al., 2008 use the convergence properties of a w,,x — 1 and S; ~ N(0,1) for large N,
and N), to derive the asymptotic expression (Eq. (2.8)). Eq. (2.8) is valid for a Gaussian
prior and likelihood under the assumption of S; converging to a Gaussian distribution.

An important result of Snyder et al., 2008 is that from Eq. (2.3) and from the expression
of the log-likelihood in Eq. (2.4), the likelihood only depends on the dimension N,
meaning that the observation dimension, rather than the state dimension, control the
weight collapse. The approximation in Eq.2.5 and Eq. (2.6) are valid only if the prior
distribution of state variables is close to a Gaussian distribution.
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(a) Spatially uncorrelated subsidence (b)  Spatially correlated subsidence

Surface

Compacting
layer

Surface

Compacting
: layer

Figure 2.1: Models of subsidence. (a) One-component subsidence model and (b) the multi-component
subsidence model with spatial correlation. 3D models are built with an ensemble of 1D columns. While
the one-component model simulates subsidence only for the surface directly above the compartment, the
multi-component model computes the deformation field as an integrated response from all compartments.

2.3. SUBSIDENCE MODELS

Subsidence can occur due to reservoir compaction, which is a decrease in reservoir
thickness due to a pressure variation due to, for example, gas production. When faults
or different rock compositions compartmentalize reservoirs, the reservoir may compact
more strongly in certain areas. We discretize the reservoir into 5.5km x 5.5km x 240m
cuboid-shaped elements, with a constant reservoir thickness of 240m (Tab. 2.1). In
the following, we will use the term compartment to refer to reservoir elements. These
could be geological reservoir compartments or volumes within the reservoir with the
same reservoir property. As a simplification, we first simulate the compaction of
each compartment without the created subsidence affecting the surface above other
compartments. This is illustrated in Fig. 2.1a with the “one-component model”. In
contrast to the one-component model, Fig. 2.1b shows spatially correlated subsidence
created from the cumulative effect of the compaction in all compartments. To create this
spatially correlated subsidence, we use the “multi-component model”, in the sense that
the resulting subsidence is a linear combination of all pressure variations. A commonly
used subsidence model due to pressure variation is the nucleus of strain approach of
Geertsma, 1973; Munoz and Roehl, 2017; Tempone et al., 2010. The nucleus of strain
represents a compaction of a reservoir compartment as a point source of pressure
variation, AP. The analytical solution of the vertical displacement at the surface (z = 0)
created by a single nucleus of strain is

-Cpn(1-v)VAP D

(r?+D?

Uz (r,0) = (2.9)

)3/2’
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where r is the horizontal distance between an observation point at the surface and
the vertical of a nucleus of strain at a depth D and with the compaction coefficient of
the reservoir, C,,, the Poisson ratio v and the volume V of the reservoir, the pressure
variation AP. In the data assimilation experiment with this subsidence model, the
pressure variation AP for each compartment, x = {AP;,i = 1, .., Ny} are the unknown
variables that are being estimated. These variables form the state vector.

2.3.1. ONE-COMPONENT MODEL OF SUBSIDENCE

The one-component model gives a first approximation of the subsidence caused by
the pressure variation (and associated reservoir compaction) and does not take into
account the spatial correlation in the subsidence field. To build this model, we start
with a 1D geometrical approximation of subsidence (Fig. 2.1a), and we create adjacent
and independent compartments at the reservoir depth with Eq. (2.9). This gives a
discretization of 1D columns of subsurface with the reservoir layer and a 5.5km x 5.5km
resolution for subsidence at the Earth’s surface (Fig. 2.1). Because we don’t include
spatial correlation in the one-component model, an observer at one point only sees
the compaction in the reservoir compartment directly below (Fig. 2.1), resulting in the
horizontal distance r of the nucleus of strain to the observation point, r = 0, such as that
we have a vertical displacement u,(r = 0, 0).

In this case, the model .# represents a mapping from a pressure variation of the
reservoir to a vertical displacement of the surface with a one-to-one relationship
between pressure variation state variables and subsidence. The model state variables
are independent; hence, the subsidence values associated with each compartment are
also independent, resulting in an uncorrelated subsidence field. The number of columns
gives the model resolution, which, in our case, defines the dimension of the state and the
observation space. This model is similar to the example in Snyder et al., 2008 with an I
observation operator, A = 1.

2.3.2. MULTI-COMPONENT MODEL OF SUBSIDENCE

The one-component subsidence model computes a local displacement caused by a
single nucleus, and the resulting subsidence field does not include the response from the
entire compacting reservoir. As an alternative, the nucleus of strain approach can model
an arbitrarily shaped reservoir (Candela et al., 2019; Mufioz and Roehl, 2017; Tempone
etal., 2010) by linearly adding the effect of each nucleus k to the total displacement field

Ny
w(r,00=) u,. (2.10)
k=1

The geometry of the multi-component model is similar to the one-component model of
subsidence, with a nucleus of strain in the center of each reservoir compartment. We
compute the subsidence (Eq. (2.9)) by calculating the influence of the nucleus of strain
over the volume, V, of the reservoir compartment (Geertsma and van Opstal, 1973).
The difference with the one-component model is that the surface displacement u, at
one location j in space arises from all sources of strain in all reservoir compartments
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(Fig. 2.1b). Therefore, .# transforms pressure variation to subsidence, creating
a spatially correlated subsidence field at the surface. The spatial correlation in
the multi-component model thus implies that the model .4 (x) i computed for an
observation point j from the state vector x can be written as

Ny
(UX)j= ) mjpxg, (2.11)
k=1

where m . is the j k' element of the model matrix. Recall that the multi-component
model integrates the responses of all compartments and thus is not a one-to-one
transformation from the pressure variation to the subsidence (i.e., it is a non-injective
transformation), and, in this case, an observation j islinearly dependenttoall k = 1,... Ny
components of the state vector. As described in Eq. (2.1), the observation operator
remains # = I; as in the one-component model, assuming that the measurement
method is the same. In the following, we use these two subsidence models to
investigate the effect of spatial correlation in weight collapse. The pressure variation,
the compartment size, and the thickness are modeled after the Groningen gas reservoir
in the Netherlands (Tab. 2.1). The mechanical properties are also taken from this
reservoir (Tab. 2.2). In the following, we estimate the pressure variation in each of the

Table 2.1: Pressure variation, compartment size and thickness of the multi-component model.

AP dx dy dh
Nucleus of strain  —0.35MPa  0.05° 0.05° 240m

Table 2.2: Reservoir properties.

Parameter Symbol Value Unit
Depth D 2800 m
Thickness h 240 m
Poisson ratio v 0.32 -
Compaction coefficient Cm 1x10719  pg!

compartments using observations of subsidence, defining the state vector with {xi, k =
1,.., Ny}, Ny being the number of compartments and thus the state space dimension. We
set the number of observations Ny, equal to the number of state variables to test the
particle method with the two models of subsidence at the asymptotic limit (Sec. 2.2.2)
and the agreement with the theoretical derivation of weight collapse from Snyder et al.,
2008.

2.3.3. SYNTHETIC EXPERIMENTS FOR SUBSIDENCE MODELS

With synthetic data assimilation experiments, we can assess the efficacy of the particle
method to estimate an unknown quantity. The state vector x of dimension Ny represents
the unknown pressure variation, AP, that we want to estimate for each grid cell of
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the reservoir. A reservoir pressure variation AP creates reservoir compaction and
subsidence. We simulate this by applying the forward model operator, .#, and with
data assimilation, we update the distribution of the state variables AP given subsidence
observations y. Both state and observation vectors x and y have values spatially
distributed over a regular grid and have the same dimension Ny = N,. The pressure
variation and subsidence can vary in time, usually involving a dynamical forward
model .. In the study, we test the method over a one-time step update of the
state AP considering a quasi-static case. To do this we define a "true" value of state
variables, x'"“/" and sample values from this truth to generate synthetic observations for
assimilation y, {j;,i = 1,.., Ny} with Eq. (2.1). We use the notation y to define synthetic
observations and avoid confusion with the vector observations, y, in Eq. (2.1). The
observation operator .# maps the true state vector x!"*/ to the synthetic observations
¥ and Gaussian noise, ¢, is linearly added to simulate imperfect observations:

y:%[ﬂ(x"’”h) te. 2.12)

We use the observation operator , applied to the forward modeling operator .4,
to compute the model prediction of subsidence from the pressure variation. Note
that we use # = I; in the example with synthetic experiments. However, .7 could
differ given the origin of the empirical data, e.g., leveling or InSAR techniques. We
compare the outcome of synthetic experiments with the "true" values of state variables
and subsidence estimates as an indication of the efficacy of the importance sampling.
We expect a different required ensemble size, N,, larger for the multi-component
model than for the one-component model. To understand this, let’s assume that the
one-component model requires N, Monte Carlo samples to solve N, independent
equations of 1 variable each. One particle is then a vector of N, values, and we
solve a system of N, independent equations, which is relatively straightforward. Now,
if the N, equations each contain linear combinations of all Ny variables, as in the
multi-component model, the equations are no longer independent, and it becomes
more difficult to solve this problem with N, samples. Therefore, we expect the ensemble
size, N,, to increase when the subsidence in one location depends on pressure variations
in other locations, as is the case in the multi-component model.

2.4. ENTROPY AND MUTUAL INFORMATION

We investigate weight collapse in data assimilation problems with spatially correlated
observations using the information theory of Shannon (Shannon, 1945), which is
commonly applied in probability theory in the field of dynamical systems (Jost, 2005).
The measure of entropy quantifies the uncertainty and, thus, the information about an
unknown quantity. Fowler and van Leeuwen, 2012, 2013; van Leeuwen, 2003; Yustres
et al., 2012 demonstrate using information theory and mutual information in Bayesian
estimation problems. Nearing et al., 2013 further use entropy and mutual information
to evaluate the efficiency of a data assimilation method. For a particle method,
sources of uncertainty are model error, imperfect data, and the approximation in the
importance sampling algorithm, which all propagate into the posterior distribution.
The importance sampling algorithm assumes that we can adequately sample the prior.
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However, weight collapse can occur if the sampling is inadequate, for example, because
of non-independent or insufficient samples. In this case, the expected mean of the
posterior is no longer a good representation of the true posterior (Chap. 1 Sec. 1.4.3
Eq. (1.28)). This implies a loss of information in the posterior estimate. We use the
metric of entropy and mutual information to evaluate the propagation of information
from prior and likelihood to posterior, as defined in Nearing et al., 2018 and Brewer,
2017. Mutual information describes how much information two arguments have in
common, similar to a correlation between two random variables normally distributed.
For example, it can give the common information between the random variable x
contained in the distribution p(x), representing the model state variables and the data
for assimilation y, with distribution p(y) (Fig. 2.2). Using mutual information in data
assimilation problems allows us to evaluate how the information before assimilation is
conserved in the posterior. For a state variable x sampled from a discrete distribution
p (), the entropy H(x) of p(x), can be interpreted as "can we know x given p(x)" and is
expressed by

H(x)=-)_ p(xi)log(p(xy)). (2.13)

14

Let us introduce random variables x, y, and z. In assimilation problems, we have

(a) (b)

p(x)

»(y)

observations

Figure 2.2: Venn diagram to illustrate the metric of entropy before assimilation. (a) The colored area in the
circle represents the entropy of a distribution (e.g., entropy H(x) of the prior distribution p(x)). In this drawing,
the intersection of the entropy of prior and data visualizes the mutual information I(x; y). The remaining area
of entropy (e.g., H(x|y)) represents the reduced uncertainty on the variable x given the knowledge brought
by the variable y. (b) Joint probability gives an intuitive approach to mutual information as a measure of
similarity between probability distributions. In the example with discrete Gaussian distributions for the prior
and the data, if the joint probability shows a strong correlation, then the mutual information increases as the
joint probability increases (Eq. (2.14)).

samples of the model predictions, x, and we have the observation vector y for the
assimilation (Eq. (2.1)). In the case of a synthetic experiment, the analysis can be
compared with the truth. However, in realistic data assimilation problems, we don'’t
know the truth, and therefore, to test the performance of the data assimilation, we
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compare the analysis with independent observations, which we refer to as validation
data. Let us assume that z is a vector of validation data of dimension Ny. By construction,
observation vectors y and z are sampled from the same density, N(0,1), and the same
observation model (Eq. (2.1)). We assume them to be independent. H(x) is the entropy
in the model, and it measures the uncertainty on the model predictions x. Similarly, for
the entropy in a data set, we can compute H(y), from observations {y;, i = 1, ..., Ny} with
Eq. (A.2).

We can now compute the mutual information I(z; x) between p(z) and p(x)

&). (2.14)

I5x)=33 px2) log(p(z)p(x)

In Eq. (2.14), the prior distribution p(x), of the model predictions .# (x), is compared
with the validation data z, using the joint probabilities p(z,x).

As mentioned in Section 2.3.2, the state and the observation spaces have the same
dimension, Ny = N,. Thus, the vector of the model prediction has the dimension of
Ny. A more practical computation of the mutual information (Paninski, 2003), written
as a function of the entropy and the joint entropy H(z, x) is

I(z;x) = H(x) + H(z) — H(z, x). (2.15)

Also, Eq. (2.15) can be applied to estimate the mutual information I(z;y). I(z;x) and
I(z; y) now give an indication of the information content in the model variable x and
the assimilated data y, which can be used to evaluate a certain data-assimilation setup.
By quantifying the propagation of information content before and after assimilation,
we can relate weight collapse to the importance sampling performance and, therefore,
evaluate the required ensemble size given the model complexity.

To evaluate how the information content before assimilation propagates to the posterior,
we define the differential information Igg and the data assimilation efficiency &pa
(Nearing et al., 2018). The differential information is the difference between the mutual
information in the posterior and the prior and is expressed as Iqif = I(z;X) — I(z; x).
This quantity can be negative if the particle method corrupts the prior information
available before assimilation (e.g., in the model or in the observations). We define the
data assimilation efficiency &p 4 to describe how the prior and observation information
is conserved in the posterior distribution. &p4 is the ratio of the posterior mutual
information I(z; X) and the total information in model and observations I(z; x, ),

1(z; %)

= —I(z; %) (2.16)

&Epa
The posterior mutual information represents the mutual information between the
distribution of the validation data p(z) and the analysis estimate, evaluated from the
posterior weighted ensemble p(X). The total information in model and observation
I(z; x, y) represents the information available before assimilation and is expressed as a
function of the mutual information I(z; %) and of the mutual conditional information
I(z; y|x):
I(z;x,y)=1(z;x) + I(z y|x). (2.17)
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I(z; ylx) is the information that z and y have in common conditioned on the prior p(x)
and can be calculated as follows to derive &p 4:

p(ylz,x))
I(z; |x)=§ E (x,v,2z)lo (— . (2.18)
Y Xy ;p y 8 p(ylx)

The Posterior quantity of mutual information is computed similarly to that of the prior
information in Eq. (2.15). The entropy of the posterior distribution p(x|y) is proportional
to the weights w; log(w;), and can be derived in the discrete case with the approximation
of

N,

pxly) = ) w;ib(x—x;)

i=1
and the expression of the updated weights in Eq. (2.2). A maximum entropy represents
a maximum uncertainty on the analysis %, and likewise, a decreasing entropy suggests a
decreasing uncertainty. Quantities of mutual information are empirically estimated with
histogram estimation methods. Algorithm 1 gives a pseudo algorithm to evaluate the
prior information before assimilation I(z;x) (Eq. (2.15)) and the posterior information
I(z; %). Other quantities of mutual information are computed in the same manner.

Algorithm 1 Derivation of the mutual information in synthetic experiments

1) Prior information I(z; x)
— Sample N, = 50 state variables of pressure variation x;
— Compute subsidence at N, = 50 observation points x; = ./ (x;)
— Generate a synthetic observation vector of dimension N, = 50 with
Ji = 0| M (x!"""M)] + € and the validation data z; = 72 [ (x!"“'")] +e.
forn=1:nbindo
Create histograms of x and Z, nbin being the number of bins
Compute the probability of p(x), p(2)
Evaluate the entropy of H(x), H(2)
end for
— Compute the mutual information I(Z; x) with Eq. (2.15).
2) Posterior information I(Z; x)
forn=1:nbindo
Create the histogram of x given the weight vector from the assimilation and get
p(%) per bin.
end for
— Compute I(Z; X) in the manner of Eq. (2.15).




2.5. SUBSIDENCE STATE ESTIMATION 45

2.5. SUBSIDENCE STATE ESTIMATION

2.5.1. WEIGHT COLLAPSE AND ASYMPTOTIC LIMIT FOR SUBSIDENCE
MODELS
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Figure 2.3: Maximum weight w4y for the one-component model of subsidence (a) and for the
multi-component model of subsidence with spatial correlation (b) from simulations with Nx=[10, 30, 100]
state variables and an ensemble size Ne = 1000. In those experiments, Nx = Ny, and histograms of wy4x are
computed over 1000 simulations.

We observe a stronger weight collapse in the case of spatial correlation in the observation
field. Figure 2.3 illustrates the weight collapse in the posterior distribution in the
subsidence models of this study. The histograms show the distribution of the maximum
weight w4y, for both the one-component and multi-component subsidence models
and for a model dimension of N, = [10, 30, 100]. The experiment is repeated 1000
times for a consistent estimation. The maximum weight can be used as an indicator
of the importance sampling performance. It shows that the method performance
can rapidly decrease with spatially correlated observations if the ensemble size is
inadequate. To evaluate weight collapse in the case of spatial correlation and an
increasing dimension of the state, Ny, and observations spaces, N,, we test the
particle method at the asymptotic limit (Eq. (2.8)). We perform experiments with
both the one-component and the multi-component models with a large number of
observations N, = [600,800,1000,1200, 1400, 1600,1800,2000]. In each experiment, we
assimilate synthetic subsidence observations into ensembles with N, = NJ’,’ with n =
[0.75,0.875,1.0,1.25]. Not surprisingly, the results of the one-component model (Fig. 2.4a
and b) show a good accordance between simulations and the theoretical prediction of
E[1/wmay] from Eq. (2.8). The relationship in Eq. (2.8) allows a linear relationship to
connect the maximum weight w;,,x to the ensemble size N, and the number of state
variables Ny. Alinear interpolation of the results suggests that the line of E[1/ wyqx]—1 =

—0.008 + 1.0721, /log(N,)/ N, describes the variability of the maximum weight which

exponentially depends on N,. The particle method in the one-component subsidence
model shows good agreement with the results of Snyder et al.,, 2008. However, it
clearly appears that the particle method in the multi-component model does not fit the
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Figure 2.4: Results at the asymptotic limit for the one-component model of subsidence and the

multi-component model. Verification of the condition for collapse ((a), (b)). The dashed line gives the
theoretical prediction of Eq. (2.8), and the solid line gives the best fit to the simulations given Nx (Nx = Ny)
and N,. The histograms of the distribution of the scale factor S; from the re-scaled likelihood in Eq. (2.7) ((c),
(d)). In (e) and (f), Kolmogorov-Smirnov (K-S) tests of the distribution of S; show the cumulative probability
distributions over 1000 simulations with 1) a sampled standard normal density N(0,1), 2) the subsidence
model and in dashed line the analytical cumulative probability of a density N(0,1).
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theoretical prediction of Eq. (2.8). The main difference between the one-component
model and the multi-component model is reflected by the negative log-likelihood
(Eq. (2.4)) that results from the summation in the model operator .# (Eq. (2.11)). If
we assume a Gaussian density for the expression of the negative log-likelihood in the
one-component model

1 [yi— (F#Lu ) ;)
Vij0<§[l p— i (2.19)
this becomes )
Vo L= A ]" (2.20)

2 02
In the case of spatial correlation, the expression of the negative log-likelihood differs
as we consider the linear combinations of state variables (Eq. (2.11)). Because of the
mapping from the model input to the model output reflected by .#, the log-likelihood
depends on the state space dimension N, (Eq. (2.21)) in the case of spatial correlation.
This can be explained by the fact that in the case of spatial correlation, we consider the
differences between the vector observation y; with the model computed from all model

state variables. )

1|V ZRE mjkexik
Vije< s o?
To assess how the weight collapse in the assimilation with the multi-component model
(Eq. (2.21)) differs from the theoretical prediction of weight collapse in Eq. (2.8), we
test the approximation of the observation likelihood in Eq. (2.5) against the probability
distribution of the term S; in Eq (2.7). The term S; is the scale factor that allows us
to express the re-scaled likelihood (Eq. (2.3)) as a Gaussian distribution. The main
assumption to re-scale this likelihood is that S; follows a standard normal density,
S; ~N(0,1).

The histograms in Fig. 2.4 show the distributions of S; in the one-component and the
multi-component model. The distribution of S; in the multi-component model shows
a skewness compared to the result for the one-component model, which approaches a
standard normal distribution. Distributions of S; provide evidence of the effect of state
variables dependency in Eq. (2.21) (Slivinski and Snyder, 2016).

(2.21)

The histograms in Fig. 2.4 show the result of S; for a single simulation. To confirm the
deviation to a standard normal density in the distribution of S;, we perform the K-S
(Kolmogorov-Smirnov) tests over 1000 simulations.

The analytical cdf (cumulative density function) of the standard normal distribution
and the cdf of sampled distributions from the standard normal density, N(0,1) are first
compared to evaluate the spread around the analytical solution (Fig. 2.4e and f), due to
the sampling. For a dimension Ny = N, = 1000 and the ensemble size of N, = 1000, we
compute the value of S; (Eq. 2.7) and compare to the analytical and sampled cdf. We
choose the values of Ny, Ny, and N, to perform simulations of S; at the asymptotic limit
in a regime where Eq. (2.8) is valid.

Results in Fig. 2.4e and Fig. 2.4f show a very good overlap of the cdf for the
one-component model for both the sampled distributions and the S; distributions. K-S
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tests confirm the main assumption that S; is approximately normal in the case of the
one-component model of subsidence.

The K-S test for the multi-component model exhibits a skewness in the cdf of S;,
corresponding with the deviation from a standard normal density in the histogram
(Fig. 2.4d). We have computed the K-S test statistic and the p-values between two
distributions for the cases: Gaussian/Gaussian, Gaussian/S; one-component, and
Gaussian/S; multi-component. The result is an average of the comparison of the
S; distribution against 1000 Gaussian distributions: Results show a lower p-value

Table 2.3: K-S test results of the S; distribution in the one-component and the multi-component model. S;
distributions are compared to Gaussian distributions and average over 1000 simulations.

KS statistic  p-value

Gaussian 0.032 0.66
S;: one-component 0.034 0.60
S;: multi-component 0.095 0.015

for the multi-component model than for the one-component model, confirming the
deviation from the Gaussian distribution. Most p-values are below the threshold of 0.05,
usually taken as a resemblance criterion. This implies that the Gaussian approximation
of S; is invalid in the multi-component model. Results with the multi-component
model thus suggest that S; can not always be approximated by a standard normal
distribution when the observations are spatially correlated and consequently when the
log-likelihood explicitly depends on the state dimension, Ny in Eq. (2.21). Implications
of non-Gaussian S; are that 1) the re-scale likelihood in Eq. (2.5) is not a valid
approximation and 2) the relationship between the maximum weight and the required
ensemble size is not linear (Fig. 2.4a and b). With these empirical results, we highlight
a limit of the analytical derivation of the required ensemble size in a spatially correlated
data assimilation problem.

2.5.2. ENTROPY AND MUTUAL INFORMATION FOR SUBSIDENCE MODELS

With H(z) being the uncertainty about a set of observations, with the metric of mutual
information, we evaluate the information content in the model, I(z; x)/ H(z), and in the
data I(z; y)/ H(z) that resolves the uncertainty on z. We apply the same methodology
for both the one-component and the multi-component model. With synthetic data
assimilation experiments, we compute the entropy and the mutual information with a
histogram method. The histogram method requires a sufficient sample size to evaluate
the probability of the sample into bins. The sample size in this simulation is the
number of model predictions, Ny, and the number of observations N), respectively,
for I(z;x)/H(z) and I(z;y)/H(z). The binwidth is chosen such that the histogram
covers the range of subsidence values (e.g., for both model predictions and synthetic
observations). For our experiments with the dimension of Ny = N, = 50, sensitivity
tests on the robustness of the histogram method led us to choose a bin resolution of
0.5mm to create histograms of subsidence. Table 2.4 shows the mutual information
for the one-component and the multi-component model before the assimilation. The
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Table 2.4: Prior information content in model and data with a bin resolution of subsidence of 0.5mm and 40
bins for Nx = Ny, = 50.

One-component Multi-component

1(z;x)/H(z) 0.76 0.76
I(z;y)/H(z) 0.76 0.77
Wnax (N, = 103) 0.71 0.94

information content in both the model and in the data is 0.76. The one-component
and the multi-component models have similar information content before assimilation,
which is unsurprising, as both have been sampled from the same Gaussian distribution.
We chose a relatively small Ny = N, of 50, which is sufficient to ensure we avoid
ensemble collapse. This ensemble size is used to reproduce the results of entropy and
mutual information with the histogram estimation, and we keep the same Ny = Ny, of 50
in this study to compare results. The importance sampling experiments are performed
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Figure 2.5: Posterior entropy for the one-component model and b the multi-component subsidence model for
the dimension Nx=[10, 30, 100] and 1000 ensemble members. Histograms of entropy (Eq. (A.2)) applied to the
weighted posterior probability distribution. The entropy is computed and averaged over 1000 simulations.

for an ensemble size N, = 1000. As expected from histograms of w,,, in Fig. 2.3, the
weight collapse is stronger in the multi-component model than in the one-component
model (Tab. 2.4) as the dimension increases. This suggests that the importance sampling
itself is the main cause of information loss in the posterior in case of weight collapse. The
posterior entropy, H (%) in Fig. 2.5, which represents the uncertainty on the vector of state
variables x, after the assimilation in the posterior distribution p(xly), is computed for
the dimensions N, = [10, 30, 100]. Comparing Fig. 2.5 with Fig. 2.3, we observe that the
posterior entropy decreases as the maximum weight increases. Comparison of Fig. 2.5b
with Fig. 2.5a shows that the posterior entropy converges faster to zero in the case of a
model with correlation than in the case of the one-component model. Similarly to the
maximum posterior weight in Fig. 2.3, the entropy decreases as the dimension increases,
highlighting that both the maximal weight and the posterior entropy indicate weight
collapse.




2. EFFECT OF SPATIALLY CORRELATED SUBSIDENCE SIGNAL IN SUBSIDENCE ESTIMATION
50 WITH IMPORTANCE SAMPLING

2.5.3. INFORMATION CONTENT AND EFFICIENCY

In the following, to evaluate the ability of the data assimilation algorithm to conserve
information in the posterior, we use the definitions of the data assimilation efficiency
épa (Eq. (2.16)), and of differential information Igj. According to the results of the
information content before assimilation (Tab. 2.4), we compute &p4 and Ig; with the
binwidth of 0.5mm and the dimensions N, = N, = 50 for an increasing ensemble size
N,. Figure 2.6 shows results of Iy for the one-component and the multi-component

+ Linear model +
O  Multi-component model +
0.2
+
0.1
+
&
Ry
0.0 T
-0.1 ¢
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Figure 2.6: The differential information Iy indicates the ability of the posterior to conserve the prior
information content. The best-fit line, obtained by linear interpolation of the differential information with
the multi-component model (red solid line), is given by Igisr = 0.018log;(Ne) —0.17.

model. Results clearly show a negative I for a small ensemble size, in agreement with
a stronger weight collapse. In the example of the one-component model, I < 0 for
ensemble size N, < 10% and a maximum weight w4 ~ 0.7. Differential information
increases as a function of the ensemble size, N,, for both the one-component and
the multi-component model. As expected, the ensemble size of N, = 100 and N, =
1000 are insufficiently large to avoid weight collapse in the one-component model
and give a negative differential information, Igi. In this example, the information
in the posterior distribution is less than in the prior. We refer to this as corrupted
information with negative differential information. I4j becomes positive for larger
ensemble sizes, reflecting an increasing information content in the posterior and a
respectively decreasing weight collapse.

Results of the differential information with the one-component model show good
agreement with the estimation of the required ensemble size of Snyder et al., 2008 and
are used as a performance benchmark for our study. Transposing this approach to the
multi-component model, Fig. 2.6 shows that with an ensemble size of N, = 107, the
particle method still corrupts the prior information, with I < 0 and the maximum
weight approaching maxw; = 0.8 (Fig. 2.7).

To evaluate the ensemble size, which preserves the prior information and then ensures
the applicability of importance sampling in the multi-component model, we compare
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the efficiency ép4 with the maximum weight and the differential information Ig;¢. The
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Figure 2.7: Efficiency &p 4 of the particle method for the one-component model and the multi-component
model of subsidence for a dimension Ny = 50, and with an increasing ensemble size N,. The best fit of &p 4
with the multi-component model is given by & 4 = 0.0221og (Ne) + 0.56.

efficiency &p, as illustrated in Fig. 2.7 measures the quality of the posterior given the
information content in the prior model and the assimilated observations. Comparison
of &pa with the differential information (Fig. 2.6), shows that the information in the
posterior (Epa ~ 0.75) is at least equal to the prior information (Tab. 2.4) for a positive
Iqife- An efficiency &p 4 larger than the prior information implies that the particle method
conserves the prior information content. With the example of the one-component
model with N, = 100, the particle method does not conserve the prior information
with an efficiency of &p4 = 0.6 less than the mutual information before assimilation
I(z;x)/ H(z) = 0.76 (Tab. 2.4). For an increasing ensemble size N, > 10%, the particle
method now conserves the prior information (§p4 > 0.75) and does not corrupt the
information in the posterior (Igi > 0). This result shows that the required ensemble
size should be N, > 10%, which is consistent with the previous results of Snyder et al.,
2008. For equivalent ensemble sizes and equal prior information content, the efficiency
in the multi-component model is less than in the one-component model. This result
confirms that the importance sampling algorithm causes the loss of information when
the observations are spatially correlated. For an increasing ensemble size, the efficiency
becomes larger than one (Fig. 2.7a) despite the normalization. This may come from the
uncertainty in the histogram method for calculating the mutual information. This could
be reduced using a state dimension larger than Ny = N, = 50 (i.e., model prediction or
data).

Using the differential information and the efficiency ép 4, we can evaluate the minimum
required efficiency of a particle method. We consider an acceptable performance in the
one-component model for a &p4 at least equal to either the prior information in the
model or in the observation. Using this approach, the differential information has a
positive value at N, = 10* with the efficiency of &p 4 = 0.85, which is larger than the prior
information content in the model and in the data (Tab. 2.4). This then suggests &ps =
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0.85 as the minimum required efficiency corresponding to Igi > 0.07 for an ensemble
size of N, = 10%.

In the multi-component model, linear interpolation in Fig. 2.7a gives an equivalent
performance of &p4 ~ 0.85 with an ensemble size larger than N, > 10'3. An ensemble
size of N, > 10'3 is thus required in the example of the multi-component model to
have the same performance as that in a one-component model with an ensemble size
N, = 10%. Likewise, the results of Iy in Fig. 2.6 suggest that we need an ensemble size
larger than N, > 10 to lift the differential information to a positive value. For Ig to
reach ~ 0.07, the required ensemble size should be larger than N, > 10'3.

Table 2.5: Required ensemble size N, to ensure the particle method applicability in the models of subsidence
based on the differential information and the data assimilation efficiency &p 4. Experiments are performed
with a bin resolution of subsidence of 0.5mm and 40 bins for dimensions Ny = Ny, = 50.

one-component Multi-component

Tgige >0 N,>10° N, >10°
Igife > 0.07 N, >10% N, >10'3
&pa>0.85 N, >10* N,>103

2.6. DISCUSSION

Setting an adequate ensemble size can prevent weight collapse in importance sampling
methods in high-dimensional problems. Spatial correlation in the observed field
increases the model complexity and requires importance sampling strategies with a
large ensemble size. In this study, we show an example of a transformation from model
input to model output involving non-i.i.d. model predicted subsidence, which requires
increasing ensemble sizes to ensure the applicability of importance sampling.

As in most data-assimilation systems, the observables sample a spatially correlated
field. In data assimilation methods, these non-injective transformations from the state
space to the observation space are associated with spatial correlations, and depending
on the strength of the correlations, the tendency for weight collapse varies. Thus,
data-assimilation practitioners can expect a possible deviation from the asymptotic
results of weight collapse as derived by Snyder et al., 2008. Our empirical results can
help derive the required ensemble size, showing that information theory, specifically
the metric of mutual information, can give empirical criteria to ensure a minimum
importance sampling efficiency. The results of a so-called multi-component model
at the asymptotic limit provide insights into understanding the deviation from the
results of the importance sampling with the one-component model. In the first part
of this study, we highlight that in the case of spatial correlation in subsidence, the
approximation of the likelihood and the distribution of the scale factor S; deviates from
a standard normal probability distribution. The deviation remains small. However,
the log-likelihood explicitly depends on the dimension of the state space, Ny. This
could explain why the particle method in the multi-component model suffers from a
stronger weight collapse than in the one-component model. In the results of Slivinski
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and Snyder, 2016 with examples of nonlinear models, we observe a similar deviation at
the asymptotic limit in our multi-component model, with a reservoir model that has a
varying strength of compaction. Evaluating the required ensemble size N, can be very
difficult given model complexity, and this complicates the definition of a generalized
methodology to evaluate N,. We propose criteria to evaluate the required ensemble size
in problems of realistic complexity involving high dimension and spatial correlation.

Information theory gives a means to quantify the information in the model and the
data. It shows how this information is propagated in the posterior distribution (Nearing
et al.,, 2013). The quality of the data assimilation estimate is often assessed with the
variance of the posterior distribution or the effective sample size (Li et al., 2014; Martino
et al,, 2017). However, the posterior variance can be biased because of weight collapse,
causing a narrow and non-representative posterior distribution. In data assimilation,
applying localization is a common procedure to reduce the observation dimension and
increase the posterior variance (Fowler and van Leeuwen, 2013; Luo et al., 2019; Poterjoy,
2016). A consequence of localization could be that the information of a dataset is
optimized by not taking into account the redundant information. In our approach,
we evaluate the bias caused by weight collapse by assessing the method performance
using mutual information through the quantities of differential information and data
assimilation efficiency. The differential information Iy and the data assimilation
efficiency &pa reveal that weight collapse corrupts the information in the posterior
distribution, highlighting that the algorithm itself is the main cause of information loss
in importance sampling.

To compute the metric of mutual information, we used the histogram method and set
the sample size of model predictions and the datato Ny = N, = 50 to test the sensitivity
of the particle method to the ensemble size N,. In this study, we choose the number of
state variables and observations of Ny = Ny, = 50 to have the same spread and binwidth
in the histograms since we want to compare results for an ensemble size between
Ne =100 to N, = 10”. Increasing N, and N, for the histogram method would result
in ensemble collapse or require an unpractical ensemble size. The one-component
model of subsidence provides a means to compare the empirical results of mutual
information with the theoretical background on weight collapse in the particle method
(Bengtsson et al., 2008; Beskos et al., 2014; Beskos et al., 2017; Snyder et al., 2008). Mutual
information results show good agreement with previous results of Snyder et al., 2008.
The same methodology with mutual information could be applied to larger datasets or
a time series of data in filtering and ensemble smoother methods. Weight collapse also
occurs in those methods (Stordal and Elsheikh, 2015). From the result of the efficiency
of the data assimilation, &p4, we derive by linear interpolation the required ensemble
size in the multi-component model. It has been shown that the ensemble size must
scale exponentially with the dimensions N, and N, (Bengtsson et al., 2008; Beskos
et al., 2017; Snyder et al., 2008). As spatial correlation depends on the data-assimilation
system, we may also expect a deviation from the linear interpolation proposed in this
study. For example, &p 4 in the linear model slightly levels off, and this may suggest that
the interpolated values of the required ensemble size in the multi-component model
are slightly underestimated. Our approach is also interested in assessing the method
performance (e.g., information loss, ensemble size) or optimizing the data assimilation
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before assimilation by evaluating the information content in the prior and in the data.
Other criteria to ensure the applicability of importance sampling are the maximum
weight or an effective sample size of the prior ensemble. This could be a threshold
for choosing the ensemble size and setting a minimum level for the required data
assimilation efficacy.

However, taken alone, it is not clear how we should choose these values. Using positive
differential information Iy; and a minimum data assimilation efficiency &p4, we can
only obtain a first impression of what is the relevant amount of information that the
posterior should contain in a specific problem.

2.7. CONCLUSION

With an example of subsidence models, we show that the main cause of performance
loss in the particle method comes from the sampling strategy. By choosing a larger
ensemble size, we can effectively prevent weight collapse. The required ensemble size
in a problem with spatial correlation can be underestimated if evaluated based on
non-representative transformation from the state to observation space. In this study,
we propose two criteria based on the information theory: the differential information
and the data assimilation efficiency using the metric of mutual information. This can be
used to empirically derive the required ensemble size in the case of spatial correlation
in the observed field. For this, we relate the weight collapse and the performance of
importance sampling to the information content before and after assimilation. We
find that in the one-component model of subsidence, the particle method requires an
ensemble size larger than N, > 10* for a dimension N, = N, = 50 to propagate the
information available before assimilation and to obtain positive differential information.
Our results show good agreement with an earlier study of Snyder et al., 2008 and provides
an empirical method to measure the applicability of a data assimilation method through
the differential information and the relative (i.e., relative to the prior information)
criterion of the data assimilation efficiency to choose the ensemble size. This approach
could be further used to track the information content in other data assimilation
problems and to optimize the prior information content.



REDUCING WEIGHT COLLAPSE TO
ASSIMILATE GEODETIC DATASETS
WITH IMPORTANCE SAMPLING

The truth is rarely pure and never simple.

Oscar Wilde

Leveling and InSAR provide observation points of subsidence with a high spatial density
and can be used for subsidence monitoring. Here, subsidence estimates obtained from
leveling and InSAR are used in importance sampling to estimate the compaction of a
gas reservoir causing subsidence. The importance sampling method is often restricted to
applications with small dimensional systems, e.g., systems with few observations or states.
Assimilating leveling and InSAR datasets with importance sampling in the Groningen
region, which covers more than 50 km x 50 km, requires an unpractical ensemble
size to ensure the importance sampling’s efficiency and avoid posterior weight collapse.
This chapter presents the use of a specific prior proposal density, known as the optimal
proposal, in importance sampling. We present a formulation for the prior proposal
density based on the results of Snyder, 2011 and Doucet et al., 2000. The implementation
of importance sampling with the optimal proposal allows us to apply the importance
sampling and the particle filter (in a dynamical case) to the estimation problem of
subsidence caused by compacting reservoirs. The proposed particle filter implementation
is tested in synthetic experiments, with actual leveling datasets with up to 500 benchmarks
in the leveling network and InSAR displacement velocities with up to 1000 PS. Results
suggest the possibility of applying the particle filter in the Groningen region with InSAR
datasets.
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3.1. INTRODUCTION

In a data-assimilation estimation problem, the physical system evolves in time
from given initial conditions. The system’s future states are uncertain, especially
if physical processes are stochastic or chaotic (Diab-Montero et al., 2023). In data
assimilation, the “past knowledge” from the model and the observations are combined
for an estimation of the system’s states and updates of model forecasts (Asch et al.,
2016; Carrassi et al., 2022). Filtering methods such as particle filter (importance
sampling in a dynamical case) give a probabilistic framework to infer the evolution
of non-Gaussian and nonlinear systems (Bain and Crisan, 2009; van Leeuwen et al.,
2015). The preservation of a non-Gaussian distribution makes the particle filter
a suitable method for estimation problems in nonlinear systems, with a minimum
assumption of prior knowledge. However, its performance decreases exponentially with
the system dimension (Bengtsson et al., 2008; Snyder et al., 2008), for example, when
the number of assimilated observations increases. van Leeuwen et al., 2015 address
how observations can be assimilated successfully and how the number of observations
relates to the ensemble size, showing that many observations (e.g., more than 10) lead
to unpractical applications in meteorological systems for weather forecasts. Snyder
et al.,, 2008 and Bengtsson et al., 2008 give a theoretical background of the particle filter
applicability in a high-dimensional system and provide the posterior weight behavior at
the asymptotic limit. Beskos et al., 2014; Beskos et al., 2017; Chorin and Morzfeld, 2013
also provide theoretical insight into weight collapse in the particle filter as a function of
the dimension of the states vector and the observation vector. They derive criteria on
the applicability of the particle filter in idealized models.

Chapter 2 illustrates how posterior weight collapse in the example of subsidence can
degrade the posterior distribution more than expected from theoretical results with
i.i.d. model states (Slivinski and Snyder, 2016). In subsidence applications, leveling and
InSAR techniques give subsidence estimates that can be assimilated to infer subsurface
properties, e.g., reservoir parameters and variables such as compaction (Gazzola et al.,
2021). A leveling dataset has approximately 500 spatially distributed observations
to assimilate, and the InSAR dataset gives more than 1 Million spatially distributed
observations.

Particle filter methodological developments suggest that it is possible to use a particle
filter with these leveling and InSAR datasets. Ades and van Leeuwen, 2013; Doucet
etal., 2001; Doucet et al., 2000; Morzfeld et al., 2018; van Leeuwen, 2010 have proposed
strategies to improve the importance sampling algorithm. These strategies are based, for
example, on localization methods (Poterjoy, 2016) and on the use of proposal densities
(Ades and van Leeuwen, 2013; Doucet et al.,, 2000; van Leeuwen and Ades, 2013).
Results of Snyder, 2011, in a conceptual model with Gaussian distributions for model
and observation errors, show that we can expect to assimilate up to 1000 observations
with an ensemble size less than 10*.

In this chapter, we test the applicability of importance sampling to assimilate leveling
and InSAR displacement velocities. In the Groningen gas field in the Netherlands, the
compacting reservoir causes subsidence at the Earth’s surface. Thus, the assimilation
of the leveling and InSAR dataset allows us to estimate the reservoir compaction and
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update the subsidence model. In these problems, the subsidence signal is typically
spatially correlated and shows spatial smoothness. In Chapter 2, a basic importance
sampling method could not handle a system with a spatially correlated subsidence signal
without an ensemble size larger than 10'3. Therefore, this current chapter introduces
the “optimal proposal particle filter” so we can apply particle filter for subsidence
estimation in the Groningen gas field, where 1) the compacting reservoir causes spatially
correlated subsidence over the entire area (Chap. 1) and 2) geodetic datasets involve
large observational datasets.

The implementation is based on the so-called optimal proposal as defined in Doucet
et al.,, 2000. In Section 1.4.3, I presented the principle of importance sampling and
defined the prior proposal density with the transition density p(x*[x¥~1) for a Markov
process. Now, in this chapter, I give more details on how to choose this prior proposal
density.

This chapter is organized as follows. In Section 3.2, I summarize importance sampling
with the standard particle filter and weight collapse. In Section 3.3, I define the prior
proposal density, starting with the general review of the proposal density from the book
of van Leeuwen et al., 2015, allowing us to introduce an expression for the optimal
proposal. In Section 3.4, I test the implementation of the optimal proposal first, with
a synthetic test to show how we can reduce weight collapse before testing the method
with leveling and InSAR datasets. I conclude this chapter in Sections. 3.5 and 3.6 with a
discussion and conclusion.

3.2. STANDARD PARTICLE FILTER

A particle filter provides a probabilistic approach to improving knowledge about
unknown or uncertain model variables and parameters using system observations. For
a vector of unknown model states x and an observation vector y, this concept can be
expressed in Bayes’ theorem (Sec.1.4.2, Eq. 1.28),

pXly) o pylx)px), (3.1

where the conditional probability of x given y is proportional to the likelihood of the
observations and the prior p(x). We refer the reader to Section 1.4.3 for more details on
the principle of importance sampling.

To represent the distribution of a model state x, we sample a distribution to create an
ensemble of particles {x;,X»,...,X;;} and build a discrete probability density function
px) ~ X" w;6(x—x;). Each particle i is weighted given its probability to represent
the model state with the weight w;, and the Dirac 6 represents a discrete sample to
approximate the target PDE The success of a particle filter in estimating the model states
depends on the statistical properties of the ensemble to approximate the target PDE
With the particle filter, once particles are sampled from a probability density px*~1),
we propagate the ensemble forward to time k, where new observations are available,
using a forward model simulation. This forward propagation can be captured with the
transition density p(x¥[x¥~1). We assume that the transition density of the model, .#, to
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propagate the particles in time correctly. Using again Bayes’ theorem and assuming that
the time evolution of the states is discretized with x** = x0, ..., x*), we can write

: (y*1xk)
Ky k) = p
pXy p(yk)

fp(xklxkfl)p(xkflIyltkfl)dxkfl. (3.2)
In Eq. 3.2, we recognize the propagation in time of the particles from k-1 to k in the
transition density, p(x¥|x¥~1). After propagating the ensemble forward, we can perform
assimilation at time k and update the weight of each particle given the difference
between the model outcome and observations. According to Bayes’ theorem (Eq. 1.28),
the updated weight of a particle i is

wk = wk ! pyixh). (3.3)

Using Eq. 3.3, the particle weights are updated, and the posterior distribution’s expected
mean provides an estimator of the model states. In the following, we refer to Eq. 3.2 and
Eq. 3.3 as the “standard particle filter”. A limitation of the particle filter’s application,
or the application of importance sampling in general, is the so-called weight collapse;
certain model realizations can give a very good fit when compared with the observations,
leading to large weights for these particles. In contrast with these particles with a
very large weight, most other particles have a weight close to zeros (Bengtsson et al.,
2008; Snyder et al., 2008; van Leeuwen et al., 2015). This is known as weight collapse,
and in case of weight collapse, the posterior PDF p(x|y) is no longer an appropriate
approximation of Bayes’ theorem. Weight collapse increases when the number of
observations increases for a given ensemble size, making the standard particle filter
difficult to apply in most geoscience applications where there are many observations
available.

3.3. PROPOSAL DENSITY IN PARTICLE FILTER

The study of Doucet et al., 2001; Doucet et al., 2000; Snyder et al., 2015; van Leeuwen,
2009 gives insights into the application of the particle filter in a high-dimensional
problem, and van Leeuwen et al., 2019 more recently provides an excellent review of
particle filter application in high-dimensional problems. The authors show that, with
adequate sampling of the observation space, weight collapse can be avoided without
increasing the ensemble size. In fact, we can sample the prior states with a proposal
density function using information from the data as background knowledge. Doucet
et al., 2000 use the term of optimal proposal to refer to this prior proposal density.

3.3.1. DEFINITION OF A PROPOSAL DENSITY FUNCTION

In the standard particle filter, the transition density p(x*|x*~!) gives the distribution of
the states propagated at time k (Eq. 3.2). By “proposing” a different transition density
to forward the prior ensemble, we can obtain more effective particle weights (Ades
and van Leeuwen, 2015; Chorin and Morzfeld, 2013; Snyder et al., 2015) and avoid
weight collapse (Chap. 2). To obtain such transition density, it is possible to modify the
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transition density of the standard particle filter, by multiplying and dividing Eq. 3.2 by

a function g(x*|x*¥~1,y¥), which we refer to as proposal transition density q(x*[x*~1,y%).

Introducing this term in Bayes’ theorem, we obtain

Kook _ POERY 1 paixth

Py = % [rE—
py®) J q&xFIxtye)

q(xklxk_l,yk)p(xk_llylk_l)dxk_l. (3.4)

The principle of the proposal transition density is that it is possible to multiply and divide
by any density q(x*[x*~1,y*) as long as px¥|x*1) < gxF|x*~1,y¥), to not divide by zero.
In the case where the N, particles have equal weight at the previous time step k—1 (in
this study;, it is the case before the first assimilation step), we can write

. Ne 1
poc Ty = 3 oo —xf 7Y 63
i=1

in Eq. 3.4, and we obtain the posterior distribution

k |y ke ki k—1
p(xk|y0:k) _ % ply |xi) P(Xi |Xi )
S opyh) gaFxklyk

xF —x5). (3.6)

1

In Eq. 3.6, we use the expression of p(x*~1|y'**~1) considering equal-weight particles
(i.e., the particle probability is proportional to 1/N). The principle of the proposal
density is that instead of drawing particles from the transition density p(xkle’l), we
sample directly from q(xi.‘lx{.“l,yk). Because q(xflxi.‘_l,yk) can also be expressed as a
sum of Dirac functions at time k, and because term 1/N (Eq. 3.5) is omitted in the
following since it is the same for each particle, we write the expression of the particle

weights as a function of the proposal density g with

k k-1
kioky POiIX)
w;x ply Ix;)———+. 3.7
Vb kT vk
The expression of the posterior distribution becomes
. Ne
pxFly*k) = Z w6 (x* —x5). (3.8)

i=1

This derivation gives the basis for a proposal density, g, for which we can use an arbitrary
density function with q(xk |xk-1 ,yk) = p(xk Ix¥~1) in the standard particle filter. However,
it is not trivial how one should choose another expression for the proposal density
(van Leeuwen et al., 2015).

Doucet et al., 2000 suggest the “‘optimal proposal” and define a proposal density, g,
based on the observations at time k as

g&x*IxF1yk) = paFixELyh. (3.9)

According to Doucet et al., 2000, by choosing the proposal density from Eq. 3.9, we
can use the observations at the next time step, k, to sample the particles. To derive an
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expression for weights using the optimal proposal in Eq. 3.9 we use Bayes’ theorem, to
express the optimal proposal as

p(yk ka) p(Xk |Xk_1)

p(yk|xk—1)

gk xF1yk) = pakxF 1 yk) = (3.10)

Using the expression for the weights (Eq. 3.7) and using the expression of g of Eq. 3.10
we obtain

k*l)

il (3.11)
pxFIxE-1,yk)

= pyFIxfh. (3.12)

k
px;|x
w; = ply* ) —

In the work of Doucet et al., 2000, the optimal proposal is derived for different cases,
depending on the Gaussianity and the linearity of the problem. In our subsidence
problem, distribution of model and observation errors are assumed Gaussian.

3.3.2. OPTIMAL PROPOSAL APPLIED IN THE SUBSIDENCE PROBLEM

In the example of subsidence caused by a compacting reservoir, the state vector is
composed of the model state variables of compaction, ¢, and displacement field, u, such
asx = [{,u]”. A forward model transforms the compaction state, { to the displacement
field, u. In Chapter 2, we have introduced the forward model, .4, in a quasi-static
example. Now, .# forwards the model states in time, and the observation operator,
J€, maps state space to observation space. Here, we make the same assumption as
in Chapter 2, namely, that .#2 represents the measurement operator, which is solely
a function of the measurement method and can be defined with an I; (Identity)
observation operator. From the general model

x* = 4 xF 1) + ek (3.13)
vk = 75k + ek, (3.14)

we obtain for our specific subsidence problem
uk = u [uk—l(zk—l)] +ek
yk:JfM [uk_l((k_l)] +eX = 7euF + k. (3.15)

With the measurement error, € and the model error, e. The subsidence problem in
Eq. 3.15 is illustrated in Fig. 3.1 as a Markov process of the model state vector, where
the compaction, {, is the unobservable model state.

To implement the optimal proposal based on the example in Doucet et al., 2000, we
consider Gaussian and independent model error, e ~ N(0,Z,), and observation error,
€~ N(0,Z). To implement the optimal proposal in the subsidence problem, we sample
compaction states, { and write the transformation from compaction to subsidence in the
forward model as u = A{ (Eq. 3.15). Assuming that we know A, this allows us to derive the
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Figure 3.1: Illustration of a Markov process in the subsidence problem, showing the dynamical model, .#
forwarding in time the model state vector, x = [{,u]. The observation operator, .7, is applied to the state vector
to map the model state of displacement, u to the observations y. The compaction states ¢ is the unobservable
variable to be estimated with data assimilation.

expression of the optimal proposal (Doucet et al., 2000; Snyder et al., 2015) as a function
of {. From the subsidence model in Eq. 3.15 and the Gaussian assumption for € and e we
obtain

VIE~ N AR 20, YR ~ N (ALY, 2 + Az 0T, (3.16)

Using the property of the conditional distribution of the multivariate Gaussian
distribution, which implies that all conditional distributions of a multivariate Gaussian
distribution are Gaussian (Snyder et al., 2015; Tong and Tong, 1990), we can express the
optimal proposal density at time k, as a Gaussian distribution

R1cEtyh) ~ Nk, Py, 3.17)

with mean uk and covariance matrix, P:
uE=mf o0 (207" +30) 7 yF - el (AmE)
P=3,— 3o JO(H5eH +3) o€, (3.18)

where my is the mean of the prior probability distribution of the compaction ¢ from
a background knowledge. Using the same property of the conditional distribution of
multivariate Gaussian distribution, we can similarly derive the expression for the weights

1
wk o exp —E(yk ~ HMALTNT e+ 2 AT VY - (A B19)

This implementation of the proposal density is based on Gaussian assumptions and is
assumed to be suitable for nonlinear models (Doucet et al., 2000; Snyder et al., 2015).

This implementation of the particle filter with the optimal proposal provides an
approach to sample the model states, allowing us to propagate the particles forward
in an average trajectory closer to the observations. The implementation prevents
a single particle (model realization) from approaching observations more than the
other particles, thereby avoiding weight collapse. Algorithm 2 gives an example of the
implementation of the particle filter with the optimal proposal for the specific case of
the subsidence problem.
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Algorithm 2 Implementation of the optimal proposal density in a model of subsidence
caused by a compacting reservoir. In this example, leveling data in 2018 are relative to
1978 and involve N, = 436 benchmarks. Compaction values are expressed in meters.

Initialization:
Background knowledge (van Elk et al., 2021; van Elk et al., 2022) {8 ~ N(0.05,0.1)
equivalent to a compaction velocity of {?8 = 0.019m/year.
Model error e ~ N(0,1.1073) and € ~ N(0,5.1073).
Sampling ¢¥|(¢*1,y5)
— Compute the model A, corresponding to the subsurface response to nuclei with a
compaction value of one.
— Compute p* and P from Eq. 3.18.
— Sample the ensemble of compaction with N, particles for each nucleus, n, giving
an ensemble of dimension (N, x Ny) (Sec.2.3.2)
fori=1:N,do
pEFICyE) ~ N(ur, PP
end for
Update
— Compute model realizations of subsidence field (i.e., the cumulative subsidence
from all nuclei, n), uf , for each particle a and apply Eq. 3.19 to update the weights
fori=1:N,do
uf =y uf @k )
end for

3.4. VERIFICATION ON A COMPACTING RESERVOIR EXAMPLE

To verify the performance of the optimal proposal particle filter in estimating
reservoir compaction and subsidence, we model subsidence from an example of
a homogeneously compacting reservoir using the analytical solution of Geertsma,
1973 and Geertsma and van Opstal, 1973 (Chap. 1). The reservoir is discretized
into cuboid-shaped cells, where a nucleus of strain in each cell represents the cell’s
compaction (c.f. with the “multi-component model” in Section 2.3). Each cell of the
model has identical compaction {. We write the solution of the vertical displacement u;
caused by a nucleus, i in location (x;, y;, z;) and assume it is observed at location (x, y, z)

(1-v)61* D
w1
R=y/x=xi)2 +(y-y)? + (2~ zi)?, (3.20)

where R is the distance between the nucleus of strain and an observation point at the
Earth’s surface, D is the depth of the nucleus, 6! is the resolution of the grid cell, v is
the Poisson ratio, and ¢ is the compaction for a period of production. The subsidence
field, u, resulting from the compaction of all nuclei of strain is the sum of displacements
u; created by each nucleus i (Tempone et al., 2010). In the following, we refer to the
“observation point” as the location in space where a subsidence observation is available
for the assimilation.
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3.4.1. AVOIDING WEIGHT COLLAPSE WITH THE OPTIMAL PROPOSAL

In synthetic experiments, the observation vector, y, of dimension Ny, provides simulated
cumulative displacements relative to the start of the production. The notation, j, refers
to the synthetic observation vector defined in Section 2.3.3. N, corresponds to the
dimension of the observational space, i.e., the number of observation points. To create
synthetic observations j, we use the reservoir pressure data from van Elk et al., 2022,
provided by the producer NAM. Using the pressure decline, we evaluate the reservoir
compaction, used as input to compute subsidence with Eq. 3.20. Synthetic observations,
7, are generated by sampling the resulting subsidence field and by adding Gaussian
noise with variance o2 = 25.107% m to the data points to mimic the observational error
(Fig. 3.2). We compare the standard and the optimal proposal particle filter in three
different experiments for an increasing number of observation points, Ny, = 10, N, = 30,
and Ny =100 (Tab. 4.1).

Table 3.1: Summary of the data assimilation experiments performed to compare the standard particle filter
(SPF) and the particle filter with optimal proposal (PFOP). The implementation of the particle filter is tested
in three cases: first in synthetic experiments and after with leveling and InSAR data. For each experiment, the
ensemble size, Ne, and the number of assimilated observations, Ny, is indicated. The expected mean E[wmax],
of the maximal weight, w4y, indicates the trend of weight collapse over several identical simulations.

Ensemble size (N,) Number of observations (Ny)  E[wWmnax]

SPF Synthetic 500 10 0.25
500 30 0.5
500 100 >0.5
PFOP Synthetic 500 10 <0.2
500 30 0.2
500 100 0.4
SPF Leveling 103 436 (epoch 2018) 1
PFOP Leveling  10° 436 (epoch 2018) 0.4
SPF InSAR 103 1032 1
PFOP InSAR 102 1032 1
103 1032 0.1

By applying the standard particle filter to the subsidence model and the synthetic
observations, we test posterior weight collapse for a varying number of observation
points and a given ensemble size. We start with ten observation points, i.e., ten
different locations in space with one subsidence observation each, which gives Nj, = 10
observations to assimilate and one value of compaction to estimate (homogeneous
reservoir). In the first experiment (SPF synthetic Tab. 4.1), we use the standard particle
filter and generate an ensemble of compaction values in 1964 and forecast it to 1972
(Fig 3.3). In this conceptual example, the model .4, moving the ensemble forward in
time, such as xktl = g (xk), is an identity (I;) operator .4 = 1. Figure 3.3(left) shows the
ensemble of compaction values sampled with the standard particle filter, with identical
values in 1964 and 1972. Whereas the prior ensemble of compaction shows sufficient
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spread around the truth, the prior ensemble of subsidence (computed from compaction)
in Fig. 3.3(right) does not sufficiently cover the truth and the observations.
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Figure 3.2: Pressure data of the mean pressure in the Groningen gas reservoir from the start of the production
in 1964 to 2022 and forecasts to the year 2030. The mean pressure is provided by the NAM and estimated for
the entire reservoir based on their reservoir model. The compaction is calculated from the mean pressure
reduction and is used as an input in the forward model to compute subsidence. The reservoir compaction is
calculated from pressure reduction using values of the compaction coefficient, C;, and the reservoir height £,
from background knowledge. Synthetic data are generated from the modeled subsidence by adding Gaussian
noise to the output modeled subsidence.

After the assimilation of the synthetic data, the analysis of reservoir compaction in 1972
is used to update the modeled subsidence in 1972 (magenta star in Fig. 3.3). To evaluate
posterior weight collapse, we repeat the previous assimilation step 300 times and
compute the maximal weight, w,,,x. The 300 simulations are repeated independently
and give a value of w,,, at each new simulation. The same experiments are performed
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Figure 3.3: Synthetic experiment with the standard particle filter showing an analysis of the reservoir
compaction (top) and subsidence states (bottom) for Ny, = 10 and N, = 1000, with a displacement time series
mimicking the leveling data at one observation point. The ensemble at the assimilation step is indicated with
blue dots, and the truth with a solid black line. The magenta star indicates the model update of subsidence
from the estimated compaction obtained from the data assimilation analysis. The limited spread of the
ensemble over the truth illustrates how weight collapse can occur in this example of subsidence caused by
a compacting reservoir.

with an increasing number of observation points, N, = 30 and N, = 100, and with both
the standard particle filter and the particle filter with the optimal proposal. Histograms
of the maximal weight in Fig. 3.4 show that, as expected, the maximal weight converges
to the value 1 for an increasing number of observations and a constant ensemble size
of N, = 500. A comparison of the maximal weight obtained with the standard particle
filter and the particle filter with the optimal proposal with an identical ensemble size,
N, =500, shows that E[w;;,4x] < 0.4 in the implementation of the particle filter with the
optimal proposal, whereas it convergences to 1 with the standard particle filter (Fig. 3.5).

3.4.2. TESTING THE OPTIMAL PROPOSAL WITH LEVELING

We now test the particle filter with the optimal proposal to assimilate actual leveling
data of the Groningen region. Optical leveling campaigns have been conducted since
the start of gas production in 1964 (Fig. 3.6). The leveling technique provides subsidence
estimates relative to an epoch of reference and a benchmark (i.e., observation points) of




3. REDUCING WEIGHT COLLAPSE TO ASSIMILATE GEODETIC DATASETS WITH IMPORTANCE
66 SAMPLING

(%]
(%]
(%]

4 4 4
(il (il (il
s ol g g
g3 g3 g3
5 £ . 5
3 3 "

U2 U2 U2
19 19 19
o o o

0 0 -
0.00 025 050 0.75 1.00 0.00 025 050 0.75 1.00

[y
=
=

0+
0.00 025 050 075 1.00
max wi max wi max wi

Figure 3.4: Histograms of the maximal posterior weight for the synthetic experiment with a standard particle
filter (SPF synthetic) showing how weight collapse increases for an increasing number of observations Ny = 10,
Ny =30, and Ny =100 for N =500. The maximal weights are evaluated over 300 simulations.
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Figure 3.5: Histograms of the maximal posterior weight for the synthetic experiment with particle filter
implemented with the optimal proposal (PFOP synthetic). showing how weight collapse increases for an
increasing number of observations Ny, = 10, N}, = 30, and Ny = 100 for N = 500. The maximal weights are
evaluated over 300 simulations.

reference, and cumulative displacements are available approximately every five years
with values relative to the first epoch in 1964 (Sec. 1.2). The benchmark’s number
and location can vary between the different epochs we then keep only benchmarks
with displacement relative to the same benchmark of reference and the same epoch
of reference (Sec. 1.2). Fig. 3.6 shows the leveling benchmarks above the Groningen
region and the cumulative displacement in 1975 relative to 1964 with the time series
of maximal subsidence from 1964 to 2018. In the following, to obtain more than
400 benchmarks over the gas field, we choose 1978 as a reference and assimilate four
epochs between 1978 and 2018. The subsidence trend in Fig. 3.6b shows the maximal
subsidence over the entire area with a quasi-linear time evolution of subsidence. The
almost linear evolution of subsidence suggests that for the production regime in this
period, a five-year data-assimilation window is sufficient to test the particle filter.

The same approach as in Section 3.4.1 is applied to test the particle filter with the optimal
proposal: we estimate the reservoir compaction at each assimilation step and update
the modeled subsidence. In Fig. 3.6, the ensemble members are indicated with grey
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Figure 3.6: (a) Subsidence map showing the leveling benchmarks above the Groningen gas field with

cumulative displacement at the epoch 1975 relative to 1978: we choose 1978 as a reference because the
leveling network has more benchmarks than in 1964. (a-right) shows the time series of the maximal subsidence
from the start of the production in 1964: the cumulative subsidence is zero at the reference date. (b) Data
assimilation results showing the estimated cumulative compaction relative to the date of 1978 (magenta
stars). The analysis is performed at four epochs for the period 1978-2018. The blue dashed line indicates
the compaction computed from the NAM pressure data, the compaction analysis with data assimilation is
indicated with magenta stars, and the ensemble spread is indicated with grey dots. (c) The histogram of the
maximal posterior weight, wmax, indicates the tendency for weight collapse in the assimilation step 2018,
where Ny = 436 observations are assimilated with an ensemble size of N = 1000.

dots, showing the spread of the particles, and the compaction analysis is indicated with
magenta stars for each assimilation step. The compaction analysis follows the trend
of the averaged reservoir compaction calculated from the NAM pressure model (blue
dashed line in Fig. 3.6) but has a lower magnitude of the reservoir compaction. Not
surprisingly, the homogeneous reservoir model does not fully represent the complexity
of the actual reservoir driving mechanisms. As a result, the observed subsidence will
differ from the subsidence modeled with the homogeneous reservoir model, but this
provides a conceptual framework to test the particle filter. As in the experiment in
Section 3.4.1, we run 300 times identical and independent experiments to evaluate the
histogram of the maximal weights. Figure 3.6c shows the resulting histogram of the
maximal weight for the experiment at the epoch of 2018, where N, = 436 observation
points are assimilated with an ensemble size of N, = 1000. The maximal weight,
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Wmax, 'emains on average below 0.6, which is in agreement with the result in synthetic
experiments. Results of maximal weights show that it is possible to assimilate leveling
observations of the Groningen region with a particle filter and an ensemble size of
N =1000.

3.4.3. TESTING THE OPTIMAL PROPOSAL WITH INSAR

The InSAR technique provides additional displacement estimates that complement the
leveling estimates. To test the particle filter with the optimal proposal, we assimilate
InSAR displacement velocities linearly interpolated in the period from 2015 to 2020.
Each observation point (i.e., Point Scatterer PS) has a displacement velocity, (Sec. 1.2),
which provides a dense spatial distribution of the observation points: an InSAR dataset
contains more than 1 million observation points for each epoch, meaning more than
1 million spatially distributed observation points every six days. We apply a similar
approach as in the case of the test with leveling observations and homogeneous reservoir
compaction, using the reservoir pressure from the NAM as input to our subsidence
model. We perform one assimilation step in 2020 to estimate an average compaction
rate for 2015-2020, which allows us to update the displacement velocity in 2020.

DATA REDUCTION

The region of Groningen gives an area of study of approximately 50 km x50 km, with more
than 1 million spatially distributed PS to assimilate, involving an unpractical ensemble
size for the particle filter. Observation points are very densely distributed over certain
areas, suggesting that the observations may contain redundant information that can
be removed from the dataset without losing valuable information. Since it is difficult
to evaluate the quality and information content of each individual observation point
and consequently evaluate which point can be eliminated from the dataset, we proceed
as follows with an entropy estimation. The InSAR dataset is composed of distributed
scatterers and point scatterers (Sec. 1.2). The distributed scatterers give displacements
averaged from InSAR reflection, and point scatterers provide displacements from a
single reflection point (i.e., simple reflection). First, we remove the distributed scatterers
from the dataset and only use displacements from the point scatterers. This allows us
to reduce the dataset from 1.5 million to approximately 600.000 observation points. To
remove redundant information from the dataset, we use a regular grid over the region of
study and test different averaging radii to average data over this grid (see Fig 3.7a green
circle of radius 61). Using the entropy metric previously introduced in Section 2.4, we can
quantify the information content of the reduced dataset. The entropy, H(x), is minimal
if a variable x; can be estimated with zero uncertainty from p(x), with the probability
p(x;) = 1. Conversely, the entropy is maximal and equal to H(x) = log(N,), if there is
equal probability between N variables, with p(x;) = 1/N (Chap. 2).

The entropy for the InSAR dataset measures the uncertainty or randomness of the
distribution of the displacement velocity values in this dataset.In Fig. 3.7b, for the
averaging radius, 6/ < 2km, the entropy is estimated to be approximately H(y) = 0.75
and this increases to H(y) = 0.85 for an averaging radius 6/ > 3km. The low entropy
value suggests that the subsidence signal from a point scatterer relates to a more specific
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Figure 3.7: (Left) Subsidence map showing circles of different radii (green solid line) used to spatially average
InSAR displacement velocity of the observation points over a regular grid (blue triangles) in a neighborhood
of 61 radius. The solid black line represents the field outline. (Right) The entropy of the reduced dataset as
a function of the averaging radius 61 shows the reduction of entropy as the averaging area becomes smaller:
1) for a dataset with distributed and 2) point scatterer is indicated with a blue cross. The entropy calculated
for the dataset reduced to the point scatterer is indicated with red circles. The dashed line indicates the grid
resolution at the value of §/, where the maximal entropy for this spatially averaging experiment is reached.

process, such as deep-driven subsidence, compared to the signal from distributed
scatterers, which can be an average of deep-driven and other subsidence signals.
For example, point scatterers are often related to reflection on buildings and, thus,
deep-driven subsidence. This supports our choice to remove distributed scatterers from
the dataset if we aim to estimate only the deep-driven subsidence. With aradius between
2 and 4km the entropy reaches almost constant values of H(y) ~ 0.85, suggesting that the
information in the averaged data is similar to that in the initial dataset, with “maximal
randomness”. Based on the entropy results in Fig. 3.7, we average point scatterers in
an area of 500m diameter to remove redundant information. We obtain an entropy
of approximately 0.75. To further reduce the number of observations, we divide the
Groningen area into 2km cells. Each grid cell thus contains several averaged observation
points (i.e., averaged point scatterers) based on the 500m diameter spatial average. To
have a distribution of displacement velocity that is not completely regular, but also
has no high concentrations of observation points, we randomly select one averaged
observation point in each grid cell. We obtain the spatial distribution of subsidence
observations illustrated in Fig. 3.8.

RESULTS OF THE ASSIMILATION OF INSAR DISPLACEMENTS OVER GRONINGEN

A first test is performed with 288 spatially distributed observation points (PS), Ny, = 288,
and an ensemble size of N, = 100. After applying the particle filter with the optimal
proposal assimilating the displacement velocities in 2020, the subsidence update is
computed from the estimated reservoir compaction. The maximal displacement
velocity, estimated with the particle filter as shown in Fig. 3.8b, suggests a maximal
displacement velocity of approximately 10mm/year, which is in agreement with the
observed subsidence (Fig. 3.8a). As expected and similar to the experiment with leveling
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Figure 3.8: Subsidence map of the Groningen gas field (black solid line) showing linear displacement velocities
0f 288 PS-InSAR location above the Groningen gas field. (a) The InSAR dataset with 288 observation points was
used for the assimilation. (b) The subsidence estimate is computed from the compaction analysis after the
assimilation step, showing the subsidence in mm/year at the observation locations. (Bottom) The histogram
of the maximal posterior weight is computed over 100 data-assimilation runs for the Ny = 288 observations
and an ensemble size of N, = 100.

displacements, the homogeneous compacting reservoir does not fully represent the
heterogeneity of the subsidence field. The InSAR displacements show local subsidence
over the area with a spatial extent smaller than 1km that is not present in the
data-assimilation estimates The actual measurement error is unknown, but we can
assume several millimeters based on the order of magnitude of InSAR errors (Auriac
et al., 2014; Ketelaar, 2009). The choice of the observation error in the data-assimilation
system also has an effect on the posterior weight collapse: the assumption of a small
observation error reduces the variance of the likelihood and can cause weight collapse.
In this experiment with InSAR, we are interested in testing how the particle filter with
the optimal proposal avoids weight collapse. Therefore, we assume the minimal value
of ¢ = 1mm for all observations. In the experiment with Ny, = 288 and an ensemble
size of N, = 100 the data-assimilation analysis gives an estimated compaction rate of
—0.065m/year associated with a maximal subsidence of approximately 10 mm/year, and
a maximal weight averaged less than 0.6 (Fig. 3.8).

The same experiment as the one described above (with the homogeneous reservoir and
the same ensemble size, N, = 100) is now performed with a larger dataset of N, = 1032
observation points and an ensemble size of N, = 100 (Fig. 3.9). For this experiment,
the estimated reservoir compaction of 0.071 m/year gives a modeled-subsidence update
of approximately —10mm/year. As expected, the posterior distribution suffers from
weight collapse. The maximal weights are indicated in the histogram in Fig. 3.9
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Figure 3.9: Subsidence map of the Groningen gas field (black solid line) showing displacement velocities at PS
locations above the Groningen gas field with (a) the InSAR displacement velocity from the reduced dataset and
(b) the model-update of subsidence after assimilation. The histograms of the maximal weight are computed
over 100 data-assimilation runs. Histograms show the maximal weights in an experiment with Ny = 1032
observation and with (top) N, = 100 and (bottom) N, = 1000, showing weight collapse for N, = 100 and the
absence thereof for N, = 1000.

(histogram based on 100 simulations) and show that most maximal weights are above
0.6, suggesting weight collapse.

We increase the ensemble size to N, = 1000, repeat the experiment with N, = 1032
observation points, and evaluate how the maximal weight changes. The result in
Fig. 3.9 shows that the maximal weight is reduced from almost 1 to less than 0.2.
The estimated compaction for this experiment is 0.071 m/year, in agreement with the
previous experiment with N, = 288 and an ensemble size of N, = 100.
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3.5. DISCUSSION

This chapter provides an application of the particle with an optimal proposal for
subsidence estimation in the Groningen region and focuses on evaluating weight
collapse. The result of weight collapse in the experiments in this chapter agrees with
our synthetic tests in Section 3.4.1 and the results in Snyder, 2011 and Snyder et al.,
2015. Indeed, Snyder et al., 2015, based on theoretical proof, provides an expression for
the performance bound of the optimal proposal at the asymptotic limit and proposes
how to avoid weight collapse with the optimal proposal. Another approach based on the
particle filter (NAM, 2017) is proposed for the Ameland gas field, a small reservoir in the
Groningen region. The method of NAM, 2017 is similar in that it is based on a proposal
density. However, further description of the NAM, 2017 method could help understand
how weight collapse is avoided and, thus, if their approach can be applied to other cases.

The results of the experiments in this chapter reveal limitations in both the model, the
data, and the data-assimilation methodology. A homogeneous compacting reservoir
does not fully represent subsidence observed with leveling and InSAR data. Specifically
with InSAR, we notice the sensitivity of weight collapse to the observation error, and thus
the importance of setting correct observation errors in the data-assimilation approach
(Eq. 3.14). This is also one of the conclusions of Snyder et al., 2015. The assumption of
small measurement and model errors in the data-assimilation system gives the optimal
proposal a small variance, which consequently samples the prior state variables with a
narrow variance distribution. In our case, this has the effect of an estimated subsidence
very close to the observations suggesting weight collapse or “overfitting”. Increasing
the observation error can have a beneficial effect on weight collapse, similar to an
“inflating” variance in the likelihood, allowing a better spread of the prior ensemble
with the optimal proposal. Further work on the InSAR processing can help improve the
assumptions on both observational and model errors.

Moreover, further refinement of the model would allow a better representation of
non-homogeneous reservoir compaction. While this might give a more realistic
simulation of subsidence, it could also increase the chance of posterior weight collapse.
This could be the case, for example, with a compartmentalized reservoir or a model
including an additional shallow source of subsidence (e.g., a combination of the
one-component model and the multi-component model in Chapter 2).

Whereas avoiding weight collapse with a number of observations larger than Ny, = 1000
requires unpractical ensemble sizes with the standard particle filter, it is possible with
an ensemble size of N, = 1000 when using the particle filter with the optimal proposal.
As van Leeuwen et al., 2015 suggested, the optimal proposal particle filter may not
be applicable in cases with very large observational- and state-space dimensions. For
example, with an InSAR dataset of 1.5 million observation points. The authors also
highlight that it is unclear if the particle filter with an optimal proposal would still
apply in highly nonlinear systems. To our knowledge, the optimal proposal density
particle filter’s applicability remains an open question since it has never been tested on
highly nonlinear systems. In the example of subsidence in the Groningen gas field, the
subsidence caused by the compacting reservoir is quasi-linear. However, nonlinearity in
other processes causing subsidence above the Groningen gas field is uncertain. Thus,
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the particle filter’s applicability with an optimal proposal in a more complex system still
needs to be tested. I address this point in Chapter 4. Since weight collapse appears to
be mainly driven by the dimension of the observational space (Bengtsson et al., 2008;
Snyder et al., 2008; Snyder et al., 2015), I expect that this particle filter implementation
can help avoid weight collapse in a system with sizeable state-space dimension.

3.6. CONCLUSION

I implemented a particle filter with the so-called optimal proposal described in Doucet
etal., 2000. The approach was tested on a compacting reservoir causing subsidence, with
synthetic and actual leveling and InSAR datasets, assimilating 1000 observations with an
ensemble size of N, = 1000. The principle of the particle filter with an optimal proposal
is to use the observations to improve the sampling of the prior ensemble. In the example
of a compacting reservoir causing subsidence, we define a probability density function
to sample a state vector of reservoir compaction and assimilate geodetic subsidence
estimates to estimate the compaction and update the subsidence model. Results show
that, for the same number of observations and ensemble size, the particle filter with an
optimal proposal reduces weight collapse in the posterior distribution compared to the
standard particle filter. We also test the optimal proposal density particle filter using
leveling and InSAR data and with different sizes of observational data sets. In the two
cases, we assimilate up to 1000 observations at a very low computational cost, with
a maximal ensemble size of N, = 1000. The results of experiments with the particle
filter with an optimal proposal suggest that this method is well suited for compacting
reservoirs of the Groningen gas field with InSAR and leveling displacement estimates.







MULTI-SOURCE SUBSIDENCE
ESTIMATION AND FORECASTS
USING THE PARTICLE FILTER
METHOD AND INSAR

The sciences do not try to explain, they hardly even try to interpret, they mainly make
models. [...] The justification of such a mathematical construct is solely and precisely that
it is expected to work.

John van Neumann

Reducing reservoir thickness at several kilometers of depth by compaction in the
subsurface can lead to land subsidence at the surface. In addition to reservoir compaction,
processes in the upper subsurface layers contribute to the total subsidence. This chapter
provides a data-assimilation approach for estimating subsidence in the Groningen region,
combining InSAR time series of cumulative displacement with physics-based models.
InSAR provides spatio-temporal information on the subsidence signal, with observation
points densely distributed in space and available every six days. Our approach assimilates
the InSAR time series of cumulative displacements into a physics-based model of
subsidence caused by multiple subsurface processes. In this study, subsidence is caused
by 1) a producing reservoir with linear time evolution of compaction and 2) the shallow
subsurface, which causes subsidence with a periodic time evolution that appears to
correlate with meteorological data. The methodology is validated in synthetic tests and
provides proof of concept for identifying deep- and shallow-driven subsidence. We apply
the same methodology with the InSAR time series and use different meteorological data
to test the separation of large-scale subsidence from time-varying localized subsidence.
Subsidence forecasts based on correlations with the climatological temperature of the
Netherlands provide insight into potential subsidence-driving mechanisms.

75



4. MULTI-SOURCE SUBSIDENCE ESTIMATION AND FORECASTS USING THE PARTICLE FILTER
76 METHOD AND INSAR

4.1. INTRODUCTION

Subsidence above the Groningen gas field has a characteristic bowl-shaped profile
caused by the compacting reservoir, with a large correlation scale of the subsidence
field (Sec. 1.2). This compacting reservoir is assumed to be the dominant driver of
subsidence in the Groningen region (Ketelaar, 2009), to which we will refer as the deep
driver of subsidence in this chapter. Deep-driven subsidence is considered long-term
subsidence since it increases over time proportionally to the pressure reduction in
the reservoir layers. In this study, all other driving mechanisms causing subsidence
are hereafter referred to as shallow drivers, in comparison to those at the depth of
the reservoir depth (Chap. 1). In contrast to the expected subsidence caused by the
compacting reservoir, InSAR-based displacement estimates show spatial heterogeneity
in the subsidence field. Additionally to spatial heterogeneity, the observed temporal
variation of the vertical displacement from the InSAR time series could be caused by
processes other than the compacting reservoir, such as shallow subsurface processes.
For example, in Section 1.3.2, I showed that soil dryness could lead to clay shrinkage and
oxidation of the organic soils, such as peat, for soil layers above the groundwater level
(Erkens et al., 2016). Groundwater level variability also results in swelling shallow layers
with seasonal periodic patterns (van Asselen et al., 2020). The infrastructure motion
caused by temperature changes can also be observed in the InSAR time series (Hanssen,
2001).

The deep- and shallow-driven subsidence differ in space and time. We expect
the shallow-driven subsidence to be localized in space and to have a periodic
time variability, whereas the deep-driven subsidence has quasi-linear time evolution
(Chap. 1).

In data assimilation, both the model and the observations contain information about
the system unknowns, and by combining them with data assimilation (i.e., with Bayes’
theorem in Section 1.4.2), we reduce uncertainty about the system unknowns. In our
case, the system unknowns are the subsidence-driving mechanisms. Data assimilation
methods used in subsidence estimation (Candela et al., 2021; Kroon et al., 2009;
Zoccarato et al., 2016) often assume linear models and represent model variables,
parameters, model errors, and measurement errors with Gaussian statistics (Emerick
and Reynolds, 2013; Iglesias et al., 2013; Wikle and Berliner, 2007). Based on the particle
filter tested in Chap. 3 we propose an approach with a proposal density suitable for
non-linear systems (Doucet et al., 2000; Farchi and Bocquet, 2018; Snyder, 2011; Snyder
et al., 2015; van Leeuwen et al., 2015; van Leeuwen et al., 2019). The implementation
of the particle filter from the work of Doucet et al., 2000 that we tested in Chapter 3,
shows good applicability to problems with a large number of observations (Snyder,
2011), allowing a particle filter application with InSAR estimates. This approach and
similar particle filter variants are referred to as the optimal proposal particle filter and,
to our knowledge, were never applied to subsidence problems such as in the Groningen
gas field.

In this chapter, we propose assimilating the InSAR time series of vertical cumulative
displacements, accounting for 1) the temporal variability, i.e., with a seasonal
subsidence signal in the InSAR estimates, and the spatial variability, i.e., varying
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smoothness, of the subsidence signal in the InSAR estimates. Based on these
spatio-temporal characteristics of the subsidence signals, we test the particle filter to
identify multiple subsidence-driving mechanisms and estimate subsidence accordingly.
The chapter is organized as follows. We provide an overview of the model and the
subsidence observations in Sections 4.2 and 4.3, respectively, followed by an overview
of the particle filter and its implementation for the assimilation of InSAR time series in
Section 4.4. Next, we perform synthetic experiments that we discuss in Section 4.5, and
finally, we apply the data assimilation method to the Groningen region with actual InSAR
estimates in Section 4.6.

4.2. MULTI-SOURCES SUBSIDENCE MODEL

In this chapter, I consider total subsidence to be a combination of two sources of
subsidence. One subsidence source is the reservoir’s compaction, the deep-driven
subsidence, and can be represented by a model similar to the “multi-component” model
in Section 2.3.1. The other source represents processes in the shallow subsurface,
causing shallow-driven subsidence. Since the shallow-driven subsidence has short
spatial correlation scales compared to the grid on which we represent the subsidence
(i.e., 2km), we can consider this with models of the “one-component” type in
Section 2.3.2. The total subsidence field, ueny, modeled at time t in a Cartesian
east, north, up (e, n, u) coordinate system, with deep and shallow-driven subsidence is
expressed with

tenu (D) = ulZCP 1L (D] + (1), “@.1)

where uZﬁﬁ” (¢ (1)) is the subsidence caused by the reservoir compaction, {(¢), and driven
by the pressure variation in the reservoir, whereas 7(t) is the additional subsidence term

representing other sources of subsidence. We define n as a stochastic term. In the

following, we first elaborate on the deep-driven subsidence, uifﬁp (¢ (1)), and then on the

shallow-driven subsidence by introducing the SPAMS model (Conroy et al., 2023) and
the temperature-based subsidence model.

Fjaer et al., 2008; Geertsma, 1973; Geertsma and van Opstal, 1973 describe a conceptual
representation of compacting reservoirs with the nucleus of strain approach to model
subsidence (Sec. 1.3.1). We use this approach and express Geertsma’s solution in
Cartesian coordinates to obtain a displacement in three directions, as it is commonly
used for the InSAR displacement estimates. We consider a disk-shaped reservoir of
15km radius at a depth D = 2900m that we discretize into 968 cells. With a radius
of 15km (i.e., a diameter of 30km) the disk of nuclei of strain has approximately the
width of the Groningen gas field. Such a representation of the Groningen gas field
has been shown to realistically represent its subsidence bowl (van Thienen-Visser and
Fokker, 2017). The uni-axial compaction of the reservoir, ¢, varies in time according
to the hydrocarbon production and the averaged mean pressure reduction AP over a
time period At (Chap. 1). The Earth’s surface displacement at point coordinate (x, y, z)
resulting from a single nucleus of strain i, at the location (x;, y;, z;), at depth D and at
time t relates the displacement, u in the Cartesian coordinates E,N,U, to the compaction,
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{ (1), with the equations:
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where R is the distance between the nucleus and a point at the surface, v is the Poisson
ratio, and 01 is the resolution of a reservoir grid cell. For a reservoir discretized in N
nuclei of strain, the displacement at one point, p, at the Earth’s surface is the sum of
displacements ugNy,; created by each nucleus i:

dee

Ugney C(0)p = Z upNu,i (D) p. 4.3)

In addition to the deep-driven subsidence from the homogeneous reservoir, the local
subsidence, assumed to occur at shallow depths, can be modeled with a vertical
displacement due to processes occurring at shallow depths, which have thus a short area
of influence at the Earth’s surface.

Shallow subsurface processes usually require models with a high spatial resolution with
different physical processes depending on the soil type (Koster et al., 2018; van Asselen
et al., 2018). Because we expect shallow drivers to correlate with precipitation and
evapotranspiration if they relate to soil motion, 1 in this chapter is assumed to be a
function of meteorological data. According to the soil water content, we observe uplift in
winter and subsidence in summer (e.g., higher water content in winter than in summer).
Soil water content and, thus, shallow drivers of subsidence vary when temperature
changes. In this chapter, we test two models with 1) n correlating with precipitation
and evapotranspiration and 2) n correlating with atmospheric temperature

ushal(x, P(t), E(1)),
N =4 7
u, x, T(1).

The shallow-driven subsidence, uS" (x,P(t),E(t)), is the soil compaction,
assumed to be related to soil moisture and determined by precipitation, P(¢), and
evapotranspiration, E(f) with scale factor x. Subsidence ug (x, T(t)) correlates with
the averaged atmospheric temperature of the Netherlands, 7'(¢). The empirical SPAMS
model shows good agreement with subsidence time series from extensometer data
(Conroy et al., 2023) and provides a shallow-driven subsidence model without prior
knowledge of the soil type. Using SPAMS allows us to reduce the model complexity for
the shallow subsurface in the Groningen region. We apply the SPAMS model with a 2 x 2
km resolution at the Earth’s surface (Fig. 4.1). This model is introduced in Section 2.3.2
and provides an expression for the vertical displacement, u”"”, which is the sum of a
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reversible subsidence component, R, and a long-term subsidence component, I,
ufthal(X,P(t).E(t)) = R(xp, xg, P(1), E(1)) + I(x, P(2), E(2)), (4.4)

where the x = {xp, xg, x;} are scaling factors that can vary per location. Conroy et al.,
2023 define I(x, P(1), E(t)) as the irreversible component. In the following, we use the
term long-term subsidence because part of the long-term displacement, both in the
shallow subsurface and in the deep subsurface (i.e., reservoir compaction), is elastic
and thus possibly reversible. The component R(xp, xg, P(t), E(¢)) in Eq. 4.4 is defined
as reversible in Conroy et al., 2023 and is characteristic of the seasonal swelling of the
soil and expressed as the function of the precipitation, P(¢), and the evapotranspiration,
E(t). We keep the term reversible to relate to the short-time variation in subsidence,
e.g., uplift in winter and subsidence in summer, for consistency with the SPAMS model.
The long-term component, I(x, P(?), E(?)), is expressed as a function of a constant rate
x7 and a step function f increasing in time given the difference between precipitation
and evapotranspiration resulting in a water surplus. We refer the reader to Chapter 1 for
more details on the SPAMS model.

Precipitation and evapotranspiration data are available from the KNMI (Koninklijk
Nederlands Meteorologisch Instituut). For the area above the Groningen gas
field, 21 stations provide daily precipitation data, and two stations provide daily
evapotranspiration data. We choose the station of Nieuw Beerta as a reference for
evapotranspiration and interpolate the precipitation data over a 2 x 2 km grid (Fig.4.1).
We thus obtain daily interpolated maps of precipitation for the period of 2015 to 2020.

Spatial distribution of the data points
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Figure 4.1: (Left) Spatial distribution of the PS averaged per parcel above the Groningen gas field (field outline
in black solid line) with the location of the meteorological stations measuring precipitation (orange triangles)
and evapotranspiration data (squares). Grey dots indicate observation points where PS-InSAR displacement
estimates are averaged over a 250m radius. (Right) Map of the area of the Groningen gas field showing the
interpolation of the precipitation data (orange triangles) over the Groningen gas field with 2 x 2km grid cells.

Seasonal variations of soil motion are correlated with seasonal temperature changes
because soil moisture depends on temperature: subsidence occurs in summer when
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temperature increases, i.e., when the soil is dry. A simple approach is to model the
term 7 (Eq. 4.4) with the subsidence, ul, where T is the daily averaged atmospheric
temperature and T(¢) as defined in Chapter 1. Thus, in Eq. 4.1 the term 71 can represent
alocal subsidence, u,f , and for consistency with the SPAMS model, the subsidence ug is
defined as the sum of a reversible component R, and an long-term component, I,

uy, (%, T(1) = R(xg, T(0) + I(xy, T(1)). (4.5)

In Eq. 4.5, xp is the scale factor, which correlates subsidence with temperature, and x;
relates to the irreversible subsidence component. The reversible component R(xy, T(f))
is now

R(xg, T(1)) =x9T(1), (4.6)

and the long-term component, I, is proportional to a step function f [T (¢)], such as:

t
Ix, T() =), x f(T(1), 4.7)

with

0, for T(t) > 15°C(soil moisture increases)

f(re) = . . . (4.8)

1, for T(t) < 15°C(soil moisture decreases),
Similarly to the subsidence in the SPAMS model, which assumes increasing long-term
subsidence when the evaporation is higher than the precipitation, we use the arbitrary
threshold of 15 °C for irreversible compaction, which correlates best with the soil dryness
(Alvenis and Jansson, 1997; Jansson, 1998).

4.3. INSAR DATASET REDUCTION FOR ASSIMILATION

InSAR is a technique to estimate the Earth’s surface displacements, with the main
advantage that the spatial and temporal distribution of observation points (PS) is much
higher compared with leveling (Sec. 1.2). Starting in 1992, three different satellite
missions acquired subsidence signals over Groningen every 2-3 days, and each InSAR
dataset contains more than 1.5 million observation points. An InSAR displacement
estimate is derived from the double difference (DD) phase observations, i.e., the phase
relative to a reference point and a reference epoch. The observed phase is the sum
of multiple components, e.g., the atmospheric phase, displacement phase, residual
height phase, noise components, and an unknown integer ambiguity number (Hanssen,
2001). Thus, to obtain InSAR estimates, the displacement must be separated from other
phase components that are not directly measured but derived from InSAR processing,
as explained in Chapter 1.2. Additionally, since all scatterers can have unique scattering
behavior, the quality of the observations is highly variable and not trivial to estimate
(Chang and Hanssen, 2015; Ketelaar, 2009). We use coherent and strong reflections,
so-called Point Scatterers (PS).

Because InSAR displacements estimated based on PS have complex reflections of the
satellite signal on structures, we can not assume that InSAR is only sensitive to the deep
drivers of subsidence. Instead, the InSAR displacement estimate is the sum of deep-
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and shallow-driven subsidence with possible deformation signals, depending on the
reflection of objects at the Earth’s surface (e.g., the thermal expansion of infrastructures
previously mentioned). We refer the reader to Chapter 1 for more details on the different
subsidence processes such as geotechnical movements, deforming infrastructures like
roads and railways, and the compaction of shallow soil layers also present in the InSAR
estimates (Auriac et al., 2014; Chang and Hanssen, 2015; Fokker et al., 2019; Gharekhani
et al., 2021; Ketelaar, 2009; Koster et al., 2018).

We propose the following approach to use InSAR vertical displacement in data
assimilation. We average InSAR displacement estimates per parcel (Fig. 4.2) to
represent the averaged displacement at the parcel scale. Parcel centroids are defined
as observation points or location points in the following. We use both terms
interchangeably. We reduce the dataset’s size and the common noise in the PS-InSAR
time series by averaging. The second advantage of the parcel average is that we can
attribute a soil type per observation point using the geology of the Groningen area in
Fig.4.2. The parcel average consists of the following:

1. We define a radius of 250 m around each parcel centroid and spatially average the
vertical displacement of the InSAR time series within this area. We obtain one time
series per parcel centroid.

2. We select three of these averaged time series with a seasonal pattern attributed to
the shallow-driven subsidence (i.e., subsidence in summer and uplift in winter). To
test if the other time series averaged per parcel have a seasonal component, we test
the correlation between the three selected time series and all other parcel-averaged
time series. An InSAR time series without correlation with the three selected time
series is rejected.

3. We grid the area as in Fig. 4.1 and sample one observation point per grid cell to
avoid clusters of observation points with redundant information in areas with a
dense distribution of PS, such as urban areas.

4.4. DATA ASSIMILATION METHODOLOGY

4.4.1. IMPORTANCE SAMPLING BACKGROUND

In our data assimilation subsidence problem, we choose the optimal proposal particle
filter as described by Doucet et al., 2000; Snyder et al., 2015; van Leeuwen et al., 2015 and
in Chapter 3. We start by defining the background knowledge of the physical process in
the subsurface causing subsidence. This allows us to evaluate a range of potential values
to sample the model states x,i_l, i=1,..., N at time k — 1 and to sample the model states
from the probability distribution p(x¥~1) ~ A (my, Zx), where m, represents the mean
and X, the covariance matrix. We recall the reader of the definition of the observation
operator, #, mapping the state space to the observation space and the forward model
states with .#, as in Section 1.4.1

Xj = M (Xp-1) + €)1 (4.9)
Yi = ‘]ka + €k
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Figure 4.2: (Left) Map of the area of the Groningen gas field showing the approximation of the soil geology
per parcel, with clay in the north (green), sand in the south (yellow), and peat areas (red). (Right) Zoom of
the map at the parcel level showing parcel geometry over a smaller area above the gas field, with the parcel
centroids indicated with a red dot. A circle of 250 m radius from parcel centroids is defined, and all PS-InSAR
displacement estimates within this perimeter are averaged.

with the model error e ~ N(ue,2.) and the measurement error €, ~ N(ue, Z:). The
covariance matrix X, and X, are assumed known.

4.4.2. ASSIMILATION OF INSAR TIME SERIES

The particle filter is a sequential method (Fig.1.22 Sec. 1.34), in which a model evolves in
time, performing a model update when a new observation is available. This assumes
a Markov process, in which the model at time k only depends on the model at time
k —1. Until now, we have assimilated the InSAR dataset using vertical displacement
velocities because the cumulative displacement of the InSAR time series can vary
with very large noise variation between two consecutive epochs. The noise can give
displacement difference up to 10mm between two observations in 6-day intervals.
This strongly influences the posterior estimate when using a sequential assimilation
scheme. However, we expect that assimilating time series of cumulative displacement
can provide information on the seasonal variation of the subsidence signal and,
consequently, improve the accuracy of subsidence forecasts.

Compared to the standard particle filter in Section 1.4.3 Fig. 1.22, we now assimilate
cumulative displacements using all InSAR epochs of an assimilation window rather
than an averaged displacement velocity at the end of the assimilation window. InSAR
cumulative displacements are relative to the first epoch of the time series, with a new
epoch every six days. Therefore, we assimilate all epochs of the InSAR time series in an
assimilation window of one year (Fig. 4.3). Figure 4.3 gives a schematic representation
of an InSAR time series with cumulative vertical displacement, indicated with black
dots and error bars at all epochs. In this example, the time series is split into three
assimilation windows of one year each, and a subsidence forecast is performed after
the third assimilation. In contrast with the sequential assimilation of the particle filter
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depicted in Figure 1.22, in Figure 4.3, all InSAR cumulative displacement estimates
(black dots) of the assimilation window are used in the assimilation step. This allows the
use of information about all displacement values of the time series in this assimilation
window, similar to a smoother approach generally used in ensemble smoothers for
reservoir engineering (see, for example, Evensen et al., 2022, Sec. 2.4.4 Fig. 2.4).

Assimilation Assimilation Assimilation | Forecast
window 1 window 2
&
g 3
=t L) 7
4 3
=]
]
i i >
0 1 2 3 time (year)
X, Forecast xd X Forecast > x X Forecast > x,! x*

Figure 4.3: Schematic principle of the data assimilation framework with InSAR cumulative displacement
estimates. The analysis is performed at the end of each assimilation window, considering all data in the
assimilation window (e.g., with the subsidence rate of the time series). Dots at the end of the assimilation
windows illustrate the particle ensemble, and the size of the dots at the beginning of the next window
represents the value of the particle weight. The second update (after the assimilation window 2) illustrates
a resampling step. At the end of the assimilation window 3, an ensemble forecast from the last analysis can
be performed (black line) This representation of the particle filter resembles Figure 1.22, but in contrast to
the particle filter introduced in Section 1.34, all epochs from InSAR time series are assimilated within an
assimilation window.

4.4.3. SEPARATION SUBSIDENCE REGIMES

In a system with a compacting reservoir and a shallow layer of soil causing subsidence,
we formulate the state vector based on our nucleus of strain model for the reservoir
compaction and the SPAMS model for the shallow-driven subsidence,

¢
XE,i
Xpi }SPAMS parameters for each grid cell i = 1,..., Ny.
X1,i

<= (4.10)

where ( is the reservoir compaction, which is an uncertain model state, xg, xp, and xy
are the uncertain parameters of the SPAMS model (Eq. 4.4). The reservoir compaction
is assumed homogeneous with the same compaction ¢ for all reservoir grid cells,
while each model grid cell at the Earth’s surface, i, has different parameters xg;,
xpi, and x7;. In the data assimilation, each particle provides a subsidence model
realization m, m = 1,...,, N, for particles x" = [(m(t),ngl.,xg‘i,xﬁ . Therefore, from
the state vector x in Eq. 4.10, we model the shallow-driven subsidence for each grid
cell independently and add the deep-driven component to obtain the total vertical
displacement u;(t) = u?eep(((t)) + ul?h“l(xi, P;(1), E;(1)) in each grid cell over the area.

To identify the deep- and shallow-driven subsidence, we use the following assumptions:
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e Temporally, with an assimilation window of one year, we assume that deep-driven
subsidence varies linearly in time, whereas shallow-driven subsidence has seasonal
variability shorter than one year.

* Spatially, over the Groningen area, the subsidence signal has spatial characteristics:
the deep-driven subsidence signal has a typical smooth subsidence bowl over the
area, whereas shallow-driven subsidence is spatially heterogeneous.

In the data assimilation analysis step, we use this spatial correlation (smoothness)
in the subsidence bowl to constrain the estimate of the reservoir compaction, (.
This imposes that the generated subsidence field from the prior values of { best
fits the InSAR displacement velocity over the area, thereby without modeling any
shallow-driven subsidence. In the second part of the analysis, we model a time series of
cumulative displacement at each observation point, including deep- and shallow-driven
subsidence, and compare this modeled time series with the InSAR time series. The
procedure is described in Algorithm 3 and consists as follows.

The amount of reservoir compaction over the one-year assimilation window provides
a compaction rate (i.e., a certain amount of compaction per year). The compaction
is assumed to be homogeneous in the entire reservoir. From this compaction rate,
we apply the forward model based on the nucleus of strain, defined previously in
Section 4.2, and we compute with Eq. 4.2 a displacement velocity (i.e., amount of
displacement per year). This modeled displacement velocity is attributed to the
deep-driven subsidence. The Groningen region is discretized into grid cells of 2km
resolution (Fig. 4.1), and the displacement velocity is computed in each grid cell,
resulting in a modeled subsidence field with spatial correlation (i.e., smooth subsidence
bowl). In the data assimilation analysis step, we compare the InSAR displacement
velocity to the modeled displacement velocity computed from the compacting reservoir.
The L2-norm, §y, of the difference between the InSAR and the modeled velocity is
calculated over all grid cells of the area (Alg. 3). Consequently, each particle corresponds
to an L2-norm, given that its compaction value represents the spatial correlation in the
InSAR subsidence signal. From the same particle, we model the time series of cumulative
displacement with deep- and shallow-driven subsidence, providing a modeled time
series of vertical displacement in each grid cell at the Earth’s surface and all epochs of the
assimilation window. In the analysis step in the data assimilation (Alg. 3), we compare
the InSAR time series of cumulative displacement with this modeled time series at all
epochs in a data assimilation window, At. The time-averaged difference, §;, between
the modeled time series and the InSAR time series is computed for all particles. Finally,
the L2-norm § and the time-average difference §; are included in the analysis through
Bayes’ theorem to attribute a weight to the particles.
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Algorithm 3 Data assimilation framework with InSAR time series including deep- and
shallow-driven subsidence illustrating the prior sampling and the application of the
forward model (FM) to the state vector with a reservoir model based on the nucleus of
strain (NS) and the SPAMS model (SPAMS). The L2-norm, dp, and the time-averaged
difference, §;, over the assimilation window At are computed and incorporated in the
likelihood in the analysis step. Note that in the likelihood, the term Jy is a sum over all
observations, and §; is assumed independent between grid cells and does not involve a
sum over all observations.

Sampling: generate an ensemble of dimension N, for the state vector
[¢, xp (i), xg(@), x;(i)], with i = 1...N), the number of grid cells.

Forecast: ;. — 4

form=1:N,do

fori=1:N,do
deep
NS um,i
¢ .deep
m,i

SPAMS ui’??l ushal R + ushal 1

[xP,m,ier,m,i»xI,m,i] >\ .shal,I

m,i
— Compute the dynamical model with deep- and shallow components:
(1) = Ul P (1)) + U@ (i i, Pi(0), E1 (0)) s

m,1
— Compute the sub31dence rate with deep and shallow components:
_ deep . sh, ]
Um,i =W, ;' +1U,,

— Compute the time- averaged difference between the modeled time series of
vertical displacement and the InSAR time series over N epochs for the particle m in
the cell i

=% i- ui,m)]i[
end for
— Compute the L2-norm, §y, of the difference between the modeled subsidence
and the InSAR displacement velocities over the NNy, cells and for each particle m,

2
Som =7 [ 20" (i = thim)
end for
Analysis: estimation of [, x,, (i), Xe (i), x;(i)]
— Compute the likelihood for each particle m
P xp (i), Xe (D), x7(D)] ) ox exp [—3 (80,m AL +6;)]

— Apply the likelihood as a weight to each particle m using 6, and 6;.
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4.5. PROOF OF CONCEPT WITH SYNTHETIC EXPERIMENTS

4.5.1. SYNTHETIC EXPERIMENT SET-UP

We test the data assimilation methodology in synthetic experiments based on the same
principle as the synthetic experiments in Chapter 2. The motivation for synthetic
experiments is that we generate a truth, x'"“'", which represents the unknown quantities
that we aim to estimate. This approach allows us to validate the data assimilation
result by comparing the data assimilation estimate to the synthetic truth. The state
vector in this synthetic experiment is the state vector as defined in Eq. 4.10, with the
model state of compaction, ¢ for the deep-driven subsidence and the model parameter
of the SPAMS model for the shallow-driven subsidence. We discretize the region of
interest at the Earth’s surface into Ny grid cells of 2 x 2 kilometers each (Fig. 4.1).
In these synthetic experiments, we simulate synthetic data, y, representing the total
displacement with deep-driven subsidence from the reservoir compaction model and
with the shallow-driven subsidence from the SPAMS model. We add a Gaussian noise
with a 1 mm standard deviation. To assess the accuracy of the data assimilation analysis,
we compare the analysis, i.e., the expected mean of the posterior distribution, to the
truth.

We perform two tests: one is quasi-static, and one is time-varying. In the first
quasi-static, we test the separation of deep- and shallow-driven subsidence using
a simplification of the proposed data assimilation approach. We do not assimilate
the InSAR time series of vertical displacement, only the InSAR linear displacement
velocity. This test allows us to verify if we can separate the deep- and shallow-driven
subsidence with a particle filter over a single update step by using the fact that the
deep-driven subsidence has a smooth subsidence bowl and that the shallow-driven
subsidence is spatially independent. This case also resembles the assimilation of leveling
displacements in the experiments in Chapter 3, Section 3.4, but with the difference that
we now add a second subsidence driving mechanism.

In a second test, we use a dynamical model to simulate the cumulative displacement
of the InSAR time series (Eq. 1.24). We simulate deep-driven subsidence based on the
NAM estimation for the reservoir pressure (Chap.3) and model the time evolution of the
shallow-driven subsidence with the SPAMS model (Fig. 4.1).

4.5.2. SEPARATION OF DEEP- AND SHALLOW-DRIVEN SUBSIDENCE

For the synthetic quasi-static test, we estimate the state vector and update the
modeled subsidence at time f; using the initial conditions of no compaction and no
subsidence, e.g., before the start of production at time #;_;, and then simplify the
shallow-subsurface model by defining a stochastic term, n (Eq. 1.4.1). We simulate
synthetic displacement estimates with ten years of hydrocarbon production, with an
equivalent mean pressure reduction of AP = 5MPa in the reservoir. We choose model
inputs to mimic the Groningen gas field assuming a constant compaction coefficient of
Cn=1.24x10"*MPa~! and a reservoir height of i = 240m (Bourne et al., 2014; Fjaer
et al., 2008; Hettema et al., 2000), resulting in an annual compaction rate of 0.15m/year.
We simplify the soil geology of the region of Groningen (Fig. 4.2) and create a synthetic



4.5. PROOF OF CONCEPT WITH SYNTHETIC EXPERIMENTS

87

Total subsidence (truth)
S )

Deep-driven (truth)

Shallow-driven (truth)

(a) N N

10.0

7.5

600 5.0

2.5

-0.0

Rdy (km)

-2.5

-5.0

Displacement velocity (mm/year)

=75

560

270 225 270 225 250 270

-10.0
10.0

Shallow-driven analysis

0 75

B
o
50 2
£
£
- 25 >
£ { S
Z 00 ¢
2 >
4 - > €
Ee ~ —25 ¢
¢ £
-5.0 &
o
2
. -75 ©
560" : ; : ; :
225 250 270 225 250 270 225 250 270 _10.0
Truth minus analysis deep-driven Truth minus analysis shallow-driven 2.00
14| (9) N\ i
2 1.75__
€12 g
£ 1.503
210 E
5 1255
o w
S g 0
] @
E 1002
92 6 > c
5 ?
o ¢ 0.755
g4 E
o O.SOxE_
g 2 =
% 0.25
> 0
0 560 55 0.00
0 5 10 15 5 270 225 270 8

250
Rdx (km)

250
Rdx (km)

predicted subsidence (mm/year)

Figure 4.4: Synthetic experiments for the quasi-static example. A true deep- and shallow-driven subsidence is
simulated in (b) and (c), and the sum of the two is shown in (a). From the true total displacement in (a), we
create synthetic subsidence data by adding a synthetic measurement error, see (d). Dots indicate the location
of the observation, i.e., synthetic Point Scatterer in InSAR. Assimilation of synthetic data in (d) provides analysis
for the deep- and shallow-driven subsidence in (e) and (f). Figure (g) shows the comparison between the
synthetic data and the analysis, with error bars indicating the measurement error in the synthetic data at each
observation point. (h) and (i) show the absolute error between the analysis and the truth for both the deep-
and shallow-driven subsidence, quantifying the analysis’s fit to the truth.

clay shrinkage with a displacement velocity in the north from a Gaussian density with a
mean 1) = —5mm/year, whereas the peat and sand areas in the south, in this synthetic
case, are not compacting (7 = 0mm/year). We compute subsidence from x*"**" for the
deep- (Fig. 4.4b) and the shallow-driven subsidence (Fig. 4.4c). The total subsidence is
the sum of the deep and shallow components (Fig. 4.4), and from the total subsidence,
we generate the synthetic displacements y (Fig. 4.4d).
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We consider a data-assimilation system (Eq. 4.1) with a Gaussian model and
measurement errors. We generate a prior state of compaction using the prior “optimal”
proposal density from Eq. 3.9. The prior states n are sampled from a uniform
distribution. We have limited background knowledge of processes in the shallow
subsurface; for reasons of simplicity, we assume a uniform distribution of n. We
sample particles with an ensemble size, N, = 1000, and assimilate synthetic linear
displacement velocities spatially over N}, = 268 observation points at each assimilation
step of one year (Sec. 4.5.1). Figure 4.4a illustrates the synthetic displacement velocity
over the Groningen region with a model resolution of 2km grid cell. The displacement
velocity in Fig. 4.4a is a total subsidence computed by adding the simulated synthetic
deep-driven subsidence (Fig. 4.4b) and the shallow-driven subsidence (Fig. 4.4c). The
synthetic observation points for the assimilation are indicated with blue dots and show
ahomogeneous coverage over the area.

The assimilation results in Fig. 4.4 e and f show a correct separation of the characteristic
bowl-shaped subsidence and the compacting clay. To evaluate the error in the analysis,
Fig. 4.4g shows the synthetic data as a function of the total subsidence analysis. The error
bars in grey represent the simulated measurement error, ¢, at each location with a spread
of approximately [-2,2] mm, corresponding to 2 o of the measurement error introduced
in the synthetic data. The difference between subsidence analysis (Fig. 4.4e and f) and
synthetic displacements (Fig. 4.4d) gives a spread of the same order of magnitude as the
measurement error €. Figures 4.4h and i show the absolute error between the analysis
% and the truth, x/"%*" for the deep- (h) and shallow-driven (i) subsidence. As expected
from the smooth subsidence bowl generated with the synthetic truth, in Fig. 4.4h, the
error in the compaction analysis { gives an error in the updated subsidence in the
shape of the modeled subsidence bowl, and has an error in the spatial gradient of the
displacement field less than 1 mm/year. The residual of the shallow-driven subsidence
analysis in Fig. 4.4i has a random character, i.e., without spatial correlation (Sec. 2.3.1),
which is not surprising given our assumption on the local effect of shallow processes on
the subsidence field. We observe a heterogeneous error distribution in Fig. 4.4i, which
averages below 2 mm/year with a root mean square error (RMSE) in the analysis of 1 mm
between the predicted total subsidence and the synthetic displacement, falling within
the range of the introduced measurement error . The RMSE of the truth relative to the
predicted shallow-driven subsidence is also 1 mm.

We now create a synthetic time series for each observation location of the second test
with a dynamical model and introduce a seasonal variation in the shallow component of
this synthetic truth. In this second test with a dynamical model, we sequentially update
the model at the end of each assimilation window as illustrated in Fig. 4.3. In Figure 4.5,
we show how we create shallow-driven subsidence in the synthetic displacements to
mimic InSAR displacement estimates with a seasonal variation. Figure 4.5a shows a map
of the true displacement velocity for the shallow-driven subsidence and equivalent time
series for two specific locations (indicated with stars in Fig. 4.5). These displacement
time series are simulated for deep-driven subsidence with an exponential time decay of
compaction. Dotted lines show the shallow-driven subsidence with the seasonal pattern
for the reversible component and a step function for the long-term component. The total
modeled subsidence, as represented in the solid line in Fig. 4.5, is the sum of the deep-
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Figure 4.5: Modeled shallow displacement velocity updated from the data assimilation analysis in a synthetic
test. Synthetic subsidence time series are modeled with deep (dashed line) and shallow-driven subsidence
(dotted line). Displacement time series are shown for two locations, which are indicated with blue stars on the
map. The first row (a) shows the truth (black lines). The second row (b) shows the model update from the data
assimilation analysis (blue lines): the model is updated after one assimilation step. The third row (c) shows the
model update after resampling, followed by a third assimilation step in 2018.

and shallow components.

We perform assimilation steps in January 2016, 2017, and 2018 with the
data-assimilation framework of Section 4.4 and test if we can retrieve the deep-
and shallow-driven subsidence components with the data assimilation. The subsidence
model updated from the estimated compaction, in Fig, 4.5b, shows good agreement
between analysis and truth for the north, i.e., for the location indicated with the star. In
the south, the exponential decay of the deep-driven subsidence is correctly estimated
but exhibits shallow-driven subsidence, which does not exist in the simulated truth.
Figure 4.5b shows the map for the analysis of the shallow-driven subsidence as an
averaged displacement velocity. Comparison with the truth in Fig. 4.5a shows the
correct pattern of the compacting clay with an overestimation of subsidence over the
area of Groningen with an error for the deep-driven subsidence, with a similar error in
the gradient of the subsidence bowl as in Fig. 4.4h.
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Errors in the analysis can come from constructing the prior distribution covering values
for compacting and non-compacting clay. Indeed, in our example, subsidence occurs
in the north but has a zero value in the south. To appropriately represent the solution
space, the prior ensemble is sampled with a spread that covers all possible subsidence
values between —5mm and 0 mm. Because of the range amplitude of the possible values,
particles far from the truth influence the expected mean of the posterior, which can
lead, in some cases, to a bias in the estimate. This error in the deep-driven analysis
leads to an overestimation of the parameter x; in some locations to fit the observations
and compensate for the error in the deep-driven subsidence analysis. To avoid this
compensation taking place, we performed a re-sampling step before the subsequent
assimilation window. Figure 4.5c shows the analysis result after the re-sampling step
with a map of the shallow displacement velocity. The figure shows a better resemblance
of the analysis with the truth in Fig. 4.5a than was the case without the re-sampling step
(Fig. 4.5b). In this case, the resampling step allows us to reduce the variance in the prior
ensemble. Results from the synthetic tests in this section illustrate our proposed method
for separating deep—and shallow-driven subsidence and how errors in measurement
and model propagate into the analysis.

4.6. APPLICATION TO THE GRONINGEN REGION WITH REAL
GEODETIC DATASETS

For an ultimate application of data assimilation with real InSAR time series at the scale of
the Groningen gas field, it is not straightforward to model and approximate all processes
contributing to the subsidence. In particular, defining a model to represent the physical
processes in the shallow subsurface through the term 7 is not straightforward (Eq. 4.1 in
Sect. 4.2). Chapter 1 presented the subsidence driving mechanisms in the Netherlands,
and more specifically in the Groningen region, and Section 4.2 provided possible driving
mechanisms for the shallow-subsurface, such as variations in soil water content related
to precipitation and temperature changes. Based on the known driving mechanisms, I
explore the estimation of subsidence-driving mechanisms for 1) 7 correlating with soil
water content and 2) 7 correlating with the averaged temperature of the Netherlands.
Before testing the assimilation with actual InSAR data, I evaluate the assimilation
approach by assimilating leveling data into the subsidence model of Section 4.2.

We have previously estimated the compaction field and the modeled subsidence from
the compaction field with leveling data in Chapter 3. Figure 4.6 shows the result of
subsidence estimation with the method of Chapter 3, with a heterogeneous reservoir
and leveling-based displacement estimates. In the case of heterogeneous reservoir
compaction, in Fig. 4.6, the nuclei of strain have mutually independent compaction
values, but the resulting subsidence field has spatial correlations as the subsidence at
each location at the surface is a result of all nuclei of strain at the reservoir level. Based on
the compaction model in Section 4.2, we evaluated the evolution of the compaction field
assimilating leveling-based displacement estimates from 1987 to 2018, relative to 1978
(Chapter 3). The subsidence field results of this data assimilation analysis agree with the
history of the gas field with increased compaction in the north (Fig. 4.6). The compaction
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Figure 4.6: (First column) Time evolution of the reservoir compaction estimated from the leveling data with
the particle filter (Chapter 3) at the date of 1987, 1993, 2003, and 2018. The third and fourth columns show
the modeled subsidence based on the compaction estimates and the error between the leveling data and the
model subsidence.

analysis 2018 shows increased compaction in the north and at specific locations in the
south, which also agrees with the production plan of 2014 (NAM, 2016). Indeed, in 2014
the gas production was reduced in the north of the gas field and increased in the south
to reduce the pressure gradient in the reservoir. For example, with the closure of the
production cluster Loppersum.

The update of modeled-subsidence field analysis in Fig. 4.6 shows a reasonably good
agreement with the leveling displacement estimates. The outliers we observe in the
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differences between the leveling data and the data assimilation analysis show possible
outliers and reveal measurement errors or other sources of errors, such as benchmark
instability. In the following, the results with leveling data are used as a reference for the
deep- and shallow subsidence analysis obtained with InSAR.

4.6.1. CORRELATION OF SUBSIDENCE WITH SOIL WATER CONTENT

After the test with leveling data, we explore the assimilation of actual InSAR estimates
into a model for the Groningen region. In this exploration, I test the separation
of deep- and shallow-driven subsidence using a subsidence model that combines
a homogeneous reservoir and the SPAMS model. Background knowledge of gas
production (Chapter 3) provides inputs to compute the deep-driven subsidence with
the dynamical model. I consider hydrocarbon production for the period from 2015 to
2020. Production observations show that the gas extraction was reduced after 2014,
and the average mean pressure variation in the reservoir had a rate of —0.01 MPa/year
to less than —0.005MPa/year in the period between 2015 to 2020. Values of the scale
factors xg, xp, and x; for the shallow-driven subsidence (Eq. 4.10) are chosen from a
previous test at the station Nieuwolda (Chap. 1). In this test in Section 1.3.2, Figure 1.18,
I showed that the modeled shallow-driven subsidence with the SPAMS model matches
the time-varying subsidence signal in InSAR. In Figure 4.7, the time series of cumulative
displacement shows a comparison of the InSAR displacement estimates (in grey) with
the displacement analysis from data assimilation for the total subsidence (in blue). Maps
of the displacement velocity show the data assimilation estimates of the shallow-driven
displacement velocity associated with the subsidence over the Groningen region.

We assimilate InSAR displacement estimates until a given assimilation step ;. (vertical
grey lines), and from f; onward, we let the forward model produce a subsidence forecast
without assimilating any further data. The resulting subsidence forecasts show good
agreement with InSAR estimates of that period, as shown in Fig. 4.7, which were not
included in the analysis. The subsidence forecast indicated in blue in Fig. 4.7 represents
the total subsidence, which is the sum of the subsidence forecast for deep-driven and
shallow-driven subsidence (i.e., indicated with red dotted lines).

I select two locations (Fig. 4.7, as indicated with purple stars) to illustrate the subsidence
forecast. In this example, locations in the north and center of the gas field correspond
to clay and peat areas because we expect peat and clay soils to be more sensitive to soil
water content changes than sand. This allows to illustrate the seasonal variation in the
subsidence forecasts. I detail the result first for the deep-driven subsidence and then for
the shallow-driven subsidence.

The deep-driven subsidence component is updated at the end of each assimilation
window based on the reservoir compaction analysis, {. Values of the reservoir
compaction analysis, ¢, in Tab.4.1, show aligns with the trend in gas production in this
period, of approximately 33 Bcm/year (NAM, 2016) with slightly larger magnitude of
the reservoir compaction and with the compaction estimates from leveling (Fig. 4.6).
The deep-driven subsidence analysis derived from the compaction analysis, {, gives
a maximum of 20mm subsidence in 4 years, which is larger but still consistent with
the subsidence forecast of NAM, 2016 and van Elk et al., 2021. The model update and
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Figure 4.7: (Left panel) Map of modeled shallow-driven displacement velocity derived from the
data-assimilation analysis.  Purple stars indicate two observation points in clay (north) and peat
areas(black-colored parcels). (Right panel) Time series of cumulative displacement at the indicated
observation points: for map (a), the top subplot time series corresponds to the observation point in the north
(in clay), and the bottom subplot corresponds to the observation point in peat. The same applies to map (b).
Grey time series indicate the InSAR vertical cumulative displacement, and vertical grey solid lines indicate
the date of the data-assimilation steps: for each assimilation window, only the InSAR displacement in that
window is assimilated, and the other part of the InSAR time series is indicated to validate the data-assimilation
analysis. The data-assimilation analysis is indicated in the red-dashed line for the deep-driven subsidence and
in the dash-dot for the shallow-driven subsidence. A blue solid line indicates the data-assimilation analysis
for the total subsidence. The map and time series in (a) show the data assimilation analysis after the first
assimilation window in 2016, and the map and time series in (b) show the data assimilation analysis after the
third assimilation step in 2018.

forecasts after the assimilation window show the total subsidence (Fig. 4.7, blue line)
with a seasonal periodicity, which follows the general trend of the InSAR displacement
estimates. However, after three assimilation windows of 1 year each, where we
assimilated InSAR velocities and cumulative displacement with the approach described
in Alg. 3, the subsidence forecast does not improve. The subsidence forecasts provide
displacement velocities (i.e., subsidence rate) that follow the long-term trend of the
InSAR time series but do not accurately match the seasonal signal in the InSAR time
series. Moreover, the forecasts provide cumulative displacements with an amplitude
of the seasonal variation smaller than expected in the actual InSAR time series. A
possible explanation could be that the parameter x; in the SPAMS model has not been
correctly estimated, which is required to calculate the spatially averaged L2-norm, &g
(i.e., large-scale subsidence). Consequently, the error in the estimation of x; propagates
in the estimation of xr and xp, and underestimation of xg and xp results in low
amplitude of the modeled vertical cumulative displacements.

The subsidence maps in Fig. 4.7 show the displacement velocity attributed to the
long-term shallow-driven subsidence. After several assimilation steps, the subsidence
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Figure 4.8: (a) Map of the Groningen region with the production clusters as defined by the producer in NAM,
2016. The gas fields of Bedum and Warffum that produce gas are indicated in green. (b) A map of the RMSE
in the InSAR time series is computed with the difference at each epoch of the displacement and a running
average of the time series. This RMSE shows the dispersion of the subsidence observation in time and thus
relates to the quality of the InSAR Point Scatterer (i.e., reflection with good coherence in time). The magenta
square indicates the city of Groningen, where point scatterers are reflected mainly on buildings, which gives a
very coherent signal and low RMSE

map of the long-term shallow-driven subsidence shows a more defined pattern,
highlighting areas with higher subsidence rates (Fig. 4.7). Interestingly, the subsiding
areas outside the contour field of the reservoir are not observed in the leveling data.
The locations with high displacement velocity on the map in Fig. 4.7 could correspond
to production clusters outside the Groningen gas field, with other producing fields,
Bedum and Warfum, and in the western, to urban regions, with, for example, the city of
Groningen (Fig. 4.8). The subsidence pattern in the southeast of the reservoir, in Fig. 4.7,
could be interpreted as deep-driven subsidence in agreement with the compaction field
obtained with our assimilation of leveling in 2018 (Fig. 4.6) and with the inversion of the
compaction field performed in Smith et al., 2019.

4.6.2. CORRELATION OF SUBSIDENCE WITH TEMPERATURE

In a second test, we apply the same methodology with a homogeneous reservoir, but
instead of the SPAMS model, we model shallow-driven subsidence as a function of
the averaged atmospheric temperature of the Netherlands. We assume, as explained
in Section 4.2 that shallow-driven subsidence indirectly depends on the atmospheric
temperature because of the soil water content seasonal variation.

In Figure 4.9, a map of displacement velocity shows the data assimilation analysis for the
long-term shallow-driven subsidence. I chose locations in the north (with clay) and the
south (with sand) of the gas field because I want to test whether the seasonal variation
is correctly and better estimated than in the test with the SPAMS model, in which we
suspected the parameter x; to influence the amplitude of the seasonal signal in the
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Figure 4.9: (Top left) Map of long-term subsidence analysis with displacement velocities over the period
2015-2020. (Top right) Map of the compaction factor x for the period 2015-2020. (Bottom) Vertical cumulative
displacement time series for the data assimilation analysis and the subsidence forecast are compared with the
InSAR time series (grey time series), which shows the fit of the forecast to the data after the assimilation step
(vertical grey line). Black-shaded areas in the maps indicate parcels in peat soils.

subsidence forecast. A soil composed of clay can have seasonal swelling, whereas there is
no or little seasonal variation in a soil composed of settled sand. For these two locations,
the data assimilation estimate and the subsidence forecast are compared to the vertical
cumulative displacement of the InSAR time series in Fig. 4.9 bottom panel.

After the first assimilation step in 2016, the data assimilation analysis for the vertical
cumulative displacement shows a better fit to the InSAR time series in Fig. 4.9 compared
to the vertical displacement of the data assimilation analysis with the SPAMS model in
Fig. 4.7. The map of displacement velocity attributed to the long-term shallow-driven
subsidence in Fig. 4.9 shows vertical displacement velocity in the west part of the
Groningen gas field, similarly to that in Fig. 4.7, and with a similar order of magnitude.

To interpret the map of displacement velocity in Fig. 4.9, we verify if the production
clusters, with location illustrated in Fig. 4.8 could cause the subsidence estimated as
long-term shallow-driven subsidence. The comparison of the location of the production




4. MULTI-SOURCE SUBSIDENCE ESTIMATION AND FORECASTS USING THE PARTICLE FILTER
96 METHOD AND INSAR

clusters with the map displacement velocity of shallow-driven subsidence does not
show a correlation that could suggest that gas extraction causes the subsidence seen in
Fig. 4.9. We also verify if the error in the InSAR estimates propagates in this long-term
shallow-driven subsidence (Fig. 4.9). The map of the RMSE in the InSAR time series in
Fig. 4.8, which represents the level of noise in the InSAR time series, shows in red the
grid cells over the Groningen region where time series have a high level of noise, due to
for example loss of coherence in time of the PS. The comparison of this RMSE with the
map displacement velocity of shallow-driven subsidence does not show similarities that
could explain the estimated subsidence in the western part of the Groningen region.

To further interpret the origin of the estimated long-term shallow-driven subsidence,
the map of the so-called "reversible compaction factor” xy, as estimated by the data
assimilation in Fig. 4.9 indicates if the vertical displacement of the subsidence forecast
anti-correlates with atmospheric temperature, meaning uplift in winter and subsidence
in summer, as observed in the InSAR time series of cumulative displacement in Fig. 4.9.
In the case of anti-correlation, xg has a positive value. Areas where xg was estimated
positive with data assimilation are illustrated with red color in Fig. 4.9 (top right map),
showing that in the north, many locations have a seasonal variation that could be
attributed to shallow processes. Still in Fig. 4.9 (top right map), purple areas are where
the subsidence forecast correlates with atmospheric temperature, meaning uplift in
summer and subsidence in winter. The locations correlating with temperature are
more frequent in the south, which is expected with infrastructure founded on settled
sand layers. Thus, the observed displacements are due to the thermal expansion of
the building materials. Many locations do not show seasonal variation (xy ~ 0). A
comparison of the map of xy with the RMSE of the vertical displacement as estimated
from InSAR time series(Fig. 4.8) suggests that xp is not biased by measurement errors.

Table 4.1: Data assimilation compaction analysis for the reservoir with InSAR displacement estimates relative
to 2015.

2016 2017 2018 2019
¢ with SPAMS (m/year) -0.010 -0.0075 -0.016 -0.017
¢ with u” (x, T(¢)) (m/year) -0.0085 -0.0099 -0.010 -0.014

4.7. DISCUSSION

In this chapter, I use a particle filter approach to investigate subsidence-driving
mechanisms in the Groningen Region. To do this, I assimilate the InSAR time
series of cumulative displacement and displacement velocities from InSAR estimates.
Our particle filter implementation effectively assimilates the InSAR time series with
approximately 1000 PS spatially distributed over the Groningen region.

Synthetic experiments suggest that we can separate subsidence regimes in a conceptual
subsidence model with only two subsidence-driving mechanisms: one deep subsidence
driver and one shallow driver. Clay compaction and peat oxidation are likely to cause
shallow subsidence in the Groningen region, similar to the subsidence observed in
many other areas in the Netherlands that encounter subsidence in similar soil types
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(Conroy et al., 2022; Koster et al., 2018; van Asselen et al., 2018). These processes exhibit
short-scale and periodic behavior related to external factors such as the weather.

Tests of deep- and shallow-driven subsidence separation show the importance of a
physics-based model to represent the driving mechanisms in the shallow subsurface.
The main difficulty in the tests presented in this chapter is separating the deep-driven
subsidence from the long-term shallow-driven subsidence because the resulting
estimates of the subsidence contributions may not be unique. For example,
when using the SPAMS model, the data assimilation estimation of the long-term
shallow-driven subsidence appears to counterbalance the deep-driven subsidence
estimates. Consequently, the estimate of the model parameters may be inaccurate,
resulting in the seasonal variation in the vertical displacement of the subsidence forecast
that may not fit the variation in the InSAR time series of cumulative displacement.

As an extension of the data assimilation test with the SPAMS model, I tested a simplified
test using meteorological data on atmospheric temperature. Using daily temperature
averages for the country of the Netherlands to model shallow-driven subsidence in
conjunction with a compacting reservoir model to model deep-driven subsidence, I
obtain better results in subsidence forecasts. This provides an approach that may give
insights into identifying subsidence-driving mechanisms.

To improve subsidence forecasts, a refined model should include subsidence-driving
mechanisms representing the large-scale subsidence signal from the deep subsurface
and local shallow- and deep-driven subsidence, which can vary given season
and production. As improvement in the reservoir model, heterogeneity in the
reservoir compaction field, reservoir compartments, and geometry could be modeled.
Physics-based shallow-driven subsidence should be considered to model shallow drivers
of subsidence, and correlation of the vertical displacement with daily atmospheric
temperature could be a good start since soil water content also depends on
evapotranspiration and atmospheric temperature. Such a model would need to be
calibrated with observations of the compaction in the shallow layers, for example, from
extensometers. A combined physics-based and data-driven approach could then better
represent the shallow drivers of subsidence than a purely data-driven approach from
the SPAMS model used in this study. A focus for a shallow-subsurface model would be
to use a dynamical model, which means setting the initial conditions and computing
time evolution of the model instead of using a data-driven model where data are used as
input at every time step.

4.8. CONCLUSIONS AND RECOMMENDATIONS

The InSAR technique provides estimates of subsidence that can be used for subsidence
monitoring. It has the advantage of dense spatial coverage and high resolution over
time. However, from the InSAR estimates alone, we can not attribute an origin to the
observed subsidence. The data assimilation methodology proposed in this chapter
provides an approach for identifying subsidence-driving mechanisms and forecasting
long-term subsidence.

Applying data assimilation, we forecast a seasonal variation in subsidence by correlating
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the variation of daily atmospheric temperature data with subsidence. In addition to the
long-term subsidence trends that could be attributed to reservoir compaction or shallow
long-term subsidence, we identify subsidence signals with seasonal patterns that could
be attributed to shallow driving mechanisms.

Overall, this chapter tests applying the particle filter to the Groningen gas field with
deep- and shallow subsidence-driving mechanisms and provides insights into the use
of InSAR time series of cumulative displacement and InSAR displacement velocities
to identify subsidence-driving mechanisms. The approach shows promising results
in separating deep- and shallow-driven subsistence components in synthetic tests.
However, the application with actual data shows that the method would require a
better description of the modeled subsidence mechanism to perform efficiently. A
possible way to improve the approach is to use a refined model, including, for
example, prior information on soil geology, water management, precipitation data and
temperature, variations, and possible secondary effects of the deep-driven subsidence
on the shallow-driven subsidence.



CONCLUSIONS AND
RECOMMENDATIONS

Physicists like to think that all you have to do is say, these are the conditions,
now what happens next?

Richard P. Feynman

5.1. CONCLUSIONS

In this thesis, I proposed to apply a particular data assimilation method, the importance
sampling, to estimate subsidence and its causes based on a physical description of its
driving mechanisms for the Groningen region and formulated the research question

How can importance sampling be efficiently applied for subsidence estimation in the
Groningen region to identify its driving mechanisms better?

To answer this question, I explored three sub-questions:
1. How can we apply importance sampling in a subsidence estimation problem of the
complexity of the Groningen gas field?

2. How can we effectively use InSAR data for subsidence estimation with data
assimilation?

3. How can data assimilation identify subsidence-driving mechanisms given the
spatial and temporal scales of geodetic displacement estimates?

I answered those questions by focusing on the data-assimilation methodology and its
implementation.

99
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Starting with a basic implementation of importance sampling, I combined geophysical
modeling with geodetic estimates to estimate subsidence based on better estimating the
underlying processes causing subsidence in the Groningen region. The displacement
signal of the subsidence process above the Groningen gas field is an accumulated
response of processes taking place in all subsurface layers at different locations. This
makes the subsidence signal spatially correlated. This spatial correlation and the large
number of observations in geodetic datasets cause weight collapse in the posterior PDF
estimated with importance sampling: the posterior variance is smaller than the variance
expected from Bayes’ theorem.

The main objective of this study was to develop an efficient importance sampling
strategy that avoids weight collapse while assimilating geodetic estimates and accounts
for deep— and shallow subsidence-driving mechanisms. Using the so-called optimal
proposal importance sampling, | demonstrated the use of a data-assimilation workflow
that assimilates both averaged velocities and cumulative displacements from leveling
and InSAR datasets in the Groningen region. This workflow can eventually be used to
forecast subsidence. The following presents the conclusions for each chapter of his
thesis, answering the research question and providing recommendations and insights
for future research.

In Chapter 2, I introduced the method of importance sampling. In particular, I
investigated how this method’s performance for a given ensemble size (i.e., the number
of model realizations) varies as a function of the spatial correlation in the displacement
field. With synthetic tests, I showed that a subsidence model with 50 independent state
variables requires a minimum ensemble size of 10'3 to avoid weight collapse. Based
on information theory, I demonstrated that information loss occurs in the posterior
distribution because of the spatial correlations in the subsidence field, which makes
it non-i.i.d. I derived an empirical relationship to estimate the minimal ensemble size
required for efficient subsidence estimation with importance sampling.

In Chapter 3, I implemented importance sampling with the optimal proposal for a
realistic subsidence estimation above the Groningen field. I showed that it is possible
to estimate subsidence by assimilating averaged velocities from leveling and InSAR
estimates: a leveling datasets (with an observation space dimension of N, = 500)
requires less than N, = 10* ensemble members. An InSAR dataset of 1000 observation
points requires 103 ensemble members. Surprisingly, the required ensemble size for the
assimilation of InSAR estimates is lower than for the assimilation of a leveling dataset
because of the difference in error characteristics between the two geodetic techniques.
The maximal posterior weight of 0.4 in the assimilation of the InSAR dataset with an
ensemble size of 1000 and 1032 PS underpins my conclusion that the optimal proposal
avoids weight collapse in our application.

In Chapter 4, I further refined the optimal proposal importance sampling to assimilate
InSAR time series of cumulative displacement instead of averaged velocity. The
fact that several mechanisms contribute to the subsidence signal in the InSAR
cumulative displacement increases the complexity of unambiguously identifying the
subsidence-driving mechanisms with data assimilation because of the problem’s
non-uniqueness. To investigate how to estimate both the deep and shallow drivers of
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subsidence, I combined models of compacting reservoirs with models of the shallow
drivers of subsidence in data assimilation.

In addition to the compacting reservoir model for the deep-driven subsidence, I
used two different models for the shallow subsurface compaction. The first shallow
subsurface model (Conroy et al., 2023) provides a prediction of soil motion computed
from meteorological data of precipitation and evapotranspiration; the second shallow
subsurface model uses only the atmospheric temperature as input. The data
assimilation estimate of shallow-driven subsidence using the second model, with only
the atmospheric temperature as input, showed a better fit to the InSAR time series and
more accurate subsidence forecasts than in the first shallow subsurface model.

By applying the particle filter using synthetically generated InSAR estimates, I showed
that the data assimilation framework can accurately separate deep- and shallow-driven
subsidence using the difference in variability of the spatial scales of the driving
mechanisms. The displacement caused by shallow-driving mechanisms has small
spatial correlation scales, while the compacting reservoir has large correlation scales.
The data assimilation estimates the reservoir- and shallow-layer compaction and, based
on that, the subsidence contribution of both driving mechanisms.

The assimilation of actual InSAR time series did not unambiguously identify the
subsidence-driving mechanisms because of the non-uniqueness in representing
subsidence processes in models. This requires further research.

5.2. RECOMMENDATIONS FOR FUTURE RESEARCH

5.2.1. ON THE USE OF IMPORTANCE SAMPLING FOR THE GRONINGEN
REGION

In this thesis, I implemented importance sampling to estimate subsidence over the
Groningen gas field. The optimal proposal particle filter (Doucet et al., 2000; Snyder,
2011; Snyder et al., 2015; van Leeuwen et al., 2015) showed good applicability to the
estimation problem of subsidence in the Groningen region. Still, in this application,
I reduced the number of observation points to limit the ensemble size and, thereby,
the computational cost. To avoid reducing the number of observation points, the
importance sampling method with the optimal proposal could be further enhanced
by including localization, specifically for the spatially uncorrelated shallow-driven
subsidence.

5.2.2. ON ALTERNATIVE DATA ASSIMILATION METHODS

In essence, the particle filter directly applies Bayes’ theorem, which estimates the state
vector and its uncertainty given observations. Thus, the particle filter is a straightforward
approach to exactly estimate the target PDE The advantage of the particle filter is
its ability to estimate nonlinear processes. In this study, I did not model nonlinear
subsidence-driving mechanisms; however, deep- and shallow-driven subsidence can
be nonlinear. Since most subsidence models for the Groningen region are linear,
data-assimilation methods such as (iterative) ensemble smoothers or the EnKF would be
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more efficient than the particle filter in assimilating large geodetic datasets. A smoother
method that estimates the initial conditions, such as 4DVar or specific implementations
of ensemble smoothers, relates the evolution of a process over a data-assimilation
window to the state at the start of the assimilation window. Since InSAR estimates
provide the displacement relative to a moment in time, smoother techniques may be
especially suitable.

5.2.3. ON THE USE OF INSAR IN DATA ASSIMILATION

InSAR data are processed from the radar signal to the displacement estimate, which
implies various sources of errors. For example, the InSAR processing from phase
difference to displacement introduces errors, and the atmospheric corrections will affect
the InSAR estimate.

The data assimilation of InSAR data would benefit from better knowledge of the source
of the error in the InSAR estimates, for example, the temporal coherence of a PS and
the error in the InSAR processing. Without quantitative information on individual
PS errors, a data assimilation practitioner cannot derive the exact observation error
matrix (covariance matrix or observation operator), mainly because InSAR estimates
(e.g., cumulative displacements or averaged velocities) have an error varying in space
and time. To derive an error covariance matrix, we could attribute an error to each
PS, given the so-called stochastic model, which is an error model used in the InSAR
processing.

Moreover, InSAR estimates are sensitive to the surface on which the satellite signal
reflects (e.g., a corner reflection on a building can be used to represent a different
mechanism than a reflection on the ground), as explained in Section 1.2 and Ketelaar,
2009. Contextualizing information about each PS (e.g., PS elevation, soil type) could
help define the observation operator in data assimilation.

5.2.4. ON MODEL REFINEMENT

In the case of subsidence in Groningen, the contribution of multiple subsidence-driving
mechanisms complicates the data assimilation because it can lead to non-uniqueness of
the estimation problem; for example, the shallow-driven subsidence could erroneously
be attributed to the deep-driven subsidence. Without knowing what the InSAR estimates
represent, we can misinterpret the mismatch between the model and the InSAR
estimates.

Chapter 4 showed that the shallow subsurface contributes to the Groningen region’s
subsidence. The shallow subsurface models tested in this thesis do not represent the
complete physics of the shallow-driving mechanisms. For example, a too-simplified
model of the shallow subsurface, with compaction in the north and no compaction in
the south, does not provide a realistic representation of the shallow-driven subsidence.
Choosing a more realistic model for the shallow subsurface could result in a more
realistic estimate of the shallow-driven subsidence and, hence, the total subsidence. For
example, we could use the model of Koster et al., 2018 to obtain a more realistic model
representation of the shallow subsurface.
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Different drivers can give the same subsidence field; in other words, solutions to this
estimation problem may not be unique. Synthetic experiments in this thesis suggested
the ability of data assimilation to identify the subsidence-driving mechanisms. However,
realistic experiments were not conclusive because models and data do not represent
exactly the same processes, and different subsurface processes may give similar
subsidence signals. A possible way to constrain this non-unique problem is by
providing more prior information (e.g., a more detailed description of physical
processes) or additional observations (e.g., from extensometers that measure soil
compaction as a function of depth) at strategic locations.

5.3. FINAL THOUGHTS

E know by now that using subsidence observations above the Groningen gas field

to identify and quantify all processes contributing to subsidence is a complex
problem. In this thesis, data assimilation has been studied to help understand the
driving mechanisms better and provide long-term subsidence forecasts. “Physicists like
to think that all you have to do is say, these are the conditions, now what happens next?”
says Richard P. Feynman. “What happens next” in the estimation of subsidence-driving
mechanisms in the Groningen region is uncertain, and the combined effort of geodetic
monitoring with physical modeling through data assimilation offers a methodology to
assemble available knowledge from observations and models to reduce this uncertainty.
In this manner, data assimilation reduces the error in estimating the hidden physical
processes by combining models and observations, which are difficult, if not impossible,
to estimate from observations or modeling alone.
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This appendix provides the expression of the conditional entropy used in
Chapter 2 to compute the posterior entropy.

Starting from the definition of the entropy, H of a random variable x as a function
of the probability p(x)

H(x)=-) px)log(p(x)), A1)
i

where 0 < p(x), 1. We define the posterior entropy in the particle filter, which is the
conditional entropy H(x|y)

H(xly)=— f pxly)p(ylog (p(xly) dxdy. (A.2)

The posterior probability can be expressed as a weighted Dirac sum

Ne
pxly) =) wid(x—x;), (A.3)
i=1
with the particle weight
(ylxi)
w;i = ]5) J/| i ) (A4)
Zizel p(ylx;)

We can then express the posterior entropy as a function of the likelihood probability
p(ylx) using that [ f(x)6(x— x;)dx = f(x;)

N, Ne
H(x|y) = —f Y wib(x—x;) | p(y)log| ) wié(x—x;)|dxdy (A.5)
i=1 i=1
——%w-p(y)log P pCxi) (A.6)
= . )
i=1 p)

N, Ne Ne
==Y wipMlog[pylxi)]+ ) wip(Mlog[p)] - wilog[px)]. (A7)
i=1 i=1 i=1

Using the expression of p(y) and that the likelihood is normalized to one:

1 Ne 1
p(y)=fp(x,y)dx=fp(ylx)p(x)dx= — > pylxi)=—, (A.8)
N, 5 N,
We obtain
> wi+ 3w tog | 1| - 3 witog(pian)
Hxly)=-) wi—+) wi—log|—|-) w;lo (x;) (A.9)
Y i=1 lN@ i=1 lNe & Ne i=1 OB P
Ne 1y, Ne 1y, A
H(xly)=-) —log(w;j)— Y —log(Ne) - Y_ wilog(p(xi). (A.10)
i=1 Ne i=1 Ne i=1

This expression can be implemented to evaluate the posterior entropy in the particle
filter as in chapter 2, where the entropy was used to evaluate posterior weight collapse
and information loss in the posterior distribution.
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Figure B.1: (left) Convergence test of the information in the model as the function of the number of
observations showing the convergence rate at difference bin width used in the empirical estimation of the
mutual information. (Right) Convergence test of the information in the model as a function of the number of
observations, Ny, or nuclei of strain, Ny since Ny = Nx. The linear model (i.e., one-component model) and
the multi-component model are tested and show the exact same convergence rate.

Entropy and mutual information values are derived using histogram estimation.
Consequently, entropy and mutual information are sensitive to a chosen histogram
binwidth and the sample size. In the example in Chapter 2, we have a sample of
observations or model parameters of dimension Ny and Ny, respectively. The result
of the histogram estimation method is considered reproducible when the histogram
statistically converges to the same density at each new experiment. In Chapter 2, testing
the sensitivity of the entropy and mutual information values to Ny, (or Ny) and the
binwidth is important to not misinterpret weight collapse results.

Figure B.1 (left) shows the sensitivity test for the mutual information in the model as a
function of the number of observations (or the number of model parameters): in this
example, Ny, = Ny. Sensitivity results show that the mutual information converges faster
at a binwidth of 0.5. Convergence could be improved with a sample size larger than Ny, =

« = 200. However, to test the metric of entropy and mutual information in importance
sampling, it is more practical in computation to use a sample size smaller than 100.
Then, in Fig. B.1 (right), we test the mutual information as a function of Ny, for the linear
(i.e., one-component) model and the multi-component model to ensure that there is
no biased because of the sensitivity to the sample size. The test is performed on the
mutual information before assimilation, so there is no weight collapse. We can see that
we obtain the same mutual information in the two models at a given sample size. The
same test was repeated several times and showed no deviation from Fig. B.1 (Right).
For this reason, we chose in Chap. 2 the sample size Ny = N, = 50, which is valid if all
posterior entropy and mutual information quantities are computed at a similar sample
size.
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In Chapter 2, we tested the mathematical theory of Snyder et al., 2008 and included
a spatial dimension to the data-assimilation problem. Indeed, model states and
observations do not have spatial coordinates in the mathematical concept of the
asymptotic theory (Bengtsson et al., 2008; Snyder et al., 2008). Then, we created a
conceptual subsidence model based on the nuclei of strain approach. Figure C.1 shows
the model geometry with the nuclei of strain distributed on a regular grid. The vertical
displacement is calculated at observation points located at the vertical of the nuclei at
the Earth’s surface. The longitude and latitude of the area of interest remain unchanged
in the three tests (Fig. C.1 top, center, and bottom), but the number of nuclei of strain
increases, creating a varying spatial correlation in the modeled subsidence signal. The
purpose of this model is to start with an example similar to the theoretical case, which
does not include spatial coordinates, and gradually increase the model complexity
(Chap. 3 and 4).

In Chapter 3 and 4, we used the nuclei of strain approach and modeled the reservoir
as a disk. This geometry is a simplification that provides an approximation of the
bowl-shaped subsidence. Figure C.2 (top) shows a model geometry with more than
900 nuclei of strain (black dots) creating a disk. Using a regular grid (gray dots) and the
center of the gas field (red dot), all points within a certain radius from the field center are
selected to define the location of the nuclei of strain. The resulting vertical displacement
(Fig. C.2 bottom) provides a smooth bowl-shaped subsidence. In Figure C.2 (bottom),
the vertical displacement is computed at the vertical of the nuclei of strain, but for the
purpose of data assimilation, the modeled subsidence is, in this thesis, mainly computed
as observation locations. Whereas this model geometry is highly simplistic, the reservoir
compaction at the nuclei of strain position can also be estimated independently for each
nuclei using data assimilation. For example, in Chap 4, Fig. 4.6, the reservoir compaction
was estimated based on a regular square grid of nuclei of strain, similar to the gray dots
in Fig. C.2. After the assimilation of leveling data, the nuclei of strain location where
it was unlikely that compaction would occur were set to zero compaction, and a more
realistic reservoir shape was estimated.

A finite element model was also tested during this thesis but not included in this
manuscript (Fig. C.3). This model is still being developed at Utrecht University and could
be used in future applications with data assimilation.
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Figure C.2: (Top) Model geometry with the spatial distribution of the nuclei of strain, selected on a regular
grid (light gray) to create a disk-shaped reservoir (black dots). (Bottom) The subsidence is modeled from
a disk-shaped reservoir composed of nuclei of strain. The vertical displacement is calculated at synthetic
observation points, located at the vertical of the nuclei of strain, and shows a bowl shape subsidence.
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Figure C.3: Model geometry for a finite element model showing a “checkerboard” test with square
compartments, to which random compactions are attributed into the boundary of the gas field. (Bottom)
The resulting subsidence is calculated in the North, East, and vertical directions over a grid resolution of 1km
x 1km over the area of interest (smooth subsidence signal) and at observation locations (dots).
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Reducing the number of observation locations was important in this thesis to test
importance sampling the identification of shallow-driven subsidence. PS were averaged
per parcel to obtain a subsidence signal without filtering information about the
shallow-driven subsidence (fig. D.1, gray background). The displacement time series
of all PS is average in a radius of 250m around each parcel centroid. An additional data
reduction was necessary to test importance sampling with varying numbers of PS. To

create InSAR datasets of different sizes (i.e., number of observation locations), the area

is gridded to obtain a homogeneous spatial distribution of “averaged PS” (i.e., avoiding
high density around infrastructures), and one observation location was at least selected
in each grid. The grid size varies as a function of the necessary number of observation

points.
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Figure D.1: PS-InSAR averaged per parcel showing (top left) the InSAR dataset after the parcel average (average
of all InSAR time series within 250m radius to a parcel centroid) and several examples of reduced datasets

created to be assimilated.
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E(r)

I

laiff
N(D)

Wmax

Evapotranspiration from KNMI data
Entropy

Mutual information
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Differential mutual information
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Ensemble size

State space dimension

Observation space dimension
Reservoir pressure

Temperature

Negative log-likelihood

Particle weight

Maximal posterior weight



ACRONYMS

i.i.d. independent and identically distributed. 34, 56, 100
InSAR Interferometric Synthetic Aperture Radar. xi, 3, 8, 80

KNMI Koninklijk Nederlands Meteorologisch Instituut. 20, 21
LoS Line-of-Sight. 10

NAM Nederlandse Aardolie Maatschappij. 3, 63

NAP Normaal Amsterdams Peil (Normal Amsterdam level). 6

PDF probability density function. xi, 24
PFOP particle filter with optimal proposal. 63
PS Point Scatterer. 9, 10, 12, 20, 21, 55, 68, 79, 80

PSs Point Scatterers. xii

SPF standard particle filter. 63
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GLOSSARY

Bayes’ theorem provides the probability of a random variable given its observation
likelihood. 25, 57, 100

dynamical refers to a time-varying system which can be described with a dynamical
model where model states vary in time.. 55

ensemble members is are the model realizations generated in a Monte Carlo sample.
100

ensemble size is the number of model realizations in a Monte Carlo-based method. 28,
100

Holocene is the geological era from 0.0117 Ma to nowadays. 5

importance sampling is a Monte Carlo-based method to estimate a target probability
density function by sampling random variables from a particular PDE xi

information theory is a mathematical theory based on statistical mathematics to
quantify information, initially in information systems. 100

maximal posterior weight is the weight of the posterior distribution (PDF obtained
after applying Bayes’ theorem), which has the largest probability. It is used in this
thesis as criteria to verify weight collapse in the posterior PDE 100

peat oxidation is an irreversible decomposition process of peat soils occurring after
exposition to oxygen. 7

Pleistocene is a geological era from 2.58 Ma to 0.0117 Ma ago. 5

posterior distribution see posterior PDE 100

quasi-static refers to a system where the model states vary slowly in time and can be
approximated as time-independent. Then, no dynamical model is involved in
modeling the system.. 31

spatial correlation is the correlation of a certain quantity at one location in space with
this quantity at other locations around this place. 100

static refers to a time-independent system where the model states do not vary.. 33

stochastic model is a mathematical model used in InSAR processing to predict
statistical properties of the InSAR estimates, such as the variance. 102
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122 GLOSSARY

transition density is a conditional PDF used to forward in time the prior ensemble, it
usually represents the stochastic part of the model, .#. 57

weight collapse is when the weights of a probability mass function (i.e., discrete
probability density function) are mostly close to a value of zero except one weight
with a value converging to one. 100
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