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A B S T R A C T

This work emphasizes the fixed-time synchronization (FTS) of a specific class of octonion-valued neural networks 

(OVNNs), which incorporate discrete and distributed time delays. This study also establishes several norm prop-

-

-

erties for the octonion domains and explores FTS and fixed-time projective synchronization (FTPS) in OVNNs 

having mixed time delays by a suitable choice of the Lyapunov function, controllers and the one norm property. 

Unlike previous research on the decomposition of neural networks with octonion-valued and quaternion-valued 

components, this study introduces an enhanced one-norm method based on the non-separation approach. It em

ploys a direct analytical approach to address two synchronization challenges using several norm properties. The 

computational complexity is reduced to provide less conservative results for OVNNs. This article analyzes various 

properties of the one norm of octonion domains and introduces effective controllers for achieving FTS and FTPS 

between the drive and response systems of OVNNs. The present article also establishes results in a compact and 

more generalized form using one norm criteria, which are easily verifiable to ensure synchronization, even with 

mixed time delays, which can be achieved within fixed time intervals. The settling time in each case illustrates 

its effectiveness compared to the existing results in a more straightforward way through a unique analytical pro

cess and more versatile activation functions. Finally, the theoretical results are validated through two numerical 

examples, with the overall results presented and discussed. Additionally, OVNNs are employed to demonstrate 

their effectiveness in storing and retrieving true-color images. This application showcases the ability of OVNNs to 

handle high-dimensional data representations, particularly in contexts where color channels and spatial features 

are strongly interrelated. The results highlight the robustness and efficiency of the proposed OVNNs framework, 

confirming its potential for advanced multidimensional data processing tasks.

1. Introduction

Artificial neural networks are designed to imitate how the human 

brain performs a particular task or action [1–6]. In recent years, there 

has been a growing interest among researchers in neural networks 

that operate with values in multidimensional domains, as mentioned in 

[7–11]. Complex-valued neural networks (CVNNs), initially introduced 

by Widrow et al. [12], have gained widespread applications. These appli-

-

cations include antenna design, radar imaging, estimation of direction 

of arrival and beamforming, image processing, communication signal 

processing, associative memory and more, as mentioned in [13–15]. 

In 1853, W.R. Hamilton first introduced Quaternion [16], a subset of 

Clifford algebra different from the real and complex domains. The com

mutativity law of multiplication does not apply to quaternions, one of

their remarkable properties. Due to the non-commutativity inherent to 

quaternion algebra, progress in research within the quaternion domain 

has experienced a prolonged deceleration when contrasted with ad-

-

vancements in the real and complex fields. This is the primary reason for 

the slow research progress of QVNNs. Luckily, as modern mathematics 

has advanced and expanded, the applications of quaternions for future 

development have been discovered in recent years. Due to their poten

tial applications in various fields, the research on quaternions has gained 

much attention, e.g., quaternions have good application prospects in 

three-dimensional wind forecasting [17], color face recognition [18], 

image compression [19,20] and quantum mechanics [21]. Quaternions 

often have excellent application prospects in 3D and 4D; an example 

of the utilization of quaternions to succinctly express spatial rotation

∗ Corresponding author at: Faculty of Electrical Engineering, Mathematics and Computer Science, Delft University of Technology, Delft, 2628 CD, the Netherlands

Email address: sunny.singh.rs.mat18@itbhu.ac.in (S. Singh).

https://doi.org/10.1016/j.neucom.2025.130995 

Received 2 March 2025; Received in revised form 29 June 2025; Accepted 11 July 2025

Neurocomputing 652 (2025) 130995 

Available online 16 July 2025 
0925-2312/© 2025 Elsevier B.V. All rights are reserved, including those for text and data mining, AI training, and similar technologies. 

http://www.sciencedirect.com/science/journal/0925-2312
https://www.elsevier.com/locate/NEUCOM
https://doi.org/10.1016/j.neucom.2025.130995
Mailto:sunny.singh.rs.mat18@itbhu.ac.in
https://doi.org/10.1016/j.neucom.2025.130995


V. Agrawal, S. Singh, V.K. Singh et al.

within the context of 3D geometrical affine transformations-translation 

can be provided [22]. Due to their promising applications, QVNNs have 

gained much attention in recent years [23–26].

However, with the advancement of technology, the quaternions and 

CVNNs fall short of fulfilling the demands of high-dimensional feature 

research. To address this limitation, quaternion and CVNNs have been 

extended to octonion-valued neural networks (OVNNs). The OVNNs 

were first introduced in 2016 [27], with activation functions, connection 

weights, states, and inputs being octonion numbers. As an extension, 

the OVNNs have more storage capacity and can carry more informa-

-

-

-

tion. The octonion algebra, an extension of the complex and quaternion 

algebras, is 8-dimensional. Notably, it possesses the essential character

istic of being a normed division algebra, mathematically allowing the 

definition of both a norm and a multiplicative inverse. Interestingly, it 

can be demonstrated that the complex, quaternion, and octonion alge

bras are the exclusive normed division algebras that can be established 

over the field of real numbers. Unlike the commutative nature of the real 

and complex algebras, octonion algebra is both non-commutative and 

non-associative. This distinction sets it apart from the Clifford algebras, 

which are all associative. Until now, OVNNs have received limited atten

tion, primarily due to the complexity of their structural analysis, which 

is mainly based on the present challenges for conventional separation 

approaches into eight equivalent real-valued neural networks given in 

[28–30]. While the separation approach is important, it can introduce 

complexities by necessitating handling eight systems instead of a single 

original system. This may compromise the originality of the proposed 

system. As of now, there have been relatively few results concerning 

OVNNs based on the non-separation approach, specifically considering 

discrete time delays given in [31–34]. Using the direct method, only a 

few studies have been addressed on FTS problems in OVNNs [28,35]. 

Many properties of octonion functions remain unexplored, indicating a 

need for further research and development. In most of the aforemen-

-

-

-

-

-

tioned results, synchronization can be achieved over an infinite period. 

Nonetheless, for practical applications, the synchronization errors often 

need to converge to the desired target within a finite time or limited 

timeframe to meet actual requirements. Finite-time synchronization has 

attracted much attention, as evidenced by references [36,37]. When 

employing a finite-time control scheme, the settling time is typically 

determined based on the initial values, which must be precisely known. 

However, this can be inconvenient in practice as the initial values may 

not always be available or accurate enough due to disturbances or un

certainties. Recognizing this limitation, Polyakov [38] has removed this 

shortcoming by giving a new concept known as fixed time, which is inde

pendent of all initial values. The fixed-time concept sets a uniform fixed 

upper bound for the settling time, independent of all initial values. This 

characteristic offers significant convenience in practical applications. 

Due to this advancement in finite-time concepts, fixed time is a trend

ing concept these days. The fixed-time approach has gained popularity 

in the control field in recent years, mainly in the higher-dimensional 

domain, as evidenced by references [4,25,39–45]. Inspired by the pre

ceding description, there is significance in efficiently synchronizing the 

intricate dynamic behaviour of high-dimensional data systems with de

lays, such as those found in secure communication [46,47] and image 

compression systems [23,48], within a fixed or finite time framework. 

In practical applications like network control systems, time delays are 

frequently encountered. These time delays stem from hardware limita-

-

-

tions in switching speed, signal transmission interferences due to faults, 

and other factors. It is crucial to note that these delays can exacerbate 

the system’s dynamic performance,which will potentially lead to insta

bility, oscillations, bifurcations, or even chaotic behaviour. This issue 

is unavoidable in the deployment of artificial neural networks. In neu

ral networks, mixed time delays play an important role, and it is more 

general and significant to consider mixed time delays in the model. 

Therefore, it is imperative to investigate the dynamic behaviours of 

OVNNs with mixed kinds of time-varying delays. To the best of the au-

thors’ knowledge, the research on the investigation of FTS and FTPS

has not yet been done with mixed time delays for OVNNs without 

employing separation techniques and one norm property. This obser-

-

-

-

-

vation promotes exploring effective methods to ensure FTS and FTPS 

through a direct approach. Inspired by this analysis, the main innovative 

contributions of the present article are given as follows:

1. Most OVNNs are decomposed into eight RVNNs using the de

composition method, which requires the calculation and proof 

process to be performed using Lyapunov analysis eight times. 

Consequently, utilizing the non-decomposition method based on 

the one norm simplifies the calculation process and increases 

precision. Hence, our proposed methods are less conservative as 

compared to some existing research works on the octonion domain 

[28,49].

2. An enhanced and improved one-norm method has proved to be

universal and effective in addressing FTS and FTPS problems of 

OVNNs. This non-decomposition method involves rewriting the 

one-norm of an octonion by introducing the sign function. The 

Lyapunov function and controller are constructed using the im

proved one-norm. The derivative terms of the Lyapunov functional 

are then scaled using certain inequalities of the one-norm of the 

octonion to complete the Lyapunov analysis.

3. The proposed results are validated through two numerical ex

amples, demonstrating the effectiveness and efficiency of the 

approach. Furthermore, if the decomposition of the activation 

function is restricted utilizing the one-norm, it is an effective strat

egy to address this challenge. Consequently, our proposed method 

is less conservative than existing approaches.

The remainder of this paper can be outlined as follows: In Section 2, 

we introduce the preliminaries and model formulation for OVNNs along 

with pertinent definitions and lemmas. The primary findings, encom-

-

-

-

passing FTS and FTPS, are expounded upon in Section 3. Section 4 

showcases numerous numerical simulations that corroborate the princi

pal outcomes. Finally, Section 5 provides a brief conclusion and outlines 

potential avenues for future research.

Notations: The sets of real numbers and non-negative real numbers 

are denoted by  

 R and R 

+, respectively. The set of all octonions is repre

sented by O. Superscripts 𝑇 and ∗ stand for transposition and conjugate 

transpose, respectively. The sets of all 𝑛-dimensional real numbers, com

plex numbers, quaternion numbers, and octonions are represented by 

R𝑛 ,  

  C 

𝑛, H 

𝑛 , and  

 O 

𝑛. The one-norm is denoted by | ⋅ | 1 and the sign func

  sgn(⋅)    R 

𝑛×𝑚 

 C 

𝑛×
 

tion by . The sets , 𝑚 , and O 

𝑛×𝑚 denote 𝑛 × 𝑚 matrices 

with real, complex, and octonion entries, respectively. Real numbers, 

complex numbers, and quaternions are special cases of octonions (i.e., 

R ⊂ C ⊂ H ⊂ O).

-

-

-

-

-

(

𝜓 ∈ 𝐶
 )

 [−𝜏, 0], O 

𝑀  

 denotes a continuous map whose domain

and range are [−𝜏, 0] and O 

𝑀
( )

 , respectively. The one-norm of vec

tor 𝑣 =
 

 𝑣
 

 1, 𝑣 2,… , 𝑣 𝑛 ∈ 𝐑𝑛 

  

   

and the octonion 𝒙 are writ

ten as ‖𝑣‖ 1 = Σ 

𝑛
‖𝑝=1 𝑣 ‖𝑝  and ‖𝒙‖1

(

 =
)

 Σ 

  

‖𝜁=0,1,…,7 

𝑥 (𝜁) 

‖1 , respec
𝑇

tively. For 𝒆(𝑡) = 𝒆1(𝑡), 𝒆2 (𝑡),… , 𝒆𝑛 (𝑡) ∈ O 

𝑛 , the sign func

tion and one-norm of vector 𝒆(𝑡) are denoted by sgn(𝒆(𝑡)) =
( ( ) )

sgn 𝒆 ( )
 ( ( ))

sgn 𝒆 ( ) … sgn 𝒆 ( ) 𝑇
1 𝑡  , 2 𝑡  ,  , 𝑛 𝑡 , ‖𝒆(𝑡)‖ 1 

= Σ 

𝑛
‖𝒆 1 

, 

 

(𝑡)‖ respec
([ [

𝑝=1 

𝑝
 ] 𝑚  

tively.
 

] [ ] 𝑇 [ ]𝑚 

(

 

𝑚   

  

)𝑚  

 [ 𝑚Again ( )] =  ( )   ( )  

  

…
) 

𝒆 𝑡 𝒆1 𝑡 , 𝒆2 𝑡 , , 𝒆 ,𝑛 (𝑡)  with 𝒆𝑝(𝑡) =
sgn 𝒆𝑝(𝑡) ‖𝒆𝑝 (𝑡)‖𝑚1 , 𝑝 = 1, 2, … , 𝑛 and 𝑚 > 0, 𝐼 = {1, 2, … ,𝑀}.

-

2. Preliminaries and model formulation 

2.1. Octonions algebra

The octonion O is an 8-dimensional algebra with the basis 

{𝑤 0 

, 𝑤 1 

,… , 𝑤 7 

}. In this algebra, 𝑤 0             

 

= 1 and 𝑤 for𝑗 𝑗 = 1, 2,… , 7, repre
sent the octonion generators. These generators adhere to the following 

rules

-
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⎧ 

⎪ 

⎨ 

⎪ 

⎩ 

𝑤 𝑗 

𝑤 𝑘 

= −𝑤 𝑘 

𝑤 𝑗 , for 𝑗 ≠ 𝑘, 

𝑤 

2 

𝑗 = −1, for 𝑗 = 1, 2, … , 7,
𝑤 

2
0 = 1.

The set of all octonions, denoted by O, is defined as 

O ∶=
{

𝑝 = Σ 

7
𝑗=0 𝑝 

(𝑗)𝑤 𝑗
| 

| 

| 

𝑝 

(𝑗) ∈ R, 𝑗 = 0, 1,… , 7 

} 

,

Since it is defined over the real field R, it can be considered a real 

octonion.

The modulus of 𝒑 is defined as

|𝒑| = 

√ 

𝒑𝒑

=
√

(𝑝(0)) 

2 + (𝑝 

(1) ) 

2 + (𝑝 

(2) ) 

2 + (𝑝 

(3)) 

2 + (𝑝 

(4)) 

2 + (𝑝 

(5)) 

2 + (𝑝 

(6) ) 

2 + (𝑝 

(7) ) 

2 .

The transpose of  

 the vector 𝒑 is denoted by 𝒑 

𝑇 , and the conjugate and

conjugate transpose of 𝒑 are    

  

(1)denoted  𝒑 = 𝑝(0)by  𝑤 0 

− 𝑝 𝑤 

(2)
1 

− 𝑝 (𝑡)𝑤2  

− 

⋯−𝑝(7) 

 (𝑡)𝑤 7 and
 

 𝒑 

∗ = 

 

𝑝(0) (𝑡)𝑇 𝑤 0 

−𝑝 

(1)(𝑡)𝑇 𝑤 1 

−𝑝 

(2) (𝑡)𝑇 𝑤2 −⋯−𝑝 

(7) (𝑡) 

𝑇 𝑤 7 

,

respectively. 

For any two octonions 𝑝, 𝑦 

𝒑 = (0) (7)
 𝑝 𝑤 0 + (1)

 𝑝  (2)
 𝑤 1 +  

 𝑝 

 

𝑤 2 

+ 

 

⋯ + 𝑝 𝑤 7 

,

𝒚 = (0)
 𝑦 𝑤 0 

+ (1)
 𝑦  

 𝑤1 + (2) (7)
 𝑦  

 𝑤 2 

+ ⋯ + 𝑦 𝑤 7 

,

the addition of 𝑝 + 𝑦 is defined as

(

𝒑+𝒚 =
 )

 𝑝(0) + 𝑦(0)
 ( ) ( ) ( )

 

 𝑤
 

 

+
 

 𝑝
 (1) + 𝑦(1) 𝑤

 (2) (2)  (7) (7)  

 0 1
 

 + 𝑝 + 𝑤2 +⋯+ 𝑝  

 𝑦 + 𝑦 𝑤 7 

.

and the scaler multiplication is defined as 

7𝑎𝒑 = Σ  

 𝑗=0(
(𝑎𝑝 

𝑗))𝑤 𝑗 ,∀𝑎 ∈ R.

2.2. Preliminaries and model description

Let us consider the OVNNs with mixed time delays as 

𝑥̇ 𝑟 

(𝑡) = −𝑎 𝑟 

𝑥 𝑟(𝑡) + Σ 

𝑀
𝑗=1𝑏 𝑟𝑗 

𝑓 𝑗 (𝑥 𝑗 (𝑡)) + Σ 

𝑀
𝑗=1𝑐 𝑟𝑗 

𝑔 𝑗 (𝑥 𝑗 (𝑡 − 𝜏 𝑟𝑗 (𝑡)))

+ Σ 

𝑀
𝑗=1𝑑 𝑟𝑗 ∫ 

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

ℎ 𝑗 (𝑥 𝑗 (𝑠))𝑑𝑠, (1)

where 𝑟 ∈ 𝐼, 𝑥  

 

(𝑡) ∈ O is the state variable, 𝑎 

 

> 0, 𝑏 

 

, 𝑐 

 

and 𝑑 

 

are the𝑟 𝑟 𝑟𝑗 𝑟𝑗 𝑟𝑗
octonion weight connection matrices,

 = 𝑓, 𝑔, ℎ are the octonion activation functions and 𝜏 𝑟𝑗 

(𝑡) is the discrete 

delay while 𝜎 𝑟𝑗 

(𝑡) is the distributed delay that satisfies the inequality 

0 < |𝜏̇ 𝑟𝑗 (𝑡)|, |𝜎̇ 𝑟𝑗 (𝑡)| ≤ 1.
[

Let 𝑥(𝑠) = 𝜙(𝑠) ∈ O 

𝑀 ,and 𝑠 ∈
 ]

 𝜏, 0 is the initial condition of the system,
0where 𝜙(𝑠) = 𝜙   

    (𝑠)𝑤 0 

+𝜙 

1(𝑠)𝑤1  

+⋯+𝜙 

7 (𝑠)𝑤 7 

, with 𝜏 = max{𝜏 𝑟𝑗 

(𝑡), 𝜎 𝑟𝑗 

(𝑡)}. 

Remark 1. Given that the absolute value of a real number 𝑥 can be 

expressed as |𝑥| = 𝑥𝑠𝑔𝑛(𝑥), and the one-norm of a complex number 

𝑧 = 𝑧𝑅 + 𝑖𝑧𝐼 (where 𝑧 and𝑅
(

 𝑧𝐼 belong to 

 

R) can
)

be represented as

‖𝑧‖1 = ‖𝑧𝑅 ‖
1  ∗ ∗

 1 + ‖𝑧 ‖𝐼  1 = sgn(2 𝑧) ⋅ 𝑧 + sgn(𝑧)  

 

⋅ 𝑧 . Motivated by this,

the sign function has been incorporated into the enhanced one-norm of 

octonion considered in the present article. This inclusion is pivotal for 

the subsequent discussions. The proof is straightforward and therefore 

omitted. 

Remark 2. In the present article, the FTS and FTPS results have been 

investigated by utilizing the norm property without the separation ap-

proach, which has significantly reduced the computational complexity. 

The conditions of the theorems are easily satisfied by using the norm 

property. 

Assumption 1. For any 𝑥𝑗 (𝑡), 𝑦 and𝑗 (𝑡) ∈ 𝐎   

 

𝑗 = 1, 2, … ,𝑀 , suppose the

activation functions are

0 1𝑓  ̂𝑗 (𝑥
 

𝑗 (𝑡)) ∶ 𝑓 ̂𝑗 (𝑥𝑗 (𝑡)) = 𝑓 ̂𝑗 (𝑥𝑗 (𝑡)) 𝑤0 + 𝑓𝑗 (𝑥𝑗 (𝑡)) 𝑤1 +⋯ + 𝑓𝑗 (
7

                  

    

𝑥 such𝑗 (𝑡)) 𝑤7  

 

that 𝑓𝑗  (0) = 0, 

 

𝑔̂ 𝑗 (𝑥𝑗 (𝑡)) ∶ 𝑔̂ 𝑗 (
0 1𝑥  7

 

 

such𝑗 (𝑡)) = 𝑔̂ 𝑗 (𝑥𝑗 (𝑡)) 𝑤 0 + 𝑔̂ 𝑗 (𝑥 

 𝑗 (𝑡)) 𝑤1 + ⋯ + 𝑔̂ 𝑗 (𝑥 𝑗 (𝑡)) 𝑤7  

 

that 𝑔̂ 𝑗 (0) = 0 and ℎ̂ ̂ ̂ 0 ̂ 1
 𝑗 (𝑥𝑗 𝑡)) ∶ ℎ 

 (   

 𝑗 

(𝑥 𝑗 (𝑡)) = ℎ 𝑗 

(𝑥𝑗 (𝑡)) 𝑤 0 

+ ℎ 𝑗 

(𝑥𝑗 (𝑡)) 𝑤 1 

+
⋯ + ℎ̂  

 

 𝑗 (
7𝑥  

   

 𝑗 

(𝑡)) 𝑤7 

such that ℎ̂ 𝑗 

(0) = 0, where

𝑓 (𝑥 (𝑡))𝜇 = 𝑓𝜇 𝑗  

 𝑗  𝑗 (𝑥
0(𝑗 𝑡), 𝑥 

1(𝑗 𝑡),… , 𝑥 

7(𝑗 𝑡)), 𝑔̂ 𝑗 (𝑥 𝑗 (𝑡))
𝜇 

 =
𝑔̂𝜇 (𝑗 𝑥

0(𝑗 𝑡), 𝑥
1(𝑗 𝑡),… , 𝑥7(𝑗 𝑡)) and ℎ̂ 

 𝑗 (𝑥𝑗  

𝜇
 (𝑡))𝜇 = ℎ̂ ( 0( ) 1( ) … 7( ))𝑗 𝑥𝑗 𝑡 , 𝑥𝑗 𝑡 , , 𝑥𝑗 𝑡 ,

𝜇 = 0, 1,…7, 

and there exist positive constants 𝐹 𝑗 

, 𝐺 and which satisfy the𝑗  𝐻 𝑗 > 0   

following inequalities:

‖ 

̂ 𝑓 𝑗 (𝑦 𝑗 (𝑡)) − 𝑓 𝑗 

(𝑥 𝑗 (𝑡))‖ 1 

≤ 𝐹 𝑗‖𝑦 𝑗 (𝑡) − 𝑥 𝑗 (𝑡)‖ 1 

, 

‖𝑔̂ 𝑗 (𝑦 𝑗 (𝑡)) − 𝑔̂ 𝑗 (𝑥 𝑗 (𝑡))‖ 1 

≤ 𝐺 𝑗 

‖𝑦 𝑗 (𝑡) − 𝑥 𝑗 (𝑡)‖ 1 

, 

‖ 

̂ ℎ 𝑗 (𝑦 𝑗 (𝑡)) − ̂ ℎ 𝑗 (𝑥 𝑗 (𝑡))‖ 1 

≤ 𝐻 𝑗‖𝑦 𝑗 (𝑡) − 𝑥 𝑗 (𝑡)‖ 1.

Lemma 1 ([50]). Suppose 0 ≤ 𝛼 ≤ 1 and 𝛽 > 1; then for any 𝑧𝑗 ∈
( )𝛼 

R +(𝑗 ∈ 𝐼), satisfies the inequalities Σ𝑀𝑗 
𝛼 ≥ 𝑀 and 𝑀 𝛽 ≥=1𝑧  Σ =1𝑧 𝑗  Σ𝑗 𝑗 𝑗 =1𝑧𝑗 

( ) 𝛽
𝑀  

 

1−𝛽 Σ𝑀𝑗 =1𝑧𝑗  

.

Lemma 2 ([35]). Suppose 𝑢(𝑡) = (𝑢 1(𝑡),
 

 𝑢 

𝑇
2 

(𝑡),… , 𝑢 𝑀 

(𝑡)) 

 

, 𝑣(𝑡) =
(𝑣 1 

(𝑡), 𝑣 2 

(𝑡),… , 𝑣 

0
 

(𝑡)) 

𝑇 ∈ 𝐎 

𝑀 1 2and𝑀 (𝑡) = 𝑢  

 𝑢  (𝑡) 𝑤 0 + 𝑢   

 (  

 

𝑡) 𝑤 1 + 𝑢 (𝑡) 

 

𝑤 2 

+ 

⋯+ 𝑢 

7 (𝑡)𝑤7 
0 1 2 7

 

and 𝑣(𝑡) = 𝑣  

 (𝑡) 𝑤 0 +  

 𝑣 (𝑡) 𝑤1 + 𝑣  

 (𝑡)  

 𝑤 2 +⋯+ 𝑣 (𝑡) 𝑤 7, 

   

where

𝑢 𝑟(𝑡), 𝑣 𝑟(𝑡) ∈ 𝐎,   

 𝑟 = 1, 2, … ,𝑀 , and  

 𝑢 

𝜇
 

(𝑡), 𝑙 

𝜇
 

(𝑡) ∈ R 

𝑀 , 𝜇 = 0, 1, 2,… , 7, 

then for  

 𝑢(𝑡), 𝑣(𝑡) ∈ 𝐎 

𝑀 , 𝑎 ≤ 𝑏, 𝑎𝑛𝑑𝑞 > 0, the following formulas hold

(1) ( )∗ ( ( )) + ( ( ))∗ ( ) ≤ ( )∗𝑢 𝑡  𝑠𝑔𝑛 𝑣 𝑡  𝑠𝑔𝑛 𝑣 𝑡  𝑢 𝑡   𝑢 𝑡  𝑠𝑔𝑛(𝑢(𝑡)) ∗
 + 𝑠𝑔𝑛(𝑢(𝑡))  

 𝑢(𝑡) =
2‖𝑢(𝑡)‖1 

( )

𝐷 

+ 𝑢(𝑡)∗𝑠𝑔𝑛(𝑢(𝑡)) ))∗ + 𝑠𝑔𝑛(𝑢(𝑡  

 𝑢(𝑡) = ∗
  𝑠𝑔𝑛(𝑢(𝑡)) 𝑢̇(𝑡) + ∗

  𝑢(𝑡) 𝑠𝑔𝑛(𝑢̇ (𝑡))(2) 

(3) ‖𝑢(𝑡) 

𝑇 𝑣(𝑡)‖ 1 ≤  

 

‖𝑢(𝑡)‖1‖𝑣(𝑡)‖ 1 

(4) ( ∗𝑠𝑔𝑛 𝑢(𝑡))  

 𝑠𝑔𝑛(𝑢(𝑡)) = ‖𝑠𝑔𝑛(𝑢(𝑡))‖1 
‖

‖∫ 𝑏 ‖

 𝑔(𝑢(𝑡))𝑑𝑡‖ 𝑏
‖

𝑎
‖1

 ≤ ∫ 

 

‖𝑔(
 

𝑎 𝑢(𝑡))‖1  

𝑑𝑠 

 

(5)
( )

( ( ))∗𝑠𝑔𝑛 𝑢 𝑡  [𝑢(𝑡)]𝑞 

 + [𝑢(𝑡)] ∗𝑞  

{

 𝑠𝑔𝑛(𝑢(𝑡)) = 2‖[𝑢(𝑡)]𝑞 ‖ 1 

≥
2 𝑀 

1−𝑞
‖𝑢(𝑡)‖𝑞1 , 𝑞 > 1 

2‖𝑢(𝑡)‖𝑞1 , 0 < 𝑞 ≤ 1.

(6) 

Proof. Based on the given conditions, one can derive

(1) 𝑢(𝑡) 

∗𝑠𝑔𝑛(𝑣(𝑡)) + 𝑠𝑔𝑛(𝑣(𝑡)) 

∗ 𝑢(𝑡) 

= 

( 

𝑢 

0 (𝑡) 

𝑇𝑤 0 

− 𝑢 

1 (𝑡) 

𝑇𝑤 1 

− 𝑢 

2 (𝑡) 

𝑇𝑤 2 

− ⋯ − 𝑢 

7(𝑡) 

𝑇𝑤 7 

) 

× 

( 

𝑠𝑔𝑛(𝑣 

0 (𝑡))𝑤 0 

+ 𝑠𝑔𝑛(𝑣 

1 (𝑡))𝑤 1 

+ 𝑠𝑔𝑛(𝑣 

2 (𝑡))𝑤 2 

+ ⋯

+𝑠𝑔𝑛(𝑣 

7 (𝑡))𝑤 7 

) 

+ 

( 

𝑠𝑔𝑛(𝑣 

0 (𝑡)) 𝑤 0 

− 𝑠𝑔𝑛(𝑣 

1(𝑡)) 𝑤 1 

− 𝑠𝑔𝑛(𝑣 

2 (𝑡))𝑤 2

− ⋯ − 𝑠𝑔𝑛(𝑣 

7 (𝑡))𝑤 7 

) 

× 

( 

𝑢 

0 (𝑡) 

𝑇 𝑤 0 

+ 𝑢 

1 (𝑡) 

𝑇𝑤 1 

+ 𝑢 

2 (𝑡) 

𝑇𝑤 2 

+ ⋯ + 𝑢 

7(𝑡) 

𝑇 𝑤 7 

) 

= 2 

( 

𝑢 

0 (𝑡) 

𝑇𝑤 0 𝑠𝑔𝑛(𝑣 

0 (𝑡)) + 𝑢 

1 (𝑡) 

𝑇 𝑠𝑔𝑛(𝑣 

1 (𝑡)) + 𝑢 

2 (𝑡) 

𝑇 𝑠𝑔𝑛(𝑣 

2 (𝑡)) + … 

+ 𝑢 

7 (𝑡) 

𝑇 𝑠𝑔𝑛(𝑣 

7 (𝑡)) 

) 

≤ 2 

(

‖𝑢 

0 (𝑡)𝑤 0 

‖ 1 + ‖𝑢 

1 (𝑡)‖ 1 

+ ‖𝑢 

2 (𝑡)‖ 1 

+ ⋯ + ‖𝑢 

7 (𝑡)‖ 1
)

= 2‖𝑢(𝑡)‖ 1 

(Proved).

Taking the upper right Dini derivative of condition 2, we get

(2) 𝐷 

+(𝑢(𝑡)∗𝑠𝑔𝑛(𝑢(𝑡)) + 𝑠𝑔𝑛(𝑢(𝑡)) 

∗𝑢(𝑡) 

)

= 2𝑠𝑔𝑛 

(

‖𝑢(𝑡)‖1
)𝑑‖𝑢(𝑡)‖ 1

𝑑𝑡

= 2 

𝑑‖𝑢(𝑡)‖ 1
𝑑𝑡

= 2Σ 

𝑀
𝑟=1

(

𝑠𝑔𝑛
(

(𝑢0𝑟 (𝑡)𝑤 0 

) 𝑇 𝑑𝑢 

0
𝑟 (𝑡)
𝑑𝑡 

+ (𝑠𝑔𝑛 

( 

(𝑢 

1
𝑟 (𝑡)

)𝑇 𝑑𝑢 

1
𝑟 (𝑡)
𝑑𝑡 

+ (𝑠𝑔𝑛
( 

(𝑢2𝑟 (𝑡)
)𝑇 𝑑𝑢 

2
𝑟 (𝑡)
𝑑𝑡

+ ⋯

+
(

𝑠𝑔𝑛
( 

(𝑢7𝑟 (𝑡)
)𝑇 𝑑𝑢 

7
𝑟 (𝑡)
𝑑𝑡 

)

= 𝑠𝑔𝑛(𝑢(𝑡)) 

∗𝑢̇(𝑡) + 𝑢(𝑡) 

∗𝑠𝑔𝑛(𝑢̇ (𝑡)). (Proved)

.
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(3) ‖𝑢(𝑡) 

𝑇 𝑣(𝑡)‖ 1 

=
‖ 

‖ 

‖ 

‖ 

‖

 

𝑢 

0 (𝑡) 

𝑇 𝑤 0 + 𝑢 

1 (𝑡) 

𝑇 𝑤 1 + 𝑢 

2 (𝑡) 

𝑇 𝑤 2 + ⋯ + 𝑢 

7(𝑡) 

𝑇𝑤 7 

 

× 

( 

𝑣 

0 (𝑡) 

𝑇 𝑤 0 

+ 𝑣 

1 (𝑡) 

𝑇 𝑤 1 + 𝑣 

2 (𝑡) 

𝑇 𝑤 2 + ⋯ + 𝑣 

7 (𝑡) 

𝑇𝑤 7 

)

‖

‖

‖

‖1

( )

‖

=

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖

𝑤 0
 

𝑢 

0 (𝑡) 

𝑇 𝑣 

0 (𝑡) − 𝑢 

1 (𝑡) 

𝑇 𝑣 

1 (𝑡) − 𝑢 

2 (𝑡) 

𝑇 𝑣 

2 (𝑡) − 𝑢 

3 (𝑡) 

𝑇 𝑣 

3 (𝑡) − 𝑢 

4 (𝑡) 

𝑇 𝑣 

4 (𝑡)
−𝑢 

5 (𝑡) 

𝑇 𝑣 

5 (𝑡) − 𝑢 

6 (𝑡) 

𝑇 𝑣 

6 (𝑡) − 𝑢 

7 (𝑡) 

𝑇 𝑣 

7 (𝑡)
)

+ 

𝑤 1 

( 

𝑢 

0 (𝑡) 

𝑇 𝑣 

1 (𝑡) + 𝑢 

1 (𝑡) 

𝑇 𝑣 

0 (𝑡) + 𝑢 

2 (𝑡) 

𝑇 𝑣 

3 (𝑡) − 𝑢 

3 (𝑡) 

𝑇 𝑣 

2 (𝑡) + 𝑢 

4 (𝑡) 

𝑇 𝑣 

5 (𝑡)
−𝑢 

5 (𝑡) 

𝑇 𝑣 

4 (𝑡) − 𝑢 

6 (𝑡) 

𝑇 𝑣 

7 (𝑡) + 𝑢 

7 (𝑡) 

𝑇 𝑣 

6 (𝑡)
)

+ 

𝑤 2 

( 

𝑢 

0 (𝑡) 

𝑇 𝑣 

2 (𝑡) − 𝑢 

1 (𝑡) 

𝑇 𝑣 

3 (𝑡) + 𝑢 

2 (𝑡) 

𝑇 𝑣 

0 (𝑡) + 𝑢 

3 (𝑡) 

𝑇 𝑣 

1 (𝑡) + 𝑢 

4 (𝑡) 

𝑇 𝑣 

6 (𝑡)
+𝑢 

5 (𝑡) 

𝑇 𝑣 

7 (𝑡) − 𝑢 

6 (𝑡) 

𝑇 𝑣 

4 (𝑡) − 𝑢 

7 (𝑡) 

𝑇 𝑣 

5 (𝑡) 

) 

+
𝑤 3 

( 

𝑢 

0 (𝑡) 

𝑇 𝑣 

3 (𝑡) + 𝑢 

1 (𝑡) 

𝑇 𝑣 

2 (𝑡) − 𝑢 

2 (𝑡) 

𝑇 𝑣 

1 (𝑡) + 𝑢 

3 (𝑡) 

𝑇 𝑣 

0 (𝑡) + 𝑢 

4 (𝑡) 

𝑇 𝑣 

7 (𝑡)
−𝑢 

5 (𝑡) 

𝑇 𝑣 

6 (𝑡) + 𝑢 

6 (𝑡) 

𝑇 𝑣 

5 (𝑡) − 𝑢 

7 (𝑡) 

𝑇 𝑣 

4 (𝑡) 

)

+
𝑤 4 

( 

𝑢 

0 (𝑡) 

𝑇 𝑣 

4 (𝑡) − 𝑢 

1 (𝑡) 

𝑇 𝑣 

5 (𝑡) − 𝑢 

2 (𝑡) 

𝑇 𝑣 

6 (𝑡) − 𝑢 

3 (𝑡) 

𝑇 𝑣 

7 (𝑡) + 𝑢 

4 (𝑡) 

𝑇 𝑣 

0 (𝑡)
+𝑢 

5 (𝑡) 

𝑇 𝑣 

1 (𝑡) − 𝑢 

6 (𝑡) 

𝑇 𝑣 

2 (𝑡) − 𝑢 

7 (𝑡) 

𝑇 𝑣 

3 (𝑡) 

)

+
𝑤 5 

( 

𝑢 

0 (𝑡) 

𝑇 𝑣 

5 (𝑡) + 𝑢 

1 (𝑡) 

𝑇 𝑣 

4 (𝑡) − 𝑢 

2 (𝑡) 

𝑇 𝑣 

7 (𝑡) + 𝑢 

3 (𝑡) 

𝑇 𝑣 

6 (𝑡) − 𝑢 

4 (𝑡) 

𝑇 𝑣 

1 (𝑡)
+𝑢 

5 (𝑡) 

𝑇 𝑣 

0 (𝑡) − 𝑢 

6 (𝑡) 

𝑇 𝑣 

3 (𝑡) + 𝑢 

7 (𝑡) 

𝑇 𝑣 

2 (𝑡) 

)

+
𝑤 6 

( 

𝑢 

0 (𝑡) 

𝑇 𝑣 

6 (𝑡) + 𝑢 

1 (𝑡) 

𝑇 𝑣 

7 (𝑡) + 𝑢 

2 (𝑡) 

𝑇 𝑣 

4 (𝑡) − 𝑢 

3 (𝑡) 

𝑇 𝑣 

5 (𝑡) − 𝑢 

4 (𝑡) 

𝑇 𝑣 

2 (𝑡)
+𝑢 

5 (𝑡) 

𝑇 𝑣 

3 (𝑡) + 𝑢 

6 (𝑡) 

𝑇 𝑣 

0 (𝑡) − 𝑢 

7 (𝑡) 

𝑇 𝑣 

1 (𝑡) 

)

+ 

𝑤 7 

( 

𝑢 

0 (𝑡) 

𝑇 𝑣 

7 (𝑡) − 𝑢 

1 (𝑡) 

𝑇 𝑣 

6 (𝑡) + 𝑢 

2 (𝑡) 

𝑇 𝑣 

5 (𝑡) + 𝑢 

3 (𝑡) 

𝑇 𝑣 

4 (𝑡) − 𝑢 

4 (𝑡) 

𝑇 𝑣 

3 (𝑡)
−𝑢 

5 (𝑡) 

𝑇 𝑣 

7 2(𝑡) + 𝑢 

6 (𝑡) 

𝑇 𝑣 

1 (𝑡) + 𝑢 

7 (𝑡) 

𝑇 𝑣 

0 (𝑡) 

) 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 

‖ 1 

≤ |𝑤 0 

| 

( 

|𝑢 

0 (𝑡) 

𝑇 𝑣 

0 (𝑡)| + |𝑢 

1 (𝑡) 

𝑇 𝑣 

1 (𝑡)| + |𝑢 

2 (𝑡) 

𝑇 𝑣 

2 (𝑡) + |𝑢 

3(𝑡) 

𝑇 𝑣 

3 (𝑡)| +

|𝑢 

4 (𝑡) 

𝑇 𝑣 

4(𝑡)| + |𝑢 

5 (𝑡) 

𝑇 𝑣 

5 (𝑡)| + |𝑢 

6(𝑡) 

𝑇 𝑣 

6 (𝑡)| + 

|𝑢 

7 (𝑡) 

𝑇 𝑣 

7(𝑡)| 

) 

+ 

( 

|𝑢 

0 (𝑡) 

𝑇 𝑣 

1 (𝑡)| + |𝑢 

1 (𝑡) 

𝑇 𝑣 

0 (𝑡)| + |𝑢 

2 (𝑡) 

𝑇 𝑣 

3 (𝑡)|+ |𝑢 

3 (𝑡) 

𝑇 𝑣 

2 (𝑡)|+

|𝑢 

4 (𝑡) 

𝑇 𝑣 

5(𝑡)| + |𝑢 

5 (𝑡) 

𝑇 𝑣 

4 (𝑡)| + |𝑢 

6 (𝑡) 

𝑇 𝑣 

7 (𝑡)| 

) 

+ 

( 

|𝑢 

7 (𝑡) 

𝑇 𝑣 

6 (𝑡)|+ |𝑢 

0 (𝑡) 

𝑇 𝑣 

2 (𝑡)|+

|𝑢 

1 (𝑡) 

𝑇 𝑣 

3(𝑡)| + |𝑢 

2 (𝑡) 

𝑇 𝑣 

0 (𝑡)| + |𝑢 

3 (𝑡) 

𝑇 𝑣 

1 (𝑡)| + |𝑢 

4 (𝑡) 

𝑇 𝑣 

6 (𝑡)| + |𝑢 

5 (𝑡) 

𝑇 𝑣 

7 (𝑡)| +
|𝑢 

6 (𝑡) 

𝑇 𝑣 

4(𝑡)| 

) 

+ 

(

|𝑢7(𝑡) 

𝑇 𝑣 

5 (𝑡)| + |(𝑢 

0 (𝑡) 

𝑇 𝑣 

2 (𝑡)| + |𝑢 

1 (𝑡) 

𝑇 𝑣 

3 (𝑡)| + |𝑢 

2 (𝑡) 

𝑇 𝑣 

0(𝑡)| + 

|𝑢 

3 (𝑡) 

𝑇 𝑣 

1(𝑡)| + |𝑢 

4 (𝑡) 

𝑇 𝑣 

6 (𝑡)| + |𝑢 

5 (𝑡) 

𝑇 𝑣 

7 (𝑡)| 

) 

+ 

( 

|𝑢 

6 (𝑡) 

𝑇 𝑣 

4 (𝑡)| + |𝑢 

7 (𝑡) 

𝑇 𝑣 

5 (𝑡)| + 

|𝑢 

0 (𝑡) 

𝑇 𝑣 

3(𝑡)| + |𝑢 

1 (𝑡) 

𝑇 𝑣 

2 (𝑡)| + |𝑢 

2 (𝑡) 

𝑇 𝑣 

1 (𝑡)| + |𝑢 

3 (𝑡) 

𝑇 𝑣 

0 (𝑡)| + |𝑢 

4 (𝑡) 

𝑇 𝑣 

7 (𝑡)| 

) 

+
( 

|𝑢 

5 (𝑡) 

𝑇 𝑣 

6 (𝑡)| + |𝑢 

6 (𝑡) 

𝑇 𝑣 

5 (𝑡)| + |𝑢 

7 (𝑡) 

𝑇 𝑣 

4 (𝑡)| + |𝑢 

0 (𝑡) 

𝑇 𝑣 

4 (𝑡)| + |𝑢 

1 (𝑡) 

𝑇 𝑣 

5 (𝑡)| +

|𝑢 

2 (𝑡) 

𝑇 𝑣 

6 (𝑡)| + |𝑢 

3 (𝑡) 

𝑇 𝑣 

7 (𝑡)| 

) 

+
(

|𝑢4(𝑡) 

𝑇 𝑣 

0 (𝑡)| + |𝑢 

5 (𝑡) 

𝑇 𝑣 

1 (𝑡)| + |𝑢 

6 (𝑡) 

𝑇 𝑣 

2 (𝑡)|+

|𝑢 

7 (𝑡) 

𝑇 𝑣 

3 (𝑡)| + |𝑢 

0 (𝑡) 

𝑇 𝑣 

5 (𝑡)| + |𝑢 

1 (𝑡) 

𝑇 𝑣 

4(𝑡| + |𝑢 

2 (𝑡) 

𝑇 𝑣 

7 (𝑡)| 

) 

+ 

( 

|𝑢 

3 (𝑡) 

𝑇 𝑣 

6 (𝑡)| +

|𝑢 

4 (𝑡) 

𝑇 𝑣 

1 (𝑡)| + |𝑢 

5 (𝑡) 

𝑇 𝑣 

0 (𝑡)| + |𝑢 

6 (𝑡) 

𝑇 𝑣 

3 (𝑡)| + |𝑢 

7 (𝑡) 

𝑇 𝑣 

2 (𝑡)| + |𝑢 

0 (𝑡) 

𝑇 𝑣 

6 (𝑡)| +
|𝑢 

1 (𝑡) 

𝑇 𝑣 

7 (𝑡)| 

) 

+ 

( 

|𝑢 

2 (𝑡) 

𝑇 𝑣 

4 (𝑡)| + |𝑢 

3(𝑡) 

𝑇 𝑣 

5 (𝑡)| + |𝑢 

4 (𝑡) 

𝑇 𝑣 

2 (𝑡)|+ |𝑢 

5 (𝑡) 

𝑇 𝑣 

3 (𝑡)|+

|𝑢 

6 (𝑡) 

𝑇 𝑣 

0 (𝑡)| + |𝑢 

7 (𝑡) 

𝑇 𝑣 

1 (𝑡)| + |𝑢 

0 (𝑡) 

𝑇 𝑣 

7 (𝑡)| 

) 

+ 

( 

|𝑢 

1 (𝑡) 

𝑇 𝑣 

6 (𝑡)|+ |𝑢 

2 (𝑡) 

𝑇 𝑣 

5 (𝑡)|+

|𝑢 

3 (𝑡) 

𝑇 𝑣 

4(𝑡)| + |𝑢 

4 (𝑡) 

𝑇 𝑣 

3 (𝑡)| + |𝑢 

5 (𝑡) 

𝑇 𝑣 

2 (𝑡)| + |𝑢 

6 (𝑡) 

𝑇 𝑣 

1 (𝑡)| + |𝑢 

7 (𝑡) 

𝑇 𝑣 

0 (𝑡)| 

) 

≤ |𝑤 0 

|

( 

|𝑢𝑜1(𝑡)𝑣
0
1(𝑡)| + |𝑢 

𝑜
2(𝑡)𝑣 

0
2(𝑡)| + ⋯ + |𝑢 

𝑜
𝑀 (𝑡)𝑣0𝑀 (𝑡)| 

) 

+ 

(

|𝑢11(𝑡)𝑣 

1
1(𝑡)| +

|𝑢 

1
2(𝑡)𝑣

1
2(𝑡)| + ⋯ + |𝑢1𝑀 (𝑡)𝑣 

0
𝑀 (𝑡)| 

) 

+ 

( 

|𝑢 

2
1(𝑡)𝑣

2
1(𝑡)| + |𝑢 

2
2(𝑡)𝑣

2
2(𝑡)| + ⋯ + 

|𝑢 

2
𝑀 (𝑡)𝑣2𝑀 (𝑡)| 

) 

+ ⋯ + 

( 

|𝑢 

7
1(𝑡)𝑣

7
1(𝑡)| + |𝑢72(𝑡)𝑣

7
2(𝑡)| + ⋯ + |𝑢7𝑀 (𝑡)𝑣7𝑀 (𝑡)| 

) 

≤
||𝑢(𝑡)‖ 1‖𝑣(𝑡)‖ 1 

. (Proved)

(

(4) 𝑠𝑔𝑛(𝑢(𝑡)) 

∗(𝑠𝑔𝑛(𝑢(𝑡)) = 

( 

𝑠𝑔𝑛(𝑢 0 

(𝑡)) 

𝑇𝑤 0 

− 𝑠𝑔𝑛(𝑢 1(𝑡)) 

𝑇𝑤 1 − 𝑠𝑔𝑛(𝑢 2 

(𝑡)) 

𝑇𝑤 2

− 𝑠𝑔𝑛(𝑢 3 

(𝑡)) 

𝑇𝑤 3 − 𝑠𝑔𝑛(𝑢 4 

(𝑡)) 

𝑇𝑤 4 − 𝑠𝑔𝑛(𝑢 5 

(𝑡)) 

𝑇𝑤 5

− 𝑠𝑔𝑛(𝑢 6 

(𝑡)) 

𝑇𝑤 6 − 𝑠𝑔𝑛(𝑢 7 

(𝑡)) 

𝑇𝑤 7 

)

×
(

𝑠𝑔𝑛(𝑢0(𝑡)) 

𝑇𝑤 0 + 𝑠𝑔𝑛(𝑢 1 

(𝑡)) 

𝑇𝑤 1 

+ 𝑠𝑔𝑛(𝑢 2(𝑡)) 

𝑇𝑤 2

+ 𝑠𝑔𝑛(𝑢 3 

(𝑡)) 

𝑇𝑤 3 + 𝑠𝑔𝑛(𝑢 4 

(𝑡)) 

𝑇𝑤 4 + 𝑠𝑔𝑛(𝑢 5 

(𝑡)) 

𝑇𝑤 5

+ 𝑠𝑔𝑛(𝑢 6 

(𝑡)) 

𝑇𝑤 6 + 𝑠𝑔𝑛(𝑢 7 

(𝑡)) 

𝑇𝑤 7 

)

= ‖𝑠𝑔𝑛(𝑢 

0 (𝑡))𝑤 0 

‖ 1 + ‖𝑠𝑔𝑛(𝑢 

1(𝑡))‖ 1 

+ ⋯ + ‖𝑠𝑔𝑛(𝑢 

7(𝑡))‖ 1

= ‖𝑠𝑔𝑛(𝑢(𝑡))‖ 1 

. (Proved)

(5)
‖

‖

‖

‖

∫

𝑏

𝑎
𝑔(𝑢(𝑡)) 𝑑𝑡 

‖

‖

‖ 

‖1

=
‖

‖

‖

‖

∫

𝑏

𝑎

( 

𝑔 

(0) (𝑢(𝑡))𝑤 0 

+ 𝑔 

(1) (𝑢(𝑡))𝑤 1 

+ ⋯ + 𝑔 

(7) (𝑢(𝑡))𝑤 7
)

𝑑𝑡 

‖

‖

‖ 

‖1

≤
‖ 

‖ 

‖ 

‖ 

∫

𝑏

𝑎
𝑔 

(0) (𝑢(𝑡))𝑤 0 

𝑑𝑡
‖ 

‖ 

‖ 

‖1
+
‖

‖

‖

‖

∫

𝑏

𝑎
𝑔 

(1) (𝑢(𝑡))𝑤 1 𝑑𝑡 

‖

‖

‖ 

‖1
+ ⋯

+
‖ 

‖ 

‖ 

‖

∫

𝑏

𝑎
𝑔 

(7) (𝑢(𝑡))𝑤 7 𝑑𝑡 

‖

‖

‖ 

‖1 

≤
‖ 

‖ 

‖ 

‖ 

∫

𝑏

𝑎
𝑔(0)1 (𝑢 1(𝑡)) 𝑑𝑡 

‖

‖

‖ 

‖1
+
‖

‖

‖

‖

∫

𝑏

𝑎
𝑔(0)2 (𝑢 2(𝑡)) 𝑑𝑡 

‖

‖

‖ 

‖1
+ ⋯

+ 

‖ 

‖ 

‖ 

‖ 

∫

𝑏

𝑎
𝑔(0)𝑀 (𝑢 𝑀 (𝑡)) 𝑑𝑡 

‖

‖

‖ 

‖1 

+ 

‖ 

‖ 

‖ 

‖ 

∫

𝑏

𝑎
𝑔(1)1 (𝑢 1 

(𝑡)) 𝑑𝑡 

‖ 

‖ 

‖ 

‖1
+
‖ 

‖ 

‖ 

‖ 

∫

𝑏

𝑎
𝑔(1)2 (𝑢 2(𝑡)) 𝑑𝑡 

‖

‖

‖ 

‖1 

+ ⋯

+ 

‖ 

‖ 

‖ 

‖ 

∫

𝑏

𝑎
𝑔(1)𝑀 (𝑢 𝑀 (𝑡)) 𝑑𝑡 

‖

‖

‖ 

‖1 

+ ⋯ +
‖ 

‖ 

‖ 

‖

∫

𝑏

𝑎
𝑔(7)1 (𝑢 1 

(𝑡)) 𝑑𝑡 

‖

‖

‖ 

‖1

+
‖ 

‖ 

‖ 

‖

∫

𝑏

𝑎
𝑔(7)1 (𝑢 1 

(𝑡)) 𝑑𝑡 

‖ 

‖ 

‖ 

‖1 

⋯ +
‖

‖

‖

‖

∫

𝑏

𝑎
𝑔(7)𝑀 (𝑢 𝑀 (𝑡)) 𝑑𝑡 

‖

‖

‖ 

‖1

≤ ∫ 

𝑏

𝑎

‖ 

‖ 

‖

𝑔 

(0) (𝑢(𝑡))𝑤 0
‖ 

‖ 

‖1 

𝑑𝑡 

+ ∫ 

𝑏

𝑎

‖

‖

‖

𝑔 

(1) (𝑢(𝑡))𝑤 1
‖ 

‖ 

‖1 

𝑑𝑡 + ⋯ + ∫

𝑏

𝑎

‖

‖

‖

𝑔 

(7) (𝑢(𝑡))𝑤 7
‖ 

‖ 

‖1
𝑑𝑡.

= ∫

𝑏

𝑎

‖ 

‖ 

‖ 

𝑔(𝑢(𝑡)) 

‖

‖ 

‖1
𝑑𝑡. (Proved)

From the Lemma 1, it can be easily observed that ‖𝑠𝑔𝑛(𝑢𝑠    

 

(𝑡))‖1 

≥ 1, if
𝑢 ≠ ‖ ‖ for and it can be obtained.𝑠(𝑡) 0, 𝑎𝑛𝑑 𝑠𝑔𝑛(𝑢 𝑠(𝑡)) 1 = 0  𝑢 

 𝑠  

 

) = 0   

 

(𝑡  

(6) 𝑠𝑔𝑛(𝑢(𝑡)) 

∗[𝑢(𝑡)] 

𝑞 + ([𝑢(𝑡)] 

𝑞 ) 

∗ 𝑠𝑔𝑛(𝑢(𝑡)) 

= 𝑠𝑔𝑛(𝑢 1 

(𝑡)) 

∗ 𝑠𝑔𝑛(𝑢 1(𝑡))‖𝑢 1(𝑡)‖
𝑞
1 

+ ⋯

+ 𝑠𝑔𝑛(𝑢 𝑀 (𝑡)) 

∗𝑠𝑔𝑛(𝑢 𝑀 (𝑡))‖𝑢 𝑀 (𝑡)‖ 

𝑞
1 + 𝑠𝑔𝑛(𝑢 1 

(𝑡)) 

∗ 𝑠𝑔𝑛(𝑢 1(𝑡))‖𝑢 1 

(𝑡)‖ 

𝑞
1 

+ ⋯

+ 𝑠𝑔𝑛(𝑢 𝑀 (𝑡)) 

∗𝑠𝑔𝑛(𝑢 𝑀 (𝑡))‖𝑢 𝑀 (𝑡)‖ 

𝑞
1

= 2 

( 

𝑠𝑔𝑛(𝑢 1 

(𝑡)) 

∗ 𝑠𝑔𝑛(𝑢 1(𝑡))‖𝑢 1(𝑡)‖ 1 

| 

𝑞 + ⋯

+ 𝑠𝑔𝑛(𝑢 𝑀 

(𝑡)) 

∗𝑠𝑔𝑛(𝑢 𝑀 

(𝑡))‖𝑢 𝑀 (𝑡)‖𝑞1
)

= 2 

( 

‖𝑠𝑔𝑛(𝑢 1 

(𝑡))‖𝑢 1 

(𝑡)‖𝑞1‖ 1 

+ ⋯ + ‖𝑠𝑔𝑛(𝑢 𝑀 

(𝑡))‖𝑢 𝑀 

(𝑡)‖𝑞1‖ 1 

)

= 2‖[𝑢(𝑡)] 

𝑞 

‖ 1

≥ 

{

2 𝑀 

1−𝑞 

‖𝑢(𝑡)‖𝑞1, 𝑞 > 1
2‖𝑢(𝑡)‖𝑞1, 0 < 𝑞 ≤ 1. (Proved)

□

Remark 3. The conclusion drawn from Lemma 2 can be extended 

to 1D octonion, underscoring the practicality of the Lemma. In future 

endeavors, one can explore the scenario where 𝑣𝑟 (𝑡) represents an 𝑛-
dimensional vector in O (where 𝑛  

 ∈ R 

+), and subsequently, all the 

derivations presented in this article remain applicable. 

Remark 4. Lemma 2 makes it evident that the one-norm of 𝑢(𝑡) belong-

ing to O 

𝑀 can be derived as 

( )1 ∗ ∗
‖𝑢(𝑡)‖ 1 = sgn( (2 𝑢 𝑡)) 𝑢(𝑡) + 𝑢(𝑡) sgn(𝑢(𝑡)) .

Lemma 2 illustrates that by incorporating the sign function sgn(𝑢(𝑡)), 

we can seamlessly convert an octonion expression into a real-valued 

one-norm.

Let us consider Eq. (1) as the master system, and the corresponding

response systems are described as 

𝑦̇ 𝑟 

(𝑡) = −𝑎 𝑟 

𝑦 𝑟(𝑡) + Σ 

𝑀
𝑗=1𝑏 𝑟𝑗 

𝑓 𝑗 (𝑦 𝑗 (𝑡)) + Σ 

𝑀 

𝑗=1𝑐 𝑟𝑗 

𝑔 𝑗 (𝑦 𝑗 (𝑡 − 𝜏 𝑟𝑗 (𝑡)))

+ Σ 

𝑀
𝑗=1𝑑 𝑟𝑗 ∫ 

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

ℎ 𝑗 (𝑦 𝑗 (𝑠))𝑑𝑠 + 𝑈 𝑟(𝑡), (2)

where all the parameters are the same as in Eq. (1)
( )

,  ( ) is the controller, 

𝑟 ∈ 𝐼 𝑦(𝑠) = 𝜓(𝑠) ∈ 𝐶 [−
 

𝜏, 0],O𝑀  

𝑈𝑟 𝑡
where    and  

         is the initial condition.

The synchronization error is defined as 𝑒 𝑟(𝑡) = 𝑦𝑟  

 

(𝑡) − 𝑥 𝑟 

(𝑡), for 𝑟 ∈ 𝐼.

Neurocomputing 652 (2025) 130995 

4 



V. Agrawal, S. Singh, V.K. Singh et al.

Using the equations of master and response systems in the above 

equation, we have the error equation as 

𝑒̇ 𝑟 

(𝑡) = −𝑎 𝑟 

𝑒 𝑟(𝑡) + Σ 

𝑀
𝑗=1𝑏 𝑟𝑗 ̂ 𝑓 𝑗 (𝑒 𝑗 (𝑡)) + Σ 

𝑀
𝑗=1𝑐 𝑟𝑗 

𝑔̂ 𝑗 

(𝑒 𝑗 (𝑡 − 𝜏 𝑟𝑗 

(𝑡)))

+ Σ 

𝑀 

𝑗=1𝑑 𝑟𝑗 ∫ 

𝑡

𝑡−𝜎𝑟𝑗 (𝑡)
̂ ℎ 𝑗 (𝑒 𝑗 (𝑠))𝑑𝑠 + 𝑈 𝑟(𝑡), (3) 

where  𝑗 (𝑒𝑗 (𝑡)) =  𝑗 (𝑦  , and  and𝑗 (𝑡)) − 𝑗 (𝑥𝑗 (𝑡))  =
( )

 𝑓, 𝑔, ℎ  𝑗 ∈ 𝐼 also

𝑒(𝑠) = Φ(𝑠) = 𝜓(𝑠) − 𝜙(𝑠) ∈ 𝐶
 

 [−𝜏, 0], O 

𝑀  

 . 

Definition 1 ([38]). The master system (1) and response system (2) 

are synchronized within the finite time if the error system is synchro-

nized within the finite time, and settling time depends on the initial 

conditions.

For any solution 𝑒(𝑡) starting at 𝑒 0 

, it is asymptotically stable, and

lim 𝑡→𝑇 (𝑒0 ) 

‖𝑒(𝑡)‖ = 0 holds, with 𝑒(𝑡) = 0 for all 𝑡 ≥ 𝑇 0 

, where 𝑇 0 

is referred

to as the settling time function. 

Definition 2 ([38]). The master system (1) and response system

(2) are fixed time synchronized if the error system is synchronized

within the finite time and the settling time is independent of the initial

conditions.

An equilibrium point is termed fixed-time stable if it satisfies the con

ditions of finite-time stability and the settling time is uniformly bounded,

i.e., 𝑇 (𝑒 0) < 𝑇 max for  

 

all 𝑒 0 

, where 𝑇 max is a constant.

-

Lemma 3 ([38]). Assume that there exists a continuous, radially un

bounded function 𝑉 ∶ 𝐑𝑛  

 → 𝐑 

+ = [0, +∞) satisfying: 

-

1. 𝑉 (𝐞(𝑡)) = 0 if and only if 𝐞(𝑡) = 0,
2. 

𝑑 𝑉 𝛼 

 (𝐞(𝑡)) ≤ −𝑎𝑉 (𝐞(𝑡)) −  

𝑑𝑡   𝑏𝑉 

𝛽 (𝐞(𝑡)), where 𝑎, 𝑏 > 0, 0 < 𝛼 < 1, and

𝛽 > 1. 

Then the origin of the error system (3
(

) is fixed-time stable, and 𝑉 (𝐞(𝑡)) =
) ( )

 0 

𝑡 ≥ 𝑇
 

 𝐞
   

for  0 where the settling time 𝑇 

 

, 𝐞 0 

is bounded by

𝑇 

( 

𝐞 0 

) 

≤ 𝑇 max = 

1
𝑎

(𝑎
𝑏

)
1−𝛼
𝛽−𝛼

(

1
𝛽 − 1

+ 

1
1 − 𝛼 

) 

, for all 𝐞 0 

∈ 𝐑 

𝑛.

Remark 5 ([38]). Under the same conditions as in Lemma 3
( )

, the

synchronization time 𝑇 𝐞
 

0 can also be estimated by the following

formula

𝑇
( 

𝐞 0 

) 

≤ 𝑇 max =
1

𝑎(1 − 𝛼)
+ 1
𝑏(𝛽 − 1) 

, ∀ 𝐞 0 

∈ 𝐑 

𝑛.

3. Main result

This section examines the FTS and FTPS for OVNNs with mixed de-

lays. By utilizing the derived norm properties presented in Section 2 in 

the form of Lemmas, we propose an alternative approach to the stability 

analysis of higher-dimensional neural networks. To enhance the clarity 

and understanding for readers, we have divided this section into two 

subsections:

• Section 3.1 focuses exclusively on the study of FTS.

• Section 3.2 addresses the study of FTPS. 

3.1. FTS result for master and response systems

This structure ensures a more systematic and comprehensive presen-

tation of the results. To achieve FTS for OVNNs with mixed time delays 

between the master and response systems, let us use the novel controller 

based on the one-norm as 

𝑈 𝑟(𝑡) = 𝜌 1𝑟 

𝑒 𝑟 

(𝑡) − 𝜌 2𝑟 

(𝑒 𝑟 

(𝑡)) 

𝛼 − 𝜌 3𝑟(𝑒 𝑟 

(𝑡)) 

𝛽 + 𝜌 4𝑟Σ 

𝑀
𝑗=1𝑒 𝑟 

(𝑡 − 𝜏 𝑟𝑗 (𝑡))

+ 𝜌 5𝑟Σ 

𝑀
𝑗=1 ∫ 

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑗 (𝑠)‖ 1𝑑𝑠, (4)

where 𝜌 1𝑟, 𝜌 2𝑟, 𝜌 3  the𝑟, 𝜌 4 are𝑟  control  

    

parameters which are determined 

later, and 0 < 𝛼 < 1, 𝛽 > 1.

Theorem 1. Assuming that Assumption 1 holds and if the parameters

𝜌 1𝑟, 𝜌 2𝑟 

, 𝜌 3 and𝑟 

, 𝜌 4𝑟  𝜌 5 in𝑟  the controller (4) satisfy the following conditions 

− 𝑎 𝑟 

+ 𝜌 1𝑟 + Σ 

𝑀
𝑗=1‖𝑏 𝑗𝑟 

‖ 1 

𝐹 𝑟 ≤ 0,

Σ 

𝑀
𝑗=1

( 

‖𝑐 𝑗𝑟 

‖ 1 

𝐺 𝑟 

+ 𝜌 4𝑗 

𝐺 𝑟 

) 

≤ 0,

Σ 

𝑀
𝑗=1‖𝑑 𝑟𝑗 

‖ 1 

𝐻 𝑗 

+ 𝜌 5𝑟 ≤ 0, 𝜌 2𝑟 

> 0, 𝜌 3𝑟 

> 0,

∀ 𝑟 ∈ 𝐼 , then the drive system (1) synchronizes to the corresponding response 

system (2) in a fixed time, and the corresponding settling time is estimated as

𝑇 1 = 

1
𝜌 2 

(

𝜌 2

𝑀 

2(1−𝛽) 𝜌 3

)
1−𝛼
𝛽−𝛼 

(

1
𝛽 − 1

+ 

1
1 − 𝛼 

) 

, (5)

where 𝜌 2 = min {𝜌2 𝑟}, 𝜌1≤𝑟≤
 3 = min {𝜌

𝑀 1≤𝑟≤
 3𝑟}.𝑀

Proof. Let us construct the appropriate Lyapunov function as 

𝑉 (𝑡) = 1
2
Σ 

𝑀
𝑟=1

(

𝑠𝑔𝑛(𝑒𝑟(𝑡)) 

∗𝑒 𝑟(𝑡) + 𝑒 𝑟(𝑡) 

∗𝑠𝑔𝑛(𝑒 𝑟(𝑡)) 

)

. (6)

Taking derivative of 𝑉 (𝑡) with respect to 𝑡 along the error Eq. (3), one

can get

𝐷 

+ 𝑉 (𝑡) = 1
2
Σ 

𝑀
𝑟=1

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗𝑒̇ 𝑟 

(𝑡) + 𝑒̇ 𝑟 

(𝑡) 

∗ 𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

)

(7)

= 1
2 

Σ 

𝑀
𝑟=1𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗

( 

− 𝑎 𝑟 

𝑒 𝑟 

(𝑡)

+Σ 

𝑀 

𝑗=1𝑏 𝑟𝑗 ̂ 𝑓 𝑗 (𝑒 𝑗 (𝑡)) + Σ 

𝑀
𝑗=1𝑐 𝑟𝑗 𝑔̂ 𝑗 (𝑒 𝑗 (𝑡 − 𝜏 𝑟𝑗 

(𝑡))) 

+Σ 

𝑀
𝑗=1𝑑 𝑟𝑗 ∫ 

𝑡

𝑡−𝜎𝑟𝑗

̂ ℎ 𝑗 (𝑒 𝑗 (𝑠))𝑑𝑠 + 𝜌 1𝑟 

𝑒 𝑟 

(𝑡) − 𝜌 2𝑟(𝑒 𝑟 

(𝑡)) 

𝛼 − 𝜌 3𝑟 

(𝑒 𝑟 

(𝑡)) 

𝛽 

+𝜌 4𝑟 

Σ 

𝑀
𝑗=1𝑒 𝑟(𝑡 − 𝜏 𝑟𝑗 (𝑡)) + 𝜌 5𝑟 

Σ 

𝑀
𝑗=1 ∫ 

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑗 (𝑠)‖ 1𝑑𝑠 

)

+ 

1
2 

Σ 

𝑀
𝑟=1

( 

− 𝑎 𝑟𝑒 

∗
𝑟 (𝑡) + Σ 

𝑀
𝑗=1(𝑓 𝑗 (𝑒 𝑗 (𝑡))) 

∗𝑏 

∗
𝑟𝑗

+ Σ 

𝑀 

𝑗=1(𝑔̂ 𝑗 

(𝑒 𝑗 (𝑡 − 𝜏 𝑗 

(𝑡)))) 

∗ 𝑐 

∗
𝑟𝑗 + Σ 

𝑀 

𝑗=1

(

∫ 

𝑡

𝑡−𝜎𝑟𝑗

̂ ℎ 𝑗 (𝑒 𝑗 (𝑠))𝑑𝑠 

) ∗

𝑑 

∗ 

𝑟𝑗

+ 𝜌 1𝑟𝑒 

∗
𝑟 (𝑡) − 𝜌 2𝑟((𝑒 𝑟 

(𝑡)) 

𝛼) 

∗ − 𝜌 3𝑟((𝑒 𝑟 

(𝑡)) 

𝛽 ) 

∗ + 𝜌 4𝑟 

Σ 

𝑀
𝑗=1(𝑒 𝑟(𝑡 − 𝜏 𝑟𝑗 (𝑡))) 

∗

+𝜌 5𝑟Σ 

𝑀
𝑗=1

(

∫

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑗 (𝑠)‖ 1 

𝑑𝑠 

)∗ 

) 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)).

𝐷 

+ 𝑉 (𝑡) = 1
2 

Σ 

𝑀
𝑟=1(−𝑎 𝑟 

+ 𝜌 1𝑟) 

(

𝑠𝑔𝑛(𝑒 𝑟(𝑡)) 

∗𝑒 𝑟(𝑡) + 𝑒 

∗ 

𝑟 (𝑡)𝑠𝑔𝑛(𝑒 𝑟(𝑡)) 

)

+ 

1
2 

Σ 

𝑀
𝑟=1Σ 

𝑀 

𝑗=1

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗ 𝑏 𝑟𝑗 ̂ 𝑓 𝑗 (𝑒 𝑗 

(𝑡))

+ ( 

̂ 𝑓 𝑗 (𝑒 𝑗 (𝑡))) 

∗ 𝑏 

∗
𝑟𝑗𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

) 

+ 1
2 

Σ 

𝑀
𝑟=1Σ 

𝑀 

𝑗=1

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗𝑐 𝑟𝑗

𝑔̂ 𝑗 (𝑒 𝑗 

(𝑡 − 𝜏 𝑗 (𝑡))) + (𝑔̂ 𝑗 (𝑒 𝑗 (𝑡 − 𝜏 𝑗 (𝑡)))) 

∗𝑏 

∗ 

𝑟𝑗

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

)

+ 

1
2
Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1

( 

𝑠𝑔𝑛(𝑒 𝑟(𝑡)) 

∗𝑑 𝑟𝑗 ∫

𝑡

𝑡−𝜎𝑟𝑗

̂ ℎ 𝑗 (𝑒 𝑗 (𝑠))𝑑𝑠

+ 

(

∫

𝑡

𝑡−𝜎𝑟𝑗

̂ ℎ 𝑗 (𝑒 𝑗 (𝑠))𝑑𝑠 

)∗

𝑑 

∗
𝑟𝑗𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

) 

− 1
2
Σ 

𝑀
𝑟=1𝜌 2𝑟

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗(𝑒 𝑟 

(𝑡)) 

𝛼 + ((𝑒 𝑟(𝑡)) 

𝛼) 

∗𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

)

− 1
2
Σ 

𝑀
𝑟=1𝜌 3𝑟

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗(𝑒 𝑟 

(𝑡)) 

𝛽

+ ((𝑒 𝑟(𝑡)) 

𝛽 ) 

∗ 𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

)

+ 

1
2
Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1𝜌 4𝑟

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗𝑒 𝑟 

(𝑡 − 𝜏 𝑗 (𝑡))

+ 𝑒 

∗
𝑟 (𝑡 − 𝜏 𝑗 (𝑡))𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

)

Neurocomputing 652 (2025) 130995 

5 



V. Agrawal, S. Singh, V.K. Singh et al.

+ 

1
2 

Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1𝜌 5𝑟 

( 

𝑠𝑔𝑛(𝑒 𝑟(𝑡)) 

∗
∫ 

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑗 (𝑠)‖ 1𝑑𝑠

+ 

(

∫ 

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑗 (𝑠)‖ 1𝑑𝑠 

)∗

𝑠𝑔𝑛(𝑒 𝑟(𝑡)) 

)

. (8)

By using Lemma 2 and Assumption 1, we have

1
2
Σ 

𝑀
𝑟=1(−𝑎 𝑟 

+ 𝜌 1𝑟 

) 

(

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗ 𝑒 𝑟(𝑡) + 𝑒 

∗
𝑟 (𝑡)𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

)

= Σ 

𝑀 

𝑟=1(−𝑎 𝑟 

+ 𝜌 1𝑟 

)‖𝑒 𝑟 

(𝑡)‖ 1 

.

1
2
Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗𝑏 𝑟𝑗 ̂ 𝑓 𝑗 (𝑒 𝑗 

(𝑡)) + ( ̂ 𝑓 𝑗 (𝑒 𝑗 (𝑡))) 

∗ 𝑏 

∗ 

𝑟𝑗𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

) 

≤ Σ 

𝑀 

𝑟=1Σ 

𝑀
𝑗=1‖𝑏 𝑟𝑗 

‖ 1|| ̂ 𝑓 𝑗 (𝑒 𝑗 (𝑡)‖ 1 = Σ 

𝑀 

𝑟=1Σ 

𝑀
𝑗=1‖𝑏 𝑗𝑟 

‖ 1 

𝐹 𝑟 

‖𝑒 𝑟 

(𝑡)‖ 1 

. (9)

1
2
Σ 

𝑀
𝑟=1Σ 

𝑀 

𝑗=1

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗𝑐 𝑟𝑗 𝑔̂ 𝑗 

(𝑒 𝑗 

(𝑡 − 𝜏 𝑗 (𝑡))) + ( 𝑔̂ 𝑗 (𝑒 𝑗 

(𝑡 − 𝜏 𝑗 

(𝑡)))) 

∗𝑐 

∗
𝑟𝑗𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

)

+ 1
2
Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1𝜌 4𝑟

(

𝑠𝑔𝑛(𝑒𝑟(𝑡)) 

∗ 𝑒 𝑟 

(𝑡 − 𝜏 𝑗 

(𝑡)) + 𝑒 

∗ 

𝑟 (𝑡)𝑠𝑔𝑛(𝑒 𝑟 

(𝑡 − 𝜏 𝑗 (𝑡))) 

∗ 

)

≤ Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1‖𝑐 𝑟𝑗‖ 1 

||𝑔̂ 𝑗 (𝑒 𝑗 (𝑡 − 𝜏 𝑗 (𝑡)))‖ 1 + Σ 

𝑀 

𝑟=1Σ 

𝑀 

𝑗=1𝜌 4𝑟 

‖𝑔̂ 𝑗 (𝑒 𝑗 (𝑡 − 𝜏 𝑗 (𝑡)))‖ 1

= Σ 

𝑀 

𝑟=1Σ 

𝑀
𝑗=1

( 

‖𝑐 𝑗𝑟 

‖ 1 

𝐺 𝑟 

+ 𝜌 4𝑗 

𝐺 𝑟

)

‖𝑒𝑟(𝑡 − 𝜏 𝑟(𝑡))‖ 1 

. (10)

1
2
Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗𝑑 𝑟𝑗 ∫ 

𝑡

𝑡−𝜎𝑟𝑗 (𝑡)
̂ ℎ 𝑗 (𝑒 𝑗 (𝑠))𝑑𝑠

+ 

( 

∫

𝑡

𝑡−𝜎𝑟𝑗 (𝑡)
̂ ℎ 𝑗 (𝑒 𝑗 (𝑠))𝑑𝑠 

)∗

𝑑 

∗ 

𝑟𝑗𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

)

+ 

1
2 

Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1𝜌 5𝑟 

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗
∫ 

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑗 (𝑠)‖ 1𝑑𝑠

+ 

(

∫

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑗 (𝑠)‖ 1 

𝑑𝑠 

) ∗ 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

)

≤ Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1‖𝑑 𝑟𝑗 

‖ 1 ∫

𝑡 

𝑡−𝜎 𝑟𝑗 (𝑡)
‖ℎ̂ 𝑗 (𝑒 𝑗 (𝑠))‖ 1𝑑𝑠 + Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1𝜌 5𝑟 ∫

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑗 (𝑠)‖ 1 

𝑑𝑠

≤ Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1

(

‖𝑑𝑟𝑗 

‖ 1 

𝐻 𝑗 

+ 𝜌 5𝑟
)

∫ 

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑗 (𝑠)‖ 1 

𝑑𝑠 (11)

− 1
2 

Σ𝑀 

𝑟=1 

𝜌 2𝑟 

(

𝑠𝑔𝑛(𝑒 𝑟(𝑡)) 

∗(𝑒 𝑟 

(𝑡)) 

𝛼 + ((𝑒 𝑟 

(𝑡)) 

𝛼) 

∗𝑠𝑔𝑛(𝑒 𝑟(𝑡)) 

)

≤ −Σ 

𝑀
𝑟=1𝜌 2𝑟 

‖𝑒 𝑟(𝑡)‖𝛼1 , because 0 < 𝛼 < 1. (12)

− 1
2 

Σ𝑀 

𝑟=1 

𝜌 3𝑟 

(

𝑠𝑔𝑛(𝑒𝑟(𝑡)) 

∗ (𝑒 𝑟 

(𝑡)) 

𝛽 + ((𝑒 𝑟 

(𝑡)) 

𝛽 ) 

∗ 𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

)

≤ −𝑀 

1−𝛽 Σ 

𝑀
𝑟=1𝜌 3𝑟‖𝑒 𝑟(𝑡)‖

𝛽
1 , because 𝛽 > 1. (13)

𝐷 

+𝑉 (𝑡) ≤ Σ 

𝑀
𝑟=1

( 

𝑎 𝑟 

− 𝜌 1𝑟 + Σ 

𝑀
𝑗=1‖𝑏 𝑗𝑟 

‖ 1 

𝐹 𝑟

)

‖𝑒𝑟(𝑡)‖ 1 

+ Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1

( 

‖𝑐 𝑗𝑟 

‖ 1 

𝐺 𝑟 

+ 𝜌 4𝑗 

𝐺 𝑟

) 

‖𝑒 𝑟 

(𝑡 − 𝜏 𝑟 

(𝑡))‖ 1

− Σ𝑀𝑟=1 

𝜌 2𝑟‖𝑒 𝑟(𝑡)‖𝛼1 − 𝑀 

1−𝛽 Σ 

𝑀
𝑟=1𝜌 3𝑟 

‖𝑒 𝑟 

(𝑡)‖ 

𝛽
1

+ Σ 

𝑀
𝑟=1 

Σ 

𝑀
𝑗=1

( 

‖𝑑 𝑟𝑗 

‖ 1 

𝐻 𝑗 

+ 𝜌 5𝑟

)

∫

𝑡 

𝑡−𝜎 𝑟𝑗 (𝑡)
‖ℎ̂ 𝑗 (𝑒 𝑗 (𝑠))‖ 1𝑑𝑠

≤ −Σ𝑀 

𝑟=1 

𝜌 2𝑟‖𝑒 𝑟(𝑡)‖ 

𝛼
1 − 𝑀 

1−𝛽 Σ 

𝑀
𝑟=1𝜌 3𝑟 

‖𝑒 𝑟 

(𝑡)‖ 

𝛽
1

≤ −𝜌 2Σ 

𝑀
𝑟=1‖𝑒 𝑟 

(𝑡)‖𝛼1 − 𝑀 

1−𝛽 𝜌 3Σ 

𝑀
𝑟=1 

‖𝑒 𝑟(𝑡)‖
𝛽
1

≤ −𝜌 2 

( 

Σ𝑀𝑟=1‖𝑒 𝑟 

(𝑡)‖ 1 

) 𝛼 

− 𝑀 

2(1−𝛽) 𝜌 3 

(

Σ 

𝑀
𝑟=1‖𝑒 𝑟 

(𝑡)‖ 1 

) 𝛽

≤ −𝜌 2 

(

𝑉 (𝑡)
) 𝛼 − 𝑀 

2(1−𝛽) 𝜌 3
(

𝑉 (𝑡)
) 𝛽 , (14)

where 𝜌 2 = min 1≤𝑟≤𝑀 

{𝜌 2𝑟 

}, 𝜌 3 

= min 1≤𝑟≤𝑀 {𝜌 3𝑟 

}.

According to Lemma 3, it can be inferred that the error system (3) 

exhibits FTS, which means the drive and response systems are synchro

nized with the controller within a fixed time. Also, one can determine

the settling time as 

-

𝑇 1 = 

1
𝜌 2

(

𝜌 2
𝑀 

2(1−𝛽) 𝜌 3

)
1−𝛼
𝛽−𝛼 

(

1
𝛽−1 + 

1
1−𝛼

) 

.

This completes the proof of the theorem. □

3.2. FTPS result for master and response systems

The subsequent results are based on projective synchronization, 

where the synchronization error is characterized as the disparity be-

tween the master system and the response system, scaled by a factor. 

Consequently, the projective synchronization error is defined as 

𝑒 𝑟 

(𝑡) = 𝑦𝑟 (𝑡) − 𝛿𝑥𝑟 (𝑡), 

where 𝛿 is the projective coefficient or scaling factor. Subsequently, 

the projective error equation corresponding to the drive and response 

systems is expressed as 

𝑒̇ 𝑟 

(𝑡) = −𝑎 𝑟 

𝑒 𝑟(𝑡) + Σ 

𝑀
𝑗=1𝑏 𝑟𝑗

(

𝑓𝑗 (𝑦 𝑗 

(𝑡)) − 𝛿𝑓 𝑗 

(𝑥 𝑗 

(𝑡)) 

) 

+ Σ 

𝑀
𝑗=1𝑐 𝑟𝑗

(

𝑔𝑗 (𝑦 𝑗 (𝑡 − 𝜏 𝑗 (𝑡))) − 𝛿𝑔 𝑗 

(𝑥 𝑗 

(𝑡 − 𝜏 𝑗 

(𝑡))) 

) 

+ Σ 

𝑀
𝑗=1𝑑 𝑟𝑗 ∫

𝑡

𝑡−𝜎𝑟𝑗

(

ℎ𝑗 (𝑦 𝑗 (𝑠)) − 𝛿ℎ 𝑗 (𝑥 𝑗 (𝑠))
)

𝑑𝑠 + 𝑈 𝑟(𝑡). (15)

Definition 3 ([38]). The master system (1) and the response system 

(2) are considered FTPS if the error system achieves synchronization 

within a finite time and the settling time is independent of the initial 

conditions. An equilibrium point is classified as FTPS if it satisfies the 

conditions of finite-time stability and, in addition, if the settling time is 

uniformly bounded, i.e., 𝑇 (𝑒 0) < 𝑇  

 max 

for all 𝑒 0  

 

, where 𝑇max 

is a constant.

Here, the error is defined as the projective error 𝑒 𝑟 

(𝑡) = 𝑦𝑟  

(𝑡) − 𝛿𝑥 𝑟 

(𝑡), 

where 𝑦 𝑟(𝑡) and 𝑥 (𝑡) are𝑟   

 

response and master 

 

system variables and 𝛿 is

the projection coefficient. 

For projective synchronization, the controller needs to be redesigned.

For this, let us design the controller as 

𝑈 𝑟(𝑡) = 𝜉 𝑟𝑒 𝑟 

(𝑡) − 𝑘 1𝑟 

(𝑒 𝑟 

(𝑡)) 

𝛼 − 𝑘 2𝑟 

(𝑒 𝑟 

(𝑡)) 

𝛽 

+ 𝑘 3𝑟 ∫ 

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑟(𝑠)‖ 1 

𝑑𝑠 + 𝑘 4𝑟𝑒 𝑟 

(𝑡 − 𝜏 𝑗 

(𝑡)) + Σ 

𝑀 

𝑗=1𝑏 𝑟𝑗
(

𝛿𝑓 𝑗 (𝑥 𝑗 

(𝑡)) 

− 𝑓 𝑗 (𝛿𝑥 𝑗 (𝑡)) 

)

+ Σ 

𝑀
𝑗=1𝑐 𝑟𝑗 

( 

𝛿𝑔𝑗 (𝑥 𝑗 (𝑡 − 𝜏 𝑗 (𝑡))) − 𝑔 𝑗 (𝛿𝑥 𝑗 

(𝑡 − 𝜏 𝑗 (𝑡))) 

)

+ Σ 

𝑀
𝑗=1𝑑 𝑟𝑗 ∫

𝑡

𝑡−𝜎𝑟𝑗

(

𝛿ℎ𝑗 (𝑥 𝑗 (𝑠) − ℎ 𝑗 (𝛿𝑥 𝑗 (𝑠))
)

𝑑𝑠. (16)

Theorem 2. Suppose the Assumption 1 holds and if the parameters

𝑘 1𝑟 

, 𝑘 2𝑟 

, 𝑘 3𝑟 and 𝑘 4 in𝑟  the controller satisfy

−𝑎 𝑟 + 𝜉 𝑟 + Σ 

𝑀
𝑗=1‖𝑏 𝑗𝑟 

‖ 1 

𝐹 𝑟 ≤ 0,

Σ 

𝑀
𝑗=1‖𝑐 𝑗𝑟 

‖ 1 

𝐺 𝑟 + 𝑘 4𝑟 ≤ 0, 

Σ 

𝑀
𝑗=1‖𝑑 𝑟𝑗 

‖ 1 

𝐻 𝑗 

+ 𝑘 3𝑟 

≤ 0, 𝑘 1𝑟 

> 0, 𝑘 2𝑟 

> 0, 

for 𝑟, 𝑗 ∈ 𝐼 , then the drive system (1) is projective synchronized with the

response system (2) in a fixed time, and the corresponding settling time is

estimated as

𝑇 2 = 

1
𝑘 1 

(

𝑘 1

𝑀 

2(1−𝛽)𝑘 2 

)
1−𝛼
𝛽−𝛼 

(

1
𝛽 − 1 

+ 

1
1 − 𝛼 

) 

, 

where 𝑘 1 = min {𝑘 𝑘
1≤ ≤

 1𝑟},  2 =  

 𝑟 𝑀   

min {𝑘2𝑟1≤𝑟≤𝑀  

}, 0 < 𝛼 < 1 𝑎𝑛𝑑 𝛽 > 1.

Proof. Let us construct the Lyapunov function as

𝑉 (𝑡) = 1
2
Σ 

𝑀
𝑟=1

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗𝑒 𝑟 

(𝑡) + 𝑒 𝑟 

(𝑡) 

∗𝑠𝑔𝑛(𝑒 𝑟(𝑡))
)

. (17)
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Differentiate 𝑉 (𝑡) with respect to 𝑡 and using the error Eq. (15), we have

𝑉̇ (𝑡) = 1
2
Σ 

𝑀
𝑟=1

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗ 𝑒̇ 𝑟 

(𝑡) + 𝑒̇ 𝑟 

(𝑡) 

∗ 𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

) 

= 1
2 

Σ 

𝑀
𝑟=1𝑠𝑔𝑛(𝑒 𝑟(𝑡)) 

∗

( 

− 𝑎 𝑟 

𝑒 𝑟 

(𝑡) + Σ 

𝑀 

𝑗=1𝑏 𝑟𝑗
(

𝑓 𝑗 (𝑦 𝑗 (𝑡)) − 𝛿𝑓 𝑗 

(𝑥 𝑗 (𝑡)) 

)

+ Σ 

𝑀 

𝑗=1𝑐 𝑟𝑗
(

𝑔𝑗 (𝑦 𝑗 (𝑡 − 𝜏 𝑗 (𝑡))) − 𝛿𝑔 𝑗 

(𝑥 𝑗 (𝑡 − 𝜏 𝑗 (𝑡))) 

) 

+ Σ 

𝑀
𝑗=1𝑑 𝑟𝑗 ∫ 

𝑡

𝑡−𝜎𝑟𝑗

(

ℎ 𝑗 (𝑦 𝑗 (𝑠)) − 𝛿ℎ 𝑗 (𝑥 𝑗 (𝑠)) 

)

𝑑𝑠 + 𝜉 𝑟 

𝑒 𝑟(𝑡) − 𝑘 1𝑟 

(𝑒 𝑟 

(𝑡)) 

𝛼 

− 𝑘 2𝑟 

(𝑒 𝑟 

(𝑡)) 

𝛽 + 𝑘 3𝑟 ∫ 

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑟(𝑠)‖ 1 

𝑑𝑠 + 𝑘 4𝑟 

𝑒 𝑟 

(𝑡 − 𝜏 𝑗 

(𝑡))

+ Σ 

𝑀
𝑗=1𝑏 𝑟𝑗

(

𝛿𝑓 𝑗 (𝑥 𝑗 (𝑡)) − 𝑓 𝑗 

(𝛿𝑥 𝑗 (𝑡)) 

) 

+Σ 

𝑀 

𝑗=1𝑐 𝑟𝑗
(

𝛿𝑔𝑗 (𝑥 𝑗 (𝑡 − 𝜏 𝑗 (𝑡))) − 𝑔 𝑗 

(𝛿𝑥 𝑗 (𝑡 − 𝜏 𝑗 (𝑡))) 

) 

+Σ 

𝑀 

𝑗=1𝑑 𝑟𝑗 ∫

𝑡

𝑡−𝜎𝑟𝑗

(

𝛿ℎ𝑗 (𝑥 𝑗 

(𝑠)) − ℎ 𝑗 (𝛿𝑥 𝑗 

(𝑠)) 

) 

𝑑𝑠 

) 

+ 

1
2 

Σ 

𝑀
𝑟=1

( 

− 𝑎 𝑟 

𝑒 𝑟(𝑡) + Σ 

𝑀 

𝑗=1𝑏 𝑟𝑗
(

𝑓 𝑗 (𝑦 𝑗 

(𝑡)) − 𝛿𝑓 𝑗 

(𝑥 𝑗 

(𝑡)) 

)

+Σ 

𝑀 

𝑗=1𝑐 𝑟𝑗
(

𝑔𝑗 (𝑦 𝑗 (𝑡 − 𝜏 𝑗 (𝑡))) − 𝛿𝑔 𝑗 

(𝑥 𝑗 (𝑡 − 𝜏 𝑗 (𝑡))) 

) 

+Σ 

𝑀 

𝑗=1𝑑 𝑟𝑗 ∫ 

𝑡

𝑡−𝜎𝑟𝑗

(

ℎ 𝑗 (𝑦 𝑗 (𝑠)) − 𝛿ℎ 𝑗 (𝑥 𝑗 

(𝑠)) 

)

𝑑𝑠 + 𝜉 𝑟 

𝑒 𝑟 

(𝑡) − 𝑘 1𝑟 

(𝑒 𝑟 

(𝑡)) 

𝛼 

−𝑘 2𝑟 

(𝑒 𝑟 

(𝑡)) 

𝛽 + 𝑘 3𝑟 ∫ 

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑟 

(𝑠)‖ 1𝑑𝑠 + 𝑘 4𝑟 

𝑒 𝑟(𝑡 − 𝜏 𝑗 (𝑡))

+Σ 

𝑀 

𝑗=1𝑏 𝑟𝑗
(

𝛿𝑓 𝑗 (𝑥 𝑗 (𝑡)) − 𝑓 𝑗 

(𝛿𝑥 𝑗 (𝑡)) 

) 

+Σ 

𝑀 

𝑗=1𝑐 𝑟𝑗
(

𝛿𝑔𝑗 (𝑥 𝑗 (𝑡 − 𝜏 𝑗 (𝑡))) − 𝑔 𝑗 

(𝛿𝑥 𝑗 (𝑡 − 𝜏 𝑗 (𝑡))) 

) 

+Σ 

𝑀
𝑗=1𝑑 𝑟𝑗 ∫

𝑡

𝑡−𝜎𝑟𝑗

(

𝛿ℎ𝑗 (𝑥 𝑗 (𝑠)) − ℎ 𝑗 (𝛿𝑥 𝑗 (𝑠)) 

)

𝑑𝑠 

) ∗

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)).

or, 

𝑉̇ (𝑡) = 1
2 

Σ 

𝑀
𝑟=1𝑠𝑔𝑛(𝑒 𝑟(𝑡)) 

∗

( 

− 𝑎 𝑟 

𝑒 𝑟 

(𝑡) + Σ 

𝑀 

𝑗=1𝑏 𝑟𝑗
(

𝑓 𝑗 (𝑦 𝑗 (𝑡)) − 𝑓 𝑗 

(𝛿𝑥 𝑗 (𝑡)) 

)

+Σ 

𝑀 

𝑗=1𝑐 𝑟𝑗
(

𝑔𝑗 (𝑦 𝑗 (𝑡 − 𝜏 𝑗 (𝑡))) − 𝑔 𝑗 

(𝛿𝑥 𝑗 (𝑡 − 𝜏 𝑗 (𝑡))) 

) 

+Σ 

𝑀
𝑗=1𝑑 𝑟𝑗 ∫

𝑡

𝑡−𝜎𝑟𝑗

(

ℎ𝑗 (𝑦 𝑗 (𝑠)) − ℎ 𝑗 (𝛿𝑥 𝑗 (𝑠)) 

)

𝑑𝑠 + 𝜉 𝑟 

𝑒 𝑟 

(𝑡) − 𝑘 1𝑟 

(𝑒 𝑟 

(𝑡)) 

𝛼

−𝑘 2𝑟(𝑒 𝑟 

(𝑡)) 

𝛽 + 𝑘 3𝑟 ∫ 

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑟 

(𝑠)‖ 1 

𝑑𝑠 + 𝑘 4𝑟 

𝑒 𝑟 

(𝑡 − 𝜏 𝑗 

(𝑡)) 

) 

+ 1
2 

Σ 

𝑀
𝑟=1

( 

− 𝑎 𝑟 

𝑒 

∗
𝑟 (𝑡) + Σ 

𝑀 

𝑗=1
( 

𝑓𝑗 (𝑦 𝑗 

(𝑡)) − 𝑓 𝑗 

(𝛿𝑥 𝑗 (𝑡)) 

) ∗ 𝑏 

∗
𝑟𝑗

+ Σ 

𝑀
𝑗=1

(

𝑔𝑗 (𝑦 𝑗 (𝑡 − 𝜏 𝑗 (𝑡))) − 𝑔 𝑗 (𝛿𝑥 𝑗 (𝑡 − 𝜏 𝑗 

(𝑡)))
)∗𝑐 

∗ 

𝑟𝑗

+ Σ 

𝑀
𝑗=1

(

∫

𝑡

𝑡−𝜎𝑟𝑗

(

ℎ𝑗 (𝑦 𝑗 (𝑠)) − ℎ 𝑗 (𝛿𝑥 𝑗 (𝑠))
)

𝑑𝑠 

) ∗

𝑑 

∗
𝑟𝑗

+𝜉 𝑟𝑒 

∗
𝑟 (𝑡) − 𝑘 1𝑟 

( 

(𝑒 𝑟 

(𝑡)) 

𝛼) ∗ − 𝑘 2𝑟
(

(𝑒𝑟(𝑡)) 

𝛽) ∗ 

+𝑘 3𝑟

(

∫

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑟 

(𝑠)‖ 1𝑑𝑠 

)∗

+ 𝑘 4𝑟𝑒 

∗
𝑟 (𝑡 − 𝜏 𝑗 (𝑡)) 

)

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)).

Considering

𝑓  

 𝑗 (𝑒 𝑗 (𝑡)) = 𝑓𝑗 (𝑦 𝑗 (𝑡)) − 𝑓 𝑗 (𝛿𝑥𝑗  

   

(𝑡)),

𝑔̂ 𝑗 (𝑒𝑗 (𝑡)) = 𝑔𝑗 (𝑦𝑗  

(𝑡)) − 𝑔𝑗  

(𝛿𝑥 𝑗 

(𝑡)), 

ℎ̂ 

 𝑗 (𝑒 𝑗 (𝑡)) = ℎ 𝑗 

(𝑦𝑗 (𝑡)) − ℎ  

 

(𝛿𝑥 (𝑡)) where𝑗 𝑗  𝑗 = 1, 2, … ,𝑀, 

𝑉̇ (𝑡) = 

1
2 

Σ 

𝑀
𝑟=1(−𝑎 𝑟 + 𝜉𝑟)

(

𝑠𝑔𝑛(𝑒𝑟(𝑡)) 

∗𝑒 𝑟 

(𝑡) + 𝑒 

∗
𝑟 (𝑡) + 𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

) 

+ 

1
2 

Σ 

𝑀 

𝑟=1Σ 

𝑀 

𝑗=1

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗ 𝑏 𝑟𝑗 

( 

𝑓 𝑗 

(𝑦 𝑗 

(𝑡)) 

−𝑓 𝑗 (𝛿𝑥 𝑗 (𝑡)) 

)

+ (𝑓 𝑗

(

𝑦𝑗 (𝑡) − 𝑓 𝑗 (𝛿𝑥 𝑗 (𝑡)) 

∗𝑏 

∗
𝑟𝑗𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

)

+ 

1
2
Σ 

𝑀 

𝑟=1Σ 

𝑀
𝑗=1

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗ 𝑐 𝑟𝑗
( 

𝑔𝑗 (𝑦 𝑗 (𝑡 − 𝜏 𝑗 

(𝑡)))

−𝑔 𝑗 (𝛿𝑥 𝑗 

(𝑡 − 𝜏 𝑗 (𝑡))) 

) 

+
( 

𝑔𝑗 (𝑦 𝑗 (𝑡 − 𝜏 𝑗 

(𝑡)))

−𝑔 𝑗 (𝛿𝑥 𝑗 (𝑡 − 𝜏 𝑗 (𝑡))) 

) ∗𝑐 

∗
𝑟𝑗𝑠𝑔𝑛(𝑒 𝑟(𝑡)) 

)

+ 1
2 

Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗𝑑 𝑟𝑗

(

∫

𝑡

𝑡−𝜎𝑟𝑗

(

ℎ𝑗 (𝑦 𝑗 

(𝑠)) − ℎ 𝑗 (𝛿𝑥 𝑗 

(𝑠))
)

𝑑𝑠
)

+ 

(

∫

𝑡

𝑡−𝜎𝑟𝑗

(

ℎ𝑗 (𝑦 𝑗 (𝑠)) −ℎ 𝑗 (𝛿𝑥 𝑗 

(𝑠))
)

𝑑𝑠
)∗𝑑 

∗ 

𝑟𝑗𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

) 

− 1
2
Σ 

𝑀
𝑟=1𝑘 1𝑟

(

𝑠𝑔𝑛(𝑒𝑟(𝑡)) 

∗(𝑒 𝑟(𝑡)) 

𝛼 + ((𝑒 𝑟(𝑡)) 

𝛼) 

∗ 𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

) 

− 1
2 

Σ 

𝑀
𝑟=1𝑘 2𝑟

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗(𝑒 𝑟 

(𝑡)) 

𝛽 + ((𝑒 𝑟 

(𝑡)) 

𝛽 ) 

∗𝑠𝑔𝑛(𝑒 𝑟(𝑡)) 

)

+ 

1
2 

Σ 

𝑀 

𝑟=1𝑘 4𝑟
(

𝑠𝑔𝑛(𝑒𝑟(𝑡)) 

∗𝑒 𝑟 

(𝑡 − 𝜏 𝑗 

(𝑡))

+𝑒 

∗
𝑟 (𝑡)𝑠𝑔𝑛(𝑒 𝑟 

(𝑡 − 𝜏 𝑗 (𝑡))) 

∗) + 

1
2 

Σ 

𝑀
𝑟=1𝑘 3𝑟 

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗
∫

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑗 (𝑠)‖ 1 

𝑑𝑠

+ 

(

∫

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑗 (𝑠)‖ 1𝑑𝑠 

)∗ 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

)

. (18)

By Lemma 1 and Assumption 1, we have

1
2
Σ 

𝑀
𝑟=1(−𝑎 𝑟 + 𝜉 𝑟 

) 

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗ 𝑒 𝑟 

(𝑡) + 𝑒 

∗
𝑟 (𝑡)𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

)

= Σ 

𝑀
𝑟=1(−𝑎 𝑟 + 𝜉 𝑟 

)‖𝑒 𝑟 

(𝑡)‖ 1. (19)

1
2
Σ 

𝑀
𝑟=1Σ 

𝑀 

𝑗=1

(

𝑠𝑔𝑛(𝑒 𝑟(𝑡)) 

∗ 𝑏 𝑟𝑗
(

𝑓𝑗 (𝑦 𝑗 (𝑡)) − 𝑓 𝑗 (𝛿𝑥 𝑗 

(𝑡)) 

)

+
(

𝑓𝑗 (𝑦 𝑗 (𝑡) − 𝑓 𝑗 (𝛿𝑥 𝑗 (𝑡)
)∗𝑏 

∗
𝑟𝑗𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

) 

≤ Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1‖𝑏 𝑟𝑗 

‖ 1 

‖

(

𝑓𝑗 (𝑦 𝑗 

(𝑡)) − 𝑓 𝑗 

(𝛿𝑥 𝑗 (𝑡))
)

‖ 1

≤ Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1‖𝑏 𝑟𝑗 

‖ 1 

𝐹 𝑗 

‖𝑒 𝑗 (𝑡)‖ 1 = Σ 

𝑀 

𝑟=1Σ 

𝑀
𝑗=1‖𝑏 𝑗𝑟 

‖ 1 

𝐹 𝑟 

‖𝑒 𝑟 

(𝑡)‖ 1 

. (20) 

(

1
2
Σ 

𝑀
𝑟=1Σ 

𝑀 

𝑗=1 𝑠𝑔𝑛(𝑒 𝑟(𝑡)) 

∗ 𝑐 𝑟𝑗
(

𝑔 𝑗 (𝑦 𝑗 

(𝑡 − 𝜏 𝑗 (𝑡))) − 𝑔 𝑗 

(𝛿𝑥 𝑗 

(𝑡 − 𝜏 𝑗 (𝑡))) 

) 

+ 

(

𝑔𝑗 (𝑦 𝑗 (𝑡 − 𝜏 𝑗 (𝑡))) − 𝑔 𝑗 (𝛿𝑥 𝑗 

(𝑡 − 𝜏 𝑗 

(𝑡)))
)∗𝑐 

∗
𝑟𝑗𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

) 

+ 

1
2
Σ 

𝑀
𝑟=1𝑘 4𝑟 

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗𝑒 𝑟 

(𝑡 − 𝜏 𝑗 

(𝑡)) + 𝑒 

∗ 

𝑟 (𝑡)𝑠𝑔𝑛(𝑒 𝑟 

(𝑡 − 𝜏 𝑗 (𝑡))) 

∗ 

)

≤ Σ 

𝑀
𝑟=1Σ 

𝑀 

𝑗=1‖𝑐 𝑟𝑗 

‖ 1‖ 

(

𝑔 𝑗 (𝑦 𝑗 (𝑡 − 𝜏 𝑗 (𝑡))) − 𝑔 𝑗 

(𝛿𝑥 𝑗 (𝑡 − 𝜏 𝑗 (𝑡)))
)

‖1

+ Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1𝑘 4𝑟 

‖𝑒 𝑗 (𝑡 − 𝜏 𝑗 (𝑡))‖ 1 

≤ Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1

( 

‖𝑐 𝑟𝑗 

‖ 1 

𝐺 𝑗 + 𝑘 4𝑟 

) 

‖𝑒 𝑗 

(𝑡 − 𝜏 𝑗 (𝑡))‖ 1 

= Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1

( 

‖𝑐 𝑗𝑟 

‖ 1 

𝐺 𝑟 

+ 𝑘 4𝑗 

) 

‖𝑒 𝑟 

(𝑡 − 𝜏 𝑟(𝑡))‖ 1 

. (21)

1
2
Σ 

𝑀
𝑟=1Σ 

𝑀 

𝑗=1

(

𝑠𝑔𝑛(𝑒𝑟(𝑡)) 

∗ 𝑑 𝑟𝑗

(

∫ 

𝑡

𝑡−𝜎𝑟𝑗

(

ℎ𝑗 (𝑦 𝑗 (𝑠)) − ℎ 𝑗 (𝛿𝑥 𝑗 (𝑠))
)

𝑑𝑠 

) 

+ 

( 

∫

𝑡

𝑡−𝜎𝑟𝑗

(

ℎ𝑗 (𝑦 𝑗 (𝑠)) − ℎ 𝑗 

(𝛿𝑥 𝑗 (𝑠))
)

𝑑𝑠

)∗

𝑑 

∗
𝑟𝑗𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

) 

+ 

1
2 

Σ 

𝑀
𝑟=1𝑘 3𝑟 

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗
∫ 

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑗 (𝑠)‖ 1 

𝑑𝑠 

+ 

(

∫

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑗 (𝑠)‖ 1𝑑𝑠 

)∗

𝑠𝑔𝑛(𝑒 𝑟(𝑡)) 

)

≤ Σ 

𝑀
𝑟=1Σ 

𝑀 

𝑗=1‖𝑑 𝑟𝑗 

‖ 1 ∫

𝑡

𝑡−𝜎𝑟𝑗 (𝑡)
∫

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖ℎ 𝑗 (𝑦 𝑗 

(𝑠)) − ℎ 𝑗 (𝛿𝑥 𝑗 (𝑠))‖ 1 

𝑑𝑠

+ Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1𝑘 3𝑟 ∫

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑗 (𝑠)‖ 1 

𝑑𝑠
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≤ Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1

(

‖𝑑𝑗𝑟 

‖ 1 

𝐻 𝑗 

+ 𝑘 3𝑟 

)

∫

𝑡 

𝑡−𝜎 𝑟𝑗 (𝑡) 

‖𝑒 𝑗 

(𝑠)‖ 1𝑑𝑠 

= Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1

(

‖𝑑 𝑟𝑗 

‖ 1 

𝐻 𝑟 

+ 𝑘 3𝑟 

)

∫ 

𝑡 

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑟 

(𝑠)‖ 1 

𝑑𝑠. (22)

− 1
2
Σ 

𝑀
𝑟=1𝑘 1𝑟 

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗(𝑒 𝑟 

(𝑡)) 

𝛼 + ((𝑒 𝑟 

(𝑡)) 

𝛼 ) 

∗𝑠𝑔𝑛(𝑒 𝑟(𝑡)) 

)

≤ −Σ 

𝑀
𝑟=1𝑘 1𝑟 

‖𝑒 𝑟 

(𝑡)‖𝛼1 , since 0 < 𝛼 < 1. (23)

− 1
2
Σ 

𝑀
𝑟=1𝑘 2𝑟 

( 

𝑠𝑔𝑛(𝑒 𝑟 

(𝑡)) 

∗(𝑒 𝑟 

(𝑡)) 

𝛽 + ((𝑒 𝑟 

(𝑡)) 

𝛽 ) 

∗𝑠𝑔𝑛𝑘 2𝑟 

‖𝑒 𝑟(𝑡)‖
𝛽
1 , since 𝛽 > 1.

(24)

From the Eqs. (19)–(24) in the Eq. (18), we have

̇ 𝑉 (𝑡) ≤ Σ 

𝑀
𝑟=1

( 

− 𝑎 𝑟 

+ 𝜉 𝑟 

+ Σ 

𝑀
𝑗=1‖𝑏 𝑗𝑟 

‖ 1 

𝐹 𝑟 

) 

‖𝑒 𝑟 

(𝑡)‖ 1

+ Σ 

𝑀
𝑟=1Σ 

𝑀 

𝑗=1

(

‖𝑐𝑗𝑟 

‖ 1 

𝐺 𝑟 + 𝑘 4𝑗 

) 

‖𝑒 𝑟 

(𝑡 − 𝜏 𝑟(𝑡))‖ 1

− Σ 

𝑀
𝑟=1𝑘 1𝑟 

‖𝑒 𝑟(𝑡)‖𝛼1 − 𝑀 

1−𝛽 Σ 

𝑀
𝑟=1𝑘 2𝑟 

‖𝑒 𝑟 

(𝑡)‖𝛽1 + Σ 

𝑀
𝑟=1Σ 

𝑀
𝑗=1

(

‖𝑑𝑟𝑗 

‖ 1 

𝐻 𝑗 

+ 𝑘 3𝑟

)

∫

𝑡

𝑡−𝜎𝑟𝑗 (𝑡)
‖

̂ ℎ 𝑗 (𝑒 𝑗 (𝑠))‖ 1 

𝑑𝑠

≤ −Σ 

𝑀
𝑟=1𝑘 1𝑟 

‖𝑒 𝑟 

(𝑡)‖𝛼1 − 𝑀 

1−𝛽 Σ 

𝑀
𝑟=1𝑘 2𝑟 

‖𝑒 𝑟 

(𝑡)‖𝛽1
≤ −𝑘 1Σ 

𝑀
𝑟=1‖𝑒 𝑟 

(𝑡)‖𝛼1 − 𝑀 

1−𝛽 𝑘 2Σ 

𝑀
𝑟=1 

‖𝑒 𝑟(𝑡)‖
𝛽
1

≤ −𝑘 1 

( 

Σ𝑀𝑟=1‖𝑒 𝑟(𝑡)‖ 1

) 𝛼 

− 𝑀 

2(1−𝛼) 𝑘 2 

( 

Σ𝑀𝑟=1‖𝑒 𝑟(𝑡)‖ 1

) 𝛽
.

or,

̇ 𝑉 (𝑡) ≤ −𝑘 1
(

𝑉 (𝑡) 

) 𝛼 − 𝑀 

2(1−𝛽) 𝑘 2
(

𝑉 (𝑡) 

) 𝛽 , (25)

where 𝑘 1 = min {𝑘
1≤

 min
≤

 1𝑟}, 𝑘 2 = 1≤ ≤
           

 

{𝑘2𝑟}, 0 <𝑟 𝑀   

𝛼 < 1 𝑎𝑛𝑑 𝛽 > 1.
𝑟 𝑀

Based on Lemma 3, it follows that the error system is projectively fixed-

-

-

time synchronized, i.e., the drive system (1) and response system (2) 

achieve synchronization in a fixed time with the controller (16).

Furthermore, one can estimate the setting time by the following

equality: 𝑇 2 = 

1
𝑘 1

(

𝑘 1
𝑀 

2(1−𝛽)𝑘 2 

) 
1−𝛼
𝛽−𝛼 

(

1
𝛽−1 + 

1
1−𝛼

) 

.

The proof is completed. □ 

Remark 6. When exploring the dynamical characteristics of QVNNs

and OVNNs, the researchers have considered several approaches to ad

dress the challenges posed by non-commutative and non-associative 

octonion multiplication, including decomposition [24,28,50] and linear 

matrix inequality [51]. However, in this article, a non-decomposition 

method has achieved the FTS and FTPS of a specific type of OVNNs 

with mixed delay. To the best of our knowledge, this type of research 

work has yet to be done in this area, and it significantly reduces the 

computational complexity in the study of OVNNs.

Remark 7. The analysis of Theorems 1 and 2 underscores the utility

and broad acceptance of the enhanced one-norm approach for octo

nions. In contrast to the decomposition method proposed in [50], which 

requires four Lyapunov analyses, our proposed method simplifies the 

theoretical derivation by necessitating only one Lyapunov analysis. 

Consequently, our approach is more concise as compared to [24,28,50]. 

Moreover, our method allows for non-decomposed activation functions, 

making it less conservative and providing effective results.

Remark 8. The projective error is defined as 

𝑒 𝑟 

(𝑡) = 𝑦𝑟 (𝑡) − 𝛿𝑥𝑟 (𝑡),

where the factor 𝛿 is the scaling factor or projective coefficient. One can 

deduce several types of synchronization within the fixed-time frame-

work. If we choose 𝛿 = 1, then it becomes the error defined in Theorem 1.

Again, the proposed results correspond to the anti-synchronization case 

if one selects the projective coefficient 𝛿 = −1. The results obtained for 

the quaternion domain are special cases, as seen in [23,52,53]. However, 

to date, there are no such results for OVNNs. 

Remark 9. The proposed model (1) serves as a generalization of several 

lower-dimensional neural network models, depending on the nature of 

its coefficient weight matrices 𝑏 𝑟𝑗 , 𝑐 𝑟𝑗 , and 𝑑𝑟𝑗  

   

, as well as the activation 

functions. 

When these coefficient matrices and activation functions belong to

the set of real numbers and 𝑑 ,𝑟𝑗 

 

= 0  the model corresponds to the real-

valued frameworks discussed in [54–56]. Furthermore, if both 𝑐 𝑟𝑗 

= 0 

and 𝑑 

 

= 0, it𝑟𝑗   reduces to the classical real-valued neural network model

presented in [57]. In the case where the coefficients are complex-valued 

and 𝑑𝑟𝑗 =  

 

0, the model becomes equivalent to the complex-valued mod

els studied in [

-

-

-

58,59]. Setting 𝑐𝑟𝑗 

 

= 0 and 𝑑 further simplifies𝑟𝑗 = 0  

the model to the delay-free complex-valued model reported in [60]. For 

quaternion-valued coefficient matrices and activation functions, the ab

sence of distributed delay (𝑑 𝑟𝑗 

= 0) yields a model equivalent to that 

described in [61]. Additionally, setting both 𝑐𝑟𝑗 = 0 and 𝑑  

 𝑟𝑗 

= 0 leads to

the form analyzed in [50]. Finally, when the coefficients lie in the oc

tonion domain and 𝑑𝑟𝑗  

 

= 0, the model aligns with the octonion-valued

frameworks proposed in [62,63]. Further setting 𝑐 it𝑟𝑗 = 0 reduces   

 

to a 

delay-free structure similar to that in [57]. Thus, by suitable choices of 

the weight connection matrices and activation functions, the proposed 

model can describe several classes of neural network models, and the 

derived criteria for various dynamical properties can be directly applied 

to these specific cases. 

Remark 10. The controllers presented in this paper are fundamentally 

different from those designed in [24,50,61,64–66]. Unlike [24], which 

employs a discontinuous signum-based controller in the quaternion do-

-

-

-

-

-

-

-

-

main, the proposed design avoids discontinuities, thereby eliminating 

chattering and enhancing feasibility for real-time implementation. In 

contrast, to [61,64], which omit distributed delay terms, the current con
𝑡

troller incorporates integral components of the form ∫𝑡 ‖ ‖ ,−  

𝑒 (𝜎𝑟𝑗 (𝑡)
 𝑗 𝑠) 1  

𝑑𝑠
allowing for more accurate modeling of memory-dependent dynamics. 

The work [50] excludes both discrete and distributed delays, fur

ther underscoring the novelty of our delay-aware control approach. 

While [65] introduces two separate controllers using switching strate

gies; the present work proposes a unified control structure that achieves 

fixed-time synchronization without switching. Compared to [66], which 

relies entirely on nonlinear terms, including sigma functions, the pro

posed controller integrates both linear and nonlinear components. This 

hybrid structure balances robustness with analytical tractability: the lin

ear terms ensure system stability, while the nonlinear terms, specifically 

𝑒 (𝑡)𝛼 

 

 

(  

   

𝛽and 𝑒    convergence 

 

𝑡) , accelerate and guarantee𝑟 𝑟   synchroniza

tion within a fixed time. Overall, the proposed controller significantly 

generalizes prior fixed-time synchronization results by explicitly incor

porating discrete and distributed delays—unlike earlier QVNN studies 

such as [24,61]. This leads to enhanced performance, more accurate 

modeling, and broader applicability to complex delayed neural systems. 

Remark 11. Extensive research has been conducted on the synchro

nization of OVNNs and QVNNs, as evidenced by [24,28–30,49,61, 

62,65]. Notably, the FTS of OVNNs has been studied in [28,49,62]. 

However, the decomposition method proposed in [28] is relatively 

complex. These existing methods increase computational complexity 

because they require decomposing both the original system and the 

controller, resulting in multiple separate conditions instead of a unified 

criterion. Moreover, it necessitates four or more Lyapunov analyses, fur-

-

ther complicating the theoretical derivations. In the present study, we 

propose a non-decomposition method to investigate the synchroniza

tion of OVNNs. By employing an improved one-norm of the octonion, 

we design octonion-valued controllers directly, thereby eliminating the 

need for complex decomposition and extending the existing results in 

the octonion domain. Our approach requires only a single Lyapunov
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Algorithm 1 Synchronization algorithm for delayed neural networks.

Input: Initial states 𝑥 

 

(0), 𝑦 

 

(0) ∈ O;𝑟 𝑟  

System parameters 𝛼𝑟 , 𝛽 𝑟, 𝑎 

 𝑟 

, 𝑏 𝑟𝑗 

, 𝑐 𝑟𝑗 

, 𝑑 𝑟𝑗 

; 

Delays 𝜏𝑟𝑗 (𝑡), 𝜎 𝑟𝑗 (𝑡); impulse times {𝑡𝑝 } 

Output: Synchronization behaviour: ‖𝑥 𝑟 

(𝑡) − 𝑦 𝑟 

(𝑡)‖ → 0 

Step 1: Define the drive-response systems 

( )

𝑥̇ 𝑟(𝑡) = 𝐹 

 𝑟 𝑥(𝑡), 𝑥(𝑡 − 𝜏𝑟𝑗 (𝑡)), ℎ(𝑥(𝜃))∫  𝑑𝜃 

 

( ) 

𝑦̇ 𝑟(𝑡) = 𝐹𝑟 𝑦(𝑡), 𝑦(𝑡 − 𝜏𝑟𝑗 (𝑡)), ℎ(𝑦(𝜃))∫  𝑑𝜃 + 𝑈 

 

𝑟 

(𝑡)

Step 2: Construct synchronization error 

Define the error: 𝑒𝑟 (𝑡) = 𝑦 𝑟 

(𝑡) − 𝛿𝑥 𝑟 

(𝑡)
For 𝛿 = 1, the error for Theorem 1; and for 𝛿 > 0, the error for 

Theorem 2. 

Step 3: Design control input

Choose 𝑈 such𝑟(𝑡)  

 

that:

𝑒̇ 

 

(𝑡) = dynamics governed by dela𝑟  ys, impulses, and 𝑈𝑟  

(𝑡)

Step 4: Construct Lyapunov candidate function 

Define a Lyapunov function 𝑉 (𝑡) positive definite in 𝑒(𝑡), 𝑒̇(𝑡) 

Step 5: Derive synchronization condition

𝑉̇ 

 (𝑡)   

 ≤ −𝑎𝑉 

𝛼(𝑒(𝑡)) − 𝑏𝑉 

𝛽 (𝑒(𝑡)), 𝑎, 𝑏 > 0, 0 < 𝛼 < 1, 𝛽 > 1

Step 6: Verification via DDE Solver 

Simulate the systems using a DDE solver in MATLAB to validate results 

Step 7: Verify convergence, Check and Synchronization 

Conclusion

lim ‖𝑒 )‖𝑟(𝑡  = 0 

𝑡→𝑇  

Return: System is synchronized if ‖𝑒 ‖𝑟 

(𝑡)  → 0 as 𝑡 → 𝑇

analysis, making it significantly more concise than the method in [28]. 

Additionally, it accommodates non-decomposable activation functions, 

rendering the derived conditions less conservative and enhancing the 

applicability of the results.

The proposed Algorithm 1 begins by initializing the initial conditions 

and time delays, along with specifying the drive and response systems. 

The detailed steps of the algorithm for achieving synchronization are 

outlined below. By following these steps systematically, we obtain the 

desired synchronization results.

4. Numerical examples

This study retests suitable parametric values and activation functions 

to ensure that the theorem conditions are easily satisfied. 

Example 1. In order to verify our proposed FTS results, let us consider 

the two-dimensional OVNNs in the master system as 

𝑥̇ 𝑟 

(𝑡) = −𝑎 𝑟 

𝑥 𝑟(𝑡) + Σ 

𝑀
𝑗=1𝑏 𝑟𝑗 

𝑓 𝑗 (𝑥 𝑗 (𝑡)) + Σ 

𝑀
𝑗=1𝑐 𝑟𝑗 

𝑔 𝑗 (𝑥 𝑗 (𝑡 − 𝜏 𝑟𝑗 (𝑡)))

+ Σ 

𝑀
𝑗=1𝑑 𝑟𝑗 ∫

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

ℎ 𝑗 (𝑥 𝑗 (𝑠))𝑑𝑠, (26)

and the corresponding response system is 

𝑦̇ 𝑟(𝑡) = −𝑎 𝑟 

𝑦 𝑟(𝑡) + Σ 

𝑀
𝑗=1𝑏 𝑟𝑗 

𝑓 𝑗 (𝑦 𝑗 (𝑡)) + Σ 

𝑀 

𝑗=1𝑐 𝑟𝑗 

𝑔 𝑗 (𝑦 𝑗 (𝑡 − 𝜏 𝑟𝑗 (𝑡)))

+ Σ 

𝑀
𝑗=1𝑑 𝑟𝑗 ∫

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

ℎ 𝑗 (𝑦 𝑗 (𝑠))𝑑𝑠 + 𝑈 𝑟(𝑡), (27)

where 𝑟, 𝑗 = 1, 2,𝑀 = 2 and let us consider the parametric values for the 

proposed models (26) and (27) as 𝑎 𝑟         

 

= 1, 𝜌11 

= −30, 𝜌12 

= −40, 𝜌21 

=
4, 𝜌 22 

= 3, 𝜌 31 

= 10, 𝜌 32 

= 30, 𝜌 41 = −38, 𝜌 

 42 

= −45, 𝜌 51 

= −40, 𝜌 52 

= 

−46, 𝛼 = 0.5, 𝛽 = 1.05. 

𝑏 11 

= 𝑤 0 

− 𝑤 1 

+ 0.5𝑤 2 

+ 0.9𝑤 3 

+ 2𝑤 4 

+ 0.2𝑤 5 

− 0.5𝑤 6 

+ 1.3𝑤 7 

, 

𝑏 12 

= 0.7𝑤 0 

+ 𝑤 1 

− 1.3𝑤 2 

+ 0.2𝑤 3 

− 𝑤 4 

− 1.5𝑤 5 

+ 0.3𝑤 6 − 1.2𝑤 7 

,

𝑏 21 

= −𝑤 0 

+ 1.1𝑤 1 

− 0.4𝑤 2 

− 0.6𝑤 3 

+ 𝑤 4 

+ 1.3𝑤 5 

+ 𝑤 6 

− 0.6𝑤 7 

,

𝑏 22 

= 0.8𝑤 0 

− 0.7𝑤 1 

+ 0.8𝑤 2 

− 0.5𝑤 3 

+ 0.8𝑤 4 

+ 1.2𝑤 5 

− 0.6𝑤 6 

+ 0.5𝑤 7 

, 

𝑐 11 

= 𝑤 0 

− 0.9𝑤 1 

+ 2.1𝑤 2 

+ 𝑤 3 

+ 𝑤 4 

− 0.9𝑤 5 

− 1.1𝑤 6 

+ 𝑤 7 

, 

𝑐 12 

= 0.9𝑤 0 

− 2𝑤 1 

− 𝑤 2 

− 1.2𝑤 3 

+ 2𝑤 4 

+ 1.4𝑤 5 − 𝑤 6 

+ 1.1𝑤 7 

,

𝑐 21 

= 1.3𝑤 0 

− 𝑤 1 

− 0.5𝑤 2 

− 1.5𝑤 3 

+ 0.9𝑤 4 

− 𝑤 5 

+ 0.4𝑤 6 

+ 0.4𝑤 7 

, 

𝑐 22 

= 0.6𝑤 0 

− 0.9𝑤 1 + 1.4𝑤 2 

− 1.4𝑤 3 

+ 1.2𝑤 4 

− 𝑤 5 

+ 1.4𝑤 6 

+ 0.7𝑤 7 

,

𝑑 11 = 1.2𝑤 0 

− 0.2𝑤 1 

+ 1.1𝑤 2 

− 0.6𝑤 3 

+ 𝑤 4 

− 0.7𝑤 5 

+ 1.1𝑤 6 

− 𝑤 7 

,

𝑑 12 = 2𝑤 0 

+ 2𝑤 1 

− 𝑤 2 + 1.1𝑤 3 

+ 2𝑤 4 

+ 2𝑤 5 

− 𝑤 6 

+ 1.1𝑤 7, 

𝑑 21 = 𝑤 0 

− 𝑤 1 

+ 0.4𝑤 2 

+ 0.6𝑤 3 

+ 3𝑤 4 

− 𝑤 5 

+ 0.4𝑤 6 + 0.6𝑤 7 

,

𝑑 22 = 0.2𝑤 0 

− 𝑤 1 

+ 2𝑤 2 

+ 1𝑤 3 

+ 0.2𝑤 4 

− 𝑤 5 

+ 2𝑤 6 

+ 𝑤 7.

The activation function is considered as 𝑓 (.) = 𝑔(.) = ℎ(.) =
( ) ( )

tanh 𝑧0(𝑡) 𝑤
 ( ) ( )

 

1 2 7
0+tanh 𝑧 (𝑡  

 

) 𝑤 1 

+tanh 𝑧 (𝑡) 𝑤 2+⋯+tanh 𝑧 (𝑡) 𝑤7 .The

initial values of systems are 

𝑥 1 

(0) = −0.5 + 1.4𝑤 1 

+ 1.0𝑤 2 

+ 0.3𝑤 3 

− 2.0𝑤 4 

+ 1.1𝑤 5 

+ 0.1𝑤 6 

+ 0.9𝑤 7 

,

𝑥 2 

(0) = −0.5 + 0.6𝑤 1 

− 0.5𝑤 2 

− 0.1𝑤 3 

+ 0.3𝑤 4 

+ 0.8𝑤 5 

+ 0.5𝑤 6 + 0.1𝑤 7 

,

𝑦 1(0) = −1 + 1.5𝑤 1 

+ 0.3𝑤 2 

+ 0.5𝑤 3 

− 0.6𝑤 4 

− 0.9𝑤 5 

+ 0.4𝑤 6 + 0.5𝑤 7 

, 

𝑦 2(0) = 0.5 + 0.5𝑤 1 

− 0.1𝑤 2 

+ 0.2𝑤 3 

+ 0.4𝑤 4 

+ 0.6𝑤 5 + 0.2𝑤 6 

− 0.5𝑤 7 

.

For these parametric values and the functions all the conditions of the

Theorem 1 are satisfied and the corresponding estimated settling time

expression is:

𝑇 1 =
1
𝜌 2

(

𝜌 2

𝑀 

2(1−𝛽) 𝜌 3

)
1−𝛼
𝛽−𝛼 

(

1
𝛽 − 1 

+ 1
1 − 𝛼 

) 

, 

where 𝜌 2 = min{𝜌 21, 𝜌 22}  

 

= min{4, 3} = 2, 𝑀 = 2 

and 𝜌 3 = min {𝜌 31, 𝜌 32} =  

  

min{10, 30} = 10 then 𝑇1 = 2.6141.

The controller function for 𝑟 = 1 is 

𝑈 1(𝑡) = −30𝑒 1(𝑡) − 4(𝑒 1 

(𝑡)) 

0.5 − 10(𝑒 1 

(𝑡)) 

1.05 − 38Σ 

2
𝑗=1𝑒 1 

(𝑡 − cos 

2 (𝑡))

− 40Σ 

2 

𝑗=1 ∫

𝑡

𝑡−cos2 (𝑡) 

‖𝑒 1 

(𝑠)‖ 1 

𝑑𝑠. (28)

Again, for 𝑟 = 2, the second controller function becomes 

𝑈 2(𝑡) = −40𝑒 2(𝑡) − 3(𝑒 2 

(𝑡)) 

0.5 − 30(𝑒 2 

(𝑡)) 

1.05 − 45Σ 

2
𝑗=1𝑒 2 

(𝑡 − cos 

2 (𝑡))

− 46Σ 

2
𝑗=1 ∫ 

𝑡

𝑡−cos2 (𝑡) 

‖𝑒 2 

(𝑠)‖ 1 

𝑑𝑠. (29)

From this, it is observed that the drive and response systems (26) and 

(27) are synchronized with each other, which are depicted through 

Figs. 1–4. The corresponding error with controllers is depicted through 

Figs. 5 and 6, and it is observed from the error graphs that systems reach 

their desired target within the fixed time. 

Remark 12. The settling time 𝑇 1 

is not only governed by the design 

parameters 𝛼 and 𝛽, but also exhibits strong sensitivity to the control 

gain parameters 𝜌 2  

and 𝜌 3 . For instance, when 𝛼 = 0.5 and 𝛽 = 2, the𝑟 𝑟  

desired settling time 𝑇 1 

= 2.6 is achieved using control gains 𝜌 21 = 2,
𝜌 22 = 1, 𝜌31 = 10, and 𝜌 32 = 6. However, for the same value of 𝛼 =
0.5 but a larger 𝛽 = 2.6, the same settling time can be maintained by 

appropriately adjusting the gains to 𝜌 21 = 2, 𝜌 22 = 3, 𝜌 31 = 1, and 𝜌 32 

= 3.
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Fig. 1. The trajectories of the first four components of the drive and response 

systems (26), (27) with controller (28).
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Fig. 2. The trajectories of the last four components of the drive and response 

systems (26), (27) with controller (28).

This observation underscores the importance of carefully tuning these 

parameters, as they play a pivotal role in regulating the convergence 

behaviour of the system.

Remark 13. The computed settling time for Example 1, obtained using 

Lemma 3, is 𝑇 1 = 2.6141. In contrast, applying the Lemma referenced 

in Remark 5 to the same problem results in a longer settling time of
̂ 𝑇 1 = 2.8102. This demonstrates the advantage of Lemma 3, which yields

a more accurate and tighter estimate of the convergence time. The com-

parison provides strong computational support for the claim made in 

Remark 5, confirming that the analytical results derived via Lemma 3 

are theoretically more precise and practically more efficient than those 

based on the Lemma mentioned in Remark 5.

Remark 14. The settling time for the proposed model is 𝑇1 = 2.6141 

for OVNNs with mixed delays, which is substantially lower than the

settling time 𝑇̂ 

 

𝑂
set = 2.9641 reported for OVNNs with time-varying de

lays (see [

-

28]) with the same parameters considered in our case. It is 

also 

𝑄lower than the result for QVNNs, 𝑇̂set = 2.8858, in [67] (without
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Fig. 3. The trajectories of the first four components of the drive and response 

systems (26), (27) with controller (29).

0 5 10
t

-10

-5

0

5

10
y  2(4

)  (
t)

,x  
2  (4

)  (
t)  

x
2
(4)(t)

y
2
(4)(t)

0 5 10
t

-5

0

5

10

y  2(5
) (t

),
x  2(5

) (t
)

x
2
(5)(t)

y
2
(5)(t)

0 5 10
t

-5

0

5

y  2(6
) (t

),
x  2(6

) (t
)

x
2
(6)(t)

y
2
(6)(t)

0 5 10
t

-15

-10

-5

0

5

10

y  2(7
)  (

t)
,x  

2(7
)  (

t)  

x
2
(7)(t)

y
2
(7)(t)

Fig. 4. The trajectories of the last four components of the drive and response 

systems (26), (27) with controller (29).

time-varying delays), and the fixed-time complex-valued neural net

work result, 𝑇̂ 

 

𝐶
set = 2.666, in [

-

-

-

59]. These findings demonstrate that 

the proposed control strategy achieves faster convergence than conven

tional approaches, confirming its effectiveness across different algebraic 

frameworks. Moreover, whereas existing results typically rely on sepa

ration or decomposition methods, we adopt a non-separation approach, 

significantly reducing the derived results’ computational burden.

Remark 15. Comparison of our considered controller based on 𝓁 1 

-

norm with the other controller based on 𝓁 2 

-norm.

Let us consider the 𝓁 1 

-norm controllers defined in Eqs. (28) and (29), 

and the 𝓁 2 

-norm controllers defined as follows.

For 𝑟 = 1, the controller is given by: 

𝑈 

∗
1 (𝑡) = −30𝑒 𝑟 

(𝑡) − 4(𝑒 𝑟 

(𝑡)) 

0.5 − 10(𝑒 𝑟 

(𝑡)) 

1.05 − 38Σ 

2
𝑗=1𝑒 𝑟 

(𝑡 − cos 

2 (𝑡))

− 40Σ 

2
𝑗=1 ∫

𝑡

𝑡−cos2(𝑡) 

‖𝑒 𝑟 

(𝑠)‖ 1 𝑑𝑠. (30)

The parameters used in controller (30) are the same as those in 

Example 1. The derivative of the associated Lyapunov function is
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Fig. 5. The Error trajectories of all the components of the drive and response systems (26), (27) with controller (28) for 𝑟 = 1.
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Fig. 6. The Error trajectories of all the components of the drive and response 

systems (26), (27) with controller (29) for 𝑟 = 2.

expressed as:

𝐷 

+ 𝑉 (𝑡) ≤ −𝑞
(

𝑉 (𝑡)
)𝛿 − 𝑝 

( 

𝑉 (𝑡) 

)𝜆 , 𝑝, 𝑞 > 0, 0 < 𝛿 < 1, 𝜆 > 1. (31)

The settling time is calculated by

𝑇 

∗
1 = 

1
𝑞

(

𝑞
𝑝

)
1−𝛿
𝜆−𝛿 

( 1
𝜆 − 1

+ 1
1 − 𝛿 

)

, where 𝑝 = min
1≤𝑟≤𝑀

{ 

𝜌 2𝑟 

𝑀 

1−𝛽 

2 2
3−𝛽
2

} 

,

𝑞 = min
1≤𝑟≤𝑀

{ 

2𝜌3𝑟 

}

, 𝛿 = 1 + 𝛼 

2
, 𝜆 = 

1 + 𝛽
2

It is evident that for 0 < 𝛼 < 1 and 𝛽 > 1, the conditions 0 < 𝛿 < 1 and 

𝜆 > 1 are satisfied. For the numerical simulations, we adopt the specific 

parameter values: 𝑝 = 5.8, 𝑞 = 20, 𝛿 = 0.75, and 𝜆 = 1.025, while all other 

parameters remain consistent with those presented in Example 1.

Under the controller defined in equation (30), the observed settling 

time is 𝑇 

∗ = 6.77 ∗. It is clearly observed1   that 𝑇 1 > 𝑇 1 under identical 

parameter settings, indicating that the settling time achieved by the con

trollers (

-

28) and (29), which employ the 𝓁 1 

-norm, is more efficient and

precise than that obtained by the 𝓁 2 

-norm-based controller (30) under

the same conditions.

Example 2. In order to verify our proposed FTPS result, let us consider 

the two-dimensional OVNNs as the master and response systems as

𝑥̇ 𝑟 

(𝑡) = −𝑎 𝑟 

𝑥 𝑟(𝑡) + Σ 

𝑀
𝑗=1𝑏 𝑟𝑗 

𝑓 𝑗 (𝑥 𝑗 (𝑡)) + Σ 

𝑀
𝑗=1𝑐 𝑟𝑗 

𝑔 𝑗 (𝑥 𝑗 (𝑡 − 𝜏 𝑟𝑗 (𝑡)))

+ Σ 

𝑀
𝑗=1𝑑 𝑟𝑗 ∫ 

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

ℎ 𝑗 (𝑥 𝑗 (𝑠))𝑑𝑠, (32)

and the corresponding response system is 

𝑦̇ 𝑟(𝑡) = −𝑎 𝑟 

𝑦 𝑟(𝑡) + Σ 

𝑀
𝑗=1𝑏 𝑟𝑗 

𝑓 𝑗 (𝑦 𝑗 (𝑡)) + Σ 

𝑀 

𝑗=1𝑐 𝑟𝑗 

𝑔 𝑗 (𝑦 𝑗 (𝑡 − 𝜏 𝑟𝑗 (𝑡)))

+ Σ 

𝑀
𝑗=1𝑑 𝑟𝑗 ∫ 

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

ℎ 𝑗 (𝑦 𝑗 (𝑠))𝑑𝑠 + 𝑈 𝑟(𝑡), (33)

where 𝑟, 𝑗 = 1, 2,𝑀 = 2. The corresponding controller is designed as:

𝑈 𝑟(𝑡) = 𝜉 𝑟𝑒 𝑟 

(𝑡) − 𝑘 1𝑟 

(𝑒 𝑟 

(𝑡)) 

𝛼 − 𝑘 2𝑟 

(𝑒 𝑟 

(𝑡)) 

𝛽 + 𝑘 3𝑟 ∫

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

‖𝑒 𝑟 

(𝑠)‖ 1 

𝑑𝑠

+ 𝑘 4𝑟𝑒 𝑟 

(𝑡 − 𝜏 𝑗 

(𝑡)) + Σ 

𝑀
𝑗=1𝑏 𝑟𝑗 

( 

𝛿𝑓 𝑗 (𝑥 𝑗 

(𝑡))

− 𝑓 𝑗 

(𝛿𝑥 𝑗 (𝑡)) 

)

+ Σ 

𝑀
𝑗=1𝑐 𝑟𝑗 

( 

𝛿𝑔 𝑗 (𝑥 𝑗 (𝑡 − 𝜏 𝑗 

(𝑡))) − 𝑔 𝑗 (𝛿𝑥 𝑗 (𝑡 − 𝜏 𝑗 (𝑡))) 

)

+ Σ 

𝑀
𝑗=1𝑑 𝑟𝑗 ∫

𝑡

𝑡−𝜎𝑟𝑗

(

𝛿ℎ𝑗 (𝑥 𝑗 (𝑠) − ℎ 𝑗 (𝛿𝑥 𝑗 (𝑠))
)

𝑑𝑠. (34)

Let us consider the parametric values for the models (32) and (33) and 

the controller (34) are as below 𝑎𝑟 = 2, 𝜉 𝑟 = 35, 𝑘 11 =  

  

11, 𝑘 12 

= 10, 𝑘 21 

=
6, 𝑘 22 

= 9, 𝑘 31 = −20, 𝑘 32 = −30, 𝑘 41 = −38, 𝑘 42 =  

    

−45, 𝛼 = 0.5, 𝛽 = 1.1, 

𝛿 = 0.4,

𝑏 11 = −𝑤 0 

− 0.2𝑤 1 

+ 0.3𝑤 2 

− 1.1𝑤 3 

+ 1.5𝑤 4 

+ 0.5𝑤 5 

− 0.6𝑤 6 

− 0.3𝑤 7 

,

𝑏 12 = −0.4𝑤 0 

+ 0.1𝑤 1 + 1.1𝑤 2 

+ 0.4𝑤 3 

− 0.6𝑤 4 

− 1.3𝑤 5 

− 0.7𝑤 6 

− 1.2𝑤 7,

𝑏 21 = 0.7𝑤 0 

+ 1.2𝑤 1 

+ 0.7𝑤 2 

− 1.3𝑤 3 

− 𝑤 4 

+ 1.1𝑤 5 

− 𝑤 6 − 0.3𝑤 7 

,

𝑏 22 = −0.4𝑤 0 

− 0.3𝑤 1 

− 1.8𝑤 2 

− 0.5𝑤 3 

+ 0.8𝑤 4 

− 1.1𝑤 5 

− 0.6𝑤 6 

− 1𝑤 7 

, 

𝑐 11 

= −𝑤 0 

− 0.4𝑤 1 

+ 1.1𝑤 2 

− 0.5𝑤 3 

+ 𝑤 4 

+ 0.9𝑤 5 

+ 1.1𝑤 6 

− 0.1𝑤 7 

,

𝑐 12 

= 0.25𝑤 0 + 1.8𝑤 1 

+ 𝑤 2 

− 1.5𝑤 3 

− 0.4𝑤 4 − 1.4𝑤 5 

− 𝑤 6 

+ 1.2𝑤 7 

,
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Fig. 7. The Error trajectories of all the components of the drive and response 

systems (32), (33) with controller (34) for 𝑟 = 1.

𝑐 21 

= 1.3𝑤 0 

− 𝑤 1 

− 0.5𝑤 2 

− 1.5𝑤 3 + 0.9𝑤 4 

− 𝑤 5 

+ 0.4𝑤 6 + 0.4𝑤 7 

, 

𝑐 22 

= 0.6𝑤 0 

− 0.9𝑤 1 

+ 1.4𝑤 2 

− 1.1𝑤 3 

+ 1.5𝑤 4 

− 𝑤 5 

− 1.6𝑤 6 

+ 0.7𝑤 7 

, 

𝑑 11 

= −1.2𝑤 0 

− 0.2𝑤 1 

− 1.4𝑤 2 

− 0.6𝑤 3 

+ 𝑤 4 

− 0.7𝑤 5 

+ 1.1𝑤 6 

− 𝑤 7 

, 

𝑑 12 

= −2𝑤 0 

+ 2𝑤 1 

− 𝑤 2 

− 1.3𝑤 3 

+ 2𝑤 4 

+ 2𝑤 5 

− 𝑤 6 

+ 1.1𝑤 7 

, 

𝑑 21 

= 𝑤 0 

− 𝑤 1 

+ 0.4𝑤 2 

+ 0.1𝑤 3 + 3𝑤 4 

− 𝑤 5 − 0.7𝑤 6 

+ 0.6𝑤 7 

, 

𝑑 22 

= −0.7𝑤 0 

− 𝑤 1 

+ 2𝑤 2 

+ 1𝑤 3 

+ 0.2𝑤 4 

− 𝑤 5 

+ 2𝑤 6 

+ 𝑤 7 

. 

( 2with 𝜏 𝑟𝑗 𝑡)
 2 

 = sin (𝑡), 𝜎 

(

The𝑟𝑗 = sin (
)

𝑡),  

 

activation
( )

 function 

(

is given
)

 as

𝑓 (.) = 𝑔(.) = ℎ(.)
( )

 = 𝑧0tanh (𝑡) 𝑤 0 + tanh 𝑧1
 

(𝑡) 𝑤1 + tanh 𝑧2(𝑡) 

 

𝑤 2
7

 

+
⋯ + tanh 𝑧 (𝑡) 𝑤7 . The initial values of systems are

𝑥 1 

(0) = −0.5 + 1.4𝑤 1 + 1.0𝑤 2 + 0.3𝑤 3 − 2.0𝑤 4 + 1.1𝑤 5 + 0.1𝑤 6 + 0.9𝑤 7 

,

𝑥 2 

(0) = −0.5 + 0.6𝑤 1 − 0.5𝑤 2 − 0.1𝑤 3 + 0.3𝑤 4 + 0.8𝑤 5 + 0.5𝑤 6 + 0.1𝑤 7 

,

𝑦 1 

(0) = −1 + 1.5𝑤 1 + 0.3𝑤 2 + 0.5𝑤 3 − 0.6𝑤 4 − 0.9𝑤 5 

+ 0.4𝑤 6 

+ 0.5𝑤 7 

,

𝑦 2 

(0) = 0.5 + 0.5𝑤 1 − 0.1𝑤 2 + 0.2𝑤 3 + 0.4𝑤 4 + 0.6𝑤 5 

+ 0.2𝑤 6 

− 0.5𝑤 7 

.

For these parametric values and the functions, all the conditions of

Theorem 2 are satisfied, and the settling time is calculated by:

𝑇 2 = 

1
𝑘 1

(

𝑘 1

𝑀 

2(1−𝛽)𝑘 2 

)
1−𝛼
𝛽−𝛼 

(

1
𝛽 − 1 

+ 

1
1 − 𝛼 

) 

,

where 𝑘 1 = min{𝑘 11, 𝑘 12} =      

   

min{11, 10} = 10, 𝑀 = 2

and 𝑘 2 = min{𝑘21 

 

, 𝑘 22 

} = min{6, 9} = 6 then 𝑇2 = 2.0617. 

From this, it is observed that the drive and response systems (32) 

and (33) are synchronized with each other, and the corresponding error 

with controller (34) is depicted through Figs. 7 and 8, and it is observed 

from the error graphs that systems reach their desired target within finite 

time. 

Example 3. In order to demonstrate the application of the OVNNs, let 

us consider a 12 × 12 pixel color image pattern “F” illustrated in Fig. 9, 

and corresponding OVNNs given in (35) to store this image accurately. 

We have successfully constructed OVNNs consisting of 72 neurons, re-

sulting in a 72-dimensional equilibrium point capable of storing the color
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Fig. 8. The Error trajectories of all the components of the drive and response 

systems (32), (33) with controller (34) for 𝑟 = 2.
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Fig. 9. Plot of the original color image of pattern “F”.

image pattern ”F.” Let us take the OVNNs and their parameters as the 

following

𝑥̇ 𝑟 

(𝑡) = −𝑎 𝑟 

𝑥 𝑟(𝑡) + Σ 

𝑀
𝑗=1𝑏 𝑟𝑗 

𝑓 𝑗 (𝑥 𝑗 (𝑡)) + Σ 

𝑀 

𝑗=1𝑐 𝑟𝑗 

𝑔 𝑗 (𝑥 𝑗 

(𝑡 − 𝜏 𝑟𝑗 (𝑡)))

+ Σ 

𝑀
𝑗=1𝑑 𝑟𝑗 ∫ 

𝑡

𝑡−𝜎𝑟𝑗 (𝑡) 

ℎ 𝑗 (𝑥 𝑗 (𝑠))𝑑𝑠 + 𝐼 𝑟, (35)

where 𝐼 is the𝑟  external input. Assume that the parameters of the

OVNNs (35) are defined as follows:

𝑎 𝑟 = 1, (36)

𝑏 𝑟𝑗 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

4.0𝑤 0 

+ 0.40𝑤 1 

− 0.30𝑤 2 

+ 0.50𝑤 3 

+ 0.40𝑤 4 − 0.50𝑤 5 

+ 0.50𝑤 6 

− 0.30𝑤 7 

, if 𝑟 = 𝑗 

0.40𝑤 0 

− 0.50𝑤 1 

+ 0.50𝑤 2 

− 0.30𝑤 3 

+ 0.40𝑤 4 − 0.50𝑤 5 

+0.50𝑤 6 

− 0.30𝑤 7 

, if 𝑟 ≠ 𝑗

(37)
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Fig. 10. Plots of numerical simulation for retrieving image pattern “F” with random initial values at time, 𝑡 = 0, 1, 1.5, 2, 2.5, 4.

𝑐 𝑟𝑗 =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

−0.20𝑤 0 + 0.20𝑤 1 − 0.50𝑤 2 

+ 0.40𝑤 3 

− 0.20𝑤 4 

+ 0.20𝑤 5 

−0.50𝑤 6 + 0.40𝑤 7, if 𝑟 < 𝑗 

2.0𝑤 0 

+ 0.30𝑤 1 

− 0.20𝑤 2 

− 0.30𝑤 3 

+ 0.20𝑤 4 

+ 0.20𝑤 5

−0.50𝑤 6 + 0.40𝑤 7, if 𝑟 = 𝑗
−0.10𝑤 0 − 0.20𝑤 1 + 0.30𝑤 2 

− 0.50𝑤 3 

+ 0.10𝑤 4 

+ 0.20𝑤 5 

+0.30𝑤 6 − 0.50𝑤 7, if 𝑟 > 𝑗

(38)

𝑑 𝑟𝑗 = 0, (39)

𝑓 

𝑏
𝑟 (𝑧) = 𝑔 

𝑏 

𝑟 (𝑧) = ℎ 

𝑏
𝑟 (𝑧) = tanh(𝑧 

𝑏(𝑡)), 𝜏 𝑟𝑗 

(𝑡) = 1, (40)

for all 𝑟, 𝑗 = 1, 2, … , 72 and 𝑏 = 0, 1, … , 7. The equilibrium point of
72the proposed OVNNs must be 𝐱 = (𝑥 1 

, 𝑥 2 

,… , 𝑥 72 

) ∈ 𝐎  

 to recall the

image pattern “F”, where

𝑥 1 = 0𝑤 0 + 0.15𝑤 1 + 0.3𝑤 2 + 0.08𝑤 3 + 0𝑤 4 + 0.09𝑤 5 + 0.45𝑤 6 + 0.2𝑤 7 

,

𝑥 2 = 0𝑤 0 + 0.18𝑤 1 + 0.45𝑤 2 + 0.2𝑤 3 + 0𝑤 4 + 0.27𝑤 5 + 0.45𝑤 6 + 0.2𝑤 7 

,

⋮

𝑥 71 = 0𝑤 0 + 0.55𝑤 1 + 0.27𝑤 2 + 0.2𝑤 3 + 0𝑤 4 + 0.64𝑤 5 + 0.27𝑤 6 + 0.2𝑤 7 

,

𝑥 72 = 0𝑤 0 + 0.91𝑤 1 + 0.73𝑤 2 + 0.2𝑤 3 + 0𝑤 4 + 0.15𝑤 5 + 0𝑤 6 + 0.04𝑤 7 

,

which corresponds to the color {(0.27, 0.36, 0.2) and (0.09, 0.45, 0.2)}, 

{(0.18, 0.45, 0.2) and (0.15, 0, 0)}, {(0.55, 0.27, 0.2) and (0.64, 0.27, 0.2)} and

{(0.91, 0.73, 0.2) and (0.15, 0, 0)} etc of pixels of pattern “F”. Fig. 10 shows

a simulation with random initial values. Now for above 𝑥 the external

input 𝐼 is calculated as 𝐈  

 = (𝐼1 , 𝐼 2 

,… , 𝐼 72) ∈ 𝐎 

72, where the first few

entries are:

𝐼 1 = −45.8𝑤 0 

+ 35.95𝑤 1 − 100.3𝑤 2 

+ 87.55𝑤 3 

− 47𝑤 4 

− 230.9𝑤 5 

+ 2.82𝑤 6 

+ 89.95𝑤 7,

𝐼 2 = −47𝑤 0 

+ 35.95𝑤 1 

− 109.9𝑤 2 

+ 98.27𝑤 3 

− 48.2𝑤 4 

− 252.5𝑤 5

+ 12.75𝑤 6 

+ 98.4𝑤 7,

⋮

𝐼 71 = −39.8𝑤 0 

+ 35.95𝑤 1 

− 52.46𝑤 2 

+ 33.47𝑤 3 

− 41𝑤 4 − 122.9𝑤 5

− 45.29𝑤 6 

+ 47.87𝑤 7 

, 

𝐼 72 = −35𝑤 0 

+ 35.95𝑤 1 

− 14.17𝑤 2 

− 9.73𝑤 3 

− 36.2𝑤 4 

− 36.45𝑤 5

− 83.8𝑤 6 

+ 14.27𝑤 7 

.

Due to space constraints, we only provide partial values for 𝐱 and 𝐈. 

The simulation results (see Fig. 10) with randomly selected initial con-

ditions indicate that the proposed OVNNs, using parameters (36)–(40), 

successfully retrieve the true color image pattern “F.”

Remark 16. Compared to existing results for storing true-color images, 

the OVNNs framework significantly reduces the number of required neu-

rons. For example, the CVNN-based approach in [68] uses 432 neurons 

to store a 12 × 12 image, while the QVNN-based model in [48] reduces 

this to 144 neurons. In contrast, the proposed OVNNs architecture in 

Example 3 performs the same task with only 72 neurons, representing 

a reduction of 50 %. Although the authors of the article [62] have sug-

gested that the storage capacity of OVNNs is larger compared to QVNNs 

and CVNNs, it is important to note that storing a 12×12 pixel color image 

requires 432 neurons in CVNNs, which is significantly higher. However, 

this article focuses specifically on OVNNs using the activation function 

tanh. Remarkably, the image “F” reconstruction is successfully approxi-

mated in a short time span of 𝑡 = 2.5, demonstrating the fast convergence 

and practical effectiveness of the proposed OVNN framework.

5. Conclusion

This study examines the FTS and FTPS of OVNNs with mixed time 

delays. The investigation employs the one-norm and Lyapunov func-

tions without using a separation technique. An inequality approach is 

utilized to analyze the results, supported by various norm properties 

established in Lemma 2 for the octonion domain. By transforming the 

one-norm, two effective controllers and several sufficient criteria have 

been introduced in the form of theorems to ensure FTS and FTPS in 

OVNNs and to estimate the corresponding settling time. Two numerical
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examples have been considered to show the correctness of the numer-

-

-

-

ical results of the proposed scheme with the simulation results, which 

have validated the effectiveness and efficiency of the proposed method. 

Finally, we present a practical example that highlights the advantages 

of OVNNs over neural networks with lower-dimensional architectures. 

This example clearly demonstrates how OVNNs, with their higher-

dimensional structure, offer superior performance in handling complex 

data representations compared to networks with low dimensions.

Moreover, the gaps between the estimated settling time and the ac

tual synchronization time have been acknowledged graphically. Our 

future research will aim to enhance the accuracy of settling time predic

tions for impulsive neural network systems with unbounded time delay 

factors. There are plans to develop these results further in the near fu

ture to establish preassigned time synchronization criteria for complex 

neural networks based on the one-norm approach. Furthermore, based 

on the one-norm approach and by generalizing Lemma 2, the proposed 

results can be extended to 𝑛-dimensional hypercomplex neural network 

systems, which represent the most general cases of complex, quaternion, 

and octonion-valued models for neural networks. Our next objective 

is to extend the application of FTS and FTPS to the octonion domain 

to rigorously demonstrate the effectiveness and applicability of fixed-

time stability theory within the framework of octonion-valued neural 

networks.
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